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ABSTRACT

The main purpose of this thesis is to construct finite groups as homomorphic
images of infinite semi-direct products, 2*™ : N, where 2*® is a free product of n copies of
the cyclic group C; extended by N, a group of permutations on n letters. We constructed
several finite homomorphic images of the semi-direct products 2* : Sy, 3*° : S5, and 2*8 :
Ly(5). In particular, we constructed Sz, 2 x S5, S7, S7 % 3, 2 x M2, and Mj2. Moreover,
every element of M3, usually written on 12 letters, can be expressed as permutations of
L5(5) on six letters followed by a word in terms of the 6 symmetric generators of length

at most 6.
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Chapter 1

Introduction

The two general methods for working with groups, permutations and matrices,
are inconvenient or unmanageable for large finite groups and in particular for the larger
sporadic groups, for example for the Monster group, the least degree of a matrix represen-
tation is 196881 and it takes n® operations to multiply two matrices of dimension n and the
least degree of any permutation representation is 10%?, Matrix multiplication for matrices
of large size is very time-consuming and, although MAGMA ([C105]), and other group
theory packages, handle permutations of reasonably large size quite efficiently, recording
and transmitting elements is inconvenient. The main purpose of this paper is to give an
alternative and more efficient method for working with groups. Double coset enumera-
tion can be performed on groups that possess generating sets of involutions. Curtis has
constructed several sporadic groups by manual double coset enumeration; for references
see [CHBY96], [CH96] and [Cur07]. Now any finite group generated by a conjugacy class
of involutions, and hence all finite non-abelian simple groups have symmetric generating
sets of involutions (see [Bra97}). It is this technique of double coset enumeration that

allows us to write elements in a much more concise manner.

1.1 Symmetric Generation of a Group

Let G be a group and
T = {tl,tg,...,tn} C G,

then we define



T: {TI:T‘Z:" '1Tﬂ}$

where T; = (&), the cyclic subgroup generated by t;; we further define N = Ng(T’), the
set normalizer in G of T.

If the following two conditions hold:
(i) G= (T, and
(ii) N permutes T transitively, not necessarily faithfully,

then, following Curtis and Hasan [CH96|, we say that T is a symmetric generating set for
G . In these circumstances we call N the control subgroup. Note that (i) and (ii) imply

that GG is a homomorphic image of the (infinite) progenitor
m*™: N,

where m*™® represents a free product of n copies of the cyclic group C, m being the order
of t;, and IV is a group of automorphisms of m*” which permutes the n cyclic subgroups

by conjugation. Thus, for # € N, we have
t =17,

where r is an integer coprime to m. Of course, if m = 2 then N will simply act by
conjugation as permutations of the n. involutory symmetric generators. Now, since above
elements of IV can be gathered on the left, every element of the progenitor can be rep-
resented as mw, where 7 € N and w is a word in the symmetric generators. Indeed this
representation is unique provided w is simplified so that adjacent symmetric generators
are distinct. Thus any additional relator by which we must factor the progenitor to obtain

G must have the form
'JT'LU(tl, t?: 3 t‘n):

where 7 € N and w is a word in T, In the next section we describe how a particular

factor group
m™ . N
mwy, .., MWy

may be identifted.



1.2 Manual Double Coset Enumeration

We seek homomorphic images of the progenitor
27 . N,

(where IV is now a transitive permutation group on n letters), which act faithfully on N
and on the generators of the free product. 1t is convenient to identify the n free generators

and N with their respective images. Thus

2N 2 -
m = (N,T | t,- = l,ti = ,r(i),vrl'wl = .= TMgWg = 1),
where @ € N,t; € T. Following [Cur07] we are allowing 7 to stand for the symmetric
generator £; in expressions such as the above relation. By a slight abuse of notation we

also allow % to denote the coset Ni;, 4j the coset Ni;t; etc., and we write, for instance,
ij ~ k to mean Ni;t; = Ni.
Writing 45 = k would be the much stronger statement that t;¢; = . Now since
LT = Ty,

(or im = wi™ as we shall more commonly write), the permutations involved in any element
of G can be gathered on the left. Thus any element of G can be written as a permutation
belonging to N followed by a word in the symmetric generators. Indeed, as mentioned in
the last section, in the case of the progenitor itself this representation is unique provided
the obvious cancellations are performed. Thus, if NgiV is a double coset of N in G, we

have

NgN = NmwN = NwN,

where ¢ = mw € G, with m € NV, and w is a word in the ¢;. We denote this double coset
by fw}, e.g. [01] denotes the double coset NtotiN. The double coset NeN = N, where ¢

is the identity element, is denoted by [x]. Furthermore we define
Ni= Cn(t:); N¥Y = Cn({ti, t;)) ete, .

single point and two point stabilizers in N respectively. The coset stabilizing subgroup,
N®)_ of N is given by,
N® = {x & N : Nwr = Nuw},



for w a word in the symmetric generators. Clearly N* < N and the number of cosets

in the double coset [w] = NwN is given by | N | / | N®) |, since

Nuwm # Nwr, <= Nwmm ! # Nw
= mymy? ¢N(“’)
— N®gr~l £ N
= N@g £ Ny,

In order to obtain the index of N in G we shall perform a manual double coset
enumeration of G' over N; thus we must find all double cosets [w] and work out how
many single cosets each of them contains. We shall know that we have completed the
double coset enumeration when the set of right cosets obtained is closed under right
multiplication. Moreover, the completion test above is best performed by obtaining the
orbits of N on the symmetric generators. We need only identify, for each [w], the
double coset to which Nwt; belongs for one symmetric generator t; from each orbit, We
will decompose the image G into double cosets NglN, where g € 2*” : N and find a set
{#1,92,...} of elements of G such that

G=NuNUNgNU....

But for each %, we have g; = mw;, where n; € N and w; is a word in the ¢;, and so the

double coset deomposition simplifies to

G=NUNwNUNwsNU...,

where w; is chosen to be the identity. When the set of relations by which we are factoring
is empty this gives the double coset decomposttion of the progenitor 2** : N, and in this
case there are infinitely many double cosets corresponding to the orbits of N on the
ordered k-tuples of the letters of Q = {ti,...,%,} which have no adjacent repetitions,
where k e N={1,2,...}.

We used the technique described above to construct several finite groups. We
constructed the group Ss, the symmetric group of degree 5, in Chapter 2, the group 2x Ss
in Chapter 3, the group Sy, the symmetric group of degree 7, in Chapter 4, the group
S7 x 3 in Chapter 5, the group 2 x M3 in Chapter 6, and the group Mis, the second
largest of the Mathieu sporadic groups, in Chapter 7.



Chapter 2

Construction of Sj

Consider the progenitor
2% 1 8y 2 {z,y, t|zt = % = (ay)® = 1 = [y, 1] = [t7,y]}, where
z~ (0,1,2,3),
y~(2,3), and
t~ to.

From [CHB96] we find the following relations:
1. [(0,1,2,3)ta]® = [(0,1,2,3)to]° = 1
2. [(0,1,2)t0]* = [(0,1,2)t0]* = 1

3. [0, 1)(2, 3)t0]° = [(0, 1)(2, 3)to]® = 1

=9

- 10, Dtol = [(0, 1)t = 1

[$)]

- [0, Dtgta]® = [(0, 1)tot2]* =1

Based on a computer, it is known, see [CHB96], that the progenitor 2*4 : S,
factored by relations (1) through (5), although relation (1)} suffices, is isomorpic to Ss.
We will construct by hand Sy using the technique of manual double coset enumeration of

G e 2*4:8

TiznmeE over S4.

Expanding relation (4) gives us:

(4) [(0,1)0)* = 1



(0, 1)t0(0, 1)t0(0, 1)t = 1
(0,130, Oy = 1
(0, 1totito = 1

(0, )to = toty (4)

. “A.
We now perform the manual double coset enumeration of G = (0% 2.3.?)to over

S4 over S4.

We start with the double coset representative word of length zero, NeN = N,
denoted [x].

. Next we consider the double coset with word length one. Since N is transitive
on {} = {0, 1,2,3}, NtogN = {Nto"‘|n € N} = {Ntg, Nt1, Nt2, Nt3} denoted [01.

Now we determine for [0] to which coset Ntgt; belongs for one ¢; from each orbit
of N® one 2. Since N° = {n € Nto” = to} = {e, (1,2), (1,3),(2,3), (1,2,3),(1,3,2)} =

{(2,3),(1,2,3)) = S5, N = S3 has orbits {0}, {1,2,3}, on Q.

First let’s consider ty, Nigto = VN € NeN since g is of order 2, so the generator

to from the 1 orbit takes (0] back to a right coset in [«].

Next let’s consider ¢, a representative from the orbit {1,2,3}, Ntgt; = N(0, 1)t
= Nty € NtgN = [0] (from relation 4). So the generator ¢; a representative from the
3-orbit takes [01] back to a single coset in [0].

Our double coset enumeration must be complete since the set of right cosets is

closed under right multiplication by the symmetric generators.

Thus we have the Cayley diagram that is shown in Figure 2.1.
The maximum possible index of ¥ in G 2 I(TZ;‘::%‘E]—E is ]l%ll -} I—Al%l)—l =144=05.
Thus |G| < 5 x [N]| = 5 x 24 = 120. In order to show |G| = 120, we consider G as a

subgroup of S5 acting on five symbols that we have found, and label as follows:

1. N

2. Nt
3. Ny
4. Nig
5. Nt



[*] [0]

Figure 2.1: Cayley Diagram of Ss over Sy

For this purpose we compute the action of the control group N as well as the

action of ty, t1, Lo, and t3 on the five cosets. These permutations are as follows:
to:(1,2) t:(1,3) t2:(1,4) t3:(1,5)
x:(2,3,4,5) y:(4,5)

It readily checks that the order of {(z,y,1t), a subgroup of the symmetric group
Sy acting on the five right cosets of N in G, is 120. Since the order of zy is three,
N = (z,y) = Y4 and tp has exactly four conjugates under conjugation by N, we conclude

that {z,y,t) is a homomorphic image of the progenitor 2*4 : 5.

Thus if the original five relations hold in {x,¥,t), then {z,y,t) is a homomorphic

image of G and this will give |G} > |{z,y,t}| = 120.

Verify relation (1) totstot;to = (0,3,2,1) by conjugating the four symmetric
generators by tgtststfy. By multiplying the permutations listed above, we find tgtatat tg

= (2,5,4,3). Thus when we conjugate g, 1, {2, and t3 by totatat |ty we obtain:
tlt]otstzhto =13 otatatato — to

t!éotatzhto — [_1 téoishhto — t2
So totstat ity acts as the permutation (0, 3,2,1).

Verify relation (2) totatito = (0,2,1) by conjugating the four symmetric gener-

ators.

tf)otzllto =1 tllotzhto =g

folotqt plotatyt
t202]0=t1 f,302]0=‘[,3

So tptatitg acts as the permutation (0,2, 1).



Verify relation (3) ¢1tot1tot1to = 1 by conjugating the generators.
tt1tot1tot1to =t thitotatotato t
o o Ltotstotate _ o
tgltohtoh 0 =¢, t31 ofitofato — 4,
So titet tot1to acts as the identity.

Verify relation (4) tot12p = (0,1) by conjugating the generators.
ttohtu =t ttohtu =
) =% 1 =0
t;ﬂh to —_ t2 téotlto — t3

So tpt1ty acts as the permutation (0,1).

Verify relation (5) titatotatitototz =1 by conjugating the generators.

tatot
tt1t2t0t2t1202_t0 tt1t2t0t2tlt2t0t2_t
t12021202_t2 t12021202_t3

So titatatotitotols acts as the identity.

Thus G/ker¢ = (z,y,t) and |G| = |(z,y,t)| = 120. As shown earlier, |G| < 120.
Hence |G| = 120.

Moreover, a = (1,3,5,4,2) and b = (1,2) are in G with S5 = {(a,b) since

Ss =2 {a,bla5,b?, (ab)?, (a1ab)?, (a~?%ba?b)?}. So {a,b) < G, but |{a,b)| = |G|, therefore
G = {a,b) = S5.



Chapter 3

Construction of 2 x S5

Consider the progenitor

2% 9x 22 (z,y, t)et = 2 = (zy)® = 1 = [y,1] = [t%,9]), where

T~ (0,1,2,3),
v~ (2,3), and
i~ 1.

From [CHB96] we find the following relations:

—

- [(0,1,2,3)t0)* = [(0,1,2,3)t0] 0 = 1

V]

- [(0,1,2)0]® = [(0,1,2)t0]* = 1

3. [(0,1)(2,3)t0)¢ = [(0,1)(2,3)t0]® = 1

-

- (0, Dol = [(0,1)2) =1

o

100, Dtotal* = [(0, Dtotalt = 1

Based on a computer, it is known, see [CHB96], that the progenitor 2*4 : S,
factored by relations (1) through (5), although relation (2) suffices, is isomorphic to 2x Ss.

We will construct by hand 2 x Ss using the technique of manual double coset enumeration

o~ "l:S
of G & IGZTQW over Sy.

Expanding relations (2) and (3) gives us:

(2) 1(0,1,2)t0)" = 1
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(0,1, 2)t0(0,1, 2)p(0,1,2)20(0, 1,2)t0 = 1
(0,1, 2)4to(o'l'2)3t0(°’1'2)2t0(°z1’2)t0 =1
(0,1, 2)totats1to = 1
(0,1, 2)tots = tot; (2)
(3) (0, 1)(2, 3)tol® = 1
(0,1)(2,3)t0(0, 1)(2, 3)t5(0, 1)(2, 3)0(0, 1)(2, 3)to(0, 1)(2, 3)t0(0,1)(2, 3)to = 1
[(0,1)(2, 3)]5,:0[(0:1)(2,3)]5 tD[(U.l)(Zﬁ)]“tO[(0.1)(2,3)]31;01(0,1)(2.3)]27:0[(0,1)(2;3)1 tg=1
Hitoti1totilp =1
titotito = toty
titots = totito (3)

. wd,
We now perform the manual double coset enumeration of G = Ko%—z"%“a; over Sy

We start with the double coset representative word of length zero, NeN = N,
denoted [*].

Next we consider the double coset with word length one. Since N is transitive
on 2= {0,1,2,3}, Nto/N = {Ntg*|n € N} = {Nto, Nt1, Nta, Nt3} denoted [0].

Now we determine for [0] to which coset Nigt; belongs for one t; from each orbit
of N% on Q. SinceN? = {n € N|ty"* = to} = {e,(1,2),(1,3),(2,3),(1,2,3),(1,3,2)} =

<(2a 3)! (1! 21 3)) = SS
N® = 82 has orbits {0},{1,2,3}, on Q.

F'irst let’s consider tg, Ntgtg = N € NelN since ty is of order 2, so the generator

10, a representative from the 1-orbit takes [0] back to [%].

Next let’s consider t;, a representative from the orbit {1,2,3}.
Nigty = N(0,1,2)tote = Nitgte (from relation 2)
Ntgt; = N(0,1,3)tgts = Nipta (from relation 2 conjugated by (2,3)).
So, Ntgt; = Nitpta = Nigts.
Similarly, Nt3t) = Ntgta = Ntstp (conjugating the abpve equation by (0,3)).
Ntoty = Nigty = Nitoty (conjugating the above equation by (0,2)).
Finally, Ni1ty = Ntity = Nityts (conjugating the above equation by (0,1)).

Thus the generator ¢; a representative from the 3-orbit takes (0] to a single coset

in [01]. There are four unique single cosets in [01] each with three names.
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Now we determine for [01] to which coset Nigtit; belongs for one ¢; from each
orbit of N(®}) on 0. ‘

NO = {n e NO|(zot))" = tot1} = {(2,3))

NOD = {r € N|N(tot:)" = Ntgt:} = {(2,3),(1,2,3)) since Ntgt, = Ntgty =
Nigts.

So the orbits of N(OU are {0} and {1,2,3} on Q.

First let’s consider ¢; as a representative from the orbit {1,2,3}.
Nitgt1t1 = Ntg € NtoN since the ¢;’s are of order two. So the generator ¢1, a
representative from the 3-orbit takes [01] back to [0].

Now let’s consider tg. Nigti1ta = Ntitgt; from relation 3. We can conjugate this
relation by various permutations to obtain the following equations.
Nigtits = Nttty (conjugating by (0,2))
Ntstyts = Nijtaty (conjugating by (0,3))
Nttty = Nigtgta (conjugating by (1,2))
Ntptste = Nitgtots (conjugating by (1,3))
Ntgtats = Niatate (conjugating by (0,3)(1,2))

We note that:
Nigtito = N(0,1, 2)totato = Niptato (by relation 2).
Ntntito = N(0, 1, 3)totsto = Ntotsto (conjugating relation 2 by (2, 3)).
Ntitot1 = N(1, 0, 2}t12at) = Niitat) (conjugating relation 2 by (0, 1)).
Ntitoty = N(1,0,3)t1t3t) = Nigtat; (conjugating relation 2 by (0,1)(2, 3)).
Niatity = N (2,1, 3)tatats = Niataty (conjugating relation 2 by (0,2, 3)).

Hence, Nigtitg = Ntytot; = Nigtite = Nijtat; = Nistita = Nijtat; =
Ntototg = Niatoly = Niplato = Nigtots = Nialats = Nigtata € NigtitoN. There is

one unique single coset in [010] with twelve names.

Now we determine for [010] to which coset Nigt)tpt; belongs for one ¢; from each
orbit of N(01%) on ).

N0 = {n e N9(tgt1t0)" = totito} = {(2,3)).

NO10) — {7 & N[N (totito)™ = Ntotita} = {(0,1),(0,2), (0,3)} = 4 since all of

the single cosets within Ntgt1{g/N are equal.
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So the orbit of N0 ig {0,1,2,3} on 1, ie, N©O10) i5 transitive on @ =
{0,1,2,3}.

Ntgttotyg = Ntoty € Nigt N, so £y, a representative from the 4-orbit, [010] back
to a single coset in [01], and since [0100] = [01], we must have completed the double coset

enumeration..

Thus we have the Cayley diagram that is shown in Figure 3.1.

[*] [0] [01] [010]

Figure 3.1: Cayley Diagram of 2 x S5 over S4

The maximum possible index of N in G 2 T—%‘i"w]‘, is ll%ll + #V%'ﬁ + WI\%I‘)_I -+
ITVI%IF)_I =144+4+1=10. Thus [G] £ 10 x |N| = 10 x 24 = 240. In order to show
|G| = 240, we consider G as a subgroup of Syp acting on ten cosets that we have found,

and labeled as follows:

1. N

Nty

Nt

Nt

Ni3

Niot1 = Ntgta = Nitots

Ntito = Ntita = Ntitg

Nigtg = Niot; = Nitgts

Nitstg = Ntgt) = Niaty

Ntgtito = Nttty = Nigtyta = Nijitgt; = Nigtita = Ntytst, =
Nigtato = Niotota = Nigtsto = Nitstota = Nitalots = Nialats

© ® N @ oA W N

—
<

For this purpose we compute the action ol the control group N as well as the

action of 2p, £1, t2, and t3 on the ten cosets. These permutations follow.
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1 S 3
1L,2E8)E,9(6:10)  (1,3)(4,8)(5,9)(2,6)(7, 10)
t M

LG OGNE10 (1,52 6)E 1) 8)0,10)
x:(2,3,4,5)(6,7,8,9) y:(4,5)(8,9)

It readily checks that the order of {z,y,t), a subgroup of the symmetric group
S1p acting on the ten right cosets of N in G, is 240. Since the order of zy is three,
N = {z,y) & S, and tp has exactly four conjugates under conjugation by N, we conclude.

that (z,y,t) is a homomorphic image of the progenitor 2*¢ : §j.

Thus if the original five relations hold in (z,y,t), then {z,y,t) is a homomorphic
image of G and this will give |G| > |{z,y,t}] = 240.

Verify relation (1) ¢1¢otatotifotatatito = (0,2)(1, 3) by conjugating the four sym-
metric generators by t1tptatatitptslatito. By multiplying the permutations listed above,
we find t)totatatitotstatsta = (2,4)(3,5)(6,8)(7,9). Thus when we conjugate &g, ¢1, t2, and
ts by titotatatilotatat  tg we obtain:

tytolatalits 1tp tytotsiatilatataiily

t] tatalitolglotl =t t! tatitptatal _ts
t1tolatatitotalat 1t titolatalylotatatqt t
t1032103'210_t0 t1.032103210_

So titotstattotatatitp acts as the permutation (0,2)(1, 3).

Verify relation (2) tototito = (0,2, 1) by conjugating the four symmetric gener-

ators. totat1t botatito _
t002,10=t2 t0210=t0
ttzotztlto =1 téotztlio =13

So totatitp acts as the permutation (0,2,1).

Verify the equivalent relations (3) and (4) #tpt1totito = 1 by conjugating the

four symmetric generators.
ghrtotatotrto to thitotztotrlo t

ttzl totitot1to to tgl tot1lot1to _ ts
So titgt 1ttt acts as the identity.

Verify relation (5) titototatitatots = 1 by conjugating the four symmetric gen-

erators, . bt -
hitatotatitatots to fifatotatitatols _ 4

tgﬂztotzh talota _ 1 téltziotzhtzﬁoiz =13
So titatptattafots acts as the identity.
Thus G/kerd = (z,y,t) and |G| 2 [{z,y,t)| = 240. As shown earlier, |G| < 240.
Hence |G| = 240. '
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Moreover, @ = (1,6,7,9,8)(2,5,10,3,4),b = (1,5)(2,9)(3,6)(4,7)(8,10) and c =
(1,10)(2,9)(3,6)(4,7)(5,8) are in G with S5 x 22 {a, b, c) since S5 x 2 & {a, b, c|a®, b,
(ab)?, (a=1ab)?, (a™2ba?b)?, 2, [c, d],[c, b]}- So {a,b,¢c) < G, but |{a, b, c}| = |G|, therefore
G = {a,b,c) = S x 2.
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Chapter 4

Construction of S~

Consider the progenitor
38 2zt =2 = (ay)i= [z, = 1= =[t,y] = (% 9] =
[t”z,y]), where
‘2~ (0,1,2,3,4)
¥~ (3,4), and
t~tp.

The following relations from [Bra97] may be used for the purpose of manual

double coset enumeration:
1. [(0,1,2)(3,4)¢0]% = [(0,1,2)(3,4)t0)° = 1
2. [(0,1,2,3,4)t5]* = [(0,1,2,3,4)t)7 = 1
3. [(0,1,2,3)t0]° = [(0,1,2,3)]° = 1
4. 1(0,1,2)tg)? = [(0,1,2)t5)° = 1
5. [(0, o)t = [(0, 1)t]* = 1
6. [ttt1) =[x P =1
7. [(0, 1, 2)t5 017 = (0, 1,20t '1a]? = 1
8. [(0, )tota]? = [(0, Dtote]® = 1

9. [(0, )tatz )" = [(0, Dttt = 1
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Based on a computer, it is known, see [Bra97|, that the progenitor 3*° : S,
factored by relations (1) through (9), although relation (2) suffices, is isomorphic to S7.

We will construct by hand S7 using the technique of manual double coset enumeration of

G g 3’523

o123 08 over Ss.
Expanding relations (4), (5), (6), and (7) gives us:

(4) [(0,1,2)]> =1
(0,1,2)t0(0,1,2)t5(0,1,2)tp(0, 1, 2)£0(0, 1, 2)tp
(0,1, 2)5t0(0,1,2)4t0(0,1,2)3 t0(0,1,2)2 t0(0,1,2)t 0
(0,2, 1)t tptatito =1
(0,2, 1)tytoty =t 11~ (4)

(5) [(0: l)tﬁld = 1
(0, l)tO(O, l)to((], l)to(o, l)to =1
(0’ 1)4t0(0,1)3t0(0,1)2t0(0,1)t0 =1
trigtito =1
titg =ttt} (5)

6) [t el = [t 0P =1
to ity gt =1
ittt =t ety =1 (6)

(7) 1(0,1,2)t5 )2 = 1

(0,1,2)5%43(0,1,2)t5 = 1

(0,1,2)2(t5 1, )01ty = 1

(0,2, 1)t oty 1t = 1

(0,2, 1)t 12 = t7' g (7

We now perform the manual double coset enumeration of G = K—O%T over
Ss

We start with the double coset representative word of length zero, NelN = N,

denoted [#].

Next we consider the double cosets with word length one. N is transitive on T

= {to, t1, t2, t3, ta} = {0, 1, 2, 3, 4} and therefore on their inverses T = {171, #;71,
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Nt4} = {NO, N1, N2, N3} denoted [0] and Nt5'N = {N(t;})*|n € N} = (N3, Nt;?,
Nt;', Ntt, N} = {NO, N1, N2, N3, N4} denoted [0].

Now we determine for [0] and (0] to which coset Ntgt; and Nitj't; belongs for
one #; from each orbit of N© = N% on T and 7. Since N® = {n € N|t,® = to} =

((1.2),(1,3).(1,4)) 2 84, N® = §1 = NO has orbits {0} and {1,2,3} on T, and {0} and
{1,2,3, 4} on T.
So we need to consider the double cosets [00], [01], [00], [0T], [00], [01], [00], [01).

00 = 0 = [00] = [0], so the generator ¢y takes [0] back to a single coset in [0].

0.= 0 == [00] = [0], so the generator t,~! takes [0] to a single coset in [0].
00 = e = 00 == [00] = [#] = [00], so the generator tp~! takes [0] to a single

coset in [¥] and tg takes [0] to a single coset in [+].
By relation (5), 10 = 01, and 10 € [01], so [01) = [01].
Thus we need to consider the double cosets [01], [0], [01].

There are four ways, 1,12, t3, 14, to go from [0] to single cosets in [01]. Likewise,
there are four ways, t; 71,871, 8371, ¢4~ 1, to go from [0] to single cosets in [01] = [01].
There are twenty distince single cosets in [01] as listed below.
[01] = NOIN = {NO1, N02, N03, N04, N10, N12, N13, N14, N20, N21, N23,
N24, N30, N31, N32, N34, N40, N41, N42, N43}

NOD > N = {n e NO|(tot:)™ = tot;} = {(2,3), (2,4)) = S

NGO = {m € N|N{tot1)" = Ntgt1} = {(2,3),(2,4)) since all twenty of the single
cosets in [01] are distinct. Thus NV has orbits {0}, {1}, {2,3,4} and {0}, {T},{Z.3,4}.
So we need to analyze the double cosets [010],[011],[012], [010], [011], [012].

Now, N010 = NT by relation (5), and NT € [0}, so [010] = [0]. So to takes [01]

to a single coset in [0].

Again, by relation (5), we know N1 = N010. So N010 = N00100 = N10 € [01].
So [010] = [01] and ¢! take [01] to single cosets in [01].

N011 = NOT, since the ¢;’s are of order three. Hence, [011] = [0T] and ¢; takes
[01] to a single coset in [01].
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NO11 = NO, since 1 = ;7! is the inverse of 1 = ¢;. Hence, [011] = [0] and ;!
take[01] to a single coset in [0].

By relation (4), (0,2,1)102 = 01. If we conjugate this relation by (0, 1) we obtain
(1,2,0012 = T0. Thus N(1,2,0)012 = NT0 = N012 = NT0 € [01]. So [012] = [01].

Hence t2, a representative from the 3-orbit, takes [01] back to a single coset in [01].

By relation (7), (0,2, 1)12 = 10, or equivalently (0,2, 1)20 = 21. If we conjugate
this relation by (1,2), we obtain (0,1,2)10 = 12. It follows that N012 = N0(0,1,2)10 =
N110 = N10 € [01]. Hence [012) = [01] and 5™ takes [01] back to a single coset in [01].

Now let’s consider [07]. By relation (7} we know (0,2, 1)20 = 21. If we conjugate
this relation by (2,0} we obtain (2,0,1)02 = 0T. Hence N0T = N(2,0,1}02 = NO02.
Similarly if we conjugate by (1,3} and (1,4) we derive NOT = N02 = NO3 = N04. We
can then conjugate this relation by (0,1),(0,2), (0,3), and (0,4) to obtain the following
set of equationss:

NOI = N02= N03=N04

Ni0=N12=N13=N11

N2T=N20=N23=N2{

N31=N32=N30=N34

N41 = N42 = N43 = N40

Hence there are five distinct single cosets in [01].

Similarly we can prove there are five distinct single cosets in [01]. By relation (7)
we know (0,2, 1)T2 = T0. If we conjugate this relation by (0, 1) we obtain (1,2, 0)02 = 01,
and hence NO1 = N(1,2,0)02 = N02. Similarly if we conjugate by (1,3) and (1,4)
we then obtain N01 = N02 = N03 = N04. Again we can conjugate this relation by
(0,1),(0,2),(0,3), and (0,4) to obtain the following set of equations.

NO01 = N02 = N03 = N0O4

N1I0=N12=NI3=N14

N21=N20= N23=N24

N31=N32=N30=N34

N41 = N42 = N43 = N40

Hence there are five distinct single cosets in {01]

Now let’s consider [01] and [0T].
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NOD > N0 = ((2,3),(2,4)) = S5
NOD = ((1,2),(1,3), (1,4)) = 54 since NO1 = NG2 = NO3 = NO4.
So the orbits of NO are {0}, {1,2,3,4}, {0}, and {1,2,3,4}.

Similarly, N > N = ((2,3),(2,4)) = S5
NOD = ((1,2), (1,3),(1,4)) = S4 since NOT = N0Z = N03 = NO1.
So the orbits of N are {0},{1,2,3,4}, {0}, and {T,2,3,3}.

Thus we need to consider [010], [011], [010], [017], [010], [0T1], [070], and [0TT].

N01T = N0 = [011] = [0). So ¢17, a representative from one of the 4-orbits,
takes [01] back to a single coset in [0}.

Similarly, NOT1 == N0 == [0T1] = [0]. So t;, a representative from the other
4-orbit, takes [0T] to a single coset in [0].

NO11 = N0T == [011] = [01). So ¢; takes [01] to a single coset in |01}

Similarly, NOTT = NO1 == [011] = [01]. So #;~! takes [01] to a single coset in
01].

Now by relation (5) we know 10 = 01. Hence 010 = 001 = 01 == [010] = [0T}.
Thus to takes [01] to a single coset in [07].

Similarly, if we conjugate relation (5) by (0,1) we obtain the relation 01 = 10.
Hence 010 = 001 = 01 == {010] = [01]. Thus ;™! takes [01] to a single coset in [01].

This leaves [010] and [010] to consider. By relation (5), 1 = 010. So it follows
010 = 0p100 = 070. So [010) = [010]. Hence g~} takes [01] to a single coset in [010),
while o takes [01] to a single coset in [0T0].

Now we previously proved: NOT = N02 = N03 = N04
N10=NI2=N13=N1Ud
N2T1=N20= N23=N24
N31= N32=N30= N34

N4l = N42 = N43 = N40

I

Hence we know:
NO10 = N020 = N030 = N040
N101 = N121 = Ni131 = N141
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By relation (6) we know 010 == T0I, and hence 101 = 010. If we conjugate
this relation by (1,2), (1, 3), and (1,4) respectively, we obtain 020 = 202,030 = 303, and
040 = 404. Therefore, N0I0 = N020 = N030 = N040 = N101 = N121 = N131 =
N141 = N212 = N202 = N232 = N242 = N313 = N323 = N303 = N343 = N414 =
N424 = N434 = N404 and [010} contains one unique single coset.

NUIO) > NOTO = ((2,3),(2,4)) = S

N0 = ((0,2), (1,2), (2, 3),(2,4)) = S5 since all twenty single coset names are

need to consider [0100] and [0100].

Now 0100 = 010. But we previously proved [010] = [01]. So to, a representative
from one of the 5-orbits, takes [010] back to a single coset in [01].

Also 0100 = 07T, so tp~!, a representative from the other 5-orbit, takes [070] back
to a single coset in [01].

Our double coset enumeration must be complete since the set of right cosets is

closed under right multiplication by the symmetric generators.

Thus we have the Cayley diagram that is shown in Figure 4.1,

The maximum possible index of N in G & 70_13%?45)?0[7 is H% + ]le%ﬂ + #V%Iﬂ
N N N |N - —
+ oty + IIJ(“IT’I + rJJ(“IW + oty = 145 +5+20+5- 54 1 =42, Thus |G] <

42 x [N| = 42 x 120 = 5040. In order to show |G| = 5040, we consider G as a subgroup

of Sy2 acting on 42 cosets that we have found, and labeled as follows:
1. N 8 N1 15 NO04 22. N23 20. N4l 36. N4D

NO 6. NZ 16. NI0O 23. N24 30. N42 37. N
N1 10. N3 17. N12 24. N30 31. N43 38. NT0
N2 11. N4 18. N13 25. N31 32. NOI 39. N20
N3 12. NO1 19. N14 26. N32 33. N10 40. N30
N4 13. NO02 20. N20 27. N34 34. N20 41. N40
NO 14. N03 21. N21 28. N40 35. N30 42. NOTO

R
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[O1]

Figure 4.1: Cayley Diagram of S7 over Sy

For this purpose we compute the action of the. control group N as well as the
action of ty, 11, t2, 13, and t4 on the 42 cosets. These permutations are as follows:

to 1 (1,2, 7)(3, 16, 33)(4, 20, 34)(5, 24, 35)(6, 28, 36)(8, 38, 12)(9, 39, 13)

(10,40,14)(11,41,15)(32, 42, 37)
t1: (1,3, 8)(4,21,34)(5, 25, 35)(6, 20, 36)(2, 12, 32)(9, 39, 17)(10, 40, 18)

(11,41,22)(7,37,20)(8, 38, 21)(43, 42, 39)
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t2 : (1,4,9)(5,26,35)(6, 30, 36)(2, 13, 32)(3, 17, 33)(10, 40, 22)(11, 41, 23)
(7,37,20)(8, 38, 21)(34, 42, 39)

ts : (1,5,10)(6,31, 36)(2, 14, 32)(3, 18, 33)(4, 22, 34) (11,41, 27)(7, 37, 24)
(8,38,25)(9, 39, 26)(35, 42, 40)

ta : (1,6,11)(2, 15, 32)(3, 19, 33)(4, 23, 34)(5, 27, 35)(7, 37, 28)(8, 38, 29)
(9, 39, 30)(10, 40, 31)(36,42,41)

z: (2,3,4,5,6)(7,8,9,10,11)(12, 17, 22, 27,28)(13, 18, 23, 24, 20)
(14,19, 20, 25,30)(15, 16, 21, 26, 31)(32, 33, 34,35, 36) (37, 38, 39, 40,41)

y : (5,6)(10,11)(14, 15)(18,19)(22,23)(24, 28) (25,29) (26,30) (27,31) (35,36)

(40,41) '

It readily checks that the order of {z,y,1), a subgroup of the symmetric group
Sa2 acting on the 42 right cosets of N in G, is 5040. Visibly |[z| = 5 and |y| = 2,
additionally |zy| = 4 and [:z;,y]3 = 1, hence (z,y) & Ss. If we conjugate t by S5 we see
that ¢ has exactly five conjugates. We conclude that {z,y,t) is a homomorphic image of

the progenitor 3*° : Ss.

Thus if the original nine relations hold in {z, ¥, ), then {z, v, £} is 2 homomorphic
image of G and this will give |G| > |(z,y,t}| = 5040.

Verify relation (1) tototitotstitotatito = (0,2, 1) by conjugating the five symmet-
ric generators by totat)fotatitptatity. By multiplying the permutations listed above, we
find totatitotatitotatito = (2,4,3) (7,9,8) (12,20,17) (13,21,16) (14,22,18) (15,23,19)
(24,26,25) (28,30,29) (32,34,33) (37,39,38). Thus when we conjugate tg,%;,%2,%3 and
ta by totat totatitotetity we obtain: .

tto 2‘1 Ot2 ]tD 2 lto p— t2 tto ot1toto ltD 2':150 — t~

tzotzhtotzhtotzh to. 14
So totatitotatitotat ty acts as the permutation (0,2,1).

Verify relation (2) t1¢otatatatito = (3, 1,4, 2, 0) by conjugating the five symmetric

generators.
thitotatatatito ts hitotatstatito 14
titatat
t§1t0t4tstztlto =1 tg]to atatatite _ t
tﬁltotqtsfzhto =1y

So titotatstat it acts as the permutation (3,1,4,2,0).
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Verify relation (3) titgtatatito = (0,2)(1,3) by conjugating the five symmetric
generators.
ttltotst-zhto =t fhitotatatato _ ts
fitotsiatito to t?ﬁotztzhto =1
tzltOtStZtltO =14

So t1tgtatatity acts as the permutation (0, 2)(1, 3).

Verify relation (4) titotatito = (0,1,2).

tf)ﬁqtztltz =1, ttltotzhto =13
totatyt,
ttzx ofefito — 4 t?tatzhfo =4

tﬁlfotzhto = t4 \
So t1tptatity acts as the permutation (0,2)(1,3).

Verify relation (5) t1tgt1to = 1 by conjugating the five symmetric generators.
téltohtu =t hitotato t

tgltohto =1, t?tohto =13
til totito _, 14

So £1tot1t0.acts as the identity.
Verify relation (6) to~lt,tp 1t~ ¢; = 1 by conjugating the five symmetric

genel‘atOI‘S .
C lt £ lf. £ 1t N £ 1 tt 2 1t
ttO 140 1 0; 1 __.t t 0 titg 1to 1 — tl

to~ ttatg—tyto— 1t “lgitg— eyt~

o bto 1011,:__1;2 téu 1o tito t1=t3
Lo~ Itatg Lttty

to =1

4 4

So ty~ 1110~ Mty 1ty acts as,the identity.

Verify relation (7) t171tato™ 4 = (0,1,2) by conjugating the five symmetric
generators.

~1pote=1 . : —1§,80=1
g1 t2teT e ty. ttll t2lo™ 8y ta

—14,60—1 ~1pnp—1
tél tabo™ 1 _, to tgl talo™ 'y _ t3

tf;l—]tzto_lh — t4
So t17 tatp~ 1 acts as the permutation (0,1, 2).

Verify relation (8) titatptatitatotattatots = 1 by conjugating the five symmetric
generators.
ttlt2t0t2t1£210t2t1t2£ut2 =t ttltztotztltztotztltztota =t
thitztotatitatotatatatots _ ty tgltztotzhtztotztllztotz =13
thtgtotzh tetototitatote __ t
4 — bq

So tytatglatitatotatitatels acts as the identity.
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Finally, verify relation (9) tito ™ 1toto~ 1tz ota~! = 1 by conjugating the five

symmetric generators.
hata ™ ot " Hate " ot

=1y ttlltz'ltoﬂz”lhtz'ltotz_l =t
to—Vtqta—1 -1 -1 : -1 -1 -1 -1
itz toteT ita T Moty T 1 t§1t2 tot2™ "tyte™ “tolo™ " __ t3

itz Hota T it ta " Mot _
: =
So tltg_“ltotg‘ltltz_ltotg_l acts as the identity.

Thus G/ker¢ 2 (z,y,t) and |G| = |(z,y,1}| = 5040. As shown earlier, |G| <
5040. Hence |G| = 5040.

Moreover, a = (1,4,22,36,33, 19, 3)(2,6,27,41, 39, 24, 13) (5, 16, 14, 31, 35, 20,
25)
(7,29,10,8,34,42,32)(9,21,11, 38,28,17,18)(12, 23, 37, 15, 30, 40, 26)
and b = (5, 11)(7, 17)(12, 24)(13, 25)(18, 31)(19, 32) (26, 33) (34,38) (35,41) (36,42)
(39, 40) “ _
are in G with S7 2 (a, b} since Sy & {a,b|a”,b?, (ab)®, (a~2(ab)?)?, (a—2ba?b)?}. So
(a,b) < G, but [{a,b)| = |G|, therefore G = (a,b) =¢ S7.
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Chapter 5

Construction of S7 x 3

Consider the progenitor
3% : S5 2wy tle® = = (zy) = [0,y =1 =8 = [t,y] = [t%, 9] =
[tmg,y]), where
x~(0,1,2,3,4)
y ~ (3,4}, and
1~ ip.

The following relations from [Bra97] may be used for the purpose of manual

double coset enumeration:
1. [(0,1,2)(3,4)t0]* = [(0,1,2)(3,4)t0)3° = 1
2. [(0,1,2,3,4)t0]° = [(0,1,2,3,4)tg) = 1
3. [(0,1,2,3)t0)* = [(0,1,2,3)] = 1
4. [(0,1,2)t0) = [(0,1,2)t0)° = 1
5. [(0,1)20)® = [(0, 1)¢o}t2 =1
6. [tg 1l =[tg ] =1
7. [(0, 1,25 )P = [(0, 1, 2)t5 1P = 1
8. [(0, 1)tota]? = [(0, 1)tata)® = 1

9. 1(0, Vtot "] = [(0, Dot [ =1
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Based on a computer, it is known, see [Bra97], that the progenitor 3*° : Ss,
factored by relations (1) through (9), although relation (3) suffices, is isomorphic to

S7 x 3. 'We will construct by hand S7 x 3 using the technique of manual double coset
enumeration of G = Rﬁfﬂt over Sg.

Expanding relations (3), (6), and (7) gives us:

(3) [(0,1,2,3)t0)° =1
(0,1,2,3)%(0,1,2,3)%5(0,1,2, 3)0(0, 1,2, 3)¢3(0, 1, 2, 3)£5(0, 1, 2, 3}ty
(0,1,2, 3)6t0(0,1,2,3)5t 0(0’1’2'3)4to(0’1’2’3)3150(0’1’2’3)2‘5 0(0'1'2)t0
(0,2)(1, 3)t1tptstat to = 1
(0,2)(1,3)ttots = to ity Mgt (3)

(6) [to~1t1)>=1
to_ltlto_ltltg_ltl =1
to " Mt1to™! =ty Mgty ! (6)

(M) [(0,1, 207142 =1
(0,1,2)%(to~1,)O1 D1y =1
(0,2, 1)t1 Mot~y =1
(0,2, 1)1 M2 =817 Mg
or equivalently (0,2; L)tato™! = ot 7! (7

We now perform the manual double coset enumeration of G' = ]w:’;;;’,f)%]g over
Ss '

We start with the double coset representative word of length zero, NeN = N,
denoted [*].

Next we consider the double cosets with word length one. N is transitive on
T = {to,11, L2, 23,4} = {0,1,2,3,4} and therefore on their inverses T = {t;71,¢,71, ¢, 71,
ta~!, 4471} = {0,1,2,3,4}, thus NtgN = {Ntg"|[n € N} = {Nty, Nt;, Nty, Nta, Nts}
= {N0,N1,N2, N3} denoted [0] and Nt;'N = {N(t;1)*|n € N} = {Nty?, Nt]}, Nt;?,
Nt;71, Ni7'} = {NO, N1, N2, N3, N4} denoted [0].

Now we determine for [0] and [0] to which coset Ntgt; and Nt5't; belongs for
one t; from each orbit of N® = N? on 7' ‘and T. Since N = {n € N|tp® = t3} =
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((1.2),(1,3).(1,4)) = 54, N° = §4 = NP has orbits {0}, and {1,2,3} on T, and {0} and
{1,2,3, 4} on T. S .
So we need to consider the double cosets [00], [01], [00), [01], [00], [01], [00], [O1]-
00 =0 = [00] = [0], so £y takes [0] to a single coset in [0].
00 = 0 == [00] = [0], s0 t5~! takes [0] to a single coset in [0].
00 = e =00 == [00] = [«] = [00], so to~* takes [0] to a single coset in [*] and tg

takes [0] to a single coset in [%].
Thus we need to consider [01], [0T], [01], and [01].

t1, o representative from one of the 4-orbits, takes [0] to a single coset in [01].
There are twenty distinct single cosets in [01].
[01) = NOIN = {N01, N02, N03, N04, N10, N12, N13, N14, N20, N21, N23,
N24,N30,N31, N32, N34, N40, N41, N42, N43}

t17!, a representative from the other 4-orbit, takes [0] to a single coset in [01].
There are twenty distinct single cosets in [01].
[0T) = NOIN = {NO1, N02, NO3, N04, N10, N12, N13, N14, N20, N21, N23,

N
N4, N30, N31, N33, N34, N10, N1, N3, N33)

17! takes [0] to a single coset in [01].

By relation (7), (0,2,1)12 =10

= 2(0,2, 1)T2 = 270

— (0,2,1)112 = 270

= (0,2,1)20 = 2100

= (0,2,1)20 =21

Conjugating by (0,2), we find (2,0,1)02 = 0T

Hence, N(2,0,1)02 = N02 = NO01

Conjugating this equation by (1, 3) and (1,4) we find N0T = N02 = N03 = NO4.

Now if we conjugate this equation by (0, 1), (0,2), (0, 3), and (0,4) respectively
we obtain the following set of equations:

NOT = N0Z = N03 = N01

N10=N12=N13=N14
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N20=N21=N23=N24
N30=N31=N32=N31
N40 = N41 = N42 = N43

Hence there are five distinct single cosets in [Oﬂ
t; takes |0] to a single coset in [01].
By relation (7), (0,2,1)12 =10

Conjugating by (0, 1) we obtain (1,2,0)02 = 01.
= N(1,2,0)02 = N02 = NO1

Conjugating this equation by (1,3) and (1,4), we find NO1 = N02 = NO3 =
NO4. '

Now if we conjugate this equation by (0, 1), (0,2), (0, 3), and (0,4) we obtain the
following set of equations:

NO1 = N02 = N03 = N04

N10 = N12= N13 = NT14

N20=N21=N23=N24

N30 = N31=N32= N34

N40 = N41 = N42 = N43.

Hence there are five distinct single cosets in [01].
Now let’s consider the double cosets [01] and [01].

NOD > NOT = {5, & NO|(tot,;~1)" = toty 1} = ((2,3), (2,4)) = S5

NOD = {x € N[N(toty™})" = Nitgt;~!} = ((1,2),(2,3),(2,4)) since NOT =
NO02Z = N03 = N04d. Thus N has orbits {0},{1,2,3,4} and {0},{1,2,3,4}. So we
need to analyze the double cosets [010], [0T1], [0T0], and [0T1]. J

Similarly, NOD = {r € N|N(t,~'t;)" = Ntg~1t;} = ((1,2),(2,3),(2,4)) since

NO1 = N02 = NU3 = N04. Thus N®) has orbits {0},{1,2,3,4} and {0}, {1,2,3,4}. So
we need to analyze the double cosets [010], [011],[010], and [017].

NOT1 = NO, since T = ¢; 7! is the inverse of 1 = ¢;. Hence, [0T1] = [0] and ¢1, a
representative from one of the 4-orbits, takes [01] back to a single coset in [0]. Similarly,
NO1T = NO. Hence, ¢;7!, a representative from the other 4-orbit, takes [01] back to a
single coset in [0)].
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NOTT = NO1 since the ¢;’s are of order three. Similarly, N011 = N01. Hence
[011) = [01] and #;~! takes [01] to a single coset in [01]. Similarly, N011 = NOI. Hence
[011] = [01] and ¢; takes [01] to a single coset in [01].

Thus we need to consider [010], [010], [010], and [010].

Let’s start with [010].

By relation (6), 010 = T101.

= 00101 = 01011

=5 101 = 010

So N101 = N0T0. Now if we conjugate this equation by (0,2), (0,3), (0,4),

(1,2),(1,3),(1,4),(0,3)(1,2),(0,4)(1,2), and (0,4)(1, 3) we obtain the following

equations:
N101 = NOT0 N212 = N121
N313 = N131 N4T4 = N111
N020 = N202 N030 = N303
N040 = N404 N323 = N232
N424 = N242 N434 = N343

Additionally, by relation (7) (0,2,1)12 =10.

=y N101 = N010 = N0(0,2,1)12 = N(0,2,1)212 = N212 = N121

Hence, N101 = N101 = N212 = N121. If we conjugate this equation by
(0,3),(0,4), and (1,2), we derive the following equation:

N101 = N101 = N212 = N121 = N131 = N313 = N141 = N474 = N202 =
N020.

If we now conjugate this equation by (1,3) and (1,4) we then obtain the follow-
ing:

N101 = N101 = N212 = N121 = N131 = N8I3 = N141 = N414 = N202 =
N020 = N303 = N030 = N404 = N040 = N232 = N323 = N343 = N434 = N242 =
N424

Hence [010] contains one distinct single coset and t; takes us from [0] to [070].

Similarly, we can prove [010] contains one distinct single coset. By relation (6),

010 = T01. So N010 = N10T. If we then conjugate by (0,2), (0,3}, (0,4),
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(1,2),(1,3),(1,4), (0,3)(1,2), (0,4)(1,2), and (0,4)(1, 3) we obtain the following

equations:

N101 = NO10 N212=N121
N313 = N131 N414 = N141
N020 = N202 N030 = N303
N040 = N404 N323 = N232
N424 = N242 N434 = N343

Again, by relation (7) (0,2,1)12 = 10. So NO010 = N101 = N(0,2, 1)12T =
NT2T = N212. If we conjugate this equation by (0,3), (0,4), and (1,2) we obtain the
following equation:

NO10 = N101 == N12T = N212 = N313 = N131 = N414 = NT41 = N020 =
N202

If we now conjugate this equation by (1,3) and (1,4), we find NO10 = N101 =
NT2T1 = N212 = N313 = N13T = N414 = NT41 = N020 = N202 = N030 = N303 =
N323 = N232 = N134 = N343 = N040 = N404 = N424 = N242.

Hence [010] contains one distinct single coset and t;* takes [01] to a single coset

in [010].

Now consider [010] and [010]. We already proved that NOT = N0Z = NO3
= N04. Tt follows that NOT0 = N020 = N030 = N040. If we conjugate by (0,1), (0,2),
(0, 3), and (0, 4), we obtain the following:

N404 = N414 = N424 = N434

Hence [010] contains five distinct single cosets and 5! takes [01] to a single coset
in [010].

Similarly. we can prove [010] contains five distinct cosets. We already proved
that N0O1 = NO2 = N03 = N04. It follows that NO10 = N020 = N030 = N040. If we
conjugate by (0,1),(0,2), (0,3), and (0,4}, we obtain the following:

N010 = N020 = NO30 = N040

N121 = N131 = NT41 = NT01



31

N202 = N212 = N232 = N242

N303 = N313 = N323 = N343

N404 = N414 = N424 == N434

Hence [010] contains five distinct single cosets and g takes [01] to a single coset
in [010].

Now consider [010] and [010]. N > NI — fn e NO|(tor,~ 1) =
tot1 "1t} = ((2,3),(2,4)) = S3

NOT) — 0 € NN (tot;~ )" = Ntot1~to} = ((0,2), (1,2), (2,3), (2,4)) since
all the single cosets in [010] are equal. Thus N1 has orbits {0, 1, 2, 3, 4} and {0, T, 2,
3, 4}. So we need to analyze the double cosets [0100], and {0100).

Similarly NO® > NOW = fn & N (t5-1t180~1)" = to~ t1t0~1} = ((2,3),
(2,4)) = 53

NOO) = (7 e N|N(ty t1to™ )" = Ntg~ 11201} = {(0,2),(1,2),(2,3), (2,4))
since all the single cosets in [010] are equal. Thus N (010) has orbits {0,1,2,3,4} and

NOI00 = NOT. So t57!, a representative from one the 4-orbits takes [010] back
to a single coset in [07]. Similarly, N0100 = NO1. So tp, a representative from the other
4-orbit takes [010] back to a single coset in [01].

N0T00 = NOTO. So #; takes [010] to a single coset in [0T0). Similarly, NO100 =
010. So tp~? takes [010] to a single coset in [010].

Now let’s consider [01] and {01].

NO) > NO1 - {n € NO(tot1)" = tot1} = {(2,3),(2,4)) = 51

NOY = {7 ¢ N|N(tot1)™ = Ntot1} = {((2,3),(2,4)} since all the single cosets
in [01] are unique. Thus NV has orbits {0}, {1},{2,3,4}, {0}, {1} and {1,2,3,4}.

Similarly, NOD > NOT = {n € NO(to~t—t;~1)" = to~t ) = {(2,3),(2,4)) =
Ss

NOD = {r e NIN@te =)™ = Nig~li71} = (((2,3),(2,4)) since all the
single cosets in [01] are unique. Thus NOD has orbits {0},{1},{2,3,4},{0},{T} and
{1,2,3,4}.

So we need to analyze the double cosets [010], [011],[012], [010], [011], [012), [010],
[011], [012], [010], [011], and [012].
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4

011 = 0, so [017} = [0]. Hence ¢3! takes [01] back to a single coset in [0].
011 =0, so [011} = [0]. Hence ¢; takes [ﬁ] back to a single coset in [0].
011 = 01, so [011] = [0T}. Hence ¢; takes [01] to a single coset in [01].
=101, so [011] = [01). Hence ¢; ! takes [01] to a single coset in [01].

°|

We previously proved using relation (7) (2,0,1)02 = 01. If we conjugate this
relation by (0, 1,2), we derive N(0,1,2)10 = N12. So it follows N012 = N0(0,1,2)10 =
N(0,1,2)110 = N110 = N10 € [07]. Hence [012] = [01]. So ¢!, a representative from
one of the 3-orbits, takes [01] to a single coset in [01].

Similarly, by relation (7) (0,2,1)12 = 10, equivalently 12 = (0,1,2)10. So if
follows N012 = N0(0,1,2)I0 = N(0,1,2)T10 = N(0,1,2)10 = N10 € [01]. Hence
[012] = [01] and t2, a representative from the other 3-orbit, takes [01] to a singel coset in
[01].

This leaves [010], [010}, [012], [010], [010], and [012] to consider.
to takes [01] to a single coset in [012].

By relation (3), (0,2)(1,3)103 = 012. So NOI2 = N(0,2)(1,3)103 = N103 €
[012]. Hence [012] = [012]. So 37! takes [0I] to a single coset in [012].

1p takes [01] to a single coset in [010]. Likewise, to~! takes [01] to a single coset
in [010]. tp™! takes [01] to a single coset in [010]. Also, ¢y takes [01] to a single coset in

[0T0]

Now let’s consider the double coset [012].

By relation (3}, (0,2)(1,2)103 = 012.

= N103 = N(0,2)(1,2)103 = N012

— N103 = NO1Z = N0122

= N103 == N0122 = N0(0, 1,2)T02 (by relation 7)

== N103 = N(0,1,2)TT702 = N(0,1,2)102 = N102

So N103 = N102. If we conjugate this equation by (2,3) we derive N103 =
N102 = N104. If we now conjugate this equation by (1,0), (0,2), (0,3), (0,4), (1,2),
(1,2), (1,4), (1,0,2), (1,0,3), (1,0,4), (1,2,0), (1,2,0,3), (1,2,0,4), (1,3,0), (1,3,0,2),
(1,3,0,4), (1,4,0), (1,4,0,2), and (1,4,0,3), we find the following equations:

N103 = N102 = N104 N012= N013 = NO14



N120= N123= N124
N142 = N143 = N140
N302= N301= N304
N021 = N023 = N024
N042 = N043 = N041
N231= N230= N234
N312=N310= N314
N342 = N340 = N341
N421 = N423 = N420

N132=N130= N134
N201 = N203 = N204
N402 = N403 = N401
N032 = N031 = N034
N210= N213= N214
N241 = N243 = N240
N321 = N320 = N324
N412 = N413 = N410
N432 = N431 = N430

Hence [012] has twenty distinct single cosets.
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N(012) > NO12 = {ne Noll(totltz)n = totltz} =((3,4)) = Sy

N©O12) = {r & N|N(tot1t2)" = Ntgtatz} = ((2,3), (2,4)) since N012 = N013 =
NO014. Thus N®'2 has orbits {0}, {1},{2,3,4},{0},{T}, and {2,3,4}. So we need to
analyze the double cosets [0120], [0121], [0122], [0120], [0121], and [0122].

N0122 = N01 = [0122] = [01]. Hence t;™, a representative from one of the
3-orbits, takes [012] to a single coset in [01].

[0122] = [012] = [01] as proved previously. Hence {3, a representative from the
other 3-orbit, takes [012] to a single coset in [01]

Now by relation (7) (0,2,1)T2 =10

= 2(0,2,1)12 = 210

— (0,2,1)112 = 2T0

— (0,2,1)2 = 210

— (0,2,1)20 = 2100

== (0,2,1)20 = 2T

= 20=(0,1,2)2T

So it follows N0120 = N01(0,1,2)2T = N1221 = N121 € [010]. So [0120] =
[070] and ,~! takes [012] to a single coset in [010).

We previously proved by relation (7) that (0, 1,2)21 = 20 and equivalently 2T =

(0,2,1)20. So it follows that N0121 = N01(1,0,2)20 = N(1,0,2)2020 = N2020 € [0101].
So it follows that [012T] = [010T]. Thus, ¢;~!, takes [012] to a single coset in [010T).



Now let’s consider [0120].

By relation (6) 010 = 107.
== N0100 = N10T0
== NO1] == N10101

= N0101 = N1070(0,2,1)121

Since relation (7) conjugated by (1,2) is 10 = (0,2, 1)12.
= N0101 = N(0,2,1)0202121
= N0101 = N(0,2,1)02(1,0,2)01121

Since relation (7) conjugated by (0,1) is 02 = (1,0, 2)01.
= NOIOL = N(0,2,1)(1,0,2)2101131 = N(0, 1,2)210191
= N0I01 = N(0,1,2)21(0,2)(1,3)1031 by relation (3)
= NOI01 = N(0,1,2)(0,2)(1, 3)031031
= NOI01 = N(0,3,1)(3,2,0)021031

Since relation (7) conjugated by (1,0,3) is (3,2,0)02 = 03.
—= NUIOL = N(0,2)(3,1)021031
= N0101 = N(0,2)(3,1)021(3,2)(0,1)302

Since relation (3) conjugated by (1,0, 3) is 031 = (3,2)(0, 1)302.
= NOT01 = N(0,2)(3, 1)(3,2)(0,1)130302
= NOI01 = N(0,3)(1, 2)T3(2, 0, 3)0202

Since relation {7) conjugated by (2,0,3)02 = 03.
= NO101 = N(0,3)(1,2)(2,0, 3)120202
= N0101 = N(0,2,1)(0, 1,2)T00202 by relation (7).
~= NOI01 = N(0,2,1)(0,1,2)T00202
= N0101 = N10202
= N0101 = N10202
== NO010! = N(1,2)(0,3)01302

Since relation (3) conjugated by (0,1} is (1,2)(0,3)013 = 102.
—s NOIOL = N(1,2)(0,3)01302
== N0101 = N(1,2)(0,3)01(0,1,3)312

Since relation (7) conjugated by (3,2) is (0,1, 3)31 = 30.
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== N0101 = N(1,2)(0,3)(0,1,3)13312 = N(1,2,3)1312
— NOTO01 = N(1,2,3)1(3, 2)(1,0)130

Since relation (3) conjugated by (0,3) is (3,2)(1,0)130 = 312.
= N0101 = N(1,2,3)(3,2)(1,0)0130 = N(1, 3,0)0130 = N0130 &€ [0120]
= [0120] = [0101]
Hence, ty takes [012} to a single coset in [0101).

As proved above, 0101 = (1, 3, 0)0130.

If we conjugate this relation by (1,2) we obtain 0101 = (1,2, 0)0120
—> NOI01 = N(1,2,0)0120

= N01010 = N(1,2,0)01200 == N(1,2,0)012

— NOTO101 = N(1,2,0)0121 )
—» NOIO101 = N(L,2,0)0121
= NO010010 = N(1,2,0)0121 by relation (6)

— NOT00TO = N(1,2,0)0121

— NOII0 = N(1,2,0)0121

= N010 = N(1,2,0)0121 = N0121

= [010] = [0121]

Hence #; takes [012] to a single coset in [010].

Now let’s consider [010] and [010].

N0 > NOTO = {5 € NOT|(tgt, 1 t~H)" = totl‘lto‘l} ={(2,3),(2,4)) = Ss.

NO® = {r & NIN(tot " o~)" = Neati 5=} = ((1,2),(2,3), (2,4)) =
since NOT0 = N020 = N030 = N040. Thus N has orbits {0},{1,2,3,4}, {0, }, and
{1,2,3,4}.

Similarly N9 > NOW0 — {p e NOI|(tg=1iyt0)" = to~Mt1t0} = ((2,3),(2,4)) =
Ss.

NOW — (o e NIN(ty~ 1t0)" = Nt~ tyt0} = ((1,2),(2,3),(2,4)) = Sy since
NO10 = N020 = N030 = N040. Thus N9 has orbits {0},{1,2,3,4},{0,}, and
{1,2,3,4}.

So we need to analyze the double cosets [0100], [0101], [0100], [0101], {0100],
[0101], [0100], and [010T].

[0100] = [0T] => ¢p takes [010] back to asingle coset in [0T].
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[0100] = [01] = to! takes [010] back to a single coset in [D1].
[0100] = [0T0} = ;! takes [010] to a single coset in {070].
[0100] = [010] = to takes us from [010] to [010].

Now let’s consider [0101).

By relation (6), 010 = 101

= NO010 = NOI0

= N1010 = NO10
= N10101 = N0101
= NOI01 = N10101 = N1(1,2,0)0201

Since relation (7) conjugated by (0,1) is (1,2,0)02 = 01.
— NOTO1 = N(1,2,0)20201
— NOT01 = N(1,2,0)20201
= NO0I01 = N(1,2,0)02001

Since relation (6) conjugated by (0,2) is 202 = 020.
— NOTO1 = N(1.2.0)03001
= NO0101 = N(1,2,0)0201
— NOTO1 = N(1,2,0)0201
— NOTO1 = N(1,2,0)03(1, 2, 002

Since relation (7) conjugated by (0, 1) is (1,2,0)02 = 01.

— NOTO1 = N(1,0,2)1002
— NOTO1 = N(1,0,2)102 = N102 € [012]

Hence [0101] = [012] and #1,%2,t3, and ¢4 take us from [010] to [012].

Similarly, we can prove[0101] = [012], since 010 = 101 by relation (6).
= N0100 = NT010
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=5 N0101 = N101001 = N1010(2,0,1)02
Since 01 = (2,0, 1)02 relation (7) conjugated by (0,2).
= NO101 = N(2,0,1)212102
— NO10T = N(2,0,1)121102
Since 212 = 121, relation (6) conjugated by (0,2).
= N010T = N(2,0,1)121102 = N(2,0,1)1202
— NO10T = N(2,0,1)(0, 1, 2)1003
Since 12 = (0, 1,2)10, relation (7).
= N010T = N(2,0,1)(0,1,2)102 = N(2,1,0)102
= N010T = N(2,1,0)(1,2)(0, 3)013 = N(1,3,0)013 = N013
Since (1,2)(0,3)013 = 102, relation(3) conujugated by (0, 1).
= NO10T = N013 & [012]

Hence [0101] = [012], and #;71, a reprentative from one of the 4-orbits takes
[010] to a single coset in [012].

Now let’s consider [0101].

As proven below, 01010 = 107.
= 010100 = 1010

= 0101 = 1010

= NO0101 = N1010 € [0101]
== (0101} = [0101]

Hence [0101] = [0101], and ¢, takes [010] to a single coset in [0701].

Let’s consider [0101].

As proven previously, we know 0101 = 1010.

01011 = 10101
0100 = 101010
0T1 = 1010101,
0101 = 1010101101

<ol o of <l
b
(=4
et Pt — bt
il
— b ot et bt
<
—
)
—
—
f=}
ok

|

|

—
<
f=
—
<
—
<
—
Yk
=4
—

|

—
[=]
<
—
(e
[=]
[y
=]
f=]
pu—y

|
|

by relation (6).
= 101011 = 10101

|

TP iiyllld
E
2

[
o



38

= 0101 = 10010 0.5in by relation (6)
= 0101 = 10010 = 1010
== N0101 = N1010 € [010])

Hence [0101] = [0101], and ?;, a representative from the other 4-orbit, takes
[010] to a single coset in [0107].

Now let’s consider the double cosets [010] and [010).

010 = 01220
— 010 = 01290 = (1, 3)(0, 2)10320
Since relation (3) conjugated by (1,0)(3,2) is (1,3)(0,2)103 = 012.
= 010 = (1, 3)(0,2)10320
— 010 = (1,3)(0, 2)T03(0, 1, 2)31
Since relation (7) conjugated by (1,2) is (0,1,2)21 = 20.
= 010 = (1,3)(0,2)(0,1,2)21321
= 010 = (1, 3,2)(2, 3)(1, 0)12021
Since relation (3) conjugated by (0,2, 3) is (2,3)(1,0)120 = 213.
= 010 = (1,2,0)12021 = (1,2, 0)122021
— 010 = (1,2,0)12021 = (1,2,0)120201
Since relation (6) conjugated by (1,2) is 202 = 020.
= 010 = (1,2,0)120201

= 010 = (1,2,0)120(0,1,2)211 by relation (7).
= 010 = (1,2,0)(0, 1,2)2012 = (1,0, 2)20T2
= 010 = (1,0,2)(0, 1,2)2T12 by relation (7).

=3 010 = 2112 = 212

If we conjugate this equation by (2,3) and (2,4) we find 010 = 212 = 313 = 414.
Hence N010 = N212 = N313 = N414,

If we conjugate the above equation by (0,1),(1,2),(1,3), and (1,4), we obtain
the following equivalent cosets:

N010 = N212 = N313 = N414 N101 = N202 = N303 = N404

N020 = N121 = N323 = N424 N030 = N131 = N232 = N434

N04D0 = N141 = N242 = N343

Hence there are five distinct single cosets in [010].
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Now as we proved above, 010 = 212.
= 0100 = 2120

= 011 = 21201

= 00 = 212010

=5 2e = 2212010

= 212 = 92010

= 212 =010

If we conjugate this equation by (2,3) and (2,4) we find 212 = 010 = 313 = 414

If we conjugate this equation by (1,0),(1,2},(1,3), and (1,4) we obtain the

following equivalent cosets:

Hence there are five distinct single cosets in [010].

N(OIO) 2 NO0 = {n’ € le(totltﬂ)n = tOtltU} = ((213)1 (2:4)) =53

N©10) = {5 € N|N(tot120)™ = Ntotste} = {(0,2),(2,3),(2,4)) since NO10 =
N212 = N313 = N414. Thus N9 has orbits {1}, {0,2, 3,4}, {I}, and {0,2,3,4}.

Similarly, N0 > NOTO {n € Nﬁ[(to—ltl_lto_l)n = o7t} =
((2,3),(2,4)) = Ss

NO® = {x € NIN(to~ 't "t0™")" = Nto't17M0™"} = ((0,2),(2,3),(2,4)).
since NOT0 = N212 = N313 = N41d. Thus NOT0 has orbits {1}, {0, 2, 3,4}, {T}, and
{0,2,3,4}.

So we need to analyze the double cosets [0101], [0100], [0101], [0100], [0101],

[0100], 0101}, and [0100).

[0100) = [010], so tp, a representative from one of the 4-orbits, takes [010] to
single coset in [010].

[0100] = [010] so to~', a representative from the other 4-orbit, takes [010] to a

single coset in [010].
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[0100] = [01]. so to~! takes [010] to a single coset in [01].
[0100] = [01] so tq takes [010] to a single coset in [01].

This leaves [0101], [0101],[0101] and [0101] to consider. ¢;7! takes [010] to a

single coset in 0107}, while ¢, takes [010] to a single cosct in [0101]. Similarly, ¢; takes
[010] to a single coset in (0101}, while ¢, takes [010] to a single coset in [0101].

Now let’s consider [010] and [010].

By relation (7) conjugated by (1,2), 10 = (0,2, 1)12.
= NO10 = N0(0,2,1)12
— N010 = N(0,2,1)212 = N213

If we conjugate the resulting equation by (2, 3) and (2,4), we obtain the following

equation.

NO010 := N212 = N313 = N414

If we now conjugate this equation by (0,1),(1,2),(1,3), and (1,4) we find the

following equations:

tion.

N10T = N202 = N303 = N404

N020 = N121 = N323 = N424

N030 = N232 = N13T = N434

N040 = N242 = N343 = N141

Hence there are five distinct single cosets in [010].
Similarlly by relation (7), T0 = (0,2,1)12.

= NOT0 = NO(0,2,1)12

= NO10 = N(0,2,1)212 = N212

1f we conjugate this equation by (2,3) and (2,4), we obtain the following equa-

NOI0 = N212= N313 =414

If we now conjugate this equation by (0,1),(1,2),(1,3), and (1,4) we find the

following equations:

N101 = N202 = N303 = 404
N020 = N121 = N323 =424
N30 = N232 = N131 = 434
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N040 = N242 = N343 =141
Hence there are five distinct single cosets in [010)].
NOID) > NOO = {n € NO(tot1tg™")" = totsto™'} = ((2,3), (2,4)) = Sa

NOO = {7 e N| N(totsto™1)" = Nigtato~2} = ((0,2), (2,3), (2,4)) since N610
= N212 = N313 = N414. Thus N®® hss orbits {1}, {0, 2, 3, 4}, {1}, and {0, Z, 3, 4}.

NQIO) > NOT0 = {r & NOT| (2g=1t,~ )" = to~ 817 o} = ((2,3), (2,4)) = S3

N} - {r € NIN(to~ 1~ 0)" = Nto~'t17 Y0} = {(0,2),(2,3),(2,4)) since
NOT0 = N2I2 = N313 = N414. Thus NO has orbits {1},{0,2,3,4},{I}, and

So we need to consider [0101}, [0100], [0101], [0100], [0101], [0100], [0101], and
[0100].

[0100] = [01] so 2o, a representative from oen of the 4-orbits, takes {[010] to a
single coset in {01].

[0700] = [01] so £p~!, a representative from the other 4-orbit, takes [010] back
to a single coset in [01].

[0100] = [010] so to~! takes [010] to 2 single coset in [010].

[0100] = [010] so ¢ takes [010] to = single coset in [010].

Now let’s consider [0101]. By relation (6) 010 = 10
= NO100 = NT010

= N0101 = N011010

= N0101 = N011010 = N0Q10 = NO10

Hence [0101) = [010], and ¢; takes [010] to a single coset in [010].

Similarly, let’s consider [0101]. By relation (6) 010 = 10
== ND101 = NOO10
= NOI10T = NO10

Hence [0101] = [010], and t1~! takes [010] to a single coset in [010].

This leaves [0101] and {0101] to consider.
t;~! takes [010] to a single coset in [0101].

By relation (6) 10 = 010
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= N0101 = N00I011
= N0101 = N001011 = NO101

Hence [0101] = [0101] and ¢, takes [010] to a single coset in [0101].
Now let’s consider [0101] and [0101].

We previously proved 010 = 212 = 313 = 414. Hence 0101 = 2121 = 3131 =
4141. If we conjugate this equation by (1,0),(1,2),(1,3), and (1,4), we obtain the fol-
lowing equations:

0101 = 2121 = 3131 = 4141

1010 = 2020 = 3030 = 4040

0202 = 1212 = 3232 = 4242

0303 = 2323 = 1313 = 4343

0404 = 2424 = 3434 = 1414

Now 0101 = 0202 since we previously proved 101 = 202,

= 0101 = 2121 = 3131 = 4141 = 0202 = 1212 = 3232 = 4242

If we conjugate this equation by (1,3) and (1,4) we find 0101 = 2121 = 3131 =
4141 = 0202 = 1212 = 3232 = 4242 = 0303 = 2323 = 1313 = 4343 = 0404 = 2424 =
3434 = 1414.

Hence all single cosets in [0101] are equal.

Also we previously proved 010 = 212 = 313 = 414. Therefore it follows 0101 =
2121 = 3131 = 4141. If we conjugate this equation by (1,0),(1,2),(1,3), and (1,4) we
obtain the following equations:

0101 = 2121 = 3131 = 4141

1010 = 2020 = 3030 = 4040

0202 = 1212 = 3232 = 4242

0303 = 2323 = 1313 = 4343

0404 = 2424 = 3434 = 1414

Now 0101 = 0202 since we previously proved 101 = 202.
= 0101 = 2121 = 3131 = 4141 = 0202 = 1212 = 3232 = 4242

2121
0404

If we conjugate the equation by (1,3) and (1,4) we find = 0101 =
3131 = 4141 = 0202 = 1212 = 3232 = 4242 = (0303 = 2323 = 1313 = 4343 =
2424 = 3434 = 1414
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Hence all single cosets in [0101] are equal.
N0 5 NOIOL — £y & NOO|(101180t1 )" = totrtotr} = ((2,3),(2,4)) = Ss

ol = {r € N[N (tot1toth)” = Ntotltotl} = {(0,2},(1,2),(2,3),(2,4)) since

Similarly, NOOD > NUIOT = (5 ¢ NOTO| (414, =144, =1)" = g5=1 411 51
tl_l} = ((21 3): (2’4)) =53

N - {‘JT € N| N(to_ltl_lto_ltl_l)n = N'Co_ltl_lto-ltl"l} = ((0,2),
(1,2), (2,3), (2,4)) since all cosets in [0101} are equal. Thus N@O®D) hag orbits {0, 1,

Hence we need to consider [01011],[01011], [01011], and [01011).

[01011] = [0101], so %o, %1,%2,t3, and t4 all take us from [0101)] to [0101].

[01011) = [0101], so to~t,t1 7}, t27 37}, and t47! all take us from [0101] to
0101].

[01017] = [010], so ¢;~}, a representative f{rom one of the 5-orbits, takes [0101]
back to a single coset in [010].

[01011] = [010), so ¢, a representative from the other 5-orbit, takes [0101] back
to a single coset in [010].

Now let’s consider [0101] and [0101].

We previously proved N010 = N212 = N313 = N414. Therefore it follows
N010I = N2121 = N313I = N4141 If we conjugale this equation by (0,1),(1,2),(1,3),
and (1,4), we obtain the five distinct single cosets in [010T].

N010T = N212T = N3131 = N4141

N1010 = N2020 = N3030 = N4040

N0202 = N1212 = N3232 = N4242

N0303 = N2323 = N1313 = N4343

N0404 = N2424 = N3434 = N1414

Similarly we previously proved NOI0 = N212 = N313 = N4I4. Therefore
it follows that N0101 = N2I21 = N3131 = N4{I4l. If we conjugate this equation by'
(0,1),(1,2),(1,3), and (1,4) we obtain the five distinct single cosets in [0101].

NOI01 = N2121 = N3131 = N4141.
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N1010 = N2020 = N3030 = N4040.
N0202 = N1212 = N3232 = N4242.
N0303 = N2323 = N1313 = N4343.
N0404 = N2424 = N3434 = N1414.

NOI0D) > NOIOT = {1 & NOWOj(z0t 20ty —1)" = tolydoty —1} = ((2,3), (2,4)) = 53

NOOD = {x € NN (totstotr!)" = Nitgtitotrto™'} = ((0,2),(2,3),(2,4)) since

0101 = N2121 = N3131 = N4T41. Thus N©%D has orbits {1},{0,2,3,4}, {1}, and

—~
K=)j
-l
&l =
o
—~—

Similarly, NOWOY > NOIOL — {5, & NOIO|(35=1¢;~125~14;)" = 2o~ 1t; "1t 18y} =
((2,3),(2,4)) = 55

NODOD) — (2 e N| N(to~ ity o™ )" = Nig~ ey Mo~} = {(0,2), (2,3),
(2,4)) since NOI01 = N2121 = N3131 = N4141. Thus NN has orbits {1}, {0, 2, 3,
4}, {1}, and {0, 2, 3, 4}. '

Hence we need to consider [010T1], [01010], [01011], [01010], [01011], [01010],
[01017], and [01010}.

[01011] = [010], so t; takes [0101] back to a single coset in [010].

[01011] = [010], so t; ! takes [0101) back to a single coset in [010].

[01011] = [0101], so ¢, takes [0101 to a single coset in [0101].

[01011] = [0T01], so ¢; takes [0101] to a single coset in [0101]

Let’s consider [01010]. By relation (6) 010 = 101.

= N0T0 = N101

= N01010 = NO11

= N01010 = NO11

= NO01010 = N0101

= N01010 = N01(1,2,0)02

Since relation (7) conjugated by (0, 1) is (1,2, 0)02 = 01.

—s N010T0 = N(1,2,0)1202

— N010T0 = N(1,2,0)1202

= NO010T0 = N(1,2,0)(0, 1,2)1002

Since relation (7) conjugated by (1,2) is (0,1,2)10 = 12.

01
01



45

== N01010 = N(1,0,2)1002

= N01010 = N(1,0,2)102 = N102 € [012]

= [010T0] = [012]

Hence tg, a representative from one of the 4-orbits, takes [0101] to a single coset
in [012].

Similarly, let’s consider [01010]. By relation (6) 010 = 101.
= N010 = N101

= N0I010 = ND110

= N01010 = N0110T

= N01010 = NO101

= N01010 = N(1,2,0)0201

= N01010 = N(1,2,0)0201

= NO01010 = N(1,2,0)02(2,0,1)02

Since relation (7) conjugated by (0,2) is (2,0,1)02 = (01
== N01010 == N(1,2,0)(2,0,1)1002
== N01010 = N(1,0,2)102
— NOT010 = N(1,0,2)(1,2)(0,3)013

Since relation (3) conjugated by (0,1) is (1,2)(0,3)013 =102
— NOT010 = N(1,3,0)013 = N013 € [012]
== [01010] = [012]
Hence tp~! takes [0_1] toa smgle coset in [012]

Now let’s consider [01070]. As previously proved 0101 = (1, 3,0)0130.
== 001011 = 0(1,3, 0)01301

— 10 (1 3,0)101301

— 01070 = 010(1, 3,0)10130T
= 01010 = (1, 3,0)13110130T
— 01010 = (1, 3,0)1370130T
== 01010 = (1, 3,0)13101301
= 01010 = (1, 3,0)1(0, 3,1)3001301

Since relation (7) conjugated by (3,2) is (0,3,1)30 = 31.

—> 01070 = (1, 3,0)(0, 3, 1)0300130T = 031301
== 01070 = 0313(2, 0, 1)02



Since relation (7) conjugated by (0,2) is (2,0,1)02 = 01.
= 01070 = (2, 0, 1)132303
= 01070 = (2,0, 1)13(3, 1)(2,0)3212 o
since relation (3) conjugated by (1,2)(0,3) is (3, 1)(2,0)321 = 230.
= 01010 = (2,0,1)(3,1)(2,0)313212
— 01010 = (0, 3,1)313212 .
== 01010 = (0, 3, 1)3(0, 1, 3)10212
Since relation (7) conjugated by (2,1,3) is (0,1,3)10 = 13.
= 01010 = (0, 3,1)(0,1,3)010212 = 010212
= 01070 = 01(0, 1)(2, 3)2032
Since relation (3) conjugated by (1,2) is (0, 1)(2, 3)203 = 021.
—> 01010 = (0,1)(2,3)102033  ° '
= 01010 = (0, 1)(2, 3)1020(0, 3,2)30
Since relation (7) conjugated by (2,3,1) is (0, 3,2)30 = 32.
= 01010 = (0, 1)(2,3)(0, 3,2)130330 = (0, 1, 3)13030
= 01070 = (0, 1, 3)133030
= 01010 = (0, 1, 3)130300
Since relation (6) conjugated by (1,3) is 303 = 030.
= 01010 = (0, 1,:3)130300
= 01010 = (0, 1,3)13030
— 01070 = (0, 1, 3)TI3030
—> 01070 = (0, 1, 3)TI3030
== 01070 = (0, 1, 3)T(1, 0)(3, 2)31230
Since relation (3) conjugated by (0,1,3,2) is (1,0)(3,2)312 = 130.
= 01070 = (0, 1, 3)(1,0)(3, 2)031230 = (1, 2, 3)031230
= 01010 = (1, 2, 3)031230
= 01010 = (1, 2, 3)03(2, 0)(1, 3)2100
Since relation (3) conjugated by (0,2) is (2,0)(1,3)210 = 123,
= 01010 = (1, 2, 3}(2, 0)(1, 3)212100 == (1,0,2)2121
—> 01070 = (1,0,2)T211
Since relation (6) conjugated by (0,2) is 212 = 121.
== 01010 = (1,0, 2)T2IT = (1,0,2)121
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in [010].

== N01010 = N(1,0,2)121 = N121 € [010]
== [01010] = [010)
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Hence t97!, a representative from the other 4-orbit,. takes [0101] to 2 single coset

Now let’s consider [01010]. As proven above, we know 01010 = (1,0, 2)721.

= 1001070 = 10(1, 0, 2)121
= 1001070 = (1,0,2)02121
= 11010 = (1, 0,2)02121

= g(p 10 = 0(1,0,2)0212110
= 01010 = (1,0,2)2021210
== 01010 = (1, 0,2)2022120

Since relation (6} conjugated by (0,2) is 212 = 121.

= 01010 = (1,0, 2)2022120
== 01010 = (1,0, 2)202120
== 01010 = (1,0, 2)020120

Since relation (6) conjugated by (1,2) is 020 = 202.

= 01010 = (1, 0, 2)020120
= 01010 = (1, 0, 2)050(0, 1, 2)100
Since relation (7) conjugated by (1,2) is (0,1,2)10
— 01010 = (1,0, 2)(0,1,2)101100 = 10T
== N01010 = N101 € [010]

— [07010] = [0T0)

Hence ¢y takes [0101] to a single coset. in [010].

O

Now let’s consider [010]]

We previously proved that N010 = N212 = N313 = N414
=> N0101 = N212] = N3131 = N4141

NO010T = N0(0,2,1)121 : :

12.

Since relation (7) conjugated by (1,2) is (0,1,2)10 = 12

NO0101 = N0(0,2,1)121 = N(0,2,1)2121 = N2121

If we conjugate this relation by (0, 3) and (0,4) we obtain the following equations:
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N010T = N2121 = N3131 = N4141
N1010 = N2020 =

N0202 = N1212 = N3232 = N4242
N0303 = N1313 =

N0404 = N1414 = N2424 = N3434

N0101 = N012201
= N0101= N012201
= N0101 = N012(2,1)(0, 3)023

Since relation (3) conjugatéd by (0,2,1) is (2,1)(0,3)023 = 201.
= NO010T = N(2,1)(0, 3)321023
—s NOIOT = N(2,1)(0,3)(2,0)(3,1)230023

Since relation (3) conjugated by (1,3)(0,2) is (2, 0)(3, 1)230 321.
— N010T = N(2,3)(1, 0)230023 = N(2, 3)(1,0)2323
= NO10T = N(2,3)(1,0)231123
— NOITT = N(2,3)(1, 0231123 _
= N0101 = N(2.3)(1,0)231(0,2)(1,3)210

Since relation (3) conjugated by (0,2)-is (0,2)(1,3)210 = 123.
— NO10T = N(2,3)(1, 0)(0,2)(1, 3)013210 = N(2, 1)(3,0)013210
=+ NOI0I = N(2,1)(3, 0)013210
== N0101 = N(2,1)(3,0)(0,3)(1,2)102210

Since relation (3) conjugated by (2,3) is (0,3)(1,2)102 = 013
— NO10T = N(2,1)(3,0)(0, 3)(1, 2)102210 = N10T0

So N0101 = N2121 = N3131 = N4141 = N1010 = N2020 = N3030 = N4040

If we conjugate this equation by (1,2), (1,3), and (1,4) we obtain the following:

NO10T = N212T = N3131 = N4141 = N10T0 = N2020 = N3030 = N4040 =
N0202 = N1212 = N3232 = N4242 = N0303 = N1313 = N2323 = N4343 = N0404 =
N1414 = N2424 = N3434

Hence, all single cosets in [0101] are equal.

NOID) > NOIOT — f & NOO| (158,251, 1)" = totito="¢1~1} = ((2,3), (2,4))
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NOD = {7 € N| N(totrto™":™%)" = Ntgtato~ 171} = ((0,2), (1,2), (2,3),
(2,4)) since all single cosets in [0101] are equal. Thus N(0D has orbits {0, 1, 2, 3, 4}

Hence we need to consider [01011] and [01011].

[01071] = [010], so ¢;, a representative from one of the 5-orbits, takes [0101] to
a single coset in [010].

[01071] = [0101], and by relation (6) 01 = 1010
= NO1 = N1010

— N0101 = N01T0T0

= N0101 = N011010

== N0101 = N0QI0

= N0101 = NO10

—=> [010T1) = [0101] = [010]

Hence t, %, a representative from the other 5-orbit, takes [0101] to a single coset
in [010].
QOur double coset enumeration must be complete since the set of right cosets is

closed under right multiplication by the symmetric generators.
Thus we have the Cayley diagram that is shown in Figure 5.1.

: e N e v 388 . [N N N
The maximum possible index of N in G & [(Oi.2z3)to] i& {W} -+ TNO] + le\ﬁblﬂ
[N |N]

[V 4 N N N N| IN) |V
+ lN(m)l + ’N(?ﬁ)l + |N(°hi + IN(61)| + |N(0T0)| + [N(leﬁ)l + |N(o_ﬁ)| + IN(mD” + IN(012)]

_IN N N N N| |¥] |N] IN]
+ ]N!(mlo)l + |N|(1'T1¥6)| -+ IN!(mlb')I + ]N!(ﬁlu)l + N umll + |N(m)| + IN(010T)| + |N(WJ)| +
Ty = 155 +204 2045454 14+ 1455420454545+ 5+1+14545+1 = 126.

Thus |G| < 126 x [N] = 126 x 120 = 15120. In order to show |G| = 15120, we consider

G as a subgroup of Sy24 acting on 126 cosets that we have found, and labeled as follows:




Figure 5.1: Cayley Diagram of 57 x 3 over Sy
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1. N 220 N21 43. NO03 64. N141 85. NO2 106. N201
2. NO 23. N04 44. N141 65. NI141 86. N412 107. N031
3. NUO 24. NOT 45. N43 66. N41 87. N243 108. N010T
4. N1 25. N30 46. N141 67. N24 88 N42 109. NO101
5. N4 26. N32 47. NOI0 68. NOIO 89. N121 110. N4040
6. N1 27. NO01 48 NOI0 69. NOI0O 90. N121 111. NOI1OT
7. N4 28 N34 49. N41 70. N23 91. N401 112. N232
8 N2 20. N23 50. N24 71. N430 92. N234 113. NOIO1
9. N10 30. N20 51. N12 72. N42 93. N132 114. N3I3

10. N12 31. NO1 52, NO10 73. N312 94. N121 115. N1414
11. N3 32. N2I 53. NOW0 74. NI3 95. N404 116. NO21
12. N40 33. NO4 54. N340 75. N13 96. NO012 117. N301
13. N40 34. N32 55. N23 76. N142 97. N232 118. N1414
14. N2 35 N30 56. N43 77. N324 98. N232 119. N232
15. N12 36. NOI 57. N31I 78. N102 99. N404 120. N313
16. N10 37. N34 58. NI4 79. N232 100. N404 121. N4040
17. N3 38. N31 59. NO10 80. N232 101. NOZ 122. NOIOI
18. N40 39. N14 60. NO10 81. N404 102. N423 123. N1212
19. N40 40. N32 61. N32Z 82. N404 103. NTI21 124. N2323
20. N20 41. N213 62. N123 83 NI12T 104. NT21 125. N1212

21. N23 42. NT12Z '63. NO3 84. N404 105. NO4l 126. N2323

For this purpose we compute the action of the control group N as well as the
action of #y, t1, t2,t3, and 4 on the 126 cosets. These permutations are as follows:

to : (1,2,3)(4,9,10)(5,12,13)(6, 15, 16) (7, 18, 19) (8, 20, 21) (11, 25, 26) (14,
29, 30) (17, 34, 35) (22, 41, 42) (23, 44, 46) (24, 47, 48) (27, 52, 53) (28, 54, 56) (31, 59,
60) (32, 51, 62) (33, 64, 65) (36, 68, 69) (37, 45, 71} (38, 73, 74) (39, 76, 66) (40, 77, 70)
(43, 79, 80) (49, 86, 58) (50, 87, 88) (55, 92, 61) (57, 75, 93) (63, 97, 98) (67, 72, 102)
(78, 94, 108) (81, 109, 110) (82, 99, 111) (83, 96, 113) (84, 105, 115) (85, 89, 90) (91, 95,
118) (100, 121, 122) (101, 103, 104) (106, 119, 123) (107, 124, 114) (112, 116, 125) (117,
120, 126) , _

t1: (1, 4, 6) (2, 27, 24) (3, 31, 36) (5, 49, 13) (7, 18, 66) (8, 22, 21) (9, 81, 82)

(10, 47, 83) (11, 38, 26) (12, 91, 33) (14, 29, 32) (15, 94, 60) (16, 99, 100) (17, 34, 57)
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(19, 23, 105) (20, 106, 101) (25, 117, 63) (28, 54, 56) (30, 85, 116) (35, 43, 107) (37, 45,
71) (39, 44, 46) (40, 77, 70) (41, 119, 123) (42, 103, 104) (48, 78, 121) (50, 87, 88) (51,
89, 90) (52, 109, 108) (53, 68, 111) (55, 92, 61) (58, 64, 65) (59, 110, 96) (62, 125, 112)
(67, 72, 102) (69, 113, 122) (73, 120, 126) (74, 97, 98) (75, 79, 80) (76, 115, 84) (86, 95,
118) (93, 124, 114)

t2: (1, 8, 14) (2, 85, 24) (3, 31, 101) (4, 51, 10) (5, 72, 13).(6, 15, 42) (7, 18, 88)
(9, 78, 36) (11, 40, 26) (12, 91, 33) (16, 27, 96) (17, 34, 61) (19, 23, 105) (20, 81, 82) (21,
47, 112) (22, 52, 53) (25, 117, 63) (28, 54, 56) (29, 119, 60) (30, 99, 100) (32, 68, 69) (35,
43, 107) (37, 45, 71) (38, 73, 74) (39, 76, 66) (41, 113, 83) (44, 46, 50) (48, 106, 121) (49,
86, 58) (55, 79, 80) (57, 75, 93) (59, 110, 116) (62, 94, 108) (64, 65, 67} (70, 97, 98) (77,
120, 126) (84, 87, 115) (89, 109, 123) (90, 103, 111) (92, 124, 114) (95, 118, 102) (104,
125, 122) . ' o

ts : (1, 11, 17) (2, 43, 24) (3, 31, 63) (4, 75, 10) (5, 45, 13) (6, 15, 74) (7, 18,
56) (8, 55, 21) (9, 78, 36) (12, 91, 33) (14, 29, 70) (16, 27, 96) (19, 23, 105) (20, 106, 101)
(22, 41, 42) (25, 81, 82) (26, 47, 114) (28, 44; 46) (30, 85, 116) (32, 51, 62) (34, 120, 60)
(35, 99, 100) (37, 64, 65) (38, 52, 53) (39, 76, 66) (40, 89, 90) (48, 117, 121) (49, 86, 58)
(50, 87, 88) (54, 115, 84) (57, 68, 69) (59, 110, 107) (61, 103, 104) (67, 72, 102) (71, 95,
118) (73, 113, 83) (77, 125, 112) (79, 109, 126) (80, 97, 111) (92, 119, 123) (93, 94, 108)
(98, 124, 122) |

i : (1,5, 7) (2, 23, 24) (3, 31, 33) (4, 39; 10) (6, 15, 58). (8, 50, 21) (9, 78, 36)
(11, 28, 26) (12, 81, 82) (13, 47, 84) (14, 29, 67) (16, 27, 96) (17, 34, 37) (18, 95, 60) (19,
99, 100) (20, 106, 101) (22, 41, 42) (25, 117, 63) (30, 85, 116) (32, 51, 62) (35, 43, 107)
(38, 73, 74) (40, 77, 70) (44, 109, 118) (45, 79, 80) (46, 64, 111) (48, 91, 121) (49, 52, 53)
(54, 120, 126) (55, 92, 61) (56, 97, 98) (57, 75, 93) (59, 110, 105) (65, 115, 122) (66, 68,
69) (71, 124, 114) (72, 89, 90) (76, 94, 108) (83, 86, 113) (87, 119, 123) (88, 103, 104)
(102, 1425, 112)

a:(2,4,8,11,5)(3,6,14,17,7) (9, 22, 40, 45, 23). (10, 21, 26, 13, 24) (12, 27, 51,
55, 28) (15, 29, 34, 18, 31) (16, 32, 61, 56, 33) (19, 36, 42, 70, 37) (20, 38, 72, 43, 39) (25,
49, 85, 75, 50) (30, 57, 88, 63, 58) (35, 66, 101, 74, 67) (41, 77, 71, 105, 78) (44, 81, 52,
89, 79) (46, 82, 53, 90, 80) (48, 83, 112, 114, 84) (54, 91, 96, 62, 92) (59, 94, 119, 120, 95)
(64, 99, 68, 103, 97) (65, 100, 69, 104, 98) (73, 102, 107, 76, 106) (86, 116, 93, 87, 117)
(108, 123, 126, 118, 110) (113, 125, 124, 115, 121)
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y: (5, 11)(7, 17)(12, 25)(13, 26)(18, 34)(19, 35)(23, 43)(28, 45) (33, 63) (37, 56)
(38, 49) (39, 75) (40, 72) (44, 79) (46, 80) (50, 55} (54,71) (57, 66) (58, 74) (61, 88) (64,
97) (65, 98) (67, 70) (73, 86) (76, 93) (77, 102) (84, 114) (87, 92) (91, 117) (95, 120) (105,
107) (115, 124) (118, 126)

It readily checks that the order of {,y,1), a subgroup of the symmetric group
Si26 acting on the 126 right cosets of N in G, is 15120. Visibly |z| = 5 and |y| = 2,
additionally jzy] = 4 and [z, y]® = 1, hence {z,7) & Ss. If we conjugate t by Ss we see
that ¢ has exactly five conjugates. We conclude that {z,y,t} is a homomorphic image of

the progenitor 3*5 : Ss.

Thus if the original nine relations hold in {z, y,t), then (z, y,t) is a homomorphic
image of G and this will give |G| > [{z,y,t)| = 15120.

Verify relation (1) tatitotatitotatitotat totaty o b2 t1 o b2 t1 o t2 £ B0 L2 & to
ty 11 to = 1 by conjugating the five symmetric generators by &2 £ g 22 £1 o £2 t1 o t2 £1
to ta t1 o L2 t1 to t2 £y tp t2 t1 o t2 €1 to t2 ¢y to. By multiplying the permutations listed
above, we find #2 1 10 2 £1 to 2o t1 to t2 11 to t2 £y to ta 1 to to £1 to t2 1 to 2 b1 to to )
to = Identity. Thus when we conjugate to, t;, t2, t3 and &5 by to t1 tg €2 £ fo T2 E1 to t2

ty o ta ty fg to £y to to ty Lo o t1 tp 2 t1 tp L2 t1 2y we obtain:
tgzhtotztﬂotztltotzhtofzt] totatilotatatotatitotatitotatito to

tizhtotztxfotahtotzhfotzt:toiﬁtituiztltotztlfoiztttot2t1to =1
tgzhtotzhtot'zhtotzh totatatotatstotatitotatitotats totatity =1t
tgzhtof-zhtoﬁatltotzh totatitotattotatrfolatitotalilotatito ts

t:‘iatltoﬁzhtotztltotzhtotzhtot2t1totzhtutztltotzh3otzt1to =14

So tatitotatitotatitotattotat tolotitotatitotat totat1fotat 1ty acts as the identity.

Verify relation (2) totstatatitotatstattotatatatitotatatatito = (4,3,2,1,0) by con-
jugating the five symmetric generators. By multiplying the permutations listed above,
we find (2,5,11, 8,4)(3,7,17, 14, 6)(9, 23,45, 40, 22)(10, 24, 13, 26, 21) .

(12,28, 55,51,27)(15,31,18, 34,29) (16,33, 56, 61, 32) (19, 37, 70, 42, 36) (20,
39, 43, 72, 38) (25, 50, 75, 85, 49) (30, 58, 63, 88, 57) (35, 67, 74, 101, 66) (41, 78, 105,
71, 77) {44, 79, 89, 52, 81) (46, 80, 90, 53, 82) (48, 84, 114, 112, 83) (54, 92, 62, 96, 91)
(59, 95, 120, 119, 94) (64, 97, 103, 68, 99) (65, 98, 104, 69, 100) (73, 106, 76, 107, 102)
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(86, 117, 87, 93, 116) (108, 110, 118, 126, 123) (1183, 121, 115, 124, 125). Thus when we
conjugate tp, t1, t2, t3 and 4 by totatstatitotatstatitolatatatiiotatatotito we obtain:

+

totatstatibotalatotitotatatotitotstatatilo
to - t4
ttlot-;tstzt1‘oht3t2t1tot4tst2£11ut4£3t2£1£o =t
ttzot4tstzt1tot4tatzhtot«:tstztlf-otdtstzhto =t
fofatatatifotabatobitolatstat fotatatatito _ ;- .
t3 =1y o :

ttot4tst2htotu‘-atzhtotatatzhtotatztzhto =1
4 ]

So t0t4t3t2t1t0t4t3t2t1t0t4t3t2t1t0.t4t.3t2t1t0 acts as the permutation (4, 3,2,1, 0)

Verify relation (3) t1totstatito = (0,2)(1,3) by conjugating the five symmetric

tt1t0t3t2t1t0 j— t . ttltﬂtStQtlto J— t
£1t ¢ t ’ i
t103210_tC ) tlDS?lO_t

tflltotatzhto =ty
So titptatatity acts as the permutation (0,2)(1, 3).

Verify relation (4) tattotatitotatitotatitotatitototito = 1 by conjugating the five

symmetric generators.
hatitolatitotatrtotatstotatitotatrto — 4
0 =1io

izt]totgc1tutgtltot2t1t0£2t1t0£2ﬁ1to
tl =11
tot1tolatitolotitotatytolatitolatito
tz — tz
Lotylotatitolatitotatiiotatitotalito
t3 = t3

tatylotatifototitotalitotatytotatito

So tat1totatitotatitolatitotatitotatito acts as the identity.

Verify relation (5) titotitotifotitotitotito = 1 by conjugating the five symmetric

generators.
thitotatolitolatotitotrto to hifotatotitotibotitotrlo 4
tytot totitotitolst titptitolatolrint
t101tot10t101010=t2 tslololoxoltohto:tS

tiltotltotltotltotltotllo =1y
So titot1totstotitotitotty acts as the identity.

Verify relation (6) to~'t1tg71t1207 "4, = 1 by conjugating the five symmetric

generators.
—1g g1 -1 ~1 -1 -1
tgo filo™ yte™ 0 to ttlo tito™ hito™ 01 &
-1 -1 -1 -1 -1 -1
ttzo b1 Mo 1 to t:tso tito™ hito™ 1 _ 4.

to~lt1ta= Vqtg— 1ty _
t4 1 1 tq
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So tp~ 't1to~ Mt1tp~ 1 acts as the identity.

Verify relation (7) #17t2t0"¢; = (0,1,2) by conjugating the five symmetric
generators,

g2t t g Tt t5

ttzl_ltzfo_ltl =1 tgrftzto"‘tl =13

t_lfil"ltzto‘ltr =14
So £, MHatp 71t acts as the permutation (O, 1,2).

Verify relation (8) titatotatitatatatitatols = 1 by conjugating the five symmetric

generators.

hitatotatitatolatitatots _ to ttlE'ztotzt:tztotztltztotz =1

thtztotztltztotzht2t0t2 =t tgltztotztltztoiztltztotz =1,
t?tztotztltztotahtntotz =1
SO‘tltgtotztltztotz_tltztotz acts as the identity.
Finally, verify relation (9) t,t2‘tot2~ t1t3~ tot2~! = 1 by conjugating the five

symmetric generators as follows:

t&1f2_11052_1t112_'3052_1 =1 t§1t2‘1tot2—’t1t'2‘1t0t2—1 —1¢
tr1tz~ Yegta— Vgt~ igta ™1 to—ltgta— 1ty ta—ttgtg—?
ghte™ tol2™ k2 2™ 4, télQ otz ™ Erte ™ ot ™ _ ¢

~Ynta=lsta=tate—1
tfl’ t2” lata T hite T lote T _ ta
So tite gty T yte gt ™! acts as the identity.

Thus G/ker¢ = (z,y,t) and [G| 2 |{z,y,t)| = 15120. As shown earlier, |G| <
15120. Hence |G| = 15120.

Moreover, e = (1,78,87,98,52,116, 71}(2, 58, 90,57, 119, 63, 115} (3, 23, 118,
83, 51, 55, 97) (4, 42, 70, 124, 59, 33, 46)(5, 53, 32, 61, 120, 121, 19) (6, 85, 45, 122, 9,
50, 126) (7, 110, 49, 112, 75, 103, 25) (8, 74, 125, 35, 95, 82, 66) (10, 106, 54, 111, 96,
102, 34) (11, 113, 30, 37, 109, 36, 88) (12, 84, 108, 22, 40, 17, 99) (13, 31, 76, 104, 73, 89,
107) (14, 43, 64, 48, 39, 123, 38) (15, 62, 92, 26, 81, 105, 65) (16, 67, 80, 94, 101, 56, 47)
(18, 69, 41, 77, 79, 24, 91) (20, 28, 60, 27, 72, 114, 68) (21, 117, 44, 100, 86, 29, 93},

b = (1, 13)(2, 19)(4, 66)(5, 46)(7, 60)(8,‘88)(11,’56)(12, 48) (15, 86) (18, 65) (23,
110) (28, 126) (20, 102) (31, 91) (33, 82) (34, 71) (37, 80) (39, 108) (44, 111) (45, 114)
(47, 115) (49, 83) (50, 123) (53, 58) (54, 98) (64, 122) (67, 90) (69, 76) (72, 112) (84, 118)
(87, 104) (95, 109) (100, 105), : : '

and ¢= (1,109, 122)(2,110,100)(3,81,121) (4, 108, 69) (5, 118, 65) (6, 52, 113)
(7, 44, 115) (8, 123, 104) (9, 78, 36) (10, 94, 68) (11, 126, 98) (12, 91, 33) (13, 95, 64)
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(14, 89, 125) (15, 53, 83) (16, 27, 96) (17, 79, 124) (18, 46, 84) (19, 23, 105) (20, 106,
101) (21, 119, 103) (22, 41, 42) (24, 59, 99) (25, 117, 63) (26, 120, 97) (28, 54, 56) (29,
90, 112) (30, 85, 116) (31, 82, 48) (32, 51, 62) (34, 80, 114) (35, 43, 107) (37, 45, 71) (38,
73, 74) (39, 76, 66) (40, 77, 70) (47, 60, 111) (49, 86, 58) (50, 87, 88) (55, 92, 61) (57, 75,
03) (67, 72, 102)

are in G with S7 X 3 & (a,b,c) since 57 x 3 & {a,b,cla’, b?, (ab)®, (a=%(ab)?)?,
(a=2ba?b)?, 2, [c, q], [, ] }. So (a,b,c) < G, but |(e,b,c)| = |G|, therefore G = {a, b, c) =
S7 x 3.
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Chapter 6

Construction of 2 x M9

Consider the progenitor
20 : Lo(5) = (z,9,t]s® = ¢° = (ay)? = 1 = £2 = [t,2] = [tV ,y)]),
where
z~(0,1,2,3,4)
y ~ (00,0,1)(2,4, 3), and

t~teo.

The following relations from [Cur07] may be used for the purpose of manual

double coset enumeration:

1. [(0,1,2,3,4)t0]® =1

o

. [(0,2,4,1,3)t0)8 =1

w

- 1(00,0,1)(2,4, 3t =1

=9

. [{00,0,1)(2,4,3)t5)2 = 1

(%]

- (oo, 0)(1, 4)teo]® = 1

6. [(OO 0)(1:4)t1]6 =1

Based on a computer, it is known, see [Cur07], that the progenitor 2*¢ : Lo(5)
factored by relations (1) through (6), although relations (1),{3), and (6) suffice, is iso-
morphic to 2 x M12. We will construct by hand 2 x M2 using the technique of manual

6.
double coset enumeration of G £ @,1,2,3,4):015,[(oo,oz,l)(;,i(,ggtmis,[(oo,o)(l,d)u}6 over L3(5).
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Expanding relations (1), (2), (3), (4), (5), and (6) gives us:

(1) [(0,1,2,3,4)t0B =1
(0,1,2,3,4)%(0,1,2,3,4)t(0, 1234)to(01234)t0(0 1,2,3,4) % (0, 1, 2, 3,
4)19(0,1,2,3,4) 2 (0,1, 2,3, 4)tg =1
0,1,2,3, 4)8t0(01 23,4)7t (0, 1,2,3,4)“t0(01234)5 to(O 1234)4 t0(01234)3 %o (0,1,2,3,9)
to(01:23:4) £ — 1 R ’
(0,3,1,4, 2)tot tptytstat tg = 1
(0,3,1,4,2)tat1tots = totitats . (1)

(2) [(0,2,4,1,3))® =1 . .
(0 2,4,1 3)t0(0 2 4,1,3)t0(0 2,4,1, 3)t0(0 2,4,1 3)t0(0 2,4, 1, 3)t0 (0 2,4,1 3)
10(0,2,4,1,3) 0 (0,2,4,1,3) to = 1, ., L
(0,1, 2,3, 4)Bto 1234 1) (0,1,23.4)° £, (01,234)° 1012340 40 (0,1,23.4)° 4 (0,1,23,4)?
t0(01112§3s4) to = 1
(0, 1,2,3, 4)t4t2tot3t1}t4t2t0 =1
(0, 1, 2,‘3,4)t4t2t0t3 = lotatsty (2)

(3) [(00,0,1)(2,4, 3)teo]® = 1
(60,0, 1)(2,4, 3)£c0(00,0, 1)(2,4,3)tco (00,0,1) (2,4,3) too (0,0,1) (2,4,3) teo
(00,0,1) (2,4,3) teo (0,0,1) (2,4,3) teo (00,0,1) (2,4,3) tos (00,0,1} (2,4,3) too =1
(c0,0,1)(2,4, 3)8t°o(oo,0,l)(2,4,3:)7 too(oo,o,l)(2,4,3)s tm(oo,‘o,1)(2,4,3)5
too(oo,o,l)(z,4,3)4 too(oo,O,l)(2,4,3)3 too(oo,o,l)(2,4,3)2 oo (010:1)(2:4,3) too = 1
(00,1, 0)(2, 3, 4)totoctitoteot1totos = 1
(00,1,0)(2, 3,4)totcot1to = tostotiteo (3)

(4) [(00,0,1)(2,4,3)t28 =1
(00,0, 1)(2,4, 3)t2(00,0,1)(2,4, 3)t2(c0,0,1)(2, 4, 3)t2(c0, 0, 1)(2,4, 3)t2 (00,0,1)
(2,4,3) ta (c0,0,1) (2,4,3) 22 (00,0,1) (2,4,3)t2 (00,0,1) (2,4,3) t2 =1
(0,0,1)(2,4, 3)8t2'(co,0,1)(2,4,3)7tz’(oo,Ojl)(2,4,3)5
t-z(oo,[),l)(2,4,3)5.t2(oo,0,1)(2,4,3)“t 2(0:,0,1)(2,4,3)3t2(oo,0;1)(2,4,3)2 to(000,1)(2,4,3) ta=1
(00,1,0)(2, 3, 4)tatatatstatststs = 1
(00,1,0)(2,3,4)tatatats = tatatste 4)

(5) [(00,0)(1,4)teo]® = 1
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(00, 0)(1,4)t00 (00, 0)(1, 4)teo(00, 0}(1,4)too (00, 0)(1, 4)tco (00,0) (1,4) teo (00,0)
(1,40 =1
(00, 0)(1,4)8100 (00144 (20,0)(1,4)*
too DA (000)(14)% (0.0)(1)p  — 1
toteototoottoo = 1
totooto = teotpteo (5)

(6) [(c0,0)(1,4)t1)° =1
(00, 0)(1,4)t1 (00, 0)(1, 4)t1(00, 0)(1,4) #1 (c0,0) (1,4) t1 (c0,0) (1,4) #; (c0,0)
(1,4) t; =1 )
(00,0)(1,4)8t, (220(14)%¢ (c0,0)(1,4)*
£ (000)(1,4)%4 (00,0)(1,4)% ¢ (000)(L)y, — 1
tatrtatitat; =1
tatity = t1taty (6)

We now perform the manual double coset enumeration of

2*8.10(5
G = l(o,1,2,3,4)to15,l(oo.o,l)(z,ifsgtm]?,l(oo,O)(l,4)t116 over L(5)

We start with the double coset representative word of length zero, NeN = N,
denoted [#].

Next we consider the double cosets with word length one. NV is transitiveon Q =
{toosto, t1, £2, ta, ta} = {0,0, 1, 2, 3, 4}, thus Nt,.N = {Nit"| n € N} = {Ni, Nty,
Nty, Ntg, Nt3,,Nty} = {Noo, NO, N1, N2, N3} denoted [0].

Now we determine for [co] to which coset Nty t; belongs for one t; from each
orbit of N on Q. Since N*® = {n € Njto" =t} = {(0,1.2,3,4),(2,5)(3,4)}, N* has

orbits {c0}, {0,1,2,3,4} on .

So we need to consider the double cosets [coc0], and [eo0).

0000 = e == [0000| = [#], since i is of order 2. So t, takes [o0] to the single
coset in [x]. _ b

Thus we need to consider [c00].

The generator #;, a representative from the 5-orbit, takes {oo] to a single coset

in [000]. There are 30 distinct single cdsets in [o00].

Now let’s consider the double coset of word length two, Nt N, denoted [000].
N0 = N(0) = ((1,4)(2,3)). [000] has.orbits {0}, {c0}, {1,4}, and {2,3} on Q. Hence
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we need to consider [0000], [000c0], [0001], and [c002).
First [0000] = [o0], since tp is of order 2. So the generator ¢ takes [oo0] back to
a single coset in [co].
Next consider Nigotgteo, denoted as [oco0co]. By relation (5), we know Nitcototeo
= Nigtooto. N0 = ((1,4)(2,3),(2,3)(0,00)) so there are 15 distinct cosets in [co000].
Now consider Ntotot; N denoted [c001]. The generator ¢, a representative from
one of the 2-orbits, takes [c00] to a single coset in [0001]. [co01] has 60 distinct cosets.
Finally, consider NioototaN denoted [0002]. The generator {3, a representative

from the other 2-orbit, takes [c00] to asingle coset in [ooOQ]. [0002] has 60 distinct cosets.

Next. let’s study the double cosets of word length three. Start with [0o0c0].
N(o00) has orbits {1,4}, {2,3}, and {0,00} on Q. So we need to consider [oo0coc0],
[c00001], and [c00002]. ‘ ' ' ' :

[oo0c000] = [000], 50 tw, a representative from one of the 2-orbits, takes [co0cc]
back to a single coset in [000].

11, a representative from another 2-orbit, takes [000co] to a single coset in
[oo0001]. Now by relation (5), colloo = 0000, so Noolool = NOooOl. N(0%1) —
{(2, 3)(0,00)} so there are 30 distinct single cosets in [oc0c01].

Similarly, ¢, a representative from the remaining‘2-or‘bit.,.ta'kés [c0000] to a
single coset in [000002], and Neo0oo2 = N0co02. N{(0%2) — ((1, 4)(0,00)) so there are

30 distinct single cosets in [co0o02).

Now consider [0001]. N0 = §°0! — ¢ and has orbits of {oo}, {0}, {1}, {2},
{3}, and {4} on £2. So we need to look at [0001lc0], [00010], [00011].[c0012], [c0013], and.
[0c014].

First note that [00011] = [c00], since the &;’s are of order 2. Hence ¢, takes
[cc01] back to a single coset in [c00).

Next look at [000100]. 2o takes [0001] to a single coset in [c001cc]. By relation
(3) we know that N(o0,1,0),(2,3,4)00010 = NooQloo. Hence N0ool0 = Noolloo.
N(e0190) — ((2,3)(0, 00)) so there are 30 distinct single cosets in [c001c].

to takes [0001] to a single coset in [00010]. By relation (5), we know 0co0 =
oo0co. If we conjugate this relation by (1,00)(3,4) € La(5), we derive 010 = 101. Hence
00010 = 00101, and Neo010 = Noo101. N0 = ((1,0)(2,4)) so there are 30 distinct

single cosets in [0c010].
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tz takes [0001] to a single coset in [00012]. There are 60 distinct single cosets in
[00012].

13 takes [0001] toa single coset in [00013]. By relation relation (2), (0,1,2,3,4)
4203 = 0241, if we conjugate by (4,00,2,0,1) € L3(5), we obtain (1,4,0,3,00) 00013
= 10c04. Hence N(1,4,0,3,00) 00013 = N10c04. Thus it follows Noo013 = N10co4.
N(©013) — ((1,00)(3,4)) so there are 30 distinct single cosets in [c0013)].

t4 takes [0001] to a single coset in [00014]. There are 60 distinct single cosets in
[c0014].

Now let’s turn our attention to [0002]. N(*) = ¢, and has orbits {0}, {0}, {1},
{2}, {3}, and {4} on Q. So we need to look at [ec0200], [00020], [00621].[00022], [00023],
and [00024].

Start with [00022] = [c00], hence #; takes [0002] back to a single coset in [000].

Next, t takes [c002] to a single coset in [000200]. By relation (4) we know
(00,1,0)(2,3,4)4234 = 2432, if we conjugate this relation by (2,0,4,00,3) € La(5), we
obtain (3,1,4)(0,2,00)0c0200 = 00020. Hence N(3,1,4)(0,2, 00)c00200 = N0c020 and
it follows that Noo020c = N0co20. N(022) — ((1 4)(0,c0)) so there are 30 distinct
single cosets in [c00200]. o '

tp takes [0002] to a single coset in [c0020]. By relation (5) we know 0000 = 00000
If we conjugate this relation by (1,3)(2,00) € La(5), we derive 020 = 202. Hence we
know Noo020 = Noo202. N{(%920) — ((2,0)(3,4)) so there are 30 distinct single cosets in
[00020). '

1) takes [0002] to a single coset in [00021]. By relation (1) we know (0,3,1,4,2)
2104 = 0123. If we conjugate by (1,6,2,00,4) € L(5).we find that (2,3,0,1,00) 00021
= 20003. Hence N(2,3,0,1,00) 00021 = N20003 and it follows that Noc021 = N20co3.
N(©021) — ((13)(2, 00)) so there are 30 distinct single cosets in [00021].

tg takes [c002] to a single coset in [00023]. There are 60 distinct single cosets in
[c0023]. '

Stmilarly, t; takes [c002] to a single coset in [00024] and there are 60 distinct

single cosets in [00024].

Now let’s consider [co0col]. N(®0%1) has orbits {1}, {4}, {2,3}, and {0, 00} on
2. So we need to look at [cofco11], [coloo14], [0000012], and [0000010]

First [oc0c011] = [ooloo] so ¢ takes [ocOool] back to a single coset in [00000].
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t4 takes [co0col] to a single coset in [000c014]. By relation (5) we know oolco =
0000, so it follows that co0cold = 000014. Hence NooOoold = NOoo014. N(e00014) —
((2, 3)(0,00)) so there are 30 distinct single cosets in [co0c014].

t2, a representative from one of the 2-orbits, takes [c00ocol] to a single coset in
[0000012]. There are 60 distinct single cosets in [co0o012).

to, a representative from the other 2-orbit, takes [oo0col] to a single coset in
[0000010]. By relation (3) we know (00,1, 0)(2,3,4)00010 = c00lco. But by relation (5)
we know 0coloo = 000. So (00,1, 0)(2,3,4)0c010 = Doolocolco

== 0(c0, 1,0)(2, 3,4)00010 = 00c00colco

= (00,1,0)(2,3,4)0000010 = colcoleo. But again recall that by relation (5)
we can write {0, 1,0)(2,3,4)0000010 = 0co0lco. Hence it follows that
N{o0,1,0)(2,3,4)cc00010 = NOoclloco

= Noo0ool0 = NOocollco.

N(0000010) — (2 3)(0, 00)) so [0000010] contains 30 distinct single cosets.

Now let’s consider [000c02]. N(®0%2) has orbits {2}, {3},{1,4}, and {0, 00} on
Q. So we need to ook at [0000022], [c000023], [000c021], and [[c00c020].

First, [0000022] = [000o0] So {7 takes [co0o02] back to a single coset in [co0o0].

Next t3 takes [c00002] to a single coset in [000c23]. By relation (5) coloo =
0000 so 0000023 = 000023. Hence if follows that Noo0oo23 = N0c0023, N(0000023) —
((1,4)(0,00)) so [0000023] contains 30 distinct single cosets.

t1, a representative from one of the 2-orbits, takes [000o02] to a single coset in
[000021] which has 60 distinct single cosets.

1o, a representative from the other 2-orbit, takes [0o0c02] to a single coset in
[0000020]. Now relation {4) is (oo, 1,0)(2,3,4)4234 = 2432, if we conjugate this relation
by (1,4,0}2,00,3) € Ly(5), we obtain (3,4,1)(c0,2,0}00020 = c00200. Now it follows
that 0(3,4, 1)(c0, 2,0)00020 = Qoc0200.

= (3,4, 1){c0, 2, 0)000c020 = 0oc02c0

= N(3,4, 1)(c0,2,0)0000020 = N 0000200

= No000020 = N0oo0200.

N(000920) . ((1,4)(0, c0)) so there are 30 distinct single cosets in [0000020].

Now consider [co0loo], N(01%) has orbits {1},{4}, {2, 3}, and {0,c0} on £.

So we need to look at [co01oo1], [0001004], [0001002] and [oo01c0c0].
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First [oo0looco] = [0001], 50 teo, 2 representative from one of the 2-orbits takes
[0c0100] back to a single coset in [c001]. ‘

Next consider [co01c0l]. By relation (3) co0loo = (o0, 1,0)(2,3,4)00010, so it
follows oc0lcol = (oo, 1,0)(2, 3,4)000101.

== col1col = (00, 1,0)(2,3,4)000010 by relation (5) conjugated by
(1,3,2,4,00) € Ly(5)

= oc0lool = (o0, 1,0)(2,3,4)0cc010

= c00lool = (00,1,0)(2,3,4)c000010 by relation (5).

= NoolOlool = N(co,1,0)(2,3,4)0000010

= Noollool = Noo0ool0. So it follows that [oo01c0l] = [co0c010].

Now 4 takes [000100] to a single coset in [000lood]. By relation (3) we know
(00,1, 0)(2,3,4)00010 == co0loo

= (00,1, 0){(2,3,4)000104 = co0lood. So it follows that
N(co,1,0)(2,3,4)000104 = 0001004

== N000104 = NooOlood.

N({oobleod) = ((2 3)(0,00)) so there are 30 distinct single cosets in [cc01c04].

t2, a representative from the other 2-orbit, takes [co0lco] to a single coset in
[0001002]. By relation (2) conjugated by (1,2)(4,00) € Ly(5) we obtain
(0,2,1,3,00)00103 = 01c02.

= 00(0,2; 1,3, 00)o0l03 = cclloc2

= (0,2,1,3,00)000103 = 0001002 = N(0,2,1, 3,00)000103 = Noo0loo2 =
N0co103 = Noo0loo2. '

N(a01e02) — (2 3)(0,00)) so it follows that there are 30 distinct single cosets in

[0001002).

Now let’s consider the double coset [00010]. N(°010) has orbits {3}, {co}, {1,0},
and {2,4} on 2. So we need to look at [600103], [0001000], [00100], and [cc0102].

Start with [000100] = [cc01], so tg, & representative from one of the 2-orbits,
takes [0c0010} back to a single coset in {oo01]. ’

Next consider [000102]. 13, a representative from the other 2-orbit, takes [c0010]
to a single coset in [000102]. There are 60 distinct single cosets in 000102].

t3 takes [00010] to a single coset in [c00103]. If we conjugate relation (5)
by (1,00)(3,4) € La(5), we find 010 = 101. Hence it follows No0c0103 = Noo1013.
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N{o0108) — ((1.0)(2,4)) so there are 30 distinct single cosets in [000103].

teo takes [c0010] to a single coset in [000103]. By a previous proof, we know
00010 = 00101, so if follows that Noo010co = Nool0loo. Further we can see that
Noo010co = Noolooool0oo.

= Nooloogo10co = Neoloo(eo,0,1)(4,3,2)1c001 by relation (3) conjugated
by (1,0)(2,4) € La(5).

= Noo010co = N(co,0, 1)(4, 3, 2)01010010001
= N(00,0,1)(4,3,2)0010c010001 by relation (5) conjugated by (1,00)(2,4) € L2(5).

= Noo010oo = N(co,0,1)(4, 3, 2)0010c010001 = N (00, 0, 1)(4, 3, 2) 100010001
= N10ooloo01.

= Noo010co = Nool0leo = N100001 = N1ooOcol by relation (5). Further-
more it follows N1co0col = N1co0oc100 = N 100000100 = N loo(oo, 0,1)(2, 4, 3)oc01000
by relation (3).

— NlooOool = N{co,0,1)(2;4, 3)o000001000 = N(co, 0, 1)(2,4, 3000001000
by relation (5).

=% Nlcolool = N{co,0,1)(2,4, 3)000001600 = N(00,0,1)(2,4, 3)0c0lc00.
Hence it follows N1looOcol = NOcoloo0 = NO1eol0 by relation (5) conjugated by
(1,0)(2,4) € La(5). So finally we have that Noo010co = NoolOloo = N10co01 =
N1ooOcol = N01co10 = NOool0oo. N{=e0100) = ((1 00,0)(2,4,3),(1,0)(2,4)) so there

are 10 distinct single cosets in [c0010c0].

Now we will consider [co012]. N9 has orbits {1}, {2}, {3}, {4}, {0}, and
{o0} on 2. So we need to consider [c00121], [000122], [000123], [000124], [c00120], and
[c001200].

First note that [000122] = [c001] so ty takes [00012] back to a single coset in
{oc01].

Next, ¢y takes [00012] to a single coset in [000121]. There are 60 distinct single
cosets in [c00121].

t3 takes [c0012] to a single coset in [000123]. By relation (1) we know (0,3,1,4,2)
2104 = 0123, so Noo0123 = Noo(0,3,1,4,2)2104 = N(0,3,1,4,2) 002104 = Noo2104.
N{0128) — (2 0)(3,4)) so there are 30 distinct single cosets in [c00123).

ty4 takes (00012] to a single coset in [co0lo04], since 000124

= (1,3,4,00,0)0023001 thus Noo0124 = Noo23001 € [0001004] since NooOlood conju-
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gated by (1,3,0,2,4) € Ly(5) is Noo23c0l. To prove 000124 = (1,3,4, 00, 0)0023001.
move the relation to the one side of the equal sign and prove it equals identity.

(1,0, 00, 4, 3000124100320 = (1, 0,00, 4,3)00012(1, 0, 00, 4,3)00140200 (by re-
lation (1) conjugated by (2,4, 3,0, 00) € La(5))

= (1,00,3, 0,4)4000200140200 = (1,00, 3, 0,4)4(1,3,4)(2, 0, 00)00020140200 (by
relation (4) conjugated by (2,0,4,00,3) € La(5))

= (1,2,0)(3, 00,4)100020140200 = (1,2,0)(3,00,4)10(1,2, 4,0,00)0200440200
(by relation (1) conjugated by (1,2,00,3,4) € Ly(5))

= (1,4, 3)(2, 00, 0)200020044020 = (1,4, 3)(2, 00, 0)2c002000200 = ¢, by rela-
tion (4) conjugated by (1,3, 0}(2,00,4) € Lao(5).

ty takes [00012] to a single coset in [000120]. Relation (4) conjugated by
(1,00,4)(2,0,3) € La(5) is (4,00,3)(0,2,1) 1021 = 0120, so Noo 0120
= Nco (4,00,3)(0,2,1)1021 = N (4, 00,3)(0,2,1)31021 = N31021. So Noo0120
= N31021. N(00120) = ((1 0)(3,c0)) so [000120] has 30 distinct single cosets.

Finally t takes a single coset in (00012] to [0001200]. There are 60 distinct

single cosets in [0001200).

Now consider [00013]. N(013) has orbits {2}, {0}, {1,00}, and {3,4} on €.
Hence we need to examine [000132], [000130], [000131], and [c00133].

[c0133] = [0001], s0 t3, a representative from one of the 2-orbits, takes [c0013]
back to a single coset in {0001]. S )

ty takes [00013] to a single coset in [000123], since c00132 = (1,4, 0, 3, 00)23041
thus Noo0132 = N23041 € [000123] since Noo0123 conjugated by (1,0,3)(2,5,00) €
Ly(5) is N23041. To prove 000132 = (1,4,0,3,00)23041. move the relation to the left
side and prove it equals identity.

(1,4,0,3,00)230412310c0 = (1,4,0,3,00)2304(1, 3, 2}(4,0,00)2132000 (by rela-
tion (4) conjugated by (1,4)(0,00) € L3(5)) '

= (1,0,2)(3,4,00)120002132000 = (1,0, 2)(3,4,00)1200(1, 0, 3, 2, 00) 120002000
(by relation (1) conjugated by (1,2, 0)(3,00,4) € L2(5))

= (1,3,4)(2,0,00)0001120002000 = (1,3,4)(2,0,00)00020002000 = € (by rela-
tion (4) conjugated by (1,4, 0)(2,00,3) € La(5)).

tp takes [00013] to a single coset in [000130]. If we conjugate relation (2) by
(1,4,00,2,0) € Ly(5), we find Noo0130 = N(oc,3,0,4,1)100040 = N100040. N(©0130) —




66

{(1, 00)(3,4)) so there are 30 distinct single cosets in [000130].
t1, a representative from the other 2-orbit, takes [c0013] to a single coset in
[000131]. There are 60 distinct single cosets in [000131].

Now consider [00014]. N0 has orbits {1}, {2}, {3}, {4}, {0}, and {oc} on
2. So we need to consider {c00141], [c00142], [000143], [c00144], [0140], and [cc014c0].
[000144] = [0001], so 24 takes [00014] back to a single coset in [0001].
t; takes [00014] to a single coset in [000141]. By relation (6) Noo0141 =
Noo0414, N0014D) = ((1,4)(2,3)) so there are 30 distinct single cosets in Jo00141].
t; takes [00014] to a single coset in [000142]. There are 60 distinct single cosets
in [000142].
t3 takes [co014] to a single coset in [c00143]. Nco0143 = N100034 since
000143 = (1,00,3,0,4)100034. To prove this relation move the relation to one side of
the equal sign, and prove it equals identity.
(1,00,3,0,4)1000343410c0 = (1, 00,3, 0,4)1000434410c0 (by relation (5) conju-
gated by (1,00,3,0,4) € Lz(5))
= (loo,3,0,4)100043441000 = (1,00,3,0,4)10004310c0 = e (by relation (4)
conjugated by (1,3,4)(2,0,00) € Ly(5)).
N(o03) — (1, 00)(3,4)) so there are 30 distinct single cosets in [000143].
ip takes [00014] to a single coset in [000140]. If we conjugate relation (4) by
(1,00,2)(3,4,0) € Lo(5) we derive 0140 = (2,3,00)(1,0,4)1041.
== Noo0140 = Noo(2,3,00)(1,0,4)1041 = N(2,3,00)(1,0,4)21041
=+ Noo0140 = N(2,3,00)(1,0,4)21041
N(2,3,00)(1,0,4)(2,4,1,3,001231 = N(2,0,1)(3, 00, 4)01231
—= Noo0140 = N(2,0,1)(3,00,4)01231
= N(2,0,1)(3,00,4)0{0,0,4)(2,1,3)2132 by relation {4) conjugated by (1,4)(0,c0) €
Lo(5).

== No00140 = N(2, 0,0, 3,4)002132 = Neo2132.

N{(o00140) — (9 0)(3,4)) so there are 30 distinct single cosets in [c00140).

1 takes [00014] to a single coset in {c000021], since co014c0
= (1,2,4.0,00)41402 thus NocOldco = N41402 € [co0o021] since Nooloo21 conjugated
by (1,2,0)(3,00,4) € Ly(5) is N41402. To prove co01400 = (1,2,4.0,00)41402 move the

relation to one side of the equal sign and prove it equals identity
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= (1,2,4,0,00)414020041000 = (1,2, 4,0, 00)414(1, 00, 0, 4, 2)0020110c0 (by
relation (1) conjugated by (1,2,0,00,3) € L2(5)) = 2002002011000 = 22002200cc {by
relation (5) conjugated by (1,3,0,2,4) € L2(5)) = 22002200 = coco = e.

Now consider [c0024]. N(2024) has orbits {1}, {2}, {3}, {4}, {0}, and {0} on
£2. So we need to look at [000241], [000242], [000243], [000244], [00240], and [c002400)].

First [000244] = [0002], so t4 takes [00024] back to a single coset in [0002].

t1 takes [00024] to a single coset in [c00241]. By relation (2), Noo0241 =
Noo(0,1,2,3,4)4203. Hence Noo0241 = Nood203. N(0241) — ((1,3)(4,0)) so [co0241]
has 30 distinct single cosets.

Now 000242 = 000424 € [000131] since Noo0131 conjugated by (1,4)(2,3) &
L3(5) is Noo0424. Hence t; takes [00024] to a single coset in [000131].

13 takes [00024] to a single coset in [000243]. Noo0243 = N{co, 3, 2,0, 4) 432000
= N432000 since 000243 = (00, 3,2,0,4) 432000. To prove this relation move it to one

side of the equal sign and prove it equals identity.

(00,3,2,0,4)4320003420c0 = (00,3,2,0,4)432(2, 3, 00,4, 0)3000220c0 (by rela-
tion (1) conjugated by (1,0,3,2,00) € La(5) = 0003300022000 = 05000000 = 00000000
by relation (5) = 00000000 = cooo = e.

N(o20243) — (3 0)(4,00)) so [c00243] has 30 distinct single cosets.

to takes [00024] to a single coset in [000143], since 000240
= (1, 2, 3)(4, 00,0)240100 thus Noc0240 = N2401co € [000143] since N 240100 conjugated
by (1,0,4)(2,3,00) € La(5) is N2401oco. To prove 000240 = (1,2, 3)(4, 00, 0)2401co move
the relation to one side of the equal sign and prove it equals identity.

(1,2,3)(4, 00, 0)2401000420c0 = (1,2, 3)(4, 00, 0240(1, 4, 00, 2, 0)0001220c0
= (1, 0,00)(2, 3,4)00610001220c0 = (1, 0,00)(2, 3,4)00010c01000 = e by relation (3).

too takes [0c024] to a single coset in [0002400] which contains 60 distinct single

cosets.

Let’s consider {00023]. N(©02) has orbits {1}, {2}, {3}, {4}, {0}, and {co} on
Q. So we need to look at [000231], [000232], [000233], [000234], [000230], and [0002300].

[000233] = [0002], so t3 takes us from [00023] back to a single coset in [0002].

ty takes [00023] to a single coset in [c00120], since 000231 = (1, 00, 4, 2, 3)3002000
thus Noo0231 = N300200¢ € [000120] since c00120 conjugated by (1,2,0, 00, 3) € L(5)

is N3002000. To prove co0231 = (1, 00,42, 3)30020cc move the relation to one side of
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the equal sign and prove it equals identity.

(1, 00,4, 2, 3)3002000132000 = (1, 00, 4, 2, 3)300201, 4, 3, 0, 2)31004000 (by rela-
tion (1) conjugated by (2,00,0, 3,4) € La(5))

= (1,2, 00, 3, 4)0021031004000 = (1,2, 0, 3,4)002(1, 3, 0)(2, 00, 4)0130004000
(by relation (3) conujugated by (1,3,4,00,0) € La(5))

= (1,00,0)(2, 4, 3)4000130004000 = (1, 00, 0)(2, 4, 3)400013.
(1,2,3)(4, 00,0)o0040000 (by relation (3) conjugated by (1,4)(2,3) € La(5))

= (1,0,2, 0, 4)00042100040000 = (1,0,2, 00,4)0004210004 = (1,0,2, 00, 4)
0042 (1,4,00,2,0}00012 (by relation (2) conjugated by (1,2,00,3,4) € La(5)

= 2100000012 = 12000012 = 2112 =22 =¢.

t2 takes [00023] to a single coset in [000232]. No00232 = Noo0323 by relation
(5) conjugated by (1,00,3)(2,4,0) € L2(5). )

t4 takes [00023] to a single coset in [000142], since 000234
= (1,3,0)(2,00,4) 32000l. Thus Noo0234 = N(1,3,0)(2,00,4)320001 = N320001 €
[000142] since Noo0142 conjugated by (1,0,2)(3,4,00) € L(5) is N320col. To prove
000234 = (1,3,0)(2,00,4)320c01 move the relation to one side of the equal sign and

prove it equals identity.

(1,3,0)(2,00,4)32000143112000 = (1, 3, 0)(2, 00, 4)32000143112000 (by relation
(3) conjugated by (1,3,00)(2,0,4) € L(5)

= (1,4,0,3,0)400024134120c0 = (1,4,0,3,00)4000241(1, 3, 2, 4, 0) 14300000
(by relation (2) conjugated by (1,2,4)(3,00,0) € La(5))

= (1, 00,3)(2,4, 0)0001400314300000 = (1, 00, 3)(2, 4, 0)000140031430000 (by re-
lation (5))

= (1, 00,3)(2, 4, 0)000140031430000 = (1,00, 3)(2, 4, 0)0c0140031
(2,0,4,00,3)03420 (by relation (1) conjugated by (1,3,00)(2,0,4) € L2(5))

= (1,3)(2, 00)3410032103420 = (1, 3)(2, 00)34100(1, 3, 0,2, 4)12343420 (by rela-
tion (1) conjugated by (1,2)(3,0) € L2(5))

= (1,0,2,00,4)0130012343420 = (1,0, 2, 00,4)0130012434420 (by relation (6)
-conjugated by (1,3)(2,00) € La(5))

= (1,0,2, 00, 4)0130012434420 = (1,0, 2, 00,4)0(1, 00, 3)(2, 4, 0)3100324320 (by
relation (4) conjugated by (1,4, 3,00,2) € L2(5))

= (1,2,3)(4, 00, 0)23100324320 = (1,2,3)(4, 00,0)23100(1, 00, 0)(2, 3, 4)234220
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(by relation (4) conjugated by (1,0,00)(2;3,4) € L2(5))

=(1,3,0,2,4)3401234220 = (1,3,0,2,4)34012340 = e by relation (1) conjugated
by (1,4)(2,3) € Ln(5).

By relation (3) conjugated by (1,3)(2,00) € L2(5) we know Noo0230
= Neo(2,0, 3)(c0,4,1)2032. So Noo0230 = N42032 € [c00130] since Noo0130 conjugated
by (1,0,2,00,4) € L2(5) is N42032. Hence ¢ takes [00023] to a single coset in Jco0130].

By relation (2) conjugated by (1,4,0,3,00) € L2(5), we know Noo023c0 =
Noo(0,00,2,4,3)3204 = N(0,00,2,4,3)23204 = N23204 € [c000012] since Noolool2
conjugated by (1,0,3)(2,4,00) € La(5) is N23204. Hence o, takes [00023) to a single

coset in [0o0o012].

Now consider [60021]. N{®0? has orbits {4}, {0}, {1,3}, and {2,00} on Q. So
we need to examine [000214], [000210], [c00211], and [cc0212).

Start with [000211] = [0002], so ¢) a representative from one of the 2-orbits takes
[00021] back to [0002]. :

t4 takes [00021] to a single coset in [c00241], since 000214 = (1,3, 00, 0, 2)430100
thus Noo0214 = N430100 € [000241] since 000241.conjugated by (1,00,4)(2,0,3) € Ly(5)
is N4301oco. To prove oc0214 ='(1, 3, 00, 0, 2)4301c0 move the relation to one side of the
equal sign and prove it equals identity. -

(1, 3,00,0,2)4301003120c0 = (1, 3,00,0,2)430 (1,4,00)(2, 3,0)c0ldco 2000 (by
relation (4) conjugated by (1,2,00,3,4) € Ly(3)) - S

=(1,0,3)(2,4,00)00020014 002000 = (1,0,3)(2, 4, 50)00020014
(1,4,3)(2,00,0)20002 (by relation (4} conjugated by (3,0}(4,00) € L2(5))

= (1,2,3,4,0)02c0 0432 0002 = (1,2, 3,4,0)020 (1,3,0,2,4)3401 0002 (by re-
lation (1) conjugated by (1,4, 2,0, 3) € Ly(5)).

=(1,4,2,0,3)2 40034 010002 == (1,4,2,0,3)2 (1,2, 0)(3, 00, 4)ood300 010002 (by
relation (3) conjugated by (1,3)(4,0) € La(5)) .

= (1,3,2)(4,0,00)00043 000loo 02 = (1,3,2)(4, 0, 00)00043
(1,0,00)(2,3,4)00010 02 (by relation (3))

= (1,4,00,2,0)001240001 002 = (1,4, 00,2,0)00 1240 0012 = (1,4, 0,2, 0)oo
(1,0,2,00,4)421c0 col2 (by relation (2) conjugated by (1,00,3,0,4) € Ly(5))

— 4421 co0012 = 2112 == 22 = e.

Now by relation (4) conjugated by (1,3)(4,0) € L3(5) we know Noo0210 =
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Noo(eo,4,3)(2,0,1)2012 = N{0,4,3)(2,0,1)42012 = N42012 € [0c0140] since Noo0140
conjugated by (0,2,00,4,1) € La(5) is N42012. So tp takes [c0021] to a single coset in
[000140]. |

By relation (5) conjugated by (1,00)(2,0) € La(5) we know 212 = 121, so
{000212] = [000121] So ¢3 a representative from the other 2-orbit, takes [00021] to a single
coset in [c00121].

Now consider [0c020]. N(%920) has orbits {1}, {0}, {2,0}, and‘{3,4} on ). So
we need to examine [000201], [c002000], [600200], and [0c0203].

First [000200] = [0002]. So %y, a representative from one of the 2-orbits, takes
[00020] back to [c002].

Now t; takes [00020] to a single coset in [000201]. By relation (6) conjugated
by (1,0,00)(2,3,4) € Ly(5) we know 020 = 202, so it follows that Noo0201 = Noo2021.
N(000201} — ((2 0)(3,4)) so there are 30 distinct single cosets in [000201].

too takes [00020] to a single coset in [c0020cc]. By relation (6) conjugated by
(1,0,00)(2,3,4) € La(5) we know Noo'020 oo == Noo 202 co. Additionally, Noo02000
= Nool o000 2000 = Nooloo 002000 = Nooloo (4, 3,1)(2,00,0)20002 (by relation (4).
conjugated by (3,0)(4,00) € L(5)).

= Noo020co == N(4,3, 1)(2,00,0)0 202 0002 = N (4,3, 1)(2, 0,0)0 020 002
by relation (6) conjugated by (1,0)(4,2) € La(5).

= Noo020c0 = N(4,3,1)(2,00,0) 00200002 = N(4,3,1)(2,00,0)200002 =
N200002 = N2000002 by relation (5). So we know Noo020co = Noo20200 = N20oc02
= N2o000002.

N2c00o02 = N200220002 = N200220002 = N2002(1, 4, 3)(2, 00,0)02c00 by re-
lation (4) conjugated by (1,4,0, 3,00) € Ly(5).

= N2000c02 = N(1,4,3)(2,00,0)0000002000 = N(1,4,3)(2, 00, 0)000002c00
= N(1,4,3)(2,00,0)000002000 = N(1,4,3)(2,00;0)0002000 = N0oo2000 = N020020
by relation 6 conjugated by (1,00,4,2,3) € L2(5). Hence Noo020o0o = Noo202c0 =
N200002 = N2000002 = N0c02000 = N020020.

N(0002000) . ((1 4)(0,00), (1,4, 3)(2,00,0)) so there are 10 distinct single cosets

in [0002000].

Finally 3, a representative from the other 2-orbit, takes [c0020] to a single coset

in [000203]. There are 60 distinct single cosets in [c00203].
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Now consider [co0200]. N(*02%) has orbits {2}, {3}, {1,4}, and {0, 0} on Q.
So we need to examine [0002002], [0002003], [c002c01], and [cc020000].

[o0020000] = [0c02], so fw, @ representative from one of the 2-orbits, takes
fo00200] back to a single coset in [0c02].

Now Noo02002 = N00cc02002 = N 00002002 = N0ocloo2002 by relation (5).

= Noo02002 = N0oo0c02002 = N0o0020022 by relation (5) conjugated by
(2,4,3,0,00) € La(5)

= Nco02002 = N000020022 = N0cc02c0 € [0000020] since Nooloo20 con-
jugated by (1,4)(0,00) € L(5) is N0co02c0. So t takes [000200] to a single coset in
[0000020].

t3 takes [0002c0] to a single coset in [000243], since 0002003
= (1,00,4,2,3)001304 thus Nco02003 = Noc1304 € [000243] since Noo0243 conjugated
by (1,2,3,4,0) € Ly(5) is Nool304. To prove cc02003 = (1,00,4,2,3)001304 move the
relation to one side of the equal sign and prove it equals identity

= (1,00,4, 2, 3)c013043002000

= (1,00,4,2,3)c01(1, 0, 2)(3,4,0)0340c02000 (by relation (4) conjugated by
(2,0)(3,4) € La(5))

= (1, 2,4)(3, o0, 0)2000340002000 = (1,2, 4)(3, oc, 0)200034
(1,4,3)(2, 00,0)000200 co (by relation (4) conjugated by (1,4,0)(2,00,3) € Lo(5))

= (1, 00,2,3,0)c0021300020000 == (1,00,2,3,0)c0 0213 0002 = (1, 0,2, 3, 0)co
(1,0,3,2,00)12000 0002 (by relation (1) conjugated by (1,2,0)(3,00,4) € Ly(5))

= 1120000002 = 2002 = 22 =e.

Finally, t;, a representative from the other 2-orbit, takes [c002c0] to a single coset
in [0002001]. By relation (4) conjugated by (2,0, 4, 00, 3) € L2(5) we know (3, 1,4)(0, 2, c0)
000200 = 00020. So Noo02001 = N(3,4,1)(0, 00, 2)000201 = (3,4, 1)(0, 00, 2)0 00201 =
(3,4,1)(0,00,2)0 (c0,1, 2,4,0)02004 by relation (1) conjugated by (1,2,0,00,3) € Ly(5).

= Noo02001 = N(3,0,1)(2,00,4) 0002004 = N(3,0,1)(2,00,4)

(3,4,1)(0, 00,2)000204 by relation (4) conjugated by (2,0,4,00,3) € La(5)
== Noo02001 = N(3,00,1,4,0)000204 = N0co0204. N(021) — ((1 4)(0,00))

so there are 30 distinct single cosets in [co02001].

Now consider [c001002]. N(©=01202) hag orbits {1}, {4}, {2,3}, and {0,c0}.

[00016022] = [000100] since i is of order 2. So 5 a representative from on of
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the 2-orbits takes [c001002] back to a single coset in jco0lco].

t) takes [co01loo2] to a single coset in [00010021].

We previously proved that Noo0loo2 = N0c0103, so Noo01co2l = N0co1031.

Now Neofloo21 = Noo (0,2,1,3,00)001031 by relation (2) conjugated by
(1,3,2)(4,0,00) € Ly(5)

== Noo0loo2l = N(0,2,1,3,00)000 1031 = N(0,2,1,3,00)0c0
(0,1, 3)(2, 00,4)0130 by relation (3) conjugated by (1,3,4,00,0) € La(5).

=+ Noo0loo21 = N(0,00,1)(2,3,4) 140130 = N(0, 00, 1)(2, 3, 4)
(00,2,3)(4,1,0)410430 by relation (2) conjugated by (1,3,0,2,4) € La(5).

= Noollco21 = N(0,2,00)(1, 4,3)41 0430 = N(0,2,00)(1, 4, 3)41
(1,00,2)(4,0,3)4034 by relation (4) conjugated by (1,2,4,0,00) € La(5).

— Noo0loo21 = N(1,0)(3,00) 0004034 = N(1,0)(3, c0)
(00,0,4)(3, 1, 2)00040034 = N(1,4,00)(2, 3, 0)o0040034 = NooO4oo3d.

So we now know Noo0loo2l = Nool4c034.

Now Noo04c034 = Noo(co,4, 3)(2,0,1)004300 by relation (3) conjugated by
(1,3)(4,0) € Lo(5).

= Noc040034 = N(oo,4, 3)(1, 2,0) 41004300 = N(o0,4,3)(1,2,0)
(0,2,3){(1,4; 00)14001300 by relation (4) conjugated by (1,3,00,0,2) € Lo(5).

= Nool4c034 = N(1,3)(4,0)14001300 = N(1,3}(4,0)1(4,3,00,2,1)1004200
by relation (1) conjugated by (1,0c,0)(2,4,3) € La(5).

= Noo040034 = N(1,00,2)(3,4,0)41 cod200 = N (1,00, 2)(3,4,0)41
(1,0,3)(4, 00, 2)40024 by relation (4) conjugated by (1, 3,2,4,00) € La(5).

==+ Noo04003d = N(1,2,0)(3,00,4) 00040024 = N(1,2,0)(3,00,4)
(00,4, 0)(3,2,1)0004024 by relation (3) conjugated by (1,4)(2, 3). € La(5).

= Noo040034 = N(2,00,0,3,4)0004024 = N 0004024

Hence Noo040034 = N0o04024 = Nool0doo34 = N0oo1031.

N{(eo010921) — ((1 4)(0,00),(2,3)(0,00)) so there are 15 distinct single cosets in
[0001c021].

t4 takes [oo0loo2] to a single coset in {oo01co24].

Noo0loo24 = Noof0, 2,1, 3, 00)001034 by relation (2) conjugated by
(1,3,2){4,0,00) € Lo(b)

= Noo0loo24 = N(0,2,1,3,00)0001034 = N0001034.

-
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N(eo010024} — ((2 3)(0,00)) so there are 30 distinct single cosets in [00010024].
to, a representative from the 2-orbit, takes [c001co2] to a single coset in

{00010020]. There are 60 distinet single cosets in [0001c020].

Now consider [c001cc4]. N(0901096) Lag orbits {1}, {4}, {2,3}, and {0,00} on
2. So we need to consider [c001c041], [00010044], [c0010042], and {c0010040].

First [0001c044] = [0001c0], since t4 has order 2. So t4 takes [oco0locd] back to
a single coset in [oo01co].

Next ¢; takes [co0lcod] to a single coset in [oo0lco41]. Noo0loodl
= N{,1,0)(2,3,4)0001041 by relation (3).

= Noollood]l = N0oo1041

Additionally, Noo0loodl = Noo0(3,0,2)(1,4,00)o01400 by relation (4) conju-
gated by (1,0,2)(3,4,00) € La(5).

= NooOlood] = N(3,0,2)(1,4,00)12001400 = N12001400

If we conjugate the new relation we found above by (1,0,3,2,00) € Ly(5) we
now find N0co1041 := N130140. '

So now we have. the following equations:

Noo0leodl = NOool041 = N130140 = N12c014c0

If we conjugate this equation by (1,00,2,3,0} € La(5), then conjugate the re-
sulting equation by (1,3)(2,00) € L3(5) we then find the following:

Noolloodl = N0ool1041 = N130140 = N12c0l4co = N21co2400 = Noo320042
= N203243 = N023043 = N3c02342 = N310340

N(oo0loodl) — 111 0)(3,00),(1,3,00,0,2)) so there are 6 distinct single cosets in
[00010041]. '

Now let’s look at [c0010042]. As previously shown Noo0124 = N (0, 3,2)(1,4,0)
023001,

=3 Noo01244 = N{co,3,2)(1,4,0)00230014.

= Noo012 = N(oo,3,2)(1,4,0)00230014 = Noo230014 € [00010042] since
Noo0locd2 conjugated by (1,3,0,2,4) € La(5) is Noo230014.

So t3, a representative from one of the 2-orbits, takes co0lood] to a single coset
in |c0012]. '

ty, a representative from the other 2-orbit, takes [c001co04] to a single coset in

[00010040]. There are 60 distinct single cosets in joo010040).
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Now consider [0c00102]. N{0102) has orbits {1}, {2}, {3}, {4}, {0}, and {c0}. So
we need to consider [0001021], [cc01022], [c001023], [c001024], [c001020] and [cc010200].

[0001022] = [c0010] so &3 takes [000102] back to a single coset in [00010].

11 takes [000102] to a single coset in [0001403)], since 0001021 =
(1,3,2,4,00)0040342 thus Nco01021 = Noo40342 € {0001403] since Noo01403 conju-
gated by (1,0,4,3,2) € Ly(5) is Nood0342. To prove 0001021 = (1,3,2,4,00))c040342
move the relation to one side of the equal sign and prove it equals identity.

(1,3,2,4,00)00403421201000 = (1,3,2,4,00)004034121101c0 (by relation (6)
conjugated by (2,4)(3,00) and (2,00)(4,0) € L2(5))

= (1,3,2,4,00)004034121101c0 = (1,3,2,4,00)004034 1201co = (1,3,2,4,00)
004034 (1,0,2)(3,4,00)210200 (by relation (4) conjugated by (1,00,3,0,4} € La(5))

= (1,4, 3)(2, 00, 0)3002400210200 = (1,4,3)(2, 00, 0)3 (1,3, 0)(2, 00, 4)20042
210200 (by relation (4) conjugated by (0,3,1)(2,4,0) € La(5))

= (1,2,4,0,00)0200410200 = (1, 2,4, 0,00)02(1, 00, 0,4, 2)14002200 (by relation
(1) conjugated by (1,4,0)(2,00,3) € Ly(5))

= 4114002200 = 440000 = e,

t3 takes [000102] to a single coset in [c001023] since Noo010231 = Nood342
€ [000102]. To prove 0001023 = (2c0)(4,0)0043421 we will move the relation to one side

of the equal sign and prove it equals identity.

(2,00)(4,0)004342132010cc = (2,00)(4,0)00434(1, 2,3)(4,0,0)123101000 (by
relation (4) conjugated by (1,00,0,4,2) € L(5))

= (1,2,0,00,3)000100123101000 = (1,2,0,00,3)01c01123110100 (by relation
(5) conjugated by (1,0)(2,4) € L3(5) and (1,00,0)(2,4,3) € L3(5))

=(1,2,0,00,3)010011231101c0 = (1,2,0, 00, 3)0100230100 = e (by relation (2)
conjugated by (1,3,2)(4,0,c0) € La(5)).

N(0001028) — ((1 3)(4, 0)) so there are 30 distinct single cosets in [0001023).

14 takes [000102] to a single coset in '[0001024]. There are 60 distinct single
cosets in [0001024].

to takes [000102] to a single coset in [0001020]. Now Noo01020 = Neol10120 by
relation (6) conjugatec'l by (2,00){4,0) € La(5).

== Noo01020 = Noo10120 = Nool(4,00,3)(1,0,2)1021 by relation (4) conju-
gated by (1, 3,2)(4,0,00) € L2(5).
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== Noo01020 = N(1,0,2)(3,4,00)301021 = N(1,0,2)(3,4,00)310121 by rela-
tion (6) conjugated by (2,00)(4.0) € L3(5).

= Noc01020 = N310121.

N(001020) — ((1,0)(3,00)) so there are 30 distinct single cosets in [cc01020].

Now let’s look at [000102c0]. Noc0102c0 = Noo0(1,00,0,4,2)2014 by relation
(1) conjugated by (1,0,2)(4,00,3) € L2(5)

= Noo010200 == N(1,00,0,4,2)042014 = N(1,00,0,4, 2)
(0,2,4)(c0,3,1)402414 by relation (3) conjugated by (1,2)(4,00) € Ly(5).

== Noo010200 = N(1,3)(2,00)402414 = N(1,3)(2,00)4(0,1,2,3,4)42034 by
relation (2). )

= Noo0102c00 = N (1,4,0)(2, 00,3)042034 = N042034 € [0001c020] since
Noo010020 conjugated by (1,2,3)(4,00,0) is N042034. ’

So to, takes [000102] to a single coset in [co010020].

Consider [000103]. N{(0103) has orbits {3}, {oo}, {1,0}, and {2,4}. So we need
to look at [0001033], [00010300], [c001031], and [0001032].

[0001033] == [00010], so t3 takes [000103] back to a single coset in [c0010].

 teo takes [000103] to a single coset in [00010305]. Neo0103ce = Nool013c0 by

relation (6) conjugated by (2,00)(4,0) € Ly(5). N(o0103%) — ((1,0)(3,4)), so there are
30 distinct single cosets in [00010300].

11, a representative from one of the 2-orbits, takes [000103] to a single coset in
[0001031]. There are 60 distinct single cosets in [c001031].

t2, a representative from the other 2-orbit, takes [c00103] to a single coset in

[0001032]. There are. 60 distinct single cosets in [0001032].

Now consider [c0010c0]. N (00109} has orbits {1,0,00} and {2,3,4}. So we need
to look at [000100000] and [00010002].

[00010c000] = [x010], $0 tew, a representative from one of the 3-orbits, takes
[000100c0] back to a single coset in [c0010].

t2, a representative from the other 3-orbit, take [00010c0] to a single coset in
|o0010002].

Noo010002 = Noo01000112 = Noc010co112 = Nool(1,00,0)(2, 4, 3)0100012

by relation (3) conjugated by (1,00,0)(2,4,3) € Ly(5).
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= Noo010002 = N(1,60,0)(2,4,3)010100012 = N(1,00,0)(2,4,3)001000012
by relation (6) conjugated by (2,0)(4,0) € La(5).

= Noo010c02 = N(1,00,0)(2,4,3)001000012 = N(1,00,0)(2, 4, 3)1006012 =
N1000012

N(e010002) — ((] 06)(3,4)) so there are 30 distinct single cosets in [00010002].

Now consider {000121]. N(=0121) has orbits {1}, {2}, {3}, {4}, {0}, and {co}. So
we need to look at [oc01211], [0001212], [0001213}], [0001214], [c001210], and [co0121c0].

[0001211] = [c0012], so t; takes [c00121] back to a single coset in [c0012].

Noo01212 = Nco01121 by relation (6) conjugated by (2,4)}(3,00) € La(5).

= Noo01212 = Noo01121 = Noo021 € [00021].

So t2 takes [000121] to a single coset in [c0021].

t3 takes [c00121] to a single coset in [c001213]. There are 60 distinct single
cosets in [0001213).

t4 takes [000121] to a single coset in [00010024], since 0001214
= (1,3,4,00;0)00230041 thus Noc01214 = Noo23c04l € [00010024] since Noo0loo24
conjugated by (1,3,0,2,4) € Lz(5) is Noo230041. To prove 0001214
= (1,3,4,00,0)00230041 move the relation to one side of the equal sign and prove it
equals identity.

(1,3,4,00,0)c02300414121000 = (1, 3, 4,00, 0)0023001411210c0 (by relation (4))

= (1, 3,4, 00, 0)002300141121000 = (1, 3,4, 00, 0)0023c0 1421 Oco
= (1, 3,4, 00, 0)002300 (1,2,4)(3, 00, 0)4124 Oco (by relation (3) conjugated by
(1,2,0)(3,00,4) € L2(5))

= (1, 00, 3)(2,4, 0)040004124000 = (1,00,3)(2,4,0)0(1, 3, 2)(4, 0, 00)cod0c0
1240c0 (by relation (3) conjugated by (1,0,4,3,2) € La(5))

= (1,4, 00,2, 0)o0004000124000 = (1,4, 00, 2,0)4000124000 = e (by relation (2)
conjugated by (1,2,0,00,3) € La(5)).

Neo01210 = Noo02120 by relation (6) conjugated by (2,4)(3,00) € Ly(5).

= Noo01210 = Noo02120 = N{c0,1,0,3,2)2000320 by relation (1) conju-
gated by (1,0,2, 00,4) € Ly(5).

— Noo01210 = N(00,1,0,3,2)2000320 = N(oo,1,0,3,2)20(c0,0, 3,4, 2)23004
by relation (2) conjugated by (1,0,00)(2,3,4) € Lo(5).

= Noo01210 = N(o0,1,3)(2,0,4)c0323004 = N(e0,1,3)(2,0,4)
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(00, 3,2)(4,0,1)230324 by a previously proven relation, cc01000
= (00,0, 1)(4, 3,2)100001, conjugated by (1,2)(3,0) € Lz(5).

— Noo01210 = N(1,2)(4.00)230324 = N230324 € [00010002] since
Noo010002 conjugated by (1,0,3)(2,4,00) € L2(5) is N230324.

So tg takes [000121] to a single coset in [00010002).

teo takes [000121] to a single coset in [0001032], since 00012100
= (1,00)(2,0)431302 thus Noo0121co = N(1,00)(2,0)431302 = N431302 € [0001032]
since Noo01032 conjugated by (3,0)(4,c0) € Lo(5) is N431302.. To prove co0121c0
= (1,00)(2, 0)431302 move the relation to one side of the equal sign and prove it equals
identity.

(1, 00)(2, 0)43130200121000 = (1, 00)(2,0)43(1, 2,3, 4, 0)031400121000 (by rela-
tion (2) conjugated by (1,2,3,4,0) € Ly(5))

= (1, 00,2)(3,4,0)04031400121000 = (1,00, 2)(3,4,0) 0403
(1,00,4)(2,0,3)41c04 210c0 (by relation (4) conjugated by (1,3,00,0,2) € La(5))

= (1,4,3)(2,00,0)313241004321000 = (1,4, 3)(2, 00,0)131241004321000 (by re-
lation (6) conjugated by (2, 0)(3,4) € L2(5))

= (1,4,3)(2,00,0)1312410043210c0 = (1,4, 3)(2,00,0)13 (1,4, 2)(3,0,00)2142
004321000 (by relation (3) conjugated by (1,4,00)(2,3,0) € La(5))

= (1,2,3,4,0)402142004210c0 = (1,2,3,4,0)4021 (1,0,3)(4, 00, 2)24002 21000
(by relation (4) conjugated by (2,4)(3,00) € Ly(5))

= (1,4, 3,00, 2)0034024002210c0 = (1,4, 3,00,2)003(1, 3,00)(2, 0, 4)0420001000
(by relation (3) conjugated by (1,2)(4,00) € La(5))

= ((1,2,3)(4, 00,0)1000420001000 = ((1, 2, 3)(4, 00, 0) 100042
(1,00,0)(2,4,3)cc010000 (by relation (3))

= (1,4,0,3,00)c0103400010000 = (1,4,0,3,00)0010340001 = ¢ by relation (2)
conjugated by (1,4,00,2,0) € La(5).

Now consider [000123]. N{0123) has orbits {1}, {co}, {2,0}, and {3,4}. So we
need to look at [0001231], [c0012300], [0001232], [cc01233],

First [c001233] = [00012]. So ¢3, a representative from one of the 2-orbits, takes
[000123] back to a single coset in [c0012].

t1 takes [000123] to a single coset in [c001231].

Neo01231 = Noo(0,3, 1,4, 2)21041 by relation (1).
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= Noo01231 = N(0,3,1,4,2)0021041 == Noo21041 € [0021041].

N0} — (9 0)(3,4)) so there are 30 distinct single cosets in [0001231].

As previously shown, 000132 = (1, 00, 0)(2,4, 3)23041. So it follows that
Noo01322 = N(1,00,0)(2,4,3) 230412

== Noo013 = N(1,00,0)(2,4,3)230412 = N230412 € [00012300] since
Noo012300 conjugated by (1,0,3)(2,4,00) € La(5) is N230412.

So to, takes [000123] to a single coset in [co013].

t2, a representative from the other 2-orbit, takes [000123] to a single coset in
[0001232].

Noo01232 = N31400200 = N2403c03 since 0001232 = (0,2,4,1, 3) 31400200
and 0001232 = (1, 3,4, 00,0) 2403003.

To prove 0001232 = (0,2, 4, 1,3)31400200 we will first move the relation to one
side of the equal sign and then prove it equals identity.

(0,2,4,1,3)314c020023210c0 = (0,2,4,1,3)314 2002 23210co (by relation (5)
conjugated by (1,3,4,2,0,00) € La(5))

= (0,2,4, 1,3)31420022321000 = (0,2, 4, 1,3)314200 321000 = (0,2,4,1,3)
314200 (1,3,0,2,4)123400 (by relation (1) conjugated by (1,2)(3,0) € La(5))

= (1,0,4,3,2)031400123400 = (1,0,4,3,2)03 (1,00,4)(2,0,3)41004 23400 (by
relation (4) conjugated by (1,2,4)(3,00,0) € La(5))

= (1,3,0)(2, 00,4)324100423400 = (1,3, 0)(2,00,4) 324 (1,2, 00,3, 4)40013 3400
(by relation (1) conjugated by (1,00,0,4,2) € La(5))

= (1,4, 00)(2,3,0)4001400133400 = (1,4, 00)(2,3,0)4c0ldcoldoo = e (by rela-
tion (4) conjugated by (1,3)(2,00) € La(5)).

To prove o001232 = (1, 3,4, 00,0)2403c03 we will first move the relation to one

side of the equal sign and then prove it equals identity.

(1,3,4,00,0)24030032321000 = (1,3, 4,00, 0) 240300 232 21000 (by relation (5)
conjugated by (1,00,2)(3,4,0) € Ls(5)) '

= (1,3,4, 00, 0) 24030023 22 1000 = (1,3, 4, 00, 0)2 40300 231000 = (1,3,4, 00, 0)
2(1, 3,4, 00,0)3041 231000 (by relation (1) conjugated hy (1,0,3)(2,4,00) € L2(5))

= (1,4,0,3,00)23041231000 = (1,4,0,3,00)230412(1,4,0,3,00)0134 (by rela-
tion (2) conjugated by (1,00,2)(3,4,0) € Lq(5))

= (1,0,00,4, 3)20030420134 = (1,0, 00,4, 3)2(1,0, 00,4, 3)0300120134 (by rela-
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tion (1) conjugated by (1,3,4)(2,0,00) € L2(5))

= (1,00,3,0,4)20300120134 = (1,00,3,0,4)2030012(1, 0, 3, 0,4)31000 (by rela-
tion (2) conjugated by (1,00,2)(3,4,0) € La(5))

= (1, 3,4, 00,0)240300231000 = (1,3,4, 0, 0)240(L, 4, 0)(2, 00, 3)00320010c0 (by
relation (3) conjugated by (1,2)(3,0) € L2(5))

= (1,2,00)(3,0,4)010032001000 = (1,2, 00)(3,0,4) (1,0,0)(2,3,4)00010
32001000 (by relation (3))

= (1,3,00,0,2)001032c01000 = (1,3,00,0,2)0(1,2,0, 00, 3)01022c01000 (by
relation (2) conjugated by (1,2)(4,00) € Ly(5))

= 0001002201000 = 000100001000 = 00011000 = coflco = cooo = e.

N(©01232) — ((1,0,4)(2,3,00)) so there are 20 distinct single cosets in [c001232].

Now consider [000120]. N{(®0120) has orbits {2}, {4}, {1,0}, and {3,0}. So we
need to look at [0001202], (0001204], [0001200], and [0001203].

First [c001200] == [0c012]. So ty, a representative from one of the 2-orbits, takes
{000120] back to a single coset in [00012].

[0001202] == [0001020] (by relation (6) conjugated by (1,0)(3,4) € L2(5)). So t2
takes [000120] to a single coset in [c001020].

t4 takes [000120] to a single coset in [0001204]. Noo 01204
= Noo (1,0,2)(3,4,00)10214 = N(1,0,2)(3,4,00) 310214 = N310214. If we conjugate
this relation by (1,4)(2,3) and again by (2.00)(4,0) € L»(5), we obtain Noo01204 =
N310214, Noo04301 = N240341, and N2410040 = N3140010.
. We can prove Noo01204 = Noo04301 by proving c001204 = (1,2,00,3,4)

0004301, We will do this by moving the relation to one side of the equal sign and proving
it equals identity.

(1,2,00,3,4)000430140210 = (1,2, 00,3,4)000 (1,00,2)(3,4,0)4034 40210 (by
relation (4) conjugated by (1,2,4,0,00) € Lg(Sj)

= (3,0)(4,00)2403414021000 = (3, 0}{4,00)2403141021000 (by relation (6))

= (3,0)(4,00)24031410210c0 = (3,0)(4,00)240314(1, 2, 0)(3, 00,4)0120000 (by
relation (4) conjugated by (1,00,4)(2,0,3) € La(5))

= (1,2,0, 00, 3)03100230120000 = (1,2,0, 00, 3)03 10023 01200 = (1,2,0, 0, 3)
03(1, 3,00, 0,2)2c010 01200 (by relation (2) conjugated by (1,0,2,00,4) € La(5)) ,

= 20020011200 = 200200200 = 020000200 (by relation (5) conjugated by
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(2,0)(3,4) € Lo(5))

= 0020000200 = 002200 = V00 = €.

Now Nco01204 = N2410040 since 0001204 = (1,0,2,00,4) 2410040. We will
prove this by moving the relation to one side of the equal sign and proving it equals
identity.

(1,0,2, 00, 4)24100404021000 = (1, 0,2,00,4) 241004 404 21000 (by relation (5)
conjugated by (1,2,3)(4,00,0) € Ly(5))

= (1,0,2, 00, 4)24100440421000 = (1,0,2,00,4)24 1oc04 21000 = (1,0,2, 0o, 4)
24(1,4, 00,2,0)00012 2100 (by relation (2) conjugated by (1,4, 0)(2,00,3) € Ly(5))

= 00000011000 = 0o00000co = 0o00000 (by relation (5))

= 00000000 = Coocx =00 = ¢

Hence Noo01204 = N2410040 = Noo04301 = V310214 = N3140010
= N241o040 = N240341. N(®01201) — ({1 0)(3,00),(1,0,4)(2,3,c0)} so there are 10
distinct single cosets in {o001204].

As previously shown cc0231 = (00,4, 0)(1,3,2)3002000. If we conjugate this
relation by (1,3, 00,0,2) € La(5) we obtain 021co = (0,4, 2)(1, 3,00)c001203 so Noc01203
= N021loo € [c0023], since Noo023 conjugated by (1,3,00,0,2) € Ly(5) is N021oco. So

t3, a reprentative from the other 2-orbit, takes [000120] to a single coset in [c0023].

Now consider [0001200]. N(®012%) has orbits {1}, {2}, {3}, {4}, {0}, and {o0}.
So we need to look at [00012001], {00012002], [00012003], [00012004], [00012000], and
[o00120000],

First [00012000¢] = [00012]. So t,, take [c001200] back to a single coset in
[00012].

f) takes [0001200] to a single coset in [00010040], since 00012001 = (2,00,0, 3,4)
143124 thus Noo012001 = N143124 € [c0010040] since Noo01ood0 conjugated by
(1,3,00)(2,0,4) € Ly(5) is N143124. To prove 00012001 = (2,00,0, 3,4)143124 move the
relation to one side of the equal sign and prove it equals identity.

(2, 00,0,3,4)14312410021000 = (2, 0,0, 3,4)(1, 3,4)(2,0, 00)4134
2410021000 (by relation (3) conjugated by (1, 3,0)(2, 00,4) € La(5))

= (1, 3)(4,0}41342410021000 = (1, 3)(4,0)4132421c021000 {by relation (6) con-
jugated by (1,2)(3,0) € Lo(5))

= (1,3)(4,0)41324210021000 = (1,3)(4,0)41324(1,2,00)(3,0,4)120011000 (by
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relation (3) conjugated by (1,00)(2,0} € Ly(5))

= (1,0, 3, 2,00)3200031200000 = e (by a previously proved relation (1,00,0,4,2)
000140020414 = e conjugated by (1,0,2)(3,4,00) € L2(5)).

tp takes [0001200] to a single coset in [00010020], since co012002
= (1,3, 00,0, 2}00010300 thus Noo012002 = N0ool0300 € [00010020] since Noo010020
conjugated by (2,3){0,c0) € La(5) is N0c0103c0. To prove 00012002
= (1,3,00,0,2)0c0103c0 move the relation to one side of the equal sign and prove it
equals identity.

(1,3, 00, 0, 2)0001030020021000 = (1,3,00, 0}, 2)00010300002001000 (by relation
(5) conjugated by (2,0)(3,4) € Ly(5))

= (1,3, 00, 0, 2)0001030000200100c = (1,3,00,0,2) 0010 32001000
= (1,3,00,0,2) (1,00, 0)(2,4,3)cc01c0 32001000 (by relation (3))

= (1,2,00)(3, 0, 4)00010032001000 = (1,2, 50)(3, 0,4)c001c0 (1,2,0, 00, 3)00230
0co (by relation (2) conjugated by (1,0,00,4,3) € L(5))

= (1,0,4)(2, 3,00)30023002300 = e (by relation (3) conjugated by (1,2)(3,0) €
La(5)).

t3 takes [0001200] to a single coset in [00012003).

Neo012003 = N1000214 since 00012003 = (1,3, 2,4, 00)1000214.

To prove 00012003 = (1, 3,2, 4, 00)1000214 we will first move the relation to one

side of the equal sign and then prove it equals identity.

(1,3,2,4,00)100021430021000 = (1,3,2,4,00)1000214 (1,00,4,2,3)20034 Oco
(by relation (2) conjugated by (1,4,3}(2,00,0) € L2(5))

= 00043c0220034000 = 0004300034000 = 0004334000 = 0044000 = 000000 =

000C = e,

t4 takes [0001200] to a single coset in [00012c04).

Noo012004 = N0004201 since 00012004 = (1,00, 0,4, 2)0004201.

To prove 00012004 = (1,00,0,4, 2)0004201 we will first move the relation to one
side of the equal sign and then prove it equals identity.

(1,00,0,4,2)000420140021000 = (1,00,0,4,2)00042(1,2,4,0,00)4102210c0 (by
relation (1) conjugated by (2,0,4,00, 3) € L(5))

= 00104410221000 = 0010101000 = 0010010000 (by relation (5) conjugated by

(1,00)(3,4) € L3(5))
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= 0010010000 = colloo = coco = e.

tp takes [0001200] to [0001024], since 00012000 = (1, 00,0)(2,4,3)1303004 thus
Noo012000 = N1303004 € [0001024] since Noo01024 conjugated by (1,0,3,2,00) € L2(5)
is N1303c04. To prove 00012000 = (1,00, 0)(2, 4, 3}1303004 move the relation to one side
of the equal sign and prove it equals identity.

(1,00,0)(2,4,3)130300400021000 = (1,00,0)(2,4,3)10300c400021000 (by rela-
tion (5) conjugated by (2,3)(3,00) € La(5))

= (1, 00,0)(2, 4, 3)103000400021000 = (1,00,0)(2, 4, 3)103
(1,2,3)(4, 00, 0)000400 0021000 (by relation (3) conjugated by (1,4)(2,3) € La(5))

= (1,0, 2, 00, 4)241000421000 = (1,0, 2, 00, 4)24(1, 4, 00, 2, 00001221000 (by re-
lation (2) conjugated by (1,2, 00,3,4) € L(5))

= 0000001221000 = 00000011000 = 000000000 = 00000000 (by relation (5))

= 00000000 = Oooox0 = 00 =e.

Now consider [0c0130]. N{(®0130) La5 orbits {2}, {0}, {1, 00}, and {3,4}. So we
need to look at [c001302], [0001300], [cc01301], and [c01303].

First [0001300] = [c0013]. So £, takes [000130] back to a single coset in [00013].

ta takes [000130] to a single coset in [0001302).

Noo01302 = N0ool2003 = Nool10314 = N1000402 = N01co214 = N1co04003
since by relation (2) conjugated by (1,4,00,2,0) € La(5) we know (1,4,0,3,00)00013 =
10004.

= N(1,4,0,3,00)0001302 = N1000402.

= Noo01302 = N10cc402

If we conjugate this equation by (2,3)(0,00) and (1,0)(2,4) € L2(5) we obtain
N0oo012003 = N1oc04003 and Noo10314 = N0loo214.

Now Noo01302 = (1, 00,3, 0,4)1000402 (as previously shown)

= (1,00,3,0,4)1000402 = (1,00,3,0,4)10(2,4,3,0,00)04003 (by relation (2)
conjugated By (1,3,2,4,00) € Ly(5))

= (1,2,4)(3,00,0)10004c03

So Noo01302 = N1oo04003

Now No001302 = Noo0 (1,2,3,4,0)0314 (by relation (2) conjugated by
(1,4)(2,3) € La(5)) '

= N(1,2,3,4,0)0010314 = Noo10314.
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So now we have Noo01302 = N1000402 = N0col2c03 = N1oo04c03
= Noo10314 = N01c0214.

N(0001302) — ((1,00)(3,4)) so there are 10 distirict single cosets in [0001302].

t1, a representative from one of the 2-orbits, takes [000130] to a single coset in
[00023] because we previously proved 000230 = (2,0, 3)(1, 00, 4)42032

= Noo023 = N(2,0,3)(1, 00,4)420320 = N420320 € [c001301] since
Noo01301 conjugated by (1,0,2,00,4) € La(5) is N420320.

13, a represetative from the other 2-orbit, takes [000130] to a single coset in
[0001031 since Nco01303 = Noo01030 (by relation (5) conjugated by (1,0)(2,4) € L2(5))

= Noo01030 = Nco01030 (by relation (5) conjugated by (1,00)(3,4) € La(5))

Nco01030 € [0c01031] since Noo01031 conjugated by (1,0)(2,4) € Lo(5) is
Neo01030.

Now consider [000131]. N{0131) has orbits {1}, {2}, {3}, {4}, {0} and {c0}. So
we need to look at [c001311], {c001312}, [0001313], [0001314], [0001310), and [cc0131cc).

First [0001311] = [0c013]. So t; takes [000131] back to a single coset in [0c013].

t2 takes [c00131] to a single coset in (00012003, since Noo01312
= N(1,4,0,3,00)230421 = N230421 € {00012003] since Noo012c03 conjugated by
(1,0,3)(2,3,00) € La(5) is N230421. To prove cc01312 = (1, 4,0, 3,00)230421, we will
move the relation to.one side of the equal sign and prove it equals identity.

(1,4,0,3,00)2304212131000 = (1,4, 0, 3,00)23041211310c0 (by relation {6) con-
jugated by (2,4)(3,00) € La(5))

= (1,4,0,3,00)2304121131000 = (1,4, 0, 3,00)2304 1231000 = (1,4, 0, 3, 00)2304
(1,3,2)(4,0,00)2132 0co (by relation (4) conjugated by (1,4)(0,00) € La(5))

= (1,0,2)(3,4,00)120002132000 = (1,0,2)(3,4,00)12(1, 0, 3,2, 00)2000332000
(by relation (1) conjugated by (1,4)(0,00) € L3(5))

= (1,3,4)(2, 0,00)0002000332000 = (1,3, 4}(2, 0, 00)000 20002000
= (1,3,4)(2,0,00)000 (1,4,3)(2,00,0)02000 Oco (by relation (4) conjugated by
(1,3,00)(2,0,4) € Ly(5))

= 2002000000 = 220000 = e.

t3 takes [000131] to a‘single coset in [00024] since by relation Noo01313 =
Noo01131 (by relation (6) conjugated by (2,0)(3,4) € La(5))
= Noo01131 = Noo031 € [0024] (since Noo024 conjugated by (1,4)(2,3) €
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Ly(5) is Noo031.

t4 takes [000131] to a single coset in [00010020] since Noo01314
= N(1,0,3)(2,4, 00)01c0041 = N0loo041 € [00010020] since Noo01oo20 conjugated by
(1,00,0)(2,4,3) € La(5) is N0O1oo041.

To prove co01314 == (1,0, 3)(2, 4, 00)01cc041 we move the relation to one side of
the equal sign and prove it equals identity.

(1,0,3)(2,4,0)01000414131000 = (1,0, 3)(2,4, 00)01c00141131000 (by relation
o)

= (1,0, 3)(2,4,00)01000141131000 = (1,0, 3)(2, 4, 00)01oo0 1431000
= (1,0, 3)(2,4,00)(1,0,00)(2,3,4)10001 1431000 (by relation (3) conjugated by
(1,00,0)(2,4,3) € Ly(5))

= (1,00,3,0,4)1000114310c0 = (1,00,3,0,4)10004310c0 = e (by relation (2)
conjugated by (1,3,4)(2,0,00) € L2(5)). )

tp takes [co0131] to a single coset in [c001310]. Noo01310 = N431013 since
001310 = (1, 3,0)(2,00,4)431013 by moving the relation to one side of the equal sign

and proving it equals identity.

(1,3,0)(2,00,4)4310130131000 = (1,3,0}(2, 00,4)4310 (1,0, 3)(2,4,00)3103
31000 {by relation (1) conjugated by (1,0)(3,00) € Ly(5))

= 0010331010c0 = 010101000 = 0010010000 (by relation (6) conjugated by
(1,0)(3,00) € La(5))

= 0010010000 = colloce = cooo = e,

N(01310) — ((3 0)(4, 00)) so there are 30 distinct single cosets in [0c01310].

o takes [000131] to a single coset in [000131c0]. There are 60 distinct single

cosets in [00013100].

Now consider [000141]. N(®0M1) hag orbits {0}, {c0}, {1,4}, and {2,3}. So we
need to look at [0001410], [cc014100], [0001411], and [c001412]. ‘

First [0001411] = [00014]. So #;, a representative from one of the 2-orbits, takes
[000141] back to a single coset in [00014].

tg takes [000141] to a single coset in [00010002], since Noo01410
= N(1,00)(2, 0)30203c0 == N30203c0 € [00010c02] since Noo010002 conjugated by
(1,2,00.3.4) € La(5) is N3020300. To prove 0001410'= (1, 00)(2, 0}3020300, we will move

the relation to one side of the equal sign and prove it equals identity.
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(1, 00)(2,0)30203000141000 = (1, 00)(2, 0)32023000141000 (by relation (5) con-
Jjugated by (1,3)(2,0) € L2(5))

= (1,00)(2, 0)32023000141000 = (1,00)(2, 0)32(2, 4, 3, 0, 00)320401410c0 (by re-
lation (2) conjugated by (1,00)(3,4) € La(5))

= (1,2, 00)(3,0,4)04320401410c0 = (1, 2,00)(3,0,4)0432404414000 (by relation
(6) and relation (6) conjugated by (1,0)(3,00) € L2(5))

= (1,2, 00)(3,0,4)0432404414000 = (1,2,00)(3, 0,4)0432 4014 Oco
= (1,2,00)(3,0,4)0432 (1,0,4)(2,3,00)0410 Occ (by relation (4) conjugated by
(1,00,3)(2,4,0) € Ly(5)) .

= (1,3,4,00,0)41c030410000 = (1,3;4,00,0)4100304lcc = e by relation (1)
conjugated by (2,4,83,0,00) € Ly(5). '

oo takes [c00141] to a single coset in [000108c0], since Noo0l41loco
= N{(1,4)(2, 3)0232000 = N0232000 € [00010300] since Noo0103c0 conjugated by
(1,3,00.0,2) € Ly(5) is N0232000. To prove col141c0 = (1,4)(2, 3)0232000, we will move
the relation to one side of the equal sign and prove it equals identity.

(1, 4)(2, 3)023200000141000, = (1, 4)(2, 3)02320011 Ocold10c0
= (1,4)(2,3)0232001 10001 41000 = (1,4)(2, 3)0232001 (1,00,0)(2, 4, 3)01000 41000 (by
relation (3) conjugated by (1,00)(3,4) € L(5))

= (1, 3,4, 00,0)142400001c00410c0 = (1, 3,4, 00,0)142400000100041000 (by re-
lation (5))

= (1,3, 4, 00,0)142400000100041000 = (1,3, 4,00, 0)142400010010410c0 (by re-
lation (6) conjugated by (3,0)(4,c0) € Lx(5))

= (1, 3,4, 00,0)14240001c01041000 = (1, 3,4, 00, 0)14240001c0
(1,4,0)(2,00,3)01400c0 (by relation (4) conjugated by (1,00,2)(3,4,0) € La(5))

= (1,2,00,)(3,0,4)4000031430140000 = (1,2,00,)(3,0,4)400003143 0ldoo =
(1,2,00,)(3,0,4)400003143 (1,2,4,0,00)4102 (by relation (1) conjugated by (2,4)(3,c0)
€ L(5))

= (1,4,3,00,2)00010032034102 = (1,4, 3, 0o, 2)0c0loa(1, 4, 00)(2, 3, 0)23024102
(by relation (3) conjugated by (1,0,2)(3,4,00) € L3(5))

= (1,00,3)(2,4,0)214123024102 = (1,00,3)(2,4,0)21412 (1,2, 3,4,0)2031102
(by relation (2) conjugated by (1,4,2,0,3) € La(5))

= (1, 00,4)(2, 0, 3)3202323031102 = (1, 00,4)(2, 0,3)320232 0302
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= (1, 00,4)(2, 0,:3)320232 3032 (by relation (5) conjugated by (2,4)(3,c0) € La(5))

= (1,00,4)(2,0,3)3202323032 = (1,00,4)(2,0,3)3202232032 (by relation (5)
conjugated by (1,00,3)(2,4,0) € Ly(5))

= (1,00,4)(2,0,3)3202232032 = (1,00,4)(2,0,3)32032032 = e by relation (3)
conjugated by (1,0,3)(2,4,00) € La(5).

t2, a representative from the other 2-orbit, takes [c00141] to a single coset in
[0001024], since Noo01412 = N(1,2,00,3,4)4300301 = N43c0301 € [0001024] since
Nc001024 conjugated by (1,00.4)(2,0,3) € Lg(5) is N430c301. To prove co01412 =
(1,2, 00, 3,4)4300301, we will move the relation to one side of the equal sign and prove it
equals identity.

(1,2, 00, 3, 4)43003012141000 = (1,2,00,3,4)400300021241000 (by relation (5)
conjugated by (1,2)(3,0) and (1, 4,00,2,0) € Ly(5))

= (1, 2,00, 3,4)4003000212410c0 = (1,2, 00,3,4)doo(3, 2,0, 1,0)000311241000
{by relation (1) conjugated by {1c0,4){(2,0,3) € L2(5))

= (1,00,2)(3,4,0)410003112410c0 = (1,00,2)(3,4,0)410003241000 = e (by a

previously proved relation).

Now consider [000142). N(*142) has orbits {1}, {2}, {3}, {4}, {0} and {o0}. So
we need to look at [c001421], [0001422], [0001423], [c001424], [0001420], and [00014200].

First [0001422} = [00014]. So tz takes [000142] back to a single coset in [00014].

t; takes [©000142] to a single coset in [0001023], since Noo01421
= N(1,2,00,3,4)4300301 = N4300301 € [0001023] since Nco01023 conjugated by
(1,00.4)(2,0,3) € La(5) is N4300301. To prove 0001421 = (1, 2, 00, 3,4)4300301, we will
move the relation to one side of the equal sign and prove it equals identity.

(1,2, 00,3, 4)43003021241000 = (1,2, 00, 3,4)4300302
(1,4,2)(3,0,0)2142000 (by relation (3) conjugated by (1,4,00)(2,3,0) € La(5))

= (2,3)(0,00)20300012142000 = (2,3)(0,00)203(0, 2, 00,4, 1)100041420c0 (by
relation (2) conjugated by (1,2, 00,3,4) € Lao(5))

= (1,0,4)(2, 3,00)002310004142000 = (1,0,4)(2, 3, 50)002310004
(1,0,4,3,2)2413c0 (by relation (2) conjugated by (1,0)(2,4) € L2(5))

= (1,4, 0, 3,00)c01200043241300 = (1,4, 0, 3,00)c012000
(1,0,00)(2,3,4)34231300 (by relation (2) conjugated by (1,00, 0)(2,4,3) € L2(5))

= (1,2, 3)(4, 00, 0)10300134231300 = (1,2, 3)(4, 00, 0)1030013
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(4,1,2,00,3)32400300 (by relation (1) conjugated by (1,2,3)(4,00,0) € La(5))

= (1,00,0)(2,4,3)20432432400300 = (1,00,0)(2,4,3)204 (1,0,00)(3,4,2)2342
2400300 (by relation (4) conjugated by (1,0,00)(2,3,4) € L2(5))

= 300223422400300 = 30034400300 = 300300300 = 30033003 (by relation (5)
conjugated by (1,2)(3,0) € La(5))

= 30033003 = 300003 =33 =e.

t3 takes [000142] to a single coset in [00023], since we previously proved 000234
= (1,3,0)(2,00,4)320c01. So it follows that Noo023 = N(1,3,0)(2,00,4)3200014 =
N3200014 € [0001423] since Noo01423 conjugated by (1,0,2)(3,4,00) € La(5) is
N3200014.

14 takes [000142] to a single coset in [c0010040], since Noo01424 =
N(1,3,4, 00,0)00230012 = Noo230012 € [00010040] since Noo01023 conjugated by
(1,3,0,2,4) € Ly(5) is Noo01023. To prove c001424 = (1,3,4,00,0)00230012, we will
move the relation to one side of the equal sign and prove it equals identity.

(1,3,4, 00, 0)002300124241000 = (1, 3,4, 00, 0)0023c01224210c0 (by relation (6)
conjugated by (1,2)(3,0) € Lz(5))

= (1,3, 4, 00, 0)002300122421000 = (1, 3,4, 00, 0)002300 1421000
= (1, 3,4, 00, 0)002300 (1,2,4)(c0, 0, 3)4124000 (by relation (3) conjugated by
(1,2,00)(3,0,4) € Ly(5))

= (1, 00,3)(2,4, 0)040004124000 = (1, 00,3)(2, 4, 0)(1,3,2)(4, 0, 0c)40004
41240c0 (by relation (3) conjugated by (1,00,0,4,2) € La(5))

= (1,4, 00,2,0)400044124000 = (1,4,00,2,0)40001240c0 = e (by relation (2)
conjugated by (1,2,0,00,3) € Ly(5)).

tp takes [000142] to a single coset in [0001231], since No001420
= N(1,2,3)(4,00,0)10002400 = N10o024c0 € [0001231] since Noo01231 conjugated by
(1,00)(3,4) € La(5) is N10co24c0. To prove 0001420 = (1,2, 3)(4, o0, 0)10c02400, we will
move the relation to one side of the equal sign and prove it equals identity.

(1,2, 3)(4, 00, 0)100024000241000 = (1,2,3)(4,00,0)10
(1,3,0)(2, c0,4)20042 0241000 (by relation (4) conjugated by (2,00,0,3,4) € La(5))

= (1,00)(2,0)31200420241000 = (1,00)(2,0)312004020410c0 (by relation (5)
conjugated by (1,4,3)(2,00,0) € Ly(5))

= (1,00)(2,0)31200402041000 = (1,00)(2,0)31260402 (3,2,00)(0, 1, 4)401400
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{by relation (4) conjugated by (1,2,0,00,3) € La(5))

= (1,3,2)(4,0,00)240030100401400 = (1,3,2)(4,0,00)2400 (3,00,0,2,1)1032
401400 (by relation (2) conjugated by (1,00,4)(2,0,3) € L2(5))

= (1,00,4,2,3)1401032401400 = (1,00,4,2,3)1410132401400 (by relation (5)
conjugated by (1,0)(3,4) € La(5))

= (1,00,4, 2, 3)1410132401400 = (1,00, 4, 2;3)4140132401400 (by relation (6))

= (1,00,4, 2, 3)41401324014c0 = (1,00,4,2,3)4(c0, 2, 3)(1, 0, 4)410432401400
(by relation (4) conjugated by (1,2,)(3,0) € Ly(5))

= (1,2, 00)(3,0,4)1410432401400 = (1,2, 00)(3,0,4)4140432401400 (by relation

(6))

= (1,2,00)(3,0,4)41404324014c0 = (1,2, 00)(3,0,4)41040324014c0 (by relation
(5) conjugated by (1,2)(4,00) € La(5))

= (1,2,00)(3,0,4)4104032401d00 = (I,2,00)(3,0,4)41040324(1,2, 4,0, 00)4102
(by relation (1) conjugated by (2,4)(3, 00} € La(5))

= (1,4, 3,00, 2)02000003404102 = (1,4, 3, 00, 2)020000034(1, 4, 0)(2, 00, 3)40142
(by relation (4) conjugated by (1,2,0,00,3) € Lo(5))

= (1,0)(2,4)1003132040142 = (1,0)(2,4)1003132404142 (by relation (5) conju-
gated by (1,2}4, 00) € Ly(5))

= (1,0)(2,4)1003132404142 = (1, 0)(2,4)1003132401412 (by relation (6))

= (1,0)(2, 4)1003132401412 = (1, 0}(2, 4)1003132(1, 0, 4)(2, 3, 00)041012 (by re-
lation (4) conjugated by (1,00, 3)(2,4,0) € Ly(5))

= (1,4, 3, 00, 2)02000003041012 = (1, 4, 3, 00, 2)02000(L, 0, 00, 4, 3)080011012
(by relation (1) conjugated by (1,3,4)(2,0,00) € La(5))

= (1,3,4)(2,0,00)002400030011012 = (1,3, 4)(2, 0, 00)0024000300012
= (1,3,4)(2,0,00)c024(1, 4, 2)(3, 0, 00)00030012 (by relation (4) conjugated by
(2,00)(4,0) € L2(5))

= (1,0,3,2,00)31200030012 = (1,0,3,2,00)312000312 = e (by relation (1) con-
jugated by (2,3,00,4,0) € Ly(5)).

too takes [000142] to a single coset in [00014260] which has 60 distinct single

cosets.

Now consider [000143]. N(0!3) has orbits {2}, {0}, {1,00}, and {3,4}. So we
need to look at [0001432], joc01430], [0001431], and {0001433).
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First [0001433] = [c0014]. So t3, a representative from one of the 2-orbits, takes
[000143] back to a single coset in [c0014].

tz takes [000143] to a single coset in [0001204], since Nco01432
= N(1,4,00,2,0)2030004 = N203c004 € [001204]. To prove 0001432
= (1,4, 00, 2, 0)2030004, we will move the relation to one side of the equal sign and prove
it equals identity.

(1,4, 00, 2, 0)20300042341000 = (1, 4,00, 2, 0)2(1, 4, 2)(3, 0, c0)30c03
42341000 (by relation (4) conjugated by (1,2,0)(3,00,4) & La(5))

= (1,2, 00)(3, 0, 4)13000342341000 = (1,2, 00)(3, 0, 4)130c0
(1, 00,0)(2,4,3)432441000 (by relation (4) conjugated by (2,3)(0,00) € La(5))

= (1,4,2,0,3)00210432441000 = (1,4,2,0, 3)002104321000 = (1,4, 2, 0, 3)c0
(1,3,0,2,4)0123321000 (by relation (1))

= 000123321000 = 001221000 = 00011000 = cclloo = cooe = e.

1y takes [c00143] to a single coset in [0001430]. As we previously proved c00143 =
(1,00, 3,0,4)100034. So it follows that Noo01430 = N(1, 00, 3,0,4)1000340 = N10c0340.
IN(01430) — (1 00)(3,4)) so there are 30 distinct single cosets in [0001430].

oo, @ representative from the other 2-orbit, takes [000143] back to a single coset
in [c0024]. Since as we previously proved c00240 = (1,2,3)(4, 00, 0)2401c0. Therefore it
follows Noo024 = N(1,2,3)(4, 00,0)2401000 = N2401c00. If we conjugate N2401co by
(1,4,0)(2,00,3) € L2(5), we get Noo0143. Hence N2401c0 &€ [0o0143].

Now consider [000140]. N(0140) has orbits {1}, {co}, {2,0}, and {3,4}. So we
need to look at [0c001401], [00014000], [0001400], and [0001403].

First [0001400] = [00014]. So tg, a representative from one of the 2-orbits, takes
[000140] back to a single coset in [c0014].

11 takes [cc0140} back to a single coset in [00021]. Since as we previously proved
000210 = (1,2, 0)(3,00,4)42012. Therefore it follows Noc021 = N(1,2,0)(3, 00, 4)420120
= N420120. If we conjugate N420120 by (1;4,00,2,0) € L2(5), we get Noo01401. Hence
N420120 € [c001401] = [00021].

1o takes [000140] to a single coset in [co014000]. As we previously proved
000140 = (2,00, 0, 3,4)002132. So it follows that Noo0140co = N(2,00,0, 3, 4)002132c0
= Neoo213200. If we conjugate this relation by (1,2,0)(3,00,4), (1,0,2)(3,4,00),
(2,0)(3,00), and (2,0)(3,4) € La(5), we get Noo0140o0 = Noo213200 = N412314 =
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N4020004 = N3200023 = N310413. N(0100) — ((1 0)(3, 00), (1,2,0)(3,00,4)) so there
are 10 distinct single cosets in [0c014000].
t3, a representative from the other 2-orbit, takes [c00140] to a single coset in

[0001403]. There are 60 distinct single cosets in [c001403].

Now consider |0o0c014]. N(014) hag orbits {1}, {4}, {2,3}, and {0,00}. So
we need to look at [cc0c0141], [00000144], [00000142], and [c0000140].

First [co0c0144] = [c0000l]. So t4 takes [000c0l4] back to a single coset in
[000001].

t1 takes [c00c014] to a single coset in [oo0c0141]. As we previously proved
Nooloold = N0oo014. Therefore it follows NooOooldl = N0co0141 = Nocloodld =
N00o00414 (by relation (6}). If we conjugate this equation by (1,2,0)(3,00,4) and
(1,0,3)(2,4,00) € Lgy(5) we obtain N414232 = N141232 = N141323 = N414323 and
N2320c00 = N3230000 = N323000c0 = N232c00c0. To show these single cosets are
all equal we will prove NocOocoldl = N(2,3)(0,0)414232 = N414232 and NooOoo141
= N(1,4)(2,3)2320000 = N2320000. Hence Noolooldl = N0co0141 = Noolood14
= NOoco0414 = N414232 = N141232 = N141323 = N414323 = N2320000 = N 3230000
= N32300000 = N23200000.

N(e=000141) — (7 4)(0,00), (1,4)(2, 3), (1, 0,2)(3,4,0)), so there are 5 distinct
single cosets in [co0co141].

oo014100 = (1, 4)(2, 3)0232c00 (by a previously proved relation)

= 0c00141c000 = 0(1,4)(2, 3)02320000

== 0001410000 = (1,4)(2, 3)0023200000

== 0000141 = (1,4)(2, 3)232000c0

== 00000141 = (1,4)(2, 32320000 (by relation (5)).

Hence Noolool41l = N2320000. To prove colicol4l = (2,3)(0,00)414232 we
will move the relation to one side of the equal sign and prove it equals identity.

(2,3)(0, 50)41423214221 00000 = (2, 3)(0, 00)41423214221 00000
= (2, 3)(0,00)41423(1, 2,4)(3, c0,0)124121c0000 (by relation (3) conjugated by
(1,4,00,2,0) € Ly(5))

= (1,2,00,3,4)121400121.11_21.00000 = (1,2, 0,3,4)121400124212c0000 (by rela-
tion (6) conjugated by (2,0}(3,4) € La(5))

= (1,2,00,3,4)12140012421200000 = (1,2, 0, 3,4)12140014241200000 (by rela-
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tion (6) conjugated by (1,2)(3,0) € L2(5)}

= (1,2,00,3,4)12140014241200000 = (1, 2,00, 3,4)12(1, 00, 4)(2, 0, 3)d1004
4241200000 (by relation (4) conjugated by (1,3,00,0,2) € L(5))

= (1,0,3)(2, 4, 00)000410044241200000 = (1,0,3)(2, 4,00)00(1, 0, 00, 4, 3)1403
241200000 (by relation (1) conjugated by (1,4,3,00,2) € L2(5))

= (1,00,2,3,0)41403241200000 = (1,00, 2, 3, 0)14103241200000 (by relation (6))

= (1,00,2,3,0)14103241200000 = (1,00,2,3,0)14(1, 2, 0, 00, 3)3010041200000
(by relation (2) conjugated by (1,2,0)(3,00,4) € Lz(5))

= (1, 3,00, 0, 2)243010041200000 = (1,3, 00,0, 2)2430100(1, 3,2, 4, 0)2143000
(by relation (2) conjugated by (1,00,0,4,2) € Lo(5))

= (1,2,3)(4, 00,0)400203121430c0 = (1, 2, 3)(4, 00, 0}40020321243000 (by rela-
tion (6) conjugated by (2,4)(3,00) € La(5))

= (1,2, 3)(4,00,0)40020321243000 = (1, 2, 3)(4, 00, 0}40020321
(2,0,4, 00, 3)3420000 (by relation (1) conjugated by (1,4,00)(2,3,0) € La(5))

== (1,0, 00, 4, 3)003042013420000 = (1,0, 00, 4, 3)003(1, 00, 3)(2, 4, 0)40241342
(by relation (3) conjugated by (1,2,3)(4,00,0) € Ly(5))

= (1,2,4)(3, 00,0)3140241342 = (1,2, 4)(3, 00,0)314(1, 2, 3,4, 0)4203342 (by re-
lation (2})

= (1, 3,00)(2,0,4)4204203342 = (1, 3,00)(2,0,4)42042042 = e by relation (3)
conjugated by (1,0,4)(2,3,00) € Ly(5).

ta, a representative from one of the 2—6rbits, takes [co0ool4] to a single coset in
[00010040], since Nooloold = N(1,2,0)(3,00,4)032013 = N032013 € [0001co40]. To
prove oo0o014 = (1,2, 0)(3,00,4)032013, we will move the relation to one side of the

equal sign and prove it equals identity.

(1,2,0)(3, 00,4)0320134100000 = (1,2,0)(3,00,4) (1,400)(2, 3,0)3023
134100000 (by relation (3) conjuugated by (1,2,4)(3,00,0) € La(5))

= (1, 3)(4,0)30231324 100000 = (1, 3)(4, 0)302131241c00c0 (by relation (6) con-
jugated by (2,0)(3,4) € La(5)) ‘

— (1,3)(4,0)30213124100000 = (1,3)(4,0)30213(1, 4, 2)(3,0,00)214200000 (by
relation (3) conjugated by (1,4, oo)(2,3, 0) € Lo(5))

= (1,0,2)(3,4, 00)000140214200050 = (1, 0,2)(3, 4, 00)00014021420000 (by rela-
tion (5))
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= (1,0, 2)(3, 4, 0)00014021420000 = (1, 0, 2)(3, 4, 00)0001402
(1,0,4,3,2)2413000 (by relation (2) conjugated by (1,0)(2,4) € Lz(5))

= (1,4, 0,2, 0)40003412413000 = (1,4, 00,2, 0)40003(1, 4, 2)(3, 0, 50)142113000
(by relation (3) conjugated by (1,2,0)(3,00,4) € La(5))

= (1,2, 00)(3,0,4)23000142113000 = (1, 2,00)(3,0, 4)230001423000 = ¢ (by the
previously proved relation (1, 3, 0)(2, 00,4)3200014320cc = e conjugated by (2,3)(0,00) €
La(5)).

ty, a representative from the other 2-orbit, takes [000co014] to a single coset in
[00013100], since Noaloold0 = N(1,00,0)(2, 4, 3)2003432 = N2003432 € [00013100]. To
prove 0000140 = (1, 00,0)(2,4, 3)2003432, we will move the relation to one side of the

equal sign and prove it equals identity.

(1, 00, 0)(2,4, 3)200343204160000 = (1,00, 0)(2,4, 3)20034
(3,00,0,3,4)02300 10000 (by relation (2) conjugated by (1,4,0,3,00) € L2(5))

= (1,0)(3,00)00042023001000c0 = (1,0)(3,00)00042 (2,3,4, 0, 0)3204 Iooloo
(by relation (2) conjuated by (1,00)(3,4) € La(5))

= (1, 00,0)(2, 4, 3)200343204100000 = (1,00,0)(2,4,3)(1,3, 2, 4, 0)30021
3204100000 (by relation (2) conjugated by (1,4,3)(2,00,0) € La(5))

= (2,00,0, 3,4)300213204 160000 = (2,00, 0, 3,4)300 (1, 2,3)(4, 00, 0)1231
04100000 (by relation (4) conjugated by (1,4)(0,00) € La(5))

= (1,2, 0)(3,00,4)101231041c0000 = (1,2, 0)(3, 0, 4)10123 (1,4, 0)(2, 0, 3)0140
0000 (by relation (4) conjugated by (1, 00,2)(3,4,0) € L2(5) and by relation (5))

T = (1,00,0, 4, 2)41400201400000 = (1,00, 0,4, 2)141602014000 = e (by relation

(6) and by a previously proved relation (1,2,4,0,00)414020041000 = e conjugated by
(1,4)(0,00) € La(5)).

Now consider [co00012]. N(°0%12) has orbits {1}, {2}, {3}, {4}, {0} and {cc}.
So we need to look at [00000121], [00000122], [x00123], [c00c0124], [00000120], and
[000001200].

First J0o000122] = [co0ccl]. So t; takes [co0c012] back to a single coset in
[o00001].

i) takes [co0o0l12] to a single coset in Joo0c0121]. There are 60 distinct single
cosets in [00000121].

t3 takes [000c012] to a single coset in [0001232], since Noo0Ooo123
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= N(1,00)(2,0)0100424 = N0lood24 € [0001232]. To prove colco123
= (1,00)(2,0)0100424, we will move the relation to one side of the equal sign and prove
it equals identity.

(1,00)(2,0)01c042432100000 = (1,00)(2,0)010042(1,3,0,2,4)23400000 (by re-
lation (1) conjugated by (1, 3)(4,0) € La(5) and by relation (5))

= (1,00, 3,0,4)23001423400000 = (1, 00,3,0,4)230014234000 = e (by a previ-
ously proved relation e = (1, 4,0, 3,00)230412310c0 conjugated by (1,4)(0,00) € La(5)}).

ty takes [c00c012] to a single coset in [00023] since as we previously proved
0002300 = (2,4.3,0.00)23204. Therefore it follows Noo023 = N(2,4.3,0.00)2320400 =
N2320400. If we conjugate N2320400 by (1,3,0)(2,00,4) € L2(5), we get Noolcol24.
Hence N2320400 € [00000124] = [00023].

to takes [000c012] to a single coset in 00014200] since Noo0co120
=N(1,4,0,3,00)3021c03 = N3021c03 € [00014200]. To prove 0000120

=(1,4,0,3,00)3021003, we will move the relation to one side of the equal sign and prove
it equals identity.

(1,4, 0,3,00)302100302100000 = (1,4, 0, 3,00)302 (1,0, 00, 4, 3)3c014
2100000 (by relation (1) conjugated by (1,00,2,3,0) € Ly(5))

= (1,3, 4, 00,0)1002300142100000 == (1,3, 4, 00, 0)10023001(1, 4,00, 2, 01240000
(by relation (2) conjugated by (1,00,3,0,4) € Ly(5))

= (1,3, 00)(2, 0,4)4203241240000 = (1, 3,00)(2,0,4)4203
(1,4,2)(3,0,00)4214400 (by relation (3) conjugated by (2,00)(4,0) € L2(5))

= (1,0,2, 00,4)21c004214400 = (1,0,2,00,4)21000421c0 = e (by relation (2)
conjugated by (1,4,2)(3,0,00) € L2(5)).

too takes [0000012] to a single coset in [0001032] since Noolool200
= N(1,2,3,4,0)00040032 = N0cx040032 € [001032]. To prove colool200

= (1,2, 3,4,0)00040032, we will move the relation to one side of the equal sign and prove
it equals identity.

(1,2, 3,4, 0)00040032002100000 = (1;2, 3,4, 0)0co (2,00, 0, 3, 4)30040
0021oo0c0 (by relation (2) conjugated by (1,2,00)(3,0,4) € L2(5))

= (1,00,0)(2,4, 3)3030040002100000c = (1,00, 0)(2, 4, 3)03000400021000c0 (by
relation (5) conjugated by (2,4)(3,00) € Lo(5))

= (1, 00,0)(2,4, 3)0300040002100000 = (1,00,0)}2,4, 3)03
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(1,2, 3)(4, 00, 0)oo0400 002100000 (by relation (3) conjugated by (1,4)(0,00) € L2(5))
= (1, 0,2, 00, 4)41000400002100000 = (1,0, 2,00,4)41000 42100000

= (1,0, 2,00,4)41000 (1,4, 00,2, 0)12400cc (by relation (2} conjugated by (1,0,3,0,4) €

La(5))

= 004211240000 = 00422400 = 004400 = co00 = e.

Now consider [0000010]. N(0%10) has orbits {1}, {4}, {2,3}, and {0,c0}. So
we need to look at {00000101], [00000104], [50000102], and [00000100].

First [00000100] = [oc0001]. So g, a representative from one of the 2-orbits,
takes [000c010] back to a single coset in [co0col].

1 takes [0000010] to a single coset in [0001c0] since as we previously proved
oo0lool = (1, 0.00)(2, 3,4)o000010. Therefore it follows NooOloo
= N(1,0.00)(2, 3,4)c0000101 = Ncoloo101 € [cofoo0101] = [000100).

t4 takes [0000010] to a single coset in [co0col04]. As we previously proved
(1,0,00)(2,3,4)0000010 = Occ0loo. So it follows that N(1,0,00)(2,3,4)c0000104 =
Noo0c0104 = NOocOlood. There are 30 distinet single cosets in [co000104].

t2, a representative from the other 2-orbit, takes [000c010] to a single coset
in [0001031} since Noo0ool02 = N(1,00)(2,0)04004300 = N04cod300 € [0001031]. To
prove 00000102 = (1, 00)(2, 0)04004300, we will move the relation to one side of the equal
sign and prove it equals identity.

(1, 00)(2, 0)0400430020100000 = (1,00)(2,0)04c0 (1, 00,4, 2, 3)oo341
01co0co (by relation (2) conjugated by (1,2,3) E4,oo,0) € Ly(5))

= (1,4, 2,0, 3)024003410100000 = (1,4, 2, 0, 3)02400340100c00 (by relation (5)
conjugated by (1,00)(3,4) € Ly(5)) .

= (1,4,2,0,3)02400340100000 = (1,4,2,0,3)02 40034 01000 = (1,4,2,0,3)02
(1,2,0)(3,00,4)004300 01000 (by relation (3) conjugated by (1,3,2)(4,0,00) € La(5))

= (1,3, 2)(4,0,00)1000430001000 = (1, 3,2)(4, 0, 00)100043
(1,0,00)(2, 3,4)000100 (by relation (3))

= (1,4,00,2,0)000124000100 = (1,4,00,2,0)0001240c01 = ¢ (by relation (2)
conjugated by (1,4,0)(2,00, 3) € L2(5)).

Now consider [6000020]. N(©0%020) hag orbits {2}, {3}, {1,4}, and {0,00}. So
we need to look at [00000202], [00000203], [00000201], and [c0000200).



95

First [00000200] = [oo0c02]. So g, a representative from one of the 2-orbits,
takes [0000020] back to a single coset in joo0c02].

ty takes [0000020] to a single coset in [000200] since as we previously proved
0002002 = 0oc0200. Therefore it follows Noo0200 = NOoo02002. If we conjugate
N 00002002 by (1,4)(0,00) € L2(5) we obtain Noo0o0202. Hence Noo0co202 € [0c002002)
= [000200].

t3 takes (0000020} to a single coset in [c0012004] since Noo0o0203
N(1,2,3,4,0)c0043c01 = Noo043001 € {00012004]. To prove 00000203
=(1,2,3,4,0)00043001, we will move the relation to one side of the equal sign and prove
it equals identity.

(1,2,3, 4,0)0004300130200000 = (1,2, 3,4, 0)0004300(1, 2, 3, 4, 0)031400000 (by
relation (2) conjugated by (1,2,3,4,0) € Ly(5))

=(1,3,0,2,4)0010400031400000 = (1,3,0,2,4)o01 (1,3,2)(4,0,00)40004
31400000 (by relation (3) conjugated by (1,00,0,4,2) € La(5))

= (1,2,0)(3,00,4)434000431400000 = (1,2,0)(3,00,4)434 (1,4,0,3,00)40001
1400000 (by relation (2) conjugated by (1,3)(2,00) € Ly(5))

= (1,2, 3)(4, 00, 0)000040001 1400000 = (1, 2, 3)(4, 00, 0)0c00 40004 coloo
= {1,2,3)(1,00,0)0c00 (1,3,2)(4,0,00)004000 o000 (by relation (3) conjugated by
(1,0,00,4,3) € La(5))

= oodoeod Dooocloo = 0440000 = cooo = e.

11, a representative {rom the other 2-orbit, takes [0000020] to a single coset in
[0001403] since Noo0oc0201 = N(1,2,4,0,00)10002004 € [0001403]. To prove co0o0201
=(1,2,4,0,00)10002004, we will move the relation to one side of the equal sign and prove
it equals identity.

(1,2,4,0,00) 1002004102000 = (1, 2,4, 0,00)100 (1,00,0,4,2)00201
10200000 (by relation (1) conjugated by (1,2,00,3,4) € Ly(5))

= 00000201102000c0 = 0000200200000 = 00002200000 = ocoloocoloo =

000000 = oo = e.

Now consider [0000021]. N(>0%21} has orbits {1}, {2}, {3}, {4}, {0}, and {eo}.
So we need to look at [c0000211], [00000212], [00000213], [colo0214], [0c0c0210], and
[0c0002100).

First [000c0211] = |e00002]. So t; takes {co00021] back to a single coset in
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[000002].
12 takes [000c021] to a single coset in {00000121] since Noo000212 = Noolool21
€ [ooloo121].

_ t3 takes [000c021} to a single coset in [o0014] since as we previously proved
0001400 = (1.00,3,0,4)41402. Therefore it follows Noo014 = N(1.00,3,0,4)4140200 =
N4140200 € [00000213] = [c0014].

t4 takes [0000021] to a single coset in [00000214]. Nooloo214 = N3234000 =
N141032 since NecOoo214 = N(1,4,3,00,2)3234c00 = N3234000 and Noolco0214 =
N(1,00,2,3,0)141032 = N141032. N(®002l4) — [(1,00,3)(2,4,0)}, so there are 20
distinct single cosets in [000c0214].

To prove co0c0214 = (1,4, 3,0, 2)3234000 we will move the relation to one side
of the equal sign and prove it equals identity.

(1,4, 3,00, 2)323400041200000 = (1,4, 3, 00, 2)2324000412000c0 (by relation (5)
conjugated by (1,00,3)(2,4,0) € Ly(5)) \

= (1,4, 3, 00, 2)232400041200000 = (1,4,3,00,2)2 (1,4, 3,00, 2)4231 041200000
(by relation (1) conjugated by (1,2,4)(3,00,0) € Ly(5))

= (1,3,2,4,00)142310412000c0 = (1,3, 2,4, 00)142310(1, 3,2, 4, 00)21430c0 (by
relation (2) conjugated by (1,00,0,4,2) € L2(5))

= (1,2, 00, 3, 4)30042302143000 = (1,2, 00, 3, 4)3004(1, 00, 4)(2, 0, 3)3203143000
(by relation (3) conjugated by (1,0,3)(2,4,00) € L2(5))

= (1,0,3)(2, 4,0)24132031430c0 = (1,0,3)(2, 4,00)2413(1, 0,4, 3, 2)302443000
(by relation (2) conjugated by (2,0)(3,4) € La(5))

= (1,4,00)(2, 3,0)1302302443000 = (1,4,00)(2,3,0)13 (1,00,4)(2,0,3)2032
2443000 (by relation (3) conjugated by (1,3,00,0,2) € La(5))

= 002203223000 = 00033000 = x000c0 = poso = e.

To prove 00000214 = (1, 00,2, 3,0)141032 we will move the relation to one side
of the equal sign and prove it equals identity.

(1, 00,2, 3,0)14103241200000 = (1, 00,2, 3, 0)41403241 200000 (by relation (6))

= (1,00,2,3,0)41403241200000 = (1,00,2,3,0)4 (1,3,4,00,0}041c0 241200000
(by relation (1) conjugated by (1,4,00,2,0) € Ly(5))

= (1,0, 3)(2,4, 00)c0041002412000cc = (1,0,3)(2, 4, 00)oc04100
(1,4,2)(3,0,00)4214 oc0c0 (by relation (3) conjugated by (2,00)(4,0) € L2(5))
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= (1,00)(3, 4)}30024342140c000 = (1,00)(3, 4)3002343214000c0 (by relation (6)
conjugated by (1,3)(2,) € La(5))

= (1,00)(3,4)3002343214c0000 = (1,00)(3,4)(1, 4, 0)(2, 00, 3)0032004321400000
(by relation (3) conjugated by (1,2,0,00,3) € La(5)) .

= (1,3,0)(2,00,4)0032004321400000 = (1,3,0)(2, 00, 4)003200 (1,3,0,2,4)2340
4o00cc (by relation (1) conjugated by (1,3)(4,0) € La(5))

= (1,0,3,2, 00)o004002340400000 = (1,0, 3, 2, 00)c00400230400000 (by relation
(6) conjugated by (1,0)(3,00) € La(5) and relation (5))

= (1,0,3,2,00)000400230400000 = (1,0,3,2,00)(1,3, 2)(4,0,00)000402304000
(by relation (3) conjugated by (1,4)(2,3) € L(5))

= (1,00,3)(2,4, 0)000402304c00 = (1,00,3)(2,4,0)0(2,4,3,0,0)04003304000
(by relation (2) conjugated by (1,2,4,0,00) € L2(5))

= (1,2,3)(4, 00, 0)oo04003304000 = (1,2, 3){4, 00, 0)00040004cc0 = e by rela-
tion (3) conjugated by (1,4)(0,0) € La(5).

tp takes [000o021] to a single coset in [o0013100] since Noo0oco210
= N(2,4)(3,00)241312 = N241312 € [0001310]. To prove colc0210

= (2,4)(3,00)241312, we will move the relation to one side of the equal sign and prove it

equals identity.

(2, 4)(3,00)24131201200000 = (2,4)(3,00)24131 (1,0,2)(3,4,00)0210 0000 (by
relation (4) conjugated by (1,3)(4,0) € L(5) and relation (5))

= (1,0,2,00,4)10004002100000 = (1,0,2, 00,4)1000421000 = e (by relation (2)
conjugated by (1,2,00,3,4) € La(5)).

oo takes [0000021] to a single coset in [c001co40] since Nooloo2loo
= N(1,2)(4,00)2302003 = N2302003 € [0c01c040]. To prove coloo2loo

= (1, 2)(4, c0)2302003, we will move the relation to one side of the equal sign and prove
it equals identity. .

(1,2)(4, 00)2302003001200000 = (1,2)(4,00) (1, 00,4)(2,0,3)3203
003001200000 (by relation (3) conjugated by (1,0,3)(2,4,00) € Ly(5))

= (1,0,3,2,00)3203003001200000 = (1,0, 3,2,00)320003c0001200000 (by rela-
tion (5) conjugated by (1,2)(3,0) € La(5))

= (1,0, 3, 2,00)320003c0001200000 = (1,0, 3,2, 50)32000312c00c0 = e (by a pre-
vously proved relation (1,00,0,4,2)oc0140020414 = e conjugated by (1,0,2)(3,4,00) €
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L1(5)).

Now consider [0000023]. N(0%923) has orbits {2}, {3}, {1,4}, and {0,00}. So
we need to look at [00000232], [00000233], [0000231], and [c0000230).

First [00000233] = [0c0002]. So #3 takes [0000023] back to a single coset in
[c00002).

ty takes [0000023] to a single coset in [00000232]. Noo000232 = Noo0oo323 =
N0oc0232 = N0co0323 = N4ldeoloce = N1dlooloo = N4140000 = N1410c00 =
N323141 = N323414 = N232141 = N232414 since we previously proved Noo0oo23 =
N000023. Therefore it follows that Noo000232 = N00c0232 = Noo000323 = N0000323
(by relation (5) conjugated by (1,00,3)(2,4,0) € Ly(5)). If we conjugate this equation by
(1,3,0)(2,00,4) and (1,0,2)(3,4,00) € La(5) we find that N41400000 = N141oo000 =
N4140000 = N1410000 and N323141 = N232141 = N323414 = N232414. To show
that all of these single cosets are equal we can prove 00000232 = (1,4)(2, 3)41400000 and
00000232 = (1,4)(0,00)323141. N{9%232) = ((1 4)(0, 00),(1,4)(2,3), (1,0,2)(3,4,0)),
so there are 5 distinct single cosets in [0c0000232). ‘

To prove 00000232 = (1,4)(2, 3)41400000 we will use a previously proved rela-
tion, co0oo141 = (1,4)(2, 3)2320000.

= (00000141) ™1 = ((1,4)(2, 3)2320000) 1

= 1714711710010 lo0™! = 07100 10~12-13-121((1,4)(2, 3)) !

= 14100000 = 0000232(1,4)(2, 3)

= 14100000(1, 4)(2,3) = 0000232(1,4)(2, 3)(1,4)(2,3)

—» 14100000(1, 4)(2, 3) = 0000232

== (1,4)(2, 3)41400000 = 00000232 (by relation (5))

To prove 00000232 = (1,4)(0,00)323141 we will use two previously proved rela-
tions, colool41 = (1,4)(2, 3)2320000 and oclo0141 = (2, 3)(0,00)414232.

= (1,4)(2,3)2320000 = (2, 3)(0, 00)414232

= ((1,4)(2, 3)2320000) ! = ((2, 3)(0, 00)414232) !

= 0~loo~10-12713-12-1((1, 4)(2,3))~1((1,4)(2, 3)) !
= 2-13-19-14-11-14-1((2, 3)(0, 00)}

= 0000232(1,4)(2,3)(1,4)(2,3) = 232414(2, 3)(0, 00)(1,4)(2, 3)

== 0000232 = 232414(1, 4)(0, %0)

= 00000232 = (1, 4)(0,0)232141 (by relation (5))
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= 00000232 = (1,4)(0,00)323141 (by relation (5) conjugated by
(1,00,3)(2,4,0) € La(5)).

t1, a representative from one of the 2-orbits, takes [0000023] to a single coset
in [000142c0] since Neoc0co231 = N(1,0,3,2,00)3200013 = N320c013 € [00014200]. To
prove cc0o0231 = (1,0, 3, 2, 00)3200013, we will move the relation to one side of the equal
sign and prove it equals identity.

= (1,0, 3,2,00)3200013132c0000 = (1,0, 3, 2, 00)320001131200000 (by relation
(6) conjugated by (2,0)(3,4) € L2(5))

= (1,0, 3,2, 00)320001181200000 = (1,0,3,2,00)3 20003 1200000
= (1,0, 3,2,06)3 (1,00,2,3,0)00021 1200000 (by relation (1) conjugated by (1,0,2,00,4)
€ Ly(5))

= 0000211200000 = 000002200000 (by relation (5))

= coloccoloo = coQlco = cooe = e.

1p, a representative from the other 2-orbit, takes [0000023] to a single coset in
[0001032] since Noo0co230 = N (1, 3,00,0,2)0232001 = N0232001 € [0001032]. To prove
00000230 = (1, 3, 00, 0, 2)0232001, we will move the relation to one side of the equal sign
and prove it equals identity.

(1,3, 00, 0, 2)02320010320000 =: (1,3, 00,0, 2)0232001 (1,4,00)(2, 3,0)3023000
(by relation (3) conjugated by (1,2,4)(3, 00,0} € Ly(5))

= (1,0,3)(2,4,00)2303143023000 = (1,0,3)(2, 4,00)230 (1,3,4)(2,0,00)1341
023000 (by relation (3) conjugated by (1,4,0)(2,00,3) € Ly(5))

= (1,00,0,4, 2)04001341023000 = (1,00,0,4,2)04c013 (1,00,0,4,2)014c03000
{(by relation (1) conjugated by (2,0,4,00,3) € La(5))

= (1,0, 2, 00, 4)420003014003000 = (1, 0,2, 00,4}42 (1, 2,4)(3, 00, 0)o00300
14003000 (by relation (4) conjugated by (1,4, 00,2,0) € Ly(5))

= (1,3,00)(2,0,4)1400030014003000 = (1,3, 00)(2,0,4) 1400 (1,3,4, 00, 0)00304
4003000 (by relation (1) conjugated by (1,3)(2,00) € La(5))

= (1,4, 2)(3,0, 20)30000030c03000 = (1,4, 2)(3,0,00)300003030030 (by relation
(5) and relation (5) conjugated by (1,2)(3,0) € Lz(5))

= (1,4,2)(3,0,0¢)300003030030 = (1,4,2)(3,0,00)300030330030 (by relation
(5) conjugated by (2,4)(3,00) € Ly(5))

= (1,4,2)(3,0,0)300030330030 = (1,4,2)(3,0,00)3000300030 = e (by relation
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(4) conjugated by (1,4,00,2,0) € La(5)).

Now consider [000241]. N(99241) has orbits {2}, {oo}, {1,3}, and {4,0}. So we
need to look at [0002411], [0002412], [0002414], and [cc024100].

First [0002411] = [00024]. So t;, a representative from one of the 2-orbits, takes
[000241] back to a single coset in [00024].

ty takes [000241] to a single coset in [0001023] since Noo02412
= N(2,3)(0,00)2030001 = N2030cc] € [0001023]. To prove 0002412
= (2, 3)(0,00)2030001, we will move the relation to one side of the equal sign and prove
it equals identity.

(2,3)(0.00)20300012142000 = (2, 3)(0.00)2303c012142000 (by relation (5) con-
jugated by (2,0)(3,4) € L2(5))

= (2,3)(0.00)23030012142000 = (2, 3)(0.00)23(1, 3,4, 00, 0)003042142000 (by re-
lation (1) conjugated by (1, 3)(2,00) € L2(5))

= (1,3,2,4,00)24003042142000 = (1,3, 2,4, 00)240030(1, 2, 4)(3, 00, 0)24122000
(by relation (3) conjugated by (2,3,00,4,0) € Ly(5))

= (1,00, 2)(3,4,0)41000324122000 = (1,00,2)(3,4,0)4100032410c0 == e (by a
previously proved relation (1,0, 3)(2, 4, 00)}o00234100023 = e conjugated by
(1,2,0)(3,00,4) € La(5)).

too takes [c00241] to a single coset in [c0021] since as we previously proved
000214 = (1, 3.00,0,2)4301c0. Therefore it follows Noc021 = N(1,3.00,0,2)4301c04 =
N4301004 € Joo024100] = [00021).

t4, a representative from the other 2-orbit, takes [000241] to a single coset in
[oo000214] since Noo02414 = N(1,0,2)(3,4,00)4043002 = N4043002 € [00000214]. To
prove 0002414 = (1,0,2)(3, 4, 00)4043002, we will move the relation to one side of the
equal sign and prove it equals identity.

(1,0,2)(3,4,00)404300241420c0 = (1,0,2)(3,4, 00)404300214120c0 (by relation
(©)

= (1,0, 2)(3,4,00)40430021412000 = (1,0, 2)(3,4,00)404 (1,00, 4,2, 3)20034
412000 (by relation (2) conjugated by (2,00,0,3,4) € Ly(5))

= 20220034412000 = 2000312000 = ¢ (by relation (1) conjugated by
(1,0,00,4,3) € Lo(5)).

Now consider [000243]. N(%0243) a5 orbits {1}, {2}, {3,0}, and {4, c0}. So we
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need to look at [0002431], [0002432], [0c02433], and [c002434].

First [0002433] = [00024]. So 3, a representative from one of the 2-orbits, takes
[0c0243] back to a single coset in [0c024].

1) takes [000243] to a single coset in [0c002431]. Noo02431 = N10234c0 =
N4320001 = N4002310 = N 1320004 = N3124c00.= N34210c0 = Nood2013 == N0120043
= N00co02134 since we previously proved Noco0243 = N432000. Therefore it follows that
Noo02431 = N4320001. If we conjugate this equation by (1,0,00,4,3), (1,00)(3,4),
(1,4,0,3,00), and (1,3)(4,0) € Ly(5) we find that N4002310 = N3124000, N10234c0
= N3421000, N1320004 = N0002134 and Nood2013 = N012c043. To show that all of
these single cosets are equal we will prove 0002431 = (1, 2, 00)(3, 0, 4)4002310, 0002431 =
(0,2)(4, 3)1023400, 0002431 = (2,00)(4,0)13200c4, and 0002431 = (1,2, 3,4, 0)c0d2013.

To prove 0002431 = (1, 2,00)(3,0,4)4002310, we will move the relation to one
side of the equal sign and prove it equals identity.

(1,2,00)(3,0,4)400231013420c0 = (1,2, 00)(3,0,4)400231
(1,00, 3,0,4)31000 2000 (by relation (2) conjugated by (1,4,3,00,2) € Ly(5))

= (1,2,3,4,0)132000310002000 = (1,2,3,4,0)13 (1,00,2,3,0)00021 10002000
(by relation (1) conjugated by (1,0,2,004) € La(5))

= (1,3,4)(2, 0, 00)0000002110002000 = (1, 3,4)(2, 0, 0)0000020002000 (by rela-
tion (5))

= (1, 3,4)(2,0,006)0000020002000 = (1,3,4)(2, 0,00)00020002000 = e (by rela-
tion (4) conjugated by (2,0,4, 00, 3) € La(5)). ,

"To prove 0002431 = (0, 2)(4, 3)1023400, we will move the relation to one side of

the equal sign and prove it equals identity. .

(0,2)(4, 3)10234001342000 = (0, 2)(4,3)1023 (1,4,3, 00, 2)10042 42000 (by rela-
tion (1) conjugated by (1,00,0,4,2) € La(5))

= (1,4, 00,2, 0)401001004242000 = (1,4,00,2,0)40110014242000 (by relation
(5) conjugated by (1,0)(2,4) € L2(5))

= (1,4, 00,2, 0)401160142420c0 = (1,4,00, 2, 0)40001 4242000
= (1,4, 00,2,0)40001 2422000 (by relation (5) conjugated by (2,0)(4.0) € Lo(5))

= (1,4, 00,2,0)4000124220c0 = (1,4,00,2,0)40001240c0 = e (by relation (2)
conjugated by (1,2,0,003) € Ly(5)).

To prove 002431 = (2, 00)(4, 0)1320004, we will move the relation to one side
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of the equal sign and prove it equals identity.

(2, 00)(4,0)13200041342000 = (2,00)(4,0)132000(1, 4, 3)(2, c0,0)143120c0 (by
relation (3) conjugated by (1,3,0)(2,00,4) € Lz(5)}

= (1,4,2,0,3)410020143120c0 = (1,4,2,0,3)41(1,2,4, 0, 00)0200443120c0 (by
relation (1) conjugated by (1,2,0,00,3) € La(5))

= (1,0,3,2,00)0202003120c0 = (1,0, 3,2, 50)0020003120cc (by relation (5) con-
jugated by (1,3)(2,c0) € L2(5))

= (1,0, 3, 2,00)0020003120cc = (1,0,3,2,00)2000312000 = e (by relation (1)
conjugated by (1,0,00,4, 3) € La(5)).

To prove 0002431 = (1,0, 3, 2,00)3200013, we will move the relation to one side

of the equal sign and prove it equals identity,

(1,0,3,2,00)320001313420c0 = (1,0, 3,2,00)32000113142000 (by relation (6)
conjugated by (2,0)(3,4) € L(5))

= (1,0, 3,2, 50)32000113142000 = (1,0, 3, 2, 00)320003142000 = (1,0, 3,2, 00)3
(1,00,2,3,0)000211420c0 (by relation (1) conjugated by (1,0,2,00,4) € Ly(5))

= 0000211200000 = 000002200000 (by relation (5)}

= 000002200000 = coloocoloo = 0000o0 = oo = e.

N{e0000232) — ((1, 4)(0, 00), (1,4)(2,3), (1, 00,2)(3,4,0)}, so there are 6 distinct
single cosets in {o0000232].

1y takes [000243] to [000200] since as we previously proved 0002003
= (1.00,4,2,3)c01304. Therefore it follows Noo0200 = N(1.00,4, 2, 3)0013043
= Noo013043 € [0002432] = [c00200].

ts, a representative from the other 2-orbit, takes [000243] to [00014200] since
Noo02434 = N(1,3,0)(2,00,4)3200013 = N3200013 € [00014200).

To prove 0002434 = (1,3,0)(2,00,4)3200013, we will move the relation to one
side of the equal sign and prove it equals identity.

(1,3,0)(2,00,4)32000134342000 = (1,3, 0)(2, 00,4)32000133432000 (by relation
(6) conjugated by (1,3)(2,00) € L2(5))

= (1,3,0)(2,00,4)32000133432000 = (1,3,0)(2,00,4)320001432000 = ¢ by a

previously proved relation.

Now consider [00024c0]. N(2024) has orbits {1}, {2}, {3}, {4}, {0}, and {o0}. -
So we need to look at [00024001], [00024002], |00024003], [00024004], [00024000], and
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[000240000].

First [co0240000] = [00024]. So ts takes [0002400] back to a single coset in
[c0024].

1z takes [00024c0] to a single coset in [00014200] since Noo024002
= N(1,4,3)(2, 00, 0)04c0210 = N0400210 € [00014200]. To prove col24002
= (1,4, 3)(2,00,0)0400210, we will move the relation to one side of the equal sign and
prove it equals identity.

(1,4, 3)(2, 00, 0)040021020042000 = (1,4, 3)(2, 00, 004002 (1, 00, 0, 4, 2)2014
42000 (by relation (1) conjugated by (1,0)(3,c0) € La(5))

= (1,2, 0)(3, 00,4)4201201442000 = (1,2, 0)(3, 00,4)4201 2012000
= (1,2, 0)(3,00,4)4201 (1,0, 2)(3, 4,00)0210000 (by relation (4) conjugated by (1,3)(4,0)
€ Ly(5))

= 001200210000 = 001221c0 = colloo = ooco = e.

13 takes [c0024c0] to a single coset in [co0oo104] since Noc024003
= N(1,3,0,2,4)00000104 = Noolocl04 € {c0000104]. To prove co024003
= (1,3,0,2,4)c0000104, we will move the relation to one side of the equal sign and prove
it equals identity.

(1,3,0,2,4)0000010430042000 = (1,3,0,2,4)c0 (1, 00, 0)(2, 4,3)000100
430042000 (by relation (3))

= (1,2, 3)(4, 00,0)00001 00430042000 = (1,2, 3)(4, 00, 0)0c001
(1,0,2)(3,4,00)40034 420c0 (by relation (3) conjugated by (1,3)(4,0) € La(5))

= (2,4,3,0,00)23204003442000 = (2,4, 3,0, 00)2(2, 00, 0, 3, 4)023000032000 (by
relation (2} conjugated by (1,4,0,3,00) € L2(5))

= 0023000032000 = 0002332000 = 0022000 = 00000 = 0000 = e.

14 takes [0002400)] to a single coset in [0001213] since Noo024004
= N(1,3,0,2,4)2030031 = N2030c031 € [0001213]. To prove cc024c04
= (1,3,0,2,4)2030031, we will move the relation to one side of the equal sign and prove
it equals identity.

(1,3,0,2,4)203c03140042000 = (1, 3,0, 2, 4)20003001400420c0 (by relation (5)
conjugated by (1,2,)(3,0) € La(5))

= (1,3,0,2,4)20003c0140042000 = (1,3,0,2,4)(1,00,2,3,0)0002100140042000
(by relation (1) conjugated by (1,0,2,00,4) € Lo(5))
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= (1,0, 3)2, 4, 00)002100140042000 = (I, 0, 3)(2, 4, 00)c0020010040042000 (by
relation (5) conjugated by (1,0)(2,4) € La(5))

= (1,0,3)(2, 4, c0)o00200 10040042000 = (1,0, 3)(2,4, 00)0a02001400442000 (by
relation (5) conjugated by (1,3)(4,0) € La(5))

= (1,0, 3)(2,4, 00)00020014004420c0 = (1,0,3)(2, 4,00) (1,4, 0, 3,00)000204
4002000 (by a previously proved relation)

= (1,3,4)(2,0,00)00020002000 = e (by relation (4) conjugated by
(1,4,0)(2,00,3) € Ly(5)).

to takes [0002400] to a single coset in [0001024] since Noo0240c0
= N(1,3,00)(2,0,4)032341 = N032341 € [0001024]. To prove 00024000
= (1,3,00)(2,0,4)032341, we will move the relation to one side of the equal sign and

prove it equals identity.

(1, 3,00)(2,0,4)032341000420c0 = (1,3,00)(2,0,4)03234
(1,4,0,3,00)000132000 (by relation (2) conjugated by (1,4,00,2,0) € La(5))

= (1,00,4,2, 3)3002000000132000 = (1,00, 4,2, 3)30020000000132000 (by rela-
tion (5))

= (1,00,4,2, 3)30020000001320c0 = (1, 00,4,2,3)3002000132000 = e (by a

previous proof).

t; takes [0002400] to a single coset in [00010024] since Noo024o0l
= N(1,3,2,4,00)134120 = N134120 € [c001c024]. To prove c0024001
=(1,3,2,4,00)134120, we will move the relation to one side of the equal sign and prove
it equals identity.

(1,3,2,4,00)13412010042000 = (1,3,2,4,00)1(1,3, 2,4, 00) 1300010042000 (by
relation (2) conjugated by (1,2,4)(3,c0,0) € La(5))

= (1,2, 00, 3,4)314300010042000 = (1,2, 00,3, 4)(1, 3,4)(2,0, 00)1341
00010042000 (by relation (3) conjugated by (1,4,0)(2,00,3) € La(5))

= (1,0, 004, 3)1341c0010042000 = (1,0, 004, 3)134 (1,0,00)(3,4,2)c0100
0042000 (by relation (3) conjugated by (1,0,00)(2,3,4) € La(5)) '

= (1,00,2,3,0)04200100000420c0 = (1,00,2,3,0)04 (1,2,0,00,3)10023 42000
(by relation (2) conjugated hy (1,0,2,00,4) € Ly(5))

= (1,3;00,0,2)00410023420c0 = (1,3,00,0,2)00d(1, 3,00, 0, 2)20010420c0 (by
relation (2) conjugated by (1,3,0)(2,00,4) € La(5))
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= (1,00,2,3,0)042001042000 = (1,00,2,3,0)042001(1, 00, 3)(2, 4, 0402400 (by
relation (3) conjugated by (1,2,3)(4, 00,0) € La(5))
= (1,3,2)(4,0,00)204300402400 = (1,3,2)(4,0,00)2043(2, 4, 3,0, c0)040034c0
(by relation (2) conjugated by (1,2,4,0,00) &€ La(5))
. = (1,0, 2)(3,4, 00)4003004003400 = (1,0,2)(3, 4,00)400340034c0 = e (by rela-
tion (3) conjugated by (1,3,2)(4,0,00) € La(5)).

Now consider [000232]. N(0232) has orbits {0}, {00}, {1,4}, and {2, 3}. So we
need to look at [0002320], [00023200], [0002321], and [0002322).

First [0002322] = [0c0023]. So té, a representative from one of the 2-orbits, takes
[e00232] back to a single coset in [00023].

tp takes [000232| to a single coset in [c001310] since Noo02320
= N(1,4,00)(2,3,0)130203 = N130203 € [0001310]. To prove 0c02320
= (1,4,00)(2, 3,0)130203, we will move the relation to one side of the equal sign and
prove it equals identity.

(1,4, 00)(2, 3, 0)1302030232000 = (1.4,00)(2, 3, 0)1320230232000 (by relation (5)
conjugated by (1,3)(2,00) € La(5))

= (1,4,00)(2, 3,0)1320230232000 = (1.4,00)(2,3,0)1320 (1,00,4)(2, 0, 3)3203
32000 (by relation (3) conjugated by (1,0,3)(2,4,00) € La(5))

= 0020332033200 = 0020202000 = 020020000 (by relation (5) conjugated by
(1,3)(2,00) € La(5))

= 0020020000 = 002200 = 0000 =&.

oo takes [000232] to a single coset in [0023200]. Noo023200 = Noo032300 by
relation (5) conjugated by (1,00, 3)(2,4,0) € Ly(5). There are 30 distinct single cosets in
[00023200).

11, a representative from the other 2-orbit, takes [000232] to a single coset in
[0001024] since Noo02321 = N(1,4)(0,00)c032314 = Noo32314 € [0001024]. To prove
0002321 = (1,4)(0,c0)0032314 we will use a previously proved relation, co0c0232 =
(1,4)(0, 00)323141.

= 00000232 = (1,4)(0,00)323141.

= 0000232 = (1,4)(0, c0)323141 (by relation (5))

—> 00000232 = 0(1, 4)(0, 00)323141

=> 0002321 = (1,4)(0, 00)c03231411
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=5 0002321 = (1,4)(0, 00)0032314.

Now consider [000201]. N{020) has orbits {1}, {oo},{2,0}, and {3,4}. So we
need to look at [0002011], [000201c0], [0002012], and [0002013].

First [0002011] = [00020]. So t; takess[cc0201] back to a single coset in [c0020].

too takes [000201] to a single coset in [00023200] since Noo0201c0
= N(2,0)(3,4)1003431 = N1003431 € [00023200]. To prove 00020100
= (2,0)(3,4)1003431, we will move the relation to one side of the equal sign and prove it
equals identity.

(2, 0)(3,4)100343100102000 = (2, 0)(3,4)1c0343100 33102000
= (2,0)(3,4)10034 31003 3102000 = (2,0)(3,4)10034 (1,3,00)(2,0,4)13001 3102000 (by
relation (4) conjugated by (1,0,4)(2, 3,00) € L2(5))

= (1,3,2,4,00)31002130013102000 = (1,3,2,4,00)3 (1,2,00)(3,0, 4)o012c0
30013102000 (by relation (3) conjugated by (1,2,4,0,00) € La(5))

— (1,0,4)(2, 3, 00)0001200300131020c0 = (1,0, 4)(2, 3,00)00012 3003 313 02000
(by relation (5) conjugated by (1,2)(3,0) € L2(5) and relation (6) conjugated by
(2,0)(3,4) € Ly(5))

= (1,0,4)(2, 3,00)00012300331302000 = (1,0,4)(2,3,00)000123001320200 (by
relation (5) conjugated by (1,3)(2,00) € Ly(5))

= (1,0,4)(2,3,00)000123001320200 = (1,0,4)(2,3,00)000123
(1,4, 3,00, 2)c0402 02c0 (by relation (1) conjugated by (2,3){0,00) € L(5))

=(1,0,3, 2,00)024100316040200 = (1,0,3,2,00)024 (1,3,00)(2,0,4)c01300
0040200 (by relation {4) conjugated by (1,2)(4,00) € Ly(5))

= (1,4,2)(3,0, 00)402001340260 = 2 by apreviously proved relation,
(1,3,0)(2,00,4)32000 1432000 = e conjugated by (2,0)(3,4) € La(5).

12, a representative [rom one of the 2-orbits, takes [000201] to a single coset in
[0001403] since Noo02012 = N(1.4,3)(2,50,0)30024001 = N30024c0l € [0001403]. To
prove 0002012 = (1.4,3)(2, 00, 0)30024001, we will move the relation to one side of the

equal sign and prove it equals identity.

(1,4, 3)(2, 00, 0)300240012102000 = (1,4, 3)(2, 00, 0)3 (1,3, 0)(2, 00, 4)20042
121020c0 (by relation (4) conjugated by (2,00,0,3,4) € Ly(5))

= (1,2,4,0,00)02004212102000 == (1,2,4,0,0)020042212020c0 {by relation (6)
conjugated by (2,4}(3,00) € L2(5))
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= (1,2,4,0,00)020042212020c0 = (1,2,4,0,00)0200412202c0 (by relation (5)
conjugated by (1,3)(2,00) € Ly(5))

= (1,2,4,0,00)020041220200 = (1,2, 4,0,00)0200410200 = ¢ (by relation (1)
conjugated by (1,2,0,00,3) € La(5)).

13, a representative from the 2-orbit, takes [c00201] to a single coset in [00013100]
since Noo02013 = N(1.3)(4,0)413034 = N413034 € [00c0131cc]. To prove c002013 =
(1.3)(4,0)413034, we will move the relation to one side of the equal sign and prove it
equals identity.

(1,3)(4,0)4130343102000 = (1, 3)(4, 0)41303(1, 4, 0, 3, 00) 134002000 (by relation
(2) conjugated by (1,0,4)(2,3,00) € L3(5))

= (1, 00)(3,4)04003001340020c0 = (1,00)(3,4)0400 (1,00, 3)(2, 4,0)c031c0
40020cc (by relation (4) conjugated by (1,2,3)(4,00,0) € Ly(5))

= (1,3,0,2,4)203c031004002000 = (1, 3,0, 2, 4)20003001004002000 (by relation
(5) conjugated by (1,2)(3,0) € La(5))

= (1,3,0,2,4)2000301004c020c0 = (1,3,0,2,4)20c031c014002000 (by relation
(5) conjugated by (1,0)(2,4) € La(5))

= (1,3,0,2,4)20c0310014002000 = (1,3,0,2,4)20003100(1, 2,4, 0, 00)00410000
(by relation (1) conjugated by (1,4,0))(2, 00, 3) € La(5))

= (1,3, 00)(2, 0,4)400132100410000 = (1,3,00)(2, 0,4)(1, 4, 3, 00, 2)1c042
21c041c0 (by relation (1) conjugated by (1,00,0,4,2) € La(5))

= (1,00,4)(2,0, 3) 100422 c0d100 = (1, 00,4)(2,0,3)1o041 codloo
= (1,00,4)(2,0,3) (1,4,00)(2, 3,0)cc1400 oodloa (by relation (4) conjugated by
(1,0,2)(3,4,00) € La(5))

= 001400004100 = 0144100 = c0lleo = o000 = e.

Now consider [0002000]. N(®02029) has orbits {1,3,4‘}, and {2,0,00}. So we
need to look at [00020001] and [c00200000].

First [000200000] = [00020]. S0 teo, a representative from one of the 3-orbits,
takes [0002000] back to a single. coset in [00020].

1, a representative from the other 3-orbit, takes [c002000] to a single coset in
[0c01310] since Noo020c01 = N(l.O)(3,oo)(-)4003004 = N04003c04 € [0001310]. To prove
00020001 = (1.0)(3, 00)04003004, we will move the relation to one side of the equal sign

and prove it equals identity.
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(1,0)(3,00)04003004 10002000 = (1,0)(3, 0)04003 (1,4, 00)(2, 3, 0)doo14
020c0 (by relation (4) conjugated by (1,3)(2,00) € La(5))

= (1,2, 3)(4, 00, 0)200104001402000 = (1,2, 3)(4, 00, 0)200104
(1,3,4,00,0)41003 2000 (by relation (1} conjugated by (2,4,3,0,00) € La(5))

= (1,2,4,0,00)203100410032000 = (1,2,4,0,00)(1,0,4,3,2)3024 00410032000
(by relation (2) conjugated by (2,0)(3,4) € La(5))

= (2, 3)(0, ©0}3024004 16032000 = (2, 3)(0, 00)30200400100320c0 (by relation (5)
conjugated by (1,3)(4,0) € Ly(5))

= (2,3)(0,00)3020040010032000 = (2,3)(0,00)3(1,00, 0,4, 2)c0201c010032000
(by relation (1) conjugated by (1,2,00,3,4) € La(5))

= (1,00,4,2,3)302010010032000 = (1,00,4,2, 3}30020c010000320c0 (by rela-
tion (5) conjugated by (1,0)(2,4) € La(5))

= (1,00,4, 2, 3)30020001000032000 = (1, 0, 4, 2, 3)300200032000 == e (by a pre-

viously proved relation).

Now consider [000203]. N{(020%) has orbits {1}, {2}, {3}, {4}, {0}, and {o0}. So
we need to look at [0002031], [0002032], [c002033], [0002034], [6002030] and [c00203c0].
First [0002033] = [00020]. So t3 takes [000203] back to a single coset in [c0020].
11 takes [000203] to a single coset in [0001231] since Noo02031
= N(1,00,4,2,3)34002000 = N340c02000 € [c001231]. To prove 0002031
= (1, 00,4, 2, 3)34002000, we,will move the relation to one side of the equal sign and prove
it equals identity.
(1,00, 4, 2, 3)340020001302000 = (1, 00,4, 2, 3)34 (1,4, 3)(2, 00, 0)20002
1302000 (by relation (4) conjugated by (1,3,0)(2,00,4) € La(5))
= (1,0,2)(3, 4, 00)13200021302000 = (1,0,2)(3, 4, 0)132 (1,0, 3, 2, 00)20003
302000 (by relation (1) conjugated by (1,0,00,4,3) € Ly(5))
= (1,3,4)(2,0, 00)0200200033020c0 = (1,3,4)(2,0,00)0200200020200 (by rela-
tion (5) conjugated by (1,3)(2,00) € Lo(5)}
=(1,3,4)(2,0,00)0200200020200 = ¢ by a previously proved relation,
(1,3,4)(2, 0, 00)200000 20002000 = e conjugated by
(1,3,4)(2,0,00) € La(5).
ty takes [000203] to a single coset in [0001430] since Noo02032
= N(1,0,4)(2,3,00)0321c03 = N0321c03 € [0001430]. To prove 0002032
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= (1,0,4)(2,3,00)0321003, we will move the relation to one side of the equal sign and
prove it equals identity.

(1,0,4)(2, 3, 00)03210032302000 = (1,0, 4)(2, 3, 00)03216023202000 (by relation
(5) conjugated by (1, 00,2)(3,4,0) € La(5))

= (1,0,4)(2,3,00)032100232020c0 = (1,0, 4)(2, 3, 00)03210023020000 (by rela-
tion (5) conjugated by (1, 3)(2,00) € L3(5))

= (1,0,4)(2,3,00)03210023020000 = (1,0,4)(2,3,00)032100230200 = ¢ (by a
previously proved relation, (1,2, 3)(4, 00, 0)2401000420cc =: e, conjugated by (2,0)(3,4) €
La(5)).

t4 takes [000203] to a single coset in [0001024] since Neo02034
= N(1,4,00)(2,3,0)0400412 = N04co412 € [0001024]. To prove 0002034
= (1,4,00)(2,3,0)04c0412, we will move the relation to one side of the equal sign and
prove it equals identity.

(1,4, 00)(2, 3,0)04004124302000 = (1,4, 00)(2, 3, 0)040041
(2,0,4, 00, 3)34200 2000 (by relation (1) conjugated by (1,4,00)(2,3,0) € L2(5))

= (1,00)(3,4, )4003001342002000 = (1,00)(3, 4, )40030013400200000 (by rela-
tion (5) conjugated by (2, 0)(3,4) € L2(5))

= (1, 00)(3, 4, )4co3001 3400200000 = (1,00)(3,4, }4o0300 (1,00,3,0,4)4310
200000 (by relation (2) conjugated by (1,00,2,3,0) € Ly(5))

= (1, 3)(4, 0)130343102c0000 = (1, 3)(4,0)130434102000c0 (by relation (5) con-
jugated by (3,0)(4,00) € La(5))

= (1,3)(4,0)13043410200000 = (1,3)(4,0)1(1,00,2)(3,4,0)0340410200000 (by
relation (4) conjugated by (1,2,3,4,0) € La(5)) :

= (1,4, 3, 00,2)c00340410200000 = (1,4, 3, o0, 2)c00340(1, 00, 0, 4, 2)0140000000
(by relation (1) conjugated by (2,0,4,00,3) € L(5))

= (1,2, 50)(3, 0, 4)0432401dooco0c0 = (1,2,00)(3,0,4)0432 4014000
=(1,2,00¢)(3,0,4)0432 (1,0,4)(2,3,00)0410 Oco (by relation {4) conjugated by
(1,00,3)(2,4,0) € Ly(5))

= (1, 3,4, 00, 0)410030410000 = (1,3,4,00,0)41c0304100 = e (by relation (1)
conjugated by (2,4,3,0,00) € L(5)).

tp takes {0c0203] to a single coset in [c001031] since Noo02030
= N(1,00,4)(2,0,3)402032 = N402032 € [0001031]. To prove. c002030
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= (1,00,4)(2,0,3)402032, we will move the relation to one side of the equal sign and
prove it equals identity. '

(1, 00, 4)(2, 0, 3)4020320302000 = (1,00, 4)(2,0,3)40 (1,4,00)(2, 3, 0)0230
0302000 (by relation (3) conjugated by (1,3)(2,00) € La(5))

= 00202300302000 = 002023320200 (by relation (5) conjugated by (1, 3)(2,c0) €
L»(5))

= 02023320200 = 0020220200 = 00200200 = 02200 = 00 = e.

too takes [000203) to a single coset in [c001213] since Noo020300
= N(2,3)(0,00)32004001 = N32004001 € [0001213]. To prove co0203c0

= (2, 3)(0,00)32c04001, we will move the relation to one side of the equal sign and prove

\

it equals identity.

(2,3)(0, 00)3200400100302000 = (2, 3)(0, 00)3200400 (1,0, 00, 4, 3)30014
2000 (by relation (1) conjugated by (1,00,2,3,0) € La(5))

= (1,0,4,3,2)12434300142000 = (1,0,4,3,2)123433001420c0 (by relation (6)
conjugated by (1,3)(2,c0) € Ly(5))

= (1,0,4,3,2)12343300142000 = (1,0, 4,3, 2)123 400142000 = (1,0, 4, 3,2)123
(1, 00,4)(2,0,3)c0dlo0 2000 (by relation (4) conjugated by (1,0,3)(2,4,00) € Ls(5))

= (1,3, 0)(2,00, 4)00020041002000 = (1,3, 0)(2,00,4)00(1, 0, 0, 4, 2)00201
1002000 (by relation (1) conjugated by (1,2,00,3,4) € La(5))

= (1,3,4)(2,0,00)0002011002000 = (1,3,4)(2,0,00)000200020c0 = ¢ by rela-
tion (4) conjugated by (1, 4,0X2,00,3) € La(5)). ‘

Now consider [c002001]. N(®00201) has orbits {2}, {3}, {1,4}, and {0,00}. So
we need to look at (00020012, [00020013], [00020011], and [00020010].

First [00020011] = [000200]. So t1, a representative from one of the 2-orbits,
takes [0002001] back to a single coset in [o00200].

12 takes [0002001] to a single coset in [o0010021] since Noo020012
= N(1,00,2)(3,4,0)23c02100 = N23002lcc € [00010021]. To prove co020012
= (1,00,2)(3, 4, 0)23002100, we will move the relation to one side. oi’ the equal sign and
prove it equals identity. ‘

(1,00, 2)(3,4,0)2300210021602000 = (1,00, 2)(3, 4,0)230021
(1,2,00)(3,0,4)20012 2000 (by relation (3) conjugated by (2,0)(3,4) € L2(5))

= 0001602200122000 = 00100001060 = 00011000 = 00000 = 0000 = e.
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ts takes [0002001] to a single coset in [00012003] since Noo02c013
= N(1,3,2,4,00)431240 = N431240 € [c0012c03]. To prove 00020013
=(1,3,2,4,00)431240, we will move the relation to one side of the equal sign and prove
it equals identity.

(1,3,2,4,00)43124031002000 = (1,3,2,4,00)43(1,0,2, 00, 4)4210031002000 (by
relation 2) conjugated by (1,0)(3,00) € L3(5))

= (1, 3,0, 0, 2)1342100310020c0 = (1, 3,00, 0, 2)1342 (1, 3, 00)(2, 0,4)o01300
002000 (by relation (4) conjugated by (1,2)(4, 00) € La(5))

= (1, o004, 2, 3)300200013000020c0 = (1, 004, 2,3)30020001320c0 = e (by a pre-

viously proved relation).

tp, a representative from the other 2-orbit, takes [c002001] to a single coset in
[0001213] since Noo020010 = N(1,00)(2,0)2003034 = N2003034 € [0001213]. To prove
60020010 = (1, 00)(2, 0)2003034, we will move the relation to one side of the equal sign
and prove it equals identity.

(1,00)(2, 0)200303401602000 = (1,00)(2, 0)20030 (1,4,2,0,3)0432 002000 (by
relation (1) conjugated by (1,4,2,0,3) € La(5))

= (1,00, 4, 2, 3)000130432002000 = (1, 00,4, 2,3)0c01 (1,00, 2)(3,4,0)0340
2002000 (by relation (4) conjugated by (1,2,3,4,0) € Lao(5))

= (1,2, 4)(3,00,0)3200034020020c0 = (1,2,4)(3,00,0)3 (2, 3, 00,4, 0)0c024
402002000 (by relation (1) conjugataed by (1,00)(2,0) € L2(5))

= (1,3,4,)(2,0,00)c000024402002000 = (1,3,4, }(2,0,00)o00c0 202002000 =
(1,3,4, )(2,0,00)@ 020002000 (by relation (5) conjugated by (1,3)(2,00) € L2(5))

= (1,3,4, (2, 0,00)0000020002000 = (1,3,4,)(2,0,00)00020002000 = e (by re-
lation (4) conjugated by (1,4, 0)(2,00,3) € Ly(5)).

Now consider [oc0010021]. N(0201%21) hag orbits {1,4}, {2,3}, and {0,00}. So
we need to look at [000100211], [000100212], and [co0loo2100].

First [000100211] = [0001002]. So 1, & representative from one of the 2-orbits,
takes [000loo21] back to a single cosét in [c001c02].

iz, a representative from another 2-orbit, takes [00010021] to a single coset in
[000100212]. By a previous proof we know Noo0loo2l = N0co4024, so it follows that
Noo0100212 = N00o40242. There are 30 distinct single cosets in {000100212].

oo, & representative from the remaining 2-orbit, takes [0001c021] to a single coset
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in [0o02c0] since as we previously proved 00020012 == (1, 0o, 2)(3, 4, 0)23c021c0. Therefore
it follows Noo0200l = N(1,00,2)(3,4,0)230021002 = N230021002 € [colloo2lo0] =
[0002001].

Now consider [oo01c024]. N{201924) has orbits {1}, {4}, {2,3} and {0,00}. So
we need to look at [c00100241], [000100244], [000100242], and [0001002400].

First (000100244} = [0001002]. So t; takes [c0010024] back to a single coset in
[oo01002).

t1 takes [00010024] to a single coset in [000100241}. Noo01c0241 = N0co10341
= Noo0doo314 = N23024000 = N230021000 = N14210032 = N1431023 = N4124032
= N00040214 = N32c034000 = N41340023 = N32031c00 since we previously proved
Noo010024 = N00o1034. Therefore it follows that Noo01oo241 = N0col0341. If we
conjugate this equation by (1,4)(2,3), (1,0,3)(2,4,00), (1, 0,2)(3,4,0), (1,2,00)(3,0,4)
and (1,3,00)(2,0,4) € L2(5) we find that Noo0400314 = NO0o0o40214, N23024c00 =
N32031000, N23c021000 = N32c0340c0, N14210032 = N4124032, and N1431023 =
N41340023. To show that all of thése single cosets are equal we will prove co0lo0241
= (1,4, 00)(2,3,0)000400314, 000100241 = (1,4, 00,2, 0)14210032, c00lc0241
= (1, 00, 3)(2,4,0)1431023, 0c0100241 = (1,00)(3, 4)23024000, and 000100241
= (1, 2,0, 00, 3)23002100c0.

To prove 0001c0241 = (1,4, 00)(2, 3,0)c004c0314, v;re will move the relation to
one side of the equal sign and prove it equals identity. -

(1,4,00)(2, 3, 0)oo0400314142001 000 == (1, 4, 00)(2, 3, 0)o0040031 141
2001000 (by relation (6))

= (1,4,00)(2, 3,0)0004c0311412001000 = (1,4,00)(2,3,0)000 40034 12001000
= (1,4,00)(2,3,0)000 (1,2,0)(3,00,4)004300 12001000 (by relation (3) conjugated by
(1,3,2)(4,0,00) € La(5))

= (1, 3)(2, 00)4100430012001000 = (1, 3)(2, 00)410043(1, 00, 2)(3,4, 0)1002110c0
(by relation (3) conjugated by (1,2,3,4,0) € Ly(5))

= (1,4,0,3,00)0002041002110c0 = (1,4, 0,3,00)0002041002000 = e (by a pre-

viously proved relation).

To prove co0lec241 = (1,4,00, 2,0)14210032, we will move the relation to one
side of the equal sign and prove it equals identity.
(1,4, 00, 2, 0)14210032142001000 = (1,4, 00, 2, 0)14210032142
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(1,00,0)(2,4,3)10001 (by relation (3) conjugated by (1,0)(2,4) € L2(5))

= (1,3, 2)(4, 0, 00)003400024003410001 = (1, 3, 2)(4, 0, 00003400024
(1,3,2,4,00)43002 0001 (by relation (2) conjugated by (2,3)(0,c0) € L3(5))

= (1,2, 3,4,0)120010400430020001 = (1,2,3,4,0)1 (1,2,0,00,3)10023
400430020001 (by relation (2) conjugated by (1,0,2,00,4) € La(5))

= (1,0,2)(3, 4, 00)210023400430020001 = (1,0,2)(3,4,00) (1,2,00)(3,0,4)12c01
3400430020001 (by relation (3) conjugated by (1,00,2,3,0) € Lo(5))

= (1,4)(0,00)120013400430020001 = (1,4)(0, 00)120013004003c020001 (by re-
lation (6) conjugated by (1,00)(2,0) € La(5))

= (1,4)(0, 0)1200180040030020001 = (1,4)(0, 00)120013004300320001 (by re-
lation (5) conjugated by (1,2)(3,0) € Ly(5))

= (1,4)(0, 00)120013004300320001 = (1, 4)(0, 00)1200130043
(1,0,4)(2, 3,00)3002301 (by relation (3) conjugated by (1,2)(3,0) € Ly(5))

= (2,3, 00, 4, 0)03200021003002301 = (2, 3,00, 4, 0)0320002100
(1,3,00,0,2)3200101 (by relation (2) conjugated by (1,0,00,4,3) € La(5))

= (1,3, 0)(2, 00, 4)200120130003200 = (1,3,0)(2,00,4) (1,00,2)(4,0, 3)c021c0
0130003200 (by relation (3) conjugated by (2,4,3,0,00) € La(5))

= (1,4)(0, 00)0021000130003200 = (1,4)(0, c0)00(1, 4, 00, 2, 0)60124130003200
(by relation (2) conjugated by (1,0,2)(3,4,00) € L2(5)}

= (1,00)(2,0)200124130003200 = (1,00)(2,0)200(1,2, 3,4, 0)142030003200 (by
relation (2) conjugated by (1,3,0,2,4) € Ly(5)) "

= (1,00,2)(3,4, 0)300214200003200 = (1,00,2)(3,4,0)300 (1,2,4)(3,00,0)1241

003200 {by relation (3) conjugated by (1,4,00,2,0) € Lo(5))

= (1,0,00,4, 3)cc01241003200 = e (by a previously proved relation).

To prove 000100241 = (1, 00, 3)(2, 4, 0)1431023, we will move the relation to one
side of the equal sign and prove it equals identity.

(1, 00, 3)(2,4,0)14310231420001cc = (1,00, 3)(2, 4, 0)143102
(1,0,4,3,2)4130 co0loo (by relation (2) conjugated by (1,2)(3,0) € Lz(5))

= (1, 0,2, 3,0)03204141300010c0 = (1,00,2,3,0)0320 141 130001000 (by rela-

tion (6))
= (1, 00,2, 3,0)0320141130001000 = (1,00,2,3,0)0320143
(1, 00,0)(2,4, 3)oo01ccoo (by relation (3))
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= (1,0, 00,4, 3)12410030000200010000 = (1, 0,00, 4, 3)124100320001 = ¢ (by a
previously proved relation (1, 3,4, 00, 0)c023c01421000 = e conjugated by (1,00)(3,4) €
L(5)).

1 To prove co01co241 = (1,00)(3,4)23024000, we will move the relation to one
side of the equal sign and prove it equals identity.

(1, 00)(3,4)23024000142001000 = (1, 00)(3,4)(1, 00, 4)(2; 0, 3)3203
4000142601000 (by relation (3) conjugated by (1,0,3)(2,4,00) € L2(5))

= (1,4,2,0,3)32034000142001000 = (1,4, 2, 0,3)320 (1,00,3,0,4)c0431
14200100c {by relation (2) conjugated by (1,0,3)(2,4, c0) € Ly(5))

= (2,4)(3, 00)02400431142001000 = (2,4)(3,00)02400 434 2001000
= (2,4)(3,00)02400 3432001000 (by relation (6) conjugated by (1,3){4,0) € L(5))

= (2, 4)(3, 50)024003432001000 = (2, 4)(3, 00)0240034(1, 2,0, 00, 3)00230000 (by
relation (2) conjugated by (3,0)(4,0) € Lo(5))

= (1,2,4,0,00)00c0431400230000 = (1, 2,4, 0, 00)c004314c02300 = e (by a previ-
ously proved relation (1,0, 00,4, 3)0001241003200 = e conjugated by (1,4)(2,3) € L2(5)).

To prove 000100241 = (1,2, 0, 00, 3)23c021000, we will move the relation to one

side of the equal sign and prove it equals identity.
(1,2,0, 00, 3)230021000142001000 = (1,2, 0,00, 3)23002
(1, 00,0)(2,4, 3)01c00 42001000 (by relation (3) conjugated by (1,00)(3,4) € L2(5))
= (1,4, 3,00, 2)42040100042001000 = (1,4, 3,00, 2)42040 (1,4, 00,2, 0)00012
2001000 (by relation (2) conjugated by (1,4,0)(2,00,3) € Lz(5))
= (1,00,0)(2,4, 3)0001001000122001000 = (1, 00,0)(2, 4, 3)00010010 coloollco
= (1,00,0)(2,4,3)o0010010 1o0110cc (by relation (5) conjugated by (1,0)(2,4) € La(5))
= (1, 00,0)(2,4, 3)0c0100101c011000 = (1,00, 0)}(2, 4, 3)cx01oc 10100000
= (1,00, 0}(2,4, 3)cc01o0 01000000 (by relation (5) conjugated by (1,00)(3,4) € La(5))
= (1,00,0)(2,4, 3)000100010000c0 = (1,00, 0}(2, 4, 3)0001000100000 (by rels-

tion (5}) , _

= (1, 00,0)(2, 4, 3)0001600100000 = (1,00, 0)(2, 4, 3)000 1001600
= (1,00,0)(2,4,3)c00 (1, 0,00)(2,3,4)o0100000 (by relation (3) conjugated by
(1,0,00)(2,3,4) € La(5))

= 1oooo1 00000 = 1100 = e.

N{eo0100241) — ({1 4)(0, 00), (1,4)(2,3), (1,00, 2)(3,4,0)}, so there are 5 distinct
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single cosets in [co0100241].
t2, a representative from one of the 2-orbits, takes [00010024] to a single coset
in [000121] since as we previously proved 0001214 = (1, 3,4, 00, 0)00230041. Therefore it
follows Noo0121 = N(1, 3,4, 00, 0)002300414 = No02300414 € [000100242] = [000121].
teo, @ representative from the bther 2-orbit, takes [cc010024] to a single coset
in [o002400| since as we previously proved wb24oo'1 =(1,3,2,4,00)134120. Therefore it
follows Noo024c0 == N(1,3,2,4,00)1341201 = N1341201 € [0001002400] = [0002400].

Now consider [00010020]. N{®01020) has orbits {1}, {2}, {3}, {4}, {0}, and
{o0}. So we need to look at [000100201], [600160202], [000100203], [cc0100204],
{000100200], and [0001002000].

First [c001c0200] = [0001002]. So ty takes [00010020] back to a single coset in
[0001002).

1 takes [00010020] to a single coset in [000100201]. There are 60 distinct single
cosets in [co0100201].

t2 takes {0001c020] to a single coset in [000131] since as we previously proved
0001314 = (1,0, 3)(2,4,00)01c0041. Therefore it follows Noc0131
= N(1,0,3)(2,4,00)01c00414 = N0loo0414 € [c00100202] = [000131].

t3 takes [0001c020] to a single coset in [c001200] since as we previously proved
00012002 = (1, 3,00, 0,2)00010300. Therefore it follows Noo012c0
= N(1,3,00,0,2)000103002 = N0c0103002 € [000100203] = [c001200).

t4 takes {00010020] to a single coset in [co0102] since as we previously proved
00010200 = (1,4, 0)(2, o0, 3)042034. Therefore it follows Noo0102
= N(1,4,0)(2,0,3)04203400 = N04203400 € [000100204] = [000102].

too takes [00010020] to a single coset in [c001002000]. Noo01c02000
= N1421co41 = N23002132 since co01c020c0 = (1,0,2)(3,4,00)1421c041 and
0001002000 = (1, 3,00)(2,0,4)23002132.

To prove 0001002000 = (1,0,2)(3,4,00)14210041, we will move the relation to
one side of the equal sign and prove it equals identity.

(1,0,2)(3,4,00)1421c0410002001000 = (1,0, 2)(3,4,00)142
(1,4,00)(2,3,0)ocl400 0002001000 (by relation (4) conjugated by (1,0,2)(3,4, c0)
€ Ly(5))

= (1,2,4)(3, 00, 0)4c03001400000200 = (1,2,4)(3, 00,0)40 (1,3,4,c0,0)10030
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02001000 (by relation (1) conjugated by (1,00,2)(3,4,0) € La(5))
= (1,2, 00)(3, 0, 4)0001003002001000 = (1,2,00)(3, 0, 4)(1, 0, 00)(2, 3, 4)0c010
32001000 (by relation (3))

= (1,3, 00,0, 2)0001032001000 = e (by a previously proved relation).

To prove 0001002000 = (1,3,00}(2, 0,4)23002132, we will move the relation to
one side of the equal sign and prove it equals identity.

(1,3, 00)(2,0,4)230021320002001000 = (1, 3, 00}(2,0,4)2300213
(1,3,4)(2, 0, c0)oo2000 00l0o0 (by relation (4) conjugated by (3,0)(4,00) € Ly(5))

= (1,4, 0)(2, 00,3)042034002000001000 = (1,4,0)(2, 00,3)042034 20201000 =
(1,4,0)(2, 00, 3)042034 (1, 2, 4, 0, 00)2c041000 (by relation (1) conjugated by (1,00,3,0,4)
€ L2(5))

= (1,0, 2)(3,4, c0)oc04c032004000 = (1, 0,2)(3,4,00)00 (2, 00,0, 3, 4)00402
2004000 (by relation (2) conjugated by (1,3,2,4,00) € Ly(5))

= (1,3, 2)(4, 0,00)0004022004000 = (1, 3,2)(4, 0,0)000400040c0 = e (by rela-
tion (3) conjugated by (1,4)(2,3) € L(5)).

N(eo01002000) — (1 00, 2)(3,4,0)) so there are 20 distinct single cosets in
[0001002000].

Now consider [00010041]. N{01241) has orbits {4} and {1,2,3,0,00}. So we
need to look at (00010411} and [c001o0414].

First [c00lood411] = [o00loo4]. So ¢;, a representative from the 5-orbit, takes
[00010041] back to a single coset in [c001c04]. '

t4 takes [00010041] to a single coset in [c00lcod14]. "By a previous proof we
know NcoOlcodl = N21oo24c0 = N3002342 = N203243 == N12c0l4c0 = N310340 =
Noo320042 = N0oco2041 = N023043 = N130140. So it follows that NeooOlood14 =
N2loo24004 = N30023424 = N2032434 = N12c014004 = N3103404 = Noo3200424 =
N00020414 = N0230434 = N1301404.

N{(oe01e0d14) — (1 0)(3, 00), (1,3,00,0,2)) so there are 6 distinct single cosets in
[co0100414).

Now consider [00010040]. N(01%40) has orbits {1}, {2}, {3}, {4}, {0}, and
{oo}. So we need to look at [0001c0401], [000160402], [000100403], [00100404],
[000100400}, and foo01c04000].
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First [000100400] = [0o01co4], so #p takes [c001c040] back to a single coset in
[cc01004].

t; takes [co0lcod0] to a single coset in [co0o014] since as we previously proved
o00c0142 = (1,2, 0)(3, 00,4)032013. Therefore it follows Noolool4
= N(1,2,0)(3, 00,4)0320132 = N0320132 € [000100401] = [c00c014].

t2 takes [oo010040] to a single coset in 000142} since as we previously proved
0001424 = (1, 3,4, 00, 0}c0230012. Therefore it follows Noo0142
= N(1,3,4,00,0)002300124 = Noo2300124 € [000100402) = [000142].

t3 takes [00010040] to a single coset in [000100403]. There are 60 distinct single
cosets in [000100403].

iy takes [0001c040] to a single coset in [0000021] since as we previously proved
000002100 = (1,2)(4, 00)2302003. Therefore it follows Nooloo21
= N(1,2)(4,50)230200300 = N230200300 € [000100404] = [c000021].

too takes (00010040} to a single coset in [0001200] since as we previously proved
0012001 = (2,00, 0,3,4)143124. Therefore it follows Noo012c0
= N(2,00,0,3,4)1431241 = N1431241 € [c001c04000] = [0001200)].

Now consider [0001023]. N(©01028) a5 orbits {2}, {00}, {1,3}, and {4,0}. So
we need to look at [00010231], [000102300], [00010233],and [00010234].

First [c0010233] = [c00102]. So t3, a representative from one of the 2-orbits,
takes [0001023) back to a single coset in [000102].

too takes [0001023] to a single coset in [c00241] since as we previously proved
0002412 = (2, 3)(0, 00)2030001. Therefore it follows Noo0241 = N (2, 3)(0, 0)20300012 =
N20300012 € [000102300] = [000241]. '

14, a representative from the other 2-orbit, takes [0001023] to a single coset in
[000142] since as we previously proved oo01421 = (1,2,00,3,4)4300302. Therefore it
follows Noo0142 = N(1, 2,00, 3,4)43003021 = N43003021 € [c0010234] = [000142].

¢ takes [0001023] to a single coset in j©0010232]. By a previous proof we know
Noo01023 = Nood3421. So it follows that Noo010232 = Nood34212. N(oo010232) —
{(1,3)(4,0)), so there are 30 distinct single cosets in [00010232].

Now consider [c001024]. N(©°01024} has orbits {1}, {2}, {3}, {4}, {0}, and {co}.
So we need to look at [00010241], [00010242], [00010243], [00010244], [00010240], and
[000102400).
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First [00010244] = [000102], so t; takes [0001024] back to a single coset in
[000102).

1) takes [0001024] to a single coset in [0001200] since as we previously proved
00012000 = (1, 00,0)(2,4,3) 1303004. Therefore it follows Noo01200
= N(1,00,0)(2,4,3)13030040 = N13030040 € [00010241] = [0001200].

t2 takes [0001024] to a single coset in [000232] since as we previously proved
0002321 = (1,4)(0, 00)c032314. Therefore it follows Noo0232 = N(1,4)(0, c0)c0323141 =
Neo323141 € [00010242] = [000232].

ta takes [0001024] to a single coset in [c00141] since as we previously proved
0001412 = (1,2, 00,3,4)4300301. Therefore it follows Noo0141
= N(1,2,00,3,4)43003012 = N43003012 € [00010243] = [c00141].

tp takes [0001024] to a single coset in [000203] since as we previously proved
0002034 = (1,4, 00)(2,3,0)0400412. Therefore it follows Noo0203
= N(1,4,00)(2,3,0)04004124 = N04004124 € [00010240] = [000203).

too takes [0001024] to a single coset in [0002400] since as we previously proved
00024000 = (1,3,00)(2,0,4)032341. Therefore it follows Noo024c0
= N(1,3,00)(2,0,4)0323410 = N0323410 € [000102400] = [0002400].

Now consider [0c001020]. N(°01020) has orbits {2}, {4}, {1,0}, and {3,c0}. So
we need to look at [00010202], [00010204], [c0010200],and [0c010203].

First [00010200] = [0c00102]. So tg, a representative from one of the 2-orbits,
take [0001020] back to a single coset in [000102].

t2 takes [0001020] to a single coset in [000120] since as we previously proved
0001202 = c001020. Therefore it follows Noo0120 = Noo010202 € [00010202] = [c00120].

i3, a representative from the other 2-orbit, takes [c001020] to a single coset in
[00010203]). There are 60 distinct single cosets in [00010203].

t4 takes [0001020] to a single coset in [00010204]. Noo010204 = N3101214 =
N4121013 = N402010c0 = N32021200 = N©0212023 since previously we proved that
Noo01020 = N310121. Therefore it follows that Noo010204 = N3101214. If we con-
jugate this equation by (1,2,0)(3,00,4) and (1,2)(4,00) € La(5) we find N4121013 =
N©0212023 and N402010cc = N320212c0. To show that all of these single cosets are
equal we will prove 00010204 = 4121013 and 00010204 = (1,0, 2)(3, 4, 00)4020100c0.

To prove 0010204 = 4121013, we will move the relation to one side of the equal
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sign and prove it equals identity.

412101340201000 = 4212 01340 201000 (by relation (6) conjugated by
(2,4)(3,00) € L(5))

= 421201340201000 = 42(1, 0, 2)(3,4,00)21023402010c0 (by relation (4) conju-
gated by (1,4, 2)(3,0,00) € L2(5))

= (1,0,2)(3,4,00)0012102340201000 = (1,0,2)(3, 4, 00)001210 (1,4,2,0,3)4321
2010co (by relation (1) conjugated by (1,3,0,2,4} € La(5))

= (1,3,2,4,00)0040434321201000 = (1,3,2,4,00)00404434212101c0 (by rela-
Lion (6) conjugated by (1,3)(2,00) and (1,00)(3,4) € L2(5))

= (1, 3,2,4,00)00404434212101c0 = (1,3, 2,4,00)004034221201c0 (by relation
(6) conjugated by (2,4)(3,00) € La(5))

= (1,3,2,4,00)004034221201c0 = (1, 3,2,4,00)c040341201cc = e (by a previ-
ously proved relation (2,00,0,3,4)0021320410c0 = e conjugated by (1,0)(2,4) € L2(5)).

To prove 00010204 = (1, 0,2)(3, 4, 00)40201000, we will move the relation to one

side of the equal sign and prove it equals identity.

(1,0,2)(3, 4, 00)4020100040201000 = (1,0, 2)(3,4,00)4202100040201000 (by re-
lation (5) conjugated by (1,3)(2,00) € L2(5))

= (1,0,2)(3,4,00)42021000402010c0 = (1,0,2)(3,4, 00)42 (1,2, 0)(3, 00, 4)2012
0040201000 (by relation (4) conjugated by (1,4,2,0,3) € La(5))

= 3020120040201000 = 302012004 202 1000 (by relation (5) conjugated by
(1,3)(2,00) € L2(5))

= 3020120042021000 = 30201(1, 0, 3)(2,4, 00)0024000210c0 (by relation (4) con-
jugated by (1,3,4,00,0) € La(5))

= (1,0,3)(2, 4,00)13430002400021000 = (1,0,3)(2,4,00)13 (2,0,4,00,3)0342
2400021000 (by relation (1) conjugated by (1,3,00)(2,0,4) € La(5))

= (1,4, 3)(2, 00, 0)1203422400021000 = (1,4, 3)(2, 00, 0)1203 44 0021000
= (1,4,3)(2,00,0)120 300021000 = (1,4,3)(2,00,0)120 (1,0,3,2,00)00031 1000 (by rela-
tion (1) conjugated by (1,00,4)(2,0,3) € L2(5))

= (1,4, 2)(3,0,00)00030003000 = e (by relation (4) conjugated by (2, 00)(4,0) €
Ls(5))-

N(02010204) — (1 0)(3,00), (1,2,0)(3, 00,4)) so there are 10 distinct single cosets
in [00010204].
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Now consider [000103c0]. N (©0103%) has orbits {3}, {cc}, {1,0}, and {2,4}. So
we need to look at [c00103003], [0001030000], [000103001],and [000103002].

First [000103c000] = [000103]. So t takes [00010300] back to a single coset in
[000103].

t3 takes [00010300] to a single coset in [000141] since as we previously proved
ool141ce = (1, 4)(2, 3)0232000. Therefore it follows Noc0141 = N(1,4)(2, 3)023200000 =
N023200000 € [000103003] = [000141].

t1, a representative from one of the 2-orbits, takes [00010300] to a single coset
in
[0001002000] since Noo0103col = N(1,2,4,0,00)2402342 = N2402342 € [0001c02000].
To prove ooOlOéool = (1,2,4,0,00)2402342, we will move the relation to one side of the
equal sign and prove it equals icientity.

(1,2, 4,0,00)2402342100301000 = (1,2,4, 0, 00)240 (1,00, 0)(2,4, 3)3243
100301000 (by relation (4) conjugated by (1,00)(3,4) € Lo(5))

= (1,3,2)(4,0,00)4313243100301000 = (1,3,2)(4, 0, 00)431324
(1,3,00)(2,0,4)13c01 010co (by relation (4) conjugated by (1, 0,4)(2,3,00) € La(5))

= (1, 00,2, 3, 0)200300021300101000 = (1, 00,2, 3, 0)200300021300010000 (by re-
lation (5) conjugated by (1,00)(3,4) € La(5))

== (1,00, 2, 3, 0)200300021300010000 = (1,00, 2,3,0)200 (1,0, 3, 2, 00)0c031
130001c0 (by relation (1) conjugated by (1, 00,4}(2,0,3) € Lo(5))

= 0010cc31130001c0 = oolloo 33 01w = o0l0 coco 0loo = ool 00 1o

= oolloo = cooo = e.

iz, a representative from the other 2-orbit, takes [000103c0] to a single coset in
[00010203] since Noo0103002 = N(1,2,4,0, 00)3002000001 = N3c02000001 € [00010203].
To prove 000103002 = (1, 2,4, 0, 00)3002c00001, we will move the relation to one side of
the equal sign and prove it equals identity. J

(1,2, 4,0,00)3002000001 200301000 == (1,2,4,0,00)3002000012003010c0 (by re-
lation (5)) '

= (1,2, 4, 0,00)3002000012003010c0 = (1,2, 4,0,00)3 (1,4, 3)(2, 00, 0)20002
01200301000 (by relation (4) conjugated by (1,3,0)(2,00,4) € L2(5))

= (1,00, 4, 2,3)12000201200301000 = (1, 00,4, 2, 3)1200020 (1,3,2, 4, co)oo214
0100c (by relation (2} conjugated by (1,3,4,00,0) € La(5))
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= 3410400021401000 = 34104000214 10200 (by relation (5) conjugated by
(1,00)(3,4) € La(5))

= 3410400021410100 = 34104000241401c0 (by relation (6))

= 34104000241401cc = 34104(2, 0,4, 00, 3)20003140100 (by relation (1) conju-
gated by (1,00)(3,4) € La(5))

= (2,0,4, 00, 3)200140020003140100 = (2,0,4,00,3)2 (I, 00,4)(2,0,3)1c041
20003140100 (by relation (4) conjugated by (1, 2,00,3,4) € Ly(5))

= (1,00,2, 3, 0)01004120003140100 = (1,00,2, 3,0)0100 (1,3,2, 4,00)2143
031401cc (by relation (2) conjugated by (1,00,0,4,2) € La(5))

= (3,0)(4 00)031214303140100 = (3,0)(4, c0)0312140301401c0o (by relation (5}

conjugated by (2, 4)(3 o) € L2(5))

= (3,0)(4,00)031214030140100 = (3,0)(4, 00)03121403(1 0,4)(2,3,00)10411c0 _
(by relation (4) conjugated by (1,3,4)(2,0,00) € L(5))

= (1,0,00)(2, 3,4)40003014001041100 = (1,0, 00)(2, 3,4)4003031400104c0 (by
relation (5) conjugated by (2,4)(3,02)) € Ly(5))

= (1,0,00)(2, 3,4)4003031d0010400 = (1,0,00)(2, 3, 4)4003 (1, 0,4, 3,2)1302
0010400 (by relation {2) conjugated by (1,4)(2,3) € L3(5))

== (1,4)(0, 00)300213020010400 == (1,4)(0, 00)3002130(L, 2,0, 00, 3) 10023400 (by
relation (2) conjugated by (1,0,2,00,4) € La(5))

= (1,4,2,0,3)13021c010023400 = (1,4,2,0,3)1302001000023d00 (by relation
(5) conjugated by (1,0)(2,4) € L2(5))

= (1,4,2,0,3)1302001000023400 = (1,4, 2,0,3)130200 123400
= (1,4,2,0,3)1302c0 (1,4,2,0,3)321000 (by relation (1) conjugated by (1,2,3,4,0) €
Ly(5))

=(1,2,3,4,0)4130003210c0 = e (by a previously proved relation,
(1,00,3,0,4)00013214032 = e conjugated by (1,3,0)(2,00,4) € L2(5)).

Now consider [0001031]. N{(01031) has orbits {1}, {2}, {3}, {4}, {0} and {o0}.
So we need to look at [00010311], [00010312], [00010313], [c0010314], (00010310}, and
0001031 00].
* First [00010311] = [000103]. So t; takes [0o01031] back to a single coset in
[000103].
t2 takes [0001031] to a single coset in [000100212] since Neo010312



122

= N(2,00,0,3,4)10021424 = N1c021424 € [000100212]. To prove 00010312
= (2,00,0, 3,4)10021424, we will move the relation to one side of the equal sign and prove
it equals identity. ‘

(2,00,0,3,4)10021424213010c0 = (2,00,0,3,4)10021442413010c0 (by relation
(6) conjugafed by (1,2)(?;, 0) € La(5))

= (2,00,0,3,4)1002144241301000 = (2, 0,0, 3,4)10021 (1,2,3,4,0)1420 01000
(by relation (2) conjugated by (1,3,0,2,4) € La(5))

= (1,2,00)(3,0,4)200321420010c0 == (1,2,00)(3,0,4)2003 (1,2, 4)(3, 00, 01241
1000 (by relation (3) conjugated by (1,4,00,2,0) € La(5))

= (1,4,002,0)4000124000 = e (by relation (2) conjugated by (1,2,0,00,3) €
Ly(5)).

t3 takes [0001031] to a single coset in [000130] since we previously proved
0001303 = 0010130. Therefore it follows Noo0130 = Noo101303 &€ [00010313] = |oc0130].

ty takes [0001031] to a single coset in [0000010] since we previously proved
00000102 = (1,00)(2, 0)040043c0. Therefore it follows Noolcol0
= N(1,00)(2, 0)040043002 = N040043002 € [00010314] = [c000010].

. tp takes [0001031] to a single coset in [000203] since we previously proved 0002030
= (1,00,4)(2,0,3)402032. Therefore it follows Noo0203 = N(1,00,4)(2,0,3)4020320
= N4020320 € [00010310] = [000203].

too takes [0001031] to a single coset in [oo010203] since Noc01031c0
= N(1,00)(2,0)24140043 = N24140043 € [00010203]. To prove co01031c0
= (1,00)(2,0)24140043, we will move the relation to one side of the equal sign and prove
it equals identity.

(1, 00)(2,0)24140043001301000 = (1, 00)(2, 0)24140c04300
(1,0,3)(2,4,00)3103000 (by relation (3) conjugated by (1,0,3,2,00) € I2(5))

= (1,2,3)(4, o0, 0)4000002001231030c0 = (1,2,3)(4, 00, 0)400000200123130300
(by relation (5) conjugated by (2,4)(3,00) € Ly(5))

= (1,2, 3)(4, 00, 0)400000200123130300 = (1,2,3)(4, 00, 0)4000002001213103c0
(by relation (6) conjugated by (2,0)(3,4) € Ly(5))

= (1,2,3)(4, 00, 0}4000002001213103c0 = (1,2, 3)(4, 00, 0)400000200212310300
(by relation (6) conjugated by (2,4)(3, 00) € L2(5))

= (1,2, 3)(4, 00, 0)400000200212310300 = (1,2, 3)(4, 00, 0)docolcop020012310300
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{by relation (5) conjugated by (2,0)(3,4) € La(5))

= (1,2,3)(4,00, 0)4000000020012310300 = (1,2,3)(4, 00, 0)4 000200 12310300
= (1,2,3)(4,00,0)4 (1,3,4)(2,0,00)00020 12310300 (by relation (4) conjugated by
(1,4,0)(2,00,3) € Ly(5))

= (1,0)(2,4)10002012310300 = (1,0)(2,4)1000(1, 0, 2)(3, 4, 00)02103103c0 (by
relation (4) conjugated by (1,3)(4,0) € L2(5))

= (1,2,00,3,4)0230210310300 = (1,2, 00, 3,4)023021 (1,3,0)(2, 00,4)3013 300
(by relation (3) conjugated by (2,00,0,3,4) € L2(5))

= (1,00,0)(2,4,3)1c001c001c0 = e (by relation (3) conjugated by (1,0)(2,4) €

La(5)).

Now consider [c001032]. N(®01032) Lys orbits {1}, {2}, {3}, {4}, {0} and {co}.
So we need to look at [00010321], [c0010322], [cc010323], [00010324], {c0010320], and
[000103200].

First [00010322] = [000103]. So t; takes [c001032] back to a single coset in
[000103). o '

t) takes [0001032] to a single coset in [co0100403] since Noo010321
= N(1,3,4)(2,0,00)100012004 = N1oco012004 € [000100403]. To prove 00010321 =
(1,3,4)(2,0,0)1000120c04, we will move the relation to one side of the equal sign and
prove it equals identity.

(1,3,4)(2,0,00)10001200412301000 = (1,3,4)(2, 0, 00) 10001
(1,00,0,4,2)40020 2301000 (by relation (1) conjugated by (1, 00,3)(2,4.0) € L2(5))

= (1,3, 2,4, 00)000400400202301000 = (1,3, 2,4, 00)00044004202301000 (by re-
lation (5) conjugated by (1, 3){4,0) € La(5))

= (1,3, 2, 4,00)00044004202301000 = (1,3, 2,4, 00)c0000 4202301000
= (1,3, 2,4, 00)0000 4202301000 (by relation (5))

= (1,3,2,4,00)000042023010c0 = (1,3,2,4,00)0 (1,4,00,2,0)40c01 02301000
(by relation (2} conjugated by (1,2,0,00,3) € La(5))

= (1,3,0)(2,00,4)14000102301000 = (1,3,0)(2,00,4)14 (1,00,0)(2,4,3)oc01c0
2301000 (by relation (3) conjugated by (2,3)(0,c0) € L2(5))

= (1,2, 0, 00, 3)0030001002301000 = (1,2, 0, 00, 3)c030 (1, 3,00,0,2)00103
3010c0 (by relation (2) conjugated by (1,2)(4,00) € Ly(5))

= 000000103301000 = 000o0001001000 (by relation (5))
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= colooool10c0 = oo00co = coco = e.

t3 takes [0001032] to a single coset in [00010232] since by relation (5) conjugated
by (1,00,2)(3,4,0) € La(5)Nco010323 = Noo010232 € [00010232].

ts takes [0001032] to a single coset in [000121] since we .previously proved
00012100 = (1, 00)(2,0)431302. Thereforg it follows Noo0121 = N(1,00)(2,0)43130200 =
N43130200 € [c0010324] = [c00121]. .

tp takes [0001032] to a single coset in [c00o0l2] since we previously proved
000001200 = (1,2, 3,4, 0)00040032. Therefore it follows Noolcol12
= N(1,2,3,4,0)0004003200 = N0c04003200 € [00010320] == [colc012].

to takes [0001032] to a single coset in [c000023] since we previously proved
00000230 = (1, 3,00, 0,2)0232001. Therefore it follows Noc0o023
= N(1,3,00,0,2)02320010 = N02320010 € [000103200] = [0000023).

Now consider [c0010002]. N(01002) has orbits {2}, {0}, {1,00}, and {3,4}. So
we need to look at [000100022], [000100020], [000100021], and [c00100023].

First [00010c022] = [0061000]. So t3 takes [cc010002] back to & single coset in
[00010c0).

tp takes [00010002] to a single coset in [000141] since we previously proved
0001410 = (1,00)(2,0)30203c0. Therefore it follows Noo0141 = N(1,00)(2, 0)30203000 =
N30203000 € [000100020] = [co0141}.

t, a representative from one of the 2-orbits, takes [00010002] to a single coset
in
[000100201] since Noo010o021 = N(1,3)(4,0)0320432 = N0320432 € [cc0100201]. To
prove 000100021 = (1, 3)(4, 0)0320432, we will move the relation to one side of the equal
sign and prove it equals identity.

(1, 3)(4, 0)0320432120001000 = (1,3)(4,0)0(2, 00,0, 3,4)0230032120001000 (by
relation (2) conjugated by (1,4,0, 3,00) € La(5))

= (1,4,3)(2, 00, 0)302300321200010c0 = (1,4, 3)(2,00,0) (1,00,4)(2,0,3)0320
0032120001000 (by relation (3) conjugated by (1,2,00,3,4) € L2(5))

= (2,4)(3,00)032000321200010c0 = (2,4)(3,00)03 (1,00,2, 3, 0)00021
2120001000 (by relation (1) conjugated by (1,0,2,00,4) € La(5))

= (1,00,0)(2,4, 3)10000212120001000 = (1,00,0)(2,4,3)1000021 121 001000
(by relation (6) conjugated by (2,4)(3,00) € L2(5))
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= (1,00, 0)(2,4,3)10000211210001000 = (1,00,0)(2, 4, 3)10000 22 15001000 =
(1,00, 0)(2,4, 3)10000100010c0 == e by a previously proved relation.

t3, a representative from the other 2-orbit, takes [c0010002] to a single coset
in [000121] since we previously proved 0001210 = (1,3,4)(2,0,00)3200234. Therefore it
follows Noo0121 = N(1,3,4)(2,0,00)32002340 = N32002340 € [000100023] = [o00121].

Now consider [o001213]. N(01218) has orbits {1}, {2}, {8}, {4}, {0} and {cc}.
So we need to look at [00012131], [00012132], [0012133], [00012134], [c0012130], and
[000121300].

First [00012133] = [000121], so 3 takes [0001213] back to [c00121].

t; takes [0001213] to a single coset in [000203] since we previously proved
00020300 = (2, 3)(0, 00)32004c01. Therefore it follows Noc0203
= N(2,3)(0, 00)3200400100 = N320040010d € [50012131] = [000203].

iy takes [0001213] to a single coset in [0002001] since we previously proved
00020010 = (1, 00)(2, 0)2003034. Therefore it follows Nco02001 = N(1,00)(2, 0)20030340
= N20030340 € [00012132] = [0002001].

ty takes [0001213] to a single coset in [0002400] since we previously proved
00024004 = (1, 3,0, 2,4)2030031. Therefore it follows Noo024c0
= N(1,3,0,2,4)20300314 = N20300314 € [00012134] = o002400).

1y takes [0001213] to a single coset in [00012130]. Noo012130 = N03242003
= N300414000 since 00012130 = (1,0, 4, 3, 2)03242c03 and 0012130
=(1,0,2, 00, 4)3004140c0.

To prove 00012130 = (1,0, 4, 3, 2)03242003, we will move the relation to one side
of the equal sign and prove it equals identity.

(1,0,4,3,2)03242003031210c0 = (1,0, 4, 3,2)03242000301210c0 (by relation (5)
conjugated by (2,4)(3,00) € La(5))

= (1,0,4, 3,2)0324200030121000 = (1,0,4, 3, 2)032(2, 3, 00, 4, 0)0024330121000
(by relation (1) conjugated by (1,2,00)(3,0,4) € L2(5))

= (1,2)(4,00)20030024330121000 = (1, 2)(4, 00)2003002402120c0 (by relation
(6) conjugated by (2,4)(3,00) € L2(5))

= (1,2)(4,00)200800240212000 = (1,2)(4, 00)2003002402(1, 00, 2,3,0)0213 (by
relation (1) conjugated by (1,2,0)(3,00,4) € L2(5))

= (1,3,0)(2, 00,4)320234130213 = (1,3,0)(2, 00, 4)32023 (1,2,3,4,0)3142213
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(by relation (2) conjugated by (1,0,4,3,2) € Ly(5))

= (1,4,3)(2,00,0)431343142213 = (1,4,3)(2, 00, 0)4131431413 (by relation (6)
conjugated by (2,0)(3,4) € Ly(5))

= (1,4, 3)(2,00,0)4131431413 = e by a previously proved relation,

(1,00, 0)(2,4,3)100001 0001000 == e conjugated by (1,4,0)(2,00,3) € La(5)).

To prove 00012130 = (1,0,2,00,4)300414000, we will move the relation to one
side of the equal sign and prove it equals identity.

(1,0,2, 00, 4)30041400003121000 = (1,0, 2, 00, 4)300414000003121000 (by rela-
tion (5)) :
= (1,0, 2, 00,4)300414000003121000 = (1,0, 2, 00, 4}300 41400
(1,00,2,3,0)30002 21000 (by relation (1) conjugated by (1,00,4,2,3) € La(5))

= (3, 0)(4, 00)02400423000221000 = (3,0)(4, c0)020040023c0010c0 (by relation
(5) conjugated by (1,3)(4,0) € Ly(5))

= (3, 0)(4, 00)02004002300010c0 = (3, 0)(4, 50)02004(1, 4, 0)(2, 00, 3)20032010c0
(by relation (3) conjugated by (1,3,0,2,4) € Lo(5))

= (1,4, 3)(2, 00, 0)100302003201000 = (1,4, 3)(2, 00, 0) (1,0,00, 4,3)30014
2003201000 (by relation (1) conjugated by (1,00,2,3,0) € Ly(5))

= (1,3,0,2,4)300142003201000 = (1,3,0,2,4)300142 (2,00,0,3,4)23004 1000
(by relation (2) conjugated by (1,0,00)(2, 3, 4) € La(5))

= (1,4)(0,0)4012002300410c0 = (1,4)(0,20)4010020030041000 (by relation (5)
conjugated by (2,0)(3,4) € Ly(5))

= (1,4)(0, 00)4010020030041000 = (1,4)(0,00)4(1,3,00, 0, 2)001030030041000
(by relation (2) conjugated by (1,2)(4, o0) € L2(5))

= (1,4, 3, 00, 2)4001030030041000 = (1,4, 3,00, 2)400103300341000 (by relation
(5) conjugated by (1,2)(3,0) € Ly(5))

= (1,4, 3,00, 2)400103300341000 = (1,4, 3,00, 2)4 0010c0 341000
(1,4,3,00,2)4 (1,0,0)(2,4,3)10001 341000 (by relation (3) conjugated by (1,0)(2,4)
€ L(5))

= (1,3,0)(2, 00,4)310001341000 = (1,3,0)(2, o0, 4)31(1, 00, 3, 0, 4)1000441000
(by relation (2) conjugated by (1,3,4)(2,0,00) € La(5))

= (1,0,00)(2, 3, 4)000100c441000 = (1,0,00)(2,3,4)00010c0100c = e by rela-

Il

tion (3).
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N{(e012130) — (7 4,2)(3,0,00)}, so there are 20 distinct single cosets in
[c0012130).

too takes [0001213] to a single coset in [000100201] since Noo0121300
= N(1,3)(4,0)100214002 = N100214002 € [000100201]. To prove 000121300
= (1, 3)(4, 0}100214c02, we will move the relation to one side of the equal sign and prove
it equals identity.

(1, 3)(4, 0)100214002003121000 = (1, 3)(4,0)1 (1,00,4,2, 3)12003
002003121000 (by relation (2) conjugated by (1,4)(0,00) € La(5))

= (2,3,00,4, 0)00120030020031210c0 = (2,3, 00,4, 0)0012300320031210c0 (by
relation (5) conjugated by (1,2)(3,0) € Lo(5))

= (2,3, 00,4, 0)001230032003121000 = (2, 3,00,4, 0)00123 (1,0, 4)(2, 3, 00)30023
3121000 (by relation (3) conjugated by (1,2)(3,0) € La(5))

= (1,0, 3,2,00)20300300233121000 = (1,0,3,2,00)20003000021210c0 (by rela-
tion (5) conjugated by (1,2)(3,0) € La(5))

= (1,0,3,2,00)2000300002121000 = (1,0, 3, 2, 00)2000312110cc (by relation (6)
conjugated by (2,4)(3,00) € Laf5))

= (1,0,3,2,00)2000312110c0 = (1,0, 3,2,00)2000312000 = e by relation (1)
conjugated by (1,0,00,4,3) € La(5)).

Now consider [co01231]. N(01231) Lag orbits {1}, {co}, {2,0}, and {3,4}. So
we need to look at [00012311], [c00123100], [00012310], and [c0012314].

First [0c012311] = [000123]. So t; takes [c001231] back to a single coset in
[000123).

too takes [0001231] to a single coset in [0001231c0]. We previously proved
that Noo01231 = Noo21041. Therefore it follows that Neo01231co = Noo21041c0.
N/(0o0123100) (9 0)(3,4)), so there are 30 distinct single cosets in [000123100].

to, a representative from one of the 2-orbits, takes [0001231] to a single coset
in [000142] since we previously proved 0001420 = (1,2, 3)(4, 00, 0)100024c0. Therefore it
follows Noo0142 = N(1,2,3)(4,00,0)10c024000 = N 100024000 € [00012310] = [cc0142].

t4, a representative from the other 2-orbit, takes [0001231] to a single coset
in [000203] since we previously proved 002031 = (1,00,4,2,3)34002000. Therefore it
follows Noo0203 = N(1, 00,4, 2, 3)340020001 = N340020001 € [00012314] = [000203].

Now consider [0001232]. N{01232) |55 orbits {1,4,0} and {2,3,00}. So we need
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to look at. [00012324] and [60012322).

First [00012322] = [000123]. So i3, a representative from one of the 3-orbits,
takes [0001232] back to a single coset in [000123].

i1, a representative from the other 3-orbit, takes [0001232] to a single coset in
[0000012] since we previously proved 00000123 = (1, c0)(2, 0)01c0424. Therefore it follows
Noo0oo12 = N(1,00)(2,0)01004243 = N01004243 € [00012324] = [o000012].

Now consider [0001204]. N{2°01204) hag orbits {1,4,0} and {2,3,00}. So we need
to look at [00012044] and [0001204c0].

First [00012044] = [000120]. 8o ¢4, a representative from one of the 3-orbits,
takes [0001204] back to a single coset in [c00120].

oo, & representative from the other 3-orbit, takes [0001204] to a single coset in
[000143] since we previously proved 0001432 = (1,4, 00, 2, 0)203c004. Therefore it. follows
Noo0143 = N(1,4, 00,2, 0)20300042 = N20300042 € [000120400] = [000143].

Now consider [c0012003]. N{(2001298) has orbits {2}, {0}, {3, 00}, and {3,4}. 8o
we need to look at [000120033], [000130032), [000120030], and [0001200300).

First [000120033] = [0001200). So ta, a representative from one of the 2-orbits,
_take [00012003] back to a single coset in [00012c0].

1y takes [00012003] to a single coset in [000120032]. Noo0120032 = N3c041301
= N40031421 = N03240co4 = N2304214 = N10002142 = N12000130 = N314003200
= N0423013 = N24032003 = N413004000 = N0d2100040 since we previously proved
Noo012003 = N10co214. Theréfore it follows that Noo0120032 = N10002142. If we
conjugate this equation by (1,4, 2)(3,0,00), (1,2,4)(3, 0,0}, (1,00)(2,0), (1,4, 0)(2, 00, 3)
and (1,2,3)(4, 00,0) € Ly(5) we find N30041301 = N4c031421, N03240co4 = N2304214,
N12c00130 = Noo2100040, N314c03200 = N413c04000, and N0423013 = N24032003.
To show that all of these single cosets are equal we will prove cc0120032
= (1,00,4, 2, 3)314003200, 000120032 = (1,2, 00,3, 4)40031421, 000120032
= (1,00, 2, 3,0)12000130, 000120032 = (1,3)(4,0)03240004, and 000120032
= (1,0, 3,2,00)0423013.

To prove 000120032 = (1, 00,4, 2, 3)314003200, we will move the relation to one
side of the equal sign and prove it equals identity.

(1,00,4, 2, 3)314003200230021000 = (1,00,4, 2, 3)3140032
(1,4, 012, 00, 3)20032 21000 (by relation (3) conjugated by (1,3,0,2,4) € L2(5))
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= (1,3, 4,00, 0)24032002003221000 = (1, 3,4, 00, 0)24032200231000 (by relation
(5) conjugated by (2,0)(3,4) € L2(5))

= (1,3, 4, 00, 0)24032200231000 = (1,3,4,00,0)2 40300 231000 = (1,3, 4, 0, 0)2
(1,3,4,00,0)3041 231000 (by relation (1) conjugated by (1,0,4)(2,3,00) € Lz(5))

= ((1,4,0,3,00)230412310c0 = ((1,4,0,3,00)2304(1,3,2)(4,0,00)2132000 (by
relation (4) conjugated by (1,00,0,4,2) € La(5))

= (1,0,2)(3,4,00)120002132000 = (1,0,2)(3,4,00)1200(1, 0, 3, 2, 00) 120002000
(by relation (1) conjugated by (1,2){4, 00) € Ly(5))

= (1,3,4)(2,0,00)0001120002000 = (1,3,4)(2,0,00)000200020c0 = e by rela-
tion (4) conjugated by (1,4, 0)(2,c0,3) € Ly(5). |

To prove 000120032 = (1,2, 00, 3,4)40031421, we will move the relation to one
side of the equal sign and prove it equals identity.

(1,2, 00, 3, 4)40031421230021 000 = (1,2, 00, 3, 4)doo3(1, 2, 4)(3, 00, 0)4124
230021000 (by relation (3) conjugated by (1,2,00)(3,0,4) € Ly(5))

= (1,4,2,0,3)10004124230021000 = (1,4,2,0,3) (1,4,0, 3, 0000013
124230021000 (by relation (2) conjugated by (1,4,00,2,0) € L2(5))

= (1,0,00)(2,3,4)00013124230021000 == (1,0,00)(2, 3,4)00081324230021000
(by relation (6) conjugated by (2,0)(3,4) € L2(5))

= (1,0, 00){2, 3,4)c0031324230021 000 = (1, 0,00)(2,3,4)cc03
(1,4,3,00,2)23100 230021000 (by relation (1) conjugated by (1,3,4,00,0) € La(5))

= (1,0, 2, 00, 4)200023100230021000 = (1,0, 2, 00, 4)2000231
(1,4,0)(2, 00,3)20032 21000 (by relation (3) conjugated by (1,3,0,2,4) € La(5))

= (2, 3)(0, 00)001300242003221000 = (2,3)(0,00) (1,00, 3)(2,4,0)1c031
24200310c0 (by relation (4) conjugated by (1,0,2,00,4) € L2(5))

= (1,00, 2)(3,4, 0)100312420031000 = (1,00, 2)(3,4,0)1 (1,00,2,3,0)13000
420031000 (by relation (1) conjugated by (1,3,2)(4,0,00) € La(5))

= (1,2, 00, 3,4)00130004200310c0 = (1, 2,00, 3,4)o0130004200(1, 4, 0,3,00)0134
(by relation (2) conjugated by (1,00,2)(3,4,0) € La(5))

= (1,2)(3, 0) 1400130210134 = (1,2)(3,0)1d0013(1, 2, 0)(3, 00, 4)2012134 (by re-
lation (4) conjugated by (1,4,2,0,3) € La(5))

= (1,0,00,4,3)2312002012134 = (1,0, 00,4, 3)2342002021234 (by relation (6)
conjugated by (2,4)(3,00) € La(5))
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= (1,0,00,4, 3)2342002021234 = (1,0, 00,4, 3)2342000201234 (relation (5) con-
jugated by (1,4,3)(2,00,0) € La(5))

= (1,0, 00, 4, 3)2342000201234 = (1,0, 00,4, 3)2(2, 3, 0, 4, 0)24300201234 (by re-
lation (1) conjugated by (1,4,0,3,00) € L2(5)}

= (1,2, 3)(4, 0, 0)3243201234 = (1,2, 3)(4, 00, 0)(1,0,00)(2, 3, 4)2342201234 (by
relation (4) conjugated by (1,0,00)(2,3,4) € Lz(5))

= (1,3,0,2,4)23401234 = e by relation (1) conjugated by (1, 3)(4,0) € L(5).

To prove 000120032 = (1, 0, 2, 3, 0)120c0130, we will move the relation to one

side of the equal sign and prove it equals identity.

(1,00, 2, 3, 0)12000130230021000 =.(1,00, 2, 3, 0)120001302
(1,00, 4,2,3)20034 0co (by relation (2) conjugated by (2,00,0,3,4) € La(5))

= (1,4, 2)(3,0,00)c03400010320034000 = (1,4, 2)(3, 0, 00)o034000
(1,2,0,00,3)301c0 0034000 (by relation (2) conjugated by (1,2, 0)(3,c0,4) € Lao(5))

= (1,4,0,3,00)314003301000034000 = (1, 4,0,3,00)31 40001 34000
={1,4,0,3,00)31 (1,00, 3,0,4)00043 340cc (by relation (2) conjugated by (2,00){4,0) €
Ls(5)) |

= 0000004334000 = o00o00044000 (by relation (5))

= 000000044000 = 00000 = o0 = e.

To prove 000120032 = (1, 3)(4, 0)03240c04, we will move the relation to one side
of the equal sign and prove it equals identity.

(1, 3)(4, 0)03240004230021000 = (1, 3)(4, 0032400042 (1,00, 4, 2, 3)20034 0c0
(by relation (2) conjugated by (2,00,0,3,4) € Ly(5))

= (2, 3,00,4,0)0132042320034000 = (2, 3,00,4,0)01 (2,00, 0,3, 4)02300
2320034000 (by relation (2) conjugated by (1,4,0,3,00) € La(5))

= (2,4,3,0,00)31023002320034000 = (2,4, 3,0,00)310 (1,4, 0)(2, 00, 3)32003
320034000 (by relation (3) conjugated by (1,00,2)(3,4,0) € L2(5))

= (1,4,2,0,3)2413200332003d000 = (1,4, 2,0, 3)24132 00200 34000
=(1,4,2,0,3)24132 2002 34000 (by relation (5) conjugated by (2,0)(3,4) € L2(5))

= (1,4,2,0,3)24132200234000 = (1,4,2,0,3)241 30023 4000 = (1,4,2,0,3)241
(1,4,0)(3, 2, 00)c032c0 40co (by relation (3) conjugated by (1,2,0,00,3) € L2(5))

= (1,0,2)(3, 4, 00)c0040032004000 = (1,0, 2)(3,4, c0)oo (2, 00,0, 3, 4)c0402
2004000 (by relation (2) conjugated by (1,3,2,4,00) € La(5))
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= (1,3,2)(4,0,00)0004022004000 = (1,3,2)(4,0,00)00040c04000 = e by rela-
tion (3) conjugated by (1,4)(2,3) € L2(5).

To prove co0120032 = (1,0, 3,2,00)0423013, we will move the relation to one
side of the equal sign and prove it equals identity.

(1,0,3,2,00)0423013230021000 = (1,0,3,2,00)04230132 (1, 00, 4, 2, 3)20034 Oco
(by relation (2) conjugated by (2,00,0,3,4) € L2(5))

= (1,0)(2,4)02310001320034000 = (1,0)(2,4)02310001 (1,0,4)(2, 3,00)23002
40c0 (by rélation (3) conjugated by (1,00,3)(2,4,0) € La(5))

= (1,4, 3, 00, 2)43000420230024000 = (1,4,3, 00, 2)430004020300240c0 (by rela~
tion (5) conjugated by (1,3)(2,00) € L3(5))

= (1,4, 3, 00, 2)43000402030024000 == (1,4, 3, o0, 2)43004042030024000 (by rela-
tion (5) conjugated by (1,2)(4,00) € Lz(5))

= (1,4, 3, 00, 2)43004042030624000 = (1,4,3,00,2) (1,0,2)(3,4,0)34003
042030024000 (by relation (3) conjugated by (1,00,4)(2,0,3) € La(5))

= (1, 00)(2, 0)34003042030024000 = (1, 00)(2,0)34 (1,0, 00, 4, 3)03001
2030024000 (by relation (1) conjugated by (1,3,4)(2,0,00) € La(5))

= (1,4,3)(2, 00, 0)13030012030024000 = (1,4, 3)(2,00,0)1 030 0012030024000
(by relation (5) conjugated by (2,4)(3,00) € Ly(5))

= (1,4,3)(2, 0, 0)10300012030024000 = (1,4, 3)(2,00,0)103 (1, 0,2, 00, 4) 1cc04
0300240c0 (by relation (2) conjugated by (1,2,00,3,4) € La(5))

= (2,4,3,0,00)02310004030024000 = (2,4, 3,0, 00)0231000 (1,3, 4, 00, 0)3041

240co (by relation (1} conjugated by (1,0,4)(2,3,00) € Lx(5))

= (1,3)(2,00)124301304124000 = (1,3)(2,00)124301304 (1,0,2,00,4)4210000
(by relation (2) conjugated by (1,0)(3,00) € L(5))

= (1,3,0,2,4)0001320321421 = (1,3,0,2,4)0001(1, 4, c0}(2, 3,0)230221421 (by
relation (3) conjugated by (1,0,2)(3,4, c0) € Ly(5))

= (1,0, 3, 2,00)214230221421 = (1,0,3,2,00)(1,2,4)(0,3,0)1241301421 (by re-
lation (3) conjugated by (1,4, 00,2,0) € Ly(5))

= (1,3,4)(2,0,00)1241301421 = (1,3,4)(2,0,00)1(1,2,3,4, 0}142001421 (by re-
lation (2) conjugated by (1, 3,0,2,4) € L,(5))

= (1,4,2)(3,0,00)2142001421 = (1,4,2)(3,0,00)21421421 = ¢ by relation (3)
conjugated by (1,4,00)(2,3,0) € La(5).
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[(e00120032) _ ((1,00)(2,0), (2,0)(3,4), (1,3,2)(4, 0,00)}, so there are 5 distincts
single cosets in [0c0120032).

to takes [00012003] to a single coset, in [co02001] since we previously proved
00020013 = (1,3, 2,4, 00)431240. Therefore it follows Noo02001
= N(1,3,2,4,00)4312403 = N4312403 € [000120030] = [oo02001].

too, & representative from the other 2-orbit, takes [00012003] to a single coset in
[000131] since we previously proved o001312 = (1,4, 0, 3,00)230421. Therefore it follows
Noo0131 = N(1,4,0,3,00)2304212 = N2304212 € [0001200300] = [000131].

Now consider [00012004]. N(%012004) hag orbits {2}, {3}, {1,4}, and {0,00}. So
we need to look at [0c0120042], [000120043], [000120044], and [oo0120040).

First [000120044] = [0001200], s0 t4, a representative from one of the 2-orbits,
takes [00012004] back to a single coset in. [o00120c].

1y takes [00012004] to a single coset in [0000020] since we previously proved
00000203 = (1,2, 3,4, 0)c0043001. Therefore it follows Noo0oo20
= N(1,2,3,4, 0)000430013 = Noo0430013 € [000120042] = [0000020].

t3 takes [c0012c04] to a single coset in [000120043]. Noo0120043 = N31023400
= N00042013 = N40002431 = Nood320001 = N134210c0 = N01320004 = N 34002310 ==
N43124000 = N10c02134 since we previously proved Noo012c04 = N0c04201. Therefore
it follows that Noc0120043 = N00042013. If we conjugate this equation by (1, 0)(3,00),
(1,0,00,4,3), (1,3,4,00,0) and (1,00,3,0,4) € La(5) we find N31023400 = N134210c0,
N40002431 = Nood320001, N01320cod = N10002134, and N34002310 = N43124000.
To show that all of these single cosets are equal we will prove cc0120043
= (1,3,2,4,00)10002134, 000120043 = (1, 3,0, 2, 4)004320001, 000120043
= (1, 2)(4, 00)43124000, and 00120043 = (1,00, 3,0, 4)31023400.

To prove 000120043 = (1, 3, 2,4, 00)10002134, we will move the relation to one
side of the equal sign and prove it equals identity.

(1,3,2,4,00)100021343400 = (1, 3, 2,4, 00)1000213343c0 (by relation (6) conju-
gated by (1, 3)(2,00) € La(5))

= (1,3,2,4,00)100021334300 = (1, 3, 2,4, 0)10 0214300 = (1, 3,2, 4, 00)10
(1,00,4,2,3)12003300

= 0001200330021000 = 0012000021000 = 0001221000 = o00110c0 = coloo =

SO0 = €.
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To prove 000120043 = (1, 3,0, 2, 4)004320001, we will move the relation to one
side of the equal sign and prove it equals identity. -

(1,3,0,2, 4)0043200018400210c0 = (1,3,0,2,4)00432 (1,00,3,0,4) 10004
40021000 (by relation (2) conjugated by (1,3,4)(2,0,c0) € Ly(5))

= (1,0,2)(3,4, 50)31021 000440021000 = (1,0,2)(3,4,00)310210 coco 21000 =
(1,0,2)(3,4,00)310 21021000 = (1,0,2)(3,4,00)310 (1,2,0)(3,00,4)1201 1000 (by rela-
tion (4) conjugated by (1,00,3,0,4) € La(5))

= 002112011000 = 00220000 = coco =e.

To prove 000120043 = (1,2)(4, 00)43124000, we will move the relation to one
side of the equal sign and prove it equals identity.

(1,2)(4,00)431240003400210c0 = (1,2)(4,00)43124 (2,3,00,4,0) 0021000 (by
relation (1) conjugated by (1,0,00)(2,3,4) € La(5))

= (1,3,00,0,2)0001303000200210c0 == (1, 3, 00, 0, 2)0c0103002002210cc (by re-
lation (5) conjugated by (2,4)(3,00) and (2,0)(3,4) € La(5))

= (1,3, 00, 0, 2)00010300200221000 = (1, 3,03, 0, 2)0010320010c0
= (1, 3,00, 0,2)0(1,2,0,00,3)01cc22001000 (by relation (2) conjugated by
(1,3,2)(4,0,00) € La(5))

= 00010022001 000 = c0llooeolloo = cofl10co = oclloo = cooo = e.

To prove 00012c043 = (1,00, 3,0,4)31023400, we will move the relation to one
side of the equal sign and prove it equals ident,ityl.

(1,00, 3, 0,4)310234003400210c0 = (1,00, 3, 0,4)3102(1, 2, 0)(3, 00, 4)43004
40021000 (by relation (3) conjugated by (1,00,3,0,4) € Ly(5))

= (1,4,2,0,3)002104300440021000 = (1, 4,2, 0, 3)0021043000021000
=(1,4,2,0,3)002104321000 = (1,4, 2, 0, 3)0021(1, 3, 0,2, 434011000 (by relation (1) con-
jugated by (1,4)(2,3) € Ly(5))

= 004334011000 = cod40000 = oooo = e,

N(eo0120243) . (1 0)(3,0),(1,4,0,3,00)), so there are 6 distinct single cosets
in Joo0120043].

to, a representative from the other 2-orbit, takes [c0012c04] to a single coset in
[000100403] since Noo0120040 = N(2,3,00,4,0)2032401 = N2032401 € [cc01c0403]. To
prove oc0120040 = (2,3,¢,4,0)2032401, we will move the relation to one side of the

equal sign and prove it equals identity.
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(2,3,00,4, 0)2032401040021000 = (2,3, 00,4, 0)2032410140021000 (by relation
(5) conjugated by (1,00)(3,4) € L2(5))

= (2,3, 00,4, 0)2032410140021000 = (2,3, 00,4, 0)203241(1, 2, 4, 0, 50)410221000
(by relation (1) conjugated by (2,4)(3,00) € La(5))

= (1,2,3)(4, 00, 0)4003402412210c0 = (1,2, 3)(4, 00, 0)40034024 11000
= (1,2,3)(4,00,0)4003 4024 0co = (1,2,3)(4,00,0)4003 (1,3,00)(2,0,4)0420 0co (by
relation (3) conjugated by (1,2)(4,00) € L(5))

= (1,0,2,00,4)210004200100 = (1,0,2,00,4)21000421c0 = e by relation (2)
conjugated by (1,4,2)(3,0,00) € Ly(5).

Now consider [0001302]. N(°01302) has orbits {1,0,00} and {2,3,4}. So we need
to look at [00013021) and [c0013022). ' |

First {00013022}] = [000130]. So tg, a representative from one of the 3-orbits,
takes [0001302] back to [000130].

i1, a representative from the other 3-orbit, takes [cc01302] to a single coset in
[000123100] since Noo013021 = N(2, 00, 0,3,4)4312014 = N4312014 € [0001231c0]. To
prove 00013021 = (2, 00,0, 3,4)4312014, we will move the relation to one side of the equal
sign and prove it equals identity.

(2, 00,0,3,4)4312014120310c0 = (2, 00, 0, 3,4)431204142031000 (by relation (6))

= (2,00,0,3,4)431204142081000 = (2, c0,0,3,4)431204 (1,0,4, 3,2)2413 310c0
(by relation (2) conjugated by (1,0)(2,4) € L2(5))

= (1,0,2, 00,4)320143241331000 = (1,0, 2, 00, 4)3201432411000
= (1,0, 2,00, 4)32014324000 = (1,0, 2, 00, 4)320143 (1,0, 2, 00, 4)0421 (by relation (2) con-
jugated by (1,00,3)(2,4,0) € Ly(5))

= (1,2,4,0,00)30020130421 = (1,2,4, 0, 00)3002(1,0, 3)(2, 4,00) 1031421 (by re-
Jation (3) conjugated by (1, 3,4, 00,0) € Ly(5))

= (1,4,3)(2, 00,0)1241031421 = (1, 4,3)(2, 00,0)1241(1,0,4,3,2)130221 (by re-
lation (2) conjugated by (1,4)(2,3) € Ly(5))

= (1,3,0)(2,00,4)0130130221 = (1,3,0)(2,00,4)01301301 = e by relation (3)
conjugated by (1,3,2,4,00) € Ly(5)).

Now consider [0001310]. N(=01310) has orbits {1}, {2}, {3,0}, and {4,00)}. So
we need to look at [00013101], [c0013102], [c0013100], and [00013104].
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First [c0013100] = [000131]. So t, a representative from one of the 2-orbits,
takes [0001310] back to a single coset in [000131].

11 takes [0001310] to a single coset in [600232] since we previously proved cc02320
= (1,4,00)(2,3,0)130203. Therefore it follows Noo0232 = N(1,4,00)}(2, 3,0)1302030
= N1302030 € [00013101} = [000232).

12 takes [0001310] to a single coset in [0002000] since we previously proved
00020001 = (1, 0)(3, c0)04003c04. Therefore it follows Nco020c0
= N(1,0)(3,0)040030041 = N040030041 € [00013102] = [0002000].

t4, a representative from the other 2-orbit, takes [0001310] to a single coset in
[000100201] since Noc013104 = N(1,00,0,4,2)42040020 = N42040020 € [c00100201).
To prove 00013104 = (1,00, 0,4, 2)42040920, we will move the relation to one side of the
equal sign and prove it equals identity.

(1,00, 0, 4, 2)4204002040131000 = (1,00,0,4, 2)4 (2,00,0,3,4)4023
2040131000 (by relation (2) conjugated by (1,00)(2,0) € La(5))

= (1,0,2)(3; 4, 00)240232040131000 = (1,0, 2)(3, 4,00)2402 (2, 00,0, 3,4)02300
01310co (by relation (2) conjugated by (1,4,0,3,00) € Lo(5))

= (1,3,2)(4,0,00)002300023000131000. = (1,3, 2)(4, 0, 00)c02300 0230001
(1,4,0,3,00)0134 (by relation (2) cénjugated bSl (1,00,2)(3,4,0) € L2(5))

= (1,00, 0)(2,4,3)1200132001340134 = (1, 00,0)(2, 4, 3)(1, 00, 2)(3, 4, 0)21002
32001340134 (by relation (3) conjugated by (1,00)(2,0) € L2(5))

= (1,2, 0,00, 3)2100232001840134 = (1,2, 0,00,3)2 (1,3,00,0, 2)20010
2001340134 (by relation (2) conjugated by (1,3,0)(2,00,4) € La(5))

= 1200102001340134 = 1200(1, 00,0,4,2)20141340134 (by relation (1) conju-
gated by (1,0)(3,00) € Ly(5))

= (1,00,0,4,2)001020141340134 = (1,00,0,4,2)0c01202414340134 (by relation
(5) conjugated by (1,3)(2,00) € L2(5) and relation (6))

= (1,00,0,4, 2)001202414340134 = (1,00,0,4, 2)0012 (1,2, 3,4, 0)4203 4340134
(by relation (2})

= (1,00)(3,4)002342034340134 = (1,00)(3,4)c02342043440134 (by relation (8)
conjugated by (1,3)(2,00) € Lz(5))

= (1,00)(3,4)002342043440134 = (1,00)(3, 4)c02342 0430134
= (1,00)(3,4)002342 (1,00, 2)(3,4,0)4034134 (by relation (4) conjugated by (1,00)(2,0)
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€ L2(5))

= (1,2)(3,0)214014034134 = (1,2)(3,0)21(1,0,4)(2, 3,00)0410034134 (by rela-
tion (4) conjugated by (1,00,3)(2,4,0) € La(5))

= (1,3,4)(2,0,00)300410034134 = (1,3,4)(2,0,00)34134134 = e by relation (3)
conjugated by (2,0)(4,00) € La(5).

Now consider [co0131c0]. N(01310) hag orbits {1}, {2}, {3}, {4}, {0}, and
{o0}. So we need to look at [000131001], [000131002], [000131003], [000131004],
[000131000], and [co01310000).

First. [cc01310000] = [000131], so ¢y, takes [00013100] back to a single coset in
[000131). o

t; takes [cc0131c0] to a single coset in [000201] since we pre.viously proved
0002013 = (1, 3)(4,0)413034. Therefore it follows Noc0201 = N(1,3)(4,0)4130343 =
N4130343 € [0c0131001] = [000201].

t; takes [c0013100] to a single coset in [0000014] since we previously proved
00000140 = (1, 00, 0)(2, 4, 3)2003432. Therefore it follows Nooloo14
= N(1,00,0)(2,4, 3)20034320 = N20034320 € [000131002] = [0000014).

t3 takes [000131c0] to a single coset in [oc010203] since. Noo0131003
= N(2,0)(3,00)300400 1lood = N3oodooloold € [00010203]. To prove 000131c03 =
(2, 0)(3, c0)3004001000, we will move the relation to one side of the equal sign and prove
it equals identity. '

(2, 0)(3, 00)3004001000300131000 = (2,0)(3,00)300410010300131000 (by rela-
tion (5) conjugated by (1,0)(2,4) € La(5))

= (2,0)(3,00)3c0d10010300131000 = (2,0)(3,00)3 (1,4, 00)(2, 3, 0)40014
10300131000 (by relation (4) conjugated by (1, 3)(2,00) € La(5))

= (1,4,0,3,00)04c014103001310c0 = (1,4, 0, 3,00)04c041403001310c0 (by rela-
tion (6))

= (1,4, 0,3,00)04004140300131000 = (1, 4,0,3,00)04c04 (1,3, 4,00, 0)041c0
00131000 (by relation (1) conjugated by (1,4,00,2,0) € La(5))

= (1,00, 3,0,4)10000004100001310c0 = (1,00,3,0,4)100000411310c0 (by rela-
tion (5)) '

= (1,00,3,0,4)100000411310c0 = (1,00,3,0,4)10004310c0 = e by relation (2)
conjugated by (1,3,4)(2,0,c0) € Ly(5).
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4 takes [c00131c0] to a single coset in [000c021] since we previously proved
00000210 = (2, 4)(3,00)241312. Therefore it follows Nooloo21 = N (2,4)(3,00)2413120 =
N2413120 € [0c0131004] = [o000021].

to takes [co0131eq] to a.single coset in Joo0123100] since Noo0131000
= N(1,2,00,3,4)10024321 = N10024321 € [0001231c0]. To prove 000131000
= (1, 2,00, 3,4)10024321, we will move the relation to one side of the equal sign and prove
it equals identity.

(1,2, 00, 3,4)10024321000131000 = (1,2, 00,3,4)1002 (1,3,0,2, 4)2340
0001310cc (by relation (1) conjugated by (1,3)(4,0) € La(5))

= (1,4,3)(2,00,0)30042340000131000 = (1,4,3)(2,00,0)3 (1,2,00,3,4)24001
400131000 (by relation (1) conjugated by (1,4)(0,00) € L2(5)) I .

= (2,3)(0,00)424c01400131000 = (2,3)(0, 00)424(1, 00, 4)(2, 0, 3) 10041131000
(by relation (4) conjugated by (1,2,00,3,4) € L(5))

= (1,00,3,0,4)10110041131000 = (1,00, 3,0,4)10004310c0 = e by relation (2)
conjugated by (1,3,4)(2,0,00) € Ly(5).

Now consider [000142c0]. N(90014209) has orbits {1}, {2}, {3}, {4}, {0}, and
{o0}. 8o we need to look at [000142001}, [000142002], [000142003], [000142004],
[000142000], and [0001420000)].

First [0001420000] = [000142]. So it takes [00014200] back to a single coset in
[000142).

t; takes [c0014200] to a single coset in [00010203] since Noo0142001
= N(1,2,00)(3,0,4)412101c0 = N412101lco € [00010203]. To prove 000142001
= (1,2,00)(3,0,4)41210100, we will move the relation to one side of the equal sign and
prove it equals identity.

(1,2, 00)(3,0,4)412101 goleo 241000 = (1,2, 00)(3,0,4)412101 lool 241000 (by
relation (5) conjugated by (1,0)(2,4) € Ly(5))

= (1,2,00)(3,0,4)4121011001241000 = (1,2,00)(3,0,4)4121 0001241000
=(1,2,00)(3,0,4)4121 (1,0, 2,00,4)10004 410cc (by relation (2) conjugated by
(1,2,00,3,4) € La(5))

= (1,00,0)(2,4, 3)1000010004410c0 = (1,00,0)(2,4,3)10 (1,0,00)(2,3,4)00010
01000 (by relation (3))

= 0000001001000 = 000011000 (by relation (5))
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= col000011000 = cclooooloo = o000 = 00oo = e.

tz takes [00014200] to a single coset in [000c023] since we previously proved
00000231 = (1,0,3,2,00)3200013. Therefore it follows Noo0oo23
= N(1,0,3,2,00)32000131 = N32000131 € [000142002] = [0000023].

t3 takes [co0142c0] to a single coset in [000243] since we previously proved
0002434 = (1, 3,0)(2,00,4)3200013. Therefore it follows Noo0243
= N(1,3,0)(2, 00,4)32000134 = N32000134 € [000142003] = [cc0243].

ty takes [00014200] to a single coset in [0002400] since we previously proved
00024002 = (1,4, 3)(2, 00, 0)04c0210. Therefore it follows Noo02400
= N(1,4,3)(2,00,0)04002102 = N04002102 € [c00142004] = [0002400].

p takes [00014200] to a single coset in [oc0co0l2] since we previously proved
00000120 = (1,4, 0, 3,00)3021003. Therefore it follows Nooloo12
= N(1,4,0,3,00)30210030 = N30210030 € [00142000] == [c000012).

Now consider [0001430]. N(201439) hag orbits {2}, {0}, {1,00}, and {3,4}. So
we need to Jook at [00014302], [00014300], [c0014301}, and [00014303].

First [00014300] = [oo0143]. So ty takes [0001430] back to a single coset in
[000143).

ty takes [c001430] to a single coset in [00010204] since Noo014302
= N(1,3,0)(2, 00,4)00434240 = Noo434240 & [00010204]. To prove 0014302
= {1,3,0)(2, 00,4)c0434240, we will move the relation to one side of the equal sign and
prove it equals identity.

(1,3,0)(2, 00, 4)0043424020341000 = (1,3, 0)(2, 00,4)0043 242 202 341000 (by
relation (6) conjugated by (1,2)(3,0) € L2(5) and relation (5) conjugated by
(1,3)(2,00) € L2(5))

= (1,3,0)(2, 00, 4)0043242202341000 = (1,3,0)(2,00,4)c0 (1,0,00)(2,3,4)3423
02341000 (by relation (4) conjugated by (1, 00,0)(2,4,3) € Lo(5))

= (1,4,3,00,2)1342302341000 = (1,4,3,00,2)134 (1,00,4)(2,0,3)3203 341000
(by relation (3) conjugated by (1,0,3)(2,4,00) € La(5))

= (2,00,0,3,4)cc2132033410cc = (2,00,0,3,4)c021 3204 1000
= (2,00,0,3,4)0021 (2,00, 0,3,4)02300 1000 (by relation (2) conjugated by (1,4,0, 3, c0)
& La(5))

= (2,0,4,00,3)0001023001000 = (2,0,4,00,3)(1,00,0)(2,4, 3)00010023001000
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(by relation (3))

= (1, 00,2)(3, 4, 0)00016023001000 = (1, 00, 2}(3,4, 0)oo (1, 3, 00, 0, 2)c0103
3001000 (by relation (2) conjugated by (1,2)(4,00) € L2(5))

= (1,0,00)(2,3,4)0001033001000 = (1,0,00)(2,3,4)0c010c010c0 = e by rela-
tion (3).

t1, a representative of one of the 2-orbits, takes [0001430] to a single coset in
[o00203] since we previously proved 0002032 = (1,0,4)(2,3,00)0321003. Therefore it
follows Noo0203 = N(1,0,4)(2, 3,00)03210032 = N03210032 € [00014301] = [000203].

t3, a representative of the other 2-orbit, takes [0001430] to a single coset in
[000100403] since Noo014303 = N(1,2,4,0,00)42140200 = N42140200 € [000100403].
To prove 00014303 = (1, 2,4, 0,00)42140200, we will move the relation to one side of the

equal sign and prove it equals identity. -

(1,2,4,0,00)4214020030341000 = (1,2, 4, 0,00)42140200030410c0 (by relation
(5) conjugated by (2,4)(3,00) € La(5))

= (1,2,4,0,00)421402000304 1000 = (1,2, 4,0, 00)42140 (2,3, 00,4, 0)00024
041000 {by relation (1) conjugated by (1,00)(2,0) € L4(5))

= (1,3,00)(2, 0,4)031020002404 1000 = (1,3,00)(2,0, 4)0310
(1,4, 3)(2, 00, 0)02000 4041000 (by relation (4) conjugated by (1,4,0,3,00) € La(5))

= (3, 0)(4,00)2142020004041000 = (3,0)(4,00)2142020040441000 (by relation
(5) conjugated by (1,2){(4,00) &€ L2(5))

= (3,0)(4,00)2142020040441000 = (3,0){4, 00)(1, 2, 4)(3, 00, 0)12410200401000
(by relation (3) conjugated by (1,4,00,2,0) € Ly(5))

= (1,2, 4,0,00)124102004010c0 = (1,2, 4,0,00)12 (1,00, 0,4,2)014c0 00401000
(by relation (1) conjugated by (2,0,4,00,3) € La(5)) .

= 0010140000401000 = 00010 4401000 (by relation (5) conjugated by
(1,00)(3,4) € L2(5))

= 000104401000 = 0001001000 = 00011000 = 00000 = cooo = e.

Now consider [000140c0]. N(010%0) hag orbits {1,2,0} and {3,4,00}. So we
need Lo look at. [000140001] and [oc0140c000).

First [0001400000] = [000140]. So iy, a representative from one of the 3-orbits,
takes {00014000] back to a single coset in [000140].

{1, a representative from the other 3-orbit, takes [c0014000] to a single coset
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in [00010232] since Noo0140co1 = N(1,4)(0, 00)130300200 = N 130300200 € [00010232].
To prove 000140001 = (1,4)(0, 00)130300200, we will move the relation to one side of the
equal sign and prove it equals identity.

(1,4)(0,00)130300200100041000 = (1,4)(0, 00)13030021001041000 (by relation
(5) conjugated by (1,0)(2,4) € L(5))

= (1, 4)(0,00)13030021001041000 = (1, 4)(0, 00)1303c02100
(1,4,0)(2, 00,3)014000c0 (by relation (4) conjugated by (1,00,2)(3,4,0) € Lo(5))

= (1,0, 3,2,00)42123004301400c0 = (1,0,3,2,00)4212 (1,0,2)(3, 4, 00)c034c0
01400 (by relation (3) conjugated by (1,4,2)(3,0,00) € L(5))

= (1, 2,3)(4, 00, 0)c01010034c001400 = (1,2, 3)(4, 00, 0)c010100
(1,00,3,0,4)00431 1400 (by relation (2) conjugated by (1,0,3)(2,4,00) € La(5))

= (1,2, 0)(4, 00, 0300400300431 1400 = (1,2, 0)(4, 00, 0)3400d30043400 (by rela-
tion (5) conjugated by (1, 3)(4,0) € La(5))

= (1,2, 0)(4, 00, 0)3400430043400 = (1,2,0)(4, 00, 0)34 (1,0,2)(3, 4, 00)40034
43400 (by relation (3) conjugated by (1,3)(4;0) € La(5))

= 4004003443400 = 4400433400 (by relation (5) conjugated by (1,3)(4,0) €

Ly(5))

= 4400433400 = coddoo = oo = €.

Now consider [0001403]. N(©°01408) has orbits {13}, {2}, {3}, {4}, {0}, and {cc}.
So we need to look at [c0014031], [00014032], [00014033], [00014034], [00014030], and
[0c01403c0]. :

First [00014033]) = [000140]. So t3 takes [c001403] back to a single coset in
[000140).

1) takes [0001403] to a single coset in [000201] since we previously proved 0002012
= (1,4, 3)(2, 00, 0)30024001. Therelore it follows Noo0201 = N (1,4, 3)(2, oo, 0)300240012
= N300240012 € [00014031] = [000201].

13 takes [0001403] to a single coset in [000102] since we previously proved 0001021
= (1,3,2,4,00)0040342. Therefore it follows Noo0102 = N(1,3,2,4,00)00403421 =
Nood03421 € [00014032] = [c00102).

t4 takes (0001403] to a single cosel in [000100212] since Noo01403
= N(1,3,4)(2,0,00)420400000 = N420400000 € [000100212]. To prove co01403

= (1, 3,4){(2, 0, 00)420400000, we will move the relation to one side of the equal sign and
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prove it equals identity.

(1,3,4)(2, 0, 50)4204000003041000 = (1,3,4)(2, 0, c0)42
(1, 3,2)(4, 0, 00)40004 c03041000 (by relation (3) conjugated by (1,00,0,4,2) € La(5))

= (1,2,00)(3,0,4)014000400430410c0 = (1,2, 00)(3,0,4)014000 codoo 3041000
(by relation (5) conjugated by (1,3)(4,0) € Lo(5))

= (1,2,00)(3,0,4)014000004003041000 = (1, 2, 00)(3,0,4)01404
(1,0,00,4, 3)03001 1000 (by relation (1) conjugated by (1,3,4)(2,0,00) € L2(5))

= (1,2,4)(3,00,0)0003003030011000 = (1, 2,4)(8, 00, 0)0003c003000000 (by re-
lation (5) conjugated by (2,4)(3,00) € L2(5))

= (1,2,4)(3,00,0)00030003000000 = (1,2,4)(3, 00, 0)oc03000300000 (by rela-
tion (5))

= (1,2,4)(3, 00, 0)0003000300000 = (1,2,4)(3, 00, 0)0030003c00 = e by rela-
tion (4) conjugated by (1,4, 00,2, 0) € La(5)).

tp takes [0001403] to a single coset in |000100403] since V00014030
= N(1,2,4,0,00)42140200 = N421402c0 € [0001c0403]. To prove 00014030

= (1,2,4,0,00)421402c0, we will move the relation to one side of the equal sign and prove
it equals identity.

(1,2,4,0,00)42140200030410c0 = (1,2,4,0,00)(1,2,4)(3, 00, 0)2412
020003041000 (by relation (3) conjugated by (2,3, 00,4,0) € La(5))

= (1,4, 3,00,2)2412020003041000 = (1,4, 3,00, 2)24102000030410c0 (by rela-
tion (5) conjugated by (1, 3)(2,00) € La(5))

= (1,4, 3,00,2)241020c00304 1000 = (1,4, 3,00, 2)241020000030410c0 (by rela-
tion (5))

= (1,4, 3,00,2)24102000003041000 = (1,4, 3,00, 2)24102000 (1,0, 00, 4,3)03001
10cc (by relation (1) conjugated by (1,3,4)(2,0,00) € L2(5))

= (1, 3,4)(2, 0, 00)23000240003c011000 = (1, 3,4)(2,0,00)2300024
(1,4,2)(0,00,3)000300c0 (by relation (4) conjugated by (2,00)(4,0) € La(5))

= (1,0,3,2,00)100031200030000 = (1,0,3,2,00)1 (1,00,2,3,0)30002 2000300
(by relation (1) conjugated by (1,00,4,2,3) € La(5))

= 0030002200030 = 003000000300 = 0030000300 = 003300 = oooo = e.
too takes {c001403] to {0000020] since we previously proved cc0oo201
= (1,2,4,0,00)10002004. Therefore it follows Noo0oo20 = N(1,2, 4,0, 00) 100020041



142

= N100020041 € [0001403c0] = [0000020]. |,

Now consider [co0co141]. N (0141} has one orbit {1,2,3,4,0,00}. So we need
to look at [000001411].
First [oo0c01411] = [co00014)]. So t1, a representative of the 6-orbit, takes

[0000141] back to a single coset in [0000614].

Now consider [00000121]. N{0012D) hag orbits {1}, {2}, {3}, {4}, {0}, and
{c0}. So we need to look at [000001211], [000c01212], [c00o01213], [0c0o01214],
[600c01210], and [ocloo121c0)].

First [000001211] = [0000012], so 1 takes [00000121] back to a single coset in
[cc00012].

1y takes [c0000121] to a single coset in [oc00021] since we previously proved
00000212 = 00000121, Therefore it follows NooOoo2]l = Noolool212 € [oc0001212] =
[0000021].

t3 takes [00000121] to a single coset in [00010232] since Noo0o01213 = N2303414
€ [00010232]. To prove coo01213 = 2303414, we will move the relation to one side of
the equal sign and prove it equals identity.

23034143121c0000 = 20304143121c0000 (by relation (5) conjugated by
(2,4)(3,00) € Lo(5)) ’

= 20304143121c0000 = 20(1,0,00,4,3)403c043121c00c0 (by relation (1) conju-
gated by (1,0,3)(2,4,00) € Ly(5)) '

= (1,0, 00,4, 3)200403043121 0000 = (1,0, 00,4,3)2c0403 (1,4,0, 3,00)34000
2100000 (by relation (2) conjugated by (2,4,3,0,00) € L2(5))

= (1.3.4.00, 0)210300340002160000 = (1.3.4.00,0)2103 (1,2, 0)(3, 00, 4)30043
02100000 (by relation (3) conjugated by (1,4,2,0,3) € La(5))

= (1, 00)(2,0)021003004302100000 = (1,00)(2,0)021300343021cc000 (by rela-
tion (5) conjugated by (1,2)(3,0) € L2(5))

= (1,00)(2,0)0213c0343021c0000 = (1,00)(2,0) (1,0,3,2,00)12000
03430210060 (by relation (1) conjugated by (1,2}(4,00) € La(5))

= (2,3)(0,00)1200000343021c0000 = (2,3)(0,00)1203430210c00 (by relation

(5))
= (2,3)(0,00)1203430210000 = (2,3)(0,00)120343(1,2,0)(3,00,4)2012000 (by
relation (4) conjugated by (1,4,2,0,3) € La(5))
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= (1, 2,00)(3,0,4)201603002012000 = (1,2, c0)(3,0,4)2013c032012c00 (by rela-
tion (5) conjugated by (1, 2)(3,0) € La(5))

= (1,2,00)(3,0,4)20130032012000 = (1,2,00)(3,0,4)2013 (2,00,0,3,4)23004
12000 (by relation (2) conjugated by (1,0,00)(2,3,4) € L2(5))

= (1,00)(2, 0)003142300412000 = (1,00)(2,0)00(1,0,4, 3, 2)4130300412000 (by
relation (2) conjugated by (1,2)(3,0) € La(5))

= (1,00,0)(2,4, 3)cc41303c0412000 = (1,00,0)(2,4, 3)ec4103000412000 (by re-
lation (5) conjugated by (2,4)(3,00) € L2(5))

= (1, 00,0)(2,4, 3)004103000412000 = (1, 00,0)(2, 4, 3) (1,00, 0,4, 2)14002
3000412000 (by relation (1) conjugated by (1,4,2)(3,0,00) € L2(5))

= (1,0,00,4, 3)140023000412000 = (1,0, 00, 4,3)14(1, 3, 00, 0, 2)3200100412000
(by relation (2) conjugated by (1,0,00,4,3) € Ly(5))

= (1,2)(4, 00)343200100412000 = (1, 2)(4, 00)343200(1, 4, 50)(2, 3, 0)o0 14002000
(by relation (4) conjugated by (1,0,2)(3,4,00) € L2(5)}

= (1,3,0,2,4)0000310014002000 = (1,3,0,2,4)0000031001420020 (by relation
(5) and relation (5) conjugated by (2,0)(3,4) € La(5))

= (1,3,0,2, 4)000c031001420020 = (1, 3,0, 2, 4)00000300100420020 (by relation
(5) conjugated by (1,0)(2,4) € Ly(5))

= (1,3,0,2,4)c0000300100420020 = (1, 3,0, 2, 4)o00c03c0
(1,2,00,3,4)40013 0020 (by relation (1) conjugated by (1,00,0)(2,4,3) € L2(5))

= (1,4, 2)(3,0, 00)30434400130020 = (1,4, 2)(3, 0, 50)304 (1,00, 3)(2, 4, 0)c03100
0020 (by relation (4) conjugated by (1,2, 3)(4,00,0) € La(5))

= (1,0,3,2,00)1200031000020 = (1,0,3,2,00)120003120 = e by relation (1)
conjugated by (1,2)(4,00) € La(5)).

tq takes [oo0co0121] to a single coset in [000132100] since Noo0oo1214
= N(1,00)(3,4)3410213 = N3410213 € [000132100]. To prove 6a0o01214

= (1,00)(3,4)3410213, we will move the relation to one side of the equal sign and prove

it equals identity.

(1,00)(3,4)3410213412100000 = (1,00)(3,4)341 (1,0, 3,2, 00}120c0
412100000 (by relation (1) conjugated by (1,2)(4,00) € La(5))

= (2,00,0,3,4)24012000412100000 = (2,00,0,3,4)2 (1,4,2,0,3)1043
00412100000 (by relation (1) conjugated by (1,0,4,3,2) € La(5))
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= (1,4, 0)(2, 00, 3)01043000412100000 = (1,4, 0)(2, 00, 3)01 (1, 00, 2)(3,4, 0)4034
00412100000 (by relation (4) conjugated by (1, 0)(2,0) € L3(5))

= (1,0, 00, 4, 3)3c040340cc412100000 = (1,0, 00, 4, 3)3c040340041
1,4,00,2,0)00124cc (by relation (2) conjugated by (1,0,2)(3,4,00) € La(5))

= (2,0)(3,4)3200130020040012400 = (2,0)(3,4)320013002400412400 (by rela-
tion (5) conjugated by (1,3)(4,0) € Ly(5))

= (2,0)(3, 4)320013002400412400 = (2, 0)(3,4)32 (1,00, 3)(2, 4, 0)1c031
2400412400 (by relation (4) conjugated by (1,0,2,00,4) € La(5))

= (1,00,3,0,4)14100312400412400 = (1,00,3,0,4)141 (1,00,2,3, 0}13000
400412400 (by relation (1) conjugated by (1,3,2)(4,0,00) € L2(5))

= (1,2, 3)(4, 00, 0)oodoo13000400412400 = (1,2, 3)(4, 00, 0)co
(1,4,3,00,2)1c042 000400412400 (by relation (1) conjugated by (1,00,0,4,2) € La(5))

= (2, 00,0, 3,4)210042000400412400 = (2,00,0,3,4)21 (1,0, 3)(2, 4, 00)do024
0400412400 (by relation (4) conjugated by (1,0,3,2,00) € Ly(5))

= (1, 0)(3, 00)40400240400412400 = (1, 0){3, ©0)04000204000412400 (by relation
(5) conjugated by (1,2)(4,00) € Ly(5))

= (1, 0)(3, 00)04000204000412400 = (1, 0)(3,00)04 (1,4, 3)(0,2, 00)000200
4000412400 (by relation (4) conjugated by (2,0,4,00,3) € L(5))

= (1,2,00)(3,0,4)230002004000412400 = (1,2, 50)(3, 0,4)230002
(1,2,3)(4,00,0)40004 4124c0 (by relation (3) conjugated by (1,0,4,3,2) € La(5))

= (1, 3,4)(2, 0,00)3104340004412400 = (1,3,4)(2,0,00)3104 (1,00,3,0,4)c0431
12400 (by relation (2) conjugated by (1,0,3)(2,4,00) € La(5))

= (1,0,3)(2, 4, 50)0004 10043112400 = (1,0,3)(2,4,00)0 (1,4,00)(2,3,0)40014
43112400 (by relation (4) conjugated by (1,3)(2,00) € La(5))

= (1,2,00,3,4)24014432400 = (1,2,00,3,4)2400132400 = e by relation (1)
conjugated by (1,4)(0,00) € La(5)).

to lakes [c00c0121] to a single coset in [000100201] since Noo0o01210
= N(1,4,00)(2,3,0)4124012 = N4124012 € [00100201]. To prove cc0co1210
= (1,4,00)(2,3,0)4124012, we will move the relation to one side of the equal sign and

prove it equals identity.
(1,4, 00)(2,3,0)41240120121 00000 = (1,4,00)(2,3,0)4124
(1,0,2)(3,4,00)1021 12100000 (by relation (4) conjugated by (1,c0,4)(2,0, 3) € La(5))
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= (1,00, 0)(2, 4, 3)000100102112100000 = (1,00,0)(2, 4, 3)000100102210000 (by
relation (5)) . '

= (1, 00,0)(2,4, 3)0001001010000 = (1, 00, 0)(2, 4, 3)o0001000100000 (by relation
(5) conjugated by (1,00)(3,4) € La(5))

= (1,00,0)(2,4, 3)0001c00100000 = (1,00,0)(2,4, 3)0001c001c00 = e by rela-
tion (3) conjugated by (2, 3)(0,00) € L2(5).

teo takes [00000121] to a single coset in [000100201) since Noolool2loo =
N(1,0,00,4,3)4124012 = N4124012 € [000100201]. To prove ocoloo121co
= (1,4,00)(2,3,0)4124012, we will move the relation to one side of the equal sign and
prove it equals identity.

(1,4, 00)(2,3,0)41240120012100000 = (1,4, 00)(2,3,0)41240
(1, 00,2)(3,4,0)21002 21c0000 (by relation (3) conjugated by (1,00)(2,0) € La(5))

= (1,3, 00,0, 2)0001032100221 00000 = (1,3, 00,0, 2)00010321 coloo 0co
= (1,3,00,0,2)00010321 1col Oco (by relation (5) conjugated by (1,0)(2,4) € Ly(5))

= (1,3,00,0,2)000103211001000 == (1,3,00,0,2)0 (1,2,0,00,3)01002 2001000
(by relation (2) conjugated by (1,3,2)(4,0,00) € La(5))

= 00010022001 000 = collocool oo = 00011000 = colloo = cooo = €.

Now consider [c00c0104]. N(©0%104) has orbits {1}, {4}, {2,3}, and {0,00}. So
we need to look at [000001041], [c00c01044], [000001043], and [cc0c01040].

First [co0oc1044] = [c000010]. So t4 takes [000c0104] back to a single coset in
[6000010].

t; takes [00000104] to a single cosel in [cc0loc414] since NooOco1041
= N(1,00,0)(2,4,3)000100414 = Noollood41d € [c00lc0414]. To prove oolcol041 =
(1,00,0)(2,4,3)o00100414, we will move the relation to one side of the equal sign and
prove it equals identity.

(1,00,0)(2,4, 3)c00100414140100000 = (1,00,0)(2,4, 3)00010c04 414
40100000 (by relation (6)) '

= (1,00, 0)(2,4, 3)occ0100441440100000 = (1, 00,0)(2, 4, 3)00010101c0000
=(1, 00, 0)(2,4, 3)00010c010000 (by relation (6) conjugated by (2,00)(4,0) € L2(5) and
relation (5))

= (1,00,0)(2, 4, 3)cc01000100000 = (1,00,0}(2,4, 3)ox010c01x0 = e by rela-
tion (3).
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t3, a representative from one of the 2-orbits, takes [00000104] to a single coset
in [0002400] since we previously proved 00024003 = (1,3, 0,2, 4)oc000104. Therefore it
follows Neo02400 = N(1,3,0,2,4)000001043 = Noo0c01043 € [cc0001043] == [0002400)].

tp, a representative of the other 2-orbit, takes [c00c0104] to a single coset in
[00010203) since Noo0o01040 = N(1,0,4,3,2)42123200 = N42123200 € [00010203]. To
prove c00c01040 = (1,0,4,3,2)421232c0, we will move the relation to one side of the
equal sign and prove it equals identity.

(1,0,4,3,2)421232000401000c0 = (1,0,4, 3,2)421323000401c0000 (by relation
(6) conjugated by (1,3,0)(2,00,4) € La(5))

= (1,0,4,3,2)421323000401c00c0 = (1,0,4,3,2)4 (1,2, 3)(4,00,0)1231
300040100000 (by relation (4) conjugated by (1,4)(0,00) € La(5))

= (1,4)(0, 00)001231300040100000 = (1,4)(0, 00)00123130004010000 (by rela-
tion (5)) ‘

= (1, 4)(0, 00)c0123130004910000 = (1,4)(0, 00)c0123130004101000 (by relation
(6) conjugated by (2,00)(4,0) € L2(5))

= (1,4)(0, 00)00123130004101000 = (1, 4)(0, 00)00123 (1,0,3,2,00)c0312
4101000 (by relation (1) conjugated by (1,3,0)(2,00,4) € Ly(5))

= (1,4, 0)(2, 00, 3)10002003124101000 = (1,4, 0)(2, 00, 3) 10002003
(1,4,2)(3,0,00)2142 01c00 (by relation (3) conjugated by (1,4,00)(2,3,0) € L2(5))

= (1,2,3)(4,00,0)4003130214201000 = (1,2,3)(4,00,0)4003 (1,2,3,4,0)0314
14201000 (by relation (2) conjugated by (1,2,3,4,0) € La(5))

= (1,3,2,4, 00)0004031414201000 = (1,3,2,4,00)0004031141201000 (by rela-
tion (6))

= (1,3,2,4,00)0004031141201000 = (1,3,2, 4, 00)000" 4034 1201000
=(1,3,2,4,00)000 (1,2,00)(3,0,4)0430 1201000 (by relation (4) conjugated by
(1,2,4,0,00) € La(5))

= (1,0,4)(2, 3, 00)4104301201000 = (1,0,4)(2,3,00)41043 (1,0,2)(3,4,00)1021
1000 (by relation (4) conjugated by (1, 00,4)(2,0,3) € Lz(5))

= (1,2,4,0,00)000200410211c00 = (1,3,4,0,c0)00 (1,00,0,4,2)00201 102000
(by relation (1) conjugated by (1,2,00,3,4) € La(5))

= 000201102000 = 0002002000 = 00022000 = 0o0cc0 = 00 = e.

Now consider [co0c0214]. N(00000214) hag orbits {1,3,00} and {2,4,0}. So we
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need to look at joo0c02141] and [000002144].

First [000002144] = [0000021]. So t4, a representative [rom one of the 3-orbits,
takes [00000214] back to a single coset in [000c021].

0, @ representative of the other 3-orbit, takes [00000214] to a single coset in
[000241] since we previously proved co02414 = (1,0,2)(3,4,00)4043002. Therefore it
follows Noo0241 = N(1,0,2)(3,4,00)40430024 = N40430024 € [c00c021400] = [000241].

Now consider [c0000282]. N{20009232) hag one orbit {1,2,3,4,0,00}. So we need
to look at [000002322].
[000002322) = [0000023]. So tg, a representative of the G-orbit, takes [colo0232]

back to a single coset in [0000023].

Now consider [0002431]. N{02431) has orbits {2} and {1,3,4,0,00}. So we need
to look at [00024311] and [00024312].

First [00024311] = |0c0243]. So ¢, a representative of the 5-orbit, takes
[0002431] back to a single coset in [000243].

ty takes [0002431] to a single coset in [000120043] since Noo024312
= N(1,4,00)(2,3,0)000120043 = Noo0120043 € [000120043]. To prove c0024312 =
(1,4,00)(2,3,0)000120043, we will move the relation to one side of the equal sign and
prove it equals identity.

(1,4, 00)(2,3,0)c0012004321342000 = (1,4, 00}(2, 3,0)0001200
(1,3,0,2,4)2340 342000 (by relation (1) conjugated by (1,3)(4,0) € La(5))

= (2,0,4, 00, 3)002340023403420c0 = (2,0, 4, 00, 3)c0234002
(1,2,00)(3,0,4)4304 42000 (by relation (4) conjugated by (1,00,2,3,0) € Ly(5))

= (1,2,4)(3,00,0)10003100430442000 = (1, 2,4)(3, 00, 0) 1000
(1,2,00,3,4)00132 30442000 (by relation (1) conjugated by (2,00,0,3,4) € L2(5))

= (1,00,0,4,2)23000132302000 = (1,00, 0,4, 2)23000123220200 (by relation (5)
conjugated by (1,00,2)(3,4,0) and (1,3)(2,00) € L2(5))

= (1,00,0,4,2)23000123220200 = (1,00,0,4,2)23(1,0, 2,00, 4)1000430200 (by
relation (2) conjugated by (1,2,00,3,4) € Lz(5))

= (1,4, o0, 2, 0)c031000430200 = (1,4, 00,2, 0)(1, 3,00)(2,0,4)3001304302c0 (by
relation (4) conjugated by (1,4, 3)(2, 00,0} € L2(5))

= (1,2,4)(3, 00,0)300130430200 = (1,2, 4)(3, 00, 0)3001
(1,00,2)(8,4,0)0340 0200 (by relation (4) conjugated by (1,2,3,4,0) € La(5))
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= (2,0,4,00,3)420003400200 = (2, 0,4, 00, 3)42c0034200 = e by relation (1)
conjugated by (1,2,4,0,00) € Lx(5).

Now consider [000243200]. N{(0024320) has orbits {0}, {oo}, {1,4}, and {2,3}.
So we need to look at [0002432000], |00024320000], [0002432001], and [c002432002].

First [00024320000] = [0002432]. So ts takes [000243200] back to a single coset
in [c002432).

tp takes [000243200] to a single coset in [000201] since we previously proved
00020100 = (2, 0)(3,4)1003431. Therefore it follows Noo0201 = N(2,0}(3,4)1003431c0 =
N100343100 € [0002432000] = [000201].

t1, a representative from one of the 2-orbits, takes [000243200] to a single coset
in [00012130] since Noo0232001 = N(1,0)(4,2)200303400 = N200303400 € [00012130].
To prove 0002432001 = (1,0)(4, 2)2003034c0, we will move the relation to one side of the
equal sign and prove it equals identity.

(1,0)(4, 2)200303400100232000 = (1,0)(4, 2)200030410012320c0 (by relation (5)
conjugated by (2,4)(3,00) and (1,0)(2,4) € L(5))

= (1,0)(4, 2)20003041001232000 = (1, 0)(4, 2)2000(1, 0, 00, 4, 3)40300001232000
(by relation (1) conjugated by (1,0,3)(2,4,0) € Ly(5))

= (1,00,4,2,3)240040300001232000 = (1,00,4, 2, 3)2004000313230c0 (by rela-
tion {5) conjugated by (1, 3)(4,0) and (1,00, 3)(2,4,0) € L2(5))

= (1, 00,4, 2, 3)200400031323000 = (1, 00,4, 2, 3)200400013123000 (by relation
(6) conjugated by (2,0)(3,4) € La(5))

= (1, 00,4, 2, 3)2004000131230c0 = (1,00, 4,2,3)200(1,00, 3,0, 4)0004331230c0
(by relation (2) conjugated by (2,00)(4,0) € La(5))

= (1,3,00)(2, 0,4)230004331230c0 = (1,3,00)(2,0,4)2300041230c0 = € by a
previously proved relation (1, 3,0)(2, 00,4)320c0 1432000 = e conjugated by (1,4)(2,3) €
Lo(5).

i, a representative of the other 2-orbit, takes [000243200] to a single coset in
[000100403] since Nco02432502 = N(2,0,4, 00, 3)003200430 = Noo3200430 €
[000100403]. To prove c002432002 = (2, 0,4, 00, 3)003200430, we will move the relation
to one side of the equal sign and prove it equals identity.

(2,0,4, 00, 3)00320043020023420c0 = (2,0, 4,00, 3)00320043000200342000 (by
relation (5) conjugated by (2,0)(3,4) € Ly(5))
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= (2,0,4, 00, 3)00320043000200342000 = (2,0,4, 00, 3)003200 (2,0, 4, 00, 3)0342
200342000 (by relation (1) conjugated by (1,3,00)(2,0,4) € L2(5))

= (2,4, 3,0,00)3203034220032000 = (2,4, 3, 0,00)323033400320c0 (by relation
(5) conjugated by (2,4)(3,00) € La(5))

= (2,4,3,0,00)32303340032000 = (2,4,3,0,00)2320400320cc (by relation (5)
conjugated by (1,00,3)(2,4,0) € La(5)) I

= (2,4, 3,0,00)232040032000 = (2,4, 3,0,00)2(2, o0, 0, 3, 4)023000032000 (by re-
lation (2) conjugated by (1,4,0,3,00) € Ly(5))

= o0{)23000032000 = 0002332000 = 00022000 = coffce = o0 = e.

Now consider [000120043]. N(000120043) hag orbits {2} and {1,3,4,0,00}. So we
need to look at [cc01200432] and [0001200433).

First [0c01200433] = [00012004]. So t3, a representative of the 5-orbit, takes
[000120043] back to a single coset in {o0012004].

1y takes [000120043] to a single coset in [0002431] since we previously proved
00024312 = (1,4, 00)(2, 3, 0)000120043. Therefore it follows Noo02431
= N(1,4,00)(2,3,0)0001200432 = Noo01200432 € [0001200432] = [0002431].

¢

Now consider Joo0120032]. N{(°90120932) has one orbit {1,2,3,4,0,00}. So we
need to look at [0001200322]. '

[0001200322] = [00012003]. So t2, a representative of the 6-orbit, takes
[000120032] back to a single coset in [00012003].

Now consider [0001231c0]. N{o0123120) ka5 orbits {1}, {00}, {3,4}, and {2, 0}.
So we need to look at [0001231c01}, [00012310000], [0001231002], and [c001231004]).

First [0001231c000] = [0001231], so e takes [c001231c0] back to a single coset
in [cc01231).

t1 takes [000123100| to a single coset in [0001302] since we previously proved
00013021 = (2,00, 0,3,4)4312014. Therefore it follows Noc01302
= N(2,00,0,3,4)43120141 = N43120141 € [0001231c01] = [0001302).

t2, a representative from one of the 2-orbits, takes [000123100] to a single coset in _
[00000121] since we previously proved co0c01214 = (1,0, 4, 3,2)30140013. Therefore it fol-
lows Noo0oo121 = N(1,0,4,3,2)301400134 = N301400134 € [0001231002] = [00000121].

i1, a representative from the other 2-orbit, takes [000123100] to a single coset in

[c0013100] since we previously proved 00131000 = (1, 2,00, 3,4)12c04321. Therefore it
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follows Noo0131co = N(1,2,09,3,4)120043210 = N120043210 € [0001231004]
= [000131c0)].

Now consider [00012130]. N(o°012130) has orbits {1,2,4} and {3,0,00}. So we
need to look at [000121304] and [cc0121300].

First [c00121300] = [c001213], so g, a representative from one of the 3-orbits,
takes [00012130] back to a single coset in [c001213].

t4, a representative of the other 3-orbit, takes [00012130] to a single coset in
[00023200] since we previously proved 000232001 = (1,0)(4,2)200303400. Therefore it fol-

lows No0023200 = N(1,0)(4,2)2003034001 = N2003034001 € [000121304] = [00023200].

Now consider [00010203]. N(®01020%) has orbits {1}, {2}, {3}, {4}, {0}, and
{o0}. 8o we need to look at [600102031], [000102032], [000102033], [000102034],
[000102030], and [0001020309].

First [000102033] = [0001020], so 3 takes [0c010203] back to a single coset in
[0001020). ’

t; takes [00010203] to a single coset in [00010300] since we previously proved
000103002 = (1,2,4,0,00)3002 000o01. Therefore it follows Noc0103c0
= N(1,2,4,0,00)3002 0000012 = N3o0200 00012 € [000102031] == [000103c0].

t2 takes [00010203] to a single coset in [0001031] since we previously proved
000103100 = (1,00)(2, 0)24140043. Therefore it follows Noo01031
= N(1,00)(2,0)2414004300 = N2414004300 & [000102032] = [c001031].

2o takes [00010203] to a single coset in [00014200] since we previously proved
000142001 = (1,2,00)(3,0,4)412 101c0. Therefore it follows Nooc0142c0
= N(1,2,00)(3,0,4)4121 0lool = N412101lcol € [000102030] = [00014200).

too takes [00010203} to a single coset in [00013100] since we previously proved
000131003 = (2,0)(3, 4)3004-001c0. Therefore it follows Noc013100
= N(2,0)(3,4)3ccdo0 10003 = N3oodoo 10003 € [0001020300] = [00014200].

t4 takes [00010203] to a single coset in [oo0c0104] since we previously proved
000001040 = (1,0,4,3,2)4212 3200. Therefore it follows Nooloo104 = N(1,0,4, 3,2)421
232000 = N4212 32000 € [000102034] = [oc000104].

Now consider [00010204]. N{010204) hag orbits {1,2,0} and {3,4,00}. So we
need to look at [000102042] and [c00102044].
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First [000102044] = [c001020]. So ¢4, a representative from one of the 3-orbits,
takes [00010204] back to a single coset in [0001020].

t2, a representative from the other 3-orbit, takes [00010204] to [c001430] since we
previously proved 00014302 = (1,3, 0)(2, 00, 4)00434240. Therefore it follows Noo01430
= N(1,3,0)(2, 00, 4)004342402 = Nood342402 € [000102042] = [0001430].

Now consider [00010232]. N(o0010232) has orbits {2}, {00}, {1, 3}, and {4,0}. So
we need to look at [000102322), [0001023200], [000102323], and [000102320).

First [000102322] = [0001023], so t2 takes [00010232] back to a single coset in
[0001023].

o takes [00010232] to a single coset in [00014000] since we previously proved
000140001 = (1,4)(0,00)1303 co200. Therefore it follows Noo0140c0
= N(1,4)(0,00)1303 002001 = N1303 c02001 € [c001023200] = [000140c0).

t3, a representative from one of the 2-orbits, takes [00010232] to a single coset
in [c001032] since we previously proved 00010323 = 00010232, Therefore it follows
Noo01032 = N (000102323 € [000102323] = [0001032)].

{5, a representative from the other 2-orbit, takes [c0010232] to a single coset
in [00000121] since we previously proved oco0001213 = 2303414. Therefore it follows
Noo0oo121 = N23034143 € [000102320] = [c0000121].

Now consider [c00100403]. N(90100403) hos orbits {1}, {2}, {3}, {4}, {0}, and
{oc}. So we need to look at [0001004031], [0001004032], [0001004033], [0001004034],
[0001004030], and [00010040300).

First [0001004033] = [00010040], so t3 takes [000100403] back to a single coset
in [0001c040].

to takes [000100403] to a single coset in [00012004] since we previously proved
000120040 = (2, 3,00, 4,0)2032401. Therefore it follows Noo012004
= N(2,3,00,4,0)2032 4010 = N2032 4010 € [0001004030] = [00012004].

tz takes [c00100403] to a single coset in [0001430] since we previously proved
00014303 = (1, 2,4, 0,00)4214 02c0. Therefore it follows Noo01430 = N(1,2,4,0,00)4214
02003 = N4214 02003 € [0001004032] == [c001430)].

t4 takes [000100403] to a single coset in [0001403] since we previously proved
00014030 = (1,2,4,0,00)421 40200. Therelore it follows Nco01403 = N(1,2,4,0,00)4214 |
02000 = N4214 02000 € [0001004034] = [0001403).
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i1 takes [0001c0403] to a single coset in [00023200] since we previously proved
00232002 = (2,0, 4.00, 3)0032 00430. Therefore it follows Noo023200
=.N(2,0,4.00, 3)c03200 4302 = No03200 4302 € [0001004031] = [00023200].

teo takes [000100403] to a single coset in [0001032] since we previously proved
00010321 = (1,3,4)(2,0.00)10001 2004. Therefore it follows Nocc01032
= N(1,3,4)(2,0.00)10001 20041 = N1oc01 20041 € [00010040300] = [0001032].

Now consider [0001c0414]. N(20100414} hag orbits {4} and {1,2,3,0,00}. So we
need to look at [0001004144] and [co01c04141).

First [0001c04144] = [cc0lo0dl], so t4 takes [co0lood14] back to a single coset
in Joc0loo4l].

t1, a representative of the 5-orbit, take [c0c0100414] to a single coset in [co00o0104]
since we. previously proved co0c0l041 = (1;00,0)(2, 4,3)c001c0414. Therefore it fol-
lows Noolool04 = N(1,00,0)(2,4,3)0001004141 = NooOloodldl € [co0loo4141] =
[00000104].

Now consider [00010020c0]. N(e010020098) hag orbits {1,2,00} and {3,4,0}. So
we need to look at [000160200000] and [00016020003].

First [00010020c000] = [00010020], s0 t4, & representative from one of the 3-
orbits, takes [0001c020c0] back to a single coset in [ec01c020].

i3, a representative of the other 3-orbit, takes [00010020c0] to a single coset in
[600103c0] since we previously proved 000103001 = (1,4, 00,2, 0)2402 342. Therefore it
follows Noo0103c0 = N(1,4,00,2,0)2402 3421 = N24023421 € [0001c020003]
= [00010300].

Now consider [cc0100241]. N(®0190241) hag one orbit {1,2,3,4,0,00}, so we
need to look at [0001002411].
[0001002411] = [00010024], so 1, a representative of the 6-orbit, takes

[000100241] back to a single coset in [co0loo24].

Now consider [000100212]. N{(®0100212) hag orbits {2}, {3}, {1,4}, and {0,c0}.
So we need to look at [0001002122], [0001002123], [0001002121], and [00010021200].

First |0001002122] = [c001c021], so 1 takes [000100212] back to a single coset
in [c0010021].

t3 takes [000100212] to a single coset in [0001002123]. Noo01002123 = N4314.
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2120 = N3400 320020 = N10oco 120024 = N3103 202c0 = N0130 2324 = Ndoo 042021
= Nood3c0 2321 = N13412 4200 = N0oo40 3423 since we previously proved Noo01 00212
= N0c040242. Therefore it follows that NooOloe 2123 = N0ocod40 2423. If we conjugate
this equation by (3, 0)(4,00), (1,00)(3,4), (1,0)(3,00) and (1,0, 0,4, 3) € La(5) we find
N43114 2120 = N34003 20020, N10col 20024 = NO0130 2324, N3103 20200 = N1341
24200, and N40004 2021 = Ncod3oo 2321. To show that all of these single cosets are equal
we will prove co0loo 2123 = (1,4, 00)(2,3,0)4314 2120, co0loo 2123 = (2,4)(3,00)3103
20200, 000100 2123 == (1, 0, 2)(3,4, 00)10001 20024, and co0lco 2123 = (1, 3)(2, 00)00430c0
2321.

To prove 0001002123 = (1,4, 00)(2, 3, 0)43142120, we will move the relation to
one side of the equal sign and prove it equals identity.

(1,4, 00)(2,3,0)431421203212c01000 = (1,4, 00)(2,3,0)431421
(1,4,00)(2,3,0)0230 12001000 (by relation (3) conjugated by (1,3)(2,00) € L2(5))

= (1,00,4)(2, 0, 3)200400340230120010c0 = (1,00,4)(2, 0, 3)
(1,3,2)(4, 0, 00)00040 34023012 c010c0 (by relation (3) conjugated by (1,4)(2, 3) € La(5))

= (1, 4, 3)(2, 00, 0)00040340230120010c0 = (1,4, 3)(2, 00, 0)0c0d
(1,2,00)(3,0,4)3043 23012 0ol0co (by relation (4) conjugated by (2,0)(3,4) € Lqy(5))

= (1,3,2)(4, 0,00)413304323012001000 = (1,3,2)(4,0,00)4104 232 012601000
(by relation (5) conjugated by (1,00,2)(3,4, 0} € Ls(5))

= (1,3,2)(4,0,00)4104232012001000 = (1,3,2)(4, 0, 00)410423
(1,0,2)(3, 4, 0)0210 col0c0 (by relation (4) conjugated by (1,3)(4,0) € L(5))

= (1,4,2, 0, 3)000200140210001000 = (1,4, 2,0, 3)000200 14021
(1, 00,0)(2,4,3)0001c0c0 (by relation (3))

= (1, 3, 00, 0, 2)0140003140000 01000 = (1, 3,00,0,2) ((1,0,4)(2,3,00)1041
0031401 (by relation (4) conjugated by (1,3,4)(2,0,00) € La(5))

= (1,00,4)(2,0,3)10410031401 = (1,00,4)(2,0,3)1(1,0,00,4,3)140331401 (by
relation (1) conjugated by (1,4,3,00,2) € Lo(5))

= (1,4,0)(2,00,3)0140331401 = (1,4,0)(2,00,3)01401401 = e by relation (4)
conjugated by (1,00,2)(3,4,0) € Lo(5).

To prove 0001002123 = (2,4)(3, olo)‘310320200', we will move the relation to one

side of the equal sign and prove it equals identity.

(2, 4)(3, 00)310320200321 2001000 = (2,4)(3,00)31 (1,4,00)(2, 3, 0)3023
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2003212 001000 (by relation (3) conjugated by (1,2,4)(3,00,0) € L2(5))

== (1,4, 3)(2, 00, 0)0430232003212001000 = (1,4, 3)(2, 00, 0)04302
(1,0,4)(2, 3, 00)23002 212001000 (by relation (3) conjugated by (1, 00,3)(2,4,0) € La(5))

= (3,0)(4,00)41004323002212001000 = (3,0)(4,00)d1c0 4323 col20 1000 =
(3, 0)(4,00)4100 4323 (1,20,2)(3,4,0)1c021 1000 (by relation (3) conjugated by
(1,2,3,4,0) € La(5))

= (1,00,0,4,2)000204141c02110c0 = (1,00,0,4,2)0002044140020c0 (by rela-
tion (6))

== (1,00,0, 4, 2)000204414602000 = (1, 00,0, 4, 2)0 20201 4002000
= (1,00,0,4,2)0 (1,2,4,0,00)02004 4002000 (by relation (1) conjugated by (1,2,0,00,3)
)

= 0020044002000 = 000200002000 = 00022000 = cclloo = o000 = €.

To prove 0001002123 = (1, 3,4, 00, 0)1000120024, we will move the relation to
one side of the equal sign and prove it equals identity.

(1,0,2)(3, 4, 00)100012002432120010c0 = (1,0, 2)(3, 4, 50) 100012
(2,0,4,00,3)42000 212c010c0 (by relation (1) conjugated by (1,2,4,0,00) € Ly(5))

= (1,4, 3, 00, 2143104200021 2001000 = (1,4, 3,00,2) (1,3,4))(2,0,00)4134
04200 0212 001000 (by relation (3) conjugated by (1,3,00)(2,0,4) € L3(5))

= (2, 3)(0, 00)4134042000212001000 = (2, 3)(0, ©0)4130402000212001000 (by re-
lation (5) conjugated by (1,2)(4,00) € Ly(5))

= (2,3)(0, 00)41304020002120010c0 = (2, 3)(0,00)41304 (1,3,4)(2, 0, c0)20002
212001000 (by relation (4) conjugated by (1,3,00)(2,0,4) € La(5))

= (1,3,0,2,4)13400120002212c01000 = (1,3,0,2,4)134c0120 01200 10cc =
(1,3,0,2,4)13400 120 (1,00,2)(3,4,0)1c021 10c0 (by relation (3) conjugated by
(1,2,8,4,0) € Ly(5))

= (1,4,00,2,0)0040200131002110c0 = (1,4, 00, 2, 0)c0d0 200131 20200
= (1,4,00,2,0)oc40 200131 (1,4, 3)(2, 00,0)20002 (by relation (4) conjugated by
(1,3,0)(2, 00,4) € La(5) |

= (1, 3)(4, 0)03200041420002 = (1, 3)({4, 0)03200014120002 (by relation (6))

= (1,3)(4, 0)03200014120002 = (1,3)(4, 0)0320001(1, 3, 2, 4, 00)214302 (by rela- _
tion (2) conjugated by (1,00,0,4,2) € La(5))

= (1,2,4,0,00)024103214302 = (1,2, 4,0, 00)(1,2, 3, 4,0)420303214302 (by rela-
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tion (2))

= (1,3,4)(2,0,00)420303214302 = (1,3,4)(2,0,00)423033214302 (by relation
(5) conjugated by (2,4)(3,00) € La(5))

= (1,3,4)(2,0,00)423033214302 = (1,3,4)(2, 0,00)4 2302 14302
= (1,3,4)(2,0,00)4 (1,0,3,0,4)3202 14302 (by relation (3) conjugated by
(1,0,3)(2,4,00) € La(5))

= (1,0,3)(2,4,00)1320314302 = (1,0,3)(2, 4,00)13(1, 0, 4, 3, 2)30244302 (by re-
lation (2) conjugated by (2,0)(3,4) € La(5))

= (1,4, 00)(2,3,0)0230244302 = (1,4,00)(2,3,0)02302302 = e by relation (3)
conjugated by (1,3)(2,00) € La(5).

To prove 0001002123 = (1, 3)(2, 00)ood3002321, we will move the relation to one

side. of the équal sign and prove it equals identity.
(1,3)(2, 00)00430023213212001000 = (1, 3)(2, c0)o0d 30023
(1,2,3)(4, 00,0)1231 12001000 (by relation (4) conjugated by (1,4)(0,00) € La(5)}
= (2,0, 4, 00, 3)0001031123112001000 = (2,0, 4, 00, 3)0c0103 232 collco
= (2,0,4,00, 3)000103 323 col0co (by relation (5) conjugated by (1,00, 3)(2,4, 0} € L2(5))
= (2, 0,4, 00, 3)000103393001000 = (2,0, 4,00,3) (1,00,0)(2,4,3)000160
23001000 (by relation (3))
= (1, 00,2)(3, 4, 0)o0010023001000 = (1, 00,2)(3,4, 0)co (1,3, 00,0, 2)c0103
3001000 (by relation (2) conjugated by (1,2)(4,00) € La(5))
= (1,0,00)(2, 3,4)0001033c01000 = (1,0,00)(2, 3,4)0c010c01000 = e by rela-

tion 3.

11, a representative from one of the 2-orbits, takes [0c00100212] to a single coset in
[0001031] since we previously proved c0010312 = (2,00, 0, 3,4)10021424. Therefore it fol-
lows Noo01031 = N(2,00,0, 3,4)100214242 = N100214242 € [c001002121] = [0001031).

Lo, @ representative of the other 2-orbit, takes [0c0100212] to a single coset in
[0001403] since we previously proved 0014034 = (1,3,4)(2,0,00)420400000. Therefore
it follows Noo01403 = N(1,3,4)(2, 0, 00)4204000004 = N4204c00004 € [00010021200] =
[6001403).

Now consider [000100201]. N(020100201) has orbits {1}, {2}, {3}, {4}, {0}, and
{oo}. So we need to look at [0001002011], [0001002012], [c001002013], [c001002014],
[0001002010], and [000100201c0].
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First {0001002011] = [60010020], so t; takes [c00100201] back to a single coset
in [00010020).

to takes [0c00100201] to a single coset in [000c0121] since we previously proved
000001210 = (1,4, 00)(2,3,0)4124012. Therefore it follows Noolco121
= N(1,4,00)(2,3,0)4124 0120 = N41240120 € [0001602012] = [000c0121].

te takes [000100201] to a single coset in [0001310] since we previously proved
00013104 =. (1, 00, 0, 4, 2)4204 0020. Therefore it follows Noo01310 = N(1,00,0,4,2)4204
00204 = N4204 00204 € [00010020100] = [0001310].

ty takes [000100201] to a single coset in [0001213] since we previously proved
000121300 = (1,3)(4,0)10021 4002. Therefore it follows Noo01213 = N(1, 3)(4,0)10021
400200 = N100214 00200 € [0001002010] = [0001213].

t4 takes [000100201] to a single coset in [000100c02] since we previously proved
000100021 = (1,3)(4,0)0320432. Therefore it follows Noo010002 = N(1, 3)(4, 0)0320
4321 = N0320 4321 € [0001002014] = [00010002].

t3 takes [00010020]] to a single coset in [00000121] since we previously proved
0000012100 = (1,0, 00,4, 3)4124012. Therefore it follows Noo0oo121
= N(1,0,00,4,3)4124 01200 = N412401200 € {0001002013] = [00000121].

Now consider [0001002128). N(0001002123) has orbits {2} and {1,3,4,0,00}. So
we need to look at [00010021232] and [00010021233].

First [00010021233] = |000100212], so t3, a représentative of the 5-orbit, takes
[6001002123] back to a single coset in [o0c0100212].

ts takes {0001002123] to a single coset in [00010021232]. All of the single cosets
in [00010021232] are equal since we previously proved NooOloo 2123 = N4314 2120
= N34003 20020 = N10ool 20024 = N3103 20200 = N0130 2324 = N4o004 2021 =
Nood3o0 2321 = N1341 24200 = N0co40 3423. Therefore it follows that Noo0loo 21232
= N4314 21202 = N 34003 200202 = N10col 200242 = N3103 202002 = N0130 23242 =
N40004 20212 = Nood3e0 23212 = N1341 242002 = N0oco40 34232. If we conjugate this
equation by (1,0,4,3,2), (1,0,2,00,4), (1,3,4)(2,0,00), (2,3)(0,00), and (1,3,2,4,00) €
Ly(5) we obtain NoodOoo 10121 = N3203 12141 = N23002 1c0141 = N04000 100131
= N20421 41001 = N4024 12131 = N3oc043 14101 = Noo3200 12101 = N02301 31col
= N4c034 13121, N420400 0cc3o0 = N1301oo Oco200 = N314300 4oo200 = N0240co
4ooloo = N302300 200400 = N203200 300loo = N142100 200000 = N413400. 300000
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= N0310c0 loodoo = N2412c0 100300, N200320 3040 = N 1431 030000 = N4124 020000
= N30023 02010 = N430c40 0020 = Noo3doo 04010 = N120010 c0030 = N 21420 4030
= IN3413 01020 = Noo2lco 01040, N0col0 31323 = N4214 313003 = N2402 303003
= N1oo01 30343 = N2102 300303 = Nool200 32343 = N40oo4 300313 = N04203 2313
= N12413 4303 = Noo0doo 34323, and N1031 43424 = Noo2300 43404 = N20012 41404
= N30134 1dood = N2302 40414 = N0320 424004 = Noolloo 40434 = N1oo21 42434
= N320034 00414 = N01co04 00424, To prove that all these single cosets are equal we
will prove the following relations: co0loo 21232 = (1,0, 00)(2, 3,4)o04000 10121, 000100
21232 = (1,3,00,0,2)420400 Oco3c0, oollco 21232 = (1,0)(2, 4)2003?2 03040, oo0loo
21232 = (1,3,00,0,2)000103 1323, and co0loo 21232 = (2,4, 3, 0,00)10314 3424.

To prove 00010021232 = (1,0,00)(2,3,4)c0400010121, we will move the relation
to one side of the equal sign and prove it equals identity.

(1,0,00)(2, 3, 4)0040001012123212001000 = (1,0, 00)(2, 3, 4)cod0co 1012123 121
o010c0 (by relation (6) conjugated by (2,4)(3,00) € La(5))

= (1,0, 00)(2, 3,4)0040001012123121001000 = (1,0, 60)(2, 3, 4)ocd0c0 1012
(1,3,2)(4, 0,00)2132
2loo1000 (by relation (4) conjugated by (1,00,0,4,2) € L(5))

= (1,00,3, 0, 4)40004300312132210010c0 = (1,00, 3, 0,4)40c0 4300 312 131
001000 = (1,00,3,0,4)4000 4300 312 313
001000 (hy relation (6) conjugated by (2,0)(3,4) € Lz(5))

= (1,00, 3,0, 4)40004300312313c010c0 = (1,00, 3,0, 4)4000 43c0
(1,3,2)(4,0,00)1321 13cc0l0c0 (by relation (4) conjugated by (1,4)(2,3) € La(5))

= (1,4, 3, 00, 2)0004024132113001000 = (1, 4, 3,00, 2)0c04 (1,2, 3, 4, 0)4203
323001000 (by relation (2))

= (1,0)(3,00)10004208323001000 = (1,0)(3,00)(1,4, 00, 2,0)000122023001000
(by relation (2) conjugated by (1,4,0)(2,00,3) € La(5))

= (2,0,4, 00, 3)000122023001000 = (2,0, 4, 60, 3)00010 23001000 = (2, 0,4, 00, 3)
(1,00, 0)(2,4, 3)cc01c0 23001000 (by relation (3)}

= (1,00,2)(3,4, 0)oc0100230010c0 = (1, 00,2}(3,4,0)c0 (1, 3,00,0,2)c0103
3001000 (by relation (2) conjugated by (1,2)(4,00) € La(5))

= (1,0,00)(2,3,4)00010330010cc = (1,0,00)(2,3,4)000100010c0 = ¢ by rela-
tion (3}).
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To prove 00010021232 = (1, 3, 00, 0,2)4204000003c0, we will move the relation
to one side of the equal sign and prove it equals identity.

(1,3, 00, 0,2)420400020300 232 12001000 = (1,3, 00, 0, 2)4204000 3003 323
. 12001000 (by relation (5) conjugated by (1,2)(3,0) and (1,00,2)(3,4,0) € L2(5))

= (1, 3,0, 0, 2)4204000300332312001000 = (1,3, 00, 0, 2)4204000 30023
12001000 = (1,3,00,0,2)4204000 (1,4, 0)(2, 00, 3)003200 12001000 (by relation (3) con-
jugated by (1,2,0,00,3) € L2(5))

=(1,2,4,0,00)000103100320012001000 = (1,2,4,0,00)0cc 1031003
(1, 00,2)(3,4,0)c021c0 00100 (by relation (3) conjugated by (2,4, 3,0,00) € La(5))

= (2, 0)(3,4)3200340024002 100001 000 = (2, 0)(3,4)32003
(1,3,0)(2, 00,4)004200 021100 (by relation (4) conjugated by (1,3,2,4,00) € La(5))

= (1, 3,2)(4,0, 00) 00040004 20000211000 = (1, 3,2)(4,0, c0)0c0 40004 22000 =
(1,3,2){(4,0,00)000 40c0 4000 = e by relation (3) conjugated by (1,4)(2,3) € L(5).

To prove 00010021232 = (1, 0)(2, 4)2003203040, we will move the relation to one
side of the equal sign and prove it equals identity. '

(1, 0)(2, 4)200320304023212001000 = (1,0)(2, 4)200 32030
(2,4,3,0,00)20400 212001000 (by relation (2) conjugated by (1,3,00)(2,0,4) € La(5))

= (1,00,2, 3, 0)4204000002040021 2001000 = (1,00, 2, 3, 0)4204 0000 20400 21200
10c0 (by relation (5))

= (1,00,2,3,0)4204000020400212001000 = (1,00, 2,3, 0)4204000 202 40021200
10c0 (by relation (5) conjugated by (1,3)(2,00) € Ls(5))

= (1, 50,2, 3, 0)420400020240021200 1000 = (1,00, 2, 3,0)(1, 00, 3)(2, 4, 0)2402
0002024 0212 0010co (by relation (3) conjugated by (1,0,2,00,4) € Ly(5))

= (1, 3,2)(4,0,00)24020002024002120010c0 = (1,3,2)(4,0,00)240
(1,4,3)(2, 00,0)02000 024c0 21200 10c¢ (by relation (4) conjugated by (1,4,0,3,00) €
L2(5))

= (2, 4)(8, 00)0032020000240021 2001000 = (2,4)(3, 00)003202 s024cc 21200
1000 = (2,4)(3,00)003202 (1,3,0)(2, 00,4)2c042 21200 1000 (by relation (4) conjugated
by (2,00,0,3,4) € Ly(5))

= (1,3,4,00,0)400010020042212001000 = (1,3,4,00,0)40001 2002 412001000
(by relation (5) conjugated by (2,0)(3,4) € La(5))

= (1,3, 4, 0, 0)400012002412001000 = (1,3,4,00,0)40 (1,00, 2)(3,4, 0)10021
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2412 001000 (by relation (3) conjugated by (1,2, 3,4,0) € La(5))

= (1,4, 2)(3,0,00)0310021241 2001060 == (1,4, 2)(3,0,00)031 002
(1,4,2)(3,0,00)2142 2001000 (by relation (3) conjugated by (1,4, 00)(2,3,0) € La(5))

= (1,2,4)(3, 00, 0)c0043121422001000 = (1,2,4)(3, 00, 0)000432124c01000 (by
relation (6) conjugated by (2,4)(3,00) € La(5))

= (1,2,4)(3, 00, 0)000432124001000 = (1, 2,4)(3, 00, 0)oo (1,3, 0,2, 4)3401 12400
1000 (by relation (1) conjugated by (1,4)(2,3) € L2(5))

= (1,4, 3,00,2)0034011240010c0 = (1, 4, 3, 00, 2)c0340 (1,4,3,00,.2)00423 Oco
(by relation (1) conjugated by (1,4, 3)(2,00,0) € L2(5))

= (1,3, 2, 4,00)2003000423000 = (1,3, 2,4, 00)2(1,2,4)(3, 00, 0)300034230c0 (by
relation (4) conjugated by (1,2,00)(3,0,4) € Ly(5))

= (1,00,2)(3,4,0)4300034230c0 = (1,00, 2)(3,4,0)43(2, 3, 0, 4, 0)3000223000
(by relation (1) conjugated by (1,0,00)(2,3,4) € L2(5))

= (1,4,2)(3,0,00)0003000223000 = (1,4,2)(3,0,00)00030003000 = e by rela-
tion (4) conjugated by (2,00)(4,0) &€ La(5).

To prove 00010021232 = (1, 3, 00, 0,2)0c01031323, we will move the relation to

one side of the equal sign and prove it equals identity.

(1,3, 00, 0, 2)00010313232821 2001000 = (1, 3, 00,0, 2)0c010 3132 232
212001000 (by relation (5) conjugated by (1,00,3)(2,4,0) € La(5))

= (1,3,0,0,2)0001031322322120010c0 = (1,3, 00,0,2)000 1031 33 1200 1000
= (1,3,0,0,2)0c0 103 11 200 1000 = (1,3,00,0,2)0 00103 2001000 = (1,3,00,0,2)0
(1,2,0,00,3)01002 2001000 (by relation (2) conjugated by (1,3,2)(4,0,00) € La(5))

= 0010022001000 = c0lloceo1000 = 0011000 = colloo = cooo = e.

To prove 00010021232 = (2,4, 3, 0, c0)103143424, we will move the relation to

one side of the equal sign and prove it equals identity.
(2,4,3,0,00)1031434242321 2001000 = (2, 4,3, 0,00)10314324223212001000 (by
relation (6) conjugated by (1,2)(3,0) € La(5))
= (2,4,3,0,00)10314324223212001000 = (2, 4,3, 0,00)1031 (1,0,00)(2, 3,4)3423
3212 001000 (by relation (4) conjugated by (1,00,0%2,4,3) € La(5))
= (1, 0)(3, 00)00040342332120c010c0 = (1, 0)(3, 00)0004034 22 1200 1000
= (1,0)(3, 00)00040 3412 001000 = (1,0)(3,00)00040 (1, 3,2,4,00)14200 001000 (by rela-
tion (2) conjugated by (1,2, 4)(3,00,0} € La(5))
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= (1,0,3)(2, 4, 00)0100014300001000 = (1,0,3)(2,4,00) (1,0,00)(2,3,4)10001
1431000 (by relation (3} conjugated by (1,00, 0)(2,4,3) € L2(5))

= (1,00,3,0,4)100011431000 = (1,00,3,0,4)10c0431000 = € by relation (2)
conjugated by (1,3,4)(2,0,00) € Ly(5).

There is one distinct single coset in [00010021232).

Finally, consider [00010021282). N(02010021232) }55 one orbit {1,2,3,4,0, 00}, so
we need to look at [0001c0212322).

[000100212322] = [0001002123] so iz, a representative of the 6-orbit, takes
[00010021232] back to a single coset in [0001002123).

Our double coset enumeration must be complete since the set of right cosets is

closed under right multiplication by the symmetric generators.
Thus we have the Cayley diagram that is shown in Figure 6.1.

The maximum possible index of N in
26:Lo(5) [N IN| V|

{0,1,2,3,4)£0]5, (50,0, 1)(2,4,3)f00 |5 100, 001, )Ex s ]_[ e ey T [Eeee) T
Wyl+ .+ + ey = 1+ 6 + 80 + 60 + 60 + - + 1= 3168. Thus

|G] £ 3168 x |Nf = 3168 x 60 = 190,080. In order to show |G| = 190, 080, we consider G
as a subgroup of S3jgs acting on 3168 cosets that we have found, and labeled according
to the MAGMA segment, “for i in [1..3168] do print i, cst[i]; end for;”.

For this purpose we compute the action of the control group N as well as the
action of ¢, £g, 81, £2, I3, and ¢4 on the 3168 cosets. These permutations can be obtained
by the following MAGMA segment “f(x); [(y); f(t);”.

It readily checks that the order of (z,y,t), a subgroup of the symmetric group
Sa168 acting on the 3168 right cosets of N in G, is 190,080. Visibly |z] = 5, |y| = 3,
and |oy| = 2, hence (x,y) = Ly(5). If we conjugate t by Ly(5) we see that ¢ has exactly
six conjugates. We conclude that {z,y,t) is a. homomorphic image of the progenitor
26 : Lo(5).

Thus if the original six relations hold in {z,y,t}, then {z,¥,t) is a homomorphic
image of G and this will give |G| 2 |{z, y,t}]| = 190,080.
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Figure 6.1: Cayley Diagram of of 2 x M3 over L2(5)

Verify relation (1) tatitotatatatito = (1,3,0,2,4) by conjugating the six sym-

metric generators by totifotsaiztetitg. By multiplying the permutations found using the

MAGMA segments previously listed, we find t2t1totatatatito = (1,3,0,2,4). Thus when
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we conjugate foo, to, 21,32, %3 and {4 by tatilotataiat;io we obtain:

tﬁ?ot] botatatatrto — ¢ ghatitotatalatito to
tizhtohistztﬁo =13 $latatotatatetato 14
tgztliot:: statito _ to tiztltot‘:tstzhto =t

So tatitotatatatity acts as (1,3,0,2,4).

Verify relation (2) tatatotatiigiato = (1,0,4,3,2) by conjugating the six sym-
metric generators by tilototatitatzty. By multiplying the permutations found using the
MAGMA segments previously listed, we find t4tototatitatate = (1,0,4,3,2). Thus when

we. conjugate teo, fo, £1, 12, f3 and t4 by t4tatotatytataty we obtain:

tf;;otgtgtat;tzltgto — too tt452f0t3t1t4t2t0 — t4
hatatotstitatato to hatatotatitatato 4
tg4t2totat1t4t2to =1 tf{:tztotahtqtzto =13

So tatstptatitstato acts as (l, 0,4,3, 2).

Verify relation (3) totootilotestifoteo = (1,00,0)(2,4,3) by conjugating the six
symmetric generators by toteotitotoot1totos- By multiplying the permutations found using
the MAGMA segments previously listed, we find totcolilotootitotee = (1,00,0)(2,4,3).

Thus when we conjugate tos, tg, t1,t2,t3 and t4 by foteotitoteotilotes We obtain:

té%twtltgtootltgtoo =ty ttotoohtutootltoteo =t
ghotootrtotootitolon — ¢ thotootitolootitotee t4
tgotootltotootltotoo — t2 tflotootltotootlfotoo — t3

So totestitotostitotes acts as (1,00, 0)(2,4, 3).

Verify relation (4) t4t2t3f4t2t3t4 tz = (1, 00,0)(2,4, 3) by conjugating the six sym-
metric generators by f4tatstalotatstz. By multiplying the permutations found using the
MAGMA segments previously listed, we find ttatatatatstatz = (1,00,0)(2,4,3). Thus

when we conjugate feo,t0,t1,12,23 and t4 by tstatstsiatsztstz we obtain the following re-

sults: Eqlgtatytatslat
ttcgtztstqtztgt.;tg — tD platatslalztsiala tI
tﬁ.ltztal‘ugtgﬂgt,ﬁg — too tt4lgﬁ3t4£2t3t4tg —
y Lqt '
tg.atztat.:tetat;tz =ty tfl-;tzﬂstmfs aly _ ts

So t4latatalatatyly acts as (1, o0, 0)(2, 4, 3)

Verify relation (5) fpteototoototoo = 1 by conjugating the six symmetric gen-
erators by foteotoleototeo. By multiplying the permutations found using the MAGMA
segments previously listed, we find fotoctotolote equals identity. Thus when we conju-

gate oo, tp, 11,22, ta and t5 by totoslotestoleo we obtain the following results:
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ttotmtotmtotw = too ttotoototootoﬁoo =t
tiotoocotoototoo — tl ttotoototoototoo o t2
tgotoototcctotoo — t3 tfiotoototoototoo — t4

So totestotoolofen acts as the identity.

Verify relation (6) t4t1t4t184t; = 1 by conjugating the six symmetric generators
by tatitatitat;. By multiplying the permutations found using the MAGMA segments pre-
viously listed, we find t4¢,84¢1%4t; equals identity. Thus when we conjugate too, ta, t1, 12, t2

and ¢4 by t4tit4t1t4t; we obtain the following results:

talatalgd
té)xotltz;t]&t] — too t ab1tat1taty — to
tidtltdtlt:;tl - tt45124t1:4t1 =ty
(714 4
t?tl ahibafy 4 tin;h itilats — ¢,

So tgtitatitaty acts as the identity.

Thus G/ker¢ 2 (z,y,t) and |G| > |{(z,y,t}| = 190080. As shown earlier, |G| <
190080. Hence |G| = 190080.

Moreover, b = (1, 3,00,0, 2)teototitatole = bb = 22yt toti tatota,
c=(1,2,4)(3,00,0)t tatstr1toots = cc = yx~lyxt tot ti1toots, and
a=(1,4,00)(2,3,0)tlot1teototitatats = aa = yr~2yz~ Hootot1teotatitatsts are in G with
2X Mo 22 (b, c,alt? = ¢ = (be)!! = [b,c]® = (bebcbe™1)6 = [b,cbe]® = 1 = a? = [b,a] =
[e,a]). So (b, c,a) < G, but [{b,¢,a)| = |G|, therefore G = (b,c, a) = 2X M.
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Chapter 7

Construction of Mo

5

It is known the group constructed in Chapter 6 factored by its center, Z(G), is

isomporphic to M;2. We will construct by hand M2 using the technique of manual double

: o 2+6:Lo(5
coset enumeration of Gy & 7y oo A S T TIATZE) Over La(®):

We found the center using MAGMA (see Appendix B and [C*05]). Simplifying
this expression we obtained the following relation: (2,3, 00,4, 0)tat ot ¢3t0tectitotstco
totytotalatatstatatatoty = 1. We can further simplify this relation as follows:

(2,3, 00,4, 0)2101320010300040323432304 = (2, 3, 00, 4,0)2101
(3,1,2,0,00)00230 0300040323 432304 (by relation (2} conjugated by (2, 0)(4,00) € La(5))

= (1,2)(4,00)02002002300300040323432304 = (1,2)(4, 00)02 co200 233 0004032
3432304 = (1, 2){4, 00)02 2002 200040323 432304 (by relation (5) conjugated by (2, 0)(3, 4)
€ L(5))

= (1,2)(4,00)022002200040323432304 = (1,2)(4,00)0 coco 04032 3432304 =
(1,2)(4,00)00 40323 432304 = (1,2)(4, 00)40 232 432304 (by relation (5) conjugated by
(1,00,3)(2,4,0) € La(5))

= (1, 2)(4,00)40232432304 = (1, 2)(4, c0)(4, 3,0, 00, 2)204002432304 (by relation
(2) conjugated by (1,3,00)(2,0,4) € La(5))

= (1,4,2)(3,0,00)204002432304 = (1,4,2)(3,0,00)204002423204 (by relation
(5) conjugated by (1,00,3)(2,4,0) € La(5))

= (1,4,2)(3,0,00)204002423204 = (1,4, 2)(3,0,00)20400242(3, 4, 2, 00, 0)023c0
(by relation (2) conjugated by (1,4,0,3,00) € L(5))

= (1, 2)(4, 00)003200020002300 = (1, 2)(4, 00)0032000(1, 3, 4)(2, 0, c0)02000300
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(by relation (4) conjugated by (3,0)(4,c0) € L2(5))

= (1, 0,00)(2,3,4)240002002000300 == (1,0, 00)(2, 3, 4)240200220c03c0 (by rela-
tion (5) conjugated by (2,0)(3,4) € L2(5))

= (1, 0,00)(2, 3,4)240200220c0300 = (1, 0,00)(2, 3, 4}2402c0000300.

Hence Z(G) = {(1,0, 00)(2, 3, 4)tatatotatoototoolstoo)-

So now we factor 2*6 : Ly(5) by tile six relations of Chapter 6 as well as the

center. So now our relations are as follows:
1. (0,3,1,4, 2)t2t1t0t4t3t2t1tg =1
2. (0,1,2,3, A)tatatotstitatato = 1
3. (00,1,0)(2,3,4)totoot1 toteot totor = 1
4. (00,1, 0){2, 3,4)t4‘t2t3t4t2t3t4t2 =1
5. otoolotoolotos = 1
6. tatrtatitats = 1
7. (1,0,00)(2, 3, 4)tatatotatoototootator = 1

Equivalenty, relation (7) can be expressed as co3c00c0 = (1,0, 00)(2, 3,4)2402
or 240200 = (1, 00,0)(2,4, 3)o03c00.

We now perform the manual double coset enumeration of -

2*6.La(5
G1 = (IR A D AEFZE) over L2(5)

‘The double coset enumeration of this group is identical to the double coset
enumeration of Chapter 6, up through the double cosets of word length three. So I will
begin my double. coset enumeration by considering [c00c01]. The orbits of N (c00o0l) gy
{1}, {4}, {2,3}, and {0,00}. So we need to look at [c00c011], [c0lo014], [000c012], and
[c000010).

First, [000c0l11] = [c00c0] so &1 takes Noolool € [oolool] back to Nooloo €
[00000).

i1 takes NooOool € [oo0col] to Nooloold € [oo0oold]. There are 30 distinct

single cosets in [ooQo014] as was proved in Chapter 6.
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t2, a representative from one claf the 2-orbits, takes [c00co1] to a single coset in
[0000012]. There are 60 distinct single cosets in [c00o012).

teo, & representative from the other '2-orbit, takes [c00c01] to a single coset
in [0c0200] since Noolool0 = N(1,0,4)(2,3,00)3213 = N3213 € [000200]. To prove
0000010 = {1, 0,4)(2,3,00)3213, we will move the relation to one side of the equal sign
and prove it equals identity.

‘ (1,0,4)(2,3,0)3213010000 = (1,0,4)(2, 3,00)3213010c00 (by relation (5))

= (1,0,4)(2,3,00)3213010000 = (1,0,4)(2, 3,00)3213101c00 (by relation (5)
conjugated by (1,00)(3,4) € L(5))

= (1,0,4)(2,3,00)3213101000 = (1,0,4)(2, 3,00)3231301000 (by relation (6)
conjugated by (2,0)(3,4) € La(5))

= (1,0,4)(2,3,00)3231301c00 = (1,0,4)(2,3,00) (1,3,4)(2,0,00)c001c0 01000
{by relation (7) conjugated by (1,4, 0)(2,00, 3) € La(5))

= (1,00,0)(2,4,3)00010001000 = (1,00,0)(2,4,3) (1,0,00)(2, 3,4)00010 01c00
(by relation (3))

= 001001c00 = 0o0l1o00 = Oooca0 = 00 = e.

Now consider [0c0002]. The orbits of N(*0%2) are {2}, {3}, {1,4}, and {0, 00}.
So we need to look at [c000022], (0000023}, [0000021], and [c00c020].

First, [0000022] = joo0o0] so ty takes [co0o02] back to a single coset in [coloo].

t3 takes [000002] to a single coset in [0c00023]. There are 30 distinct single
cosets in [000c023] as was proved in Chapter 6.

11, a representative from one of the 2-orbits, takes [c00c02] to a single coset in
[0000021]. There. are 60 distinct single cosets in [0000023).

tp, a representative from the other 2-orbit, takes [oc0co2] to a single coset
in [0001c0] since Noo0oo20 = N(1,0,00)(2,3,4)2402 = N2402 € [c00loo]. To prove
0000020 = (1,0,00)(2, 3,4)2402, we will start with relation (7) as follows:

20300000 = (1,0, 00)(2, 3, 4)2402 '

= 3003000 = (1,0,00)(2, 3,4)2402 (by relation (5) conjugated by (1,2)(3,0) €
La(5))

== 3003000 = (1,0,00)(2,3,4)(1,3,00)(2,0,4)}4204 (by relation (3) conjugated
by (1,0,4)(2,3,00) € L2(5))

== 3003000 = (1,0,00)(2,3,4)4124.
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Now consider [00012]. The orbits of N{®12) are {1}, {2}, {3}, {4}, {0},
and {co}. So we need to look at {000121], [000122], [000123], [000124], [c00120], and
[00000200]. |

First, [000122] = [0001] so t2 takes [00012] back to a single coset in [cc01].

t1 takes [00012] to a single coset in [000121]. There are 60 distinct single cosets
in {c00121].

i3 takes [00012] to a single coset in [000123]. There are 30 distinct single cosets ‘
in [000123] as was proved in Chapter 6.

t4 takes [00012] to a single coset in [000124]. There are 30 distinct single cosets
in [000124] as was proved in Chapter 6.

tp takes [c0012] to a single coset in [c00120]. There are 30 distinct single cosets
in [000123] as was proved in Chapter 6.

1o takes [00012] to a single coset in [00012c0]. There are 60 distinct single cosets

in [0001200].

Now consider [c0023]. The orbits of N{°%) are {1}, {2}, {3}, {4}, {0}, and
{o0}. So we need to look at {000231], |00232], [000233], [000234], [cc0230], and [0002300)].

First, [000233] = [0002], so t3 takes [00023] back to a single coset in [0002].

t1 takes [00023] to a single coset in [000120] as was proved in Chapter 6.

t; takes [00023] to a single coset in [0c0232). There are.30 distinct single cosets
in [000232] as was proved in Chapter 6.

t4 takes [00023] to a single coset in [000234]. There are 60 distinct single cosets
in [000234].

tp takes [c0023] to a single coset in [00020] since Noo0230
= N(1,2,00)(3,0,4)00131 = Noo131 € [0020]. To prove 000230
= (1,2,0)(3,0,4)00131, we will move the relation to one side of the equal sign and prove
it equals identity.

(1,2,00)(3,0,4)00131032000 = (1,2, 00)(3,0,4)c0313032000 (by relation (6)
conjugated by (2,0)(3,4) € La(5))

= (1,2,00)(3,0,4)00313032000 = (1,2,00)(3,0,4)c0310302000 (by relation (5)
conjugated by (2,4)(3,00) € Ly(5))

= (1,2,00)(3,0,4)00310302000 = (1, 2,00)(3,0,4)00310320200 (by relation (5)
conjugated by (1,3){(2,00) € La(5))
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= (1,2,00)(3,0,4)00310320200 = (1,2,00)(3, 0,4)o0(1,3,0)(2, 00,4)130120200
(by relation (3) conjugated by (1,0)(3,00) € L2(5))

= (1, 00, 3)(2,4, 0)4130120200 = (1,00, 3}(2, 4, 0)4(1, 3, 00)(2, 0, 4)2002002c0 (by
relation (7) conjugated by (1,4,3,00,2) € Ly(5))

= 2200200200 = 002200 = 0000 = €.

too takes [00023] to a single coset in [co0oc12} as was proved in Chapter 6.

Now consider [00021]. The orbits of N(*021} are {4}, {0}, {1,3}, and {2,c0}.
8o we need to look at [000214], [000210], [000211}, and [000212].

First, [000211] = [0002] so ¢;, a representative from one of the 2-orbits, takes
[oc021] back to a single coset in [0002].

t4 takes [00021] to a single coset in [000214]. There are 30 distinct single cosets
in 000214} as was proved in Chapter 6.

tp takes [00021] to a single coset in [c0010] since Noo0210
= N(1,00,3)(2,4,0)4313 = N4313 € [c0010]. To prove cc0210 = (1, o0, 3)(2,4,0)4313,
we will move the relation to one side of the equal sign and prove it equals identity.

(1,00, 3)(2,4,0)4313012000 = (1,00, 3)(2,4,0)43(1, 3, 00)(2, 0,4)200200c0 (by
relation (7) conjugated by (1,4,3,00,2) € La(5))

= 20020020000 = 0020000200 (by relation (5) conjugated by (2,0)(3,4) € Ly(5))

= 0020000200 = 002200 = coo0 = e,

tg, a representative from the other 2-orbit, takes |00021] to a single coset in

[000121] as was proved in Chapter 6.

Now consider [c0024]. The orbits of N(02) are {1}, {2}, {3}, {4}, {0}, and
{o0}. So we need to look at [000241], [c00242], [000243], [000244], [000240], and [c0024c0].

First, [000244] = [0002] so £4 takes [00024] back to a single coset in [0002].

t; takes [00024] to a single coset in [000214] as was proved in Chapter 6.

1 takes [00024] to a single coset in [000242]. There are 60 distinct single cosets
in Joo0242].

i3 takes [00024] to a single coset in [000243]. There are 30 distinct single cosets
in [0c0243] as was proved in Chapter 6.

1o takes [00024] to a single coset in [000240]. There are 30 distinct single cosets

in [000240] as was proved in Chapter 6.
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too takes [00024] to a single coset in [0002400]. There are 60 distinct single cosets

in [o002400].

Now consider [c0013]. The orbits of N(©13) are {2}, {0}, {1, 00}, and {3,4}.
So we need to look at [000132], 000130}, |oc0131], and [c00133).

First, [000133] == [0001] so 24, a representative from one of the 2-orbits, takes
[00013] back to a single coset in [c001].

Ly takes [00013] to a single coset in [c00123] as was proved in Chapter 6.

tg takes [00013] to a single coset in [00020] since Noo0130
= N(1,2,0)(3,00,4)2434 = N2434 € [00020]. To prove c00130 = (1,2, 0)(3,00,4)2434,
we will start with relation (7).

00300000 = (1,0, 00)(2, 3,4)2402

= 0000300000 = 00(1, 0, 00)(2, 3,4)2402

=5 300000 = (1,0,00)(2, 3,4)12402

Conjugated this equation by (1,00,4)(2,0,3) € La(5),

= 2434 = (1, 0,2)(3, 4,00)000130

Multiply both sides of this equation by (1, 2,0)(3,00,4) € La(5),

= 000130 = (1,2, 0)(3, 00, 4)2434.

t1, a representative from the other 2-orbit, takes [00013] to. a single coset in

[000242] as was proved in Chapter 6.

Now consider [00014]. The orbits of N(=014) are {1}, {2}, {3}, {4}, {0}, and
{c0}. So we need to look at [000141], [000142], [000143], [000144], [6©0140], and [c001400)].

First, [c0c0144] = [0001], so t; takes [00014] back to a single coset in [oc001].

t) takes [00014] to a single coset in [c00141]. There are 30 distinct single cosets
in [000141] as was proved in Chapter 6.

tz takes [00014] to a single coset in [c00234] as was proved in Chapter 6.

t3 takes [00014] to a single coset in [c00240] as was proved in Chapter 6.

tp takes [00014] to a single coset in (00010} since Neo0140
= N(1,00,3)(2,4,0)00343 = Noo343 € [c0010]. To prove 000140
= (1, 00, 3)(2, 4, 0)00343, we will move the relation to one side of the equal sign and prove
it equals identity.

(1,00, 3)(2,4,0)00343041000 = (1,00, 3)(2,4, 0)00434041000 (by relation (6)
conjugated by (1,3)(2,00) € La(5))
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= (1,00,3)(2,4,0)00434041000 = (1,00,3)(2,4,0)00(1,3,00)(2,0,4)100011000
(by relation (7) conjugated by (1,2)(4,c0) € L2(5))

= 1100011000 = 00000 = 000 = e.

oo takes [00014] to a single coset in [000c021] as was proved in Chapter 6.

Now consider [c0010]. The orbits of N{>019) are {3}, {co}, {1,0}, and {2,4}.
So we need to look at [000103], [0001000], [000100], and [c00102].

First, [000100] = [0001] so tp, a representative from one of the 2-orbits, takes
[00010] back to a single coset in [c001].

t3 takes [00010] to a single coset in [00021] since Noo0103
= N(1,0,4)(2,3,00)4321 = N4321 € [00021]. To prove co0103 = (1,0,4)(2,3,00)4321,
we will move the relation to one side of the equal sign and prove it equals identity.

(1,0,4)(2, 3, 00)4321301000 = (1,0,4)(2,3,00)4 (1,4, 0)(2, 00, 3)o00c010

010c0 (by a previously proved relation)

= 0000001001000 = cofloocol1000 (by relation (5))

= 00000000 = 0000c0 = o0 = e.

too takes [00010] to a single coset in [0o01000]. There are 10 distinct single cosets
in [0001000] as was proved in Chapter 6.

tg, a representative from the other 2-orbit, takes [00010] to a single coset in
[00014] since Noo0102 = N(1,4,2)(3,0,00)00231 = Noo231 € [00014]. To prove
000102 = (1,4,2)(3, 0, 00)c0231, we will move the relation to one side of the equal sign
and prove it equals identity.

(1,4, 2)(3,0,00)c0231201000 = (1,4, 2)(3, 0,00)002312101c0 (by relation (5)
conjugated by (1,00)(3,4) € Ly(5))

= (1,4, 2)(3,0,00)c02312101c0 = (1,4, 2)(3,0,00)c02321201c0 (By relation (6)
conjugated by (2,4)(3,00) € La(5))

= (1,4,2)(3,0,00)00232120100 = (1,4,2)(3,0,00)00(1,2,4)(3, 0, 0)0001001c0
(by relation (7} conjugated by (1,4,00,2,0) € L(5))

= 0000100lco = colloo = 0o = €.

Now consider [00020]. The orbits of N(®020) are {1}, {o0}, {2,0}, and {3,4}.
So we need to look at [000201], [0002000], (000200}, and [c00203].
First, [000200] = [0c002] so tp, a representative from one of the 2-orbits, takes

[60020) back to a single coset in [0002].
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teo takes [00020] to a single coset in [0002000]. There are 10 distinct single cosets
in [0002000] as was proved in Chapter 6.

t) takes [00020] to a single coset in [00013] since Noo0201
= N(1,00,3)(2,4,0)4130 = N4130 € [00013]. To prove 00201 = (1, 0,3)(2,4,0)4130,
we will move the relation to one side of the equal sign and prove it equals identity.

(1,00,3)(2,4,0)41301020c0 = (1,00, 3)(2,4,0)4130120200 (by relation (5) con-
jugated by (1,3)(2,00) € Ly(5))

= (1,00,3)(2,4,0)4130120200 = (1,00, 3)(2, 4, 0)4(1,3,00)(2, 0, 4)200200200 (hy
relation (7} conjugated by (1,3)(2,00) € La(5))

= 2200200200 = 002200 = 0000 = €.

i3, a representative from the other 2-orbit, takes [00020] to a single coset in
[00023] since Noo0203 = N(1,2,00)(3,0,4)00310 = Noo310 € [00023]. To prove
000203 = (1,2,00)(2, 0, 3)2312, we will start with a previously proven relation, 000230
= (1,2,00)(3, 0, 4)00131.

000230 = (1,2,00)(3,0,4)00313 (by relation (6) conjugated by (2,0)(3,4) €
Ly(5))

== 0002303 = (1,2,00)(3,0,4)c03133

= 00023030 = (1, 2, 00)(3, 0,4)00310

= 00023303 = (1, 2, 00)(3, 0,4)00310 (by relation (5) conjugated by
(2,4)(3,00) € Lo(5))

= 00023303 = (1,2,00)(3,0,4)00310

— 000203 = (1,2, 00)(3, 0, 4)00310.

Now consider [cc010cc]. The orbits of N(°01) are {1}, {4}, {2,3}, and {0,c0}.
So we need to look at [oc0lc0l], [000lc04], [0001c02], and [co0lcooo).

First, Joo0loooo] = [0001] so to, a representative from one of the 2-orbits, takes
[000100] back to a single coset in Joo01].

14 takes [0001o0] to a single coset in [000124] as was proved in Chapter 6.

t takes [000lo0] to a single coset in [c00200] since Noo0lool
= N(1,00,4)(2,0,3)2312 = N2312 € [000200]. To prove collocl = (1,00,4)(2,0,3)2312,
we will we will move the relation to oneside of the equal sign and prove it equals identity.

(1,00,4)(2,0,3)23121001000 = (1, 00,4)(2, 0, 3)23212001000 (by relation (6)
conjugated by (2,4)(3,00) € La(5))
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= (1,00,4)(2,0,3)232120010c0 = {1,00,4)(2,0,3)323120010c0 (by relation (5)
conjugated by (1,00,2)(3,4,0) € L2(5))

= (1,00,4)(2,0,3)32312001000 = (1,00,4)(2,0,3)32312 (1,00,0)(2, 4,3)10001
{(by relation (3) conjugated by (1,0)(2,4) € L2(5))

= (1,0,2)(3, 4, 00)24200410001 = (1,0,2)(3,4,00)242 (1,4,00)(2, 3,0)4001401
(by relation (4} conjugated by (1,3)}(2,00) € L3(5))

= (1,2,4)(3, 00, 0)30034001401 = (1,2,4)(3, 00, 0)3(L, 4, 2)(3, 0, 00)1014401 (by
relation (7) conjugated by (1,2,c0)}(3,0,4) € Ly(5))

= 01014401 = 101101 (by relation (5) conjugated by (1,00)(3,4) € L2(5))

= 101101 = 1001 = 11 = e.

2, a representative from the other 2-orbit, takes [co0loo] to a single coset
in [0o0002] since Nool0loo2 = N(1,00,4)(2,0,4)2321 = N2321 € [000002]. To prove
0001002 = (1,00, 4)(2,0,4)2321, we will start with a previously proven relation,

00101 = (1,00,4)(2,0,3)2312

00010011 = (1,00,4)(2,0,3)23121

= o001lco = (1,00,4)(2,0,3)23212 (by relation (6) conjugated by (2,4)(3,00)
€ Ly(5))

— 0001002 = (1,00,4)(2,0, 3)232122

— 0001002 = (1,00,4)(2,0,3)2321.

Now consider [0002c0]. The orbits of N(292) are {2}, {3}, {1,4}, and {0, co}.
So we need to look at [0002002], [0002003], [c002001], and [co0200c0].

First, [00020000] = [0002] 50 ta, a representative from one of the 2-orbits, takes
[0002c0] back to a single coset in [0002].

ty takes [000200] to a single coset in [c001o0] since Noo02002
= N(1,2,3)(4,00,0)1421 = N1421 € [c001c0]. To prove 0002002 = (1,2, 3)(4, 00, 0)1421,
we will move the relation to one side of the equal sign and prove it equals identity.

(1,2, 3)(4, 00,0)14212002000 = (1,2,3)(4, 00,0)1421c0200000 (by relation (5)
conjugated by (2,0)(3,4) € L3(5))

= (1,2,3)(4,00,0}142102c0000 = (1,2,3)(4,00,0)1421c02 000 (by relation
(5))

= (1,2,3)(4, 00, 0)14210020000 = (1,2, 3}(4, 00,0)14 (1,3, 2)(4,0,00)03000 000
(by relation (7) conjugated by (1,4)(0,00) € La(5))
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= 3003000000 = 3300 = e.

t3 takes [000200] to a single coset in [000243] as was proved in Chapter 6.

t1, a representative from the other 2-orbit, takes {c002c0| to a single coset
in [oo0ool] since Noo02001 = N(1,2,3)(4,00,0)1412 = N1412 € [oo0c01]. To prove
0002001 = (1,2, 3)(4, 00, 0)1412, we will start with a previously proven relation,
0002002 = (1,2, 3)(4, 00, 0)1421.

00020022 = (1,2, 3)(4,00,0)14212

= 000200 = (1,2,3)(4,00,0)14121 (by relation (6) conjugated by (2,4)(3,c0)
€ Ly(5))

= 0002001 = (1,2,3)(4, 00, 0)141211

= 0002001 = (1,2,3)(4, 00, 0)1412.

Now consider [0000021]. The orbits of N(°20%21) are {1}, {2}, {3}, {4}, {0}, and
{co}. So we need to look at [00000211], [00000212], [000c0213], [00000214], (00000210},
and [co0oco21c0).

First, [00000211] = [000002] so 3, takes [oc00021] back to a single coset in
[000002].

t2 takes [000c021] to a single coset in [[00000212]. There are 60 distinct single
cosets in [oo0c0212].

ts takes [oo0o021] to a single coset in [c0014] as was proved in Chapter 6.

tq takes [oc00021] to a single coset in [00000214]. There are 20 distinct single
cosets in [co000214] as was proved in Chapter 6.

tp takes {0000021] to a single coset in [000242] since Noc000210
= N(1,00,3)(2,4,0)24313 = N24313 € [000242]. To prove co000210
= (1, 00,3)(2,4,0)24313, we will start with a previously proven relation, 000210
= (1,00, 3)(2,4,0)4313.

== 0000210 = 0(1, 00, 3)(2, 4,0)4313.

—> 00000210 = (1,00, 3)(2,4,0)24313.(by relation (5))

too takes [0000021] to a single coset in [0001200] since
Nooloo2loo = N(1,2,3)(4,00,0)142001 = N142001 € [0001200]. To prove oolco2lco
= (1,2,3)(4,00,0)142001, we will start with a previously proven relation, 0002002 =
(1,2,3)(4, 00, 0)1421.

== 000020022 = 0(1,2,3)(4, 00, 0)14212.
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= po0oo200 = (1, 2, 3)(4, 00, 0)414212. (by relation (5))

= coloo20000 = (1,2, 3)(4, c0, 0)141212c0.(by relation (6))

== 000002 = (1,2, 3)(4, 00, 0)14121200.(by relation (6)) |

= colo02 = (1,2, 3)(4,00,0)141121c0.(by relation (5) conjugated by
(1,0X(2,4) € L2(5))

= coloo2loo = (1,2, 3)(4, 00, 0)14112100lco.

= ooloco2loo = (1, 2, 3)(4, 00, 0)1421c01c0.

= 00002100 = (1,2,3)(4,00,0)142001c000.(by relation (5) conjugated by
(1,0)(2,4) € L2(5))

= 000002100 = (1, 2, 3)(4, 00, 0) 142001 000%.

= co0co2lo0 = (1, 2, 3}(4, 00, 0)142001.

Now consider [0000023]. The orbits of N(%°0%23) are {2}, {3}, {1,4}, and {0, cc}.
So we need to look at [00000232], [00000233], [000c0231], and [cc0c0230].

First, [c0000233] = [000002] so t3 takes [co0c023] back to a single coset in
[000002].

ty takes [0000023] to a single coset in [00000232]. There are 5 distinct single
cosets in [000c0232] as was proved in Chapter 6.

{1, & representative from one of the 2-orbits, takes [0000023] to a single coset in
[c002400] since Nooloc231 = N(1,00,2,3,0)030020 = N030020 € [0002400]. To prove
00000231 = (1,00,2,3,0)0300202, we will we will move the relation to one side of the
equal sign and prove it equals identity.

(1,00,2,3,0)03002013200000 = (1,00,2,3,0)03(1,2,4,0,00)020043200000 (by
relation (1) conjugated by (1,2,0,00,3) € La(5))

= (2,3, 00,4, 0)0030200432c000c = (2,3, 00,4,0)00302004320000 (by relation

(5))

= (2,3, 00,4, 0)o0302004320000 = (2,3, 0,4, 0)00302 (1,0, 00, 4,3)0021003 o0
(by a previously proved relation)

= (1,0, 2)(3,4, 00)410020021003000 = (1, 0, 2)(3, 4, 00)41200221003000- (by rela-
tion (5) conjugated by (2,0)(3,4) € L2(5))

=(1,0,2)(3,4,00)4120022100300 = (1,0, 2)(3,4,00}412 001003000
=(1,0,2)(3,4,00)412 (1, 2,0)(3,00,4)02300 (by relation (7) conjugated by (1,4,2,0,3) €
Lo(5))
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= 32002300 = 3223 = 33 = e.

to, a representative from the other 2-orbit, takes [c000023] to a single coset
in [000121] since Noo0c0230 = N(1,2,00)(3,0,4)400313 = N400313 € [000121]. To
prove 00000230 = (1,2,00)(3, 0, 4)400313, we will start with a previously proven relation,
000230 = (1,2,00)(3, 0,4)c0131.

= 0000230 = 0(1, 2,00)(3,0,4)o0131.

= 0000230 = (1,2, 0)(3,0,4)400131.

== 00000230 = (1, 2,00)(3, 0, 4)400131.(by relation (5))

= 00000230 = (1, 2,00)(3,0,4)400131

= 00000230 = (1, 2,00)(3, 0,4)400313 (by relation (6) conjugated by
(2,0)(3,4) € La(5)).

Now consider [000o014]. The orbits of N (0000014) gre {1}, {4}, {2,3}, and {0, 00}.
So we need to look at [oc0o0141], [00000144], [co000142], and [c00o0140].

First, [cc0c0144] = [co0col] so t4 takes [co0col4] back to a single coset in
{ec0o01}.

1) takes [co0oc14] to a single coset in [c0000141]. There are 5 distinct single
cosets in [c00o0141] as was proved in Chapter 6.

ta, a representative from one of the 2-orbits, takes [000c014] to a single coset in
[0001200] since Nooloo142 = N(1,4,00,2,0)o00401c0 = Nood01loo € [0001200]. To prove
00000142 = (1,4,00,2,0)0040100, we will we will move the relation to one side of the
equal sign and prove it equals identity.

(1,4, 00, 2, 0}ocd010024100000 = (1,4, 00, 2, 0)o040100 (1, 3, 0, 2,4)20032100 ( by
a previously proved relation co0124 = (1, 3,4, o0, 0)co023c01 conjugated by
(2,00)(4,0) € L2(5))

= (3,0)(4, 0)001230020032100 = (3,0)(4, 00)001(1, 4, 0)(2, 00, 3)32c030032100
(by relation (3) conjugated by (1,00,2)(3,4,0) € L2(5))

= (1,4, 3)(2,00,0)34320030032100 = (1,4, 3}{2, 00, 0)3432000030021c0 (by rela-
tion (5) conjugated by (1,2)(3,0) € Ly(5))

= (1,4, 3)(2, 00, 0)3432000030021c0 = (1,4, 3)(2, 00, 0)34323 002100
= (1,4,3)2,00,0) (1,4,00)(2,3,0)1c021 c02lcc (by relation (7) conjugated by
(1,0,2)(3,4,00) € Ly(5))

= ((1,00,2)(3,4,0) 10021002100 = ((1,00,2)(3,4,0)1(1,2,00)(3,0,4)200122100
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(by relation (3) conjugated by (2, 0)(3,4) € L2(5))

= 2200122100 = 001100 = o000 =e.

lo, a representative of the other 2-orbit, takes [co0col4] to a single coset in
[000242] since Noo0o0140 = N(1,00,3)(2,4,0)200434 = N200434 € [000242]. To prove
00000140 = (1,00, 3)(2,4,0)200434, we will start with a previously proven relation,
000140 = (1, 00,3)(2, 4, 0)00343.

= 0000140 = 0(1, 00, 3)(2,4, 0)oo343

= 0000140 = (1,00,3)(2, 4, 0)200343

= 00000140 = (1, 00, 3)(2, 4, 0)200343 (by relation (5))

= 00000140 = (1, c0, 3)(2, 4, 0)2c0 434 (by relation (6) conjugated by
(1, 3)(2,00) € La(5)).

Now consider [co00012]. The orbits of N{2012) are {1}, {2}, {3}, {4}, {0}, and
{oo}. So we need to look at (00000121, [00000122], [00000123], fco0c0124], [00000120],
and [000001200].

First, [00000122] = [c00c0l] so 2 takes [oo0o0l2] back to a single coset in
[o00001].

t; takes [0000012] to a single coset in [0o0c0212] as was proved in Chapter 6.

t3 takes [000c012] to a single coset in |oo0c0123]. There are 20 distinct single
cosets in [00000123] as was proved in Chapter 6.

ts4 takes [0000012] to a single coset in J00023] as was proved in Chapter 6.

1y takes [0000012] to a single coset in [0002400] since Noo0oo120
= N(1,4,2)(3,0,00)23102 = N23102 € [0002400]. To prove caloo120
= (1,4,2)(3,0,00)23102, we will start with a previously proven relation, co0102
=(1,4,2)(3,0,00)00231, which gives

0000102 = 0(1, 4, 2)(3, 0, 00)00231.

= 0000102 = (1,4, 2)(3, 0, 00)0000231

= 0000010202 = (1,4,2)(3,0,00)23102 (by relation (5))

=+ 0000010202 = (1,4, 2)(3,0,00)23102

= 0000010020 = (1,4, 2)(3,0,00)23102 (by relation (5) conjugated by
(1,3)(2,00) € La(5))

=5 0000010020 = (1,4, 2)(3, 0,00)23102

= 00000120 = (1, 4,2)(3,0, 00)23102.



177

o take [0000012] to a single coset in [c00121] since NoolOoo1200
= N(1,3,00)(2,0,4)13424 = N13424 € [000121]. To prove oo0c0l200
= (1, 3,00)(2,0,4)13424, we will we will move the relation to one side of the equal sign
and prove it equals identity.

(1,3, 00)(2,0,4)13424002100000 = (1,3, 00)(2,0,4)13424
(1,2,00)(3,0,4)20012000 (by relation (3) conjugated by (2,0)(3,4) € L(5))

= (1,0,3)(2,4,00)20300320012000 = (1,0, 3)(2, 4, 00)203003
(1,3,0)(2, 00,4)0401co (by relation (7) conjugated by (1,3,4,00,0) € L2(5))

= 001040040100 = 0010440100 = 001001co = oo0lloo = oo = e.

Now consider [c00121]. The orbits of N{(=0121) are {1}, {2}, {3}, {4}, {0}, and
{c0}. So we need to look at [0001211], [0001212], [c001213], [0001214], [0001210], and
[000121c0].

First, [0001211] = |00012) so t; takes [000121] back to a single coset in [00012).

1y takes [000121] to a single coset in [00021] as was proved in Chapter 6.

t3 takes [000121] to a single coset in [c000012] since Noo01213
= N(1,4,2)(3,0,00)343002 = N 343002 & [0c00012]. To prove 0001213
= (1,4, 2)(3,0, 00)343002, we will we will move the relation to one side of the equal sign
and prove it equals identity.

(1, 4,2)(3,0,00)3430023121000 = (1,4, 2)(3,0,00)34 (1,2,4)(3,00,0)1012 210c0
(by relation (7) conjugated by (1,4,00)(2,3,0) € Ly(5))

= 001101221000 = 00011000 = c000co = coco = e.

tq takes [000121] to a single coset in [0000023] since Noo01214
= N(1,00,4)(2,0,3)40431 = N40431 € [c000023]. To prove 0001214
= (1,00,4)(2,0,3)40431, we will we will move the relation to one side of the equal sign
and prove it equals identity.

(1, 00, 4)(2, 0, 3)404314121000 = (1,00,4)(2,0,3)40 (1,3,4)(2,0,00)3413
121000 (by relation (3) conjugated by (3,0)(4,00) € L2(5))

= (1,2,00)(3,0,4) 1003413121000 = (1,2, 00)(3,0,4)10034 (1, 00,2)(3,4,0)0420
0co (by relation (7) conjugated by (1,00)(2,0) € Lo(5))

= 002400420000 = 00244200 = 002200 = 000C = €.

to takes [000121] to a single coset in [0001210]. There are 30 distinct single

cosets in [0001210] as was proved in Chapter 6.
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1 takes [000121] back to a single coset in [000121] since Noc0121cc
= N(2,4)(3,00)000121 = Noo0121 € [000121]. To prove cc0121o0 = (2,4)(3, c0)o00121,
we will we will move the relation to one side of the equal sign and prove it equals identity.

(2,4)(3,00)001210121000 = (2,4)(3,00)(1,00)(2,0)431302121000 (by a rela-
tion previously proved in Chapter 6)

= (1,00,3)(2,4,0)431302121000 = (1,00,3)(2,4,0)4313012110cc (by relation
(6) conjugated by (2,4)(3,00) € L2(5))

= (1,00,3)(2,4,0)4313012110c0 = (1,00,3)(2,4,0)43(1, 3, 50)(2, 0, 4)20020000
(by relation (7) conjugated by (1,4,3,00,2) € Ly(5))

= 20020020000 = 22002200 (by relation (5) conjugated by (2,0)(3,4) € L2(5))

= 22002200 = o0 = e.

Now consider [c00123]. The orbits of N(0123) gre {1}, {00}, {2,0}, and {3,4}.
So we need to look at [0001231], [c0012300], [001232], and [c001233].

Pirst, [0001233] = [c0012] so t3, a representative from one of the 2-orbits, takes
[cc0123] back to a single coset in [00012].

t; takes [000123] to a single coset in j000232] since Noc01231
= N(1,2,00)(3,0,4)100343 = N1co343 € [000232]. To prove 0001231
= (1,2,00)(3,0,4)1c0343, we will we will move the relation to one side of the equal sign
and prove it equals identity.

(1,2, 00)(3,0,4)1003431321000 = (1,2, 00)(3,0,4) 100343
(1,2,3)(4,00,0)3123 0oo (by relation (4) conjugated by (1,0,4,3,2) € La(5))

= (1,3,4)(2,0,0)2010013123000 = (1,3,4)(2,0,00)20 (1,4, 3)(2, 00.0)2032
23000 (by relation (7) conjugated by (1,4,0, 3,00) € Lo(5))

= 002203223000 = 00033000 = co00oo = o000 = €.

too takes |000123] to a single coset in [00013] as was proved in Chapter 6.
t2, a representative from the other 2-orbit, takes [000123] to a single coset in

[000c0123] as was proved in Chapter 6.

Now consider [000124]. The orbits of N{(®0124) are {1}, {3}, {2, 00}, and {4,0}.
So we need to look at [0001241], [0001243)], [0c01242], and [c001244].

First, [0001244] = [00012] so 14, a representative from one of the 2-orbits, takes
[oc0124] back to [00012].

t1 takes [c00124] to a single coset in [co0loo] as was proved in Chapter 6.



179

t3 takes [000124] to a single coset in [0001243]. There are 6 distinct single cosets
in [0001243] as was proved in Chapter 6.

12, a representative from the other 2-orbit, takes [c00124] to a single coset in
[0001200] since Noo01242 = N(1,4,00,2,0)040010 = N04c010 € [001200]. To prove
0001242 = (1,4, 00, 2,0)040010, we will we will move the relation to one side of the equal
sign and prove it equals identity. '

(1,4, 00,2,0)0400102421000 = (1,4,00,2,0)04c01 (1,0,c0)(2,3,4)31004000 (by
a previously proved relation, 000103 = (1,0,4)(2, 3,00)4321, conjugated by
(1,4,3)(2,00,4) € Ly(5))

= (1,2,00,3,4)0021031004000 = (1,2,00,3,4)00210(1,2,00,3,4)00132000 (by
relation (1) conjugated by (2,00,0,3,4) € Ly(5))

= (1, 00,4, 2, 3)3002000132000 = (1,00, 4,2, 3)3(1,4, 3)(2, 00, 0)200021320c0 (by
relation (4) conjugated by (1,3,0)(2,00,4) € La(5))

= (1,0,2)(3,4,00)120002132000 = (1,0,2)(3,4,00)12(1,0, 3,2,00)2000332000
(by relation (1) conjugated by (1,0,00,4,3) € L3(5))

= (1,3,4)(2,0,00)0002000332000 = (1,3,4)(2,0,00)00020c020c0 = e by rela-
tion (4) conjugated by (1,4, 0)(2,00,3) € Lo(5).

Now consider [000232]. The orbits of N(©0232) gye 0}, {c0}, {1,4}, and {2,3}.
So we need to look at [0002320], {00023200], (0002321}, and [c002322).

First, [0002322] = [00023] so 2, 2 representative from one of the 2-orbits, takes
[000232] back to a single coset in [00023].

tp takes [000232] to a single coset in [0002320]. There are 30 distinct single
cosels in [0002320] as was proved in Chapter 6.

too takes [000232] to a single coset in [000123] since V00023200
= N(1,00,0)(2,4, 3)04c013 = N04ool3 € [000123]. To prove 00023200
= (1,00,0)(2, 4, 3)040013, we will we will move: the relation to one side of the equal sign
and prove it equals identity.

(1,00,0)(2,4, 3)04001306232000 = (1, 00,0)(2,4, 3}040013003230c0 {by relation
(5) conjugated by (1,0,3)(2,4,00) € L2(5))

= (1,00, 0)(2, 4, 3)04001300323000 = (1, 00, 0)(2, 4, 3)040010030023000 (by rela-
tion (5) conjugated by (1,2)(3,0) € Ly(5))

= (1,00, 0)(2,4,3)0400100300230c0 = (1,00,0)(2,4,3)04 (1,2, 0)(3,00,4)0230
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23000 (by relation (7) conjugated by (1,4,2,0,3) € Ly(5))
= (1,4,00)(2,3,0)130230230c0 = (1,4,00)(2, 3,0)13(1, 00, 4)(2, 0, 3)2032230c0
(by relation (3) conjugated by (1,3,00,0,2) € Ly(5))

= 002203223000 = 00033000 = o000c0 = cooo = €.

t1, a representative from the other 2-orbit, takes [000232] to a single coset in
[000234] since Noo02321 = N(1,3,4)(2,0,00)201003 = N201c03 € [000234]. To prove
0002321 = (1, 3,4)(2,0,00)201003, we will we will move the relation to one side of the
equal sign and prove it equals identity.

(1,3,4)(2,0,00)20100312320c0 = (1, 3,4)}(2, 0, 00)2010031323000 (by
relation (5) conjugated by (1,0,3)(2,4,00) € La(5))

= (1,8,4)(2,0,00)2010031323000 = (1,3, 4)(2, 0, 00)20100
(1,0,4)(2,3,00)4024000 (by relation (7) conjugated by (1,00, 3)(2,4,0) € La(5))

= (1,00,3)(2, 4,0)340240240c0 = (1,00,3)(2, 4, 0)3(1, 3, 00)(2, 0, 4)0420024000
(by relation (3) conjugated by (1,2)(4,00) € La(5))

= 000420024000 = 004224000 = 0044000 = cofloo = cooo = e.

Now consider [000234]. The orbits of N©924) gre {1}, {2}, {3}, {4}, {0}, and
{c0}. So we need to look at [0002341], [0002342], [0002343], [0002344], [0002340], and
[00028400)].

First, [0002344] = [00023] so t; takes [000234] back to a single coset in [00623].
+ t; takes [000234] to a single coset in [00014] as was proved in Chapter 6.

1y takes [000234] to a single coset in [000232] since Noo02342
= N(1,4,2)(3,0,00)3000400 = N30ocdoo € [00232]. To prove 0002342
= (1,4, 2)(3,0,0)3000400, we will we will move the relation to one side of the equal sign
and prove it equals identity.

(1,4, 2)(3, 0, 00)30004002432000 = (1,4, 2)(3,0, 50)3000
(1,3,0)(2, 00, 4)004200 320c0 (by relation (4) conjugated by (1,3,2,4,00) € Lo(5))

= (1,2, 3)(4,00,0)01400420032000 = (1,2, 3)(4, 00, 0)010040020032000 (by rela-
tion (6) conjugated by (1,00)(2,0) € L2(5))

= (1,2,3)(4, 00, 0)01c040020032000 = (1,2, 3)(4,00,0)01 (1,2,00)(3,0,4)0320
32000 (by relation (7) conjugated by (2,0)(3,4) € Lx(5))

= (1,00,4)(2,0,3)42032032000 = (1,00,4)(2,0,3)42(1,4, c0}(2, 3,0)302332000
(by relation (3) conjugated by (1,2,4)(3,00,0) € L2(5))
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= 03302332000 = 0022000 = 000000 = 0oco = €.

t3 takes [000234] to a single coset in [0002400] since Noo02343
= N{2,3,00,4,0)030020 = N03c020 € [0002400]. To prove o002343
= (2, 3, 00, 4, 0)030020, we will we will move the relation to one side of the equal sign and
prove it equals identity.

(2,3, 00,4, 0)03002034320c0 = (2,3, 00,4, 0)0300204342000 (by relation (6) con-
jugated by (1,3)(2,00) € L2(5))

= (2,3,00,4,0)03002048420c0 = (2,3, 00,4,0)03 (1,4,2)(3,0,00)402001 42000
(by relation previously proved in Chapter 6, 000234 = (1, 3, 0)(2, c0,4)320c¢1, conjugated
by (2,0)(3,4) € Lz(5))

= (1,4, 00, 2, 0)00040200142000 == (1, 4,00, 2, 0}c0040200 (1,0, 4, 3,00)2413c0
(by relation (2) conjugated by (1,0)(2,4) € La(5))

= (1,3,2,4,00)00434100241300 = (1,3, 2, 4, 00)00434100(1, 0, 4, 3, 2)003401 (by
a relation previously proved in Chapter 6, 000132 = (1,4,0,3,00)23041, conjugated by
(2,00)(4,0) € Ly(5))

= (1,2,3)(4, 00, 0)00323000003401 = (1,2, 3)(4, 00, 0)0023203401 (by relation
(5) conjugated by (1,0, 3)(2,4,00) € La(5))

= (1,2,3)(4, 00, 0)0023203401 = (1,2, 3)(4, 00, 0)002(1, 3, 2)(4, 0, 00)414001 (by
relation (7) conjugated by (1,00,4,2,3) € Ly(5))

= 41414001 = 141141 (by relation (6))

=141141 = 1441 = 11 = e.

ty takes [000234] to a single coset in [000141] since Noo02340
= N(1,00)(3,4)002313 = Nc02313 € [000141]. To prove o002340 = (1,00)(3,4)002313,
we will we will move the relation to one side of the equal sign and prove it equals identity.

(1, 00)(3,4)0023130432000 = (1,00)(3,4)c021310432000 (by relation (6) conju-
gated by (2,0)(3,4) € La(5))

= (1,00)(3,4)0021310432000 = (1,00)(3,4)00213(1, 3,0,2,4)401220c0 (by rela-
tion (1) conjugated by (1,0)(2,4) € Lo(5))

= (1,00, 3)(2,4,0)0043040122000 = (1, %0, 3)(2,4,0)c043 0401000
= (1,00, 3)(2,4,0)c043 (1,0, 3)(2,4,00)2001200 (by relation {7) conjugated by
(1,3,4,00,0) € La(5))

= (1,2,00)(3,0,4)20012001200 = (1,2,00)(3,0,4)2 (1,00,2)(3,4,0)10021 1200
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(by relation (3) conjugated by (1,2,3,4,0) € La(5))

= 1100211200 = 002200 = 0000 = €.

oo takes [000234] to a single coset in [c001200] since Noo023400
= N(2,3,00,4,0)200302 = N200302 € [c001200]. To prove 00023400
= (2,3, 00,4, 0)200302, we will we will move the relation to one side of the equal sign and
prove it equals identity.

== (2,3, 00,4, 0)20030200432000 = (2, 3, 50,4, 0)260302 (1, 0, 00, 4, 3)c02100300
(by relation proved in Chapter 6, 000124 = (1, 3,4, 00, 0)0023001, conjugated by
(1,3)(4,0) € Lo(5))

=(1,0,2)(3,4,00)2410020021003c0 = (1,0,2)(3, 4, 00)2412c022100300 (by rela-
tion (5) conjugated by (2,0)(3,4) € La(5))

=(1,0,2)(3,4,0)241200221003c0 = (1,0, 2)(3,4,00)2412 coloodec
= (1,0, 2)(3,4,00)2412 (1, 2,0)(3, 00,4)0230 (by relation (7) conjugated by (1,4,2,0,3) €
L(5))

= 03200230 = 032230 = 0330 = 00 = e.

Now consider [000214]. The orbits of N(®°0214) are {4}, {0}, {1, 3}, and {2, c0}.
So we need to look at [0002144)], [c002140], [c002141], and [c002142].

First, [0002144] = [c0021] so #4 takes |oo0214] back to a single coset in [c0021].

to takes [000214] to a single coset in [co0141] since Noc02140
= N(1,2,4,0,00)042c02 = N042002 € [c00141]. To prove 0002140
= (1,2,4,0,00)042002, we will we will move the relation to one side of the equal sign and
prove it equals identity.

(1,2,4,0,00)0420020412000 = (1,2,4, 0,00)04200204(1, 00, 2, 3,0)0213 (by rela-
tion (1) conjugated by (1,2,0)(3,00,4) € La(5))

=(1,3,0,2,4)14323140213 = (1,3, 0, 2,4)1432(1, 0, 4, 3,2)4132013 (by a relation
proved in Chapter 8, 000143 = (1,00,3,0,4)10cc34, conjugated by (1,4,0)(2,00,3) €
Ly(5))

= (1,2,3,4,0)03214132013 = (1,2, 3, 4, 0)03241432013 (by relation (6))

= (1,2,3,4,0)03241432013 = (1,2,3,4,0)(1,0,3, 2, 00)040c02 432013 (by a rela-
tion proved in Chapter 6, 000124 = (1, 3,4, 00,0)c0230c1, conjugated by (1,2, 4)(3, o0, 0)
€ L(5))

= (1,00)(3,4)040002432013 = (1,00)(3,4)(1,3,2)(4, 0,00)400042432013 (by re-
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lation (3) conjugated by (1,00,0,4,2) € La(5))

= (1,4,2)(3,0,00)400042432013 = (1,4,2)(3,0,00)400024232013 (by relation
(6) conjugated by (1,2)(3,0) € Ly(5))

= (1,4,2)(3,0,00)400024232013 = (1,4, 2)(3,0,00)4000(1, 4, 0)(2, 00, 3)1031013
(by relation (7) conjugated by (1,00,2)(3,4, 0} € La(5))

= (1,0,3)(2,4,00)0131031013 = (1,0,3)(2,4,00)01(1, 3,0)(2, c0,4)13011013 {by
relation (3) conjugated by (1,0)(3,00)} € La(5))

= 1313011013 = 31330013 (by relation (6) conjugated by (2,0)(3,4) &€ Ly(5))

= 313313 = 3113 = 33 = e.

t1, a representative from one of the 2-orbits, takes [0c0214] to a single coset in
[0c000214] as was proved in Chapter 6.
12, a representative from the other 2-orbit, takes [c00214] to [c0024] as was

proved in Chapter 6.

Now consider [000242]. The orbits of N{=0#2} are {1}, {2}, {3}, {4}, {0}, and
{co}. So we need to look at [0002421}, [0002422], [0c02423], [0002424], [0002420], and
[co024200].

First, [0002422] = [c0024] so t2 takes [000234] back to a single coset in [00023].

t1 takes [000242] to a single coset in [cc0o021] since Noo02421
= N(1,0,00)(2,3,4)313004 = N313004 € [cclc021]. To prove 0002421
= (1,0,00)(2, 3,4)313004, we will we will move the relation to one side of the equal sign
and prove it equals identity.

(1,0, 00)(2, 3,4)3130041242000 = (1,0, 00)(2, 3,4)13100412420c0 (by
relation (6) conjugated by (2,0)(3,4) € Ly(5))

= (1,0, 00)(2, 3,4)1310041242000 = (1,0,00)(2,3,4)13100 (1,4, 2)(3,0,00)1421
200c (by relation (8) conjugated by (1,2, 0)(3,00,4) € Ly(5))

= (1,00,4)(2,0,3)4043142120c0 = (1,00,4)(2,0,3)404314121000 (by relation
(6) conjugated by (2,4)(3,00) € La(5))

= (1,00,4)(2,0,3)4043141210c0 = (1,00,4)(2,0,3)404341421000 (by relation

(6))

= (1, 00,4)(2,0, 3)4043414210c0 = (1,00, 4)(2,0,3) (1,3,4)(2,0, 00)20032
1421000 (by relation (7) conjugated by (3,0)(4, 00) € L(5))

= (1,2, 00)(3,0,4)2003214210c0 = (1,2, 00)(3, 0, 4)2003
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(1,2,4)(3,00,0)124110c0 (by relation (3) conjugated by (1,4, 00,2,0) € Ly(5))

= (1,4,00,2,0)400012411000 = (1, 4,00, 2,0)4000124000 = e by relation (2)
conjugated by (1,2,0,00,3) € La(5).

t3 takes [000242] to a single coset in [c00o014] since Noo02423
= N(1,4,0)(2,00,3)03012 = N03012 € [co0c014]. To prove 0002423

= (1,4, 0)(2,00,3)03012, we will we will move the relation to one side of the equal sign
and prove it equals identity.

(1,4, 0)(2,00, 3)030123242000 = (1,4, 0)(2, 00, 3)0301
{1,4,2)(3, 0, 00)000400000 (by relation (7) conjugated by (2,00)(4,0) € Ls(5))

= (1,2, 3)(4, 00, 0)c00o04000400000 = (1,2, 3)(4, o0, 0)colo0
(1,3,2)(4, 0, 00)0040c000000

= 4004004 00000000 = 4ooo0doa 00co (by relation (4) conjugated by (1, 00)(2,0)
& L1(5) |

= 4oocodoooe = 44 = e.

t4 takes [000242] to a single coset in [00013] as was proved in Chapter 6.

to takes [000242] to a single coset in [0002320] as was proved in Chapter 6.

oo takes [000242) back to a single coset in [000242] since Nco024200
= N(1,00)(3,4)c00242 = No00242 € [000242]. To prove 00024200
= (1,00)(3,4)000242, we will we will move the relation to one side of the equal sign and
prove it equals identity.

(1, 50)(3, 4)00024200242000 = (1, 00)(3,4)00024(1,3,00)(2, 0,4)3143000 (by re-
lation (7) conjugated by (1,0,4)(2,3,00) € Ly(5))

= (2,0,4, co, 3)14023143000 = (2, 0,4, c0,3)1(2, 4, 3,0,00)204001430c0 (by rela-
tion (2) conjugated by (1,3,00)(2,0,4) € La(5))

= (2,00,0, 3,4)1204001430c0 = (2, 00,0, 3,4)120(1, 00, 4)(2, 0, 3)o0d1c03000 (by
relation (4) conjugated by {1,0,3)2, 4, c0) € Lo(5))

= (1, 00,3)(2, 4, 0)0003004103000 = (1, 00, 3}(2,4, 0)oc0300
(1,0,00,4, 3)001400c¢ (by relation (1) conjugated by (2,00)(4,0) € L2(5))

= (1,4,00)(2, 3, 0)4001400140000 = {1,4,00)(2,3,0)4o0l4001400 = e by rela-
tion (4) conjugated by (1,3)(2,00) € La(5)).

Now consider [000243]. The orbits of N{*0243) are {1}, {2}, {3,0}, and {4, c0}.
So we need to look at [0002431], [0002432], [0002433], and [0002434].
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First, [0002433] = [00024] so 3, a representative from one of the 2-orbit, takes
[000243] back to a single coset in [00024].

1) takes [000243] to a single coset in [0002431]. There are 6 distinct single cosets
in [0002431] as was proved in Chapter 6.

iy takes [000243] to a single coset in [000200] as was proved in Chapter 6.

14, a representative from the other 2-orbit, takes [000243] to a single coset in
[0002400] since Noo02434 = N(2,3,00,4,0)030020 = N030020 € [0002400]. To prove
0002434 = (2, 3,00, 4, 0}030020, we will we will move the relation to one side of the equal
sign and prove it equals identity.

(2, 3, 00,4, 0)0300204342000 = (2,3,00,4,0)0 (1,4, 3,00,2)30132 342000 (by &
relation proved in Chapter 6, 000124 = (1, 3,4, 00, 0}c023c01, conjugated by
(1,2,0,00,3) € La(5))

= (1,4,0)(2,00,3)0301323420c0 = (1,4,0)(2, o0, 3)30313234200c0 (by relation
(5) conjugated by (2,4)(3,00) € La(5))

= (1,4,0)(2, 00, 3)303132342000 = (1,4, 0)(2, 00, 3)30(1,0,4)(2, 3, 00)402442000
(by relation (7) conjugated by (1,00,3)(2,4,0) € La(5))

= 04402442000 = 00022000 = 00000 = oooo = e.

Now consider [000120]. The orbits of N(>°0120) are {2}, {4}, {1, 0}, and {3,c0}.
So we need to look at [0001202], [0001204], [0001200], and [cc01203].

First, [0001200] = [c0012] so tg, a representative from one of the 2-orbits, takes
[c00120] back to a single coset in [0c012].

¢ takes [000120] to a single coset in [c00240] since Noo01202
= N(1,00,0)(2,4,3)030023 = N030023 & [c00240]. To prove 0001202
= (1,00, 0)(2, 4, 3)03c023, we will we will move the relation to one side of the equal sign
and prove it equals identity.

(1, 00, 0)(2,4, 3)03002320210c0 = (1,00, 0)(2,4,3)0 (1,4,0)(2, 00, 3)003200
2021000 (by relation (3) conjugated by (1,2,0,00,3) € L(5))

= (1,3,00)(2,0,4)10032002021000 = (1,3, 00)(2,0,4)1003
(1,00,3)(2,4,0)13011000 (by relation (7) conjugated by (1,4,3,00,2) € La(5))

= 03113011000 = 00330000 = poco = e.

tq takes [000120] to a single coset in [0001204]. There are 10 distinct single

cosets in [0001204] as was proved in Chapter 6.
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t3, a representative from the other 2-orbit, takes [000120] to a single coset in

[00023] as was proved in Chapter 6.

Now consider [000240). The orbits of N(*20240) gre {3}, {4}, {1,000}, and {2,0}.
So we need to look at [0002403], [0002404], [0002401], and [c002400].

First, [0002400] = [00024] so ¢, a representative from one of the 2-orbits, takes
[c00240] back to a single coset in [c0024].

t3 takes [000240] to a single coset in [0001204] as was proved in Chapter 6.

t4 takes [000240] to a single coset in [000120] since Noo02404
= N(1,0,2)(3,4,0)2001400 = N2001400 € [000120]. To prove 0002404
= (1,00, 2)(3, 4, 0)2c01400, we will we will move the relation to one side of the equal sign
and prove it equals identity.

(1,00, 2)(3, 4, 0)20014004042000 = (1,00,2)(3,4,0)2 (1, 00, 4)(2,0, 3)1c041
4042000 (by relation (4) conjugated by (1,2,infty,3,4) € Ly(5))

= (1,4,3)(2,00,0)0100414042000 = (1,4,3)(2,55;0)0100 (1,2,3)(4,00,0)3203
2000 (by relation (7) conjugated by (1,00,4,2,3) € L3(5)) ™

= (1,00,4)(2,0,3)42032032000 = (1,00,4)(2,0,3)420(1, 4, 00)(2, 3, 0)230220c0
(by relation (3) conjugated by (1,0,2)(3,4,00) € L2(5)) .

= 603223022000 = 00330000 = 0000 = €. ' .

t1, a representative from the other 2-orbit, takes [c00240] to a single coset in

[0c014] as was proved in Chapter 6.

Now consider [0001200]. The orbits of N(®2012%) are {1}, {2}, {3}, {4}, {0}, and
{o0}. So we need to look at [00012c01], [c0012002], [60012003], {c0012004], [00012000],
and [c00120000].

First, [000120000] = [00012] so te takes [0001200] back to a single coset in
[c0012].

t; takes [0001200] back to a single coset in [0001200] since Noc012001
= N(2,4)(3,00)c001200 = Noo01200 € [000120¢]. To prove oo012001
= (2,4)(3,00)0001200, we will start with a previously proven relation, c0c0121c0 =
(2,4)(8, 00)c00121.

= 000121001 = (2,4)(3, 00)oc01211.

= 0001200100 = (2,4)(3,00)00012 (by relation (5) conjugated by (2,0)(3,4) €
La(5))
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== 000120010000 = (2,4)(3, 00)oo01200

== c0012001 = (2,4)(3,00)00012c0.

12 takes [0001200] to a single coset in [000c021] since Noo012002
= N(1,00,4)(2,0,3)2321c0 = N232loc € [o00c021]. To prove co012002
= (1,00,4)(2,0,3)2321c0, we will start with a previously proven relation, cot1e02 =
(1, 00,4)(2,0,3)2321, which gives

000100200 = (1,00,4)(2,0,3)232100

= .00012002 = (1, 00, 4)(2, 0, 3)2321c0 (by relation (5) conjugated by
(2,0)(3,4) € L2(5)).

t3 takes [0001200} to a single coset in [oo0o014] since Noo012003
= N(1,3,00,0,2)0010020 = Nooloo20 € [oo0co1d]. To prove 00012003
= (1, 3,00,0,2)c010020, we will we will move the relation to one side of the equal sign
and prove it equals identity.

(1,3, 00,0, 2)00100203c021000 = (1,3, 00, 0, 2)c010020
(1,00,4,2, 3)20034000 (by relation (2} conjugated by (2,00,0,3,4) € Ly(5))

= (2, 00,0, 3, 4)40043020034000 = (2,00, 0,3,4)400430 (1, 00,4, 2, 3)04001300
(by a relation proved in Chapter 6, 000132 = (1,4, 0, 3, 00)23041, conjugated by
(1,3,4)(2,0,00) € Ly(5))

= (1, 00,0)(2,4, 3)24210040013c0 = (1,00, 0}(2,4, 3)2 4214001300
= (1,00, 0)(2,4,3)2 (1, 0,00)(2, 3,4)c03001 1300 (by relation (7) conjugated by (1,0)(2,4)
€ La(5))

= 30030011300 = co3c000300 (hy relation (5) conjugated by (1,2)(3,0) € Ly(5))

= co3oooadoo = 0033 = coo = e.

t4 takes [c001200] to a single coset in [000124] since Noo0120c04
= N(1,0,2,00,4)100240 = N 100240 € [000124]. To prove oco012c04
= (1,0, 2,00, 4)100240, we will we will move the relation to one side of the equal sign and
prove it equals identity.

(1,0,2, 00, 4)100240400210c0 = (1,0,2,00,4) (1, 00,2, 3,0)14312 40021000 (by a
relation proved in Chapter 6, 000124 = (1,3, 4,00,0)c023001, conjugated by
(1,2,4,0,00) € La(5))

= (3,0)(4,00)14312400210c0 = (3,0)(4,00)(1,3,4)(2,0,00)41342400210c0 (by
relation (3) conjugated by (1, 3,00)(2,0,4) € L2(5))
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= (1,3, 00)(2, 0,4)4134240021000 == (1, 3, 00}(2,0,4)41324200210c0 (by relation
(6) conjugated by (1,2)(3,0) € La(5))

= (1,3,00)(2, 0,4)4132420021000 = (1,3, 00)(2,0,4)413
(1,0,4)(2,3,00)0100010c0 (by relation (7) conjugated by (1,3,4)(2,0,00) € La(5))

= (1,00,0)(2, 4, 3)1000010001000 = (1, 00, 0)(2,4,3)10
(1,0,00)(2,3,4)00010 01000 (by relation (3))

= 0000001001000 = coloooel1000 (by relation (5))

= 000gco00o0 = o000 = oo = e.

tp takes [0001200] to a single coset in [000234] since Noo012000
= N(1,00,2,3,0)020013 = N02c013 € [000234]. To prove co012000
= (1,00, 2, 3,0)020013, we will we will move the relation to one side of the equal sign and
prove it equals identity.

(1,00,2,3,0)02001300021000 = (1,00,2,3,0)02001(2,0,4, 00, 3)000341000 (by
relation (1) conjugated by (1,0,3,2,00) € Ly(5))

= (1,3,4,00,0)4031c003410c0 = (1, 3,4, 00, 0)4031c00 (1,2, 00, 3,4)30231 (by a
relation proved in Chapter 6, 000124 = (1, 3,4, 00, 0)0023001, conjugated by (2,0,4, 00, 3)
€ Lx(5))

= (1,4,3)(2, 00,0)10423030231 = (1,4, 3)(2, 00, 010423303231 (by relation (5)
conjugated by (2,4)(3,0) € La(5))

= (1,4,3)(2, 00, 010423303231 = (1,4,3)(2, 00, 0)1 04203231
=(1,4,3)(2,00,0)1 (1,00, 3)(2,4,0)4024 3231 (by relation (3) conjugated by
(1,2,3)(4, 00,0) € La(5))

= {(1,0,4)(2,3,00)0040243231 = (1,0,4)(2,3, 00)0040242321 (by relation (5)
conjugated by (1,0,2)(3,4,00) € Ly(5))

= (1,0,4)(2, 3, 50)0040242321 = (1,0,4)(2,3, 00)o0d0(1,4,0)(2, 00, 3)10311 (by
relation (7} conjugated by (1,00,2)(3,4,0) € L2(5))

= 30110311 = 3003 =: 33 = e.

Now consider [0002400]. The orbits of N(°9024) are {1}, {2}, {3}, {4}, {0}, and
{oo}. So we need to look at [00024001], [00024002], [00024003], [00024004], [60024000],
and [000240000].

First, [c0024o000] = [00024] so 1, takes |0002400] back to a single coset in
[00024].
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t; takes [c002400] to a single coset in [0000023] since Noo024001
= N(1,00,0,4,2)200240 = N200240 € [0000023]. To prove c0024c01
= (1, 00, 0, 4, 2)200240, we will we will move the relation to one side of the equal sign and
prove it equals identity.

(1, 00,0, 4, 2)20024010042000 = (1, 00,0,4,2)200240(1, 2, 0, 3, 4)40013000 (by
relation (1) conjugated by (1,00,0){(2,4,3) € La(5))

= (1,3,4,00,0)003001040013000 = (1,3,4,00,0)300310400130c0 (by relation
(5) conjugated by (1,2)(3,0) € L2(5))

= (1,3, 4,00,0)300310400130c0 = (1,3,4,00,0)300 (1,4,0,3,00)013004 13000
(by a relation proved in Chapter 6, 000143 = (1,0, 3,0,4)100034, conjugated by
(110)(37 °°) € LZ(S))

= (1,00,3,0,4)001013004130c0 = (1,00, 3,0, 4)c0101300(1, 2, 3,4, 0)314200 (by
relation (2) conjugated by (1,0,4,3,2) € Ly(5))

= (1, 00,4, 2, 3)002124003142c0 = (1, 00,4, 2,3)0021 (1,2, 0, 00, 3)32004242c0
(by a relation proved in Chapter 6, 000231 == (1,00, 4, 2, 3)30020c0, conjugated by
(2,00)(4,0) € Ly(5))

= (1, 3,2)(4,0, 00)3023200424200 = (1, 3, 2)(4, 0, 00)3032300442400 (by relation
(5) conjugated by (1,00,2)(3,4,0) € La(5) and relation (6) conjugated by (1,2)(3,0) €
Ly(5))

= (1, 3,2)(4, 0,00)3032300442400 = (1, 3,2)(4, 0, 00)303 23002400
= (1, 3,2)(4,0,00)303 (1,2, 3)(4,00,0)4140000 (by relation (7) conjugated by
(1,0,00,4,3) € La(5))

= 1414140000 = 414414 (by relation (6))

=414414 = 4114 = 44 = e.

t; takes [0002400] back lo a single coset in [0002400] since N 00024002
= N(1,00)(3, 4)cc02400 = Noo024c0 € [oo02d00]. To prove 00024002
= (1,00)(3,4)0002400, we will start with a previously proven relation, 00024200 =
(1,00)(3,4)000242.

—> 000242002 = (1,00)(3,4)0002422.

=5 000240020000 = (1,00)(3,4)c0024 o0.(by relation (5) conjugated by
(2,0)(3,4) € L2(5))

= 00024002 = (1, 00)(3,4)o002400.
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t3 takes [0002400] to a single coset in [000243] since Noo024003
= N(2,4,3,0,00)304200 = N304200 € {000243]. To prove o0024c03
= (2,4, 3,0,00)304200, we will we will move the relation to one side of the equal sign and
prove it equals identity.

(2,4,3,0,00)30420030042000 = (2,4, 3, 0,00)30423003420c0 (by relation (5)
conjugated by (1,2)(3,0) € La(5))

= (2,4,3,0,00)3042300342000 = (2, 4,3,0,00)3 (1,00,0,4,2)03102 342000 (by
a relation proved in Chapter 6, 000124 = (1, 3,4, 00, 0)cc23001, conjugated by
(1,2,3)(4,00,0) € La(5))

= (1,00)(3,4)303102342000 = (1,00)(3,4)30310(1, 00, 0)(2,4, 3)3243000 (by re-
lation (4) conjugated by (1,00)(3,4) € L2(5))

= (1,0)(2,4)2120013243000 = (1,0)(2,4)2(1, 2, 0}(3, 00, 4)30300243000 (by rela-
tion (7) conjugated by (1,4, 2)(3,0,00} € La(5))

= (2, 3, 00, 4, 0)0303002430c0 = (2, 3, 00, 4, 0)003000243000 (by relation (5) con-
jugated by (2,4)(3,00) € La(5))

= (2,8,00,4,0)003000243000 = (2,3,00,4,0)3000243000 = e by relation (2)
conjugated by (1,0,00)(2,3,4) € Ly(5).

ty takes [0002400] to a single coset in [o000012] since Noo024004
= N(1,4,0)(2,00,3)141200 = N3042c0 € [c000012]. To prove co024c04

= (1,4,0){2, 00, 3)141200, we will we will move the relation to one side of the equal sign

and prove it equals identity.

(1,4, 0)(2, 00, 3)141200400420c0 = (1,4, 0)(2,00,3)141200004002000 (by rela-
tion (5) conjugated by (1,3}(4.0) € Ly(5))

= (1,4, 0)(2, 00, 3)141200004002000 = (1,4, 0)(2, 00, 3)1 412400 2000
= (1,4, 0)(2, 00, 3)1(1, 0,4)(2, 3, 00 )o00002 2000 (by relation (7) conjugated by
(1,3,0,2,4) € Ly(5))

= 000000220c0 = oolcooaloo (by relation (5))

= 000o000lco = colloo = pooo =e.
tp takes [0002400] to a single coset in [000234] since Noo024c00
= N(2,0,4, 00, 3)200403 = N200403 € [000234]. To prove 00024000
= (2,0,4, 00, 3)200403, we will start with a previously proven relation, c002434

= (2,3, 00, 4,0)030020.
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= (2,0,4,00,3)0002434 = (2, 0,4, 00, 3)(2, 3,00, 4, 0)030020
= (2,0,4, 00, 3)0002434 = 030020
= (2,0,4, 00, 3)c002343 = 030020 (by relation (6) conjugated by (1, 3)(2,00) €

Lo(5))
= (2,0, 4,00, 3)00023433 = 0300203
= (2,0,4, 00, 3)000234 = 0300203
Conjugate the above equation by (2,4,3,0,00) € Ls(5).
= (2,0,4, 00, 3)200403 = 00024000.

Now consider [000141]. The orbits of N(©0141) are {0}, {c0}, {1,4}, and {2,3}.
So we need to look at [0001410], [c0014100], [0001411], and [c001412].

First, [0001411] = [00014] so ¢;, a representative from one of the 2-orbits, takes
[000141] back to a single coset in [00014].

tp takes [000141] to a single coset in [c001210] as was proved in Chapter 6.

too takes [000141] to a single coset in {000214] since Noo0141lco
= N(1,3,4,00,0)400130 = N4c0130 € [00214]. To prove co0141c0
= (1, 3, 4, 00, 0}400130, we will we will move the relation to one side of the equal sign and
prove it equals identity.

(1,3,4,00, 0)40013000141000 = (1,3,4,00,0)(1,4,3,00,2)100420001410c0 (by
relation (1) conjugated by (1,00,0,4,2) € Ly(5))

= (1,00,0,4,2)10042000141000 = (1,00,0,4,2)1co (1,4,2,0,3)400340 410c0
(by a relation proved in Chapter 6, 000124 = (1,3, 4, 00,0)0023001, conjugated by
(1,0,2,00,4) € Ly(5))

= (1, 00, 3)(2,4,0)4c040034041000 = (1, 00, 3)(2, 4, 0)o040000340410c0 (by rela-
tion (6) conjugated by (1,00)(2,0) € L(5))

= (1,00,3)(2,4,0)004000034041000 = (1,00, 3)(2, 4, 0)co 434041000
= (1, 00, 3)(2,4,0)00(1, 3,0)(2,0,4) 100011000 (by relation (7) conjugated by (1,2)(4,00)
€ L(5))

= 1100011000 = 000000 = 000 == €.

t2, a representative from the other 2-orbit, takes [0c0141] to a single coset
in [000234] since Noo01412 = N(1,00)(3,4)002043 = Nco2043 € [000234]. To prove
0001412 = (1, 00)(3,4)002043, we will we will move the relation to one side of the equal

sign and prove it equals identity.
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(1, 00)(3,4)0020432141000 = (1, 00)(3,4)002(1, 3, 0,2, 4)3401141000 (by relation
(1) conjugated by (1,4)(2,3) € L2(5))

= (1, 00,3)(2,4,0)0043401141000 = (1,00, 3)(2, 4, 0)oo 434041000
= (1,00, 3)(2,4, 0)c0(1, 3,00)(2, 0,4)10001 1000 (by relation (7) conjugated by (1, 2){4, o)
€ L2(5)) :

= 1100011000 = 00000 = oo =.e.

Now consider [c0010c0]. The orbits of N(®010%) are {1,0,00} and {2,3,4}. So
we need to look at [000100000] and [00010c02).

First, [c0010c000] = [00010] so ¢, 2 representative from one of the 3-orbits,
takes [0001000] back to a single coset in [c0010)].

t2, a representative from the other 3-orbit, takes [0001000] to a single coset in

[c001210] as was proved in Chapter 6.

Now consider [0002000]. The orbits of N(20202) 5re {2 0,00} and {1,3,4}. So
we need to look at [000200000] and [00020c01).

First, [600200000] = {00020] so ¢y, a representative from one of the 3-orbits,
takes [0002000] back to a single coset in [00020].

t1, a representative from the other 3-orbit, takes [0002000] to a single coset in
[0002320] as was proved in Chapter 6.

Now consider [00000212]. The orbits of N(0=212) are {1}, {2}, {3}, {4}, {0},
and {o0}. So we need to look at [000002121], [000002122], [000002123], [000002124],
[000002120], and [c000021200].

First, [000002122] = [c000021] so 13 takes [co0c0212] back to a single coset in
[0000021].

11 takes [00000212] to a single coset in [0000012] as was proved in Chapter 6.

t3 takes [c0000212) to a single coset in [0001210] since Noo0oo2123
= N(1,00)(2,0)301410 = N301410 € [0001210]. To prove co0002123
= (1,00)(2,0)301410, we will we will move the relation to one side of the equal sign and
prove it equals identity.

(1,00)(2,0)3014103212000c0 = (1,00)(2,0)3014103121000c0 (by relation (6)
conjugated by (2,4)(3,00) € La(5))

= (1,00)(2,0)301410312100000 = (1,00)(2,0)3014(1,0,4)(2,3,00)24231c0000
(by relation (7) conjugated by (1,00,2)(3,4,0) € L(5))
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= (1,2,4)(3, 00, 0)c040124231c0000 = (1, 2,4)(3, 00, 0)004012
(1,2,00,3,4)32400 o000 (by relation (1) conjugated by (1,2,3)(4,00,0) € La(5))

= (1, 00,0, 4, 2)3102003240000000 = (1,00, 0, 4, 2)310
(1,0,4)(2, 3, c0)0023004000 (by relation (3) conjugated by (1,3,4)(2,0,00) € La(5))

= (1,2,0)(3, c0, 4)c0040023c040c0 = (1,2, 0)(3, 00, 4)c00400
(2,4,3,0,00)00320000 (by relation (2) conjugated by (1,4,00)(2, 3,0} € La(5))

= (1,4,0)(2, 00, 3)2003200320000 = (1,4,0)(2, 00, 3)20032003200 = e by rela-
tion (3) conjugated by (1,3,0,2,4) € Ly(5).

t4 takes [00000212] to a single coset in [0002320] since Noo0c02124
= N(1,2,4)(3,00,0)1320023 = N1320023 € [0002320]. To prove 000002124

= (1,2,4)(3, 00, 0}1320023, we will we will move the relation to one side of the equal sign

and prove it equals identity.

(1,2,4)(3,00,0)13200234212c0000 = (1,2,4)(3,00,0)13200234121c00cc (by re-
lation (6) conjugated by (2,4)(3,00) € La(5))

= (1,2,4)(3,00,0)1320023412100000 = (1,2, 4)(3, 00, 0)132002341
(1,4,00,2, 0)oo124c0 (by relation (2) conjugated by (1,0,2)(3,4,c0) € Lo(5))

= (1,0,3,2,00)43020300400124c0 = (1,0, 3, 2,0)4302034004124c0 (by relation
(5) conjugated by (1,3)(4,0) € La(5))

= (1,0,3,2,00)430203400412400 = (1,0, 3,2, 00)430203400
(1,0,4)(2, 3, 00)oc0002 (by relation (7) conjugated by (1,3,0,2,4) € Ly(5))

= (1,4)(0, 00)1004340012000002 = (1,4)(0,00)100434001200002 (by relation

(5))

= (1,4)(0, 00)100434001200002 = (1,4)(0, 00)10043400(1, 00, 2, 3, 0021302 (by
relation (1) conjugated by (1,2,0)(3,00,4) € La(5))

= (1,4, 00)(2, 3,0)0024042021302 = (1, 4, c0}(2, 3, 0)c020400201302 (by relation
(5) conjugated by (1,2)(4,00) and (1, 3)(2,00) € La(5))

= (1,4,00)(2, 3, 0)0020400201302 == (1,4, 00)(2, 3, 0)co 204201302
= (1,4,00)(2, 3,0)oc(1, oo, 3)(2,4,0)0240 01302 (by relation (3) conjugated by
(1,4,3,00,2) € Ly(5))

= (1,0,4, 3,2)3024001302 = (1,0,4, 3, 2)30241302 = ¢ by relation (2} conjugated
by (2,0)(3,4) € Ly(5).

ty takes [00000212] to a single coset in [00000212] since Noc0o02120
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= N(1,3)(4,0)0000212 = Noo0c0212 € [00000212]. To prove 000002120
= (1, 3){4, 0)oo000212, we will we will move the relation to one side of the equal sign and
prove it equals identity.

(1, 3)(4,0)00000212021 200000 = (1, 3)(4, 0)ooc000 (1,4, 00)(2, 3, 0)004000
1200000 {by relation (7) conjugated by (1,3)(2,00) € La(5))

= (1,0, 00)(2, 3,4)121 0040001200000 = (1,0, 0)(2, 3, 4)121
(1,2,3)(4, 00, 0)40004 1200000 (by relation (3) conjugated by (1,0,4,3,2) € La(5))

= (1,4, 3, 00, 2)232400041200000 = (1,4, 3,00,2)232(1,0, 3)(2,4, 00)1210200000
(by relation (7} conjugated by (1,3,2,4,00) € L2(5))

= (1, 00,4)(2,0,3)4141210200000 = (1, 00, 4)(2,0, 3)1411210200000 (by relation

(6))

= (1,00,4)(2,0,3)1411210200000 = (1, 00, 4}(2, 0,3)14210 200000
= (1, 00,4)(2,0,3)(1,4,0)(2,3,0)00002 200000 (by relation (7) conjugated by
(1’ 37 00, 01 2) € L2(5))

= 00002200000 = c0llcocoloo (by relation (5))

= oole0o00c0 = collco = cooo = e.

oo takes [00000212] to a single coset in [000c0212) since Nooloo21200
= N(3,00)(2,4)oc000212 = Nooo0212 € [c0000212). To prove oo0co212c0
= (83,00)(2,4)00000212, we will we will move the relation to one side of the equal sign
and prove it equals identity.

(3, 00)(2, 4)000002120021 200000 = (3,00)(2,4)c00001210021200000 (by relation
(6) conjugated by (2,4)(3,00) € La(5))

= (3,00)(2, 4)000001210021200000 = (3,00)(2,4)o00o01 (1,2,00)(3,0,4)12001
1200000 (by relation (3) conjugated by (1,00, 2,3,0) € La(5))

= (1,2, 3)(4, 00, 0)141212c0112c00c0 = (1,2, 3)(4, 00, 0)14112100200000 (by re-
lation (6) conjugated by (2,4)(3,00) € La(5))

= (1,2, 3)(4, 00, 0)14112100200000 = (1,2, 3)(4, 00, 0)1421 00200000
=(1,2,3)(4,00,0} (1,2,4)(3,00,0)4124 00200000 (by relation (3) conjugated by
(1,2,00)(3,0,4) € La(5))

= (1, 4, 0)(2, 00, 3)412400200000 = (1,4, 0)(2,00,3) (1,0, 4)(2, 3, 00)000002
200000 (by relation (7) conjugated by (1,3,0,2,4) € Lo(5))

= 000002200000 = ccloocoloo = collco = oo = e.
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Now consider [0c01204]. The orbits of N(°°01209) are {1,4,0} and {2,3,00}. So
we need to look at [c0012044] and [00012042].

First, [00012044] = [000120| so t4, a representative from one of the 3-orbits,
takes [c001204} back to a single coset in [000120}.

t2, a representative from the other 3-orbit, takes [c001204] to [000240] as was

proved in Chapter 6.

Now consider [co0c0141]. N(290%0141) has just one orbit {1,2,3,4,0,c0}. So we
need to look at [co0c01411].
[000001411] = [o000c014] s0 ¢1, a representative from the 6-orbit, takes [oo0o0141]

back to single coset in [oo0c014].

Now consider [00000232]. N(200%232) has just one orbit {1,2,3,4,0,00}. So we
need to look at [000002322].
[000002322] = [oo00023] so i3, a representative from the 6-orbit, takes [00000232]

back to a single coset in [000c023).

Now consider [co0c0123]. The orbits of N(0°123) gre [1,3,00} and {2,4,0}.
So we need to look at [c00c01233] and [000c01232).

First, [o00c01233] = [occ00012] so t3, a representative from one of the 3-orbits,
takes [c0000123] back to a single coset in [colcol2). |

t2, a representative from the other 3-orbit, takes [c0000123] to a single coset in

[¢00123] as was proved in Chapter 6.

Now consider [0co0c0214]. The orbits of N(©0214) 4re {1,300} and {2,4,0}.
So we need to look at [000002141] and [co0c02144].

First, [oo0002144] = [0000021] so 14, a representative from one of the 3-orbits,
takes [co0co214] back to a single coset in [c000021].

t1, a representative from the other 3-orbit, takes [c0000214] to a single coset in

[000214] as was proved in Chapter 6.

Now consider [0001210]. The orbits of N(®01210) are {2}, {4}, {1,0}, and {3, cc}.
So we need to look at [00012102], [00012104], [cc012100], and [c0012103].

First, [00012100] = [c00121] so {g, a representative from one of the 2-orbits,
takes [0001210] back to a single coset in [c00121).

t2 takes [0001210] to a single coset in [000141] as was proved in Chapter 6.
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4 takes [0001210] to a single coset in [0001000] as was proved in Chapter 6.

t3, a representative from the other 2-orbit, takes [0001210] to a single coset in
[00000212] since Noo012103 = N(1,00,3)(2,4, 0)colood04 = Noolood04 € [c00c0212).
To prove c0012103 = (1,00, 3}(2,4, 0)colcod04, we will we will move the relation to one
side of the equal sign and prove it equals identity.

(1,0, 3)(2, 4, 0)oo10040430121000 = (1, 00, 3)(2, 4, 0)1001404301210c0 (by rela-
tion (5) conjugated by (1, 0)(2,4) € Ly(5))

= (1,00,3)(2,4, 0)1001404301210c0 = (1,00, 3)(2,4, 01 (1, 3,4, 00, 0)41003
430121000 (by relation (1) conjugated by (2,4, 3,0,00) € La(5))

= (1,0,2,00,4)3410034301210c0 = (1,0,2,00,4)3410043401210c0 (by relation
(6) conjugated by (1,3)(2,00) € Ly(5))

= (1,0,2, 00,4)341004340121000 = (1,0,2, 00, 4)341004 (1,4,2, 0, 3)0432 210c0
(by relation (1) conjugated by (1,4,2,0,3) € La(5))

= (1,3)(2,00)1240020432210c0 = (1,3)(2,00)1 (1,3,0)(2,00,4)42004 0431000
(by relation (4) conjugated by (1,0)(3,00) € La(5))

= (1,0)(2,4)3420040431000 = (1,0}(2,4)342000403100cc (by relation (6) conju-
gated by (1, 0)(3,00)} € Ly(5))

= (1,0)(2, 4)3420004031000 = (1,0)(2,4)3420004(1, 3, 0)(2, 00, 4)301300 (by re-
lation (3) conjugated by (2,00,0,3,4) € L2(5))

= (3,0)(4,00)02004123013c0 = (3,0)(4, c0)0200412(1, 2, 00)(3,0,4)c0dool (by
relation (7) conjugated by (1,2, 3,4,0) € La(5))

= (1,2, 00, 3,4)40013200004001 = (1,2, 00, 3,4)4001324c01 = e by relation (1)
conjugated by (1,00,0)(2,4, 3) € Ly(5).

Now consider [0002320]. The orbits of N(0220) are {0}, {o0}, {2,3}, and
{1,4}. So we need to look at [00012102], [c0012104], [00012100], and [c0c012103].
First, [00023200] = [000232] so tp takes [0002320] back to a single coset in
(000232]. )
too takes [0002320] to a single coset in [0002000] as was proved in Chapter 6.
t2, a representative from one of the 2-orbits, takes [0002320] to a single coset in
[000242] as was proved in Chapter 6.
11, a representative from the other 2-orbit, takes [0002320] to a single coset in
[00000212] since Noo023201 = N(1,2, 00)(3,0,4)3432002 = N3432002 € [00000212). To
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prove 00023201 = (1,2,00)(3,0,4)3432002, we will we will move the relation to one side
of the equal sign and prove it equals identity.

(1,2,00)(3,0,4)343200210232000 = (1,2, 0)(3,0,4)343200210323000 (by rela-
tion (5) conjugated by (1, 00,3)(2,4,0) € Ls(5))

= (1,2,00)(3,0,4)343200210823000 = (1,2, 00)(3, 0,4)3432002
{1,2,0,00,3)301c0 3000 (by relation (2) conjugated by (1,2,0)(3,00,4) € L2(5))

= (1,0,4)(2,3,00)141030301003000 = (1,0,4)(2,3,00)141003001003000 (by re-
lation (5) conjugated by (2,4)(3,c0) € La(5))

= (1,0,4)(2,3,00)141003001603000 = (1,0,4)(2,3,00)14131 003000
= (1,0, 4)(2, 3,00)14131(1, 2, 4}(3, 00, 0)30003 (by relation (4) conjugated by
(1,2,00)(3,0,4) € La(5))

= (1,3,0)(2, 00,4)21200230003 = (1,3, 0)(2, 00,4)212(1, 0, 3)(2, 4,00)04033 (by
relation (7) conjugated by (2,00,0,3,4) € La(5))

= 40404033 = 040040 (by relation (6) conjugated by (1,0)(3,00) € L2(5))

= 040040 = 0440 = 00 = e.

Now consider [0001243]. The orbits of N{®01243) are {1} and {2,3,4,0,00}. So
we need to look at [00012431] and [00012433].

First, [00012433] == [000124] so t3, a representative from the 5-orbit, takes
[0001243] back to a single coset in [c00124].

t; takes [0001243] to a single coset in [0002431] since Noo012431
= N(1,2,3,4,0)0041320 = Nood1320 € [0002431]. To prove 00012431
= (1,2, 3,4,0)0041320, we will we will move the relation to one side of the equal sign and
prove it equals identity.

(1,2,3,4,0)004132013421000 = (1,2, 3,4, 0)ood132(1, 00, 3, 0,4)3100021000 (by
relation (2) conjugated by (1,4,3,00,2) € Ly(5))

= (1,2, 0, 00, 3)3100023100021000 = (1,2, 0, 00, 3)31 (1,00, 4,2, 3)3002000
00021000 (by a relation proved in Chapter 6)

= (1,3,00)(2,0,4)100300200000021000 = (1, 3, 00)(2,0,4)100 30020 0c0l 2100
(by relation (5))

= (1,3,00)(2,0,4)10030020000021000 = (1, 3,00)(2, 0,4)13003200021000 {by re-
lation (5) conjugated by (1,2)(3,0) € L3(5))

= (1,3,00)(2,0,4)1300320c021000 = (1, 3,00)(2,0,4)13 (1, 0, 3)(2,4,0)0102
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21000 (by relation (7) conjugated by (1,4,3)(2,00,0) € L2(5))
= 001010221000 = 0001001000 (by relation (5) conjugated by (1,00)(3,4) €
La(5))

= 001001000 = co011i0oo = col0co = oooo = e.

Now consider {0002431]. The orbits of N(0202431) gre {2} and {1,3,4,0,00}. So
we need to look at [c0024312] and [c0024311).

First, [00024311] = [c00243] so ¢;, a representative from the 5-orbit, takes
[0002431] back to a single coset in [000243].

ta takes [0002431] to a single coset in [0001243] since Noo024312
— N(2,4,3,0,00)0423001 = N0423c01 € [0001243]. To prove co024312
= (2,4,3,0,00)0423c01, we will we will move the relation to one side of the equal sign
and prove it equals identity.

(2,4,3,0,00)042300121342000 = (2,4, 3, 0,00)042300212342000 (by relation (6)
conjugated by (2,4)(3,00) € L2(5))

= (2,4, 3,0, 00)042300212342000 = (2,4, 3,0, 00)04 (1,4,0)(2, 00, 3)32003
123420cc (by relation (3) conjugated by (1,00,2)(3,4,0) € Ly(5))

= (1,4,2,0,3)108200312342000 = (1,4,2,0,3)10(1, 00, 0)(2, 4, 3)141002342000
(by relation (7) conjugated by (1,0,00)(2,3,4) € Ly(5))

= (1,3,00,0, 2)001141002342000 = (1,3, 0, 0, 2)cod oo 2342000 = (1,3,0,0,2)
(1,4,00)(2, 3, 0)do014
2342000 (by relation {4) conjugated by (1,3)(2,00) € Lz2(5))

= (1,0,3)(2, 4, 00)400142342000 = (1,0, 3)(2, 4, 00)4001
(1, 00,0)(2,4, 3)243220c0 (by relation (4} conjugated by (1,0)(2,4) € La(5))

= (2,3,00,4,0)300024322000 = (2,3,00,4,0)30002430c00 = e by relation (1)
conjugated by (1,0,00)(2, 3,4) € La(5).

Our double coset enumeration must be complete since the set of right cosets is

closed under right multiplication by the symmetric generators.
Thus we have the Cayley diagram that is shown in Figure 7.1.

The maximum possible index of N in

~ 2*6:£9(5) i N [N IV [N]
Gy = [(0,1,2.3,2)60]5,1(05,0,1)(2,4,3 )t oo P (00, 0) (L, |5, 2(C) 1© lW‘ + e + NEm; T Tt

+ Tty + o F WA%’TZ 1+ 6+ 30+ 60 -+ 60+ - -+ 6= 1584. Thus
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|G1] < 1584 x |N| = 1584 x 60 = 95,040. In order to show |G| = 95,040, we consider G,
as a subgroup of Sysg4 acting on 3168 cosets that we have found, and labeled according

to the MAGMA segment, “for i in [1..1584] do print i, cst|i]; end for;”..

For this purpose we compute the action of the control group IV as well as the
action of ., fg, 11, 2, i3, and ¢4 on the 1584 cosets. These permutations can be obtained
by the following MAGMA segment “f(x); f(y); f(t);”.

It readily checks that the order of (z,y,t), a subgroup of the symmetric group
Siss4 acting on the 1584 right cosets of N in Gy, is 95,040. Visibly |z| = 5, |y| = 3,
and |zy| = 2, hence {(z,vy) = Ly(5). If we conjugate ¢ by L(5) we see that ¢t has exactly
six conjugates. We conclude that (z,y,t) is a homomorphic image of the progenitor
2*¢ : Lo(5).

Thus if the original six relations of Chapter 6, plus the seventh relation we found
for the center of 2 X Mg, hold in {(z,y,t), then (z,y,t) is a homomorphic image of G
and this will give |G1| = [{z, v, t)| = 95,040.

Verify relation (1) tatitotatatatity = (1,3,0,2,4)\by conjugating the six sym-
metric generators by tatitotstatotito. By multiplying the permutations found using the
MAGMA segments previously listed, we find tatitotatstatito = (1,3,0,2,4). Thus when
we conjugate fo, {o, {1, 12, t3 and t4 by tatitotststat ty we obtain:

t(t)gohtoh;tgtghtg = too tt2t1t0t4t3t2tlt0 _ t2
ghatitotatsiatito _ i3 thatitotalstatito t
tatitotatatatilo Latitotatatatato _

129 = fg t, =t

So tatitotatatatito acts as (1,3,0,2,4).

Verify relation (2) tatatotstitatato = (1,0,4,3,2) by conjugating the six sym-
metric generators by tatatotstitatoty. By multiplying the permutations found using the
MAGMA segments previously listed, we find tatatolatitatato = (1,0,4,3,2). Thus when

we conjugate i, Io, £, 12,3 and t4 by tatatotstitataty we obtain:

tt.;tgigl.gtlt,;!gf.o — too tt4£2tﬂt3!1t4i‘2t0 — t4
e =
tt4tztot3t1t4t2to = tg tt4ﬁ2t0t35134t250 =1
tytatolatitytat tatotzlr Lyt
t3“2°3142°=t2 t;4203142to:t3

So tatatotst tatato acts as (1,0,4,3,2).

Verify relation (3) foteotitotoctitoles = (1,00,0)(2,4,3) by conjugating the six

symmetric generators by foteotitolootitotes. By multiplying the permutations found using
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the MAGMA segments previously listed, we find tpteotitoleotitoter = (1,00,0)(2,4,3).

Thus when we conjugate tes, f0, 1,12, t3 and t4 by toteotitoteoti1toteo We obtain:

ttO%tootltotootﬁotco =19 ttotooh totootrtoloo . ty
hotootrtotootrtoton . too hotootitotootitotor — 14
tgotcotltotootltotoo p— t2 tflotootltotoohtotoo — t3

So totectitoteotitotes acts as (1,00,0)(2,4,3).

Verify relation (4) tatotataiatatste = (1, 00,0)(2,4, 3) by conjugating the six sym-
metric generators by t4lgtatstatststs. By multiplying the permutations found using the
MAGMA segments previously listed, we find t4totatatotatsts = (1,00,0)(2,4,3). Thus
when we conjugate o, tg,t1,t2, ts and t4 by tytatststatatsts we obtain:

flabotstatotstaly to t84t2€3t4t2t3t4t2 =1
hatatstabatstaly _ too hatatatatalatats _ 4
t§4t2¢at4!2tat4tz =ty tﬁ4¢2¢3t4¢2tat4t2 =13

So tatotatstotatsto acts as (1,00, 0)(2,4, 3).

Verify relation (5) totoototoofolec = 1 by conjugating the six symmetric gen-
erators by tpteototectoles. By multiplying the permutations found using the MAGMA
segments previously listed, we find tgtototoototer equals identity. Thus when we conju-

gate too, g, t1, 2, t3 and t4 by toteototectotoo We obtain:

tlotoototoototon — too tfotoototoototoo =t
ttotoetutootutoo =1 ttotoototoototca =t
t;otoototoototco = tg tiotoototoofotoo =1

So toteototeotnteo acts as the identity.

Verify relation (6) tatitsti1t4t1 = 1 by conjugating the six symmetric generators
by tat1tqtitat1. By multiplying the permutations found using the MAGMA segments pre-
viously listed, we find t4t184¢1t4%1 equals identity. Thus when we conjugate too, tg, £1, 2,13

and t4 by t4t185%184%1 we obtain:

tto’gtlt"ht“t’ =t tt4f1t4t1t4h =1t
atitatitals t fatitatitaty _ ty
téstf-ltﬂltltdtl =t tfidtlt‘ltlhtl =1,

So tgt1tat1tat; acts as the identity.

Verify relation (7) tatatotateototootstes = (1,00,0}(2,4,3) by conjugating the six
symmetric generators by tafitoteteototeoliates. By multiplying the permutations found
using the MAGMA segments previously listed, we find tat4tototoototootatos =
(1,00,0)(2,4,3). Thus when we conjugate teo, to, t1, t2, t3 and &4 by tatatototectotootstes

we obtain:
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tatalolateototontatos — tatatolzteotoleotalon

i t i L
00 =D =1
ttzt.glotgtoototmtatw = too ttzt«tfot'zthﬂsootﬂw =14
tézt.;lolztoolotootatm =ty tzzhtotztaototootstuo =13

Thus G/kerd = (z,y,t) and |Gi| > |(z,y,t)] = 95040. As shown earlier,
IG1| < 95040. Hence |G1 = 95040.

Moreover, b= (1,3, 00,0, 2)tootot tatots = bb = s 2ytototitatot2 and
c = (1,2,4)(3,00,0)t1tstatitootzs = cc = yx lyz?iiislstitoots,are in Gy with My &2
(b,cp? = & = (be)!! = [b,c]® = (becbchbc1)® = [b,che]® = 1). So (b,¢) < Gy, but
Kb, ¢)] = |Gi|, therefore Gy = {b, ¢} 22 Mya.
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Appendix A

MAGMA Code for Construction
of 2 x Mlg

86:=Sym(6)
xx:=861(5,1,2,3,4);
yy:=561(6,5,1)(2,4,3);
N:=sub<86 | xx,yy>;

G<x,y,t>:=Group<x,y,t1x"5,y"3, (y*x) "2,t°2, (t,x), (£~ (y*x"2) ,x*y),
(x+t"y) "8, (y*t) "8, (£~ (y*x"~4)*t"~ (y~2))"3>;

£,G1,k;:=CosetAction(G, sub<G|x,y>};
N6:=Stabiliser(N,6);
R:=[Td(G1): i in [1..6]];
R[6]:=f(t);

R[5]:=f (t"y);
RIL):=£(t~(y~2));
R[2]:=f(t" (y*x"2));

R3] :=£ (£~ (y*x"3));

R[4] :=£(t" (y*x"4));
s:={[6,5]};
N65:=Stabilizer(N6,5);
T6:=Transversal (N,N6) ;
T65:=Transversal (N,N65) ;
N656:=Stabilizer (N65,6) ;

for g in N do if (6"g eq 5 and 5°g eq 6) then
N656s :=sub<N|N65E,g>;



end if; end for;
T656:=Transversal (N,N656s);

ts := R;

cst := [null : i in [1 .. 3168]] where null is [Integers() | 1;

for i := 1 to 6 do
prodim := function{pt, Q, I)
v = py;
for i in I do
v := v (Q[i]);
end for;
return v;
end function;
end for;

for i in [1..4T6] do

ss := [6]°T6[il;

cst [prodim(1, ts, ss)] := ss;
end for; .

for i in [1..#T65] do
ss := [6,5]"T65[i];
cst[prodim(1l, ts, ss)] := ss;
end for;
for i in [1..#T658] do
ss := [6,5,6]"T656[1];
cst[prodim(l, ts, ss}] := ss;
end for;

N651:=Stabilizer(N65,1);
N652:=8tabilizer (N65,2) ;
T651:= Transversal(N,N651);
T652:= Transversal (N,N652);
for i in [1..#T651] do

ss := [6,5,1)"T651[i];

cst[prodim(l, ts, ss)] := ss;
end for;

for i in [1..#T652] do

ss := [6,5,2]"T6852[i];

cst [prodim(l, ts, ss)] := ss;
end for;

N6561:=Stabilizer (N656,1);

204
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for g in N do if (6°g eq 5 and 5°g eq 6 and 1°g eq 1) then
N6561s:=sub<N|N6561,g>;
end if; end for;

T6561:= Transversal (N,N6561s);
for i in [1..#T6561] do
ss := [6,5,6,1]1"T6561[i];
cst[prodim(1, ts, ss)] := ss;
end for;

N6562:=Stabilizer (N656,2) ; .

for g in N do if (6"g eq 5 and 5°g eq 6 and 2°g eq 2) then
N86562s :=sub<N|N6562,g>;

end if; end for;

T6662:= Transversal{(N,N6562s);
for i in [1..#T6562] do
ss := [6,5,6,2]"T6562([i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N651:=Stabilizer(N65,1);

N6516:=Stabilizer (N651,6);

for g in N do if (6°g eq 6 and 5°g eq 6 and 1°g eq 1) then
N65165:=sub<N|N6516,g>;

end if; end for;

T6516:= Transversal{N,N6516s);
for i in [1..#T6516] do
ss := [6,5,1,6]"T6516[1];
cst[prodim(l, ts, ss)] := ss;
end for;

N6515:=Stabilizer (N651,5) ;

for g in N do if (6"g eq 6 and 5°g eq 1 and 17°g eq 5) then
N6515s:=sub<N|N6515,g>;

end if; end for;

T6515:= Transversal (N,N6515s);
for i in [1..#T6515] do

ss := [6,5,1,5] "T6515(i];

cst [prodim(1l, ts, ss)] := ss;
end for;
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N6512:=Stabilizer(N651,2);
T6512:= Transversal(N,N6512);
for i in [1..#76512] do
ss := [6,5,1,2]1°Té512[1i];
cst[prodim(1, ts, ss)] := ss;
end for;

N6513:=Stabilizer (N651,3);
for g in N do if (6°g eq 1 and 5°g eq 5 and 17°g eq 6
and 3°g eq 4) then
N6513s:=sub<N|N6513,g>;
end if; end for;

T6513:= Transversal (N,N6513s);
for i in [1..#T6513] do
ss := [6,5,1,3]1"T6513[i];
cstprodim(1, ts, ss)] := ss;
end for;

N6514:=Stabilizer(N651,4);
T6514:= Transversal(N,N6514);
for i in [1..#T6514] do
ss := [6,5,1,4]"Ts514[i];
cst(prodim(1, ts, ss)] := ss;
end for;

N6526:=Stabilizer(N652,6) ;

for g in N do if (6"g eq 5 and 5°g eq 6 and 2°g eq 2) then
N6526s:=sub<N|N6526,g>;

end if; end for;

T6526:= Transversal(N,N6526s);
for i in [1..#76526] do

ss := [6,5,2,6]"T6526[1];

cst [prodim(1, ts, ss)] := ss;
end for;

N6525:=8tabilizer (N652,5) ;

for g in N do if (6°g eq 6 and 57g eq 2 and 2°g eq 5) then
N6525s:=sub<N|N6525,g>;

end if; end for;

T6525:= Transversal (N,N6526s};
for i in [1..#T6525] do
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ss := [6,5,2,5])"T6525[i];
cstlprodim(l, ts, s3s)] := ss;
end for;

N6521:=3tabilizer (N652,1);

for g in N do if (6°g eq 2 and 5°g eq 5 and 2°g eq 6 and 1"g eq 3) then
N6521s:=sub<N|N6521,g>;

end if; end for;

TE521:= Transversal (N,N6521s);
for i in [1..#T6521] do
ss := [6,5,2,1]"T65621[i];
cst[prodim(1, ts, ss)}] := ss;
end for;

N6523:=Stabilizer(N652,3);
N6523:=Stabilizer (N652,3);
T6523:= Transversal(N,N6523);
for i in [1..#T6523] do
ss := [6,5,2,3]1°T6523[i];
cst{prodim(1, ts, ss)] := ss;
end for;

N6524:=Stabilizer (N652,4) ;
T6524:= Transversal (N,N6524) ;
for i in [1..#T6524] do

ss := [6,5,2,4] "T6524[i];

cst [prodim(1l, ts, ss)] := ss;
end for;

N65614:=Stabilizer (N65661,4);

for g in N do if (6°g eq 5 and 5°g eq 6 and 47g eq 4) then
N65614s:=s5ub<N|N65614,g>;

end if; end for;

T65614:= Transversal(N,N65614s);
for i in [1..#T665614] do
ss := [6,5,6,1,4)"T65614[i];
cst[prodim(1, ts, ss)] := ss;
end for;

N65612:=Stabilizer (N6561,2);
T65612:= Transversal(N,N65612) ;
for i in {1..#T65612] do
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ss := [6,5,6,1,2]"T65612(i];
cst[prodim(1, ts, ss)] := ss;
end for;

N65615:=Stabilizer (N6561,5) ;

for g in N do if (6°g eq 5 and 5°g eq 6 and 1°g eq 1) then
N65615s:=sub<N|NE5615,g>;

end if; end for;

T65615:= Transversal(N,N65615s);
for i in [1..#T65615] do
ss := [6,5,6,1,5]"T65615[i];
cst[prodim(1, ts, ss)] := ss;
end for;

N65623:=Stabilizer (N6562,3);

for g in N do if (6°g eq 5 and 57°g eq 6 and 2°g eq 2 and 3°g eq 3) then
N65623s : =sub<N|N65623,g>;

end if; end for;

T65623:= Transversal(N,N65623s) ;
for i in [1..#T65623] do
ss := [6,5,6,2,3]"T65623[i];
cstproedim(1, ts, ss)] := ss;
end for;

N65621:=Stabilizer (N6562,1);
T65621:= Transversal{N,N65621) ;
for i in [1..#T65621] do
ss := [6,5,6,2,1]"T65621[i] ;
cst[prodim(1l, ts, ss)] := ss;
end for;

N65625: =Stabilizer (N6562,5) ;

for g in N do if (6°g eq 5§ and 5°g eq 6 and 27g eq 2) then
N65625s :=sub<N | N65625, g>;

end if; end for;

T656626:= Transversal(N,N65625s);
for i in [1..#T65625] do
ss := [6,5,6,2,5]"T65625[i] ;
cstprodim(1l, ts, ss)] := ss;
end for;
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N65164:=5Stabilizer(N6616,4);

for g in N do if (6°g eq 5 and 5°g eq 6 and 1°g eq 1 and 4"g eq 4) then
N65164s:=sub<N|N65164,g>;

end if; end for;

T65164:= Transversal(N,N65164s);
for i in [1..#T65164] do
ss := [6,5,1,6,4]"T65164[i];
cstprodim(l, ts, ss)] := ss;
end for;

N65162:=8tabilizer (N6516,2);

for g in N do if (6°g eq & and 5°g eq 6 and 1°g eq 1 and 2°g eq 3) then
N6B162s:=sub<N|N65162,g>;

end if; end for;

T66162:= Transversal(N,N65162s);
for i in [1..#T65162] do
ss := [6,5,1,6,2] "T65162[i];
¢st[prodim(l, ts, ss)] := ss;
end for;

N65152:=Stabilizer (N6515,2);
T65162:= Transversal (N,N65152);
for i in [1..#T65152] do
ss := [6,5,1,5,2)°T65152(i];
cst[prodim(1, ts, ss)] := ss;
end for;

U

N65153:=3tabilizer (N6515,3);

for g in N do if (6”g eq 6 and 5°g eq 1 and 1"g eq 5 and 3°g eq 3) then
N65153s: =sub<N|N65153, g>;

end if; end for;

T65153:= Transversal(N,N65153s);
for i in [1..#T65153] do
ss := [6,5,1,5,3]°T65153[1i];
cst[prodim(1, ts, ss)] := ss;
end for;

N65121:=Stabilizer (N6512,1);
T65121:= Transversal(N,N65121);
for i in [1..#T65121] do

ss := [6,5,1,2,1]"T65121[i];

1]
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cst[prodim(1, ts, ss)] := ss;
end for;

N65156:=Stabilizer (N6515,6) ;

N65166s :=sub<N|N65156>;

for g in N do if ({(6"g eq 1 and (5"g eq 5 or 5°g eq 6) and

(1"g eq 6 or 1"g eq 5)) or (6°g eq 5 and (57g eq 1 or 5°g eq 6)

and (1"g eq 6 or 1°g eq 1)) or (6"g eq 6 and 5°g eq 1 and 17°g eq 5)) then
N65156s:=sub<N|N65156s,g>;

end if; end for;

T65156:= Transversal(N,N65156s);
for i in [1..#T65156] do
ss := (6,5,1,5,6]1"T65156[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N65123:=Stabilizer (N6512,3);

N65123s :=sub<N|N65123>; .

for g in N do if (6"g eq 6 and 5°g eq 2 and 1°g eq 1

and 2°g eq 5 and 3"g eq 4) then
N65123s:=sub<N|N65123s,g>;

end if; end for;

T65123:= Transversal(N,N65123s);
for i in [1..#T65123] do
ss := [6,5,1,2,3]°T65123([i];
cstprodim(l, ts, ss)] := ss;
end for;

N65125:=Stabilizer (N6512,5);

N65126s:=sub<N|N65125>;

for g in N do if (6"g eq 3 and 5°g eq 1 and 1°g eq & and 2°g eq 2) then
N65125s : =sub<N|N65125s,g>;

end if; end for;

T65125:= Transversal(N,N65126s);
for i in [1..#T685125] do
ss := [6,5,1,2,5]"T65125([i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N65126:=Stabilizer (N6512,86);
T65126:= Transversal(N,N65126);
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for i in [1..#T65126] do
ss := [6,5,1,2,6]"T65126(1i];
¢stprodim(l, ts, ss)] := ss;
end for;

N65135:=8tabilizer (N6513,5);

N65135s:=s5ub<N|N65135>;

for g in N do if (6°g eq 1 and 6°g eq 5 and 1"g eq 6 and 3°g eq 4) then
N65135s : =sub<N|N65135s,g>;

end if; end for;

T65135:= Transversal (N,N65135s);
for i in [1..#T65135] do
ss := [6,5,1,3,5]"T65135[i];
cst[prodim(t, ts, ss)] := ss;
end for;

N65131:=Stabilizer (N6513,1);
T65131:= Transversal(N,N65131);
for i in [1..#T65131] do
ss := [6,5,1,3,11°T65131[1i];
cst[prodim(1, ts, ss}] := ss;
end for;

N65141:=Stabilizer (N6514,1);

N65141s:=sub<N|N65141>;

for g in N do if (6°g eq 6 and 5°g eq 5 and 47g eq 1 and 17°g eq 4) then
N65141s:=sub<N|N65141s,g>;

end if; end for;

T65141:= Transversal(N,N65141s);
for i in {1..#T65141] do
ss := [6,5,1,4,1]°T65141(i];
cst[prodim(l, ts, ss)] := ss;
end for;

N65142:=Stabilizer (N6514,2);
T65142:= Transversal (N,N65142);
for i in [1..#T65142] do
ss := [6,5,1,4,2]°T65142[i];
cst[prodim(l, ts, ss)] := ss;
end for;

1

N65143:=8tabilizer (N6514,3) ;
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N65143s:=sub<N|N65143>;
for g in N do if (6"g eq 1 and 5°g eq 5 and 1°g eq 6 and
4"g eq 3 and 37g eq 4) then
N65143s:=sub<N|N65143s, g>;
end if; end for;

T65143:= Transversal(N,N65143s);
for i in [{..#T65143] do
ss := [6,5,1,4,3)"T65143[i];
cst[prodim(1, ts, ss)] := ss;
end for;

N65145:=5Stabilizer (N6514,5) ;

N651455:=sub<N]|N65145>;

for g in N do if (67°g eq 6 and 2"g eq 5 and 17g eq 1 and 37°g eq 4) then
N65145s:=sub<N[N65145s,g>;

end if; end for;

T65145:= Transversal(N,N65145s);
for i in [1..#T765145] do
ss := [6,5,1,4,5]"T65145[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N65241:=Stabilizer (N6524,1);
N65241s5:=sub<N|N65241>;
for g in N do if (6"g eq 6 and 5°g eq 4 and 2"g eq 2 and
4"g eq 5 and 1°g eq 3) then
N65241s:=sub<N{N65241s,g>;
end if; end for;

T65241:= Transversal(N,N65241s);
for i in [1..#T65241] do
ss := [6,5,2,4,1]°T65241([i];
cst[prodim(l, ts, ss)] := ss;
end for;

N65243:=Stabilizer (N6524,3);
N65243s :=sub<N|N65243>;
for g in N do if (6°g eq 4 and 5°g eq 3 and 2°g eq 2 and
4"g eq 6 and 3"g eq B) then
N65243s:=sub<N|N65243s,g>;
end if; end for;



T65243:= Transversal (N,N65243s);
for i in [1..#T65243] do
ss := [6,5,2,4,3]"T65243[i];
cst [prodim(1l, ts, sg)] := ss;
end for;

N65246:=Stabilizer (N6524,6) ;
T65246:= Transversal(N,N65246) ;
for i in [1..#T65246] do
ss := [6,5,2,4,6]"°T65246([i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N65232:=Stabilizer (N6523,2) ;
N65232s : =sub<N|N65232>;
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for g in N do if (6"g eq 6 and 5°g eq 5 and 2°g eq 3 and 37°g eq 2) then

N65232s5:=sub<N|N65232s,2>;
end if; end for;

T65232:= Transversal(N,N65232s):
for i in [1..#T65232] do
ss := [6,5,2,3,2]"T65232[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N65251:=Stabilizer (N6525,1);
N65251s:=sub<N|N65251>;

for g in N do if (6°g eq 6 and 5°g eq 2 and 2°g eq 5 and 1°g eq 1) then

N65251s:=sub<N|N65251s,g>;
end if; end for;

T65251:= Transversal (N,N65251s);
for i in [1..#T65251] do
ss := [6,5,2,5,1]"°T65251[i];
cstlprodim(l, ts, ss)] := ss;
end for;

N65256:=Stabilizer (N6525,6) ;
NB52565: =sub<N|N65256>;

for g in N do if ((6"g eq 2 and 57g eq 5 and 2°g eq 6) or

(6"g eq 5 and 5°g eq 2 and 2°g eq 6) or (67g eq 5 and 5°g eq 6
and 27g eq 2) or (6°g eq 2 and 5°g eq 6 and 27g eq 5) or

(6"g eq 6 and 57°g eq 2 and 2°g eq 5)) then

N65256s:=sub<N|N65256s,g>;
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end if; end for;

T65266:= Transversal(N,N65256s) ;
for i in [1..#T65256] do
ss := [6,5,2,5,6]"T66266(il;
cst{prodim(1, ts, ss)] := ss;
end for;

N65253:=Stabilizer (N6525,3);
T66253:= Transversal{(N,N65253) ;
for i in [1..#T65253] do
ss := [6,5,2,5,3]"T65253[1i];
cst [prodim(1, ts, ss)] := ss;
end for;

N65261:=Stabilizer (N6526,1) ;

N65261s :=sub<N|N65261>;

for g in N do if (6"g eq 5 and 5°g eq 6 and 2°g eq 2 and 1°g eq 4) then
N65261s:=sub<N|N65261s,g>;

end if; end for;

T65261:= Transversal(N,N65261s) ;
for i in [1..#T65261] do
ss := [6,5,2,6,1]"T65261[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N651621:=Stabilizex (N65162,1);

N651621s:=sub<N|N651621>;

for g in N do if ((6”"g eq 5 and 57°g eq 6 and 1°g eq 4 and 2°g eq 2)
or (67g eq 6 and 5°g eq 5 and 17g eq 4 and 2°g eq 3) or

(6"g eq 5 and 5°g eq 6 and 1°g eq 1 and 2°g eq 3)) then
N651621s:=sub<N|N651621s,g>;

end if; end for;

T651621:= Transversal (N,N651621s) ;
for i in [1..#T651621] do
ss := [6,5,1,6,2,1]1°T651621[i];
cstprodim(1l, ts, ss)] := ss;
end for;

N651624 :=Stabilizer (N65162,4);
N651624s:=sub<N|N651624>;
for g in N do if (6°g eq 5 and 5°g eq 6 and 1°g eq 1 and



2°g eq 3 and 47g eq 4) then
N651624s: =sub<N|N651624s,g>;
end if; end for;

T651624:= Transversal(N,N651624s) ;
for i in [1..#T651624] do
ss := [6,5,1,6,2,4]"T651624[1i];

cstprodim(1, ts, ss)]

end for;

:= 8s;

N651625:=Stabilizer(N65162,5);
T651625:= Transversal (N,N851625);
for i in [1..#T651625]) do

ss := [6,5,1,6,2,5]1"T651625[i];

cst[prodim(l, ts, ss)]

end for;

:= S8;

N651641:=Stabilizer (N65164,1);
N651641s:=sub<NIN651641>;

for g in N do if (6"g eq 2 and 5°g eq 1 and 1°g eq 6 and 4"g eq 4)

or (6”g eq 3 and 5°g

(6°g eq 2
(6"g eq 1
(6"g eq 3
(6"g eq 6
(6"g eq 5
(6"g eq 5
(6"g eq 1

and
and
and
and
and
and
and

5°g
5°g
57g
5°g
5°g
5°g
5°g

eq
eq
€q
€q
eq
eq
eq

eq 6 and 1°g eq 2 and 4°g eq 4) or
5 and 1°g eq 3 and 47g eq 4) or
2 and 1°g eq 6 and 47g eq 4) or
1 and 1°g eq 5 and 47g eq 4) or
3 and 1°g eq 2 and 4°g eq 4) or
6 and 1°g eq 1 and 4°g eq 4) or
2 and 1°g eq 3 and 47g eq 4) or
3 and 1°g eq 5 and 47g eq 4) then
Y2

N651641s:=sub<N|N651641s
end if; end for;

T651641:= Transversal (N,N651641s);
for i in [1i..#T651641] do
ss := [6,5,1,6,4,1]°T651641[i];

cst[prodim(1l, ts, ss)]

end for;

:= s8;

N6516465:=Stabilizer (N65164,5) ;
T651645:= Transversal (N,N651645);
for i in [1..#T851645] do

ss := [6,5,1,6,4,5]"T651645[i];

cstlprodim(1, ts, ss)]

end for;

i= 88;
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N651523:=Stabilizer(N65152,3);
N651523s;=sub<N|N651523>;
for g in N do if (6°g eq 6 and 5°g eq 4 and 1°g eq 3
and 2°g eq 2 and 3°g eq 1) then

N651523s: =sub<N|N651523s,g>;
end if; end for;

T651523:= Transversal (N,N651523s) ;
for i in [1..#T651523] do
ss := [6,5,1,5,2,3]"T651523[1];
cst [prodim(1l, ts, ss)] := ss;
end for;

N651524:=Stabilizer (N65152,4);
T651524:= Transversal (N,N651524);
for i in [1..#T651524] do
ss := [6,5,1,5,2,4])"T651524[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N651625:=Stabilizer (N65152,5);
N651525s:=sub<N|N651525>;
for g in N do if (6°g eq 3 and 5°g eq 1 and 1"g eq 5
and 2°g eq 2) then

N651525s:=sub<N|N651525s,g>;
end if; end for;

T651525:= Transversal(N,N651525s);
for i in [1..#T651525] do
ss := [6,5,1,5,2,5]"T651525[i];
cst [prodim(l, ts, ss)] := ss;
end for;

N651536:=Stabilizer (N65153,6);

N651536s:=sub<NIN651536>;

for g in N do if (6°g eq 6 and 5°g eq 1 and 1°g eq 5 and 3°g eq 3) then
N651536s: =sub<N|N651536s,g>;

end if; end for;

T651536:= Transversal (N,N651536s) ;
for i in [1..#T651536] do
ss := [6,5,1,5,3,6]"T651536[1];
cst[prodin(1l, ts, ss)] := ss;
end for;



N651531:=Stabilizer(N65153,1);
T651531:= Transversal(N,N651531);
for i in [1..#T651531] do
ss := [6,5,1,5,3,11°T651531[i];
cst[prodim(l, ts, ss)] := ss;
end for;

N651632:=Stabilizer (N65153,2) ;
T651532:= Transversal (N,N651532);
for i in [1..#T651532] do
ss := [6,5,1,5,3,2] "T651532[i] ;
cst[prodim(1l, ts, ss)] := ss;
end for;

N651562:=Stabilizer (N65156,2) ;
N651662s:=sub<N|N651562>;
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for g in N do if (6°g eq 1 and 5°g eq 5 and 1°g eq 6 and 2°g eq 2) then

N651562s: =sub<N|IN651562s,g>;
end if; end for;

T651562:= Transversal(N,N651562s);

for 1 in [1..#T651562] do
ss := [6,5,1,5,6,2]"T651562[i];
cst[prodim(1, ts, ss)] := ss;
end for;

N651213:=Stabilizer (N65121,3);
T651213:= Transversal(N,N651213);
for i in [1..#T651213] do
ss := [6,5,1,2,1,3]1"T651213[i];
cstlprodim(1l, ts, ss)] := ss;
end for;

N651231:=Stabilizer(N65123,1);
N651231s:=sub<N|N651231>;

for g in N do if (6°g eq 6 and 57g eq 2 and 1°g eq 1 and

2°g eq 5 and 3"g eq 4) then
N651231s:=sub<N|NE51231s,g>;
end if; end for;

T651231:= Transversal(N,N651231s);

for i in [1..#T651231] do
ss := [6,5,1,2,3,11°T651231[i];
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cst[prodim(l, ts, ss)] := ss;
end for;

N651232:=8tabilizer (N65123,2);
N651232s:=sub<N|N651232>;
for g in N do if (6°g eq 3 and 5°g eq 1 and 1°g eq 4 and 27g eq 6
and 3°g eq 2) or (67g eq 2 and 5°g eq 4 and 1°g eq 6 and 2°g eq 3
and 3°g eq 6) then

N651232s:=sub<N[N651232s,g>;
end if; end for;

T651232:= Transversal (N,N651232s) ;
for i in [1..#T651232] do
ss := [6,5,1,2,3,2]"T651232[1i];
cst[prodim(1, ts, ss)] := ss;
end for;

N651254 :=Stabilizexr (N65125,4) ;
N6651254s:=sub<N|N651254> ;

for g in N do if (6"g eq 6 and 5°g eq 5 and 1°g eq 4 and 2°g eq 3
and 4°g eq 1) or (6°g eq 2 and 5°g eq 4 and 1"g eq 1 and 27g eq 6
and 4°g eq 5) or (6°g eq 3 and 5”g eq 1 and 1°g eq 5 and 27g eq 2
and 4°g eq 4) or (6°g eq 3 and 5"g eq 1 and 1°g eq 4 and 27g eq 6
and 4°g eq 5) or (6"g eq 2 and 5°g eq 4 and 1°g eq 5 and 2°g eq 3

and 4°g eq 1) then
N651254s : =sub<N[N651254s,g>;
end if; end for;

T651254:= Transversal (N,N651254s) ;
for i in [1..#T651254] do
ss := [6,5,1,2,5,4])"T651254[i];
cst [prodim(1, ts, ss)] := ss;
end for;

N661263:=Stabilizer(N65126,3);
N651263s:=s5ub<N|N651263>;
for g in N do if (6°g eq 1 and 5°g eq 5 and 1°g eq 6 and
2°g eq 2 and 3°g eq 4) then
N651263s : =sub<N | N651263s, g>;
end if; end for;

T651263:= Transversal(N,N6651263s);
for i in [1..#T651263] do
ss := [6,5,1,2,6,3]1°T651263[i];
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cstprodim(1l, ts, ss)] := ss;
end for;

N651264:=Stabilizer (N65126,4);
N6512645:=sub<N|N651264>;
for g in N do if (6°g eq 5 and 5°g eq 6 and 1°g eq 4 and
2°g eq 2 and 4°g eq 1) then
N651264s:=sub<N|N651264s,g>;
end if; end for;

T651264:= Transversal(N,N651264s);
for i in [1..#T651264] do
ss := [6,5,1,2,6,4]"T651264[1];
cst[prodim(l, ts, ss)] := ss;
end for;

N651352:=Stabilizex (N65135,2);
N651352s:=sub<N|N651352>;

for g in N do if (6°g eq 5 and 5°g eq 6 an
and 2°g eq 3) or (6°g eq 6 and 5°g eq 1 an

d eq 1 and 37g eq 2
d
and 2°g eq 4) or (6°g eq 1 and 5°g eq 5 and
d
d

1°g
17"g eq 5 and 37g eq 3
1"g eq 6 and 37g eq 4
and 2°g eq 2) oxr (6°g eq 5 and 5°g eq 1 and 17°g
and 27g eq 4) or (6°g eq 1 and 5°g eq 6 and 17°g
and 2°g eq 3) then
N651352s:=sub<N|N651362s,g>;

end if; end for;

eq 6 and 37g eq 2
eq 5 and 37g eq 4

T651352:= Transversal (N,N651352s);
for i in [1..#T651352] do
ss := [6,5,1,3,5,2]"T6851352(1i];
cstlprodim(1l, ts, ss)] := ss;
end for;

N651315:=Stabilizer(N65131,5);

N651315s:=sub<N|N651315>;

for g in N do if (6"g eq 4 and 5°g eq 3 and 1°g eq 1 and 3°g eq 6) then
N651315s:=sub<N|N651315s, g>;

end if; end for;

T651315:= Transversal(N,N651315s);
for i in [1..#T651315] do
ss := [6,5,1,3,1,5)"T651315[i];
cst[prodim(1l, ts, ss)] := ss;
end for;



N651316:=Stabilizer (N65131,6);
T651316:= Transversal(N,N651316);
for i in [1..#T651316] do
ss := [6,5,1,3,1,6]"T651316[i];
cst[prodim(l, ts, ss)] := ss;
end for;

for i in [1..#T651645] do
ss := [6,5,1,6,4,5)"T651645([1];
cstprodim(l, ts, ss)] := ss;
end for;

N651426:=Stabilizer (N65142,6);
T651426:= Transversal(N,N651426);
for i in [1..#T7651426] do
ss := [6,5,1,4,2,6]°T651426[1];
cst[prodim(1, ts, ss)] := ss;
end for;

N651435:=5tabilizer(N65143,5);
N651435s:=sub<N|N651435>;
for g in N do if (6"g eq 1 and 5°g eq 5 and 1°g eqg 6 and
4°g eq 3 and 3°g eq 4) then
N651435s: =sub<N|N651435s, g>;
end if; end for;

T651435:= Transversal(N,N651435s);
for i in [1..#T651435] do
ss := [6,5,1,4,3,5]"T651435[i];
cst[prodim(l, ts, ss)] := ss;
end for;

N651456:=8tabilizer(N65145,6) ;
N651456s:=sub<N|N651456>;
for g in N do if (6°g eq 3 and 5°g eq 2 and 1°g eq 5 and 47g eq 6)
or (6"geq 6 and 5°g eq 2 and 1°g eq 1 and 4°g eq 3) or (6°g eq 3
and 5°g eq 1 and 1°g eq 5 and 4°g eq 4) or (6°g eq 4 and 5°g eq 5
and 1°g eq 2 and 47g eq 6) or (6°g eq 4 and 5°g eq 1 and 1°g eq 2
and 4"g eq 3) then

N651456s:=sub<N|N651456s,g>;
end if; end for;

T651456:= Transversal (N,N651456s);
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for i in [1..#T651456] do
ss := [6,5,1,4,5,6]1"T651456[1];
cst[prodim(1i, ts, ss)] := ss;
end for;

N651453:=Stabilizer(N65145,3);
T€51453:= Transversal (N,N651453);
for i in [1..#T651453] do
ss := [6,5,1,4,5,31°T651453[1i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N656141:=Stabilizer (N65614,1);
N656141s:=sub<N|N656141>;
for g in N do if (6"g eq 6 and 5°g eq 5 and 1°g eq 4 and 47g eq 1)
or (6" eq 4 and 5"g eq 1 and 17g eq 2 and 4"g eq 3) or
(6°g eq 5 and 5°g eq 6 and 1°g eq 4 and 4°g eq 1) or
(6" eq 4 and 5°g eq 1 and 1°g eq 3 and 4°g eq 2) or
(6"g eq 2 and 5°g eq 3 and 1°g eq 5 and 47g eq 6) or
(6°g eq 2 and 5°g eq 3 and 1°g eq 6 and 4"g eq 5) or
(6"g eq 3 and 5°g eq 2 and 1°g eq 5 and 4°g eq 6) then
N656141s : =sub<N|N656141s,g>;
end if; end for;

T656141:= Transversal(N,N656141s);
for i in [1..#T656141] do
ss := [6,5,6,1,4,1]1"T656141[i];
cst[prodim(l, ts, ss)] := ss;
end for;

N656121:=Stabilizexr (N65612,1);
T656121:= Transversal (N,N656121);
for i in (1..#T656121] do
ss := [6,5,6,1,2,1]1"T656121[i];
cst[prodim(1, ts, ss)] := ss;
end for;

N656154 :=Stabilizer (N65615,4) ;

N656154s:=sub<N|N656154> ;

for g in N do if (6°g eq 5 and 5°g eq 6 and 1°g eq 1 and 4"g eq 4) then
N656154s5 : =sub<N|N656154s,g>;

end if; end for;

T656154:= Transversal (N,N656154s) ;
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for i in [1..#T656154] do
ss := [6,5,6,1,5,4]"T656154[i];
cst(prodim(1l, ts, ss)] := ss;
end for;

N656214 :=Stabilizer (N65621,4) ;
NE562145:=sub<N|N656214>;
for g in N do if ({(6"g eq 3 and 5°g eq 2 and 2°g eq 4 and
1"g eq 6 and 4°g eq 5) or (6°g eq 1 and 5°g oq 4 and
2"g eq 5 and 1°g eq 3 and 4°g eq 2)) then
N656214s : =sub<N|N656214s,g>;
end if; end for;

T656214:= Transversal(N,N656214s) ;
for i in (i..#T7656214] do
ss := [6,5,6,2,1,4]"T656214[1i];
cstlprodimn(l, ts, ss)] := ss;
end for;

N656232:=Stabilizer (N65623,2);
N656232s:=sub<N|N656232>;
for g in N do if ((6"g eq 6 and 5"g eq & and 2°g eq 3 and 37°g eq 2)
or (6°g eq 5 and 5°g eq 6 and 2°g eq 3 and 3°g eq 2) or
(6"g eq 4 and 5°g eq 1 and 27g eq 6 and 37g eq 5) oxr
(6"g eq 3 and 5°g eq 2 and 2°g eq 1 and 3°g eq 4) or
(6"g eq 3 and 5°g eq 2 and 2°g eq 4 and 37g eq 1) or
(6°g eq 2 and 5°g eq 3 and 2°g eq 1 and 37g eq 4) or
(6"g eq 1 and b”g eq 4 and 2°g eq 5 and 37g eq 6) or
(6"g eq 1 and 5°g eq 4 and 2°g eq 6 and 37g eq 5) or
(6"g eq 4 and 5°g eq 1 and 2°g eq 5 and 3"g eq 6) or
(6"g eq 5 and 5°g eq 6 and 2°g eq 2 and 3°g eq 3) ox
(6"g eq 2 and 5°g eq 3 and 2°g eq 4 and 3°g eq 1)) then
N656232s : =sub<N|N656232s,g>;
end if; end for;
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T656232:= Transversal (N,N656232s);
for i in [1..4#T7656232] do
ss := [6,5,6,2,3,2] "T656232[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N652431:=Stabilizer(N65243,1);
N652431s:=sub<N|N652431>;
for g in N do if ((6"g eq 1 and 5°g eq & and 2°g eq 2 and 4°g eq 3



and 3"g
and 4°g
and 2°g
and 5°g
or (67g
and 1°g
and 37g
and 47g
and 27g
and 5°g

N652431s:

eq
eq
eq
eq
eq
eq
eq
eq
eq
eq

4 and
6 and
2 and
3 and
3 and
5) or
and
and
and
and

o N U,

end if; end for;
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1"g eq 6) or (6°g eq 4 and 5°g eq 3 and 2"°g eq 2

3"g eq 5 and 1"g eq 1) or (6°g eq 4 and 5°g eq 6

4°g eq 3 and 3°g eq 1 and 1°g eq 5) or (6°g eq 1

2"g eq 2 and 4°g eq 5 and 3"g eq 6 and 1°g eq 4)

£7g eq 1 and 2°g eq 2 and 4"g eq 4 and 37g eq 6

(6"g eq 3 and 5°g eq 4 and 27g eq 2 and 47g eq 1

1"g eq 6) or (6°g eq 6 and 5°g eq 4 and 27g eq 2
3°geq 1 and 1°g eq 3) or (6°g eq 5 and 5°g eq 1

4"g eq 6 and 3"g eq 4 and 1°g eq 3) or (6°g eq 5

2°g eq 2 and 4°g eq 1 and 3°g oq 3 and 1°g eq 4)) then

sub<N|N652431s,g>;

T652431:= Transversal(N,N652431s);
for 1 in [1..#T652431] do
ss := [6,5,2,4,3,1]"T652431[1];
cstprodim(1l, ts, ss)] := ss;

end for;

N652326:=Stabilizer (N65232,6);

N6523265: =sub<N|N652326>;

for g in N do if (6°g eq 6 and 5°g eq 5 and 2°g eq 3 and 37g eq 2) then
N652326s : =sub<N|N652326s,g>;

end if; end for;

T652326:= Transversal (N,N652326s) ;
for i in [1..#T652326] do
ss := [6,5,2,3,2,6]"T652326[1];
cst[prodim(1, ts, ss)] := ss;

end for;

N6516212:=Stabilizer (N651621,2);

N6516212s :=sub<N|N6516212>;

for g in N do if (6°g eq 5 and 5°g eq 6 and 1”°g eq 4 and 2°g eq 2} then
N6516212s:=sub<NIN6516212s,g>;

end if; end for;

T6616212:= Transversal(N,N6516212s) ;
for i in [1..#T6516212] do
ss := [6,5,1,6,2,1,2]"T6516212[i];
cst[prodim(1l, ts, ss)] := ss;

end for;
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N6516241:=Stabilizer(N651624,1);
N6516241s:=sub<N|N6516241>;

for g in N do if (6°g eq 5 and 5°g aq 6 and 1°g eq 1 and 2°g eq 3
and 4°g eq 4) or (6"g eq 6 and 5°g eq 5 and 1°g eq 4 and 2°g eq 3
and 4"g eq 1) or (6°g eq 2 and 5°g eq 3 and 1"g eq 5 and 2°g eq 4
and 4°g eq 6) or (6°g eq 2 and 5°g eq 3 and 1°g eq 6 and 2°g eq 1
and 4°g eq 5) or (6"g eq 1 and 5°g eq 4 and 1°g eq 2 and 2°g eq 6
and 4°g eq 3) or (6"g eq 1 and 5°g eq 4 and 1°g eq 3 and 2°g eq 5
and 47°g eq 2) or (6"g eq 4 and 5°g eq 1 and 1°g eq 2 and 2°g eq &
and 47°g eq 3) or (67g eq 5 and 57"g eq 6 and 17g eq 4 and 27g eq 2
and 47g eq 1) or (6°g eq 3 and 5°g eq 2 and 1°g eq 6 and 2°g eq 4
and 4°g eq 5) or (6°g eq 4 and 5°g eq 1 and 17g eq 3 and 2°g eq 6
and 4°g eq 2) or (6°g eq 3 and 5°g eq 2 and 1"g eq 5 and 2"g eq 1

and 4°g eq 6) then
N6516241s:=sub<N|N6516241s,g>;
end if; end for;

T6516241:= Transversal (N,N6516241s);
for i in [1..#T6516241] do
ss := [6,5,1,6,2,4,1]1"T6516241[1i];
cst[prodim(l, ts, ss)] := ss;
end for;

N6516251:=Stabilizexr (N651625,1);
T6516251:= Transversal (N,N6516251);
for i in [1..#T6516251] do
ss := [6,5,1,6,2,5,1]1°T6516251[1];
cst[prodim(l, ts, ss)] := ss;
end for;

N6516256:=Stabilizer (N651625,6) ;

N6516256s: =sub<N|N6516256>;

for g in N do if (6°g eq 1 and 5°g eq 4 and 1°g eq 2 and 27g eq 6)

or (67g eq 2 and 5°g eq 3 and 1°g eq 6 and 2°g eq 1) then
N6516256s :=sub<N|N6516256s,g>;

end if; end for;

T6516256:= Transversal(N,N6616256s) ;
for i in [1..#T6516256] do
ss := [6,5,1,6,2,5,6]"T6516256[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N6516414:=Stabilizer (N651641,4);
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N6516414s:=sub<N|N6516414>;
for g in N do if (6”g eq 2 and 5°g eq 6§ and 1°g eq 3 and 4"g eq 4)
or (6°g eq 3 and 5°g eq 6 and 1”g eq 2 and 4"g eq 4) or (6"g eq 1
and E°g eq 2 and 1"g eq 6 and 4°g eq 4) or (6°g eq 5 and 5°g eq 6
and 1°g eq 1 and 47g eq 4) or (6°g eq 2 and 5°g eq 1 and 1°g eq 6
and 4°g eq 4) or (6°g eq 5 and 5°g eq 2 and 1°g eq 3 and 4°g eq 4)
or (6"g eq 6 and 5°g eq 3 and 1°g eq 2 and 47g eq 4) or (67g eq 3
and 5°g eq 1 and 1°g eq 5 and 4°g eq 4) or (6°g eq 1 and 5°g eq 3
and 1°g eq 5 and 4"g eq 4) then

N6516414s:=5ub<N|N6516414s,g>;
end if; end for;

T6516414:= Transversal (N,N6516414s);
for i in [1..#T6516414] do
ss := [6,5,1,6,4,1,4]"T6516414[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N6516453:=Stabilizer (N651645,3) ;
T8516453:= Transversal(N,N6516453);
for i in [1..#T6516453] do
ss := [6,5,1,6,4,5,3]"T6516453[i];
cst[prodim(1, ts, ss)] := ss;
end for;

N6515232:=Stabilizer (N651523,2) ;

N6515232s : =sub<N|[N6515232>;

for g in N do if (6”g eq 6 and 5°g eq 4 and 1°g eq 3 and

2°g eq 2 and 3"g eq 1) then
N6515232s:=sub<N|N6515232s, g>;

end if; end for;

T6515232:= Transversal (N,N6515232s);
for i in [1..#T6515232] do
ss := [6,5,1,5,2,3,2]"T6515232[i];
cst[prodim(l, ts, ss)] := ss;
end for;

N6515254:=Stabilizer (N651525,4) ;
N6515254s: =sub<N|N6515264>;
for g in N do if (6°g eq 3 and 5°g eq 1 and

1"g eq 6 and 27g eq 2
and 4°g eq 4) or (6°g eq 4 and 5°g eq 1 and 1~

1

1

eq 2 and 27g eq 5
eq 2 and 2°g eq 1
eq b and 2°g eq 1

and 4°g eq 3) or (6°g eq 4 and 5°g eq 5 and
and 4°g eq 6) or (6°g eq 3 and 5°g eq 2 and



and 4°g eq 6) or (6°g eq 6 and 5°g eq 2 and 1°g eq 1 and 2°g eq 5
and 4°g eq 3) then

N65152645 : =sub<N |N65152545, g>;
end if; end for;

T6515264:= Transversal(N,N65152545);
for i in [1..#T6515254] do
ss := [6,5,1,5,2,5,4)"T6515254[i];
cst[prodim(1, ts, ss)] := ss;
end for;

N6515253:=8tabilizer (N651525,3);
T6515253:= Transversal{N,N6515253);
for i in [1..#T65165253] do
ss := [6,5,1,5,2,5,3]"T6515253([i];
cst[prodim(1, ts, ss)] := ss;
end for;

N6512135:=Stabilizexr(N651213,5);
N6512135s:=sub<N|N6512135>;
for g in N do if (67g eq 5 and 57g eq 3 and 1°g eq 2 and 2°g eq 4
and 3°g eq 6) or (6”g eq 3 and 5°g eq 6 and 1°g eq 4 and 2°g eq 1
and 37g eq 5} then

N6512135s:=sub<N|N651213bs,g>;
end if; end for;

T6512135:= Transversal (N,N6512135s);
for i in [1..#T6512135) do
ss := [6,5,1,2,1,3,5]"T6512135[i];
cst[prodim(l, ts, ss)l := ss;
end for;

N6512316:=Stabilizer(N651231,6);
N6512316s:=sub<N|N6512316>;
for g in N do if (6"g eq 6 and 5°g eq 2 and 1°g eq 1 and 2°g eq 5
and 3°g eq 4} then
N6512316s:=sub<N|N6512316s,g>;
end if; end for;

T6512316:= Transversal(N,N6512316s);
for i in [1..#T6512316] do
ss := [6,5,1,2,3,1,6]"T6512316{i];
cst[prodim(1, ts, ss)] := ss;
end for;

226



227

N6512632:=Stabilizer (N651263,2) ;
N6512632s : =sub<N|N6512632>;

for g in N do if (6”g eq 3 and 57g eq 6 and 1"g eq 4 and 2°g eq 1
and 3°g eq 5) or (6°g eq 4 and 5°g eq 6 and 1"g eq 3 and 2°g eq 1
and 3°g eq 2) or (6°g eq 5 and 5°g eq 3 and 1"g eq 2 and 2°g eq 4
and 37g eq 6) or (6°g eq 2 and 5°g eq 3 and 1"g eq 5 and 2°g eq 4
and 3°g eq 1) or (6°g eq 1 and 5°g eq 5 and 1°g eq 6 and 2°g eq 2
and 3°g eq 4) or (6°g eq 1 and 5°g eq 2 and 1°g eq 6 and 2°g eq 5
and 3°g eq 3) or (6°g eq 3 and 5°g eq 1 and 1°g eq 4 and 2°g eq 6
and 3°g eq 2) or (67g eq 5 and 5°g eq 4 and 1°g eq 2 and 2°g eq 3
and 3°g eq 1) or (6”g eq 2 and 5°g eq 4 and 1°g eq 5 and 2°g eq 3
and 3°g eq 6) or (6°g eq 4 and 5°g eq 1 and 1°g eq 3 and 2°g eq 6
and 3°g eq 5) or (6°g eq 6 and 5°g eq 2 and 1°g eq 1 and 2°g eq 5

and 3°g eq 4) then
N6512632s : =sub<N|N6512632s,g>;
end if; end for;

T6512632:= Transversal (N,N6512632s) ;
for 1 in [1..#T6512632] do
ss := [6,5,1,2,6,3,2]"T6512632[1] ;
cst[prodim(1l, ts, ss)l := ss;
end for;

N6512643:=Stabilizer(N651264,3);
N6512643s:=sub<N|N6512643>;

for g in N do if (6°g eq 3 and 5°g eq 1 and 1°g eq 5 and 2°g eq 2
and 4°g eq 4 and 3°g eq 6) or (6°g eq 5 and 5°g eq 6 and 1°g eq 4
and 2°g eq 2 and 4°g eq 1 and 3°g eq 3) or (6°g eq 4 and 57g eq 6
and 1°g eq 5 and 2°g eq 2 and 4°g eq 3 and 3°g eq 1) or (6”g eq 6
and 5°g eq 4 and 1°g eq 3 and 2°g eq 2 and 4°g eq 5§ and 3"g eq 1)
or (6"g eq 1 and 6°g eq 3 and 1°g eq 4 and 2°g eq 2 and 4°g eq &

and 3"g eq 6) or (6°g eq 5 and 5°g eq 1 and 1°g eq 3 and 2°g eq 2

and 4°g eq 6 and 3°g eq 4) or (6°g eq 3 and 5°g eq 4 and 1°g eq 6

and 2°g eq 2 and 4°g eq 1 and 37g eq 5) or (6"g eq 4 and 5°g eq 3

and 1°g eq 1 and 2°g eq 2 and 4°g eq 6 and 3°g eq 5) or (6”°g eq 1

and 5°g eq 5 and 1°g eq 6 and 2°g eq 2 and 47g eq 3 and 3"g eq 4) then
N6512643s:=sub<N[N6512643s,g>;

end if; end for;

T6512643:= Transversal (N,N6512643s) ;
for i in [1..#T6512643] do
ss := [6,5,1,2,6,4,3]"T6512643[i];
cst [prodim(1, ts, ss)] := ss;
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end for;

N65162123:=Stabilizer (N6516212,3);
N65162123s :=sub<N|N65162123>;

for g in N do if (6°g eq 4 and 5°g eq 3 and 1°g eq 1 and 2°g eq 2
and 3°g eq 5) or (6°g eq 3 and 5°g eq 4 and 1°g eq 6 and 2"g eq 2
and 3°g eq B) or (6"g eq 1 and 5°g eq 5 and 1°g eq 6 and 2°g eq 2
and 3°g eq 4) or (6"g eq 3 and 5°g eq 1 and 1°g eq 5 and 2°g eq 2
and 3°g eq 6) or (6"g eq 5 and 5°g eq 1 and 1°g eq 3 and 2°g eq 2
and 3°g eq 4) or (6°g eq 4 and 5°g eq 6 and 1°g eq 5 and 2°g eq 2
and 3°g eq 1) or (6°g eq 6 and 5°g eq 4 and 1°g eq 3 and 2°g eq 2
and 3°g eq 1) or (6"g eq 1 and 5°g eq 3 and 1°g eq 4 and 2°g eq 2
and 37g eq 6) or (6°g eq 5 and 5°g eq 6 and 1"g eq 4 and 2°g eq 2
and 3"g eq 3) then

N65162123s:=sub<N|N65162123s,g>;
end if; end for;
T65162123:= Transversal(N,N65162123s);
for i in [1..#T65162123] do

ss := [6,5,1,6,2,1,2,31"T66162123[i];

cst[prodim(1l, ts, ss8)] := ss;
end for;
N651621232:=Stabilizer(N65162123,2);
N651621232s : =sub<N|N651621232>;
for g in N do if (6"g eq 6 and 5°g eq 4 and 1"g eq 5 and 2°g eq 1
and 3°g eq 2) or (6°g eq 4 and 5°g eq 2 and 1°g eq 5 and 2°g eq 6
and 3°g eq 3) or (6°g eq 6 and 5°g eq 4 and 1°g eq 3 and 2°g eq 2
and 3°g eq 1) or (6°g eq 3 and 5°g eq 4 and 1°g eq 6 and 2°g eq 2
and 3°g eq 5) or (6°g eq 2 and 5°g eq 6 and 1"g eq 3 and 2°g eq 5
and 3°g eq 4) or (6°g eq 5 and 5°g eq 2 and 1°g eq 4 and 2°g eq 6
and 3°g eq 1) or (6”g eq 5 and 5°g eq 3 and 1°g eq 1 and 2°g eq 6
and 3°g eq 4) or (6°g eq 5 and 5°g eq 6 and 1°g eq 1 and 2°g eq 3

and 3°g eq 2) then
N651621232s:=sub<N|N6561621232s,g>;
end if; end for;

T651621232:= Transversal(N,N651621232s) ;
for i in [1..#T651621232] do
ss := [6,5,1,6,2,1,2,3,2]"T651621232[i];
cst[prodim(1l, ts, ss)] := ss;
end for;
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Appendix B

Center of
2*0. Lo (5)
[(07172’374)t0]87[(oo707 1) (27473)t00187 [(OOJO) (1)4)t1]6

(y"2*x)*t*(y*x)*t*(y*x“2*y*x"2*y*x*y*x“2*y*
XT2 )k t k(Y R X2k y kX kY RX2)kt ok (yRX2%Y KX KkY ¥ X2
FRXT2)¥ T * (F* X2 %y *xky*x"24y*X2KYyF X *y* X Ky*
X2k y kX Yy kX2 )kt ¥ (YR AT2 Ry kX kY kX2 Fky kX2 Ky ok
Ay kx ky ok x"2)kt k(Y RXT2ZkYy FxkYyFA2HkY kX2 Fykx
Y*Xky kX ky*x"2) ¥t * (y#*x"2 %y ~1)xt -1 %( x"~2 % y"-1)
t7=1 *( yo-1 * x * y™-1) * t7-1 % (y7-1 )* t7°-1 *( x"-1 % y"2 * x"-2

* yo=1 % x7=2 % y-1 % x7-2 * y™-1 * x"-1 * y*~-1 ¥ x"-2 % y"-1 )* t~-1

*( X"-2 k% yo-1 % x7~1 * y™-1 % x"-2 % y™~1 * x"-1 * y™-1 * x"-1 ¥ y~-1
* X7-2 % yT-1 ¥ x"-2 % y™-1 & x"~1 % y™-1 * x"-2 % y"-1) * t”-1 % (x"-2

* y7-1 % x7-2 % y™-1 * x"-1 % y*-1 * x7-2 * y*-1) % t7~1 * (x"-2 * y™-1

* X"-1 % y7-1 % x7-2 % y°-1 )* t7-1 * (X"-2 % y"-1 * x"-2 % y~-1 * x"-1

* yo-1 * x7-2 % y™-1 % x7-2 % y*-1 )x £7-1 x( x"-1 % y™-1 )% t7-1 *

(x™-1 *y™-3 %t % y73 xx )k t * (ykxx )kt * (yk x"2 %y *x x"2 %y

¥ X KRy R XT2F Yy kx™2) xt ok (YR X2k yokx kykX2)kt k (y*
X2y xx ky kxXT2F%y kxT2) x btk (ykXT2 %y kxoky kX2

V*¥X 2%y *x *y*x %y *X"2*ky*kXxky*x™2 )kt * (y*x x"2 %
Yy*¥X ¥y *x2%y*%x"2%y*x)

* ¥ X
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Appendix C

MAGMA Code for Construction
of M 12

G<x,y,t>:=Group<x,y,t|x"5,y"3, (y*x)~2,t"2, (t,x), (£t (y*x~2),
x¥y), (x¥t7y) "8, (y*t) "8, (t" (y*x~4) ¥t~ (y"2) ) "3,y - 1%t~ (y*x"2) *
£7 (y*x"4) Rt TyRt " (YHXT2) ¥R TyRbAL” (yRx"3) ¥ ;

86:=Sym(6) ;
xx:=56!(5,1,2,3,4);
yy:=861(6,5,1)(2,4,3);
N:=sub<S6|xx,yy>;
Order(N);

£,G1,k:=CosetAction(G,sub<G|x,y>);

R:=[Id(G1): i in [1..6]1];
R[6]:=f(t);

R[5] :=£{(t"y);
R[1]:=£{t"(y"2));

R[2] :=f(t~ (y*x"2));

R3] :=£(t" (y*x"3));

R[4} :=f (t" (y*x"4));

ts := R;
cst := [null : i in [1 .. 3168]] where null is [Integers() | J;
for i := 1 to 6 do ’
prodim := function(pt, Q, I)
v = pt;
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for i in I do

v = v™(Q[il);
end for;
return v;
end function;
end for;

N6:=Stabiliser(N,6):
T6:=Transversal (N,N6);
for i in [1..#T6] do
ss := [6]°T6[i];
cst[prodim(1, ts, ss)] := ss;
end for;

N65:=8tabilizer(N6,5);
T66:=Transversal (N,N65);
for i in [1..#T68] do
ss := [6,5]"T65[i];
cst[prodim(1, ts, ss)]
end for;

]

ss;

N656:=Stabilizer (N65,6);

for g in N do if (6"g eq 5 and 5°g eq 6) then
N656s:=sub<N|N656,g>;
end if; end for;

T656: =Transversal (N,N656s) ;
for i in [1..#T656] do
ss := [6,5,68]"T656[1i];
cstprodim(l, ts, ss)] := ss;
end for;

N651:=Stabilizer (N65,1);
T651:=Transversal (N,N651);
for i in [1..#T651] do

ss := [6,5,1]°T651[i];
cstprodim(1l, ts, ss)] := ss;
end for;

N652:=Stabilizer (N65,2);
T652:=Transversal (N,N652) ;
for i in [1..#T652] do

ss := [6,5,2]1"T652([i];
cst[prodim(1, ts, ss)] := ss;



232

end for;

N6561:=Stabiliser (N656,1);
for g in N do if (6°g eq 5 and 5°g eq 6 and 1°g eq 1) then
N6561s:=sub<N|N6561,g>;
end if; end for;

T6561:=Transversal (N,N6561s) ;
for i in [1..#T6561] do
ss := [6,5,6,1]1"T6561[i];
cst[prodim(l, ts, ss)] := ss;
end for;

N6562:=Stabiliser (N656,2);

for g in N do if (6”g eq 5 and 5°g eq 6 and 2°g eq 2) then
N6562s:=sub<N|N6562, g>;

end if; end for;

T6562:=Transversal (N,N6562s) ;
for i in [1..#T6562] do
ss := [6,5,6,2]"T65662[i];
cst[prodim(1, ts, ss)] := ss;
end for;

N6512:=Stabiliser (N651,2);
T6512:=Transversal (N,N6512) ;
for i in [1..#T6512] do
ss := [6,5,1,2]1"T6512[i];
cst[prodim(l, ts, ss)] := ss;
end for;

N6513:=8Stabiliser(N651,3);
for g in N do if (6"g eq 1 and 5°g eq 5 and 1°g eq 6
and 3°g eq 4) then

N6513s:=sub<N|N6513,g>;

end if; end for;

T6513:=Transversal (N,N6513s) ;
for i in [1..#T6513] do
ss := [6,5,1,3)°T6513[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N6514:=Stabiliser(N651,4);
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T6514 : =Transversal (N,N6514) ;
for i in [1..#T6514] do
ss := [6,5,1,4]"T6514[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N6515:=Stabiliser (N651,5);

for g in N do if (67g eq 6 and 5°g eq 1 and 1°g eq 5) then
N6515s:=sub<N|N6515,g>;

end if; end for;

T6515:=Transversal (N,N6515s) ;
for i in [1..#T6515] do
ss := [6,5,1,5]"T6515[1i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N6516:=Stabiliser(N651,6);

for g in N do if (6"g eq 5 and 5°g eq 6 and 1"g eq 1) then
N6516s:=sub<N|N6516,g>;

end if; end for;

T6516:=Transversal (N,N6516s) ;
for i in [1..#T6516] do
ss := [6,5,1,6]"T6516[i];
cst[prodim(l, ts, ss)] := ss;
end for;

N6521:=Stabiliser(N652,1);
for g in N do if (6"g eq 2 and 5°g eq 5 and 2°g eq 6
and 1°g eq 3) then
N6521s:=5ub<NIN6521,g>;
end if; end for;

T6521:=Transversal (N,N6521s) ;
for i in [1..#T6521] do
ss := [6,5,2,1]1"T6521[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N6523:=Stabiliser (N652,3);
T6523:=Transversal (N,N6523) ;
for i in [1..#T6523] do

ss := [6,5,2,3]1"T6523[il;
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cstprodim(1l, ts, ss)] := ss;
end for;

N6524 :=Stabiliser (N652,4);
T6524 :=Transversal (N,N6524) ;
for i in [1..#T6524] do
ss := [6,5,2,4]1"T6524[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N6525:=8Stabiliser (N652,5);

for g in N do if (6°g eq 6 and 5°g eq 2 and 2"g eq 5) then
N6525s: =sub<N|N6525,g>;

end if; end for;

T6625 :=Transversal (N,N6526s) ;
for i in [1..#T6525] do
ss := [6,5,2,5]°T6525(1i];
cst[prodim(1, ts, ss)] := ss;
end for;

N6526:=Stabiliser (N652,6);

for g in N do if (6°g eq 5 and 5°g eq 6 and 2"g eq 2) then
N6526s:=sub<N|N6526,g>;

end if; end for;

T6526 :=Transversal (N,N6526s) ;
for i in [1..#T6526] do

ss := [6,5,2,6]"T6526(i];

cst [prodim(1, ts, ss)] := ss;
end for;

N65614:=Stabiliser(N6561,4);
for g in N do if (6”g eq 5 and 5°g eq 6 and 17g eq 1
and 4°g eq 4) then
N65614s:=sub<N|N65614,g>;
end if; end for;

T65614:=Transversal (N,N65614s);
for i in [1..#T65614] do
ss := [6,5,6,1,4]"T65614[1i];
cst [prodim(1, ts, ss)] := ss;
end for;
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N65612:=Stabiliser (N6561,2);
T65612:=Transversal (N,N65612) ;
for i in [1..#T65612] do
ss := [6,5,6,1,2]"T65612[i];
cst[prodim(1, ts, ss)] := ss;
end for;

N65615:=Stabiliser (N6561,5);

for g in N do if (6”°g eq 5 and 5°g eq 6 and 1°g eq 1) then
N65615s:=sub<N|N66615,g>;

end if; end for;

T65615: =Transversal (N,N65615s) ;
N65615:=Stabiliser (N6561,5);
N65623:=Stabiliser (N6562,3);
for g in N do if (6”g eq 5 and 5°g eq 6 and 2°g eq 2
and 3°g eq 3) then
N65623s: =sub<N|N65623,g>;
end if; end for;

T65623:=Transversal (N,N65623s) ;
for i in [1..#T65623] do
ss := [6,5,6,2,3]"T65623[1]);
cst [prodim(1, ts, ss)] := ss;
end for;

N65621;:=Stabiliser (N6562,1);
T65621 :=Transversal (N,N65621) ;
for i in [1..#T65621] do
ss := [6,5,6,2,1]1"T65621[i];
cstprodim(i, ts, ss)] := ss;
end for;

N65121:=Stabiliser(N6512,1);
T65121:=Transversal (N,N65121);
for i in [1..#T65121] do
ss := [6,5,1,2,1)°T65121[1];
cst[predim(1, ts, ss)] := ss;
end for;

N65123:=Stabiliser (N6512,3) ;

for g in N do if (6°g eq 6 and 5”°g eq 2 and 1°g eq 1

and 2°g eq 5 and 3°g eq 4) then
N65123s:=sub<N|N65123,g>;
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end if; end for;

T65123:=Transversal (N,N65123s) ;
for i in [1..#T65123] do
ss := [6,5,1,2,3)"T65123[i];
cst[prodim(1, ts, ss)] := ss;
end for;

N65124:=Stabiliser(N6512,4);

for g in N do if (6°g eq 2 and 5°g eq 4 and 1°g eq 1

and 2°g eq 6 and 4°g eq 5) then
N65124s:=sub<N|N65124,¢>;

end if; end for;

T65124 :=Transversal (N,N65124s) ;
for i in [1..#T65124] do
ss := [6,5,1,2,4]"T65124[i];
cst[prodim(1, ts, ss)] := ss;
end for;

N65125:=Stabiliser (N6512,5);
for g in N do if (6°g eq 3 and 5°"g eq 1 and 1"g eq 5
and 2°g eq 2) then
N65125s:=sub<N|N65125,g>;
end if; end for;

T65125:=Transversal (N,N65125s) ;
for i in [(1..#T65125] do
ss := [6,5,1,2,8]"T6b125([1];
cst[prodim(1, ts, ss)] := ss;
end for;

N65126:=8tabiliser(N6512,6);
T65126:=Transversal (N,N65126) ;
for i in [1..#T65126] do
ss := [6,5,1,2,6]"T65126[1];
cst[prodim(1, ts, ss)] := ss;
end for;

N65231:=Stabiliser(N6523,1);

for g in N do if (6°g eq 2 and 5°g eq 5 and 2°g eq 6

and 3°g eq 1 and 1°g eq 3) then
N65231s : =sub<N[N66231,g>;

end if; end for;



T65231:=Transversal (N,N65231s) ;
N65232:=Stabiliser (N6523,2);

for g in N do if (6"g eq 6 and 57°g eq

and 3"g eq 2) then
N65232s : =sub<N|N65232, g>;
end if; end for;

T65232:=Transversal (N,N65232s) ;
for i in [1..#T765232] de
ss := [6,5,2,3,2]"T65232[1];
cst[prodin(l, ts, ss)] := ss;
end for;

N65234:=Stabiliser (N6523,4);
T65234:=Transversal (N,N65234) ;
for i in [1..#T65234] do
ss := [6,5,2,3,4]1"T65234[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N65235:=Stabiliser (N6523,5);
for i in [1..#T765235] do
ss := [6,5,2,3,5]"T65235[i];
cstprodim{1, ts, ss)] := ss;
end for;

N65214:=Stabiliser (N6521,4);

5 and 27g eq 3

for g in N do if (6°g eq 2 and 5°g eq 5 and 2°g eq 6

and 1°g eq 3 and 4°g eq 4) then
N65214s:=sub<N|N65214,g>;
end if; end for;

T65214 :=Transversal (N,N65214s) ;
for i in [1..#T65214] do
ss := [6,5,2,1,4] "T65214[i];
cst{prodim(1l, ts, ss)] := ss;
end for;

N65242:=Stabilisexr (N6524,2);
T65242:=Transversal (N,N65242) ;
for i in [1..#T65242] do
ss := [6,5,2,4,2]"T65242[i];
cst[prodim(1, ts, ss)] := ss;

237



238

end for;

N65243:=Stabiliser (N6524,3);

for g in N do if (6°g eq 4 and 57°g eq 3 and 2°g eq 2

and 4"g eq 6 and 3°g eq 5) then
N65243s : =sub<N|N65243, g>;

end if; end for;

T65243: =Transversal (N,N65243s) ;
for i in [1..#T765243] do
ss := [6,5,2,4,3]"T65243([1];
cst[prodim(1, ts, ss)] := ss;
end for;

N65245:=Stabiliser (N6524,5) ;
for g in N do if (6"g eq 1 and 5°g eq 2 and 2"g eq 5
and 4°g eq 4) then
N65245s : =sub<N|N65245,¢>;
end if; end for;

T65245 :=Transversal (N,N65245s) ;
for i in [1..#T65245] do
ss := [6,5,2,4,5]1"T65245[1i];
cst[prodim(1, ts, ss)] := ss;
end for;

N65246:=Stabiliser (N6524,6) ;
T65246:=Transversal (N,N65246) ;
for i in [1..#T65246] do
ss := [6,5,2,4,6]"T65246[1];
cst[prodim(l, ts, ss)] := ss;
end for;

N65141:=8tabiliser(N6514,1);
for g in N do if (6°g eq 6 and 5°g eq 5 and 1"g eq 4
and 4"°g eq 1) then
N65141s:=sub<N|N65141,g>;
end if; end for;

T65141:=Transversal (N,N65141s) ;
for i in [1..#T65141] do
ss := [6,5,1,4,1]°T65141[i];
cst[prodim(1, ts, ss)] := ss;
end for;
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N65156:=Stabilisexr(N6515,6);

N65156s : =sub<N|N65156>;

for g in N do if ((6°g eq 6 and 5°g eq 1 and 1°g eq 5) or

(6"g eq 5 and 5°g eq 6 and 1"g eq 1) or (6°g eq 5 and 57°g eq 1

and 1°g eq 6) or (6”g eq 1 and 5°g eq 6 and 1°g eq 5) or

(6"g eq 1 and 5°g eq 5 and 1°g eq 6)) then
N65156s : =sub<N|NE5156s,g>;

end if; end for;

T65156 :=Transversal (N,N65156s) ;
for i in [1..#T65156] do
ss := [6,5,1,5,6])"T65156[i];
cst{prodim(1, ts, ss)] := ss;
end for;

N65256:=3tabiliser (N6525,6) ;

N65256s : =sub<N|N65256>;

for g in N do if ({6”g eq 6 and 57g eq 2 and 2°g eq 5)

or (67g eq b and 5°g eq 6 and 2°g eq 2) or (6°g eq 5 and

5°g eq 2 and 2°g eq 6) or (67g eq 2 and 5°g eq 6 and 2°g eq 5)

or (67g eq 2 and 5°g eq 5 and 27g eq 6)}) then
N652565 : =sub<N|N65256s,g>;

end if; end for;

T65256:=Transversal (N,N65256s) ;
for i in [1..#T65256] do
ss := [6,5,2,5,6]"T65256[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N65161:=Stabiliser (N6516,1);

N65161s:=sub<N|N65161>;

for g in N do if (6”g eq 5 and 57g eq 6 and 1°g eq 1) then
N65161s:=sub<N|N65161s,g>;

end if; end for;

T65161:=Transversal (N,N65161s) ;
for i in [1..#T65256] do
ss := [6,5,2,5,6]"T65256(1i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N656212:=Stabiliser (N65621,2);
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T656212:=Transversal (N,N656212);
for 1 in [1..#T656212] do
ss := [6,5,6,2,1,2]"T656212[1i];
cst[prodim{1, ts, ss)] := ss;
end for;

N656214 :=8tabiliser (N65621,4);
N656214s:=2sub<N|N656214>;
for g in N do if (6°g eq 3 and 5°g eq 2 and 2°g eq 4 and
1°g eq 6 and 4"g eq 5) or (6°g eq 1 and 5°g eq 4 and 2°g eq 5
and 1°g eq 3 and 47°g eq 2) then
N656214s:=sub<N|N656214s,g>;
end if; end for;

T656214 :=Transversal (N,N656214s);
for i in [1..#T656214] do
ss := [6,5,6,2,1,4]"T656214[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

N656232:=Stabiliser (N65623,2);

N656232s: =sub<N|N656232>;

for g in N do if (6°g eq 6 and 5°g eq 5 and 2°g eq 3 and 3°g eq 2)

or (6”°g eq 5 and 5°g eq 6 and 2°g eq 3 and 37g eq 2) or (67°g eq

and 5°g eq 6 and 2°g eq 2 and 37g eq 3) or (67g eq 4 and 57°g eq

and 2°g eq 6 and 3°g eq B) or (6°g eq 4 and 5°g eq 1 and 2°g eq

and 3"g eq 6) or (67g eq 3 and 57g eq 2 and 2°g eq 1 and 37g eq

or {(6°g eq 3 and 5°g eq 2 and 2°g eq 4 and 37g eq 1) or (6°g eq

and 5°g eq 3 and 2°g eq 1 and 3°g eq 4) or (6°g eq 2 and 57g eq

and 2°g eq 4 and 3"g eq 1) or (6”g eq 1 and 5°g eq 4 and 27°g eq

and 3°g eq 6) or (67g eq 1 and 5°g eq 4 and 2°g eq 6 and 3°g eq 5) then
N656232s: =sub<N|N656232s,g>;

end if; end for;

AWK =3
~—

T656232:=Transversal (N,N656232s) ;
for i in [1..#T656232] do
ss := [6,5,6,2,3,2]"T656232[1];
cst [prodim(1l, ts, ss)] := ss;
end for;

N656141:=Stabiliser (N65614,1);

N656141s:=sub<N|N656141>;

for g in N do if (6°g eq 6 and 5°g eq 5 and 1°g eq 4 and 4"g eq 1)
or (6°g eq 5 and 5°g eq 6 and 1°g eq 4 and 4°g eq 1) or (6°g eq 5
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and 5°g eq 6 and 1°g eq 1 and 4°g eq 4) or (6°g eq 4 and 5°g eq 1

and 1°g eq 2 and 47g eq 3) or (6"g eq 4 and 5°g eq 1 and 1°g eq 3

and 4"g eq 2) or (6°g eq 3 and 5°g eq 2 and 1°g eq 5 and 4°g eq 6)

or (6"g eq 3 and 5°g eq 2 and 1°g eq 6 and 4"g eq 5) or (6°g eq 2

and 5°g eq 3 and 1°g eq 5 and 47°g eq 6) or (6°g eq 2 and 57°g eq 3

and 1°g eq 6 and 4°g eq 5) or (6°g eq 1 and 5°g eq 4 and 1°g eq 2

and 4°g eq 3) or (6°g eq 1 and 5°g eq 4 and 1°g eq 3 and 4"g eq 2) then

N656141s:=sub<N|N656141s,g>;
end if; end for;

TE56141:=Transversal(N,N656141s);
for i in [1..#T656141] do
ss := [6,5,6,1,4,1]"T656141[i];
cst [prodim(1, ts, ss)] := ss;
end for;

N656123:=Stabiliser (N65612,3) ;
N656123s: =sub<N|N656123>;
for g in N do if (6°g eq 1 and 5°g eq 4 and 1°g eq 3 and
2°g eq 5 and 3°g eq 6) or (6°g eq 3 and 5°g eq 2 and 1°g eq 6
and 2°g eq 4 and 3°g eq 1) then
N656123s:=sub<N|N656123s,g>;
end if; end for;

T656123:=Transversal (N,N656123s);
for i in [1..#T656123] do
ss := [6,5,6,1,2,3]"T656123[1i];
cst[prodim(l, ts, ss)] := ss;
end for;

N651215:=Stabiliser (N65121,5);
N651215s:=5ub<N|N651215>;
for g in N do if (6°g eq 3 and 5°g eq 1 and 1°g eq 5 and
2°g oq 2) then
N651215s:=sub<N|N651215s,g>;
end if; end for;

T651215:=Transversal(N,N651215s);
for i in [1..#T651215] do
ss := [6,5,1,2,1,5]"T651215(i];
cstlpredim(1l, ts, ss)] := ss;
end for;

N651243:=8Stabiliser (N65124,3) ;
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N651243s:=sub<N|N651243>;
for g in N do if (6°g eq 6 and 5°g eq 2 and 1°g eq 1 and
2°g eq 5 and 4°g eq 3 and 37g eq 4) or (6°g eq 5 and 5°g eq 3
and 1°g eq 6 and 2°g eq 5 and 47g eq 2 and 37g eq 4) or (6"g eq 5
and 5°g eq 6 and 1"g eq 1 and 2°g eq 3 and 4"g eq 4 and 37g eq 2)
or (6"g eq 4 and 5°g eq 2 and 1°g eq 1 and 2°g eq 3 and 4°g eq 5
and 37g eq 6) then

N651243s:=sub<N|N651243s,g>;
end if; end for;

T651243:=Transversal(N,N651243s);
for i in [1..#T651243] do
ss := [6,5,1,2,4,3]"T651243[i];
cst[prodim(1, ts, ss)] := ss;
end for;

N652325:=Stabiliser (N65232,5);
N652325s: =sub<N[N652325>;
for g in N do if (6°g eq 6 and 5°g eq 5 and 2°g eq 3
and 3°g eq 2) then
N652325s : =sub<N|N652325¢,g>;
end if; end for;

T652325:=Transversal (N,N652325s) ;
for i in [1..4T652325] do
ss := [6,5,2,3,2,5)"T652325[1];
cst[prodim(1, ts, ss)] := ss;
end for;

N652431:=Stabiliser(N65243,1);

N652431s:=sub<N|N652431>;

for g in N do if (68"g eq 6 and 5°g eq 4 and 2°g eq 2 and

4"g eq 5 and 3°g eq 1 and 1°g eq 3) or (6°g eq 5 and

5"z eq 1 and 2°g eq 2 and 4°g eq 6 and 3°g eq 4 and 1°g eq 3)

or (6°g eq 5 and 5°g eq 6 and 2°g eq 2 and 4"g eq 1 and

3"g eq 3 and 1°g eq 4) or (6°g eq 4 and 5°g eq 3 and 27g eq 2

and 4°g eq 6 and 3°g eq 5 and 1°g eq 1) or (67g eq 4 and 5°g eq 6

and 2°g eq 2 and 4"g eq 3 and 3°g eq 1 and 1°g eq 5) then
N652431s:=sub<N|IN652431s,g>;

end if; end for;

T652431:=Transversal (N,N652431s) ;
for i in [1..#T652431] do
ss := [6,5,2,4,3,1] "T652431[i];
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cstprodim(1l, ts, ss)] := ss;
end for;

N651254 :=Stabiliser (N65125,4);
N6512B4s:=sub<N|N651254>;
for g in N do if (6°g eq 6 and 5°g eq 5 and 1°g eq 4 and
2"g eq 3 and 4"g eq 1) or (6"g eq 3 and 6°g eq 1 and 1"g eq &
and 2°g eq 2 and 4"°g eq 4) or (6°g eq 2 and 5°g eq 4 and 1°g eq 1
and 2°g eq 6 and 47g eq 5) or (6”g eq 3 and 5°g eq 1 and 1°g eq 4
and 2°g eq 6 and 4°g eq 5) or (6°g eq 2 and 5°g eq 4 and 1"g eq 5
and 2°g eq 3 and 4°g eq 1) then

N651254s : =sub<N|N651254s,g>;
end if; end for;

T651254 :=Transversal(N,N651254s) ;
for i in [1..#T7651254] do
ss := [6,5,1,2,5,4]"T651254[i];
cst[prodim(l, ts, ss)] := ss;
end for;
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