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Abstract

The main purpose of this thesis is to construct finite groups as homomorphic 
images of infinite semi-direct products, 2* n : N, where 2* n is a free product of n copies of 
the cyclic group C2 extended by N, a group of permutations on n letters. We constructed 
several finite homomorphic images of the semi-direct products 2* 4 : S4, 3* 5 : and 2* 6 :
£2(5). In particular, we constructed S5, 2 x S$, S7, S7 x 3, 2 x M12, and M12. Moreover, 
every element of M12, usually written on 12 letters, can be expressed as permutations of 
L2(5) on six letters followed by a word in terms of the 6 symmetric generators of length 
at most 6.



iv

Acknowledgements

I would first like to thank Dr. Zahid Hasan who spent many, many hours 
teaching me about group theory, the construction of symmetric groups, the details of 
M12, and math in general. His patience seemed to be infinite and I tested it often. Also 
I would like to thank my committee members, Dr. John Sarli and Dr. Rollie Trapp for 
their time spent reviewing my work. Additionally, I am deeply grateful to the faculty 
of CSUSB’s math department for their excellent instruction and obvious dedication to 
student learning. I aspire to convey the same passion for math and caring attitude toward 
my students that they have shown to me. Finally I would like to thank my husband, Craig 
Edwards, for his support and technical assistance during the hundreds of hours I spent 
working on this thesis.



Table of Contents

Abstract iii

Acknowledgements iv

List of Figures vi

1 Introduction 1
1.1 Symmetric Generation of a Group ....................................................... 1
1.2 Manual Double Coset Enumeration....................................................... 3

2 Construction of S& 5

3 Construction of 2 x Sg 9

4 Construction of S7 15

5 Construction of S7 x 3 25

6 Construction of 2 x M12 57

7 Construction of Myz 164

Appendix A MAGMA Code for Construction of 2 x Mi 2 203

Appendix B Center of |(0,lw)^4(oo,0^Xll),K«>.0)(i,<iy.|8 229

Appendix C MAGMA Code for Construction of Myi 230

Bibliography 244



vi

List of Figures

2.1 Cayley Diagram of Sfe over S4.................................................  7

3.1 Cayley Diagram of 2 x over S4.................................................... 12

4.1 Cayley Diagram of S7 over S&......................................................... 21

5.1 Cayley Diagram of S7 X 3 over .................................................... 50

6.1 Cayley Diagram of of 2 x M12 over £2(6)  161

7.1 Cayley Diagram of M12 over L2(5).....................................................199



1

Chapter 1

Introduction

The two general methods for working with groups, permutations and matrices, 
are inconvenient or unmanageable for large finite groups and in particular for the larger 
sporadic groups, for example for the Monster group, the least degree of a matrix represen­
tation is 196881 and it takes n3 operations to multiply two matrices of dimension n and the 
least degree of any permutation representation is IO20. Matrix multiplication for matrices 
of large size is very time-consuming and, although MAGMA ([C+05]), and other group 
theory packages, handle permutations of reasonably large size quite efficiently, recording 
and transmitting elements is inconvenient. The main purpose of this paper is to give an 
alternative and more efficient method for working with groups. Double coset enumera­
tion can be performed on groups that possess generating sets of involutions. Curtis has 
constructed several sporadic groups by manual double coset enumeration; for references 
see [CHB96], [CH96] and [Cur07], Now any finite group generated by a conjugacy class 
of involutions, and hence all finite non-abelian simple groups have symmetric generating 
sets of involutions (see [Bra97]). It is this technique of double coset enumeration that 
allows us to write, elements in a much more concise manner.

1.1 Symmetric Generation of a Group

Let G be a group and

T = {ti, • ■ • ,tn] Q G,

then we define
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T — {71,72, • - -,Tn}, 

where T{ = (tfl, the cyclic subgroup generated by ti; we further define N = Ng(T), the 
set normalizer in G of T.
If the following two conditions hold:

(i) (T), and

(ii) N permutes T transitively, not necessarily faithfully,

then, following Curtis and Hasan [CH96], we say that T is a symmetric generating set for 
G . In these circumstances we call N the control subgroup. Note that (i) and (ii) imply 
that G is a homomorphic image of the (infinite) progenitor

m* n : N,

where m* n represents a free product of n copies of the cyclic group Gm, m being the order 
of ti, and TV is a group of automorphisms of m* n which permutes the n cyclic subgroups 
by conjugation. Thus, for tt G TV, we have

J-7T ___ J.T
~ ’

where r is an integer coprime to m. Of course, if m — 2 then TV will simply act by 
conjugation as permutations of the n involutory symmetric generators. Now, since above 
elements of TV can be gathered on the left, every element of the progenitor can be rep­
resented as tvw, where 7r G TV and w is a word in the symmetric generators. Indeed this 
representation is unique provided w is simplified so that adjacent symmetric generators 
are distinct. Thus any additional relator by which we must factor the progenitor to obtain 
G must have the form

7Tw(ti, t2, tn),

where n G TV and w is a word in T. In the next section we describe how a particular 
factor group

: TV
7F1WJ, ..,7TSWS

may be identified.
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1.2 Manual Double Coset Enumeration

We seek homomorphic images of the progenitor

2* n : N,

(where N is now a transitive permutation group on n letters), which act faithfully on N 
and on the generators of the free product. It is convenient to identify the n free generators 
and N with their respective images. Thus

2* n • TV—--- ——— = (N,T | t? = 1,< = tK(i),TF!^ = .. = TVSWS = 1),
7T1W1, ..,7TSWS 7

where tv G TV, E T. Following [Cur07] we are allowing i. to stand for the symmetric 
generator ti in expressions such as the above relation. By a slight abuse of notation we 
also allow i to denote the coset TVti, ij the coset Ntitj etc., and we write, for instance,

ij ~ k to mean Ntitj = Ntk.

Writing ij = k would be the much stronger statement that = tk. Now since

tiTV = TVt^iy,

(or ?7T = tvF as we shall more commonly write), the permutations involved in any element 
of G can be gathered on the left. Thus any element of G can be written as a permutation 
belonging to TV followed by a word in the symmetric generators. Indeed, as mentioned in 
the last section, in the case of the progenitor itself this representation is unique provided 
the obvious cancellations are performed. Thus, if NgN is a double coset of TV in G, we 
have

TVgN ~ NtvwN — NwN,

where g = tvw G G, with tv g TV, and w is a word in the t,. We denote this double coset 
by [w], e.g. [01] denotes the double coset Ntot\N. The double coset TVeTV = TV, where e 
is the identity element, is denoted by [★]. Furthermore we define

TV' = Nlj = etc,

single point and two point stabilizers in TV respectively. The coset stabilizing subgroup, 
TV^\ of TV is given by,

TV<W) = {tt G TV : Nwtv = TVw}, 
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for w a word in the symmetric generators. Clearly Nw < N^w\ and the number of cosets 
in the double coset [w] = NwN is given by | N | / | N<w) [, since

NwTTl f Nw7V2 <=> NwiriTT2~l f Hw
<=}■ 7T17T2-1

M^TTITTS-1 7V(W) 

X<W>7T1 f N^2.

In order to obtain the index of N in G we shall perform a manual double coset 
enumeration of G over TV; thus we must find all double cosets [w] and work out how 
many single cosets each of them contains. We shall know that we have completed the 
double coset enumeration when the set of right cosets obtained is closed under right 
multiplication. Moreover, the completion test above is best performed by obtaining the 
orbits of on the symmetric generators. We need only identify, for each [ty], the 
double coset to which Nwti belongs for one symmetric generator ti from each orbit. We 
will decompose the image G into double cosets NgN, where g G 2* n : N and find a set 
{gi, g2,...} of elements of G such that

G = Ng1NuNg2NU ....

But for each i, we have gi = where 7T{ E N and Wj is a word in the i,, and so the
double coset deomposition simplifies to

G = N U Nw2N U Nw3N U ...,

where wi is chosen to be the identity. When the set of relations by which we are factoring 
is empty this gives the double coset decomposition of the progenitor 2* n : N, and in this 
case there are infinitely many double cosets corresponding to the orbits of N on the 
ordered Jc-tuples of the letters of Q = {ti,... ,tn) which have no adjacent repetitions, 
where k G N = {1,2,..

We used the technique described above to construct several finite groups. We 
constructed the group S5, the symmetric group of degree 5, in Chapter 2, the group 2 x S$ 
in Chapter 3, the group S7, the symmetric group of degree 7, in Chapter 4, the group 
S7 x 3 in Chapter 5, the group 2 x Mi2 in Chapter 6, and the group M12, the second 
largest of the Mathieu sporadic groups, in Chapter 7.
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Chapter 2

Construction of S5

Consider the progenitor
2* 4 : S4 = {x, y,t\x*  = y2 = (xy)3 = 1 = [y,i] = |B, y]>, where 
x ~ (0,1,2,3),
y ~ (2,3), and 
t ~ Cq.

From [CHB96] we find the following relations:

1. ((0,1,2,3)t0]“ = [(0,1,2,3)to]5 = 1

2. ((0, l,2)£0]6 = [(O,l,2)* oJ4 = 1

3. [(0,1)(2,3)t0]c = [(0,1)(2,3)t0]6 = 1

4. [(0, l)to]d = [(0, l)io]3 = 1

5. [(0, l)to*2] e = [(0, l)«ot2]4 = 1

Based on a computer, it is known, see [CHB96], that the progenitor 2* 4 : S4 
factored by relations (1) through (5), although relation (1) suffices, is isomorpic to Sg.
We will construct by hand Sg using the technique of manual double coset enumeration of

over S4.

Expanding relation (4) gives us:

(4) [(0,l)«o]3= 1
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(0, l)io(O,l)to(O, l)io = 1
(0, l)3£o(o’1)2io(o>1)to = 1
(0, l)toiito = 1
(0, l)t0 - toil (4:(4)

We now perform the manual double coset enumeration of G = i,Q 0]5 over

S4 over S4.

We start with the double coset representative word of length zero, NeN = N, 
denoted [*].

Next we consider the double coset with word length one. Since N is transitive 
on Q — {0,1,2,3}, NtoN = {7Vton|n G IV} = {IVto> Nti,Nt2, Nt3} denoted [0].

Now we determine for [0] to which coset Nt$ti belongs for one if from each orbit
of N° one ft. Since N° = {n G TV)ton = to} - {e, (1,2), (1,3), (2,3), (1,2,3), (1,3,2)} = 

((2,3), (1,2,3)) S3, N° — S3 has orbits {0}, {1,2,3}, on ft.

First let’s consider to, TVtgto = N G NeN since to is of order 2, so the generator 
to from the 1 orbit takes [0] back to a right coset in [*].

Next let’s consider tlt a representative from the orbit {1,2,3}, Ntoti = 7V(0, l)t0 
= Nt0 G NtgN == [0] (from relation 4). So the generator tj a representative from the
3-orbit  takes [01] back to a single coset in [0].

Our double coset enumeration must be complete since the set of right cosets is 
closed under right multiplication by the symmetric generators.

Thus we have the Cayley diagram that is shown in Figure 2.1.

The maximum possible index of N in G is = 1+4 = 5.
Thus [GJ < 5 x ]7V] = 5 x 24 — 120. In order to show |G) = 120, we consider G as a 
subgroup of S5 acting on five symbols that we have found, and label as follows:

1. TV
2. TVto
3. Nh
4. Nt2
5. Nt3
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Figure 2.1: Cayley Diagram of S& over S4

For this purpose we compute the action of the control group N as well as the 
action of <o> *1, and ta on the five cosets. These permutations are as follows:

to (1.2) t, : (1,3) (2: (1,4) t3:(l,5)
x : (2,3,4,5) y : (4,5)

It readily checks that the order of {x,y,t}, a subgroup of the symmetric group 
Sg acting on the five right cosets of N in G, is 120. Since the order of xy is three, 
N ~ (x, y) = S4 and io has exactly four conjugates under conjugation by N, we conclude 
that (x,y,t) is a homomorphic image of the progenitor 2* 4 : S4.

Thus if the original five relations hold in {x,y,t}, then (x,y,t) is a homomorphic 
image of G and this will give |G| > |(a?, y, t)| = 120.

Verify relation (1) totstztito = (0,3,2,1) by conjugating the four symmetric 
generators by By multiplying the permutations listed above, we find tQt3t2t]tQ
= (2,5,4,3). Thus when we conjugate to,ti,t2, and t$ by we obtain:

So acts as the permutation (0,3,2,1).

^<0<3<2<l<0 ._ .

got3.tltlto _  f
<2 — H

Verify relation (2) = (0,2,1) by conjugating the four symmetric gener­
ators.

.fot2<l<O

/oMl Lq
C2

= t2
r'3

= io
= i-3

So tot2titQ acts as the permutation (0,2,1).
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Verify relation (3) titotitotito — 1 by conjugating the generators.
^ti£otito£iio _

ioii *oh  io

^titotitotito _

ftitotltotito _

So titotitotito acts as the identity.

Verify relation (4) totito = (0,1) by conjugating the generators.
ttQtlt0 „ 

t^t0 = t2

itotito = tQ

^otlto = t3

So totito acts as the permutation (0,1).

Verify relation (5) tit2tot2tit2tot2 = 1 by conjugating the generators.
^tit2tot2tit2tQt2 _

^L.t2tQt2tit2tQt2 _

^tit2tot2tit2tot2 _

^tit2tot2tit2tot2 _  £3

So tit2tot2tit2tot2 acts as the identity.

Thus G/kertf) = (x,y,t) and |G| > ] (x, y, t) | = 120. As shown earlier, |G| < 120. 
Hence |G| = 120.

Moreover, a — (1,3,5,4,2) and b — (1,2) are in G with = (a,b) since 
Sg = {a,b|a5,b2, (ab)4, (a^ab)2, (a~2ba2b)2}. So (a,b) < G, but |(a, b)| = |G|, therefore 
G = (a,b) = S&.
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Chapter 3

Construction of 2 x s&

Consider the progenitor
2* 4 : S4 (a:,y,£|iE4 = y2 = (xy)3 = 1 = [y,t] = [t®,p]), where

(0,1,2,3),
y~ (2,3), and

tQ.

From [CHB96] we find the following relations:

1. [(0,1,2,3)t0]“ = [(0,1,2,3)£0]10 = 1

2. [(0,l,2)to]i’=[(0,l,2)t0]4 = l

3. [(0, l)(2,3)t0]c = ((0,1)(2,3)t0]6 = 1

4. l(O,l')tol‘i = l(O,l')tol6 = l

5. [(0, l)tot2]e = [(O,l)iot2]4 = 1

Based on a computer, it is known, see [CHB96], that the progenitor 2* 4 : S^. 
factored by relations (1) through (5), although relation (2) suffices, is isomorphic to 2 x5s. 
We will construct by hand 2 x S5 using the technique of manual double coset enumeration 
°^ — [(o,?,2)?ol4 over $4'

Expanding relations (2) and (3) gives us:

(2) [(0, l,2)£o]4 = 1
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(0,1,2)to(0,1,2)to(0,1,2)to(0,1,2)t0 = 1
(0, = 1
(0,1,2)tot2ii4o = 1
(O,l,2)t0t2 = toti (2)(2)

(3) [(0,l)(2,3)40]6 = 1
(0,1)(2,3)to(0,1)(2,3)to(0,1)(2,3)to(0,1)(2,3)to(0,1)(2,3)t0(0,1)(2,3)t0 = 1
[(0,1)(2,3)|6tol(0’1>(2’3)l6tol(0’1X2’3)l4tol(011)(2’3)1Sto[(0’1)(2’3)12tol(0’1)<2’3)|to = 1 

tltotltQ = t()tl
tlto^l = totltQ (3)

We start with the double coset representative word of length zero, NeN = N,
denoted [*].

Next we consider the double coset with word length one. Since IV is transitive 
on Q = {0,1,2,3), NtoN = {7VtonH G TV} = {Nto,Nti,Nt2, Nt3} denoted [0].

Now we determine for [0] to which coset Ntoti belongs for one t{ from each orbit
of TV0 on fi. SinceTV0 = [n G N\ton = t0} = {e, (1,2), (1,3), (2,3), (1,2,3), (1,3,2)} = 

<(2,3), (1,2,3)) &

TV0 = S3 has orbits {0}, {1,2,3}, on D.

First let’s consider to, Ntotg = N G NeN since to is of order 2, so the generator 
to, a representative from the 1-orbit takes [0] back to [*].

Next let’s consider ti, a representative from the orbit {1,2,3}.
Ntoh = TV(O,1,2)tot2 — lVtot2 (from relation 2)
Ntoti = 1V(O, l,3)tot3 = Ntota (from relation 2 conjugated by (2,3)). 
So, Ntoti = Ntoti = Nt0t3.
Similarly, Nt$ti — Nt3t3 = Nt$to (conjugating the abpve equation by (0,3)). 
Nt2ti — 7Vi2io = TVt2t3 (conjugating the above equation by (0,2)).
Finally, Ntjto = 7Vtit2 — Nt\t3 (conjugating the above equation by (0,1)).

Thus the generator ti a representative from the 3-orbit takes [0] to a single coset 
in [01], There are four unique single cosets in [01] each with three names.
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Now we determine for [01] to which coset Ntotiti belongs for one if from each 
orbit of on 12. <.

TV01 = {n G N°|(toti)n = *0*1}  = <(2,3))

A^01) — {7F G TV | TV (tot i)7" = Ntpti} = ((2,3), (.1,2,3)) since Ntoti = Ntot2 = 
Ntgt3.

So the orbits of TV^01) are {0} and {1,2,3} on Q.

First let’s consider ti as a representative from the orbit {1,2,3}.
TViotiii = Nto G NtoN since the £,}s are of order two. So the generator t\, a 

representative from the 3-orbit takes [01] back to [0].

Now let’s consider to. TVtptito = Ntitgti from relation 3. We can conjugate this 
relation by various permutations to obtain the following equations.

Nt2tit2 = Nt1t2ti (conjugating by (0,2))
Nt3tit3 ~ Ntit3ti (conjugating by (0,3))
TVt0t2t0 = Nt2t0t2 (conjugating by (1,2))
7Viot3to - Nt3tQt3 (conjugating by (1,3))
TVt3t2t3 = 7Vt2t3t2 (conjugating by (0,3)(l,2))

We note that:
Nipt jig = N(0, l,2)tgt2tg = Ntot2to (by relation 2).
TVtptitp = TV(O, l,3)tpt3tp = Ntgtstg (conjugating relation 2 by (2,3)).
Ntitpti = TV(1, 0,2)tit2ti = Ntit2ti (conjugating relation 2 by (0,1)).
TViitpti = 7V(l,0,3)tit3ti = Nt]t3ti (conjugating relation 2 by (0,1)(2,3)).
Nt2tit2 = 7V(2, l,3)t2*3*2 = Nt2t3t2 (conjugating relation 2 by (0,2,3)).

Hence, TVtotito =: TVtitoti = Nt2tit2 — Ntit2ti = Nt3tit3 = Nfl,3t\ = 
Ntgt2tg = Nt2tgt2 — Ntot3to = lVt3tpt3 = Nt3t2t3 = Nt2t3t2 G NtgtitgN. There is 
one unique single coset in [010] with twelve names.

Now we determine for [010] to which coset Ntgtitgti belongs for one ti from each 
orbit of TV<010) on Q.

TV010 = {n G TVol[(Wo)n = tptitp} = ((2,3)).

TV<010) — Ar|7V(^o*i*o) ’r = Ntptito} — ((0,1), (0,2), (0,3)) = 84 since all of
the single cosets within NtgtitgN are equal.
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So the orbit of TV^010) is {0,1,2,3} on Q, i.e., A^010) is transitive on fi = 
{0,1,2,3}.

Ntotitoto = Ntotf G NtotyN, so to, a representative from the 4-orbit, [010] back 
to a single coset in [01], and since [0100] — [01], we must have completed the double coset 
enumeration..

Thus we have the Cayley diagram that is shown in Figure 3.1.

Figure 3.1: Cayley Diagram of 2 x Sg over S4

The maximum possible index of N in G is 4- 4-
P^op = 1 4- 4 4- 4 4- 1 = 10. Thus [G| < 10 x |2V| = 10 x 24 = 240. In order to show 
|G| = 240, we consider G as a subgroup of S10 acting on ten cosets that we have found, 
and labeled as follows:

1. N
2. Nt0
3. TVti
4. Nt?
5. Nt3
6. Ntotj = Nt0t2 = Ntot3
7. Ntita = Nt]t2 =
8. Ntito — 7Vi2ti = Nt2t3
9. Nt3to = Nt3ii = Nt3t2
10. Ntotito = TVtitoti — Nt2tit2 ~ = Nt3t\t3 = 7Vtit3ti —

lVtot2to = TVt2to^2 — NtoMh — Xt3tot3 = Nt3t2t3 — Nt2t3t2
For this purpose we compute the action of the control group N as well as the 

action of to, h, t2, and t3 on the ten cosets. These permutations follow.



13

to
(1,2)(3,7)(4,8)(5,9)(6,10)

(1,4)(5,9)(2,6)(3,7)(8,10) 
x: (2,3,4,5)(6,7,8,9)

: ti
’ (1,3)(4,8)(5,9)(2,6)(7,10)
: <3 :

(l,5)(2,6)(3,7)(4,8)(9,10) 
y (4,5)(8,9)

It readily checks that the order of {x,y,t}, a subgroup of the symmetric group 
Sio acting on the ten right cosets of N in G, is 240. Since the order of xy is three, 
N = {x,y} = $4 and to has exactly four conjugates under conjugation by N, we conclude 
that (a;, y, t) is a homomorphic image of the progenitor 2* 4 : S4.

Thus if the original five relations hold in {x,y,t}, then (x,y,t} is a homomorphic 
image of G and this will give [G| > |(a;,y,t)| = 240.

Verify relation (1) tRots^tRots^tRo = (0,2)(1,3) by conjugating the four sym­
metric generators by tRot3tRR(R3i2tRo- By multiplying the permutations listed above, 
we find tRot3t2^Ro^3i2tRo = (2,4)(3,5)(6,8)(7,9). Thus when we conjugate t0, ti,t2, and 
t3 by tRot3t2tRot3t2tRo we obtain:

^(140(342(1(0(3(2(140 = ^(1(0(3(241 totat^t-Lio _

^tlto(342(lto43(2414o _ ^(iioi3i2ilto(3i2tlio _

So tRot3t2tRot3t2tjto acts as the permutation (0,2)(1,3).

Verify relation (2) to^tRo = (0,2,1) by conjugating the four symmetric gener­
ators.

^(o(2ti(o _ £2 _ j-
__ ^(0(2(1 io __

So tffatito acts as the permutation (0,2,1).

Verify the equivalent relations (3) and (4) t Rot Rot Ro = 1 by conjugating the
four symmetric generators.

g(l(oti(o41(o __ to ^titoMoiito _

^ti(oti(oti(o _ ^ti(o4i(o(i(o __

So titoiRotRo acts as the identity.

Verify relation (5) = 1 by conjugating the four symmetric gen­
erators.

^1(2^042^1^2^0^2 _ ^(1 tztctQ  

^ti^o^LMo^ _ ^ti 42(0(2(1 (2(0(2 _

So Iit2tot2tit2tot2 acts as the identity.

Thus G/kertf = {x,y,t} and |G| > |{ie, y, t) | — 240. As shown earlier, |G| < 240. 
Hence |G| = 240.
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Moreover, a = (1,6,7,9,8)(2,5,10,3,4),6 = (l,5)(2,9)(3,6)(4,7)(8,10) and c = 
(1,10)(2,9)(3,6)(4,7)(5,8) are in G with Sg x 2 = {a,b,c} since Sg x 2 = [a,b, c|a5, b2, 
(ab)4, (a-1 at)2, (a-2ta2t)2, c2, [c, a], [c, 6]}. So (a, b, c) < G, but |(a, &,c)| = |G|, therefore 
G = (a, b, c) = Sg x 2.
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Chapter 4

Construction of

Consider the progenitor
3* 5 : S$ (x, y, t|a:5 = y2 = (xy)4 = [x, y]3 = 1 = t3 = [t, y] = [tx, y] =

[tx2,y]), where
'x^ (0,1, 2,3,4)
V ~ (3,4), and
t to.

The following relations from [Bra97] may be used for the purpose of manual 
double coset enumeration:

1. [(0,1, 2)(3,4)t0]“ = [(0,1,2)(3,4)t0J10 = 1

2. ((0,1,2,3,4)t0|‘ = |(0,1,2,3,4)t0)7 = 1

3. [(0,1,2,3)t0]c = ((0,1,2,3)t0]e = 1

4. [(0, l,2)t0j<i = |(O,l,2)to]5 = 1

5. |(0, Oto]" = |(0, l)«0]4 = 1

6. = |ttf‘ti]3 = i

7. [(0, l,2)io1t1|>’ = ((0, l,2)i„ Al2 = 1

8. ((0, l)t0t2]’ = [(0, l)tot2]6 = 1

9. [(0, l)tot2-1r = 1(0, l)ioi71]4 = 1
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Based on a computer, it is known, see [Bra97], that the progenitor 3* 5 : 85, 
factored by relations (1) through (9), although relation (2) suffices, is isomorphic to S7. 
We will construct by hand S7 using the technique of manual double coset enumeration of

& 3* 5:Ss nvAr
C “ [(0,l,2,3,4)io]7 °Ver ^5'

Expanding relations (4), (5), (6), and (7) gives us:

(4) [(0,1,2)t0]5 = 1
(0,1,2)<o(0,1,2)to(0,1,2)to(0,1,2)to(O, l,2)to
(0,1,2)5to<0-1.2)4io<0’I-2’3to<0-I-2)2to(0’1’2)to
(0,2, lXitoWo = l
(0,2, = to-1*! -1 (4)

(5) [(0,l)iol4 = l
(0,l)to(0,l)t0(0,l)to(o, l)to = 1 
(O.l)‘lto(o-1’3to(<,’1)2to(o’1>to = l
tltotlto — 1
ti to = <0‘t?1 (5)

(6) KT‘ii/ = [^‘ti]3 = 1
tg = 1
t^'tito1 =ti-1totj-1 = 1 (6)

(7) [(O,l,2)to X,]2 = 1
(0,1,2X^(0, l,2)to = 1
(Q.l^Xpo’tl)^1'2’^1*!  = 1
(o.^ixr'tzto't^i
(0,2,1)47X2 = ^‘<0 (7)

Ss
We now perform the manual double coset enumeration of G — over

We start with the double coset representative word of length zero, NeN = N, 
denoted [*].

Next we consider the double cosets with word length one. N is transitive on T 
= {to, tj, t2, tz, t4} = {0, 1, 2, 3, 4) and therefore on their inverses T = {to-1, ti-1, 
t2-1, t3-1, t4'1} = {0, T, 2, 3, 4}, thus NtoN == [Nton\n G N} = {Nto, Nti, Nt2, Nt3, 
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Nt/ — {NO, Nl, N2, N3} denoted [0] and Nt0 1N = {N(t0 1)n|n E N} = {Nt0 \ Ntj \ 
Nft, Nt^1, Nt/1} = {NO, Nl, N2, N3, N4} denoted [0].

Now we determine for [0] and [0] to which coset Ntoti and Nt/ft belongs for 
one A from each orbit of N°- = N® on T and T. Since A0 = {n G N|ton = to} = 

{(1.2), (1,3).(1,4)) = ft, N° = S4 = has orbits {0} and {1,2,3} on T, and {0} and 
{1,2,3,4} on T.

So we need to consider the double cosets [00], [01], [00], [01], [00], [01], [00], [01].

00 = 0 => [00] = [0], so the generator to takes [0] back to a single coset in [0].
00 = 0 =£> [00] = [0], so the generator to-1 takes [0] to a single coset in [0].
00 = e = 00 =>• [00] = [♦] = [00], so the generator to”1 takes [0] to a single 

coset in [*]  and to takes [0] to a single coset in [*].

By relation (5), 10 = 01, and 10 G [01], so [01] = [01].

Thus we need to consider the double cosets [01], [01], [01].

There are four ways, ti,t2, ^3,^4, to go from [0] to single cosets in [01]. Likewise, 
there are four ways, tj-1 ,i2-1 , t3-1 A-1, to go from [0] to single cosets in Fl = [oi]. 
There are twenty distince single cosets in [01] as listed below.

[01] = N01N = {N01,N02,N03,N04,N10,N12,N13,N14,N20,N21,N23,
A'24, N30, N31, N32, N34, A'40, JV41, N42, N43}

N<01> > Noi = {n G ^Ktotif = totj} = ((2, 3), (2,4)) = S3
ft01) = {tt G N| N(totft = Aftti} = ((2,3), (2,4)) since all twenty of the single 

cosets in [01] are distinct. Thus ft01) has orbits {0},{1},{2,3,4} and {0}, {1}, {2,3,4}. 
So we need to analyze the double cosets [010], [Oil], [012], [010], [01T], [012].

Now, NO 10 = Nl by relation (5), and N1 G [0], so [010] = [0]. So to takes [01] 
to a single coset in [0].

Again, by relation (5), we know Nl = N010. So NOW = N00100 = N10 G [01]. 
So [010] = [01] and to-1 take [01] to single cosets in [01].

N011 = N01, since the t/s are of order three. Hence, [Oil] = [01] and ti takes 
[01] to a single coset in [01].
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NO 11 = NO, since 1 = ti 1 is the inverse of 1 = ti. Hence, [Oil] = [0] and ij 1 
take[01] to a single coset in [0].

By relation (4), (0,2,1)102 = 01. If we conjugate this relation by (0,1) we obtain 
(1,2,0)012 = 10. Thus N(l,2,0)012 = N10 N012 - NW G [01]. So [012] - [01].
Hence t2, a representative from the 3-orbit, takes [01] back to a single coset in [01].

By relation (7), (0,2,1)12 = 10, or equivalently (0,2,1)20 = 21. If we conjugate 
this relation by (1,2), we obtain (0,1,2)10 — 12. It follows that N012 = N0(0,1,2)10 = 
N110 = N10 G [01]. Hence [012] = [01] and i2_1 takes [01] back to a single coset in [01].

Now let’s consider [OTJ. By relation (7) we know (0,2,1)20 = 21. If we conjugate 
this relation by (2,0) we obtain (2,0,1)02 = 01. Hence NOT = N(2,0,1)02 = N02. 
Similarly if we conjugate by (1,3) and (1,4) we derive N01 = N02 = N03 = N04. We 
can then conjugate this relation by (0,1), (0,2), (0,3), and (0,4) to obtain the following 
set of equal ionss:

N01 = N02 = N03 = N04
N10 = N12 = N13 = N14
N2T = N20 = N23 = N24
N31 = N32 = N30 = N34
N4T = N42 = N43 = N40

Hence there are five distinct single cosets in [0T].
Similarly we can prove there are five distinct single cosets in [01]. By relation (7) 

we know (0,2,1)12 = 10. If we conjugate this relation by (0,1) we obtain (1,2,0)02 = 01, 
and hence N01 — N(l,2,0)02 = N02. Similarly if we conjugate by (1,3) and (1,4) 
we then obtain N01 = N02 = N03 = N04. Again we can conjugate this relation by 
(0,1), (0,2), (0,3), and (0,4) to obtain the following set of equations.

N01 = N02 = N03 = N04
NT0 = N12 = N13 = N14
N21 = N20 = N23 = N24
N31 = N32 = N30 = N34
N41 = N42 = N43 = N40

Hence there are five distinct single cosets in [01]

Now let’s consider [01] and [01],
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N^>N01 = {fa3))fa4)} = S3
N<°V = ((1,2), (1,3), (1,4)) = S4 since N01 = N02 = N03 = N04.
So the orbits of N^1) are {0}, {1,2,3,4}, {0}, and {1,2,3,4}.

Similarly, N<°V > NoT = ((2,3), (2,4)) = S3
N<oT) = ((1,2), (1,3), (1,4)) = S4 since NOT = N02 = N03 = N04.
So the orbits of N^) are {0}, {1,2,3,4}, {0}, and {1,2,3,4}.

Thus we need to consider [010], [Oil], [010], [Oil], [010], [011], [010], and [Oil].

NOU = NO [011] = [0]. So ti-1, a representative from one of the 4-orbits, 
takes [01] back to a single coset in [0].

Similarly, N011 = NO ==> [Oil] = [0]. So ti, a representative from the other
4-orbit,  takes [0T] to a single coset in [0].

NOU = N01 =4> [011] = [01]. So ti takes [01] to a single coset in [0T].

Similarly, N011 = N01 =4- [011] = [01]. So tj-1 takes [01] to a single coset in 
[01].

Now by relation (5) we know 10 — 01. Hence 010 = 001 ~ 0T [010] = [0T]. 
Thus to takes [01] to a single coset in [01].

Similarly, if we conjugate relation (5) by (0,1) we obtain the relation 01 = 10. 
Hence 010 — 001 = 01 =4*  [010] = [01]. Thus to-1 takes [0T] to a single coset in [01].

This leaves [010] and [010] to consider. By relation (5), 1 = 010. So it follows 
010 = 00100 = 010. So [010] = [010]. Hence to-1 takes [01] to a single coset in [010], 
while to takes [01] to a single coset in [010].

Now we previously proved: N01 = N02 — N03 = N04
N10 = N12 = N13 = N14
N21 = N20 = N23 = N24
N31 = N32 = N30 = N34
N41 = N42 = N43 = N40

Hence we know:
N010 = N020 = N030 = N040
N101 = N121 N131 = N141
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A'212 = N202 =3 N232 = TV242
TV. 313 = N323 = TV303 = TV 34 3
TV414 = TV424 = TV434 = AM04

By relation (6) we know 010 = 101, and hence 101 = 010. If we conjugate 
this relation by (1,2), (1,3), and (1,4) respectively, we obtain 020 = 202,030 = 303, and 
040 = 404. Therefore, TVOlO = TV020 = TV030 = TV040 = TV101 = TV 121 = TV131 = 
TV141 = A'212 = TV 202 - TV232 = TV242 = TV313 = TV323 = TV303 = TV343 = TV414 = 
TV424 = TV434 = TV404 and [010] contains one unique single coset.

N(OIO) > JVoTo = ((2,3), (2,4)) = S3
= ((0,2), (1,2), (2,3), (2,4)) = S5 since all twenty single coset names are 

equivalent in [010]. Hence the orbits of [010] are {0,1,2,3,4} and {0,1,2,3,4}. So we 
need to consider [0100] and [0100].

Now 0100 = 010. But we previously proved [010] = [01]. So to, a representative 
from one of the 5-orbits, takes [010] back to a single coset in [01].

Also 0100 = 01, so to“1, a representative from the other 5-orbit, takes [010] back 
to a single coset in [01].

Our double coset enumeration must be complete since the set of right cosets is 
closed under right multiplication by the symmetric generators.

Thus we have the Cayley diagram that is shown in Figure 4.1.

The maximum possible index of N in G & is $ + j77W| +
+ + |/(0T)| + + iw<no)i = 1 + 5 + 5 + 20+ 5 + 5 + 1 = 42. Thus |G| <
42 x [TV| = 42 x 120 = 5040. In order to show |(7| = 5040, we consider G as a subgroup 
of S42 acting on 42 cosets that we have found, and labeled as follows:

1. TV 8. TV1 15. TV04 22. TV 23 29. TV41 36. TV40
2. TVO 9. TV2 16. TV10 23. TV24 30. TV42 37. TV01
3. TV1 10. TV3 17. TV12 24. TV30 31. TV43 38. TV10
4. TV2 11. TV4 18. TV13 25. TV31 32. TV01 39. TV20
5. TV3 12. TV01 19. TV14 26. TV32 33. TV10 40. TV30
6. TV4 13. TV02 20. TV20 27. TV 34 34. TV20 41. TV40
7. TVO 14. TV03 21. TV21 28. TV40 35. TV 30 42. TV010
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Figure 4.1: Cayley Diagram of S- over S$

For this purpose we compute the action of the control group N as well as the 
action of tp, <i, t2) t3, and £4 on the 42 cosets. These permutations are as follows:

t0 : (1,2, 7)(3,16,33)(4,20,34)(5,24,35)(6,28,36)(8,38,12)(9,39,13)
(10,40,14)(11,41,15)(32,42,37)

ti : (1,3,8)(4,21,34)(5,25,35)(6,29,36)(2,12,32)(9,39,17)(10,40,18)
(11,41,22)(7,37,20)(8,38, 21 )(43,42,39)
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t2 : (1,4,9)(5,26,35)(6,30,36)(2,13,32)(3,17,33)(10,40,22)(11,41,23)
(7,37,20) (8,38,21)(34,42,39)

t3 : (1,5,10)(6,31,36)(2,14,32)(3,18,33)(4,22,34)(ll,41,27)(7,37,24)
(8,38,25) (9,39,26) (35,42,40)

t4 : (1,6,11)(2,15,32) (3,19,33)(4,23,34)(5,27,35)(7,37,28)(8,38,29)
(9.39.30) (10,40,31) (36,42,41)

x : (2,3,4,5,6)(7,8,9,10,11)(12,17,22,27,.28)(13,18,23,24,29)
(14.19.20.25.30) (15,16,21,26,31) (32,33,34,35,36) (37,38,39,40,41)

y : (5,6)(10,11)(14,15)(18,19)(22,23)(24,28) (25,29) (26,30) (27,31) (35,36) 
(40,41)

It readily checks that the order of {x,y, i), a subgroup of the symmetric group 
542 acting on the 42 right cosets of N in G, is 5040. Visibly [x| = 5 and |t/| = 2, 
additionally |xt/| = 4 and [a:,?/]3 = 1, hence (x,y) = S5. If we conjugate t by 5g we see 
that t has exactly five conjugates. We conclude that (x, y, t) is a homomorphic image of 
the progenitor 3* 5 : 5g.

Thus if the original nine relations hold in {x, y, t), then {x, y,t) is a homomorphic 
image of G and this will give |(7| > | (x, y, t) | = 5040.

Verify relation (1) = (0,2,1) by conjugating the five symmet­
ric generators by tot2titot2titQt2tito- By multiplying the permutations listed above, we 
find tot2tiiot2titot2tito = (2,4,3) (7,9,8) (12,20,17) (13,21,16) (14,22,18) (15,23,19) 
(24,26,25) (28,30,29) (32,34,33) (37,39,38). Thus when we conjugate and
t4 by tot2titot2titot2tito we obtain:

— t2

^4 0 42tlifl^2^1 02^1 4q ; » t4

^tQt2titQt2titot2tito __

So acts as the permutation (0,2,1).

Verify relation (2) titotrfztitito — (3,1,4,2,0) by conjugating the five symmetric
generators.

l0 — I3
.jti to(3(2^1 £0 _
^(1(5(4(3(241(0 _

^£](o44i3(24j^0 _

So titot4t3t2tito acts as the permutation (3,1,4,2,0).
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^tltot3t2tito = 

f.titQt3t2tito __ j.C3 — tj

Verify relation (3) titot3t2tito = (0,2) (1,3) by conjugating the five symmetric 
generators.

^4i (043(2(1(0 _

jtito(3(2il(D __

^41(0(3(2(1(0 _ £4

So titot3t2tito acts as the permutation (0,2)(1,3).

Verify relation (4) tiiot2tiio = (0,1,2).

^(l(o(2(lto _ J-q ^tita(2(lto _

jti(o42ti4o _

So titot2tito acts as the permutation (0,2)(1,3).

Verify relation (5) tjtotito ~ 1 by conjugating the five symmetric generators.
^4i (oti(o _ -[-Q ^4i4o4i4o _

^tl(o41(o  ^titotito __

^tl totito =

So titotito.acts as the identity.

^to 1(i(o ’(lto 141 = 

^o^1fl(o“1414o-14i _
~ to

= U

Verify relation (6) to ^ito ^lto xti = 1 by conjugating the five symmetric
generators.

.eb“14i4o-1flio“'l(l
■> ro '

.to"1tito-14i(o-141
r2
4(0 ’Mo ’Mo^’ti
kl

So acts asjthe identity.

t41-’42(o-141 =i2

i41-1(2(0-141 = t3

Verify relation (7) ti 1t2to xti = (0,1,2) by conjugating the five symmetric
generators.

tti-1t2to~1ti = 

^"’^“’(i =fo 

tti-U2t0-Ui

So ti-1t2to-1ti acts as the permutation (0,1,2).

^tit2tot2tlt2tot2tit2tot2 _

^tit2tQt2tlt2tQt2tit2tot2 _  +t3 — 13

Verify relation (8) = 1 by conjugating the five symmetric
generators.

^tit2t(yt2tit2tot2tlt2tQt2 _  j.Jq — to
4(1^2^042^1^2^0^2^1^2(042 __  4
t2 — t2
^(1 t24ot2(l424o424142(ot2 __

So tit2tot2tit2iot2tit2^ot2 acts the identity.
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Finally, verify relation (9) tR2 1tot2 xtit2 1tot2 1 = 1 by conjugating the five
symmetric generators.

^tlt2 1to(2 1(lt2 1toi2 1 __

^tit2-1iot2*' 1tit2~1tot2-1 __ j

^tl(2-1ioi2-1tl(2-1to42”1 _

^ht2“1iot2-1tit2-1iot2~1 __ £3

So t\t2 1tR2 ^0^2 1 acts as the identity.

Thus G/kerfy = {x,y,t} and |G] > |(x, y, t)| = 5040. As shown earlier, |G| < 
5040. Hence |G| = 5040.

Moreover, a= (1,4,22,36,33,19,3X2,6,27,41,39,24,13) (5, 16, 14, 31, 35, 20, 
25)

(7,29,10,8,34,42,32)(9,21,ll,38,28,17,18)(12, 23, 37, 15, 30, 40, 26)
and6 = (5,11)(7,17)(12,24)(13,25)(18,31)(19,32) (26,33) (34,38) (35,41) (36,42) 

(39,40)
are in G with S? = {a,b} since S7 = {a,5|a7,62, (afc)6, (a~2(a&)2)3, (a~2ba2b)2}. So 

(a, b) < G, but | (a, b) | = |G|, therefore G — (a,b) &
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Chapter 5

Construction of S7 x 3

Consider the progenitor
3* 5 : S5 (x,y,t\x5 = y2 = (xy)4 = [®,y]3 = 1 = t3 = [t,y] = [tx,y] =

where
(0,1,2,3,4)

y ~ (3,4), and
t ~ to-

The following relations from [Bra97] may be used for the purpose of manual
double coset enumeration:

1. [(0,1,2)(3,4)t0]“ = 1(0,1,2)(3,4)to]30 = 1

2. [(0,1,2,3,4)Z0]fc = 1(0,1,2,3,4)t0]21 = 1

3. [(O,l,2,3)to)°= [(0,l,2,3)io]6 = 1

4. [(0, l,2)* 0]d = [(0, l,2)t0]1S = l

5. [(0, l)t0)e = |(0, ptol'2 = 1

6- = [«o *il] 3 = 1

7. [(0,1,2)to lti]” = [(0,1,2)t„ ‘t,]2 = 1

8. [(0, l)iot2[’ = [(0, l)t0t2]8 = 1

9. [(0, l)to«2“‘f = [(0, l)ioi71]4 = 1
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Based on a computer, it is known, see [Bra97], that the progenitor 3* 5 : S&, 
factored by relations (1) through (9), although relation (3) suffices, is isomorphic to 
S7 x 3. We will construct by hand S7 x 3 using the technique of manual double coset 
enumeration of G = over <Sb-

Expanding relations (3), (6), and (7) gives us:

(3) [(0,1,2,3)t0]6 ~ 1
(0,1,2,3)to(0,1,2,3)io(0,1,2,3)t0 (0,1,2,3)t0 (0,1,2,3)io(0,1,2,3)t0
(0, 1, 2, 3)6i0 C0*1 ’2’3)St0(°>l >2>3)4 (0,1,2,3)3t() (0,1,2,3)2 (0,1,2)^

(O,2)(l,3)t1tot3t2ti^ = 1
(O12)(l,3)t1iot3 = «0"1tr1i2-1 (3)

(6) 1

to_1tito_1 = ti-'toti-1 (6)

(7) [(0,1,2X0-1*!] 2 = 1 

= 1
(O,2,l)ti-1t2 = tr1io
or equivalently (0,2, l)t2to_1 = i2ti-1 (7)

S5

We now perform the manual double coset enumeration of G = 3* &:Ss
[(O,l,2,3XoJe over

We start with the double coset representative word of length zero, NeN = N, 
denoted [*].

Next we consider the double cosets with word length one. N is transitive on
T — Oo> Li, ^2» ^3»^4} — {0, 1)2,3,4} and therefore on their inverses T =
t3~\ $4-1} = {0,1,2,3,4}, thus NtoN = {TVion|a G TV} = {Nto)Nt\,Nt2,Nt3} Nt4] 
= {NO,N1,TV2, TV3} denoted [0] and /Vt^TV = {TV(i^^"In G TV} = {TVtg1, TVt^-1, 
TVt^1, TV^"1} = {TVO, Nl, TV2, TVS, TV4} denoted [0].

Now we determine for [0] and JO] to which coset Ni^ti and Nfati belongs for 
one ti from each orbit of TV0 = 7V° on T 'and T. Since TV0 ~ {n G TV|ion = io} = 
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((1.2), (1,3).(1,4)) = ft, N° = S4 = N° has orbits {0}, and {1,2,3} on T, and {0} and 
{1,2,3,4} on T.

So we need to consider the double cosets [00], [01], [00], [01], [00], [61], [00], [61].

00 = 0 => [00] = [6], so to takes [0] to a single coset in [6].
00 = 0 ==> [66] = [0], so to-1 takes [6] to a single coset in [0].
00 = e = 00 => [66] = [*]  = [60], so to”1 takes [0] to a single coset in [*]  and to 

takes [6] to a single coset in [*].

Thus we need to consider [01], [01], [61], and [61].

ti, a representative from one of the 4-orbits, takes [0] to a single coset in [01]. 
There are twenty distinct single cosets in [01].

[01] = N01N = {N01, N02, N03, N04, N10, N12, N13, N14, N20, N21, N23,
N24, N30, N31, N32, N34, N40, N41, N42, N43}

ti”1, a representative from the other 4-orbit, takes [0] to a single coset in [61]. 
There are twenty distinct single cosets in [61].

[61] = NOTN = {NOT, N02, N03, N04, NlO, N12, N13, N14, N20, N21, N23,
N24, N30, N31, N32, N34, N40, N41, N42, N43}

ti-1 takes [0] to a single coset in [01].

By relation (7), (0,2,1)12 — 10
=> 2(0, 2,1)12 = 210
=> (0,2,1)112 = 210
==> (0,2,1)20 = 2100
=>(0,2,1)20 = 21

Conjugating by (0,2), we find (2,0,1)02 = 01

Hence, N(2,0,1)02 = N02 = N01

Conjugating this equation by (1,3) and (1,4) we find N01 = N02 = N03 = N04.

Now if we conjugate this equation by (0,1), (0,2), (0,3), and (0,4) respectively 
we obtain the following set of equations:

NOT = N02 = N03 = N04
N10 = N12 = N13= N14
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N20 = N21 = N23 = N24
N30 = N31 = N32 = N34
N40 = N41 = N42 = N43

Hence there are five distinct single cosets in [01].

ti takes [0] to a single coset in [01].

By relation (7), (0,2,1)12 MO

Conjugating by (0,1) we obtain (1,2,0)02 = 01.
=> N(l, 2,0)02 = N02 = N01

Conjugating this equation by (1,3) and (1,4), we find N01 = N02 = N03 — 
N04.

Now if we conjugate this equation by (0,1), (0,2), (0,3), and (0,4) we obtain the 
following set of equations:

N01 = N02 = N03 = A'04
MO = M2 = N13 - N14
N20 = N21 = N23 = N24
N30 = A'31 = N32 = N34
N40 = Ml = M2 = M3.

Hence there are five distinct single cosets in [01].

Now let’s consider the double cosets [01] and [01].

W(O1) > jyol = {n g N°\(totr1r = toil-1.} = ((2,3), (2,4)) = Ss
N<W = {w e jV|JV(iotr1)’r = WC1} = ((1,2),(2,3),(2,4)) since NOT = 

N02 = N03 = N04. Thus has orbits {0},{1,2,3,4} and {0},{1,2,3,4}. So we
need to analyze the double cosets [010], [011], [OTO], and [011].

Similarly, G Ar|N(/0_1t1)7r = ~ ((1,2), (2,3), (2,4)) since
N01 — N02 = 1V03 = TV04. Thus N^1) has orbits {0}, {1,2,3,4} and {0}, {1,2,3,4}. So 
we need to analyze the double cosets [010], [011], [010], and [017].

N011 = NO, since 1 — M1 -is the inverse of 1 =■ tj. Hence, [011] = [0] and ii, a 
representative from one of the 4-orbits, takes [01] back to a single coset in [0]. Similarly, 
N011 = NO. Hence, ij-1, a representative from the other 4-orbit, takes [01] back to a 
single coset in [0].
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#011 — 7V01 since the tf’s are of order three. Similarly, #011 = NtH. Hence 
[011].= [01] and ti-1 takes [01] to a single coset in [01]. Similarly, #011 = #01. Hence 
[Oil] = [01] and tj takes [01] to a single coset in [ST].

Thus we need to consider [010], [010], [010], and [010].

Let’s start with [010].

By relation (6), 010 = 101.
=b ooioi = oToTi
=> 101 = 010
So #101 — #010. Now if we conjugate this equation by (0,2), (0,3), (0,4),
(1,2),  (1,3), (1,4), (0,3)(1,2), (0,4)(1,2), and (0;4)(l, 3) we obtain the following 

equations:
#101 = #010
#313 = #131
#020 = #202
#040 = #404
#424 = #242

#212 = #121
#414 = #141
#030 = #303
#323 = #232
#434 = #343

Additionally, by relation (7) (0,2,1)12 = 10.
#101 = #010 = #0(0,2,1)12= #(0,2,1)212 = #212 = #121

Hence, #101 = #101 = #212 = #121. If we conjugate this equation by 
(0,3), (0,4), and (1,2), we derive the following equation:

#101 = #101 = #212 = #121 = #131 = #313 = #141 = #414 = #202 = 
#020.

If we now conjugate this equation by (1,3) and (1,4) we then obtain the follow­
ing:

#101 = #101 = #2l2 = #121 = #131 = #313 = #141 = #414 = N202 = 
#020 = #303 = #030 = #404 = #040 = #232 = #323 = #343 = #434 = #242 = 
#424 ' •

Hence [010] contains one distinct single coset and to takes, us from [01] to [010],

Similarly, we can prove [010] contains one distinct single coset. By relation (6), 
010 = 101. So #010 = #101. If we then conjugate by (0,2), (0,3), (0,4),
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(1,2),  (1T 3), (1,4), (0,3)(1,2), (0,4)(l,2), and (0,4)(1,3) we obtain the following
equations:

TVlOl = TV010
7V313 = TV131
TV020 = TV202
TV040 = TV404
TV424 = TV242

TV212 = TV121
TV414 = TV141
TV030 = TV303
TV323 = TV232
TV434 TV343

Again, by relation (7) (0,2,1)12 = 10. So TVOIO = TV101 = TV(0,2,1/121 — 
TV121 = 7V212. If we conjugate this equation by (0,3), (0,4), and (1,2) we obtain the 
following equation:

TVOIO = TV101 = TV121 = TV212 = TV313 = TV131 = TV414 = TV141 = TV020
TV202

If we now conjugate this equation by (1,3) and (1,4), we find TV010 ~ TV101 =
7V121 -■ TV212 = 7V313 = TV131 = TV414 = TV141 = TV020 = TV202 = TV030 = TV303 --
TV323 = TV232 = TV434 = TV343 = TV040 = TV404 = TV424 = TV242.

Hence [010] contains one distinct single coset and t0 1 takes [61] to a single coset 
in [616].

Now consider [016] and [010]. We already proved that TV01 = TV02 = TV03 
= TV04. It follows that TV010 = TV020 — TV030 = TV040. If we conjugate by (0,1), (0,2), 
(0,3), and (0,4), we obtain the following:

TVOIO = TV020 = TV 030 = TV 040
TV 121 = TV 131 = TV 141 = TV 161
TV202 = TV 212 = TV232 = TV 2 42
TV 303 = TV313 = TV323 - TV343
7V404 = TV414 = TV424 = TV 4 34
Hence [0T0] contains five distinct single cosets and takes [01] to a single coset

Similarly, we can prove [010] contains five distinct cosets. We already proved 
that TV01 — TV02 = TV03 — TV04. It follows that TVOIO = TV020 = TV030 = TV040. If we 
conjugate by (0,1), (0,2), (0,3), and (0,4), we obtain the following:

TVOIO = TV020 = TV030 = TV 040
TV121 = TV131 = TVT41 = TV101
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A'202 = AT212 = TV232 = 7V242
TV303 = 7V313 = 7V323 = 7V343
W404 = A'414 = AM24 AM34
Hence [010] contains five distinct single cosets and to takes [01] to a single coset 

in [010].

Now consider [010] and [010]. > /V0'10 — {n G .Nol|(toti-1to)n =
toti-1to} = ((2,3),(2,4)) = 53

7\r(oio) _ J,,. e N\N (tot^tof = Ntoti"1^} = ((0,2), (1,2), (2,3), (2,4)) since 
all the single cosets in [010] are equal. Thus has orbits {0, 1, 2, 3, 4} and {0, 1, 2,
3, 4}. So we need to analyze the double cosets [0100], and [0100].

Similarly = {n e jVS1| (to^tito-1)" = = ((2,3),
(2,4)>=Ss

W(515) = {% e N\N(te-1tlt0-1)’' = Nto-Hxto-1} = ((0,2), (1,2), (2,3), (2,4)) 
since all the single cosets in [010] are equal. Thus has orbits {0,1,2,3,4} and
{0,1,2,3,4). So we need to analyze the double cosets [0100], and [0100].

AT0100 = 7V01. So to-1, a representative from one the 4-orbits takes [010] back 
to a single coset in [01]. Similarly, NO 100 = Ar01. So to, a representative from the other
4-orbit  takes [010] back to a single coset in [01].

N0100 = N010. So to takes [010] to a single coset in [010]. Similarly, Az0100 = 
010. So to-1 takes [010] to a single coset in [010].

Now let’s consider [01] and [01].

N(oi) > ^oi = {n 6 = = ((2,3), (2,4)) = S3 .
AT(01) = {7r G N]N(toti)~ = Ntoti} = (((2,3), (2,4)) since all the single cosets 

in [01] are unique. Thus A7'"01) has orbits {0}, {1}, {2,3,4}, {0}, {TJ and {T,2,3,4}.

Similarly,> A< = {n g N^to^-tr1)" = tQ-'tr1} = ((2,3), (2,4)) = 
St

N<& = {vr G Ar[TV(to"1ti“1)7r = A'/,o-1ti "1} = (((2,3), (2,4)) since all the 
single cosets in [01] are unique. Thus has orbits {0},.{l}, {2,3,4}, {0}, {1} and
{1,2,3,4}.

So we need to analyze the double cosets [010], [011], [012], [010], [Oil], [012], [010], 
[0T1], [012], [010], [011], and [012].
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Oil = 0, so [Oil] = [0]. Hence tj”1 takes [01] back to a single coset in [0].
Oil = 0, so [6T1] = [0], Hence ti takes [01] back to a single coset in [6].
Oil = 01, so [011] = [01]. Hence ti takes [01] to a single coset in [0T].
Oil = 01, so [011] = [61]. Hence 1 takes [61] to a single coset in [01].

We previously proved using relation (7) (2,0,1)02 = 01. If we conjugate this 
relation by (0,1,2), we derive N(0,1,2)10 = N12. So it follows N012 ~ N0(0,1,2)10 = 
N(0,1,2)110 = N110 = N10 G [6T|. Hence [012] = [61]. So t2~l, a representative from 
one of the 3-orbits, takes [01] to a single coset in [61].

Similarly, by relation (7) (0,2,1)12 = 10, equivalently 12 = (0,1,2)10. So if 
follows N6T2 = N0(0,1,2)10 = N(0,l,2)T10 = N(0,1,2)10 = N10 e [01]. Hence 
[612] = [01] and t2, a representative from the other 3-orbit, takes [61] to a singel coset in 
[01].

This leaves [010], [016], [012], [010], [6T0], and [012] to consider.

t2 takes [01] to a single coset in [012].

By relation (3), (0,2)(1,3)103 = 612. So N012 = N(0,2)(1,3)103 = N103 G 
[012]. Hence [012] ~ [012]. So t2_1 takes [01] to a single coset in [012].

to takes [01] to a single coset in [010]. Likewise, to”1 takes [61] to a single coset 
in [010]. to”1 takes [01] to a single coset in [016]. Also, to takes [61] to a single coset in 
[0T0]

Now let’s consider the double coset [012].

By relation (3), (0, 2)(.l,2)103 = 012.
=> N103 = N(0,2)(l, 2)103 = N012
=> TV 103 = N012 = N0122
=> N103 = N0T22 = N0(0,1,2)102 (by relation 7)
=> N103 = N(0,1,2)1102 = N(0,1,2)102 = N102
So NT03 = N102. If we conjugate this equation by (2,3) we derive N103 = 

N102 = N104. If we now conjugate this equation by (1,0), (0,2), (0,3), (0,4), (1,2),
(1,2),  (1,4), (1,0,2), (1,0,3), (1,0,4), (1,2,0), (1,2,0,3), (1,2,0,4), (1,3,0), (1,3,0,2), 
(1,3,0,4), (1,4,0), (1,4,0,2), and (1,4,0,3), we find the following equations:

N103 = N102 = N104 N012 = N013 = N014
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#120 = #123 = #124
#142 = #143 = #140
#302 = #301 = #304
#021 = #023 = #024
#042 = #043 = #041
#231 = #230 = #234
#312 = #310 = #314
#342 = #340 = #341
#421 = #423 = #420

#132 = #130 = #134
#201 = #203 = #204
#402 = #403 = #401
#032 = #031 = #034
#210 = #213 = #214
#241 = #243 = #240
#321 = #320 = #324
#412 = #413 = #410
#432 = #431 =#430

Hence [012] has twenty distinct single cosets.

W(O12) > NO12 = e jV01|(t0tit2)n = t0tit2} = ((3,4)) = S2

N(on) = e jV|JV(t0iit2)’r = Nt0tit2} = ((2,3), (2,4)) since W12 = N013 = 
7V014. Thus JV<°12) has orbits {0}, {1}, {2,3,4}, {0}, {1}, and {2,3,4}. So we need to 
analyze the double cosets [0120], [0121], [0122], [0120], [0121], and [0122].

#0122 = #01 => [0122] = [01]. Hence t^1, a representative from one of the
3-orbits,  takes [012] to a single coset in [01].

[0122] = [012] = [01] as proved previously. Hence t2, a representative from the 
other 3-orbit, takes [012] to a single coset in [01]

Now by relation (7) (0,2,1)12 = 10
=>2(0.2,1)12 = 210
=^> (0,2,1)112 = 210
=> (0,2,1)2 = 210
=> (0,2,1)20 = 2100
=> (0,2,1)20 = 21
=> 20= (0, 1,2)27

So it follows #0120 = #01(0,1,2)21 = #1221 = #121 G [010]. So [0120] = 
[010] and ip-1 takes [012] to a single coset in [010].

We previously proved by relation (7) that (0,1,2)21 = 20 and equivalently 21 = 
(0,2,1)20. So it follows that #0121 = #01(1,0,2)20 = #(1,0,2)2020 = #2020 G [0101). 
So it follows that [0121] = [0101]. Thus, ti~1, takes [012] to a single coset in [0101].
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Now let’s consider [0120].

By relation (6) 010 = 101.
=>• N01QQ = NIOIO
=> N011 = NIOIOI
=> N0101 = NTOIOIOI

A'OTOl = N1010101
=> N0101 = A'~10T0(0,2,1)121

Since relation (7) conjugated by (1,2) is 10 = (0,2,1)12.
=> N0101 = TV (0,2,1)0202121
=> NU101 = N(0,2,1)02(1,0,2)01121

Since relation (7) conjugated by (0,1) is 02 = (1,0,2)01.
=> N0101. = N(0,2,1)(1,0,2)2101121 = N(0,1,2)210121
=> N0101 = N(0,1,2)21(0,2)(1,3)1031 by relation (3)
=^> N0101 = N(0,l,2)(0,2)(l, 3)031031
—■ A'OTOl = N(0,3,1)(3,2,0)021031

Since relation (7) conjugated by (1,0,3) is (3,2,0)02 = 03.
=> N0101 = N(0,2)(3,1)021031

==> N0101 = N(0,2)(3,1)021(3,2) (0,1)302
Since relation (3) conjugated by (1,0,3) is 031 — (3,2)(0,1)302. 

=> N0101 = N(0,2)(3,1)(3,2)(0,1)130302
=> A'OTOl = N(0,3)(1,2)13(2,0,3)0202

Since relation (7) conjugated by (2,0,3)02 = 03.
=> N0101 = N(0,3)(1, 2)(2,0,3)120202
=> NOlOl = TV(0,2,1) (0,1,2)100202 by relation (7).
= => N0101 = N(0,2,1)(0,1,2)100202
=> A'0101 = N10202
=^> N0101 = N10202
=^- A’(HOI = N(l, 2) (0,3)01302

Since relation (3) conjugated by (0,1) is (l,2)(0,3)013 = 102. 
=> NOlOl = N(l,2)(0,3)01302

N0101 = N(l,2)(0,3)01(0,1,3)312
Since relation (7) conjugated by (3,2) is (0,1,3)31 = 30.
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=> N0101 = N(l,2)(0,3)(0,1,3)13312 = N(l, 2,3)1312 
NO1O1 = N(l, 2,3)1(3,2)(1,0)130

Since relation (3) conjugated by (0,3) is (3,2)(1,0)130 = 312.
=> N0101 = N(l, 2,3)(3,2)(1,0)0130 = N(l, 3,0)0130 = N0130 G [0120] 

[0120] = [0101]
Hence, to takes [012] to a single coset in [0101].

As proved above, 0101 = (1,3,0)0130.
If we conjugate this relation by (1,2) we obtain 0101 = (1,2,0)0120
=> N0101 = N(l, 2,0)0120
=> N01010 = N(l, 2,0)0120gN(l, 2,0)012
=> N010101 = N(l, 2,0)0121
=> N010101 = N(l. 2.0)0121
=> N010010 = N(l, 2,0)0121 by relation (6)
=> N010Q10 - N(l, 2,0)0121
=> Nono = N(l,2,0)0121
=> N010 = N(l,2,0)0121 = N0121
=> [010] = [0121]
Hence ti takes [012] to a single coset in [010].

Now let’s consider [010] and [010].

TV(oio) > yyolo = 6 N^Ktotr^o"1)” = - ((2,3), (2,4)) = S3.

N(ow) = {7r € N|N(t0t1_1t0"'1)7r = Ntoti-1^-1} = ((1,2), (2,3), (2,4)) = S4 
since N010 = N020 = N030 = N040. Thus N<010) has orbits {0}, {1,2,3,4}, {0,}, and 
{1,2,3,4}.

Similarly N^10) > N°10 = {n 6 N^to"^^)" = to“xiiio} = ((2,3), (2,4)) - 
S3.

jy(oio) — G N|N(to^1tito),r = Nto-1iiio} = ((1,2), (2,3), (2,4)) ~ S4 since 
N010 = N020 = N030 = N040. Thus N^10) has orbits {0},{l,2,3,4},{0,}, and 
{1,2,3,4}.

So we need to analyze the double cosets [0100], [0101], [0100], [0101], [0100], 
[0101], [0100], and [0101].

[0100] = [01] => to takes [010] back to a single coset in [01].
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[6100] = [61] =4*  to-1 takes [010] back to a single coset in [61].
[0100] = [010] to’1 takes [OlO] to a single coset in [010].
[0100] — [616] => to takes us from [010] to [610].

Now let’s consider [0101].

By relation (6), 010 = 101
;V£016 = NOlOl

=F N10 = NOlOl
N101 = N 01Oil

=> N101 = N010
=> N1010 = NOlOg
=> N1010 = NOlO
=}> N16101 = NOlOl
=> NOlOl = N10101 = Nl(l, 2,0)0201

Since relation (7) conjugated by (0,1) is (1,2,0)02= 01.
=> NOlOl = N(l,2,0)20201
=> NOlOl = N(L 2.0)20201
=!> NOlOl = N(l, 2,0)02001

Since relation (6) conjugated by (0,2) is 202 = 020.
=> NOlOl = N( 1.2.0)02001
=> NOlOl = N(l,2,0)02Ql
=> NOlOl = N(l, 2,0)0201
=*  NOlOl = N(l, 2,0)02(1,2,0)02

Since relation (7) conjugated by (0,1) is (1,2,0)02 = 01.
=> NOlOl = N(l, 0,2)1602
=*  NOlOl = N(l, 0,2)102 = N102 G [012]

Hence [0101] ~ [012] and and tt take us from [OlO] to [012].

Similarly, we can prove[0101] = [012], since 010 = 101 by relation (6). 
=*  N010Q = NIOIO
=> NOlOl = NToTooT
=> NOlOl = NToTooT = NToToT
=> N010T = NToToooT
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=> #0101 = #101001 = #1010(2,0,1)02
Since 01 = (2,0,1)02 relation (7) conjugated by (0,2).

=> #0101 = #(2,0,1)212102
=> #010T = #(2,0,1)121102

Since 212 = 121, relation (6) conjugated by (0,2).
=> #010T = #(2,0,1)121102 = #(2,0,1)1202
=> #0101 = #(2,0, l)(0,1,2)1002

Since 12= (0,1,2)10, relation (7).
=> #0101 = #(2,0, l)(0,1,2)102 = #(2,1,0)102
=> #0101 = #(2,l,0)(l,2)(0,3)013 = #(1,3,0)013 = #013

Since (1,2)(0,3)013 = 102, relation(3) conujugated by (0,1).
=> #0101= #013 G [012]

Hence [0101] = [012], and ti"1, a reprentative from one of the 4-orbits takes 
[010] to a single coset in [012].

Now let’s consider [0101].

As proven below, 01010 = 101.
=>010102 = 1010
=> 0101 = 1010
=^> #0101 = #1010 G [0101]
=> [0101] = [0101]

Hence [0101] = [0101], and C"1 takes [010] to a single coset in [0101].

Let’s consider [0101].

As proven previously, we know 0101 = 1010.
=> OWlJ = 10101.
=> oToq = lOioTo.
=> Oil = 1OTOIOL
=> 0101 = 1010101101.
=>0101 = loioTonoi.
=>0101 = 101010101.
=> 0101 = 101001001 by relation (6).
=> 0101 = 101001001 = 101011 = 10101
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=> 6101 = 16616 0.5in by relation (6)
==> 6101 = 16616 = 1016

TV0101 = TV1010 G [0101]

Hence [6101] = [0101], and tj, a representative from the other 4-orbit, takes 
[610] to a single coset in [OIOTJ -

Now let’s consider the double cosets [010] and [010].

010 = 01220
=> 010 = 01220 = (l,3)(0,2)10320

Since relation (3) conjugated by (1,0)(3,2) is (1,3)(0,2)103 = 012.
=t> 010 = (l,3)(0,2)10326
=> 010= (l,3)(0,2)103(0,1,2)21

Since relation (7) conjugated by (1,2) is (0,1,2)21 = 20.
=> 010 = (1,3)(0,2)(0,1.2)21321
=*  010 = (1,3,2)(2,3)(1,0)12021

Since relation (3) conjugated by (0,2,3) is (2,3) (1,0)120 = 213.
=$> 010 = (1,2,0)12021 = (1,2,0)122021
=> 010 = (1,2,0)12021 = (1,2,0)120201

Since relation (6) conjugated by (1,2) is 202 = 020.
=> 010 = (1,2,0)120201
=> 010 =(1,2,0)120(0,1,2)211 by relation (7).
=> 010 = (1,2,0)(0,1,2)2012 = (1,0,2)2612

010 = (1,0,2)(0,1,2)2TT2 by relation (7).
=$> 010 = 2112 = 212

If we conjugate this equation by (2,3) and (2,4) we find 010 = 212 = 313 = 414. 
Hence TVOIO = 7V212 = TV313 = TV414.

If we conjugate the above equation by (0,1), (1,2), (1,3), and (1,4), we obtain 
the following equivalent cosets:

TVOIO = TV212 = TV313 = TV414 TVlOl = TV202 = TV303 = TV404
TV020 = TV121 = TV323 = TV424 TV030 = TV131 = 7V232 = TV434
TV040 = TV141 = TV242 = TV343

Hence there are five distinct single cosets in [010].
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Now as we proved above, 010 = 212.
=> 0100 = 2120
=>01T= 21201
=> 00 = 212016
=> 2e = 2212016
=>212 = 22016
=>212 = 616

If we conjugate this equation by (2,3) and (2,4) we find 212 = 010 = 313 = 414

If we conjugate this equation by (1,0), (1,2), (1,3), and (1,4) we obtain the 
following equivalent cosets:

N212 = N616 = N313 = N414
N202 = N16T = N303 = N404
N12T = N020 = N323 = N424
N232 = N030 = N131 = N434
N242 = N040 = N343 = 7V14I

Hence there are five distinct single cosets in [010].
W(O1O) > woio = {n g jvoi|(iotlto)n = = ((2 3)) (2>4)) =

W(ow) = (jr g Ar]?/(totiio)’r = Ntotxto} = ((0,2),(2,3), (2,4)) since N010 = 
Ar212 — 7V313 = 7V414. Thus has orbits {1}, {0,2,3,4}, {1}, and {0,2,3,4}.

Similarly, £ N™ = {n g NST|(io_lti_Ito_1)’’ = to-'tr'to-1} =

((2,3), (2,4)) = S3

W(0l0) = e AT|?7(io-H,-,*o-1)’r = Nto-'tr^to"1} = ((0,2),(2,3),(2,4)). 
since iVOlO = 7V212 = /V313 = N414. Thus has orbits {1}, (0,2,3,4}, {T}, and
{0,2,3,4}.

So we need to analyze the double cosets [0101], [0100], [0101], [0100], [6161], 
[6100], [016T], and [6166].

[0100] = [016], so to? a representative from one of the 4-orbits, takes [010] to 
single coset in [016].

[0100] = [010] so to-1, a representative from the other 4-orbit, takes [010] to a 
single coset in [010].
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[0100] = [01]. so to 1 takes [010] to a single coset in [01].
[0100] = [01] so to takes [010] to a single coset in (oi].

This leaves [0101], [0101], [0101] and [0101] to consider, ti”1 takes [010] to a 
single coset in 010T], while ii takes [010] to a single coset in [0101], Similarly, ti takes 
[010] to a single coset in [0101], while tj-1 takes [010] to a single coset in [0101].

Now let’s consider [010] and [010].

By relation (7) conjugated by (1,2), 10= (0,2,1)12.
=> N010 = N0(0,2,1)12

N010 = N(0,2,1)212 = N212

If we conjugate the resulting equation by (2,3) and (2,4), we obtain the following 
equation.

NO 10 = N212 = N313 = N414

If we now conjugate this equation by (0,1), (1,2), (1,3), and (1,4) we find the 
following equations:

N101 = N202 = N303 = N404
N020 N12T = N323 = N424
N030 = N232 = N131 = N434
N040 --- N242 = N343 = N141

Hence there are five distinct single cosets in [010].

Similarlly by relation (7), 10 = (0,2,1)12.
=> N0T0 = N0(0,2,1)12
=> N0T0 = N(0,2,1)212 = N212

If we conjugate this equation by (2,3) and (2,4), we obtain the following equa­
tion.

N010 = N212 = N313 = 4l4

If we now conjugate this equation by (0,1), (1, 2), (1,3), and (1,4) we find the 
following equations:

N101 = N202 = N303 = 404
N020 = N121 = N323 = 424
N030 = N232 N131 = 434



41

N040 = N242 = N343 = 141

Hence there are five distinct single cosets in [610].

jy(oio) > jyoio = € NOiKWo'1)" = toMo”1} = ((2,3), (2,4)) = S3

N<01°) = {tt e N| N(totito"1)’r = Wit0“1} = ((0,2), (2,3), (2,4)) since NOlO
= N212 = N313 = N414. Thus has orbits {1}, {0, 2, 3, 4}, {T}, and {0, 2, 3, 4}.

jVtoio) > Noio = {n G Noi| = ((2,3), (2,4)) = S3

^(010) = {?r e NINGoMiMo)’ = = ((0,2),(2,3),(2,4)) since
NOlO = N212 = N313 = N414. Thus N^010) has orbits {1},{0,2,3,4},{T}, and 
{0,2,3,4}.

So we need to consider [0101], [0100], [0161], [0166], [6101], [6100], [6101], and 
[6100].

[0100] = [01] so io, a representative from oen of the 4-orbits, takes [[016] to a 
single coset in [01].

[6100] = [61] so to-1, a representative from the other 4-orbit, takes [610] back 
to a single coset in [61].

[0166] = [010] so to”1 takes [016] to a single coset in [010].
[6100] = [616] so to takes [OTO] to a single coset in [010].

Now let’s consider [6101]. By relation (6) 010 = 101
=> N01QQ = N1010
=> N0101 = NOllOlO
=>• N0101 = NOllOlO = N0010 = N010

Hence [0101] = [010], and ti takes [016] to a single coset in [610].

Similarly, let’s consider [0101], By relation (6) 010 = 101
=> N010T = NOOlO
==> NOlOl = N010

Hence [0101] = [016], and tj-1 takes [010] to a single coset in [016].

This leaves [0101] and [6T01] to consider.
ti”1 takes [016] to a single coset in [0161].

By relation (6) 10 = 0101
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=4> N0101 = NOO1O11
=S> NO1O1 = nooToh = NO1O1

Hence [0101] = [0101] and ti takes [010] to a single coset in [OlOT].

Now let’s consider [0101] and [0101].

We previously proved 010 = 212 = 313 = 414. Hence 0101 — 2121. = 3131 = 
414L If we conjugate this equation by (1,0), (1,2), (1,3), and (1,4), we obtain the fol­
lowing equations:

0101 = 2121 = 3131 = 4141
1010 = 2020 = 3030 = 4040
0202 = 1212 = 3232 = 4242
0303 = 2323 = 1313 = 4343
0404 = 2424 = 3434 = 1414

Now 0101 0202 since we previously proved 101 = 202.
=> 0101 = 2121 = 3131 = 4141 = 0202 = 1212 = 3232 = 4242
If we conjugate this equation by (1,3) and (1,4) we find 0101 = 2121 = 3131 = 

4141 = 0202 = 1212 = 3232 = 4242 = 0303 = 2323 = 1313 = 4343 = 0404 = 2424 = 
3434 = 1414.

Hence all single cosets in [0101] are equal.

Also we previously proved 010 = 212 = 313 = 414. Therefore it follows 0101 = 
2121 = 3131 — 4141. If we conjugate this equation by (1,0), (1,2), (1,3), and (1,4) we 
obtain the following equations:

0101 = 2121 = 3131 = 4141
1010 = 2020 = 3030 = 4040
0202 = 1212 = 3232 = 4242
0303 = 2323 = 1313 = 4343
0404 = 2424 = 3434 = 1414

Now 0101 = 0202 since we previously proved 101 = 202.
0101 = 2121 = 313T = 4141 = 0202 = 1212 = 3232 = 4242

If we conjugate the equation by (1,3) and (1,4) we find => 0101 = 2121 = 
3131 = 4141 = 0202 = 1212 = 3232 = 4242 = 0303 = 2323 = 1313 = 4343 = 0404 = 
2424 = 3434 = 1414
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Hence all single cosets in [0101] are equal.
jy(0101) > jyoioi = £ #‘»O|(toZ1tOt1)n = = ^4)) = &

#(0101) = (tt G N\N(totitoty = Nlotitoh} = ((0,2), (1,2), (2,3), (2,4)> since 
all cosets in [0101] are equal. Thus #(0101) has orbits {0,1,2,3,4}, and {0,1,2,3,4}.

Similarly, #<°T°I> > #°I°T = (n E #°T°| = Zo-1 h"1 Zo”1
ti-1} = ((2,3), (2,4))= S3

#(oloi) — {jr g jV| #(t0-i/.1-it0-1Zi-ir = #Z0“1Zi-1Zo"1Zi“1} = ((0,2), 
(1,2), (2,3), (2,4)) since all cosets in [0101] are equal. Thus #(0101) has orbits {0, 1, 
2, 3, 4}, and {0, 1, 2, 3, 4}.

Hence we need to consider [01011], [01011), [01011], and [01011].

[01011] = [010T], so Zo,Zi,Z2>Z3, and t4 all take us from [0101] to [0101].
[01011] = [0101], so *o —1»*1 —1 > *2 —1, *3 —1, and Z4-1 all take us from [0101] to 

[0101].
[01011] = [010], so *i —1, a representative from one of the 5-orbits, takes [0101] 

back to a single coset in [010].
[01011] = [010], so ti, a representative from the other 5- or bit, takes [0101] back 

to a single coset in [010].

Now let’s consider [0101] and [0101].

We previously proved #010 = #212 = #313 = #414. Therefore it follows 
#010T = #2121 = #3131 — #4141 If we conjugate this equation by (0,1), (1,2), (1,3), 
and (1,4), we obtain the five distinct single cosets in [0101].

#0101 = #212T = #3131 = #4141
#1010 = #2020 = #3030 = #4040
#0202 = #1212 = #3232 = #4242
#0303 = #2323 = #1313 = #4343
#0404 = #2424 = #3434 = #1414

Similarly we previously proved #010 = #212 = #313 = #414. Therefore 
it follows that #0101. = #2121. = #3131. = #4141. If we conjugate this equation by 
(0,1), (1,2), (1,3), and (1,4) we obtain the five distinct single cosets in [0101].

#0101 = #2121 = #3131 = #4141.
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AUOTO = 7/2020 = 7/3030 = 7/4040.
TV0202 = 7/1212 = 7/3232 = 7/4242.
N0303 = 7/2323 = 7/1313 = 7/4343.
7/0404 = 7/2424 = 7/3434 = 7/1414.

jV(oioI) > NO1OI = {n G = WR0X1} = <(2,3), (2,4)> = S3

7V(°i°T) = {tt g 7V|N(t0tR0ti_1 )w = NtotRotRo"1} = ((0,2), (2,3), (2,4)) since 
7/0101 = 7/2121 = TV3131 = 7/4141. Thus 7/R10^ has orbits {1}, {0,2,3,4}, {1}, and 
{6,2,3,4}.

Similarly, M0101) > TV0101 = {n € Ar010|(io_1H_1^o~1ti)n = to-1ti_1fo-1ti} = 
((2,3), (2,4)) = S3

7/(0101) _ G 7/| = 7/to“1ti"1to"1ti} = ((0,2), (2,3),
(2,4)) since TV0101 = Az2121 = 7V3131 = Az4141. Thus has orbits {1}, {0, 2, 3,
4}, {!}, and {6, 2, 3, 4}.

Hence we need to consider [OlOTl], [OlOlO], [OlOTl], [OlOTO], [61611], [61610], 
[61611], and [61616].

[01011] = [010], so ti takes [0161] back to a single coset in [010],
[61611] = [010], so A^1 takes [0101] back to a single coset in [010].
[OlOTT] = [0101], so A-1 takes [0101 to a single coset in [0101].
[OlOll] = [Olbi], so A takes [0101] to a single coset in [0101]

Let’s consider [01010]. By relation (6) 0T0 = 161.
=> N 010 = 7/161
=> 7/OlOTO = 7/01161
=> T/OIOTO = 7/01161
=> 7/OlOTO = 7/0161
=> 7/010T0 = 7/01(1,2,0)02

Since relation (7) conjugated by (0,1) is (1,2,0)02 = 01.
=> Ar010T0 = 7/(1,2,0)1202
=>7/01010 = 7/(1,2,0)1202
=> NOlOTO = 7/(1,2,0)(0,1,2)1002

Since relation (7) conjugated by (1,2) is (0,1,2)10 = 12.
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in [012].

=> N010T0= Aft, 0,2)1002
=> 7V01010 = AT (1, 0,2)102 = N102 G [012]
=> [01010] = [012]
Hence to, a representative from one of the 4-orbits, takes [0101] to a single coset

Similarly, let’s consider [01016], By relation (6) 010 = 101.
=> N610 = NlOl
=> AftTdlO = AoWl
=> /V 01616 = AOTTOl
=> A6T610 = N0101
=> N6T610 = Aft, 2,0)0201
=> N01610 = Aft,2,0)0201
=> N61016 = N(l,2,0)02(2,0,1)02

Since relation (7) conjugated by (0,2) is (2,0,1)02 = (01
=>> A6T610 = Aft, 2,0)(2,0,1)1002
=> N61016 = Aft. 0.2)102
=> N6I610 = Aft, 0,2)(1,2)(0,3)013 ‘ .

Since relation (3) conjugated by (0,1) is (l,2)(0,3)013 = 102
=> N6T610 = Aft, 3,0)0.13 = N013 G [012]
=> [61616] = [012]
Hence to-"1 takes [0101] to a single coset in [012].

Now let’s consider [01016], As previously proved 0101 = (1,3,0)0130.
=> 001611 = 0(1,3,0)01301
=>16 = (1,3,0)101301 « ■■
=> 01016 = 010(1,3,0)101301
=> 01016= (1,3,0)131101301 > .
=> 01016 = (1,3,0)13101301
=> 01016 = (1,3,0)1310130T
=> 01016 =(1,3,0)1(0,3,1)3001301

Since relation (7) conjugated by (3,2) is (0,3.1)30 = 31.
=> 01016 = (1,3,0)(0„3,1)03001301 = 031361
=> 01016 = 0313(2,0,1)02
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Since relation (7) conjugated by (0,2) is (2,0,1)02 = 01.
01010 = (2,0,1)132302
01016 = (2,0,1)13(3,1)(2,0)3212 ' '

since relation (3) conjugated by (1,2)(0,3) is (3,1)(2,0)321 = 230.
01016 = (2,0,1)(3,1)(2,0)313212
01016 = (0,3,1)313212 \ .
01016 = (0,3,1)3(0,1,3)10212

Since relation (7) conjugated by (2,1,3) is (0,1,3)10 = 13.
01016= (0,3, l)(0,1,3)010212 =, 010212
01016 = 01(0,1)(2,3)2032

Since relation (3) conjugated by (1,2) is (0,1)(2,3)203 = 021. 
01016= (0,1) (2,3)102032 .*  •
01016 = (0,1)(2,3)1020(0,3,2)30

Since relation (7) conjugated by (2,3,1) is (0,3,2)30 = 32.
01016= (0,1)(2,3)(0,3,2)130330 = (0,1,3)13030
01016= (0,1.3)133030
01016= (0,1,3)130300

Since relation (6) conjugated by (1,3) is 303 = 030.
01016 = (0,1,3)130366
01016 = (0,1,3)13030
01016 = (0,1,3)113630
01016= (0,1,3)113630
01010 = (0,1,3)1(1,0)(3,2)31230

Since relation (3) conjugated by (0,1,3,2) is (l,0)(3,2)312 = 130.
01016 = (0,1,3) (1,0)(3,2)031230 = (1,2,3)031230
01016= (1,2,3)031230
01016 = (1,2,3)03(2,0) (1,3)5160

Since relation (3) conjugated by (0,2) is (2,0)(l, 3)210 — 123.
01016= (1,2,3)(2,0)(l, 3)515100 = (1.0.2)2121
01016= (1,0,2)1211

Since relation (6) conjugated by (0,2) is 212 = 121.
=4> 01016 = (1,0,2)1211 = (1,0,2)121
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N01010 = N(l, 0,2)121 = N121 € [010]
[01010] = [010]

Hence to^1, a representative from the other 4-orbitr takes [0101] to a single coset 
in [010].

Now let’s consider [01010]. As proven above, we know 01010 = (1,0,2)121.
=> 1001010 = 10(1 > 0,2)121
=^> 1001010 = (1,0,2)02121
=> 11010 = (1,0,2)02121
=> £01010 = 0(1,0,2)0212110

01010 = (1,0,2)20212T0
=> 01010 = (1,0,2)2022120

Since relation (6) conjugated by (0,2) is 212 = 121.
=> 01010 = (1,0,2)2022120
=> 01010 = (1, 0,2)202120
=> 01010 = (1,0,2)020120

Since relation (6) conjugated by (1,2) is 020 = 202.
01010 = (1,0,2)020120

=> 01010 =. (1,0, 2)020(0,1,2)100
Since relation (7) conjugated by (1,2) is (0,1,2)10= 12.

=> 01010 = (1,0,2)(0,1,2)101100 = 101
IV 01010 = N10I G [010]

=> [UTO10] = [010]

Hence to takes [0101] to a single coset in [0l0].

Now let’s consider [0101]

We previously proved that N010 = N212 = 7V313 =■ 7V414
=4> TV 0101 = N2121 = N3131 = N4141

N 0101 = jVO(O, 2,1)12T
Since relation (7) conjugated by (1,2) is (0,1,2)10= 12.

N0101 = N0(0,2,l)12T = N(0,2/1)2121 = 7V212T

If we conjugate this relation by (0,3) and (0,4) we obtain the following equations:
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#0101 = #2121 = #3131 = #4141
#1010 = #2020 = #3030 = #4040
#0202 = #1212 = #3232 = #4242
#0303 = #1313 = #2323 = #4343
#0404 = #1414 = #2424 = #3434

#0101 = #012201
=> #0101= #012201
=> #0101 = #012(2,1) (0,3)023

Since relation (3) conjugated by (0,2,1) is (2,1’)’(0,3)023 = 201.
=> #0101 = #(2,1) (0,3)321023
=> #0101 = #(2, l)(0,3)(2,0)(3,1)230023 ' -

Since relation (3) conjugated by (l,3)(0,2) is (2,0)(3,1)230 = 321.
=> #0101 = #(2,3)(.l, 0)230023 = #(2, 3) (1,0)2323
=> #0101 = #(2,3).(1,0)231123
=> #0101 = #(2,3)(1,0)231123
=> #0101 = #(2.3)(1,0)231(0,2)(l,3)2l0

Since relation (3) conjugated by (0,2)-is (0,2)(1,3)210 = 123.
=> #0101 = #(2,3)(1,0)(0,2)(1,3)013210 = #(2,1)(3,0)013210
=> #0101 = #(2,1)(3, 0)013210
=> #0101 = #(2,1)(3,0)(0,3)(l, 2)102210

Since relation (3) conjugated by (2,3) is (0,3)(l,2)102 = 013
=> #0101 = #(2,l)(3,0)(0,3)(1,2)102210 = #1010

So #010T = #2121 = #3131 = #4141 = #1010 = #2020 = #3030 = #4040

If we conjugate this equation by (1,2), (1,3), and (1,4) we obtain the following:
#0101 = #2121 = #3131 = #4141 = #1010 = #2020 = #3030 = #4040 = 

#0202 = #1212 = #3232 = #4242 = #0303 = #1313 = #2323 = #4343 = #0404 = 
#1414 = #2424 = #3434

Hence, all single cosets in [OlOTj are equal.

jV(OioT) > Tyoioi = {n 6 woio| = totito-'tr1} = ((2,3), (2,4))
= S3
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^(0101) = {tt G N| N(to4ito-1ti”ir = Wiio"1*!" 1} = ((0,2), (1,2), (2,3), 
(2,4)) since all single cosets in [0101] are equal. Thus has orbits {0, 1, 2, 3, 4}
and {0, 1, 2, 3, 4}.

Hence we need to consider [01011] and [01011].

[01011] = [010], so ti, a representative from one of the 5-orbits, takes [0101] to 
a single coset in [010].

[01011] = [0101], and by relation (6) 01 == 1010
=> N01 = NIOIO
=> N0101 = N011010
=> N0101 = NOllOlO

N0101 = N0010
=^> N0101 = A'010
=> [01011] ■= [0101] = [010]

Hence ti-1, a representative from the other 5-orbit, takes [0101] to a single coset 
in [010].

Our double coset enumeration must be complete since the set of right cosets is 
closed under right multiplication by the symmetric generators.

Thus we have the Cayley diagram that is shown in Figure 5.1.

I — 14*5 +5+20+20 + 5+5+1 + 1 + 5+5 + 20 + 5 + 5 + 5 + 5 +1+1+5+5+1 — 126. 
Thus |G[ < 126 x |N| = 126 x 120 = 15120. In order to show |G| = 15120, we consider 
G as a subgroup of 5126 acting on 126 cosets that we have found, and labeled as follows:
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1. N 22. N21 43. N03 64. NT41 85. N02 106. N201
2. NO 23. N04 44. N141 65. N141 86. N412 107. N031
3. NO 24. N01 45. N43 66. NTT 87. N243 108. N010T
4. N1 25. N30 46. N141 67. N24 88. N42 109. NOlOl
5. N4 26. N32 47. N010 68. N010 89. N121 110. N4040
6. NT. 27. N01 48. N010 69. N0T0 90. N121 111. N010T
7. • N4 28. N34 49. N41 70. N23 91. N401 112. N232
8. N2 29. N23 50. N24 71. N430 92. N234 113. N0101
9. N10 30. N20 51. N12 72. N42 93. N132 114. N313
10. N12 31. N01 52. NOlO 73. N312 94. NT21 115. N14l4
11. N3 32. N21 53. N010 74. N13 95. N404 116. N021
12. N40 33. N04 54. N340 75. N13 96. N012 117. N301
13. N40 34. N32 55. N23 76. N142 97. N232 118. N1414
14. N2 35. N30 56. N43 77. N324 98. N232 119. N232
15. N12 36. N01 57. N31 78. N102 99. N404 120. N313
16. NTo 37. N34 58. N14 79. N232 100. N404 121. N4040
i7. N3 38. N31 59. N010 80. N232 101. N02 122. N0101
18. N40 39. N14 60. N010 81. N404 102. N423 123. N1212
19. N40 40. N32 61. N32 82. N404 103. N121 124. N2323
20. N20 41. N213 62. N123 83. N121 104. N121 125. NT2T2
21. N23 42. NT2 4 63. N03 84. N404 105. N041 126. N2323

For this purpose we compute the action of the control group N as well as the 
action of ^^1^27^3, ancl on the 126 cosets. These permutations are as follows:

to : (l,2,3)(4,9,10)(5,12,13)'(6, 15, 16) (7, 18, 19) (8, 20, 21) (11, 25, 26) (14, 
29, 30) (17, 34, 35) (22, 41, 42) (23, 44, 46) (24, 47, 48) (27, 52, 53) (28, 54, 56) (31, 59, 
60) (32, 51, 62) (33, 64, 65) (36, 68, 69) (37, 45, 71) (38, 73, 74) (39, 76, 66) (40, 77, 70) 
(43, 79, 80) (49, 86, 58) (50, 87, 88) (55, 92, 61) (57; 75, 93) (63, 97, 98) (67, 72, 102) 
(78, 94, 108) (81, 109, 110) (82, 99, 111) (83, 96, 113) (84, 105, 115) (85, 89, 90) (91, 95, 
118) (100, 121, 122) (101, 103, 104) (106, 119, 123) (107, 124, 114) (112, 116, 125) (117, 
120, 126)

ti : (1, 4, 6) (2, 27, 24) (3, 31, 36) (5, 49, 13) (7, 18, 66) (8, 22, 21) (9, 81, 82) 
(10, 47, 83) (11, 38, 26) (12, 91, 33) (14, 29, 32) (15, 94, 60) (16, 99, 100) (17, 34, 57) 
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(19, 23, 105) (20, 106, 101) (25, 117, 63) (28, 54, 56) (30, 85, 116) (35, 43, 107) (37, 45, 
71) (39, 44, 46) (40, 77, 70) (41, 119, 123) (42, 103, 104) (48, 78, 121) (50, 87, 88) (51, 
89, 90) (52, 109, 108) (53, 68, 111) (55, 92, 61) (58, 64, 65) (59, 110, 96) (62, 125, 112) 
(67, 72, 102) (69, 113, 122) (73, 120, 126) (74, 97, 98) (75, 79, 80) (76, 115, 84) (86, 95, 
118) (93, 124, 114)

t2 : (1, 8, 14) (2, 85, 24) (3, 31, 101) (4, 51, 10) (5, 72, 13) (6, 15, 42) (7, 18, 88) 
(9, 78, 36) (11, 40, 26) (12, 91, 33) (16, 27, 96) (17, 34, 61) (19, 23, 105) (20, 81, 82) (21, 
47, 112) (22, 52, 53) (25, 117, 63) (28, 54, 56) (29, 119, 60) {30, 99, 100) (32, 68, 69) (35, 
43, 107) (37, 45, 71) (38, 73, 74) (39, 76, 66) (41, 113, 83) (44, 46, 50) (48, 106, 121) (49, 
86, 58) (55, 79, 80) (57, 75, 93) (59, 110, 116) (62, 94, 108) (64, 65^ 67) (70, 97, 98) (77, 
120, 126) (84, 87, 115) (89, 109, 123) (90, 103, 111) (92, 124, 114) (95, 118, 102) (104, 
125, 122)

t3 : (1, 11, 17) (2, 43, 24) (3, 31, 63) (4, 75, 10) (5, 45, 13) (6, 15, 74) (7, 18, 
56) (8, 55, 21) (9, 78, 36) (12, 91, 33) (14, 29, 70) (16, 27, 96) (19, 23, 105) (20, 106, 101) 
(22, 41, 42) (25, 81, 82) (26, 47, 114) (28, 44; 46) (30, 85, 116) (32, 51, 62) (34, 120, 60) 
(35, 99, 100) (37, 64, 65) (38, 52, 53) (39, 76, 66) (40, 89, 90) (48, 117, 121) (49, 86, 58) 
(50, 87, 88) (54, 115, 84) (57, 68, 69) (59, 110, 107) (61, 103, 104) (67, 72, 102) (71, 95, 
118) (73, 113, 83) (77, 125, 112) (79, 109, 126) (80, 97, 111) (92, 119, 123) (93, 94, 108) 
(98, 124, 122)

t4 : (1, 5, 7) (2, 23, 24) (3, 31, 33) (4, 39, 10) (6, 15, 58) (8, 50, 21) (9, 78, 36) 
(11, 28, 26) (12, 81, 82) (13, 47, 84) (14, 29, 67) (16, 27, 96) (17, 34, 37) (18, 95, 60) (19, 
99, 100) (20, 106, 101) (22, 41, 42) (25, 117, 63) (30, 85, 116) (32, 51, 62) (35, 43, 107) 
(38, 73, 74) (40, 77, 70) (44, 109, 118) (45, 79, SO) (46, 64, 111) (48, 91, 121) (49, 52, 53) 
(54, 120, 126) (55, 92, 61) (56, 97, 98) (57, 75, 93) (59, 110, 105) (65, 115, 122) (66, 68, 
69) (71, 124, 114) (72, 89, 90) (76, 94, 108) (83, 86, 113) (87, 119, 123) (88, 103, 104) 
(102, 1425, 112)

x : (2,4,8,11,5)(3,6,14,17,7) (9, 22, 40, 45, 23) (10, 21, 26, 13, 24) (12, 27, 51, 
55, 28) (15, 29, 34, 18, 31) (16, 32, 61, 56, 33) (19, 36, 42, 70, 37) (20, 38, 72, 43, 39) (25, 
49, 85, 75, 50) (30, 57, 88, 63, 58) (35, 66, 101, 74, 67) (41, 77, 71, 105, 78) (44, 81, 52, 
89, 79) (46, 82, 53, 90, 80) (48, 83, 112, 114, 84) (54, 91, 96, 62, 92) (59, 94, 119, 120, 95) 
(64, 99, 68, 103, 97) (65, 100, 69, 104, 98) (73, 102, 107, 76, 106) (86, 116, 93, 87, 117) 
(108, 123, 126, 118, 110) (113, 125, 124, 115, 121)
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y : (5,11)(7, 17)(12, 25)(13, 26)(18, 34)(19, 35)(23, 43)(28, 45) (33, 63) (37, 56) 
(38, 49) (39, 75) (40, 72) (44, 79) (46, 80) (50, 55) (54,-71) (57, 66) (58, 74) (61, 88) (64, 
97) (65, 98) (67, 70) (73, 86) (76, 93) (77, 102) (84,114) (87, 92) (91, 117) (95, 120) (105, 
107) (115, 124) (118, 126)

It readily checks that the order of (x, y, t), a subgroup of the symmetric group 
*$126 acting on the 126 right cosets of N in G, is 15120. Visibly |af| = 5 and |y| = 2, 
additionally |a:y| = 4 and [a;, y]3 = 1, hence (x,y) *$g.  If we conjugate t by S$ we see
that t has exactly five conjugates. We conclude that (x, y, t} is a homomorphic image of 
the progenitor 3* 5 : S5.

Thus if the original nine relations hold in (x, y, t), then (x,y,t) is a homomorphic 
image of G and this will give |C7[ > [{sc,y, t)| = 15120.

Verify relation (1) t2titot2titot2titQt2titQt2ti to t2 ti to t2 ti to t2 A to t2 ti to 
t2 ti to = 1 by conjugating the five symmetric generators by t2 ti to t2 ti to t2 ti to t2 tj 
to t2 ti to t2 ti to t2 ti to t2 ti to t2 ti to t2 ti to- By multiplying the permutations listed 
above, we find t2 ti to t2 ti to t2 ti to t2 ti to t2 ti to t2 ti to t2 ti to t2 ti to t2 ti to t2 ti 
to = Identity. Thus when we conjugate to, ii, t2, t3 and t4 by t2 tx to t2 ti to t2 ti to t2 
ti to t2 tj to t2 ti to t2 ti to t2 tj to t2 ti to t2 ti to we obtain:

^2^1 tQt2tltot2tltQt2titot2ti 40^241 tot^l 4o __

■^■2^14ot2ti4o42ti4Qt2ii4Qt2ti4ot24i 4o424i4q424i4o424i 4o __

^42titot24iio424itot2titot24i4ot24ito424i4ot24i4ot24i4o42tito __

^24i4o424i4q424i4o424itot2ti4q424i4o424i4q424j4q4o4i4o _

^.424it()t24i4of2414ot24i4o42fi4o424i4o424itot2tito4241 MaMo __

So t2titot2titot2titot2iitot2titot2titot2titbt2titot2titot2tito acts as the identity.

Verify relation (2) tot4t3t2t1tot4t3t2titot4t3t2titot4t3t2tito = (4,3,2,1,0) by con­
jugating the five symmetric generators. By multiplying the permutations listed above, 
we find (2,5,11,8,4)(3,7,17,14,6)(9,23,45,40,22)(10,24,13,26,21)

(12,28,55,51,27)(15,31,18,34,29) (16,33, 56, 61, 32) (19, 37, 70, 42, 36) (20, 
39, 43, 72, 38) (25, 50, 75, 85, 49) (30, 58, 63, 88, 57) (35, 67, 74, 101, 66) (41, 78, 105, 
71, 77) (44, 79, 89, 52, 81) (46, 80, 90, 53, 82) (48, 84, 114, 112, 83) (54, 92, 62, 96, 91) 
(59, 95, 120, 119, 94) (64, 97, 103, 68, 99) (65, 98, 104, 69, 100) (73, 106, 76, 107, 102)
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(86, 117, 87, 93, 116) (108, 110, 118, 126, 123) (113, 121, 115, 124, 125). Thus when we 
conjugate to, ti, ^2> A and ^4 by tot4t3t2titot4t3t2titot4t3t2titot4t3t2titQ we obtain:

^tot4t3t2tlt^)t4t'3t2tltQt4tat2t'ltQt4t2t2titQ _

^tot4t3t2t4tot4t3t2tltQt4t3t2tltQt4t3t2titQ _

^tQt4t3t2tltQt4t3t2t‘ltQt4tai2t’lt-ol-4t'3t2tlto — ’

^tQt4t3t2t\tQt4tat2tlt()t4tat2titQt4t3t2tltQ _

So tQt4t3t2titot4t3t2titot4t3t2titot4t3t2titQ acts as the permutation (4,3,2,1,0).

Verify relation (3) tRot^tito = (0,2)’(1,3) by conjugating the five symmetric
generators.̂

£l(o£3(2£l£o _

^tltot3t2tito _

^(i(o(3(2(i(o __

So tRo^3^RRo acts 35 the permutation (0,2)(1,3).

Verify relation (4) t2iRot2tRot2tRot2tRot2tRot2tRo == 1 by conjugating the five 
symmetric generators.

^£2(l£o(2(l(o£2(l£o(2(l(o(2£l(o£2(l(0 __

^£2(1(o(2(1(o(2(1£0(2(1(0(2(1(o(2(1£o _

^£2(1(o(2(l(o(2(l£0(2(1(0(2(1(0(2(1(0 _

^2(1 (o(2tl(o(2(l(o(2(l(o(2(l (0(2(1 (0 __ J3

^£2(l(o(2(l(o(2(l£o(2(l(o(2(l(o(2(l(o _

' » • 0(3(2GG _ '

So t2titot2titot2titQt2t\tQt2titQt2titQ acts as the identity.

Verify relation (5) t Rot Rot Rot Rot Rot Ro = 1 by conjugating the five symmetric
generators.

j.£i £0(1 (0(1 (0(1 £0(1 (0(1(0 r0
j(]tot,tot 1(q(jtot,£o(i(o 
r2
j£i£o£i(o(i(o(i(o£i(o£i(o
l4

= t0
— t2
= t4

.t,tgt,tot,tohMlMl£0

. (j tgtjtotjtot 1£0(1(o£ito 
l3

So tRotRotRotRotRotRo acts as the identity.

Verify relation (6) to RRo 2tRo ]ti =• 1 by conjugating the five symmetric
generators.

•£o"1£i(o-1(i£o-1£i
70
>tg \t,to 1(i(o“1£l 
C2
.£q 1(]£o‘ ’(i£o X 
r4

= t0
= t2
= t4

/£o~1£i(o +1(0 Hi

Vo 1£i£o 1(i£o 1£i
r3



55

So to lt\to ^lio **1  acts as the identity.

Verify relation (7) ii~1t2io”1ii = (0,1,2) by conjugating the five symmetric
generators. 

j£i”1£2£o”1£i

yfj 1t2tQ 1tl

.tj 1£2£q 1ti
*4

®1
■ftl ^2(0
t3

= t2
= t3

So t\ ^to 1ti acts as the permutation (0,1,2).

Verify relation (8) = 1 by conjugating the five symmetric
generators.

,tit2tot2tl t2t<yt2ti £2£o£2 
l0
Ait2tQt2tit2tot2ilt2tQt2l2
Uit2tQt2tit2tot2tlt2tot2

= io
= t2
~ t4

^.tit2tQt2tlt2tot2t'lt2tot2 _  £

^.tlt2tQt2tlt2tQt2tlt2tot2 _

5>o t\t2tot2t\t2tot2tit2tot2 acts as the identity.

Finally, verify relation (9) t\t2 1tot2 ltit2 xtQt2 1 = 1 by conjugating the five
symmetric generators as follows: 

j£1£2_ 1^0^2_ —r0
.tjt2 1£o£2 ’^1^2 ’£0^2 1 
l2
±Ut2~1tQt2~1tit2 1£ot2 1 
r4

’tot2 j£i£2 '^2 1
T1
+£i£2-1£oi2_1£i£2_1£o£2_1
C3

So tit2 1tot2 1txt2 1tot2 1 acts as the identity.

Thus G/ker<p = (x,y,t) and |G| > |(rr, y, t)| = 15120. As shown earlier, |G| < 
15120. Hence |G| = 15120.

Moreover, a = (1,78,87,98,52,116,71)(2,58,90,57, 119, 63, 115) (3, 23, 118, 
83, 51, 55, 97) (4, 42, 70, 124, 59, 33, 46)(5, 53, 32, 61, 120, 121, 19) (6, 85, 45, 122, 9, 
50, 126) (7, 110, 49, 112, 75, 103, 25) (8, 74, 125, 35, 95, 82, 66) (10, 106, 54, 111, 96, 
102, 34) (11, 113, 30, 37, 109, 36, 88) (12, 84, 108, 22, 40, 17, 99) (13, 31, 76, 104, 73, 89, 
107) (14, 43, 64, 48, 39, 123, 38) (15, 62, 92, 26, 81, 105, 65) (16, 67, 80, 94, 101, 56, 47) 
(18, 69, 41, 77, 79, 24, 91) (20, 28, 60, 27, 72, 114, 68) (21, 117, 44, 100, 86, 29, 93),

b = (1,13)(2,19)(4,66)(5,46)(7,60)(8,88)(U,56)(12, 48) (15, 86) (18, 65) (23, 
110) (28, 126) (29, 102) (31, 91) (33, 82) (34, 71) (37, 80) (39, 108) (44, 111) (45, 114) 
(47, 115) (49, 83) (50, 123) (53, 58) (54, 98) (64,. 122) (67, 90) (69, 76) (72, 112) (84, 118) 
(87, 104) (95, 109) (100, 105), - “ '

and c = (1,109,122)(2,110,100)(3,81,121) (4, 108, 69) (5, 118, 65)' (6, 52, 113) 
(7, 44, 115) (8, 123, 104) (9, 78, 36) (10, 94, 68) (11, 126, 98) (12, 91, 33) (13, 95, 64) 
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(14, 89, 125) (15, 53, 83) (16, 27, 96) (17, 79, 124) (18, 46, 84) (19, 23, 105) (20, 106, 
101) (21, 119, 103) (22, 41, 42) (24, 59, 99) (25, 117, 63) (26, 120, 97) (28, 54, 56) (29, 
90, 112) (30, 85, 116) (31, 82, 48) (32, 51, 62) (34, 80, 114) (35, 43, 107) (37, 45, 71) (38, 
73, 74) (39, 76, 66) (40, 77, 70) (47, 60, 111) (49, 86, 58) (50, 87, 88) (55, 92, 61) (57, 75, 
93) (67, 72, 102)

are in G with S7 x 3 = {a, b, c) since S7 x 3 = {a,b, c|a7,b2, (ab)6, (a_2(ab)2)3, 
(a-2ba2b)2, c3, [c,a], [c,b] }. So (a,b,c) < G, but |(a,b, c)| = |G|, therefore G — (a,b,c) = 
S7 x 3.
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Chapter 6

Construction of 2 x M12

Consider the progenitor
2* 6 : £2(5) = {x,y,t\x5 = y3 = (xy)2 = 1 ~ £2 = [£,x] = [t^.xy]), 

where
x- (0,1,2,3,4)
y ~ (oo, 0,1)(2,4,3), and
t too.

The following relations from [Cur07] may be used for the purpose of manual 
double coset enumeration:

1. [(0,1,2,3,4)t0]8 = 1

2. [(0,2,4, l,3)t0]8 = 1

3. [(oo,0,l)(2,4,3)U]8 = 1

4. [(00,0,1)(2,4,3)/.2|8 = 1

5. [(oo,0)(l,4)too]6 = 1

6. [(00,0)(l,4)ti]e = 1

Based on a computer, it is known, see [Cur07], that the progenitor 2* 6 : L2(5) 
factored by relations (1) through (6), although relations (1),(3), and (6) suffice, is iso­
morphic to 2 x Mi2- We will construct by hand 2 x IV/12 using the technique of manual 
double coset enumeration of G “ |(o,i,2,3,4)lo]t4(^Xwj>I>,l»,|(oo,o)(i,4)1,]» over L^'
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Expanding relations (1), (2), (3), (4), (5), and (6) gives us:

(1) [(0, l,2,3,4)t0]8 = 1 . ..
(0, l,2,3,4)to(O, l,2,3,4)to(O,1,2,3,4)to(0, l,2,3,4)to(0,1,2,3,4) t0 (0, 1, 2, 3,

4) t0 (0, 1, 2, 3, 4) to (0, 1, 2, 3, 4)t0 = 1
(0, 1, 2, 3,4)St0(°’1 >2>3’4)7to(°-1 >2>3’4)6t0(°.l>2>3,4)5 Zo(O,l,2,3,4)4 ^(0,1,2,3,4)3 tQ(0,1,2,3,4)2 

t0(0,l,2,3,4) tD = i ’

(0,3,1,4,2)t2titot4t3t2tito = 1
(0,3,1,4, tyrtitoU = totals - (1)

(2) [(O,2,4,l,3)to]8 = l . ■. .. ■
(O,2,4,l,3)to(O,2,4,l,3)to(O,2,4, l,3)to(O,2,4, l,3)tp(0,2,4,l,3)t0 (0,2,4,1,3)

io(0,2,4,1,3) t0 (0,2,4,1,3) t0 = 1, ...
(O,l,2,3,4)8to<!l'1'2'3'4)7to<O’1'2’3’4>6 to'0’1-2'3’4)5 t0(0.1A3,4)4 to(0,i,2,3,4)3 to(0,1,2,3,4)2 

t0(0,l,2,3,4) i() _ j

(0, 1, 2, 3, 4)t4t2tot3tlt4t2to = 1
(O,l,2,3,4)t4t2tot3 = tot2t4ti (2)

(3) [(oo,0,1)(2,4, 3)too]8 = 1
(oo,0,l)(2,4,3)tpO(oo,0,l)(2,4,3)too (oo,0,l) (2,4,3) t„ (oo,0,l) (2,4,3) too 

(oo, 0,1) (2,4,3) too (oo, 0,1) (2,4,3) too (oo, 0,1) (2,4,3) t„ (oo, 0,1) (2,4,3) = 1
(oo, 0, 1)(2, 4, 3)8/„('»’°’1X2’-1.3)7 4oo(o»,0,1)(2,4,3)' too(oo,0,l)(2,4,3)^

(oo(oo,0,1)(2,4,3)4 ioo(oo,0,l)(2,4,3)3 J(joo,0,l)(2,4,3)2 too(oo,0,l)(2,4,3) toQ = J

(oo, 1, 0)(2, 3, 4)totootltotootltotoo ~ 1

(oo, 1,0)(2,3,4) totootito — toototltoo (3)

(4) [(oo,0,l)(2,4,3)t2]8 = 1
(oo,0,1)(2,4,3)t2(oo, 0,1)(2,4,3)t2(oo,0,1)(2,4,3)t2(oo, 0,1)(2,4,3)t2 (oo, 0,1) 

(2,4,3) t2 (oo,0,l) (2,4,3) t2 (oo,0,l) (2,4,3)t2 (oo,0,l) (2,4,3) t2 = 1
(oo, 0,1)(2,4,3)8t2(oo,0,1^(2,4'3)7t2(oo,0,1)(2,4’3)G 

i2(oo,01l)(2,4,3)5f2(oo,0ll)(2,4,3)4f2(<»,0,l)(2,4I3)3t2(Cx>10,I)(2,4,3)2 t2(oo,0,l)(2,4,3) = j

(OO, l,0)(2,3,4)t4t2t3t4t2t3t4t2 = 1
(O0„l,0)(2,3,4)t4t2t3t4 = t2t4t3t2 (4)

(5) [(oo,0)(l,4)t00J6 = 1
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(oo,0)(l,4)t00(oo,0)(l,4)t00(oo,0)(l,4)t00(oo,0)(l,4)too (00,0) (1,4) too (00,0)
(1.4) too=l

(oo,0)(l,4)6too(oo’0)(1’4)5tco(oo’°X1’4)i' 

too(oo,0)(l,4)3ioo(oo)0)(l,4)2too(oo,0)(l,4)joo = 2

totoo^otoototoo = 1

totoo^O — toototoo (^)

(6) [(00,0)(l,4)tx]6 = 1
(oo,0)(l,4)ti(oo,0)(l,4)ti(oo,0)(l,4) tj (00,0) (1,4) ti (00,0) (1,4) ti (00,0)

(1.4) tx = l
(oo,0)(l;4)6t1(00’°)(1>4)5t1W)(1-4)4 ■

tl(oo,0)(l,4)3ti(C»,0)(l,4)2tl(oo,0)(l14)ti = j

^4^1^4

We now perform the manual double coset enumeration of
__ 2*6;£,2£5) 7-
_ [(0,l,2,3,4)t0]ii)[(oo,0,l)(2,4,3)too]8,|(Oo,0)(l,4)t1p OVer

We start with the double coset representative word of length zero, NeN = .N, 
denoted {*].

Next we consider the double cosets with word length one. N is transitive on Q = 
{too,io, 0, 0, 0, 0} = {00,0, 1, 2, 3, 4}, thus Nt^N = {Ntoon| n G N} = {Ntco,Nt0) 
Nti, Nt2, N.t3„Nt4} = {Noa, NO, Nl, N2, N3} denoted [00].

Now we determine for [00] to which coset Nt^t; belongs for one ti from each 
orbit of N°° on Q. Since N°° = {n G Njift = too} — ((0,1.2,3,4)., (2,5)(3,4)), N00 has 

orbits {co}, {0,1,2,3,4} on Q.
So we need to consider the double cosets [0000], and [00O].
0000 .= e => [0000] = [*],  since too is of order 2. So takes [00] to the single 

coset in [*].  ' ■>
Thus we need to consider [00O].
The generator to, a representative from the 5-orbit, takes [00] to a single coset 

in [00O]. There are 30 distinct single cosets in [00O].

Now let’s consider the double coset of word length two, Nt^toN, denoted [00O]. 
N°°o = — ((1,4)(2,3)). |oo0] has-orbits {0}, {oo}, {1,4}, and {2,3} on Q. Hence 
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we need to consider [ooOO], [ooOoo], [ooOl], and [oo02].
First [ooOO] = [oo], since to is of order 2. So the generator to takes [ooO] back to 

a single coset in [oo].
Next consider TViooZotoo, denoted as [ooOoo], By relation (5), we know TVtaototoo 

= Ntotootp. M°°Q^ = ((l,4)(2,3),(2,3)(0,oo)) so there'are 15 distinct cosets in [ooOoo],
Now consider NtoototiTV denoted [ooOl]. The generator ti, a representative from 

one of the 2-orbits, takes [ooO] to a single coset in [ooOl]. [ooOl] has 60 distinct cosets.
Finally, consider 7Vt00tot2# denoted [oo02]. The generator t2, a representative 

from the other 2-orbit, takes [ooO] to a single coset in [oo02], [oo02] has 60 distinct cosets.

Next let’s study the double cosets of word length three. Start with [ooOoo]. 
jy(ooOoo) jias Qj-bits {1,4}, {2,3}, and {0,oo} on Q. So we need to consider [ooOoooo], 
[ooOoo 1], and [oo0oo2]. . ■ '

[ooOoooo] = [ooO], so too, a representative from one of the 2-orbits, takes [ooOoo] 
back to a single coset in [ooO].

ti, a representative from another 2-orbit, takes [ooOoo] to a single coset in 
[ooOool]. Now by relation (5), ooOoo = OooO, so TVooOoo 1 — TVOooOl. TV(°°0001) = 
((2,3)(0,oo)) so there are 30 distinct single cosets in [ooOool].

Similarly, t2, a representative from the remaining 2-orbit,,takes [ooOoo] to a 
single coset in [oo0oo2], and TVcc0oo2 = TV0oo02. TV(°°0002) = ((l,4)(0,oo)) so there are 
30 distinct single cosets in [oo0oo2].

Now consider [ooOl]. TV^°°01^ = 7V°°01 _ e anc] }ias orbits of {oo}, {0}, {1}, {2}, 
{3}, and {4} on Q. So we need to look at [ooOloo], [ooOlO], [oo011].[oo012], [oo01'3], and 
[oo014].

First note that [ooOll] = [ooO], since the tjs are of order 2. Hence ti takes 
[ooOl] back to a single coset in [ooO].

Next look at [ooOloo], takes [ooOl] to a single coset in [ooOloo]. By relation 
(3) we know that TV(oo, 1,0), (2,3,4)0ool0 = TVooOloo. Hence TVOoolO = TV ooOloo. 
7V(°°oioo) _ ((2,3)(0,oo)) so there are 30 distinct single cosets in [ooOloo].

to takes [ooOl] to a single coset in [ooOlO]'. By relation (5), we know OooO = 
ooOoo. If we conjugate this relation by (l,oo)(3,4) G £2(5), we derive 010 = 101. Hence 
00OIO = oolOl, and TV00OIO = TVoolOl. TV^00010) = ((l,0)(2,4)) so there are 30 distinct 
single cosets in [ooOlO].
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t2 takes [ooOl] to a single coset in [oo012]. There are 60 distinct single cosets in 
[oo012].

t3 takes [00OI] to a single coset in [oo013]. By relation relation (2), (0,1,2,3,4) 
4203 = 0241, if we conjugate by (4,00,2,0,1) G ^2(5), we obtain (1,4,0,3,00) oo013 
= 10oo4. Hence N(l,4,0,3,00) oo013 = N10oo4. Thus it follows Noo013 = N10oo4. 
j^(oo0i3) _ {{ijOo)(3,4)) so there are 30 distinct single cosets in [oo013].

t4 takes [00OI] to a single coset in [oo014]. There are 60 distinct single cosets in 
[oo014].

Now let’s turn our attention to [oo02]. N^0002) = <2, and has orbits {00}, {0}, {1}, 
{2}, {3}, and {4} on Q. So we need to look at [oo02oo], [oo020], [oo021].[oo022], [oo023], 
and [oo024].

Start with [oo022] = [00O], hence t2 takes [oo02] back to a single coset in [00O].
Next, too takes [oo02] to a single coset in [oo02oo]'. By relation (4) we know 

(00,1,0)(2,3,4)4234 = 2432, if we conjugate this relation by (2,0,4,00,3) G we
obtain (3, l,4)(0,2,oo)oo02oo — 0oo20. Hence N(3, l,4)(0,2,oo)oo02oo = N0oo20 and 
it follows that Noo02oo = TV0oo20. A^000200} = ((1,4)(0 , 00)) so there are 30 distinct 
single cosets in [oo02oo].

to takes [oo02] to a single coset in [oo020]. By relation (5) we know OooO = 00O00. 
If we conjugate this relation by (1,3)(2,00) G L2(5), we derive 020 = 202. Hence we 
know lVoo020 = Noo202. Ait00020) — ((2,0)(3,4)) so there are 30 distinct single cosets in 
[oo020].

ti takes [oo02] to a single coset in [oo021], By relation (1) we know (0,3,1,4,2) 
2104 = 0123. If we conjugate by (1,0,2,00,4) G £2(5)-.we find that (2,3,0,1,00) oo021 
= 20oo3. Hence N(2,3,0, l,oo) oo021 = N20oo3 and it follows that Noo021 = N20oo3. 
N't0002!) = ((1,3) (2, co)) so there are 30 distinct single cosets in [oo021].

t3 takes [oo02] to a single coset in [oo023]. There are 60 distinct single cosets in 
[oo023].

Similarly, t4 takes [co02] to a single coset in [oo024] and there are 60 distinct 
single cosets in [oo024].

Now let’s consider [00O00I]. 7y(°°0001) has orbits {1}, {4}, {2,3}, and {0,oo} on
Q. So we need to look at [ooOooll], [00O00I4], [oo0ool2], and [00O00IO]

First [ooOooll] = [00O00] so ti takes [00O00I] back to a single coset in [00O00].
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t4 takes [ooOool] to a single coset in [oo0ool4]. By relation (5) we know 00O00 = 
OooO, so it follows that ooOool4 = 0oo014. Hence Noo0ool4 = N0oo014. yyC0000014) — 
((2,3)(0,oo)) so there are 30 distinct single cosets in [00O00I4].

t2, a representative from one of the 2-orbits, takes [ooOool] to a single coset in 
[oo0ool2]. There are 60 distinct single cosets in [oo0ool2].

io, a representative from the other 2-orbit, takes [ooOool] to a single coset in 
[00O00IO]. By relation (3) we know (00,1,0)(2,3,4)0ool0 = 00OI00. But by relation (5) 
we know O00O00 = 00O. So (00,1,0)(2,3,4)0ool0 = O00O00I00

=> 0(oo, 1,0)(2,3,4)0ool0 — OOooOooloo
=>• (oo,l,0)(2,3,4)oo0ool0 = ooOooloo. But again recall that by relation (5) 

we can write (00,I,0)(2,3,4)oo0ool0 = OooOloo. Hence it follows that
N(oo, 1,0)(2,3,4)oo0ool0 = TVOooOloo

=> N00O00IO = NO00OI00.
yy(ooOooio) = {(2,3)(0,oo)) so [00O00IO] contains 30 distinct single cosets.

Now let’s consider [oo0oo2|. N^000002) has orbits {2}, {3}, {1,4}, and {0,oo} on 
Q. So we need to look at [oo0oo22], [oo0oo23], [oo0oo21], and [[oo0oo20].

First, [oo0oo22] = [00O00] So t2 takes [oo0oo2] back to a single coset in [00O00].
Next t3 takes [oo0oo2] to a single coset in [oo0oo23]. By relation (5) 00O00 = 

OooO so oo0oo23 = OooO23. Hence if follows that 7VooOoo23 = NOooO23. yyt0000023) — 
((1,4)(0,oo)) so [oo0oo23] contains 30 distinct single cosets.

ti, a representative from one of the 2-orbits, takes [oo0oo2] to a single coset in 
[oo0oo21] which has 60 distinct single cosets.

to, a representative from the other 2-or bit, takes [oo0oo2] to a single coset in 
[oo0oo20]. Now relation (4) is (00,1, 0)(2,3,4)4234 = 2432, if we conjugate this relation 
by (l,4,0)(2<oo,3) G L2fa), we obtain (3,4, l)(oo, 2,0)0oo20 = oo02co. Now it follows 
that 0(3,4, l)(oo, 2,0)0oo20 = 0oo02oo.

=> (3,4, l)(oo, 2,0)oo0oo20 — 0oo02oo
=> N(3,4, l)(oo,2,0)oo0oo20 = N0oo02oo
=>• 7Voo0oo20 = N0oo02oo.
yy(oo0oo20) „ ((1,4)(0,00)) so there are 30 distinct single cosets in [oo0oo20].

Now consider [ooOloo], jV^°°0100^ has orbits {1}, {4}, {2,3}, and {0,oo} on 17. 
So we need to look at [ooOlool], [ooOlood], [oo01oo2] and [ooOloooo].
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First [ooOloooo] = [ooOl], so too, a representative from one of the 2-orbits takes 
[ooOloo] back to a single coset in [ooOl].

Next consider [ooOlool]. By relation (3) ooOloo -- (oo, l,0)(2,3,4)0ool0, so it 
follows ooOlool — (oo. 1.0)(2.3.4)0ool01.

=$> ooOlool = (oo, 1.0)(2.3.4)0oo010 by relation (5) conjugated by 
(l,3,2,4,oo) GL2(5)

=> ooOlool — (oo, 1,0)(2,3,4)0oo010
==^ ooOlool = (oo, I,0)(2,3,4)oo0ool0 by relation (5).
=> JVooOlool = N(oo, I,0)(2,3,4)oo0ool0
==^ TVooOlool = NooOoolO. So it follows that [ooOlool] = [ooOoolO].
Now t4 takes [ooOloo] to a single coset in [oo01oo4]. By relation (3) we know 

(oo, 1,0)(2,3,4)0ool0 = ooOloo
=> (oo, 1,0)(2,3,4)0ool04 = oo01oo4. So it follows that

N(oo, l,0)(2,3,4)0o6104 = oo01oo4
=> N0ool04 = Noo01oo4.
jy(oo01oo4) ™ ((2,3)(0,oo)) so there are 30 distinct single cosets in [oo01oo4].
t2, a representative from the other 2-orbit, takes [ooOloo] to a single coset in 

[oo01oo2]. By relation (2) conjugated by (l,2)(4,oo) G L2(5) we obtain
(0,2,l,3,oo)ool03 = 01oo2.

oo(0.2.1,3, 00)00103 = ooOloo2
(0,2, l,3,oo)0ool03 = ooOloo2 => TV(0,2,l,3,oo)0ool03 = Noo01oo2 => 

N0ool03 — Noo01oo2.
yy(oc0ioo2) _ ^2,3)(0, oo)) so it follows that there are 30 distinct single cosets in 

[oo01oo2].

Now let’s consider the double coset [00OIO]. 7V(°°010) has orbits {3}, {00}, {1,0}, 
and {2,4} on Q. So we need to look at [oo0103], [00OIO00], [00OIOO], and [oo0102].

Start with [00OIOO] = [ooOl], so to, a representative from one of the 2-orbits, 
takes [00OIO] back to a single coset in [ooOl].

Next consider [oo0102]. t2, a representative from the other 2-orbit, takes [00OIO] 
to a single coset in [oo0102]. There are 60 distinct single cosets in oo0102].

t3 takes [00OIO] to a single coset in [oo0>103]. If we conjugate relation (5) 
by (l,oo)(3,4) G L2(5), we find 010 = 101. Hence it follows N00OIO3 = Nool013. 
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y^(oo0i03) _ ((ijo)(2,4)) so there are 30 distinct single cosets in [oo0103].
too takes [00OIO] to a single coset in [oo0103]. By a previous proof, we know 

00OIO = oolOl, so if follows that TVooOlOoo = 7/oolOlqo. Further we can see that 
T/ooOlOoo = NooOoooolOoo.

==> TVooOoooolOoo = Noo0oo(oo,0,1)(4,3,2)looOl by relation (3) conjugated 
by (1,0)(2,4) G 1/2(5).

=> TVooOlOoo = N(oo,0,1)(4,3,2)0101ooloo01
= N(oo, 0,1)(4.3.2)001 OcxjIooOI by relation (5) conjugated by (l,oo)(2,4) G L2(5).

=> 7/oo010oo = 7V(oo,0,1)(4,3,2)0010ooloo01 = 7/(oo, 0,1)(4,3,2)10ooloo01 
= TVlOoolcoOl.

=> TVooOlOoo = T/oolOloo = TVlOooOl = Nico Pool by relation (5). Further­
more it follows 7/loo0ool = 7/looOoolOQ = NlooOoolOO = .7/loo(oo, 0,1)(2,4,3)oo01oo0 
by relation (3).

=> T/looOool = N(oq, 0.1)(2.4.3)oo0oo01oo0 = N(oo, 0,1)(2,4,3)0oo001oo0 
by relation (5).

=> T/looOool = 7/(oo,0,1)(2,4,3)0oo001oo0 : 7/(oo,0,1)(2,4,3)0ooloo0. 
Hence it follows NlooOool = NOoolooO = 7/01ool0 by relation (5) conjugated by 
(1,0)(2,4) G 1/2(5). So finally we have that 7/oo010oo = T/oolOloo = NlOooOl = 
T/looOool = A'OloolO = N0001000. AT(^oiOoo) = ((l,oo,0)(2,4,3),(l,0)(2,4)) so there 
are 10 distinct single cosets in [00OIO00].

Now we will consider [oo012]. 7/(°°012) has orbits {1}, {2}, {3}, {4}, {0}, and 
{00} on ft. So we need to consider [oo0121], [oo0122], [oo0123], [oo0124], [oo0120], and 
[oo012oo].

First note that [oo0122] = [00OI] so t2 takes [oo012] back to a single coset in 
[00OI].

Next, A takes [oo012] to a single coset in [oo0121]. There are 60 distinct single 
cosets in [oo0121].

t3 takes [co012] to a single coset in [co0123]. By relation (1) we know (0,3,1,4,2) 
2104 = 0123, so Noo0123 = Noo(0,3,1,4,2)2104 = 7/(0,3,1,4,2) oo2104 = Noo2104. 
yy(ooOi23) _ ((2,0)(3,4)) so there are 30 distinct single cosets in [oo0123].

t4 takes [oo012] to a single coset in |oo01oo4], since oo0124
— (1,3,4,00,0)oo23ool thus 7/oo0124 — A'cc23ool G [co01oo4] since Aroo01oo4 conju­
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gated by (1,3,0,2,4) G L2(5) is #oo23ool. To prove oo0124 = (l,3,4,oo, 0)oo23ool. 
move the relation to the one side of the equal sign and prove it equals identity.

(1.0. oo.4.3)oo01241oo32oo ~ (I,0,od,4,3)oo012(l,0,oo,4,3)ool402oo (by re­
lation (1) conjugated by (2,4,3,0, oo) G L2(5))

= (1.oo,3,0.4)4oo02ool402oo = (l,oo,3,0,4)4(l,3,4)(2,0,oo)0oo201402oo (by 
relation (4) conjugated by (2,0,4, oo, 3) G Z2(5))

= (1,2,0)(3, oo, 4)10oo201402oo = (1,2,0)(3, oo, 4)10(1,2,4,0, oo)02oo4402oo 
(by relation (1) conjugated by (l,2,oo,3,4) G Z2(5))

— (1,4,3)(2, oo, 0)2oo02oo4402oo = (1,4,3)(2, oo, 0)2oo02oo02oo = e, by rela­
tion (4) conjugated by (1,3,0)(2,oo,4) G Z2(5).

to takes [oo012] to a single coset in [oo0120]. Relation (4) conjugated by
(1,oo,4)(2,0,3) G L2(5) is (4,oo,3)(0,2,1) 1021 = 0120, so Noo 0120
= #oo (4>oo,3).(0,2,l)1021 = #(4,oo,3)(0,2,1)31021 = #31021. So #oo0120 
= #31021. #(~oi2«) = ((1,0)(3,oo)) so [oo0120] has 30 distinct single cosets.

Finally takes a single coset in [oo012] to [oo012oo]. There are 60 distinct 
single cosets in [oo012oo].

Now consider [oo013]. TV^°°013) has orbits {2}, {0}, {l,oo}, and {3,4} on Q. 
Hence we need to examine [000132], [000130], [oo0131], and [000133].

[oo0133] = [ooOl], so t3, a representative from one of the 2-orbits, takes [oo013] 
back to a single coset in [ooOl]. • ’ ’

t2 takes [oo013] to a single coset in [oo0123], since oo0132 = (1,4,0,3, oo)23041 
thus #oo0132 = #23041 G [oo0123] since #oo0123 conjugated by (l,0,3)(2,5,00) € 
Z2(5) is #23041. To prove oo0132 =■ (1,4,0,3,oo)23041. move the relation to the left 
side and prove it equals identity.

(1,4,0,3, oo)23041231Ooo = (.1,4,0,3, oo)2304(l, 3,2)(4,0, oo)21320oo (by rela­
tion (4) conjugated by (l,4)(0,oo) G Z2(5))

= (1,0,2)(3,4,oo)12oo021320oo = (1,0,2) (3,4, oo)12oo(l, 0,3,2, oo)120oo20oo 
(by relation (1) conjugated by (l,2,0)(3,oo,4) G Z2(5))

= (1,3,4)(2,0,oo)0ooll20oo20oo = (1,3,4)(2,0,oo)0oo20oo20oo = e (by rela­
tion (4) conjugated by (1,4,0)(2,00,3) G Z2(5)).

tg takes [oo013] to a single coset in [oo0130]. If we conjugate relation (2) by 
(1,4,oo, 2,0) G Z2(5), we find #oo0130 = #(00,3,0,4, l)10oo40 = #10oo40. A^000130) = 
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((l,oo)(3,4)) so there are 30 distinct single cosets in [oo0130].
ti, a representative from the other 2-orbit, takes [oo013] to a single coset in 

[oo0131J. There are 60 distinct single cosets in [oo0131].

Now consider [oo014]. N(°°014) has orbits {1}, {2}, {3}, {4}, {0}, and {oo} on 
Q. So we need to consider [oo0141], [oo0142], [oo0143], [oo0144], [oo0140], and [oo014oo|.

[oo0144] — [ooOl], so t4 takes [oo014] back to a single coset in [ooOl].
ti takes [oo014] to a single coset in [oo0141]. By relation (6) Noo0141 = 

Noo0414. Aft000141) = ((1,4)(2,3)) so there are 30 distinct single cosets in [oo0141J.
t2 takes [oo014] to a single coset in [oo0142]. There are 60 distinct single cosets 

in [oo0142].
t3 takes [oo014] to a single coset in [oo0143]. Noo0143 = N10oo34 since

oo0143 = (1,oo,3,0,4)10oo34. To prove this relation move the relation to one side of 
the equal sign, and prove it equals identity.

(1. oo, 3.0.4)10co343410oo = (1, oo, 3.0,4)10oo434410oo (by relation (5) conju­
gated by (1,00,3,0,4) G L2{ff))

= (loo, 3,0,4)10oo434410oo = (l,oo,3,0,4)10oo4310oo -- e (by relation (4) 
conjugated by (1,3,4)(2,0,oo) G L2(f>)).

^y(oo0i43) _ ((ijOo)(3,4)) so there are 30 distinct single cosets in [oo0143].
io takes [oo014] to a single coset in [oo0140]. If we conjugate relation (4) by 

(1, oo, 2)(3,4,0) G L2(&) we derive 0140 = (2,3, oo)(l,0,4)1041.
=> Noo0140 = Noo(2,3,oo)(l, 0,4)1041 = N(2,3,oo)(l,0,4)21041
=> Noo0140 = N(2,3, oo)(l, 0,4)21041

= N(2,3, oo)(l, 0,4)(2,4,1,3,0)01231 = N(2,0,1) (3, oo, 4)01231
Noo0140 = N(2,0,l)(3,oo, 4)01231

= N(2,0,l)(3, oo, 4)0(0,oo,4)(2,1,3)2132 by relation (4) conjugated by (l,4)(0, oo) G 
£2(5).

Noo0140 = N(2, oo, 0,3,4)oo2132 = Noo2132.
yy(oo0i40) _ ((2,0)(3,4)) so there are 30 distinct single cosets in [oo0140j.
too takes [oo014] to a single coset in [oo0oo21], since oo014oo

= (1,2,4.0,oo)41402 thus Noo014oo — N41402 G [co0oo21] since Noo0oo21 conjugated 
by (1,2,0)(3,oo,4) G L2(5) is N41402. To prove oo014oo = (l,2,4.0,oo)41402 move the 
relation to one side of the equal sign and prove it equals identity
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=> fl,2.4.0.oo)41402oo410oo = (1,2,4,0, oo)414(l,oo, 0,4,2)oo20110oo (by 
relation (1) conjugated by (1,2,0, oo, 3) G L2(5)) = 2oo2oo20110oo = 22oo2200oo (by 
relation (5) conjugated by (1,3,0,2,4) G L2(5)) = 22oo22oo = oooo = e.

Now consider [oo024]. N(°°024) has orbits {1}, {2}, {3}, {4}, {0}, and {oo} on 
Q. So we need to look at [oo0241], [oo0242], [oo0243], [oo0244], [oo0240], and [oo024oo].

First [oo0244] = [oo02], so t4 takes [oo024] back to a single coset in [oo02].
ti takes [oo024] to a single coset in [oo0241]. By relation (2), Noo0241 = 

Noo(0,1,2,3,4)4203. Hence Noo0241 = Noo4203. N^000241) = <(1,3)(4,0)) so [oo0241] 
has 30 distinct single cosets.

Now oo0242 = oo0424 G [oo0131] since Noo0131 conjugated by (1,4)(2,3) G 
L2(5) is Noo0424. Hence t2 takes [oo024] to a single coset in [oo0131].

t3 takes [co024] to a single coset in [oo0243]. Noo0243 = N(oo, 3,2,0,4) 432oo0 
= N432oo0 since oo0243 = (oo, 3,2,0,4) 432oo0. To prove this relation move it to one 
side of the equal sign and prove it equals identity.

(oo. 3.2.0.4)432oo03420oo = (oo,3,2,0,4)432(2,3,oo,4,0)30oo220oo (by rela­
tion (1) conjugated by (l,0,3,2,oo) 6 L2(5) = 0oo330oo220oo = OoPOooOoo = OOooOOoo 
by relation (5) = OOooOOoo = 0000 = e.

2^(oo0243) _ ((3}0)(4,oo)) so [oo0243] has 30 distinct single cosets.
to takes [oo024] to a single coset in [oo0143], since oo0240

= (1,2,3)(4,00,0)2401oo thus Noo0240 = N2401oo G [oo0143] since N2401oo conjugated 
by (l,0,4)(2,3,oo) G L2(5) is N2401oo. To prove oo0240 = (l,2,3)(4,oo, 0)2401oo move 
the relation to one side of the equal sign and prove it equals identity.

(1,2,3)(4,oo,  0)2401oo0420oo = (1,2,3) (4,00,0)240(1,4,00,2,0)0ool220oo 
= (1.0.oo)(2.3.4)0odlQool220oo = (1,0,oo)(2,3,4)0ool0ool0oo = e by relation (3).

too takes [oo024] to a single coset in [0002400] which contains 60 distinct single 
cosets.

Let’s consider [oo023]. ft00023) has orbits {1}, {2}, {3}, {4}, {0}, and {00} on 
fi. So we need to look at [oo0231], [oo0232], [oo0233], [oo0234], [oo0230], and [oo023oo].

[oo0233] = [oo02], so t3 takes us from [oo023] back to a single coset in [oo02].
ti takes [oo023] to a single coset in [oo0120], since oo0231 = (l,oo,4,2, 3)3oo20oo 

thus Noo0231 = N3oo20oo G [oo0120] since oo0120 conjugated by (1,2,0,00,3) G L2(5) 
is N3oo20oo. To prove oo0231 = (l,oo,4,2,3)3oo20oo move the relation to one side of 
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the equal sign and prove it equals identity.
fl. oo.4.2.3)3oo20ool320oo = (I,oo,4,2,3)3oo201,4,3,oo,2)31oo40oo (by rela­

tion (1) conjugated by (2, oo, 0,3,4) G £2(5))
= (1.2. oo. 3.4)oo21031oo40oo = (1,2, oo, 3,4)oo2(l, 3,0)(2, oo, 4)0130oo40oo 

(by relation (3) conujugated by (l,3,4,oo,0) G -£*2(6))
= fl. co. 0)(2.4.3)4oo0130oo40oo = (l,oo, 0)(2,4,3)4oo013

(l,2,3)(4,oo,0)oo04oooo  (by relation (3) conjugated by (1,4)(2,3) G L2(5))
= (1,0,2,oo, 4)oo0421oo04popo = (1.0.2.00.4)oo0421oo04 = (1,0,2,00,4) 

oo042 (l,4,oo,2,0)0ool2 (by relation (2) conjugated by (1,2,00,3,4) G Z* 2(5)
= 21oo00ool2 = 12000012 = 2112 = 22 = e.
t2 takes [oo023] to a single coset in [oo0232]. Noo0232 = Noo0323 by relation 

(5) conjugated by (l,oo,3)(2,4,0) G 7^(5).
t4 takes [oo023] to a single coset in [oo0142], since oo0234

= (1,3,0)(2,oo,4) 320ool. Thus Noo0234 = N(l,3,0)(2,oo,4)320ool = N320ool G 
[oo0142] since Noo0142 conjugated by (1,0,2)(3,4,00) G 1*2(5)  is N320ool. To prove 
oo0234 = (l,3,0)(2,oo,4)320ool move the relation to one side of the equal sign and 
prove it equals identity.

(1,3,0)(2.00.4)320ool431120oo = (1.3.0)(2.oo.4)320ool431120oo (by relation 
(3) conjugated by (l,3,oo)(2,0,4) G L2(5)

= (l,4,0,3,oo)40oo24134120oo = (I,4,0,3,oo)40oo241(l,3,2,4,oo)143oo0oo 
(by relation (2) conjugated by (1,2,4)(3,oo, 0) 6 £2(5))

= fl. 00.3)f2.4.0)ao014oo3143oo0oo = (1,00,3)(2,4,0)oo014oo31430oo0 (by re­
lation (5))

= (1.00.3) (2.4.0)000140031430000 = (l,oo,3)(2,4,0)oo014oo31
(2,0,4,oo,3)03420 (by relation (1) conjugated by (l,3,oo)(2,0,4) G L2(5))

= (l,3)(2,oo)341oo32103420 = (1,3)(2,00)34100(1,3,0,2,4)12343420 (by rela­
tion (1) conjugated by (l,2)(3,0) G -£*2(5))

= fl. 0.2.00.4)013ool2343420 = (l,0,2,oo,4)013ool2434420 (by relation (6) 
conjugated by (1,3)(2,00) G L2(5))

= fl. 0.2.00.4)013ool2434420 = (1,0,2,00,4)0(1,00,3)(2,4,0)31oo324320 (by 
relation (4) conjugated by (1,4,3,00,2) G L2(5))

= (l,2,3)(4,oo,0)231oo324320 = (l,2,3)(4,oo,0)231oo(l,oo,0)(2,3,4)234220
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(by relation (4) conjugated by (l,0,oo)(2,3,4) G L2(5))
= (1,3,0,2,4)3401234220 = (1,3,0,2,4)34012340 = e by relation (1) conjugated 

by (l,4)(2,3)eL2(5).
By relation (3) conjugated by (l,3)(2,oo) £ L2(5) we know Noo0230

= Noo(2,0,3)(oo, 4,1)2032. So Noo0230 = N42032 G [oo0130] since TVoo0130 conjugated 
by (.1,0,2,00,4) € L2(5) is N42032. Hence to takes [oo023] to a single coset in [oo0130].

By relation (2) conjugated by (1,4,0,3,00) G L2(5>), we know Noo023oo •= 
Noo(0,00,2,4,3)3204 = N(0,oo, 2,4,3)23204 = N23204 6 [oo0ool2] since Noo0ool2 
conjugated by (l,0,3)(2,4,00) G L2(5) is N23204. Hence too takes [oo023] to a single 
coset in [ooOool2].

Now consider [oo021], has orbits {4}, {0}, {1,3}, and {2, 00} on Q. So
we need to examine [oo0214], [oo0210], [oo0211], and [oo0212].

Start with [oo0211] = [oo02], so U a representative from one of the 2-orbits takes 
[oo021] back to [oo02],

t4 takes [oo021] to a single coset in [oo0241], since oo0214 = (1,3,00,0,2)430loo 
thus Noo0214 = N4301oo G [oo0241] since oo0241-conjugated by (1,00,4) (2,0,3) £ L2(5) 
is N4301oo. To prove oo0214 ='(1,3,00,0,2)4301oo move the relation to one side of the 
equal sign and prove it equals identity.

(l,3,oo}0,2)4301oo3120oo = (1,3,00,0,2)430 (1,4, oo)(2,3,0)ool4oo 20oo (by 
relation (4) conjugated by (l,2,oo, 3,4) G L2(S)) '

= (1,0,3)(2,4,oo)oo02ool4 oo20oo — (1,0,3)(2,4, oo)oo02ool4
(1,4,3)(2,oo,  0)2oo02 (by relation (4) conjugated by (3,0)(4,oo) G L2(5))

= (1,2,3,4,0)02oo 0432 oo02 = (l,2,3,4,0)02oo (1,3,0,2,4)3401 oo02 (by re­
lation (1) conjugated by (1,4,2,0,3) G L2(5)).

= (1,4,2,0,3)2 4oo34 01oo02 =(1,4,2,0,3)2 (l,2,0)(3,oo,4)oo43oo 01oo02 (by 
relation (3) conjugated by (l,3)(4,0) G L2(5))

= (1,3,2)(4,0,oo)0oo43 00OI00 02 = (1,3,2)(4,0, oo)0oo43 
(l,0,oo)(2,3,4)0ool0 02 (by relation (3))

= (l,4,oo, 2,0)ool240ool 002 = (1,4,00,2,0)oo 1240 ool2 = (1,4, oo, 2,0)oo 
(l,0,2,oo,4)421oo ool2 (by relation (2) conjugated by (1, oo, 3,0,4) G L2(5))

= 4421 0000I2 = 2112 = 22 = e.
Now by relation (4) conjugated by (1,3)(4,0) G L2(5) we know Noo0210 = 
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Noo(oo, 4,3)(2,0,1)2012 = N(oo,4,3)(2,0,1)42012 = N42012 G [oo0140] since TVoo0140 
conjugated by (0,2,oo,4,l) G £2(5) is N42012. So to takes [oo021] to a single coset in 
[oo0140].

By relation (5) conjugated by (l,oo)(2,0) G L2(5) we know 212 = 121, so 
[oo0212] = [oo0121] So t2 a representative from the other 2-orbit, takes [oo021] to a single 
coset in [oo0121].

Now consider [oo020]. N't00020) has orbits {1}, {00}, {2,0}, and {3,4} on Q. So 
we need to examine [oo0201], [oo020oo], [oo0200], and [oo0203].

First [oo0200] = [oo02]. So to, a representative from one of the 2-orbits, takes 
[oo020] back to [oo02].

Now tj takes [oo020] to a single coset in [oo0201J. By relation (6) conjugated 
by (1,0,oo)(2,3,4) G WG know 020 = 202, so it follows that TVoo0201 -- Noo2021. 
jy(oo020i) ((2,0)(3,4)) so there are 30 distinct single cosets in [oo0201].

too takes [oo020] to a single coset in [oo020oo]. By relation (6) conjugated by 
(l,0,oo)(2,3,4) G L2(5) we know TV 00 ’020 00 = Nog 202 00. Additionally, TVoo020oo 
= TV00O 0000 20oo = TV00O00 oo20oo = TV00O00 (4,3, l)(2,oo, 0)2oo02 (by relation (4). 
conjugated by (3,0)(4,oo) G L2(5)).

=> Noo020oo = TV (4,3,1)(2,00,0)0 202 oo02 = TV (4,3,1)(2,00,0)0 020 oo02 
by relation (6) conjugated by (l,0)(4,2) G L2(5).

=> Noo020oo = TV(4,3,l)(2,oo,0) 0020oo02 = TV(4,3,l)(2,oo,0)20oo02 = 
TV20oo02 — TV2oo0oo2 by relation (5). So we know TVoo020oo ~ 7Voo202oo = TV20oo02 
= N2oo0oo2.

TV2oo0oo2 = TV2oo220oo2 = TV2oo220oo2 = TV2oo2(l,4,3)(2,oo,0)02oo0 by re­
lation (4) conjugated by (1,4,0,3,00) G L2(5).

=> TV2oo0oo2 = TVfl.4. 3)(2.oq.0)oo0oq02oo0 = TV(1,4,3)(2, oo.0)0oo002oo0 
= TV(l,4,3)(2,oo, 0)0oo002oo0 = TV(1,4,3) (2,00; 0)0oo2oo0 = TV0oo2oo0 = TV02oo20 
by relation 6 conjugated by (1,00,4,2,3) G L2(5). Hence TVoo020oo = TVoo202oo = 
TV20oo02 = TV2oo0oo2 = 7VOoo2ooO — TV02oo20.

jy(oo020oo) = ((i,4)(o,oo), (l,4,3)(2,oo,0)) so there are 10 distinct single cosets 
in [oo020oo].

Finally t3, a representative from the other 2-orbit, takes [oo020] to a single coset 
in [oo0203j. There are 60 distinct single cosets in [oo0203].
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Now consider [oo02oo], A^000200) has orbits {2}, {3}, {1,4}, and {0,oo} on (7. 
So we need to examine [oo02oo2], [oo02oo3], [oo02ool], and [oo02oooo],

[oo02oooo] = [oc02], so Zoo, a representative from one of the 2-orbits, takes 
[oo02oo] back to a single coset in [oo02J.

Now #0002002 == #00oo02oo2 = #00oo02oo2 = #0oo0oo2oo2 by relation (5).
=> #oo02oo2 ~ #0oo0oo2oo2 = #0oo02oo22 by relation (5) conjugated by 

(2,4,3,0,00) e L2(5)
=> #oo02oo2 = #0oo02oo22 = #0oo02oo E [oo0oo20] since #oo0oo20 con­

jugated by (l,4)(0,oo) G £2(5) is #0oo02oo. So t2 takes [oo02oo] to a single coset in 
[oo0oo20].

t3 takes [oo02oo] to a single coset in [oo0243], since oo02oo3
= (1, oo, 4,2,3)ool304 thus #oo02oo3 = #ool304 G [oo0243] since #oo0243 conjugated 
by (1,2,3,4,0) G L2(5) is #ool304. To prove oo02oo3 = (l,oo,4,2,3)ool304 move the 
relation to one side of the equal sign and prove it equals identity

=> (l,oo,4,2,3)ool3043oo20oo
= (l,oo,4,2,3)ool(l,oo,2)(3,4,0)0340oo20oo (by relation (4) conjugated by 

(2,0)(3,4) GL2(5))
= (1,2,4) (3, oo, 0)2oo0340oo20oo = (1,2,4) (3, oo, 0)2oo034

(1,4,3)(2,  oo, 0)oo02oo oo (by relation (4) conjugated by (1,4,0)(2,oo, 3) G L2(5))
= (l,oo, 2,3.0)oo0213oo02oooo = (l,oo,2,3,0)oo 0213 oo02 = (l,oo,2,3,0)oo 

(l,0,3,2,oo)120oo oo02 (by relation (1) conjugated by (l,2,0)(3,oo,4) G L2(5))
= 1120oooo02 = 2002 = 22 = e.
Finally, Zi, a representative from the other 2-orbit, takes [oo02oo] to a single coset 

in [oo02ool]. By relation (4) conjugated by (2,0,4,00,3) G L2(5) we know (3,1,4)(0,2,00) 
oo02oo = 0oo20. So #oo02ool = #(3,4, l)(0,oo,2)0oo201 = (3,4,l)(0,oo,2)0 oo201 = 
(3,4, l)(0,oo,2)0 (00,1,2,4,0)02oo4 by relation (1) conjugated by (1,2,0,00,3) G £2(5).

=> #oo02ool =#(3,0,l)(2,oo,4) oo02oo4 = #(3,0, l)(2,oo,4)
(3,4, l)(0,00,2)0oo204 by relation (4) conjugated by (2,0,4,00,3) G £2(5)

=> #oo02ool = #(3,oo,l,4,0)0co204 = #0oo204. #(<*>02001)  = ((1>4)(o,oo)) 
so there are 30 distinct single cosets in [oo02ool].

Now consider [oo01co2]. A/J0001002) has orbits {1}, {4}, {2,3}, and {0,oo}.
[oo01oo22] = [ooOloo] since t2 is of order 2. So t2 a- representative from on of 
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the 2-orbits takes [cc01oo2] back to a single coset in [ooOlooj.
ti takes [oo01oo2] to a single coset in [oo01oo21].
We previously proved that Noo01oo2 = N0ool03, so Noo01oo21 = N0ool031_.
Now Noo01oo21 — Noo (0,2, l,3,oo)ool031 by relation (2) conjugated by

(1.3.2) (4,0,oo) 6 £2(5)
=> Noo01oo21 = N(0,2,1,3,oo)0oo 1031 = N(0,2,1,3, oo)0oo 

(0,l,3)(2,00,4)0130 by relation (3) conjugated by (1,3,4,00,0) £ £2(5).
Noo01oo21 = N(0,oo,l)(2,3,4) 140130 = N(0,oo,l)(2,3,4)

(00,2,3)(4,1,0)410430 by relation (2) conjugated by (1,3,0,2,4) 6 £2(6).
=> Noo01oo21 = N(0,2, oo)(l, 4,3)41 0430 = N(0,2,00)(1,4,3)41 

(1,00,2)(4,0,3)4034 by relation (4) conjugated by (1,2,4,0,00) € £2(5).
Noo01oo21 = N(l, 0)(3,00) 0oo4034 = N(l,0)(3,00)

(00,0,4)(3,l,2)oo04oo34 = N(l,4,oo)(2,3,0)oo04oo34 = Noo04oo34.
So we now know Noo01oo21 — Noo04oo34.
Now Noo04oo34 = Noo(oo,4,3)(2,0,l)oo43oo by relation (3) conjugated by

(l,3)(4,0)  G £2(5).
=> Noo04oo34 = N(oo,4,3)(l,2,0) 41oo43oo = N(oo,4,3)(1',2,0)

(0,2,3)(1,4, oo)14ool3oo by relation (4) conjugated by (1,3,00,0,2) G £2(5)-
=> Noo04oo34 = N(1.3)(4.0)14ool3oo = N(l, 3)(4,0)1(4,3,00,2, l)loo42oo 

by relation (1) conjugated by (l,oo, 0)(2,4,3) G £2(5).
=4- Noo04oo34 = N(l,oo,2)(3,4,0)41 oo42oo = N(l,oo, 2)(3,4,0)41

(1, 0,3)(4, oo,2)4oo24 by relation (4) conjugated by (1,3, 2,4,00) £ £2(5).
==?- Noo04oo34 = N(l, 2,0)(3,oo,4) oo04oo24 = N(l, 2,0)(3,oo,4) 

(oo,4,0)(3,2, l)0oo4024 by relation (3) conjugated by (1,4)(2,3) G £2(5).
=> Noo04oo34 — N(2,00,0,3,4)0oo4024 = TV0oo4024
Hence Noo04oo34 = N0oo4024 = Noo04oo34 = N0ool031.
^y(oo0ioo2i) _ ^ij4){0)OO)J(2,3)(0,00)) so there are 15 distinct single cosets in 

[oo01oo21].
£4 takes [oo01oo2] to a single coset in [oo01oo24j.
Noo01oo24 = Noo(0,2,1,3, oo)ool034 by relation (2) conjugated by

(1.3.2) (4,0,oo)G£2(5)
=> Noo01oo24 = N(0,2,1,3, oo)0oo!034 = N0ool034.
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jy(ooOioo24) = ft, 3)(0,oo)) so there are 30 distinct single cosets in [oo01oo24]. 
to, a representative from the 2-orbit, takes [oo01oo2] to a single coset in 

[oo01oo20]. There are 60 distinct single cosets in [co01oo201.

Now consider [oo01oo4]. N^0001004) has orbits {1}, {4}, {2,3}, and {0, oo} on 
Q. So we need to consider [oo01oo41], [oo01oo44], [oo01oo42], and [oo01oo40].

First [oo01oo44] = [ooOloo], since t4 has order 2. So t4 takes [oo01oo4] back to 
a single coset in [ooOloo].

Next ti takes [oo01oo4] to a single coset in [oo01oo41]. Noo01oo41
= N(oo,l', 0)(2,3,4)0ool041 by relation (3).

=> Noo01oo41 = N0ool041
Additionally, Noo01oo41 = Noo0(3,0,2)(l,4,oo)ool4oo by relation (4) conju­

gated by (l,0,2)(3,4,oo) e £2(5).
=> Noc01oo41 = N(3,0,2)(l,4,oo)12ool4oo = N 12oo 14oo
If we conjugate the new relation we found above by (1,0,3,2,00) G L2(5) we 

now find N0ool041 = N130140.
So now we have the following equations:
Noo01oo41 = N0ool041 = N130140 = N12ool4oo
If we conjugate this equation by (1,00,2,3,0) G L2(5), then conjugate the re­

sulting equation by (1, 3)(2,oo) G L2(5) we then find the following:
Noo01oo41 = N0ool041 = NT 30140 = N12ool4oo = N21oo24oo = Noo32oo42 

= N203243 = N023043 = N3oo2342 = N310340
^y(oo0ioo4i) _ ^j)o)(3,oo), (l,3,oo,0,2)) so there are 6 distinct single cosets in 

[oo01oo41].
Now let’s look at [oo01oo42]. As previously shown Noo0124 = N(oo, 3,2)(1,4,0) 

oo23ool.
=> Noo01244 = N(oo,3,2)(l,4,0)oo23ool4.
=> Noo012 = N(oo, 3,2)(1,4,0)oo23ool4 = Noo23ool4 G [oo01oo42] since 

Noo01oo42 conjugated by (1,3,0,2,4) G L2(5) is Noo23ool4.
So t2, a representative from one of the 2-orbits, takes oo01oo4] to a single coset 

in [oo012].
<o, a representative from the other 2-orbit, takes [oo01oo4] to a single coset in 

[oo01oo40]. There are 60 distinct single cosets in [oo01oo40].
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Now consider [oo0102]. 7V(°°0102) has orbits {1}, {2}, {3}, {4}, {0}, and {oo}. So 
we need to consider [oo01021], [oo01022], [oo01023], [oo01024], [oo01020] and [oo0102oo].

[oo01022] = [00OIO] so t2 takes [oo0102] back to a single coset in [00OIO].
ti takes [oo0102] to a single coset in [oo01403], since oo01021 =

(1,3,2,4,oo)co40342 thus Noo01021 = Noo40342 G [oo01403] since Noo01403 conju­
gated by (1,0,4,3,2) G 7>2(5) is Noo40342. To prove oo01021 = (l,3,2,4,oo))oo40342 
move the relation to one side of the equal sign and prove it equals identity.

(1,3,2,4,oo)oo4034212010oo = (l,3,2,4,oo)oo4034121101oo (by relation (6) 
conjugated by (2,4)(3,00) and (2,00)(4,0) G £2(5))

= (l,3,2,4,oo)oo4034121101oo = (l,3,2,4,oo)oo4034 1201oo = (1,3,2,4,00) 
oo4034 (1,0,2)(3,4, oo)2102oo (by relation (4) conjugated by (1,00,3,0,4) G L2(5))

= (1,4,3)(2,00,0)3oo24oo2102oo = (1,4,3)(2,00,0)3 (l,3,0)(2,oo,4)2oo42
2102oo (by relation (4) conjugated by (0,3, l)(2,4,oo) G L2(5))

= (1,2,4,0,oo)02oo4102oo = (l,2,4,0,oo)02(l,oo, 0,4,2)14oo22oo (by relation 
(1) conjugated by (l,4,0)(2,oo, 3) G L2(5))

= 4114oo22oo = 44oooo = e.
tz takes [oo0102] to a single coset in [oo01023] since TVoo010231 = Noo4342 

G [oo0102]. To prove oo01023 = (2oo)(4,0)oo43421 we will move the relation to one side 
of the equal sign and prove it equals identity.

(2, oo)(4,0)oo4342132010oo = (2, oo)(4,0)oo434(l, 2,3)(4,00,0)1231010oo (by 
relation (4) conjugated by (l,oo, 0,4,2) G L2(5))

= (l,2,0.oo, 3)0oolool231010oo = (1,2,0,oo, 3)01ooll231101oo (by relation 
(5) conjugated by (1,0)(2,4) G L2(5) and (l,oo, 0)(2,4,3) G £2(5))

= (1,2,0,oo,3)01ooll231101oo = (1,2,0,00,3)01oo2301oo = e (by relation (2) 
conjugated by (1,3,2)(4,0,00) G L2(5)).

yy(oo0i023) ((ij3)(450^ so there are 30 distinct single cosets in [oo01023].
A takes [oo0102] to a single coset in [oo01024]. There are 60 distinct single 

cosets in [oo01024].
to takes [oo0102] to a single coset in [oo01020]. Now jVoo01020 = 7Vool0120 by 

relation (6) conjugated by (2,oo)(4,0) G 7*2(5).
=>• Noo01020 = Nool0120 = 7Vool(4,00,3)(1,0,2)1021 by relation (4) conju­

gated by (1,3,2)(4,0,00) G L2(5).
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Noo01020 = AT(l,0,2)(3,4,oo)301021 = N(l, 0,2)(3,4, oo)310121 by rela­
tion (6) conjugated by (2, oo)(4.0) G 1,2(5).

JVoo01020 = N310121.
yy(oo0i020) _ ((j} o)(3,00)) so there are 30 distinct single cosets in [oo01020].
Now let’s look at [oo0102oo]. TVoc0102oo = Noo0(l,00,0,4,2)2014 by relation 

(1) conjugated by (l,0,2)(4,oo,3) G 1,2(5)
=> Noo0102oo = N(l,oo, 0,4,2)042014 = N(l,oo, 0,4, 2)

(0,2,4)(oo,3,1)402414 by relation (3) conjugated by (l,2)(4,oo) G L2(5).
=> Noo0102oo = N(l,3)(2,oo)402414 = N(l,3)(2,oo)4(0,1,2,3,4)42034 by 

relation (2).
=> Noo0102oo = N(l,4,0)(2,00,3)042034 = N042034 G [oo01oo20] since ■ . 1

Noo01oo20 conjugated by (l,2,3)(4,oo,0) is JV042034.
So too takes [oo0102] to a single coset in [oo01oo20].

Consider [oo0103]. N(°°0103), has orbits {3}, {00}, {1,0}, and {2,4}. So we need 
to look at [oo01033], [oo0103oo], [oo01031], and [oo01032].

[oo01033] = [00OIO], so t3 takes [oo0103] back to a single coset in [00OIO].
too takes [oo0103] to a single coset in [oo0103oo]. Nco0103oo = Nool013oo by 

relation (6) conjugated by (2,oo)(4,0) G XfS). .M00010300) = ((1,0)(3,4)), so there are 
30 distinct single cosets in [oo0103oo].

A, a representative from one of the 2-orbits, takes [oo0103] to a single coset in 
[oo01031]. There are 60 distinct single cosets in [oo01031].

t2, a representative from the other 2-orbit, takes [oo0103] to a single coset in 
[oo01032]. There are;60 distinct single cosets in [oo01032].

Now consider [00OIO00]. Ntoo010o°) has orbits {1,0,00} and {2,3,4}. So we need 
to look at [00OIO0000] and [oo010oo2].

[00OIO0000] = [00OIO], so too, a representative from one of the 3-orbits, takes 
[00OIO00] back to a single coset in [00OIO].

t2, a representative from the other 3-orbit, take [00OIO00] to a single coset in 
[oo010oo2].

Noo010oo2 = Noo010ooll2 = Noo010ooll2 = NooO(l, 00,0)(2,4,3)01ooQ12 
by relation (3) conjugated by (1,00,0)(2,4,3) € L2(5).
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=>• Noo010oo2 = N(l,oo,0)(2,4,3)0101oo012 = N(l,oo,0)(2,4.3)0010oo012 
by relation (6) conjugated by (2,oo)(4,0) G L2(5)-

Noo010oo2 = N(l,oo,0)(2,4,3)0010oo012 = N(l,oo,0)(2,4,3)10oo012 = 
N10oo012

yy(oo0i0oo2) _ ((1; oo)(3,4)) so there are 30 distinct single cosets in [oo010oo2].

Now consider [oo0121]. has orbits {1}, {2}, {3}, {4}, {0}, and {oo}. So
we need to look at [oo01211], [oo01212], [oo01213], [oo01214], [oo01210], and [oo0121oo].

[oo01211] = [oo012], so ii takes [oo0121] back to a single coset in [oo012],
Noo01212 = Noo0112I by relation (6) conjugated by (2,4)(3,oo) G L2(5).
=> Noo01212 = Noo01121 = Noo021 G [OO021].
So t2 takes [oo0121] to a single coset in [oo021].
t3 takes [oo0121] to a single coset in [oo01213]. There are 60 distinct single 

cosets in [oo01213].
t4 takes [oo0121] to a single coset in [oo01oo24], since oo01214

= (I,3,4,oo,0)oo23oo41 thus Noo01214 = Noo23oo41 G [oo01oo24] since Noo01oo24 
conjugated by (1,3,0,2,4) G L2(5) is Noo23oo41. To prove oo01214
= (1,3,4,00,0)oo23oo41 move the relation to one side of the equal sign and prove it 
equals identity.

(l,3,4,oo, 0)oo23oo4141210oo = (1.3.4.00.0)oo23ool411210oo (by relation (4)) 
= (1.3.4.00.0)oo23ool411210oo = (1,3,4,00,0)oo23oo 1421 Ooo

= (1,3,4,oo, 0)oo23oo (l,2,4)(3,oo, 0)4124 Ooo (by relation (3) conjugated by 
(l,2,0)(3,oo,4) GL2(5))

-- (l.oo.3)(2.4.0)04oo041240oo = (1,00,3)(2,4,0)0(1,3,2)(4,0, oo)oo40oo
1240oo (by relation (3) conjugated by (1,0,4,3,2) G L2(5))

= (1.4.OO.2.0)oooo40ool240oo = (l,4,oo,2,0)40ool240oo -- e (by relation (2) 
conjugated by (1,2,0,00,3) G L2(5)).

Noo01210 = Noo02120 by relation (6) conjugated by (2,4)(3,oo) G L2(5).
Noo01210 = Noo02120 = N(oo,l,0,3,2)20oo320 by relation (1) conju­

gated by (l,0,2,oo,4) G L2(5).
=$> Noo01210 = N(oo. 1,0.3.2)20oo320 = N(oo, 1,0,3,2)20(oo, 0,3,4,2)23oo4 

by relation (2) conjugated by (1,0,oo)(2,3,4) G L2(5).
=> Noo01210 = N(oo, 1,3)(2,0,4)oo323oo4 = N(oo, 1,3)(2,0,4)
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(oo, 3,2)(4,0,1)230324 by a previously proven relation, ooOlOoo
= (00,0,1X4,3,2)100001, conjugated by (1,2)(3,0) G L2(5).

=> #oo01210 = #(l,2)(4.oo)230324 = #230324 G [oo010oo2] since 
#oo010oo2 conjugated by (l,0,3)(2,4,oo) G L2(5) is #230324.

So Zo takes [oo0121] to a single coset in [oo010oo2].
Zoo takes [oo0121] to a single coset in [oo01032], since oo0121oo

= (l,oo)(2,0)431302 thus #oo0121oo = #(l,oo)(2,0)431302 = #431302 G [oo01032] 
since #oo01032 conjugated by (3,0)(4,oo) G L2(5) is #431302.. To prove oo0121oo 
= (l,oo)(2,0)431302 move the relation to one side of the equal sign and prove it equals 
identity.

(1, oo)(2,0)431302ool210oo = (1,oo)(2,0)43(1,2,3,4,0)0314ool210oo (by rela­
tion (2) conjugated by (1,2, 3,4,0) G L2(5))

= (Loo,2)(3,4.0)040314ool210oo = (l,oo,2)(3,4,0) 0403
(l,oo,4)(2,0,3)41oo4 210oo (by relation (4) conjugated by (l,3,oo, 0,2) G L2(5))

= (1,4.3)(2,oo.0)313241oo43210oo = (1.4.3)(2.oo.0)131241oo43210oo (by re­
lation (6) conjugated by (2,0)(3,4) G L2(5))

= (1.4.3)(2.oo.0)131241oo43210oo = (1,4,3)(2,oo,0)13 (1,4, 2)(3,0,oo)2142 
oo43210oo (by relation (3) conjugated by (1,4,co)(2,3,0) G Z2(5))

= (1.2,3,4,0)402142oo4210oo = (1,2,3,4,0)4021 (1,0,3)(4,oo,2)24oo2 210oo 
(by relation (4) conjugated by (2,4)(3,oo) G Z2(5))

= (1,4,3. oo, 2)oo34024oo2210oo = (1,4,3, oo, 2)oo3(l, 3, oo)(2,0,4)0420ool0oo 
(by relation (3) conjugated by (l,2)(4,oo) G L2(5))

= ((1,2,3)(4, oo, 0)loo0420ool0oo = ((1,2,3)(4,oo,0)loo042
(l,oo, 0)(2,4,3)oo01 oooo (by relation (3))

= (1,4, 0,3,oo)ool034oo01oqqq = (1,4,0,3, oo)ool034oo01 = e by relation (2) 
conjugated by (l,4,oo,2,0) G Z2(5).

Now consider [oo0123]. #(°o0123) has orbits {1}, {oo}, {2,0}, and {3,4}. So we 
need to look at [oo01231], [oo0123oo], [oo01232], [oo01233],

First [oo01233] = [oo012]. So Z3, a representative from one of the 2-orbits, takes 
[oo0123] back to a single coset in [oo012].

fi takes [oo0123] to a single coset in [oo01231].
#oo01231 = #oo(0.3.1.4.2)21041 by relation (1).
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=> Noo01231 = N(0,3,l,4,2)oo21041 = Noo21041 G [oo21041].
7V(o°01231) = ((2,0)(3,4)) so there are 30 distinct single cosets in [oo01231|.
As previously shown, oo0132 = (l,oo,0)(2,4,3)23041. So it follows that 

Noo01322 = N(l,oo,0)(2,4,3) 230412
=> Noo013 = N(l,oo,0)(2,4,3)230412 = N230412 G [oo0123oo] since 

Noo0123oo conjugated by (l,0,3)(2,4,oo) G 1/2(5) is N230412.
So too takes [oo0123] to a single coset in [oo013].
t2, a representative from the other 2-orbit, takes [oo0123] to a single coset in 

[oo01232].
Noo01232 = N314oo2oo — N2403oo3 since oo01232 = (0,2,4,1,3) 314oo2oo 

and oo01232 = (l,3,4,oo,0) 2403oo3.
To prove oo01232 = (0,2,4,l,3)314oo2oo we will first move the relation to one 

side of the equal sign and then prove it equals identity.
(0,2,4,l,3)314po2oo23210oo = (0,2,4,1,3)314 2oo2 23210oo (by relation (5) 

conjugated by (1,3,4,2,0, oo) G L2(5))
= (0,2,4, l,3)3142oo223210oo = (0.2,4.1.3)3142oo 3210oo = (0,2,4,1,3) 

3142oo (l,3,0,2,4)1234oo (by relation (1) conjugated by (l,2)(3,0) G L2(5))
= (1,0,4,3,2)0314ool234oo = (1,0,4,3,2)03 (l,oo,4)(2,0,3)41oo4 234oo (by 

relation (4) conjugated by (l,2,4)(3,oo,0) G L2(5))
= (1.3.0X2.00.4)324100423400 = (l,3,0)(2,oo,4) 324 (1,2,00,3,4)40013 34oo 

(by relation (1) conjugated by (l,oo,0,4,2) G L2(5))
= (1,4, oo)(2,3,0)4ool4ool334oo = (1,4,co)(2,3,0)4ool4ool4oo = e (by rela­

tion (4) conjugated by (l,3)(2,oo) G L2(5)).
To prove oo01232 = (l,3,4,oo,0)2403oo3 we will first move the relation to one 

side of the equal sign and then prove it equals identity.
fl, 3,4,oo, 0)2403oo323210oo = (l,3,4,oo,0) 2403oo 232 210oo (by relation (5) 

conjugated by (l,oo,2)(3,4,0) G L2(5))
= (l,3,4,oo,0) 2403oo23 22 lOoo = (1.3.4.oo. 0)2 403oo 2310oo = (l,3,4,oo,0) 

2(l,3,4,oo,0)3041 2310oo (by relation (1) conjugated by (l,0,3)(2,4,oo) 6 L2(5))
= (1.4.0,3.oo)230412310oo = (1,4,0,3,00)230412(1,4,0,3,00)0134 (by rela­

tion (2) conjugated by (l,oo,2)(3,4,0) G L2(5))
= (1.0.oo.4.3)2oo30420134 = (l,0,oo,4, 3)2(l,0,oo,4,3)03ool20134 (by rela­
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tion (1) conjugated by (1,3,4)(2,0,oo) G is(5))
= (1, oo. 3.0.41)203ool20134 -- (l,oo,3,0,4)203ool2(l,oo, 3,0,4)310oo (by rela­

tion (2) conjugated by (l,oo,2)(3,4,0) € L2(5))
= (1,3,4,oo, 0)2403oo2310oo = (1,3,4, oo, 0)240(1,4,0)(2, oo, 3)oo32ool0oo (by 

relation (3) conjugated by (l,2)(3,0) G L2(5))
= (1.2.oo)(3,0.4)oo01oo32ool0oo = (1,2, oo)(3,0,4) (l,0,oo)(2,3,4)0ool0 

32ool0oo (by relation (3))
= (l,3,oo,0,2)0ool032ool0oo = (I,3,oo30,2)0(l,2,0,oo,3)01oo22ool0oo (by 

relation (2) conjugated by (l,2)(4,oo) G L2(5))
= oo01oo22ool0oo = 00OI0000IO00 = 00OIIO00 = 00OO00 = 0000 = e.
^(0001232) ((l,0,4)(2,3 ,00)) so there are 20 distinct single cosets in [oo01232].

Now consider [oo0120]. /yC000120) has orbits {2}, {4}, {1,0}, and {3,00}. So we 
need to look at [oo01202], [oo01204], [oo01200], and [oo01203].

First [oo01200] = [oo012]. So to> a representative from one of the 2-orbits, takes 
[oo0120] back to a single coset in [oo012j.

[oo01202] = [oo01020] (by relation (6) conjugated by (1,0)(3,4) G £2(5)). So t2 
takes [oo0120] to a single coset in [oo01020|.

t4 takes [oo0120] to a single coset in [oo01204]. TVoo 01204
= TVoo (1,0,2)(3,4,oo)10214 = N(l,0,2)(3,4,oo) 310214 = N310214. If we conjugate 
this relation by (1,4)(2,3) and again by (2.oo)(4,0) G L2(5), we obtain Noo01204 = 
N310214, Noo04301 = N240341, and N241oo40 = TV314ool0.

We can prove Noo01204 = TVoo04301 by proving oo01204 = (1,2,00,3,4) 
oo04301. We will do this by moving the relation to one side of the equal sign and proving 
it equals identity.

(1.2.00.3.4)oo0430140210 = (l,2,oo,3,4)oo0 (l,oo,2)(3,4,0)4034 40210 (by 
relation (4) conjugated by (1,2,4,0,00) G L2(5))

= (3,0)(4. oo)24034140210oo =- (3.0)(4. oo)24031410210oo (by relation (6))
= (3,0)(4,oo)240314W210oo - (3,0)(4,oo)240314(l,2,0)(3,oo,4)01200oo (by 

relation (4) conjugated by (l,oo,4)(2,0,3) G L2(5))'
= (1,2,0,00,3)031oo2301200oo = (1,2,0, oo, 3)03 loo23 012oo = (1,2,0,00,3) 

03(l,3,oo, 0,2)2ool0 012oo (by relation (2) conjugated by (1,0,2,00,4) G L2(5))
= 2co2ooll2oo = 2oo2oo2oo = oo2oooo2oo (by relation (5) conjugated by
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(2,0)(3,4) G L2(5))
= oo2oooo2oo = oo22oo = oooo = e.
Now Noo01204 = N241oo40 since oo01204 = (1,0,2,00,4) 241oo40. We will 

prove this by moving the relation to one side of the equal sign and proving it equals 
identity.

(1,0,2,00,4)241oo4040210oo = (1,0,2,00,4) 241oo4 404 210oo (by relation (5) 
conjugated by (1,2,3)(4, oo, 0) G 7L2(5))

= (1,0,2,oo,4)241oo4404210oo -- (1,0,2,00,4)24 loo04 210oo = (1,0,2,00,4) 
24(l,4,oo,2,0)0ool2 210oo (by relation (2) conjugated by (1,4,0)(2,00,3) 6 JS2(5))

= O00O00IIO00 = OcoOooOoo = O00OO00O (by relation (5))
—- O00OO00O = O0000O — 00 e
Hence Noo01204 = N241oo40 = Noo04301 = N310214 = N314ool0

= N241oo40 = N240341. N(°°01204) = ((1,0)(3,oo), (1,0,4)(2,3,00)) so there are 10 
distinct single cosets in [oo01204].

As previously shown oo0231 -- (oo,4,0)(l, 3,2)3oo20oo. If we conjugate this 
relation by (1,3,00,0,2) G 7* 2(5) we obtain 021oo = (0,4,2)(1,3,oo)oo01203 so Noo01203 
= N021oo G [oo023], since Noo023 conjugated by (1,3,00,0,2) G Z* 2(5) is N021oo. So 
t3, a reprentative from the other 2-orbit, takes [oo0120] to a single coset in [oo023].

Now consider [oo012oo]. yyt0001200) has orbits {1}, (2), {3}, {4}, {0}, and {00}. 
So we need to look at [oo012ool], [oo012oo2], [oo012oo3], [oo012oo4], [oo012oo0], and 
[oo012oooo],

First [oo012oooo] = [oo012]. So take [co012oo] back to a single coset in 
[oo012].

t\ takes [oo012oo] to a single coset in [oo01oo40], since oo012ool = (2,00,0,3,4) 
143124 thus Noo012ool = N143124 G [oo01oo40] since Noo01oo40 conjugated by 
(1,3,00)(2,0,4) G 7L2 (5) is N143124. To prove oo012ool = (2,00,0, 3,4)143124 move the 
relation to one side of the equal sign and prove it equals identity.

(2,00,0,3,4)1431241oo210oo = (2,00,0,3,4)(1,3,4)(2,0, oo)4134 
241oo210oo (by relation (3) conjugated by (1,3,0)(2,00,4) G L2(5))

= (1,3)(4,0)4134241oo210oo = (l,3)(4,0)4132421oo210oo (by relation (6) con­
jugated by (1,2)(3,0) gL2(5))

= (L3)(4.0)4132421oo210oo = (1,3)(4,0)41324(1,2,oo)(3,0,4)12ooll0oo (by 
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relation (3) conjugated by (l,oo)(2,0) G La(5))
= (1,0,3,2,oo)320oo312oo0oo = e (by a previously proved relation (l,oo,0,4,2) 

oo014oo20414 = e conjugated by (l,0,2)(3,4,oo) G ^2(5)).
t2 takes [oo012oo] to a single coset in [oo01oo20], since oo012oo2

= (1,3, oo, 0,2)0ool03oo thus 7Voo012oo2 = N0col03oo G [oo01oo20] since Noo01oo20 
conjugated by (2,3)(0,oo) G L2(5) is TV0ool03oo. To prove oo012oo2
= (l,3,oo, 0,2)0ool03oo move the relation to one side of the equal sign and prove it 
equals identity.

(1,3, oo, 0,2)0ool03oo2oo210oo = (1.3.oo, 0,2)0ool03oooo2ool0oo (by relation 
(5) conjugated by (2,0)(3,4) G 1,2(5))

= (1,3, oo, 0,2)0ool03oooo2ool0oo = (1,3, oo, 0,2) OoolO 32ool0oo
= (l,3,oo,0,2) (l,oo,0)(2,4,3)oo01oo 32ool0oo (by relation (3))

= (1,2,oo)(3,0.4)oo01oo32ool0oo = (l,2,oo)(3,0,4)oo01oo (1,2,0,oo,3)oo230 
Ooo (by relation (2) conjugated by (l,0,oo,4,3) G 1/2(5))

= (1,0,4)(2,3,oo)3oo23oo23oo = e (by relation (3) conjugated by (1,2)(3,0) G 
£2(5)).

A takes [oo012oo] to a single coset in [oo012oo3].
Noo012oo3 = N10oo214 since oo012oo3 = (1,3,2,4, oo)10oo214.
To prove oo012oo3 = (1,3,2,4, oo)10oo214 we will first move the relation to one 

side of the equal sign and then prove it equals identity.
(1.3.2.4.oo)10oo2143oo210oo = (l,3,2,4,oo)10oo214 (l,oo,4,2,3)2oo34 Ooo 

(by relation (2) conjugated by (1,4,3)(2,00,0) G 1,2(5))
= oo043oo22oo340oo = oo043oooo34 Ooo = oo043340oo = co044Ooo = 00OO00 = 

0000 = e.

t4 takes [oo012oo] to a single coset in [oo012oo4].
Noo012oo4 = N0oo4201 since oo012oo4 = (l,oo,0,4,2)0oo4201.
To prove oo012oo4 = (l,oo,0,4,2)0oo4201 we will first move the relation to one 

side of the equal sign and then prove it equals identity.
(l,oo, 0,4,2)0oo42014po210oo = (l,oo, 0,4,2)0oo42(l, 2,4,0,oo)410221 Ooo (by 

relation (1) conjugated by (2,0,4,00,3) G ^(5))
= ool044102210oo = 00IOIOIO00 — 00IOOIOO00 (by relation (5) conjugated by 

(l,oo)(3,4)G£2(5)) .....
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— oolOOlOOoo = oolloo -= oooo = e.
to takes [oo012oo] to [co01024], since oo012oo0 = (l,oo,0)(2,4,3)1303oo4 thus 

Noo012oo0 = N1303oo4 6 [oo01024] since Noo01024 conjugated by (1,0,3,2,oo) G L2(5) 
is N1303oo4. To prove oo012oo0 = (1,00,0)(2,4,3)1303oo4 move the relation to one side 
of the equal sign and prove it equals identity.

(I,oo,0)(2,4,3)1303oo40oo210oo = (I,oo,0)(2,4,3)1030oo40oo210oo (by rela­
tion (5) conjugated by (2,3)(3,oo) G £2(5))

= fl, 00.0)(2.4.3)1030oo40oo210oo = (l,oo,0)(2,4,3)103
(1,2,3)(4,00,0)oo04oo oo210oo (by relation (3) conjugated by (1,4)(2,3) G £2(5))

= (1,0,2,00,4)241oo04210oo = (1,0,2,00,4)24(1,4,00,2,0)0001221000 (by re­
lation (2) conjugated by (1,2,00,3,4) G £2(5))

= 0oo0ool2210oo = OooOoollOoo = O00O00O00 = O00OO00O (by relation (5))
= O00OO00O = O0000O = 00 = e.

Now consider [oo0130], A^000130) has orbits {2}, {0}, {l,oo}, and {3,4}. So we 
need to look at [oo01302], [oo01300], [oo01301], and [oo01303].

First [0001300] =• [oo013]. So to takes [oo0130] back to a single coset in [00013]. 
t2 takes [oo0130] to a single coset in [oo01302].
Noo01302 = N0ool2oo3 = Nool0314 = N10oo402 = N01oo214 = Nloo04oo3 

since by relation (2) conjugated by (1,4,00,2,0) G £2(5) we know (1,4,0,3,oo)oo013 = 
10oo4.

=> N(l,4,0,3,oo)oo01302 = N10oo402.
=J> Noo01302 = N10oo402
If we conjugate this equation by (2,3)(0,oo) and (.1,0) (2,4) G £2(5) we obtain 

N0ool2oo3 — Nloo04oo3 and Nool0314 = N01oo214.
Now Noo01302 — (1,00,3,0,4)10oo402 (as previously shown)
= (l,oo,3.0,4)10oo402 = (l,oo,3,0,4)10(2,4,3,0,oo)04oo3 (by relation (2) 

conjugated by (1,3,2,4,00) G L2(5))
= (1,2,4)(3,oo,0)loo04oo3
So TVoo01302 = Nloo04oo3
Now Noo01302 — NoqO (1,2,3,4,0)0314 (by relation (2) conjugated by 

(1,4)(2,3) gL2(5))
= N(l, 2,3,4,0)ool0314 = Nool0314.
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So now we have #oo01302 = #10oo402 = #0ool2oo3 = #loo04oo3
= #0010314 = #01oo214.

^y(oo0i302) _ ((ijOOX3,4)) so there are 10 distinct single cosets in [oo01302].
ti, a representative from one of the 2-orbits, takes [oo0130] to a single coset in 

[oo023] because we previously proved oo0230 = (2,0,3)(l,oo,4)42032
=> #oo023 = #(2,0,3)(l,oo,4)420320 = #420320 € [oo01301] since 

#oo01301 conjugated by (1,0,2,oo,4) € L2(5) is #420320.
t3, a represetative from the other 2-orbit, takes [oo0130] to a single coset in 

[oo01031 since #oo01303 = #oo01030 (by relation (5) conjugated by (l,0)(2,4) 6 L2(5))
= #oo01030 = #oo01030 (by relation (5) conjugated by (l,oo)(3,4) G L2(5)) 
#oo01030 G [oo01031] since #oo01031 conjugated by (l,0)(2,4) G L2(5) is 

#oo01030.

Now consider [oo0131]. #(°°0131) has orbits {1}, {2}, {3}, {4}, {0} and { 00}. So 
we need to look at [oo01311], [oo01312], [oo01313], [oo01314], [oo01310], and [oo0131oo].

First [oo01311] = [oo013]. So ti takes [oo0131] back to a single coset in [oo013]. 
t2 takes [oo0131] to a single coset in [oo012oo3], since #oo01312

= #(1,4,0,3, oo)230421 = #230421 G [oo012oo3] since #oo012oo3 conjugated by 
(1,0,3)(2,3,00) G L2(5) is #230421. To prove oo01312 = (1,4,0,3,oo)230421, we will 
move the relation to one side of the equal sign and prove it equals identity.

(1,4,0,3,oo)23042121310oo = (1,4.0.3. oo)23041211310oo (by relation (6) con­
jugated by (2,4)(3,00) G L2(5))

= (1,4,0,3, oo)23041211310oo =(1,4,0,3, oo)2304 12310oo =(1,4,0,3, oo)2304
(1,3,2)(4,0,  oo)2132 Ooo (by relation (4) conjugated by (l,4)(0,oo) G L2(5))

= (l,0,2)(3,4,oo)12oo021320oo = (1,0,2)(3,4, oo)12(l, 0,3,2, oo)20oo3320oo 
(by relation (1) conjugated by (l,4)(0,oo) G Z2(5))

= (1,3,4)(2,0,oo)0oo20oo3320oo = (l,3,4)(2,0,oo)0oo 20oo20oo
= (1,3,4)(2,0,oo)0oo (1,4,3)(2,oo,0)02oo0 Ooo (by relation (4) conjugated by 
(l,3,oo)(2,0,4) G L2(5))

= 2002oo00oo = 22oooo = e.
t3 takes [oo0131] to a single coset in [oo024] since by relation #oo01313 = 

#oo01131 (by relation (6) conjugated by (2, 0)(3,4) G L2(5))
= #oo01131 = #oo031 G [oo024] (since #oo024 conjugated by (1,4)(2,3) G
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L2(5) is Noo031.
t4 takes [oo0131] to a single coset in [oo01oo20] since Noo01314

= N(l,0,3)(2,4, oo)01oo041 = N01oo041 G [oo01oo20] since Noo01oo20 conjugated by 
(l,oo, 0)(2,4,3) G L2(5) is N01oo041.

To prove oo01314 -- (1,0,3)(2,4, oo)01oo041 we move the relation to one side of 
the equal sign and prove it equals identity.

(1,0,3)(2,4,oo)01oo04141310oo = (1,0,3)(2,4,00)01000141131000 (by relation 
(6))

= (l,0,3)(2,4,oo)01oo01411310oo = (l,0,3)(2,4,oo)01oo0 14310oo
= (l,0,3)(2,4,oo)(l,0,oo)(2,3,4)10ool 14310oo (by relation (3) conjugated by
(1,00,0)(2,4,3) £ L2(5))

= (1,00,3,0,4)10ooll4310oo = (l,oo,3,0,4)10oo4310oo = e (by relation (2) 
conjugated by (l,3,4)(2,0,oo) G L2(3))-

to takes [oo0131] to a single coset in [oo01310]. Noo01310 = 1V431013 since 
oo01310 = (1,3,0)(2,00,4)431013 by moving the relation to one side of the equal sign 
and proving it equals identity.

(l,3,0)(2,oo,4)43101301310oo = (l,3,0)(2,oo,4)4310 (l,0,3)(2,4,oo)3103 
310oo (by relation (1) conjugated by (1,0)(3,00) £ L2(5))

= ool0331010oo = 00IOIOIO00 = 00IOOIOO00 (by relation (6) conjugated by 
(l,0)(3,oo)GL2(5))

= 00IOOIOO00 = ooll 00 = 0000 = e.
yy(ooOi3io) _ ((3J0)(4,oo)) so there are 30 distinct single cosets in [oo01310].
too takes [oo0131] to a single coset in [oo0131oo]. There are 60 distinct single 

cosets in [oo0131oo].

Now consider [oo0141]. has orbits {0}, {00}, {1,4}, and {2,3}. So we
need to look at [oo01410], [oo0141oo], [oo01411], and [oo01412].

First [oo01411] = [oo014]. So ti, a representative from one of the 2-orbits, takes 
[oo0141] back to a single coset in [oo014].

to takes [oo0141] to a single coset in [oo010oo2], since Noo01410
= TV(l,oo)(2,0)30203oo = N30203oo G [oo010oo2] since 7Voo010oo2 conjugated by 
(1,2,oo.3.4) G L2(5) is Ar30203oo. To prove oc01410‘= (l,oo)(2,0)30203oo, we will move 
the relation to one side of the equal sign and prove it equals identity.
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(1, oo)(2,0)30203oo01410oo = (1, oo)(2,0)32023oo01410oo (by relation (5) con­
jugated by (1,3)(2,0) G £2(5))

= (1. oo)(2.0)32023oo01410oo = (l,oo)(2,0)32(2,4,3,0,oo)320401410oo (by re­
lation (2) conjugated by (l,oo)(3,4) G I2(5))

= (1,2,00) (3,0,4)04320401410oo = (1,2,00)(3,0,4)04324044140oo (by relation 
(6) and relation (6) conjugated by (l,0)(3,oo) G 1*2(5))

= (1,2,00) (3,.0,4)04324044140oo = (1,2,,oo)(3,0,4)0432 4014 Ooo
= (1,2, oo)(3,0,4)0432 (l,0,4)(2,3,oo)0410 Ooo (by relation (4) conjugated by 
(l,oo,3)(2,4,0) GL2(5))

= (1,3,4,00,0)41oo304100oo = (1,3,4,00,0)41oo3041oo = e by relation (1) 
conjugated by (2,4,3,0,00) G L2(5).

takes [oo0141] to a single coset in [oo0103oo], since Noo0141oo
= N(l,4)(2,3)0232oo0 = N0232oo0 G [oo0103oo] since 7Voo0103oo conjugated by
(1,3, oo.O,2) G L2(5) is N0232oo0. To prove oo0141oo = (1,4) (2,3)0232oo0, we will move 
the relation to one side of the equal sign and prove it equals identity.

(1,4)(2,3)0232oo0ool410oo. = (1,4)(2,3)0232ooll 0ool410oo
= (l,4)(2,3)0232ool IO00I 410oo = (l,4)(2,3)0232ool (l,oo,0)(2,4,3)01oo0 410oo (by 
relation (3) conjugated by (l,oo)(3,4) G £2(5))

= (1.3.4,oo. 0)14240oo01oo0410oo = (1,3,4,00,0)1424oo0ooloo0410oo (by re­
lation (5))

= (1,3,4,00.0)1424oo0ooloo0410oo = (1,3,4,00,0)1424oo01ool0410oo (by re­
lation (6) conjugated by (3, 0)(4,oo) G L2(5))

= (1,3,4,oo, 0)1424oo01ool0410oo = (1,3,4,00,0)1424oo01oo
(l,4,0)(2,oo,3)01400oo (by relation (4) conjugated by (l,oo,2)(3,4,0) G £2(5))

= (l,2,oo,)(3,0,4)40oo0314301400oo = (l,2,oo,)(3,0,4)40oo03143 014oo = 
(l,2,oo, )(3,0,4)40oo03143 (1,2,4,0,oo)4102 (by relation (1) conjugated by (2,4)(3,oo) 
G L2(5))

= (1.4.3,oo, 2)0ooloo32034102 = (1,4,3,00,2)0ooloo(l, 4,00) (2,3,0)23024102 
(by relation (3) conjugated by (1,0,2)(3,4,oo) G L2(5))

= (1,00,3)(2,4,0)214123024102 = (1,00,3)(2,4,0)21412 (1,2,3,4,0)2031102
(by relation (2) conjugated by (1,4,2,0,3) G L2(5))

= (1,00,4)(2,0,3)3202323031102 = (1, co, 4)(2,0,3)320232 0302
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= fl,oo, 4) (2,0,3)320232 3032 (by relation (5) conjugated by (2,4)(3,oo) 6 L2(6))
= (1, oo,4)(2,0,3)3202323032 = (l,oo,4)(2,0,3)3202232032 (by relation (5) 

conjugated by (l,oo,3)(2,4,0) G L2(5))
= (l,oo, 4)(2,0,3)3202232032 = (1,00,4)(2,0,3)32032032 = e by relation (3) 

conjugated by (l,0,3)(2,4,oo) G L2(5).
t2, a representative from the other 2-orbit, takes [oo0141] to a single coset in 

[oo01024], since Noo01412 = N(l,2,oo,3,4)43oo301 = N43oo301 G ,[oo01024] since 
Noo01024 conjugated by (l,oo.4)(2,0,3) G 7^2(5) is N43oo301. To prove oo01412 = 
(1,2,00,3,4)43oo301, we will move the relation to one side of the equal sign and prove it 
equals identity.

(1,2,00,3,4)4 3oo3012141 Ooo = (1,2,00,3,4)4oo3oo0212410oo (by relation (5) 
conjugated by (1,2)(3,0) and (1,4,00,2,0) G L2(5))

= (1,2,00,3,4)4oo3oo021241 Ooo = (1,2,oo,3,4)4oo(3,2,oo, l,0)0oo3112410oo 
(by relation (1) conjugated by (loo, 4)(2,0,3) G L2(5))

= (l,oo,2)(3,4,0)410oo3112410oo - (l,oo,2)(3,4,0)410oo32410oo = e (by a 
previously proved relation).

Now consider [oo0142]. TV(°°0142) has orbjts {1}, {2}, {3}, {4}, {0} and {00}. So 
we need to look at [co01421], [oo01422], [oo01423], [oo01424], [oo01420], and [oo0142oo].

First [oo01422] = [oo014]. So t2 takes [oo0142] back to a single coset in [oo014], 
tx takes [oo0142] to a single coset in [oo01023], since Noo01421

= N(l,'2,oo,3,4)43oo301 = N43oo301 G [oo01023] since Noo01023 conjugated by 
(1, oo.4)(2,0,3) G L2(5) is N43oo301. To prove oo01421 = (1, 2,00, 3,4)43oo301, we will 
move the relation to one side of the equal sign and prove it equals identity.

(1.2.00.3.4)43oo30212410oo = (1,2,00,3,4)43oo302
(1,4,2)(3,0,  oo)21420oo (by relation (3) conjugated by (l,4,oo)(2,3,0) G £^(5))

= (2:3)(0. oo)2030ool21420oo •= (2,3)(0, oo)203(0,2,00,4, l)loo041420oo (by 
relation (2) conjugated by (1,2,00,3,4) € £2(5))

- (l,0,4)(2,3. oo)oo231oo041420oo = (I,0,4)(2,3,oo)oo231oo04 
(l,0,4,3,2)2413oo (by relation (2) conjugated by (l,0)(2,4) G £2(5))

= (1,4, 0,3. oo)ool20oo432413oo = (1,4,0,3,oo)ool20oo
(1,0,oo)(2,3,4)342313oo (by relation (2) conjugated by (l,oo,0)(2,4,3) G L2(5))

= fl. 2.3)(4,00.0)103ool342313oo = (1,2,3)(4,oo, 0)103ool3
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(4, l,2,oo, 3)324oo3oo (by relation (1) conjugated by (l,2,3)(4,oo,0) G L2(5))
= (l,oo,0)(2,4,3)204324324oo3oo = (l,oo,0)(2,.4,3)204 (l,0,oo)(3,4,2)2342 

24oo3oo (by relation (4) conjugated by (l,0,oo)(2,3,4) G L2(5))
= 3oo2234224oo3oo = 3oo344oo3oo = 3oo3oo3oo =■ 3oo33oo3 (by relation (5) 

conjugated by (l,2)(3,0) G L2(5))
= 3oo33oo3 = 3oooo3 = 33 = e.
t3 takes [oo0142] to a single coset in [oo023], since we previously proved oo0234 

= (1,3,0)(2,oo,4)320ool. So it follows that Noo023 = N(l,3,0)(2, oo,4)320ool4 = 
N320ool4 G [oo01423] since Noo01423 conjugated by (l,0,2)(3,4, oo) G L2(5) is 
N320ool4.

takes [oo0142] to a single coset in [oo01oo40], since Noo01424 =
N(l,3,4, oo,0)oo23ool2 = TVoo23ool2 G [oo01oo40] since Noo01023 conjugated by 
(1,3,0,2,4) G L2(5) is TVoo01023. To prove oo01424 = (l,3,4,oo, 0)oo23ool2, we will 
move the relation to one side of the equal sign and prove it equals identity.

(1,3,4, oo, 0)oo23ool242410oo = (l,3,4,oo,0)oo23oo 122421Ooo (by relation (6) 
conjugated by (l,2)(3,0) G L2(5))

— (1,3,4, oo, 0)oo23ool224210oo = (1,3,4, oo, 0)oo23oo 14210oo
= (1,3,4,oo, 0)oo23oo (l,2,4)(oo, 0,3)41240oo (by relation (3) conjugated by 
(l,2,oo)(3,0,4) G L2(5))

= (l,oo,3)(2,4,0)04oo041240oo = (1, oo, 3) (2,4,0)(l, 3,2) (4,0, oo)40oo4 
41240oo (by relation (3) conjugated by (l,oo,0,4, 2) G L2(5))

— (1,4,oo. 2.0)40oo441240oo = (l,4,oo,2,0)40ool240oo = e (by relation (2) 
conjugated by (1,2,0, oo,3) G L2(5)).

to takes [oo0142] to a single coset in [oo01231], since 7Voo01420
= N(l,2,3)(4,oo,0)10oo24oo = N10oo24oo G [oo01231] since Noo01231 conjugated by 
(l,oo)(3,4) G L2(5) is N10oo24oo. To prove oo01420 = (1,2,3)(4,oo}0)10co24oo, we will 
move the relation to one side of the equal sign and prove it equals identity.

(1.2.3)(4.oo.0)1 0oo24oo02410oo = (l,2,3)(4,oo,0)10
(1,3,0)(2, oo,4)2oo42 02410oo (by relation (4) conjugated by (2,oo,0,3,4) G £2(5))

= (l,oo)(2,0)312oo4202410oo = (l,oo)(2,0)312oo4020410oo (by relation (5) 
conjugated by (l,4,3)(2,oo, 0) G L2(5))

= (l,oo)(2,0)312oo4020410oo = (l,oo)(2,0)312oo402 (3,2,oo)(0,1,4)4014oo
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(by relation (4) conjugated by (l,2,0,oo,3) G 7*2(5))
= (1.3.2) (4. 0.oo)24oo301oo4014oo = (l,3,2)(4,0,oo)24oo (3, oo, 0,2,1)1032 

4014oo (by relation (2) conjugated by (l,oo,4)(2,0,3) G L2(5))
= (l,oo,4,2,3)14010324014oo = (1. oo. 4,2.3)14101324014oo (by relation (5) 

conjugated by (l,oo)(3,4) G L2(5))
= (l,oo,4,2,3)14101324014oo = (l,oo,4,2; 3)41401324014oo (by relation (6))
= (l,oo, 4,2,3)41401324014oo = (1, oo, 4,2,3)4 (oo, 2,3) (1,0,4)4104324014oo 

(by relation (4) conjugated by (1,2, )(3,0) G 7*2(5))
= (1,2, oo)(3,0,4)14104324014oo = (l,2,oo)(3,0,4)41404324014oo (by relation 

(6))
= (1,2, oo)(3,0,4)4140432401400 = (1,2,oo)(3.0,4)41040324014oo (by relation 

(5) conjugated by (l,2)(4,oo) G L2(5))
= (1,2, oo)(3.0.4)41040324014oo = (1,2,oo)(3,0,4)41040324(1,2,4,0, oo)4102 

(by relation (1) conjugated by (2,4)(3,oo) G £2(5))
= (1,4,3, oo, 2)02oo0oo3404102 = (1,4,3, oo, 2)02oo0oo34(l, 4,0)(2,oo, 3)40142 

(by relation (4) conjugated by (1,2,0,00,3) G L2(5))
= (l,0)(2,4)loo3132040142 = (l,0)(2,4)loo3132404142 (by relation (5) conju­

gated by (l,2)(4,oo) G L2(5))
= (1,0)(2,4)loo3132404142 = (l,0)(2,4)loo3132401412 (by relation (6))
= (l,0)(2,4)loo3132401412 = (1,0)(2,4)loo3132(l, 0,4)(2,3,oo)041012 (by re­

lation (4) conjugated by (l,oo,3)(2,4,0) G L2(5))
= (1,4,3, oo, 2)02oo0oo3041012 = (1,4,3, oo, 2)02oo0(l, 0, oo, 4,3)03ooll012 

(by relation (1) conjugated by (1,3,4)(2,0,oo) G £2(5))
= (1,3,4)(2,0, oo)oo24oo03ooll012 = (1,3,4)(2, 0, oo)oo24oo03oo012 

= (1,3,4)(2,0, oo)oo24(l, 4,2)(3,0, oo)0oo30012 (by relation (4) conjugated by 
(2,oo)(4,0) G L2(5))

= (1,0,3,2. oo)3120oo30012 = (1,0,3,2,oo)3120oo312 = e (by relation (1) con­
jugated by (2,3,oo,4,0) G L2(5)).

takes [oo0142] to a single coset in [oo0142oo] which has 60 distinct single 
cosets.

Now consider [oo0143]. N^000143) has orbits {2}, {0}, {l,oo}, and {3,4}. So we 
need to look at [oo01432], [oo01430], [oo01'431], and [oo01433].
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First [oo01433] = [oo014]. So t3, a representative from one of the 2-orbits, takes 
[oo0143] back to a single coset in [oo014].

t2 takes [oo0143] to a single coset in [oo01204], since Noo01432
= N(l,4,oo,2,0)203oo04 = N203oo04 £ [oo01204]. To prove oo01432
= (1,4, oo, 2,0)203oo04, we will move the relation to one side of the equal sign and prove 
it equals identity.

(1,4,00,2,0)203oo0423410oo = (1,4,00,2, 0)2(1,4,2)(3,0, oo)30oo3 
423410oo (by relation (4) conjugated by (1,2,0)(3,00,4) £ £2(5))

= (l,2,oo)(3,0,4)130oo3423410oo= fl.2,oo)f3,0,4)130oo 
(l,oo,0)(2,4,3)4324410oo (by relation (4) conjugated by (2,3)(0,oo) £ £2(5))

= fl, 4,2,0,3)oo2104324410oo = (1,4,2.0,3)oo21043210oo = (1,4,2,0,3)00 
(1,3,0,2,4)01233210oo (by relation (1))

= oo01233210oo = oo012210oo = 00OIIO00 = 00OO00 = 0000 — e.
to takes [oo0143] to a single coset in [oo01430]. As we previously proved oo0143 = 

(l,oo, 3,0,4)10oo34. So it follows that Noo01430 = N(l,oo, 3,0,4)10oo340 = N10oo340. 
A^(oo0i430) _ ((1, oo)(3,4)) so there are 30 distinct single cosets in [oo01430].

too, a representative from the other 2-orbit, takes [oo0143] back to a single coset 
in [oo024|. Since as we previously proved oo0240 = (1,2,3)(4,oo, 0)2401oo. Therefore it 
follows 7Voo024 = TV (1,2,3) (4,00,0)240100O = N2401oo0. If we conjugate N2401oo by 
(l,4,0)(2, oo,3) £ £2(5), we get Noo0143. Hence N2401oo £ [oo0143].

Now consider [oo0140]. N(oo014°) has orbits {1}, {00}, {2,0}, and {3,4}. So we 
need to look at [oo01401], [oo0140oo], [oo01400], and [oo01403].

First [oo01400] = [00014]. So to, a representative from one of the 2-orbits, takes 
[oo0140] back to a single coset in [oo014].

ti takes [cc0140] back to a single coset in [oo021]. Since as we previously proved 
oo0210 = (1,2,0)(3,00,4)42012. Therefore it follows Noo021 = N(l,2,0)(3,00,4)420120 
= N420120. If we conjugate N420120 by (1; 4, oo,2,0) ££2(8), we get Noo01401. Hence 
N420120 £ [oo01401] = [oo021].

too takes [oo0140] to a single coset in [oo0140oo]. As we previously proved 
oo0140 = (2,oo,0,3,4)oo2132. So it follows that Noo0140oo = N(2,00,0,3,4)oo2132oo 
= Noo2132oo. If we conjugate this relation by (1,2,0)(3,00,4), (1,0, 2)(3,4,00), 
(2,0)(3,oo), and (2,0)(3,4) £ £2(5), we get Noo0140oo = Noo2132oo = N412314 = 
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#402oo04 = #320oo23 = #310413. #(°o0140o°) = <(l,0)(3, oo), (l,2,0)(3,oo,4)> so there 
are 10 distinct single cosets in [oo0140oo].

i3, a representative from the other 2-orbit, takes [oo0140] to a single coset in 
[oo01403]. There are 60 distinct single cosets in [oo01403].

Now consider [oo0ool4]. A^0000014) has orbits {1}, {4}, {2,3}, and {0,oo}. So 
we need to look at [oo0ool41], [ooOoo 144], [ooOoo 142], and [ooOoo 140].

First [oo0ool44] = [ooOool]. So G takes [00O00I4] back to a single coset in 
[ooOool].

ii takes [oo0ool4] to a single coset in [oo0ool41]. As we previously proved 
#oo0ool4 ■— #0oo014. Therefore it follows #ooOoo 141 = #0oo0141 = #oo0oo414 = 
#0oo0414 (by relation (6)). If we conjugate this equation by (1,2,0)(3,00,4) and 
(l,0,3)(2,4,oo) e £2(5) we obtain #414232 = #141232 = #141323 = #414323 and 
#2320oo0 = #3230oo0 = #323oo0oo = #232oo0oo. To show these single cosets are 
all equal we will prove #oo0ool41 = #(2,3)(0,oo)414232 = #414232 and #oo0ool41 
= #(l,4)(2,3)2320oo0 = #2320oo0. Hence #oo0ool41 = #0oo0141 = #oo0oo414 
= #0oo0414 = #414232 = #141232 = #141323 = #414323 = #2320oo0 -= #3230oo0 
= #323oo0oo = #232oo0oo.

yy(c»0ooi4i) _ ((i? 4)(o, 00), (1,4)(2, 3), (1,00,2)(3,4,0)), so there are 5 distinct 
single cosets in [ooOool41].

oo0141oo = (1,4)(2,3)0232oo0 (by a previously proved relation)
=> 0oo0141oooo = 0(1,4)(2,3)0232oo0oo
=> 0oo0141oooo -- (1,4)(2,3)00232oo0oo
=> 0oo0141 = (l,4)(2,3)232oo0oo
=> ooOoo 141 = (1,4)(2,3)2320oo0 (by relation (5)).
Hence #oo0ool41 = #2320oo0. To prove oo0ool41 = (2,3)(0, oo)414232 we 

will move the relation to one side of the equal sign and prove it equals identity.
(2,3) (0,oo)41423214221 ooOoo = (2,3)(0,00)41423214221ooOoo

— (2,3)(0,oo)41423(l,2,4)(3,00,0)124121oo0oo (by relation (3) conjugated by 
(l,4,oo,2,0) e L2(5))

= (1,2,00,3.4)1214ool24121oo0oo = (I,2,oo,3,4)1214ool24212oo0oo (by rela­
tion (6) conjugated by (2,0)(3,4) 6 L2(5))

= (I,2,oo,3.4)1214ool24212oo0oo = (I,2,oo,3,4)1214ool42412oo0oo (by rela­
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tion (6) conjugated by (1,2)(3,0) G L2(5))
= (1,2, oo, 3,4)1214ool42412oo0od = (1,2, oo, 3,4)12(1, oo,4)(2,0,3)41oo4 

42412oo0oo (by relation (4) conjugated by (l,3,oo,0,2) G L2(5))
= (1.0.3) (2.4.oo)oo041oo442412oo0oo = (1,0,3)(2,4, oo)oo(l, 0,00,4,3)1403 

2412oo0oo (by relation (1) conjugated by (1,4,3,00,2) G L2(5))
= (1,00,2,3,0)414032412oo0oo = (1,00,2,3,0) 141032412oo0oo (by relation (6))
= (1,00,2,3,0)141032412oo0oo = (1,00,2,3,0)14(1,2,0,00,3)301oo412oo0oo 

(by relation (2) conjugated by (1,2,0)(3,00,4) G L2(5))
= (1,3,00,0,2)24301oo412oo0oo = (1,3,00,0,2)24301oo(l, 3,2,4,oo)21430oo 

(by relation (2) conjugated by (1,00,0,4,2) G L2(5))
= (1,2,3)(4,oo,0)4oo203121430oo = (l,2,3)(4,oo,0)4oo203212430oo (by rela­

tion (6) conjugated by (2,4)(3,oo) G L2(5))
= (.l,2,3)(4,oo,0)4oo203212430oo = (l,2,3)(4,oo,0)4oo20321

(2,0,4,00,3)342oooo (by relation (1) conjugated by (l,4,oo)(2,3,0) G L2(5))
= (1,0,00,4,3)oo3042013420000 = (1,0,00,4,3)oo3(l, 00,3)(2,4,0)40241342 

(by relation (3) conjugated by (l,2,3)(4,oo,0) G L2(5))
= (1,2,4)(3,00,0)3140241342 = (1,2,4)(3,00,0)314(1,2,3,4,0)4203342 (by re­

lation (2))
= (1,3, oo)(2,0,4)4204203342 = (1,3, oo)(2,0,4)42042042 = e by relation (3) 

conjugated by (l,0,4)(2,3,oo) G L2(5).
t3, a representative from one of the 2-orbits, takes [00O00I4] to a single coset in 

[oo01oo40], since Noo0ool4 = N(.l,2,0)(3,00,4)032013 = N032013 G [oo01oo40]. To 
prove 00O00I4 = (1,2,0)(3,00,4)032013, we will move the relation to one side of the 
equal sign and prove it equals identity.

(I,2,0)(3,oo,4)03201341oo0oo = (l,2,0)(3,oo,4) (l,4oo)(2,3,0)3023 
1341oo0oo (by relation (3) conjuugated by (l,2,4)(3,oo, 0) G L2(5))

= (1.3)(4.0)302313241oo0oo = (1.3) (4.0)30213124I00O00 (by relation (6) con­
jugated by (2,0)(3,4) G L2(5))

= (l,3)(4,0)302131241oo0oo = (1,3)(4,0)30213(1,4,2)(3,0,oo)2142oo0oo (by 
relation (3) conjugated by (1,4,oo)(2,3,0) G L2(5))

= (I,0,2)(3,4,oo)0ool402142oo0oo = (I,0„2)(3,4,oo)0ool4021420oo0 (by rela­
tion (5))
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= (1,0,2)(-3,4,oo)0ool4021420oo0 = (l,0,2)(3,4,oo)0ool402 
(l,0,4,3,2)2413oo0 (by relation (2) conjugated by (l,0)(2,4) G L2(5))

= (l,4,oo, 2,0)4oo03412413oo0 = (1,4, oo, 2,0)40003(1,4,2) (3,0, oo)142113oo0 
(by relation (3) conjugated by (l,2,0)(3,oo,4) G £2(5))

= (l,2,oo)(3,0,4)23oo0142113oo0 = (1,2,oo)(3,0,4)23oo01423oo0 = e (by the 
previously proved relation (1,3,0)(2, oo,4)320ool4320oo = e conjugated by (2,3)(0, oo) G 
L2(5)).

to, a representative from the other 2-orbit, takes [oo0ool4] to a single coset in 
[oo0131oo], since Noo0ool40 = N(l,oo,0)(2,4,3)2oo3432 = N2oo3432 G [oo0131oo]. To 
prove oo0ool40 = (.l,oo, 0)(2,4,3)2oo3432, we will move the relation to one side of the 
equal sign and prove it equals identity.

(1, oo, 0)(2,4,3)2oo343204looOoo = (1, oo, 0)(2,4,3)2oo34
(3, oo, 0,3,4)023oo looOoo (by relation (2) conjugated by (1,4,0,3, oo) G £2(5))

= (I,0)(3,oo)oo042023qoloo0oo = (1,0)(3,oo)oo042 (2,3,4,0, oo)3204 looOoo 
(by relation (2) conjuated by (l,oo)(3,4) G L2(5))

= fl. oo. 0)(2.4.3)2oo3432041oo0oo = (1, oo, 0)(2,4,3)(1,3,2,4, oo)3oo21 
32041oo0oo (by relation (2) conjugated by (1,4,3)(2, oo, 0) G L2(5))

= (2, oo, 0,3,4)3oo2132041oo0oo = (2, oo, 0,3,4)3oo (1,2,3)(4,oo, 0)1231 
041oo0oo (by relation (4) conjugated by (l,4)(0,oo) G L2(5))

= (1,2,0)(3,oo,4)101231041oo0oo= (1,2,0)(3,oo, 4)10123 (1,4,0)(2,oo, 3)0140 
OooO (by relation (4) conjugated by (1, oo,2)(3,4,0) G £2(5) and by relation (5))

= fl. oo. 0.4,2)414oo201400oo0 = fl, oo. 0.4,2)141oo2014oo0 = e (by relation 
(6) and by a previously proved relation (l,2,4,0,oo)41402oo410oo = e conjugated by 
(l>4)(0,oo) G L2(5)).

Now consider [oo0ool2]. jV(°°00012) has orbits {1}, {2}, {3}, {4}, {0} and {oo}. 
So we need to look at [oo0ool21], [oo0ool22], [oo0ool23], [oo0ool24], [oo0ool20], and 
[oo0ool2ooj.

First [oo0ool22] [00O00I]. So t2 takes [oo0ool2] back to a single coset in 
[00O00I].

ii takes [00O00I2] to a single coset in [oo0ool21]. There are 60 distinct single 
cosets in [oo0ool21].

$3 takes [00O00I2] to a single coset in [oo01232], since Noo0ool23
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= N(l,oo)(2,0)01oo424 = N01oo424 € [oo01232]. To prove oo0ool23
= (1, oo)(2,0)01oo424, we will move the relation to one side of the equal sign and prove 
it equals identity.

(1. oo)(2,0)01oo424321oo0oo = (1, oo)(2, 0)01oo42(l, 3,0,2,4)23400gq0 (by re­
lation (1) conjugated by (1,3)(4,0) 6 L2(S) and by relation (5))

= fl.oo.3.0.4)23ool423400oo0 = (I,oo,3,0,4)23ool4234oo0 = e (by a previ­
ously proved relation e = (1,4,0,3,oo)230412310oo conjugated by (l,4)(0,.oo) € Z-2(5)).

ti takes [oo0ool2] to a single coset in [oo023] since as we previously proved 
oo023oo = (2,4.3,0.oo)23204. Therefore it follows TVoo023 = N(2,4.3,0.oo)23204oo = 
N23204oo. If we conjugate N23204oo by (1,3,0)(2,00,4) G £2(5), we get Noo0ool24. 
Hence N23204oo G [oo0ool24] = [oo023].

to takes [00Ooo 12] to a single coset in [oo0142oo] since TVoo0ool20
= N(l,4,0,3,oo)3021oo3 = TV3021oo3 G [oo0142oo]. To prove oo0ool20
= (1,4,0,3, oo)3021oo3, we will move the relation to one side of the equal sign and prove 
it equals identity.

(1,4,0,3,oo)3021oo3021oo0oo = (l,4,0,3,oo)302 (l,0,oo,4,3)3ool4 
21oo0oo (by relation (1) conjugated by (1,00,2,3,0) G L2(5))

= (1,3,4,00,0)loo23ool421oo0oo -- (1,3,4,00,0)loo23ool(l,4,00,2,0)12400oo 
(by relation (2) conjugated by (1,00,3,0,4) G £2(5))

= (1,3.00) (2.0.4)42032412400oo = (1,3,00) (2,0,4)4203
(1,4,2)(3, 0,oo)42144oo (by relation (3) conjugated by (2,oo)(4,0) G L2(5))

= (1,0,2,00.4)21oo042144oo = (l,0,2,oo,4)21oo0421oo = e (by relation (2) 
conjugated by (1,4,2)(3,0,00) G £2(5)).

too takes [00O00I2] to a single coset in [oo01032] since Noo0ool2oo
= N(l, 2,3,4,0)0oo4oo32 — N0oo4oo32 G [oo01032]. To prove oo0ool2oo
= (1,2,3,4,0)0oo4oo32, we will move the relation to one side of the equal sign and prove 
it equals identity.

(1,2,3,4,0)0oo4oo32cx>2100O00 = (1; 2, 3,4,0)0oo (2,oo,0,3,4)3oo40 
oo21oo0oo (by relation (2) conjugated by (1,2,00)(3,0,4) G £2(5))

= (1.00.0)(2.4.3)303oo40oo21oo0oo = (l,oo, 0)(2,4,3)030oo40oo21oo0oo (by 
relation (5) conjugated by (2,4)(3,oo) € L2(5))*'

= (l,oo, 0) (2,4,3) 030po40oo21 ‘oo0oo = (l,oo,0)(2,4,3)03
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(1,2,3)(4,  oo, 0)oo04oo oo21oo0oo (by relation (3) conjugated by (l,4)(0,oo) G 7L2(5))
= fl. 0.2. oo. 4)41oo04oooo21oo0oo = (l,0,2,oo,4)41oo0 421oo0oo

= (1,0,2, oo, 4)41oo0 (1,4, oo, 2,0)12400oo (by relation (2) conjugated by (1, oo, 3,0,4) G 
^(5))

= oo42112400oo = oo4224oo = oo44oo = oooo = e.

Now consider [ooOoolO]. JV^0000010) has orbits {1}, {4}, {2,3}, and {0,oo}. So 
we need to look at [ooOoolOl], [oo0ool04], [Oo0ool02], and [ooOoolOO].

First [ooOoolOO] = [ooOool]. So to, a representative from one of the 2-orbits, 
takes [ooOoolO] back to a single coset in [ooOool].

ii takes [ooOoolO] to a single coset in [ooOloo] since as we previously proved 
ooOlool = (1,0.oo)(2,3,4)oo0ool0. Therefore it follows TVooOloo 
= N(l,0.oo)(2,3,4)oo0ool01 = TVooOoolOl G [ooOool01] = [ooOloo].

t4 takes [ooOoolO] to a single coset in [oo0ool04]. As we previously proved 
(1,0,oo)(2,3,4)oo0ool0 = OooOloo. So it follows that N(l, 0,oo)(2,3,4)oo0ool04 = 
Noo0ool04 = N0oo01oo4. There are 30 distinct single cosets in [00O00IO4].

t2, a representative from the other 2-orbit, takes [ooOoolO] to a single coset 
in [oo01031] since Noo0ool02 = N(l,oo)(2,0)04oo43oo = N04oo43oo G [oo01031]. To 
prove oo0ool02 = (1, oo)(2,0)04oo43oo, we will move the relation to one side of the equal 
sign and prove it equals identity.

(1.00)(2.0)04oo43oo201oo0oo = (l,oo)(2,0)04oo (l,oo,4,2,3)oo341 
OlooOoo (by relation (2) conjugated by (1,2,3)(4,00,0) G 7S2(5))

= (1,4,2,0.3)024oo34101oo0oo = (1,4,2,0,3)024oo340100oo0 (by relation (5) 
conjugated by (l,oo)(3,4) G L2(5))

= (1,4,2,0,3)024oo340100oo0 = (1,4,2,0,3)02 4oo34 OlooO = (1,4,2,0,3)02 
(l,2,0)(3,oo,4)oo43oo OlooO (by relation (3) conjugated by (1,3,2)(4,0,oo) G 7L2(5))

= (1,3,2) (4,0, oo)10oo43oo01oo0 = (1,3,2) (4,0, oo)10oo43
(1,0,oo)(2,3,4)0ool00 (by relation (3))

= (l,4,oo, 2, 0)0ool240ool00 = (l,4,oo,2,0)0ool240ool = e (by relation (2) 
conjugated by (1,4,0)(2,oo, 3) G L2(5)).

Now consider [oo0oo20]. M0000020) has orbits {2}, {3}, {1,4}, and {0,oo}. So 
we need to look at [oo0oo202], [oo0oo203], [oo0oo201], and [oo0oo200].
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First [oo0oo200] = [oo0oo2]. So io> & representative from one of the 2-orbits, 
takes [oo0oo20] back to a single coset in [oo0oo2].

t2 takes [oo0oo20] to a single coset in [oo02oo] since as we previously proved 
oo02oo2 = 0oo02oo. Therefore it follows Noo02oo = 7V0oo02oo2. If we conjugate 
N0oo02oo2 by (l,4)(0,oo) G L2(5) we obtain 7Voo0oo202. Hence Noo0oo202 G [0oo02oo2] 
= [oo02oo].

takes [oo0oo20] to a single coset in [oo012oo4] since TVoo0oo203
N(l,2,3,4,0)oo043ool = Noo043ool G [oo012oo4]. To prove oo0oo203
= (1,2,3,4,0)oo043ool, we will move the relation to one side of the equal sign and prove 
it equals identity.

(1,2,3,4,0)oo043ool302oo0oo = (1,2,3,4,0)oo043oo(l, 2,3,4,0)0314oo0oo (by 
relation (2) conjugated by (1,2,3,4,0) G L2(5))

= (1,3. 0,2,4)ool04oo0314oo0oo = (1,3,0,2,4)ool (l,3,2)(4,0,oo)40oo4 
314oo0oo (by relation (3) conjugated by (l,oo, 0,4,2) G L2(5))

= (1,2,0)(3,oo,4)4340oo4314oo0oo = (1,2,0)(3,oo,4)434 (1,4,0,3,oo)4oo01 
14oo0oo (by relation (2) conjugated by (l,3)(2,oo) G £2(5))

= (1,2,3)(4, oo.0)0oo04oo0114oo0oo = (1,2,3)(4,oo, 0)0oo0 4oo04 ooOoo 
~ (1,2,3)(4,oo, 0)0oo.0 (1,3,2)(4,0,oo)oo40oo ooOoo (by relation (3) conjugated by 
(l;0,oo,4,3) GL2(5))

= oo4oooo40oooo0oo = oo4400oo = oooo = e.
tj, a representative from the other 2-orbit, takes [oo0oo20] to a single coset in 

[oo01403] since Noo0oo201 = N(l, 2,4,0, oo)loo02oo4 G [oo01403]. To prove oo0oo201 
= (1,2,4,0, oo)loo02oo4, we will move the relation to one side of the equal sign and prove 
it equals identity.

(1.2.4.0.oo)loo02oo4102oo0oo = (1,2,4, 0,oo)loo (l,oo, 0,4,2)oo201 
102oo0oo (by relation (1) conjugated by (1,2, oo,3,4) G L2(5))

= oo0co201j.02co0co — oo0oo2002oo0oo = oo0oo22oo0oo = ooOoo ooOoo = 
ooOOoo = oooo = e.

Now consider [oo0oo21]. 7/(°°00021) has orbits {1}, {2}, {3}, {4}, {0}, and {oo}. 
So we need to look at [oo0oo211], [ooOoo212], [oo0oo213], [oo0oo214], [oo0oo210], and 
[oo0oo21oo].

First [co0oo211] = [oo0oo2]. So takes [oo0oo21] back to a single coset in
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[oo0oo2].
t2 takes [oo0oo21] to a single coset in [oo0ool21] since #ooOoo212 = #oo0ool21 

G [oo0ool21].
t3 takes [oo0oo21] to a single coset in [oo014] since as we previously proved 

oo014oo■= (1.00,3,0,4)41402. Therefore it follows #oo014 = #(l.oo, 3,0,4)41402oo = 
#41402oo G [oo0oo213] = [oo014].

t4 takes [oo0oo21] to a single coset in [oo0oo214]. #oo0oo214 = #3234oo0 = 
#141032 since #oo0oo214 = #(l,4,3,oo,2)3234oo0 = #3234oo0 and #oo0oo214 = 
#(l,oo,2,3,0)141032 = #141032. #(~o~214) = {(l,oo,3)(2,4,0)}, so there are 20 
distinct single cosets in [oo0oo214].

To prove oo0oo214 = (1,4,3,00,2)3234oo0 we will move the relation to one side 
of the equal sign and prove it equals identity.

(1.4. 3,oo. 2)3234oo0412oo0oo = (1,4.3.00.2)2324oo0412oo0oo (by relation (5) 
conjugated by (l,oo,3)(2,4,0) G L2(5))

= (1,4,3,00,2)2324oo0412oo0oo = (1,4,3,00,2)2 (1,4,3,00,2)4231 0412oo0oo 
(by relation (1) conjugated by (l,2,4)(3,oo,0) G L2(5))

= (l,3,2,4,oo)142310412oo0oo = (1,3,2,4, oo)142310(l, 3,2,4, oo)21430oo (by 
relation (2) conjugated by (l,oo, 0,4,2) G L2(S))

= (1,2,00,3,4)3oo423021430oo = (1,2,00,3,4)3oo4(l, 00,4)(2,0,3)32031430oo 
(by relation (3) conjugated by (l,0,3)(2,4,oo) G Z2(5))

= (l,0,3)(2,4,oo)24132031430oo = (1,0,3) (2,4, oo)2413(l, 0,4,3,2)3024430oo 
(by relation (2) conjugated by (2,0)(3,4) G £2(5))

= (l,4,oo)(2,3,0)13023024430oo = (l,4,oo)(2,3,0)13 (1,00,4)(2,0,3)2032 
24430oo (by relation (3) conjugated by (1,3,00,0,2) G Ir/ty)

= oo22032230oo = oo0330oo = oo00oo' = oooo = e.
To prove oo0oo214 = (1,00,2,3,0)141032 we will move the relation to one side 

of the equal sign and prove it equals identity.
(1,00,2,3.0)141032412ooOoo = (l,oo,2,3,0)414032412oo0oo (by relation (6))
= (l,oo,2,3,0)414032412oo0oo = (1,00,2,3,0)4 (l,3,4,oo,0)041oo 2412oo0oo 

(by relation (1) conjugated by (1,4,00,2,0) G Z2(5))
= (1. 0.3)(2.4. oo)oo041oo2412oo0oo = (l,0,3)(2,4,oo)oo041oo

(1,4,2)(3, 0, oo)4214 ooOoo (by relation (3) conjugated by (2,oo)(4,0) G L2(5))



97

= (l,oo)(3,4)3oo2434214oo0oo = (I,oo)(3,4)3oo2343214oo0oo (by relation (6) 
conjugated by (l,3)(2,oo) € L2(5))

= (I.oo)(3.4)3oo2343214oo0oo = (l,oo)(3,4)(l,4,0)(2,oo,3)oo32oo43214oo0oo 
(by relation (3) conjugated by (1,2,0,00,3) G L2(5))

= (1.3.0)(2.00.4)oo32oo43214oo0oo = (l,3,0)(2,oo,4)oo32oo (1,3,0,2,4)2340 
4oo0oo (by relation (1) conjugated by (1,3)(4,0) G £2(6))

= (1,0,3.2, oo)oo04oo23404oo0co = (1,0,3.2. oo)oo04oo230400oo0 (by relation 
(6) conjugated by (l,0)(3,oo) E L2(5) and relation (5))

= (1,0,3,2,oo )oo04oo230400oo0 = (1,0,3,2,00) (1,3,2)(4,0,oo)0oo402304oo0 
(by relation (3) conjugated by (1,4)(2,3) E L2(5))

= (.1,00,3)(2,4,0)0oo402304oo0 = (l,oo,3)(2,4,0)0(2,4,3,0,oo)04oo3304oo0 
(by relation (2) conjugated by (1,2,4,0,00) G L2(5))

= (1,2,3)(4,oo, 0)oo04oo3304oo0 = (1,2,3)(4,oo, 0)oo04oo04oo0 = e by rela­
tion (3) conjugated by (l,4)(0,oo) G L2(5).

to takes [oo0oo21] to a single coset in [oo0131oo] since TVoo0oo210
= N(2,4)(3,oo)241312 = N241312 G [oo0131oo]. To prove oo0oo210
= (2,4)(3,oo)241312, we will move the relation to one side of the equal sign and prove it 
equals identity.

(2.4)(3.oo)241312012oo0oo = (2,4)(3,oo)24131 (l,0,2)(3,4,oo)0210 OooO (by 
relation (4) conjugated by (1,3)(4,0) G L2(5) and relation (5))

= (1,0.2.oo,4)loo04002100oo0 = (I,0,2,oo,4)loo0421oo0 = e (by relation (2) 
conjugated by (1,2,00,3,4) G L2(5)).

too takes [oo0oo21] to a single coset in [oo01oo40] since Noo0oo21oo
= N(l,2)(4,oo)2302oo3 = N2302oo3 G [oo01oo40]. To prove oo0oo21oo
= (1,2)(4,oo)2302oo3, we will move the relation to one side of the equal sign and prove 
it equals identity.

(I,2)(4,oo)2302oo3ool2oo0oo  = (l,2)(4,oo) (1,00,4)(2,0,3)3203 
oo3ool2oo0oo (by relation (3) conjugated by (1,0,3)(2,4,00) G L2(5))

= (1,0,3,2, oo)3203oo3ool2oo0oo = (1,0,3,2. oo)320oo3oqoo12oo0oo (by rela­
tion (5) conjugated by (l,2)(3,0) G L2(5))

= (1,0,3.2.co)320oo3ooool2oo0c>o (1,0,3,2, oo)320oo312oo0oo = e (by a pre- 
vously proved relation (1,00,0,4,2)oo014oo20414 = e conjugated by (1,0,2)(3,4,00) G
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£2(5)).

Now consider [oo0oo23]. A^0000023) has orbits {2}, {3}, {1,4}, and {0,oo}. So 
we need to look at [oo0oo232], [oo0oo233], [oo0oo231], and [oo0oo230].

First [oo0oo233] = [oo0oo2]. So t3 takes [oo0oc>23] back to a single coset in 
[oo0oo2].

t2 takes [oo0oo23] to a single coset in [oo0oo232]. Noo0oo232 — Noo0oo323 = 
N0oo0232 = TV0oo0323 = N414oo0oo = N141oo0oo = N4140oo0 = N1410oo0 -- 
N323141 = N323414 — N232141 = 7V232414 since we previously proved Noo0oo23 = 
N0oo023. Therefore it follows that Noo0oo232 = N0oo0232 = Noo0oo323 = N0oo0323 
(by relation (5) conjugated by (1,00,3) (2,4,0) £ L2{5)). If we conjugate this equation by 
(1,3,0)(2,oo,4) and (l,0,2)(3,4,oo) £ £2(5) we find that N414oo0oo = N141oo0oo = 
N4140oo0 = N1410oo0 and N323141 = N232141 = N323414 = N232414. To show 
that all of these single cosets are equal we can prove oo0oo232 = (1,4)(2,3)414oo0oo and 
oo0oo232 = (l,4)(0,oo)323141. N(oo0o°232) = <(l,4)(0,oo), (1,4)(2,3), (1,00,2)(3,4,0)), 
so there are 5 distinct single cosets in [oo0oo232].

To prove oo0oo232 = (l,4)(2,3)414oo0oo we will use a previously proved rela­
tion, oo0ool41 = (1,4)(2,3)2320oo0.

=> (ooOooMl)-1 = ((l,4)(2,3)2320oo0)-1
=+ 1-i4-i1-iOO“i0-ioO-i = 0-1oo"10“12-13-12-1((l,4)(2,3))-1
=> 141oo0oo = 0oo0232(l,4)(2,3)
=+ 141oo0oo(l,4)(2,3) = 0oo0232(l,4)(2,3)(l,4)(2,3)
=> 141oo0oo(l,4)(2,3) = 0oo0232
==>• (1,4) (2,3)414oo0oo = oo0oo232 (by relation (5))
To prove oo0oo232 = (l,4)(0,oo)323141 we will use two previously proved rela­

tions, oo0ool41 = (l,4)(2, 3)2320oo0 and oo0ool41 ~ (2,3)(0,oo)414232.
=> (l,4)(2,3)2320oo0= (2,3)(0,oo)414232
=> ((l,4)(2,3)2320oo0)~1 = ((2,3)(0,oo)4 l4232)1
=> 0-1oo^10-12“13“12-1((l,4)(2,3))“1((l,4)(2,3))-1

= 2"13“12-14-11-14-1((2, 3)(0,oo)_1
=> 0oo0232(l,4)(2,3)(l,4)(2,3) = 232414(2,3)(.0,oo)(l,4)(2,3)
=>0oo0232 = 232414(1,4)(0,00)
=> oo0oo232 = (1,4)(0, oo)232141 (by relation (5))
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=> oo0oo232 = (1,4)(0,oo)323141 (by relation (5) conjugated by 
(l,oo,3)(2,4,0) Gl2(5)).

ti, a representative from one of the 2-orbits, takes [oo0oo23] to a single coset 
in [oo0142oo] since Noo0oo231 = N(l, 0,3,2, oo)320ool3 = N320ool3 6 [oo0142oo]. To 
prove oo0oo231 = (1,0,3,2,oo)320ool3, we will move the relation to one side of the equal 
sign and prove it equals identity.

=> (1,0,3,2, oo)320ool3132oo0oo = (1,0,3,2, oo)320ooll312oo0oo (by relation 
(6) conjugated by (2,0)(3,4) G L2(5))

= fl, 0,3,2,oo)320ooll312oo0oo = (1,0,3,2,oo)3 20oo3 12oo0oo
= (1,0,3,2,oo)3 (l,oo, 2,3,0)oo021 12oo0oo (by relation (1) conjugated by (l,0,2,oo,4) 
6 L2(5))

= 0oo02112oo0oq = oo0oo22oo0oo (by relation (5))
= ooOooooOoo = ooOQoo = oooo = e.
to, a representative from the other 2-orbit, takes [oo0oo23] to a single coset in 

[oo01032] since Noo0oo230 = N(l, 3,oo, 0,2)0232ool = N0232col G [oo01032]. To prove 
oo0oo230 = (1,3, oo, 0,2)0232ool, we will move the relation to one side of the equal sign 
and prove it equals identity.

(1,3,00, 0,2)0232ool0320oo0 = (l,3,oo,0,2)0232ool (1,4,oo)(2,3,0)3023000 
(by relation (3) conjugated by (1,2,4)(3,oo, 0) 6 L2(5))

= (1,0.3)(2,4. oo)2303143023oo0 = (l,0,3)(2,4,oo)230 (l,3,4)(2,0,oo)1341 
023oo0 (by relation (3) conjugated by (1,4,0)(2, oo, 3) G L2(5))

= fl.oo,0,4,2)04ool341023oo0 = (1, oo,0,4,2)04ool3 (I,oo,0,4,2)014oo3oo0 
(by relation (1) conjugated by (2,0,4,00,3) G L2(5))

= (1,0,2. oo. 4)420oo3014oo3oo0 = (1,0,2,oo, 4)42 (1,2,4)(3,oo, 0)oo03oo 
14oo3oo0 (by relation (4) conjugated by (l,4,oo, 2, 0) G L2(5))

= (1,3,oo)(2,0,4)14oo03ool4oo3oo0 = (l,3,oo)(2,0,4)14oo (1,3,4, oo,0)oo304 
4oo3oo0 (by relation (1) conjugated by (l,3)(2,oo) € L2(5))

= (1,4,2)(3,0, oo)3oo0oo30oo3oo0 = (1,4,2)(3,0,oo)30oo0303oo30 (by relation 
(5) and relation (5) conjugated by (1,2)(3,0) G L2(5))

= (1,4,2)(3, 0. oo)30oo0303oo30 = (1,4,2)(3,0, oo)30oo3033oo30 (by relation 
(5) conjugated by (2,4)(3,oo) G L2(5))

= (1,4,2)(3,0,oo)30oo3033oo30 = (I,4,2)(3,0,oo)30oo30oo30 = e (by relation
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(4) conjugated by (1,4, oo, 2,0) G £2(5)).

Now consider [oo0241J. M000241) has orbits {2}, {oo}, {1,3}, and {4,0}. So we 
need to look at [oo02411], [oo02412], [oo02414], and [oo0241oo].

First [oo02411] = [oo024]. So tj, a representative from one of the 2-orbits, takes 
[oo0241] back to a single coset in [oo024].

t2 takes [oo0241] to a single coset in [oo01023] since Noo02412
= N(2,3)(0,oo)2030ool = N2030ool G [oo01023j. To prove oo02412
= (2,3)(0,oo)2030ool, we will move the relation to one side of the equal sign and prove 
it equals identity.

(2,3)(0.oo)2030ool21420oo  = (2,3)(0.oo)2303ool21420oo (by relation (5) con­
jugated by (2,0)(3,4) G £2(5))

= (2.3)(0.oo)2303ool21420oo = (2,3)(0.oo)23(l, 3,4,00,0)oo30421420oo (by re­
lation (1) conjugated by (1,3)(2,00) G £2(5))

= (1. 3.2.4. oo)24oo30421420oo = (1,3,2,4, oo)24oo30(l, 2,4)(3,oo, 0)241220oo 
(by relation (3) conjugated by (2,3,00,4,0) G £2(5))

= (1,00, 2)(3,4,0)410oo3241220oo = (l,oo,2)(3,4,0)410oo32410oo = e (by a 
previously proved relation (l,0,3)(2,4, oo)oo02341oo023 = e conjugated by 
(l,2,0)(3,oo,4) G £2(5)).

too takes [oo0241] to a single coset in [oc021] since as we previously proved 
oo0214 = (1,3.oo,0,2)4301oo. Therefore it follows Noo021 — N(l,3.oo,0,2)4301oo4 = 
N4301oo4 G [oo0241oo] = [oo021].

£4, a representative from the other 2-orbit, takes [oo0241] to a single coset in 
[oo0oo214] since Noo02414 = N(l,0,2)(3,4,oo)4043oo2 = N4043oo2 G [oo0oo214]. To 
prove oo02414 = (1,0,2)(3,4, oo)4043oo2, we will move the relation to one side of the 
equal sign and prove it equals identity.

(1,0, 2)(3,4,oo)4043oo241420oo = (1,0,2)(3,4, oo)4043oo214120oo (by relation 
(6))

= (1,0, 2)(3,4,oo)4043oo214120oo = (l,0,2)(3,4,oo)404 (l,oo,4,2,3)2oo34 
4120oo (by relation (2) conjugated by (2,00,0,3,4) G £2(5))

--- 2022oo344120oo = 20oo3120oo = e (by relation (1) conjugated by 
(1,0,00,4,3) G £2(5)).

Now consider [oo0243]. N^°°0243^ has orbits {1}, {2}, {3,0}, and {4,00}. So we 
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need to look at [oo02431], [oo02432], [oo02433], and [oo02434].
First [oo02433] = [oo024]. So 73, a representative from one of the 2-orbits, takes 

[oo0243] back to a single coset in [oo024].
7i takes [oo0243] to a single coset in [oo02431]. Noo02431 = N10234oo = 

N432oo01 = N4oo2310 = N1320oo4 = N3124oo0■= N34210oo = Noo42013 ~ N012oo43 
= N0oo2134 since we previously proved Noo0243 = N432oo0. Therefore it follows that 
Noo02431 = N432oo01. If we conjugate this equation by (1,0,00,4,3), (l,oo)(3,4), 
(l,4,0,3,oo), and (1,3)(4,0) G L2(b) we find that N4oo2310 = N3124oo0, N10234oo 
= N34210oo, N1320oo4 ; - N0oo2134 and Noo42013 = N012oo43. To show that all of 
these single cosets are equal we will prove oo02431 = (1,2, oo)(3,0,4)4oo2310, OO02431 = 
(0,2)(4,3)10234oo, oo02431 = (2,00)(4,0)1320oo4, and oo02431 = (l,2,3,4,0)oo42013.

To prove oo02431 =■ (1,2,oo)(3,0,4)4oo2310, we will move the relation to one 
side of the equal sign and prove it equals identity,

(1.2. oo)(3.0.4)4oo231013420oo = (l,2,oo)(3,0,4)4oo231
(l,oo, 3,0,4)310oo 20oo (by relation (2) conjugated by (1,4,3,00,2) G L2(5))

= (1.2.3.4.0)1320oo310oo20oo = (1,2,3,4,0)13 (l,oo,2,3,0)oo021 10oo20oo 
(by relation (1) conjugated by (1,0,2,oo4) G L2(5))

= (1,3,4)(2,0, oo)oo0oo02110oo20oo = (1,3,4)(2,0, oo)0oo0020oo20oo (by rela­
tion (5))

— (1.3,4)(2.0. o6)0oo0020oo20oo .= (1,3,4)(2, 0,oo)0oo20oo20oo = e (by rela­
tion (4) conjugated by (2,0,4,00,3) G L2(5)).

To prove oo02431 = (0,2) (4,3)10234oo, we will move the relation to one side of 
the equal sign and prove it equals identity.

(0,2)(4,3)10234ool3420oo = (0,2)(4,3)1023 (1,4,‘3,oo,2)loo42 420oo (by rela­
tion (1) conjugated by'(1,00,0,4,2) G 7* 2(5))

= (1.4.00.2.0)401ooloo42420oo = (1.4.00.2.0)4011ool42420oo (by relation
(5) conjugated by (1,0)(2,4) G.L2(5))

= (1,4. oo. 2.0)401 lool42420oo = (1,4,00,2,0)40ool 42420oo
= (1,4,00,2,0)40ool 24220oo (by relation (5) conjugated by (2,oo)(4.0) G £2(5))

~ (1,4,00,2.0)40ool24220oo == (1,4,00,2,0)40ool240oo = e (by relation (2) 
conjugated by (l,2,0,oo3) G L2(5)).

To prove oo02431 — (2, oo)(4,0)1320oo4, we will move the relation to one side 
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of the equal sign and prove it equals identity.
(2, oo)(4,0)1320oo413420oo = (2,oo)(4,0)1320oo(l,4,3)(2,oo,0)143120oo (by 

relation (3) conjugated by (1,3,0)(2, oo,4) G L2(5))
= (l,4,2,0,3)41oo20143120oo = (1,4,2,0,3)41(1,2,4,0, oo)02oo443120oo (by 

relation (1) conjugated by (l,2,0,oo, 3) 6 Z2(5))
= (1,0,3,2,oo)0202oo3120oo = (1.0.3.2. oo)0020oo3120oo (by relation (5) con­

jugated by (1,3)(2, oo) G L2(5))
=• (1, 0,3, 2,oo)0020oo3120oo — (1,0,3,2, oo)20oo3120oo =s e (by relation (1) 

conjugated by (I,0,oo,4,3) G L2(5)).
To prove oo02431 =■ (l,0,3,2,oo)320ool3, we will move the relation to one side 

of the equal sign and prove it equals identity.
(1,0,3,2,oo)320ool313420oo = (1,0,3,2. oo)320ool 131420oo (by relation (6) 

conjugated by (2,0)(3,4) G Z2(5))
= (1,0,3,2, oo)320ooll31420oo = (1,0,3,2, oo)320oo31420oo = (1,0,3,2, oo)3 

(l,oo, 2,3,0)oo0211420oo (by relation (1) conjugated by (1, 0,2,oo,4) G L2(5))
— 0oo02112oo0oo = oo0oo22oo0oo (by relation (5))
= oo0oo22oo0oo = ooOoo ooOoo = ooOOoo = oooo = e.
jy(oo0oo232) __ 4)(0, oo), (1,4)(2,3), (1, oo, 2)(3,4,0)), so there are 6 distinct

single cosets in [oo0oo232].
t2 takes [oo0243] to [oo02oo] since as we previously proved oo02oo3

= (l.oo,4,2,3)ool304. Therefore it follows #oo02oo = #(l.oo,4,2,3)ool3043 
= 7Vool3043 G [oo02432] = [oo02oo].

£4, a representative from the other 2-orbit, takes [oo0243] to [oo0142oo] since 
#oo02434 = #(.1,3,0)(2,oo,4)320ool3 = #320ool3 G [oo0142oo].

To prove oo02434 = (1,3,0)(2,oo,4)320ool3, we will move the relation to one 
side of the equal sign and prove it equals identity.

(I,3,0)(2,oo,4)320ool343420oo = (l,3,0)(2,oo,4)320ool334320oo (by relation
(6) conjugated by (l,3)(2,oo) G Z2(5))

= (l,3,0)(2,oo,4)320ool334320oo = (l,3,0)(2,oo,4)320ool4320oo = e by a 
previously proved relation.

Now consider [oo024oo]. A^0002'100) has orbits {1}, {2}, {3}, {4}, {0}, and {00}. 
So we need to look at [oo024ool], [oo024oo2], [oo024oo3], [oo024oo4], [oo024oo0], and
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[oo024oooo].
First [oo024oooo] = [oo024]. So too takes [oo024oo] back to a single coset in 

[oo024].
t2 takes [oo024oo] to a single coset in [oo0142oo] since Noo024oo2

= N(l,4,3)(2,oo, 0)04oo210 -= 7V04oo210 G [oo0142oo]. To prove oo024oo2
= (1,4,3)(2,oo,0)04oo210, we will move the relation to one side of the equal sign and 
prove it equals identity.

(1,4,3)(2,oo,0)04oo 2102oo420oo = (1,4,3)(2,oo,0)04oo2 (1, oo, 0,4,2)2014 
420oo (by relation (1) conjugated by (l,0)(3,oo) G L2(5))

= (l,2,0)(3,oo,4)42012014420oo = (1,2,0)(3,oo, 4)4201 20120oo
= (1,2,0)(3,oo,4)4201 (1,0,2)(3,4,oo)02100oo (by relation (4) conjugated by (l,3)(4,0) 
G £2(5))

= ool2002100oo = ool221oo = 001 loo = oooo = e.
t3 takes [oo024oo] to a single coset in [oo0ool04] since Noo024oo3

= N(l,3,0,2,4)oo0ool04 = Noo0ool04 G [oo0ool04]. To prove oo024oo3
= (1,3,0,2,4)oo0ool04, we will move the relation to one side of the equal sign and prove 
it equals identity.

(1,3,0.2.4)oo0ool043oo420oo = (1,3,0,2,4)oo (l,oo,0)(2,4,3)oo01oo 
43oo420oo (by relation (3))

= (1,2,3)(4,oo,0)0oo01oo43qo420oo = (1,2,3j(4,oo, 0)0oo01
(l,0,2)(3,4,oo)4oo34 420oo (by relation (3) conjugated by (l,3)(4,0) G L2(5))

= (2.4.3.0. oo)23204oo34420oo = (2,4,3,0, oo)2(2,oo, 0,3,4)023oooo320oo (by 
relation (2) conjugated by (1,4,0,3,do) G L2(5))

= oo023oooo320oo = oo023320oo - oo0220oo = 00OO00 -- oooo = e.
t4 takes [oo024oo] to a single coset in [oo01213] since Noo024oo4

= N(l,3,0,2,4)203oo31 = N203oo31 6 [oo01213]. To prove oo024oo4
= (1,3,0,2,4)203oo31, we will move the relation to one side of the equal sign and prove 
it equals identity.

(1,3,0,2,4)203oo314oo420oo = (1,3,0,2,4)20oo3ool4oo420oo (by relation (5) 
conjugated by (1,2,)(3.0) G L2(5))

= (1,3,0,2,4)20oo3ool4oo420oo = (I,3,0,2,4)(l,oo,2,3,0)oo021ool4oo420oo
(by relation (1) conjugated by (1,0,2,00,4) G Z>2(5))
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= (1,0,3)(2,4, oo)oo021ool4oo420oo = (1,0,3)(2,4, oo)oo02ooloo4oo420oo (by 
relation (5) conjugated by (l,0)(2,4) G L2(5))

= (l,0,3)(2,4.oo)oo02ooloo4oo420oo = (1,0,3)(2,4.oo)oo02ool4c>o4420oo (by 
relation (5) conjugated by (1,3) (4,0) G £2(5))

= (1, 0,3)(2,4. oo)oo02ool4oo4420oo = (l,0,3)(2,4,oo) (1,4,0,3,oo)0oo204 
4oo20oo (by a previously proved relation)

= (1,3,4)(2,0,oo)0oo20oo20oo = e (by relation (4) conjugated by 
(l,4,0)(2,00,3) G £2(5)).

to takes [oo024oo] to a single coset in [oo01024] since Noo024oo0
= N(l,3,oo)(2,0,4)032341 = N032341 G [oo01024]. To prove oo024oo0
= (1,3,00)(2,0,4)032341, we will move the relation to one side of the equal sign and 
prove it equals identity.

(1,3, oo)(2,0,4)0323410oo420oo = (1,3,00) (2,0,4)03234
(1,4,0,3, oo)oo01320oo (by relation (2) conjugated by (1,4,00,2,0) G jC2(5))

= (1, oo,4,2,3)3oo2oo0oo01320oo = (1.00.4.2.3)3oo2oooo0ool320oo (by rela­
tion (5))

= (1, oq.4,2, 3)3oo2oooo0ool320oo = (1,00,4,2,3)3oo20ool320oo = e (by a 
previous proof).

ti takes [oo024oo] to a single coset in [oo01oo24] since Noo024ool
= N(l,3,2,4,oo)134120 = N134120 G [oo01oo24]. To prove oo024ool
— (l,3,2,4,oo)134120, we will move the relation to one side of the equal sign and prove 
it equals identity.

fl,3,2,4,oo)1341201oo420oo = ^I,3,2,4,oo)l(l,3,2,4,oo)143oo01oo420oo (by 
relation (2) conjugated by (1,2,4)(3,00,0) G.L2(5))

= (1,2,00,3,4)3143oo01oo420oo = (1,2,00,3,4)(l,3,4)(2,0,oo)1341 
oo01oo420oo (by relation (3) conjugated by (l,4,0)(2,oo,3) € L2(5))

= (I,0,oo4,3)1341oo01oo420oo = (1,0,oo4,3)134 (l,0,oo)(3,4,2)ool0oo 
oo420oo (by relation (3) conjugated by (l,0,oo)(2,3,4) G L2(5))

= (l,oo,2,3,0)042ool0oooo420oo = (1,00,2,3,0)04 (1,2,0,oo,3)loo23 420oo 
(by relation (2) conjugated by (1,0,2,00,4) G L2(5))

= (1,3,-00,0,2)oo41oo23420oo = (l,3,oo,0,2)oo4(l, 3,00, 0,2)2ool0420oo (by 
relation (2) conjugated by (1,3,Oft,00,4) G L2(5))
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= (1. oo. 2,3.0)042ool0420oo = (l,oo,2,3,0)042ool(l,oo, 3)(2,4,0)4024oo (by 
relation (3) conjugated by (1,2,3)(4, oo,0) G ia(5))

= (1.3.2) (4.0. oo)2043oo4024oo = (1,3,2)(4,0, oo)2043(2,4,3,0, oo)04oo34oo 
(by relation (2) conjugated by (1,2,4,0,oo) G L2(5))

= (1,0,2)(3,4,oo)4oo3004oo34oo = (I,0,2)(3,4,oo)4oo34oo34oo = e (by rela­
tion (3) conjugated by (1,3,2)(4,0,oo) G L2(5)).

Now consider [oo0232]. N(°°0232) has orbits {0}, {oo}, {1,4}, and {2,3}. So we 
need to look at [oo02320], [oo0232oo], [oo02321], and [oo02322].

First [oo02322] = [oo023]. So t2, a representative from one of the 2-orbits, takes 
[oo0232] back to a single coset in [oo023].

to takes [oo0232] to a single coset in [oo01310] since Noo02320
= 7V(1,4, oo)(2,3,0)130203 = N130203 G [oo01310]. To prove oo02320 
= (1,4, oo)(2,3,0)130203, we will move the relation to one side of the equal sign and 
prove it equals identity.

(1,4, oo)(2,3,0)13020302320oo = (1.4, oo) (2,3,0)13202302320oo (by relation (5) 
conjugated by (l,3)(2,oo) G L2(5))

= (l,4,oo)(2,3,0)13202302320oo = (1.4,00)(2,3,0)1320 (1,00,4)(2,0,3)3203 
320oo (by relation (3) conjugated by (l,0,3)(2,4,oo) g L2(5))

— oo2033203320oo = oo202020oo = oo200200oo (by relation (5) conjugated by
(1.3) (2,oo) G L2(5))

= oo200200oo = oo22oo = 0000 = e.
too takes [oo0232] to a single coset in [oo0232oo]. Noo0232oo Noo0323oo by 

relation (5) conjugated by (l,oo,3)(2,4,0) G L2(5). There are 30 distinct single cosets in 
[oo0232oo].

ti, a representative from the other 2-orbit, takes [oo0232] to a single coset in 
[oo01024] since Noo02321 = N(l,4)(0,oo)oo32314 = Noo32314 G [oo01024]. To prove 
oo02321 ~ (l,4)(0,oo)oo32314 we will use a previously proved relation, oo0oo232 =
(1.4) (0, oo)323141.

=> oo0oo232 = (1,4)(0, oo)323141.
=> 0oo0232 = (1,4)(0, oo)323141 (by relation (5))
=> £0oo0232 = 0(1,4)(0, oo)323141
=> oo02321 = (l,4)(0,oo)oo3231411
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oo02321.= (l,4)(0,oo)oo32314.

Now consider [oo0201]. 7V(°°.0201) has orbits {1}, {oo},{2,0}, and {3,4}. So we 
need to look at [oo02011], [oo0201oo], [oo02012], and [oo02013].

First [oo02011] = [oo020]. So tj takesn]oc0201] back to a single coset in [oo020].
toa takes [oo0201] to a single coset in [oo0232oo] since Noo0201oo

= 7V(2,0)(3,4)loo3431 = Nloo3431 G [oo0232oo]. To prove oo0201oo
— (2,0)(3,4)loo3431, we will move the relation to one side of the equal sign and prove it 
equals identity:

(2,0)(3,4)loo3431ool020oo = (2,0)(3,4)loo3431oo 331020oo
= (2,0)(3,4)loo34 31oo3 31020oo = (2,0)(3,4)loo34 (1,3,oo)(2,0,4)13ool 31020oo (by 
relation (4) conjugated by (l,0,4)(2,3,00) G L2(5))

= (1,3,2,4,oo)31oo213ool31020oo = (l,3,2,4,oo)3 (l,2,oo)(3,0,4)ool2oo 
3ool31020oo (by relation (3) conjugated by (1,2,4,0,00) G 1*2(5))

= (1.0.4)(2.3.oo)0ool2oo3ool31020oo = (1,0,4)(2,3,oo)0ool2 3oo3 313 020oo 
(by relation (5) conjugated by (1,2)(3,0) G 1*2(5)  and relation (6) conjugated by 
(2,0)(3,4) 6 7*2(5))

= (1.0.4)(2.3. oo)0ool23oo3313020oo = (1.0.4)(2.3. oo)0ool23ool3202oo (by 
relation (5) conjugated by (l,3)(2,oo) 6 7* 2(5))

= (I,0,4)(2,3,oo)0ool23ool3202oo = (l,0,4)(2,3,oo)0ool23
(1,4,3,oq, 2)oo402 02oo (by relation (1) conjugated by (2,3)(0,oo) G Z2(5))

= (1,0,3, 2. oo)0241oo31oo402oo = (1,0,3,2,oo)024 (1,3,00)(2,0,4)ool3oo 
oo402oo (by relation (4) conjugated by (l,2)(4,oo) G 7*2(5))

= (1,4,2)(3,0,oo)402ool3402oo = e by a previously proved relation, 
(l,3,0)(2,oo,4)320oo 14320oo = e conjugated by (2,0)(3,4) 6 7*2(5).

t2, a representative from one of the 2-orbits, takes [oo0201] to a single coset in 
[oo01403] since Noo02012 = N(1.4,3)(2,do,0)3oo24ool = N3oo24ool G [oo01403]. To 
prove oo02012 = (1.4,3)(2,oo,0)3oo24ool, we will move the relation to one side of the 
equal sign and prove it equals identity.

(1,4,3)(2,oo,0)3oo24ool21020oo  = (1,4,3)(2,00,0)3 (l,3,0)(2,oo,4)2oo42 
121020oo (by relation (4) conjugated by (2,00,0,3,4) 6 7* 2(5))

= (1.2.4.0.oo)02oo42121020oo = (1.2.4.0.00)02004221202000 (by relation (6) 
conjugated by (2,4)(3,oo) G £2(5))
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= (1,2.4.0. oo)02oo42212020oo = (1.2.4.0. oo)02oo412202oo (by relation (5) 
conjugated by (l,3)(2,oo) £ £2(5))

= (1.2.4.0.00)020041220200 = (l,2,430,oo)02oo4102oo = e (by relation (1) 
conjugated by (1,2,0,00,3) £ £2(5)).

a representative from the 2-orbit, takes [oo0201] to a single coset in [oo0131oo] 
since Noo02013 = N(1.3)(4,0)413034 = N413034 £ [oo0131oo]. To prove oo02013 =
(1.3)(4, 0)413034, we will move the relation to one side of the equal sign and prove it 
equals identity.

(1,3)(4, 0)41303431020oo = (1,3)(4,0)41303(1,4,0,3, oo)134oo20oo (by relation 
(2) conjugated by (l,0,4)(2,3,oo) 6 L2(5))

= (1, oo)(3,4)04oo3ool34oo20oo = (l,oo)(3,4)04oo (l,oo,3)(2,4,0)oo31oo 
4oo20oo (by relation (4) conjugated by (l,2,3)(4,oo,0) £ £2(5))

= (1,3,0,2,4)203oo31oo4oo20oo = (1,3,0,2,4)20oo3ooloo4oo20oo (by relation 
(5) conjugated by (l,2)(3,0) £ £2(5))

= (1,3,0,2.4)20oo3ooloo4oo20oo = (1,3,0,2.4)20oo31ool4oo20oo (by relation 
(5) conjugated by (l,0)(2,4) £ £2(5))

= (1,3,0; 2,4)20oo31ool4oo20oo = (1,3,0,2,4)20oo31oo(l, 2,4,0, oo)oo4100oo 
(by relation (1) conjugated by (l,4,0))(2,oo, 3) £ £2(5))

= (1,3, oo)(2,0.4)4ool321oo4100oo = (1,3, oo)(2,0,4)(1,4,3, oo, 2)loo42 
21oo41oo (by relation (1) conjugated by (l,oo,0,4,2) £ £2(5))

= (1, oo, 4)(2.0.3)loo4221oo41oo = (1. oo. 4)(2.0.3)loo41 oo41oo
= (l,oo,4)(2,0,3) (l,4,oo)(2,3,0)ool4oo oo41oo (by relation (4) conjugated by 
(1,0,2)(3,4, oo) £ £2(5))

= ool4oooo41oo - ool441oo = oolloo = oooo = e.

Now consider [oo020oo]. jV(°°020a3) has orbits {1,3,4}, and {2,0,oo}. So we 
need to look at [oo020ool] and [oo020oooo].

First [oo020oooo] = [oo020]. So too, a representative from one of the 3-orbits, 
takes [oo020oo] back to a single; coset in [oo020].

ti, a representative from the other 3-orbit, takes [oo020oo] to a single coset in 
[oo01310] since Noo020ool = N(1.0)(3,oo)04oo3oo4 = N04oo3oo4 £ [oo01310]. To prove 
oo020ool = (1.0)(3, oo)04oo3oo4, we will move the relation to one side of the equal sign 
and prove it equals identity.
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(1,0)(3. oo)04oo3oo41oo020oo = (l,0)(3, oo)04oo3 (1,4, oo)(2,3,0)4ool4
020oo (by relation (4) conjugated by (l,3)(2,oo) G £2(5))

= (1,2,3)(4,oo,0)2ool04pol4020oo ■- (l,2,3)(4,oo,0)2ool04
(l,3,4,oo, 0)41oo3 20oo (by relation (1) conjugated by (2,4,3,0, oo) € £*2(5))

= (1.2.4.0.oo)2031oo41oo320oo = (1,2,4,0,oo)(l, 0,4,3,2)3024 oo41oo320oo 
(by relation (2) conjugated by (2,0)(3,4) G £2(6))

= (2,3)(0,oo)3024oo41oo320oo = (2,3)(0,oo)302og4ooloo320oo (by relation (5) 
conjugated by (l,3)(4,0) G L2(^))

= (2,3)f0, oo)302oo4ooloo320oo =■ (2,3)(0,oo)3(l,oo, 0,4,2)oo201ooloo320oo 
(by relation (1) conjugated by (1,2,00,3,4) G £2(5))

= (I,oo,4,2,3)3oo201poloo320oo = (l.oo.4,2.3)3oo20ooloooo320oo (by rela­
tion (5) conjugated by (1,0)(2,4) G Z2(5))

= (1,oo,4,2,3)3oo20ooloooo320oo = (I,oo,4,2,3)3oo20oo320oo = e (by a pre­
viously proved relation).

Now consider [oo0203]. 7V(°°0203) has orbits {1}, {2}, {3}, {4}, {0}, and {00}. So 
we need to look at [oo02031], [oo02032], [oo02033], [oo02034], [oo02030] and [oo0203oo].

First [oo02033] = [oo020]. So takes' [oo0203] back to a single coset in [oo020],
ii takes [oo0203] to a single coset in [oo01231] since Noo02031

— N(l,oo,4,2,3)34oo20oo = JV34oo20oo G [oo01231]. To prove oo02031
= (1,00,4,2,3)34oo20oo, we, will move the relation to one side of the equal sign and prove 
it equals identity.

fl.oo. 4.2.3)34oo20ool3020oo = (l,oo,4,2,3)34 (l,4,3)(2,oo,0)2oo02
13020oo (by relation (4) conjugated by (l,3,0)(2,oo,4) G Z2(5))

= (l,0,2)(3,4,oo)132oo0213020oo = (l,0,2)(3,4,oo)132 (1,0,3,2, oo)20oo3
3020oo (by relation (1) conjugated by (1,0,00,4,3) G Z2(5))

= (1,3,4)(2,0,00)02oo20oo33020oo = fl, 3,4)(2,0,oo)02oo20oo202oo (by rela­
tion (5) conjugated by (l,3)(2,oo) G £*2(6))

= (I,3,4)(2,0,oo)02oo20oo202oo = e by a previously proved relation,
(1.3.4) (2,0,oo)2oo0oo 20oo2oo0 = e conjugated by
(1.3.4) (2,0,00) G £2(5).

t2 takes [oo0203] to a single coset in [oo01430] since Noo02032
= N(l,0,4)(2,3,oo)0321oo3 = N0321oo3 G [oo01430]. To prove oo02032
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— (I,0,4)(2,3,oo)0321oo3, we will move the relation to one side of the equal sign and 
prove it equals identity.

(1,0,4)(2,3, oo)0321oo323020oo = (1,0,4)(2,3,oo)0321oo232020oo (by relation 
(5) conjugated by (l,oo,2)(3,4,0) G 1/2(5))

= (1, 0,4)(2,3, co)0321 oo232020oo = (l,0,4)(2,3,oo)0321oo230200oo (by rela­
tion (5) conjugated by (l,3)(2,oo) G 1/2(5))

= (1, 0,4)(2,3,oo)0321oo230200oo = (l,0,4)(2,3,oo)0321oo2302oo = e (by a 
previously proved relation, (1,2, 3)(4, oo, 0)2401oo0420oo = e, conjugated by (2,0)(3,4) € 
L2(5)).

t4 takes [oo0203] to a single coset in [oo01024] since Noo02034
= N(l, 4, oo)(2,3,0)04oo412 = N04oo412 G [oo01024j. To prove oo02034
— (1,4, oo)(2,3,0)04oo412, we will move the relation to one side of the equal sign and 
prove it equals identity.

(1,4, oo)(2,3,0)04oo41243020oo = (1,4, oo)(2,3,0)04oo41
(2,0,4,oo,3)342oo 20oo (by relation (1) conjugated by (l,4,oo)(2,3,0) G 1/2(5))

= (l,oo)(3,4, )4oo3ool342oo20oo = fl.oo)(3,4, )4oo3ool34oo2oo0oo (by rela­
tion (5) conjugated by (2,0)(3,4) G 1/2(5))

= (1.oo)f3,4,)4oo3ool34oo2oo0oo = (l,oo)(3,4,)4oo3oo (1,oo,3,0,4)4310 
2oo0oo (by relation (2) conjugated by (l,oo, 2, 3,0) G T2(5))

= fl, 3)(4,0)130343102oo0oo — (1,3)(4,0)130434102oo0oo (by relation (5) con­
jugated by (3,0)(4,oo) G £2(5))

= (l,3)(4,0)130434102oo0oo = (1,3)(4,0)1(1, oo, 2)(3,4,0)03404102oo0oo (by 
relation (4) conjugated by (1,2,3,4,0) G L2(5))

= (1,4,3, oo, 2)oo03404102oo0oo = (l,4,3,oo, 2)oo0340(l, oo, 0,4,2)014oooo0oo 
(by relation (1) conjugated by (2,0,4,oo,3) G L2(5))

= (1, 2, oo)(3,0,4)04324014oooo0oo = (1,2,oo)(3,0,4)0432 40140oo
= (1,2, oo)(3,0,4)0432 (l,0,4)(2,3,oo)0410 Ooo (by relation (4) conjugated by 
(l,oo,3)(2,4,0) GL2(5))

= fl, 3,4, oo, 0)41oo304100oo = (l,3,4,oo,0)41oo3041oo = e (by relation (1) 
conjugated by (2,4,3,0,oo) G I/2(5)).

to takes [oo0203] to a single coset in [oo01031] since Noo02030
= N(l,oo,4)(2,0,3)402032 = N402032 G [oo01031]. To prove co02030
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= (l,oo, 4)(2,0,3)402032, we will move the relation to one side of the equal sign and 
prove it equals identity.

(l,oo,4)(2,0,3)40203203020oo = (l,oo,4)(2,0,3)40 (l,4,oo)(2,3,0)0230
03020oo (by relation (3) conjugated by (l,3)(2,oo) G L2(5))

oo2023003020oo = oo20233202oo (by relation (5) conjugated by (1,3)(2,oo) G 
^(5))

= oo20233202oo = oo202202oo = oo2002oo = oo22oo = oooo = e.
Zoo takes [oo0203] to a single coset in [oo01213] since #oo0203oo

= #(2,3)(0,oo)32oo4ool = #32oo4ool G [oo01213]. To prove oo0203oo
= (2,3)(0,oo)32oo4ool, we will move the relation to one side of the equal sign and prove 
it equals identity.

(2,3)(0,oo)32oo4ooloo3020oo  = (2,3)(0,oo)32oo4oo (1,0,oo,4,3)3ool4
20oo (by relation (1) conjugated by (l,oo,2,3,0) G L2(5))

= (l,0,4,3,2)124343ool420oo = (1,0,4,3,2)123433ool420oo (by relation (6) 
conjugated by (l,3)(2,oo) G L2(5))

= (l,0,4,3,2)123433ool420oo = (1,0,4,3,2)123 4ool420oo = (1,0,4,3,2)123 
(l,oo,4)(2,0,3)oo41oo 20oo (by relation (4) conjugated by (l,0,3)(2,4,oo) G L2(5))

= (1,3,0) (2. oo. 4)oo02oo41oo20oo = (1,3,0)(2,oo,4)oo(l,oo, 0,4,2)oo201 
loo20oo (by relation (1) conjugated by (l,2,oo, 3, 4) G Z2(5))

= (1,3,4)(2.0.oo)0oo2011oo20oo = (I,3,4)(2,0,oo)0oo20oo20oo = e by rela­
tion (4) conjugated by (1,4,0)(2,oo,3) G L2(5))-

Now consider [oo02ool]. A^0002001) has orbits {2}, {3}, {1,4}, and {0,oo}. So 
we need to look at [oo02ool2], [oo02ool3], [oo02ooll], and [oo02ool0].

First [oo02ooll] = [oo02oo]. So Zi, a representative from one of the 2-orbits, 
takes [oo02ool] back to a single coset in [oo02oo],

i2 takes [oo02col] to a single coset in [oo01oo21] since #oo02ool2
= #(l,oo,2)(3,4,0)23oo21oo = #23oo21oo G [oo01oo21]. To prove oo02ool2
= (1,oor2)(3,4,0)23oo21oo, we will move the relation to one side of the equal sign and 
prove it equals identity.

(1. oo. 2)(3.4.0)23oo21oo21oo20oo = (l,oo,2)(3,4,0)23oo21 
(l,2,oo)(3,0,4)2ool2 20oo (by relation (3) conjugated by (2,0)(3,4) G Z2(5))

= ooO 1 oo22oo1220oo = ooOloooolOoo = ooOllOoo — ooOOoo = oooo — e.
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t3 takes [oo02ool] to a single coset in [oo012oo3] since TVoo02ool3
= N(l,3,2,4,oo)431240 = 1V431240 G [oo012oo3]. To prove oo02ool3
= (1,3,2,4,00)431240, we will move the relation to one side of the equal sign and prove 
it equals identity.

(1,3,2.4.oo)4312403loo2Ooo — (1,3,2,4,oo)43(l,0,2,oo,4)421oo31oo20oo (by 
relation 2) conjugated by (l,0)(3,oo) G L2(5))

= (1,3, oo, 0,2)13421oo31oo20oo = (1,3, oo, 0,2)1342 (1,3,oo)(2,0,4)ool3oo 
oo20oo (by relation (4) conjugated by (1,2)(4, oo) G L2(5))

= (l,oo4,2,3)3oo20ool3oooo20oo = (I,oo4,2,3)3oo20ool320oo = e (by a pre­
viously proved relation).

to, a representative from the other 2-orbit, takes [oo02ool] to a single coset in 
[oo01213] since Noo02ool0 = N(l,oo)(2,0)2oo3034 = 7V2oo3034 G [oo01213]. To prove 
oo02ool0 — (l,oo)(2,0)2oo3034, we will move the relation to one side of the equal sign 
and prove it equals identity.

(l,oo)(2,0)2oo30340lob20oo = (l,oo)(2,0)2oo30 (1,4,2,0,3)0432 oo20oo (by 
relation (1) conjugated by (1,4,2,0,3) G L2(5))

= fl.00.4.2.3)0ool30432oo20oo = (l,oo,4,2,3)0ool (l,oo,2)(3,4,0)0340 
2oo20oo (by relation (4) conjugated by (1,2,3,4,0) G L2(5))

= (1,2,4)(3,oo,0)32oq03402oo20oo = (l,2,4)(3,oo,0)3 (2,3,00,4,0)0oo24 
402oo20oo (by relation (1) conjugataed by (l,oo)(2,0) G L2(5))

= (1.3.4, )(2.0.oo)oo0oo24402oo20oo — (1.3.4, )(2.0.oo)oo0oo 202oo20oo = 
(1.3.4. )(2.0.oo)0oo0 020oo20oo (by relation (5) conjugated by (l,3)(2,oo) G L2(8))

= (1,3,4, )(2.0. oo)0oo0020oo20oo = (1,3,4,)(2,0,oo,)0oo20oo20oo = e (by re­
lation (4) conjugated by (1,4, 0)(2,oo,3) G L2(5))-

Now consider [oo01oo21|. jyf00010021) has orbits {1,4}, {2,3}, and {0,oo}. So 
we need to look at [oo01oo211], [oo01oo212], and [oo01oo21oo].

First [oo01oo211] = [oo01oo2]. So ti, a representative from one of the 2-orbits, 
takes [oo01oo21] back to a single coset in [oo01oo2]. 1

t2, a representative from another 2-orbit, takes [oo01oo21] to a single coset in 
[oo01oo212]. By a previous proof we know TVoo01oo21 = N0oo4024, so it follows that 
Noo01oo212 — N0oo40242. There are 30 distinct single cosets in [oo01oo212].

too, a representative from the remaining 2-orbit, takes [oo01oo21] to a single coset 
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in [oo02oo] since as we previously proved oo02ool2 = (1, oo, 2)(3,4,0)23oo21oo. Therefore 
it follows Noo02ool = N(l,oo, 2)(3,4,0)23oo21oo2 = N23oo21oo2 G [oo01oo21oo] = 
[oo02ool].

Now consider [oo01oo24]. AZ(°°010024) has orbits {1}, {4}, {2,3} and {0,oo}. So 
we need to look at [oo01oo241], [oo01oo244], [oo01oo242], and [oo01oo24oo].

First [oo01oo244] = [oo01oo2], So t4 takes [oo01oo24] back to a single coset in 
[oo01oo2].

ti takes [oo01oo24] to a single coset in [oo01oo241]. Noo01oo241 = N0ool0341 
= Noo04oo314 = N23024oo0 = N23oo210oo = N1421oo32 = N1431023 = N4124032 
= N0oo40214 = N32oo340oo = N4134oo23 = N32031oo0 since we previously proved 
Noo01oo24 = N0ool034. Therefore it follows that Noo01oo241 = N0ool0341. If we 
conjugate this equation by (1,4)(2,3), (l,0,3)(2,4,oo), (l,oo,2)(3,4,0), (1,2, oo)(3,0,4) 
and (1,3,oo)(2,0,4) € £2(5) we find that Noo04oo314 — N0oo40214, N23024oo0 = 
N32031oo0, N23oo210oo = N32oo340oo, N1421oo32 = N4124032, and N1431023 = 
N4134oo23. To show that all of these single cosets are equal we will prove oo01oo241 
= (I,4,oo)(2,3,0)oo04oo314, oo01oo241 = (l,4,oo,2,0)1421oo32, oo01oo241 
= (1,00,3)(2,4,0)1431023, oo01oo241 = (l,oo)(3,4)23024oo0, and oo01oo241 
= (1,2,0,00,3)23oo210oo.

To prove oo01oo241 = (1,4, oo)(2,3,0)co04oo314, we will move the relation to 
one side of the equal sign and prove it equals identity. -

(I,4,oo)(2,3,0)oo04oo314142ool0oo = (1,4, oo)(2,3,0)oo04oo31 141 
2ool0oo (by relation (6))

= (l,4,oo)(2,3,0)oo04oo3ri412ool0oo = (1.4.oo)(2.3,0)oo0 4oo34 12ool0oo 
= (1,4, oo)(2,3,0)oo0 (1,2,0)(3, oo,4)oo43oo 12ool0oo (by relation (3) conjugated by 
(1,3,2)(4,0,oo) GL2(5))

= fl. 3)f2.oo)41oo43ool2ool0oo = (1,3)(2,oo)41oo43(l, 00, 2)(3,4,0)loo2110oo 
(by relation (3) conjugated by (1,2,3,4,0) G £2(5))

= fl, 4,0,3. oo)0oo2041oo21 IO00 = (1,4,0,3,oo)0oo2041oo20oo = e (by a pre­
viously proved relation).

To prove oo01oo241 — (1,4,00,2,0)1421oo32, we will move the relation to one 
side of the equal sign and prove it equals identity.

(1,4,00,2, 0)1421oo32142ool0oo = (1,4,00,2,0)1421oo32142
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(1, oo, 0)(2,4,3)loo01 (by relation (3) conjugated by (l,0)(2,4) 6 L2(5))
= (1,3,2)(4.0. oo)oo34oo024oo341oo01 = (1,3,2)(4,0,oo)oo34oo024 

(l,3,2,4,oo)43oo2 ooOl (by relation (2) conjugated by (2,3)(0,oo) G 7* 2(5))
= (1.2.3.4.0)12ool04oo43oo2oo01 = (1,2,3,4,0)1 (1,2,0,oo,3)loo23 

4oo43oo2oo01 (by relation (2) conjugated by (1,0,2, oo,4) G,7* 2(5))
= (I,0,2)(3,4,oo)21go234oo43oo2oo01 = (l,0,2)(3,4,oo) (l,2,oo)(3,0,4)12ool

34oo43oo2oo01 (by relation (3) conjugated by (l,oo, 2,3,0) € £2(5))
— (1.4)(0.oo)12ool34oo43oo2oo01 — (1.4)(0. oo)12ool3oo4oo3oo2oo01 (by re­

lation (6) conjugated by (l,oo)(2,0) 6 L2(5))
= (1.4)fO.oo) 12ool3oo4oo3oo2oo01 = (1,4)(0.oo)12ool3oo43oo32oo01 (by re­

lation (5) conjugated by (l,2)(3,0) 6 7* 2(5))
= (I,4)(0,oo)12ool3oo43oo32oo01 = (I,4)(0,oo)12ool3oo43

(l,0,4)(2,3, oo)3oo2301 (by relation (3) conjugated by (l,2)(3,0) G L2(5))
= (2,3, oo, 4,0)0320oo21oo3oo2301 = (2,3,oo,4,0)0320oo21oo

(1,3,oo, 0,2)32ool01 (by relation (2) conjugated by (l,0,oo,4,3) G 7* 2(5))
= (1,3,0)(2, oo.4)2ool20130oo32oo = (l,3,0)(2,oo,4) (l,oo,2)(4,0,3)oo21oo 

0130oo32oo (by relation (3) conjugated by (2,4, 3,0,oo) G 7* 2(5))
= (1.4)(0. oo)oo21oo0130oo32oo = (l,4)(0,oo)oo(l,4,oo, 2,0)ool24130oo32oo 

(by relation (2) conjugated by (l,0,2)(3,4,oo) G 7*2(5))
= (1.oo)(2.0)2ool24130oo32oo = (l,oo)(2,0)2oo(l,2,3,4,0)142030oo32oo (by 

relation (2) conjugated by (1,3,0,2,4) G 7* 2(5))
= (l,oo,2)(3,4,0)3oo214200oo32oo = (l,oo,2)(3,4,0)3oo (1,2,4)(3,oo,0)1241 

oo32oo (by relation (3) conjugated by (l,4,oo,2,0) G 7* 2(5))
= (1,0, oo, 4,3)oo01241oo32oo = e (by a previously proved relation).
To prove oo01oo241 = (1, oo, 3)(2,4,0)1431023, we will move the relation to one 

side of the equal sign and prove it equals identity.
(1, oo, 3)(2,4,0)1431023142oo01oo = (1, oo, 3)(2,4,0)143102

(1,0,4,3,2)4130 ooOloo (by relation (2) conjugated by (l,2)(3,0) G I* 2(5))
= (1. oo.2.3.0)0320414130ool0oo = (l,oo, 2,3,0)0320 141 130ool0oo (by rela­

tion (6))
= (1. oo. 2.3.0)0320141130ool0oo = (l,oo,2,3,0)0320143

(1, oo,0)(2,4,3)oo01oooo (by relation (3))
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= (1.0. oq.4. 3)1241oo3oooo2oo01oooo = (1, 0, oo, 4,3)1241oo32oo01 = e (by a 
previously proved relation (I,3,4,oo}0)oo23ool4210oo = e conjugated by (l,oo)(3,4) € 
L2(5)).

To prove oo01oo241 = (l,oo)(3,4)23024oo0, we will move the relation to one 
side of the equal sign and prove it equals identity.

(I,oo)(3,4)23024oo0142ool0oo = (1, oo)(3,4)(1, oo, 4) (2,0,3)3203 
4oo0142ool0oo (by relation (3) conjugated by (l,0,3)(2,4,oo) G L2(5))

= (1,4,2, 0.3)32034oo0142ool0oo = (1,4,2,0,3)320 (l,oo,3,0,4)oo431 
142ool0oo (by relation (2) conjugated by (l,0,3)(2,4,oo) G L2(5))

= (2,4)(3,oo)024oo431142ool0oo = (2,4)(3,oo)024oo 434 2ool0oo
= (2,4)(3,oo)024oo 3432ool0oo (by relation (6) conjugated by (1,3)(4, oo) G L2(5))

= (2,4)(3,oo)024oo3432ool0oo = (2,4)(3,oo)024oo34(l,2,0,oo,3)oo2300oo (by 
relation (2) conjugated by (3,0)(4,oo) G L2(5))

= (1,2,4,0,oo)oo04314oo2300oo — (I,2,4,0,oo)oo04314oo23oo — e (by a previ­
ously proved relation (I,0,oo,4,3)oo01241oo32oo = e conjugated by (1,4)(2,3) G L2(5)).

To prove oo01oo241 ~ (1,2,0,oo, 3)23oo210oo, we will move the relation to one 
side of the equal sign and prove it equals identity.

(1,2,0,oo, 3)23oo210ool42ool0oo = (1,2,0,oo,3)23oo2 
(l,oo,0)(2,4,3)01oo0 42ool0oo (by relation (3) conjugated by (l,oo)(3,4) G L2(5))

= (1,4,3,oo, 2)420401oo042ool0oo = (1,4,3,oo,2)42040 (l,4,oo,2,0)0ool2 
2ool0oo (by relation (2) conjugated by (l,4,0)(2,oo,3) G L2(5))

= (l,oo, 0)(2,4,3)oo01ool0ool22ool0oo = (l,oo,0)(2,4,3)oo01ool0 ooloolOoo 
= (1, oo, 0)(2,4,3)oo01ool0 loollOoo (by relation (5) conjugated by (l,0)(2,4) G L2(5))

= (1. oo. Oft. 4.3)oo01ool01ooll0oo = (l,oo,0)(2,4,3)oo01oo 10 looOoo
= (l,oo, 0)(2,4,3)oo0loo OlOooOoo (by relation (5) conjugated by (l,oo)(3,4) G L2(5))

— (l,oo, 0)(2,4.3)oo01oo010oo0oo = (l.oo.0)(2.4.3)oo01oo0100oo0 (by rela­
tion (5))

= (1, oo, 0)(2,4,3)oo01oo0lOOooO = (1, oo, 0)(2,4,3)oo0 looOlooO
= (l,oo,0)(2,4,3)oo0 (1, 0,oo)(2,3,4)ool0oooo0 (by relation (3) conjugated by 
(l,0,oo)(2,3,4) GL2(5))

= loooolOooooQ = 1100 = e.
jy(oo0ioo24i) _ 4)(0, oo), (1,4)(2,3), (1, oo, 2)(3,4,0)), so there are 5 distinct 
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single cosets in [oo01oo241].
t2, a representative from one of the 2-orbits, takes [oo01oo24] to a single coset 

in [oo0121] since as we previously proved oo01214 = (I,3,4,oo,0)oo23oo41. Therefore it 
follows Noo0121 = N(l,3,4,oo,0)oo23oo414 = Noo23oo414 G [oo01oo242] = [oo0121].

too, a representative from the other 2-orbit, takes [oo01oo24] to a single coset 
in [oo024oo] since as we previously proved oo024ool = (1,3,2,4, oo)134120. Therefore it 
follows TVoo024oo = N(l,3,2,4,oo)1341201 = TV1341201 G [oo01oo24oo] = [oo024oo].

Now consider [oo01oo20]. M010020) has orbits {1}, {2}, {3}, {4}, {0}, and 
{00}. So we need to look at [oo01oo201], [oo01oo202], [oo01oo203], [oo01oo204], 
[oo01oo200], and [oo01oo20oo].

First [oo01oo200] = [oo0-loo2]. So to takes [oo01oo20] back to a single coset in 
[oo01oo2].

ti takes [oo01oo20] to a single coset in [oo01oo201]. There are 60 distinct single 
cosets in [oo01oo201].

t2 takes [oo01oo20] to a single coset in [oo0131] since as we previously proved 
oo01314 = (1,0,3)(2,4,oo)01oo041. Therefore it follows TVoo0131
= N(l,0,3)(2,4,oo)01oo0414 = N01oo0414 G [oo01oo202] = [oo0131].

t3 takes [oo01oo20] to a single coset in [oo012oo] since as we previously proved 
oo012oo2 = (l,3,oo,0,2)0ool03oo. Therefore it follows Noo012oo
— N(l,3,oo, 0,2)0ool03oo2 = N0ool03oo2 G [oo01oo203] = [oo012oo].

ti takes [oo01oo20] to a single coset in [oo0102] since as we previously proved 
oo0102oo = (1,4,0)(2,00,3)042034. Therefore it follows Noo0102
= N(l,4,0)(2,oo, 3)042034oo = N042034oo G [oo01oo204] = [oo0102].

too takes [oo01oo20] to a single coset in [oo01oo20oo]. Noo01oo20oo 
= N1421oo41 = N23cx)2132 since oo01oo20oo = (l,0,2)(3,4, oo)1421oo41 and 
oo01oo20oo = (1,3,oo)(2,0,4)23oo2132.

To prove oo01oo20oo = (l,0,2)(3,4,oo)1421oo41, we will move the relation to 
one side of the equal sign and prove it equals identity.

(I,0,2)(3,4,oo)1421co41oo02ool0oo = (l,0,2)(3,4,oo)142
(l,4,oo)(2,3,0)ool4oo oo02ool0oo (by relation (4) conjugated by (1,0,2)(3,4,00) 
G Z2(5))

= (1,2.4)(3.00.0)4oo3ool4oooo02oo — (1,2,4)(3,00,0)4oo (1,3,4,00,0)loo30
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02ool0oo (by relation (1) conjugated by (1, oo, 2)(3,4,0) G L2(5))
= (1,2, oo)(3,0,4)oo01oo3002ool0oo = (1,2, oo)(3,0,4)(1,0, oo)(2,3,4)0ool0 

32ool0oo (by relation (3))
= (1,3, oo, 0,2)0ool032ool0oo = e (by a previously proved relation).
To prove oo01oo20oo = (l,3,oo)(2,0,4)23oo2132, we will move the relation to 

one side of the equal sign and prove it equals identity.
(I,3,oo)(2,0,4)23oo2132oo02ool0oo = (l,3,oo)(2,0,4)23oo213

(1,3,4)(2, 0, oo)oo20oo oolOoo (by relation (4) conjugated by (3,0)(4,oo) G £2(5))
= (1,4, 0)(2,oo,3)042034oo20ooool0oo = (l,4,0)(2,00,3)042034 00201 Ooo = 

(1,4,0)(2,00,3)042034 (1,2,4,0, oo)2oo410oo (by relation (1) conjugated by (1,00,3,0,4) 
G L2(5))

= (1,0,2)(3,4,oo)oo04oo32oo40oo = (l,0,2)(3,4,oo)oo (2,00,0,3,4)oo402 
2oo40oo (by relation (2) conjugated by (1,3,2,4,00) G L2(5))

= (1,3,2)(4,0,oo)0oo4022oo40oo = (1,3,2)(4,0, oo)0oo40oo40oo = e (by rela­
tion (3) conjugated by (T, 4)(2,3) G L2(5)).

yy(oo0ioo20oo) _ ((ijOo,2)(3,4,0)) so there are 20 distinct single cosets in 
[oo01oo20oo].

Now consider [oo01oo41]. TyC00010041^ has orbits {4} and {1,2,3,0,co}. So we 
need to look at [oo01oo411] and [oo01oo414].

First [oo01oo411] = [00OI004]. So tj, a, representative from the 5-orbit, takes 
[oo01oo41] back to a single coset-in [oo01oo4].

t4 takes [oo01oo41] to a single coset in [oo01oo414]. By a previous proof we 
know Noo01oo41 = N21oo24oo = N3oo2342 = N203243 = N12ool4oo = N310340 = 
Noo32oo42 = N0oo2041 = N023043 = TV130140. So it follows that Noo01oo414 = 
N21oo24oo4 = N3oo23424 = TV2032434 = N12ool4oo4 = N3103404 = Noo32oo424 = 
N0oo20414 = N0230434 = N1301404.

yy(oo0ioo4i4) „ ((1, o)(3,00), (1,-3,00, 0,2)) so there are 6 distinct single cosets in 
[oo01oo414].

Now consider [oo01oo40]. yV(°°01<x-‘10) has orbits {1}, {2}, {3}, {4}, {0}, and 
{00}. So we need to look at [oo01oo401], [oo01oo402], [oo01oo403], [oo01oo404], 
[oo01oo400], and [oo01oo40oo].
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First [oo01oo400] = [oo01oo4], so ip takes [oo01oo40] back to a single coset in 
[oo01oo4].

ti takes [oo01oo40] to a single coset in [oo0ool4] since as we previously proved 
oo0ool42 = (1,2,0)(3,00,4)032013. Therefore it follows #oo0ool4
= #(1,2,0)(3,00,4)0320132 = #0320132 E [oo01oo401] = [00O00I4].

t2 takes [oo01oo40] to a single coset in [oo0142] since as we previously proved 
oo01424 = (1,3,4,oq, 0)oo23ool2. Therefore it follows #oo0142 
= #(l,3,4,oo, 0)oo23ool24 = #oo23ool24 G [oo01oo402] = [oo0142].

t3 takes [oo01oo40] to a single coset in [oo01oo403]. There are 60 distinct single 
cosets in [oo01oo403].

t4 takes [oo01oo40] to a single coset in [oo0oo21] since as we previously proved 
oo0oo21oo = (1,2)(4, oo)2302oo3. Therefore it follows #oo0oo21
= #(l,2)(4,oo)2302oo3oo = #2302oo3oo E [oc01oo404] = [oo0oo21].

too takes [oo01oo40] to a single coset in [oo012oo| since as we previously proved 
oo012ool = (2,oo,0,3,4)143124. Therefore it follows #oo012oo 
= #(2,oo,0,3,4)1431241 = #1431241 G [oo01oo40oo] = [oo012oo].

Now consider [oo01023]. A^0001023) has orbits {2}, {00}, {1,3}, and {4,0}. So 
we need to look at [oo010231], [oo01023oo], [oo010233],and [oo010234].

First [oo010233j = [oo0102]. So t3, a representative from one of the 2-orbits, 
takes [oo01023] back to a single coset in [oo0102].

too takes [oo01023] to a single coset in [oo0241] since as we previously proved 
oo02412 = (2,3)(0, oo)2030ool. Therefore it follows #oo0241 = #(2,3)(0, oo)2030ool2 = 
#2030ool2 G [oo01023oo] = [oo0241].

14, a representative from the other 2-orbit, takes [oo01023] to a single coset in 
[oo0142] since as we previously proved oo01421 = (l,2,oo,3,4)43oo302. Therefore it 
follows #oo0142 = #(l,2,oo,3,4)43oo3021 = #43oo3021 E [oo010234] = [oo0142j.

t2 takes [oo01023] to a single coset in [oo010232]. By a previous proof we know 
#oo01023 = #oo43421. So it follows that #oo010232 = #oo434212. a7°°010232) = 
((l,3)(4,0)), so there are 30 distinct single cosets in [oo010232].

Now consider [oo01024]. A^0001024) has orbits {1}, {2}, {3}, {4}, {0}, and {00}. 
So we need to look at [oo010241], [oo010242], [oo010243], [oo010244), [oo010240], and 
[oo01024oo].
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First [00010244] = [oo0102], so t4 takes [oo01024] back to a single coset in 
[oo0102].

ti takes [oo01024] to a single coset in [oo012oo] since as we previously proved 
oo012oo0 = (1,00,0)(2,4,3) 1303oo4. Therefore it follows Noo012oo 
= N(l,oo,0)(2,4,3)1303oo40 = N1303oo40 G [oo010241] = [oo012oo].

t2 takes [oo01024] to a single coset in [oo0232] since as we previously proved 
oo02321 = (l,4)(0,oo)oo32314. Therefore it follows TVoo0232 = N(l,4)(0, oo)oo323141 = 
N00323141 G [oo010242] = [oo0232].

t3 takes [oo01024] to a single coset in [oo0141] since as we previously proved 
oo01412 = (1,2,oo, 3,4)43oo301. Therefore it follows Noo0141 
= N(l,2,oo,3,4)43oo3012 = N43oo3012 G [oo010243] = [oo0141].

to takes [oo01024] to a single coset in [oo0203] since as we previously proved 
oo02034 = (l,4,oo)(2,3,0)04oo412. Therefore it follows Noo0203 
= N(l,4,oo)(2,3,0)04oo4124 = N04oo4124 G [oo010240] = [oo0203].

too takes [oo01024] to a single coset in [oo024oo] since as we previously proved 
oo024oo0 = (1,3,00)(2,0,4)032341. Therefore it follows Noo024oo 
= N(l, 3,00) (2,0,4)0323410 = N0323410 G [oo01024oo] = [oo024oo].

Now consider [oo01020]. 7V(°°01020) has orbits {2}, {4}, {1,0}, and {3,00}. So 
we need to look at [oo010202], [oo010204], [oo010200],and [oo010203].

First [oo010200] = [oo0102]. So to, a representative from one of the 2-orbits, 
take [oo01020] back to a single coset in [oo0102j.

t2 takes [oo01020] to a single coset in [oo0120] since as we previously proved 
oo01202 = oo01020. Therefore it follows Noo0120 = Noo010202 G [oo010202] = [oo0120].

t3) a representative from the other 2-orbit, takes [oo01020] to a single coset in 
[oo010203]. There are 60 distinct single cosets in [oo010203].

t4 takes [oo01020] to a single coset in [oo010204]. Noo010204 = N3101214 == 
N4121013 = N402010oo = N320212oo — Noo212023 since previously we proved that 
Noo01020 = N310121. Therefore it follows that Noo010204 = 7V3101214. If we con­
jugate this equation by (l,2,0)(3,oo,4) and (1,2)(4,00) G L2(5) we find N4121013 = 
Noo212023 and N40201 Ooo = N320212oo. To show that all of these single cosets are 
equal we will prove oo010204 = 4121013 and oo010204 = (1,0,2)(3,4,oo)402010oo.

To prove oo010204 = 4121013, we will move the relation to one side of the equal 
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sign and prove it equals identity.
4121013402010oo = 4212 01340 2010oo (by relation (6) conjugated by

(2,4)(3,oo)€£ 2(5))
= 4212013402010OO = 42(1,0,2)(3,4,00)2102340201000 (by relation (4) conju­

gated by (l,4,2)(3,0,oo) £ L2(5))
= (l,0,2)(3,4,oo)ool21023402010oo = (l,0,2)(3,4,oo)ool210 (1,4,2,0,3)4321

201 Ooo (by relation (1) conjugated by (1,3,0,2,4) £ £2(5))
= (l,3,2,4,oo)oo404343212010oo = (1.3.2.4.oo)oo404434212101oo (by rela­

tion (6) conjugated by (l,3)(2,oo) and (l,oo)(3,4) £ £2(5))
= (1,3,2,4,oo)oo404434212101oo = (1,3,2,4,oo)oo4034221201oo (by relation 

(6) conjugated by (2,4)(3,oo) £ £2(5))
— (I,3,2,4,oo)oo4034221201oo = (1,3,2,4,oo)oo40341201oo = e (by a previ­

ously proved relation (2,oo,0,3,4)oo21320410oo = e conjugated by (1,0)(2,4) £ £2(5)).
To prove oo010204 = (1,0,2)(3,4, oo)402010oo, we will move the relation to one 

side of the equal sign and prove it equals identity.
(I,0,2)(3,4,oo)402010oo402010oo = (l,0,2)(3,4,oo)420210oo402010oo (by re­

lation (5) conjugated by (l,3)(2,oo) £
= (l,0,2)(3,4,oo)420210oo402010oo = (1,0,2)(3,4,oo)42 (1,2,0)(3,oo,4)2012 

oo402010oo (by relation (4) conjugated by (1,4,2,0,3) £ £2(5))
= 302012oo402010oo = 302012oo4 202 lOoo (by relation (5) conjugated by 

(l,3)(2,oo)G£2(5))
= 302012oo420210oo = 30201(1,0,3)(2,4, oo)oo24oo0210oo (by relation (4) con­

jugated by (l,3,4,oo,0) £ £2(5))
= (1, 0,3)(2,4,oo)13430qo24oo0210oo = (l,0,3)(2,4,oo)13 (2,0,4,oo,3)0342

24oo0210oo (by relation (1) conjugated by (l,3,oo)(2,0,4) £ L2(5))
= (l,4,3)(2,oo,0)12034224oo0210oo = (1,4,3)(2, oo, 0)1203 44 oo0210oo

= (1,4,3)(2,oo,0)120 3oo0210oo = (l,4,3)(2,oo,0)120 (1,0,3,2,oo)0oo31 lOoo (by rela­
tion (1) conjugated by (l,oo,4)(2,0,3) £ £2(5))

= (I,4,2)(3,0,oo)0oo30oo30oo = e (by relation (4) conjugated by (2,oo)(4,0) £ 
^(5)).

yy (^010204) _ 0)(3,oo), (l,2,0)(3, oo,4)) so there are 10 distinct single cosets
in [oo010204].
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Now consider [oo0103oo]. ftt000103™) has orbits {3}, {oo}, {1,0}, and {2,4}. So 
we need to look at [oo0103oo3], [oo0103oooo], [oo0103ool],and [oo0103oo2].

First [oo0103oooo] = [oo0103]. So too takes [oo0103oo] back to a single coset in 
[oo0103].

tz takes [oo0103oo] to a single coset in [oo0141] since as we previously proved 
co0141oo = (1,4)(2,3)0232oo0. Therefore it follows 7Voo0141 = 7V(1,4)(2,3)0232oo0oo = 
N0232oo0oo G [oo0103oo3] = [oo0141],

71, a representative from one of the 2-orbits, takes [oo0103oo] to a single coset 
in
[oo01oo20oo] since 7Voo0I03ool = N(l, 2,4,0, oo)2402342 — N2402342 G [oo01oo20oo]. 
To prove oo0103ool = (1,2,4,0,oo)2402342, we will move the relation to one side of the 
equal sign and prove it equals identity.

(1,2,4,0, oo)24023421oo3010oo = (1,2,4,0, oo)240 (1,00,0)(2,4,3)3243 
loo3010oo (by relation (4) conjugated by (l,oo)(3,4) G L2(5))

= (1.3.2)(4.0. oo)43132431oo3010oo = (l,3,2)(4,0,oo)431324 
(l,3,oo)(2,0,4)13ool OlOoo (by relation (4) conjugated by (1, 0,4)(2,3,oo) G L2(5))

-= (l,oo,2,3, 0)2oo3oo0213ool010oo = (1. oo. 2.3. 0)2oo3oo0213oo0100oo (by re­
lation (5) conjugated by (l,oo)(3,4) G Z2(5))

= (1, oo, 2,3,0)2oo3oo0213oo0100oo = (l,oo, 2,3,0)2oo (1,0,3,2, oo)0oo31 
13oo01oo (by relation (1) conjugated by (l,oo,4)(2,0,3) G 7*2(5))

= ool0oo3113oo01oo = oolOoo 33 ooOloo — oolO oooo Oloo = ool 00 loo 
= ool loo = oooo = e.

72, a representative from the other 2-orbit, takes [oo0103oo] to a single coset in 
[oo010203] since Noo0103oo2 — N(l,2,4,0, oo)3oo2oo0ool = N3oo2oo0ool G [oo010203]. 
To prove oo0103oo2 = (1,2,4,0,oo)3oo2oo0ool, we will move the relation to one side of 
the equal sign and prove it equals identity.

(1, 2,4, 0,oo)3oo2oo0ool2oo3010oo = (1,2,4,0, oo)3oo20oo012oo3010oo (by re­
lation (5))

= (1,2,4, 0, oo)3oo20oo012oo3010oo = (1,2,4,0,oo)3 (1,4,3)(2,oo,0)2oo02 
012oo3010oo (by relation (4) conjugated by (1, 3,0)(2,oo,4) 6 L2(5))

= (1,00,4,2,3)12oo02Q12oo3010oo = (l,oo,4,2,3)12oo020 (l,3,2,4,oo)co214 
OIO00 (by relation (2) conjugated by (1,3,4,00,0) G L2(5))
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= 341040oo214010oo = 341040oo214 lOloo (by relation (5) conjugated by 
(l,oo)(3,4)GZ2(5))

-- 341040oo214101oo = 341040oo241401oo (by relation (6))
= 341040oo241401oo = 34104(2,0,4, oo, 3)2oo031401oo (by relation (1) conju­

gated by (l,oo)(3,4) G Z2(5))
— (2, 0.4. oo. 3)2ool4oo2oo031401oo = (2,0,4,oo,3)2 (1, oo,4)(2,0,3)loo41 

2oo031401oo (by relation (4) conjugated by (l,2,oo,3,4) G Z2(5))
= (1, oo, 2,3,0)01oo412oo031401oo = (1, oo, 2,3,0)01oo (l,3,2,4,oo)2143 

031401oo (by relation (2) conjugated by (l,oo, 0,4,2) G Z2(5))
= (3,0)(4,oo)0312143031401oo = (3,0)(4,oo)0312140301401oo (by relation (5) 

conjugated by (2,4)(3,oo) G Z2(5)) .
= (3,0)(4,oo)0312140301401oo = (3,0)(4,oo)03121403(l,0,4)(2,3,oo)10411oo 

(by relation (4) conjugated by (1,3,4)(2,0,oo) G Z2(5))
-- (l,0,oo)(2,3,4)4oo03014ool041 loo = (1,0, oo)(2,3,4)4oo30314ool04oo (by 

relation (5) conjugated by (2,4)(3,oo) G Z2(5))
= (1, 0, oo)(2,3,4)4oo30314ool04oo = (1,0,oo)(2,3,4)4oo3 (1,0,4,3,2)1302 

ool04oo (by relation (2) conjugated by (1,4)(2,3) G Z2(5))
= ■(1.4)(0.oo)3oo21302ool04oo = (1,4)(0,oo)3oo2130(l, 2,0,oo,3)loo234oo (by 

relation (2) conjugated by (1,0,2,00^4) G Z2(5))
= (1.4.2.0.3)13021ooloo234oo = (1,4,2,0,3)1302oolgooo234oo (by relation 

(5) conjugated by (l,0)(2,4) G Z2(5))
= (1,4,2, 0,3)1302ooloooo234oo = (1,4,2,0,3)1302oo 1234oo

=■ (1,4,2,0,3)1302oo (l,4,2,0,3)3210oo (by relation (1) conjugated by (1,2,3,4,0) G 
£2(5))

= (1,2,3,4,0)4130oo3210oo = e (by a previously proved relation, 
(l,oo,3,0,4)oo013214032 = e conjugated by (l,3,0)(2,oo,4) G Z2(5)).

Now consider [oo01031]. ]y(°°01031) has orbits {1}, {2}, {3}, {4}, {0} and {oo}. 
So we need to look at [oo0103U], [oo010312], [oo010313], [oo010314], [oo010310], and 
[oo01031oo].

• First [oo010311] = [oo0103]. So £ takes [oo01031] back to a single coset in 
[oo0103].

t2 takes [oo01031] to a single coset in [oo01oo212] since Noo010312
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= N(2,oo,0,3,4)loo21424 = Nloo21424 G [oo01oo212]. To prove oo010312
= (2, oo, 0,3,4)loo21424, we will move the relation to one side of the equal sign and prove 
it equals identity.

(2. oo. 0.3.4)loo21424213010oo = (2.oo. 0.3.4)loo21442413010oo (by relation 
(6) conjugated by (l,2)(3,0) G L2(5))

= (2. oo. 0.3.4)loo21442413010oo = (2,oo,0,3,4)loo21 (1,2,3,4, 0)1420 OlOoo 
(by relation (2) conjugated by (1,3,0,2,4) G Z* 2(5))

= (l,2,oo)(3,0,4)2oo321420010oo = (1,2,oo)(3,0,4)2oo3 (1,2,4)(3,oo, 0)1241 
lOoo (by relation (3) conjugated by (l,4,oo, 2,0) G L2(5))

= (1,4, oo2,0)40ool240oo = e (by relation (2) conjugated by (1,2,0,oo, 3) G 
I2(S)).

£3 takes [oo01031] to a single coset in [oo0130] since we previously proved 
oo01303 = ool0130. Therefore it follows Noo0130 = Nool01303 G [oo010313] = [oo0130].

t4 takes [oo01031] to a single coset in [00O00IO] since we previously proved 
oo0ool02 = (1, oo)(2,0)04oo43oo. Therefore it follows N00O00IO 
= 7V(l,oo)(2,0)04oo43oo2 = N04oo43oo2 G [oo010314] = [00O00IO].

£o takes [oo01031] to a single coset in [oo0203] since we previously proved oo02030 
= (1,oo,4)(2,0, 3)402032. Therefore it follows Noo0203 = N(l,00,4)(2,0,3)4020320 
= N4020320 G [oo010310] = [oo0203].

takes [oo01031] to a single coset in [oo010203] since Noo01031oo
— Aft, oo)(2,0)2414oo43 = N2414oo43 G [oo010203]. To prove oo01031oo
= (1, oo)(2,0)2414oo43, we will move the relation to one side of the equal sign and prove 
it equals identity.

(I,oo)(2,0)2414oo43ool3010oo = (l,oo)(2,0)2414oo43oo
(l,0,3)(2,4,oo)31030oo (by relation (3) conjugated by (1,0,3,2,00) G 1^(5))

= (1,2,3) (4,00,0)4oo0oo2ool231030oo = (1,2,3) (4,00,0)4oo0oo2ool231303oo 
(by relation (5) conjugated by (2,4)(3,00) G Z-2(5))

= (1,2,3)(4,oo,0)4oo0oo2ool231303oo = (l,2,3)(4,oo, 0)4oo0oo2ool213103oo 
(by relation (6) conjugated by (2,0)(3,4) € L2(5))

= (1,2,3)(4,00,0)4oo0oo2oo 1213103oo ~ (1.2.3)(4,00,0)4oo0oo2oo2123103oo 
(by relation (6) conjugated by (2,4)(3,00) G L2(5))

= (1,2,3)(4,oo,0)4oo0oo2oo2123103oo = (1.2.3)(4.oo. 0)4oo0oooo2ool23103oo
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(by relation (5) conjugated by (2,0)(3,4) G Z2(S))
= (l,2,3)(4,oo, 0)4oo0oooo2ool23103oo = (1,2,3)(4,oo, 0)4 oo02oo 123103oo 

= (1,2,3)(4,oo,0)4 (1,3,4)(2,0,oq)0oo20 123103oo (by relation (4) conjugated by 
(l,4,0)(2,oo,3) G L2(5))

= (l,0)(2,4)10oo20123103oo = (l,0)(2,4)10oo(l, 0,2)(3,4,oo)02103103oo (by 
relation (4) conjugated by (l,3)(4,0) G L2(5))

= (1.2. oo, 3.4)02302103103oo = (1,2,00,3,4)023021 (1,3,0)(2,oo,4)3013 3oo 
(by relation (3) conjugated by (2,oo,0,3,4) G L2(5))

= (l,oo,0)(2,4,3)loo01oo01oo = e (by relation (3) conjugated by (1,0)(2,4) G 
£2(5)).

Now consider [oo01032]. yyf0001032) has orbits {1}, {2}, {3}, {4}, {0} and {00}. 
So we need to look at [oo010321], [oo010322], [oo010323], [oo010324], [oo010320], and 
[oo01032oo].

First [oo010322] = [oo0103]. So t2 takes [oo01032] back to a single coset in 
[oo0103].

ti takes [oo01032] to a single coset in [oo01oo403] since #oo010321
= #(l,3,4)(2,0,oo)loo012oo4 = #loo012oo4 G [oo01oo403]. To prove oo010321 =
(1,3,4)(2, 0, oo)loo012oo4, we will move the relation to one side of the equal sign and 
prove it equals identity.

(I,3,4)(2,0,oo)lco012oo4123010oo  = (1,3,4)(2, 0,oo)loo01
(l,oo, 0,4,2)4oo20 23010oo (by relation (1) conjugated by (l,oo, 3)(2,4.0) G L2(5))

= (I,3,2,4,oo)oo04oo4oo2023010oo = (1.3.2.4.oo)oo044oo42023010oo (by re­
lation (5) conjugated by (1,3)(4,0) G L2(5))

= (1,3,2,4,oo)oo044oo42023010oo = (l,3,2,4,oo)oo0qq 4202301 Ooo
= (1.3.2.4.oo)0oo0 42023010oo (by relation (5))

= (1.3.2.4.oo)0oo042023010oo = (l,3,2,4,oo)0 (l,4,oo,2,0)40ool 023010oo 
(by relation (2) conjugated by (1,2,0,00,3) G jC2(5))

= (1.3.0)(2.oo.4)140ooI023010oo = (l,3,0)(2,oo,4)14 (l,oo,0)(2,4,3)oo01oo 
23010oo (by relation (3) conjugated by (2,3)(0,oo) G L2(5))

= (1,2,0, oo,3)oo3oo01oo23010oo = (1,2,0.00,3)oo3oo (l,3,oo,0,2)ool03 
3010oo (by relation (2) conjugated by (l,2)(4,oo) G L2(5))

= O00O00103301 Ooo = ooOoooo 1001 Ooo (by relation (5))
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= ooOoooollOoo ‘ - 00OO00 = oooo = e.
t3 takes [oo01032] to a single coset in [00010232] since by relation (5) conjugated 

by (l,oo, 2)(3,4,0) G L2(5)Noo010323 = N00010232 G [oo010232).
t4 takes [oo01032] to a single coset in [oo0121] since we -previously proved 

oo0121oo = (l,oo)(2,0)431302. Therefore it follows IVoo0121 = N(l,oo)(2,0)431302oo = 
N431302oo G [oo010324] = [oo0121]. -

to takes [oo01032] to a single coset in [00O00I2] since we previously proved 
oo0ool2oo = (1,2,3,4,0)0oo4oo32. Therefore it follows TVoo0ool2
= N(l, 2,3,4,0)0oo4oo32oo — N0oo4oo32oo G [oo010320] = [00O00I2].

tqo takes [oo01032] to a single coset in [6o0oo23] since we previously proved 
oo0oo230 = (l,3,oo,0,2)0232ool. Therefore it follows Noo0oo23 
= N(l,3,oo,0,2)0232ool0 = N0232ool0 G [oo01032oo] = [oo0oo23].

Now consider [oo010oo2]. yyt00010002) has orbits {2}, {0}, {l,oo}, and {3,4}. So 
we need to look at [oo010oo22], [oo010oo20], [oo010oo21], and [oo010oo23].

First [oo010oo22] = [00OIO00]. So t2 takes [oo010oo2] back to a single coset in 
[00OIO00].

to takes [oo010oo2] to a single coset in [oo0141] since we previously proved 
oo01410 = (l,oo)(2,0)30203oo. Therefore it follows Noo0141 = 7V(1,00)(2,0)30203oo0 = 
N30203oo0 G [oo010oo20] = [oo0141].

ti, a representative from one of the 2-orbits, takes [oo010oo2] to a single coset 
in
[oo01oo201] since Noo010oo21 = TV(1,3)(4,0)0320432 = N0320432 G [oo01oo201]. To 
prove oo010oo21 = (1,3)(4,0)0320432, we will move the relation to one side of the equal 
sign and prove it equals identity.

(I,3)(4,0)032043212oo010oo  = (1,3)(4,0)0(2,00,0,3,4)023oo3212oo010oo (by 
relation (2) conjugated by (1,4,0,3,00) G L2(5))

= (I,4,3)(2,oo,0)3023oo3212oo010oo = (1,4,3)(2,00,0) (1,00,4)(2,0,3)0320 
oo3212oo010oo (by relation (3) conjugated by (1,2,00,3,4) G -£2(5))

= (2,4)(3,oo)0320oo3212oo010oo = (2,4)(3,oo)03 (l,oo,2,3,0)oo021 
212oo010oo (by relation (1) conjugated by (1,0,2,00,4) G L2(5))

= (I,oo,0)(2,4,3)10oo021212oo010oo = (l,oo,0)(2,4,3)10oo021 121 00OIO00 
(by relation (6) conjugated by (2,4)(3,oo) G L2(5))
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= (l,oo, 0)(2,4,3)10oo021121oo010oo = (l,oo,0)(-2,4,3)10oo0 22 looOlOoo = 
(1,oo, 0)(2,4,3)10oo01oo010oo = e by a previously proved relation.

a representative from the other 2-orbit, takes [oo010oo2] to a single coset 
in [oo0121] since we previously proved oo01210 = (l,3,4)(2,0,oo)32oo234. Therefore it 
follows Noo0121 = jV(1,3,4)(2,0,oo)32oo2340 = N32oo2340 e [oo010oo23] = [oo0121].

Now consider [oo01213]. N(°°01213) has orbits {1}, {2}, {3}, {4}, {0} and {00}. 
So we need to look at [oo012131], [oo012132], [oo012133], [oo012134], [oo012130], and 
[oo01213oo].

First [oo012133] = [oo0121], so t3 takes [oo01213] back to [oo0121].
ti takes [oo01213] to a single coset in [oo0203] since we previously proved 

oo0203oo = (2,3)(0, oo)32oo4ool. Therefore it follows TVoo0203 
= N(2,3)(0,oo)32oo4ooloo = N32oo4ooloo G-[do012131] — [oo0203].

t2 takes [oo01213] to a single coset in [oo02ool] since we previously proved 
oo02ool0 = (1,00)(2,0)2oo3034. Therefore it follows Noo02ool = N(l, 00)(2,0)2oo30340 
= N2oo30340 G [oo012132] = [oo02ool|.

t4 takes [oo01213] to a single coset in [oo024oo] since we previously proved 
oo024oo4 = (l,3,0,2,4)203oo31. Therefore it follows Noo024oo
= N(l,3,0,2,4)203oo314 = N203oo314 G [oo012134] = '[oc024oo].

io takes [oo01213] to a single coset in [oo012130]. Noo012130 = N03242oo3 
= N3oo4140oo since oo012130 = (1,0,4,3,2)03242oo3 and oo012130
= (1,0,2,oo, 4)3oo4140oo.

To prove oo012130 = (1,0,4,3,2)03242oo3, we will move the relation to one side 
of the equal sign and prove it equals identity.

(1.0.4.3.2)03242oo3031210oo = (1.0,4,3.2)03242oo0301210oo (by relation (5) 
conjugated by (2,4)(3,00) G L2(5))

= (1.0.4.3.2) 03242oo030121Ooo = (1,0,4,3,2)032(2,3,00,4,0)oo243301210oo 
(by relation (1) conjugated by (1,2,oo)(3,0,4) G L2(5))

= (1,2)(4,oo)2oo3oo243301210oo — (1,2)(4,oo)2oo3oo2402120oo (by relation 
(6) conjugated by (2,4)(3,oo) G L2(5))

= (1,2) (4,oo)2oo3oo2402120oo = (1,2)(4,oo)2oo3oo2402(l,00,2,3,0)0213 (by 
relation (1) conjugated by (1,2,0)(3,oo,4) 6 L2(5))

= (1,3,0)(2,00,4)320234130213 = (1,3,0)(2,00,4)32023 (1,2,3,4,0)3142213
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(by relation (2) conjugated by (1,0,4,3,2) G £2(5))
= (1,4,3)(2,00,0)431343142213 = (1,4,3)(2,00,0)4131431413 (by relation (6) 

conjugated by (2,0)(3,4) G £2(5))
= (1,4,3)(2,00,0)4131431413 = e by a previously proved relation,

(l,oo, 0)(2,4,3)10oo01 00OIO00 -• e conjugated by (l,4,0)(2,oo,3) G £2(5)).
To prove oo012130 = (l,0,2,oo,4)3oo4140oo, we will move the relation to one 

side of the equal sign and prove it equals identity.
(1,0,2,oo, 4)3oo4140oo031210oo = (1,0,2,00,4)3oo414oo0oo31210oo (by rela­

tion (5))
= (1,0,2,oo,4)3oo414oo0oo31210oo = (l,0,2,oo,4)3oo 414oo

(1,00,2, 3,0)3oo02 210oo (by relation (1) conjugated by (1,00,4,2,3) G £2(5))
= (3, 0)(4,oo)024oo423oo02210oo = (3,0)(4, oo)02pq4oo23oo010oo (by relation 

(5) conjugated by (l,3)(4,0) G £2(5))
= (3,0)(4. oo)02oo4oo23oo010oo = (3,0)(4,oo)02oo4(l,4,0)(2,oo,3)2oo32010oo 

(by relation (3) conjugated by (1,3,0,2,4) G L2(5))
= (1.4.3)(2.oo.0)loo302oo32010oo = (l,4,3)(2,oo,0) (1,0,00,4,3)36014 

2oo32010oo (by relation (1) conjugated by (1,00,2,3,0) G £2(5))
= (1.3.0.2.4)3ool42oo32010oo = (l,3,0,2,4)3ool42 (2,oo,0,3,4)23oo4 lOoo 

(by relation (2) conjugated by (l,0,oo)(2,3,4) G £2(5))
= (1.4)(0.oo)4012oo23oo410oo = (1.4)(0.oo)401oo2oo3oo410oo (by relation (5) 

conjugated by (2,0)(3,4) G £2(5))
= (1.4)(0. oo)401oo2oo3oo410oo = (I,4)(0,oo)4(l,3,oo,0,2)ool03oo3oo410oo 

(by relation (2) conjugated by (1,2)(4,00) G £2(5))
= (1.4,3,00.2)4ool03oo3oo410oo = (1.4.3.00.2)4ool033oo3410oo (by relation 

(5) conjugated by (1,2)(3,0) G L2(5))
= (1.4.3.00.2)4ool033oo3410oo = (1,4,3,00,2)4 00IO00 3410oo

= (1,4,3,00,2)4 (1,00,0)(2,4,3)loo01 3410oo (by relation (3) conjugated by (1,0)(2,4) 
e £2(5))

= (l,3,0)(2,oo,4)31co013410oo = (1,3,0)(2,00,4)31(1,00, 3, 0,4)10oo4410oo 
(by relation (2) conjugated by (1,3,4)(2,0,00) G £2(5))

= (1.0.00)(2.3.4)0ool0oo4410oo = (I,0,oo)(2,3,4)0ool0ool0oo = e by rela­
tion (3).
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N(oo012130) ((i54)2)(3,0 ,oo)), so there are 20 distinct single cosets in
[oo012130],

too takes [oo01213] to a single coset in [oo01oo201] since Noo01213oo
= N(l, 3)(4,0)loo214oo2 = Nloo214oo2 G [oo01oo201]. To prove oo01213oo
— (Ij 3)(4,0)loo214oo2, we will move the relation to one side of the equal sign and prove 
it equals identity.

(I,3)(4,0)loo214po2oo31210oo  = (1,3)(4,0)1 (1,00,4,2,3)12003 
oo2oo31210oo (by relation (2) conjugated by (l,4)(0,oo) G Z2(5))

= (2,3,00,4, 0)ool2oo3oo2oo31210oo = (2,3,00,4,0)ool23oo32oo31210oo (by 
relation (5) conjugated by (l,2)(3,0) G Z2(5))

= (2,3, oo, 4,0)ool23oo32oo31210oo = (2,3,00,4,0)ool23 (l,0,4)(2,3,oo)3oo23 
31210oo (by relation (3) conjugated by (1,2)(3,0) G Z2(5))

= (1,0,3,2, oo)203oo3oo2331210oo (1,0,3,2, oo)20oo3oooo21210oo (by rela­
tion (5) conjugated by (l,2)(3,0) G Z2(5))

= (1,0,3,2, oo)20oo3oooo21210oo = (1,0,3, 2, oo)20oo312110oo (by relation (6) 
conjugated by (2,4)(3,oo) G Z2(5))

= (1,0,3,2. oo)20oo3121 lOoo = (1,0, 3,2,oo)20oo3120oo = e by relation (1) 
conjugated by (1,0,00,4,3) G Z2(5)).

Now consider [oo01231]. A^0001231) has orbits {1}, {ex?}, {2,0}, and {3,4}. So 
we need to look at [oo012311], [oo01231oo], [00012310], and [oo012314].

First [oo012311] = [oo0123]. So tx takes [oo01231] back to a single coset in 
[oo0123].

too takes [cx?01231] to a single coset in [oo01231oo]. We previously proved 
that Noo01231 =■ TVoo21041. Therefore it follows that TVoo01231oo = TVoo21041oo. 
yy(oo0i23ioo) _ ^2,0)(3,4)), so there are 30 distinct single cosets in [oo01231oo].

to, a representative from one of the 2-orbits, takes [oo01231] to a single coset 
in [oo0142] since we previously proved oo01420 = (l,2,3)(4,oo,0)10oo24oo. Therefore it 
follows Noo0142 = N(l,2,3)(4,oo,0)10oo24oo0 = N10oo24oo0 G [oc012310] — [oo0142].

f-4, a representative from the other 2-orbit, takes [oo01231] to a single coset 
in [oo0203] since we previously proved oo02031 = (l,oo,4,2,3)34oo20oo. Therefore it 
follows Noo0203 — N(l,oo,4,2,3)34oo20ool = N34oo20ool G [oo012314] — [oo0203].

Now consider [oo01232]. M°°01232) has orbits {1,4,0} and {2,3, ex?}. So we need 
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to look at [oo012324] and [oo012322].
First [oo012322] = [oo0123]. So t2, a representative from one of the 3-orbits, 

takes [oo01232] back to a single coset in [oo0123].
ti, a representative from the other 3-orbit, takes [oo01232] to a single coset in 

[00O00I2] since we previously proved oo0ool23 — (1, oo)(2,0)01oo424. Therefore it follows 
Noo0ool2 = N(l,oo)(2,0)01oo4243 = TV01oo4243 6 [oo012324] = [ooOool2].

Now consider [oo01204]. Aft0001204) has orbits {1,4,0} and {2,3,00}. So we need 
to look at [oo012044] and [oo01204oo].

First [00012044] = [oo0120]. So t4, a representative from one of the 3-orbits, 
takes [oo01204] back to a single coset in [oo0120].

too, a representative from the other 3-orbit, takes [oo01204] to a single coset in 
[oo0143] since we previously proved oo01432 = (1,4,00,2,0)203oo04. Therefore it follows 
Noo0143 = N(l,4,oo,2,0)203oo042 = N203oo042 € [oo01204oo] = [oo0143].

Now consider [oo012oo3]. ATt00012003) has orbits {2}, {0}, {l,oo}, and {3,4}. So 
we need to look at [oo012oo33], [oo012oo32], [oo012oo30], and [oo012oo3oo].

First [oo012oo33] = [oo012oo]. So t3, a representative from one of the 2-orbits, 
take [oo012oo3] back to a single coset in [oo012oo].

t2 takes [oo012oo3] to a single coset in [oo012oo32]. Noo012oo32 = N3oo41301 
= N4oo31421 = N03240oo4 = N2304214 = N10oo2142 = N12oo0130 = N314oo32oo 
= N0423013 = N24032oo3 = N413oo40oo = Noo210oo40 since we previously proved 
Noo012oo3 = N10oo214. Therefore it follows that Noo012oo32 =• N10oo2142. If we 
conjugate this equation by (1,4,2)(3,0,oo), (1,2,4)(3,00,0), (1,00)(2,0), (1,4,0)(2,oo,3) 
and (1,2,3)(4,00,0) G £2(5) we find N3oo41301 = N4oo31421, N03240oo4 = N2304214, 
N12oo0130 =■ Noo210oo40, N314oo32oo = N413oo40oo, and N0423013 = N24032oo3. 
To show that all of these single cosets are equal we will prove oo012oo32
= (l,oo,4,2,3)314oo32oo, oo012oo32 = (1,2, oo,3,4)4oo31421, oo012oo32 
= (l,oo, 2,3,0)12oo0130, oo012oo32 = (l,3)(4,0)03240oo4, and oo012oo32
= (l,0,3,2,oo)0423013.

To prove oo012oo32 = (l,oo,4,2,3)314oo32oo, we will move the relation to one 
side of the equal sign and prove it equals identity.

(1.00.4.2.3)314oo32oo23oo210oo = (l,oo,4,2,3)314oo32
(l,4,0)(2,oo,3)2oo32 210oo (by relation (3) conjugated by (1,3,0,2,4) G £2(6))
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= (1.3.4. oo. 0)24032oo2oo32210oo = (1.3.4. oo. 0)240322oo2310oo (by relation 
(5) conjugated by (2,0)(3,4) G L2(5))

= (l,3,4,oo, 0)240322oo2310oo = fl.3.4.oo.0)2 403oo 2310oo = (l,3,4,oo,0)2 
(l,3,4,oo,0)3041 2310oo (by relation (1) conjugated by (l,0,4)(2,3,oo) G L2(5))

= ((1.4,0.3.oo)230412310oo = ((1,4,0,3,oo)2304(l, 3,2)(4,0,oo)21320oo (by 
relation (4) conjugated by (l,oo,0,4,2) G £2(6))

= fl. 0.2)(3.4. oq)12oo021320oo = (l,0,2)(3,4,oo)12oo(l,0,3,2,oo)120oo20oo 
(by relation (1) conjugated by (l,2)(4,oo) G £2(5))

= (1,3,4)(2,0.oo)0ooll20oo20oo = (1,3,4)(2,0,oo)0oo20oo20oo = e by rela­
tion (4) conjugated by (1,4,0)(2,00,3) G Z2(5).

To prove oo012oo32 = (1,2,00,3,4)4oo31421, we will move the relation to one 
side of the equal sign and prove it equals identity.

(1,2,00,3,4)4oo3142123oo210oo = (1,2, oo, 3,4)4oo3(l,2,4)(3,oo, 0)4124 
23oo210oo (by relation (3) conjugated by (l,2,oo)(3,0,4) G L2(5))

= fl.4.2.0.3)10oo412423oo210oo = (1,4,2,0,3) (l,4,0,3,oo)oo013 
12423oo210oo (by relation (2) conjugated by (1,4,00,2,0) G L2(5))

= (1.0.00) (2.3.4)oo01312423oo210oo == (1.0. oo)(2.3.4)oo03132423oo210oo 
(by relation (6) conjugated by (2,0)(3,4) G L2(5))

= (1.0. oo)(2.3.4)oo03132423oo210oo = (1,0,00) (2,3,4)oo03 
(l,4,3}oo,2)231oo 23oo210oo (by relation (1) conjugated by (l,3,4,oo,0) G L2(5))

= (1,0,2,oo, 4)20oo231oo23oo210oo = (l,0,2,oo,4)20oo231 
(l,4,0)(2,oo,3)2co32 210oo (by relation (3) conjugated by (1,3,0,2,4) G L2(5))

— (2.3)(0.oo)ool3oo242oo32210oo = (2,3)(0,oo) (l,oo,3)(2,4,0)loo31 
242oo310oo (by relation (4) conjugated by (1,0,2,00,4) G L2(5))

= (I.oo.2)f3.4.0)loo31242oo310oo = (l,oo,2)(3,4,0)l (l,oo,2,3,0)13oo0 
42oo310oo (by relation (1) conjugated by (l,3,2)(4,0,oo) G L2(5))

= (1,2,00,3,4)ool3oo042oo310oo = (1,2,00,3,4)ool3oo042oo(l, 4,0,3, oo)0134 
(by relation (2) conjugated by (l,oo,2)(3,4,0) G L2(5))

= (1,2)(3,0)14ool30210134 = (1,2)(3,0)14ool3(l, 2,0)(3,00,4)2012134 (by re­
lation (4) conjugated by (1,4,2,0,3) G L2(5))

= (1,0,00,4,3)2342002012134 = (1.0.00.4.3)2342oo2021234 (by relation (6) 
conjugated by (2,4)(3,oo) G L2(5))



130

= (1.0.oo.4.3)2342oo2021234 = (1.0. oo. 4.3)2342oo0201234 (relation (5) con­
jugated by (l,4,3)(2,oo,0) G L2(b))

= (1,0, oo, 4,3)2342oo0201234 = (1,0, oo, 4,3)2(2,3, oo, 4,0)24300201234 (by re­
lation (1) conjugated by (1,4,0,3, oo) G Z2(5))

= (1,2,3)(4,oo, 0)3243201234 = (1,2,3)(4, oo, 0)(l, 0, oo)(2,3,4)2342201234 (by 
relation (4) conjugated by (l,0,oo)(2,3,4) G L2(5))

= (1,3,0,2,4)23401234 -- e by relation (1) conjugated by (1,3)(4,0) G £2(5).
To prove oo012oo32 = (l,oo, 2,3,0)12oo0130, we will move the relation to one 

side of the equal sign and prove it equals identity.
(1, oo, 2,3,0)12oo013023oo210oo = (1, oo, 2,3,0)12oo01302

(l,oo,4,2,3)2oo34 Ooo (by relation (2) conjugated by (2,oo, 0,3,4) G L2(8))
= (1,4,2)(3,0,oo)oo340ool032oo340oo = (1,4,2)(3,0,oo)oo340oo

(1,2,0,oo, 3)301oo oo340oo (by relation (2) conjugated by (1,2,0)(3,oo, 4) G L2(5))
= (1.4.0.3. oo)314oo3301oooo340oo = (l,4,0,3,oo)31 4oo01 340oo

- (1,4,0,3.oe)31 (l,oo, 3,0,4)0oo43 340oo (by relation (2) conjugated by (2, oo)(4, 0) G 
£2(5))

— 0oo0oo43340oo = ooOoooo440oo (by relation (5))
= ooOoo oo440oo = 00OO00 = oooo = e.
To prove oo012oo32 = (1,3)(4,0)03240oo4, we will move the relation to one side 

of the equal sign and prove it equals identity.
(1,3) (4,0)03240oo423oo21 Ooo = (1,3)(4,0)03240oo42 (l,oo,4,2,3)2oo34 Ooo 

(by relation (2) conjugated by (2,00,0,3,4) G L2(b))
= (2.3.00.4.0)013204232oo340oo = (2,3,00,4,0)01 (2,oo,0,3,4)023oo 

232oo340oo (by relation (2) conjugated by (1,4,0,3,00) G Z2(5))
= (2.4.3.0.oo)31023oo232oo340oo = (2,4,3,0,oo)310 (l,4,0)(2,oo,3)32oo3 

32oo340oo (by relation (3) conjugated by (l,oo,2)(3,4,0) G L2(5))
= (1,4,2,0,3)24132oo332oo340oo = (1,4,2,0,3)24132 oo2oo 340oo

= (1.4.2.0.3)24132 2oo2 340oo (by relation (5) conjugated by (2,0)(3,4) G L2(5))
= (l,4,.2,0,3)241322oo2340oo = (1,4,2,0,3)241 3oo23 40oo = (1,4,2,0,3)241 

(l,4,0)(3,2,oo)oo32oo 40oo (by relation (3) conjugated by (1,2,0,00, 3) G L2(5))
— (1, 0,2)(3,4, oo)oo04oo32oo40oo = (1,0,2)(3,4,00)00 (2,00,0, 3,4)oo402 

2oo40oo (by relation (2) conjugated by (1,3,2,4,00) G £2(5))
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~ (I,3,2)(4,0,oo)0oo4022oo40oo = (I,3,2)(4,0,oo)0oo40oo40oo = e by rela­
tion (3) conjugated by (1,4)(2,3) G L2(5).

To prove oo012oo32 = (l,0,3,2,oo)0423013, we will move the relation to one 
side of the equal sign and prove it equals identity.

(1.0.3.2.oo)042301323oo210oo = (l,0,3,2,oo)04230132 (1,00,4,2,3)20034 Ooo 
(by relation (2) conjugated by (2,oo,0,3,4) G L2(5))

= (1,0)(2.4)02310ool32oo340oo = (l,0)(2,4)02310ool (1,0,4)(2,3,oo)23oo2 
40oo (by relation (3) conjugated by (1,oo,3)(2,4,0) G £2(5))

= (1.4,3, oo, 2)43oo042023oo240oo = (1,4.3. oo, 2)43oo040203oo240oo (by rela­
tion (5) conjugated by (l,3)(2,oo) G L2(5))

= (1,4,3, oo, 2)43oo040203oo240oo = (1,4,3, oo, 2)43oo404203oo240oo (by rela­
tion (5) conjugated by (l,2)(4,oo) G Z-2(5))

= (1,4.3.oo,2)43oo404203oo240oo = (l,4,3,oo,'2) (1‘,0,2)(3,4,oo)34oo3 
04203oo240oo (by relation (3) conjugated by (l,oo,4)(2,0,3) G L2(5))

= (I,oo)(2,0)34oo304203oo240oo = (l,oo)(2,0)34 (l,0,oo,4,3)03ool 
203oo240oo (by relation (1) conjugated by (l,3,4)(2, 0,oo) G L2(5))

= (1.4.3)(2.oo. 0)1303ool203oo240oo = (l,4,3)(2,oo,0)l 030 ool203oo240oo 
(by relation (5) conjugated by (2,4)(3,oo) G L2(5))

= (1.4.3)(2.oo. 0)1030ool2d3oo240oo = (1,4,3)(2,oo,0)103 (1,0,2,oo,4)loo04 
03oo240oo (by relation (2) conjugated by (l,2,oo,3,4) G L2(5))

= (2.4.3.0.oo)0231oo0403oo240oo = (2,4,3,0,oo)0231oo0 (l,3,4,oo,0)3041 
240oo (by relation (1) conjugated by (l,0,4)(2,3,oo) G L2(5))

= (1.3)(2. oo) 1243013041240oo = (1,3)(2, oo) 124301304 (l,0,2,oo,4)421oooo 
(by relation (2) conjugated by (l,0)(3,oo) G L2(5))

= (1,3,0,2,4)0oo1320321421 = (1,3,0,2,4)0ool(l, 4, oo)(2,3,0)230221421 (by 
relation (3) conjugated by (1,0,2)(3,4,oo) G L2(5))

= (1,0,3,2,oo)214230221421 .= (1,0,3,2, oo)(l, 2,4)(0,3, oo)1241301421 (by re­
lation (3) conjugated by (l,4,oo,2,0) 6 £2(5))

= (1,3,4)(2,0,oo)1241301421 - (1,3,4)(2,0, oo)l(l, 2,3,4,0)142001421 (by re­
lation (2) conjugated by (1,3, 0,2,4) G L2(5))

= (1,4, 2)(3,0, oo)2142001421 = (l,4,2)(3,0,oo)21421421 = e by relation (3) 
conjugated by (l,4,oo)(2,3,0) G £2(5).
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yy(oo0i2oo32) _ ^i)OO)^2,0), (2,0)(3,4), (1,3,2)(4,0,oo)), so there are 5 distincts 
single cosets in [oo012oo32].

to takes [oo012oo3] to a single coset. in [oo02ool] since we previously proved 
oo02ool3 = (l,3,2,4,oo)431240. Therefore it follows Noo02ool 
= N(l, 3,2,4, oo)4312403 = N4312403 € [oo012oo30] = [oo02ool].

too, a representative from the other 2-orbit, takes [oo012oo3] to a single coset in 
[oo0131] since we previously proved oo01312 = (1,4,0,3,oo)230421. Therefore it follows 
Noo0131 = N(l, 4,0,3, oo)2304212 = 172304212 G [oo012oo3oo] = [oo0131].

Now consider [oo012oo4], 7Vf°°012004) has orbits {2}, {3}, {1,4}, and {0,oo}. So 
we need to look at [oo012oo42], [oo012oo43], [oo012oo44], and [oo012oo40].

First [oo012oo44] = [oo012oo], so t4, a representative from one of the 2-orbits, 
takes [oo012oo4] back to a single coset in [oo012oo].

t2 takes [oo012oo4] to a single coset in [oo0oo20] since we previously proved 
oo0oo203 = (1,2,3,4,0)oo043ool. Therefore it follows Noo0oo20 
= N(l,2,3,4,0)oo043ool3 = Noo043ool3 G [oo012oo42] = [oo0oo20].

t3 takes [oo012oo4] to a single coset in [oo012oo43]. Noo012oo43 = 7V310234oo 
= N0oo42013 = N4oo02431 = Noo432oo01 = N134210oo = N01320oo4 = 7V34oo2310 = 
N43124oo0 = N10oo2134 since we previously proved Noo012oo4 = N0oo4201. Therefore 
it follows that Noo012oo43 = N0oo42013. If we conjugate this equation by (l,0)(3,oo), 
(l,0,oo,4,3), (l,3,4,oo,0) and (l,oo, 3,0,4) G £2(5) we find N310234oo = N134210oo, 
N4oo02431 = Noo432oo01, TV01320oo4 = N10oo2134, and N34oo2310 = N43124oo0. 
To show that all of these single cosets are equal we will prove1 oo012oo43 
= (1,3,2,4,oo)10oo2134, oo012oo43 — (I,3,0,2,4)oo432oo01, oo012oo43
= (1,2)(4,oo)43124oo0, and oo012oo43 = (l,oo,3,0,4)310234oo.

To prove oo012oo43 =. (1,3,2,4, oo)10oo2134, we will move the relation to one 
side of the equal sign and prove it equals identity.

(1.3.2.4.oo)10oo213434oo = (l,3,2,4,oo)10oo213343oo (by relation (6) conju­
gated by (l,3)(2,oo) G £2(5))

= (l,3,2,4,oo)10oo213343oo = (l,3,2,4,oo)10 oo2143oo = (l,3,2,4,oo)10 
(l,oo, 4,2,3)12oo33oo

= oo012oo33oo210oo = oo012oooo210oo = oo012210oo = ooOllOoo = ooOOco = 
oooo = e.
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To prove oo012oo43 = (1,3,0,2,4)oo432oo01, we will move the relation to one 
side of the equal sign and prove it equals identity.

(1,3,0.2.4)oo432oo0134oo210oo = (l,3,0,2,4)oo432 (l,oo,3,0,4)10oo4 
4oo210oo (by relation (2) conjugated by (l,3,4)(2,0,oo) G L2(5))

= (I,0,2)(3,4,oo)310210oo44oo210oo = (l,0,2)(3,4,oo)310210 oooo 210oo = 
(l,0,2)(3,4,oo)310 21021 Ooo = (1,0,2)(3,4,oo)310 (1,2,0)(3,oo,4)1201 lOoo (by rela­
tion (4) conjugated by (l,oo,3,0,4) G L2(5))

= oo21120110oo = oo2200oo ~ oooo = e.
To prove oo012oo43 = (1,2)(4, oo)43124oo0, we will move the relation to one 

side of the equal sign and prove it equals identity.
(I,2)(4,oo)43124oo034oo210oo = (1,2)(4,oo)43124 (2,3,00,4,0) oo210oo (by 

relation (1) conjugated by (l,0,oo)(2,3,4) G L2(5))
= (1,3. oo,0,2)0ool3030oo2oo210oo = (l,3,oo, 0,2)0ool03002oo2210oo (by re­

lation (5) conjugated by (2,4)(3,oo) and (2,0)(3,4) G L2(5))
= (1,3, oo, 0,2)0ool03002oo2210oo = (1,3, oo, 0,2)0ool032ool0oo

= (l,3,oo,0,2)0(1,2,0,oo,3)01oo22ool0oo (by relation (2) conjugated by 
(1,3,2)(4,0, oo) 6 L2(5))

= oo01oo22ool0oo = ooOloooo1Ooo = ooOllOoo = ooOOoo = oooo ~ e.
To prove oo012oo43 = (1, oo, 3,0,4)310234oo, we will move the relation to one 

side of the equal sign and prove it equals identity.
(1. oo. 3.0.4)310234oo34oo210oo = (1, oo, 3,0,4)3102(1,2,0)(3, oo, 4)43oo4 

4oo210oo (by relation (3) conjugated by (l,oo,3,0,4) G L2(5))
= (1,4,2,0,3)oo21043oo44oo210oo = (1,4,2.0.3)oo2I043oooo210oo

= (l,4,2,0,3)oo21043210oo = (1,4,2,0,3)oo21(l, 3,0,2,4)340110oo (by relation (1) con­
jugated by (1,4)(2,3) G L2(5))

— oo43340110oo = oo4400oo = oooo = e.
JV(~012oo43) = oo), (1,4,0,3, oo)), so there are 6 distinct single cosets

in [oo012oo43].
to, a representative from the other 2-orbit, takes [oo012oo4] to a single coset in 

[oo01oo403] since Noo012oo40 = N(2,3, oo, 4,0)2032401 = N2032401 G [oo01oo403]. To 
prove oo012oo40 = (2,3, oo, 4,0)2032401, we will move the relation to one side of the 
equal sign and prove it equals identity.
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(2,3,oo,4,0)203240104oo210oo = (2,3, oo, 4,0)203241014oo210oo (by relation 
(5) conjugated by (l,oo)(3,4) G L2(5))

= (2.3.00.4.0)203241014oo210oo = (2,3, oo, 4,0)203241(1,2,4,0, oo)4102210oo 
(by relation (1) conjugated by (2,4)(3,oo) G £2(5))

= (1,2,3)(4,oo,0)4oo3402412210oo = (1,2,3)(4,oo, 0)4oo34024 UOoo
= (l,2,3)(4,oo,0)4oo3 4024 Ooo = (l,2,3)(4,oo,0)4oo3 (1,3,oo)(2,0,4)0420 Ooo (by 
relation (3) conjugated by (l,2)(4,oo) G L2(5))

= (1,0,2, oo,4)21oo042001oo = (1,0,2, oo, 4)21oo0421oo = e by relation (2) 
conjugated by (l,4,2)(3,0,oo) G L2(5).

Now consider [oo01302]. yyJ0001302) has orbits {1,0,oo} and {2,3,4}. So we need 
to look at [oo013021] and [oo013022].

First [oo013022] = [oo0130]. So £2, a representative from one of the 3-orbits, 
takes [oo01302] back to [oo0130].

£i, a representative from the other 3-orbit, takes [oo01302] to a single coset in 
[oo01231oo] since Noo013021 = N(2, oo, 0,3,4)4312014 = N4312014 G [oo01231oo]. To 
prove oo013021 = (2, oo, 0,3,4)4312014, we will move the relation to one side of the equal 
sign and prove it equals identity.

(2, oo, 0,3,4)4312014120310oo = (2, oo, 0,3,4)4312041420310oo (by relation (6)) 
= (2. oo. 0.3.4)4312041420310oo = (2, oo, 0,3,4)431204 (1,0,4,3,2)2413 31Ooo 

(by relation (2) conjugated by (l,0)(2,4) G £2(5))
= (1,0,2, oo, 4)320143241331 Ooo =(1,0,2, oo, 4)32014324110oo

= (1,0, 2, oo, 4)320143240oo = (1,0,2, oo, 4)320143 (1,0,2, oo, 4)0421 (by relation (2) con­
jugated by (l,oo,3)(2,4,0) G L2(5))

= (1,2,4,0, oo)3oo20130421 = (1,2,4,0, oo)3oo2(l, 0,3)(2,4, oo)1031421 (by re­
lation (3) conjugated by (l,3,4,oo,0) G L2(5))

= (1.4.3X2.oo.0)1241031421 = (1,4,3)(2,oo,0)1241(1,0,4,3,2)130221 (by re­
lation (2) conjugated by (1,4)(2,3) G L2(5))

= (1,3,0)(2,oo, 4)0130130221 = (1,3,0)(2,oo, 4)01301301 = e by relation (3) 
conjugated by (1,3,2,4, oo) G L2(5)).

Now consider [oo01310]. yv(°°01310) has orbits {1}, {2}, {3,0}, and {4,oo}. So 
we need to look at [oo013101], [oo013102], [oo013100], and [oo013104].
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First [oo013100] = [oo0131]. So to, a representative from one of the 2-orbits, 
takes [oo01310] back to a single coset in [oo0131J.

ti takes [oo01310] to a single coset in [oo0232] since we previously proved oo02320 
= (l,4,oo)(2,3,0)130203. Therefore it follows Noo0232 = N(l,4,oo)(2,3,0)1302030 
= A1302030 6 [oo013101] = [oo0232].

72 takes [oo01310] to a single coset in [oo020oo] since we previously proved 
oo020ool = (l,0)(3, oo)04oo3oo4. Therefore it follows Noo020oo 
= N(l,0)(3,oo)04oo3oo41 = N04oo3oo41 G [oo013102] = [oo020oo].

74, a representative from the other 2-orbit, takes [oo01310] to a single coset in 
[oo01oo201] since Noo013104 = N(l,oo, 0,4,2)4204oo20 = N4204oo20 6 [oo01oo201]. 
To prove oo013104 = (l,oo, 0,4,2)4204o620,. we will move the relation to one side of the 
equal sign and prove it equals identity.

fl, 00,0.4,2)4204oo20401310oo = (1,00,0,4,2)4 (2,00,0,3,4)4023 
20401310oo (by relation (2)conjugated by (l,oo)(2,0) G £2(5))

= (l,0,2)(3;.4,oo)240232040i310cp = (1,0,2)(3,4, oo)2402 (2,oo,0,3,4)023oo 
01310oo (by relation (2) conjugated by (1,4,0,3,00) G £2(5))

= fl, 3,2)(4,0, oo)oo23oo023oo01310oo- = (1,3,2)(4,0,oo)oo23oo 023oo01
(1,4,0,3,oo)0134 (by relation (2) conjugated by (l,oo,2)(3,4,0) G £2(5))

= fl, 00.0) (2.4.3)12ool32ool340134 = (l,oo,0)(2,4,3)(l,oo,2)(3,4,0)21oo2 
32ool340134 (by relation (3) conjugated by (l,oo)(2,0) G £2(5))

= (1,2,0,00,3)21oo232ool340134 = (1,2,0,00,3)2 (l,3,oo,0,2)2ool0 
2ool340134 (by relation (2) conjugated by (1,3,0)(2,00,4) G £2(5))

= 12ool02ool340134 = 12oo(l,00,0,4,2)20141340134 (by relation (1) conju­
gated by (l,0)(3,oo) G £2(5))

= fl, 00.0,4.2)ool020141340134 = (1,00,0,4,2)oo1202414340134 (by relation 
(5) conjugated by (l,3)(2,oo) G £2(5) and relation (6))

= (1,00,0,4-,2)001202414340134 = (l,oo,0,4,2)ool2 (1,2,3,4,0)4203 4340134 
(by relation (2))

= (1.00)(3,4)oo2342034340134 = (l,oo)(3,4)oo2342043440134 (by relation (6) 
conjugated by (l,3)(2,oo) G £2(5))

= (l,oo)(3,4)oo2342043440134 = (l,oo)(3,4)oo2342 0430134
= (l,oo)(3,4)oo2342 (1,00,2)(3,4,0)4034134 (by relation (4) conjugated by (l,oo)(2,0)



136

G Z2(5))
= (1,2)(3,0)214014034134 = (1,2)(3,0)21(1,0,4)(2,3,oo)0410034134 (by rela­

tion (4) conjugated by (l,oo,3)(2,4,0) G Z2(5))
= (l,3,4)(2,0,oo)300410034134 = (l,3,4)(2,0,oo)34134134 = e by relation (3) 

conjugated by (2,0)(4,oo) G L2(5).

Now consider [oo0131oo]. M0131*)  has orbits {1}, {2}, {3}, {4}, {0}, and 
{oo}. So we need to look at [oo0131ool], [oo01'31oo2], [oo0131oo3], [oo0131oo4], 
[oo0131oo0], and [oo0131oooo].

First [oo0131oooo] = [oo0131], so takes [oo0131oo] back to a single coset in 
[oo0131].

ti takes [oo0131oo] to a single coset in [oo0201] since we previously proved 
oo02013 = (1,3) (4,0)413034. Therefore it follows Noo0201 = N(l,3)(4,0)4130343 = 
N4130343 G [oo0131ool] = [oo0201J.

t2 takes [oo0131oo] to a single coset in [oo0ool4] since we previously proved 
oo0ool40 = (1,oo, 0)(2,4,3)2oo3432. Therefore it follows 7VooOool4
= N(l,oo,0)(2,4,3)2oo34320 = N2oo34320 G [oo0131oo2] = [oo0ool4].

t3 takes [oo0131oo] to a single coset in [00010203] since Noo0131oo3
= N(2,0)(3, oo)3oo4oo looO = N3oo4ooloo0 G [oo010203]. To prove oo0131oo3 = 
(2,0)(3, oo)3oo4ooloo0, we will move the relation to one side of the equal sign and prove 
it equals identity.

(2,0)(3,oo)3oo4polpq03ool310oo = (2.0)(3.oo)3oo41ool03ool310oo (by rela­
tion (5) conjugated by (1,0)(2,4) G Z2(5))

= (2,0)(3,oo)3oo41ool03ool310oo = (2,0)(3,oo)3 (l,4,oo)(2,3>0)4ool4 
103ool310oo (by relation (4) conjugated by (l,3)(2,oo) G Z2(5))

— (1.4.0.3.oo)04ool4103ool310c>o = (1.4.0.3. oo)04oo41403ool310oo (by rela­
tion (6))

= (1,4,0,3,oo)04oo41403ool310oo = (1,4,0,3,00)04004 (l,3,4,oo,0)041oo 
ool310oo (by relation (1) conjugated by (1,4,00,2,0) G Z2(5))

= (l,oo,3,0,4)Ioo0oo041OOOO131 Ooo = (l,oo,3,0,4)10oo00411310oo (by rela­
tion (5))

= (1,00,3, 0,4)10oo00411310oo = (l,oo,3,0,4)10oo4310oo = e by relation (2) 
conjugated by (1,3,4)(2,0,oo) G Z2(5).
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t4 takes [oo0131oo] to a single coset in [oo0oo21] since we previously proved 
oo0oo210 = (2,4)(3,oo)241312. Therefore it follows #oo0oo21 = #(2,4)(3,oo)2413120 — 
#2413120 E [oo0131oo4] = [oo0oo21].

to takes [oo0131oo] to a, single coset in [oo01231oo] since #oo0131oo0
= #(1,2,00,3,4)10024321 = #loo24321 G [oo01231oo]. To prove oo0131oo0
= (1,2,00,3,4)loo24321, we will move the relation to one side of the equal sign and prove 
it equals identity.

(1,2,00,3,4)1 oo24321Ooo 13IO00 = (1,2,00,3,4)1002 (1,3,0,2,4)2340 
0ool310oo (by relation (1) conjugated by (l,3)(4,0) G Z2(5))

= (1,4,3)(2,00,0)3oo423400ool310oo = (1,4,3)(2,00,0)3 (l,2,oo,3,4)24ool 
4ool310oo (by relation (1) conjugated by (l,4)(0,oo) G Z'2(5))

= (2,3)(0, oo)424ool4qql310oo = (2,3)(0, oo)424(l, 00,4)(2,0,3)loo411310oo 
(by relation (4) conjugated by (1,2,00,3,4) G L2(5))

= (l,oo,3,0,4)1011oo411310oo = (l,oo, 3,0,4)10oo4310oo = e by relation (2) 
conjugated by (l,3,4)(2,0,oo) G L2(5).

Now consider [oo0142oo]. jvt00014200) has orbits {1}, {2}, {3}, {4}, {0}, and 
{00}. So we need to look at [oo0142ool], [oo0142oo2], [oo0142oo3], [oo0142oo4], 
[oo0142oo0], and [oo0142oooo].

First [oo0142oooo] — [oo0142], So takes [oo0142oo] back to a single coset in 
[oo0142).

ti takes [oo0142oo] to a single coset in [oo010203] since #oo0142ool 
= #(1,2,oo)(3,0,4)412101oo = #412101oo G [oo010203]. To prove oo0142ool 
= (1,2, oo)(3,0,4)412101oo, we will move the relation to one side of the equal sign and 
prove it equals identity.

(1,2, 00)(3,0,4)412101 ooloo 2410oo = (1,2, oo)(3,0,4)412101 lool 2410oo (by 
relation (5) conjugated by (1,0)(2,4) G L2(5))

= (l,2,oo)(3,0,4)4121011ool2410oo = (1,2,00) (3,0,4)4121 0ool2410oo 
= (1,2,oo)(3,0,4)4121 (l,0,2,oo,4)loo04 410oo (by relation (2) conjugated by 
(l,2,oo,3,4) GL2(5))

= (l.oo.0)(2.4.3)10oo01oo04410oo = (l,oo,0)(2,4,3)10 (l,0,oo)(2,3,4)0ool0 
OlOoo (by relation (3))

= OooOoolOOlOoo = 00OoooolIO00 (by relation (5))
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= ooOoooollOoo = ooOooooOoo = coOOoo := oooo = e.
t2 takes [oo0142oo] to a single coset in [oo0oo23] since we previously proved 

oo0oo231 = (1,0,3,2,oo)320ool3. Therefore it follows Noo0oo23
= 7/(1,0,3,2,00)32000131 = 7/320ool31 G [oo0142oo2] = [oo0oo23].

t3 takes [co0142oo] to a single coset in [oo0243] since we previously proved 
oo02434 = (1,3,0)(2,oo,4)320ool3. Therefore it follows Noo0243
= N(l,3,0)(2,oo,4)320ool34 = N320ool34 G [oo0142oo3] = [oo0243].

t4 takes [oo0142oo] to a single coset in [oo024oo] since we previously proved 
oo024oo2 = (1,4,3)(2, oo, 0)04oo210. Therefore it follows Noo024oo
= 7/(l,4,3)(2,cc, 0)04oo2102 = N04oo2102 G [oo0142oo4] = [oo024oo].

to takes [oo0142oo] to a single coset in [oo0ool2] since we previously proved 
oo0ool20 = (1,4,0,3,oo)3021oo3. Therefore it follows Noo0ool2
= 77(1,4,0,3, oo)3021oo30 = 7V3021oo30 G [oo0142oo0] = [oo0ool2].

Now consider [oo01430]. X0001430) has orbits {2}, {0}, {l,oo}, and {3,4}. So 
we need to look at [oo014302], [oo014300], [oo014301], and [oo014303].

First [oo014300] = [oo0143]. So to takes [oo01430] back to a single coset in 
[oo0143].

t2 takes [oo01430] to a single coset in [oo010204] since 7/oo014302
= N(l,3,0)(2,oo,4)oo434240 = 7/oo434240 G [00010204]. To prove 00O14302
= (1, 3,0)(2,00,4)oo434240, we will move the relation to one side of the equal sign and 
prove it equals identity.

(1.3.0)(2.00.4)oo434240203410oo = (1,3,0)(2, oo,4)oo43 242 202 3410oo (by 
relation (6) conjugated by (l,2)(3,0) G L2(5) and relation (5) conjugated by
(l,3)(2,oo)  GL2(5))

= (l,3,0)(2,oo,4)oo432422023410oo = (l,3,0)(2,oo,4)oo (1, 0,oo)(2,3,4)3423 
023410oo (by relation (4) conjugated by (1,00,0)(2,4,3) € L2(5))

= (1,4,3,00,2) 1342302341 Ooo = (1,4,3,00,2)134 (1,00,4)(2,0,3)3203 3410oo 
(by relation (3) conjugated by (1,0,3)(2,4,00) G L2(5))

= (2, oo, 0,3,4)oo2132033410oo = (2,oo,0,3,4)oo21 3204 IO00
= (2,00,0,3,4)oo21 (2,00,0,3,4)02300 IO00 (by relation (2) conjugated by (1,4,0,3,00) 
G 7,2(5))

= (2,0,4,00,3)0ool023ool0oo = (2,0,4,00,3)(l,oo, 0)(2,4,3)oo01oo23ool0oo
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(by relation (3))
= (l.oo.2)(3.4.0)oo01oo23ool0oo = (l,oo,2)(3,4,0)oo (1,3, oo, 0,2)ool03 

3ool0oo (by relation (2) conjugated by (l,2)(4,oo) G L2(5))
= (1,0,oo)(2,3,4)0ool033ool0oo = (l,0,oo)(2,3,4)0ool0ool0oo = e by rela­

tion (3).
ti, a representative of one of the 2-orbits, takes [oo01430] to a single coset in 

[oo0203] since we previously proved oo02032 = (l,0,4)(2,3,oo)0321oo3. Therefore it 
follows Noo0203 = N(l,0,4)(2,3,oo)0321oo32 = N0321oo32 G [oo014301] = [oo0203].

£3, a representative of the other 2-orbit, takes [oo01430] to a single coset in 
[oo01oo403] since Noo014303 = N(l,2,4,0,oo)421402oo = N421402oo G [oo01oo403]. 
To prove oo014303 = (l,2,4,0,oo)421402oo, we will move the relation to one side of the 
equal sign and prove it equals identity. '

(1,2,4,0,oo)421402oo303410oo = (1,2.4.0.oo)421402oo030410oo (by relation 
(5) conjugated by (2,4)(3,oo) G L2(5))

= (1,2,4,0, oo)421402oo030410oo = (1,2,4,0, oo)42140 (2,3,oo,4,0)0oo24 
0410oo (by relation (1) conjugated by (l,oo)(2,0) G L2(5))

= (l,3,oo)(2,0,4)031020oo240410oo = (1,3, oo)(2,0,4)0310
(1,4,3)(2, 00,0)02oo0 40410oo (by relation (4) conjugated by (1,4,0,3,00) G L2(5))

= (3,0)(4, oo)214202oo040410oo = (3,0)(4, oo)214202oo404410oo (by relation 
(5) conjugated by (l,2)(4,oo) G L2(5))

= (3,0)(4,oo)214202oo404410oo = (3,0)(4,00) (1,2,4)(3,00,0)124102oo4010oo 
(by relation (3) conjugated by (1,4,00,2,0) G L2(5))

= (1.2.4.0.oo)124102oo4010oo = (1,2,4,0,oo)12 (l,oo, 0,4,2)014oo oo4010oo 
(by relation (1) conjugated by (2,0,4,00,3) G £2(5))

= ool014oooo4010oo = 00OIO 44010oo (by relation (5) conjugated by 
(l,oo)(3,4) G L2(5))

= oo01044010oo = 0001001 Ooo = 00OIIO00 = 00OO00 = 0000 = e.

Now consider [oo0140oo]. yyt00014000) has orbits {1,2,0} and {3,4,00}. So we 
need to look at [oo0140ool] and [oo0140oooo].

First [oo0140oooo] = [oo0140]. So £00, a representative from one of the 3-orbits, 
takes [oo0140oo] back to a single coset in [oo0140].

£1, a representative from the other 3-orbit, takes [oo0140oo] to a single coset 
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in [oo010232] since Noo0140ool = 1V(1,4)(O, oo)1303oo2oo = N1303oo2oo G [oo010232]. 
To prove oo0140ool = (l,4)(0, oo)1303oo2oo, we will move the relation to one side of the 
equal sign and prove it equals identity.

(1.4)f0.oo)1303oo2ooloo0410oo = (1.4)(0.oo)1303oo21ool0410oo (by relation 
(5) conjugated by (l,0)(2,4) G £2(5))

= (1.4)(0.oo)1303oo21ool0410oo = (l,4)(0,oo)1303oo21oo
(l,4,0)(2,00,3)01400oo (by relation (4) conjugated by (l,oo,2)(3,4,0) G £2(5))

= (1,0,3,2,oo)42123oo4301400oo = (1,0,3,2,oo)4212 (l,0,2)(3,4,oo)oo34oo 
014oo (by relation (3) conjugated by (l,4,2)(3,0,oo) G £2(5))

= (1,2,3)(4,oo, 0)ool01oo34oo014oo = (l,2,3)(4,oo, 0)ool01oo
(l,oo, 3,0,4)oo431 14oo (by relation (2) conjugated by (l,0,3)(2,4,oo) G £2(5))

= (1,2,0)(4,oo, 0)3oo4oo3oo43114oo = (1,2,0)(4,00,0)34oo43oo434oo (by rela­
tion (5) conjugated by (l,3)(4,0) G £2(5))

= (1,2,0)(4,00,0)34oo43oo434oo = (1,2,0)(4,00,0)34 (l,0,2)(3,4,oo)4oo34 
434oo (by relation (3) conjugated by (l,3)(4;0) G £2(5))

= 4oo4oo34434oo = 44oo4334oo (by relation (5) conjugated by (1,3)(4, 0) G 
£2(5))

= 44oo4334oo = oo44oo = 0000 = e.

Now consider [oo01403]. 7V(°°01403) has orbits {1}, {2}, {3}, {4}, {0}, and {00}. 
So we need to look at [oo014031], [oo014032], [oo014033], [oo014034], [oo014030], and 
[oo01403oo].

First [oo014033] = [oo0140]. So t3 takes [oo01403] back to a single coset in 
[oo0140].

t\ takes [oo01403] to a single coset in [oo0201] since we previously proved oo02012 
= (1,4,3)(2,00,0)3oo24ool. Therefore it follows Noo0201 = N(l, 4,3)(2,00,0)3oo24ool2 
= N3oo24ool2 G [oo014031] = [oo0201].

t2 takes [oo01403] to asingle coset in [oo0102] since we previously proved oo01021 
= (l,3,2,4,oo)oo40342. Therefore it follows Noo0102 = N(l,3,2,4,oo)oo403421 = 
Noo403421 G [oo014032] = [oo0102|.

t4 takes [oo01403] to a single coset in [oo01oo212] since Noo01403
= N(l,3,4)(2,0,oo)4204oo0oo = N4204oo0oo G [oo01oo212]. To prove oo01403
= (1,3,4)(2,0, oo)4204oo0oo, we will move the relation to one side of the equal sign and 
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prove it equals identity.
(1,3,4)(2, 0, oo)4204oo0oo30410oo = (1,3,4)(2,0, oo)42

(1.3.2) (4,0, oo)40oo4 oo30410oo (by relation (3) conjugated by (l,oo, 0,4, 2) G £2(5))
= (1.2. oo)(3.0.4)0140oo4oo430410oo = (1,2,oo)(3,0,4)0140oo oo4oo 30410oo 

(by relation (5) conjugated by (1,3)(4,0) G 1*2(5))
= (1.2. oo)(3.0.4)0140oooo4oo30410oq = (1,2, oo) (3,0,4)01404

(l,0,oo,4,3)03ool lOoo (by relation (1) conjugated by (1,3,4)(2,0,oo) G 1*2(5))
= (1,2,4)(3.oo.0)oo03oo303ooll0oo = (1.2,4)(3,oo, 0)oo03oo030oo0oo (by re­

lation (5) conjugated by (2,4)(3,oo) 6 £2(5))
= (I,2,4)(3,oo,0)oo03oo030oo0oo = (I,2,4)(3,oo,0)oo03oo0300oo0 (by rela­

tion (5))
= (1,2,4)(3,00.0)oo03oo0300oo0 -- (I,2,4)(3,oo,0)oo03oo03oo0 = e by rela­

tion (4) conjugated by (1,4,00,2,0) G £2(5)).
to takes [oo01403] to a single coset in [oo01oo403] since TV00014030

= N(l,2,4,0,oo)421402oo = N421402oo G [oo01oo403]. To prove oo014030
= (1,2,4,0, oo)421402oo, we will move the relation to one side of the equal sign and prove 
it equals identity.

(I,2,4,0,oo)421402oo030410oo = (l,2,4,0,oo)(I,2,4)(3,oo,0)2412
02oo030410oo (by relation (3) conjugated by (2,3,oo,4,0) G £2(5))

= (1,4,3,00.2)241202oo030410oo = (1.4.3.00.2)241020oo030410oo (by rela­
tion (5) conjugated by (l,3)(2,oo) G £2(5))

= (1.4.3.oq.2)241020oo030410oo = (1.4.3.00.2)24102oo0oo30410oo (by rela­
tion (5))

= (1,4,3,oo,2)24102oo0oo30410oo = (l,4,3,oo,2)24102oo0 (l,0,oo,4,3)03ool 
lOoo (by relation (1) conjugated by (l,3,4)(2,0,oo) G £2(5))

= (1.3.4) (2.0. oo)230oo24oo03ool lOoo = (l,3,4)(2,0,oo)230oo24
(1.4.2) (0,oo,3)0oo300oo (by relation (4) conjugated by (2,oo)(4,0) G £2(5))

= (1.0.3.2.oo)10oo3120oo3Q0oo = (l,0,3,2,oo)l (l,oo,2,3,0)3oo02 20oo3oo 
(by relation (1) conjugated by (l,oo,4,2,3) G £2(5))

= oo3oo0220oo3oo = oo3oo00oo3oo = oo3oooo3oo = oo33oo = oooo = e.
t^ takes [oo01403] to [oo0oo20] since we previously proved oo0oo201

= (1,2,4,0,oo)loo02oo4. Therefore it follows Noo0oo20 = N(l,2,4,0,oo)loo02oo41
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= Nloo02oo41 G [oo01403oo] = [oo0oo20]. ,

Now consider [oo0ool41J. N(°°000141) has one orbit {1,2, 3,4,0,00}. So we need 
to look at [oo0ool411].

First [oo0ool411] =■ [oo0ool4]. So ty, a representative of the 6-orbit, takes 
[oo0ool41] back to a single coset in [oo0ool4].

Now consider [oo0ool21]. A^00000121) has orbits {1}, {2}, {3}, {4}, {0}, and 
{00}. So we need to look at [oo0ool211], [oo0ool212], [oo0ool213], [oo0ool214], 
[oo0ool210], and [oo0ool21oo].

First [oo0ool211] = [oo0ool2], so ti takes [oo0ool21] back to a single coset in 
[ooOool 2].

t2 takes [oo0ool21] to a single coset in [oo0oo21] since we previously proved 
oo0oo212 = oo0ool21. Therefore it follows Noo0oo21 = Noo0ool212 G [oo0ool212] = 
[oo0oo21].

t3 takes [oo0ool21] to a single coset in [oo010232] since Noo0ool213 = N2303414 
G [oo010232]. To prove oo0ool213 = 2303414, we will move the relation to one side of 
the equal sign and prove it equals identity.

23034143121oo0oo = 2030414312100O00 (by relation (5) conjugated by
(2,4)(3,oo)GL 2(5))

— 20304143121oo0oo = 20(1,0,00,4,3)403oo43121oo0oo (by relation (1) conju­
gated by (l,0,3)(2,4,oo) G i2(5))

— (1,0, oo,4,3)2oo403oo4312100O00 = (l,0,oo,4,3)2oo403 (l,4,0,3,oo)34oo0 
21oo0oo (by relation (2) conjugated by (2,4,3,0,00) G L2(5))

:-= (1.3.4.00.0)2103oo34oo021oo0oo =■ (1.3.4.00,0)2103 (l,2,0)(3,oo,4)3oo43 
021oo0oo (by relation (3) conjugated by (1,4,2,0,3) G L2(5))

= (1, oo)(2,0)021 oo3oo43021ooOoo — (l,oo)(2,0)0213c>o343021oo0oo (by rela­
tion (5) conjugated by (l,2)(3,0) G 1*2(5))

= (1.oo)(2.0)0213oo343021oo0oo = (1,00)(2,0) (l,0,3,2,oo)120oo 
oo343021oo0oo (by relation (1) conjugated by (l,2)(4,oo) G L2(5))

= (2.3)(0. oo)120qooo343021oo0oq = (2.3)(0. oo)1203430210oo0 (by relation 
(5))

= (2,3)(0,oo)1203430210oo0 = (2,3)(0,oo)120343(l,2,0)(3,oo,4)2012oo0 (by 
relation (4) conjugated by (1,4,2,0,3) G L2(5))
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= (1.2.oo)(3.0.4)201oo3oo2012oo0 = (I,2,oo)(3,0,4)2013oo32012oo0 (by rela­
tion (5) conjugated by (1,2)(3,0) G Zj2(5))

= (I,2,oo)(3,0,4)2013oo32012oo0 = (1,2, oo)(3,0,4)2013 (2,00,0,3,4)23004
12oo0 (by relation (2) conjugated by (l,0,oo)(2,3,4) G L2(5))

= (1, oo)(2,0)oo31423oo412oo0 = (I,oo)(2,0)oo(l,0,4,3,2)41303oo412oo0 (by 
relation (2) conjugated by (1,2)(3,0) G £2(6))

= (I,oo,0)(2,4,3)oo41303oo412oo0 = (l,oo,0)(2,4,3)oo41030oo412oo0 (by re­
lation (5) conjugated by (2,4)(3,oo) G L2(5))

= (I.oo.0)(2.4.3)oo41030oo412oo0 = (l,oo,0)(2,4,3) (l,oo,0,4,2)14oo2
30oo412oo0 (by relation (1) conjugated by (l,4,2)(3,0,oo) G L2(5))

= (1,0,00,4,3)14oo230oo412oo0 = (1,0,00,4,3)14(1,3,00,0,2)32ooloo412oo0 
(by relation (2) conjugated by (1,0,00,4,3) G Z2(5))

= (1,2)(4,oo)3432ooloo412oo0 = (1,2)(4,oo)3432oo(l,4,00) (2,3,0)ool4oo2oo0 
(by relation (4) conjugated by (l,0,2)(3,4,oo) G L2(fi))

= (1,3, 0,2,4)qoo031ool4pq2oo0 = (1,3,0.2,4)oo0oo31ool42c>o20 (by relation 
(5) and relation (5) conjugated by (2,0)(3,4) G L2(5))

= (1,3,0,2,4)oa0oo31ool42oo20 = (1,3,0,2,4)oo0oo3ooloo42oo20 (by relation 
(5) conjugated by (1,0)(2,4) G L2(5))

— (1,3,0,2,4)oo0oo3oolpo42oo20 = (1,3,0,2,4)oo0oo3oo
(l,2,oo, 3,4)4ool3 oo20 (by relation (1) conjugated by (l,oo, 0)(2,4,3) G L2(5))

= (1,4, 2)(3,0,oo)304344ool3oo20 = (l,4,2)(3,0,oo)304 (l,oo,3)(2,4, 0)oo31oo 
oo20 (by relation (4) conjugated by (l,2,3)(4,oo,0) G Z»2(S))

= (1,0,3,2,oo)120oo31oooo20 = (l,0,3,2,oo)120oo3120 = e by relation (1) 
conjugated by (l,2)(4,oo) G L2(5)).

takes [ooOoo 121] to a single coset in [oo01321oo] since #oo0ool214
= #(l,oo)(3,4)3410213 = #3410213 G [oo01321oo]. To prove 00O001214
= (l,oo)(3,4)3410213, we will move the relation to one side of the equal sign and prove 
it equals identity.

(l,oo)(3.4)34102134121oo0oo = (l,oo)(3,4)341 (1,0,3,2,00)12000
4121oo0oo (by relation (1) conjugated by (l,2)(4,oo) G L2(5))

= (2.00.0.3.4)240120oo4121ooOoo = (2, oo, 0,3,4)2 (1,4,2,0,3)1043
0oo4121oo0oo (by relation (1) conjugated by (1,0,4,3,2) G L2(5))
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= (1,4,0)(2, oo, 3)010430oo4121oo0oo= (1,4,0) (2^00,3)01 (l,oo,2)(3,4,0)4034 
oo4121oo0oo (by relation (4) conjugated by (l,oo)(2,0) G Z2(5))

= (1.0. oo. 4.3)3co4034oo4121oo0oo = (I,0,oo,4,3)3oo4034oo41
l,4,od, 2,0)ool24oo (by relation (2) conjugated by (l,0,2)(3,4,oo) G Z2(5))

= (2,0)(3,4)32ool3oo2po4ool24oo = (2.0)(3.4)32ool3oo24oo4124oo (by rela­
tion (5) conjugated by (1, 3)(4,0) G Z2(5))

= (2,0)(3,4)32ool3qo24oo4124oo = (2,0)(3,4)32 (l,oo, 3)(2,4,0)loo31 
24oo4124oo (by relation (4) conjugated by (l,0,2,oo,4) G Z2(5))

= (I,oo,3,0,4)141oo3124oo4124oo = (l,oo,3,0,4)141 (l,oo,2,3,0)13oo0
4oo4124oo (by relation (1) conjugated by (1,3,2)(4,0, oo) G Z2(5))

= (1,2,3)(4,oo,0)oo4oql3oo04oo4124oo (1,2,3)(4,oo, 0)oo
(l,4,3,oo,2)loo42 oo04oo4124oo (by relation (1) conjugated by (l,oo,0,4,2) G Z2(5))

= (2,oo, 0,3,4)21oo42oo04oo4124oo — (2,oo,0,3,4)21 (1,0,3)(2,4,oo)4oo24 
04oo4124oo (by relation (4) conjugated by (1,0,3,2, oo) G Z2(5))

= (1,0)(3, oo)404oo2404oo4124oo = (1.0)(3.oo)040oo2040oo4124oo (by relation 
(5) conjugated by (l,2)(4,oo) G Z2(5))

= (1,0)(3,oo)040oo2040oo4124oo = (1,0)(3,oo)04 (l,4,3)(0,2,oo)oo02oo 
40oo4124oo (by relation (4) conjugated by (2,0,4,oo, 3) G Z2(5))

= (1. 2. oo)(3.0.4)23oo02oo40oo4124oo = (1,2, oo)(3,0,4)23oo02
(1,2,3)(4,oo,0)4oo04  4124oo (by relation (3) conjugated by (1,0,4,3,2) G Z2(5))

= (1.3,4)(2.0.oo)310434oo044124oo = (l,3,4)(2,0,oo)3104 (l,oo,3,0,4)oo431 
124oo (by relation (2) conjugated by (l,0,3)(2,4,oo) G Z2(5))

= (1.0.3)(2.4. oo)0oo41oo431124oo = (l,0,3)(2>4,oo)0 (l,4,oo)(2,3,0)4ool4 
431124oo (by relation (4) conjugated by (l,3)(2,oo) G Z2(5))

= (1.2. oo. 3.4)24oo 144324oo = (1,2, oo, 3,4)24ool324oo = e by relation (1) 
conjugated by (l,4)(0,oo) G Z2(5)).

to Lakes [oo0ool21] to a single coset in [oo01oo201] since Noo0ool210
= N(l,4,oo)(2,3,0)4124012 = N4124012 G [oo01oo201]. To prove oo0ool210
= (1,4, oo)(2,3,0)4124012, we will move the relation to one side of the equal sign and 
prove it equals identity.

(1.4.oo)(2.3.0)41240120121oo0oo = (l,4,oo)(2,3, 0)4124
(l,0,2)(3,4, oo)1021 121oo0oo (by relation (4) conjugated by (1, oo,4)(2,0, 3) G Z2(5))
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= (1. oo. 0)(2.4.3)oo01ool021121oo0oo = (l.oo.0)(2,4.3)oo01ool02210oo0 (by 
relation (5))

= (l,oo, 0)(2.4.3)oo01ool010oo0 = fl.oo.0)(2.4.3)oo01oo0100oo0 (by relation 
(5) conjugated by (l,oo)(3,4) G L2(5))

= fl.oo.0)(2.4.3)oo0looplOOooO = (l,oo,0)(2,4,3)oo01oo01oo0 = e by rela­
tion (3) conjugated by (2,3)(0,oo) G £2(5).

too takes [oo0ool21] to a single coset in [co01oo201] since Noo0ool21oo = 
N(l,0,00,4,3)4124012 = N4124012 G [oo01oo201]. To prove oo0ool21oo
= (1,4, oo)(2,3,0)4124012, we will move the relation to one side of the equal sign and 
prove it equals identity.

(1,4,00) (2,3,0)4124012ool2Ioo0oo = (1,4,00) (2,3,0)41240
(l,oo,2)(3,4,0)21oo2 21oo0oo (by relation (3) conjugated by (l,oo)(2,0) G L2(5))

= (1,3,00,0,2)0ool0321oo221oo0oo = (1,3,00,0,2)0ool0321 col00 Ooo
— (l,3,oo, 0,2)0ool0321 lool Ooo (by relation (5) conjugated by (l,0)(2,4) G L2(5))

= (1.3.00.0.2)0ool03211ool0oo — (1,3,00,0,2)0 (1,2,0,00,3)01oo2 2ool0oo 
(by relation (2) conjugated by (l,3,2)(4,0,oo) G L2(5))

= oo01oo22ool0oo = 00OI00001 Ooo = 00OIIO00 = 00OO00 — 0000 = e.

Now consider [oo0ool04], yyf00000104) has orbits {1}, {4}, {2,3}, and {O.oo}. So 
we need to look at [oo0ool041], [oo0ool044], [oo0ool043], and [oo0ool040].

First [oo0ool044] = [00O00IO]. So i4 takes [oo0ool04] back to a single coset in 
[00O00IO].

ti takes [00O00IO4] to a single coset in [oo01oo414] since Noo0ool041
= N(l,00,0)(2,4,3)oo01oo414 = Noo01oo414 G [oo01oo414]. To prove oo0ool041 = 
(I,oo,0)(2,4,3)oo01oo414, we will move the relation to one side of the equal sign and 
prove it equals identity.

(I,oo,0)(2,4,3)oo01oo4141401oo0oo = (I,oo,0)(2,4,3)oo01oo4 414
401oo0oo (by relation (6))

= (I,oo,0)(2,4,3)oo01oo4414401oo0oo= (l,oo,0)(2,4, 3)oo01ool01oo0oo
= (l,oo, 0)(2,4,3)oo01oo0100oo0 (by relation (6) conjugated by (2,oo)(4,0) G L2(5) and 
relation (5))

= (1.00.0)(2.4.3)oo01oo0100oo0 = (I,oo,0)(2,4,3)oo01oo01oo0 = e by rela­
tion (3).
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t3) a representative from one of the 2-orbits, takes [ooOoo 104] to a single coset 
in [oo024oo] since we previously proved oo024oo3 = (1,3,0,2,4)oo0ool04. Therefore it 
follows Noo024oo = TV(1,3,0,2,4)oo0ool043 - Noo0ool043 6 [oo0ool043] [oo024oo].

to, a representative of the other 2-orbit, takes [oo0ool04] to a single coset in 
[oo010203] since Noo0ool040 = N(l,0,4,3,2)421232oo = N421232oo G [oo010203], To 
prove oo0ool040 = (1,0,4,3,2)421232oo, we will move the relation to one side of the 
equal sign and prove it equals identity.

(1. 0.4.3.2)421232oo0401ooOoo = (1,0,4,3,2)421323oo0401oo0oo (by relation 
(6) conjugated by (l,3,0)(2,oo,4) 6 £2(5))

= (1,0,4,3,2)421323oo0401oo0oo = (1,0,4,3,2)4 (l,2,3)(4,oo,0)1231 
3oo0401oo0oo (by relation (4) conjugated by (l,4)(0,oo) G L2(5))

= (1.4)(0.oo)ool2313oo0401oo0oo = (1,4)(0,00)0012313oo04010oo0 (by rela­
tion (5))

= (1,4)(0. oq)oo12313oo04010qo0 = (1.4)(0.oo)ool2313oo04101oo0 (by relation 
(6) conjugated by (2,oo)(4,0) G L2(5))

= (I,4)(0,oo)ool2313oo04101oo0 = (l,4)(0,oo)ool23 (l,0,3,2,oo)oo312 
4101oo0 (by relation (1) conjugated by (l,3,0)(2,00,4) G £2(5))

= (1.4.0)(2.oo.3)10oo2oo3124101oo0 = (I,4,0)(2,oo,3)10oo2oo3
(1,4,2)(3,0,oo)2142 OlooO (by relation (3) conjugated by (1,4,00)(2,3,0) G L2(5))

= (I,2,3)(4,oo,0)4oo3130214201oo0 = (l,2,3)(4,oo,0)4oo3 (1,2,3,4,0)0314 
14201oo0 (by relation (2) conjugated by (1,2,3,4,0) G 72(5))

= (1,3.2.4. oo)0oo4031414201oo0 = (1.3.2.4.oo)0oo4031141201oo0 (by rela­
tion (6))

= (1,3,2,4,oo)0oo4031141201oo0 = (l,3,2,4,oo)0oo 4034 1201oo0 
= (1,3,2,4, oo)0oo (l,2,oo)(3,0,4)0430 1201oo0 (by relation (4) conjugated by 
(l,2,4,0,oo) GL2(5))

= (l,0,4)(2,3,oo)4104301201oo0 = (1,0,4)(2,3,00)41043 (1,0,2)(3,4,oo)1021 
I00O (by relation (4) conjugated by (l,oo,4)(2,0,3) G £2(5))

= (1.2.4.0.oo)oo02oo41021100O = (1,2,4,0,00)00 (l,oo, 0,4,2)oo201 102oo0 
(by relation (1) conjugated by (1,2,00,3,4) G L2(5))

= 0oo201102oo0 = 0oo2002oo0 = 0oo22oo0 = 0 0000O = 00 = e.

Now consider ]oo0oo214]. 7V(<x’0o°214) has orbits {1,3,00} and {2,4,0}. So we 
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need to look at [oo0oo2141] and [oo0oo2144].
First [oo0oo2144] = [oo0oo21]. So t4, a representative from one of the 3-orbits, 

takes [oo0oo214] back to a single coset in [oo0oo21].
too, a representative of the other 3-orbit, takes [oo0oo214] to a single coset in 

[oo0241] since we previously proved oo02414 = (l,0,2)(3,4,oo)4043oo2. Therefore it 
follows Noo0241 = N(l,0,2)(3,4,oo)4043oo24 = N4043oo24 G [oo0oo214oo] = [oo0241].

Now consider [oo0oo232]. yv(°°000232) has one orbit {1,2,3,4,0,00}. So we need 
to look at [oo0oo2322].

[oo0oo2322] = [oo0oo23]. So t2, a representative of the 6-orb.it, takes [oo0oo232] 
back to a single coset in [oo0oo23].

Now consider [oo02431]. jV(°°02431) has orbits {2} and {1,3,4,0,00}. So we need 
to look at [oo024311] and [oo024312].

First [oo024311] = [oo0243]. So ti, a representative of the 5-orbit, takes 
[oo02431] back to a single coset in [000243].

t2 takes [0002431] to a single coset in [oo012oo43] since Noo024312
= N(l,4,oo)(2,3,0)oo012oo43 = Noo012oo43 G [oo012oo43]. To prove oo024312 = 
(l,4,oo)(2,3,0)oo012oo43, we will move the relation to one side of the equal sign and 
prove it equals identity.

(l,4,oo)(2,3.0)oo012oo43213420oo = (l,4,oo)(2,3,0)oo012oo
(1,3,0,2,4)2340 3420oo (by relation (1) conjugated by (l,3)(4,0) G L2(5))

= (2, 0,4,00, 3)cxd234oo23403420oo = (2,0,4,oo,3)oo234oo2
(l,2,oo)(3,0,4)4304 420oo (by relation (4) conjugated by (1,00,2,3,0) G L2(5))

= (1.2,4)(3,00,0)loo031oo4304420oo = (1,2,4)(3,oo,0)loo0
(1,2,00,3,4)ool32 304420oo (by relation (1) conjugated by (2,00,0,3,4) G L2(b))

— (1,00.0,4.2)230ool323020oo = (Loo.0,4,2)230ool232202oo (by relation (5) 
conjugated by (l,oo,2)(3,4,0) and (l,3)(2,oo) G L2(5))

= (l.oo.0.4.2)230ool232202oo = (1,00,0,4,2)23(1,0,2,00,4)loo04302oo (by 
relation (2) conjugated by (1,2,00, 3,4) G L2(5))

= (1,4,00,2,0)oo31oo04302oo = (1,4,00,2, 0)(l, 3,oo)(2,0,4)3ool304302oo (by 
relation (4) conjugated by (1,4,3)(2, oo,0) G L2(5))

= (1,2,4)(3,00.0)3ool304302oo = (l,2,4)(3,oo,0)3ool
(l,oo, 2)(3,4,0)0340 02oo (by relation (4) conjugated by (1,2,3,4,0) G £2(5))
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= (2.0.4. oo. 3)42oo034002oo = (2,0,4,oo,3)42oo0342oo = e by relation (1) 
conjugated by (1,2,4,0,00) G £2(5).

Now consider [oo02432oo]. A  ̂000243200) has orbits {0}, {oo}, {1,4}, and {2,3}. 
So we need to look at [oo02432oo0], [oo02432oooo], [oo02432ool], and [oo02432oo2].

First [oo02432oooo] = [oo02432]. So takes [oo02432oo] back to a single coset 
in [oo02432].

io takes [oo02432oo] to a single coset in [oo0201] since we previously proved 
oo0201oo = (2,0)(3,4)loo3431. Therefore it follows Noo0201 = N(2,0)(3,4)loo3431oo = 
Nloo3431oo G [oo02432oo0] = [oo0201].

<1, a representative from one of the 2-orbits, takes [oo02432oo] to a single coset 
in [oo012130] since Noo0232ool = N(l, 0)(4,2)2oo3034oo = N2oo3034oo G [oo012130]. 
To prove oo02432ool = (1,0)(4,2)2oo3034oo, we will move the relation to one side of the 
equal sign and prove it equals identity.

(1,0)(4,2)2oo3034ooloo2320oo = (1,0)(4,2)2oo03041ool2320oo (by relation (5) 
conjugated by (2,4)(3,oo) and (l,0)(2,4) G £2(6))

= (1,0)(4,2)2oo03041ool2320oo = (1,0)(4,2)2oo0(l, 0,00,4,3)403ooool2320oo 
(by relation (1) conjugated by (l,0,3)(2,4,oo) G £2(5))

= (1, oo,4,2,3)24oo403ooool2320oo = (l,oo,4,2,3)2oo4oo0313230oo (by rela­
tion (5) conjugated by (1,3)(4,0) and (1, oo, 3)(2,4,0) G £2(5))

= (1, oo,4,2,3)2oo4oo0313230oo = (1.00,4,2,3)2oo4oo0131230oo (by relation 
(6) conjugated by (2,0)(3,4) G £2(5))

= (l,oo,4,2,3)2oo4oo0131230oo — (l,oo,4,2,3)2oo(l,oo,3,0,4)0oo4331230oo 
(by relation (2) conjugated by (2,oo)(4,0) G £2(5))

= (1.3.00)(2.0.4)230oo4331230oo = (1,3,oo)(2, 0,4)230oo41230oo = e by a 
previously proved relation (1, 3,0)(2,00,4)320oo 14320oo = e conjugated by (1,4)(2,3) G 
£2(5).

t2, a representative of the other 2-orbit, takes [oo02432oo] to a single coset in 
[oo01oo403] since Noo02432oo2 = N(2,0,4,oo, 3)oo32oo430 = Noo32oo430 G 
[oo01oo403]. To prove oo02432oo2 •= (2,0,4,00,3)oo32oo430, we will move the relation 
to one side of the equal sign and prove it equals identity.

(2, 0,4,00,3)oo32oo4302oo23420oo = (2,0,4, oo, 3)oo32oo430oo2oo3420oo (by 
relation (5) conjugated by (2,0)(3/4) G £2(5))
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= (2,0,4,oo,3)oo32oo430oo2oo3420oo = (2,0,4,00,3)003200 (2,0,4,oo,3)0342 
2oo3420oo (by relation (1) conjugated by (l,3,oo)(2,0,4) 6 £2(5))

= (2,4,3,0, oo)320303422oo320oo = (2,4,3,0,00)3230334oo320oo (by relation 
(5) conjugated by (2,4)(3,oo) G £2(5))

= (2,4,3,0, oo)3230334oo320oo -*  (2,4,3,0,00)23204oo320oo (by relation (5) 
conjugated by (l,oo,3)(2,4,0) 6 £2(5))

= (2,4,3,0,00)23204oo320oo — (2,4,3,0, oo)2(2,00,0,3,4)023oooo320oo (by re­
lation (2) conjugated by (1,4,0,3,00) G £2(5))

= oo023oooo320oo = oo023320oo = oo0220oo = 00OO00 ■■ oooo = e.

Now consider [oo012oo43]. jy(o°0i2oo43) has orhjts {2} and {1,3,4,0,00}. So we 
need to look at [oo012oo432] and [oo012oo433].

First [oo012oo433] = [oo012oo4]. So 73, a representative of the 5-orbit, takes 
[oo012oo43] back to a single coset in [oo012oo4].

t2 takes [oo012oo43] to a single coset in [oo02431] since we previously proved 
oo024312 = (l,4,oo)(2,3,0)oo012oo43. Therefore it follows TVoo02431
= N(l,4,oo)(2,3,0)oo012oo432 = Noo012oo432 G [oo012oo432] = [oo02431].

Now consider [oo012oo32], ^/(oo0i2oo32) one orh»it {1,2,3,4,0,00}. So we 
need to look at [oo012oo322].

[oo012oo322] = [oo012oo3]. So t2, a representative of the 6-orbit, takes 
[oo012oo32] back to a single coset in [oo012oo3].

Now consider [oo01231oo]. /iA000123100) has orbits {1}, {00}, {3,4}, and {2,0}.
So we need to look at [oo01231ool], [oo01231oooo], [oo01231oo2], and [oo01231oo4]. 

First [oo01231oooo] = [oo01231], so too takes [oo01231oo] back to a single coset 
in [oo01231].

71 takes [oo01231oo] to a single coset'in [oo01302] since we previously proved 
oo013021 = (2,oo,0,3,4)4312014. Therefore it follows Noo01302
= N(2,oo, 0,3,4)43120141 = N43120141 G [oo01231ool] = [oo01302].

t2, a representative from one of the 2-orbits, takes [oo01231oo] to a single coset in 
[ooOool21] since we previously proved ooOool214 = (l,0,4,3,2)3014ool3. Therefore it fol­
lows Noo0ool21 = N(l,0,4,3,2)3014ool34 = 7V3014ool34 G [oo01231oo2] — [oo0oo!21].

ti, a representative from the other 2-orbit, takes [co01231oo] to a single coset in 
[oo0131oo] since we previously proved oo0131oo0 = (1,2,00,3,4)12oo4321. Therefore it 
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follows Noo0131oo = N(l,2,oo,3,4)12oo43210 = N12oo43210 6 [oo01231oo4] 
= [oo0131oo].

Now consider [oo012130]. Tyt00^2130) has orbits {1,2,4} and {3,0,00}. So we 
need to look at [oo0121304] and [co0121300].

First [oo0121300] — [oo01213], so to, a representative from one of the 3-orbits, 
takes [oo012130] back to a single coset in [oo01213].

£4, a representative of the other 3-orbit, takes [oo012130] to a single coset in 
[oo0232oo] since we previously proved oo0232ool = (1,0)(4,2)2oo3034oo. Therefore it fol­
lows Noo0232oo = N(l,0)(4,2)2oo3034ool = N2oo3034ool G [oo0121304] = [oo0232oo].

Now consider [oo010203]. TVC^0010203) has orbits {1}, {2}, {3}, {4}, {0}, and 
{00}. So we need to look at [oo0102031], [oo0102032], [oo0102033], [oo0102034], 
[000102030], and [oo010203oo].

First [oo0102033] = [oo01020], so t3 takes [00010203] back to a single coset in 
[oo01020].

ti takes [oo010203] to a single coset in [oo0103oo] since we previously proved 
oo0103oo2 = (1,2,4,0,oo)3oo2 00O00I. Therefore it follows Noo0103oo 
-- N(l, 2,4,0,00)3002 00Ooo 12 — TV3oo2oo 0ool2 G [oo0102031] ~ [oo0103oo].

t2 takes [oo010203] to a single coset in [oo01031] since we previously proved 
oo01031oo = (l,oo)(2,0)2414oo43. Therefore it follows TVoo01031
= N(.l,oo)(2,0)2414oo43oo = N2414oo43oo G [oo0102032] = [oo01031].

to takes [oo010203] to a single coset in [oo0142oo] since we previously proved 
oo0142ool = (1,2,oo)(3,0,4)412 IOI00. Therefore it follows Noo0142oo
= N(l,2,oo)(3,0,4)4121 Olool = N412101ool G [oo0102030] = [oo0142oo].

too takes [00010203] to a single coset in [oo0131oo] since we previously proved 
oo0131oo3 = (2,0)(3,4)3oo4ooloo0. Therefore it follows Noo0131oo 
= 2V(2,0)(3,4)3oo4oo loo03 — N3oo4oo loo03 G [oo010203oo] = [oo0142oo].

t4 takes [oo010203] to a single coset in [oo0ool04] since we previously proved 
oo0ool040 = (1,0,4,3,2)4212 32oo. Therefore it follows Noo0ool04 = N(l, 0,4,3,2)421 
232oo0 = N4212 32oo0 G [oo0102034] = [oo0ool04].

Now consider [oo010204]. yyt03010204) has orbits {1,2,0} and {3,4,00}. So we 
need to look at [000102042] and [000102044].
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First [ooO102044] = [ooOlO 20]. So t4, a representative from one of the 3-orbits, 
takes [oo010204] back to a single coset in [oo01020].

t2, a representative from the other 3-orbit, takes [00010204] to [oo01430] since we 
previously proved oo014302 = (l,3,0)(2,00,4)oo434240. Therefore it follows #oo01430 
= #(l,3,0)(2,oo,4)oo4342402 = #oo4342402 G [oo0102042] = [oo01430].

Now consider [oo010232]. At(o°010232) has orbits {2}, {00}, {1,3}, and {4,0}. So 
we need to look at [oo0102322], [oo010232oo], [oo0102323], and [oo0102320].

First [oo0102322] = [oo01023], so t2 takes [oo010232] back to a single coset in 
[oo01023].

too takes [oo010232] to a single coset in [oo0140oo] since we previously proved 
oo0140ool = (l,4)(0,oo)1303 oo2oo. Therefore it follows #oo0140oo
= #(l,4)(0,oo)1303 oo2ool = #1303 oo2ool G [oo010232oo] = [oo0140oo].

t3, a representative from one of the 2-orbits, takes [00010232] to a single coset 
in [oo01032] since we previously proved 00010323 = 00O10232. Therefore it follows 
#oo01032 = #(oo0102323 G [ooOl02323] = [oo01032].

to, a representative from the other 2-orbit, takes [00010232] to a single coset 
in [ooOoo 121] since we previously proved oo0ool213 = 2303414. Therefore it follows 
#oo0ool21 = #23034143 G [ooOl02320] = [oo0ool21].

Now consider [oo01oo403]. a7to01cc403) has orbits {1}, {2}, {3}, {4}, {0}, and 
{00}. So we need to look at [oo01oo4031], [oo01oo4032], [oo01oo4033], [oo01oo4034], 
[oo01oo4030], and [oo01oo403oo].

First [oo01oo4033] = [oo01oo40], so t3 takes [oo01oo403] back to a single coset 
in [oo01oo40].

to takes [oo01oo403] to a single coset in Joo012oo4] since we previously proved 
oo012oo40 = (2,3,oo,4,0)2032401. Therefore it follows #oo012oo4
= #(2,3,oo,4,0)2032 4010 = #2032 4010 G [oo01oo4030] = [oo012oo4].

t2 takes [oo01oo403] to a single coset in [oo01430] since we previously proved 
oo014303 = (1,2,4,0, co)4214 02oo. Therefore it follows #oo01430 = #(1,2.4,0, oo)4214 
02oo3 = #4214 02oo3 G [oo01oo4032] = [oo01430].

t4 takes [oo01oo403] to a single coset in [oo01403] since we previously proved 
oo014030 = (l,2,4,0,oo)421 402oo. Therefore it follows #oo01403 = #(1,2,4,0,oo)4214 
02oo0 = #4214 02oo0 G [oo01oo4034] = [oo01403].
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£1 takes [oo01oo403] to a single coset in [oo0232oo] since we previously proved 
oo0232co2 = (2,0,4.oo, 3)oo32 oo430. Therefore it follows Noo0232oo
= N(2,0,4.oo,3)oo32oo 4302 -- Noo32oo 4302 6 [oo01oo4031] = [oo0232oo].

too takes [oo01oo403] to a single coset in [oo01032] since we previously proved 
oo010321 = (l,3,4)(2,0.oo)loo01 2oo4. Therefore it follows Noo01032
= N(l,3„4)(2,0.oo)loo01 2oo41 = N.looOl 2oo41 G [oo01oo403oo] = [oo01032].

Now consider [oo01oo414]. N(°°01oo414) has orbits {4} and {1,2,3,0,oo}. So we 
need to look at [oo01oo4144] and [oo01oo4141].

First [oo01oo4144] = [oo01oo41], so t4 takes [oo01oo414] back to a single coset 
in [oo01oo41].

£1, a representative of the 5-orbit, take [oo01oo414] to a single coset in [oo0ool04] 
since we previously proved oo0ool041 = (l^oo, 0)(2,4,3)oo01oo414. Therefore it fol­
lows Noo0ool04 = N(l, oo,0)(2,4,3)oo01oo4141 = Noo01oo4141 G [oo01oo4141] = 
[00O00IO4].

Now consider [oo01oo20oo]. yyf©00!®020003) has orbits {1,2,00} and {3,4,0}. So 
we need to look at [oo01oo20oooo] and [oo01oo20oo3|.

First [oo01oo20oooo] — [oo01oo20], so £qo, a representative from one of the 3- 
orbits, takes [oo01oo20oo] back to a single coset in [oo01oo20].

£3, a representative of the other 3-orbit, takes [oo01oo20oo] to a single coset in 
[oo0103oo] since we previously proved oo0103ool = (1,4,00,2,0)2402 342. Therefore it 
follows Noo0103oo = N(l,4,oo,2,6)2402 3421 '= N24023421 G [oo01oo20oo3] 
= [oo0103oo].

Now consider [oo01oo241]. yyt000100241) has one orbit {1,2,3,4,0,00}, so we 
need to look at [oo01oo2411J.

[oo01oo2411] = [oo01oo24], so £1, a representative of the 6-orbit, takes 
[oo01oo241] back to a single coset in [oo01oo24|.

Now consider [oo01oo212]. y\r(o°0loo2i2) has orbits {2}, {3}, {1,4} , and {0,oo}. 
So we need to look at [oo01oo2122], [oo01oo2123], [oo01oo2121], and [oo01oo212oo].

First [oo01oo2122] = [oo01oo21], so £2 takes [oo01oo212] back to a single coset 
in [oo01oo21].

£3 takes [oo01oo212] to a single coset in [oo01oo2123]. Noo01oo2123 = 7V4314 
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2120 = N34oo 32oo20 = NlOoo 12oo24 = N3103 202oo = N0130 2324 = N4oo 042021 
= Noo43oo 2321 = 1V13412 42oo = N0oo40 3423 since we previously proved NooOl oo212 
= N0oo40242. Therefore it follows that NooOloo 2123 = N0oo40 2423. If we conjugate 
this equation by (3,0)(4,oo), (l,oo)(3,4), (l,0)(3,oo) and (1,0, oo,4,3) G £2(5) we find 
TV4314 2120 = N34oo3 2oo20, NlOool 2oo24 = N0130 2324, N3103 202oo = N1341 
242oo, and N4oo04 2021 = TVoo43oo 2321. To show that all of these single cosets are equal 
we will prove ooOloo 2123 = (1,4,oo)(2,3,0)4314 2120, ooOloo 2123 = (2,4)(3,oo)3103 
202oo, ooOloo 2123 = (1,0,2)(3,4,oo)10ool 2oo24, and ooOloo 2123 = (l,3)(2,oo)oo43oo 
2321.

To prove oo01oo2123 = (1,4,oo)(2,3,0)43142120, we will move the relation to 
one side of the equal sign and prove it equals identity.

(1,4, oo)(2,3,0)431421203212ool0oo = (1,4, oo)(2,3,0)431421
(1,4,oo)(2,3,0)0230 12ool0oo (by relation (3) conjugated by (l,3)(2,oo) G £2(5))

=■ (l,oo, 4) (2,0.3)oo04oo34023012ool0oo = (l,oo,4)(2,0,3)
(1,3,2)(4,0,  oo)0oo40 34023012 00IO00 (by relation (3) conjugated by (1,4)(2,3) G £2(5)) 

= (1,4.3) (2.00.0)0oo4034023012ool0oo = (l,4,3)(2,oo, 0)0oo4
(1,2, oo)(3,0,4)3043 23012 00IO00 (by relation (4) conjugated by (2,0)(3,4) G £2(5))

= (l,3,2)(4,0,oo)413304323012ool0oo = (l,3,2)(4,0,oo)4104 232 012ool0oo 
(by relation (5) conjugated by (l,oo,2)(3,4, 0) G £2(5))

= (1,3,2)(4,0,oo)4104232012ool0oo = (l,3,2)(4,0,oo)410423
(1,0,2)(3,4, oo)0210 00IO00 (by relation (4) conjugated by (1,3)(4,0) G £2(5))

= (1,4,2, 0,3)oo02ool40210ool0oo = (l,4,2,0,3)oo02oo 14021
(1,00,0)(2,4,3)oo01oooo (by relation (3))

- (1,3,00, 0,2)0140oo314oooo 010000 -- (1,3,00,0,2) ((1,0,4)(2,3, oo)1041 
oo31401 (by relation (4) conjugated by (1,3,4)(2,0,oo) G £2(5))

= (l,oo,4)(2,0,3)1041oo31401 = (l,oo,4)(2,0,3)1(1,0,00,4,3)140331401 (by 
relation (1) conjugated by (1,4,3,00,2) G £2(5))

= (1,4,0)(2,00,3)0140331401 = (1,4,0)(2,oo,3)01401401 = e by relation (4) 
conjugated by (l,oo,2)(3,4,0) G £2(5).

To prove oo01oo2123 = (2,4)(3,oo)3103202od, we will move the relation to one 
side of the equal sign and prove it equals identity.

(2,4)(3,oo)3103202co3212ool0oo = (2,4)(3,oo)31 (1,4,00) (2,3,0)3023
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2oo3212 oolOoo (by relation (3) conjugated by (l,2,4)(3,oo,0) E L2(5))
' = (1.4.3) (2.00.0)0430232oo3212ool0oo = (1,4,3) (2,00,0)04302

(1,0,4)(2,3,oo)23oo2 212ool0oo (by relation (3) conjugated by (1,00,3)(2,4,0) G L2(5)) 
= (3,0)(4,oo)41oo4323oo2212ool0oo = (3,0)(4,oo)41oo 4323 ool2oo IO00 = 

(3,0)(4,oo)41oo 4323 (l,oo, 2)(3,4,0)loo21 IO00 (by relation (3) conjugated by 
(1,2,3,4,0) GL2(5))

= (l,oo, 0,4,2)0oo204141oo2I10oo = (I,oo,0,4,2)0oo204414oo20oo (by rela­
tion (6))

= (1,00,0,4,2)0oo204414oo20oo = (1, oo, 0,4,2)0 oo201 4oo20oo
= (l,oo,0,4,2)0 (l,2,4,0,oo)02oo4 4oo20oo (by relation (1) conjugated by (1,2,0,00,3) 
e L2(5))

- oo02oo44oo20oo = oo02oooo20oo = oo0220oo = 00OO00 = oooo — e.
To prove oo01oo2123 = (1,3,4,00,0)10ool2oo24, we will move the relation to 

one side of the equal sign and prove it equals identity.
(1,0,2)(3,4,oo)10ool2oo243212ool0oo = (l,0,2)(3,4,oo)10ool2

(2,0,4,oo,3)42oo0 212ool0oo (by relation (1) conjugated by (1,2,4,0,00) 6 L2(5))
= (I,4,3,oo,2)1431042oo0212ool0oo = (1,4,3,00,2) (1,3,4))(2,0,oo)4134

042oo 0212 oolOoo (by relation (3) conjugated by (l,3,oo)(2,0,4) G L2(5))
— (2,3)(0, oo)4134042oo0212oolOoo = (2,3)(0,oo)4130402oo0212ool0oo (by re­

lation (5) conjugated by (l,2)(4,oo) G L2(5))
= (2,3)(0, oo)4130402po0212oolOoo = (2,3)(0,oo)41304 (1,3,4)(2, 0,oo)20oo2 

212ool0oo (by relation (4) conjugated by (l,3,oo)(2,0,4) G L2(5))
= (I,3,0,2,4)134ool20oo2212ool0oo = (l,3,0,2,4)134ool20 ool2oo IO00 = 

(l,3,0,2,4)134oo 120 (l,oo,2)(3,4,0)loo21 IO00 (by relation (3) conjugated by 
(1,2,3,4,0) G L2(5))

= (l,4,oo, 2,0)oo402ool31oo2110oo = (1,4,00,2,0)oo40 2ool31 oo20oo
= (l,4,oo, 2, 0)oo40 2ool31 (l,4,3)(2,oo,0)2oo02 (by relation (4) conjugated by
(1,3,0)(2, oo,4) G L2(5)

= (1,3)(4,0)032oo04142oo02 = (1.3)(4.0)032oo01412oo02 (by relation (6))
= (1.3)(4.0)032oo01412oo02 = (1,3)(4, 0)0320001(1,3,2,4,00)214302 (by rela­

tion (2) conjugated by (l,oo,0,4,2) G L2(5))
= (1,2,4, 0,oo)024103214302 = (1,2,4,0, oo)(l, 2,3,4,0)420303214302 (by rela-
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tion (2))
= (l,3,4)(2,0,oo)420303214302 = (l,3,4)(2,0,oo)423033214302 (by relation 

(5) conjugated by (2,4)(3,oo) G X2(5))
= (1,3,4)(2,0,oo)423033214302 = (l,3,4)(2,0,oo)4 2302 14302

= (1,3,4)(2,0,co)4 (l,oo,3,0,4)3202 14302 (by relation (3) conjugated by 
(l,0,3)(2,4,oo) G L2(5))’

= (l,0,3)(2,4,oo)1320314302 = (1,0,3)(2,4,oo)13(l, 0,4,3,2)30244302 (by re­
lation (2) conjugated by (2,0)(3,4) G L2(5))

= (1,4, oo)(2,3,0)0230244302 = (1,4,00)(2,3,0)02302302 = e by relation (3) 
conjugated by (l,3)(2,oo) G L2(5).

To prove oo01oo2123 = (1,3)(2, oo)oo43oo2321, we will move the relation to one 
side of the equal sign and prove it equals identity.

(1,3) (2, oo)oo43oo23213212ool0oo = (1,3)(2, co)oo43oo23
(1,2,3)(4,00,0)1231  12ool0oo (by relation (4) conjugated by (l,4)(0,00) G T2(5))

= (2,0,4,00,3)0ool031123112ool0oo = (2,0,4,00,3)0ool03 232 001 Ooo
= (2.0.4.00.3)0ool03 323 00IO00 (by relation (5) conjugated by (l,oo,3)(2,4,0) G I/2(5))

= (2, 0,4,00,3)0ool03323ool0oo ~ (2,0,4,00,3) (l,oo, 0)(2,4,3)oo01od 
23ool0oo (by relation (3))

= (l,oo,2)(3.4.0)oo01oo23ool0oo = (l,oo,2)(3,4,0)oo (1,3,00,0,2)ool03 
3ool0oo (by relation (2) conjugated by (l,2)(4,oo) G L2(5))

= (l,0,oo)(-2,3,4)0ool033ool0oo = (l,0,co)(2,3,4)0ool0ool0oo = e by rela­
tion 3.

ti, a representative from one of the 2-orbits, takes [oo01oo212] to a single coset in 
[oo01031] since we previously proved oo010312 = (2,00,0, 3,4)loo21424. Therefore it fol­
lows Noo01031 = N(2,oo,0,3,4)loo214242 = Nloo214242 G [oo01oo2121] = [oo01031).

too, a representative of the other 2-orbit, takes [oo01oo212] to a single coset in 
[oo01403] since we previously proved oo014034 = (l,3,4)(2,0,oo)4204oo0c>o. Therefore 
it follows Noo01403 = TV(1,3,4)(2,0, oo)4204oo0oo4 = N4204oo0oo4 G [oo01oo212oo] = 
[6O01403].

Now consider [oo01oo201]. jy^000100201^ has orbits {1}, {2}, {3}, {4}, {0}, and 
{00}. So we need to look at [oo01oo2011], [oo01oo2012], [oo01oo2013], [oo01oo2014], 
[oo01oo2010], and [oo01oo201oo].
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First [oo01oo2011] = [oo01oo20], so tx takes [oo01oo201] back to a single coset 
in [oo01oo20].

t2 takes [oo01oo201] to a single coset in [oo0ool21] since we previously proved 
oo0ool210 = (1,4, oo)(2,3,0)4124012. Therefore it follows Noo0ool21
= N(l,4,oo)(2,3,0)4124 0120 = N41240120 G [oo01oo2012] = [oo0ool21].

too takes [oo01oo201] to a single coset in [oo01310] since we previously proved 
ocO 13104 =. (l,oo, 0,4,2)4204 oo20. Therefore it follows Noo01310 = N(l,oo, 0,4,2)4204 
oo204 = N4204 oo204 G [oo01oo201oo] = [oo01310].

to takes [oo01oo201] to a single coset in [oo01213] since we previously proved 
oo01213oo = (l,3)(4,0)loo21 4oo2. Therefore it follows TVoo01213 = N(l, 3)(4,0)loo21 
4oo2oo = Nloo214 oo2oo G [oo01oo2010] = [oo01213].

t4 takes [oo01oo201] to a single coset in [oo010oo2] since we previously proved 
oo010oo21 = (1,3)(4,0)0320432. Therefore it follows Noo0I0oo2 = N(l, 3)(4,0)0320 
4321 = N0320 4321 G [oo01co2014] = [oo010oo2].

t3 takes [oo01oo201] to a single coset in [oo0ool21] since we previously proved 
oo0ool21oo — (l,0,oo,4,3)4124012. Therefore it follows Noo0ool21
= N(l, 0,oo,4,3)4124 012oo = N4124012oo G [oo01oo2013] = [oo0ool21].

Now consider [oo01oo2123]. 7v(°°01oo2l23) has orbits {2} and {1,3,4,0,00}. So 
we need to look at [oo01oo21232] and [oo01oo21233].

First [ooOloo21233] = [oo01oo212], so t3, a representative of the 5-orbit, takes 
[oo01oo2123] back to a single coset in [oo01oo212].

t2 takes [oo01oo2123] to a single coset in [oo01oo21232]. All of the single cosets 
in [ooOloo21232] are equal since we previously proved TVooOloo 2123 = N4314 2120 
= N34oo3 2oo20 = NlOool 2oo24 = 7V3103 202oo = N0130 2324 = N4oo04 2021 = 
Noo43oo 2321 = N1341 242oo = N0oo40 3423. Therefore it follows that TVooOloo 21232 
= N4314 21202 = N34oo3 2oo202 = NlOool 2oo242 = N3103 202oo2 = N0130 23242 = 
N4oo04 20212 = Noo43oo 23212 = N1341 242oo2 = N0oo40 34232. If we conjugate this 
equation by (1,0,4,3,2), (1,0,2,00,4), (l,3,4)(2, 0,oo), (2,3)(0,oo), and (1,3,2,4,00) G 
£2(5) we obtain Noo40oo 10121 = N3203 12141 = N23oo2 lool41 = TV04oo0 lool31 
= N20421 41ool = N4024 12131 = N3oo43 14101 = Noo32oo 12101 = N02301 31ool 
=: N4oo34 13121, JV4204oo 0oo3oo = N1301oo 0oo2oo = N3143oo 4oo2oo = JV0240oo 
4ooloo = N3023oo 2oo4oo = 7V2032oo 3oolco = N1421oo 2oo0oo = N4134oo 3oo0oo 
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= #0310oo loo4oo = #2412oo looSoo, #2oo320 3040 = #1431 030oo0 = #4124 020oo0 
= #3oo23 02010 = #43oo40 oo020 = #oo34oo 04010 = #12ool0 oo030 = #21420 4030 
= #3413 01020 = #oo21oo 01040, #0ool0 31323 = #4214 313oo3 = #2402 303oo3 
= #loo01 30343 = #21oo2 3oo303 = #ool2oo 32343 = #40oo4 3oo313 = #04203 2313 
= #12413 4303 = #oo04oo 34323, and #1031 43424 = #oo23oo 43404 = #2ool2 41404 
= #30134 14oo4 = #2302 40414 = #0320 424oo4 = #ool0oo 40434 = #loo21 42434 
= #32oo34 oo414 = #01oo04 oo424. To prove that all these single cosets are equal we 
will prove the following relations: ooOloo 21232 = (1,0,oo)(2,3,4)oo40oo 10121, ooOloo 
21232 = (l,3,oo,0,2)4204oo 0oo3oo, ooOloo 21232 = (l,0)(2,4)2oo32 03040, ooOloo 
21232 = (l,3,oo,0,2)0ool03 1323, and ooOloo 21232 = (2,4,3, 0,oo) 10314 3424.

To prove oo01oo21232 = (1,0,oo)(2,3,4)oo40ool0121, we will move the relation 
to one side of the equal sign and prove it equals identity.

(1,0, oo)(2,3,4)oo40ool012123212ool0oo = (1,0, oo)(2,3,4)oo40oo 1012123 121 
oolOoo (by relation (6) conjugated by (2,4)(3,oo) G L2(fi))

= (1,0, oo)(2.3,4)oo40ool012123121ool0oo = (l,0,oo)(2,3,4)oo40oo 1012
(1,3,2)(4,0,  oo)2132
21ool0oo (by relation (4) conjugated by (1,00,0,4,2) G L2(fi))

= (I,oo,3,0,4)40oo43oo31213221ool0oo = (l,oo,3,0,4)40oo 43oo 312 131
oolOoo = (1,00,3,0,4)40oo 43oo 312 313
oolOoo (by relation (6) conjugated by (2,0)(3,4) G L2(5))

= (1,00,3, 0,4)40oo43oo312313ool0oo = (1,00,3,0,4)40oo 43oo
(1,3,2)(4, 0, oo)1321 13ool0oo (by relation (4) conjugated by (1,4)(2,3) G L2(5))

= (L 4,3.00.2)0oo4024132113ool0oo = (l,4,3,oo,2)0oo4 (1,2,3,4,0)4203 
323ool0oo (by relation (2))

- (1,0)(3. oo)loo04203323ool0oo = (l,0)(3, oo)(l,4,oo, 2,0)0ool22023ool0oo
(by relation (2) conjugated by (l,4,0)(2,oo,3) G L2(5))

= (2,0,4,00,3)0ool22023ool0oo = (2,0,4,00,3)0ool0 23ool0oo = (2,0,4,00,3) 
(1,00, 0)(2,4,3)oo01oo 23ool0oo (by relation (3))

= (l,oo, 2)(3.4.0)oo01oo23ool0oo = (1,00,2)(3,4,0)oo (1,3,00, 0,2)ool03 
3ool0oo (by relation (2) conjugated by (1,2)(4,00) 6 L2(5))

= (l,0,oo)(2,3,4)0ool033ool0oo - (l,0,oo)(2,3,4)0ool0ool0oo — e by rela­
tion (3).
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To prove oo01oo21232 = (I,3,oo,0,'2)4204oo0oo3oo, we will move the relation 
to one side of the equal sign and prove it equals identity.

(1,3, oo, 0,2)4204oo0oo3oo 232 12ool0oo = (1,3, oo, 0,2)4204oo0 3oo3 323 
12ool0oo (by relation (5) conjugated by (1,2)(3,0) and (l,oo, 2)(3,4,0) G Z2(5))

= (1,3, oo, 0,2)4204oo03oo332312ool0oo = (1.3. oo. 0.2)4204oo0 3oo23 
12ool0oo = (l,3,oo, 0,2)4204oo0 (1,4,0)(2,oo, 3)oo32oo 12ool0oo (by relation (3) con­
jugated by (l,2,0,oo,3) G Z2(5))

= (1,2,4, 0, oo)0ool031oo32ool2ool0oo = (1,2,4,0,oo)0oo 1031oo3
(l,oo, 2)(3,4,0)oo21oo oolOoo (by relation (3) conjugated by (2,4,3,0,oo) G L2(5))

= (2,0)(3,4) 32oo34oo24oo2 loo oolOoo = (2,0)(3,4)32oo3
(1,3,0)(2,oo,4)oo42oo oo2110oo (by relation (4) conjugated by (1,3,2,4,oo) G Z2(5))

= (I,3,2)(4,0,oo)0oo40oo42oooo2110oo = (l,3,2)(4,0,oo)0oo 40oo4 220oo =
(1.3.2) (4,0, oo)0oo 40oo 40oo — e by relation (3) conjugated by (1,4)(2,3) G Z(5).

To prove oo01oo21232 = (1,0)(2,4)2oo3203040, we will move the relation to one 
side of the equal sign and prove it equals identity.

(I,0)(2,4)2oo320304023212ool0oo = (1,0)(2,4)2oo 32030
(2,4,3,0,oo)204oo 212ool0oo (by relation (2) conjugated by (l,3,oo)(2,0,4) G Z2(5))

= (l,oo,2,3,0)4204oo0oo204oo212ool0oo = (1. oo. 2.3.0)4204 OooO 204oo 212oo 
lOoo (by relation (5))

= (l,oo,2,3,0)42040oo0204oo212ool0oo = (l,oo,2,3,0)42040oo 202 4oo212oo 
lOoo (by relation (5) conjugated by (l,3)(2,oo) G Z2(5))

= (1, oo,2, 3,0)42040oo2024oo212ool0oo = (1,oo, 2,3,0)(l, oo, 3)(2,4,0)2402 
0oo2024 oo212 oolOoo (by relation (3) conjugated by (l,0,2,oo,4) G Z2(5))

= (I,3,2)(4,0,oo)24020oo2024oo212ool0oo = (l,3,2)(4,0,oo)240
(1.4.3) (2,oo,0)02oo0 024oo 212oo lOoo (by relation (4) conjugated by (1,4,0,3,oo) G 
L2(5))

= (2,4)(3, oo)oo3202oo0024oo212ool0oo = (2,4)(3, oo)oo3202 oo24oo 212oo 
lOoo = (2,4)(3,oo)oo3202 (l,3,0)(2,oo,4)2oo42 212oo lOoo (by relation (4) conjugated 
by (2,oo,0,3,4) GZ2(5))

= (1,3,4, oo, 0)40ooloo2oo42212ool0oo = (1,3,4, oo, 0)40ool 2oo2 412ool0oo 
(by relation (5) conjugated by (2,0)(3,4) G Z2(5))

= (1,3,4,oo,0)40ool2oo2412ool0oo = (l,3,4,oo,0)40 (l,oo,2)(3,4,0)loo21
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2412 oolOoo (by relation (3) conjugated by (1,2,3,4,0) 6 L2(5))
= (I,4,2)(3,0,oo)031oo212412ool0oo = (l,4,2)(3,0,oo)031 oo2

(1,4,2)(3, 0, oo)2142 2ool0oo (by relation (3) conjugated by (1,4, oo)(2,3,0) G L2(5))
= (1.2,4)(3. oo, 0)oo043121422oolOoo = (1,2.4)(3. oo. 0)oo0432124ool0oo (by 

relation (6) conjugated by (2,4)(3,oo) G L2(5))
= (1,2,4)(3,oo, 0)oo0432124ool0oo = (1,2,4)(3, oo, 0)oo (1,3,0,2,4)3401 124oo 

lOoo (by relation (1) conjugated by (1,4)(2,3) G £2(5))
= (1.4.3,oo.2)oo3401124ool0oo = (1,4,3,oo,2)oo340 (l,4,3,oo,2)oo423 Ooo 

(by relation (1) conjugated by (l,4,3)(2,oo, 0) G £2(5))
= (1, 3,2,4, oo)2oo30oo4230oo = (1,3,2,4,oo)2(l,2,4)(3,oo, 0)3oo034230oo (by 

relation (4) conjugated by (1,2,oo)(3,0,4) G L2(5))
= (1, oo, 2)(3,4,0)43oo034230oo = (1, oo, 2) (3,4,0)43(2,3, oo, 4,0)30oo2230oo 

(by relation (1) conjugated by (l,0,oo)(2,3,4) G L2(5))
= (1,4,2)(3,0,oo)0oo30oo2230oo = (I,4,2)(3,0,oo)0oo30oo30oo = e by rela- 

tion (4) conjugated by (2, oo)(4,0) G £2(5).
To prove oo01oo21232 = (1,3, oo, 0,2)0ool031323, we will move the relation to 

one side of the equal sign and prove it equals identity.
(l,3,oo, 0,2)0ool03132323212ool0oo = (l,3,oo,0,2)0ool0 3132 232

212ool0oo (by relation (5) conjugated by (1,oo,3)(2,4,0) G L2(5))
= (I,3,oo,0,2)0ool03132232212ool0oo = (l,3,oo,0,2)0oo 1031 33 12oo lOoo 

= (1,3, oo, 0,2)0oo 103 11 2oo lOoo = (1,3, oo, 0,2)0 ool03 2oolOoo = (1,3,oo,0,2)0 
(l,2,0,oo, 3)01oo2 2ool0oo (by relation (2) conjugated by (1,3,2)(4,0,oo) G L2(5))

= ooO 1 oo22oo 1 Ooo = ooOloooolOoo = ooOllOoo = ooOOoo = oooo = e.
To prove oo01oo21232 = (2,4, 3,0, oo)103143424, we will move the relation to 

one side of the equal sign and prove it equals identity.
(2.4.3.0. oo)10314342423212ool0oo = (2,4,3,0,oo) 103143242232WoolOoo (by 

relation (6) conjugated by (l,2)(3,0) G L2(5))
= (2,4,3,0,oo)10314324223212ool0oo = (2,4,3,0, oo) 1031 (1,0, oo) (2,3,4)3423 

3212 oolOoo (by relation (4) conjugated by (l,oo, 0)(2,4,3) G £2(5))
= (I,0)(3,oo)0oo4034233212col0oo = (l,0)(3,oo)0oo4034 22 12oo lOoo

= (1. 0)(3,oo)0oo40 3412 oolOoo = (1,0)(3, oo)0oo40 (l,3,2,4,oo)142oo oolOoo (by rela­
tion (2) conjugated by (1,2,4)(3,oo,0) G L2(5))
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= (1.0.3)(2.4.oo)01oo0143ooool0oo = (l,0,3)(2,4,oo) (l,0,oo)(2,3,4)10ool 
14310oo (by relation (3) conjugated by (1,00, 0)(2,4,3) G £2(5))

= (1,00,3,0,4)10ooll4310oo = (l,oo,3,0,4)10oo4310oo — e by relation (2) 
conjugated by (l,3,4)(2,0,oo) G £2(5).

There is one distinct single coset in [oo01oo21232].

Finally, consider [oo01oo21232]. 7V(°°010021232) has one orbit {1,2,3,4,0,00}, so 
we need to look at [oo01oo212322].

[oo01oo212322] = [oo01oo2123] so t2, a representative of the 6-orbit, takes 
[oo01oo21232] back to a single coset in [oo01oo2123].

Our double coset enumeration must be complete since the set of right cosets is 
closed under right multiplication by the symmetric generators.

Thus we have the Cayley diagram that is shown in Figure 6.1.

The maximum possible index of N in
C ~ ,_______  2* 6:L2(5) - |7V| |7Vj |JV| ]N| ,

~ [(0,ll2t3f4)£o]6,[(oo10,l)(2,4,3)£0^8,((^o10j(l14)£1]6 1S + |jV(«>)| |N<~0oo>|

I yy (00 02) | + + 1^(0001^21232)1 = 1 + 6 + 30 + 60 + 60 + | 1- 3168. Thus
|G| < 3168 x |N[ = 3168 x 60 = 190,080. In order to show ]G| = 190,080, we consider G 
as a subgroup of S3168 acting on 3168 cosets that we have found, and labeled according 
to the MAGMA segment, “for i in [1..3168] do print i, cst[i|; end for;”.

For this purpose we compute the action of the control group N as well as the 
action of too, to, ti, t-2, h, and t4 on the 3168 cosets. These permutations can be obtained 
by the following MAGMA segment “f(x); f(y); f(t);”.

It readily checks that the order of {x,y,t}, a subgroup of the symmetric group 
53168 acting on the 3168 right cosets of N in G, is 190,080. Visibly |x| = 5, |?/| = 3, 
and |xy| = 2, hence (x,y) = £2(5). If we conjugate t by £2(5) we see that t has exactly 
six conjugates. We conclude that (x,y,t) is a homomorphic image of the progenitor 
2* 6 : £2(5).

Thus if the original six relations hold in (x,y,t), then (x,.y,t) is a homomorphic 
image of G and this will give |G| > |(x, y,t)\ — 190,080.
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Figure 6.1: Cayley Diagram of of 2 x M\2 over L2(5)

Verify relation (1) ARRcRRsARRo = (1,3,0,2,4) by conjugating the six sym­
metric generators by t2titot4t3t2tito. By multiplying the permutations found using the 
MAGMA segments previously listed, we find t2titot4t3t2tito = (1,3,0,2,4). Thus when
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we conjugate too,^0,*i,*2,*3 and U by *2*i*o*4*3*2*i*o we obtain:
/£2£i£o£4£3£2£i£o__ +
bOO — b<X>
^t2UtQt4tst2tlto _ 

^£2£i£q£4£3£2£i£o_

^£2(1£0(4^3£2(1 to _

^£2£i£q£4£3£2£i£o _
^.£2£i£d£4i3i2£i£o ___

So t2titot4t3t2tito acts as (1,3,0,2,4).

Verify relation (2) t^totst^t^tQ = (1,0,4,3,2) by conjugating the six sym­
metric generators by t4t2tat3tit4t2to. By multiplying the permutations found using the 
MAGMA segments previously listed, we find t^totstit^to = (1,0,4,3,2). Thus when 
we conjugate ioo,*0,*i,*2,*3  and t4 by 74*2*0*3*1*4*2*0. we obtain:

So *4*2*o*3*i*4*2*0 acts as (1,0,4,3,2).

y>4t2tot3tit4t2to _
^£4£2£o£3£1£4£2£0 ___

^£4£2£o£3£i£4i2£o __  ^2

^.£4£2£o£3£i£4£2£o __

^4t2totzt\t4,t2to _
^£4£2to£3£i£4£2£o ___

Verify relation (3) *0*oo*i*0*co*i*0*oo  = (1,00,0)(2,4,3) by conjugating the six 
symmetric generators by *0* oo*i*0* oo*i*0* oo- By multiplying the permutations found using 
the MAGMA segments previously listed, we find *0* oo*i*0* oo*i*0* oo = (l,oo, 0)(2,4,3). 
Thus when we conjugate too,tQ,ti,t2,t3 and t4 by *0*oo*i*0*oo*i*0*oo  we obtain:

So *0*oo*i*0*oo*i*0*oo acts as (l,oo',0)(2,4,3).

£^0too*1*0*00*1^0 too —-
— 4OO

^£o£oo£i£o£oo£i£o£oo __  

^£<)£oo£i£o£tx>^i£o£oo ___ 

^£o£oo£i£o£oo£i£o£oo __

Verify relation (4) *4*2*3*4*2*3*4*2  = (1, oo, 0)(2,4,3) by conjugating the six sym­
metric generators by 74*2*3*4*2*3*4*2-  By multiplying the permutations found using the 
MAGMA segments previously listed, we find 74*2*3*4*2*3*4*2  = (l,oo,0)(2,4,3). Thus 
when we conjugate *oo,*0 ?*i,*2,*3  and t4 by 7472*3*4*2*3*4*2  we obtain the following re­

So *4*2*3*4*2*3*4*2 acts as (l,oo,0)(2,4,3).

suits:
^t4t2t3t4t2t3tit2 — 
,t.it2t3tdt2t3t4t2_ /-  I.QO
^£4 £2 £3 £4 £2 £3 £4 £2   £2

^£4£2£3£4£2£3£1£2 —
^t4t2t3t4t2t3t4t2 _

^ti£2£3£4£2£3£4£2 _

Verify relation (5) *0*00*0700*0*00  = 1 by conjugating the six symmetric gen­
erators by *o*oo*o*co7o*oo-  By multiplying the permutations found using the MAGMA 
segments previously listed, we find *0*00*0*00*0*00  equals identity. Thus when we conju­
gate *oo,*o,*i,*2,*3  and t4 by *0* oo*0* oo*0* oo we obtain the following results:
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Q ico 10 £ O^ooh
J. t01 oo £ 0 ^©Q 0 £ oo 
r3

= tl
= t3

uto^oo^O^oo^O^oo

j(0(oo(0(oo(0(oo

l2
. (o^oo^O^oo^O^oo
^4

= to
= t2
= t4

So totoototoototco acts as the identity.

Verify relation (6) t4tit4tit4ti = 1 by conjugating the six symmetric generators 
by t4tit4tit4ti. By multiplying the permutations found using the MAGMA segments pre­
viously listed, we find t4tii4tit4ti equals identity. Thus when we conjugate t^,, to, tj, t2,h 
and t4 by t4tit4tit4ti we obtain the following results:

£44] £4 £1   /
''oo — **0 — ^0

^(4(1(441(4(1 __ t ^(4(1(4(1(441   £2

.44(144414,4(1  . . ^44(1(441(441 J.
43 — 43 4^ — 14

So t4tit4tit4ti acts as the identity.

Thus G/kerj> = (x,y,t) and |G| > | (x, y, t) | = 190080. As shown earlier, |Gj < 
190080. Hence |G| = 190080.

Moreover, b= (1,3,00,0,2^0^0^3^^=: bb = x~2ytoatQt]t3tot2, 
c= (l,2,4)(3,oo,0)t1t2t4tit00t2 = cc = yx^yx^t^t^itoohi and 
a = (l,4,oc)(2,3,0)^AoMc»AM2M2 = aa = yx^yx^toototitootit^hh are in G with 
2XA/12 — (b, c, a|b2 — c3 = (be)11 = [b,c]6 = (bebebe-1)6 = [b, ebe]5 = 1 = a2 =- [6, a] — 
[c,a]). So (b,c,a) < G, but |(b,c,a)| = |G|, therefore G = (b,c,a) —= 2XMi2.
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Chapter 7

Construction of M12

It is known the group constructed in Chapter 6 factored by its center, Z(G), is 
isomporphic to Mi2• We will construct by hand M12 using the technique of manual double 
coset enumeration of G, a |(01[23|4)to|l,4((>)[over L^-

We found the center using MAGMA (see Appendix B and [C+05]). Simplifying 
this expression we obtained the following relation: (2,3,00,4,0)t2£RotR3ARcRRot3too 
tot4tQt3t2t3t4t3t2t3tot4 = 1. We can further simplify this relation as follows:

(2,3, oo,4,0)210132ool 03oo040323432304 = (2,3,00,4,0)2101
(3, l,2,0,oo)oo230 03oo040323 432304 (by relation (2) conjugated by (2,0)(4,oo) G 7>2(5)) 

= (I,2)(4,oo)02oo2oo23003oo040323432304 = (l,2)(4,oo)02oo2oo 233 oo04032 
3432304 = (1,2)(4,00)02 2oo2 2oo040323 432304 (by relation (5) conjugated by (2,0)(3,4) 
G L2(5))

= (I,2)(4,oo)022oo22oo040323432304 = (l,2)(4,oo)0 oooo 04032 3432304 = 
(1.2)(4.oo)00 40323 432304 = (1,2)(4, oo)40 232 432304 (by relation (5) conjugated by 
(l,oo,3)(2,4,0)€L2(5))

= (1.2)(4. oo)40232432304 = (1,2)(4,00)(4,3,0,oo, 2)204oo2432304 (by relation
(2) conjugated by (l,3,oo)(2,0,4) G L2(5))

= (1.4.2)(3.0.00)204oo2432304 = (1.4.2)(3.0. oq)204oo2423204 (by relation
(5) conjugated by (l,oo,3)(2,4,0) G L2(5))

= (l,4,2)(3,0,oo)204oo2423204 = (1,4,2) (3,0, oo)204oo242(3,4,2,00,0)023oo 
(by relation (2) conjugated by (1,4,0,3,00) G A2(5))

= (1.2)(4.oo)oo320oo2oo023oo = (1,2)(4,oo)oo320oo(l, 3,4) (2,0, oo)oo20oo3oo
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(by relation (4) conjugated by (3,0)(4,oo) G L2(5))
= (1,0.oo)(2,3.4)240oo2oo20oo3oo = (1.0. oo)(2.3.4)2402oo220oo3oo (by rela­

tion (5) conjugated by (2,0)(3,4) G L2(5))
= (1,0,oo)(2,3,4)2402oo220oo3oo = (I,0,oo)(2,3,4)2402oo0oo3oo.
Hence Z(G) = ((1,0, oo)(2,3,4)t2£4io£2WoW3Zoo)-
So now we factor 2* 6 : Z2(5) by the six relations of Chapter 6 as well as the 

center. So now our relations are as follows:

1. (0,3, l,4,2)* 2tit0*4*3*2*l*0  = 1

2. (0,1,2,3,4)i4Z2t0t3iit4i2Zo = 1

3. (oo, l,0)(2,3,4)Z0iootitoWiZoZao = 1

4. (oo, 1,0)(2,3,4)£4£2t3i4t2£3t4i2 = 1

5. totOO tot oo totCO — 1

6. Z4iit4Zit4Zj = 1

7. (1,0, oo)(2,3,4)Z2i4t0i2toot0toot3too = 1

Equivalenty, relation (7) can be expressed as oo3oo0oo = (1,0, oo)(2,3,4)2402 
or 2402oo = (I,oo,0)(2,4,3)oo3oo0.

We now perform the manual double coset enumeration of 
n _ 2’6:L2(5) _ r /eA

The double coset enumeration of this group is identical to the double coset 
enumeration of Chapter 6, up through the double cosets of word length three. So I will 
begin my double coset enumeration by considering [ooOool]. The orbits of aM°°0001) are 
{1}, {4}, {2,3}, and {0,oo}. So we need to look at [ooOool 1], [oo0ool4], [ooOoo 12], and 
[ooOoo 10].

First, [ooOool 1] = [ooOoo] so ti takes #ooOool G [ooOool] back to NooOoo G 
[ooOoo].

t4 takes ATooOool G [ooOool] to Aroo0ool4 G [oo0ool4]. There are 30 distinct 
single cosets in [oo0ool4] as was proved in Chapter 6.
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t2, a representative from one of the 2-orbits, takes [ooOool] to a single coset in 
[oo0ool2]. There are 60 distinct single cosets in [00O00I2].

£oo, a representative from the other 2-orbit, takes [ooOool] to a single coset 
in [oo02oo] since N00O00IO = N(l,0,4)(2,3,oo)3213 = N3213 G [oo02oo]. To prove 
00O00IO — (1,0,4)(2,3, oo)3213, we will move the relation to one side of the equal sign 
and prove it equals identity.

‘ (1,0,4)(2,3,00)32130I00O00 = (l,0,4)(2,3,oo)3213010oo0 (by relation (5))
= (l,0,4)(2,3,oo)3213010oo0 = (l,0,4)(2,3,oo)3213101oo0 (by relation (5) 

conjugated by (l,oo)(3,4) 6 Z2(5))
= (l,0,4)(2,3,oo)3213101oo0 = (l,0,4)(2,3,oo)3231301oo0 (by relation (6) 

conjugated by (2,0)(3,4) 6 Z2(5))
= (1,0,4X2,3,oo)3231301oo0 = (l,0,4)(2,3,oo) (l,3,4)(2,0,oo)oo01oo OlooO 

(by relation (7) conjugated by (1,4,0)(2,00,3) G Z2(5))
= (I,oo,0)(2,4,3)oo01oo01oo0 = (l,oo,0)(2,4,3) (l,0,oo)(2,3,4)0ool0 OlooO 

(by relation (3))
= O00IOOI00O = PoolI00O = OoooqQ - 00 = e.

Now consider [og0oo2|. The orbits of yyf000002) are {2}, {3}, {1,4}, and {0,oo}. 
So we need to look at [oo0oo22], [oo0oo23], [oo0oo21], and [oo0oo20].

First, [oo0oo22] = [00O00] so t2 takes [oo0oo2] back to a single coset in [00O00].
£3 takes [oo0oo2] to a single coset in [oo0oo23]. There are 30 distinct single 

cosets in [oo0oo23] as was proved in Chapter 6.
£1, a representative from one of the 2-orbits, takes [oo0oo2] to a single coset in 

[oo0oo21j. There are 60 distinct single cosets in [oo0oo23].
£0, a representative from the other 2-orbit, takes [oo0oo2] to a single coset 

in [00OI00] since Noo0oo20 ■=. N(l, 0,00) (2,3,4)2402 = 1V2402 G [00OI00]. To prove 
oo0oo20 = (l,0,oo)(2,3,4)2402, we will start with relation (7) as follows:

oo3oo0oo = (1, 0,oo)(2,3,4)2402
3oo30oo = (1,0,oo)(2,3,4)2402 (by relation (5) conjugated by (l,2)(3,0) G 

£2(5))
=> 3oo30oo = (l,0,oo)(2,3,4)(1,3,oo)(2,0,4)4204 (by relation (3) conjugated 

by (1,0,4)(2,3,00) G Z2(5))
=> 3oc30oo- (l,0,oo)(2,3,4)4124.
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Now consider [oo012]. The orbits of jyl00012) are {1}, {2}, {3}, {4}, {0}, 
and {oo}. So we need to look at [oo0121], [oo0122], [oo0123], [oo01-24], [oo0120], and 
[oo0oo2oo].

First, [oo0122] = [00OI] so t2 takes [oo012] back to a single coset in [00OI].
£i takes [oo012] to a single coset in [oo0121]. There are 60 distinct single cosets 

in [oo0121].
£3 takes [oo012] to a single coset in [oo0123]. There are 30 distinct single cosets 

in [oo0123] as was proved in Chapter 6.
£4 takes [oo012] to a single coset in [oo0124]. There are 30 distinct single cosets 

in [oo0124] as was proved in Chapter 6.
£0 takes [oo012] to a single coset in [oo0120]. There are 30 distinct single cosets 

in [oo0123] as was proved in Chapter 6.
£oo takes [oo012] to a single coset in [oo012oo]. There are 60 distinct single cosets 

in [oo012oo].

Now consider [oo023]. The orbits of Nf°°023^ are {1}, {2}, {3}, {4}, {0}, and 
{00}. So we need to look at [oo0231], [oo0232], [oo0233], [oo0234], [oo0230], and [oo023oo].

First, [oo0233] — [oo02], so £3 takes [oo023] back to a single coset in [oo02].
£1 takes [oo023] to a single coset in [oo0120] as was proved in Chapter 6.
£2 takes [oo023] to a single coset in [oo0232]. There are 30 distinct single cosets 

in [oo0232] as was proved in Chapter 6.
£4 takes [oo023] to a single coset in [oo0234]. There are 60 distinct single cosets 

in [oo0234].
£0 takes [oo023] to a single coset in [oo020] since Noo0230

— N(l,2,00) (3,0,4)ool31 = Nool31 G [oo020]. To prove oo0230
= (1,2,00)(3,0,4)ool31, we will move the relation to one side of the equal sign and prove 
it equals identity.

(1,2,00)(3,0,4)ool310320oo = (l,2,oo)(3,0,4)oo3130320oo (by relation (6) 
conjugated by (2,0)(3,4) 6 L2(5))

— (1,2,00)(3,0.4)oo3130320oo = (1,2,oo)(3,0,4)oo3103020oo (by relation (5) 
conjugated by (2,4)(3,oo) G L2(5))

= (1,2,00)(3, 0.4)oo3103020oo = (1,2,oo)(3,0,4)oo3103202oo (by relation (5) 
conjugated by (1,3)(2,00) G L2(5))
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= (l,2,oo)(3,0,4)oo3103202oo = (1,2, oo)(3,0,4)oo(l, 3,0)(2, oo, 4)1301202oo 
(by relation (3) conjugated by (l,0)(3,oo) G £2(5))

= (l,oo,3)(2,4,0)41301202oo= (1, oo, 3)(2,4,0)4(1,3, oo)(2,0,4)2oo2002oo (by 
relation (7) conjugated by (1,4,3,oo, 2) G L2(5))

= 22oo2002oo = oo22oo = oooo = e.
too takes [oo023] to a single coset in [oo0ool2] as was proved in Chapter 6.

Now consider [oo021]. The orbits of N't00021) are {4}, {0}, {1,3}, and {2,oo}. 
So we need to look at [oo0214|, [oo0210], [oo0211], and [oo0212].

First, [oo0211] = [oo02] so ty, a representative from one of the 2-orbits, takes 
[oo021] back to a single coset in [oo02].

£4 takes [oo021] to a single coset in [oo0214]. There are 30 distinct single cosets 
in [oo0214] as was proved in Chapter 6.

io takes [oo021] to a single coset in [00OIO] since Noo0210
= 77(1,00,3)(2,4,0)4313 = N4313 G [00OIO]. To prove oo0210 = (l,oo,3)(2,4,0)4313, 
we will move the relation to one side of the equal sign and prove it equals identity.

(l,oo,3)(2,4,0)43130120oo = (1,00,3)(2,4,0)43(1,3,00)(2,0,4)2oo200oo (by 
relation (7) conjugated by (1,4,3,00,2) G £2(5))

= 2oo2oo200oo = oo2oooo2oo (by relation (5) conjugated by (2,0)(3,4) G £2(5)) 
-- oo2oooo2oo = oo22oo —• 0000 — e.
t2, a representative from the other 2-orbit, takes [oo021] to a single coset in 

[oo0121] as was proved in Chapter 6.

Now consider [oo024]. The orbits of 7V(°°024) are {1}, {2}, {3}, {4}, {0}, and 
{00}. So we need to look at [oo0241], [oo0242], [oo0243], [oo0244], [oo0240], and [oo024oo].

First, [oo0244] = [oo02] so t4 takes [oo024] back to a single coset in [oo02|.
ti takes [oo024] to a single coset in [oo0214j as was proved in Chapter 6.
t2 takes [oo024] to a single coset in [oo0242]. There are 60 distinct single cosets 

in [oo0242].
t3 takes [oc024] to a single coset in [oo0243]’. There are 30 distinct single cosets 

in [oo0243] as was proved in Chapter 6.
to takes [oo024] to a single coset in [oo0240]. There are 30 distinct single cosets 

in [oo0240] as was proved in Chapter 6.
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ioo takes [oo024] to a single coset in [oo024oo]. There are 60 distinct single cosets 
in [oo024ooj.

Now consider [oo013]. The orbits of #(°°013) are {2}, {0}, {l,oo}, and {3,4}. 
So we need to look at [oo0132], [oo0130], [oo0131], and [oo0133].

First, [oo0133] = [ooOl] so i4, a representative from one of the 2-orbits, takes 
[oo013] back to a single coset in [ooOl].

t2 takes [oo013] to a single coset in [oo0123] as was proved in Chapter 6.
to takes [oo013] to a single coset in [oo020] since #oo0130

= #(1,2,0)(3,oo, 4)2434 = #2434 G [oo020]. To prove oo0130 = (1,2,0)(3,oo,4)2434, 
we will start with relation (7).

oo3oo0oo = (1,0, oo)(2,3,4)2402
=> oooo3oo0oo = oq(l, 0,oo)(2,3,4)2402
=> 3oo0oo = (l,0,oo)(2,3,4)12402
Conjugated this equation by (l,oo,4)(2,0,3) G ^(S),
=> 2434 = (1,0,2)(3,4, oo)oo0130
Multiply both sides of this equation by (l,2,0)(3,oo,4) G L2(5),
=> oo0130 = (1,2,0)(3, oo, 4)2434.
ti, a representative from the other 2-orbit, takes [oo013] to a single coset in 

[oo0242] as was proved in Chapter 6.

Now consider [oo014]. The orbits of #(°°014) are {1}, {2}, {3}, {4}, {0}, and 
{oo}. So we need to look at [oo0141], [oo0142], [oo0143], [oo0144], [oo0140], and [oo014oo].

First, [oo0144] = [ooOl], so i4 takes [oo014] back to a single coset in [ooOl].
Zi takes [oo014] to a single coset in [oo0141]. There are 30 distinct single cosets 

in [oo0141] as was proved in Chapter 6.
t2 takes [oo014] to a single coset in [oo0234] as was proved in Chapter 6.
t3 takes [oo014] to a single coset in [oo0240] as was proved in Chapter 6.
to takes [oo014] to a single coset in [ooOlO] since #oo0140

= #(1, oo,3)(2,4,0)oo343 = #oo343 G [ooOlO]. To prove oo0140
=- (1, oo, 3)(2,4,0)oo343, we will move the relation to one side of the equal sign and prove 
it equals identity.

(l.oo.3)(2.4.0)oo3430410oo = (l.oo.3)(2.4.0)oo4340410oo (by relation (6) 
conjugated by (l,3)(2,oo) G £2(6))
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= (l.oo. 3) (2.4.0)oo4340410oo = (l,oo,3)(2,4,0)oo(l,3,oo)(2,0,4)loo0110oo 
(by relation (7) conjugated by (l,2)(4,oo) G />2(5))

= llooOllOoo = ooOOoo = oooo = e.
too takes [oo014] to a single coset in [oo0oo21] as was proved in Chapter 6.

Now consider [ooOlO]. The orbits of X00010) are {3}, {oo}, {1,0}, and {2,4}. 
So we need to look at [oo0103], [ooOlOoo], [ooOlOO], and [oo0102].

First, [ooOlOO] = [ooOl] so to, a representative from one of the 2-orbits, takes 
[ooOlO] back to a single coset in [ooOl].

t3 takes [ooOlO] to a single coset in [oo021] since Noo0103
= N(l,0,4)(2,3,oo)4321 = N4321 G [oo021]. To prove oo0103 = (l,0,4)(2,3,oo)4321, 
we will move the relation to one side of the equal sign and prove it equals identity.

(1. 0.4)(2.3. oo)43213010oo = (l,0,4)(2,3,oo)4 (1,4,0)(2, oo, 3)oo0ool0 
OlOoo (by a previously proved relation)

= OooOoo 1001 Ooo = ooOoooollOoo (by relation (5))
= ooOoocoOoo = ooOOoo = oooo = e.
too takes [ooOlO] to a single coset in [ooOlOoo], There are 10 distinct single cosets 

in [ooOlOoo] as was proved in Chapter 6.
t2, a representative from the other 2-orbit, takes [ooOlO] to a single coset in 

[co014] since TVoo0102 = N(l,4,2)(3,0,oo)oo231 = Noo231 6 [co014]. To prove 
oo0102 = (1,4,2)(3,0, oo)oo231, we will move the relation to one side of the equal sign 
and prove it equals identity.

(1,4,2)(3, 0, oo)oo2312010oo = (1,4,2)(3,0,oo)oo2312101oo (by relation (5) 
conjugated by (l,oo)(3,4) G 7^2(5))

= (1.4.2)(3,0.oo)oo2312101oo = (1,4, 2)(3,0,oo)oo2321201oo (By relation (6) 
conjugated by (2,4)(3,oo) G I* 2(5))

= (1.4.2) (3.0. oo)oo2321201oo — (l,4,2)(3,0,op)oo(l,2,4)(3,oo,0)0ool001oo 
(by relation (7) conjugated by (1,4,00,2,0) G L2(5))

= OOoolOOloo = 0011co = oooo = e.

Now consider [oo020]. The orbits of N(°°020> are {1}, {00}, {2,0}, and {3,4}. 
So we need to look at [oo0201], [oo020oo], [oo0200], and [oo0203].

First, [oo0200] = [oo02] so to, a representative from one of the 2-orbits, takes 
[oo020] back to a single coset in [oo02].
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too takes [oc020] to a single coset in [oo020oo]. There are 10 distinct single cosets 
in [oo020oo] as was proved in Chapter 6.

71 takes [oo020] to a single coset in [oo013] since Noo0201
= N(l,oo,3)(2,4,0)4130 = N4130 G [oo013]. To prove oo0201 = (l,oo,3)(2,4,0)4130, 
we will move the relation to one side of the equal sign and prove it equals identity.

(l.oo. 3)(2.4.0)41301020oo = (l.oo. 3)(2.4.0)41301202oo (by relation (5) con­
jugated by (1,3) (2,00) G L2(5))

= (1,00,3)(2,4,0)41301202oo = (1,00,3)(2,4,0)4(1,3,00)(2,0,4)2oo2002oo (by 
relation (7) conjugated by (1,3)(2,00) G L2(5))

— 22oo2002oo = oo22oo = oooo = e.
t3, a representative from the other 2-orbit, takes [oo020] to a single coset in 

[oo023] since Noo0203 = N(l,2,oo)(3,0,4)oo310 = Noo310 G [oo023]. To prove 
oo0203 — (l,2,oo)(2,0,3)2312, we will start with a previously proven relation, oo0230 
= (1.2. oo)(3,0.4)ool31.

oo0230 = (1.2.oo)(3.0.4)oo313 (by relation (6) conjugated by (2,0)(3,4) G 
^(5))

oo02303 = (l,2,oo)(3,0,4)oo313£
OO023030 = (1,2,00) (3,0,4)oo310

=> oo023303 = (1,2,00)(3,0,4)oo31'0 (by relation (5) conjugated by 
(2,4)(3,oo)GL2(5))

=> oo023303 = (1,2, oo)(3,0,4)oo310 
oo0203= (l,2,oo)(3,0,4)oo310.

Now consider [00OI00]. The orbits of aM°°0100) are {1}, {4}, {2,3}, and {0,oo}. 
So we need to look at [ooOlool], [oo01oo4], [oo01oo2], and [00OI0000].

First, [00OI0000] = [00OI] so *oo,  a representative from one of the 2-orbits, takes 
[00OI00] back to a single coset in [00OI].

t4 takes [00OI00] to a single coset in [oo0124] as was proved in Chapter 6.
. tj takes [00OI00] to a single coset in [oo02oo] since NooOlool

= N(l,00,4)(2,0,3)2312 = N2312 G [oo02oo]. To prove ooOlool = (l,oo,4)(2,0,3)2312, 
we will we will move the relation to one side of the equal sign and prove it equals identity.

(1.00.4)(2.0.3)23121ool0oo ~ (1. oo.4)(2.0.3)23212ool0oo (by relation (6) 
conjugated by (2,4)(3,oo) G L2(5))
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= (l,oo,4)(2,0,3)23212ool0oo = (1.oo, 4)(2.0,3)32312oq10oo (by relation (5) 
conjugated by (l,oo,2)(3,4,0) G £2(6))

= (l.oo.4)(2.0.3)32312ool0oo = (l,00,4)(2,0,3)32312 (l,00,0)(2,4,3)loo01 
(by relation (3) conjugated by (1,0)(2,4) G £2(5))

= (I,0,2)(3,4,oo)242oo41oo01 = (l,0,2)(3,4,oo)242 (l,4,oo)(2,3,0)4ool401 
(by relation (4) conjugated by (1,3)(2,00) 6 £2(5))

= (1.2,4)(3.00,0)3oo34ool401 = (1,2,4)(3»00,0)3(1,4,2)(3,0, oo)1014401 (by 
relation (7) conjugated by (l,2,oo)(3,0,4) G £2(5))

= 01014401 = 101101 (by relation (5) conjugated by (l,oo)(3,4) G £2(5))
= 101101 = 1001 = 11 = e.
t2, a representative from the other 2-orbit, takes [ooOloo] to a single coset 

in foo0oo2] since Noo01oo2 = N(l, 00,4)(2,0,4)2321 = 1V2321 G [oo0oo2], To prove 
oo01oo2 = (1,00,4)(2,0,4)2321, we will start with a previously proven relation, 
ooOlool = (1,00,4)(2,0,3)2312

oo01ooll= (l,oo,4)(2,0,3)23121
ooOloo = (1.00.4)(2,0.3)23212 (by relation (6) conjugated by (2,4)(3,oo) 

€ £2(5))
=> oo01oo2= (l,oo,4)(2,0,3)23212g
=J> oo01oo2 = (1,00,4)(2,0,3)2321.

Now consider [oo02oo]. The orbits of N(°°02°°) are {2}, {3}, {1,4}, and {0,oo}, 
So we need to look at [oo02oo2], [oo02oo3], [oo02col], and [oo02oooo].

First, [oo02oooo] = [oo02] so too, a representative from one of the 2-orbits, takes 
[oo02oo] back to a single coset in [oo02].

t2 takes [oo02oo] to a single coset in [ooOloo] since Noo02oo2
= N(l, 2,3)(4,oo,0)1421 = N1421 G [ooOloo]. To prove oo02oo2 = (1,2,3)(4,oo, 0)1421, 
we will move the relation to one side of the equal sign and prove it equals identity.

(1,2,3)(4,oo,0)14212oo20oo  = (l,2,3)(4,oo, 0)1421oo2oo0oo (by relation (5) 
conjugated by (2,0)(3,4) G £2(6))

— (1,2,3)(4,oo,0)1421oo2oo0oo = (l,2,3)(4,oo,0)1421oo2 O00O (by relation 
(5))

= (1.2.3)(4.oo.0)1421oo20oo0 = (l,2,3)(4,oo,0)14 (1,3,2)(4,0,oo)030oo ooO 
(by relation (7) conjugated by (l,4)(0,oo) G £2(5))
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= 30030oooo0 = 3300 = e.
£3 takes [oo02oo] to a single coset in [oo0243] as was proved in Chapter 6.
£1, a representative from the other 2-orbit, takes [oo02oo] to a single coset 

in [00O00I] since Noo02ool = N(l,2,3)(4,00,0)1412 = N1412 G [00O00I]. To prove 
oo02ool = (l,2,3)(4,oo, 0)1412, we will start with a previously proven relation, 
oo02oo2 =(1,2,3)(4,00,0)1421.

oo02oo22 = (1,2,3) (4,00,0)14212
=> oo02oo = (1.2.3)(4.oo. 0)14121 (by relation (6) conjugated by (2,4)(3,oo) 

€ L2(5))
=> oo02ool = (1,2,3)(4,00,0)141211
=> oo02ool = (1,2,3)(4,00,0)1412.

Now consider [oo0oo21]. The orbits of N^0000021) are {1}, {2}, {3}, {4}, {0}, and 
{00}. So we need to look at [oo0oo211], [oo0oo212], [oo0oo213], [oo0oo214], [oo0oo210], 
and [oo0oo21oo].

First, [oo0oo211] = [oo0oo2] so £1, takes [oo0oo21] back to a single coset in 
[oo0oo2].

£2 takes [oo0oo21] to a single coset in [[oo0oo212]. There are 60 distinct single 
cosets in [oo0oo212].

£3 takes [oo0oo21] to a single coset in [oo014] as was proved in Chapter 6.
£4 takes [oo0oo21] to a single coset in [oo0oo214]. There are 20 distinct single 

cosets in [oo0oo214] as was proved in Chapter 6.
£0 takes [oo0oo21] to a single coset in [oo0242] since Noo0oo210

= N(l, 00,3)(2,4,0)24313 = N24313 G.[oo0242]. Toprove oo0oo210
= (l,oo, 3)(2,4,0)24313, we will start with a previously proven relation, oo0210 
= (l,oo,3)(2,4,0)4313.

=> 0oo0210 = 0(1,00,3)(2,4,0)4313.
=> oo0oo210 = (l,oo, 3)(2,4,0)24313.(by relation (5))
£oo takes [oo0oo21] to a single coset in [oo012oo] since

Noo0oo21oo = N(l,2,3)(4,oo,0)142ool = N142ool G [oo012oo]. To prove oo0oo21oo 
■= (1,2,3)(4,oo, 0)142ool, we will start with a previously proven relation, oo02oo2 =
(1,2,3) (4,00,0)1421.

=> 0oo02oo22 = 0(1,2,3) (4,00,0)14212.
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oo0oo2oo = (1.2.3)(4. oo. 0)414212. (by relation (5))
=> oo0oo2oooo = (1.2.3)(4. oo. 0)141212oo.(bv relation (6)) 

oo0oo2 (l,2,3)(4,oo, 0)141212oo.(by relation (6))
-=^ oo0oo2 = (1,2,3)(4,oo, 0)141121oo.(by relation (5) conjugated by 

(l,0)(2,4) G£2(5))
==> oo0oo21oo = (1,2,3) (4, oo, 0)141121ooloo.
=> oo0oo21oo = (1,2,3)(4,oo, 0)1421ooloo.
=> oo0oo21oo = (1,2,3)(4,oo,0)142ooloooo.(by relation (5) conjugated by 

(1,0)(2,4)g£2(5))
oo0oo21oo = (1,2.3)(4, oo, 0)142ooloooo.

=£- oo0oo21oo = (l,2,3)(4,oo,0)142ool.

Now consider [oo0oo23]. The orbits of A^°°00023) are {2}, {3}, {1,4}, and {0, oo}. 
So we need to look at [oo0oo232], [oo0oo233], [oo0oo231], and [oo0oo230].

First, [oo0oo233] = [oo0oo2] so t3 takes [oo0oo23] back to a single coset in 
[oo0oo2].

t2 takes [oo0oo23] to a single coset in [oo0oo232]. There are 5 distinct single 
cosets in [oo0oo232] as was proved in Chapter 6.

ti, a representative from one of the 2-orbits, takes [oo0oo23] to a single coset in 
[oo024oo] since Noo0oo231 = N(l,oo,2,3,0)03oo20 = N03oo20 6 [oo024oo]. To prove 
oo0oo231 = (1, oo, 2,3,0)03oo202, we will we will move the relation to one side of the 
equal sign and prove it equals identity.

(1.oo. 2.3.0)03oo20132oo0oo = (l,oo,2,3,0)03(1,2,4,0,oo)02oo432oo0oo (by 
relation (1) conjugated by (1,2,0,oo, 3) 6 £2(5))

~ (2, 3. oo. 4.0)oo302oo432oo0oo = (2.3. oo. 4.0)oo302oo4320oo0 (by relation 
(5))

— (2.3.00.4.0)oo302oo4320oo0 = (2,3,oo,4,0)oo302 (I,0,oo,4,3)oo21oo3 ooO 
(by a previously proved relation)

= (1.0.2)(3.4.oo)41oo2oo21oo3oo0 = (1.0.2)(3.4. oo)412oo221oo3oo0 (by rela­
tion (5) conjugated by (2,0)(3,4) € £2(5))

= (1,0,2)(3,4,oo)412oo221oo3oo0 = (1.0.2)(3.4.oo)412 ooloo3oo0
= (1,0,2)(3,4,oo)412 (1,2,0)(3,oo, 4)02300 (by relation (7) conjugated by (1,4,2,0,3) G 
£2(5))
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= 32002300 = 3223 = 33 = e.
to, a representative from the other 2-orbit, takes [oo0oo23] to a single coset 

in [oo0121] since Noo0oo230 = N(l,2,oo)(3,0,4)4oo313 = N4oo313 G [oo0121]. To 
prove oo0oo230 = (1,2,00)(3,0,4)4oo313, we will start with a previously proven relation, 
co0230 = (1,2,oo)(3,0,4)ool31.

=? 0oo0230 = 0(1,2, 00)(3,0,4)ool31.
=> 0oo0230 = (1,2,oo)(3,0,4)4ool31.

oo0oo230 = (l,2,oo)(3,0,4)4ool31.(by relation (5))
=> oo0oo230 = (l,2,oo)(3,0,4)4ool31
=> oo0oo230 = (1,2,oo)(3,0,4)4oo313 (by relation (6) conjugated by 

(2,0)(3,4) e L2(5)).

Now consider [oo0ool4]. The orbits of AX0000014) are {1}, {4}, {2,3}, and {0,00}. 
So we need to look at [oo0ool41], [oo0ool44], [oo0ool42], and [oo0ool40].

First, [oo0ool44] = [ooOool] so £4 takes [00O00I4] back to a single coset in 
[ooOool].

£1 takes [oo0ool4] to a single coset in [oo0ool41]. There are 5 distinct single 
cosets in [oo0ool41] as was proved in Chapter 6.

£2, a representative from one of the 2-orbits, takes [oo0ool4] to a single coset in 
[oo012oo] since Noo0ool42 ~ N(1,4,00,2,0)oo401oo = TVoo401oo € [oo012oo]. To prove 
oo0ool42 (l,4,oo, 2,0)oo401oo, we will we will move the relation to one side of the 
equal sign and prove it equals identity.

(1,4,00,2,0)oo401oo241oo0oo = (1,4,00,2,0)oo401oo (1,3,0,2,4)2oo321oo ( by 
a previously proved relation oo0124 = (1,3,4,00,0)oo23ool conjugated by
(2,oo)(4,0) G -£2(6))

= (3,0)(4, oo)ool23oo2oo321oo = (3,0)(4,oo)ool(l,4, 0)(2,oo,3)32oo3oo321oo 
(by relation (3) conjugated by (l,oo,2)(3,4,0) G Z2(5))

= (1.4.3)(2.oo.0)3432oo3oo321oo = (1.4,3)(2.00.0)3432oooo3oo21oo (by rela­
tion (5) conjugated by (l,2)(3,0) G Z2(5))

= (1,4.3)(2,00,0)3432oooo3oo21oo = (1.4.3)(2.00.0)34323 oo21oo 
= (1,4,3)(2, oo, 0) (1,4,00)(2,3,0)loo21 oo21oo (by relation (7) conjugated by 
(l,0,2)(3,4,oo)GL2(5))

= ((I.oo,2)(3.4.0)loo21oo21oo = ((1,00,2)(3,4,0)1(1,2, oo)(3,0,4)2ool221oo
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(by relation (3) conjugated by (2,0)(3,4) E
= 22ool221oo = oolloo = oooo = e.
to, a representative of the other 2-orbit, takes [oo0oo!4] to a single coset in 

[oo0242] since #oo0ool40 = #(l,oo, 3)(2,4,0)2oo434 = #2oo434 G [oo0242]. To prove 
oo0ool40 = (1, oo, 3)(2,4,0)2oo434, we will start with a previously proven relation, 
oo0140 = (1, oo, 3)(2,4,0)oo343.

=> 0oo0140 = 0(1, oo, 3)(2,4,0)oo343
=> 0oo0140 = (l,oo,3)(2,4,0)2oo343
=> ooOoo 140 = (1, oo, 3)(2,4,0)2oo343 (by relation (5))
=> oo0ool40 = (1,oo, 3)(2,4,0)2oo 434 (by relation (6) conjugated by

(l,3)(2,oo)  G L2(5)).

Now consider [oo0oo!2]. The orbits of A^0000012) are {1}, {2}, {3}, {4}, {0}, and 
{oo}. So we need to look at [oo0ool21], [oo0ool22], [oo0ool23], [oo0ool24], [oo0oo!20], 
and [oo0ool2oo].

First, [oo0ool22] = [00O00I] so t2 takes [00O00I2] back to a single coset in 
[00O00I].

£1 takes [00O00I2] to a single coset in [oo0oo212] as was proved in Chapter 6.
t3 takes [oo0ool2] to a single coset in [oo0ool23]. There are 20 distinct single 

cosets in [oo0ool23] as was proved in Chapter 6.
takes [00O0012] to a single coset in [oo023] as was proved in Chapter 6.

£0 takes [00O00I2] to a single coset in [oo024oo] since #oo0ool20
= #(1,4,2)(3,0,oo)23102 = #23102 G [oo024oo]. To prove oo0ool20
= (1,4,2)(3,0, oo)23102, we will start with a previously proven relation, oo0102 
~ (l,4,2)(3,0,oo)oo231, which gives

0oo0102 = 0(1,4,2) (3,0, oo)oo231.
=> 0oo0102 = (1.4.2)(3.0. oo)oooo231
=> oo0ool0202 = (1,4,2)(3,0,oo)23102 (by relation (5))
=> oo0ool0202 = (l,4,2)(3,0,oo)23102
=> oo0ooI0020 = (l,4,2)(3,0,oo)23102 (by relation (5) conjugated by

(l,3)(2,oo)  G L2(5))
=> 00O0010020 = (l,4,2)(3,0,oo)23102
=> ooOoo 120 = (l,4,2)(3,0,oo)23102.
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too take [oo0ool2] to a single coset in [oo0121] since Noo0ool2oo
= N(l, 3, oo)(2,0,4)13424 = N13424 G [oo0121]. To prove oo0ool2oo
= (1,3,00)(2,0,4)13424, we will we will move the relation to one side of the equal sign 
and prove it equals identity.

(1,3,00) (2,0.4)13424oo21oo0oo = (1,3,00) (2,0,4)13424
(1,2,oo)(3,0,4)2ool20oo (by relation (3) conjugated by (2,0)(3,4) G L2(5))

= (1.0.3)(2.4.oo)203oo32ool20oo = (l,0,3)(2,4,oo)203oo3
(1, 3,0)(2,oo,4)0401oo (by relation (7) conjugated by (1,3,4,00,0) G L2(5))

-- 001040040100 = ool 0440loo = 00100loo — 001 loo = 0000 = e.

Now consider [oo0121]. The orbits of jyf000121) are {1}, {2}, {3}, {4}, {0}, and 
{00}. So we need to look at [oo01211], [oo01212], [oo01213], [oo01214], [oo01210], and 
[oo0121oo].

First, [oo01211] = [oo012] so ti takes [oo0121] back to a single coset in [oo012]. 
t2 takes [oo0121] to a single coset in [oo021] as was proved in Chapter 6.
£3 takes [oo0121] to a single coset in [00O00I2] since Noo01213

= N(l,4,2)(3,0,oo)343oo2 = N343oo2 6 [oo0ool2]. To prove oo01213
= (1,4,2)(3,0, oo)343oo2, we will we will move the relation to one side of the equal sign 
and prove it equals identity.

(I,4,2)(3,0,oo)343oo231210oo  = (l,4,2)(3,0,oo)34 (l,2,4)(3,oo,0)1012 210oo 
(by relation (7) conjugated by (l,4,oo)(2,3,0) G L2(b))

— ooll012210oo = 00OIIO00 ~ 00OO00 = 0000 = e.
£4 takes [oo0121] to a single coset in [oo0oo23] since 7Voo01214

= N(l,00,4)(2,0,3)40431 = N40431 G [oo0oo23]. To prove oo01214
= (1,00,4)(2,0,3)40431, we will we will move the relation to one side of the equal sign 
and prove it equals identity.

(l,oo,4)(2,0,3)4043141210oo = (1,00,4)(2,0,3)40 (l,3,4)(2,0,oo)3413 
1210oo (by relation (3) conjugated by (3,0)(4,00) G L2(5))

= (I.2.oo)(3.0.4)loo34131210oo = (l,2,oo)(3,0,4)loo34 (l,oo,2)(3,4,0)0420
Ooo (by relation (7) conjugated by (l,oo)(2,0) G £2(5))

= oo24004200oo = oo2442oo oo22oo = 0000 = e.
£0 takes [oo0121] to a single coset in [oo01210]. There are 30 distinct single 

cosets in [oo01210] as was proved in Chapter 6.
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too takes [oo0121] back to a single coset in [oo0121] since Noo0121oo
= N(2,4)(3,oo)oo0121 = Noo0121 G [oo0121]. To prove oo0121oo = (2,4)(3,oo)oo0121, 
we will we will move the relation to one side of the equal sign and prove it equals identity.

(2.4)(3.oo) oo0121ool210oo = (2,4)(3,oo)(l,oo)(2,0)4313021210oo (by a rela­
tion previously proved in Chapter 6)

= (1.00.3)(2.4,0)4313021210oo = (1,00,3)(2,4, 0)43130121 IO00 (by relation 
(6) conjugated by (2,4)(3,oo) € L2(5))

= (l.oo,3)(2,4,0)4313012110oo = (1,00,3)(2,4,0)43(1,3,00)(2,0,4)2oo200oo 
(by relation (7) conjugated by (1,4,3,00,2) 6 £2(5))

= 2oo2oo200oo = 22oo22oo (by relation (5) conjugated by (2,0)(3,4) G T2(5)) 
= 22oo22oo = oooo = e.

Now consider [oo0123]. The orbits of N^°°0123^ are {1}, {00}, {2,0}, and {3,4}. 
So we need to look at [oo01231], [oo0123oo], [oo01232], and [oo01233].

First, [oo01233] = [oo012] so t3, a representative from one of the 2-orbits, takes 
[oo0123] back to a single coset in [oo012].

ti takes [oo0123] to a single coset in [oo0232] since Noc01231
= N(l,2,00)(3,0,4)loo343 = Nloo343 G [oo0232]. To prove oo01231
= (l,2,oo)(3,0,4)loo343, we will we will move the relation to one side of the equal sign 
and prove it equals identity.

(I,2,oo)(3,0,4)loo34313210oo = (l,2,oo)(3,0,4)loo343
(l,2,3)(4,oo,0)3123  Ooo (by relation (4) conjugated by (1,0,4,3,2) G 72(5))

= (1,3,4)(2,0,oo)201pol31230oo = (1,3,4)(2,0, oo)20 (l,4,3)(2,oo.0)2032 
230oo (by relation (7) conjugated by (1,4,0,3,00) G T2(5))

= oo22032230oo = oo0330oo = 00OO00 = oooo = e.
too takes [oo0123] to a single coset in [oo013] as was proved in Chapter 6.
t2, a representative from the other 2-orbit, takes [000123] to a single coset in 

[oo0ool23] as was proved in Chapter 6.

Now consider [oo0124]. The orbits of 7VX°°DI24) are {1}, {3}, {2,00}, and {4,0}. 
So we need to look at [oo01241], [oo01243], [oo01242], and [oo01244].

First, [oo01244] = [oo012] so A, a representative from one of the 2-orbits, takes 
[oo0124] back to [oo012].

ti takes [oo0124] to a single coset in [00OI00] as was proved in Chapter 6.
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t3 takes [oo0124] to a single coset in [oo01243]. There are 6 distinct single cosets 
in [oo01243] as was proved in Chapter 6.

t2, a representative from the other 2-orbit, takes [oo0124] to a single coset in 
[oo012oo] since TVoo01242 — N(l,4,oo,2,0)04ool0 = N04ool0 G [oo012oo]. To prove 
oo01242 •- (l,4,oo, 2,0)040010, we will we will move the relation to one side of the equal 
sign and prove it equals identity.

(1,4,00,2.0)04ool024210oo = (l,4,oo,2,0)04ool (l,0,oo)(2,3,4)31oo40oo (by 
a previously proved relation, oo0103 = (1,0,4)(2,3, oo)4321, conjugated by
(l,4,3)(2,oo,4)  G L2(5))

= (I,2,oo,3,4)oo21031oo40oo = (I,2,oo,3,4)oo210(l,2,oo,3,4)ool320oo (by 
relation (1) conjugated by (2,00,0,3,4) G L2(5))

= (l,oo,4,2,3)3oo20ool320oo = (l,oo,4,2,3)3(l,4,3)(2,oo, 0)2oo021320oo (by 
relation (4) conjugated by (l,3,0)(2,oo,4) G L2(5))

= (l,0,2)(3,4,oo)12po021320oo = (1,0,2)(3,4,00)12(1,0,3,2, oo)20oo3320oo 
(by relation (1) conjugated by (1,0,00,4,3) G L2(5))

= (1.3.4)(2.0.oo)0oo20oo3320oo = (I,3,4)(2,0,oo)0oo20oo20oo = e by rela­
tion (4) conjugated by (1,4,0)(2,oo,3) G L2(5).

Now consider [oo0232]. The orbits of Art000232) are {0}, {00}, {1,4}, and {2,3}. 
So we need to look at [oo02320], [oo0232oo], [oo02321], and [oo02322].

First, [oo02322] = [00023] so t2i a representative from one of the 2-orbits, takes 
[oo0232] back to a single coset in [oo023].

to takes [oo0232] to a single coset in [oo02320]. There are 30 distinct single 
cosets in [oo02320] as was proved in Chapter 6.

takes [oo0232] to a single coset in [oo0123] since Noo0232oo
— N(l,oo,0)(2,4,3)04ool3 = N04ool3 G [oo0123]. To prove oo0232oo
— (l,co,0)(2,4,3)04ool3, we will we will move-the relation to one side of the equal sign 
and prove it equals identity.

(1,00.0)(2.4.3)04ool3oo2320oo = (l.oo.0)(2,4,3)04ool3oo3230oo (by relation 
(5) conjugated by (l,0,3)(2,4,oo) G L2(5))

= (1.00,0)(2,4,3)04ool3oo3230oo = (l.oo.0)(2.4.3)04ooloo3oo230oo (by rela­
tion (5) conjugated by (1,2)(3,0) G L2(fi))

= (l.oo. 0)(2.4.3)04ooloo3oo230oo = (l,oo,0)(2,4,3)04 (l,2,0)(3,oo,4)0230
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230oo (by relation (7) conjugated by (1,4,2,0,3) G 1*2(5))
= (l,4,oo)(2,3,0)130230230oo = (l,4,oo)(2,3,0)13(1, oo, 4)(2,0, 3)2032230oq 

(by relation (3) conjugated by (l,3,oo,0,2) G £2(5))
= oo22032230oo = oo0330oo = 00OO00 = oooo = e.
ti, a representative from the other 2-orbit, takes [oo0232] to a single coset in 

[oo0234] since Noo02321 = N(l,3,4)(2,0,oo)201oo3 = N201oo3 G [oo0234]. To prove 
oo02321 = (1,3,4)(2,0,oo)201oo3, we will we will move the relation to one side of the 
equal sign and prove it equals identity.

(1,3,4)(2,0,  oo)201 oo312320oo = (l,3,4)(2,0,oo)201oo313230oo (by 
relation (5) conjugated by (l,0,3)(2,4,oo) G £2(5))

= (l,3,4)(2,0,oo)201oo313230oo = (l,3,4)(2,0,oo)201oo
(l,0,4)(2,3,oo)40240oo (by relation (7) conjugated by (l,oo, 3)(2,4,0) G £2(5))

= (l,oo,3)(2,4,0)340240240oo = (1,00,3)(2,4,0)3(1,3, oo)(2,0,4)04200240oo 
(by relation (3) conjugated by (l,2)(4,oo) G £2(5))

= oo04200240oo = oo042240oo = oo0440oo = 00OO00 = oooo = e.

Now consider [oo0234]. The orbits of yyt000234) are {1}, {2}, {3}, {4}, {0}, and 
{00}. So we need to look at [oo02341], [oo02342], [oo02343], [oo02344], [oo02340], and 
[oo0234oo].

First, [oo02344] = [oo023] so i4 takes [oo0234] back to a single coset in [oo023]. 
+ tj takes [oo0234] to a single coset in [oo014] as was proved in Chapter 6.

t2 takes [oo0234] to a single coset in [oo0232] since Noo02342
= N(l,4,2)(3,0,oo)30oo4oo = N30oo4oo G [oo0232|. To prove oo02342
= (1,4, 2)(3,0, oo)30oo4oo, we will we will move the relation to one side of the equal sign 
and prove it equals identity.

(1,4,2)(3, 0, oq)30oo4oo24320oq = (1,4,2) (3,0, oo)30oo 
(l,3,0)(2,oo,4)oo42oo 320oo (by relation (4) conjugated by (1,3,2,4,00) G £2(5))

= (1, 2,3)(4,00.0)014oo42oo320oo = (1,2,3)(4,oo, 0)01oo4oo2oo320oo (by rela­
tion (6) conjugated by (l,oo)(2,0) G £2(5))

= (1.2.3) (4.00.0)01oo4oo2oo320oo = (l,2,3)(4,oo,0)01 (1,2, oo)(3,0,4)0320 
320oo (by relation (7) conjugated by (2,0)(3,4) G £2(5))

= (l,oo,4)(2,0,3)420320320oo = (1,00,4)(2,0,3)42(1,4, oo)(2,3,0)3023320oo 
(by relation (3) conjugated by (1,2,4)(3,oo,0) G £2(5))
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= oo33023320oo = oo0220oo = 00OO00 - oooo = e.
t3 takes [oo0234] to a single coset in [oo024oo] since 7Voo02343

= 77(2,3,00,4,0)030020 — 7V03oo20 G [oo024oo]. To prove oo02343
= (2,3,00,4,0)03oo20, we will we will move the relation to one side of the equal sign and 
prove it equals identity.

(2,3,00,4,0)03oo2034320oo = (2.3. oo. 4.0)03oo2043420oo (by relation (6) con­
jugated by (l,3)(2,oo) G i2(5))

= (2,3.00.4.0)03oo2043420oo = (2,3,00,4,0)03 (l,4,2)(3,0,oo)402ool 420oo 
(by relation previously proved in Chapter 6, oo0234 = (1,3,0)(2,oo, 4)320ool, conjugated 
by (2,0) (3,4) e £2 (5))

= (l,4,oo, 2,0)oo0402ool420oo = (l,4,oo,2,0)oo0402oo (l,0,4,3,oo)2413oo 
(by relation (2) conjugated by (1,0)(2,4) G £2(5))

— (I,3,2,4,oo)oo4341oo2413oo = (1,3,2,4,oo)oo4341oo(l,0,4,3,2)oo3401 (by 
a relation previously proved in Chapter 6, oo0132 = (l,4,0,3,oo)23041, conjugated by 
(2,oo)(4,0) G £2(5))

= (1,2,3)(4,00,0)oo3230oooo3401 = (1,2,3)(4,00,0)oo23203401 (by relation 
(5) conjugated by (l,0,3)(2,4,oo) G £2(5))

= (l,2,3)(4,oo,0)oo23203401 = (1,2,3) (4,00,0)oo2(l, 3,2) (4,0, oo)414001 (by 
relation (7) conjugated by (l,oo,4,2,3) G £2(5))

= 41414001 = 141141 (by relation (6))
= 141141 = 1441 = 11 = e.
to takes [oo0234] to a single coset in [oo0141] since 7Voo02340

= 7V(l,oo)(3,4)oo2313 = 7Voo2313 G [oo0141]. To prove oo02340 = (l,oo)(3,4)oo2313, 
we will we will move the relation to one side of the equal sign and prove it equals identity.

(1.oo)(3.4)oo231304320oo = (l,oo)(3,4)oo213104320oo (by relation (6) conju­
gated by (2,0)(3,4) G £2(5))

= (l,oo)(3,4)oo213104320oo = (1, oo)(3,4)oo213(l, 3,0,2,4)401220oo (by rela­
tion (1) conjugated by (1, 0)(2,4) G £2(5))

= (l,oo,3)(2,4,0)oo430401220oo = (l,oo,3)(2,4,0)oo43 04010oo
= (l,oo, 3)(2,4,0)oo43 (l,0,3)(2,4,oo)2ool2oo (by relation (7) conjugated by 
(1,3,4,00,0) G £2(5))

= (1.2,oo)(3,0.4)2ool2ool2oo = (1,2,00)(3,0,4)2 (l,oo, 2)(3,4,0)loo21 12oo
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(by relation (3) conjugated by (1,2,3,4,0) G 72(5))
= lloo2112oo = oo22oo = oooo = e.

takes [oo0234] to a single coset in [oo012co] since #oo0234oo
= #(2,3, oo,4,0)2oo302 = #2oo302 6 [oo012oo]. To prove oo0234oo
= (2,3, oo, 4,0)2oo302, we will we will move the relation to one side of the equal sign and 
prove it equals identity.

=> (2,3,oo,4,0)2oo302oo4320oo = (2,3, oo,4,0)2oo302 (1,0,oo,4,3)oo21oo3oo 
(by relation proved in Chapter 6, oo0124 = (l,3,4,oo,0)oo23ool, conjugated by
(l,3)(4,0)  e£2(5))

= (1,0,2)(3,4,oo)241oo2oo21oo3oo = (1,0,2)(3,4, oo)2412oo221oo3oo (by rela­
tion (5) conjugated by (2,0)(3,4) G 7* 2(5))

— (1,0,2)(3,4,oo)2412oo221oo3oo = (l,0,2)(3,4,oo)2412 ooloo3oo
= (1,0,2)(3,4,oo)2412 (1,2,0)(3, oo, 4)0230 (by relation (7) conjugated by (1,4,2, 0,3) G 
£2(5))

= 03200230 = 032230 = 0330 = 00 = e.

Now consider [oo0214]. The orbits of A^000214) are {4}, {0}, {1, 3}, and {2,oo}. 
So we need to look at [oo02144], [oo02140], [oo02141], and [oo02142].

First, [oo02144] = [oo021] so £4 takes [oo0214] back to a single coset in [oo021].
£0 takes [oo0214] to a single coset in [oo0141] since #oo02140

= #(1,2,4,0, oo)042oo2 = #042oo2 G [oo0141]. To prove oo02140
= (1,2,4,0, oo)042oo2, we will we will move the relation to one side of the equal sign and 
prove it equals identity.

(1,2,4,0.oo)042oo204120oo = (1,2,4,0,oo)042oo204(l,oo, 2,3,0)0213 (by rela­
tion (1) conjugated by (l,2,0)(3,oo,4) G 72(5))

= (1,3, 0,2.4)14323140213 = (1,3,0, 2,4)1432(1,0,4,3,2)4132013 (by a relation 
proved in Chapter 6, oo0143 — (l,oo, 3,0,4)10oo34, conjugated by (1,4,0)(2,oo, 3) G 
72(5))

= (1,2,3,4,0)03214132013 =(1,2,3,4,0)03241432013 (by relation (6))
= (1,2,3,4,0)03241432013 = (1,2,3,4,0)(l, 0,3,2, oo)04oo02 432013 (by a rela­

tion proved in Chapter 6, oo0124 = (l,3,4,oo,0)oo23ool, conjugated by (1,2,4)(3,00,0) 
G Z2(5))

= (l,oo)(3.4)04oo02432013 = (l,oo)(3,4)(l,3,2)(4,0,oo)40oo42432013 (by re­
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lation (3) conjugated by (1,00,0,4,2) G Z2(5))
= (1.4.2)(3,0, oo)40oo42432013 = (l,4,2)(3,0,oo)40oo24232013 (by relation 

(6) conjugated by (l,2)(3,0) G Z2(5))
= (l,4,2)(3,0,oo)40oo24232013 = (1,4,2)(3,0, oo)40oo(l, 4,0)(2, oo, 3)1031013 

(by relation (7) conjugated by (1,oo, 2)(3,4,0) G Z2(5))
= (1,0,3)(2,4, oo)0131031013 = (1,0,3)(2,4, oo)01(l, 3,0)(2, oo, 4)13011013 (by 

relation (3) conjugated by (l,0)(3,oo) G Z2(5))
= 1313011013 = 31330013 (by relation (6) conjugated by (2,0)(3,4) G Z2(5))
= 313313 = 3113 = 33 = e.
£1, a representative from one of the 2-orbits, takes [oo0214] to a single coset in 

[oo0oo214] as was proved in Chapter 6.
t2, a representative from the other 2-orbit, takes [oo0214] to [oo024] as was 

proved in Chapter 6.

Now consider [oo0242]. The orbits of 7V(°°0242) are {1}, {2}, {3}, {4}, {0}, and 
{oo}. So we need to look at [oo02421], [oo02422], [oo02423], [oo02424], [oo02420], and 
[oo0242oo].

First, [oo02422] = [oo024] so £2 takes [oo0234] back to a single coset in [oo023]. 
fx takes [oo0242] to a single coset in [oo0oo21] since Noo02421

= N(l,0,oo)(2,3,4)313oo4 = N313oo4 G [oo0oo21]. To prove oo02421
= (1,0, oo)(2,3,4)313oo4, we will we will move the relation to one side of the equal sign 
and prove it equals identity.

(1.0.oo)(2.3.4)313oo412420oo = (1.0.oo)(2.3.4)131oo412420oo (by 
relation (6) conjugated by (2,0)(3,4) G Z2(5))

= (1.0.oo)(2.3.4)131oo412420oo = (l,0,oo)(2,3,4)131oo (l,4,2)(3,0,oo)1421 
20oo (by relation (3) conjugated by (l,2,0)(3,oo,4) G Z2(5))

= (l.oo.4)(2.0,3)4043142120oo = (I.oo,4)(2.0.3)4043141210oo (by relation 
(6) conjugated by (2,4)(3,oo) € Z2(5))

= (l,oo,4)(2,0,3)4043141210oo = (l,oo,4)(2,0,3)4043414210oo (by relation 
(6))

= fl.oo.4)(2.0.3)4043414210oo = (l,oo,4)(2,0,3) (1,3,4)(2,0,oo)2oo32 
14210oo (by relation (7) conjugated by (3,0)(4,oo) G Z2(5))

= (l,2,oo)(3,0,4)2oo3214210oo = (l,2,oo)(3,0,4)2oo3
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(1,2,4)(3,  oo,0)1241 lOoo (by relation (3) conjugated by (1,4, oo, 2,0) G 72(5))
= (I.4.00,2.0)40ool24110oo = (1,4,00,2,0)40ool240oo = e by relation (2) 

conjugated by (1,2,0,00,3) G 72(5).
t3 takes [oo0242] to a single coset in [ooOoo 14] since Noo02423

= N(l,4,0)(2,00,3)03012 = N03012 G [00O00I4]. To prove oo02423
= (1,4,0)(2,00,3)03012, we will we will move the relation to one side of the equal sign 
and prove it equals identity.

(l,4,0)(2,oo,3)0301232420oo = (1,4,0)(2,00,3)0301
(1.4.2) (3,0,oo)oo04oo0oo (by relation (7) conjugated by (2,oo)(4,0) G 72(5))

= (1,2,3) (4,00,0)oo0oo4oo04oo0oo = (l,2,3)(4,oo,0)oo0oo
(1.3.2) (4,0, oo)oo40oooo0oo

= 4oo4oo40oooo0oo = 4oooo4oo OOoo (by relation (4) conjugated by (l,oo)(2,0) 
G 72(5))

= 4oooo4oooo — 44 = e.
t4 takes [oo0242] to a single coset in [00013] as was proved in Chapter 6.
to takes [oo0242] to a single coset in [oo02320] as was proved in Chapter 6.
too takes [000242] back to a single coset in [oo0242] since Noo0242oo

= N(l,oo)(3,4)oo0242 = Noo0242 G [oo0242]. To prove oo0242oo
= (l,oo)(3,4)oo0242, we will we will move the relation to one side of the equal sign and 
prove it equals identity.

fl.oo)(3.4)oo0242oo2420oo = (1,oo)(3,4)oo024(l,3,00)(2,0,4)31430oo (by re­
lation (7) conjugated by (1,0,4)(2,3,oo) G 72(5))

= (2,0,4,00,3)140231430oo ~ (2,0,4,00,3)1(2,4,3,0,oo)204ool430oo (by rela­
tion (2) conjugated by (l,3,oo)(2,0,4) G 72(5))

= (2.00.0.3.4)1204ool430oo = (2,oo,0,3,4)120(1,00,4)(2,0,3)oo41oo30oo (by 
relation (4) conjugated by (1,0,3)(2,4,00) G 72(5))

= (1.00.3)(2.4.0)oo03oo41oo30oo = (l,oo,3)(2,4,0)oo03oo 
(l,0,oo,4,3)ool400oo (by relation (1) conjugated by (2,oo)(4,0) G 72(5))

= (1.4.oo)(2.3, 0)4ooMoo 140Ooo = (I,4,oo)(2,3,0)4ool4ool4oo = e by rela­
tion (4) conjugated by (l,3)(2,oo) G 72(5)).

Now consider [oo0243]. The orbits of N^°°0243) are {1}, {2}, {3, 0}, and {4,00}. 
So we need to look at [oo02431], [oo02432], [oo02433], and [oo02434].
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First, [oo02433] = [oo024] so £3, a representative from one of the 2-orbit, takes 
[oo0243] back to a single coset in [oo024].

£1 takes [oo0243] to a single coset in [oo02431]. There are 6 distinct single cosets 
in [oo02431] as was proved in Chapter 6.

£2 takes [oo0243] to a single coset in [oo02oo] as was proved in Chapter 6.
£4, a representative from the other 2-orbit, takes [oo0243] to a single coset in 

[oo024oo] since Noo02434 = N(2,3,oo,4,0)03oo20 = N03oo20 G [oo024oo]. To prove 
oo02434 = (2,3,00,4,0)03oo20, we will we will move the relation to one side of the equal 
sign and prove it equals identity.

(2,3,00,4,0)03oo2043420oo = (2,3,00,4,0)0 (1,4,3,00,2)30132 3420oo (by a 
relation proved in Chapter 6, oo0124 = (l,3,4,oo,0)oo23ool, conjugated by 
(l,2,0,oo,3) GL2(5))

= (1,4, Oft, 00,3)0301323420oo = (1.4.Oft.00.3)3031323420oo (by relation 
(5) conjugated by (2,4)(3,oo) G L2(5))

= (l,4,0)(2,oo,3)3031323420oo = (1,4, Oft, 00,3)30(1,0,4)(2,3, oo)4024420oo 
(by relation (7) conjugated by (l,oo,3)(2,4,0) G L2(5))

= oo44024420oo = oo0220oo = 00OO00 = 0000 = e.

Now consider [oo0120]. The orbits of 7\f(°°0120) are {2}, {4}, {1,0}, and {3,00}. 
So we need to look at [oo01202], [oo01204], [oo01200], and [oo01203].

First, [oo01200] = [oo012] so £q, a representative from one of the 2-orbits, takes 
[oo0120] back to a single coset in [oo012].

£2 takes [oo0120] to a single coset in [oo0240] since Noo01202
= N(l,00,Oft,4,3)03oo23 — N03oo23 G [oo0240]. To prove oo01202
= (1,00, Oft, 4, 3)03oo23, we will we will move the relation to one side of the equal sign 
and prove it equals identity.

(l,oo, 0)(2.4.3)03oo2320210oo = (1,00, Oft,4,3)0 (l,4,0)(2,ooi 3)oo32oo 
20210oo (by relation (3) conjugated by (1,2,0,00,3) G L2(5))

= (1,3, oo)(2,0,4)loo32oo20210oo = (1,3, oo)(2,0,4)loo3
(l,oo, 3)(2,4,0)13011 Ooo (by relation (7) conjugated by (1,4,3,00,2) G L2(5))

=■ oo31130110oo -- oo3300oo = 0000 = e.
£4 takes [oo0120] to a single coset in [oo01204]. There are 10 distinct single 

cosets in [oo01204] as was proved in Chapter G.
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t3, a representative from the other 2-orbit, takes [oo0120] to a single coset in 
[oo023] as was proved in Chapter 6.

Now consider [oo0240]. The orbits of N^000240) are {3}, {4}, {l,oo}, and {2,0}. 
So we need to look at [oo02403], [oo02404], [oo02401], and [oo02400].

First, [oo02400] = [oo024] so io, a representative from one of the 2-orbits, takes 
[oo0240] back to a single coset in [oo024].

t3 takes [oo0240] to a single coset in [oo01204] as was proved in Chapter 6.
t4 takes [oo0240] to a single coset in [oo0120] since Noo02404

= N(l,oo,2)(3,4,0)2ool4oo = TV2ool4oo 6 [oo0120]. To prove oo02404 
= (1,00,2)(3,4,0)2ool4oo, we will we will move the relation to one side of the equal sign 
and prove it equals identity.

(I,oo,2)(3,4,0)2ool4oo40420oo = (l,oo,2)(3,4,0)2 (l,oo,4)(2,0,3)loo41 
40420oo (by relation (4) conjugated by (1, 2,infty, 3,4) G L2(5))

= (l,4,3)(2,oo,0)01oo4140420oo = (l,4,3)(2,obj0)01oo (l,2,3)(4,oo,0)3203 
20oo (by relation (7) conjugated by (1,00,4,2,3) G L2(5)) xs

= (l,oo,4)(2,0,3)420320320oo = (l,oo,4)(2,0,3)420(1,4,00) (2,3,0)230220oo 
(by relation (3) conjugated by (l,0,2)(3,4,oo) G L2(5))

= oo32230220oo = oo3300oo = oooo = e. s
ii, a representative from the other 2-orbit, takes [oo0240] to a single coset in 

[oo014] as was proved in Chapter 6.

Now consider [oo012oo]. The orbits of Afd°01200) are {1}, {2}, {3}, {4}, {0}, and 
{00}. So we need to look at [oo012ool], [oo012co2], [oo012oo3], [oo012oo4], [oo012oo0], 
and [oo012oooo].

First, [oo012oooo] = [oo012] so 7qo takes [oo012oo] back to a single coset in 
[oo012].

7i takes [oo012oo] back to a single coset in [oo012oo] since Noo012ool
= N(2,4)(3,oo)co012oo = Noo012oo G [oo012oo]. To prove oo012ool
= (2,4)(3,oo)oo012oo, we will start with a previously proven relation, oo0121oo =
(2,4)(3,oo)oo0121.

oo0121ool = (2,4)(3,oo)oo01211.
oo012ooloo = (2,4)(3,oo)oo012 (by relation (5) conjugated by (2,0)(3,4) G

£2(5))
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=> oo012ooloooo = (2,4)(3,oo)oo012oo
=> oo012ool = (2,4)(3,oo)oo012oo.
t2 takes [oo012oo] to a single coset in [oo0oo21] since Noo012oo2

= N(l,oo,4)(2,0,3)232 loo = N2321oo G [oo0oo21]. To prove oo012oo2
= (l,oo,4)(2,0,3)2321oo, we will start with a previously proven relation, oo01oo2 = 
(l,oo,4)(2,0,3)2321, which gives

oo01oo2go = (1. oo, 4)(2,0.3)232loo
=> .oo012oo2 = (l,oo,4)(2,0,3)2321oo (by relation (5) conjugated by 

(2,0)(3,4) G £2(5)).
t3 takes [oo012oo] to a single coset in [oo0ool4] since Noo012oo3

= 7V(1,3, oo, 0,2)ooloo20 = Nooloo20 G [oo0ool4]. To prove oo012oo3
= (l,3,oo, 0,2)ooloo20, we will we will move the relation to one side of the equal sign 
and prove it equals identity.

(1,3, oo, 0,2)ooloo203oo210oo = (1,3, oo, 0, 2)ooloo20
(l,oo,4,2,3)2oo340oo (by relation (2) conjugated by (2, oo,0,3,4) G £2(5))

— (2.oo.0.3.4)4oo4302oo340oo = (2,oo, 0,3,4)4oo430 (l,oo,4,2,3)04ool3oo 
(by a relation proved in Chapter 6, oo0132 = (1,4,0,3, oo)23041, conjugated by 
(l,3,4)(2,0,oo) g£2(5))

= (l,oo,0)(2,4,3)2421004ool3oo = (1,oo, 0)(2,4,3)2 4214ool3oo
= (l,oo,0)(2,4,3)2 (l,0,oo)(2,3,4)oo3ool 13oo (by relation (7) conjugated by (l,0)(2,4) 
€ £2(5))

= 3oo3ooll3oo = oo3oooo3oo (by relation (5) conjugated by (1,2)(3,0) G £2(5)) 
= oo3oooo3oo = oo33oo = 0000 = e.
t4 takes [oo012oo] to a single coset in [oo0124] since Noo012oo4

= N(l,0,2,oo,4)loo240 = Nloo240 G [oo0124]. To prove oo012oo4
= (1,0,2,oo, 4)loo240, we will we will move the relation to one side of the equal sign and 
prove it equals identity.

(1,0,2.00.4)loo2404oo210oo = (1,0,2,00,4) (l,oo,2,3,0)14312 4oo210oo (by a 
relation proved in Chapter 6, oo0124 = (l,3,4,oo,0)oo23ool, conjugated by 
(1,2,4,0,00) G £2(5))

= (3,0)(4,oo)143124oo210oo = (3,0)(4,oo)(l,3,4)(2,0,oo)413424oo210oo (by 
relation (3) conjugated by (l,3,oo)(2,0,4) G £2(5))
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— (1.3. oo)(2.0.4)413424oo210oo = (1,3, oo)(2,0,4)413242oo210oo (by relation 
(6) conjugated by (l,2)(3,0) 6 -£*2(5))

= (1,3, oo)(2,0,4)413242oo210oo = (1,3, co) (2,0,4)413
(l,0,4)(2,3, oo)01oo010oo (by relation (7) conjugated by (1,3,4)(2,0,oo) G -£*2(5))

= (I,oo,0)(2,4,3)10oo01oq010oo = (l,oo,0)(2,4,3)10
(l,0,oo)(2,3,4)0ool0 OlOoo (by relation (3))

= OooOoolOOlQoo ooOoooollOoo (by relation (5))
= ooOooooOoo = ooOOoo = oooo = e.
to takes [oo012oo] to a single coset in [oo0234] since Noo012oo0

= 7V(l,oo,2,3,0)02ool3 = N02ool3 6 [oo0234]. To prove oo012oo0
= (1, oo, 2,3,0)02ool3, we will we will move the relation to one side of the equal sign and 
prove it equals identity.

(1, oo, 2,3, 0)02ool30oo210oo = (1, oo,2,3,0)02ool(2,0,4,oo, 3)oo03410oo (by 
relation (1) conjugated by (l,0,3,2,oo) G -£*2(5))

= (1.3.4.00.0)4031oo03410oo = (1,3,4, oo, 0)4031 ooO (1,2,00,3,4)30231 (by a 
relation proved in Chapter 6, oo0124 = (l,3,4,oo, 0)oo23ool, conjugated by (2,0,4,oo,3) 
G /*2(5))

= (1,4,3)(2,00,0)10423030231 = (1,4,3)(2,00,0)10423303231 (by relation (5) 
conjugated by (2,4)(3,00) G 1*2(5))

= (1,4,3)(2,00,0)10423303231 = (1,4,3)(2,oo,0)l 04203231
= (l,4,3)(2,oo,0)l (l,oo,3)(2,4,0)4024 3231 (by relation (3) conjugated by
(1,2,3)(4, 00,0) G Z* 2(5))

=: (1,0,4)(2,3,oo)oo40243231 = (1.0.4)(2.3. oo)oo40242321 (by relation (5) 
conjugated by (1,0,2)(3,4,00) G 1*2(5))

= (1,0,4)(2,3, oo)oo40242321 = (1,0,4)(2,3, oo)oo40(l,4,0)(2,00,3)10311 (by 
relation (7) conjugated by (l,oo, 2)(3,4,0) G 7*2(5))

= 30110311 = 3003 = 33 = e.

Now consider [oo024oo]. The orbits of N(°°02400) are {1}, {2}, {3}, {4}, {0}, and 
{00}. So we need to look at [oo024ool], [oo024oo2], [oo024oo3], [oo024oo4], [oo024oo0], 
and [oo024oooo].

First, [oo024oooo] = [oo024] so t^ takes [oo024oo] back to a single coset in 
[oo024].
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£1 takes [oo024oo] to a single coset in [oo0oo23] since #oo024ool
= #(1,00,0,4,2)200240 = #2oo240 G |oo0oo23]. To prove oo024ool
= (1, oo, 0,4,2)2oo240, we will we will move the relation to one side of the equal sign and 
prove it equals identity.

(I,oo,0,4,2)2oo2401oo420oo = (1, oo,0,4,2)2oo240(l, 2, oo,3,4)4ool30oo (by 
relation (1) conjugated by (l,oo,0)(2,4,3) G Z2(S))

= (1,3,4,00,0)oo3ool04ool30oo = (l,3,4,oo, 0)3oo3104ool30oo (by relation 
(5) conjugated by (l,2)(3,0) G Z2(5))

= (1.3.4.00.0)3oo3104ool30oo = (l,3,4,oo, 0)3oo (l,4,0,3,oo)013oo4 130oo 
(by a relation proved in Chapter 6, oo0143 = (l,oo,3,0,4)10oo34, conjugated by 
(l,0)(3,oo)GZ2(5))

= (l,oo,3.0,4)ool013oo4130oo = (1,oo,3,0,4)ool013oo(l,2,3,4,0)3142oo (by 
relation (2) conjugated by (1,0,4,3,2) G L2(5))

= (1. oo,4,2.3)oo2124oo3142oo = (l,oo,4,2,3)oo21 (l,2,0,oo,3)32oo4242oo 
(by a relation proved in Chapter 6, oo0231 = (l,oo,4,2,3)3oo20oo, conjugated by 
(2, oo)(4,0) G 7*2(5))

= (1,3,2)(4,0,oo)30232oo4242oo = (1,3,2)(4,0,oo)30323oo4424oo (by relation 
(5) conjugated by (l,oo,2)(3,4,0) G 72(5) and relation (6) conjugated by (1,2)(3,0) G 
L2(5))

= (1,3,2)(4,0,oo)30323oo4424oo = (l,3,2)(4,0,oo)303 23oo24oo
= (1,3,2)(4,0,oo)303 (1,2,3)(4, oo, 0)414oooo (by relation (7) conjugated by 
(l,0,oo,4,3) G 72(5))

~ 141414oooo = 414414 (by relation (6))
= 414414 = 4114 = 44 = e.
£2 takes [oo024oo] back to a single coset in [oo024oo] since #oo024oo2

= #(l,oo)(3,4)oo024oo = #oo024oo G [oo024oo]. To prove oo024oo2
= (l,oo)(3,4)oo024oo, we will start with a previously proven relation, oo0242oo = 
(l,oo)(3,4)oo0242.

==> oo0242oo2 = (l,oo)(3,4)oo02422.
=> oo024oo2oooo = (l,oo)(3,4)oo024 oo.fbv relation (5) conjugated by

(2,0)(3,4) G 72(5))
=> oo024oo2 = (1, oo)(3,4)oo024oo.
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t3 takes [oo024oo] to a single coset in [oo0243] since Noo024oo3
= N(2,4,3,0,oo)3042oo = TV3042oo G [oo0243]. To prove oo024oo3
= (2,4,3,0, oo)3042oo, we will we will move the relation to one side of the equal sign and 
prove it equals identity.

(2,4,3,0, oo)3042oo3oo420oo = (2,4,3,0, oo)30423oo3420oo (by relation (5) 
conjugated by (1,2)(3,0) G Z2(5))

= (2,4,3,0, oo)30423oo3420oo = (2,4,3,0, oo)3 (l,oo, 0,4,2)03102 3420oo (by 
a relation proved in Chapter 6, oo0124 = (l,3,4,oo,0)oo23ool, conjugated by 
(l,2,3)(4,oo,0) gZ2(5))

= (l,oo)(3,4)3031023420oo = (1, oo)(3,4)30310(1, oo, 0)(2,4,3)32430oo (by re­
lation (4) conjugated by (l,oo)(3,4) G Z2(5))

= (1.0)(2,4)212ool32430oo = (1,0)(2,4)2(1,2,0)(3,oo,4)303oo2430oo (by rela­
tion (7) conjugated by (1,4,2)(3,0, oo) G Z2(5))

--- (2,3, oo, 4,0)0303oo2430oo = (2,3, oo, 4,0)0030oo2430oo (by relation (5) con­
jugated by (2,4)(3, oo) G Z2(5))

----- (2,3,oo,4,0)0030oo2430c>o = (2,3, oo,4,0)30oo2430oo = e by relation (2) 
conjugated by (1,0,oo)(2,3,4) G Z2(5).

£4 takes [oo024oo] to a single coset in [oo0ool2] since Noo024oo4
= JV(1,4,0)(2,00,3)1412oo = N3042oo G [oo0ool2]. To prove oo024oo4
= (l,4,0)(2,oo,3)1412oo, we will we will move the relation to one side of the equal sign 
and prove it equals identity.

(1,4,0)(2,00.3) 1412oo4oo420oo = (1.4.0)(2.00.3)1412oooo4oo20oo (by rela­
tion (5) conjugated by (l,3)(4.0) G Z2(5))

— (1.4.0)(2.00.3)1412oooo4oo20oo = (1,4,0)(2,00,3)1 412400 20oo
= (1,4,0)(2,00,3)1(1, 0,4)(2,3,oo)oo0oo2 20oo (by relation (7) conjugated1 by 
(1,3,0,2,4) G Z2(5))

= 0co0oo220oo = 00O0000O00 (by relation (5))
= 00O0000O00 00OO00 = 0000 = e.
£q takes [oo024co] to a single coset in [oo0234] since Noo024oo0

= N(2,0,4,oo,3)2oo403 = N2co403 G [oo0234]. To prove oo024oo0
= (2, 0,4,00,3)2oo403, we will start with a previously proven relation, oo02434
= (2,3,00,4,0)03oo20.
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=> (2,0,4,oo,3)oo02434 = (2,0,4,oo,3)(2,3,oo,4,0)03oo20
=> (2,0,4, oo, 3)oo02434 = 03oo20
=> (2,0,4,oo, 3)oo02343 = 03oo20 (by relation (6) conjugated by (1,3)(2,oo) G 

L2(5))
=4> (2,0,4, oo, 3)oo02343g = 03oo203
=> (2,0,4, oo, 3)oo0234 = 03oo203
Conjugate the above equation by (2,4,3,0,oo) G L2(5).
==> (2,0,4, oo, 3)2oo403 = oo024oo0.

Now consider [oo0141]. The orbits of NX000141) are {0}, {oo}, {1,4}, and {2,3}. 
So we need to look at [oo01410], [oo0141oo], [oo01411], and [oo01412j.

First, [oo01411] = [oo014] so £i, a representative from one of the 2-orbits, takes 
[oo0141] back to a single coset in [oo014].

to takes [oo0141] to a single coset in [oo01210] as was proved in Chapter 6.
too takes [oo0141] to a single coset in [oo0214] since Noo0141oo

= N(l,3,4,oo,0)4ool30 = N4ool30 G [oo0214]. To prove oo0141oo
= (1,3,4, oo, 0)4ool30, we will we will move the relation to one side of the equal sign and 
prove it equals identity.

(1.3.4.OO.0)4ool30ool410oo = (I,3,4,oo,0)(l,4,3,oo,2)loo420ool410oo (by 
relation (1) conjugated by (l,oo, 0,4,2) G T2(5))

= (1, oo, 0,4,2)loo420ool410oo = (l,oo, 0,4,2)loo (1,4,2,0,3)4oo340 410oo 
(by a relation proved in Chapter 6, oo0124 = (1,3,4,oo,0)oo23ool, conjugated by 
(l,0,2,oo,4) g£2(5))

= (1, oo,3)(2,4,0)4oo4oo34041 Ooo = (1. oo. 3)(2.4.0)oo4oooo340410oo (by rela­
tion (6) conjugated by (l,oo)(2,0) G L2(5))

= (1. oo.3)(2.4.0)oo4oooo340410oo = (l,oo,3)(2,4,0)oo 4340410oo
= (1, oo, 3)(2,4,0)oo(l,3,oo)(2,0,4)loo0110oo (by relation (7) conjugated by (l,2)(4,oo) 
e l2(5))

= llooOllOoo = ooOOoo = oooo = e.
i2, a representative from the other 2-orbit, takes [oo0141] to a single coset 

in [oo0234] since Noo01412 = N(l, oo)(3,4)oo2043 = Noo2043 G [oo0234]. To prove 
oo01412 =■ (1, oo)(3,4)oo2043, we will we will move the relation to one side of the equal 
sign and prove it equals identity.
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(1. oo)(3.4)oo204321410oo = (l,oo)(3,4)oo2(l, 3,0,2,4)34011410oo (by relation 
(1) conjugated by (1,4)(2,3) G T2(5))

= (l,oo,3)(2,4,0)oo434011410oo = (l,oo,3)(2,4,0)oo 4340410oo
= (1, oo, 3)(2,4,0)oo(l, 3,oo)(2,0,4)loo01 lOoo (by relation (7) conjugated by (1,2)(4, oo) 
G T2(5))

= llooOllOoo = ooOOoo = oooo = e.

Now consider [ooOlOoo]. The orbits of aAoc010o°'1 are {1,0, oo} and {2,3,4}. So 
we need to look at [ooOl Ooooo] and [oo010oo2].

First, [ooOlOoooo] = [ooOlO] so X,, a representative from one of the 3-orbits, 
takes [ooOlOoo] back to a single coset in [ooOlO].

t2, a representative from the other 3-orbit, takes [ooOlOoo] to a single coset in 
[oo01210] as was proved in Chapter 6.

Now consider [oo020oo]. The orbits of jvf0002000) are {2, 0,00} and {1,3,4}. So 
we need to look at [oo020oooo] and [oo020ool].

First, [oo020oooo] = [oo020] so too, a representative from one of the 3-orbits, 
takes [oo020oo] back to a single coset in [oo020].

ii, a representative from the other 3-orbit, takes [oo020oo] to a single coset in 
[oo02320] as was proved in Chapter 6.

Now consider [oo0oo212]. The orbits of X°°000212) are {!}, {2}, {3}, {4}, {0}, 
and {00}. So we need to look at [oo0oo2121], [oo0oo2122], [oo0oo2123], [oo0oo2124], 
[oo0oo2120], and [oo0oo212oo].

First, [oo0oo2122] = [oo0oo21] so i2 takes [oo0oo212] back to a single coset in 
[oo0oo21].

ti takes [oo0oo212] to a single coset in [00O00I2] as was proved in Chapter 6.
t3 takes [00O00212] to a single coset in [oo01210] since Noo0oo2123

= N(l,oo)(2,0)301410 = N301410 G [oo01210]. Toprove oo0oo2123
= (l,oo)(2,0)301410, we will we will move the relation to one side of the equal sign and 
prove it equals identity.

(I,oo)(2,0)3014103212oo0oo = (l,oo)(2,0)3014103121oo0oo (by relation (6) 
conjugated by (2,4)(3,oo) G £2(5))

= (1,00) (2,0)3014103121ooOoo = (l,oo)(2,0)3014(1,0,4)(2,3, oo)24231oo0oo 
(by relation (7) conjugated by (1,00,2)(3,4,0) G 72(5))
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= (1,2,4)(3,oo, 0)oo40124231oo0oo ~ (l,2,4)(3,oo, 0)oo4012
(l,2,oo,3,4)324oo ooOoo (by relation (1) conjugated by (l,2,3)(4,oo,0) € £2(5))

= (l,oo, 0,4,2)3102oo324oooo0oo — (1,00,0,4,2)310
(1,0,4)(2,3, oo)oo23oo40oo (by relation (3) conjugated by (l,3,4)(2,0,oo) G L2(5))

= (1,2,0)(3,co,4)oo04oo23oo40oo = (1,2,0)(3,oo,4)oo04oo
(2,4,3,0,oo)oo3200oo (by relation (2) conjugated by (l,4,oo)(2,3, 0) G £2(5)) 

(l,4,0)(2,oo, 3)2oo32oo3200oo = (I,4,0)(2,oo,3)2oo32oo32oo = e by rela­
tion (3) conjugated by (1,3,0,2,4) G L2(ff).

t4 takes [oo0oo212] to a single coset in [oo02320] since Noo0oo2124
= N(l,2,4)(3,oo,0)132oo23 = N132oo23 G [oo02320]. To prove oo0oo2124
= (1,2,4)(3,00,0)132oo23, we will we will move the relation to one side of the equal sign 
and prove it equals identity.

(1,2,4)(3,oo,0)132oo234212oo0oo = (1,2,4)(3,oo, 0)132oo234121oo0oo (by re­
lation (6) conjugated by (2,4)(3,oo) G £2(5))

= (I,2,4)(3,oo,0)132oo234121oo0oo = (l,2,4)(3,oo,0)132oo2341
(l,4,oo, 2, 0)ool24oo (by relation (2) conjugated by (1,0,2)(3,4,oo) G £2(5))

— (1,0,3,2, oo)430203oo4ool24oo = (1.0.3.2. oo)4302034oo4124oo (by relation 
(5) conjugated by (l,3)(4,0) G £2(6))

= (1, 0,3,2, oo)4302034oo4124oo = (1,0,3,2, oo)4302034oo
(1, 0,4)(2,3, oo)oo0oo2 (by relation (7) conjugated by (1,3,0,2,4) G £2(5))

— (1,4)(0, oo)loo434ool2oo0oo2 — (1,4)(0,oo)loo434ool20qq02 (by relation 
(5))

= (1,4)(0.oo)loo434ool20oo02 = (1,4)(0, oo)loo434oo(l, 00,2,3, 0)021302 (by 
relation (1) conjugated by (1,2,0)(3,oo,4) G £2(5))

= (1,4,00)(2,3,0)oo24042021302 = (1,4,00)(2,3,0)oo20400201302 (by relation 
(5) conjugated by (l,2)(4,oo) and (l,3)(2,oo) G £2(5))

= (1,4,00)(2,3,0)oo20400201302 = (1,4,00)(2,3,0)oo 204201302
= (1,4,oo)(2,3,0)oo(l,00,3)(2,4,0)0240 01302 (by relation (3) conjugated by 
(l,4,3,co,2) g£2(5))

= (1,0,4,3,2)3024001302 = (1,0,4,3,2)30241302 = e by relation (2) conjugated 
by (2,0)(3,4) G £2(5).

io takes [oo0oo212] to a single coset in [oo0oo212] since Noo0oo2120
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— 7V(1,3)(4,0)oo0oo212 = Noo0oo212 G [oo0oo212]. To prove oo0oo2120
= (1,3)(4,0)oo0oo212, we will we will move the relation to one side of the equal sign and 
prove it equals identity.

(1.3)(4.0)oo0oo2120212oo0oo = (l,3)(4,0)oo0oo (l,4,oo)(2,3,0)oo40oo
12oo0oo (by relation (7) conjugated by (l,3)(2,oo) G L2(5))

= (1,0, oo)(2,3,4)121go40ool2oo0oo ~ (l,0,oo)(2,3,4)121
(1,2,3)(4, oo, 0)4oo04 12oo0oo (by relation (3) conjugated by (1,0,4,3,2) G L2(5))

= (1,4,3,oo, 2)2324oo0412oo0oo = (1,4,3, oo, 2)232(1,0,3)(2,4, oo)12102oo0oo 
(by relation (7) conjugated by (1,3,2,4, oo) G L2(5))

= (1, oo,4)(2,0,3)41412102oo0oo = (1. oo. 4)(2.0.3)14112102oo0oo (by relation
(6))

= (l,oo,4)(2,0,3)14112102oo0oo = (1.oo. 4)(2.0.3)14210 2oo0oo
= (l,oo,4)(2,0,3)(l,4,oo)(2,3,0)0oo02 2oo0oo (by relation (7) conjugated by 
(l,3,oo,0,2) GL2(5))

— 0oo022oo0oo = ooOooooOoo (by relation (5))
= ooOooooOoo = ooOOoo = oooo = e.
too takes [oo0oo212] to a single coset in [oo0oo212] since TVoo0oo212oo

= N(3,oo)(2,4)oo0oo212 = Noo0oo212 G [oo0oo212]. To prove oo0oo212oo
= (3,oo)(2,4)oo0oo212, we will we will move the relation to one side of the equal sign 
and prove it equals identity.

(3. oo)(2.4)oo0oo212co212oo0oo ~ (3. oo)(2.4)oo0ool21oo212oo0oo (by relation 
(6) conjugated by (2,4)(3,oo) G L2(5))

= (3.oo)(2.4)oo0ool21oo212oo0oo = (3,oo)(2,4)oo0ool (l,2,oo)(3,0,4)12ool 
12oo0oo (by relation (3) conjugated by (l,oo, 2,3,0) G jD2(5))

= (1.2.3)(4.oo.0)141212ooll2oo0oo = (1.2.3)(4.oo. 0)141121oo2oo0oo (by re­
lation (6) conjugated by (2,4)(3,oo) G L2(5))

— (1,2,3)(4, oo, 0)141121oo2oo0oo = (1,2,3)(4, oo, 0)1421 oo2oo0oo
= (1,2,3)(4,oo,0) (1,2,4)(3,oo,0)4124 oo2oo0oo (by relation (3) conjugated by 
(l,2,oo)(3,0,4) G L2(5))

= (1,4,0)(2,oo,3)4124oo2oo0oo = (1,4,0)(2,oo, 3) (1,0,4)(2,3,oo)oo0oo2 
2oo0oo (by relation (7) conjugated by (1,3,0,2,4) G L2(5))

— oo0oo22oo0oo = ooOooooOoo = ooOOoo = oooo = e.
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Now consider [oo01204]. The orbits of A/X0001204) are {1,4,0} and {2,3,00}. So 
we need to look at [oo012044] and [oo012042].

First, [oo012044] = [oo0120] so t4, a representative from one of the 3-orbits, 
takes [oo01204] back to a single coset in [oo0120].

t2, a representative from the other 3-orbit, takes [oo01204] to [oo0240] as was 
proved in Chapter 6.

Now consider [oo0ool41]. A^00000141) has just one orbit {1,2,3,4,0,00}. So we 
need to look at [oo0ool411J.

[oo0ool411] = [00O00I4] so tj, a representative from the 6-orbit, takes [oo0ool41] 
back to single coset in [ooOool4].

Now consider [oo0oo232]. A^00000232) has just one orbit {1,2,3,4,0,00}. So we 
need to look at [oo0oo2322].

[oo0oo2322] = [oo0oo23] so t2, a representative from the 6-orbit, takes [oo0oo232] 
back to a single coset in [oo0oo23].

Now consider [oo0ool23]. The orbits of yyl00000123) are {1,3,00} and {2,4,0}. 
So we need to look at [oo0ool233] and [oo0ool232].

First, [ooOool233] = [ooOool2] so t3, a representative from one of the 3-orbits, 
takes [ooOool23] back to a single coset in [ooOool2]. 1

t2, a representative from the other 3-orbit, takes [oo0ool23] to a single coset in 
[oo0123] as was proved in Chapter 6.

Now consider [oo0oo214]. The orbits of yyl00000214) are {1,3,00} and {2,4,0}. 
So we need to look at [oo0oo2141] and [oo0oo2144].

First, [oo0oo2144] ■= [oo0oo21] so t4, a representative from one of the 3-orbits, 
takes [oo0oo214] back to a single coset in [oo0oo21].

tl, a representative from the other 3-orbit, takes [oo0oo214] to a single coset in 
[oo0214] as was proved in Chapter 6.

Now consider [oo01210]. The orbits of AM°°o 1210) are {2}, {4}, {1,0}, and {3,00}. 
So we need to look at [oo012102], [oo012104], [oo012100], and [oo012103].

First, [oo012100] = [oo0121] so tg, a representative from one of the 2-orbits, 
takes [oo01210] back to a single coset in [oo0121].

t2 takes [oo01210] to a single coset in [oo0141] as was proved in Chapter 6.
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t4 takes [oo01210] to a single coset in [00OIO00] as was proved in Chapter 6.
£3, a representative from the other 2-orbit, takes [oo01210] to a single coset in 

[oo0oo212] since 7Voo012103 = #(l,oo,3)(2,4,0)ooloo404 = #ooloo404 € [oo0oo212]. 
To prove oo012103 = (l,oo,3)(2,4,0)ooloo404, we will we will move the relation to one 
side of the equal sign and prove it equals identity.

(1,00,3)(2,4,0)ooloo404301210oo = (l,oo,3)(2,4,0)lool40430121 Ooo (by rela­
tion (5) conjugated by (l,0)(2,4) G 72(5))

= (l,oo,3)(2,4,0)lool404301210oo = (l,oo,3)(2,4,0)l (l,3,4,oo,0)41oo3 
4301210oo (by relation (1) conjugated by (2,4,3,0,00) G 72(5))

=- (1,0,2,oo,4)341oo3430121 Ooo = (l,0,2,oo,4)341oo43401210oo (by relation 
(6) conjugated by (l,3)(2,oo) 6 72(5))

= (1,0,2, oo, 4)341oo43401210oo = (l,0,2,oo,4)341oo4 (1,4,2,0,3)0432 210oo 
(by relation (1) conjugated by (1,4,2,0,3) G Z2(5))

= (1,3)(2,oo)124oo20432210oo = (l,3)(2,oo)l (1,3,0)(2,oo,4)42oo4 04310oo 
(by relation (4) conjugated by (l,0)(3,00) G 72(5))

= (1,0)(2,4)342oo404310oo = (1.0)(2.4)342oo040310oo (by relation (6) conju­
gated by (l,0)(3,oo) e 72(5))

= (l,0)(2,4)342oo040310oo = (1,0)(2,4)342oo04(l, 3,0)(2,00,4)3013oo (by re­
lation (3) conjugated by (2,00,0,3,4) G Z2(5))

= (3.0)(4,oo)02oo4123013oo = (3,0)(4,oo)02oo412(l, 2, oo)(3,0,4)oo4ool (by 
relation (7) conjugated by (1,2,3,4,0) G Z2(5))

= (l,2,oo, 3,4)4ool32oooo4ool = (1,2,00,3,4)4ool324ool = e by relation (1) 
conjugated by (l,oo, 0)(2,4,3) G Z2(5).

Now consider [oo02320]. The orbits of lyC0002320) are {0}, {00}, {2,3}, and 
{1,4}. So we need to look at [oo012102], [oo012104], [oo012100], and [oo012103].

First, [oo023200] = [000232] so £0 takes [oo02320] back to a single coset in 
[oo0232],

takes [oo02320] to a single coset in [oo020oo] as was proved in Chapter 6.
£2, a representative from one of the 2-orbits, takes [oo02320] to a single coset in 

[oo0242] as was proved in Chapter 6.
£1, a representative from the other 2-orbit, takes [oo02320] to a single coset in 

[oo0oo212] since #oo023201 = 7V(1,2, oo)(3,0,4)3432oo2 = #3432oo2 G [oo0oo212]. To 
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prove oo023201 = (1,2,00) (3,0,4)3432oo2, we will we will move the relation to one side 
of the equal sign and prove it equals identity.

(I,2,oo)(3,0,4)3432oo2102320oo = (l,2,oo)(3,0,4)3432oo2103230oo (by rela­
tion (5) conjugated by (l,oo,3)(2,4,0) 6 Zs(5))

= (1,2, oo)(3,0,4)3432oo2103230oo = (l,2,oo)(3,0,4)3432oo2
(1,2,0,00,3)301oo 30oo (by relation (2) conjugated by (l,2,0)(3,oo,4) G Z2(5))

= (l,0,4)(2,3,oo)141030301oo30oo= (l,0,4)(2,3,oo)141003001oo30oo (by re­
lation (5) conjugated by (2,4)(3,oo) G Z2(5))

= (l,0,4)(2,3,oo)141003001oo30oo = (l,0,4)(2,3,oo)14131 oo30oo
= (l,0,4)(2,3,oo)14131(l,2,4)(3,ooJ0)3oo03 (by relation (4) conjugated by 
(l,2,oo)(3,0,4) 6Z2(5))

= (1.3,0)(2,00,4)212oo23oo03 = (1,3,0)(2,00,4)212(1,0,3)(2,4,oo)04033 (by 
relation (7) conjugated by (2,00,0,3,4) G Z2(5))

— 40404033 = 040040 (by relation (6) conjugated by (l,0)(3,oo) G L2(5))
= 040040 = 0440 = 00 = e.

Now consider [oo01243]. The orbits of 7V(°°01243) are {1} and {2,3,4,0,00}. So 
we need to look at [00012431] and [00012433].

First, [00012433] = [oo0124] so t3, a representative from the 5-orbit, takes 
[oo01243] back to a single coset in [oo0124].

tj takes joo01243] to a single coset in [oo02431] since TVoo012431
= N(l, 2,3,4, 0)oo41320 = Noo41320 G [oo02431J. To prove oo012431
= (1,2,3,4,0)oo41320, we will we will move the relation to one side of the equal sign and 
prove it equals identity.

(1.2,3.4.0)oo41320134210oo = (I,2,3,4,0)oo4132(l,oo,3,0,4)310oo210oo (by 
relation (2) conjugated by (1,4,3,00,2) G Z2(5))

= (1,2, 0,00,3)31oo02310oo210oo = (1,2, 0, oo, 3)31 (1,.qo,4,2,3)3oo20oo 
0oo210oo (by a relation proved in Chapter 6)

= (1.3.oo)(2.0,4)loo3oo20oo0oo210oo = (l,3,oo)(2,0,4)loo 3oo20 O00O 210oo 
(by relation (5))

= (1.3.00)(2,0,4)loo3oo200oo0210oo = (l,3,oo)(2,0,4)13oo32oo0210oo (by re­
lation (5) conjugated by (1,2)(3,0) G Z2(5))

= (I,3,oo)(2,0,4)13oo32oo0210oo = (1,3, oo)(2,0,4)13 (1,00,3)(2,4,0)0102
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210oo (by relation (7) conjugated by (l,4,3)(2,oo,0) G L2(5))
= oolOl0221Ooo = ooOlOOlOoo (by relation (5) conjugated by (l,oo)(3,4) G 

£2(5))

= 00OIOOIO00 = 00OIIO00 = 00OO00 = oooo = e.

Now consider [oo02431]. The orbits of Art0002431) are {2} and {1,3,4,0,00}. So 
we need to look at [oo024312] and [oo024311].

First, [oo024311] = [oo0243] so ti, a representative from the 5-orbit, takes 
[oo02431] back to a single coset in [oo0243].

t2 takes [oo02431] to a single coset in [oo01243] since Noo024312
= Aft,4,3,0, oo)0423ool = N0423ool G [oo01243]. To prove oo024312
= (2,4,3,0,oo)0423ool, we will we will move the relation to one side of the equal sign 
and prove it equals identity.

(2.4.3.0. oo)0423ool213420oo = (2.4.3.0. oo)0423oo2123420oo (by relation (6) 
conjugated by (2,4)(3,oo) G L2(5))

= (2.4.3.0. oo)0423oo2123420oo = (2,4,3,0, oo)04 (1,4,0) (2,00,3)32oo3 
123420oo (by relation (3) conjugated by (1,00,2)(3,4,0) G L2(5))

= (1.4.2.0.3)1032oo3123420oo = (1,4,2,0,3)10(1,00, Oft,4,3)141oo23420oo 
(by relation (7) conjugated by (l,0,oo)(2,3,4) G L2(5))

= (1,3,00,0,2)oo 1141 oo23420oo = (1.3.00.0.2)oo41oo 23420oo = (1,3,00,0,2) 
(l,4,oo)(2,3,0)4ool4
23420oo (by relation (4) conjugated by (l,3)(2,oo) G L2(5))

= (l,0,3)(2,4,oo)4ool423420oo = (l,0,3)(2,4,oo)4ool
(1,00, Oft,4,3)243220oo (by relation (4) conjugated by (l,0)(2,4) G L2(5))

= (2.3.00.4.0)30oo243220oo = (2,3, oo,4,0)30oo2430oo = e by relation (1) 
conjugated by (l,0,oo)(2,3,4) G £2(5).

Our double coset enumeration must be complete since the set of right cosets is 
closed under right multiplication by the symmetric generators.

Thus we have the Cayley diagram that is shown in Figure 7.1.

The maximum possible index of TV in
/■» ~ 2‘6:L2(5)...... ...................... k 1/VI |N| |N| |N|

“ [(0>L2,3^)t0]M(c»,0,l)(2I4,3)too]M(<»,0)(l)4)t1]SZ(G) 1S pv| + |/V(oo0oo->|

J' , + * • • + — 1 + 6 + 30 + 60 -F 60 4- • • • 6 = 1584. Thus
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Figure 7.1: Cayley Diagram of M12 over L2(5)
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|Gj| < 1584 x |N| = 1584 x 60 = 95,040. In order to show |GX | = 95,040, we consider Gx 
as a subgroup of Aissd acting on 3168 cosets that we have found, and labeled according 
to the MAGMA segment, “for i in [1..1'584] do print i, cst[ij; end for;”..

For this purpose we compute the action of the control group N as well as the 
action of toododiJ^tz, and t4 on the 1584 cosets. These permutations can be obtained 
by the following MAGMA segment “f(x); f(y); f(t);”.

It readily checks that the order of {x,y,t}, a subgroup of the symmetric group 
£1584 acting on the 1584 right cosets of N in Gx, is 95,040. Visibly |a?| —‘ 5, |y| = 3, 
and = 2, hence (x,y) = 7*2(5).  If we conjugate t by £2(6) we see that t has exactly 
six conjugates. We conclude that (x, y, t} is a homomorphic image of the progenitor 
2* 6 : £2(5).

Thus if the original six relations of Chapter 6, plus the seventh relation we found 
for the center of 2 X M12, hold in (x,y,t), then {x,y, t) is a homomorphic image of Gx 
and this will give |GX| > [(a;,y,t}\ = 95,040.

Verify relation (1) t2titot4tzt2tito = (1,3,0,2,4) by conjugating the six sym­
metric generators by By multiplying the permutations found using the
MAGMA segments previously listed, we find t2ti= (1)310,2,4). Thus when 
we conjugate too,toJl,12,^3 and t4 by t2titot4tzt2tito we obtain:

So t2t\tQtitzfytito acts as (1,3,0,2,4).

Verify relation (2) = (1)0,4,3,2) by conjugating the six sym­
metric generators by t4t2totztit4t2to. By multiplying the permutations found using the 
MAGMA segments previously listed, we find t4t2totztit4t2to = (1,0,4,3,2). Thus when 
we conjugate too,to,t\,t2,tz and t4 by we obtain:

ft2MoM3^2Mo ™ y 
t'oo = •'OO

JjtiiotiWito _ +
r0 “ f'2

^t2tltQt2Lt3t2tlto _

So t4t2tot3t\t4t2to acts as (1,0,4,3,2).

'■oo — boo
jt4t2tQt3tit4t2to _

J.t4t2tot3tit4t2to _  x
t3 — c2

Lq — M
j.t4t2tQt3tit4t2to   j
t'2 —

£4(2(0 4*4 — ^3

Verify relation (3) fo^oobrio^ooii^oo = (l,oo, 0)(2,4,3) by conjugating the six 
symmetric generators by to^oo^iMootiioioo*  By multiplying the permutations found using
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^£{)too£ltgtix>t,tot<x> _

oo£i£o£oo£i£o£oo __

^£()£oo£i£o£oo£i£o£oo _

the MAGMA segments previously listed, we find t(RoRR(RoRRotoo = (l,oo,0)(2,4,3). 
Thus when we conjugate tooRoRiR2R3 and t4 by totoRRotoRRoioo we obtain:

^tot<x>tltgtoot, £q£oo —
j.£o£oo£ i£o£oo£j £o£oo ■ /
4*1  — 4*00
^£o£oo£i£o£oo£i£o£oo __

So totoRRo^cRRo7x> acts as (l,oo,0)(2,4,3).

Verify relation (4) ~ (1, oo, 0)(2,4,3) by conjugating the six sym­
metric generators by t4t2t3t4t2t3t4t2. By multiplying the permutations found using the 
MAGMA segments previously listed, we find = (l,oo,0)(2,4,3). Thus
when we conjugate too,toRiR2,^ and t4 by t4t2t3t4t2t3t4t2 we obtain:

-fabltztAtitztltz ~ ^£4(2£3*4£2*3^4£2  _

p-4t2t3t4t2t3t4t2 _ + ^^2^3^12^412 _  j
4*1 — 4*00 4*2 — 4*4
^£4£2^3£4£2£3£4£2 „ £2 ^t4t2t3t4t2tat4t2 __ £3

So t4t2t3tAt2t3t4t2 acts as (l,oo, 0)(2,4, 3).

Verify relation (5) totoRotcRotoo = 1 by conjugating the six symmetric gen­
erators by totoototaototco- By multiplying the permutations found using the MAGMA 
segments previously listed, we find toioRotoRotoa equals identity. Thus when we conju­
gate too, *oRi,*2R3  and t4 by totoRotoRotoo we obtain:

/^O^co^O^oo^O^oq

6OO 
-/^O^oo^O^oo^O^oo 
h

— ̂ co
= tl
— t3

+£o£oo£o£oo£o£oo
*0
j£o £oo £o £oo io£©o
r2
Vo too £o£oo£o£oo 
t4

= to
= t2
= t4

So totoototoototoo acts as the identity.

Verify relation (6) t4tit4tit4ti = 1 by conjugating the six symmetric generators 
by t4tit4tit4ti. By multiplying the permutations found using the MAGMA segments pre­
viously listed, we find t4t4t4tit4ti equals identity. Thus when we conjugate tooRoRn^Rs
and t4 by t4tit4tit4ti we obtain:

‘'OO
U4t,t4t,t4ti

j£4£1£4£1£4£1l3

— too
= tl
= t-3

U4t,t4tit4ti
I0

t2

r4

= to
= t2
= t4

So t4tit4tit4ti acts as the identity.

Verify relation (7) t2tRot2tcRotoot3too = (l,oo,0)(2,4,3) by conjugating the six 
symmetric generators by t2t4tot2tcRotoR3too- By multiplying the permutations found 
using the MAGMA segments previously listed, we find t^totRoRotoRatoo = 
(l,oo,0)(2,4,3). Thus when we conjugate tooRoRiR2R3 and t4 by t2tRotR<xR(RoR3too 
we obtain:
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^£2/4/0^2^00^0^00^3^00 ---

□ £2/4/0/2/00/0/00/3/00   4

'3
£4£0^2^00£0/00/3/00 __

'OO

□,£2/4/0/2/00/0/00/3/00
t0
□£2/4/0/2/00/0 / 00/3/00
l2
4/2£4/0/2/00/0/00/3/00
*4

= ^1

= t4
= t3

Thus G\/ker<)) = (x,y,t) and |Gi[ > |(x,y,t)[ = 95040. As shown earlier, 
|Gj| < 95040. Hence [GJ = 95040.

Moreover, b = (1,3,00,0,2)£00£o£B3^2 = bb = x^ytcototitstot^ and
c = (1,2,4)(3,00,0)41*2*4*1^2  = cc = yx~'1yx2t1t2t4t1toot2,are in Gi with M12 — 
{b, c|b2 = c3 = (be)11 = [b,c]6 = (bebebe-1)6 = [b, ebe]5 = 1). So (b,c) < Gi, but 
|{b, c>] = |Gi|, therefore Gi = (b, c) = Mi2.
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Appendix A

MAGMA Code for Construction
of 2 x M12

S6:=Sym(6)
xx:=S6!(5,1,2,3,4);
yy:=S6!(6,5,1)(2,4,3);
N: =sub<S6|xx,yy>;

G<x,y,t>:=Group<x,y,t I x''5,y"3, (y*x)  "2,t"2, (t,x) , (t~ (y*x~2)  ,x*y)  , 
(x*t"y)~8 ,(y*t) "8,(t"(y*x"4)*t"(y"2) )"3>;

f, G1, k:=CosetAction(G,sub<GIx,y>);
N6:=Stabiliser(N,6);
R:=[Id(Gl): i in [1. . 6] ] ;
R[6] :=f(t);
R[5] :=f(t"y);
R[l] :=f(t"(y"2));
R[2] :=f(t"(y*x"2));
R[3] :=f(t"(y*x"3)) ;
R[4] :=f(t"(y*x"4) );

N65:=Stabilizer(N6,5);
T6:=Transversal(N,N6);
T65:=Transversal(N,N65);
N656:=Stabilizer(N65,6);

for g in N do if (6"g eq 5 and 5"g eq 6) then
N656s:=sub<NIN656,g>;
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end if; end for;
T656:=Transversal(N,N656s);

ts := R;
cst := [null : i in [1 . . 3168]] where null is [IntegersO I ]; 
for i := 1 to 6 do
prodim := function(pt, Q, I)
v := pt;
for i in I do

v := v'*(Q[i])  ;
end for;
return v;

end function;
end for;

for i in [1.,#T6] do
ss := [6] "T6 [i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

for i in [l..#T65] do
ss := [6,5] "T65 [i] ;
cst [prodim(l, ts, ss)] := ss;

end for;
for i in [l..#T656] do

ss := [6,5,6] "T656 [i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N651:=Stabilizer(N65,1);
N652:=Stabilizer(N65,2);
T651:= Transversal(N,N651);
T652:= Transversal(N,N652);
for i in [1.. #T651] do

ss := [6,5,l]~T651[i] ;
cst [prodimd, ts, ss)] := ss;

end for;

for i in [1..&T652] do
ss := [6,5,2] "T652[i] ;
cst [prodim(l, ts, ss)] := ss;

end for;

N6561:=Stabilizer(N656,1);



205

for g in N do if (6~g eq 5 and 5"g eq 6 and l~g eq 1) 
N6561s:=sub<NIN6561,g>;

end if; end for;

T6561:= Transversal(N,N6561s);
for i in [l..#T6561] do

ss := [6,5,6,1] *16561  [i] ;
cst[prodimd, ts, ss)] := ss;

end for;

N6562:“Stabilizer(N656,2);
for g in N do if (6~g eq 5 and 5"g eq 6 and 2"g eq 2) 
N6562s:=sub<NIN6562,g>;

end if; end for;

T6562:= Transversal(N,N6562s);
for i in [1..&T6562] do

ss := [6,5,6,2] "T6562[i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N651:“Stabilizer(N65,1);
N6516:“Stabilizer(N651,6);
for g in N do if (6*g  eq 5 and 5*g  eq 6 and l*g  eq 1) 

N6516s:=sub<N|N6516,g>;
end if; end for;

T6516:= Transversal(N,N6516s);
for i in [i..#T6516] do

ss := [6,5,l,6]''T6516[i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N6515:“Stabilizer(N651,5);
for g in N do if (6*g  eq 6 and 5"g eq 1 and l"g eq 5) 

N6515s:=sub<NIN6515,g>;
end if; end for;

then

then

then

then

T6515:= Transversal(N,N6515s); 
for i in [1..#T6515] do

ss := [6,5,1,5] *T6515[i]  ;
cst [prodimd, ts, ss)] := ss; 

end for;
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N6512:=Stabilizer(N651,2);
T6512:= Transversal(N,N6512);
for i in [l..#T6512] do

ss := [6,5,1,2] "T6512[i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N6513:=Stabilizer(N651,3);
for g in N do if (6"g eq 1 and 5~g eq 5 and l'g eq 6
and 3~g eq 4) then

N6513s:=sub<NIN6513,g>;
end if; end for;

T6513:= Transversal(N,N6513s);
for i in [l..#T6513] do

ss := [6,5,1,3] "T6513 [i] ;
cst [prodim(l, ts, ss)] := ss;

end for;

N6514:=Stabilizer(N651,4);
T6514:= Transversal(N,N6514);
for i in [l..#T6514] do

ss := [6,5,1,4] "T6514[i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N6526:=Stabilizer(N652,6);
for g in N do if (6"g eq 5 and 5~g eq 6 and 2~g eq 2) then 

N6526s:=sub<NIN6526,g>;
end if; end for;

T6526:= Transversal(N,N6526s);
for i in [l..#T6526] do

ss := [6,5,2,6] "T6526 [i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N6525:=Stabilizer(N652,5);
for g in N do if (6"g eq 6 and 5"g eq 2 and 2"g eq 5) then 

N6525s:=sub<N|N6525,g>;
end if; end for;

T6525:= Transversal(N,N6525s);
for i in [1..&T6525] do
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ss := [6,5,2,5] ~T6525[i] ;
cst [prodimCl, tsf ss)] : = ss;

end for;

N6521:=Stabilizer(N652,1);
for g in N do if (6'g eq 2 and 5"g eq 5 and 2~g eq 6 and l"g eq 3) then 

N6521S:=sub<NIN6521,g>;
end if; end for;

T6521:= Transversal(N,N6521s);
for i in [1. .#T6521] do

ss := [6,5,2,1] "T6521 [i] ;
cst [prodimCl, ts, ss)] := ss;

end for;

N6523:=Stabilizer(N652,3);
N6523:=Stabilizer(N652,3);
T6523:= Transversal(N,N6523);
for i in [l..#T6523] do

ss := [6,5,2,3] ~T6523[i];
cst[prodimCl, ts, ss)] := ss;

end for;

N6524:=Stabilizer(N652,4);
T6524:= Transversal(N,N6524);
for i in [l..#T6524] do

ss := [6,5,2,4]"T6524[i] ;
cst[prodimCl, ts, ss)] := ss;

end for;

N65614:=Stabilizer CN6561,4);
for g in N do if C6"g eq 5 and 5~g eq 6 and 4"g eq 4) then

N65614s:=sub<N|N65614,g>;
end if; end for;

T65614:= TransversalCN,N65614s);
for i in [1..#T65614] do

ss := [6,5,6,1,4] ~T65614[i] ;
cst[prodimCl, ts, ss)] := ss;

end for;

N65612:=StabilizerCN6561,2);
T65612:= TransversalCN,N65612) ;
for i in [l..#T65612] do
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ss := [6,5,6,l,2]''T65612[i] ;
cst[prodim(1, ts, ss)] := ss;

end for;

N65615:“Stabilizer(N6561,5);
for g in N do if (6"g eq 5 and 5"g eq 6 and l"g eq 1) then

N65615s:=sub<N|N65615,g>;
end if; end for;

T65615:= Transversal(N,N65615s);
for i in [l..#T65615] do

ss := [6,5,6,1,5]"T65615 [i];
cst[prodim(l, ts, ss)] := ss;

end for;

N65623:=Stabilizer(N6562,3);
for g in N do if (6"g eq 5 and 5"g eq 6 and 2"g eq 2 and 3"g eq 3) then 

N65623s:=sub<N1N65623,g>;
end if; end for;

T65623:= Transversal(N,N65623s);
for i in [l..#T65623] do

ss := [6,5,6,2,3]"T65623[i];
cst[prodim(l, ts, ss)] : = ss;

end for;

N65621:“Stabilizer(N6562,1);
T65621:= Transversal(N,N65621);
for i in [1..#T65621] do

ss := [6,5,6,2,1] "T65621 [i] ;
cst [prodim(l, ts, ss)] := ss;

end for;

N65625:=Stabilizer(N6562,5);
for g in N do if (6~g eq 5 and 5"g eq 6 and 2"g eq 2) then

N65625s:=sub<NIN65625,g>;
end if; end for;

T65625:= Transversal(N,N65625s);
for i in [1..#T65625] do

ss : = [6,5,6,2,5]"T65625[i] ;
cst[prodim(l, ts, ss)] := ss;

end for;
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N65164:=Stabilizer(N6516,4) ;
for g in N do if (6"g eq 5 and 5'g eq 6 and l"g eq 1 and 4"g eq 4) then 

N65164S:=sub<NIN65164,g>;
end if; end for;

T65164:= Transversal(N,N65164s);
for i in [l..#T65164] do

ss := [6,5,1,6,4] "T65164[i] ;
cst[prodim(l, ts, ss)] : = ss;

end for;

N65162:=Stabilizer(N6516,2) ;
for g in N do if (6"g eq 5 and 5~g eq 6 and l"g eq 1 and 2"g eq 3) then 

N65162s:=sub<N|N65162,g>;
end if; end for;

T65162:= Transversal(N,N65162s);
for i in [l..#T65162] do

ss := [6,5,1,6,2] "T65162[i] ;
cst[prodimd, ts, ss)] := ss;

end for;

N65152:=Stabilizer(N6515,2) ;
T65152:= Transversal(N,N65152);
for i in [l..#T65152] do

ss := [6,5,1,5,2] "T65152[i] ;
cst [prodimd, ts, ss)] := ss;

end for;

N65153:=Stabilizer(N6515,3) ;
for g in N do if (6"g eq 6 and 5"g eq 1 and l"g eq 5 and 3"g eq 3) then 

N65153s:=sub<NIN65153,g>;
end if; end for;

T65153:= Transversal(N,N65153s);
for i in [l..#T65153] do

ss := [6,5,l,5,3]''T65153[i] ;
cst [prodimd, ts, ss)] := ss;

end for;

N65121:=Stabilizer(N6512,1) ;
T65121:= Transversal(N,N65121);
for i in [1..#T65121] do

ss := [6,5,1,2,1] ^65121 [i] ;
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cst [prodim(l, ts, ss)] : = ss;
end for;

N65156:=Stabilizer(N6515,6) ;
N65156s:=sub<NIN65156>;
for g in N do if ((6"g eq 1 and (5"g eq 5 or 5"g eq 6) and
(l"g eq 6 or l"g eq 5)) or (6"g eq 5 and (5"g eq 1 or 5"g eq 6)
and (l'g eq 6 or l"g eq 1)) or (6~g eq 6 and 5"g eq 1 and l"g eq 5)) then 

N65156S:=sub<NIN65156s,g>;
end if; end for;

T65156:= Transversal(N,N65156s) ;
for i in [1,.#T65156] do

ss := [6,5,l,5,6]"T65156[i];
cst[prodim(l, ts, ss)] := ss;

end for;

N65123:=Stabilizer(N6512,3);
N65123s:=sub<NIN65123>;
for g in N do if (6"g eq 6 and 5"g eq 2 and l"g eq 1
and 2~g eq 5 and 3"g eq 4) then

N65123S:=sub<NIN65123s,g>;
end if; end for;

T65123:= Transversal(N,N65123s);
for i in [l..#T65123] do

ss := [6,5,1,2,3]-T65123[i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N65125:=Stabilizer(N6512,5);
N65125s:=sub<NIN65125>;
for g in N do if (6"g eq 3 and 5"g eq 1 and l"g eq 5 and 2"g eq 2) then 

N65125S:=sub<NIN65125s,g>;
end if; end for;

T65125:= Transversal(N,N65125s);
for i in [l..#T65125] do

ss := [6,5,1,2,5]“T65125[i];
cst[prodim(l, ts, ss)] := ss;

end for;

N65126:=Stabilizer(N6512,6);
T65126:= Transversal(N,N65126);
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for i in [1..#T65126] do
ss := [6,5,1,2,6] "T65126[i] ;
cst[prodimCl, ts, ss)] := ss;

end for;

N65135:=StabilizerCN6513,5) ;
N65135s;=sub<NIN65135>;
for g in N do if C6"g eq 1 and 5"g eq 5 and l"g eq 6 and 3"g eq 4) then 

N65135s:=sub<NIN65135s,g>;
end if; end for;

T65135:= TransversalCN,N65135s);
for i in [l..#T65135] do

ss := [6,5,1,3,5]*T65135[i]  ;
cst[prodimCl, ts, ss)] := ss;

end for;

N65131:=StabilizerCN6513,1);
T65131:= TransversalCN,N65131);
for i in [l..#T65131] do

ss := [6,5,1,3,1]^T65131 [i3 ;
cst[prodimCl, ts, ss)] := ss;

end for;

N65141:=Stabilizer CN6514,1);
N65141S:=sub<N|N65141>;
for g in N do if C6"g eq 6 and 5"g eq 5 and 4"g eq 1 and l"g eq 4) then 

N65141S:=sub<NIN65141s,g>;
end if; end for;

T65141:= TransversalCN,N65141s);
for i in [l..#T65141] do

ss := [6,5,1,4,1] "T65141 [i] ;
cst [prodimCl, ts, ss)] := ss;

end for;

N65142:=Stabilizer(N6514,2);
T65142:= TransversalCN,N65142);
for i in [l..#T65142] do

ss := [6,5,1,4,2] "T65142[i] ;
cst[prodimCl, ts, ss)] := ss;

end for;

N65143:=StabilizerCN6514,3);
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N65143s:=sub<N|N65143>;
for g in N do if (6~g eq 1 and 5"g eq 5 and l"g eq 6 
4"g eq 3 and 3"g eq 4) then

N65143s:=sub<N|N65143s,g>;
end if; end for;

T65143:= Transversal(N,N65143s);
for i in [i..#T65143] do

ss := [6,5,1,4,3] *T65143[i]  ;
cst [prodim(l, ts, ss)] := ss;

end for;

N65145:“Stabilizer(N6514,5);
N65145s:=sub<N|N65145>;
for g in N do if (6"g eq 6 and 2"g eq 5 and l"g eq 1

N65145s:=sub<NIN65145s,g>;
end if; end for;

T65145:= Transversal(N,N65145s);
for i in [1..#T65145] do

ss := [6,5,1,4,5] *T65145[i]  ;
cst[prodim(l, ts, ss)] : = ss;

end for;

N65241:“Stabilizer(N6524,1);
N65241S:=sub<N1N65241>;
for g in N do if (6"g eq 6 and 5*g  eq 4 and 2"g eq 2
4*g  eq 5 and l*g  eq 3) then

N65241S:=sub<N[N65241S,g>;
end if; end for;

T65241:= Transversal(N,N65241s);
for i in [1. .#T65241] do

ss := [6,5,2,4,1]"T65241[i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N65243:“Stabilizer(N6524,3);
N65243s:=sub<NIN65243>;
for g in N do if (6~g eq 4 and 5"g eq 3 and 2"g eq 2 
4"g eq 6 and 3"g eq 5) then

N65243S:=sub<NIN65243s,g>;

and

and 3"g eq 4) then

and

and

end if; end for;
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T65243:= Transversal(N,N65243s);
for i in [l..#T65243] do

ss := [6,5,2,4,3] ~T65243[i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N65246:=Stabilizer(N6524,6);
T65246:= Transversal(N,N65246);
for i in [l..#T65246] do

ss := [6,5,2,4,6]"T65246[i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N65232:=Stabilizer(N6523,2) ;
N65232S:=sub<N|N65232>;
for g in N do if (6"g eq 6 and 5"g eq 5 and 2"g eq 3 and 3~g eq 2) then 

N65232s:=sub<N]N65232s,g>;
end if; end for;

T65232:= Transversal(N,N65232s);
for i in [l..#T65232] do

ss := [6,5,2,3,2] ~T65232[i] ;
cst [prodim(l, ts, ss)] := ss;

end for;

N65251:=Stabilizer(N6525,1);
N65251S:=sub<NIN65251>;
for g in N do if (G^g eq 6 and 5"g eq 2 and 2"g eq 5 and l~g eq 1) then 

N65251s:=sub<NIN65251s,g>;
end if; end for;

T65251:= Transversal(N,N65251s);
for i in [l..#T65251] do

ss := [6,5,2,5,11 "T65251[i];
cst [prodim(l, ts, ss)] := ss;

end for;

N65256:=Stabilizer(N6525,6);
N65256s:=sub<NIN65256>;
for g in N do if ((6"g eq 2 and 5"g eq 5 and 2"g eq 6) or
(6"g eq 5 and 5"g eq 2 and 2"g eq 6) or (6"g eq 5 and 5~g eq 6
and 2"g eq 2) or (6"g eq 2 and 5"g eq 6 and 2"g eq 5) or
(6"g eq 6 and 5"g eq 2 and 2"g eq 5)) then

N65256s:=sub<N|N65256s,g>;
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end if; end for;

T65256:= Transversal(N,N65256s);
for i in [1..#T65256] do

ss := [6,5,2,5,6]"T65256[i];
cst[prodimd, ts, ss)] := ss;

end for;

N65253:=Stabilizer(N6525,3);
T65253:= Transversal(N,N65253);
for i in [i..#T65253] do

ss := [6,5,2,5,3] "T65253[i] ;
cst [prodimd, ts, ss)] := ss;

end for;

N65261:“Stabilizer(N6526,1) ;
N65261S:=snb<NIN65261>;
for g in N do if (6"g eq 5 and 5~g eq 6 and 2~g eq 2 and l"g eq 4) then 

N65261S:=sub<N1N65261s,g>;
end if; end for;

T65261:= Transversal(N,N65261s);
for i in [l..#T65261] do

ss := [6,5,2,6,1]"T65261[i];
cst[prodimd, ts, ss)] := ss;

end for;

N651621:“Stabilizer(N65162,1);
N651621S:=sub<N1N651621>;
for g in N do if ((6"g eq 5 and 5~g eq 6 and l"g eq 4 and 2"g eq 2)
or (6"g eq 6 and 5"g eq 5 and l"g eq 4 and 2"g eq 3) or

(6~g eq 5 and 5"g eq 6 and l"g eq 1 and 2"g eq 3)) then 
N651621S:=sub<NIN651621s,g>;

end if; end for;

T651621:= Transversal(N,N651621s);
for i in [1..#T651621] do

ss := [6,5,1,6,2,1]'“T651621 [i] ;
cst [prodimd, ts, ss)] := ss;

end for;

N651624:“Stabilizer(N65162,4);
N651624s:=sub<N|N651624>;
for g in N do if (6"g eq 5 and 5~g eq 6 and l'g eq 1 and
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2"g eq 3 and 4'"g eq 4) then
N651624S:=sub<N1N651624s,g>;

end if; end for;

T651624:= Transversal(N,N651624s);
for i in [1.,#T651624] do

ss := [6,5,1,6,2,4] ~T651624[i] ;
cst[prodimd, ts, ss)] := ss;

end for;

N651625:=Stabilizer(N65162,5);
T651625:= Transversal(N,N651625) ;
for i in [1.,#T651625] do

ss := [6,5,1,6,2,5] "T651625 [i] ;
cst [prodimd, ts, ss)] := ss;

end for;

N651641:“Stabilizer(N65164,l);
N651641S:=sub<NIN651641>;
for g in N do if (6"g eq 2 and 5"g eq 1 and l~g eq 6 and 4"g eq 4)

N651641S:=sub<N|N651641s,g>; 
end if; end for;

or (6 eq 3 and Erg eq 6 and :I'g eq 2 and 4 eq 4) or
(6*g eq 2 and 5"g eq 5 and i"g eq 3 and 4-g eq 4) or
(6"g eq 1 and 5"g eq 2 and l"g eq 6 and 4"g eq 4) or
(6"g eq 3 and 5ftg eq 1 and l"g eq 5 and 4"g eq 4) or
(G^g eq 6 and 5~g eq 3 and l"g eq 2 and 4~g eq 4) or
(6"g eq 5 and 5-g eq 6 and l"g eq 1 and 4"g eq 4) or
(6~g eq 5 and 5~g eq 2 and eq 3 and 4"g eq 4) or
(6~g eq 1 and 5~g eq 3 and eq 5 and 4~g eq 4) then

T651641:= Transversal(N,N651641s); 
for i in [1..#T651641] do

ss := [6,5,1,6,4,1] "T651641 [i] ; 
cst[prodim(l, ts, ss)] : = ss; 

end for;

N651645:“Stabilizer(N65164,5); 
T651645:= Transversal(N,N651645) ; 
for i in [1.,#T651645] do

ss := [6,5,1,6,4,5] "T651645 [i] ; 
cst[prodimd, ts, ss)] : = ss; 

end for;
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N651523:“Stabilizer(N65152,3);
N651523s:=sub<NIN651523>;
for g in N do if (6"g eq 6 and 5~g eq 4 and l"g eq 3
and 2~g eq 2 and 3"g eq 1) then

N651523s:=sub<N|N651523s,g>;
end if; end for;

T651523:“ Transversal(N,N651523s);
for i in [1..#T651523] do

ss := [6,5,1,5,2,3]"T651523[i];
cst[prodim(l, ts, ss)] := ss;

end for;

N651524:“Stabilizer(N65152,4);
T651524:= Transversal(N,N651524);
for i in [1..#T651524] do

ss := [6,5,1,5,2,4] "T651524[i] ;
cst[prodim(l, ts, ss)] -.= ss;

end for;

N651525:“Stabilizer(N65152,5);
N651525s:=sub<NIN651525>;
for g in N do if (6"g eq 3 and 5"g eq 1 and l"g eq 5
and 2"g eq 2) then

N651525s:=sub<NIN651525s,g>;
end if; end for;

T651525:“ Transversal(N,N651525s);
for i in [1..#T651525] do

ss := [6,5,1,5,2,5]/'T651525[i] ;
cst [prodimd, ts, ss)] := ss;

end for;

N651536:“Stabilizer(N65153,6);
N651536s:=sub<NIN651536>;
for g in N do if (6"g eq 6 and 5"g eq 1 and l~g eq 5 and 3"g eq 3) then

N651536S:=sub<N|N651536s,g>;
end if; end for;

T651536:= Transversal(N,N651536s);
for i in [1..#T651536] do

ss := [6,5,1,5,3,6]~T651536[i];
cst[prodimd, ts, ss)] := ss;

end for;
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N651531:=Stabilizer(N65153,l) ;
T651531:= Transversal(N,N651531);
for i in [1. .#T651531] do

ss := [6,5,1,5,3,1] "T651531 [i] ;
cst [prodimd, ts, ss)] := ss;

end for;

N651532:=Stabilizer(N65153,2);
T651532:= Transversal(N,N651532);
for i in [1..#T651532] do

ss := [6,5,1,5,3,2] *'T651532[i]  ;
cst[prodim(l, ts, ss)] := ss;

end for;

N651562:=Stabilizer(N65156,2);
N651562s:=sub<NIN651562>;
for g in N do if (6~g eq 1 and 5"g eq 5 and l^g eq 6 and 2"g eq 2) then 

N651562S:=sub<N|N651562s,g>;
end if; end for;

T651562:= Transversal(N,N651562s);
for i in [1.,#T651562] do

ss := [6,5,1,5,6,2]"T651562[i];
cst [prodimfl, ts, ss)] := ss;

end for;

N651213:-Stabilizer(N65121,3);
T651213:= Transversal(N,N651213);
for i in [1..#T651213] do

ss := [6,5,1,2,1,3] "T651213 [i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N651231:=Stabilizer(N65123,1);
N651231S:=sub<NIN651231>;
for g in N do if (6~g eq 6 and 5"g eq 2 and l"g eq 1 and
2"g eq 5 and 3"g eq 4) then

N651231S:=sub<NIN651231s,g>;
end if; end for;

T651231:= Transversal(N,N651231s) ;
for i in [1..#T651231] do

ss := [6,5,1,2,3,1]"T651231[i];
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cst [prodim(l, ts, ss)] : = ss;
end for;

N651232:“Stabilizer(N65123,2);
N651232s:=sub<N|N651232>;
for g in N do if (6"g eq 3 and 5"g eq 1 and l*g  eq 4 and 2"g eq 6 
and 3~g eq 2) or (6"g eq 2 and 5"g eq 4 and l*g  eq 5 and 2"g eq 3 
and 3*g  eq 6) then

N651232s:=sub<NIN651232s,g>;
end if; end for;

T651232:= Transversal(N,N651232s);
for i in [1.,#T651232] do

ss := [6,5,1,2,3,2]"T651232[i];
cst[prodimCl, ts, ss)] := ss;

end for;

N651254:“Stabilizer(N65125,4);
N651254s:=sub<NIN651254>;
for g in N do if (6"g eq 6 and 5"g eq 5 and eq 4 and 2"g eq 3
and 4"g eq 1) or (6"g eq 2 and 5~g eq 4 and l"g eq 1 and 2"g eq 6
and eq 5) or (6"g eq 3 and 5"g eq 1 and Yg eq 5 and 2"g eq 2
and 4"g eq 4) or (6~g eq 3 and 5"g eq 1 and l"g eq 4 and 2"g eq 6
and 4"g eq 5) or (6*g eq 2 and 5"g eq 4 and Yg eq 5 and 2"g eq 3
and 4"g eq 1) then

N651254s:=sub<N|N651254s,g>;
end if; end for;

T651254:= Transversal(N,N651254s);
for i in [1..ST651254] do

ss := [6,5,1,2,5,4]"T651254[i];
cst[prodimCl, ts, ss)] := ss;

end for;

N651263:“Stabilizer(N65126,3);
N651263s:=sub<N|N651263>;
for g in N do if (6*g  eq 1 and 5"g eq 5 and l"g eq 6 and
2"g eq 2 and 3~g eq 4) then

N651263s:=sub<NIN651263s,g>;
end if; end for;

T651263:= Transversal(N,N651263s);
for i in [1..#T651263] do

ss := [6,5,1,2,6,3]"T651263[i];
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cst[prodimCl, ts, ss)] : = ss;
end for;

N651264—StabilizerCN65126,4);
N651264S:=sub<NIN651264>;
for g in N do if (6"g eq 5 and 5~g eq 6 and l"g eq 4 and
2"g eq 2 and 4"g eq 1) then

N651264s:=sub<N1N651264s,g>;
end if; end for;

T651264:« TransversalCN,N651264s);
for i in [1..#T651264] do

ss := [6,5,1,2,6,4]"T651264[i];
cst[prodimCl, ts, ss)] := ss;

end for;

N651352:=StabilizerCN65135,2);
N651352s:=sub<NIN651352>;
for g in N do if (6"g eq 5 and 5"g eq 6 and l"g eq 1 and 3"g eq 2
and 2"g eq 3) or C6"g eq 6 and 5"g eq 1 and Yg eq 5 and 3"g eq 3
and 2~g eq 4) or (6"g eq 1 and 5"g eq 5 and l~g eq 6 and 3"g eq 4
and 2"g eq 2) or (6"g eq 5 and 5"g eq 1 and Yg eq 6 and 3"g eq 2
and 2"g eq 4) or (s-g eq 1 and 5"g eq 6 and Yg ®q 5 and 3"g eq 4
and 2"g eq 3) then

N651352S:=sub<N1N651352s,g>; 
end if; end for;

T651352:= TransversalCN,N651352s) ;
for i in [1..ST651352] do

ss := [6,5,1,3,5,2] "T651352[i] ;
cst[prodimCl, ts, ss)] := ss;

end for;

N651315:=StabilizerCN65131,5);
N651315s:=sub<NIN651315>;
for g in N do if C6"g eq 4 and 5~g eq 3 and l"g eq 1 and 3"g eq 5) then 

N651315s:=sub<NIN651315s,g>;
end if; end for;

T651315:= Transversal(N,N651315s) ;
for i in [1..#T651315] do

ss := [6,5,1,3,1,5] ~T651315[i];
cst[prodimCl, ts, ss)] := ss;

end for;
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N651316:“Stabilizer(N65131,6); 
T651316:= Transversal(N,N651316); 
for i in [1..#T651316] do

ss := [6,5,1,3,1,6] "T651316 [i] ; 
cst[prodim(l, ts, ss)] := ss; 

end for;

for i in [1..#T651645] do
ss := [6,5,1,6,4,5]''T651645 [i] ; 
cst[prodimd, ts, ss)] := ss; 

end for;

N651426:“Stabilizer(N65142,6); 
T651426:= Transversal(N,N651426); 
for i in [l..#T651426] do

ss := [6,5,1,4,2,6]"T651426[i]; 
cst[prodimd, ts, ss)] := ss; 

end for;

N651435:“Stabilizer(N65143,5);
N651435s:=sub<N1N651435>;
for g in N do if (6"g eq 1 and 5"g eq 5 and l"g eq 6 and
4~g eq 3 and 3"g eq 4) then

N651435s:=sub<NIN651435s,g>;
end if; end for;

T651435:= Transversal(N,N651435s) ; 
for i in [1..#T651435] do

ss := [6,5,1,4,3,5] "T651435[i] ;
cst[prodimd, ts, ss)] := ss; 

end for;

N651456:“Stabilizer(N65145,6);
N651456S:=sub<NIN651456>;
for g in N do if (6"g eq 3 and 5"g eq 2 and l"g eq 5
or (6~g eq 6 and 5"g eq 2 and l"g eq 1 and 4"g eq 3)
and 5"g eq 1 and l"g eq 5 and 4"g eq 4) or (6"g eq 4
and l"g eq 2 and 4"g eq 6) or (6"g eq 4 and 5"g eq 1
and 4~g eq 3) then

N651456S:=sub<N|N651456s,g>;
end if; end for;

and 4"g eq 6)
or (6"g eq 3
and 5"g eq 5
and l"g eq 2

T651456:= Transversal(N,N651456s); 
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for i in [1..#T651456] do
ss := [6,5,1,4,5,6] "T651456 [i];
cst [prodimd, ts, ss)] := ss;

end for;

N651453:-Stabilizer(N65145,3);
T651453:- Transversal(N,N651453);
for i in [1..#T651453] do

ss := [6,5,1,4,5,3] ~T651453 [i];
cst[prodimd, ts, ss)] := ss;

end for;

N656141:-Stabilizer(N65614,1);
N656141S:=sub<NIN656141>;
for g in N do if (6"g eq 6 and 5"g eq 5 and l"g eq 4 and 4~g eq 1)

N656141S:=sub<N]N656141S,g>; 
end if; end for;

or (6;~g eq 4 and E!"g eq 1 and 1 "g eq 2 and 4="g eq 3) or
(6~g eq 5 and 5-g eq 6 and Tg eq 4 and 4"g eq 1) or
(6"g eq 4 and eq 1 and l"g eq 3 and 4"g eq 2) or
(6"g eq 2 and 5~g eq 3 and l"g eq 5 and 4"g eq 6) or
(6"g eq 2 and 5"g eq 3 and l"g eq 6 and 4~g eq 5) or
(6-g eq 3 and 5"g eq 2 and l"g eq 5 and 4"g eq 6) then

T656141:= Transversal(N,N656141s);
for i in [1..#T656141] do

ss : = [6,5,6,1,4,1]"T656141[i];
cst[prodim(l, ts, ss)] : = ss;

end for;

N656121:-Stabilizer(N65612,1);
T656121:- Transversal(N,N656121);
for i in [1..#T656121] do

ss := [6,5,6,1,2,1] "T656121 [i] ;
cst[prodim(l, ts, ss)] : = ss;

end for;

N656154:-Stabilizer(N65615,4);
N656154S:=sub<N|N656154>;
for g in N do if (6"g eq 5 and 5"g eq 6 and l"g eq 1 and 4"g eq 4) then 

N656154S:=sub<NIN656154s,g>;
end if; end for;

T656154:- Transversal(N,N656154s) ; 
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for i in [1..#T656154] do
ss := [6,5,6,l,5,4]"T656154[i];
cst[prodim(l, ts, ss)] := ss; 

end for;

N656214:“Stabilizer(N65621,4);
N656214S:=sub<N1N656214>;
for g in N do if ((6"g eq 3 and 5"g eq 2 and 2~g eq 4 and 
l"g eq 6 and 4"g eq 5) or (6"g eq 1 and 5"g eq 4 and
2~g eq 5 and l^g eq 3 and 4"g eq 2)) then
N656214S:=sub<NIN656214s,g>;

end if; end for;

T656214:= Transversal(N,N656214s);
for i in Cl..#T656214] do

ss := [6,5,6,2,1,4] "T656214 [i] ;
cst [prodimd, ts, ss)] := ss;

end for;

N656232:=Stabilizer(N65623,2);
N656232s:=sub<N|N656232>;
for g in N do if C(6~g eq 6 and 5~g eq 5 and 2"g eq 3 and 3"g eq 2)

N656232S:=sub<NIN656232s,g>;

or (6"g eq 5 and 5~g eq 6 and 2"g eq 3 and 3"g eq 2) or
(6"g eq 4 and 5"g eq 1 and 2"g eq 6 and 3"g eq 5) or
(6"g eq 3 and 5"g eq 2 and 2"g eq 1 and 3"g eq 4) or
(6"g eq 3 and 5"g eq 2 and 2"g eq 4 and 3"g eq 1) or
(6"g eq 2 and 5"g eq 3 and 2"g eq 1 and 3"g eq 4) or
(6"g eq 1 and 5"g eq 4 and 2"g eq 5 and 3"g eq 6) or
(6"g eq 1 and 5"g eq 4 and 2"g eq 6 and 3"g eq 5) or
(6-g eq 4 and 5"g eq 1 and 2"g eq 5 and 3"g eq 6) or
(6"g eq 5 and 5"g eq 6 and 2"g eq 2 and 3~g eq 3) or
(6"g eq 2 and 5"g eq 3 and 2"g eq 4 and 3"g eq D) then

end if; end for;

T656232:= Transversal(N,N656232s); 
for i in [1..#T656232] do

ss := [6,5,6,2,3,2]"T656232[i];
cst [prodimd, ts, ss)] := ss; 

end for;

N652431:“Stabilizer(N65243,l);
N652431S:=sub<N|N652431>;
for g in N do if ((6"g eq 1 and 5"g eq 5 and 2"g eq 2 and 4~g eq 3
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N652431S:=sub<NIN652431S,g>;

and 3"g eq 4 and l"g eq 6) or (6-g; eq 4 and 5"g eq 3 and 2"g eq 2
and 4"g eq 6 and 3"g eq 5 and i'g eq 1) or (6"g eq 4 and 5"g eq 6
and 2"g eq 2 and 4"g eq 3 and 3"g eq 1 and l"g eq 5) or (6rtg eq 1
and eq 3 and 2"g eq 2 and 4"g eq 5 and 3~g eq 6 and l*g  <eq 4)
or (6"g eq 3 and 5"g eq 1 and 2~g eq 2 and 4"g eq 4 and <eq 6
and l"g eq 5) or (6"g eq 3» and 5"g eq 4 and 2"g eq 2 and 4"g eq 1
and 3*g eq 5 and eq 6) or (6"g eq 6 and 5"g eq 4 and 2"g eq 2
and 4"g eq 5 and 3"g eq 1 and l"g eq 3) or (6"g eq 5 and 5"g eq 1
and 2"g eq 2 and 4"g eq 6 and 3"g eq 4 and l"g eq 3) or (6"g eq 5
and 5-g eq 6 and 2"g eq 2 and 4"g eq 1 and 3"g eq 3 and l"g ieq 4))

end if; end for;

then

T652431:= Transversal(N,N652431s);
for i in [1..#T652431] do

ss := [6,5,2,4,3,1]'‘T652431 [i] ;
cst[prodimd, ts, ss)] : = ss;

end for;

N652326:“Stabilizer(N65232,6);
N652326s:=sub<NIN652326>;
for g in N do if (6~g eq 6 and 5"g eq 5 and 2"g eq 3 and 3"g eq 2) then 

N652326s:=sub<NIN652326s,g>;
end if; end for;

T652326:= Transversal(N,N652326s);
for i in [1..#T652326] do

ss := [6,5,2,3,2,6]"T652326 [i];
cst[prodimd, ts, ss)] : = ss;

end for;

N6516212:“Stabilizer(N651621,2);
N6516212s:=sub<N|N6516212>;
for g in N do if (6"g eq 5 and 5~g eq 6 and l~g eq 4 and 2"g eq 2) then 

N6516212S:=sub<NIN6516212s,g>;
end if; end for;

T6516212:= Transversal(N,N6516212s) ; 
for i in [1..#T6516212] do

ss := [6,5,l,6,2,l,2]"T6516212[i]; 
cst[prodim(l, ts, ss)] : = ss;

end for;
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N6516241:“Stabilizer(N651624,1);
N6516241S:=sub<NIN6516241>;
for g in N do if (6-g eq 5 and 5"g eq 6 and l"g eq 1 and 2~g eq 3
and 4"g eq 4) or (6"g eq 6 and 5"g eq 5 and l"g eq 4 and 2*g eq 3
and 4"g eq 1) or C6"g eq 2 and 5"g eq 3 and Yg eq 5 and 2"g eq 4
and 4"g eq 6) or (6"g eq 2 and 5~g eq 3 and l"g eq 6 and 2"g eq 1
and 4"g eq 5) or C6"g eq 1 and 5"g ©q 4 and l"g eq 2 and 2~g eq 6
and 4"g eq 3) or (6"g eq 1 and 5"g eq 4 and l"g eq 3 and 2-g eq 5
and 4"g eq 2) or (6"g eq 4 and 5"g ©q 1 and Yg eq 2 and 2"g eq 5
and 4"g eq 3) or (6"g eq 5 and 5"g eq 6 and l"g eq 4 and 2"g eq 2
and 4"g eq 1) or C6~g eq 3 and 5~g eq 2 and Yg eq 6 and 2"g eq 4
and 4"g eq 5) or C6"g eq 4 and 5"g eq 1 and i"g eq 3 and 2"g eq 6
and 4-g eq 2) or (6~g eq 3 and 5"g eq 2 and l"g eq 5 and 2"g eq 1
and 4~g eq 6) then

N6516241S:=sub<NIN6516241S,g>;
end if; end for;

T6516241:= Transversal(N,N6516241s) ;
for i in [1..#T6516241] do

ss := [6,5,1,6,2,4,1] "T6516241 [i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N6516251:=Stabilizer CN651625,1);
T6516251:= Transversal(N,N6516251);
for i in [1.,#T6516251] do

ss := [6,5,1,6,2,5,1]*T6516251[i] ;
cst[prodimCl, ts, ss)] := ss;

end for;

N6516256;=StabilizerCN651625,6) ;
N6516256s:=sub<NIN6516256>;
for g in N do if C6"g eq 1 and 5"g eq 4 and l"g eq 2 and 2"g eq 6) 
or C6"g eq 2 and 5"g eq 3 and l"g eq 6 and 2"g eq 1) then

N6516256s:=sub<NIN6516256s,g>;
end if; end for;

T6516256:= TransversalCN,N6516256s);
for i in [1..#T6516256] do

ss := [6,5,1,6,2,5,6]"T6516256[i];
cst[prodimCl, ts, ss)] := ss;

end for;

N6516414:=StabilizerCN651641,4);
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N6516414s:=sub<NIN6516414>;
for g in N do■ if (6"g eq 2 and 5"g eq 5 and l*g eq 3 and 4~g eq 4)
or (6-g eq 3 and 5"g eq 6 and l"g eq 2 and 4"g eq 4) or (6~g eq 1
and 5"g eq 2 and l”g eq 6 and 4"g eq 4) or (6"g eq 5 and 5"g eq 6
and eq 1 and 4"g eq 4) or (6*g  eq 2 and 5"g eq 1 and l~g eq 6
and 4"g eq 4) or (6*g  eq 5 and 5*g  eq 2 and l"g eq 3 and 4~g eq 4)
or (6"g eq 6 and 5"g eq 3 and l"g eq 2 and 4*g  iaq 4) or (6-g eq 3
and 5"g eq 1 and l"g eq 5 and 4"g eq 4) or (6"g eq 1 and 5"g eq 3
and i"g eq 5 and 4"g eq 4) then

N6516414s:=sub<N|N6516414s,g>;
end if; end for;

T6516414:= Transversal(N,N6516414s);
for i in [1..#T6516414] do

ss := [6,5,1,6,4,1,4]*T6516414[i] ;
cst[prodim(l, ts, ss)] : = ss;

end for;

N6516453:“Stabilizer(N651645,3);
T6516453:= Transversal(N,N6516453);
for i in [1..#T6516453] do

ss := [6,5,1,6,4,5,3]"T6516453[i];
cst[prodim(1, ts, ss)] := ss;

end for;

N6515232:“Stabilizer(N651523,2);
N6515232s:=sub<NIN6515232>;
for g in N do if (6*g  eq 6 and 5"g eq 4 and l"g eq 3 and
2"g eq 2 and 3*g  eq 1) then

N6515232s:=sub<NIN6515232s,g>;
end if; end for;

T6515232:= Transversal(N,N6515232s) ;
for i in [1..#T6515232] do

ss := [6,5,1,5,2,3,2]"T6515232[i];
cst[prodim(l, ts, ss)] := ss;

end for;

N6515254:“Stabilizer(N651525,4);
N6515254s:=sub<NIN6515254>;
for g in N do if (S-g eq 3 and 5"g eq 1 and eq 5 and 2"g eq 2
and 4"g eq 4) or (6"g eq 4 and 5"g eq 1 and *"g eq 2 and 2"g eq 5
and 4"g eq 3) or (6"g eq 4 and 5"g eq 5 and i"g eq 2 and 2"g eq 1
and 4"g eq 6) or (6-g eq 3 and 5~g eq 2 and i"g eq 5 and 2"g eq 1
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and 4"g eq 6) or f6"g eq 6 and 5~g eq 2 and l"g eq 1 and 2"g eq 5 
and 4"g eq 3) then

N6515254s:=sub<N|N6515254s,g>;
end if; end for;

T6515254:= TransversalfN,N6515254s);
for i in [1..#T6515254] do

ss := [6,5,1,5,2,5,4]''T6515254[i] ;
cst[prodimfl, ts, ss)] := ss;

end for;

N6515253:=Stabilizer(N651525,3);
T6515253:= TransversalfN,N6515253);
for i in [1..#T6515253] do

ss := [6,5,1,5,2,5,3]*T6515253[i] ;
cst[prodimfl, ts, ss)] := ss;

end for;

N6512135:=Stabilizer(N651213,5);
N6512135s:=sub<NIN6512135>;
for g in N do if f6"g eq 5 and 5"g eq 3 and Vg eq 2 and 2"g eq 4 
and 3"g eq 6) or (6"g eq 3 and 5"g eq 6 and l"g eq 4 and 2"g eq 1 
and 3"g eq 5) then

N6512135s:=sub<NIN6512135s,g>;
end if; end for;

T6512135:= TransversalfN,N6512135s);
for i in [1..#T6512135] do

ss := [6,5,1,2,1,3,5]"T6512135[i];
cst[prodimfl, ts, ss)] := ss;

end for;

N6512316:=StabilizerfN651231,6);
N6512316S:=sub<N|N6512316>;
for g in N do if fS'g eq 6 and 5"g eq 2 and l~g eq 1 and 2"g eq 5 
and 3"g eq 4) then

N6512316s:=sub<N|N6512316s,g>;
end if; end for;

T6512316:= TransversalfN,N6512316s);
for i in [1..#T6512316] do

ss := [6,5,1,2,3,1,6] ~T6512316[i] ;
cst[prodimfl, ts, ss)] := ss;

end for;
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N6512632:“Stabilizer(N651263,2);
N6512632S:=sub<N|N6512632>;
for g in N do if (6"g eq 3 and 5~g eq 6 and eq 4 and 2"g eq 1
and 3"g eq 5) or (6"g eq 4 and 5~g eq 6 and l"g eq 3 and 2"g eq 1
and 3"g eq 2) or (6"g eq 5 and 5"g eq 3 and l"g eq 2 and 2"g eq 4
and 3"g eq 6) or (6"g eq 2 and 5"g eq 3 and l"g eq 5 and 2"g eq 4
and 3”g eq 1) or (6"g eq 1 and 5"g eq 5 and Yg eq 6 and 2"g eq 2
and 3"g eq 4) or (6"g eq 1 and 5~g eq 2 and l"g eq 6 and 2"g eq 5
and 3"g eq 3) or (6"g eq 3 and 5"g eq 1 and l"g eq 4 and 2~g eq 6
and 3"g eq 2) or (6"g eq 5 and 5"g eq 4 and l"g eq 2 and 2"g eq 3
and 3"g eq 1) or (6rtg eq 2 and 5"g eq 4 and l~g eq 5 and 2"g eq 3
and 3"g eq 6) or (6"g eq 4 and 5"g eq 1 and l"g eq 3 and 2~g eq 6
and 3"g eq 5) or Mg eq 6 and 5"g eq 2 and Yg eq 1 and 2"g eq 5
and 3"g eq 4) then

N6512632s:=sub<N|N6512632s,g>; 
end if; end for;

T6512632:= Transversal(N,N6512632s); 
for i in [1..#T6512632] do

ss := [6,5,1,2,6,3,2]"T6512632[i]; 
cst[prodim(l, ts, ss)] := ss;

end for;

N6512643:“Stabilizer(N651264,3);
N6512643s:=sub<NIN6512643>;
for g in N de► if (6"g eq 3 and 5"g; eq 1 and l"g eq 5 and 2"g eq 2
and 4"g eq 4 and 3"g eq 6) or Mg; eq 5 and 5"g eq 6 and l"g eq 4
and 2~g eq 2 and 4"g eq 1 and 3~g eq 3) or Mg eq 4 and 5"g eq 6
and l"g eq 5 and 2"g eq 2 and 4"g eq 3 and 3"g eq 1) or (6"g eq 6
and 5"g eq 4 and i"g eq 3 and 2"g eq 2 and 4~g eq 5 and 3"g eq :1)
or Mg eq 1 and 5~g eq 3 and l"g eq 4 and 2"g eq 2 and 4"g eq !5
and 3"g eq 6) or (6"g eq 5 and 5"g; eq 1 and l"g eq 3 and 2~g eq 2
and 4"g eq 6 and 3"g eq 4) or (6-g; eq 3 and 5"g eq 4 and l"g eq 6
and 2"g eq 2 and 4"g eq 1 and 3"g eq 5) or Mg eq 4 and 5"g eq 3
and l"g eq 1 and 2"g eq 2 and 4"g eq 6 and 3~g eq 5) or (6"g eq 1
and 5"g eq 5 and Yg eq 6 and 2~g eq 2 and 4"g eq 3 and 3"g eq 4) then

N6512643S:=sub<N[N6512643s,g>;
end if; end for;

T6512643:= Transversal(N,N6512643s); 
for i in [1..#T6512643] do

ss := [6,5,1,2,6,4,3] ~T6512643[i] ; 
cst[prodim(l, ts, ss)] := ss;
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end for;

N65162123;“Stabilizer(N6516212,3);
N65162123s:=sub<N|N65162123>;
for g in N do if (6"g eq 4 and 5"g ©q 3 and l~g eq 1 and 2"g eq 2
and 3"g eq 5) or (6"g eq 3 and 5~g eq 4 and l"g eq 6 and 2~g eq 2
and 3"g eq 5) or (6"g eq 1 and 5"g ©q 5 and l"g eq 6 and 2"g eq 2
and 3"g eq 4) or (6~g eq 3 and 5"g eq 1 and l"g eq 5 and 2"g eq 2
and 3"g eq 6) or (e-g eq 5 and 5"g eq 1 and l~g eq 3 and 2"g eq 2
and 3"g eq 4) or (6"g eq 4 and 5"g eq 6 and l"g eq 5 and 2~g eq 2
and 3"g eq 1) or (6"g eq 6 and 5"g eq 4 and l"g eq 3 and 2"g eq 2
and 3~g eq 1) or (6"g ©q 1 and 5"g eq 3 and l"g eq 4 and 2~g eq 2
and 3"g eq 6) or (6~g eq 5 and 5"g eq 6 and i"g eq 4 and 2"g eq 2
and 3"g eq 3) then

N65162123S:=sub<N|N65162123s,g>; 
end if; end for;

T65162123:= Transversal(N,N65162123s); 
for i in [1..#T65162123] do

ss ;= [6,5,1,6,2,1,2,3]"T65162123 [i]; 
cst[prodim(l, ts, ss)] := ss;

end for;

N651621232:“Stabilizer(N65162123,2);
N651621232s:=sub<N|N651621232>;
for g in N do if (6"g eq 6 and 5"g eq 4 and !"g eq 5 and 2~g eq 1
and 3"g eq 2) or (6~g eq 4 and 5"g eq 2 and rg eq 5 and 2"g eq 6
and 3"g eq 3) or (6"g ©q 6 and 5"g eq 4 and l"g eq 3 and 2~g ©q 2
and 3"g eq 1) or (6"g eq 3 and 5"g eq 4 and i"g eq 6 and 2"g eq 2
and 3~g eq 5) or (6"g eq 2 and 5"g eq 6 and i"g eq 3 and 2"g eq 5
and 3"g eq 4) or (6“g eq 5 and 5"g eq 2 and i"g eq 4 and 2"g eq 6
and 3"g eq 1) or (6"g eq 5 and 5-g eq 3 and l"g eq 1 and 2"g eq 6
and 3"g eq 4) or (G-'g eq 5 and 5"g eq 6 and l"g eq 1 and 2~g eq 3
and 3"g eq 2) then

N651621232s:=sub<N|N651621232s,g>; 
end if; end for;

T651621232:= Transversal(N,N651621232s); 
for i in [1..#T651621232] do

ss := [6,5,1,6,2,1,2,3,2]~T651621232[i] ;
cst[prodim(l, ts, ss)] := ss;

end for;
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Appendix B

Center of
2* 6:L2(5)

(y"2 *x)*t*(y*x)*t*(y* x"2 * y * x~2 * y * x * y * x~2 * y * 
x"2 )* t *( y * x"2 * y * x * y * x"2 )* t * (y * x"2 * y * x * y * x"2 *
y * x~2 )*  t * (y ♦ x"2 * y * x * y * x~2 * y * x~2 *y*x*y*x*y*
X~2 * y * x * y * x"2 )* t * (y * x~2 * y * x * y * x"2 * y * x"2 * y *
x*y*x*y* x"2 )* t *( y * x"2 * y * x * y * x"2 * y * x',2 * y * x
*y*x*y*x*y*  x"2) * t * (y * x"2 * y"-l )*  t"-l *(  x"-2 * y"-l)
* t"-l *(  y~-l * x * y^-l) * t“-l * (y~-l )*  t"-l *(  x"-l * y"2 * x"-2
* y"-l * x"-2 * y"-l * x"-2 * y"-l * x~-l * y"-l * x~-2 * yn-l )*  t"-l 
*( x"-2 * y-'-l * x"-l * y"-l * x"-2 * y"-l * x"-l * y"-l * x"-l * y"-l
* x~-2 * y"-l * x~-2 * y“-l * x"-l * y"-l * x"-2 * y”-l) * t"”l * (x"-2
* y"-l * x"-2 * y"-l * x"-l * y"-l * x"-2 * y^-l) * t"-l * (x"-2 * y"-l
* x*-l  * y"“l * x"-2 * y"-l )*  t“-l * (x"-2 * y"-l * x~-2 * y"-l * x"-l
* y"-l * x"-2 * y"-l * x"-2 * y"-l )*  t"-l *(  x"-l * y^-l )*  t"-l *
(x~-l * y"-3 * t ♦ y"3 * x )*  t * (y * x )*  t * (y * x"2 * y * x~2 * y
* x * y * x"2 * y * x"2) * t * (y * x"2 * y * x * y * x"2 )*  t * (y *
x"2 * y * x * y * x"2 * y * x"2) * t * (y * x"2 * y * x * y * x~2 *
y * x~2 *y*x*y*x*y*  x"2 * y * x * y * x"2 )*  t * (y * x~2 *
y * x * y * x"2 * y * x"2 * y * x)
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Appendix C

MAGMA Code for Construction
of M12

G<x,y,t>:=Group<x,y,t|x"5,y"3, (y*x)''2,t"2,  (t,x) , (t"(y*x"2)  , 
x*y)  , (x+t~y) ~8, (y*t)' ‘8, (t~ (y+x~4) *t"  (y"2)) "3,y'-l+t" (y*x"2)*  
t" (y*x"4)  *t  "y+t" (y*x"2)  *t*t"y*t*t'*  (y*x"3)  *t> ;

S6:=Sym(6);
xx:=S6!(5,1,2,3,4);
yy:=S6!(6,5,1)(2,4,3);
N:=sub<S6Ixx,yy>;
Order(N);

f ,GI, k:=CosetAction(G,sub<GIx,y>);

R: = [Id(Gl) : i in [1. .6]] ;
R[6] :=f (t) ;
R[5] :=f (t"y) ;
R[l] :=f (t’'(y''2));
R[2] :=f(t"(y*x"2)) ;
R[3] :=f (t~ (y*x"3)  ) ;
R[4]:=f(t"(y*x-4));

ts := R;
cst := [null : i in [1 . . 3168]] where null is [IntegersO I ]; 
for i := 1 to 6 do
prodim : = function(pt, Q, I)
v := pt;
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for i in I do
v := v"(Q [i]);

end for;
return v;
end function;
end for;

N6:=Stabiliser(N,6);
T6:“Transversal(N,N6);
for i in [l..#T6] do

ss := [6]"T6[i];
cst[prodim(1, ts, ss)] := ss;

end for;

N65:“Stabilizer(N6,5);
T65:“Transversal(N,N65);
for i in [1..#T65] do

ss := [6,5]"T65[i] ; 
cst[prodim(l, ts, ss)] := ss; 

end for;

N656:“Stabilizer(N65,6);
for g in N do if (6'g eq 5 and 5"g eq 6) then 
N656s:=sub<N|N656,g>;
end if; end for;

T656:“Transversal(N,N656s);
for i in [1..ST656] do

ss := [6,5,6] "T656[i] ; 
cst[prodim(l, ts, ss)] := ss; 
end for;

N651:“Stabilizer(N65,1);
T651:“Transversal(N,N651);
for i in [l..#T651] do

ss := [6,5,1] "T651 [i] ;
cst[prodim(1, ts, ss)] := ss;

end for;

N652:“Stabilizer(N65,2);
T652:“Transversal(N,N652);
for i in [l..#T652] do

ss := [6,5,2] "T652[i] ; 
cst[prodim(l, ts, ss)] := ss;
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end for;

N6561:“Stabiliser(N656,1);
for g in N do if (6"g eq 5 and 5"g eq 6 and l"g eq 1) then 
N6561s:=sub<NIN6561,g>;

end if; end for;

T6561:“Transversal(N,N656Is);
for i in [1..#T6561] do

ss := [6,5,6,irT6561[i] ;
cst [prodim(l, ts, ss)] := ss;

end for;

N6562:“Stabiliser(N656,2);
for g in N do if (6~g eq 5 and 5"g eq 6 and 2"g eq 2) then 
N6562s:=sub<N|N6562,g>;

end if; end for;

T6562:“Transversal(N,N6562s);
for i in [1..#T6562] do

ss := [6,5,6,2]"T6562[i];
cst[prodim(l, ts, ss)] : = ss;

end for;

N6512:“Stabiliser(N651,2);
T6512:“Transversal(N,N6512);
for i in [1..#T6512] do

ss := [6,5,1,2] "T6512 [i] ;
cst [prodim(l, ts, ss)] := ss;

end for;

N6513:“Stabiliser(N651,3);
for g in N do if (6~g eq 1 and 5"g eq 5 and l"g eq 6
and 3~g eq 4) then

N6513s:=sub<NIN6513,g>;
end if; end for;

T6513:“Transversal(N,N6513s);
for i in [l..#T6513] do

ss := [6,5,1,3] "T6513[i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N6514:“Stabiliser(N651,4);
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T6514:=TransversalfN,N6514);
for i in [1..#T6514] do

ss := [6,5,1,4]"T6514[i];
cst [prodimfl, ts, ss)] := ss;

end for;

N6515:=StabiliserfN651,5);
for g in N do if (6"g eq 6 and 5"g eq 1 and l"g eq 5) then 

N6515s:=sub<N1N6515,g>;
end if; end for;

T6515:=Transversal(N,N6515s);
for i in [1..#T6515] do

ss := [6,5,1,5] "T6515[i] ;
cst[prodimfl, ts, ss)] := ss;

end for;

N6516:=Stabiliser(N651,6);
for g in N do if eq 5 and 5"g eq 6 and l"g eq 1) then

N6516s:=sub<NIN6516,g>;
end if; end for;

T6516:=TransversalfN,N6516s) ;
for i in [1..#T6516] do

ss := [6,5,1,6] *T6516[i] ;
cst [prodimfl, ts, ss)] := ss;

end for;

N6521:=StabiliserfN652,1);
for g in N do if fS^g eq 2 and 5"g eq 5 and 2~g eq 6
and l"g eq 3) then

N6521S:=sub<NIN6521,g>;
end if; end for;

T6521:=TransversalfN,N6521s);
for i in [l..#T6521] do

ss := [6,5,2,1] "T6521 [i] ;
cst[prodimfl, ts, ss)] := ss;

end for;

N6523:=StabiliserfN652,3);
T6523:=TransversalfN,N6523);
for i in [1..#T6523] do

ss := [6,5,2,3] *T6523[i]  ;
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cst[prodim(l, ts, ss)] : = ss;
end for;

N6524:“Stabiliser(N652,4);
T6524:“Transversal(N,N6524); 
for i in [l..#T6524] do

ss := [6,5,2,4]"T6524[i];
cst [prodim(l, ts, ss)] := ss;

end for;

N6525:“Stabiliser(N652,5);
for g in N do if (6"g eq 6 and 5"g eq 2 and 2"g eq 5) then 

N6525s:=sub<NIN6525,g>;
end if; end for;

T6525:“Transversal(N,N6525s);
for i in [l..#T6525] do

ss := [6,5,2,5] "T6525[i];
cst[prodim(l, ts, ss)] := ss;

end for;

N6526:“Stabiliser(N652,6);
for g in N do if (6"g eq 5 and 5"g eq 6 and 2~g eq 2) then 

N6526s:=sub<N|N6526,g>;
end if; end for;

T6526:“Transversal(N,N6526s);
for i in [1.,#T6526] do

ss := [6,5,2,6] "T6526 [i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N65614:“Stabiliser(N6561,4);
for g in N do if (G^g eq 5 and 5~g eq 6 and l"g eq 1 
and 4'g eq 4) then

N65614s:=sub<NIN65614,g>;
end if; end for;

T65614:“Transversal(N,N65614s);
for i in [1..#T65614] do

ss := [6,5,6,1,4]/'T65614[i] ;
cst [prodim(l, ts, ss)] := ss;

end for;
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N65612:=Stabiliser(N6561,2);
T65612:“Transversal(N,N65612);
for i in [l..#T65612] do

ss := [6,5,6,1,2] *T65612[i]  ;
cst [prodimQ, ts, ss)] := ss;

end for;

N65615:“Stabiliser(N6561,5);
for g in N do if (6"g eq 5 and 5"g eq 6 and l"g eq 1 

N65615s:=sub<N1N65615,g>;
end if; end for;

T65615:“Transversal(N,N65615s);
N65615:“Stabiliser(N6561,5);
N65623:“Stabiliser(N6562,3);
for g in N do if (6"g eq 5 and 5*g  eq 6 and 2*g  eq 2
and 3"g eq 3) then

N65623s:=sub<NIN65623,g>;
end if; end for;

T65623:“Transversal(N,N65623s);
for i in [1..#T65623] do

ss := [6,5,6,2,3]"T65623 [i];
cst[prodim(l, ts, ss)] := ss;

end for;

N65621:“Stabiliser(N6562,1);
T65621:“Transversal(N,N65621);
for i in [1..#T65621] do

ss := [6,5,6,2,1]"T65621 [i];
cst[prodim(l, ts, ss)J := ss;

end for;

N65121:“Stabiliser(N6512,1);
T65121:“Transversal(N,N65121);
for i in [l..#T65121] do

ss := [6,5,1,2,1]"T65121 [i];
cst[prodim(l, ts, ss)] := ss;

end for;

N65123:“Stabiliser(N6512,3);
for g in N do if (6"g eq 6 and 5*g  eq 2 and l"g eq 1 
and 2"g eq 5 and 3"g eq 4) then

N65123S:=sub<NIN65123,g>;

then
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end if; end for;

T65123:“Transversal(N,N65123s);
for i in [l..#T65123] do

ss := [6,5,1,2,3] ^65123[i] ;
cst[prodim(1, ts, ss)] := ss;

end for;

N65124:“Stabiliser(N6512,4);
for g in N do if (6"g eq 2 and 5"g eq 4 and l'g eq 1 
and 2"g eq 6 and 4~g eq 5) then

N65124s:=sub<NIN65124,g>;
end if; end for;

T65124:“Transversal(N,N65124s);
for i in [l..#T65124] do

ss := [6,5,1,2,4]'‘T65124[i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N65125:“Stabiliser(N6512,5);
for g in N do if (6"g eq 3 and 5~g eq 1 and l"g eq 5 
and 2"g eq 2) then

N65125S:=sub<NIN65125,g>;
end if; end for;

T65125:“Transversal(N,N65125s);
for i in [l..#T65125] do

ss := [6,5,1,2,5]"T65125[i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N65126:“Stabiliser(N6512,6);
T65126:“Transversal(N,N65126);
for i in [l.,#T65126] do

ss := [6,5,1,2,6]''T65126[i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N65231:“Stabiliser(N6523,1);
for g in N do if (6"g eq 2 and 5"g eq 5 and 2"g eq 6 
and 3"g eq 1 and l"g eq 3) then

N65231S:=sub<NIN65231,g>;
end if; end for;
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T65231:=TransversalCN,N65231s);
N65232:“Stabiliser(N6523,2);
for g in N do if (6"g eq 6 and 5"g eq 5 and 2"g eq 3 
and 3"g eq 2) then

N65232s:=sub<NIN65232,g>;
end if; end for;

T65232:“TransversalCN,N65232s);
for i in [1..#T65232] do

ss := [6,5,2,3,2] "T65232[i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N65234:“StabiliserCN6523,4);
T65234:“TransversalCN,N65234);
for i in [l..#T65234] do

ss := [6,5,2,3,4]"T65234[i];
cst[prodimCl, ts, ss)] := ss;

end for;

N65235:“Stabiliser(N6523,5);
for i in [1.,#T65235] do

ss := [6,5,2,3,5]''T65235[i] ;
cst[prodimCl, ts, ss)] := ss;

end for;

N65214:“StabiliserCN6521,4);
for g in N do if (6"g eq 2 and 5"g eq 5 and 2"g eq 6 
and l"g eq 3 and 4"g eq 4) then

N65214s:=sub<N]N65214,g>;
end if; end for;

T65214:“TransversalCN,N65214s);
for i in [1..#T65214] do

ss := [6,5,2,1,4] "T65214[i] ;
cst[prodimCl, ts, ss)] := ss;

end for;

N65242:“StabiliserCN6524,2);
T65242:“TransversalCN,N65242);
for i in [l..#T65242] do

ss := [6,5,2,4,2] "T65242[i] ;
cst [prodimCl, ts, ss)] := ss;
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end for;

N65243:-Stabiliser(N6524,3);
for g in N do if (6"g eq 4 and 5"g eq 3 and 2"g eq 2 
and 4"g eq 6 and 3~g eq 5) then

N65243s:=sub<N1N65243,g>;
end if; end for;

T65243:“Transversal(N,N65243s);
for i in [l..#T65243] do

ss :“ [6,5,2,4,3]"T65243[i];
cst[prodim(l, ts, ss)] : = ss;

end for;

N65245:-Stabiliser(N6524,5);
for g in N do if (6"g eq 1 and 5"g eq 2 and 2~g eq 5 
and 4"g eq 4) then

N65245s:=sub<NIN65245,g>;
end if; end for;

T65245:“Transversal(N,N65245s);
for i in [l..#T65245] do

ss := [6,5,2,4,5]"T65245[i];
cst [prodimd, ts, ss)] := ss;

end for;

N65246:“Stabiliser(N6524,6);
T65246:“Transversal(N,N65246);
for i in [1..&T65246] do

ss := [6,5,2,4,6]"T65246[i] ;
cst[prodimd, ts, ss)] := ss;

end for;

N65141:“Stabiliser(N6514,1);
for g in N do if (6'g eq 6 and 5"g eq 5 and l~g eq 4
and 4"g eq 1) then

N65141S:=sub<N|N65141,g>;
end if; end for;

T65141:“Transversal(N,N65141s);
for i in [1,. #T65141] do

ss := [6,5,1,4,1] "T65141 [i] ;
cst [prodimd, ts, ss)] := ss;

end for;
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N65156:“StabiliserfN6515,6);
N65156s:“sub<N|N65156>;
for g in N do if ff6"g eq 6 and 5"g eq 1 and l~g eq 5) or
(6~g eq 5 and 5"g eq 6 and l"g eq 1) or (6"g eq 5 and 5"g eq 1
and l^g eq 6) or (6"g eq 1 and 5~g eq 6 and l"g eq 5) or
(6"g eq 1 and 5"g eq 5 and l"g eq 6)) then

N65156s:=sub<NIN65156s,g>;
end if; end for;

T65156:“TransversalfN,N65156s);
for i in [l..#T65156] do

ss : = [6,5,1,5,6]"T65156[i];
cst[prodimfl, ts, ss)] := ss;

end for;

N65256:=Stabiliser fN6525,6);
N65256s:=sub<NIN65256>;
for g in N do if (C6”g eq 6 and 5~g eq 2 and 2~g eq 5)
or f6"g eq 5 and 5"g eq 6 and 2"g eq 2) or (6~g eq 5 and
5"g eq 2 and 2~g eq 6) or f6"g eq 2 and 5"g eq 6 and 2~g eq 5)
or f6"g eq 2 and 5~g eq 5 and 2"g eq 6)) then

N65256S:=sub<N|N65256s,g>;
end if; end for;

T65256:“TransversalfN,N65256s);
for i in [l..#T65256] do

ss [6,5,2,5,6]"T65256[i];
cst[prodimfl, ts, ss)] := ss;

end for;

N65161:“StabiliserfN6516,1);
N65161S:=sub<N|N65161>;
for g in N do if f6"g eq 5 and 5"g eq 6 and l"g eq 1) then 

N65161s:=sub<N|N65161s,g>;
end if; end for;

T65161:“Transversal(N,N65161s);
for i in [l..#T65256] do

ss := [6,5,2,5,6]"T65256[i];
cst[prodimfl, ts, ss)] ;= ss;

end for;

N656212:“Stabiliser(N65621,2);
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T656212:-Transversal(N,N656212);
for i in [1.,#T656212] do

ss := [6,5,6,2,1,2]"T656212[i];
cst[prodim(l, ts, ss)] := ss;

end for;

N656214:-Stabiliser(N65621,4);
N656214s:=sub<N1N656214>;
for g in N do if (6"g eq 3 and 5"g eq 2 and 2"g eq 4 and 
l"g eq 6 and 4”g eq 5) or (6"g eq 1 and 5"g eq 4 and 2"g eq 5 
and Tg eq 3 and 4"g eq 2) then

N656214s:=sub<NIN656214s,g>;
end if; end for;

T656214:-Transversal(N,N656214s);
for i in [1..#T656214] do

ss := [6,5,6,2,1,4] "T656214[i] ;
cst [prodimd, ts, ss)] := ss;

end for;

N656232:=Stabiliser(N65623,2);
N656232s:=sub<NIN656232>;
for g in N do if (6"g eq 6 and 5"g eq 5 and 2"g eq 3 and 3"g eq 2) 
or (G^g eq 5 and 5"g eq 6 and 2"g eq 3 and 3"g eq 2) or (6"g eq 5
and 5~g eq 6 and 2"g eq 2 and 3"g eq 3) or (6"g eq 4 and 5~g eq 1
and 2”g eq 6 and 3"g eq 5) or (6"g eq 4 and 5"g eq 1 and 2"g eq 5
and 3"g eq 6) or (6"g eq 3 and 5"g eq 2 and 2"g eq 1 and 3"g eq 4) 
or (6"g eq 3 and 5"g eq 2 and 2"g eq 4 and 3"g eq 1) or (6~g eq 2
and 5~g eq 3 and 2~g eq 1 and 3"g eq 4) or (6~g eq 2 and 5"g eq 3
and 2"g eq 4 and 3"g eq 1) or (6"g eq 1 and 5"g eq 4 and 2~g eq 5 
and 3"g eq 6) or (6"g eq 1 and 5"g eq 4 and 2~g eq 6 and 3"g eq 5) then 

N656232s:=sub<N|N656232s,g>;
end if; end for;

T656232:-Transversal(N,N656232s);
for i in [1..#T656232] do

ss := [6,5,6,2,3,2]'"T656232 [i] ;
cst[prodim(l, ts, ss)] : = ss;

end for;

N656141:=Stabiliser(N65614,l) ;
N656141S:=sub<NIN656141>;
for g in N do if (6"g eq 6 and 5"g eq 5 and Tg eq 4 and 4"g eq 1) 
or (6"g eq 5 and 5"g eq 6 and Tg eq 4 and 4"g eq 1) or (G^g eq 5
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N656141s:=sub<N|N656141s,g>;

and 5"g eq 6 and l"g eq 1 and 4'*g  eq 4) or Mg eq 4 and 5"g eq 1
and l"g eq 2 and 4"g eq 3) or Mg eq 4 and 5"g eq 1 and l~g eq 3
and 4"g eq 2) or (6~g eq 3 and 5"g eq 2 and l"g eq 5 and 4"g eq 6)
or Mg eq 3 and 5"g eq 2 and l"g eq 6 ;and 4"g eq 5) or (6"g eq 2
and 5"g eq 3 and l"g eq 5 and 4"g eq 6) or Mg eq 2 and 5"g eq 3
and l"g eq 6 and 4~g eq 5) or Mg eq 1 and 5'g eq 4 and l"g eq 2
and 4"g eq 3) or Mg eq[ 1 and 5'g eq 4 and l"g eq 3 and 4~g eq 2) then

end if; end for;

T656141:“Transversal(N,N656141s);
for i in [1..#T656141] do

ss := [6,5,6,1,4,1]"T656141[i];
cst [prodimCl, ts, ss)] : = ss;

end for;

N656123:“Stabiliser(N65612,3);
N656123s:=sub<NIN656123>;
for g in N do if Mg eq 1 and 5"g eq 4 and l"g eq 3 and
2"g eq 5 and 3"g eq 6) or (Mg eq 3 and 5"g eq 2 and l~g eq 6 
and 2"g eq 4 and 3"g eq 1) then

N656123s:=sub<NIN656123s,g>;
end if; end for;

T656123:“Transversal(N,N656123s);
for i in [1..#T656123] do

ss := [6,5,6,1,2,3] "T656123[i] ;
cst[prodim(l, ts, ss)] := ss;

end for;

N651215:“Stabiliser(N65121,5);
N651215S:=sub<NIN651215>;
for g in N do if (6"g eq 3 and 5"g eq 1 and l"g eq 5 and
2"g eq 2) then

N651215s:=sub<N|N651215s,g>;
end if; end for;

T651215:“Transversal(N,N651215s);
for i in [1..#T651215] do

ss := [6,5,1,2,1,5] "T651215 [i] ;
cst [prodim(l, ts, ss)] := ss;

end for;

N651243:=Stabiliser(N65124,3);
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N651243s:=sub<N1N651243>;
for g in N do if (6~g eq 6 and 5"g eq 2 and l"g eq 1 and
2~g eq 51 and 4~S eq 31 and 3"g eq 4) or (Kg eq 5 and 5"g eq 3
and l"g eq 6 and 2"g eq 5 and 4"g eq 2 and 3"g eq 4) or (6"g eq 5
and 5~g eq 6 and 1-g eq 1 and 2"g eq 3 and 4"g eq 4 and 3"g eq 2)
or (6"g ©q 4 and 5"g eq 2 and l"g eq 1 and 2"g eq 3 and 4"g eq 5
and 3"g eq 6) then

N651243s:=sub<N|N651243S,g>; 
end if; end for;

T651243:“Transversal(N,N651243s); 
for i in [1..#T651243] do

ss := [6,5,1,2,4,31 "T651243[i];
cst[prodimd, ts, ss)] := ss;

end for;

N652325:“Stabiliser(N65232,5);
N652325s:=sub<NIN652325>;
for g in N do if (6"g eq 6 and 5"g eq 5 and 2"'g eq 3 
and 3"g eq 2) then

N652325s:=sub<N|N652325s,g>;
end if; end for;

T652325:“Transversal(N,N652325s);
for i in [1..#T652325] do

ss := [6,5,2,3,2,5] ~T652325[i] ;
cst [prodimd, ts, ss)] := ss;

end for;

N652431:=Stabiliser(N65243,l);
N652431S:=sub<N|N652431>;
for g in N dei if (6~g eq 6 and 5"g; eq 4 and 2"g eq 2 and
4"S eq 5 and 3"g eq 1 and Kg eq 3;) or (6"g eq 5 and
5~g eq 1 and 2"g eq 2 and 4"g eq 6: and 3"g eq 4 and l"g eq 3)
or (6-g eq 5 and 5"g eq 6 and 2"g eq 2 and 4"g eq 1 ;and
3"g eq 3 and Kg eq 4) or (6"g eq 4 and 5"g eq 3 and 2"g eq 2
and Kg eq 6 and 3"g eq 5 and Kg eq 1) or (6"g eq 4 and 5"g eq 6
and 2"g eq 2 and 4"g eq 3 and 3"g eq 1 and Kg eq 5) then

N652431S:=sub<NIN652431s,g>; 
end if; end for;

T652431:“Transversal(N,N652431s); 
for i in [1..#T652431] do

ss := [6,5,2,4,3,1] "T652431 [i] ;
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cst[prodimCl, ts, ss)] := ss; 
end for;

N651254:“StabiliserCN65125,4);
N651254S:=sub<NIN651254>;

T651254:“TransversalCN,N651254s); 
for i in [1..#T651254] do

ss := [6,5,1,2,5,4] ~T651254[i] ; 
cst[prodimCl, ts, ss)] := ss; 

end for;
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