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ABSTRACT

In this paper, we study some basic properties of free modules over a ring. A
module with a basis is called a free module and a free module over a division ring (or
field) is called a vector space. We show every vector space has a basis and any two bases
of a vector space have same cardinality. However, a free module over an arbitrary ring
(with identity) does not have this property. An example is given of a free R-module with
the property that ¥n > 0, there exists a basis of cardinality n. That is, as an R-module,
R=2ZR*=R®R®...® R for any finite number of summands.
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Chapter 1

Introduction

1.1 History and Importance

The vector concept is first introduced by Bolzano in the 19th century. In the
book, published in 1804, he considers points, lines, and planes as undefined elements and
defined operations on them. This is an important step for the linear space to arise. After
several years, Mdbius starts to consider directed quantities, which is an early appearance
of vectors. Then, Bellavitis defines the equipollent sum of line segments and obtains an
equipollent calculus, which is essentially a vector space. Many years after, Peano defines
dimension; proves finite dimensional spaces have a basis and gives examples of infinite
dimensional linear spaces. {OR96]

The notion of vector spaces has wide applications in mathematics, the sciences,
and engineering. It is used to prove theorems in plane geometry and to analyze the equi-
librium of two-dimensional rigid bodies. [RA77) Euclidean spaces are the most familiar
vector spaces. In studying the properties and structure of a vector space, we can study

many other important vector spaces.

1.2 Overview

In Chapter 2, we define modules and linearly independent sets. Then we intro-
duce submodules, homomorphisms, cartesian products, sums of modules, and products of
modules. Theorem 2.16 and 2.17 characterize when a module is an internal or external di-

rect sum of modules. Finally, Theorem 2.21 shows that for an R-module A, Homp(4, A)



is a ring.

In Chapter 3, we study the notion of a free module. Theorem 3.1 shows that
a module is free if and only if it has a basis. We then show in Theorem 3.5 that every
module over a division ring has a basis. We use Zorm’s Lemma to handle the case when
a module has an infinite basis.

Several results in Chapter 5 require some knowledge of cardinal numbers. In
Chapter 4, we define cardinal number and develop some of their basic properties. In
particular, we prove the Schroeder-Bernstein theorem and some properties of addition
and multiplication of cardinal numbers.

For a vector space, all bases have the same cardinality and their number is called
the dimension of the vector space. If a module has a basis of infinite cardinality, all bases
have the same cardinality. However, for modules with finite basis, this is not necessarily

true. We give an example of a module that has a basis of cardinality n for each n € N.



Chapter 2
Vector Spaces and Modules

We begin this chapter with the definition of a module and linearly independent
sets. Then, in Section 2.1, we introduce submodules, homomorphisms, and cartesian
products. In Section 2.2, we introduce sums and products of modules. Theorems 2.16
and 2.17 characterize when a module is an external or internal direct sum of modules.
Finally, Theorem 2.21 shows that for an R-module A, Hompg(A, A) is a ring.

Since the notion of a module is closely related to the concept of a vector space,
we will present a short overview of the general properties of vector spaces that carry over

to modules in this section.

Definition 2.1. [Gal02] Let R be a ring. Then an R-module is a set together with two
binary operations of vector addition and scalar multiplication, satisfying the following
properties: Under Addition

1. Closure: u+v eV, forall u,v €V,

2. Associativity: u+ (v+ w) = (u +v) + w, for all u,v,w € V.

3. Commutativity: u+v=v+u, for all u,v € V.

4. Identity: There exists 0 € V such that u+0=0+u=u, forallu e V.

5. Inverse: For each u € V, there is an element —u € V such that u + (—u) = 0.
Under Scalar Multiplication

1. Closure: cu eV, forallce Fand allu e V.



2. Distributivity for multiplication over addition: Let ¢ be any element of F. Then,
ce(u+v) = (cu) + (cv), for all u,v e V.

3. Distributivity for multiplication over addition: Let ¢, d € F, w € V, then (c+d)u =
(cu) + (du).

4. Associativity: ¢(du) = (cd)u for all¢,d€ Fand allu € V.
5. Identity: 1-u=wu,forallue V.

One of the most important ideas in the study of modules is that of linear inde-

pendence.

Definition 2.2. The vectors v1,v2,...,v, in an R-module M are said to be linearly
independent if whenever ¢;v; + cpve + ... + cpvp = 0, for some scalars ¢i,...,c, € R, we

must have ¢ = g = ... = ¢, = 0.

The next theorem gives a characterization of linear independence for vector

SPaces.

Theorem 2.3. [KH01] The set of nonzero vectors v1,vs, ..., v, in & vector space V is
linearly dependent if and only if one of the vectors vg, k > 2, is a linear combination of

the preceding vectors v1,va, ..., Vk—1.-

Proof. Suppose vy, va,...,v, are linearly dependent. Then, ¢iv; + cove + ... + ¢pvp, = 0
such that at least one scalar ¢; is not zero. Now, let k& be the largest subscript such
that cp # 0. If & > 0, then v = —(S)vy — (B2 — ... — (B )y, If kb =1, the
civ1 = 0, which implies that v; = 0, a contradiction to hypothesis that none of the
vectors are the zero vector. Thus one of the vectors v is a linear combination of the
preceding vectors v1,va, ..., Ux—1. Conversely, if vz = ¢jv1 + cov2 + ... + ck_19x—1, then
c1v1 + e + ... + ck—1Ug-1 + (—1)vg + Ovggy + ... + Ov, = 0. Since there is at least one

non-zero coefficient, —1, the set of vectors v1, v, ..., v, are linear dependent. O

If R is a commutative ring, then everything will work as well for (unitary) right
R-modules, i.e., we can similarly define a function g : A x R — A satisfying the analogues
of Definition 2.1 for a right R-module. Since every theorem of left R-modules has a right
analogue, throughout this chapter, an R-module means a left R-module.



Example 2.4. Every abelian group A with additive operation is a Z-module, where for
alneZ,ac A, na=a+a+---+ac A '

2.1 Submodules, and Homomorphisms

Definition 2.5. If A is an R-module over a ring R, then a nonempty subset B of A
is a submodule if and only if it is an additive subgroup of A, which is closed under
multiplication by elements of R. That is, forallr € R, b€ B, rb € B.

If A is a module over a division ring, then a submodule of A is called a subspace.
Note that a submodule B of an R-module A is an additive subgroup with 7B C B
forallr € R.

Example 2.6. The trivial submodule of an R-module is zero module, denoted by (0).

Example 2.7. If {B; | i € I} is a family of submodules of a module A, then the

intersection of B;, in notation N;eyB;, is a submodule of A.

Definition 2.8. If A, B are modules over a ring R, then for all r € R and a,c € A, the

map f: A — B is an R-module homomorphism if
L. f(a+c)=f(a) + f(c)
2. f(ra) =rf(a)

Equivalently, for all z,y € A, r,s € R, if f(rz + sy) = rf(z) + sf(y), then
f is an R-module homomorphism as well. If R is a division ring, then an R-module
homomorphism is called a linear transformation. Indeed, an R-module homomorphism

f: A — Bis an abelian group homomorphism under addition.

Theorem 2.9. If B is a subset of an R-module A, {B; | i € I} is a family of submodules
of A, a € A, and Ra = {ra|r € R}. Then

1. Ra is a submodule of A and f : R — Ra given by r — ra is an R-module epimor-

phism.

2. D=RX =< X >={};_ mi0; | a; € X;r; € R} is the submodule generated by X.



3. The sum of the family {B; | i € I} consisting of all finite sums b;; + by, + ... + by,

where b;, € B;, s a submodule of A.

Proof.

1. Let ra, sa € Ra. Then, ra+ sa = (r + s)a € Ra. So Ra is closed under addition.
Also, s(ra) = (sr)a € Ra, for all », s € R, @ € A. Thus, Re is closed under scalar
multiplication. Therefore, Ra is a submodule of A. Now, define f : R — Ra by
f(r) =ra. Let r1, 72 € R. Then, f(r1+r2) = (r1+r2)a =ria+ra = f(r1)+ f(r2).
Thus, f preserves addition. Let ¢, r € R. Then, f(cr) = (er)e = c(ra) = cf(r).
Clearly, f{r) = ra € Ra, so f is onto. Therefore, f : R — Ra is an R-module

epimorphism.

2. Let }°7_; ria;, Z;=1 mja; € RX. Then, (ria;+- - +7r5a:) +(mia1+-- - +mga,) =
(rio1 +maa1) +- - -+ (rsas + msas) = (r1 +ma)ay + - - -+ (rs + ms)as € RX. Thus,
Rz is closed under addition. To see it is closed under multiplication, we let 7,
t €R, Y., ria; € RX. Then, t(ria1 + - + r5a5) = (tria1 + - - + trsas) € RX.

Therefore, RX is a submodule of A.

3. The sum of {Bi | 1 E I} is < U1 B; >= {bil +- b, | bij € Bij}. Let b, +---+bi,,
¢y + -+ ¢, €< UjerB; >, where b;,, ¢;, € B;,. Then, (b;; +--- + b;,) + (&, +
oot ) = (b +oy)+ -+ (B, i) €< UierB;. So, < UjerB; > is closed under
addition. Now, for each r € R, r(b;; + -+ b)) = vbi; + - -- +rbs, €< UserB; >.
Hence, < U;erB; > is closed under scalar multiplication. Thus, the sum of the
family {B; | ¢ € I} is a submodule of A.

Next, we define Cartesian product and Canonical projection.

Definition 2.10. Let a nonempty set I be an index set and {4; | 7 € I} be a family of
sets. The set of all functions f : I — U;erA; is said to be the Cartesian product provided
that for all 4 € I, f(?) € A;. It is denoted [[,; Ai.

Definition 2.11. If [],.; A; is a cartesian product, then for each k € I, a map 7y :
[Lic; Ai — A defined by f — f(k) is called the Canonical projection of the product onto

its kth component.



Theorem 2.12. Let {A; | i € I} be a family of sets indexed by a set I. If there is a set
C, together with a family of maps {f; : C — A; | i € I}, then for any set B and family
of maps {g;: : B — A; | i € I}, there exists o unique map g : B — C such thet f;g = g;
foralliel.

2.2 Direct Sums and Basis

This section, we begin with the definition of direct sums and direct products

in the category of groups.

Definition 2.13. Let G be a group and {N; | 7 € I'} be a family of normal subgroups of
G. If G =< UjerN; > and N3N < Uz, N; >=< e > for all j € I, then G is said to be the
internal direct sum of the family {Nj; | i € I}.

Definition 2.14. Let {G; | ¢ € I} be a family of groups. The external direct product of
{G; | i € I} is the set of all f : I — U;erGy such that f(i) = e;, the identity in G;. It is
denoted [[.¢; G:.

The next theorem shows that the direct sum and direct product of modules is

agein a module.

Theorem 2.15. Let R be a ring and {A; | ¢ € I} a nonempty family of R-modules. If
[Iicr Ai is the direct product of the abelian groups A; and > icr Ai is the direct sum of
the abelian groups A;, then

1. Tier Ai is an R-module with the action of R given by r{a;} = {rai}.
2. 3 er Ai is a submodule of [[;c; A:.

3. The canonical projection oy, : [[ Ai — Ag is an R-module epimorphism for each
kel.

4. The canonical projection By : Ay — 3, Ax is an R-module monomorphism for each
kel

Proof.



1. Let {a:}, {bi} € [L;c; Ai- Then, {a:} + {b:} = {a;i + b} € [[;c; Ai. Now, r{a;} =
{ra;} € [l;ecrAi, where r € R. Therefore, [[;c; A; is closed under addition and
scalar multiplication. The other modules properties are proven similarly. Thus,
[L;cr Ai is an R-module. ‘

2. Let 3 ;c;Ai = {{ai} | @i € Aj,a; = 0 for almost all i}. To see ) ;. A; is a
submodule of J];.; A;, we need to check if ;. A; is closed under the operations
of [Tier Ai. Let {a:}, {;:} € X ;c; Ai, for some finite a;, b; # 0. Then, {a;} +
{b:i} = {a; + b:} € X} ;c; Ai- So, Y ;cq Ai is closed under addition. Now, r{e;} =
{ra;} € > ,cr Ai. Hence, 37, ; A; is closed under multiplication. Thus, >, A; is
a submodule of [ .., A:.

3. Define ay : [[A; — Ag by ar({e;}) = ag, where ax € A;. Let {a;}, {8} €
HieI A;, then ax({a:} + {b:}) = (ax + bx) = arl({a:}) + ax({8:}). Also, ax(r{a;:}) =
ax({ra;}) = rap = rag({ai}). If ax € Ay, let & = {0;}, where a; = 0 for ¢ # k.

Then, ax(x) = ax. So, ai is an R-module epimorphism.

4. To see fx : Ay — ) Ap is an R-module monomorphism, we let ax € ker(8:).
Then, Bi(ar) = {ai}, where a; = 0 for ¢ # k. Since SBr(ax) = 0, ar = 0. Hence,
ker{(Bx) = {0} and B is one-to-one.

O

Theorem 2.16 gives a characterization of when a module is an external direct

sum of modules.

Theorem 2.16. (see p. 174 [Hun80]) Let A, A, As,..., Ay be R-modules over a ring
R. Then A= A1 ® Ay & ... ® A, if and only if there are R-module homomorphisms

m i A— A; and o 1 A; — A such that, for each i =1,2,...,n, we have
1. m; =14, fori=1,2,..,n;
2 7t =0 fori#j;
3. um +iome + .+ T = 14,

Proof.
(=) Let the module A = A; ® A2 ® --- ® Ap,. Define m; : A — A; by
mi(@1y...,8n) = a; and ¢; 1 A; = A by y(a;) = (0,...,a,-,:..,0). Then



1. mi(as) = mi(0,...,a4,...,0) =q; for i =1,2,...,n. So, m; - 1; = 14;.
2. Let i # j. Then, mjti(a;) = 7;(0,...,a;,...,0) = 0 since only ith element is not 0.

3. Let a € A. Then ¢ = (a1,...,8,), Ja; € A;. Now, > imi(a) = X tia;) =
3(0,...,a4,...,0) = (e1,...,8,) = @. So, tymy + -+ + tnTp = 4.

(«=) Define ¢ : A — []] A; by ¢(a) = (m(a),...,m(a)), Ya € A.
Then, for each a,b € A, r € R
¢(a+b)
=(m(a+b),...,m(a+b))
= (m1{a) + m1(b), ..., mn(a) + mn(b))
= (m(a) +...+m(a)) + (m(d) +... + m,(b))
= ¢{a) + p(b).
Now
o(ra)
= (mi(ra),...,m(ra))
= (rmi(a),...,r7n(a))
=r(mi(a),...,mn(a))

=rp(a).
If a € kery, then ¢p(a) = 0. So, (mfa),...,mn{a)) = 0. Therefore, m;(a) = 0 for
i=1,...,n Now, a=Y uymi(a) =3 4(0) = 0. So, kery = 0 and ¢ is one-to-one. Let
(a1,.-.,8q) € [T Ai. Let @ = 37 ti(a;). Now
(a)
k() n
= (mQ_ul@)), ..., m(d_ ulas))
1 1
= (m(a1),. .., Tnin(an))
= (a1,...,0n)

Thus, ¢ is onto. Therefore, A = ]} A;. 0
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Theorem 2.17 shows when s module is an internal direct sum of submodules.

Theorem 2.17. If A is an R-module over a ring R and {A; | i € I} is a collection of

submodules of A, then there is an isomorphism A= 3 . A; if

1. The R-module A is the sum of the collection of submodules {A; | i € I}, in notation,
A=< Ujerd; >.

2. Foreach k € I, AN < Uier4; >=0.

Proof. Let A =< UjerA; > and AxN < UpepA; >= 0. For each a € A, a = Y T ay,
aj, € Aik- Define f: A — Eie! A; by f(a) = {Cj}je[ where

Qip .7 = ik!ak

0, J¢&{i,...,in}

c; =

By property 2, f is well defined. Now f(a+b) = {c; +d;}jer = {¢;} +{d;} = fle)+ f(b)
and similarly, f(ra) = {r¢;} = r{¢;} = rf(a). So, f is a preserve addition and scalar
multiplication. Let a € ker(f). Then, 0 = f(a) = {¢;}. So, a = 30 = 0. Thus,
ker(f) = 0 and f is one-to-one. Clearly, f(a) = a;; +--- + ai,, so f is onto. Therefore,

f is a bijection and A= 3", A;. O
Definition 2.18. The subset § = {v1,v2,...,v,} of a vector space V is said to be a basis
of V' provided that

1. § is linearly independent.
2. Sspans V.

Theorem 2.19. If S = {v1,v2,...,v,} is a basis of a vector space V, then every element

of V can be written as a linear combination of the vectors in § in a unique way.

Proof. Let v € V. Suppose v = c1v1 +coug + - - - + ¢ and v = divy L davg + -« - 4+ dpvp.
Now, subtracting the two equations above, we obtain 0 = (¢; — dy)v; + (cg —da)ve +-- -+
(en — @n)vn. Since S is linearly independent, it follows that (¢; —d;) =0 for 1 <4 < n.
So, ¢; = d; and we conclude that there is only one way to express every element of V as

a linear combination of the vectors in S. O
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Definition 2.20. Let R be a ring and A be a module. A set of all R-module homomor-
phisms A — A is denoted by Hompg(A, A).

The set Hompg(A, A) will provide an example to show that, in general, the idea

of dimension does not carry over to modules.

Theorem 2.21. Let R be a ring with identity and A a free R-module with an infinite

denumerable basis {e1,ea,...,en}. Then, K = Homp(A, A) is a ring under the operations

of pointwise addition and composition.

Proof. To see K is a ring, we need to show that the following properties hold in K. Let
fy g, he K. Then

1.

7.

8.

(f+9)a+b) = (f+9)a) +(f +9)(®) = fla) +g(a) + F(b) + 9(b) = fa) +
g(a) + £(b) + 9(b) = (f +g)(a) + ( + 9)(b). Now, (f + g)(re) = f(ra) + g(ra) =
rf(a) +rg(e) =r(f(a) + g(a)) = r(f + g)(a). So, K is closed under addition.

((F +9) + R)(e) = (f + 9)(a) + h(a) = f(a) + g(a) + h(a) = f(a) +(g(a) + P{a)) =
(f + (g + h))(a). Thus, associative property holds in K for addition.

The map O{a) = 0 for @ € A is the additive identity of K since (0 + f)(a) =
0(a) + f(a) = f(a), for all f€ K, a € A.

The additive inverse of f is —f where (—f)(a) = —f(a) for all @ € A.

- Forall a, b € 4, f(g(a+1b)) = f(g(a) + g(b)) = F(g(a)) + F(g(b)). Also, f(g(ra)) =

f(rg(a)) = rf(g(a)). Hence, K is closed under multiplication.
Since composition of functions is associative, K is associative under multiplication.
The identity map I, is the multiplicative identity for K.

Distributive law holds in K since f(g(a) + h(a)) = fg(a) + fh{a).

Therefore, K = Hompg(A, A) is a ring. O
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Chapter 3

Free Modules

In this chapter we will study the notion of free modules, including a discussion
of the rank of a free module. Generally speaking, any R-module that has a basis is called
a free R-module. That is, an R-module A is the free R-module on the subset B if and
only if B is a basis of A. A subset B of a module A over a ring R is said to be a basis of
A provided that B is linearly independent and B spans (generates) A. Let b, € B where
any b; # b; and r; € R. If 3, ., mb; = 0 implies r; = 0 for every ¢, then B is linearly
independent. If every element a € A can be written as a linear combination of elements
in B by coefficients in R, then we say B spans A. In particular, B spans A if and only if
a=ribhh +rebo+ ...+ b, foralla€ A, r; € R, b; € B.

In Theorem 3.1, we give several characterizations of a free module. Theorem 3.5
shows every module over a division ring is free. Finally, in Theorem 3.6, we show every

spanning set in a vector space contains a basis.

3.1 Characterizations of a Free Module

Theorem 3.1. (see p. 181 {Hun80]) Let A be a module over a ring R with identity. The

following conditions on R-module A are equivalent:
1. The R-module A has a nonempty finite basis X.

2. A is the internal direct sum of a finite family of cyclic R-modules. Each of the

cyclic R-modules is isomorphic to R.
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3. A is R-module isomorphic to an external direct sum of a finite number of copies of
the R-module R.

4. There exists a nonempty set X and a funclion @ : X — A with the following
property: given any R-module B and function 8 : X — B, there exists a unique
R-module homomorphism v : A — B such that voa = 5.

Proof.

1= 2 Let X be a nonempty basis of A and x € X. Let C; = {Rx; | ; € X}
be a family of cyclic R-modules. Then the map f : R — Rgx; given by f(r) = rz; is an
R-module epimorphism by Theorem 2.10. If rz; = 0, then r = 0 since X is a basis. So, f
is a monomorphism and R 22 Rz; = C;. Now, we need to verify that A =3[ ; Rz; is an
internal direct sum of {C;},. Let @ € A. Then a = ) riz;, r; € R, z; € X. However,
riz; € G, Vi, 80 a €< UC; >4¢r. Thus, A =< UL C; >. Let z € C;N < Uj»;C; >. Then,
T = TjT; = 3 ;4 Ti%i- Hence, rjz; — 3, ,.riz; = 0. Since X is linearly independent,
ry =0, Vi. So z = 0. Thus, C;N < Ujx;C; >= 0. Therefore, A is the internal direct sum
of the family C;. '

2 = 3 Let A be the internal direct sum of C; and C; = Rz; = R. For each
a € A, a = )_riz; for unique ry,...,7, € R. Define amap g: A — }_ Rz; by g(a) =
(Mz1,...,Tn2n). Leta=Y mz: € A,b=)_s;z: € Aand r € R. Then

g(a+b)

=903 simi+ Y iz

= g(> _(si +mi)zs)

= ((s1+7)z1,. .., (8n + Tn)Zn)

= (51%1,...,8n&n) + (1121, .. ., TnZn)

= g(a) + g(b)

Similarly, g(ra) = rg(a). So, g is an R=module homomorphism. If a € kerg, then
g(a) = (r1zy1,...,rn2xn) = 0. So, rz; = O for each 7. Thus, @ = 0. So, g is one-to-one.
Clearly, g is onto. Therefore, A 223" Rax;.

3=>1Let A= >TR and let ¢; = (0,0,...,1g,...,0) € 3.7 R. Clearly,
{e:}r, is a basis for 3°7 | R. Since (r1,72,...,7n) = Y. rie; and Y T rie; = 0, then

(r1,72,...,7) = 0. So, r; = 0, Vi. Let f : A — Y 7 R be the isomorphism. Let
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X = {fYe:)}2, and z; = f~1(e;). Let a € A. Then, 3a’ € 3.7 R, such that f~1(a') =
a. Since o' = Y re;, a = f1(d) = Sorif e;) = Y. riz;. Hence, X spans A. If
S riz; = 0, then > rie; € kerf~1 = {0}. So, 3 rie; = 0. Thus, r; = 0, Vi and X is
linearly independent. Therefore, X is a basis of A.

1 — 4 Let X be a non-empty finite basis of A and let a : X — A be the inclusion
map. Let X = {x1,...,z,}. If a € A, then 3ry,...,r, € R, such that a = Y r;z; since
X spans A. Suppose we are given a map §: X — B. Now define v: A — B by 7v(a) =
Y3 i i) = Yo TiB(2:). So, vy o alm;) = y(®:) = 1o B(x;) = B(xz;) for each 4. To see
it's uniqueness, let 4’ : A — B be a map such that v oa = 8. Now, ifa = >y TiT; € A
Then 7' (a) = X0, 747 (%) = S0, 747 0 afzs) = Y%, rif(a:) = +(a). Thus, ¥ = 7.
To see v : A — B is an R-module homomorphism, we let a1, ag € A. Then 3y, s; € R
such that ey = > mz; and ag = 3 s;w;.

Now, y(a1+a2) = y(3_(ri+si)x:) = 32(ri+8:)B(z:) = 2oriB(xi) + 3 sif(wi) =
Y(a1) + ¥(a2). Let r € R, then y(ra1) = y(r)_ rz:) = v rrims) = dorriff(z;) =
Y rifB(z;) = rv(a1). So, v is an R-module homomorphism.

4 — 1 Let X = {%1,...,%,} and consider B = 3} R. By the proof of 3 — 1,
X' = {ei1,-.-.,e,} has the property that 3o’ : X' — B (by o'(e;) = ¢;) and, given an
R-module C and a function 8 : X" — C, then 37 : B — C such that v oo’ (&) = 5 (&),
Vi. See diagram (3.1):

,,
R

/|

B (3.1)
;
C

Now, define a bijection f: X — X by f(e;) ==z; fori=1,...,n.

Now, ao f: X — A. So, 37 : B — A such that ¥ 0o/ (e;) = a0 fle;) = o),
Vi. Alsoa’ o f~1: X - Bbya o f~Y(z;) = e; for each i. So, there exists v: A — B
such that o a(z;) = @' o f~1(x;) for each i. Then the diagram (3.2) commutes:

X—2-4 ‘ (3.2)

a’o‘fk 17

B
Note that 70 7' (e;) = Y(a 0 f(e:)) = Y(a(z:)) = e; and 7' 0 y(a(=:)) =7 (&) =



15
af{z;). Thus, the diagram (3.3) commutes:

x'—<sp (3.3)

|

X =B
Now, given an identity map /g : B — B with Ip(e;) =e; and yo ']r'(e,-) = ¢;.
So, by uniqueness, yo~ = Ip. Similarly, 4’ oy = I4. Then, A = B and, by 3 — 1, a(X)

is a basis of B. O

An R-module A that satisfies the equivalent conditions of the Theorem above is
called a free R-module.

Corollary 3.2. Let R be a ring with identity. Then, every finitely generated R-module
A is the homomorphic image of a free R-module F.

Proof: Let X = {a1,...,an} be a set of generators of A and F the free R-module on the
set X. Let @ : X — F and define v : X — A by 7(a;) = a; for each i. Then, there
exists a unique f : F' — A such that Ba(z) = y(z) by Theorem 3.1. Now Im(8) =<
Bla(X)) >=< y(X) >= A. So, B is onto. O

Lemma 3.3. Let V be a vector space over a field F. Then X is a basis of V if X is e

mezimal linearly independent subset of V.

Proof. Let X = {z1,...,Zn} be a maximal linearly independent subset of V. Let S be
the subspace of V' spanned by the set X. Since X is linearly independent and spans S,
X is a basis of S. If S =V, we are done. If S # V, then there exists an element x € V
with z # §. Consider X U {z}. If r # 0, then rz + r1Z; + - - - + r»2, = 0 can be written

asx = —r~1 1

T1Z| —*+*—T 'TpIn, which shows that 2 € V. It is contradicts to the choice
of . So, r = 0. Then, r; = 0 for all i since X is linearly independent. It follows that the
set X U {«} is a linearly independent subset of V. It contradicts to the fact that X is a

maximal subset of V. Therefore, S =V and X is a basis of V. O

3.2 Free Module over a Division Ring

Our next theorem shows that every vector space has a basis. To handle infinite

basis we need Zorm’s Lemma.
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Definition 3.4. A non-empty set A and a relation < is said to be partially ordered if for
eacha, b, c€e A

l.a<a
2. Ifa<band b<cthena<ce

3. Ifa<bandb<athena=".

We say (A, <) is linearly ordered if, in addition,
4. foreacha,be A,a<borb<a

Definition 3.5. Let (A4, <) be a partially ordered set and a € A. If every ¢ € A which
is comparable to a is such that ¢ < a, then a is maximal in A. An upper bound of a
nonempty subset B of A is an element d € A such that b < d for every b € B. A nonempty
subset B of A that is linearly ordered by < is called a chain in A.

Lemma 3.6. (Zorn’s Lemma) Let A be o nonempty partially ordered set. If every chain

in A has an upper bound in A, then A contains a mazimal element.

Theorem 3.7. Every linearly independent subset X of a vector space V is contained in

a basis of V.. In particular, every vector space V has a basis.

Proof. Since @ is linearly independent and is contained in every vector space, the second
statement is an immediate consequence of the first. Let S ={Y |Y C V, Y is linearly
independent, Y 2 X} be the set of all linearly independent subsets of V' containing X.
Since X € S, S # 0. Now let {C;}icr be a chain in S and let C = Uic;Ci. We will
show C € §. Let z1,...,7: € C with z; € C;;. Suppose > ryz; =0, r; € R. Let N be
such that z1,...,2: € Cn. So, since Cy is linearly independent, r; = 0, Vi. Then, C is
linearly independent and C € S. Thus C is an upper bound for the chain {Cj;}ier in S.
By Zorn’s Lemma, there exists a maximal element B € S. Now B is a maximal linearly
independent subset of V. By Lemma 3.3 B is a basis of V. O

Our final result in this section shows every spanning set in a vector space contains

a. basis.

Theorem 3.8. Let X be a subset of a vector space V' over a division ring D. If X spans
V, then X contains a basis of V.



17

Proof. Let X be a subset of V that spans V. If X is linearly independent, then X is
a basis of V. If X is linearly dependent, then ) r;®z; = 0, where r;s are not all 0. By
Theorem 2.3, some z; = ri71 + --- + rj_1%;—1. Let X1 C X, where z; ¢ X;. Then,
X1 ={=z,...,%j-1,Tj41,...,T¢} spans V. If X is linearly independent, then X; € X is
a basis of V. If X; is linearly dependent, then we delete oﬁe element z; € X; and get
a new set Xy that also spans V. Continuing this process, we will find a subset X; € X

that is linearly independent and spans V. Then, Xj is a basis of V. a
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Chapter 4
Cardinality

In Chapter 5 we will show that if a module has an infinite basis, then all basis are
infinite of the same cardinality. To do this, we need some resuits on cardinal numbers. We
begin by defining a cardinal number of a set as its equivalence class under equipollence.
We then introduce an order on cardinal numbers and show [A] < |B| and |B] < |4]
implies |A| = |B|. We conclude with a theorem on the arithmetic properties of cardinal

numbers.

4.1 Cardinal Number

Definition 4.1. Let A, B be two sets. If there exists a bijective map f : A — B, then
we say A and B are equipollent. We use A ~ B to denote that A and B are equipollent.

Theorem 4.2. Given a class C of sets, equipollence is an equivalence relation on C.

Definition 4.3. The cardinal number (or cardinality) of a set A is the representative of

an equivalence class of the set A under the equivalence relation of equipollence, denoted
|Al.

If a set A is finite, then |A[ is finite; A is infinite, |A| is infinite. Precisely, the
cardinal number of a finite set is the number of elements in the set. Cardinal numbers

possess the following properties:

1. The cardinal number of every set is unique.
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2. Two sets A and B are said to have the same cardinal number provided that they
are equipollent, written [A| = |B| & A ~ B.

3. The cardinal number of a finite set is the number of elements in the set.

We can also use lower case Greek letters such as «, 3, -, etc to denote cardinal

numbers.

Definition 4.4. Let A, B be disjoint sets, where |A| = a and |B| = 8. Then the sum
a + 3 is defined to be the cardinal number |A U B|; the product «f3 is defined to be the

cardinal number |A x B].

Definition 4.5. Let A, B be sets and a, 8 be cardinal numbers, such that |A| = a and
|B] = 8. If B C A and A ~ B (that is, there is a one-to-one map A — B), then we say a
is less than or equal to 8, denoted o < § or 8 > a. Moreover, if o < § and « # g, then
we say « is strictly less than 7 and denoted a < .

4.2 Order of Cardinal Number
The next theorem shows that if «, § are cardinal numbers with @ < # and
B < a, then a = g.

Theorem 4.6. (Schroeder-Bernstein) Let A and B be sets. If |A| < |B| end [B| < |4],
then |A| = |B|. This means that if there are injective functions, say, f : A — B and
g : B — A between the sets A and B, then there exists a bijective function h: A — B.

Proof. We first consider the case where B C A. Let
B'=(A-B)Uf(A-B)Uf(A-B)Uf}(A-B)uU...
Bt =f(A-B)Uf(A-B)Uf(A-B)UfY(A-B)U...
C=B-B*"
We know that A= (A—B)UB = (A—B)UB*UC = B'UC and B = B+UC. Therefore,
f(B) = f((A-B)UB*) C f(A— B)U f(B*) C B*. Now, define a function h: A —» B

by
h(a:)={ f(z) ifzeB
T fzeC
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Since CN B = §, h is well-defined. Note that h(B') = f(B') C Bt and h(C) = C. To
see h is one-to-one, let h(z) = h(y) where z,y € A. If z € C, then h(y) = h(z) =z € C.
Thus, y € C and h(y) = y. Hence, £ = y. Similarly, if y € C, thenz € C and z = 3.
If z,y € B', then f(z) = f(y). Thus, z = y. So, we have proven that & is an injective
(one-to-one) function. To see h is onto, let y € B=BYUC. If y € C, then h(y) = y. If
y € Bt =u2, f™(A - B), then y € f*(A — B) for some n > 0. Thus, y = f(z) where
z € f&* V(A — B). Therefore, h is a surjection (onto). Since h is one-to-one and onto,
we conclude that h is a bijection. Therefore, if f: A — B and g : B — A are injective
functions with B C A, then there exists a bijection h : A — B.

In the general case, we have an injective function f : A — B and an injective
function g : B — g(B) C A. By the above argument, there exists a bijection h : A —
g(B). Now, since g: B — g(B) is a bijection, g~ : g(B) — B is also a bijection. Hence,
g 'oh: A— Bisa bijection. Thus, |A| = |B|. 0O

Example 4.7. Let A =7, B =27 C Z. Then, the set (A— B) ={1,3,5,7,9,11,.. .} =
{2n+1 | n > 0}. Define a function f : Z — 2Z by f(n) = 4n. Then, f(A—B) = {4(2n+
1) |n>0}={4,12,20,28,...}, f?(A—~ B) = {16(2n + 1) | n > 0} = {16,48,80,...} and
so on. Thus, B¥ = f(A—-B)U f2(A-B)U... = {2*n | n,k € N,n is odd, k is even
} and C = (B — B*) = {2"n | n,k € N,n is odd, k is odd }. The function h : A —» B

defined by
@) { f(z) ifzeB

T fzelC

sends z in B’ to 4z and x outside B to z. The following diagram shows the preimages

of the first 10 elements of B = 27Z,
n |2]|4]|6]8]10]|12]14]|16]18]20
RI(m)[2|1]6]8]10] 3 [14] 4 [18] 5

The cardinal number of the natural numbers N is denoted Ro. Any set A is said

to have a cardinality No provided that it is equipollent to N.

Theorem 4.8. Let o, § be cardinal numbers where a >  # 0 and « is infinite. Then,
aff = a. Particularly, aRo = o and RoB = Np if § is finite.

Corollary 4.9. If F(S) is the set of all finite subsets of an infinite set S, then [F(S)| =
|51
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Chapter 5

Free Modules Over An Arbitrary
Ring

Recall that, the property of any two bases of a free module having same cardi-
nality is based on a “well-behaved” ring such as a division ring or a field. In this chapter,
let us consider the more complicated situation of a free module over an arbitrary ring.
Theorem 5.6 shows that if a module has a basis of infinite cardinality, then all basis have
the same cardinality. Proposition 5.8 shows that there exist modules having finite basis
of different cardinalities. Thus, the idea of dimension cannot be extended to modules in

general.

5.1 Modules with Infinite Bases

Definition 5.1. Given R-modules Mj, My, ... , M. Define a new module M = M; &
Mz ® ... ® M,, with the elements (my,my,...,m,), where m; € M;. Addition and scalar

multiplication are defined as follows:

(m1,ma,...,mn) + (P1,02, .-, Pn) = (M1 +p1, M2 + D2, ooy M +Pn),

r(m1, ma,...,mp) = (rm1,rma,...,rmy,).
Then M is called the external direct sum of the R-modules M;, 1 <i<n.

The next proposition shows when an internal sum of modules is direct.
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Proposition 5.2. Let My, My, ..., M, be submodules of an R-module M such that for
eachi, 1 <i<n, wehaove MiN(My + Mo +...+ M1+ M1 +...+ M) =0. Let
N=M+M+...+ M,. Then, NEM S... 0 M,.

Proof. We define f : Mi @ Mo ® ... M, — N by f((m1,mg,...,mp)) = my +ma +
oo+ my. Let (my,ma,...,my), (P1,02,---.0n) EM1® M2 @ ... D My. Then

f{{my,mg,...,mn) + (p1,p2, .-, Pn))

= f((m1+p1,m2+p2,..., My +Pn))

= (m1+p1) + (m2+p2) +... + (mn + pp)
=(m+me+...+mn)+(P1+p2+...+Pn)
= f((m1,ma,...,mn)) + f((p1,P2,-- ., Pn))

Let r € R, then f(r(my,ma,...,my)) = f((rmy,rma,...,tm,)) =rmy +rmz + ... +
M, =r(m1 +mg+ ... +my) =rf((mi1,ma,...,my)). So, fis a linear transformation.
To see f is one-to-one, let m = (my,mg,...,m,) € ker(f). Then f(m) = mi1 + mg +
...+ mp = 0. For each i, m; = —Z#imj, somi E MiN(My+Ma+...+ M1+
Miy1+ ...+ M,) =0. Thus, m = 0. Hence, ker(f) = {0} and f is one-to-one. Clearly,
f((my1,ma,...,myp)) =m1+ma+...+my, so f is onto. Therefore, f is a bijection and
NeMy®...0 M,. O

If V is a vector space of dimension n over a field K, then V & K. The next
result shows this holds for modules with a finite basis.

Lemma 5.3. Let M be an R-module with a basis of n elements. Then M = R™ =
RoRE®..®R.

Proof. Let X = {x1,%2,...,Zn} be a finite basis of M and a € M. Then @ = rz1 +
T9Zg + ... + TnTn, 7 € R. The map f : M — R" given by f(3_ 7, rizi) = (r1,72,...,Tn)
is well-defined since the coefficients r; are uniquely determined by z. Further f is a

module homomorphism since f(3 7 riz; + 3 g si%i) = FO i (s + si)z) = (1 +

=1
51,72+ 52, ey Tn +8n) = (11,725 ey ) + (81, 825 oy Sn) = F( iy mims) + F(O i q si%i) and
FO iy rrims) = (171,772, o 1) = 1(r1, 7o, vy m) = 7 (i i) b =37 e €

kerf, then f(b) = f(3 L cixi) = (€1, €25y n) = (0,0, ..., 0). Thus, ¢; = 0, Vi. Therefore,
kerf = {0}. So, f is one-to-one. For (r1,72,...,7m) € R, f(3 1, 7i®:) = (1,72, .17},
so f is onto. Thus, f is a bijection and we conclude that M @ R* * R®R®...6R. O
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Definition 5.4. Let X be a subset of an R-module A. Let {B;|i € I} be the family of
all submodules of A containing X. Then, N;erB; is called the submodule of A generated
by the set X and denoted < X >.

The following lemma shows that if a module has a basis of infinite cardinality,
then all other bases have infinite cardinality.

Lemma 5.5. Let F be a free R-module with an infinite basis X. IfY C F spans F, then

Y is also infinite.

Proof. Suppose Y = {y,¥y2,...,yn} is finite. Then, for each i, y; = 2;-";1 T5%; j, where
z;j € X, for all ¢,j. Let X; = {%11,...,%nm,}- Then, F C<Y >C< X; >. Now, there
exists x € X — X7 with z €< X7 >, contradicting the linear independence of X. Thus,

Y is infinite. a

In the next theorem, we will strengthen the lemma above to show that if a
module has a basis of infinite cardinality, then all other basis have the same cardinality.

Theorem 5.6. If I is a free R-module over o ring R with identity and X is an infinite
basis of F'. Then, all of the bases of F' has the same cardinality.

Proof. If Y is another basis of F, then Y is infinite by Lemma, 5.5.

Let K(Y) be the set of all finite subsets of Y. Define f : X — K(Y) by
f(z) = {ys,¥2,-.-,yn} where z = } [ rigi. Since Y is a basis, f is well defined. Since
FC< X >C<Imf >, Imf must be infinite by Lemma 5.5.

Next we show for all T € Im(f), |f~YT)| < o0. If z € f~Y(T), then z €< T >.
So fU(T)C< T > Let T = {y1,92,..-,Un}- Foreach i, y; €< X; > where X; C X is
finite. Let Xr = U2, X;. Now f~1(T) C< T >C< Xp > NX = Xp. Since X7 is finite,
F~YT) is also finite.

For each T € Imf, let x1,%9,++ ,%, be the elements of f~1(T), and define an
injective map gr : f~Y(T) = Imf x N by gr(zx) = (T, k). Since the sets f~1(T') form a
partition of X, the map X — Imf x N defined by g{z) = gr(z) is well-defined. To see
the function g : X — Imf x N is an injection, let =,y € X with g(z) = g(y) = (T, k).
Then, if f~1(T) = {x1,%2,...,%n}, & = y = 7 € f1(T). Therefore, g is one-to-
one. Hence, |X| < |[Imf x N|. From Theorem 4.8 and Corollary 4.9, it follows that
|X| € Imf x N| = [Imf|Ro = [Imf| < |K(Y)| = (Y| Similarly, we will have the
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result that |Y| < |X]. Therefore, we conclude |X| = |Y| by the Schroeder-Bernstein
Theorem. O

For vector spaces, Theorem 5.6 is true for basis of finite cardinality.

5.2 Modules with Finite Bases

Theorem 5.7. If X and Y are both bases of a vector space V over a field D, then
| X[ =Y].

Proof. If X is infinite, then Y is also infinite and [X| = |Y| by Lemma 5.5 and Theorem
5.6. Suppose X = {z1,%2, - ,Tm} and Y = {y1,42,- -+ ,¥n} are finite with m < n. Since
X and Y are bases, 0 o = 7121 + reza + - -+ + T Ty, for some r; € D. Clearly, not all
r{’s are 0, say r; is the first nonzero. Thus, z1 = r{ l'yl -7y Loy — von — rl"l'rm:cm and
the set X' = {y1,%2,%3,-..,%m} spans V because X spans V.

Now, consider the set {y1,¥2,%2,...,Zm}. This time, let y; be the linear com-
bination of y1,2,...,%m, say, Yo = s1y1 +taxa + - - - + tTm, Where s;, ¢ € D. Then, at
least one of tp,- -+ ,,, is nonzero, for otherwise it will contradict the linear independence
of the yn’s. If tp # 0, then y1,%2,23, -+ ,Zym spans V since X' spans V. Repeating in
this fashion, at the end we will see a set {¥1,%2,¥3," - , ¥m} that spans V. But then y541
is a linear combination of 1, %2, - - , ¥m, Which contradicts the linear independence of Y.
Therefore, we must have |Y| < |X|. Similarly, we can show that |X| < |Y| by reversing
the roles of X and Y. Hence, |X| = |Y|. a

The common cardinality of the bases of a vector space is called the dimension
of the vector space. The following two results show that such a notion is not possible
for modules in general. Proposition 5.8 illustrates the technique of Theorem 5.9 by

considering a few special cases.

Proposition 5.8. Let K be a field and let V be a vector space with an infinite basis
{e1,e2,€3,...}. Let R= Homg(V,V), which is the set of all K-module homomorphisms
V= V. Then

1. R=R,

2. R2R&®R.
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3. RER®oReR.

Proof.

1. R 2¢ R: Assume By = {Iy}, where Iy is the identity element of R. In order to
show that B, is a basis of R, we need to check that B; is linearly independent and

B, spans R.

B, is linearly independent: Let @ € R. If aly = 0 implies a = 0, then B is linearly
independent. Now, if alyy = 0, then

aly(e;) = 0(e;) Vi.
afe;) = 0(e;) Vi (since Iy is an identity element).
ale;) =0 Vi

a=0 (since {e;}2, is a basis).

Thus, B;j is linearly independent.

B, spans R: If every element of R can be written as a linear combination of B
over R, then B; spans R. Let f € R = Homg(V,V), then f = f - Iy since
f(x) = (f - Iv)(z),Vx € V. We conclude that B; spans R.

Since B is linearly independent and spans R, B; is a one-element basis of R. Thus,
R = Homg(V,V) & R is an R-module by Lemma 5.3.

2. R= R® R: Define f1, f» € R by

ent1 if nis odd
filea) = =
0 if n is even

en if nis even
fao(en) = o
0 ifnisodd

We claim By = {fi, f2} is a two-element basis of R. If

o1fi+axfo=0 (5'1)

then, for each n 2> 1,
a1 f1(en) + a2 fa(en) = O(en) (5.2)
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When n is odd, Equation (5.2) will be simplified to

a1fi(en) = 0(en) (since azf2(e,) = 0)
alfl (en) =0
aj (82_-2]-_1) =0 (by definition fi(e,) = e%i)

a1 =0, since {e;}2, is a basis

Similarly, when n is even, we will get a; = 0. Therefore, B; is linearly independent.
Now let g € R and define g1, g2 € R by g1(e;) = g{ei—1) and gs(e;) = g(eq;) for each
i. We will show g = g1 f1 + gofo. When n is odd, (g1f1 + g2f2)(en) = g1 f1(en) =
gl(enT-i-l ) = 9(62(%2)_1) = g(ep). Similarly, when n is even, (g1f1 + g2/2)(en) =
g2f2(en) = glea()) = glen). Thus, g = g1 f1 + g2f2 and B spans R. We conclude
that By is a two-clement basis of R and, by Lemma 5.3, R= R® R.

3. R=2 R R® R: Define fi, f2, fs € R by

err1 fg=3k+1,keZ
fl(eq)= .
ifg#1mod3

ex1 fq=3k+2,keZ
fileg) = .
if ¢ # 2 mod 3

ey ifq=3k+3,k€Z
fi(eq) = .
0 ifg£0mod 3

We claim B3 = {f1, fo, f3} is a three-element basis of R = Hom(V, V). If
a1fi tasfot+azfs =0 (5.3)
Then, for each g > 1,

a1f1(eq) + azfa(eq) + azfa(eg) = 0(eq) (5.4)
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When ¢ = 1, a2 fa(eq) = a3z fa(eq) = 0 and Equation(5.4) above will become

~ arfi(er) = 0er)
a1f1(e1) =0
ai(e2) =0
a1 =0 since {e;}i2; is a basis
Similarly, when ¢ = 2, we will have as = 0; when ¢ = 3, we will have a3 = 0.
Therefore, By is linearly independent.

Let ¢ € R and define g;,99,93 € R by

g1(e:) = g(esi—2) (5.5)
g2(e:) = glesi—) (5.6)
g3(e:) = (es:) (5.7)

for each ¢ > 1. We will show g = g1 f1 + gﬁfg + g3f3. Let ¢ > 1. In the case of
q =3k +1, for some k € N, g2 fa(eq) = g3fa(eq) = 0, then

g1f1(eq) + gafoleq) + g3 fa(eq)
= qf1(eq)
= g1(ex+1)
= g(es(k+1)—-2)
= glear+1)
= g(eq)
Similarly, when ¢ = 3k + 2 and g = 3k + 3, we will also get the result that (g;f1 +

gafo + gaf3)(eq) = g(eq). Therefore, g = g1 f1 + gaf2 + g3fs and Bj spans R.
Therefore, B3 is a basis of R with three elements. By Lemma 5.3, R~ R® R R.

O

In Proposition 5.8, we proved several special cases to illustrate the ideas of the

proof of Theorem 5.9. We now prove our main result.
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Theorem 5.9, Let K be a field and V a vector space with an infinite denumerable basis

{e1,eq,€3,...}. If n is any positive number, then R = Homg(V,V) has a basis of n
elements. In particular, R = R™ for each n € N.

Proof. We will show R &2 R* = RO R® - - ® R as R-modules. Let ¢ € N. Define

fls.fZ’--'sfn ERby

fileg) ={ **
0
faleg) ={
0
i (eq) - €k4-1
0
fn (eq) _ €41
0

ifg=nk+1
ifg#1lmodn
fg=nk+2
ifgZ2modn

fg=nk+1
ifgZzimodn

ifg=nk+n
ifg#0modn

We claim B, = {f1, fe,.-., fi,.--, fn} is an n-element basis of R. If a1 f; +asfo+---+
afit---tanfnp=0andg=imodn. Lesg=nk+ifork>0,1<i<n. Then

a1f1(eq) +azfa(eg) + -+ aifi(eg) + -+ + an faleq) = 0(eq) (5.8)

Since f;(eq) = 0 for j # %, Equation (5.8) above will become

aifi(eg) =0

ai(es%‘..;.l) =0

ai(eg+1) =0 forallk>0

a; =0 since {e;}52; is a basis.

Thus, when ¢ = nk + 7, we will have a; = 0, 1 < ¢ £ n. Therefore, B, is linearly

independent.
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Let g € R. Define g1,92,...,9n € R by

a1(e5) =9(enj—(n-1))
92(€5) =9(€nj_(n—2))

gi{e;) =g(enj—(n-i))

gn(ej) =9{en;)

foreach j > 1. We willshow g=¢g1f1 + gofo + ... + gifi + ... + gnfn. When g =nk 41,
for some k € N, g2 fa(eq) = g3fsleg) =+ =gifi=-++ = gnfn =0, then

(fr+gafat---+gifit+ -+ gafa)eg)
= g1f1(eq)

= g1f1(enk+1)

= g1(ex+1)

= 9(en(k+1)~(n-1))

= g(enk+n-n+1))

= g(enk+1)

= g(eq)

Now, when ¢ = nk +4,k,i € N with 1 < i < n, we have (g1 + gofo + ... + gifi +
e+ Gufu)eg) = Gifileq) = gifilenrts) = gilers1) = 9(en(k11)—(n—1)) = I(€nktn—n+i) =
g(enk+i) = g(eq). Hence, g = > 7 figs; and By, spans R. Therefore, B, is an n-element
basis of R = Homy(V,V). By Lemma 53, RER" 2 ROR®R®...®R. 0
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