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ABSTRACT
4 •«'

It has been proven that metacyclic groups, groups 

which have a cyclic subgroup whose factor group is also 

cyclic, can be presented efficiently. However, when the 

direct product of these groups is taken, the

(d)efficiency is unknown. This paper examines work that 

has been done on this problem and contributes to part of 

the solution. It will be shown that under certain 

conditions, the direct product of two Z-metacyclic 

groups can be presented efficiently.
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CHAPTER 1
BACKGROUND MATERIAL

In this paper, our primary concern is the efficient 

presentation of the direct product of metacyclic groups. 

Let us begin with a discussion of free groups and group 

presentations.

Let X be a set and X' a set in one to one 

correspondence with Xf so that if x is in Xr then x"1 is in 

X' . Let A be the union of X with X' f which we will denote 
as A = {ai, a2r a3...}. A word will be defined to be a ; 

string of elements of A placed in juxtaposition. The empty 
word is defined to be a word of length-zero and will be 

denoted by the symbol 1. Exponents of any integer power may 

be placed on the elements of A and as usual we define:

a0 = 1,

a_J = ( a-1 / .

Within a word, exponents may added as per standard 

multiplicative notation: a2 • a27 = aj4 . If the exponent on 

any a± becomes zero, that element is replaced by 1. By 

adding exponents of like terms and replacing a° with 1, for 

all I, we create a reduced word.
The set of all reduced words formed by A will be 

indicated by F[A]. In order to make F[A] a group, we will 

define a multiplication on our words in a natural manner: 
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for any two words, w and z in F[A], we will define wz to be 

the reduced word created by the juxtaposition of the two 

words. Clearly, 1 acts as the identity in this 

multiplication, and the inverse of a will be a"1.

DEFINITION: A free group, F[A], generated by the set A is 

the group consisting of the reduced words of A and using the 

multiplication described above.

DEFINITION: If F[A] is free group, the rank of the free
group is equal to the cardinality of the set X.

DEFINITION: Let S be a subset of a group G. The normal
closure of S, S , is the intersection of all normal 

subgroups of G that contain S.

For a more complete discussion of free groups, see [3], [4],

[6],  and [7].

Since it has been proven that every group is an 

epimorphic image of some free group [5], we offer this 

definition:

Definition: Let G be an epimorphic image of a free group 

F[X] and let N be a normal subgroup of F so that F/N s G. 

Furthermore, let i? £ F be such that R = N. Then we say 
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that (x|h) is a presentation of G. The elements of R are 

called relators.

If |X| and |r| are finite, then we say that (x|r) is a finite 

presentation. For the purposes of this paper, we will be 

dealing exclusively with finite presentations. For any 

finite presentation of a finite group, it can be proved that 

|R| & |x|. We can then make the following definitions:

DEFINITION: The deficiency of a finite presentation is

|r| - |x|, which is clearly greater than or equal to zero.

DEFINITION: The deficiency of a group, G, is the minimum

deficiency over all finite presentations of G.

But how do we know the deficiency of a group? What if there 

is a presentation with a lower deficiency than the 

presentations that have been examined? How do we know when 

the minimum deficiency has been attained?

Associated with each finite group, G, is a unique 

finite abelian group known as the Schur multiplicator of G 

and denoted as M(G). A lower bound for the deficiency of G 

is given by the minimal number of generators of M(G).
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DEFINITION: For a finite group G « (x|r) , where F = F[X], R

C F and R is the normal closure of R in F, then the Schur
multiplicator, M(G}r is defined to be

M(G) = F' n r

I^T-

In 1907, J. Schur proved that M(G) is independent of the 

finite presentation of G, that is, it is an invariant of G. 

Also, Schur proved that M(G) is generated by at most def G 

elements [ 5 ]. Now we use the Schur group to define 

efficiency:

DEFINITION: A presentation of a group is efficient if the 

deficiency of the group is equal to the rank of the Schur 

multiplicator.

The deficiency of G may or may not be equal to this 

rank. This is where many interesting questions begin to 

arise. If an efficient presentation for a group can be 

found, then we know that the minimal number of relations has 

been attained. However, if an efficient presentation is not 

known, then how are we to know if the deficiency has been 

attained? Perhaps it is impossible to find an efficient 

presentation—indeed, this has been proved for certain 

groups. However, there are many groups whose efficiency 

remains unsolved. One class of groups that has not been 
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closely examined is the direct product of efficiently 

presented groups. Will this necessarily be efficient? We 

will look at this problem in Chapter 2.

METACYCLIC GROUPS

DEFINITION:, A group G is metacyclic if it has a normal 

cyclic subgroup N, such that G/N is also cyclic.
t V

If G is finite, then we can consider N s Cm = (x), and
* > 1

G / N = Cn s {Ny)r where x, y are elements of Gr m and n are 

natural numbers, and C* is the cyclic group of order k. 

Zassenhaus, among others, has proved that all finite 

metacyclic groups have the following presentation:

G(m, n, r, s) = (x^jx” - 1, yxy'1 = x?, yn = Xs),

where m, n, r, and s are natural numbers, rt s £ m and 

rn s l(mod m) and rs = s( mod m) [5].

It has been proved by Beyl and Wamsley that all 

metacyclic groups can be presented efficiently [1]. The 

Schur multiplicator of a metacyclic group has rank either 

one or zero. In the case where the rank is one, the

presentation above is already efficient. If not, then Beyl 

gives the following efficient presentation:

where (m,r - 1) = v(r - l)(mod m) and (m, v) = 1.
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Thus, the metacyclic groups are efficient [1].

Another useful presentation of metacyclic groups has 

been given by Beyl [ 1 ]. This presentation indicates the 

rank of the Schur multiplicator, which we will indicate by

A. The variable s is removed in this presentation and the 

variables m, nr and r remain the same:

G(m, n, rr A ) = If yxy

Since X is useful to our ends, we will use G(m, n, r, A) 

instead of G(m, n, r, s), unless otherwise indicated. An 

example of a metacyclic group is:

G(8, 2, 5, 1) = {ar Jb|a8 = l,bab 1 = a5,a2 = b2}.

One example of a class of metacyclic groups are the 

dihedral groups. All dihedral groups are metacyclic and it 

has been proven that the direct product of dihedral groups 

is efficient [2].

Metacyclic groups have been classified into various 

categories [8]. In a metacyclic group, G/N is cyclic for 

some normal cyclic subgroup N. Because G/N is cyclic, G' is 

contained in N. Thus, for all finite metacyclic groups G’ 

is cyclic, although G/G' need not by cyclic as the above 

example illustrates (G/G’s x C2 ).

DEFINITION; A metacyclic group G is Z-metacyclic if G/G’ 

is cyclic.
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DEFINITIONS If all the Sylow subgroups of a Z-metacyclic 

group are cyclic, then G is called ZS-metacyclic.

Zassenhaus [8] has shown that a Z-metacyclic group can 

always be presented as:

Z(mr nr r) = (x,y|xm = yn =1, yxy"1 « xr)

with the same conditions on m, n, and r as above and with 

the added condition that (m, r-1) = 1. A presentation of 

ZS-metacyclic groups is similar, except that we add the 

restriction that (m, n) = 1. ' j ' , '

Let's look at some specific examples of these groups. 

To begin, here is a presentation of a Z-metacyclic group 

which is not ZS-metacyclic:

Z(9,12,5) = (x,y|x9 = y12 = 1, yxy"1 = x5) .

We know that this group is not ZS-metacyclic because of the 

subgroup generated by x and y4. This subgroup is normal 

and has order 27, thus it is the unique Sylow 3-subgroup. 

Since x and y4 do not commute, this Sylow subgroup cannot 

be cyclic. A computer program called ce (coset enumeration) 

was used to verify the order and normality of this subgroup. 

The program uses coset enumeration to find, among other 

things, the order of a group when given its presentation, 

whether or not a subgroup is normal, and the order of a 

subgroup within a group.
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Here is a ZS-metacyclic group:

z(5,8,2)= (x,y|x5 = y8 = 1, yxy"1 = x2).

In working with metacyclic groups, an interesting 

dilemma arises. What is the relationship between the 

parameters in G(w, n, rf X) and Z(mr nr r)? If G is a Z- 

metacyclic or ZS-metacyclic group, is the m, n, and r the 

same value for both? In fact, as one begins to examine 

different groups and their presentations, one quickly 

stumbles across groups that are Z-metacyclic or ZS- 

metacyclic, but their presentations do not initially have 

the appropriate conditions. For example, the metacyclic 

group G(10, 4, 3, 1) is ZS-metacyclic, even though (10, (3 -

1))  * 1 and (10, 4) * 1. We will see that G(10, 4, 3, 1) is 

isomorphic to Z(5, 8, 3).

The first observation we make regarding Z-metacyclic 

groups, is that their Schur multiplier is always trivial. 

Thus if a group is presented in the G(m, n, r, A) form and 

is Z-metacyclic, X must equal 1. Let us simplify our 

notation then by letting G(m, n, r) refer to a group with X 

equal to 1. Now if G(m, n, r) is isomorphic to some Z(m', 

n', r'), what is the relationship between the six parameters 

involved?

We stated earlier that Zassenhaus [8] proved that for 

Z-metacyclic groups, (m, r-1) =1. We prove that now.
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LEMMA 1; In a Z-metacyclic group presented as

z = (x/yl*1" = i,yn = iryxy-1 = xr)

then (mr r-1) = 1.

PROOFs We know that ra = l(mod m}. Since every commutator 

is a power of yxy“1x~1 and yxy-1 = xr, then yxy-1x_1 = x2-"1. 

Then xr_1 generates Gr which forces (m, r-1) = 1. QED

Now a useful result about Z-metacyclic groups that*dp not 

have the proper (Zassenhaus) presentation initially .

LEMMA 2: If G is a Z-metacyclic group, and- (m, r - 1) = f

where f does not equal 1, and G is presented as 

then (f, m/f) = 1.

PROOF: Zassenhaus has proven that all Z-metacyclic groups

can be presented so that (m, r - 1) = 1 [8]. So we know 

that there is a sequence of Tietze transformations (see 

appendix) that will take us from the above presentation to 

the Zassenhaus form. Now suppose that (f, m/f) * 1.

Because bab-1 = ar, then bah-1a-1 - ar_1. This implies that 

ar_1 is an element of G'. Since the order of ar_1 and G' is 

m/f, then a27"1 is a generator of G'. Now let x and y be the 

generating elements of the Zassenhaus presentation and
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without loss of generality, let x = ar 1. Now y must be 

some product of the generators of G, say y = a3^ . We know 

from the Zassenhaus presentation that yxy-1 = xr± , for some 

integer i. However, r1 - 1 is not coprime to m/f for any i. 

Thus no such y exists. But it has been proven that it must, 

so (f, m/f) = 1. QED

Now returning to G(m, n, r) and Z(m', n’, r'), we know 

that the order of G is mn and the order of Z is m'n'. Let f 

= (m, r-1). Because we want (m', r') = 1, a logical choice 

for m' would be m/f. And since mn must equal m’n’, n' must

equal nf. Consider then the two groups;

G =

Z « = l,yxy 1 = xr'

We wish to show that G is isomorphic to Z by using Tietze 

transformations. Let y = b and x = af . This implies that 
y^ = 1 and x^f « 1, as desired.

Since (f, m/f) = 1, there exists natural numbers k and 

j such that kf + j(m/f) = 1, which implies that kf = 1 - 

j(m/f). We will use this relation to solve for a in terms 

of x and y.
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X == ak
xk =- aM

xk -=

xk -■ b-Dja
xk == y-nfa

a -= yni xk

This also implies that [^xk,yn^ j = 1. Now we substitute into 

the original presentation to derive a new presentation in 

terms of x and y. We obtains

Z = “ l,yx*yniy'1 = (xkyaj)r,

Y° = (xkyaj)^ ,x - (x*yni)f >Y - Yr Y^ = x% - 1).

The relation y = y is clearly unnecessary. Because f|m

and [x't,y'u] = 1, the relation (x*ynj)” 1 is also

unneeded Then we have:

(x'Yz yxky^y~1 = (xkyn^)r fyn = (xkynj')^, 

x = (xky^ )f, y1^ = x^f = 1^.

Since (m, r-1) f, we let If = r - 1, so r = If + 1. Then,

yXkynjy-l

yxkynjy-l _ xklY + kyiijlf +nj
k -1 klf + kyx y = Ji

—1 If +1yxy = X
xyxy = X •

So we see that the value of r' in the new presentation is

the same value as r in the original presentation:
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We can eliminate the relation as follows:

= ^/fy^Vf

= yll(l-kf)

= y”.

x Y

We can change the relation x = (x*^ )f to the relation

1 = x£k-1yfai and then we see that

= x^-1

=
= 1.

Therefore our presentation has been simplified and is in the

Zassenhaus form:

So if G(mr nf r) is Z-metacyclic, it is isomorphic to

nft r). Going back to our example, we now have

G(10, 4, 3, 1) s ZS(5f 8, 2).
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CHAPTER 2
METACYCLIC GROUPS AND DIRECT PRODUCTS

We now turn to the direct product, which is defined as 

follows:

DEFINITION: The direct product of two groups, say G and

Hr is defined to be G x H = {(g, h )|g GG, h G h) where we 

define the product of elements in a natural manner: 

(9i / iii X 92 / h2) = ( gig2 r Ihhz ).

It is easily proved that G x ff is a group.

The primary question of interest for us is, can 

the direct product of two efficient groups be presented 

efficiently? Could the direct product of two inefficient 

groups have an efficient presentation? What about the 

direct product of two metacyclic groups, can it be 

efficiently presented or not?

The latter question has not been completely answered to 

date. P.D. Williams has provided a partial answer and this 

paper addresses another case. P.D. Williams has proven that 

the direct product of a ZS-metacyclic group by itself has an 

efficient presentation. He proved that ZS(mf nf r) x ZS(mr 

nf r) can be presented as:
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ZS x ZS = ^a, b^a1", bm ] « 1, abtna 1 « ,

ba^b-1 - a<t+1>n),

where t is such that urn + t(r - 1) = 1.

This paper will prove, in Chapter 3, that under certain 

conditions, the direct product of two Z-metacyclic groups 

can be presented efficiently.

It is worth noting that the direct product of two 

metacyclic groups may itself be metacyclic and therefore is 

necessarily efficient by the work of Beyl and Wamsley. We 

now give a condition for the direct product of two Z- 

metacyclic groups to be metacyclic.

THEOREM 1: If G = Z(mr n, r) and H = Z(pf qr s) are two Z- 

metacyclic groups, with (n, g) = (m, p) = 1, then G x H is 

metacyclic.

PROOF: We know that G and H may be presented as:

G = (a, b|a" = b° = l,bab_1 = ar\ 

H = (c,d|cp = dq = l,dcd_1 = c3).

Let x - bd and y = ac. Then there exist integers a, /3, y, 6 

such that an + pq = 1 and ym + dp = 1. Now we find c in 

terms of y:

yi571 = = c.
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Using similar arguments, we have y6p = a, xan « df and 

x@q = a. Now note that the normal subgroup N = (a,c) is 

cyclic, since N also equals (y).

Now N is normal in G x H also. For, jbab"1 GN (it is 

equal to ar ), bcb~l G N ([bf c] = 1). dad-1 GN, and 

dcd"1 G N. Thus, for all generators of G x Hf say g, 

gyg-1 G N . Now we can look at a presentation of
G x H/ „

/N “ K :

K = (a,b,c,d|a“ = ba = cp = dq = [a,c] = [b,c] = 1,

[a,d] = [b,d] = lfbab^1 = ar,dcd~1 = cs, a = c = 1)

= (b,d|ba = d® = [b,d] - 1) 

h (x|xa® = 1).

Therefore, N is a cyclic and a normal subgroup in G x H 

whose factor group is also cyclic, implying that G x H is 

metacyclic. QED

An example of this theorem can be seen with the group 

the groups G = G(7, 3, 2) and H = G(ll, 2, 10). The direct 

product of these groups is isomorphic to:

G x H s ^a,b|a77 ■= l,h6 = Ifbab"1 = a10

Thus this direct product results in a ZS-metacyclic group.

In Chapter 3, it will be proved that G x Hr two Z- 

metacyclic groups, can be presented efficiently if (m, q) = 

(n,‘ p) = 1 and (n, g) * 1. It will be shown that
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G x H ® {x, yjyx^y 1 = xtt+1)g, 

xy^x-1 = yn(u+1J,[yp, x1" ] = 1) (1)

with groups G and H as above and for certain integers t and 

u. Moreover, we shall show that this group is not 

metacyclic. Given this presentation and these conditions, 

the group G = G(ll, 10, 6) x H = G(33, 2, 32) is an example 

of a group that can be presented efficiently using (1).

This result was also verified using ce. For the full 10 

relation presentation of G x H, ce verified that the order 

of the group is equal to 7260 = mnpqr as required. When 

reduced to the 3 relation presentation as in (1), ce has 

more difficulty finding the order of G. However, ce's work 

is drastically reduced if we use x or y as subgroup 

generators. Using x as a subgroup generator on the 3 

relation presentation, we obtained an order of 330 = pn, as 

expected. Similarly, the order of the subgroup generated by 

y was 22 = mg.

Let's examine the Schur multiplicator associated with 

G x H in order to see that (1) is an efficient presentation. 

Using the Schur-Ktinneth formula

M(G x H) « M(G) x N(H) x (G ® H).

For metacyclic groups we then have

M(G x H) = CA x Cr x ((G / G') ® (H / H')).
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And since the Schur multiplicator is trivial for Z- 

metacyclic groups, this reduces to

M(G x ff) = (G / G') ® (H I H')

= Cn ® Cq

Thus, if (n, g) =1, the Schur multiplicator of G x H is 

trivial. If not, then the Schur multiplicator has rank one 

and the presentation (1) is efficient.

At times, the direct product results in a presentation 

that is automatically efficient. For example, if G and H 

are not Z-metacyclic, the Schur multiplicator is

M(G x H) = CA x CA, x ((G / G') ® (H / H'))

= x Cx. x ((C* x Cjk) ® (C, x Cu )).

The rank of the Schur multiplicator will then depend upon 

how many of these values are relatively prime. If they have 

no common divisors, the rank will be six. If the Schur 

mutiplicator of G or H is trivial, the rank will decrease.

Take for example G(16, 4, 5) X G(32, 25, 4). The

Schur mutiplicator for both groups is trivial and the factor 

by the derived groups are C4 x C4 and C4 x C8, respectively.

Thus, the rank of the Schur multiplicator is four. However, 

since these groups have a trivial Schur multiplicator 

individually, we can use Beyl's two relation, two generator 

efficient presentation when taking the cross product [1]. 

The standard presentation of the direct product will be a 
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four generator, eight relation presentation (see appendix) 

which is then efficient.

Also, when forming a direct product, it is often the 

case that some of the relations are trivial (as we will see 

in Chapter three). Thus if some of the values in the Schur 

multiplicator are relatively prime, the presentation will 

reduce to an efficient one quite easily. The reader will 

see, however, that the presentation in Chapter three 

requires a great deal of effort to be reduced because the 

rank of the Schur multiplicator is only one.
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CHAPTER 3
EFFICIENT PRESENTATION OF A DIRECT PRODUCT

We now present our main result regarding the direct 

product of two Z-metacyclic groups. We begin with a theorem 

that will prove useful to our ends.

THEOREM 1; Let Fmt Pt n, q r a group, be defined by:

■Fm , pf n, q = (w t , Zp j « 1 ,

WZ^W-1 = Zn<U+1), zw^z’1 = wg<t+1>),

under the conditions that:

1) (m, Q) = (Pr n) = 1, m, q, p, n > 1.

2) There exists integers positive r and s such that

(m, r - 1) = 1, (pf s - 1) = 1, and such that

sq s 1( mod p), and r” = l(mod m).

3) t and u are integers such that t(r - 1) s l(mod m) and

u( s - 1) s 1( mod p).

Then znp = 1 and w7™7 = 1.

We will use a series of lemmas to prove this result.

LEMMA 1: For each natural number k the relation 

wkzuknw~k = z<u+1,*n holds in F .

PROOF: The statement holds for k = 1. Assume true for some 

k > 1, then
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wkz“ky* - z<u+1>‘n

wk^1^2 k+1aw~k 1 « WZtu + 1>knuW’-1 = £(« + l)*n(u + l) = ^(u + l)^1 QED

LEMMA 2; If q) = (u + l)m-um, then \z\ divides npcp.

PROOF; From Lemma 1, we know that

wmzumnw"m = z(u+1)“^.

If we raise both sides to the pth power,

= Z(u + 1)"AP b

Given that [win,zp] « 1,

ZU”4P = ^u + iy0 np

z(u + l )nnp -u”np = !

znp((u + l)®-ua) = j

LEMMA 3; In F, the following relations hold:

wJnzuw“'m = zu+<pMs-i)'n_1

= zl+(jM5n(s-l)ra f

where d is an integer such that yp + dn = 1.

PROOF; Lemma 1 implies that

= ^(u + i)ron.

Raising to the power d,

QED

wmzuI"n‘5v",m = z(u+1)raj35
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=> W11’zl?n“ura>pw"jn = ^-H)and

=> w^z^w"” = z(u + i)innd + uII,iP

since [z^w™] « 1.

Now by definition,

(p = (u + If1 - um

=> (p + um = (u + 1 )ra,

Examining the exponent on z:

(u + l)rand + umyp

= ( <p + u^Jnd + umYP

= (pnd + nd + yp)

= (pnd + um

=> w^w-” = zvn5+ua .

Now, using induction, we'll prove that

wV* ±w~m = zu +^<5(3-1/ f for j_ a non-negative integer.

When i = 0, this clearly holds from the previous statement.

Then assuming true for i > 0, and raising both sides to the

(s - 1) power, we have:

= zua *(s-1 )+(pj(5(s-l/+1

l/nzu <1+1 Ju ( s -1 m = _un -1 (3 -1)+<pnd (s -1 / +1

wm zu“ ~c i+1 ’ <1 “ V" Jn = (s-1 )+(pn6(s-l /+1

u^Cs-l )+fpnb(s-l /+1 + 3pu

WmZu"”{i+1)W_jn = 2u“_t'1+1J(l -Op )+<pn6(s-l)i+1 +6pu Jn-(J-+1>

M“ (1+ 1 )
ss „uID-(i+i>+(pfl(5(s-1yi+i

40

If i = in or in -1 the lemma is proved. QED
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LEMMA 4; In F, = z(l + <P<5n(s

PROOF: From lemma 3 we have that

l/zv-m = zl+«?5n(s-l)"

Conjugating by powers of w™ , we have

v/^zw"1^ = z(i+^(s-i)B’)i

In particular, if i = g, then

=> z'^^z = zlWMs-l)” F -1,/nj QED

LEMMA 5: (p, (p) = 1.

PROOF; Recall that <p = (u + If - u™. Suppose that (p, cp) *

1. Then there exists a prime, say k, such that k|tp and k|p. 

We define 0 such that Op + u(s - 1) = 1. Then,

0kp' + u(s - 1) = 1, where p = kp'.

=> (u,k) = 1, (k, s - 1) = 1.

Since k| q?, => <p s O(modk).

Also, u(s - 1) e l(mod k), or us = 1 + u(mod k). Now

<p = (u + If - um s {us f - um(mod k), => um{sm - 1) s 0( mod k).

Since k is prime, this implies that um s 0( mod k) or

sm - 1 s 0(mod k). Since the former is clearly false because 

(u, k) = 1, then the latter is true. However, this is 

impossible
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QED

since, sq s 1( mod k) 

and, sm s 1( mod k)

=> s{m'q} s 1( mod k)

=> s s l(mod k)

k| s - 1, which is a contradiction.

Therefore, (pfg>) = 1.

LEMMA 6: In F, ZW^z-1 = w™* .

PROOF: Because (p, qp) = 1, then (p, ng?) = 1, because (p, n) 

= 1. Now from Lemma 4 we have that
ZW^Z"1 ~ z(l + <P<5n(s-l) Let /j = (1 + (pQn( S - 1 )” )g - 1.

If we can show that h is congruent to 0 (mod png?), the proof 

will be complete. Clearly, h s 0( mod g>n), so we will show 

that h a 0( mod p) and the result will follow. Note that 

dn s l(mod p). Now,

h s (1 + g)(s - 1 y" )g - 1( mod p)

• B (1 + [(u + l)m - um](s - If)3 - l(mod p)

, e (1 + [(u + l)(s - 1 )]* - [u(s - l)]ra)g - l(mod p).

But since u( s - 1) a 1( mod p), we reduce to

h = s1"3 - l(mod p)

2 1 - 1 s 0( mod p). QED

Our main result, that in F, w2"3 = 1 and zRp = 1, is now 

easily proved:
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PROOF OF THEOREM 1: From Lemma 6f zw^z'1 = ZE However, 

using our original relation we know that zv^z"1 = +

Therefore, w17^ = 1. Proving that znp = 1 can be done in a 

similar fashion, using the appropriate corresponding 

variables. QED

Now consider the groups

G = (a,b)a™ = 1, “ If bab"1 = ax)

and H = (c, d| cp =' 1, dq = 1, dcd"1 = c3 ),

with the conditions necessary for these groups to be z- 

metacyclic, namely that r11 s l(mod m), (m,r - 1) = 1, 

sq = 1( mod p), and that (p,s - 1) « 1. We will require the 

additional condition that (m, g) = 1 and (n, p) = 1. Now we 

form the direct product of these two groups:

G x H = (a,b,c,d| a01 = 1, cp = 1, bn « 1, dg => 1, 

bab-1 = ar , dcd-1 = c3, [a,a] = [a, d] = [b,c] = [b,d] = 1).

Now we define x = ad and y = be. Because (m, g) = 1, there 

exists integers a and b such that am + pg = 1. Similarly, 

there exist y and 6 such that yp + dn = 1 . Therefore,

xte = afcdte

xfc - at?
= al-am

Xfiq = a.

Using similar arguments we arrive with the results:

x™ = d, y* = b, yin = a.
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Thus, reducing G x H to a presentation on two

The relations = [y1P,y6n] « 1, x = x^x®"1, and

y = y^ y&n are clearly trivial. Since (a, j3) = 1, then

= x aqn a j

=> x1^ - 1.

Similarly, ynp = 1. Thus our presentation is reduced to

Now we will simplify some of these relations.

=> x1"^gy6nx^g’1 = y6ns .

And as [x^g,y6n] = 1, then xyfinx“x = ydns .

Similarly, yx^qy~z = x^.

Also, [x^g,ydnj = 1 which implies that [x^g,ydn2j = 1, so 

[x^g, yHU-yp)^ = resulting in [x^g,yn] = 1.

Similarly, [xg,yn] = 1 and [yp,xJn] = 1.

So now our presentation looks like this:
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We now eliminate the relation yn , xg = 1:

yx$qy 1 = x^ 

ynx^qy~n = x&rIlq 

ynxfay-nx-fl<I = x0(rn-l)g

As rn - 1 s 0(mod m) 

flq s 0(mod g)

(rn - l)pq s 0(mod mg), 
=> [ yn , xPq ] = 1

yx^y-1 - x^

o yx^ ~ 0111 y ~ 1 _ xr-rcan

o yx ” ^3^ y 1 = xrcJ “-ragm

■» yxgy_1 = X^.

Similarly, xydnx-1 = y&ns o xy nx “x = y311



Now consider the fact that (m, r-1) = 1 and (p, s-l)=l.

This implies that we can find integers so that

0m + t(r - 1) = 1 and 0p + u(s - 1) = 1. Then we can make the 

following argument:

xy2^’1 = y™
Xyimx-1 = yiina = yii(- Gp + u + 1) = ^nu+u = ^n(u + l)^

Similarly, we have that yxtqy"1 = x(t+1)g.

Then,
G x H = (xfyjx1^ = y^p = 1, yx^y-1 = x(t+1Jg, 

xy™x-1 = yn(u+1)f [yPzX"]= 1).

But now we can apply the Theorem 1 presented at the

beginning, which results in the following presentation:

^,y|yxtgy“1 = x(t+1)g, 
yn(u + 1), [yP,xin]= 1).

We know that if (n,

has rank one. Thus when

g) * 1, that the Schur multiplier 

this condition holds, the above 

presentation is efficient.

Clearly, this paper has left open many more avenues to 

be explored. Most immediately, what if (n, g) does equal 1? 

Can a two generator, two relation presentation be found? 

Other problems for further investigation include:

1) To find an efficient presentation for the direct product 

of a Z-metacyclic group by itself. For example, can 

Z(9, 12, 5) x Z(9, 12, 5) be presented efficiently?
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2) To find an efficient presentation for the direct product 

of a metacyclic group by itself. For example, can G(8, 

2, 5, 1) x G(8, 2, 5, 1) be presented efficiently?

3) To find an efficient presentation for three, four or 

more of these groups taken in direct products together 

(i.e., G x H x F).

4) When the Schur multiplicator is trivial, finding an 

efficient presentation is even more difficult in all of 

these cases. For example, Z(llr 5, 3) x Z(22f 2, 21) 

has a trivial Schur multiplicator and thus requires an 

equal number of generators and relations to be presented 

efficiently.

A very preliminary exploration into case number 1 has 

been started by the author and P.D. Williams. Using a 

computer program, we tried to reduce a specific direct 

product and had a difficult time. It appears that this case 

is quite difficult.
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APPENDIX

A FEW USEFUL METHODS

LEMMA 1: If x and y are elements of a group, G, and the 

relation yxy"1 = xr holds in G for r a positive integer, 

then ykxiy~k = x^rk , for j an integer and k a positive 

integer.

PROOF; We will begin by using induction on k. If k = 1, 

then the statement is clearly true. Now assume that true 

for some positive integer kt

Jr — Jry xy = x .

Then rasing both sides to the power r, we have

(y*xy-*)r =

k _k k _ Jc k - kyxy AyAxy ^...y^xy ° x
k j* — If r k+y*xry x « x

k f —1 \  k **k+1
y [yxy )y = x

k + 1 — k — 1yKixy * 1 = xr

(r times)

Now if we raise both sides to the jth power, the y's cancel

again and we have

QED

LEMMA 2; If G is a group with x an element of G and xm = 1

and xn = 1 for n and m, positive integers, then = 1. 

29



PROOF: Let (nr m) = d. Then we know there exist integers a 

and p such that an + pm = d. Then

xd _ xan+fim _ = la QED

TIETZE TRANSFORMATIONS

If you have a group, G = (x|k) and Y is a set of 

generators of G, then G = (y|k(X(y)),Y = Z(X(r))). This has 

the following meaning. Rewrite every relation in R by 

replacing the elements of X with the corresponding word in 

Y. Then, add more relations which are obtained by equating 

each element of Y to its equivalent in terms of X. This 

assumes, of course, that we can find a way of writing each 

element of Y in terms of X and vice versa.

PRESENTATIONS OF DIRECT PRODUCTS

For two groups, G = (x|r) and H = (r|s), then

G x H =

where x± G X and yj G Y . The commutator relations must be 

added because the variables in a direct product always 

commute.
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