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ABSTRACT

The primary mathematical question concerning knots®
remains their classification, in other words, the problem of
the comparison of two arbitrary knots. From a physical
point of wview, consider the knots tc be constructed from
deformable rubber. Then the gquestion becomes: Suppose we
are given two knots K; and K,. Is it possible to manipulate
K, by stretching and twisting, without tearing, to transform
K, into K,? However, this process is uncertain and
potentially tedious. A mathematical approach is required.

It has been established that if two knots are
topologically equivalent, fundamental groups associated with
each knot are isomorphic although the converse is not
necessarily true. That is, two knots with the same group
may be topologically inequivalent. The fundamental group of
a knot, denoted m;, is considered a knot invariant.

Definition: A knot invariant on the set of all knots # 1is

a function which assigns to each knot K
I: % - 6
an object I(K) in 0 in such a manner that knots which are of
the same type are assigned to equivalent objects.?
Initial approaches to solutions of problems in knot

theory stemmed from a combinatorial point of view. In
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addition, graph theory played its part in the development of
knot theory as have noncommutative algebra and algebraic
topology.

The goal ¢of this project is to study the relationship
between algebraic invariants and topolecgy which are used to
determine whether two knots are distinct. Special attention
will be given to the topocleogical invariants of knots coming

from algebraic topology.
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INTRORDUCTION

Flying a kite, salling a boat, tying down an airplane,
a viral attack on a DNA molecule, connecting two lengths of
rope together and rappelling down a rock face all make
extensive use of different types of knots and links. In
ocrder to study knots from a mathematical perspective take a
length of twine, tie a knot in it, then tie the loose ends
of the twine together. The result is a knot with no loose
ends. This physical object provides the analogue for the
knots and knot theory studied by mathematicians for more
than a century. A diverse range of scientists, from the
organic chemist to the mathematical physicist, consider the
knotty problems of knot theory of significant relevance to

their own work.



CHAPTER ONE
Section 1
Knots, Links and Classes of Knots

The initial objective in this section is to introduce
knots, links, equivalence of knots and special classes of
knots. In the effort to distinguish one knot from another
and identify equivalent knots, some applicable topological
topics concerning mappings between spaces are first
reviewed.

Given two topological spaces, X and Y, a homeomorphism

from X to Y is a mapping f: X - Y that is bicontinuous and
bijective.

Definition 1.1.1: A knot K is the homeomorphic image of the

unit circle S' ¢ RB® into K°. A link I, of n components is the
homeomorphic image of n disjoint copies of S'. Hence, a link
of one component is a knot.

A knot K is a one dimensional object, a cross section
of which consists of a single point. However, a link or a
knot exists in three dimensional space, with the exceptions
of the unknot and unlink respectively represented by the
union of one or more disjoint circles lying in the plane.
Two dimensional pictures called link diagrams are used to
represent and study links. To obtain a link diagram the

projection map is utilized. The projection map is a



function & which takes the ordered triple (x,y,z) in R3 to
the 6rdered pair (x,y) in R?* Consider the knot K and the
image of K, denoted K;, shown under the projection mapping
in Figure 1.1. The projection of the trefoil knot on the
left in Figure. 1.1 fails to display important detail. It is
not” possible to distinguish which portions of the knot pass
over other sections. This difficulty is resolved in the
link diagram on the right in Figure 1.1 by leaving suitable

gaps at the intersections in the projection.

a) projection b) link diagram
Figure 1.1 Trefoil knot
The point at which a knot crosses over and under itself in a
link diagram is called a crossing. The curves or segments
of a link diagram which are continuous are called arcs.
The unbroken arc at a crossing is called an overpass and the
two broken arcs which pass under the crossing together make
the underpass.

Definition 1.1.2: An overpass is a subarc of a knot that



goes over at least cne crossing but never geces under a

crossing.?

Definition 1.1.3: An underpass is a subarc of a knot that
goes under at least one crossing but never goes over a
crossing.

Sometimes an orientation is chosen to indicate
direction traveled on each component of a link. Figure 1.2
depicts a four crossing link diagram of two components with

these details illustrated.

orientation

crossing

. y underpass
overpass

Figure 1.2 A link diagram

Usually homeomcrphic space are considered eguivalent in
topolegy. Since all knots homeomorphic to the unit circle,
the§ are all homeomorphic to one another. Therefore
homeomorphism type is an uninteresting equivalence relation
on knots and a rather unnatural one.

The following topological criterion is a more



appropriate equivalence relation on knots.

Definition 1.1.4: Given a topological space X, an iscotopic

deformation is a family of homeomorphisms h.: X - X
satisfying two properties.

1. For all points p in X, hy(pr)=(p), and,

2. the function defined by H(t,p) = h.(p) is
simultaneously continuous in both variables’® as pictured in

the example of Figure 1.3.

. hni=g

Figure 1.3 A fixed endpoint family -

If two knots or links belong to the same isotopy type
they are equivalent. If two links are equivalent, they are
said to belong to the same link type.

Definition 1.1.5: For two unoriented knots, K, and K,, to

be considered of the same isQtopy type, there must exist an

isotopic deformation {h,} of R’ such that h,(K;) = K,.



Given a fixed point p ¢ K; € R’, h.(p) traces the path from
the original position at K; through the deformation to K,.
The unknot, trefoil, figure eight and Hopf link pictured in

Figure 1.4 all belong to distinct knot or 1link types.

> O &

a) unknot b) trefoil c) figure eight d) Hopf link

¢J

Figure 1.4 Distinct knot types

Knots which are of the same isotopy class are represented in

Figure 1.5 by two diagrams of the unknot.

> o

Figure 1.5 Two link diagrams of the unknot

Definition 1.1.6: A polvgonal, or piecewise, linear knot

consists of the union of a finite number of closed segments

called edges, the end points of which are the vertices of

the knot.

A knot which is equivalent to a polygonai knot is



considered tame. The unknot and trefoil knots are depicted
as polygonal knots in Figure 1.6. Knots and links are
primarily pictured as in Figure 1.5, with curves rather than

straight segments.

a) unknot b) trefoil

Figure 1.6 Polygonal knots

A knot which is inequivalent to a polygonal knot is
considered wild. Tame knots are most often studied but a
discussion of a proof by Ralph H. Fox that wild knots do
exist! appears in Chapter 3 of this paper. See Figure 1.7.
The remarkable property of this wild knot is that the number
of loops outside a ball of radius €, centered at the wild

point p increases without bound as the radius € - 0.



Figure 1.7 A wild knot

Theorem 1.1.7: Every homeomorphism of R’ onto itself is
either orientation preserving or orientation reversing.?®
The mirror image of a knot K is the image of the knot under
the reflection &% defined by (x,v,z) - (x,y,-z). Figure 1.8

shows a trefoil and its mirror image under the reflection

7.



1@

Figure 1.8 Trefoil and its mirror image
An amphicheiral knot K is one which is equivalent to its
mirror image K,. Thus K and K, are isotopic. One example
of an amphicheiral knet is the figure eight knot. The left
hand trefoil and the right hand trefoil are examples of non-
amphicheiral knots.®

Another interesting class of knots are invertible
knots. An oriented knot is called invertible if it 1is
pessible to deform the knot back to itself with its original
orientation gent to an opposite orientation. The right and
left handed trefoil are invertible; simply rotate them abcut

a vertical axis as indicated in Figure 1.9.7



Figure 1.9 The trefoil rotated about a vertical axis

g
L

Figure 1.10 A non-invertible knot
The knot 8,, in Figure 1.10 is not invertible, however, this

is difficult to prove and outside the scope of this paper.?
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Section Two
The Fundamental Group

Knot theory concerns itself with the group of the
complementary space, R’-K, of a knot K. Algebraic topology
is the field which uses algebraic structures such as groups
and group homomorphisms to study topological spaces. The
study of the fundamental group, denoted z;, of an arbitrary
topological space can be applied to knot thecry to assist in
distinguishing between knots.

The fundamental group provides a method of associating
groups with topological spaces and homomorphisms between
associated groups with continuous functions which map one
space to another. For example, if two topolocgical spaces
are homecmorphic then their fundamental groups are
isomorphic. Consequently, this algebraic appreach provides
some very useful information. However, the algebra reflects
only a portion of the complete topological picture. This
tool is limited in that if the fundamental groups are
isomorphic this is not sufficient information to conclude
that the associated topological spaces are equivalent.

Before we can define m; we must examine the set of
paths in a topological space X. Once we have examined the
set of paths in X we will then focus on loops in X which

begin and end at the same point. Ccnsider a particle moving
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through space. The particle travels over a particular path
during a given period of time. Assume motion begins at time
t = 0 and continues until a designated stopping time, t > 0.
The path a in the topoclogical space X is a continuous
mapping a: [0,faf]~ X. A path b is similarly a continuous
mapping b: [0,/bf]—- X. The stopping time of path a is jfaj =2
0, a(0) is the initial point of path a, and the terminal
point is a(faf) with similar conditions for path b. We
denote by path a! the path obtained in which path a is
traversed in the opposite direction. Since different paths
may share the same image points it is important to
distinguish between the actual path traversed during the
interval [0,/a/] and the set of image points. For path a
and path b to be equal they must share the same domain of
definition, i.e., faf = /bf, and for all t in the domain,
a(t) = b(t). BAs an example, let a topoclogical space X
consist of S' < R?. Using all possible pairs of polar
coordinates {1, O}, let path a and path b range as follows.

a(t) = (1,t), O< tx 2o

bty = (1,t), 0 ts 2m
Although path a and path b are equal, a third path, path c,
c: [0,fcf]l- X , 1is not equal to eilther path a or path b,

given the following domain of definition.
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c(t) = (1,2¢), O ts 2
Even though path ¢ has the same starting time, stopping time
and set of image points as the other two paths, path ¢ does
not share the same domain of definition?.

If the terminal point of one path is the initial point
of ancother it is possible to define the product of these two
paths. Let a{(faf) = b(0). Then a*b, the product of path a
and path b, may be defined (a#*h)(t) = a(t) for 0 < t < jaf
and as b(t - faf) for jfaj < t < faj + [bf. Since both path a
and path b are defined as continuous paths in X, a*b also
describes a continuous path consisting of the concatenation

of path a with path b as illustrated in Figure 1.11.

bpn |
. )

a;\; - a(faf) .
M
X .

Figure 1.11 Path a*b in a torus

Similarly, we can define the product of three paths a, b and

c; then

13


Figurel.il

1) a*b and b*c are defined,

2y a*(b*c) is defined,

3) (a*b)*c is defined,
and it is not hard to verify that a*(b*c) = (a*b)*c and
multiplication of paths is associative when defined. So
far we have discussed a set of paths with the binary
operation of path multiplication which is asscociative. 1In
order to obtain a group structure, we must impose the
restriction that all paths begin and end at a given point,
say p in X. Our new focus becomes the study of p-based
loops. Certainly, any two p-based loops can be multiplied
and the product of any two p-based loops will also be a p-
based loop, so this set is closed under * multiplication.
In addition, the identity path at point p is a
multiplicative identity.

In order to complete the construction of inverse
elements, and hence a group structure, we must define an
equivalence relation on paths. A set whose elements consist
of equivalence classes of paths restricted to p-based loops
will provide us with the necessary structure for the
fundamental group. The appropriate equivalence relation is
homotopy, which is similar to isotopy.

To define a homotopy, let us examine a collection of

paths hy ¢ X, 0 £ 5 £ 1. This collection {hj will be called

14



a continuous family of paths provided the stopping time jh/f
1s continuously dependent on s, and the function h defined
by h(s,t) = h,(t) maps the closed region {s,tl 0 <85 1, 0 =<
t < ﬁ%ﬂ continuously into X. It is also reguired that
h(s,t) must be simultaneously continuous with respect to
both s and ¢. PFurther structure is imposed on {hJ by
requiring it to be a fixed endpoint family of paths. That
is, points p and g exist in X such that h,(0) = p and
h,(fhsf) = q for all s in the interval 0 < s < 1. Two paths
a and b in a topoclogical space X are homotopic, denoted path
a ~ path b, if a fixed endpoint family, f{h,}, of paths
exists such that path a = h, and path b = h,. As a result,
the set of all such fixed endpoint famillies of paths
partition the set of all paths in X into eguivalence
classes. The equivalence class of paths containing path a
will be denocted by [a].
Definition 1.2.1: The fundamental groupoid of X, I'(X), is
defined to be the set of all equivalence classes of paths in
X.

A geometric interpretation of equivalence of paths is
that path a and path b are considered equivalent if and only
if one can be deformed into the other in X without moving

the endpoints.
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Multiplication of paths induces a multiplication in the
fundamental groupoid I'(X). To illustrate this let us
consider four paths in X, path a, path a;, path b and path
b; with a*b defined, and with path a ~ path a; and path b ~
path b;. Let path a and path b be contained in the fixed
endpoint family {h.} and path a; and path b; be contained in
the fixed endpoint family {k,}. The collection of paths
{hy*k,} will again be a fixed endpoint family with a,;*b,
defined and with a*b ~ a;*b;. Since a*b is defined, the
product of the equivalence classes may be defined as [a]*(b]
= [a*b]. Thus multiplication in 7 (X) is well defined. The
inverse of an element [a] is defined as [a]™* = [a'].

Let o = [a], B = [b], and y = [c] € I'(X). Because all
paths belonging to an equivalence class will have the same
initial and terminal point, we may choose the terminal point
of a representative path in o to be the initial point of a
representative path in B and the terminal point of B the
initial point of a representative path in y. From this, and
the fact that path multiplication is associative, we have
that multiplication in I"'(X) is associative as well and that
a* (B*y) = (a*B)*y.

For an element I"(X) to be an identity it ﬁust contain

the identity path. Let &€ be the constant path in 7"(X). Let

16



beth €*a and f#*€ be defined for all o,8 € I"'(X). Then [€] is
an identity if ¢€*a = o and $*¢ = B. It is clear that 77(X)
inherits the semigroup structure previously defined for the
set of paths in X. We define the inverse of an arbitrary
element « in I"(X) by {al] = ()! = «!. Hence &' depends
only upon « and remains independent of any particular
representative path.

Let p be a point of X and let m; (X,p) be the subset of
I'(X) in which all elements have p as both the initial and
terminal point. The product of two such p-based loops is
again a p-based loop. By limiting our attention to such
closed paths, we now have sufficient structure established
to state that m;(X,p), with the binary operation of path
multiplication, is a group.
Theorem 1.2.2: The group m,(X.p) is called the fundamental

group of the topological space X relative to the basepoint

.

17



a’~a b’~bc’~c
a7z b bsc,arsc

Figure 1.12 P-based loops

The example in Figure 1.12 displays various p-based loops in
a two holed annular region of the plane as well as path
equivalences and orientations. It is interesting to note
that the various paths reflect basic structural
characteristics of X. Given a pathwise connected
topological space X, the fundamental groups of X which are

defined for different basepoints in X are isomorphic.
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Theorem 1.2.3: ILet a be any element of Ir'(X) with initial
point p and terminal point p’. Then the assignment B~ o'Ba
is an isomorphism of m (X,p) corito m(X,p’).%°

To show the fundamental group is a topological
invariant we will demonstrate that homeomorphic spaces have
isomeorphic fundamental groups. To do so we must consider
how continuous maps of topological spaces induce
homomorphisms between fundamental groups. In order to
obtain induced homomorphisms of fundamental groups given two
topological spaces X and Y, let us examine a continuocus
mapping f: X - Y. Path a in X induces a path fa in Y given
by the composition fa(t) = f(a(t)). The stopping times jfaf
and ffa/ are the same. The folleowing theorems follow

readily from the definitions.

Theorem 1.2.4: Jf the product a*b is defined, so is fa*fb,
and f(a*b) = fa*fb.

Theorem 1.2.5: If path e is an identity, so is path fe.

Theorem 1.2.6: fa?! = (fa)!

Theorem 1.2.7: If path a ~ path b, then path fa ~ path

fb.
The consequence of these theorems is that the function
£ induces a mapping f* from the fundamental groupoid I'(X)

into the fundamental groupoid r(y) given by £ ([a]) = [fa].

19



The characteristics of the mapping f° are outlined in the
following propositions.

Propositions 1.2.8, (i) = (iwv):

( i) Given identity €, f'¢ is also an identity.

( i1) If o*B is defined, then (f'a)*(f'B) is defined.
(iii) If f: X - X 1is the identity function such that
f(x) = x, then f' is the identity function éuch that
'a = a.

{ iwv) If X under the function f maps to Y, and if Y

under the function g maps to Z are both continuous

il

mappings and gf: X - Z is the composition, then (gf)"*

g £,
Given any choice of basepoint p in the topological space X
it follows that f' determines a homomorphism f*: (7 (X,p) -
a(Y,fp) . ¥

If X is restricted to a péthwise‘connected space the
properties of f'remain independent of the choice of
basepoint. Given points p, g € X with p the initial point
and g the terminal point of o < I'(X), the following diagram

commutes with the vertical mappings being isomorphisms.
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f*
a(X,p) - m(Y,fp)
l /
B - a'f «a y - (f*ra)t y (fra)

£*
n(X,q) — m(¥,fq)

Theorem 1.2.9: If f: X -+ Y is a homeomorphism of X onto Y,

the induced homomorphism f£f": m(X,p) - wm(Y,fp) is an
isomorphism onto for any basepoint p in X.%3

This homomorphism f* of the fundamental group m(X,p) induced
by the continuous mapping f is the desired connection
between the topological and algebraic properties of the
space X. Diagrammatically, the homeomorphisms f and £

induce homomorphisms £* and (£?)" as indicated.

r £
X - Y - X
f* (ffl)k

m(X,p) — o(Y¥,fp) - m(X,p)*

In summary, given pathwise connected, homeomorphic
topological spaces X and Y, the fundamental groups
associated with spaces X and Y are isomorphic. Specifically
given two knots K, and K,, with respective fundamental
groups m(R’" K;) and n(R° - K,), if it can be proven that m (R’

" K,) is not isomorphic to m(R°®- K;), then K; and K, are not

21



equivalent knots. If K; and K, are equivalent knots their
fundamental groups will be isomorphic. Although this tool
has some limitations, it is extremely useful in

distinguishing knots.
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CHAPTER o
Section One
The Free Group

In order to calculate the fundamental group of a
particular knot K it is essential to define and describe a
method of presenting the group. This is accomplished by
determining generators of the group along with specific
relationships among those generators which are called
defining relations. The"free group, denoted FLZJ, is an
important component of this development and is our starting
point. The development of the presentation of a group will
be made first in a general sense and then as applied to
fundamental groups of knots, both tame and wild.

Consider a set 4 with elements of the form a, b, c...,
and cardinality z Any element raised to an integral power
is called_a*syllable, for example, a®. A word ié
constructed by concatenation of syllables. The empty word
is denoted by 1, and any element to the zero power also
denotes the identity. A.product of two words consists of
concatenation. It is clear this éperation is associative
and the empty word is a left and a right identity. The
familiar rules of powers apply to the exponents.

Given words u, v, w;, and w, such that u = w,a%,, and

23



v = w;W, we say that v is obtained from u by an elementary
contraction of type I or that u is obtained from v by an
elementary expansion of type I. If u=w,a"a"w, and v=w;a"™" w,,
we say that v is obtained from u by an elementary
contraction of type II or that u is obtained from v by an
elementary expansion of type I.

Definition 2.1.1: A word u 1is considered reduced, denoted
u., if it is not possible to perform any contractions of
either type I or type II.

Definition 2.1.2: Words u and v are considered gguivalent,

denoted u ~ v, if through a succession of elementary
contractions and elementary expansions one may be rewritten
as the other.

The collection of all words formed from the set 4 will
consequently be partitioned into equivalence classes. Let
us denote by {u] the equivalence class represented by the
word u. The set of equivalence classes of words is denoted
Fl(4]. Multiplication in F[4] is defined as [u][v] = [uv].
It is clear that associativity holds and that the
equivalence class [1] is both a left and a right hand
identity. The inverse of the class [u], denoted [u]™? is
cbtained by writing the string v in reverse order and

changing the sign of each non-zero exponent. As an example,
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if u = a™b?%a®, then u?! = a>b2%a’. Therefore, the set F[4] is
a group.

Each element of F[4] can be written in a variety of
ways as some product of the elements of the set 4, for
example, [u] = [a’b™*c®] = [a]?[b]*[c]’. The elements [a],
[(b], [c],..., constitute a generating set of F[4], denoted
[4i.

Definition 2.1.3: A generating set E of elements of a group

G is a free basis if given any group H, any function ¢: E -

H can be extended to a homomorphism of G into H.

Definition 2.1.4: A free group is a group that has a free

basis.

The group F{4] is known as the free group on the free basis
(4]. If we have F[7], this is the trivial group, and a
group F[a] generated by one element is infinite cyciic.
Theorem 2.1.5: A group is free if and‘only if i£ is
isomorphic to F[A4] for some set [A4].

Theorem 2.1.6: Any group is a homomorphic image of some
free group.?’

Theorem 2.1.7: Each equivalence class of words contains one
and only one reduced word. Furthermore, any sequence of
elementary contractions of the word u must lead to the same

reduced word u,.!®
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Although the detail has been omitted, an algorithm does
exist to perform the contractions to proceed from a word u
to the reduced word u,.!” By comparing such reduced words it
is then possible to determine if words are equivalent.

The importance of the free group F[4] is that in
developing a group presentation, elements of F[4] are used
as a framework upon which to build the presentatiocon.

Examples are presented in section three of this chapter.
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Section Two
Generators and Defining Relations

The development of the presentation of a group using
elements of the free group F will be made first in a general
sense and then as application to the fundamental groups of
specific knots, both tame and wild. First, let us be
specific regarding the character of the defining relations
and generators.

Let G be a group with a set {g;, g, ...} = [g;] of
generators of the group. 1In addition, a set of equations,
called defining relations exist such that f,(g;, g,...) = 1,
£,(g:, Gs...) = 1. The free group F[X] is the free group on
the free basis {x;,X,, ...} which is in a one to o¢ne
correspondence with the set [g;].

Define a homomorphism ¢@: F - G, such that e(x;) = g;.
For each defining relation f;(g;, g, ...) =1, let r; = f;(x;,
X5...) € F. For example, if an equation is of the form
(g92) g19:, (g} = 1, then (x,)ix;x,(x,)"! = r; which is an
element of the free group F. Therefore, we have ¢(r,) =
£fi(g1, g3...) = 1. The element r; is in the kernel of the
homomorphism ¢ and r; is called a relator.

Definition 2.,2.1: Let {(gy,, g;,... ¢g;} be elements of an

arbitrary group G and let there exist a group homomorphism
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A: G -~ H. An element g, is‘called a conseguénce of other

elements ¢;,..., g;, if every homomorphism A of G into H
which maps the elements g;,..., g;, into 1l also maps g, into
1.

Theorem 2.2.2: Let {g,, G ...} be & set of eleéments of a

group'G and let ¢ be a group homomorphism ¢: G - H. Then

¢ maps the‘consequence'of {91, G2,...} onto the consequénce
of the set (¢(g)), ¢(gz),...} of elements in H.'®

In the homomorphism defined earlier, ¢: F - G, let us denote
by R the consequence of all such relators (r;,, r,, ...)}.

The claim that the set of equations of the form f£;(g;, g,

.) = 1 form a set of defining relations for the gfoup G
from which all other relations may be inferred, is
equivalent to saying that the set R is the kernel of the
homomorphism. Consequently, R is a normal subgroup of F.

In summary, the group G is determined by the f?ee basis
{Xi, Xs2,...} and the set of eleménts {r;, ry, ...} since G is

isomorphic to its factor group F(x)/R.
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Section Three
Group Presentations

Two components are necessary to obtain a presentation
of a group G. An object called a group presentation and an
isomorphism onto G are both required. The basic concept is
that a known group, the free group F[X], 1is mapped onto G to
obtain a representation of the group G. This section
details the process.

Let F be a free group with a free basis E. The group
presentation, denoted (X : r) consists of a subset X of E
and a subset r of a subgroup F{X] generated in F by X. The
subséts X and r respectively constitute the sets of
generators and relators of the group presentation.
Definition 2.3.1: The group of a presentation is the factor
group F[X]/R, denoted X : r, (remembering that R is the
consequence of {r;} in F[X]).

Definition 2.3.2: A group presentation (X : r), together
with an isomorphism o of the group of a presentation X : r
onto the group G is a presentation of a group G.

A presentation of a group G is determined by a homomorphism
¢, whose kernel is the consequence of {r;}, of the free
group F[X] onto a group G. The following commutative

diagram under the canonical homomérphism Y, the homomoxphism
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¢ and the isomorphism o, illustrates these relationships.

F(X)

It is possible for a group to have a variety of

presentations. For example, let us examine the group
presentation
G = (X H r) = (Xl, X2 M XJX2X1 (Xz)ml (Xl) -1 (X2) -1 = l) .

If we let x;x, = a and X,x;x, = b, then it is possible to
obtain the group presentation (a, b : a°h? = 1). Obtaining
this less complex presentation by substitution is known

formally as the Tietze Transformations.?® The calculations

follow.

1) xlxle(xz)‘l(xl)'l(xz)‘l‘;

2) XXXy [%7 (%5) 7] (%) 7 (X;) TI:(‘XZ._) 1=

3 ragm [ () 4 () (53) 7 () (%) -

4) XXX XXy [X, (%) 71T (36,) 72 (%5) 7T (%) 4 (x,) = (xz) ! =
3) XXX XXy Xa (%) (%) (%) T (%,) (%) V(%) E =

6) [%1%2] [%3%2] [31%2] [ (%5) 71 (%,) 7 (%5) ] [ (%2) (%) (%) 1] =
7Y [XXo] [XXo] [X1%p] [ XX %,] H [Xp%,X,] 1 =

8) [a][a][a]{b?][b?] =

9) a’b? = 1.

Hence, the groups represented are isomorphic.?
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CHAPTER THREE
Section One
The Wirtinger Presentation

Returning to the original goal of presenting the group
of a knot K with respect to a basepoint p, this chapter is
dedicated to the process of developing the presentation of a
knet group from a knot diagram. Reference to the basepoint
p is omitted since R’ - K is pathwise connected and changes
in basepoint result in groups which are isomorphic. The
group of the knot K may be abbreviated as m(® - K),
although a basepoint is implied, and still further as w(K).

Let K be a polygonal knot in regular position, divided
into the two categories of connected, closed segments called
overpasses and underpasses previously discussed in chapter
one, page 2. The diagram of a knot K with n crossings
consists of the union of a finite number of subarcs f{o;, .,

., &,} (subscripts are taken mod n) in RZ.

The algorithm requires a fixed orientation on the knot
diagram achieved by placing a directional arrow which
corresponds to the numerical order of the subscripts of the
subarcs {o;, Oy ..., O}. A baéepoint p in R® - K is
chosen. Next, imagine tﬁa&epsiné the knot aCébraing to the
chosen orientation and under each‘{a“'oé, ..., &) £ix one

arrow which proceeds from right to left. This arxrow enables
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us to trace an oriented p-based loop from the chosen
basepoint p to the tail of the arrow, from thexre to the head
of the arrow and back to the basepoint. This p-based loop
is labeled with an element x; with subscript index matching
that of the overpass subarc ¢;. Let F[X] be the free group
with free generating set [X] = {x;, X,, ..., Xx,}. The knot

group 7(R® - K) will be a quotient of F{X]J. Figure 3.1

Figure 3.1 Figure eight knot

illustrates the first step of the algorithm. Each crossing
must either be a left handed or right handed crossing.
Consequently, the relationship among the x;’s must be either
that of Figure 3.2 a) or b}. One relation is obtained for
each crossing by traversing the loop under the crossing as

indicated.
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X
k X,

a) left hand crossing b) right hand crossing

ri X6 (o) () = re (o xp.) =1

XX = XXy XX = XXy

Figure 3.2 Left and right handed crossings

For a knot with n crossings, n defining relations will be
established. The relation corresponding to the ith crossing
will be denoted as r;. These are the defining relations
required for the Wirtinger Presentation of the knot group.
Specific examples for the unknot, trefoil and figure eight

knot will be given- later.
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Theorem 3.1.3: The fundamental group m(R°-K, p) of the knot
K, with respect to the basepoint p is generated by the
homotopy classes of x; and has presentation

(B - K, p) = (X1, «vvr Xn ! Fyp vuu, Ip). %
In addition, it is always possible to eliminate one
defining relation since any one of the r;’s may be rewritten
as a consequence of the other n-1 defining relations.

Now we apply the algorithm and Theorem 3.1.2 to the

figure eight knot K of Figure 3.1 to obtain the Wirtinger
Presentation of m(R® - figure eight), abbreviated as m(F8),

as indicated in Figure 3.3.
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X3
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Crossing #1
Fp XX, = X%,
AN\ O3
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Crossing # 2
Fa: XpX3 = X3X3

Figure 3.3 Defining relations for figure eight knot
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Crossing #3

F3. XX, = X; X,
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(.............. o
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Crossing #4
Fg. XgXq = XXy

b
7

o

b 4
R

3

Theorem 3.1.3 results in a presentation of the knot group
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the figure eight knot

m(figure eight knot) = (x;,X; X3 X4:
(1) X3X; = XXy,
{2) X1X3 = X3Xa,
{(3) XoX; = X1Xg,
(4) XsXo = X3X4) .

Any one of these defining relations may be rewritten in
terms of the others. For example, using properties ¢f the

group multiplication (1), (3) and (4) may be rewritten as

(5) X, = (Xj) - X1¥Zys
(6) Xy = XpX4(X5) 7
(7) K3 = X4X,(X,)7!

Next, substitute (5), (6) and (7) into defining relation (2)

and simplify using the group properties.

(8) X3X, = XX,
-1 _ -1
XXX, (X,) 70 = HX, (X,) 7%,
XX, (X4} _lxzxa (x;) = X,X, (X;) %,

The processes of substitution, simplification and rewriting
of the group presentation can be rigorously defined in terms
of Tietze transformations, but this is beyond the scope of
this paper. As a result of these calculations the first and
third defining relations have been eliminated ana the group

presentation becomes the following equivalent presentation.

36



n(figure eight knot) = (X,,X%,:
(9} RaXo (Xg) IRoXy (X5) 71 = XX, (X5) 71X,
Clearly more manipulations and equivalent representations
are possible.

Now let us derive the Wirtinger Preseéntation for the
unknot, scmetimes called the trivial knot. Consider the
unknot which has only one overpass and no crossings
resuiting in one p-based loop x;. No defining relations
exlst, since x; is the only generator, giving the
presentation of
(10) m(unknot) = (x; : ).

From this we observe that m(unknot) is infinite cyclic and
hence abelian.

One method for showing that the unknot and another
knot, in our next case the trefoil, are distinct knot types
is to show that their fundamental groups are not isomorphic.
In general, this can be an extremely difficult. However,
when one of the knots is the unknot it suffices to show
IT(trefoil) is not abelian and therefore not infinite cyclic.

First we find the Wirtinger presentation for m(trefoil).
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X, X3

Crossing #3 Crossing #2

Figure 3.4 Trefoil with p-based loops

By theorem 3.31 and the above figures, the presentation of
the group of the trefoil is therefore

(X1, Xy, X3

(1) Xy (x3) 71 (x;) _lle
(2) X3 (X2) -1 (X3) _IXJ ’
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(3) Xp(X1)H(%2) x3) .
One of which can be dropped immediately. Using Tietze
Transformations this can be simplified as follows. Solve

(2) for x;, substitute into (1) and (3) and simplify.

(4) X; = X3%X,(x%3) 7

(5) X%, (X3) 71 (x3) XX, (%5) 1) 72X,
(6) XpK3Xp = X3XpX3

(7) Xo (X3X, (X3) -1) - (X2} ~J'Xs

(8) X3XoX3 = XpX3X;

From (6) and (8) and using the property of symmetry, the new
presentation is

(X5, X5 :

(9) X3XaX3 = XaX3Xy)

To demonstrate m(trefoil) is not abelian, hence not infinite
cyclic, let us homomorphically map this group onto the
nonabelian group S;. The transpositions (12) and (23)

generate the group and since

(8) (12) (23} = (132),
(9) (23) (12) = (123),
(10) (132) # (123).

it is clear that S; is nonabelian. To define a homomorphism
6 of m(trefoil) onto the symmetric group S; let 8(x,)= (23)
and f(x;) = (12). To insure that & extends to a
homomorphism we must verify that the relation in m(trefoil)

is satisfied in S;. We have O(X;X;X3) = O(x3) 0(x,) 8(x3) =
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(12) (23) (12)

{13), and Q(er{{axz)v ='9(X2)8(X5:)16,(}§2) =

(23) (12) (23) (13). Since m(trefoil) can be mapped onto
éhe nonabelian group S; the fundamental groups m(unknot) and
H(trefoil) are not isomorphic, and the unknot and the
trefoil of different knot types. The unknot is known as
being unknotted and the trefoil is considered knotted.

A similar process could be used to show m(trefoil) and
aT{figure eight knot) are not isomorphic, and therefore knot
types are distinct, however it would be a much more
difficult problem. In-the next section a wild knot whose

group is nonabelian and which is considered almost unknotted

will be examined.
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Sectieon Two
A Wild Knot
In this section we will examine the simple closed curve
A in Figure 3.5. This curve is considered wild since it is

not equivalent to a polygonal knot. It also has the

radius € 29

Figure 3.5 A wild knot with subarcs

guality of being almost unknotted according to the following
definition.

Definition 3.1.1: A simple closed curve is considered almost
unknotted if for any neighborhood U of a given point p there
is a neighborhood V c U of p and a homeomorphism ¢ such that
(i) ¢(q} = q for every q € V, and (ii) ¢(A - V) 1is a subset

of the plane in E.*%

The generators of the curve A are a, b,, and c, with n > 0.

One set of defining relations is
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(ln) aO = Cnbn_lan/

(2,) Apey = b cnbml_l’
(3n) b, = bn+1-lanbn+1 ,
(411) Cn+1 = C'n‘bn_:l!k)rukl‘bncn.‘i ¢ 2

To obtain a group presentation, the following calculations

are made.

(1,) a, = co byt a,
1 = cpby™
b, = cy

(4g) Cy = coby  bybyc,™
<y B CoCy ' b;Cocy™
C; = b,

(4,) Co = C1b; ’1b2b1 c;™!
Cz = cyc;y bbby
c, = b,

(42) C3 = bbby
Cs3 = C2C; ' b3C,C;™
Cs = b,

(30) by = by agb;
b,b, = aph;
bbb, = 4

From the above, it may be seen that all b, = ¢,. This

information together with (1,) a,= c,b,"%a,, implies that
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ay, = C,C,'a,, (since all b, = ¢, ) and a, = a,. The result is
the group of this curve is generated by b,, b;,...,b;, 1 2 0
with the following defining relations
bybob;™ = b,b;b,™* = bbby = ... b, ,bb, ;7. ..

Since b, has the following representation it may be seen
that the group of this remarkable simple closed curve is
non-abelian. To define a homomorphism 6 of m(A) onto the
non-abelian symmetric group S;, let 8(b,)= (12) for n even
and @(b,) = (23) for n odd. To insure that € extends to a
homomorphism we must verify that the relation in z(A) is
satisfied in S;.

O (by) 6(by) & {b;™) = (23)(12)(23)7 =

(for n even) O(b,.;)6(b,)0(b, ;1) = (23)(12) (23)*

I
Il

(for n odd) 6(b,.)6(b,) 6 (b, ;)

(12) (23) (12)7' = (13).
Once again the transpositions (12) and (23) generate the
group of 7z (A) as they did for m(trefoil). This illustrates
the fact mentioned earlier that although equivalent knots
are associated with isomorphic groups, isomorphic images do
not guarantee equivalency of knots since the trefoil is
knotted and the simple closed curved A is almost unknotted.
In conclusion, I have studied the relationship between
algebra and topology to determine whether two knots are

distinct. I observed in the case of the trefoil and the
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example of the wild knot in figure 3.5 that although

these knots map to isomerphic fundamental groups, they are
not equivalent since the trefoil is knotted and the wild
knot is almost unknotted. However, the Wirtinger
Presentation was useful in distinguishing between the unknot
and the trefoil since the unknot mapped to a cyclic, abelian
group and the trefoil mapped to the non-abelian non-cyclic
group S;.

One final point concerns the structure of the wild
knot. If one were to perform an isotopy such that one of
the loops were “pulled out”, as if this were a chain stitch
being dropped, we would end up with an object resembling the
unknot. The study of this and other wild knots having a
similar “dropped stitch” quality under various isotopic

deformations provide further opportunities for study.
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