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It has been proven that metacyclic groups, groups
which have a cyclic subgroup whose factor group is also
cyclic, can be presented efficiently. However, when the
direct product of these groups is taken, the
(d)efficiency is unknown. This paper examines- work that
has been done on this problem and contributes to part of
the solution. It will be shown that under certain
conditions, the direct product of two Z-metacyclic

groups can be presented efficiently.
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CHAPTER 1
BACKGROUND MATERTAT,

In this paper, our primary concern is the efficient
presentation of the direct product of metacyclic groups.
Let us begin with a discussion of free groups and group
presentations.

Let X be a set and X' a set in one to one
1

correspondence with X, so that if x is in X, then x~° is in

X'. Let A be the union of X with X', which we will denote
as A = {al, az, a3uu}. A word will be defined to be a ;
string sf elements of A placed in juxfaposition. Tﬁe empty
word is defined to be a word of length zero and wiil be
denoted by the symbol 1. Exponen?s of any integer power may

be placed on the elements of A and as usual we define:

ao = 1'
a_j = (a—l)j.
Within a word, exponents may added as per standard

multiplicative notation: a3 :a;’ = a;'. If the exponent on

any a; becomes zero, that element is replaced by 1. By
adding exponents of like terms and replacing a! with 1, for
all i, we create a reduced word.

The set of all reduced words formed by A will be
indicated by F[A]. In order to make F[A] a group, we will

define a multiplication on our words in a natural manner:



for any two words, w and z in F[A], we will define w+z to be
the reduced word created by the juxtaposition of the two
words. Clearly, 1 acts as the identity in this

multiplication, and the inverse of a will be a™l.

DEFINITION: A free group, F[A], generated by the set A is
the group consisting of the reduced words of A and using the

multiplication described above.

DEFINITION: If F[A] is free group, the rank of the free

group is equal to the cardinality of the set X.

DEFINITION: ILet S be a subset of a group G. The normal
closure of S, S, is the intersection of all normal

subgroups of G that contain S.

For a more complete discussion of free groups, see [3], [4],
[6], and [7].

Since it has been proven that every group is an
epimorphic image of some free group [5], we offer this

definition:

Definition: Let G be an epimorphic image of a free group

F[X] and let N be a normal subgroup of F so that F/N =« G.

Furthermore, let R € F be such that R = N. Then we say



that (X|R) is a presentation of G. The elements of R are

called relators.

If |X| and |R| are finite, then we say that {X|R) is a finite

presentation. For the purposes of this paper, we will be
dealing exclusively with finite presentations. For any

finite presentation of a finite group, it can be proved that

IR| = |X|]. We can then make the following definitions:

DEFINITION: The deficiency of a finite presentation is

[R] - |X|, which is clearly greater than or equal to zero.

DEFINITION: The deficiency of a group, G, is the minimum

deficiency over all finite presentations of G.

But how do we know the deficiency of a group? What if there
is a presentation with a lower deficiency than the
presentations that have been examined? How do we know when
the minimum deficiency has been attained?

Associated with each finite group, G, is a unique
finite abelian group known as the Schur multiplicator of G
and denoted as M(G). A lower bound for the deficiency of G

is given by the minimal number of generators of M(G).



DEFINITION: For a finite group G = {(X|R), where F = F[X], R
C F and R is the normal closure of R in F, then the Schur
multiplicator, M(G), is defined to be

FFNR
M(G) = TF R
I 4

In 1907, J. Schur proved that M(G} is independent of the
finite presentation of G, that is, it is an invariant of G.
Also, Schur proved that M(G) is generated by at most def G
elements [5]. Now we use the Schur group to define

efficiency:

DEFINITION: A presentation of a group is efficient if the

deficiency of the group is equal to the rank of the Schur

multiplicator.

The deficiency of G may or may not be equal to this
rank. This is where many interesting questions begin to
arise. If an efficient presentation for a group can be
found, then we know that the minimal number of relations has
been attained. However, if an efficient presentation is not
known, then how are we to know if the deficiency has been
attained? Perhaps it is impossible to find an efficient
presentation--indeed, this has been proved for certain
groups. However, there are many groups whose efficiency

remains unsolved. One class of groups that has not been
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closely examined is the direct product of efficiently
presented groups. Will this necessarily be efficient? We

will look at this problem in Chapter 2.

METACYCILIC GROUPS

DEFINITION: A group G is metacyclic if it has a normal

cyclic subgroup N, such that G/N is also cyclic.

t A

If G is finite, then we can consider N = Cp = (x), and
G/N = &; « (Ny), where x, y are elements of G, m and n are
natural numbers, and Cp is the cyclic group of order k.
Zassenhaus, among others, has proved that all finite

metacyclic groups have the following presentation:

G(m, n, r, s) = (x,ylx’“ =1, yxy' = X, y" = xs),
where m, n, r, and s are natural numbers, r, s = m and
r® = 1(mod m) and rs = s(med m) [5].

It has been proved by Beyl and Wamsley that all
metacyclic groups can be presented efficiently [1]. The
Schur multiplicator of a metacyclic group has rank either
one or zero. In the case where the rank is one, the
presentation above is already efficient. If not, then Beyl

gives the following efficient presentation:

(X:y

where (m,r - 1) = v(r - 1)(mod m) and (m, v) = 1.

y? = X%m,r—l)'[y'xv] - x(m,r-—l))’



Thus, the metacyclic groups are efficient [1].

Another useful presentation of metacyclic groups has
been given by Beyl [1]. This presentation indicates the
rank of the Schur multiplicator, which we will indicate by
A. The variable s is removed in this presentation and the
variables m, n, and r remain the same:

mA
G(m,n, r,A)={x,y|x" = 1rYX.Y_1 R xlm £ -1)

Since A is useful to our ends, we will use G(m, n, r, A)

instead of G(m, n, r, s), unless otherwise indicated. An

example of a metacyclic group is:

G(8, 2, 5, 1) = {a,b|a® = 1,bab™? = a°,a% = b?).

One example of a class of metacyclic groups are the
dihedral groups. All dihedral groups are metacyclic and it
has been proven that the direct product of dihedral groups
is efficient [2].

Metacyclic groubs have beeh classified into various
categories [8]. In a metacyclic group, G/N is cyclic for
some normal cyclic subgroup N. Because G/N ié cyclic, G' is
contained in N. Thus; for all finite métacyclic groups G'

is cyclic, although G/G' need not by cyclic as the above

example illustrates (G/G'= Cy x Cz).

DEFINITION: A metacyclic group G is Z-metacyclic if G/G'

is cyclic.



DEFINITION: If all the Sylow subgroups of a Z-metacyclic

group are cyclic, then G is called ZS-metacyclic.

zassenhaus [8] has shown that a Z-metacyclic group can

always be presented as:
Z{m, n, r) = (x,y|xm =y? =1, yxy™* = xr)

with the.same conditions on m, n, and r as above and with
the added condition that (m, r-1)~$ 1. A:presentgtipn of
zS-metacyclic groups is similar, except that Qe add the
restriction that (m, n) = 1. ' .

Let's look at some specific examples of these groups.

To begin, here is a preéentation of a Z-metacyclic group
which is not ZS-metacyclic:

2(9,12,5) = (x,y|%* = y = 1, yxy™* = x°).
We know that this group is not ZS-metacyclic because of the
subgroup generated by x and y*. This subgroup is normal
and has order 27, thus it is the unique Sylow 3-subgroup.
Since x and y* do not commute, this Sylow subgroup cannot
be cyclic. A computer program called ce {(coset enumeration)
was used to verify the order and normality of this subgroup.
The program uses coset enumeration to find, among other
things, the order of a group when given its presentation,
whether or not a subgroup is normal, and the order of a

subgroup within a group.



Here is a ZS-metacyclic group:

%(5,8,2) = (x,yﬁxs =y® =1, yxy! = x2>.

In working with metacyclic groups, an interesting
dilemma arises. What is the relationship between the
parameters in G(m, n, r, A) and Z(m, n, r)? If G is a 2-
metacyclic or ZS-metacyclic group, is the m, n, and r the
same value for both? In fact, as one begins to examine
different groups and their presentations, one quickly
stumbles across groups that are Z-metacyclic or ZS-
metacyclic, but their presentations do not initially have
the appropriate conditions. For example, the metacyclic
group G(10, 4, 3, 1) is ZS-metacyclic, even though (10, (3 -
1)) # 1 and (10, 4) # 1. We will see that G(10, 4, 3, 1) is
isomorphic to Z(5, 8, 3).

The first observation we make regarding Z-metacyclic
groups, is that their Schur multiplier is always trivial.
Thus if a group is presented in the G(m, n, r, A) form and
is Z-metacyclic, A must equal 1. Let us simplify our
notation then by letting G{(m, n, r) refer to a group with A
equal to 1. Now if G(m, n, r) is isomorphic to some zZ(m’',
n', r'), what is the relationship between the six parameters
involved?

We stated earlier that Zassenhaus [8] proved that for

Z-metacyclic groups, (m, r-1) = 1. We prove that now.



LEMMA 1: In a Z-metacyclic group presented as

Z = (x,y1xm =1,y" =1, yxy™* = xr)

then (m, r-1) = 1.

PROOF: We know that r® = l(mod m). Since every commutator

r r-1

1 and yxy™! = x¥, then yxyx! = x .

is a power of yxy lx~

Then x*~! generates G, which forces (m, r-1) = 1. QED

Now a useful result about Z-metacyclic groups 'that- do noﬁ

have the proper (Zassenhaus) presentation initially .

LEMMA 2: If G is a Z-metacyclic group, and-(m; r-1)y =1~

where f does not equal 1, and G is presented as
G = (a,k%am = 1,b% = a%,bab“1 = ar),

then (£, m/f) = 1.

PROOF: Zassenhaus has proven that all Z-metacyclic groups
can be presented so that (m, r - 1) = 1 [8]. So we know
that there is a sequence of Tietze transformations (see
appendix) that will take us from the above presentation to
the Zassenhaus form. Now suppose that (f, m/f) # 1.

Because bab™! = a*, then bab~'a = a*~!. This implies that
a®*~! is an element of G'. Since the order of a*~! and G' is
m/f, then a*~! is a generator of G'. Now let x and y be the

generating elements of the Zassenhaus presentation and

9



without loss of generality, let x = a*~!. Now y must be

some product of the generators of G, say y = a’p’. wWe know

from the zassenhaus presentation that yxy‘1 = xrl, for some

integer i. However, r® - 1 is not coprime to m/f for any i.
Thus no such y exists. But it has been proven that it must,

so (f, m/f) = 1. QED

Now returning to G(m, n, r) and Z(m', n', r'), we know
that the order of G is mn and the order of Z is m'n'. Let f
= (m, r-1). Because we want (m', r') = 1, a logical choice
for m' would be m/f. And since mn must equal m'n', n' must

equal nf. Consider then the two groups:
G = (a,b|a"' = 1,bab™! = a",b" = a’%>
Z = (x,ylx'%= = 1,y = 1,yxy”! = xr'>

We wish to show that G is isomorphic to Z by using Tietze

transformations. Let y = b and x = af. This implies that

¥y =1 and xgé = 1, as desired.

Since (£, m/f) = 1, there exists natural numbers k and
j such that kf + j(m/f) = 1, which implies that kf = 1 -
j(m/£f). We will use this relation to solve for a in terms

of x and y.

10



This also implies that [xk v y“j ] = 1. Now we substitute into

the original presentation to derive a new presentation in

terms of x and y. We obtain:
7 - <x'yl(xkynj " o1, pxRyPy o (xFy™),
¥y = (Xkynj)m/f’x - (Xkynj)f'y = vy, Yﬂf - X% = 1>.
The relation y = y is clearly unnecessary. Because f|m
and [xk,y“j = 1, the relation (x"y“j )m = 1 is also

unneeded. Then we have:

Yxkynjy-l - (Xkynj )r YR = (xkynj )% ,

X = (Xkynj)frynf = X% = 1)-

Z=<X,y

Since (m, r-1) = f, we let 1If = r -1, so r = 1f + 1. Then,

)lf +1

I

yxkyniy-1 (xkynj
yxkynjy—l - Xk1f+kynj.1f +nj
yx*y? = x
yxy™t = x
X

yxy™! =

r
L]

So we see that the value of r' in the new presentation is

the same value as r in the original presentation:

11



Z = (x,.ylyx;.r'1 = x",y" = (Xk}’nj)%:
x = (xkymd ) yme o X% - 1)-

, I
We can eliminate the relation y" = (x"y“—")/f as follows:
(xkynj )%
nmj
_ Y
- ynﬂrkf)
= Yn.
We can change the relation x = (x" y"j )f to the relation

1l = xﬂ"‘lyf”j and then we see that

x1k ~1y fn]
- xkf-1

07
= 1.

Therefore our presentation has been simplified and is in the

Zassenhaus form:
zZ = (xfylyxy"l - xT,y¥ - X - 1)-

So if G(m, n, r) is Z-metacyclic, it is isomorphic to
Z(m/f, nf, r). Going back to our example, we now have

G(10, 4, 3, 1) = ZS(5, 8, 2).

12



CHAPTER 2
METACYCLIC GROUPS AND DIRECT PRODUCTS

We now turn to the direct product, which is defined as

follows:

DEFINITION: The direct product of two groups, say G and
H, is defined to be G x H = {(g,h)|lg €G, h € H) where we
define the product of elements in a natural manner:

(g1, Yg2,h2) = (192, p).

It is easily proved that G x H is a group.

The primary question of interest for us is, can
the direct product of two efficient groups be presented
efficiently? Could the direct product of two inefficient
groups have an efficient presentation? What about the
direct product of two metacyclic groups, can it be
efficiently presented or not?

The latter question has not been completely answered to
date. P.D. Williams has provided a partial answer and this
paper addresses another case. P.D. Williams has proven that
the direct product of a ZS-metacyclic group by itself has an
efficient presentation. He proved that 2S(m, n, r) x ZS(m,

n, r) can be presented as:

13



zs x 25 = (a,b[[a",b"] = 1,ab™a™t = PE+1a,
pat® bl a(t+1)n>'
where t is such that um + t{r - 1) = 1.

This paper will prove, in Chapter 3, that under certain
conditions, the direct product of two Z-metacyclic groups
can be presented efficiently.

It is worth noting that the direct product of two
metacyclic groups may itself be metacyclic and therefore is
necessarily efficient by the work of Beyl and Wamsley. We
now give a condition for the direct product of two Z-

metacyclic groups to be metacyclic.

THEOREM 1: If G = Z(m, n, r) and H= Z(p, q, s) are two 2Z2-
metacyclic groups, with (n, q) = (m, p) = 1, then G x H is

metacyclic.

PROOF: We know that G and H may be presented as:

G = (a,bla’" = b? = 1,bab”?! = a")
H = (c,dleP = d¥ = 1,ded™? = c®).
Let x = bd and y = ac. Then there exist integers «, B, y, o

such that an + fig =1 and ym + p = 1. Now we find ¢ in

terms of y:

y™ = afe?™ = cl-% - g,

14



Using similar arguments, we have y°? = a, x** = d, and
xP¥ - a. Now note that the normal subgroup N = {(a,c) is
cyclic, since N also equals (y).

Now N is normal in G x H also. For, bab™! € N (it is
equal to a*), beb! €N ([b, ¢] = 1). dad™ € N, and
dcd™ € N. Thus, for all generators of G x H, say g,

gyg'1 € N. Now we can look at a presentation of

Gx%=K:

K = (a,b,c,d[a‘“ = b? =cP =d?9 = [a,c]=[b,c]=1,
[a,d] =[b,d] =1,bab™! = a¥,dced™ =c°,a = ¢ = 1)
= (b,d|p* = a9 = [b,d] = 1)
= (xlx"q = 1).
Therefore, N is a cyclic and a normal subgroup in G x H
whose factor group is also cyclic, implying that G x H is

metacyclic. QED

An example of this theorem can be seen with the group
the groups G = G(7, 3, 2) and H = G(11, 2, 10). The direct

product of these groups is isomorphic to:
G x H = (a,b[a” = 1,b° = 1,bab™? = a'°)

Thus this direct product results in a ZS-metacyclic group.
In Chapte'r 3, it will be proved that G x H, two 2Z-
metacyclic groups, can be presented efficiently if (m, g) =

(n; p) =1 and (n, q) # 1. It will be shown that

15



G x H = (x, ylyxtqy'1 = x{t+hg,

xy®x1 = y“("”),[yp,x’"] = 1) (1)
with groups G and H as above and for certain integers t and
u. Moreover, we shall show that this group is not
metacyclic. Given this presentation and these conditions,
the group G = G(11, 10, 6) x H = G(33, 2, 32) is an example
of a group that can be presented efficiently using (1).
This result was also verified using ce. For the full 10
relation presentation of G x H, ce verified that the order
of the group is equal to 7260 = mnpg, as required. When
reduced to the 3 relation presentation as in (1), ce has
more difficulty finding ﬁhe order of G. However, ce's work
is drastically reduced if we use x or y as éﬁbgroup
generators. Using x as a subgroup generator on the 3
relation presentation, we obtained an order of 330 = pn, as
expected. Similarly, the order of the subgroup generated by
y was 22 = mg.

Let's examine the Schur multiplicator associated with

G x H in order to see that (1) is an efficient presentation.

Using the Schur-Kiinneth formula
M(G x H) = M(G)x M(H)x (G ® H).

For metacyclic groups we then have

M(GxH)=C, xCy. x((G/G')®(H / H").

16



And since the Schur multiplicator is trivial for Zz-

metacyclic groups, this reduces to

M(Gx H)=(G/G')®(H / H')

= Cp ® Cq

= Qu,q)-
Thus, if (n, g) = 1, the Schur multiplicator of G x H is
trivial. If not, then the Schur multiplicator has rank one
and the presentation (1) is efficient.

At times, the direct product results in a presentation

that is automatically efficient. For example, if G and H

are not Z-metacyclic, the Schur multiplicator is

M(GxH)=C;, xC.x((G/G')®(H /HY))
= C) X Cyp x ((Cx xCy3) ® (C1 x Ci1))-

The rank of the Schur multiplicator will then depend upon
how many of these values are relatively prime. If they have
no common divisors, the rank will be six. If the Schur
mutiplicator of G or H is trivial, the rank will decrease.

Take for example G(16, 4, 5) X G(32, 25, 4). The
Schur mutiplicator for both groups is trivial and the factor
by the derived groups are C, x C, and C, x Cy, respectively.
Thus, the rank of the Schur multiplicator is four. However,
since these groups have a trivial Schur multiplicator
individually, we can use Beyl's two relation, two generator
efficient presentation when taking the cross product [1].

The standard presentation of the direct product will be a

17



four generator, eight relation presentation (see appendix)
which is then efficient.

Also, when forming a direct product, it is often the
case that some of the relations are trivial (as we will see
in Chapter three). Thus if some of the values in the Schur
multiplicator are relatively prime, the presentation will
reduce to an efficient one quite easily. The reader will
see, however, that the presentation in Chapter three
requires a great deal of effort to be reduced because the

rank of the Schur multiplicator is only one.

18



CHAPTER 3

EFFICTENT PRESENTATION OF A DIRECT PRODUCT

We now present our main result regarding the direct
product of two Z-metacyclic groups. We begin with a theorem

that will prove useful to our ends.

THEOREM 1: ©Let Fn, p, n, g+ @ group, be defined by:

Fn,p, n,q = (w,zl[wm,zp] = 1,

wzByl o Pl ptas-l Wq(t+1))'

under the conditions that:

1) (m q) = (p, n) =1, m gq, p, n > 1.

2) There exists integers positive r and s such that
(m,r -1)=1, (p,s-1) =1, and such that
s? = 1(mod p), and " = 1(mod m).

3) t and u are integers such that t(r - 1) = 1(mod m) and
u(s - 1) = 1(mod p).

Then z% =1 and w™ = 1.

We will use a series of lemmas to prove this result.

LEMMA 1: For each natural number k the relation

Ky x )
whzB Bk o Autl)*n po1ds in F .

PROOF: The statement holds for k = 1. Assume true for some

k=1, then

19



kn - k
szu ., k _ z(u+1) n

wk+1zuk+1nw-k-1 - wz(u+1)knuw-1 - z(u+1)kn(u+1) - Zn(u+1)’<+1 QED

LEMMA 2: If @ = (u+ 1)" - u™, then [z]| divides npg.

PROOF: From Lemma 1, we know that

szumnw—m - z(u+1)mn .

If we raise both sides to the pth power,
whZU BP—m z(u-!-l)"‘np_
Given that [w’“,zp] =1,

zu“'np - z(u+1)‘“np

-ty B
. Z(u+1)’-”np ufnp _ 1

= z1:1p((u+1)“'-um) =1 QED

LEMMA 3: In F, the following relations hold:

wizlw™ P o zu+tp6n(s 1)
m
whzw P o zl+¢~5n(s-1) ,

where 6 is an integer such that yp + 6n = 1.

PROOF: Lemma 1 implies that
wmzumnw—m - Z(u+1)”’n
Raising to the power 4,

wmzu’"nﬁw-m = plutl ™ nd
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o= gt -utpy-m | (u+lf"nd
= whgty=?m - z(u+1)mn6+um'yp
since [zp,w"‘] = 1.
Now by definition,
¢ = (u+ 1) - u™

= @+ u” =(u+1)",

Examining the exponent on z:

(a +1)né + u™yp
= ( @+ u™)nd + uyp
= @gnd +u”(ndé + yp)
= @nd + u"™
= Wizt R - gvEbru”
Now, using induction, we'll prove that
Wit e o gt e gmd(s-1y , for i a non-negative integer.
When i = 0, this clearly holds from the previous statement.
Then assuming true for i = 0, and raising both sides to the
(s - 1) power, we have:

szum"i(s—l)w—m - zum'i(s—1)+tpn6(s-1)i+1
szu”"(i*l)u(s-l)w-m - zum‘i(s-l)ﬂpnd(s-l p+1
wmzu’"'(i"'l)(l— 8p - m zu”"‘t(s-—l)-i-qoné(s—l)i*l
szum"“*l’w-m _ zu""‘i(s-l)«l-qoné(s-l Y+l 4 goym-(i+1)
wmzum-(i+1)w-m - zu‘”"““(l-ﬂp y4pné(s-1y 4 4 o 2L+
m-(d+1) zum-(1+1)+ @né(s-1}+1

whzd

W—m

If i = mor m -1 the lemma is proved. QED
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LEMMA 4: In F, zw™z! o (ltedn(s-1y'yf -1, ms

PROOF: From lemma 3 we have that

wizw™ ™ — zl+tp¢5n(s—-1)m
Conjugating by powers of w™, we have
Wiz~ z(1+qor5n(s-1)“’)’1
In particular, if i = g, then

W™ g p(l+gdn(s-1)" ¥

= gz lyMy - (1+edn(s-1)" F -1 mg QED

LEMMA 5: (p, @) = 1.

PROOF: Recall that ¢ = (u + 1)® ~ u™. Suppose that (p, @) #
1. Then there exists a prime, say k, such that k|9 and k|p.

We define 0 such that 6p + u(s - 1) = 1. Then,

6kp' + u(s - 1) = 1, where p = kp'.
= (u,k)=1, (k, s - 1) = 1.

Since k|¢p, = o

0( mod k).
Also, u(s - 1) = 1(mod k), or us = 1 + u(mod k). Now

g =(u+ 1y - u™ = (us)® - u™(mod k), = u™(s™ - 1) = O(mod k).
Since k is prime, this implies that u™ = O(mod k) or

s™ -1 = 0(mod k). Since the former is clearly false because
(u, k) = 1, then the latter is true. However, this is

impossible
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n

since, s9 = 1(mod k)

and, s™ = 1{mod k)

= glm.aq)

il

1(mod k)
= s = 1(mod k)

= k|s ~ 1, which is a contradiction.

Therefore, (p, @)= 1. QED

LEMMA 6: In F, zw™zl = ™,

PROOF: Because (p, ¢) = 1, then (p, ngp) = 1, because (p, n)

= 1. Now from Lemma 4 we have that
zw™zl = Z(1+edn(s-1"f-Tuma  yor p o= (1 + @én(s - 1) - 1.

If we can show that h is congruent to 0 (mod png), the proof

will be complete. Clearly, h s 0(mod ¢n), so we will show

that h = 0(meod p) and the result will follow. Note that

én = 1(mod p). Now,

h=(1+gs-1")y - 1Lmnod p)
e (l+(u+1)Y" - u"™Ys -~ 1)) - I{mod p)
= (L +[(u+1)s - 1) - [u(s -~ 1)") - L(mod p).
But since u(s - 1) = 1(mod p), we reduce to
h=s™ - 1(mod p)
=1-1=0(mod p). QED

Our main result, that in F, w™ =1 and z" =1, is now

easily proved:
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PROOF OF THEOREM 1: From Lemma 6, zw™z™* = w™_, However,

using our original relation we know that zw™9z 1 - w™(t+1),
Therefore, w¥ = 1. Proving that z" =1 can be done in a
similar fashion, using the appropriate corresponding

variables. QED

Now consider the groups

G = {(a,b|a™ = 1, b® = 1, bab™ = a*)
and H = (c,dlcp ='1,d? =1, ded™! = c“’),
with the conditions necessary for these groups to be Z-
metacyclic, namely that r” = 1(mod m), (m,r - 1) = 1,
s? = 1(mod p), and that (p,s - 1) =1. We will require the
additional condition that (m, q) = 1 and (n, p) = 1. Now we

form the direct product of these two groups:

6 xH ={a,b,c,dla =1,¢cP =1,b" = 1,d? =1,
bab™! = a*, ded™® = ¢®, [a,c¢]1=[a,d]l =[b,c] =[b,d] = 1).
Now we define x = ad and y = bc. Because (m, q) = 1, there
exists integers a and b such that am + g = 1. Similarly,

there exist y and § such that yp + én = 1. Therefore,

xPT - zba
Xﬂq = al—am
xPT - a,

Using similar arguments we arrive with the results:

am on

x*" =d, y® = b, y*® =c.
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Thus, reducing G x H to a presentation on two

generators we have,
xamyﬁnx-—am — yéns’ X = xﬂqxam, y = yypyén’
[x#,y*] =[xP, x"] =[y?,y*]=[y",x*"] =1).
The relations [xp‘-’,xam] = [y"p ,y‘s“] =1, x = xP9x™, and

y = y®Py% are clearly trivial. Since (a, B) = 1, then

xfem - xom _ 1

=>an=l-

Similarly, y™ = 1. Thus our presentation is reduced to

GXH""(Xrle"q =y¥® =1, Y}PX'&;Y_K’ =Xﬂ"q,

Xoanydnx-am = ydns' [xﬁq'yﬁn]u [y}p,xam] = 1) .
Now we will simplify some of these relations.

xam-ytiux-arn - yéns

= x1~'ﬁqy6nxﬁq-1 = ybus
And as [xf"*r,y‘”’]'= 1, then xy%ax=! - y%»,
Similarly, yxfey~! = xBra,
Ba én : . . Ba Sn2
Also, [X 'Y ] = 1 which implies that [x 'y ] =1, so
[xﬁq'yn(l—n’)] = 1’ resulting in [xﬁq”yn] = 1.

Similarly, [xq,y”] = 1 and [yp,x’"] =1.

So now our presentation looks like this:

25



G X H = (X,YIXM = y-ﬂp = 1' Yxﬂqy_l = xﬁrq’

Xyénx-l _ yéns' [xqtyn] _ [yp'xm] - 1).
We now eliminate the relation [yn,xq] = 1:

Ynxﬁqy_n - Xﬂrnq

yixPay-ny-Ba _ xPlx"-1)a
As r® -1 = 0(mod m)
g = O(mod q)
(r* - 1)Bg = O(mod mg),
= [y”,xﬁg] = 1
And so [ yn,xg] = 1, using previous arguments.
Thus we have reduced the presentation to
G xXH = (x,ylx’"f = y® = 1, yxPey1 - xPre,
xy%8x~1 = po89, [yp,x’"] = 1).
We remove the last of the d's and f8's as follows:
yxfay-1 o xPra

- yxl—amy—-l = Xr—rmn

o yxT-egmy-l _ yrq-rogn
« yx9y 1 = xM,
similarly, xy%x~! = p% <« xy3x™l - p=@,

So,
G x H = (x,ylx"‘q = y® =1, yx99 ! = x99,

xynX—.l =y, [yp’xm] = 1)-
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Now consider the fact that (m, r-1) = 1 and (p, s-1)=l.
This implies that we can find integers so that

¢m + t(r —1) =1 and 6p +u(s - 1) = 1. Then we can make the
following argument:
xy"xt = y™
qunx—l -y o yn('6p+u+1) _ ynu+u - Yn(u+1).
Similarly, we have that yx*¥yl o x{t+t1)q,

Then,

xy®x™l = prltl)) [yp,x'"]= 1.
But now we can apply the Theorem 1 presented at the
beginning, which results in the following presentation:
G xH = (x,y|lyx™y™? = x**19,
xymx-1l o yolu+l), [Yplxm]n 1).

We know that if (m, ) # 1, that the Schur multiplier
has rank one. Thus when this condition holds, the above
presentation is efficient.

Clearly, this paper has left open many more avenues to
be explored. Most immediately, what if (n, g) does equal 1?
Can a two generator, two relation presentation be found?
Other problems for further investigation include:

1) To find an efficient presentation for the direct product
of a Z-metacyclic group by itself. For example, can

Z(9, 12, 5) x 2Z(9, 12, 5) be presented efficiently?
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2)

3)

4)

To find an efficient presentation for the direct product
of a metacyclic group by itself. For example, can G(8,
2, 5, 1) x G(8, 2, 5, 1) be presented efficiently?

To find an efficient presentation for three, four or
more of these groups taken in direct products together
(i.e., G x H x F).

When the Schur multiplicator is trivial, finding an
efficient presentation is even more difficult in all of
these cases. For example, Z(11, 5, 3) x Z(22, 2, 21)
has a trivial Schur multiplicator and thus requires an
equal number of generators and relations to be presented
efficiently.

A very preliminary exploration into case number 1 has

been started by the author and P.D. Williams. Using a

computer program, we tried to reduce a specific direct

product and had a difficult time. It appears that this case

is quite difficult.
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APPENDIX

A FEW USEFUL METHODS

ILEMMA 1: If x and y are elements of a group, G, and the
relation yxy™! = x* holds in G for r a positive integer,
then y"xj y ¥k = x¥* . for j an integer and k a positive

integer.

PROOF: We will begin by using induction on k. If k=1,
then the statement is clearly true. Now assume that true
for some positive integer k:

rk

ykxy'k = X .

Then rasing both sides to the power r, we have
_\r k\Y
( y*xy k) _ ( %F )

yExy K yExy k. yExyk o x

rket (r times)
yery—k - Xr"”

- - k+1
yk(yxy l)y k _ x*

k+1_. . -k-1 rk+l
Yy Xy = X .

Now if we raise both sides to the jth power, the y's cancel
again and we have

yxiy * = x¥, QED

LEMMA 2: If G is a group with x an element of G and x™ =1

and x” = 1 for n and m, positive integers, then x{™®) - 1,
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PROOF: Let (n, m) = d. Then we know there exist integers a
and B such that an + fm = d. Then

x9 = xoathm _ yongfm g QED

TIETZE TRANSFORMATIONS

If you have a group, G = (X|R) and Y is a set of
generators of G, then G = (Y[R(X(Y)),Y = ¥(X(Y))). This has
the following meaning. Rewrite every relation in R by
replacing the elements of X with the corresponding word in
Y. Then, add more relations which are obtained by equating
each element of Y to its equivalent in terms of X. This
assumes, of course, that we can find a way of writing each

element of ¥ in terms of X and vice versa.

PRESENTATIONS OF DIRECT PRODUCTS

For two groups, G = (X|R) and H = (¥|S), then

G xH = (X, YIR.r Sr[xil.Yj]>l

where x; €X and y; €Y. The commutator relations must be

added because the variables in a direct product always

commute.
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