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iii
ABSTRACT

‘We have investigated finite homomorphic images of several progenitors, includ-
ing 2*° : S5, 2*6 : Ag, and 35 : (5. The original symmetric presentation for several
important groups such as A7, L2(11), PGL3(39), and PGL2(13) are discovered. The
technique of manual of double coset enumeration is used to construct several groups by
hand and computer-based proofs are given for the isomorphism types of the groups that

are not constructed.
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Chapter 1

Group Preliminaries

1.1 Groups and Homomorphism

Generalizations of the quadratic formula for cubic and quartic polynomials were
discovered in the sixteenth century, and one of the major mathematical problems there-
after was to find analogous formulas for the roots of polynomials of higher degree; all
attempts failed. By the middle of the eighteenth century , it. was realized that permuta-
tions of the roots of a polynomial f(z) were important; for example, it was known that the
coefficients of f(x) are ”‘symmetric functions”’ of its roots. In 1770, J.-L Lagrange used
permutations to analyze the formulas giving the roots of cubics and quartics, but he could
not fully develop this insight because he viewed permutations only as rearrangements,
and not as bijections that can be composed (see below). Compasition of permutations
does appear in work of P. Ruffini and of P. Abbati about 1800, in 1815, A.L. Cauchy
established the calculus pf permutations, and this viewpoint was used by N.H. Abel in
his proof (1824) that there exist quintic polynomials for which there is no generalization
of the quadratic formula. In 1830, E. Galois (only 19 years old at the time) invested
groups, associated to each polynomial a group of permutations of its roots, and proved
that there is a formula for the roots if and only if the group of permutations has a special
property. In one great theorem, Galois founded group theory and used it to solve one of

the outstanding problems of his day.

Definition 1. Let G be a nonempty set together with a binary operation( usually called

multiplication) that assigns to each ordered pair (a,b) of elements of G an element in G



denoted by ab. We say G is a group under this operation if the following three properties

are satisfied.

1. Associativity. The operotion is associative; that is,

(ab)e = a(be) for alla, b, c in G.

2. Identity. There is an element e is an element e ( called the identity) in G such that

aec =ea=a.

3. Inverses. For each element a in G, there is an element b in G ( called an inverse

of a) such that ab = ba = e.

Example : The set of integers Z, the set of rational numbers @ and the set of real
numbers R are all groups under ordinary addition. In each case, the identity is 0 and the
inverse of a is —a. )

Example : The set of integers under ordinary multiplication is not a group. Since the
number 1 is the identity, property 3 fails. For example, there is no integer b such that

5b=1.

1.1.1 Finite Groups; Subgroups -

Definition 2. Order of a Group: The number of elements of a group ( finite or
infinite) is called its order. We will use |G| to denote the order of G.

Example : The group Z of integers under addition has infinite order, where as the group
U(10) = {1,3,7,9} under multiplication modulo 10 has order 4.

Definition 3. Order of an Element : The order of an element g in a group G is the
smallest positive integer n such that ¢" = e. If no such inieger exits, we say that g has

infinite order. The order of an element g is denoted by |g|.

Example : Consider U(15) = {1,2,4,7,8,11,13,14} under multiplication modulo 15.
This group has order 8. To find the order of t}le element 7, we compute the sequence
N=777=4"7=1317=1,5|7=4 \

Definition 4. Symmeiric Group: Let X = {1,2,...,n}, Sz is a group with composition

as operation. It is called symmetric group on X, denoted by Sy.



Definition 5. Let G will be a group. A subset H C G is said to be a subgroup if for all
hke Hhk™' € H. We write H < G.

A subgroup H is said to be proper if H is a proper subset of G (i.e. H # F)
and we write H < G.

1.2 Permutations

Definition 6. A Permutation of a set A is o function from A to A that is both one-to-one
and onto. A permutation group of a set A is a set of permutations of A that forms a

group under function composition.

Although groups of permutations of any nonempty set A of objects exist, we will
focus on the case where A is finite. Furthermore, it is customary, as well as convenient, to
take A to be a set of the form 1,2, 3,...n for some positive integer n. Unlike in calculus,
where most functions are defined on infinite setsl and are given by formulas, in algebra,
permutations of finite sets are usually given by an explicit listing of each element of the
domain and its corresponding functional value. '

Example : we define a permutation o of the set 1,2, 3, 4 by specifying
a(l)=2, a2)=3, aB)=1, o@d)=4

A more convenient way to express this correspondence is to write « in array form as

1 2 3 4
23114

o=

Here a(y) is placed directly below j for each j. Similarly, the permutation S of the set
1,2,3,4,5,6 given by

is expressed in array form as:

12345 6
5316 2 4

1.2.1 Cycle Notation

There is another notation commonly used to specify permutations. It is called

cycle notation and was first introduced by the great French mathematician Cauchy in



1815. Cycle Notation has theoretical advantages in that certain important properties of

the permutation can be readily determined when cycle notation is used.

Definition 7. If z € X and a € S;, then o fizes x if a(z) = x and x moves z if

o(z) # z.

Example : In the above example, a:(4) = 4. We say a fixes 4 and (1) = 2 then o moves
1.

Definition 8. Abelian Group: A pair of elements a and b in a semi group commutes if

axb=>bxa A group (or a semi group) is abelian if every peair of its elements commutes.
Example : Z, is abelian under addition because for a,b € Z, then a + b= b+ a.

Definition 9. Homomorphisms: let (G,*) and (H,0). be groups. A function f: G —
H is ¢ homomorphism if, for all a,b,€ G, ‘

Flaxb) = f(a)of(b)

An isomorphism is a homomorphism thatl is also a bijection. We say that G is iso-

morphic to H, denoted by G = H, if there exists an isomorphism f: G — H

1.2.2 Subgroups

Definition 10. A nonempty subset S of a group G is e subgroup of G if s € G implies
s~1 € G and s,t € G imply st € G.

If X is a subset of a group G, we write X C G; if X is a subgroup of G, we
write X < G.

Theorem 11. If S < G (i.e. if S is a subgroup of G), then S is a group in its own right.

Proof. The hypothesis ”s,t € S imply st € S” shows that S is equipped with an operation
(if u: G x G = G is the given multiplication in G, then its restriction u|S x S has its
image contained in S). Since S in nonempty, it contains an element say, s, and the
definition of subgroup says that s~' € 8; hence, 1 = s571 € S. Finally the operation
on S is associative because a(bc) = (ab)e for every a,b,c € G implies, in particular that

a(bc) = (ab)c for every a,b,c € § a



1.2.3 Lagrange’s Theorem

Definition 12. If § is a subgroup of G and if t € G, then a right coset of S in G is
the subset of G

st = {st:s€ S}
a left coset is

ts={ts:s € S}.
One calls t a representative of st (and also of ts)

Example : right coset of G in 53.

Given S3 = {e, (12),(13), (23), (123), (132)} and ¢ = {(12)}

Let G = {e, (12)}.

Then G(123) = {¢(123)]g € G} = {e(123), (12)(123)} = {(123), (13)}.

Definition 13. If S < G, then the index of S in G, denoted by [G, S), is the number of
right cosets of S in G.

Theorem 14. (Lagrange’s theorem) Let G be o group and H a subgroup of G. Then
|G| = |HI|G : HI.

Example : In the above example

G(123) = {g(123)|g € G} = {e{123), (12)(123)} = {(123),(13)}.

also,

G(132) = {e(132), (12)(132)} = {(132), (23)}.

G(23) = {e(23), (12)(23)} = {(12), (13)}.

Therefore, the number of right cosets of Sz in G is 3. Thus, [S3 : G| = 3, and |S3| = 6,
|G| = 2, then |S3|/|G| = 3.

Definition 15. A subgroup K € G is a normal subgroup, denoted by K < G, if gKg~1
for every g € G.

Definition 16. Direct Products: if H and K are groups, then their direct products,
denoted by H x K, is the group with elements all ordered pairs (h,k) where h € H and
k € K, and with operation



(h, k)W, K') = (h!, BK')

It is easy to check that H x K is a group: the identity is (1,1); the inverse (h,k)"1 is
(R, k™). Notice that neither H nor K is a subgroup of H x K, but H x K does contain
isomorphic replicas of each, namely, Hx1=(h,1):h€ H and1x K =n(1,K): ke K

Definition 17. Symmetric Groups. Two permutations o, 3 € S, have the same cycle
structure if their complete factorizations into disjoint cycles have the same number of

r-cycles for each r.

Lemma 18. If o, 8 € S, then afa! is the permutation with the same cycle structure
as 3 which is obtained by applying « to the symbols in 8.

Example : If 3=(1 3)(2 4 T)ande=(2 5 6)(1 4 3),then

afol=(al a8)(a2 a4 a7)=(4 1)(5 3 7)

Proof. Let 7 be the permutation defined in the lemma. If 3 fixes a symbol i, then = fixes
(i), for afi) resides in a 1-cycle; but afa~(a(i)) = aB(i) = a(i), and so afa~! as well.
Assume that g moves i; say, 8(i) = j. Let the complete factorization of 3 be
ﬁ = 7172...(...ij...)...'yt.
O
If (i) = K and a(f) = L, thenm : k=~ I. But fa~!: k+— i~ j— I, and so

aBa~! = m(k). Therefore, m and aBa—! agree on all symbols of the form k = afi); since

o is a surjection, it follows that 7 = aBa!.

Corollary 19. A subgroup H of Sy, is e normal subgroup if and only if, wherever o € H,

then every 3 having the same cycle structure as o also lies in H.

Definition 20. A G-set X is transitive if it has only one orbit; that is, for every z,y, € X,
there exists ¢ € G with y = oz.

e If X is a G-set, then each of its orbits is a transitive G-set.
o If H < (G, then G acts transitively on the set of all conjugates of H .

o L IfX = x1,...,z, is transitive G-set and H = Gg1, then there are elements
g1y On tn G with gix1 = x; such that g1 H, ..., g, H are the distinct left cosets
of H in G.



2. The stabilizer H acts on X, and the number of H-orbits of X is the number
of (H-H)-double cosets in G.

o Let X be a G-set with action a: G x X 4 X, and let o : G — S, send g € G into

the permutation T — gz.
1. If K = kera, then X is a (G/K )-set'if one defines
(9K)z = gz
2. If X is a transitive G-set, then X is a transitive (G/K )-set.

3. If X is a transitive G-set, then |kera| < |G|/|X|. (Hint. If z € X, then
|8(z)| = [G: Gz] £ [G : kera].)

1.3 Automorphism Groups

Definition 21. The automorphism group of a group G; denoted by Aut(G), is the set

|
of all the automorphisms of G under the operation of composition.
Example : The identity e maps G — ( is an automorphism.

Definition 22. An automorphism ¢ of G is inner if it is conjugation by some element

of G; otherwise it is outer. Denote the set of all inner automorphisms of G by Inn(G).

Definition 23. Let G be a group and let X be a set of generators of G. The Cayley
graph I' = ~(G, X) is the directed groph with verticies the elements of G and with a
directed edge from g to h if h = gz for some z § X

If coset enumeration of a presentation (X|A) of a group G yields complete re-
lation tables, then one can record the z'nformatlion in. these tables as the Cayley graph

v(G, X). See next chapters for more examples.

Definition 24. [et G and H be groups. A group homomorphism from G to H is o

Junction f: G = H such that f(g192) = f(g1)f(g2) for all g1,92 € G.

| .
Note that it follows immediately from the definition that f(e) = e and f(g~!) = f(g)™!
The kernel of @ homomorphism f: G — H is the set

|

Kerf &ef {g e G']fl(g) =en}



The image of [ is the set
Imf et {h € H|3g € G such that f(g) = h}.

A (group) homomorphism is called a (group) isomorphism if it is objective. So, a homo-

morphism f : G — H is an isomorphism of groups.

Definition 25. (First Isomorphism Theorem) Let G and H be groups and let f : G — H

be a homomorphism. Then
1. the kernel of f,Kerf, is a normal subgroup of G,
2. the image of f, Imf, is a subgroup of H and
3. the quotient group G/Kerf is isomorphic to Imf.

Theorem 26. (Second Isomorphism Theorem) Let G be a group, H a subgroup of G and
K a normal subgroup of G. Then HK def {hklh € H,k € K } is a subgroup of G and K
is a normal subgroup of HK. Furthermore, HN K are isomorphic.

Theorem 27. (Third Isomorphism Theorem) Let G be a group and let H and K be
normal subgroups such that H C K. Then the :quotien‘ts (G/H)/(K/H) and (G/K) are

isomorphism.
I

Definition 28. Assume that G acts on a set (.

The orbit of an element w € §1 is the set
def
Orb(w) = {w.glge G} C Q.
The stabilizer of an element w € Q is
def
Stab(w) = {g€Glw.g=w} CG.

The stabilizer is a subgroup of G.
An action of a group G on a set Q is said to be transitive if for any distinct elements
a, B € Q, there ezists g € G such that o.g = 3. Note that the action of G restricted to

an orbit is transitive.

Definition 29. Let G be a group and H a subgroup of G. We define the normalizer of
H to be Ng(H) ={g € G|Hg = gH} (so H is normal in its normalizer).



Definition 30. Let G be o group. The centralizer of the element h € G is defined to
de
be Ca(h) Y {g € Glhg = gh}.

Both the normalizer and centralizer can be oblained via group actions.

1.4 The (Involuntary) Progenitor

Definition 31. A progenitor is a semi-direct product of the following form:
P2 N = {rwjr € N, w a reduced word in the t;},

where 2™ denotes a free product of n copies of the cyclic group of order 2 generated by
involutions t; for i = 1,..,n; and N is transitive permutation group of degree n which

acts on the free product by permuting the involutory generators.

1.4.1 Free Products of Cyclic Groups of Order 2

We shall be considering a group generated by two elements of order 2, with no

further relation holding between them. Thus,
G=(a,b | a®>=0t?=1).

Note that the element « = ab has infinite order and, since (ab, z) =)a, b{, we have

G={x,a | a®=1,2°=2"1).

For this reason, we often refer to G as an infinite dihedral group; we may write its elements

as follows:
G ={1,4q,b,ab,ba,aba, ...},

where elements of odd length in o and b are involutions, whilst elements of even length
have infinite order. Multiplication of elements of G is achieved by juxtaposition followed
by cancellation of any adjacent repetitions, and inversion by reversing the word in ¢ and
b. Tt is intuitively clear from the symmetrical manner in which the group G was defined
that interchanging ¢ and b gives rise to an automorphism of G, and we shall verify this
assertion in a more general context. We call G, wlllich is generated by two cyclic subgroups

of order 2 with no relation between them, a free product of these groups, and write
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G 2 {a)* (b) 2 CaxCa.

For convenience, we denote this free product by 2,

We can readily extend these ideas to n generators and define a free product if n copies
of the cyclic group of order 2 as follows:

E=9" = (14,780 | Ti=m=..=72=1)

Il

(T1) % (g} % o 9 (Tn) = Cox Cox ... *Cap,

n  times

So, E consists of all finite products of the elements m; without adjacent repetitions.



Table 1.1: Examples of groups
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Group Description '

Cn cyclic group of order n, Cp, = {e,z, 2%, 25, ..., z" 1}

Va group of symmetries of a rectangle (Klein’s Vierergruppe)
symmetric group of degree n.

Sa(n >2) = group of permutations of » symbols

An(n > 4) alternating group of degree n
group of even permutations of n symbols

A group of even hnitary permutations of N

f (o is finitary if it moves only finitely many points)

dihedral group of order 2'n

Doy, . '
= group of symmetries of a regular n-gon

Doy infinite dihedral group

Coo = ZT infinite cyclic group = group of integers under addition

Cs x Cy direct product of CoandCs

Cs % Cos direct product of O3 and Cye

Coo X C direct product of Cu with itself

Q quaternion group (or order 8)

GL (n, k), group of n X n matrices with non-zero determinant,

k infinite field | with entries in %

SL (n, k), group of n X n matrices with determinant 1,

k infinite field | with entries in &k

{isometries

of cube }

Q* group of rational numbers under addition

Q* group of non-zero real rational numbers under multiplication

RT group of real numbers under addition

R* group of non-zero real numbers under multiplication

ct group of complex numbers under addition

c group of non-zero complex numbers under multiplication
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Chapter 2

Construction of 32 : Ss

2.1 Introduction.

We take the progenitor G = 3*3 : Sy, where G is the free product of three copies
of the eyclic groups of order 3, and N is the group of automorphisms of 3% which permutes
the three symmetric generators by conjugation alnd factored it by #pf1 = t1fp.

The double coset enumeration partitions the image of the group G as a union
double coset NgN where g € 33 : N.

Thus, we can find the set {g1, g2, ...} of elements of G such that G = Ny N |JNgaN ...,
and for each ¢, we have g; = p;w;, where p; € N, and w; is a word in the ¢;'s. Hence, the
double coset decomposition is given by

G = NuiNUNwyN|JNwsNJ.....

Where w; = e (identity).

We perform a double coset enumeration on the group 33 : S3. Note that the order of each
of 3t;’s is 3. So, 3 = e and hence t2 = ¢t~1 . The symmetric group representation is given
by

G 3*3:8y
= tot1=t18p"

and the symmetric presentation of the progenitor 32 : S3 is given by:

3% : G5 = (z,y, t|23 = y? = (zy)? = 13, (t, ), t1* = t5¢).

Where,
z ~ (0,1,2)(

(=]}
=i
13=]]

bRt}

)
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v~ (0,1)(0,1).

zy = (1,2)(T, 2);

The control subgroup is N , is S3 which is the symmetric group of 3 on three letters
and their inverses. = |N| =3!=6.

Sy =< z,y >= {(0,1,2)(0, T, ), (0,1)(0, 1)).

Hence, the set

N ={14,(0,1,2)(0,1,2),(0,2,1)(0,2,1),(0,1)(0,T), (0,2)(0,2), (1,2)(1,2) }.
Using computer-based program - Magma :

1. the order of the group, |G| is at the most equal to 162.

2. there should be 10 double coset in this double coset enumeration of G over N.

2.2 Relations '

The factored relation above is tt* = £t where z ~ (0,1,2)(0, 1,2).
t ~ to '
=> t0t50i172)(ﬁ!112) — t'(3091i2)(ﬁ!1;2‘)t0. !

Therefore, our basic relation will be:

(
tot1 = tity

The above relation can be conjugated by each element of the set N,
= we obtain additional and they are :

tot1 = tado tot1 = t1tp.

toty = totg  Titg = tyly.

tite =tat1  tatp = Tota.

Also note, to add more relations, we have tot1 = i1y, so post multiplying both sides by
t; we get :

tot1 - t1 = t1fg - t1.

= tot? = titgty = tit1tp = 3t

= tot; = t1tp.

= we have 01 = T10. ( for simplicity, we omit ¢ sometimes)

Again, we conjugate by the elements of S3, we get :

toty = titg.
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toty = t2to.
120 = tot1.
i1ty = Tty
tato = fots.
oty = ity

2.3 Double Coset Enumeration of G over S

2.3.1 Double Coset []:

Note that NeN represents words of length zero, this denote the double coset [x]
|

and it can be represented as:

NeN {Ne" :n e N}
= {Ne}

{n}

I

f

We take a representative coset N from [] and a representative from {0,1,2,0,1,2},
then we need to determine to which double coset Nty and Nty belong.
Hence, [0] and [0] will be new double cosets that will extend Cayley’s graph.

2.3.2 Double Coset [0] and [0}

The point stabilizer and coset stabilizer for Ntg, Nt(0) and N, Nt© are :
o N0=1{1d,(1,2)(T,2)}, and N =< (1,2)(T,2) >, then N0 = N(O),
e N0 ={14d,(1,2)(1,2)}, and N® =< (1,2)(1,2) >, then N0 = NO).

Therefore, each double coset [0] and [0] will have 3 distinct equal sets of single cosets as
N__6 NI 6 _

pop=§=3 and fRL=§=3.

The orbit of N on {0,1,2,0,1,2} are {0},{1,2}, {0}, {1,2}.

The orbit of N© on {0,1,2,0,1,%} are {0}, {1,2}, {0}, {12}

Now, we take a representative from each orbit of N(0):
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1. Nt0t0=Nt02=N%E[(_)]. !
Only to will take [0] to [0]

2. Nioty € [0,1].
New double coset that will extend the Cayley’s graph and hence
two t;’s will take [0] to [01].

3. Nitglg = Ne & [#].
One ¢ will take [0] to [+].

4. NtoH € [0, ).
New double coset that will extend Cayley’s graph and hence two t;’s will take [0]
to [0, 1]

For [0], we take a representative from each orbit of N (D) :

1. Nigto = Ne € [x]. |
One ¢ will take. [0] to [+] |
2. Nt € [0,1] € [0,1].
New double coset that will extend the Cayley’s graph and hence two ¢;’s
will take [0] to [0T].
3. Nitgtp = N%2 = Nty € [0].
One t will take [0] to [0]

4. Nt € [0,7). -
New double coset that will extend Cayley’s graph, hence two #;’s will take [0] to

[01].

See figure 1
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ol [0]

Figure 2.1: Cayley’s graph for the double cosets [0] and [0]

2.3.3 Double Coset [0, 1]

Now at the double coset Ntgt1 N, [0,1], we have N®! =< Id > and since our relation is
tot1 = titp

= Nigt1(01)(01) = Nt1tg = Nigty .

= (01)(01) € NOV)

= NOD >< 14(N), (01)(01) >= S,. '

Hence, IT]’%IITI = g =3. ‘

Orbits of N© on {0,1,2,0,1,2} are {0,1}, {2}, {0,1}, {2}. Again, we take a repre-

sentative from each orbit,

o Nigtit, = Ntof; € [O,T]. |
Since this orbit has two elements, then two ¢;’s will take [01] to [01]

e Ntgtita € [0,1,2)].
New double coset will extend [01] to [012].

e Ntgit; = Nip € [0].
Since this orbit has two elements, then two ¢;’s will take [01] to [0].

e Ntgtz € [0,1,2].
New dounble coset will extend [01] to [012].



17

2.3.4 Double Coset [0,1]

The double coset [0, 1], NiptyN, fixing 0 and T implies 0 and 1 are fixed.
Now, we have N =< Id >,
note: N0 = oI
N
Hence, fv@'llef 8 —.
Orbits of NOU on {0,1,2,0,1,2} are {0}, {1},{2}, {0}, {1},{2}.

‘We take a representative from each orbit,

e Nigtitp € [07]
(Because 010 = 100 = 10).So #q will take [01] to [01].

] Ntoﬁtl € [0]
t; will take [01] to [0].

o Niplity € [0, 1,5].
One ¢ will take [01] to [012].

e Nitgfiipg € [ﬁ]
One t will take [0T] to [0].

L Ntot_lt_l. e [0, 1].
One t will take [0T] to [01].

. Ntom € [O:Tsﬂ
New double coset, one ¢ will take [01] to [012].

2.3.5 Double Coset [0,1]

Since, we have 0 and T being fixed and permute only 2.
At the same time this means that 0 and 1 also fixed and only 2 can permute,
=Nl =<Jd>.
However, we use our basic relation to find more relations that can be added to the
stabilising group, we have tgt; = t1to, and hence, fot; = #1%0, ( see previous pages)
= Nigt1(01)(01) = Nigtg = Nigh (from above).
= NO) >< 1d,(0,1)(0,1) >= Sa.
= |[NODf = |5,.



18
Hence, number of single cosets in [0, I] is |—N!T0Jl)_| f=3.
Orbits of NOD on {0,1,2,0,T ,2} are {0,1}, {2}, {0,1} . {2}.

We take a representative from each orbit,

* Nigtity € [0,
(because 010 = 100 = 10).
Two t;’s will take [0, 1] to [0].

e Niptits € [0,_1_,2.
One t; will take [0, 1] to [0,1,2].

e Niptit; € [0,1].
Two t;’s will take [0,1] to [0,1].

e Nigtit; €[0,1,2]. .
One ¢; will take [0, 1] to [0,1,2] which is new double coset.

So far we have the following new double cosets that can be seen in below figure:
[0’ 1) 2]’ [07 1’§]! [07T1 §]7 [ﬁ! -1-1 §]'

Figure 2.2: Cayley’s graph for the extension of double cosets [0] and (0]



19

2.3.6 Double Coset [0,1,2]

We stabilise three elements, 0,1, and 2 in N, hence N2 =< e >.

Now to add more relations to the stabilising set {e} we use our defined relation
tot1 = t1tg. By post multiply both sides by £5.
= tot1 - by = titg - ta.
Thus,

Ntgtite = Nijtota
= Ntgtyt"VOD = Ntytot, = Nigtyto.
= NO2) > (14 (0,1)(0,1)).
= (0,1)(0,1) € N(012),
Note: we can search for more relations using 012 = 102
=012=021=201 = (0,2,1)(0,2,1) e N©12)
= N©2) > (14,(0,1)(0,1), (0,2,1)(0,2,T)) = Sa.

Hence, the number of single equal cosets are :

N _6_
[NOIR] T 6 T

The Orbits of N® on {0,1,2,0,T,2} are {0,1,2}, {0,T,2}.
Thus, by taking a representative from each orbit of N (012) and multiply it by
Nitgtitg :

o Nigtita - t2 € [0,1,2],
This is a new double coset that will extend Cayley’s graph, and in fact
three ¢;’s will extend [012] to [012].

e Nigtitg 13 € [0, 1].
This orbit representative will make Cayley’s graph collapse and
hence three t;’s will take it back to [01].

2.3.7 Double Coset [0, 1,5]

At the double coset Nitgt1E:V, three elements are stabilised 0,1, and 2.
Consequently, 0,1, and 2 are also stabilised,
= N2 = >, we use our basic relation 01 = 10, by post multiply both sides by 2
= 012 = 102,
i,e Ntgt1tg = Nitytola.
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Then, Nt()tﬁ;(o, l)(ﬁ, I) = Ntitols = Nigtits.

= (01)(01) € N(012),

= NO12) > ¢, (01)(01) >= 5.

Thus, the number of single cosets in the double cosets[0, 1,2] is iTVI(%IﬁT = g = 3.

The orbits of N©2) on {0,1,2,0,T,2} are {0,1}, {2}, {0,1}, {2} We take a representa-

tive from each orbit

o Nigtitat; € [0, T.,Q]
Two t;’s will take [0,1,2] to [0,1,2].

o Nitgtitsts € [0,1].
One t; will make Cayley’s graph collapse, and hence take [0, 1,2] to [0, 1]

o Nigtytaty € [01).
Two t;’s will take [0, 1,2] to [0,1].

o Nigtitgts € [012].
One t; will take [0,1,2] to [0,1,2].

2.3.8 Double Coset [0,1,2]

At this double coset,Ntgf1#2 N, we stabilise 0,T and 2 then0,1 and 2 are also
stabilised.

= N2 =ce>, '

We use our hasic relation that is which is 01 = 10

by post multiply both sides by 2 then

= 012 = 102.
= 012 = 102.
= 021 = 102 = 012

= (12.

= Ntot2l1(1,2)(1,2) = Ntotts = Niglat:.
= (12)(12) € N2,

Hence, N2 >< e, (12)(12) >= S,.

= number of single cosets are in the double coset (0,1, 2] i

z
=1
=)
=
X

38 .
The orbits of N on {0,1,2,0,1,2} are {1,2],{0},{T,2},{0}. We take a represen-

tative from each orbit:
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Ntgtitats € [01].
Two ¢; will take [0,T,2] to [0,1].

Nigtitats € [012].
Two t; will take [0,T,2] to [0,1,2].

Ntgtitatg € [G,T,ﬂ.
One t; will take [0,T,2] to [0, T].

Ntgtitato € [0, 1]
One t; will take [0,1,2] to [0, 1,2].

2.3.9 Double Coset [0,1,2]

In the double coset Nfpé123 N, we fix 0,1 and 2. This implies that 1,2 and 3 are
fixed. 1
= N2 =< e, |
Since our basic relation is 01 = 10 = 012 = 102
= Nipt £2(01)(01) = Nttty = Nighita.
= (01)(0I) e NI,
= NO2) >< ¢ (01)(01) >.
Also note,
012 = 102 = T20.
= NOR) > ¢ (01)(01), (012)(012) >=S;.
= Number of single cosets exit in the double coset [0,T,2] = IN_I(IXT%I =8=1
The orbits of N2 on {0,1,2,0,T,2} are {0,1,2}, {0,1,2}. We take a representative
from each orbit and multiply it by Nig#; %3, the result is:

o Nigtitatg € [ﬁ]
Three t;’s will make the Cayley’s graph collapse.

e Nightots € [Oﬁ]
Three ¢;'s will make the Cayley’s graph collapse.
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[zTo]

Figure 2.3: Cayley’s graph for 33 : S3
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2.3.10 Permutation Labeling

From the above table, we have the following permutations:

vz ~ (2,3,4)(5,6,7)(8,10,9)(11, 14, 15)(13, 16, 12)(17, 19, 18)(21, 22, 23)(24, 26, 25).
yy ~ (2,3)(5,6)(9,10)(11,13)(12, 14)(15, 16)((18, 19)(22, 23)(24, 26).
tto ~
(1,2,5)(3,8,13)(4,9, 15)(6, L1, 17)(7, 12, 18)(10, 20, 22) (14, 21, 25)(16, 23, 26)(19, 24, 27).

zy ~ (3,4)(6,7)(8,9)(11, 12)(13, 15)(14, 16)(17, 18)(21, 23)(25, 26).

We define @ such that & : G — Soy.

Hence,

a(z) = (2,3,4)(5,6,7)(8, 10,9)(11, 14, 15)(13, 16, 12)(17, 19, 18) (21, 22, 23) (24, 26, 25).
aly) = (2,3)(5,6)(9,10)(11,13)(12, 14)(15,16)((18, 19)(22, 23)(24, 26).

alto) = (1,2,5)(3,8,13)(4,9, 15)(6, 11, 17)(7, 12, 18)(10, 20, 22) (14, 21, 25)

(16,23, 26)(19, 24, 27).

To check for homomorphism, we verify the following conditions:

1. From above
ISL‘.’E] =3, |yy| =2, |-'L'y| =2,
G = (zz,yy) = (z,ylz3, 42, (2y)%) = S

2. conjugation of ¢ by < zz,yy > would produce the other {tp,t1,%2}.
tto = (1,2,5)(3,8,13)(4,9, 15)(6, 11,17)(7, 12, 18)(10, 20, 22)
(14,21, 25)(16,23,26)(19, 24, 27).
t§* = (1,3,6)(4,10,16)(2, 8,11}(7, 14,19)(5,13,17)(9, 20, 23)(15, 22, 24}
(12,21, 25)(18,26,27) = it;.
1i* = (1,4,7)(2,9,12)(3, 10, 14)(5, 15, 18)(6, 16, 19)(8, 20, 21)(11, 23, 26)
(13,22,24)(17,25,27) = tto.

3. conjugation of ¢y, tt1, tta by zzx produces to, tt1, s ,
and conjugation of tty, tt1, tte by yy produces tiy, tt1, tia.
e = (1,3,6)(4,10,16)(2,8,11)(7,14, 19)(5, 13, 17)(9, 20, 23)(15, 22, 24)
(12,21,25)(18, 26, 27) = t.
i = (1,4,7)(2,9,12)(3, 10, 14)(5, 15,18)(6, 16, 19)(8, 20, 21)(11, 23, 26)
(13,22,24)(17,25,27) = it.



Table 2.1: Labeling table

Cosets z=(0,1,2)(0,1,2) | ¥=(0,1)(0,T) to

1 N (1) N (1) Nty (2) Nt
@ N () N& 3) Mo ) Nt
(3) Nt (4) Nt (2) Nt (8) Ntito
(4) Ntp (2) Nto (4) Ntp (9) Niatg
(6) Ntz (6) Nty (6) Nty (1) N
(6) Nty (7) Nts (5) Nty (11} Niytg
(7) Nty (5) Nty (1) Ny (12) Nisto
(8) Nigty (10) Nijty (19 N (13) Ntlta
(9) Ntote (8) Niotly (10) Ntjte (15) Nigto
(10) Nigte (9) Ntatg (9) Notz (20) Ntitaty
(11) Nipty (14) Ntity (13) Nyt (17)  Ntgty
(12) Nioty | (13) Ntiig (14) Ntits (18) Nityty
(13) Ntlt'ﬁ (16) .Ntth (1_1) Nf[)t'l* (3) Nty
(14) Ntyts (15) Niotg (12) Nigts (21) Ntotits
(15) Niatg (11) Nigty (16) Niaoty (4) Nt
(16) Nigty (12) Ntot; (15) Nytg (23) Nigtaty
(17) Nigty (19) Nigty (L7) Nigts (6) Nty
(18) Nigty | (17) Nirty (19) Nty ) Ntz
(19) Ntgts (18) Nisty (18) N Lty (24) Ntotyts

(20) Nigtiia

(20) Ntgtato

(20) Niqiota

(22) N totity

(21) Nigtity

(22) Nty taty

(21) Nigtoty

(25) Ntlt'ﬁtg

(22) N tatity

(23) N tolaty

(23)  Naototy

(10) Ntito

(23)  Niogtaty

(21) Nt tots

(22) N 1tatg

(26) Nigtaty

(24) Nigtits

(26) Ntitsty

(26) Nitgts

(27) Nigtyts

(25) Niotgty | (24) Niotyts (25) Niatyty (14) Ntyty
(26) N tilgls (25) N Lottty (24) Notyts (16) N toty
(2 7) Nigtyts 27 N tytsty (27) N titgts (19) N ity

24
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#2% = (1,2,5)(3,8, 13)(4,9, 15)(6, 11, 17)(7, 12, 18)(10, 20, 22)(14, 21, 25)
(16, 23, 26)(19, 24, 27) = ttq.
¥ = (1,3,6)(4, 10,16)(2,8,11)(7, 14,19)(5, 13, 17)(9, 20, 23)(15, 22, 24)
(12,21,25)(18, 26,27) = tt.
¥ = (1,2,5)(3,8,13)(4,9, 15)(6, 11, 17)(7, 12, 18)(10, 20, 22) (14, 21, 25)
(16, 23,26)(19, 24, 27) = tto.
#3¥ = (1,4,7)(2,9,12)(3, 10, 14)(5, 15, 18)(6, 16, 19)(8, 20, 21)(11, 23, 26)
(13,22,24)(17,25,27) = tt,.

Since the above conditions are satisfied, then < zz, yy, t#y > is a homomorphic

image to G.

2.4 Conclusion.

We have f(G) =< zz, yy, tto >.

By Fundamental Theorem,

G/Kerf = f(Q).

= G/ker f =< zz, yy, ttg >.

= |GY/|kerf| = | < zz,yy, tto > |.

|G| = |kerf| | < zx, yy, tto > |.

|G| = |kerf| - (162) = |G| > 162.

But we have:

IG] < (14+3+3+3+6+3+1-+3-+3+1)|N|=(27)-6=162.
So,

|G| < 162 ( from Cayley’s graph) and Kerf =1
Therefore: |G| = 162.

Figure 3 shows final look of Cayley’s graph.



> Bex,y, t1=Groupex, ¥; tix 3,y 2, (x*y )72, 103, (L, x*y),
{(t*e %) = thumgy;

> #G;

162

> #DoubleCosets(G, sub<G]x,yx,subiG e, y5);

1e

> Hi=Sym(6);

> xx:=h1{1,2,3)(4,5,6};

> yyi=NI(3;1)(4,6);

> i=subcNixx,yys;

> Indéx{G; sub<Glx,y>);

27

> ,G1,k:=CosetAction(G, sub<G]x,y>);

> £,G1,ki=CosetAction{G,sub<G]x,y>);

> IN:=subkGl] £(x), F(¥)>;

> CompositionFactors{Gl);
'G

Cyclic{3)

Cyclic{2)
Cyclic(3)
Cyclic{3)

Cyclie(3) '

[T T

Figure 2.4: Computer-based proof for' Composition Factors of G
|

26



27

Chapter 3

Construction of 2° : As

In this chapter, we will prove by hand that the group G given by
the control subgroup is Ag, given by : |
{
_ 25 . A5
T otz =tatn

is isomorphism to 2° : 4. |
We perform a double coset enumeration of G over N. We call N the control subgroup,
(N = As), which is the symmetric group of degree‘, 5 on six letters, {0,1,2,3,4,5}. N can
be generated by z and y, N =< z,y > where z ~ (1,2,3,4,5) and y ~ (0,5, 1)(2, 4, 3).

The double coset enumeration will enable us find all double cosets [w] that can be repre-

sented by:

NwN

{Nwn|n € N}
{Nnn~'wn|n € N}
= {Nw"n & N}.

Now, when all the double cosets of the group are determined, we will be able to determine
the number of single cosets of IV in &, and hence the process terminates when the set of
right cosets is closed under right multiplication by the 6 ¢;’s where 7 € {0, 1,2, 3,4, 5}.

The symmetric presentation of G is given by:

G(z,y,t) = Group(z, y, t|z°, 13, (xy)2, 12, (¢, z), (", (zy)), [zy(t")"" (£)*°1%),
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3.1 Double Coset Enumeration of GG over Ajs

3.1.1 Relations
e Let ¢ ~ tp and take x ~ (1,2,3,4,5) , y ~ (0,5,1)(2,4, 3),
etV = (to)(o,s,l)(2,4,3) = 15
o Let
z=(5,1,2,3,4),

= z* =(5,1,2,3,4)> = (5,2,4,1,3)
=23 =(5,1,2,3,4)% = (5,3,1,4,2).

(tg)m2 — (t((JD,S.l)(2,4,3))(5,1,2,3,4)2 = (t5)E2418) = ¢,

e r-y= (53 1,2,3, 4)(01 3, 1)(2': 4, 3) = (510)(1a4)
o () = (t5)B1234° = (£5)(5.3.142) = 3 We have the following relation:
totzlaly = e
totgtaty -ty =13
tofats = 13
totsts - to ='t3tn

totz =lals.

o N=As= (n:,y) = ((1’2a3)4a 5)’ (0,5,1)(2,4, 3))

o INj =15l =20 — 0.

3.1.2 Word of Length Zero [x]
We denote the double-coset by [+] and it can be represented as:

NeN = {Ne” :ne N}
= {Ne}
= {N}

The double coset [x] will have a single coset IN. Therefore, “Ig =8 =1

Note, since N is transitive on {0,1,2,3,4,5}, we take a representative coset N from [x]
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and a representative from {0,1,2,3,4,5} and determine the double coset to which N¢;
belongs, where ¢ € {0,1,2,3,4,5}. We consider i,= 0, so Nty is a representative coset,
and hence we will have a new double coset NtgN which can denoted by [0]. There will

be six possible ¢;’s in [x] that can advance to the next double coset [0].

3.1.3 Word of Length One [0]

Denoted by NwN = NtgN = {Ntg|n € N}, or [0]. We need to find the point
stabiliser of 0.
= NtoN = [0] = {Nt3|n € N} = {NtoN, Nt N, NtzN, NtsN, NtsN, NtsN}.
Since, the point stabiliser of 0 in the subgroup Niis the permutations in N that fixes 0
and permutes the rest of the set {1,2,3,4,5}.
Note : N >< (1,2,3,4,5), (25)(34) >.

= |[NO| =10
= number of single cosets are in [0] is Hl\%(valrl = %’ = 6.

*1 (o}l

Figure 3.1: Cayley’s diagram shows the double cosets [«] and [0]

Now, the orbits of N® on {0,1,2,3,4,5} are {0} and {1,2,3,4,5}. We choose a repre-
sentative from each orbit, {0} and {1,2,3,4,5}. If we choose ¢y from the orbit {0} and
choose ¢5 from the orbit {1,2,3,4,5}, then we notice the following :

. Nto-t{)=Nt% =N € [4].
This will collapse and hence it will go back to [#]. This is denoted by number 1 in
Cayley’s diagram (to the left of the circle containing 6.)

s Nip-t5 = Nigts € [05].
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This is a new -double coset, which will extend the Cayley’s graph from [0] to [05].
Since there are 5 elements in this orbit, then there will be § #;’s that extend [0] to
[05] .

3.1.4 Word of Length Two [05]

We are at a new double coset [05], Nigts N = {N(tots)"|n € N}. Now, to
determine all the single cosets of this double cosets, we need to determine the point
stabiliser of N9, this means finding the set of elements that fix 0 and 5 in N and
permutes the rest elements of the set {1,2,3,4}.

Now, using our relation totg = f3to, We can see that : 2 -+ 3 and 3 — 2.
= NtatZN%) = Nigty = Nigts.
= (23)(05) € N(09),
Also, '
Nt = Npotg,
= (14)(05) € N(©3),
= NO9 > ((14)(05), 23)(05)).
Thus, [N©9| =2.2=4, |
Therefore, the total number of single cosets in [05] is l-#(\g—‘l,yl = 949 = 15.

In order to find these 15 single cosets, we need to determine the transversals (right coset
|

representatives) of N5, Hence, they are: |

{e’ (1’ 21 3’ 4} 5)7 (1! 07 5)(27 47 3)’ (1) 33 5’ 23 4)) (11 0)(2! 5)’ (11 47 21 5) 3)3
(1,2,3)(4,0,5),(1,0,2)(3,4,5),(1,5,4,3,2),(1,3,0,5,2), (1, 4,5,3,0),
(8,5)(4,0), (1,5; 2,0,4),(2,0,5,3,4), (1,2,0)(3,5,4)}

Therefore, the different cosets are:
1. (23=32)°¢ = 23=32
2. (23 =32)(12348) = 34 =43
3. (23 =32)105243) = 42=04,
4. (23 =32)18524) = 45—154,

5. (23 = 32)(L025) = 53 =35.
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6. (23 =32)(14253) = 5] =15,
7. (23 =32)1231405) =  31=13.
8. (23 = 32)(102B345) = 14=41.
9. (23 = 32)(15432) o 12 =21.
10. (23 = 32)(13052) o 10=01.
11. (28 = 32)14530) = 20 = (2.
12. (23 =32)B940) o 925 =52, .
13. (23 =32)(152049) o 03 = 30.

14. (23 =32)(20534) = 04 = 40. .

15. (23 = 32)(20G5A) = 05 =50 -

The 15 single distinct cosets of the double coset [05] are:

{Nitots, Ntsta, Ntsty, Nigts, Nists, Ntsty, Ntaty, Ntitg, Ntity,
Ntitg, Nioty, Ntats, Ntots, Ntots, Nigts}.

Now, we need to find the orbits N5 to advance to the next double coset.
From the generator of N©5) > ((14)(05), (23)(05)}, the orbits. of N on {0, 1,2, 3,4, 5}

are:

{1,4}, {0,5}, {2,3}.

Considering a representative from cach orbit of N©5) we will
choose the following representative from each orbit:

t5 from {0,5},

t4 from {1,4},

ty from {2,3}.

Multiply each representative with Ntgts, :
|

o Nigts - t5 = Ntgt2 = Nig € [0].

Hence two elements will go back to that double coset because {0, 5} is one orbit.
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e Nipts - t4 € [054].
New double coset, hence two elements can advance from [05] to [054] because

{1,4} is on same orbit.

o Nipts-ta € [052]
New double coset, hence two elements can advance from [03] to [052] because
{2,3} is one orbit.

The corresponding Cayley’s diagram is:

fol

. {052]

|
Figure 3.2: Cayley’s diagram shows [%], [0], [052] and [054]

Therefore, two new double cosets [054] and [052] will extend the Cayley’s diagram.

3.1.5 Word of Length Three [054] and [052]
Word of Length Three [054]

Again we need to find the point stabiliser of 0 , 5 and 4. This is denoted by N4,
Therefore, we need to find the permutations in NV that fixes 0, 5 and 4 and permutes the
rest; 1,2 and 3. The group stabiliser, N(054) > N054,

Using relation tpts = tstp, if we multiply both sides by t4,
we will get totsty = tstols

= (05) € N(©054),

Now, 054 ~ 504 ~ 540 ~ 450.

and, 054 ~ 045 ~ 405.
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So, 054 ~ 504 ~ 540 ~ 450 ~ 045 ~ 405
Thus, 054 ~ 405 = (450) € N©5), = N(totsts) 100 = Nit,tots.
= N9 = ((1,3,2)(4,5,0), (2,3)(0, 5)) = S3
Hence, |
N 60
(054) = 1 = — I — —
| N1 = 31 =6, s0 NG|~ 6 10.

Therefore, there are 10 distinct coset representatives. The transversals of N(®*) in N

are:
{e,(1,2,3,4,5), (1,2,4)(3,0,5), (1,3,5,2,4), (1, 3 0)(2,5,4),
(1’ 4! 2! 5) 3)! (1’4’ 3)(2, 0’ 5)! (1! 5! 4! 31 2)’ (1, 3! 03 51 2)’ (1! 27 0)(35 5! 4)}

Now, we conjugate our relation 054 = 504 = 540 = 450 = 045 = 405 by the above 10
transversals, we will get :

l.e . 054 = 504 = 540 = 450 = 045 = 405.
2. (1,2,3,4,5) 015 = 105 = 150 = 510 = 0561 = 501.
3. (1,2,4)(3,0,5) 531 = 351 = 315 = 135 = 513 = 153.

5. (1,3,0)(2,5,4)

|
{

4. (1,3,5,2,4) | 021 =201 = 210 = 120 = 012 = 102.
|
(142 =412 =421 = 241 = 124 = 214
I

6. (1,4,2,5,3) ' 032 = 302 = 320 = 230 = 023 = 203.
7. (1,4,3)(2,0,5) | 523 = 253 = 235 = 325 = 532 = 352,
8. (1,5,4,3,2) 043 ~ 403 = 430 = 340 = 034 = 304.
9. (1,3,0,5,2) 524 = 254 = 245 = 425 = 542 = 452,
10. (1,2,0)(3,5,4) 143 = 413 = 431 = 341 = 134 = 314.

The 10 single distinct cosets of the double coset [054] are the set

{Nt0t5t4, Nigtits, Ntstaty, Ntotaf1, Ntytate, Nigtate, Nistats, Nitotals, Nistaty, Ntltq,ta}

The orbits of N4 on {0,1,2,3,4,5} are:
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{1,2,3} and  {0,4,5}.

We take a representative from each orbit and multiply it with the coset Niptsts. We
choose the following representatives:

t; from {1,2,3},

t4 from {0,4, 5},

Now,

s Nigtsts - t4 € [05].
t4 will collapse Cayley’s graph. Since, this orbit has 0, 5 beside 4, then three ¢;’s
will take [054] to [05]. I

o Niptsts - £ € [05641].
Since, this orbit of length 3, then three ¢;’s will extend the Cayley graph.

052]

Figure 3.3: Cayley’s diagram shows [%],{0],[052],{054] and [0541]

‘Word of Length Three [052]

Again we need to find the point stabiliser of 0 , 5 and 2, denoted by N2,
Therefore, we need to find the permutations in N that fix 0, 5 and 2 and permutes the
rest 1,3 and 4.

Hence,

Using relation fots = ¢sto,

if we multiply both sides by s,
= totsts = tstolo



= (05) e N(052),

Now, 052 = 502,

Now, 052 = 025 = 205. (From above)
= (025) € N(052),

Thus, N2 > ((05), (025)) = Ss.
Hence,

INO32)| =3l = § = V] 60

| N2 =%
So there are 10 distinct coset representatives, the transversals of N(052);

= 10.

{e,(1,5,0)(2,3,4),(1,0,5)(2,4,3),(1,5,0,4,3), (1,0)(2, 5), (2, 3)(5,0),
(1,0,4,2,3),(1,0,2)(3,4,5), (1,5)(2,4),(1,0,3,5,4)}

Now, we conjugate our relation #gtsta = tstote by the above 10 transversals,
we will get :
1. (052 =502)¢ = 052 = 502.
2. (052 = 502)(1:5:0@234) = 103 =013.
3. (052 = 502)(L05)243) = 514 =154,
4, (052 = 502)(15:043) = 402 = 042,
5. (052 = 502)(L028) = 125 = 215. ‘
6. (052 = 502)23)E0 = 503 = 053. .
7. (052 = 502)(10423) o 453 = 543,
8. (052 = 502)(10AB45) o 231 =321,
9. (052 = 502)(1D4) = 014 =104.

10. (052 = 502)(L0:354) = 349 = 432.

The 10 single distinct cosets of the double coset [052] are:

{

{Ntotsta, Ntitots, Ntstite, Ntstota, Nt1tats, Nistots, Ntatsts, Ntatsts, Ntotite, Ntatats }
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Note:

052 ~ 502 ~ 520 ~ 250.
052 ~ 025 ~ 205.
So

052 = 502 = 520 = 250 = 025 = 205.
Therefore, the 10 distinct equal cosets of the double coset [052] are:

le 052 = 502 = 520 = 250 = 025 = 205
2. (1,5,0)(2,3,4) 103 = 013 = 031 = 301 = 130 = 310
3. (1,5,0,4,3) 402 = 042 = 024 = 204 = 420 = 240
4. (1,0,5)(2,4,3) | 514 =154 = 145 = 415 = 541 = 451
5. (1,5,0,4,3) . 402 = 042 = 024 = 204 = 420 = 240
6. (1,0)(2,5) . 125 =215 = 251 = 521 = 152 = 512
7. (2,3)(5,0) 503 = 053 = 035 = 305 = 530 = 350
8. (1,0,4,2,3) 453 = 543 = 534 = 354 = 435 = 345
9. (1,5)(2,4) 014 = 104 = 140 = 410 = 041 = 401

10. (1,0,3,5,4) 342 = 432 = 423 = 243 = 324 = 234

Now, we need to find the orbits of N(®52) to advance to the next double coset. From the
generator of N(052) > ((0,5)(0,2,5)}, the orbits of N2 on {0,1,2,3,4,5} are:

{0,2,5},{1,3,4}

Taking a representative from each orbit, for example we take:
ta from {0,2,5}, and
t1 from {1,3,4}.

‘We multiply each of the above representatives with tptste, we have the following:

totstate and  fotstoty



o tytsts - ty = Nitgtsts = Ntgts € [05)].
Hence, three £;’s will make Cayley’s graph collapse and go back to the double coset
[05] because this orbit is of length 3.

o totsta - t1 = Niptstst; € [0541).
Since, the orbit {1, 3,4} is of length 3, then three t;’s will take [0521] to [0541]. (See
below graph)

Figure 3.4: Cayley’s diagram- exténsion of [052] to [0541]
|

3.1.6 Word of Length Four [0541] '

We look at the new double coset Ntgtstst1 N that is represented by [0541]. We
need to determine if it will extend the Cayley’s gréph further or will collapse it. We have
the relation tgts ~ t5tg, post multiply both sides by #4,then followed by ¢,
= totstats ~ tstotati. .

In order to obtain the elements in the double coset [0541], we have to find the point
stabiliser of 0,54, and 1 . N9 =< Id >

‘We know
0541 = 5041 = 5014
So,
0541 = 5041 = 5014 = 0514

Therefore,
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N (tgtstat1) %) = Nigtotsty = Ntotstat; = (05) € N(0541),
Nitgtstat™ M = Nigtotity = Niotststy = (05)(14) € N,

So, N©511) > (05)(14), (05) >. '

These are the generator of N(0%41) in N,

Hence, |[NO4)| = 2.2 = 4 = %1? = 671(2 = 15 single cosets in {0541], and 0541 =
5041 = 5014 = 0514 is one of them. To find the rest of the 15, we need to find the

transversals of N©541) in N. The transversals of N(0541) are :

{e,(1,2,3,4,5),(1,0,5)(2,4,3), (1,3,5,2,4), (1,0)(2,5), (1,4,2,5,3),
(1,2,3)(4,0,5), (1,0,2)(3,4,5), (1,5,4,3,2), (1,3,0,5,2), (1,4,5,3,0), (3,5)(4,0),
(1,5,2,0,4),(2,0,5,3,4), (1,2,0)(3,5,4)}.

1. e 0541 = 5041 = 5014 = 0514
2. (1,2,3,4,5) 0152 = 1052 = 1025 = 0125
3. (1,0,5)(2,4,3) 5130 = 1530 = 1503 = 5103
4. (1,3,5,2,4) 0213 = 2013 = 2031 = 0231
5. (1,0)(2,5) 1240 = 2140 = 2104 = 1204
6. (1,4,2,5,3) 0324 =.3024 = 3042 = 0342
7. (1,2,3)(4,0,5) 5402 = 4502 = 4520 = 5420
8. (1,0,2)(3,4,5) 2350 = 3250 = 3205 = 2305
9. (1,5,4,3,2) 0435 = 4035 = 4053 = 0453

10. (1,3,0,5,2) 5243 ='2543 = 2534 = 5234

11. (1,4,5,3,0) 1354 = 3154 = 3145 = 1345

12. (3,5)(4,0) 4301 = 3401 = 3410 = 4310

13. (1,5,2,0,4) 4215 = 2415 = 2451 = 4251

14. (2,0,5,3,4) 5321 = 3521 = 3512 = 5312

15. (1,2,0)(3,5,4) 1432 = 4132 = 4123 = 1423
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Note: the orbit of N(°5%) on {0,1,2,8,4,5} are:

{1,4}, {23} {05}

We take a representative from each orbit of N1 and we multiply it with Ntgtstats

and determine if it will extend the Cayley’s graph or collapse it.

e Niptgtst; -t = Nt0t5t4(t1)2 = Nipists € [054].
Since, the orbit {1,4} of length 2, then two ¢;’s will collapse the Cayley’s graph to
[054]

o Nigtstaty - o = Nigtgtatite € [05412].
Since, the orbit {2, 3} of length 2, then two ¢;’s will extend the Cayley’s graph from
[0541] to [05412].

|
o Nigtsiqty - to = Nigtstaty = Nigistafito = Nigistitaty = Niglotstoty = Nigitsin €
[052].
So, two ¢;’s will collapse the Cayley’s graph and will take [05410] to [052].

ety & -xzwf
fosax] fos412]

Figure 3.5: Extension of Cayley’s graph by [05412]

3.1.7 Word of Length Five [05412]

The new double coset Ntgtstatit2N which is given by [05412]. The point sta-
biliser of 0,5,4,1 and 2, N9 in N, ‘
Thus, N2l =< e> =  the coset stabiliser N{05421) > p05421
The equal single cosets are:

05412 = 01254 = 50142 = 10524 = 21045 = 54201 = 24510 = 45021 = 42150 = 12405.
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So, we note 05412 = 42150 = (04152) € N03421) because:
N (totstat1t2) 0452 = Nitytotitsto = Ntgtstatits.

Also, 05412 = 01254 = (51)(24) € N(05421) because:

N (totstatrt2) P02 = Ntgttotsts = Ntotstatyto.

Thus, N(0421) >« (51)(24), (04152) >.

Therefore, [NO412)| = 2.5 =10 = m = % = @ single cosets in [05412].

The transversals of N421) in N = {e, (1,5,0)(2,3,4), (1,0,5)(2,4,3), (2,4,3,5,0),
(1,0,4,2,3),(1,5)(3,0)}. :

If we conjugate (05412 = 01254 = 50142 = 10524 = 21045 = 54201 = 24510 = 45021 =
42150 = 12405) by the above transversals, we will get the following distinct cosets.

1. (05412 = 01254 = 50142 = 10524 = 21045 = 54201 = 24510 = 45021 =
42150 = 12405)° |
= 05412 = 01254 = 50142 = 10524 = 21045 '= 54201 = 24510 = 45021 =
42150 = 12405. '

2. (05412 = 01254 = 50142 = 10524 = 21045 54201 = 24510 = 45021 =
42150 = 12405)(1,5:012:3.4) !
= 10253 = 15302 = 01523 = 51032 = 35120 = 02315 = 32051 = 20135 =
23501 = 53210. .

.
3. (05412 = 01254 = 50142 = 10524 = 21045 = 54201 = 24510 = 45021 =
42150 = 12405)1:05)(2:4.3) .
= 51304 = 50413 = 15034 = 05143 = 40531 = 13450 = 43105 = 31540 =
34015 = 04351. !

4. (05412 = 01254 = 50142 = 10524 = 21045 = 54201 = 24510 = 45021 =
42150 = 12405)(24:3:5.0)
= 20314 = 21403 = 02134 = 12034 = 41230 = 63421 = 43612 = 36241 =
34162 = 14326.

5. (05412 = 01254 = 50142 = 10524 = 21045 = 54201 = 24510 = 45021 =
42150 = 12405)(1.0:4.2,3)
= 45203 = 40352 = 54023 = 04532 = 30425 = 52340 = 32504 = 25430 =
23054 = 03245.
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6. (05412 = 01254 = 50142 = 10524 = 21045 = 54201 = 24510 = 45021 =
42150 = 12405)(1:5)3.0)
= 31452 = 35214 = 13542 = 53124 = 25341 = 14235 = 24153 = 41325 =
42513 = 52431.

Therefore, The distinct single cosets of the double coset, [05412] are:
[05412] = {05412, 10253, 51304, 20314, 45203, 31452}.
Hence, the orbits of N{5421) on {0,1,2,3,4,5} are :

{3}, {0,1,2,4,5}

‘We now take a representative from each orbit, say ¢3 from {3} and ¢; from {0, 1, 2,4,5}.

So, we have

totstatitats and totztatitats
i
o tglstatytate € [0541).
Hence, 5 ¢;’s will make Cayley’s graph collapse and therefore any of the following:
to,t1, ta,t4 or t5 will take [05412] to [0541].

o totstslitals € [054123]. '
This represented by 1 in Cayley’s graph. (sée figure 6).

[0541]

[05412]

tesa]

Figure 3.6: Cayley’s graph with extension to [054123]

3.1.8 Word of Length Six [054123]

At the double coset Nigtststitets N, we will have all elements being fixed in N.
= NOI2 —c e >,
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We already know that N(05112) >« (51)(24), (04152) >=< (051)(243), (12345) >= As.
Now,

054123 = 051423 = 051432 = 051342.

= 051423 = 051342 = (243) ¢ N(054128)

= N0512) > < (51)(24), (04152), (243) >= As.

From the generators of N(0%4123) ' there will be one single orbit generated which is
{0,1,2,3,4,5}.

Thus, [N©54123)] = A5 = 60.

=>w nﬁm = % = 1 single coset in [054123]. The equal single cosets of the double coset

[054123] are:

(051423 = 524316 = 413250 = 210453 = 352140 =
203145 = 143205 = 532104 = 351204 = 235014 =
230541 = 153024 = 134502 = 425130 = 531240 =
135420 = 320514 = 504132 = 105243 = 450213 =
421503 = 314520 = 102534 = 023154 = 214035 =
431052 = 341025 = 032451 = 043512 = 241530 =
021345 = 403521 = 325041 = 405312 = 054123 =
124053 = 045321 = 015234 = 302415 = 201354 =
253410 = 412305 = 510324 = 452031 = 430125 =
315402 = 142350 = 542013 = 034215 = 245103 =

340152 = 501423 = 523401 = 304251 = 150342)74(M)



051423 = 524316 = 413250 = 210453 = 352140 =
203145 = 143205 = 532104 = 351204 = 235014 =
230541 = 153024 = 134502 = 425130 = 531240 =
135420 = 320514 = 504132 = 105243 = 450213 =
421503 = 314520 = 102534 = 023154 = 214035 =
431052 = 341025 = 032451 = 043512 = 241530 =
021345 = 403521 = 325041 = 405312 = 054123 =
124053 = 045321 = 015234 = 302415 = 201354 =
253410 = 412305 = 510324 = 452031 = 430125 =
315402 = 142350 = 542013 = 034215 = 245103 =

340152 = 501423 = 523401 = 304251 = 150342

3.1.9 Conclusion

Therefore: the double coset enumeration: gives that

N| N N N N N N N
G < () + oy + oy - oy + sy + ety + iy + sy - IV1
= {14+ 6+15+ 10410415 +6--1} - |N| = 64- 60 = 3840 .( from Cayley’s graph).
Note,

o |N| = 60.
¢ |G| > 3840 ( from Magma) . '

Therefore,
|G| = 3840.
See final Cayley’s graph next page.
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Figure 3.7: Cayley graph of G over Ag
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Chapter 4

Double Coset Enumeration of
Lo(7) Over Ay

1
In this chapter, we want to do a double coset enumeration for:

IR
' S

G

Ay
(1, 2 3)(1 2,3)t3)®

Where,
x~(123)(_§§), '
¥~ (1,1)(2,2).
zy = (1,2,3)(2,3,1).

The abstract presentation of the progenitor 3*9 :,,, A4 is:
G(z,y,t) = Group(e,y, tla®, 47, (zx )%, 8%, (1, ), t ¥ 27, (2 # 0)°).

The control subgroup, NV, is Sg which is the symmetric group of degree 6 on six letters
1,2,3,1,2 and 3. N can be generated by z and'y (above). Thus, N =< z,y >.
Note: 3*6 means t3 =13 =3 =7° = &> = T3 = Identity.

4.1 Relations

t=e

8% =%
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2=
Therefore, l
#2=1%
ti="%
2=1%

so far, we have the following relations
3 =eand t? =% where i =1,2,3.
given ¢ ~ t3. and we have the relation [(1, 2, 3)(T,2,3)t3)° =
Now let
T=(1,2,3)(1,2,3).
= (1,2,3)(1,2,3) - (1,2,3)(1,2,3) = (1 3,2)(1,3,2).
7 =(1,3,2)((1,3,2) - (1,2,3)(1,2,3) =
mt=e-(1,2,3)1,2,3) =
7 =72,
Thus, our given relation can be simplified to .
mtgmtgntaw tamts = Id.
= garir~tarmdn Stanminarmin g3 = Id.
= O (rtan?) (r3tand) (n 2w ?) (gl )ty = Id
we know that #~ Y7 = 7.
Hence, our given relation is:
TSEHE T g = Id,
2t(1 2,3)(1, 23)t1dt(1 3 2)(T§'2‘) (1 2,3)(1,2,3 )t3 = Id.

= 7wt tatotits = Id. = 7r2t1t2t3 = 131

4.2 Double Coset Enumeration of G over Ay

4.2.1 Double Coset []:

NeN denote the double coset [«] . Since N is transitive on {1,2,3,1,2,3}, w
t it

take a representative coset N from [«|, and a representative from {1,2,3,T,2, 3}, let it be
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ts and determine if the new double coset will extend Cayley’s graph or collapse it.

NeN = {NeN|n € N}.
= {Nn|n € N}.
= {N}.

[*] will have l%} single coset which is J2 = 1 because |[N| = |A44] = 12.
N -t3 = Ntz € [3].
Now, since 3 is among other 6 elements of the orbitfs, this indicates 6 elements will extend

Cayley’s graph from [*] to [3]. See figure 1.

[31

Figure 4.1: Extension of Caylely’s graph from []
)

4.2.2 Double Coset (3]

Secondly, we are at the double coset NigN = [3]. This is a word of length
one. To find the number of single cosets, we neeld the point stabiliser of 3, N® in N.
N® =< (1,1),(2,2) >= 5>
Thus,

NLO_12
oy = # =6

So there are 6 single cosets of length one word in the double coset [3]. Next we need to
determine the orbits of N®), N® orbits can be obtained from the generators of N®,

‘We will have the following orbits:

{8}, {3}, {1, T}, {2,2}.
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To find all the elements in this double coset, we need to find the transversals of N® in
N and then we conjugate Ntz by them. Using Magma program, the transversals (right

coset representatives) of Ntg are:
{14,(1,2,3)(1,2,3),(1,3,2)(1,3,2), (1,2,3)(2,3,1),(1,3,2)(2,1,3), (1, 1)(3,3)}

Therefore,
NP = Nt
th1,2,3)(T,§,§) — Nt,.
NEISDAID _ g,
thl,s,i)(z,f,ﬁ):z NT.
th1,§,§)(2,3j) = NI
NANDED) _ N7
Thus, !
NtgN = [3] = {NtyN, NtyN, NigN, NEtN, NioN, NizN}.
Now, we go back to our orbits of N® and take a representative from each orbit and
multiply it by Nts |

to determine if Cayley’s graph extends. .

e Nitg-ty = Nt = Ntz € [3)

One element will go to the same double coset [3]

e Nig-t3=N € [x].

One element will go back to [«].

e Nig-t1 & [31]
Since 1 € {1,1} then two elements will extend Cayley’s graph.

o Ntz -ty € [32].
Since 2 € {2,2} then two elements will extend Cayley’s graph.

Therefore, the double cosets [31] and [32] are new double cosets that extends Cayley’s
graph. The new Cayley’s graph would be:
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Figure 4.2: Extension of Cayley’s graph from [3]

4.2.3 Double Coset [31]:

We look at the double coset Nizt; N which denote [31]. To find its single cosets,
we need to determine its point stabiliser. Therefore, we fix 3 and 1, N3, and permute
the rest letters. We know that N©1) > w3l
N (tat1)1? = Niat,. !
= NG > (1d).

Thus,

INGD| =1,
Hence, the number of single cosets in the double coset [31] is ITIV%IITI =12=12
The orbits of NGV are {1}, {T}, {2}, {2},{3}, {3}. Taking a representative from each
orbit and multiply it by Ni3¢1 and see if it will expand Cayley’s graph or the t; will
collapse it.

Now,

s Nigty - 1 :Nt;;tz = Nt3t; € [31]

Ntsty - t2 € [312].

Ntsty - ta € [313].

Ntgty -1 = Ntz € [3].

Nigty - tg € Nitgts € [32].

since our relation is 123 = 31.
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o Nistit3 € [313].

So: Cayley’s graph would be:

[312]
Figure 4.3: Extension of Cayley’s graph from [31]

[31] = Ntzt1 N = {N(tst1)?|n € N}.
The transversals of N31) are:

{1d(N),(1,2,3)(1,2,3),(1,1)(2,2),(1,3,2)(1,3,2), (1,273)(2,3,1), (1,2,3)(2,3, 1),
(1,3,2)(2,1,3),(1,3,2)(3,2,1),(1,3,2)(2,1,3),(1,2,3)(3,1,2),(2,2)(8,3), (1,1)(3,3)}

° Ntai‘gm?’)(m) = Ntito,

Nt3t§132)(m) = Ntots.

Ntz {2 _ g,

Ntgt{¥D T2 = Nt

o Ntgt!DE) o N
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o Ntst{'D® — Ntofr.
o Ntst{®D _ Ny 7.
o Netgt{P) - Neof,
o NtztIPCD) o Nt
o Nigti®2C0 - N,
o Ntati2D0D = N5y,
o Ntst\ = Nigt;.

The 12 distinct. single cosets of Ntgti N are
[31] = {12, 23, 12,23, 31, 31, 12, 23, 12,73, 31, 31}.
The new double cosets are [312], [313], [313]. We will discuss these cosets later.

Now we go back to determine the double coset [32].

4.2.4 Double Coset [32]:

The double coset [32] is denoted by NistaN. To find its cosets, we again need
to determine the point stabiliser of 3 and 2, N32. It is the permutations in N which fix

3,2 and permutes the rest.

Thus,
N3 =Id
= NG| = 1.
We have,
NG > N2,
N(tato)UD = Ntgty.
= Id € NG?) = NG2) > (1d).
Thus,
the total number of single cosets in [32] is ITV%VI =L =12

The orbits of N2 are {1}, {2}, {3}, {1}, {Z}, {3}

To determine the elements of [32], we conjugate Ntzizby 12 transversals which are:

{Id(N), (1,2,3)(

3,3), (1, 1)(2.2), (1,3,2)(T,3,9), (1.Z,3)(2, 3, T),
(]"3: 2)(21193) ( 2

(1,2,3)(2,3,7),
)(3,2,1),(1,3.2)(2,1,3),(1,2,3)(3,1,2), (2,2)(3,3), (

{, 1,3,
1,3, 3),(1,1)(3,3)}
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Therefore,

o Ntgt{?B) — Ny, '
o Ntgt§D®B) = Ntof;,

o Nitgt§BDWD) o Nyt

o Nigtd"™®D — Nt

o Ntzti®D = Ny 7,

o Ntst®CD) = N

o Nt5t{39G2 — Nt

o Nigtd®E) — nrgoE

o Ntzti®E _ N,

N t3té2§) @3 _ Niato. '

Ntst§{D8) = Nzt
o Nistld = Ntgty.

(32) = {13, 32, 21, T3,13, 21, 21, 21, 13, 32, 32, 32}.
The orbits.of N®2 have been previously determined, so we consider a representative from

each orbit and multiply it by Ntsta.

e Niglot-t, € [31].
th.t_g-,t_gtgtl = Niglatolot; = Nist;.

Hence, one element will go back to [31].

o Ntstot - to = Nisiy € [32].
One element will go to [32].

e Nigtp - t3 € [313].
3993 = 321123 = 313313 = 313.

o Nigty 1] € [312].
321 = 311211 = 371211 = 3712 = 3112 = 312



53

e Nizty - € [3).

o Nistats € [323]
This is a new double coset that will extend Cayley’s graph.

The new extended Cayley’s graph will be as shown in figure 4,

Figure 4.4: Extension of Cayley’s graph from [32]
|

4.2.5 Double Coset [312]:

Now, we look at the double coset Ntzti¢oN, which denotes [312]. To determine
how many elements are in this double coset, we need to find the point stabiliser of 3,1
and 2, N312,
= N312 =g,
We need to add relations to the stabilsing set.
Now
(14)(25)tat1ts = tilals.
= (312)(23) € NG12),
Similarly if we consider the double cosets [312] and [231].
Since,
(33)(1T)tstate = fotats.
= (132)(12) € NG12),
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= NB2) >< (312)(23), (132)(12) >.
Thus

| N(3l2)[ = 3.
Therefore, number of single cosets in [312] is W!gl‘m = 1—32 =4,
Note: ((132)(213))~! = (231)(312) € N 12,
Hence, the equal cosets are : 312 = 231 = 123. '
By conjugating these equal cosets by four transversals which are:

{1d,(123)(T23), (132)(T32), (123)(23D)}.

4. (312 =231 =123)(IBBD o 793 — 372 =231.

Therefore,

The different single cosets of the double coset [312] are:
{312,123,231,123}.

The orbits of N2 on {1,2,3,1,2,3} are {1, 3,2}and {2,1,3}.

Taking a representative from each orbit and multiply it by Nigtits,

we get the following:

o Nistity -t = N3ty € [31].
Since this orbit contains 3 elements, then three £.s
will take [312] to [31],
Thus, Cayley’s graph collapse.

e Nigtity - ta = Natytato = Nigtatsts.
= Nigtatatsty = Niatatatats = Nty € [32].
Thus 3 ¢;’s will make Cayley’s graph collapse.
because this orbit of length 3 so [312] — [32].
Therefore, at the double coset [312], 3 £;’s will go back to [31]
and 3 t;’s will return to [32).

Thus, at [312] there is no further extension to Caylay’s graph.
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4.2.6 Double Coset [313]:

To determine the double coset Nistit3N, [313], again we need to find the single
cosets number.
Thus, we need to find the point stabiliser of 3,1 and 3, N33 in N,

= N313 = 14,
N(B13) > N313,
|NEBI3) = 1.

The total number of elements in this double coset is lefsillgrl = llg =12.
Thus,
The distinct cosets of Nitgtit3N will be:
[313] = Ntgt1taN = {N(tst1t3)"|n inN},
The 12 distinct cosets are:
[313] = {Ntytoty, Nigtits, Nigtate, Nirtaty, Nt1iot, Nigtsls,
Niptaty, Ntatata, Nirtoly, Nistyts, Ntgtits, Nigtyts}.
The orbits of NtgtitgV on {1,2,3,1,2,3} are {1}, {2}, {38}, {1}, {T2}, {Zs}-
The same procedure, we take a representative from each orbit and multiply by Ntgt;ts.
o Nigtitz -t1 = Nigtitstztits = Nigtitatztils = Nigtitz € [313].
One element will go back to [313].
o Nigiyts - ta = Niatitgtals = Nigtilatets = Nigtyls € [313].
One element will go back to [313].
o Nigtits -tz = Niat1% < [313].
One element will go back to [313].
o Ntgtits - T1 = Nigtitgtits = Nigtatstits = Nigtits € [313].
One element will go back to [313].
o Nigtita -3 = Nigtititatats = Ntgtitatotalo = Nistotilataty
= Nigtatstit1t3 € [32].
One element will go back to [32].
Ntstits - 3 = Nigt; € [31].
One element will go back to [31].

Therefore, the double coset {313] will not extend Cayley’s graph any further.(Figure 5
shows the collapsing of [313]).
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=
-

,1

[323] [313] [313] [813)

1
Figure 4.5: Collapsing of the double coset [313]

4.2.7 Double Coset [313]:

The double coset , Ntstt3, denotes [313). Thus, we need to determine the point

stabiliser for 3,1 and 3. !

= N33 = 4. f
Now, |
n tatity = tytty. '
= n = (312)(312).
= (312)(312)tst 1ty = tytgt:.
= (312)(31) € NG13),
and
n tgtits = totgty.
= n = (321)(32])tst1t5 = tatyts.
= (132)(32) € NG,
Thus,
NG >« (312)(31), (132)(32).
Therfore, [N®3)| = 3.
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The total number of equal single cosets are :
—I_I_N = ’]2' =4 1
|N(31§)| -3 ™ _‘

((312)(123))~! = (213)(321) € N(©13)

Thus,

3134D) = 313,
313(312)(123) — ﬁl

31379 _ o33,
Therefore, the equal cosets are 313 = 121 = 232
To find the other 3 distinct cosets of [313], we conjugate the above equal coset by the

following transversals set: .
{1d, (123)(T29), (132)(132), ((132) (2T3)}.

s (313

121 =232)09) = 313 =T21 = 232.
|

o (313=T21=232)12)(13) o 1297 =732 = 3T3.

o (313 =121 =230)(132EB) = 3232 =313 =T21.
o (313=T21 =232)(132(12) - 239 =373 =171.

These are the 4 distinct equal cosets of the double coset [313].

The orbits of N®13) on {1,2,3,T,2,3} are {3,1, 2}, and {1,2,3}. We take a representative
from each orbit, and multiply it by Ntst:¢3, we gét :

1. Ntgtitsts = Nigty € [31].
3 t;’s will make [313] collapse and go back to [31].

2. Nigtitsts = Nigtits € [313].
3 t;’s will make {313] collapse and go back to [313].

4.2.8 Double Coset [323]

The point stabiliser of Ntsto#3 N, is where the points 3, 2 and 3 being fixed in
N and the rest of elements are permuted.
= N3 = 4,
We know,
= nigtats = t1tsty.



= n = (312)(312).
= (312)(312)t3tals = 1t3t1-
= (132)(13) € NG).
and
ntatols = fatils.
= n = (321)(321).
= (321)(321)tstals = Latqta.
= (123)(32) € N,
= NGB >« (132)(13), (123)(32) >.
So the orbits of N2 on {1,2,3,7,2,3} are {1,3,2} and {I,2, 3}. Furthermore, the total
number of single cosets in [323] is :
Now by taking a representation from each orbit and multiply it by Ntst1Z3, we get
e Nialotgts = Nigts € [32].
Three ¢;’s will make Cayley’s graph colla.pseI and go back to [32].

o Nigtolstz = Niiols € [323] € [3131.
Three ¢;’s will make Cayley’s graph collapse and go back to [313)].

Cayley’s graph would look like this.
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i
Figure 4.6: Cayley’s graph for La(7) over A4
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Chapter 5 '

Construction of Finite

Homomorphic Images of 2% : Sy

In this chapter, we will find and constructivﬁnite homomorphic images of 2*° : Ss.
Given, '
[
G < z,y,t > Group (z,y,tz%, 1% (ey)}, %, (=™ (z)!)?, (™% (xy)?)?,
(@=3(@y)*)*, (@~ (2y)*)’, (e~ 2ya?y)?, (¢, sy ™), (2,4°), (4, 9),
(@yt)?, ((zy)~1t)°, (@t E%)e, (200, y (@2t @W)* e, (tlowhe@n®) Ty,

|
We will give range of values for each of the following parameters a,b, ¢, d, e, f. The smaller

range, the less time takes the computer to generate subgroups. The chosen interval for

the parameters a,b,c,d, e, f are as follow:

a€0.50), be[0.20], ce[0.20],
de0.20], ee[0.10, fe[0.10],

We let the code to run in the background without interaction. Each change of parameter
will produce new subgroup. Note that some of the generated homomorphic image of
25 ; S5 will be repeated more than once. For example, the parameters. (0,0,0,0,0,2)
is isomorphic to the parameters (0,0,0,0,4,2). Both of them generate the same group
order,32. However, the bold face numbers that in the above parameters are the keys
to generate the group, and the rest of parameters will enable us to add more factors to
the group. For information, when we run this code, the process took couple of days to

complete and there were about 100 pages of subgroups of 2*° : S5. Please see table 1 for
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sample of generated subgroups of 2*5 : S5. If we consider the first entries of parameters
in table 1, where

a=0,b=0,c=0,d=0,e=0, f =2, order of the group is 32

and substitute them in the above general form of the group G. We will obtain the

following symmetric presentation:

G < ,y,t > Group {z,y,t|z% 42, (zy)*, £, (=~ (zy)")?, (= 2(zy)®)3, (=3 (zy)%)4,
(4 (zy)*)®, (2~ 2ya?y)?, (t, 2yz~L), (t, 4), (8, ), (EEV )Y,

The control subgroup N, is S5 which is the symmetric group of degree 5 on five letters
1,2,3,4 and 5. N can be generated by z and y, where z ~ (1,2,3,4,5) and y ~ (1,5)
and has order of 5! = 120. Thus, N = {(z, 7).

5.1 Relation

V=<t >*<ta>*x<tg>n <ty >4<t5>, |
in which, each ¢; is of order 2. '
We let t = t4 and take z ~ (1,2,3,4,5), v ~ (1,5).
The given relation is: '
(teN@)*y2 = ¢

zy = (1,2,3,4,5)(1,5) = (1,2,3,4)

(zy)? = (1,2,3,4)% = (1,3)(2,4). |
Thus, our relation is (tff‘“y)t,(f:y)2 2= (t‘(11,2,3,4)t1(11,3)(2,4))2 =e,
= (t1t2)? =e.

= tilatito = e.

Thus the final relation is:

tito = taty.

5.2 Double Coset Enumeration of &G over N

We will perform a double coset enumeration of G over N. This means, we
determine all the double cosets [w] until the set of right cosets is closed under right
multiplication by the 5 ¢;s. Furthermore, we will determine the number of single cosets

in each double coset.
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It suffices to determine for the double coset [w], the double coset to which Nwt; belongs
for one t; from each orbit of the coset stabiliser N{*) of the coset on {1,2,3,4,5}.

We denote the first double coset NeN by [x]. Since N is transitive on {1,2,3,4,5},
we take a representative coset N from [}, and a representative from {1,2,3,4,5} and

determine the double coset to which Nt4 belongs.'
NtyN = [4] = {Nt}|n € N} = {Nty, Ntg, Ni3, Nts, Nt5}

Therefore, the double coset [4] will have 5 single cosets. Since IN®| =4l =24

The number of single cosets in [4] is given byIJN%Irl‘ = ;511‘[ =5

NO >< (1,2,3), (1,5) >. ;

The orbits of N on {1,2,3,4,5} are {4} and {1,2,3,5}. We take a representative from
each orbit and multiply it by Nt4, we get:

. Nt4-t4~Ntﬁ ~Ne=N € [«].
Since, t4t4 = t?l =e= Nisjty = Ne=N.
t4 will collapse Cayley’s graph, and hence will take [4] to [x]

o Nitg-ts € [42].
Four t;’s will take [4] to [42], and hence it will extend Cayley’s graph.

In order to find the number of the single cosets in [42], we need to determine the point
stabiliser of 4 and 2, N*2. Furthermore, in N, fixing 4 and 2 will result in permuting only
three elements of N which will be 1,3 and 5.

Thus,

N2 = 53 =< (1,3,5), (1, 3) >. |
Note that;

N(12) > y42,

NtgtoN = {N(tato)"|In € N}
N(t4t2)?) = Ntgtq = Ntgts. (by relation tity = tot; = toty = tyta).
= (42) € N(12), '
= NU2) >< N2, (42) >=< (135), (35), (24) >.
This means that |[NU?| = |S;3] - 2=3!-2=12.
= the number of single cosets in [42] = #V%Iirl = % = 10.
The transversals (right coset representatives) of N(42) are:
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{Id(N),(1,2,3,4,5),(1,3,5,2,4),(1,5,4,3,2),(1,4,2,5,3), (1,3)(2,4,5), (1,5, 4),
(1,3,4,5,2), (1,4,2,3), (1,2, 3)}. ,

Therefore, different cosets are:

(42 ~ 24)1AN) = 42 = 24

(42 ~ 24)(1,2345) = 53 = 35.

(42 ~ 24)(1:3:524) = 14 =41,

(42 ~ 24)(1543.2) — 31 = 13,

(42 ~ 24)(14:2:5:3) = 95 — 52,

(42 ~ 24)(13)(2:4.5) . 54 = 45,

(42 ~ 24)(1:54) = 19 = 21.

(42 ~ 24)(13452) = 5] = 51,

(42 ~ 24)(1423) -, 23 — 32,

(42 ~ 24)(1:28) = 43 = 34,

Hence, the 10 distinct single cosets are:

42,53,14, 31,25, 54,12, 51, 23,43 (

The orbits of N42) on {1,2,3,4,5} are {2,4} and.{1,3,5}.

Taking a representative from each orbit and multiplying with Nt4to and see if this mul-

tiplication will extend the Cayley’s graph or collapse it.

o Nigtp - to = Nigtats € [4].
Since, t1t2 = toty = toty = t4dg, tg will take [42] to [4],

o Nigts - t3 € [423].
The three ¢;’s, where i € {1, 3,5} will extend Cayley’s graph from [42] to [423].

Now, for the double coset Nt4iotsN, denoted by [423], need to determine how many single
cosets are in the double coset and which #;’s will extend Cayley’s graph.
Therefore, we must first determine the point sta.blilsier N42, This means we fix 4,2 and
3 in N, and permute the other two elements.
Thus, N8 =< (1,5) > = |[N@23)| =2,
We know that N(“23) > N423,
Now, NtstotaN = {N(tstat3)"|n € N}.
We have N(tatat3)(123) = Nigtaty = Nigtats.  (since t4ty = totq)
= (423) € N(423),



= NU2) >< N4 (403) >,
we look for more relations, ,
N(tstatz)®) = Nigtsto. ‘
= (23) € NU3),
= NU23) > N428 (423), (23) >= 2 x S3. '
This means that |[N(423)| =21.3.2 =12.
= the number of single cosets in [423] = ﬁ%ﬁ = % =10,
423 = 432 = 342 = 324 = 234 = 243.
Thus;
423 = 432 = 342 = 324 = 234 = 243.

We conjugate the above equal cosets by 10 transversals which are:

{1d(N),(1,2,3,4,5),(1,3,5,2,4),(1,2,3,4), (1,4,2,5,3),(1,3,4,5),(1,5,4,3,2),

(1,4)(2,3,5),(1,5,3,2), (1,4,5)(2,3)}.

Conjugating (423 =432=342 =324 =234 = 243) with transversals:

(423 = 432 = 342 = 324 = 234 = 243)d)

=423 = 432 = 342 = 324 = 234 = 243.

(423 = 432 = 342 = 324 = 234 = 243)(12345)

=> 534 = 543 = 453 = 435 = 345 = 354.

(423 = 432 = 342 = 324 = 234 = 243)(135:2:4)

= 145 = 154 = 514 = 541 = 451 = 415.

(423 = 432 = 342 = 324 = 234 = 243)(1:234)

= 134 = 143 = 413 = 431 = 341 = 314.

(423 = 432 = 342 = 324 = 234 = 243)(14.2.53)°

= 251 = 215 = 125 = 152 = 512 = 521.

(423 = 432 = 342 = 324 = 234 = 243)(1,34:5)

= 524 = 542 = 452 = 425 = 245 = 254.

(423 =432 = 342 = 324 = 234 = 243)(1,543,2)

= 312 = 321 = 231 = 213 = 123 = 132.

(423 = 432 = 342 = 324 = 234 = 243)(1:9)(23.9)

= 135 = 153 = 513 = 531 = 351 = 315.

(423 = 432 = 342 = 324 = 234 = 243)(1532)

= 412 =421 = 241 = 214 = 124 = 142.

64
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(423 = 432 = 342 = 324 = 234 = 243)(1L:45)(2:3)
= 532 = 523 = 253'= 235 = 325 = 352.
The 10 distinct single cosets of Nigtotz N are giveir below:
[423] = {423,534, 145,134, 251, 524, 312, 135,412, 532}.
The orbits of N2 on {1,2,3,4,5} are {2,3,4} and {1,5}.
We take a representative from each orbit and multiply it by Ntsfots,we will have the

following:
o Nigtots - to = Nitgtotgts = Nigtatols = Nt4t3l S [42].

o Nigtots - ts € [4235].
New double coset that will extend Cayley’s graph from [423] is [4235]. Hence, ;

and 5 will extend it.

The double coset NtgtatstsN, which is denoted b):r [4235], has point stabiliser of
N5 =< e >, since four points are fixed and only one can permute.

However, using the above relations, we can see that N(1235) > N4235
. |

Now, we have |

423 ~ 243

= 4235 ~ 2435

4235 = 4253 = 2453 = 2543 = 5243 = 2435. .

= (5243) € N(4235) '

= NU29) > o (24), (423), (4235) >=< (2345), (23) >.
= |NU239)| =9.3.4= 24, .

= number of single cosets are ﬁl%%r =105 ‘

[N |
The transversals of N{4235) are:

{Id(N)’ (1, 2’ 31 4‘) 5)) (1! 5) 21 4)7 (17:3! 5? 27 4)! (1) 4! 21 5, 3)}'
We have the equal cosets:
4352 = 2354 = 5234 = 3425 = 3524 = 2534 = 3245 = 2345 = 5423 = 2543 = 4235
= 4325 = 2435 = 5243 = 4523 = 4532 = 3542 = 5342 = 3254 = 3452 = 5324 = 4253 =
2453 = 5432.

If we conjugate the above equal cosets by each of the transversals, we will find:

1. (4852 = 2354 = 5234 = 3425 = 3524 = 2534 = 3245 = 2345 = 5423 = 2543 =
4235 = 4325 = 2435 = 5243 = 4523 = 4532 = 3542 = 5342 = 3254 = 3452 =



5324 = 4253 = 2453 = 5432)74N)
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= (4352 = 2354 = 5234 = 3425 = 3524 = 2534 = 3245 = 2345 = 5423 = 2543 =

4235 = 4325 = 2435 = 5243 = 4523 = 4532 = 3542 = 5342
5324 = 4253 = 2453 = 5432.

2. (4352 = 2354 = 5234 = 3425 = 3524 = 2534 = 3245 = 2345

3254 = 3452 =

5423 = 2543 =

4235 = 4325 = 2435 = 5243 = 4523 = 4532 = 3542 = 5342 = 3254 = 3452 =

5324 = 4253 = 2453 = 5432)(1:2:3:4,5)

= 5431 = 4351 = 1345 = 3154 = 5134 = 3514 = 3145 = 1543 = 1453 = 4513 =

15634 = 4315 = 3415 = 4531 = 4135 = 3541 = 4153 = 5143
5413 = 5314 = 3451 = 1435.

3. (4352 = 2354 = 5234 = 3425 = 3524 = 2534 = 3245 = 2345
4235 = 4325 = 2435 = 5243 = 4523 = 4532 = 3542 = 5342
5324 = 4253 = 2453 = 5432)(1.5:2.4)

1354 = 5341 =
5423 = 2543 =
3254 = 3452 =

= 1243 = 3241 = 2341 = 1324 = 1342 = 3421 = 2431 = 1423 = 4123 = 3142 =

2413 = 4231 = 4321 = 4312 = 3412 = 4132 = 3214 = 3124
1432 = 1234 = 2314 = 2143.

|
4. (4352 = 2354 = 5234 = 3425 = 3524 = 2534 = 3245 = 2345
4235 = 4325 = 2435 = 5243 = 4523 = 4532 = 3542 = 5342
5324 = 4253 = 2453 = 5432)(1,3,5:24)

4213 = 2134 =
5423 = 2543 =
3264 = 3452 =

= 2451 = 1245 = 2514 = 1425 = 1264 = 51121 = 2541 = 4125 = 1524 = 5241 =

2415 = 1542 = 5124 = 1452 = 4512 = 4521 = 5214 = 4152
5412 = 2145 = 2154 = 4251.

5. (4352 = 2354 = 5234 = 3425 = 3524 = 2534 = 3245 = 2345
4235 = 4325 = 2435 = 5243 = 4523 = 4532 = 3542 = 5342
5324 = 4253 = 2453 = 5432){1:4.2,5,3)

M

4215 = 5142 =
5423 = 2543 =
32564 = 3452 =

= 2531 = 2513 = 1325 = 3521 = 5231 = 1253 = 1523 = 5123 = 3152 = 5132 =
3512 = 1532 = 5213 = 3215 = 5312 = 3251 = 2153 = 1352 = 2135 = 1235 =

2315 = 5312 = 2351 = 5321.
Hence, the distinct cosets of Ntatotats N will be :

[4235] = {4235,4352, 5431, 1243, 2451,2531}
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The orbits of NU23) on {1,2,3,4,5} are {1}, {2,3,4,5}.
We take a representative from each orbit and multiply by Ntatotsts, we get:

§
o Nigtotsls -t € [42351]. I
New double coset that will extend Cayley’s é;raph.

o Nitgtptsts - to = Ntatats € [435] € [423).
At the double coset Ntstatatst1 N, [42351], we will have all elements being fixed in N,
= N5l =¢ ¢ >,
we already know that N(235) >« (42), (4235) >=18;.
Now, l

42351 = 42315 — (15) € N142351),

= N85 >« (15), (42), (42351 >.
Since one of the generators of N(42351) is (42351), ithis would indicate that the orbit
of N(42351) on {1,2,3,4,5} is the single orbit, which is {1,2,3,4,5}.
The transversal of N(42351) = 1d(N). Therefore,
(12543 = 51342 = 45312 = 43125 = 25143 = 45321 = 42153 = 25134 = 14253 = 51324 =
32514 = 31542 = 25314 = 13524 = 42351 = 32415 = 23145 = 3412,5 = 41532 =
31245 = 425613 = 41352 = 15423 = 54231 = 51423 = 43251 = 42135 = 25413 = 15342 =
41235 = 15243 = 34521 = 23154 = 53421 = 15234 = 42531 = 21543 = 24513 = 45132 =
45123 = 52413 = 32541 = 34152 = 32154 = 31254 = 21435 = 12435 = 35214 = 41325 =
35412 = 15432 = 12534 = 53124 = 14352 = 12453 = 123, 54 = 13245 = 24531 = 23451 =
52431 = 15324 = 54312 = 53412 = 43521 = 35241, = 41523 = 52134 = 21453 = 52314 =
52341 = 14532 = 52143 = 35124 = 45231 = 43152 = 35142 = 21345 = 53214 = 35421 =
24315 = 13452 = 43215 = 24135 = 24351 = 31425 = 12345 = 31524 = 54321 = 34251 =
45213 = 42315 = 13425 = 215634 = 14523 = 31452 = 14235 = 41253 = 51432 = 54132 =
34215 = 51234 = 13542 = 23415 = 43512 = 24153 = 53142 = 54123 = 34512 = 23514 =
32451 = 32145 = 51243 = 25431 = 21354 = 13254 = 54213 = 14325 = 23541 = 25341 =
53241)1dN),

4

12543 = 51342 = 45312 = 43125 = 25143 = 45321 = 42153 = 2,5,134 = 14253 =
51324 = 32514 = 31542 = 25314 = 13524 = 42351 = 32415 = 23145 = 34125 = 41532 =
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31245 = 42513 = 41352 = 15423 = 54231 = 51423 = 43251 = 42135 = 25413 = 15342 =
41235 = 15243 = 34521 = 23154 = 53421 = 15234 = 42531 = 21543 = 24513 = 45132 =
45123 = 52413 = 32541 = 34152 = 32154 = 31254 = 21435 = 12435 = 35214 = 41325 =
35412 = 15432 = 12534 = 53124 = 14352 = 12453 = 12354 = 13245 = 24531 = 23451 =
52431 = 15324 = 54312 = 53412 = 43521 = 35241 = 41523 = 52134 = 21453 = 52314 =
52341 = 14532 = 52143 = 35124 = 45231 = 43152 = 35142 = 21345 = 53214 = 35421 =
24315 = 13452 = 43215 = 24135 = 24351 = 31425 = 12345 = 31524 = 54321 = 34251 =
45213 = 42315 = 13425 = 21534 = 14523 = 31452; = 14235 = 41253 = 51432 = 54132 =
34215 = 51234 = 13542 = 23415 = 43512 = 24153 = 53142 = 54123 = 34512'= 23514 =
32451 = 32145 = 51243 = 25431 = 21354 = 13254 = 54213 = 14325 = 23541 = 25341 =
53241.

This step would terminate the double coset enumeration.

Hence, all the double coset along with the single cosets they contain have been found.
1. There are six double cosets which are [«], [4]; [42], [423], [4235], [42351].

2. There are a total of 1,5,10,10, 5,1 single cosets respectively for the above double
I

cosets. |

|
3. G=NeNUNt4N U NistaN U NtgfotaN U Nigtotats N U Ntgtatstst1 N.

1
_ (I N [N |V N N
4. |G| - (WI + |fl'r(4|)l + |N(42)| + lN(423)| + |N(|42:|55)| + |N(|42351)|) ' |N|

5. |Gl=(1+5+10+10+5+1)-120 = 3840.
!
Now according to Magma, the order of G is 3840, this results will confirm that our double

coset enumeration of G over our control group N = Sj is correct.
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Table 5.1: Some finite subgroups of 2*° : S

Order of G
32

f
2

a b ¢ d e
0O 0 0 0 O

1042
32

0 6 0O0 4 0
0 0 0 0 4

2

1024
32

0 0 0 0 4 4
0 0 00 4 6
0 0 0 0 4

1024

8

6 0 0 0 4 10 32

0 0 00 8 2 32

0 0010 2 32
0 001 6 2 32
0 0 0 2 0 2 32

0 0 0 2 4 0

1024
32

2
4 .1024
c 0 0 2 4 6 32

0 0 0 2 4 8

<t =

c o

oo

oo

1024

0 0 0 2 4 10 32
6 00 2 8 2 32
0 00 30 2 32

0 0 0 3 3
0 0 0 3 6

720
32
32

3
2
2

0O 0 0 40

1024

0 0 0 4 4 0

0 00 4 4 2 32
0 0 0 4 4 4

1024

0 00 4 4 6 32

0 0 0 4 4 8

1024

0 0 0 4 4 10 32

0 0 0 4 8

32

2

0005 0 2 32
0 0 0 5 3
0 0 0 5 6

3 720
2 32

0O 00 6 0 2 32

0 00 6 4 O

1024
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v}

: Cayley’s graph

Figure 5.1



Table 5.2: Some discovered finite subgroups of 2*° : Sg

a b ¢ d e f Orderof G Group Name
0 0 0 0 0 2 32" 25: 85
0 8 10 2 4 4 1024 210: G5
0 0 0 3 3 3 720’ Se : S5
0 0 5 0 0 0 16 S5 x 2%
0 10 6 1 3 3 12° S5 x 2
0 0 8 1 0 4 1960 PGILy(49) x 2
0 0 10 0 0 3 162 (3%:2): 55
0 0 10 1 0 7 4802 (7%:2): 55
0 10 18 0 5 3 236196 (3°:2): 55
0 0 10 3 0 9 13122 (3%:2): 85
0 0 10 0 0 5 1250 (5%:2): 85
0 0 12 0 0 3 6144 (210 S5)
0 5 0 0 0 0 6 Se
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Chapter 6

Construction of 2*° : Sx in
MAGMA

In this chapter we will write the MAGMA code for %‘%ﬁ—l and give a compute-based
proof that G & 2*3 : Gj. .

We have,

G {z,y,t) = Group (z,y, ¢z’ y?, (z)?, 2%, (= (zw)' 2, (z~2(2y)?)?, (23 (2y)?),

(=4 (zy))®, (z72ya?y)?, (t, a2ya™), (1, 4°), (¢, ), (LEVHE°)2),

The group input into MAGMA as below:

> N:=Sym{5)};

» xx:=N1(1,2,3,4,5);

> yy:=N{(1,5);

> Ni=sub<N|xx,yy>;

> G, Y, t> = Group<x,y,t]x 5, y"2,(x*y)™4, (x*:=1 *(x*y)Al)A2,
(x*-2%{x*y) ~2)43; (x*-3 *(x*y)*3)"4, (x*-4 *(x*y)*4)"5,
(xA-2 *y *xA2%y)A2, 72, (t,xA2%y*xr-1),
(£, ™), (£,¥), (A (v ) N ((x*y)~2)) 2>

» Index(G;sub<G|x;y>);

32

>

Figure 6.1: Magma input

Note: Index will tell us how many single cosets are there in the above defined group.
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6.1 Relations

We know that,

[

(tit2)® =¢;
OR
tito = taty.

In order to start the double coset enumeration for ¢ over N using computer based,
MAGMA, we must define the entries of z in terms of the stabilised element, t4.

We must store each entry of z under a unique labeling called ¢s[¢] where ¢ € {1,2,3, 4, 5}.
(See figure 2)

Wehavet~1t4y = ts[d] = f(t);

Now, we define  in respect to the above expression.

1. ¢35 =¥ I
= tsls] = (). |

2. t; = 4%
= ts[1] = f(&F). !

3. ta =15
= ts[2] = f(£2°).

= ts[3] = £(12").

> ,G1, ki=CosetAction(G, sub<G]x,¥>);
> IN: =sub<61§f(x) -F(y))

> tsi=[Td(G1) : 1 in [1:..5]%;

> ts[d]:=f(t); ts{5]:=F{r2k); ts[1]: =F{LA(xh2)); ts{Z} =F(tr{x3});
ts[3]:=F(t"(x4));

Figure 6.2: Defining ts’s

According to figure 5.2 output, there exist 32 single cosets. Each single coset is stored in
a cst. The number of how many cst’s exist in a double coset, is denoted by m. Thus,

each new double coset we determine, there exist a counter called, m, m = [1..32] that is
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created. If the double coset is new and therefore will extend Cayley’s graph, then m will

increase. Otherwise, m remains unchanged.

Figure 5.3 will show how cst’s are stored and labeled [1..32].

for 1 in f1..31] do i, cst{i];end for;

T

N
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Figure 6.3: Show how cst’s are stored and labeled [1..32].

The corresponding Cayley’s diagram as illustrated earlier is as below:

5 [42] [423} [4235] [42351]
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Table 1 below, expresses the content of each double cosets that is determined in the group
with the value of corresponding m.
Note that, in MAGMA, '

1. m does not count the first double coset, [x], and therefore, 1 must be added each

time the codes run.

2. Each new double coset will increase the value of m.
For example; the double coset [4] will have 5 single cosets, and the double coset [42]
will have 10. MAGMA will produce the value of m = 15. Since, m counts the most

updated total of single cosets and not individually computed.

Table 1, defines the double cosets of 2*° : S5 with corresponding single cosets;

I

[ Double Cosets | Single Cosets # |

* 1 '
4 5

2] 10
[423] 10
[4235] 5
[42351] 1,

6.2 Composition Factors

When we type the command of composition factors in Magma, the following

result will be: (see Figure 5.4)



» £1,61,k1:=CosetAction(G,sub<Glx,y>);

> Compositionfactors{Gl);

Figure 6.4: Composition fa(::tors of 2*5 : G5

[ R Ll el et el e Y}

(Zycl:'u:'(z}w
Alternating(5)
Cyclic{2)
Cyciie{2)-
Cyclic(2)
Cyelic(2)

Cyelic(2)
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|
To discuss the above further, we name each subgroup from bottom to top with the

following label,

x = G — Gg/1 = Cy = Gg & Cy, and hence G5 'a G;

* = G5 = G5/Gg = Co
* = Gy — Gy/Gs =C>
* = Gy = G3/Gy=Cy
* = Go — G2/Gs = Cy
* = G = G1/Ge = As
* =2 G2 G/Gr=0C,
=
Go/l=Cs = Gg = Ca.

G5/G5 =0 = Gy =02 x Gg=Cy x Oy,
G4/Gs=Co = G4 =Cs x Cy x Cs.
G3/G4=Cz=>G3=Cz><CzXCgX02.

Gg/G3=Cg=>G2=CzXCgXCzXCzXCg.
G1/02=A5=>G1=A1:CgXOzXCgXCzXCg.
G/GQ=02=>G=02:A1:CzXCzXCgXCzXCQ.

S G=09:1A5:Cox Cy x Cy x Ty x Cs.
e ]

Sy

25



= our group is isomorphic to 2% : Ss.

The normal subgroup lattice will be:

Hormal subgroup lattice

{11 Order 1 tength 1 HMaximal Subgroups:

{21 Order 2 Length 1 Maximal Sz.{bgraups: 1
131 Order 16 Length 1 Maximal Subgroups: 1
[4] Order 32 Length 1 ‘Maximal Subgroups: 2 3
[53 Order 96@ Length 1 Maximal Subgroups: 3
[6] Order 1928 Length 1 Maximal Subgroups:

5
[7] Order 1928 length 1 Meximal Subgroups: 5
[8] Ordér 1928 length 1 Haximal Subgroups: 4

[¢] Order 3848 Length 1 Maximal Subgroups: 6 7' 8

Figure 6.5: Normal subgroup lattice

i
The corresponding Normal Lattice is :

[gl\
£6] m/
IsT

[4}
{3/ |
II]/

Figure 6.6: Normal subgroup lattice diagram




Now, to check if our above assumption is true and hence G = 2*5 : S5,
=G 9 G5 4 Gy 4 Gz g Gz2.

The corresponding command for the above is:

> Hea,b,c,d,e>:= Group <a,b,c,d,elar2,br2,c42,d442,e42,
(a,b),('alc),(_a,d),(a,e),(b,c_),(b_,d),,(b,e},(c,d-),
(c,e), (d,e)>;

> f4,H4,kd:= CosetAction(H, sub(HiId(H))),

> —IsIsomorph1c(H4,NL[4]),

> r;

true

Figure 6.7 MAGMA code to check for jsomorphism against NL[4]

Therefore, G4 is isomorphic to NL[4] and hence we can write:
G¢e 9 Gs 4 G4 g Gz ¢4 Ga. l
We continue the process to the next level up in the Normal Lattice.
Now, |
According to the Normal Lattice diagram, N L[8]'is the next possible isomorphic group

that we can check against. It turned to be true a,s: stated below.

> Hea,b,c,d,e,f,g,h>:= Gréup <a,byc,d,e,f,g;hla%2,b%2,¢72,d"2,
e*2,{a,b), (a;c},(a,d), (a,e),(b,c);(b,d}; (b,8),{c,d),(c,e),
(d,&),73,8°3,h"3,{F*g)"2, (f*h)*2, (g*h)“2 arf=d, b f=b LchF=a,
dAf=e, 2 f=a,a’g=a, b'g=d, c"g=c,d"g=a, e“g—b &*h=a, b h=b,
c*h=d,d*h=e,e™h=c >;

» ¥4,H5,k5:= CosetAction(H,sub<H]|Id{H)>);

> ﬁE=ISIsomorpﬁic(H5,NL{8]);

> r;

true

Figure 6.8: MAGMA code to check for isomorphism against N.L[8]

Finally, we check if G is isomorphic with NL[9], MAGMA answer’s:
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> H<a,b;c,d,e,f,g,h,i>:= Group <a,b,c,d,e,f, g, h,11a%2,b%2,c72,d"2,
e"2,(a,b), (a,c), (_a_,~d)_,{a,e),(b,c},(b,d),(b,‘g),(_c,d),(c,e}, (d,e),
#13,8°3,h"3,(f*g) "2, (F*h)"2, (g*h) "2, a f=d,;b"f=b, c"f=c,d"f=e,
e*f=a,a*g=a,b*g=d, c’g=c,d*g=e,e"g=h,a*h=a, b h=b,crh=d,d*h=e,
8°h=c, 172 ;8%i=b,a’b=a, c*i=c,d*i=d,eri=d,f =g, gti=F;h i=h >}

> £6,H6,k6:= Cosetiction(H,sub<H{Id(H)5);

> pr=Isisomorphic{He,NL[SD);
> r;

true

Figure 6.9: MAGMA code to check for isomorphism against VL[]

Therefore, From figure 6.8 we conclude that G is isomorphic to 2*° : Ss.
The complete MAGMA code is as below:



N:=Sym(5);

xx:=N1(1,2,3,4,5);

yy:=N1(1,5);

N:=sub<N|xx,yy>;

Gax,y,t>1= Group<x,y,t|x5, y*2,(x*y)*4, 42, (x*-1 *(x*y)*1)"2,
(x"-2%(x*y)"2)"3, (x"-3 *(x*y)"3)4, (x"-8 *{x*y}*4)*5,

(x1-2 *y *A2y)AD, (€, xA¥y*xr-1), (t,y"x), (t.y),

(" (ery ) e ((y)2) ) 255

Index(G,sub<G]x,y>);

£,G1,k:=CosetAction(G,sub<G|{x,y>};

IH:=sub<G1|f(x}, F{y)>;

ts:=[Id(G1) : i in [1..5]1; )

tsfd]i=F(t); ts[5]:=F(tAx); ts[1]:=F(t*(2*2)); ts[2]:=F{t (3*3));
ts[3]i=f(tr(x"4));

prodim ;= function(pt, Q, I)
v = pt;

for 1 in T do

v 1= v*(Q[iD);

end for;

return v;

end function; '

cst := [null : i in [1 .. 32]] where null is [Integers() | 1;
for 1 :=1 to 5 do

cstprodim(1, ts, [i])] := [i);

end for;

m:=9; for 1 in [1..#cst] do if cst[i] ne [] 'then m:=m+l; end if;
end for; m; '

N42:=Stabiliser(N,[4,2]); N42s:=i42;

for g in N do if 4°g eq 2 and 2"z eq 4 then N42s:=sub<N|N42s,g>;
end if; end for;

T:=Transversal (N,N42s);

for i := 1 to #T do
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s 1= [4,2]*T[i];
cst{prodim(1l, ts, ss)] := ss;
end for;
m:=0; for i in [1..#cst] do if cst[i] ne [] then m:=m+l; end if;
end for; ‘m; '

§423:=Stabiliser(N,[4,2,3]); N423s:=NA23;
for g in N do if 4%g eq 3 and 3*g eg 2 and 2%g eq 4 then
NA23s5:=sub<N|N423s,g>; ehd if; end for;
T:=Transversal (i,N423s);
for 1 := 1 to #T do

s := [4,2,3]*T[i];
cst{prodim(l, ts, ss)] := ss;
end for;
m:=@; for i in [1..#cst] do if cst[i] ne [] then m:=m+1;
end if; end for; m;
N4235:=Stabiliser(N,{4,2,3,5]); N4235s:=N4235;
for g in N do if 4°g eq 4 and S5°g eq 2 and 3*g eq 3
and 2%g eq 5 then
N42355 =5ub<N|N4235s,g>; end if; end for;

:=Transvarsal (N,N4235s); '

for i:=1 to 4T do
ss := [4,2,3,5]"T[i];
cst[prodim(1l, ts; ss)] := ss;
end for;
m:=8; for i in [1..#cst] do if cst[i] ne [] then mi=m+1;

end if; end for; m;
N42351:=Stabiliser(N,[4,2,3,5,1]); N42351s:=N42351;
for g in ¥ do if 3%g eg 4 and 5”°g eg 5 and 2°g eq 1 and 1g eq 3
and 4%g e 2 then N42351s:=sub<N|N42351s,g>; end if; end for;
h =Transversal {(N,N42351s);
for i =2 %o #T do

1= [4,2,3,5,11*T[i];

cst[prodlm(i ts, ss)] 1= s5;
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end for; _
m:=8; for i in [1..#cst] do if cst[i] ne {] then mi=m+l;
end if; end for; m;

f1,61,k1:=CosetAction(G, sub<G|x,y>);
CompositionFactors(G1); '
CompositionFactors(Gl);
ML:=Noriallattice(G1);

NL;

H<a;b,¢,d,e>:= Group <a,b,c,d,e]a™2,b"2,c72,d%2,e%2,(a,b),(a,c),
(a, d) {a;e),{b,c),fb;d), (b e),{c,d), (c,e) (d e))

fA4,H4,k4:= CosetAction(H,sub<H|Id{H)»);
r:=IsI§omorphic(H4;NL{4]);

r;

H<a,b,c,d,e,f,g,h>:= Group <a,b,c,d,e f,g,hla“z br2,c”2,d"2,eM2,
(a,b), (3,¢),{3,d),(a,e), (b,c), (b,d), (b 8),(c,d), (c, e),(d,e), 3,
B"3,h"3, (F*g)"2,(F*n)2, (g*h)"2, a7 F=0,b f=b, c F=c, d*f-e; e F=a,
a“g=a,b"g=d, cig=c,d"g=e,eg=h,a h=a, b“h=h c*h=d,d*h=e,e h=c >;
f4,H5,k5:= CosetAction(H, sub(H!Id(ﬁ))),
'=IsIsomorphic(H5 NLIBTY;
s
H<a,b,c,d,e,f,g,h,ivi= Group <a,b;c, d .8, F,8,h,1]a%2,b%2,672,d02,
e*2,(a,b), (a,¢),(a,d),{a,e),(b,c), (5, d) {b,e),;(c,d),(c5e)5(dse),
£23,873,873, (F5g)"2, (F*h)"2, (g*h)*2,a"f=d, brM=b,c M =c,d " F=e,e f=a,
a*g=a,b*p=d,c g—c,d“ =g, e’g=b,a"h=a,b "h= b,c”h=d,d"h=e,e"*h=¢,1i"2,
a*i=b,a’b=a,cti=c,d"i=d,e i=e,f i=g, g“l—F h*i=h >;
F6,H6,k6:= CosetAction(H, sub(HiId(H)>),
—IsIsomorphlc(HG NL[9D);
rs
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Chapter 7

Wreath Product of IPermutation
Groups

7.1 Definition

Definition 32. Let H and K be permutation groups acting on sets X and Y respectively
. We shall describe a very important way of constiucting a new permutation group called

the wreath product of H and K. This is to act on the set product Z=X x Y.

There are two types of the wreath product:
1. The unrestricted wreath product of X and Y, given by X Wr Y or in symbol X1V
2. The restricted wreath product of X and Y. Given by X wr Y.

Define H < §x and K < Sy.
Let, |
Z =X xY,such that XNY = ¢.
Define permutation group on Z, and let vy € H,y € Y and k € K.
nbw let,

vy =1 @9 = Eny)
("'E:yl) = (x7yl): y#yL

Y(y) € Sz since (v(¥))™! =71 (y).
Then,
¢:H S, =  H={y(y)lye H} = H(y).



vy v(y)

< H(y)ly € Y >= Dryey H(y)

Note : v(y) and ¥(y1), do not move the same element of Z.

Hy)[I<H@lyeYy#y> =1and

H(y)a< H(y)ly €>.

Define,
ke K, define  k*(z,y) — (=, yk).
Since '
(k)= (k"Y)*, k* €Sz ,
So given,
b K — Sy '
k= k>

= K > {k*|k € K} = k*.
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Therefore, the functions v — +(y) (y is a fixed ielement of ¥ with image H(y)), and

k+— k* with image K* are monomorphism from 'H and K to Sym Z. This is written

H 1K =< H(y),k*y € Y >, this is called the Base,B.
B = Drycy H(y) : K*. Note:(k*)~1H(y)k* maps:

L. (z,yk) — (zv,yk).
2. (:17, yl) —_ (33, yl)s 0N ‘7’é yk.

Hence, by definition

() y(pk* =~(yz) and  (K*)TH(y)k*

For more details see reference [Rob96].

= H(yk).
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7.2 Presentation of 2 : Z31 Ss

For better understanding the wreath products, we will consider the following

example. We will obtain a presentation for 2*9 : Z,3 1 3.

Permutation Wreath Products

29 731 S;.

v N
38 3.

3%.31=27.6.

X ={1,2,3},

Y = {4,5,6},

Zs = {e, (123)},

S3 =< (123) >. :

v = (123). l

Z=XxY ={(1,4),(1,9),(1,6),(2,4),(2,5),(2,6),(3,4),(3,5),(3,6)}.
Label the elements of Z by order 1 — 9 as follow:

Table 7.1: Labeling Z elements set

(1) (1,4
2) (1,5)
(3) (1,6)
4) (2,4)
(5) (2,5)
(6) (2,6)
(1) (3,4)
(8) (3,5)
(9) 3,6

To find -y(4), ¥(5),v(6), where 4, 5 and 6 are elements of Y. We compute them using the

above defined relation, which is :

() = (@,y) = (o1,9)
(15,3,‘1) = (miyl)! y#yl



Table 7.2: Substituting for y = 4 and labeling permutations

1. (1,4) | (24). 4
2. (1,5) | (1,5). 2
3. (1,6) | (1,6).3
1 (24) | (34). 7
5. (2,5) | 2,5).5
6. (2,6) | (2,6). 6
7. (3,4) | (1,4) . 1
8. (3,5) | (3,5).8
9. (3,6) | (3,6). 9

So from the above table,

(1,4) = (2,4), and

(2,4) — (3,4), and

(3,4) — (1,4). .
= H4)=(1 4 7). \

Now, computing y = 5

Table 7.3: Substituting for ¥ = 5 and labeling permutations
1. 1,4){ (1,4) .
(1,5) | (2,5) .
(1,6) | (1,6)".
(24) | (24)".
(2,5) | (3,5)"
(2,6) | (2,6) .
(3:4) | (3:4) .
(3,5) | (1,5)..
(3,6) | (3,6) .

—

e B B R R R
o ro| =| o oo| x| wa] o

Therefore,

(1,5) = (2,5), and

(2,5) — (3,5), and

(3,5) — (1,5).

= H()=(2 5 8). (from the above table).,
Also, (from table 7.4) we have ‘
(1,6) = (2,6), (2,6) — (3,6), and (3,6) — (1,6).
= H(@6)=(3 6 9)



Table 7.4: Substituting for y = 6 and labeling permutations
1L 18w, 1
L5 [ (15).
(16) | (26)"
2.4 | (24)"
25 [ 25"
(2,6) | (3,6) .
(34) | 34)-
G5 [ G5)-
(3:6) | (L,6) .

O RN | &1 | 2| b2

O 00| | o O = O b

Now, we compute the Base, B;

1. We computed
H4)xHB) xHB)=<(1 4 6)x(2 5 8)x(3 6 9) >.

2. We need to compute
k* and k7. :

Now, given k= (4 5 6),
and the formula for k* is : (z,y) — (z, yk)

the corresponding table will be:

Table 7.5: k* permutations
(1,4) | (1,5) .
(1,5) | (1,6) .
(1,6} | (1,4) .
24) [ (25) .
(2,5) (2,6)..
(2,6) | (2,4) .
(34) | (3,5) .
(3,5) | (3,6 .
(3,6) ] (3,4) .

=
b

©| 00| | @| o i 20| 0o
~J| O[O0 | | DV = | 2O

the permutation will be: &*=(1 2 3)(4 5 6)(7 8 9).
Similarly, for ky := (4,5)

kf=(1 2)(4 5)7 8).(from table 6)

Therefore, the generators of the group, IV, have been established :

87



88

Table 7.6: k; permutations

1 (1,4) [ (1,5). 2
2. (15) | (1,4) . 1
3. (1,6) | (1,6). 3
4 (24) | (25). 5
5. (2,5) | (2,4) . 4
6. (2,6) | (2,6).6
7. (34) | (3,5) . 8
8. (3,5) | (34).7
9. (3,6) | (3,6).9

N =< (147)(258)(369), (123)(456)(78), (12)(45)(78) >.
Hence, using program computer, Magma, to find the size of the group N,
the result is 162.
Now, we are given 2*6 : Z31 S
Which is Wreath Product (cyclic group(3) ,sym(S)P.
We need to find a presentation for Zs ! Ss. '
The general presentation for the above group is: :
N =< z,t,u,z,y|23, 13,43, (2, 1), (2,u), (¢, u), 23, ¥°, (z,9)?,
2= = U= V= V= W= >
Determining 2%,t%, u%, 29, t¥, u¥ \
We have: |
2z~ (1,4,7), t~(2,58), u~(3,6,9), '
z~(1,2,3)(4,5,6)(7,8,9) ,and y~(I, 2)(4,5:)(7, 8).
Now, '
=(2,5,8)=t, t*=(3,6,9)=u, u®=(1,4,7) =z,
2Y=(2,58)=¢t t=(1,4T =2z u¥=(3,69)=u
Therefore, a presentation for Zg ! S3 would be:
N =< z,t,u,z,y[25, 83,43, (2, 1), (z,u), (t, w), 2%, 2, (=, y)?,
=t T=uu =2, =tV =2,u =u>.
We use Magma to check if the above results are corrects. We define Sym(9) to be symmet-
ric group with 9 letters and NV, the obtained above group of order 162, Magma indicates
that W, Z3 Ss, is isomorphic to N. (See next pages )



> S:= Syn{9);
> N:=sub<S|51(1,4,7),51(2,5,8),5!(3,6,9),
51(1,2,3)(4,5,6)(7,8,9),
$1(1,2)(4,5)(7,8)>;

> W:i= HreathProduct{CyclicGroup(3),Syn(3));

> r:=IsIsomorphic(M,i);

>r;

true

>

> G4Z,t,u,x,y>=Group<z, t,u,x,ylz*3,t*3,u*3,(z,t),

(z,u), (t,u),x"3,y*2, (x*y)*2, z®x=t, tix=u, u’x=z,
zhy=t, thye=z, uye ud;

> ,G1,k:=CosetAction(G, sub<G|Id(G)>);

> s:=IsIsomorphic(G1,N);

> s:=IsIsomorphic{Gl,N);

55
zz:=81(1,4,7);
tt:=51(2,5,8);
uu:=S!(3,6,2);
xx:=51(1,2,3)(4,5,6)(7,8,9);
yy:=51(1,2)(4,5)(7,8); '

> Ni=sub<S]zz, tt,uu,xx,yy>; _

> NM<a,b,c,d,e>:=Group<a,b,c,d,e|a*3,br3,c”3,(a,b),
(a,c),(b,c),d"3,e"2,(d*e}*2, ard=b, bAd=c, c*d=a,
a*e=b, be=a, cte= c>;

> #G;
162 !

VoV VOV VY

> Sch:=SchreierSystem{NN, sub<NN|Id(NN)>);

> ArrayP:=[Id(N): 1 in [1..162]]; ,

> for 1 in 12..162] do

for> P:i=[Id(N): 1 in [1..#Sch[1]]1];

for> for j in {1..#5ch[i]] do

for[for> if Eltseq(Sch[i])[]] eq 1 then P[j]:=zz; end

if;
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for|for> if Eltseq(Schfil)[j] eq -1 then P[j]:=zz*-1; end if;

for|fory if Eltseq(Sch[i])[j] eq 2 then P[j]:=tt; end if;
for|for> if Eltseq(Sch[i]}[j] eq -2 then P[j]:=tt”-1; end ifﬂ
for|fors if Eltseq{Sch{i]}[j] eq 3 then P[j]:=uu; end if;
for|fory> if Eltseq(Sch[i])[j] eq -3 then P[j]:=uu*-1; end if;
for[for> if Eltseq(Sch{il)[j] eq 4 then P{j]:=xx; end if;
for|for> if Eltseq(Schli])[j] eq -4 then P[j]}:=xx"-1; end if;
for|for> if Eltseq(Schii])[j] eq 5 then P[j]:=yy; -end if;
for|for> end for;

for>

> Sch;

{6 Id(NN), a, b, c, d, e, a*-1, bA-1, c*-1, d-1, a * b,
a*c,a*d, a*e, a*hb*1,a*ct1, a*dr1, b*ec,
b*d b*e, b*a* 1, b*crl, b*d*1, c*d, c*e,
c*arel ¢ *br1, c®dr-1, d*e, d*ar1, d*bra,
d*crl, e*d,e*ar1, e*br1, e*ch1, at-1 * bA-Y,
at-1 ¥ cA_l, at-l * dA-1, BA-1 X A1, BA-1 ¥ dh-l, eh-l * gl

*b*c,a*bxd, a*b*e,a*b*crl, a*h*dr1,

*c¥d,a*c*e a*c*¥b"-1, a*c*d*-1, a*d*e,

*d*a*1,a*d*ch*1,a*e*d, a*e*xa*l, a*e¥cr1,

* bA-1 % cA-l, a * bA-1 * dA-1, a * cA-1l * dh-1, b * ¢ * d,

*crxg, b*rc*arl, b*xc*xdr-1,b*d*e, b*d* ari,

*d*brd, b*e*d, b*e*bh1,b*e*crl, b*arl*crd,

* gh-l * gh-1, b X er-1 ¥ d%1, c*d*e, c*d* b1,
®d ¥ ehl, cxe*d, c*e*arl,’c*e*brl, c* ar-l*brd,

* anal *dhel, ¢ * A1 ¥ dh-l; d e *ar-l, d e * br-d,

* o * A, d*at-1l *br-l, d*at-lo*xoeh-l, dF bA-l * et

*=d*ard, e *d*brl, e*dx* crl, @ * ar-1* brod,

* ah-l *x A1, e X bl X cR-1, af-) * bA-] * ch-1, at-l * bl *
A1, at-1 % -l % dnh-l, bRl X er-l % dh-1, a*b*c*d,
*c*e,a*b*xc*dh-1,a*b*d*e, a*b*d*ari,
*e*d, a*b*e*crl, a¥bhb>*cr-1*dM1,a*c*d*e,
*d®chl, avYe*e*d, a*c*e*arl,

* prul Fdhol, g * d * e *brd,'a ¥ d R e ochad,

W e Lo od oo N T O AR

# OE ¥ *

N N oo-



at-1 * ¢hl,a*e*d*at-l, a*e*d?* b,
at-t * e*21, a ¥ br-1 * chel *dhd, b *c*d*oe,
d* b1, b*c*e*d, b*c*e*bhi,
2h-1 * dh-l, b *dte®ghil, b *d*e * AL,
at=l B bl b ¥ e ¥d*ar-l, bire*dF oAl
b1 ¥ -1, b F atel ® gl X dh-l, € X d X e ¥ oatkd,
e® cr-l, c*d*prd ¥ chl, ¢ ¥eFdF pA,
d "chl, € % e * at-T ¥ BA-1, ¢ F atsl * brS1 ® dhol
ar-l * prog, d % e *at-l ¥ chel, d X e bAL ¥ gt
 Ghl % pA1 % cAd, e *od ¥ at-1 ¥ br-1, e * d ¥ at-l * -,
do*obrl * A%, e ¥ a1 ® PALL % ALl ahcl % bRl F el
Aul, a*b*c*d*e, a¥b*c*xe*d, a*Xhxd*a* b“-i,
b* *d*arl, a*c*d>*e*cril, a*c*e*d* b1,
d*e*pr-l%crl, a*xe*d® a*-1 * -1, b * ¢ * g
*ar-l, b ¥ c®Fea*®d*chl, b>dE e * gh-1 * pr-1, Brex
C @t % ol € P d % e * At % c“-i c®e*d=pr-1®nnd,
* a x gt R BALL ¥ gL, o * g % ghol ¥ b1 % A1 @)
» W1:=Stabiliser(N,1)s
> N1;
‘Permutation group M1 acting on @ set of cardinality &
Order = 18 = 2 * 372

(2, 5, 8)

(3, 6, 9 1

(2, 3,8 9,5, 6)
> for 1 in [1..162] da if ArrgyP[i] eq %‘(2 9,8,6,5,3)

then print S¢hii]; end 4f; end. forjy !
> for 1 in [1..162] do if Array?[i] eq M*(Z 5,8)

thén print Schli]; end ify end for;, ‘
> for i-im [1..162] -dd if ArrayP[i] eq N!(B,S)Q)

then grint Sch[i]s end if; end +fory,
> G<a,b,cyd, e, t>:=Group<a,b;c,d, e, t]a"3,b%3,c”3,(a,b) ,{a,c),

(b, c),d“3 e*2; (d*e)"2, a“d=b brd=c, cd=a, a“e=b,.b%e=a,

che= €, t"2,{t,d * e * c~-1),{t,b), (t <>

oM AnAm-o
#_o% X X K ¥ ® X %

noMwe *CAGHAN T
X % R RO X B % B % % K ¥ K B W



Chapter 8

Construction of Sg x Sy

In this chapter, we will find and construct, finite homomorphic images of Sg % S5,

Given, [
}

G<ayt>=
Group(z,y,t|2°, 4%, (zy)*, (27 (zy)")?, (= 2(zy)?)3, (z~3(2y))4, (=~ (2y)*)®,
(= 2ya?y)?, 82, (¢, 22yz L), (£, 5%), (£, ), (z@9°, (y@)t@w) )3, (len)t(n)®y3),

Note: this group is one of the groups that was discovered in chapter 5. The control
subgroup is N, is S5 which is the symmetric group of degree 5 on five lettersl, 2, 3, 4,
and 5. N can be generated by x and y, where = ~ (1,2,3,4,5) and y ~ (1,5). Thus
N = (z,y).

8.1 Relations

We have (£@)¢@0)")3 = ¢,

where,

t g,

z~(1,2,3,4,5),

v~ (1,5)

zy = (1,2,3,4,5)(1,5) = (1,2,3, 4),
(zy)? = (1,2,3,4)? = (1,3)(2,4).

The relation will be
ta1’2'3’4) tt(ll’3)(2’4))3 —e
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= (t1t2)3 =e€.
= lLilatitatils = e,
= tltgtl = t2t1t2.

8.2 Double Coset Enumeration of G over S;

8.2.1 Double Coset {x|

NeN, since N is transitive on {1,2, 3,4, 5} we take a representative coset N from

[*x] and a representative from {1,2,3,4,5} and determine the double coset N4 belongs.

8.2.2 Double Coset (4]

NtyN, point of stabiliser of 4 in N is the permutations in N that fixes 4,

Thus,

N®W ><(1,2,3,5),(1,5) >= S

= [NW| =41

= number of cosets are in [4] is T%\%“I = :51.} =5.
which are:

NtyN = [4] = {Nt1, Nt, Nt3, Nt4, Nis}. Therefore, the double coset [4] will have 5
single cosets.

Now, N® >« (1,2,3),(1,5) >.

The orbits of N} on N are {4} and {1,2,3,5}. We take a representative from each orbit
and multiply it by Nt4

o Ntg-ta= Nt =N € [«].
Therefore, t4 will collapse Cayley’s graph.

o Niy-to e [42).

Since this orbit is of order of 4, then four #;'s will extend Cayley’s.

The process will continue to determine all the double cosets [w], and hence all the set of
right cosets is closed under right multiplication by the 5 ¢;’s. Next graph will show all

the determined double cosets for this constructed group.
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Figure 8.1: Cayley’s grap'h for Sg x S5
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Chapter 9

Construction of Finite

Homomorphic Images of 3*° : Cs

9.1 Introduction

In this chapter, we will search for the homomorphic images of 3*° : Cs. In order
to find some of the subgroups we run the following codes with patrameters a, b, ¢, and d
as below:
Given |
for a,b,c,d in [0..10] do

G < z,t >i= Group < z, t|z°, 13, (x1), (ztt%)%, (tt7t)°, (tzt)? >;;

The above range of parameters have generated some new groups that can be constructed.
See table below:

We choose the parameters (0,2,0,5) with group order of 660 to be our group that will
perform a double coset enumeration on it. Hen(I:e, the symmetric presentation of the

progenitor is given by:
G < x,t >:= Group < =, t|z®, 3, (xtt®)?, (txt)® >;

Where Cs =<z > and = ~ (1,2,3,4,5).



Table 9.1: Some finite subgroups of 3*5 : Cs

a b ¢ d Orderof G Group Name
00 0 2 60 As
0 0 10 0 15 Z1s
00 2 4 360 Ag
0 2 0 5 660 L(2,11)
0 2 0 7 161280 2°: S,
0 2 0 8 14880 L»(31)
0 2 3 7 2520 Ay
3 3 9 5 233280

3 5 0 5 62400 U(3,4)
3 6 3 0 92160

3 9 3 0 699840

5 3 4 4 737280 210 S5
5 6 2 8 184320 2% : S
8 3 2 0 5760

8 6 2 5 184320 28 S5

9.2 Relation

We have: |
t~ ts.
Relation 1 : (ztt*)? =e. '
Relation 2 :(txt)® =e.
Relation One, (ztt*)? :
(ztt™)? ~ (ztstE)2.

(wtst2)? = (atstd 23402, ,

12345 -1
(tstUBN2 = (g15t)? = atstiatst; = 222 tshiz tsty.
(ts5t1)”
= x*(tst1 )" tsts.
= :L‘Ztltgt5t1.

Hence, the final relation is:
Tty = it

Relation Two, (t*z *t)° =e.

(txt)(tzt)(txt) (tat)(txt) = e.

totlzt®st?at’st = 2.

tedr— 42l 23 22 W0t = .
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txd W2t 2320 o220 P b =
R N L i

tx® x_4t2x4 $_3t2$3 x—~2t2 25(:_1 2,1y e.
"_/H,_/H’_.'J?_’\_iit

2 3

2= £2% 12 2=

tstg’”’ t5”2 t§”3t§*4t5 =e

We know that

x ~ (12345).

x? ~ (13524).

xd ~ (14253).

zt ~ (54321).

2% ~ Id.

Thus,
tstitgtitits = e

Therefore, the final relation is:
tstitatstats = e.

hence,

tot1tz = tstats. '

9.3 Double Coset Enumeration

9.3.1 Double Coset [%] .

like 5 and determine the double coset to which Nts belongs.

NtsN = [5] = {Nt¢|n € N} = {Nt1, Nta, Nt3, Nty4, Nt5}.
NizN = [5] = {Ni5'|n € N} = {Nt%;, Ntg, Nt3, Nt4, Nis}.

9.3.2 Double Coset [5]

Therefore, stabilising 5, N°, then N® = ¢,
Orbits N® are {1}, {2}, {3}, {4}, {5}, {1}, {2}, {3}, {4}, {5}.

From above, the double coset [5] will have 5 single cosets, we take a representative from

each orbit, and multiply it by Nts,



10.

Nts - t; € [51].
Extends Cayley’s graph.

. Nts - 13 € [52].

Extends Cayley’s graph.

Nig-13 € [53]

Extends Cayley’s graph.

Ntg-ts € [54].
Extends Cayley’s graph.

. Nts - t5 =N%EE[51.

[55] will go back to [5]

. Nt -i; € [51]. Extends Cayley’s graph.

Nts -3 € [52]. Extends Cayley’s graph.

Nts - 13 € [53] € [51).

Because #5713 = (54321)(54321)(t5ty)(51239(123),

Thus, tsty = (54321)(54321)tafz = x¥taty.
= (53] = [12]. Collapse Cayley’s graph l

. Nt5‘EG [55]

Now, t5z = g(ts%a)".
where ¢ = (51234)(51234) = z and h = Id.
=> [62] = [54] . Collapse Cayley’s graph.

Nt -15 = Ne € [+].
[55] will go back to [«].

9.3.3 Double Coset {5]

Orbits N® are {1}, {2}, {3}, {4}, {5}, {1}, {3}, {3}, {4}, {B}-

Stabilising 5, N5, then N® =¢,
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From above, the double coset [5] will have 5 single cosets, we take a representative from
each orbit, and multiply it by N5,



10.

. Nists € [#].
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. Nist; € [B1].

Extends Cayley’s graph.

Nists € [52].
Extends Cayley’s graph.

Nigt; € [53] € [B1].

Now Z5t; = (51234)(51234)(T5ts) .
= [51] = [63].

Collapse Cayley’s graph

. Nt§t4 S [52]

Since, Nistz = g(Ntsts)" where g = (51234)(51234) and h = (54321)(54321)
= [102] = g[43]

. Ntst1 € [51).

Eixtends Cayley’s graph. I
I

J.Vt5t2 (S [53]
[53] = 9[5_2]h, where g = (53142)(53142) = :L'?’, and h = (52413)(52413).
= [53] = z3[24). i

|

Nists € [33]
Extends Cayley’s graph.

Nisty € [51]
[51] = g[54)* where g = 2% and h = e.
= [51] = z3[54].

Nists € [5]

9.3.4 Double Coset [51]

Stabilising 5 and 1, N5, then N°! =,

Orbits N> are {1}, {2}, {8},{4}, {5}, {1}, {2}, {3}, {4}, {5}-

the double coset [51] will have 5 single cosets, we take a representative from each orbit,

and multiply it by Ntst;,
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1. Ntstit; = Nisty € [51].

2. Nigtits € [5_4]
Because [5,4] = g[512]" where g=e , h = z.
= [5,4] = [123].

3. Nistitz € [513].
Extends Cayley’s graph.

4. Nigtitg € [5]
Since,[5] = g[514]" where g = 2% and h = e.
= [5] = z?[514].

5. Nigtits € [515}.
Extends Cayley’s graph.

6. Nst13; = Nty € [5].

7. Ntstit € [123). .
Since, [513] = g[512]* where g =2 and h =z
= [513] = 23[123]. ;

8. Ntzt,%3 € [51]. ‘
Since, [51] = g[513), where z = 22, and h = z%.
= [51] = 2%[452].

9. Nt5t1ﬂ = [52]
Since, [32] = 23[514]*"
= [62] = z3[453].
10. Ntst,Is € [515].

Extends Cayley’s graph.

Due to limited time, I was unable to finish this chapter. However, I have attached
all my computer-based proof, in which all double cosets were determined. (Please see

Appendix C and below the corresponding Cayley’s graph.)



[521)

529 [s23)

(329

[s21]

[525]

Isz22] [525]

Figure 9.1: Cayley’s graph for G over Ly(11)
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Chapter 10

Finite Homomorphic Images of

Some Progenitors

In this chapter, we will search for the homomorphic images of some progenitors.

10.1 The Homomorphic Images' of Progenitor 2*¢ : A4

The following parameters are chosen: for ¢ in [0..50] do for b in [0..20] do for ¢
in [0..20] do for d in [0..20] do for e in [0..10] do for f in [0..10] do
G < x,y,t > Group < z,y, t|lzt, 3%, (zy)?, (v "z~ lyz)?, 82, (¢, 1),
(, (@) (@yt)®, () 1), (@t@07)e, (a¥4)d, (y=at@)ye, (Eve@o)*)f >,
A :=ToddCozeter(G, sub < G|z, y >: CosetLimit := 10000000);
if A ge 4 then a,b,¢,d, e, [, A; end if;

The table below shows some of the discovered groups.

Table 10.1: Some finite subgroups of 2*6 : Ag

a b c d e f Orderof G Group Name
o 0o 00 0 2 64 25 : S

0 0 0 0 6 O 14 S7

0O 0 0 0 10 3 486 3°: 55

0 0 0 0 10 4 65536 3°: S

0 0 80 0 O 128 2°: Gg
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10.2 PGLy(13) is an Image of the Progenitor 2*7 : S;

given by
G < z,y,t > Group < z,v, £z, ¥2, (z9)2, 17, (£,3), (2)7, ("°1)* >;
The order of the group, |G| is equal to 2184, and the composition factor for the group is:
Composition Factors(G1);
G
| Cyclic(2)
*
| A(1,13) = L(2,13)
1

10.3 S; x 72 is an Image of the Progenitor 27 : S,

given by ‘
G < z,y,t >= Group < z,y, t|z*, ¥, (zv), £, (t, v), (t%, v), (xt)* >;
The order of |G| is equal to 8232.
The composition factors is;

c |

| Cyclic(2)

*

| Cyelic(3)

*

| Cyclic(2)

*

| Cyclie(2)

*

| Cyelic(7)

*

| Cyelic(7)

*

1



Appendix A: MAGMA Code for
86 X 55

N:=Sym(5) ;

xx:=N!(1,2,3,4,5); .

yy:=N!(1,5); !

N:=sub<N|xx,yy>;

G<x,y,t>:= Group<x,y,t|x"5, y°2,(x+y)~4, (x"-1 #(xxy)~1)"2,
(x™-2% (xxy) ~2) "3, (x~-3 *(x*y)"3)"4, (x"-4 *(x*y)"4)"5,

(x"=2 *y *x"2ky)"2,£72, (t,x"2#y*x"-1), (é,y“x),(t,y),

(x~(y*5) "3, (¥~ Goky) *xx6™ ((xxy) “2))) 73, (£~ (ey) *t~ ((x*y) "2) ) ~3>;
Index(G,sub<Glx,y>); :
#DoubleCosets (G, sub<G|x,y>,sub<Glx,y>);
f,G1,k:=CosetAction(G,sub<Glx,y>);
IN:=sub<Gl|£(x),f(y)>;

ts:=[1d(G1) : i in [1..5]];

ts[4] :=£f(t);

ts[5] :=f(+"x); I
ts[1]:=£(t" (x"2));

ts[2] :=f (£~ (x"3));

ts[3]:=f(t"(x"4));

N4:=Stabiliser(N, [4]); N4s:=N4;

S:={[41};

S55:=8"N;

#8S;

104
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8SS:=Setseq(8S);

for i in [1..#S8] do

for g in IN do if ts[4] eq g*ts[Rep(SSSTil)[11]
then print SSS[i]; end if; end for; end for;
N4:=Stabiliser (N, [4]);

#N4; N4,

Nds:=N4;

Nds; #N4s;0rbits (Nds);

[4] "N4s;

T:=Transversal (N,N4s);

#T,T;

for i in [1..#T] do ([4]~N4s)~T[i];end for;
for i := 1 to #T do

ss := [4]°T[i]; |

end for; 1
prodim := function(pt, Q, I) l

v = pt;

for i in I do
v = v (QILD);
end for; '

return v;

end function; ,

cst := [null : i in [1 .. 720]] where null is [Integers() | 1;
for i =1 to 5 do

cstprodim(1l, ts, [i1)] := [i]; '

end for;

m:=0; for i in [1..#cst] do if cst[i] ne [l then m:=m+1; end if;
end for; m;

N42:=Stabiliser (N, [4,2]); N42s:=N42;

S:={[4,21};

§5:=8"N;

#3S;
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S8S:=Setseq(SS);
for i in [1..#88] do
for g in IN do if ts[4]*ts[2] eq g+ts[Rep(SSS[i]) [1]11*ts[Rep(SSS[il) [2]1]
then print SSS[i]; end if; end for; end for;
for g in IN do for k in IN do if ts[4]xts[2] eq g+( ts[4])"k then g,k;
break; end if; end for;end for;
#N42; N42;
N42s:=N42;
N42s; #N42s;0rbits (N42s);
[4,2] "N42s;
T:=Transversal (N,N42s);
#T,T;
for i in [1..#T] do ([4,2])"N42s)"T[i];end for;
for i = 1 to #T do :
ss := [4,2]"T[i];
cstprodim(1, ts, ss)] := ss;
end for; [
m:=0; for i in [1..#cst] do if cst[i] ne [] then m:=m+1; end if; end for;
m; .
N423:=Stabiliser(N, [4,2,3]); N423s:=N423; )
s:={[4,2,31}; :
S5:=8"N; '
#58; !
S55:=8etseq(SS);
for i in [1..#S8] do v,
for g in IN do if ts[4]*ts[2]*ts[3] eq g*ts[Rep(S8SS[il) [1]]
*ts [Rep(8SS[i]) [2])*ts[Rep(SSS[il) [3]]
then print S8S[i]; end if; end for; end for;
for g in IN do for k in IN do if ts[4]l*ts[2] *ts[3] eq
gx( ts[4])"k then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3] eg
gx( ts[41*ts[2]) "k then g,k; break; end if; end for;end for;
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#N423; N423;

N423s:=N423;

N423s; #N423s;0rbits (N423s);

[4,2,3]"N42s; (

T:=Transversal (N,N423s);

#T,T,

for i in [1..#T]1 do ([4,2,3]1°N423s)"T[i];end for;

for i := 1 to #T do

ss := [4,2,3]°T[i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..#cst] do if cst[i] ne E] then m:=m+1; end if;
end for; m;

N424:=8Stabiliser (N, [4,2,4]); N424s:=N424;

S:={[4,2,41};

88:=5"N; !

#33;

S8S:=Setseq(SS); '

for i in [1..#88] do

for g in IN do if ts[4]*ts[2]*ts[4] eq
gxts[Rep(SSS[il) [1]1]1*ts [Rep(SSS[il) [2]1]*ts [Rep(SSSLil) [31]

then print SSS[il; end if; end for; end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[4] eq g*( ts[4])k

then g,k; break; end if; end for;end for;

for g in IN do for k in IN do if ts[4l#ts[2] *ts[4] eq g*( ts[4]*ts[2]) "k
then g,k; break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]xts[2] *ts[4]

eq g*( ts[4]*ts[2]*ts[3]) "k

then g,k; break; end if; end for;end for;

#N424; N424;

N424s:=N424;

N424s; #N424s;0rbits (N424s);
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[4,2,4] "N424s;

T:=Transversal (N,N424s);

#T,T;

for i in [1..#T] do ([4,2,4]"N424s)"T{i];end for;

for i := 1 to #T do

ss ;= [4,2,4]1°T[il;

cst[prodim(1, ts, ss8)] := ss;

end for;

o m:=0; for i in [1..#cst] do if cst[i] ne [] then m:=m+1;
end if; end for; m;

N4231:=Stabiliser(N, [4,2,3,1]); N4231s:=N4231;
8:={[4,2,3,11};

8S:=8"N;

#35; i
883:=Setseq(SS);

for i in [1..#SS] do

for g in IN do if ts[4]*ts[2]*ts[3] *ts[ileq g*ts[Rep(SSS({il) [1]]
+ts [Rep(SSS[4]) [2]]*ts [Rep(sSS[1]) [31]#ts [Rep(SSS[11) [41]
then print SSS[il; end if; end for; end for;

for g in IN do for k in IN do if ts[4]*tst2] *ts[3]#*ts[1]
eq gx( ts[4])"k then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] #*ts[3] *ts[1]
eq g*( ts[4]*ts[2])"k then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[1]
eq g*¥( ts[4]*ts[2]*ts[3]) "k then g,k; break; end if; end for;end for;
#N4231; N4231;

N4231s:=N4231;

N4231s; #N4231s;0rbits (N4231s);

[4,2,3,1]"N4231s;

T:=Transversal (N,N4231s);

#T,T;

for i in [1..#T] do ([4,2,3,1]°N4231s)"T[i];end for;
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for i :=1 to #T do
ss := [4,2,3,1]1°T[il;
cst[prodim(1l, ts, ss)] := ss;
end for;
m:=0; for i in [1..#cst] do if cst[i] ne [] then m:=m+1l; end if;
end for; m;
N4234:=Stabiliser(N, [4,2,3,4]); N4234s:=N4234;
s:={[4,2,3,41};
85:=5"N;
#SS;
855:=8etseq(SS);
for i in [1..#88] do
for g in IN do if ts[4)*ts[2]*ts(3]*ts[4] eq
gxts[Rep(888[il) [11]1#ts[Rep(SSS[i]) [2])*ts&[Rep(8SS[il) [3]]
*ts [Rep(8S8[1]) [4]]
then print 888[i); end if; end for; end for;
for g in N do if 4°g eq 3 and 2°g eq 4 and 3°g eq 2 and 47g eq 3
then N4234s:=sub<N|N4234s,g>; end if; end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[4]
eq gx( ts[4]) "k then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*tst2] *ts[3] *ts[4]
eq g*( ts[4]l*ts[2])"k then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*tst2] *ts [31*ts[4]
eq g*( ts[4]*ts[2]*ts[31) "k then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]l*ts[2] *ts[3]*ts[4]
eq gx( ts[4]l*ts[2]*ts[3)*ts[1]) "k then g,k; break; end if;
end for;end for;
#N4234; N4234,
N4234s:=N4234;
N4234s; #N4234s;0rbits (N4234s);
[4,2,3,4] "N4234s;
T:=Transversal (N,N4234s);
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#T,T;

for i in [1..#T] do ([4,2,3,4]1"N4234s)-T[i];end for;

for i := 1 to #T do

ss := [4,2,3,4]"T[i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..#cst] do if cst[i) ne [1 then m:=m+1;
end if; end for; m;

N4232;:=Stabiliser(N, [4,2,3,2]); N4232s:=N4232;
s:={[4,2,3,2]};

S8:=8"N;

#S8;

8SS:=Setseq(SS);

for i in [1..#58] do

for g in IN do if ts[4]*ts[2]1*ts[3]*ts[2]éq g+ts[Rep(SSS[il) [1]]
*ts [Rep(SSS[i]) [2]1*ts[Rep(SSS[i]) [3]1]*ts[Rep(SSS[il) [4]1]
then print 888[il; end if; end for; end for;

for g in N do if 4°g eq 4 and 27g eq 3 and 37g eq 2

and 2°g eq 3

then N4232s:=sub<N|N4232s,g>; end if; end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[31*ts[2]
eq g*( ts[4])"k then g,k; break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3] *ts[2]
eq g*{ ts[4]*ts[2])"k then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]1*ts[2] *ts[3]*ts[2]
eq g+( ts[4]*ts[2]*ts[3]) "k then g,k; break; end if;

end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts(2]
eq g*( ts[4]*ts{2]*ts[4])"k then g,k; break; end if;

end for;end for;

for g in IN do for k in IN do if ts[4)*ts[2] *ts[3]*tsf2]
eq gx( ts[4]*ts[2]*ts[31*ts[1]) "k then g,k; break;
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end if; end for;end for;

#N4232; N4232;

N4232s:=N4232;
N4232s; #N4232s;0rbits (N4232s);

[4,2,3,2] "N4232s;

T:=Transversal (N,N4232s);

#T,T;

for i in [1..#T] do ([4,2,3,2]"N4232s)"T[i];end for;
for i := 1 to #T do

ss := [4,2,3,2]"T[i];

cst[prodim(1, ts, ss)] := ss;

end for;

m:=0; for i in [1..#cst] do if cst[i] ne [] then m:=m+1;
end if; end for; m;

N42321:=Stabiliser(N, [4,2,83,2,1]); N4232ls|:=N42321;
5:={[4,2,3,2,1]};
S55:=5"N;

#88; .
858 :=Setseq(SS) ; '

for i in [1..#88] do \

for g in IN do if ts[4]*ts[2]*ts[3] *ts[2]*ts([1]

eq g+ts[Rep(SSS[il) [11]1*ts[Rep(SSS[il) [21]

*ts [Rep(SSS[i]) [31]1*ts [Rep(SSS[il) [4]1]*ts[Rep(SSS[il) [5]1]
then print SSS[i]; end if; end for; end for;

for g in IN do for k in IN do if ts[4]*ts([2]

*t3[3]#ts[2] *ts[1] eq g*( tsl4l) "k

then g,k; break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2]
*ts[1] eq g*( ts[4]*ts[2]) "k

then g,k; break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]1*ts[2] *ts[3]*ts[2]
*t3[1] eq gx( ts[4]l*ts[2]1*ts[3]) "k



then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2]
*ts[1] eq g*( ts[4]*ts[2]*ts[4]1) "k

then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2]
*ts[1] eq gx( ts[4]*ts[2]*ts[3]*ts[4]) "k
then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2]
*ts[1] eq gx( ts[4]*ts[2]*ts[3]*ts[1]) "k
then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2]
*ts[1] eq gx( ts[4]*ts[2]*ts[3]*ts[2]) "k

[}
then g,k; break; end if; end for;end for;

for g in N do if 47°g eq 4 and 3°g eq 2 and

2"g eq 3 and 3"g eq 2 and 1°g eq 1

*ts[3] +ts[2]

*t5[3]*xts[2]

*ts [3] *ts[2]

*ts [3] *ts[2]

then N42321s:=sub<N|N42321s,g>; end if; end for;

#N42321; N42321;
N42321s:=N42321;

N42321s; #N42321s;0rbits (N42321s);

[4,2,3,2,1] "N42321s;

T:=Transversal (N,N42321s);

#T,T;

for i din [1..#T] do ([4,2,3,2,1]1"N42321s) "T[i];end for;

for i := 1 to #T do
88 = [4’2;3:2’1] ‘T[i];
cstlprodim(1l, ts, ss)l

end for;

m:=0; for i in [1..#cst] do if cst[i] ne [] then m:=m+1; end if;

end for; m;

= 88;

N42341:=Stabiliser(N, [4,2,3,4,1]); N42341s:=N42341;

8:={04,2,3,4,11};
88:=5"N;
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#5S;
S5S:=Setseq(8S);

for i in [1..#88] do
for g in IN do if ts[4]*ts[2]*ts[3] *ts[4]l*ts[1]

eq g*ts[Rep(855[il) [1]1]

*ts [Rep(SSS[1]) [2]]*ts [Rep(SSS[1i1) [3]1]*ts [Rep(S8S[il) [4]]
*ts [Rep(SSS[i]) [51]
then print 388S[i]; end if; end for; end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[4]
*ts[1) eq g*( ts[4])"k

then g,k; break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[4]
*ts[1] eq gx( ts{4]*ts[2])"k

then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[4]
*xts[1] eq g*( ts[4]*ts[2]*ts(3]1)"k

then g,k; break; end if; end for;end for;l

for g in IN do for k in IN do if ts[4]#*ts[2] *ts[3]*ts[4]
*ts[1] eq g+( ts[4]*ts[2]*ts[4]) "k

then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]#*ts[2] *ts[3]*ts[4]
*ts[1] eq g*( ts[4]*ts[2]*ts[3]*ts[2]) "k

then g,k; break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[4]
*ts[1] eq g*( ts[4)*ts[2]*ts[3]1*ts[1]) "k
then g,k; break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[4]
*ts[1] eq g#( ts[4]*ts[2]*ts[3]*ts[4]) "k

then g,k; break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[4]
#ts[1] eq gx( ts[4)*ts[21*ts[3]*ts[2]*ts[1]) "k

then g,k; break; end if; end for;end for;
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for g in N do if 4°g eq 3 and 27g eq 4 and 3‘g eqg 2

and 4°g eq 3 and 17g eq 1

then N4234ls:=sub<N|N4234ls,g>; end if; end for;
#N42341; N42341;

N42341s:=N42341;
N42341s; #N42341s;0rbits (N42341s);

[4,2,3,4,1] "N42341s;

T:=Transversal (N,N42341s);

#T,T;

for i in [1..#T] do ([4,2,3,4,1)"N42341s)"T[i];end for;

for i = 1 to #T do |

ss := [4,2,3,4,1]"T[i];

cst[prodim(1, ts, ss)] := ss;

end for;
m:=0; for i in [1..#cst] do if cst[i] ne [] then m:=m+1; end if;
end for; m; '
N42314:=Stabiliser(N,[4,2,3,1,4]); N42314s:=N42314;
8:={[4,2,3,1,41};
$8:=5"N;
#SS;
88S:=Setseq(SS);
for i in [1..#85] do
for g in IN do if ts{4]*ts[2]*ts[3] *ts[1]*ts[4]leq g+ts[Rep(SSS[il) [1]
1+ts[Rep(S8S[i]) [2]]1*ts[Rep(S8SS[il) [3]1]1*ts[Rep(SSS[il) [4]]
*ts[Rep(88S[i]) [5]]
then print S8S[i]; end if; end for; end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[1] *ts[5]

eq g*( ts[4])"k then g,k;

break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[1] #*ts[5b]

eq g*( ts[4]1*ts[2]) "k then g,k;

break; end if; end for;end for;



for g in IN do for k in IN do if ts[4]*ts§2]
eq g*( ts[4]*ts[2]*ts[3]) "k then g,k; |
break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2]
eq g*( ts[4]#ts[2]*ts[4]) "k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2]
eq g+( ts[4]*ts[2]*ts[31#ts[2])"k then g,k;
break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2]
eq g*( ts[4]1*ts[2]*ts[3]*ts[1]) "k then g,k;
break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts([2]
eq g*( ts[4]1*ts[2]*ts[3]*ts[4]) "k then g,ﬁ;
break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]1xts[2]
eq gx( ts[4]*ts[2]*ts[3]*#ts[2]1*#ts[1]) "k then
break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts¥2]
eq g*( ts[4]*ts[2]*ts[3]*ts[4]*ts[1]) "k then
break; end if; end for;end for;

#N42314; N42314;

N42314s5:=N42314;

N42314s; #N42314s;0rbits (N42314s);
[4,2,3,1,4] "N4214s;

T:=Transversal (N,N42314s);

#T,T;

*ts[3]*ts[1]

*t3[3]*ts[1]

xts[3] *ts [1]

*ts[3] *ts[1]

*ts[3]*ts[1]

*tg [3]*ts [1]

g,k;

*ts[3]*ts[1]
g.k;

for i in [1..#T] do ([4,2,3,1,4]1°N42314s)"T[i];end for;

for i := 1 to #T do
ss := [4,2,3,1,4]"T[i];
cst[prodim(1, ts, ss)] := ss;

end for;

xts [5]

*ts [5]

*ts [5]

*ts[5]

*ts [5]

*ts[5]

*ts [5]
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m:=0; for i in [1..#cst] do if cst[i] ne [] then m:=m+l; end if;
ena for; m;

N42315:=Stabiliser(N, [4,2,3,1,5]); N42315s:=N42315;
s:={[4,2,3,1,5]};
38:=8"N;

#3S;
58S:=Setseq(S8);

for i in [1..#SS] do
for g in IN do if ts[4]*ts[2]*ts[3] *ts[1]*ts[5]

eq g+ts[Rep(8SS[i]) [11]1*ts[Rep(SSS[il) [2]]

*ts [Rep(SSS[i]) [31]1*ts[Rep(SSS[il) [4]]

*t3 [Rep(888[i]) [E]]then print SSS[il; end if; end for; end for;
for g in IN do for k in IN do if ts[4]1*ts[2] *ts[31*ts[1] *ts[5]
eq g*( ts[4]1)"k then g,k; break; end if; ;nd for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[1] *ts([5]
eq g*( ts[41#ts[2])"k then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4l*ts[2] *ts[3]*ts[1] *ts[5]
eq g*( ts[4]*ts[2]*ts[3])"k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[1] *ts[5]
eq g*( ts[4]*ts[2]*ts[4]1) "k then g,k; break; end if;

end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]1*ts[i] =*ts[5]
eq g*{ ts[4]*ts[2]*ts[3]*ts[1]) "k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]1*ts[1] *ts[5]
eq gx( ts[4)*ts[2]*ts[3]*ts[2]) "k then g,k;
break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]1*ts[1] *ts[5]
eq g*( ts[4]*ts[2]*ts[31*ts[4]) "k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[1] *ts[5]



eq g+( ts[4]*ts[2] *ts[3l*ts[2]*ts[1]) "k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[1] *ts(6]
eq gx( ts[4]*ts[2]*ts[3]*ts[4]*ts[1]) "k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]#ts[1] *ts[5]
eq g*( ts[4]*ts[2]*ts[3]*ts[1]*ts[4]) "k then g,k;

break; end if; end for;end for;

#N42315; N42315;

N42315s:=N42315;

N42315s; #N42315s;0rbits (N42315s);

(4,2,3,1,5] "N4215s;

T:=Transversal (N,N42315s);

#T,T;

for i in [1..#T] do ([4,2,3,1,5]“N42315$2“T[i];end for;

for i := 1 to #T do

ss := [4,2,3,1,5]"T[i];

cst[prodim(1, ts, ss)] := ss;

end for;

m:=0; for i in [1..#cst] do if cst[i] ne [] then m:=m+l; end if;
end for; m;

N423214:=Stabiliser(N, [4,2,3,1,4]); N423214s:=N423214;

8:={f4,2,3,2,1,41};

85:=S"N;

#SS;

S8S:=Setseq(SS);

for i in [1..#SS] do

for g in IN do if ts[4]¥ts[2I1*ts[3] *ts[2]*ts([1]*ts[4]

eq g+ts[Rep(885[il) [1]}*ts[Rep(SSS[i]) [2]]*ts [Rep(8SS[il) [3]
1xts[Rep(8S88[il) [4]1]*ts[Rep(88S[i]) [6]]*ts[Rep(SSS[il) [6]]

then print SSS[i]; end if; end for; end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2] *ts[1]
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eq g*( ts[4])"k then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2] *ts[1] *ts[4]
eq g*( ts[4]l*ts[2]) "k then g,k; break; eqd if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2] *ts[1] *ts[4]
eq gx( ts[4]*ts[2]*ts[3]) "k then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]1*ts[2] *ts[1] *ts[4]
eq g*( ts[4]*ts[2]*ts[4])"k then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2] #*ts[1] *ts[4]
eq g*( ts[4]*ts[2]*ts[3]*ts[2]) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] »ts[3]*ts[2] *ts[1] *»ts[4]
eq gx( ts[4]*ts[2]*ts[3]*ts[1]1) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[31*ts[2] *ts[1] *ts[4]
eq g*( ts[4]+ts[2]*ts[3]*ts[4]) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]#tsT2] *ts[3]*ts[2] *ts[1] *ts[4]
eq gx( ts[4]*ts[2]*ts[3]*ts[2]#ts[1]) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]xts[2] *ts[1] *ts[4]
eq g*( ts[4]xts[2]*ts[3]*ts[4]*ts[1]) "k then g,k;
break; end if; end for;end for; '
for g in IN do for k in IN do if ts[4]*tsk2] *ts[3]*#ts[2] *ts[1] *ts[4]
eq gk( ts[4]*ts[2]*ts[3]*ts[1]*ts[4]) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]+*ts[2] *ts[1] *ts[4]
eq g*( ts[4]*ts[2]*ts[3]*ts[1]*ts[5]) "k then g,k;
break; end if; end for;end for;
#N423214; N423214;
N423214s:=N423214;
N423214s; #N423214s;0rbits (N423214s);
(4,2,3,2,1,4] "N423214s;



T:=Transversal (N,N423214s);
#T,T;

for i in [1..#T] do ([4,2,3,2,1,4]1°N423214s)"T[i];end for;

for i1 := 1 to #T do
ss := [4,2,3,2,1,4]°T[i];

cst{prodim(1, ts, ss)] := ss;

end for;

m:=0; for i in [1..#cst] do if cst[i] ne [] then m:=m+l; end if;

end for; m;

N423215:=Stabiliser(N, [4,2,3,1,5]); N423215s:=N423215;

8:={[4,2,3,2,1,5]};
S8:=8"N;

#3S;
SSS:=Setseq(SS);

for i in [1..#SS] do

for g in IN do if ts[4]*ts[2]¥ts[3] *ts[2]*ts[1]*ts[5]
eq g*ts[Rep(SSS[il) [1]11*ts[Rep(SSS[il) [2]]*ts[Rep(SSS[i]) [3]]
*ts [Rep(SSS[il) [4]1*ts[Rep(SSS[i]l) [6]1]*ts[Rep(SSS[il) [6]]

then print SSS8{il]; end if; end for; end for;
for g in IN do for k in IN do if ts[4]*ts[2]
*ts[5] eq g*( ts[4])"k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2]
*ts[6] eq g*( ts[4]*ts[2])"k then g,k;
break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2]
*ts[5] eq gx( ts[4]*ts[2]*ts[3])"k then g,k;
break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2]
*ts[5] eq g*( ts[4]*ts[2]*ts[4])"k then g,k;
break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2]

*ts[3] *ts[2]

*ts[3]*ts[2]

*ts[3]*ts[2]

*ts[3]*xta[2]

*ts[3]*ts[2]

*ts[1]

*ts[1]

*tg[1]

*xts[1]

*ts[1]
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x5 [5] eq g*( ts[4]l#*ts[2]*ts[3]*ts[2]) "k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4l*ts[2] *ts[3]*ts[2] *ts[1]
*ts[5] eq gx( ts[4]*ts[2]*ts[3]*ts[1]1) "k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*tsﬁ2] *£s[3]*ts[2] *ts[1]
*1g[5] eq gx( ts[4]*ts[2]*ts[3]1*ts[4]) "k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2] *ts[1]
*ts[5] eq gx( ts[4]*ts[2] ¥ts[3]*ts[2]*ts[1]) "k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]xts[2] *ts[1]
*t5[6] eq g*( ts[4]*ts[2]1*ts[3]*ts[4]*ts[1]) "k then g,k;

break; end if; end for;end for; !

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2] *ts[1]
*ts[5] eq g+( ts[4]+ts[2]*ts[3]*ts[1]1*ts[4]) "k then g, k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]xts[2] *ts[3]*ts[2] *ts[1]
*ts[6] eq g*( ts[4]l¥ts[2]*ts[3]*ts[1]*ts[5]) "k then g.k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]1*ts[2] *ts[31*ts[2] *ts[1]
*ts[5] eq g*( ts[4]1*ts2]*ts[3]*ts[2]*ts[1]1*ts[4]) "k then g,k;
break; end if; end for;end for;

#N423215; N423215;

N423215s:=N423215;

N423215s; #N423215s;0rbits (N423215s);

(4,2,3,2,1,5]"N423215s;
T:=Transversal (N,N423215s);

#T,T;

for i in [1..#T] do ([4,2,3,2,1,5]°N423214s) "T[i];end for;

for 1 := 1 to #T do

ss := [4,2,3,2,1,8]"T[il;
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cst[prodim(1, ts, ss)] := ss;

end for;

m:=Q; for i in [1..#cst] do if cst[i] ne [] then m:=m+1;

end if; end for; m;

N423415:=8tabiliser (N, [4,2,3,4,1,5]); N423415s:=N423415;
s5:={[4,2,3,4,1,51};

35:=8"N;

#55;

88S:=Setseq(SS);

for i in [1..#88] do

for g in IN do if ts[4]*ts[2]*ts[3] *ts[4]*ts[1]*ts[5]

eq g¥ts[Rep(SSS[il) [1]11*ts[Rep(8SS[il) [2]]1*ts[Rep(SSS[i]) [3]]

*ts [Rep (8SS[il) [411*ts[Rep(SSS[il) [51]*ts[Rep(8SS[il) [6]]

then print 88S8[il; end if; end for; end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[4] *ts[1] *ts[5]
eq g+( ts[4])"k then g,k; break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]l*ts[2] *ts[3]*ts[4] *ts[1] *ts([E]
eq g*( ts[4]*ts[2])°k then g,k; break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[4] *ts[1] =*ts[5]
eq g*( ts[4]*ts[2]*ts[3]) "k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]1*ts[4] *ts[1] *ts[5]
eq g*( ts[4]*ts[2]*ts[4]) "k then g,k; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[4] *ts[1] *ts[5]
eq g*( ts[4]*ts[2]*ts[3]1*ts[2]) "k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[4] *ts[1] *ts[5]
eq gx( ts[4]*ts[2]*ts[31*ts[1]1) "k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[4] *ts[1] *ts[5]
eq gx( ts[4]*ts[2]*ts[3]*ts[4]) "k then g,k;

break; end if; end for;end for;



for g in IN do for k in IN do if ts[4]*ts[2] xts[3]*ts[4]
eq g*( ts[4]*ts[2] ¥ts[3]*ts[2]*ts[1]) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts{2] *ts[3]*ts[4]
eq g*( ts[4]*ts[2])*ts[3]*ts[4]*ts[1]1) "k théen g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[4]
eq g*( ts[4]*ts[2]*ts[3]*ts[1]1*ts[4]) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[4]
eq gx( ts[4]xts[2]*ts[3]1*ts[1]*ts[6]) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[31*ts[4]
eq g+( ts[4]*ts[2] *ts[3]*ts[2])*ts[1]*ts[4]) "k then g,k;
break; end if; end for;end for; i
for g in IN do for k in IN do if ts[4]#ts[2] *ts[3]*ts[4]
eq gx( ts[4]*ts[2]*ts[3]*ts[2]*ts[1]*ts[5]) "k then g,k;
break; end if; end for;end for; '
#N423415; N423415;
N423415s:=N423415;
N423415s; #N423415s;0rbits (N423415s);
[4,2,3,4,1,5] "N423415s;
T:=Transversal (N,N423415s);
#T,T;

*ts[1]

*ts[1]

*xts 1]

*ts[1]

*xts[1]

*ts [1]

for i in [1..#T] do ([4,2,3,4,1,5]"N423414s)~T[i] ;end for;

for i := 1 to #T do
ss := [4,2,3,4,1,5]"T[il;
cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..#cst] do if cst[i] ne [] then m:=m+1; end if;

end for; m;

N423154:=Stabiliser(N, [4,2,3,1,5,4]); N423154s:=N423154;

*ts[5]

*ts [5]

*ts[5]

*ts[5]

*t35[5]

*ts [5]
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5:={[4,2,3,1,5,41};
S55:=3"N;

#35;
883:=8etseq(S8);

for i in [1..#88] do

for g in IN do if ts[4]*ts[2]*ts[3] *ts[1]l*ts[5]*ts[4]
eq g*ts[Rep(8S5[il) [111*ts[Rep(SSS[i]) [2]]1*ts [Rep(SSS[il) [31]
*ts [Rep(SSS[i]) [4]1]1*ts[Rep(SSS[i]) [6]1]1*ts[Rep(SSS[il) [6]]

then print SSS[i]; end if; end for; end for;
for g in IN do for k in IN do if ts[4]*ts[2]
eq gx( ts[4l*ts[2]*ts[3]*ts[1]) "k then g,k;
break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2]
eq g¥( ts[4]xts[2)*ts[31#ts[2]) "k then g,k;
break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2]
eq g*( ts[4]*ts[2]*ts[3]*ts[4])"k then g,k;
break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2]
eq g*( ts[4]*ts[2]*ts[3]*ts[2]*ts[1]) "k then
break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]xts[2]
eq g#( ts[4]*ts[2]*ts[3]*ts[4]*ts[1]) "k then
break; end if; end for;end for;

for g in IN do fér k in IN do if ts[4]x*ts[2]
eq g*( ts[4]*ts[2]*ts[3]*ts[1]*ts[4]) "k then

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*tsL2]
eq gx( ts[4]*ts[2]*ts[3]*ts[1]*ts[5]) "k then
break; end if; end for;end for;

for g in IN do for k in IN do if ts[41*ts[2]

eq g+( ta[4]*ts[2]*ts[3]*ts[2]*ts[1]*ts[4])"

*ts[3]*ts[1]

*ts[3]*ts[1]

*ts[3]*#ts[1]

*ts[3]*ts[1]
g.k;

*ts[3]*#ts[1]
g,.k;

*ts[3]*ts[1]
g.k;

xts[3] *ts[1]
g,k;

*ts [3]*ts[1]
k then g,k;

*ts[5]

*ts [5]

*ts [5]

*ts[5]

*ts [5]

*ts [5]

*ts [5]

*ts [5]

*ts[4]

*ts [4]

*ts[4]

*ts[4]

*ts [4]

*t5 [4]

*ts [4]

*ts[4]
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break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3I*ts[1] *ts[5] *ts[4]
eq g+x( ts[4]*ts[2]*ts[3]*ts[2]*#ts[1]*ts[5]1) "k then g, k;
break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]xts[1] *ts[5] *ts[4]
eq g*x( ts[4]xts[2]*ts[3]*ts[4]*ts[1]#ts[5]) "k then g,k;
break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[1] *ts[5] *ts[4]
eq gx( ts[4]*ts[2]*ts[3]*ts[1]*ts[4]*ts[5]) "k then g,k;

break; end if; end for;end for;

for g in N do if 4°g eq 5 and 2°g eq 4 and 3"g eq 2 and 1°g eq 3

and 5°g eq 1 and 4°g eq 6 then N423154s:=sub<N|N423154s,g>;

end if; end for;

#N423154; N423154;

N423154s:=N423154;

N423154s; #N423154s;0rbits (N423154s);
[4,2,3,1,5,4]"N42154s;
T:=Transversal (N,N423154s);

#T,T;

for i in [1..#T] do ([4,2,3,1,5,4]1"N423154s5)"T[i];end for;
for i := 1 to #T do

ss := [4,2,3,1,5,4]"T[i];

cst[prodim(1, ts, ss)] := ss;

end for;

N4232145:=Stabiliser(N, [4,2,3,2,1,4,5]); N42321455:=N4232145;
8:={[4,2,3,2,1,4,5]};

38:=3"N;

#33;

983:=Setseq(S8);

for i in [1..#8S] do

for g in IN do if ts[4]*ts[2]*ts[3] *ts[2]*ts[1]*ts[4] *ts[5]
eq gxts[Rep(888[i]) [1]]*ts[Rep(SSS[i]) [2]]*ts[Rep(SSS[i]) [3]]



*ts [Rep (SSS[1]) [41]1*ts [Rep(SSS[il) [6]1]*ts[Rep(SSS[il) [6]]
*ts [Rep(SSS[i]) [7]]
then print SSS[i]; end if; end for; end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2]
*ts[4] *ts[5] eq g*( ts[4]1) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2]
*ts[4] *ts[B] eq gx( ts[4]l*ts(2]) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2]
*ts[4] *ts[5] eq g*( ts[4]lxts[2]*ts[3]) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2]
*ts[5] eq g+( tsl[4]l*ts[2]*ts[4])"k then g,k;
break; end if; end for;end for; I
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]1*ts[2]
*ts[5] eq gx( ts[4]*ts[2]*ts[3]*ts[2]*ts[1]) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]»ts[2] xts[3]xts[2]
*ts[5] eq gx( ts[4]*ts[2]*ts[31*ts[4]*ts[1]) "k then g, k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2]
*ts[58] eq gx( ts[4)*ts[2]*ts[3]*ts[1]*ts[4]) "k then g,k
; break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2]

1 *ts[5] eq g*( ts[4]*ts[2]*ts[3]*ts[1]*ts[5]) "k then g,k

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2]

*ts[1]

*ts[1]

*53[1]

*ts[1]

*ts [1]

*ts[1]

*ts[1]

*ts[1]

*ts[1]

*ts[5] eq g*( ts[4]l*ts[2]*ts[3]*ts[2]*ts[1]1*ts[4]) "k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2]

*ts[1]

1 *ts[5] eq g+( ts[4l*ts[2]*ts[3]*ts[2]*ts[1]*ts[5]) "k then g,k

*xts [4]

*ts [4]

*ts [4]

*tg[4]

*ts[4

*ts[4]

*tg[4
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; break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2] *ts[1] *ts[4
] *ts[5] eq g*( ts[4]*tsl2]*ts[3]*ts[4]*ts[1]1*ts[5]) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]#ts[2] *ts[3]*ts[2] #*ts[1] =*ts[4]
*ts[5] eq g*( ts[4]l*ts[2]*ts[3]*ts{11*ts[5]1*ts[4]) "k then g,k;
break; end if; end for;end for;
for g in N do if 4"g eq 1 and 27°g eq 2 and 3°g eq 3
and 2°g eq 2 and 1°g eq 4 and 4"g eq 1 and 5°g eq 5
then N4232145s;:=sub<N|N4232145s,g>; end if; end for;
#N4232145; N4232145;
N4232145s:=N4232145;
N4232145s; #N4232145s;0rbits (N4232145s);
[4,2,3,2,1,4,5]"N4232145s; !
T:=Transversal (N,N4232145s); I
#T,T;
for i in [1..#T] do ([4,2,3,2,1,4,5] "N42321455) "T[i];end for;
for i :=1 to #T do
ss := [4,2,3,2,1,4,5]"T[il; )
cst[prodim(1, ts, ss)] := ss;
end for;
m:=0; for i in [1..#cst] do if cst[i] ne [] then m:=m+1;
end if; end for; m; .
N4232154:=Stabiliser(N, [4,2,3,2,1,5,4]);
N4232154s:=N4232154;
s:={[4,2,3,2,1,5,4]};
S5:=8"N;
#355;
585:=Setseq(88) ;
for i in [1..#S8] do
for g in IN do if ts[4]*ts[2]#ts[3] #ts[2]1+ts[1]*ts[5] *ts[4]
eq grts[Rep(8SS[i]) [1]1]*ts[Rep(8SS[il) [2]]*ts [Rep(SSS[il) [3]]



*ts [Rep (888 [i]) [411*ts[Rep(8SS[1i]) [5]1]*ts[Rep(SSS[il) [6]]
*ts [Rep(8SS[i]) [71]
then print 8S85[i]; end if; end for; end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2] *ts[1]
*ts[5] *ts[4] eq g*( ts[4]) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]1*ts[2] *ts[1]
*xtg[5] *ts{4] eq g*( ts[4]*ts[2])"k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2] *ts[1]
*ts[4] eq g*( ts[4]l*ts[2]*ts[3]) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]*ts[2] *ts[1]
*ts[4] eq gx( ts[4]*ts[21*ts[4]) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]xts[2] *ts[3]1*ts[2] *ts[1]
*ts[4] eq g+( ts[4l*ts[2])*ts[3]*ts[2]1*ts[1]) "k then g,k;
break; end if; end for;end for; :
for g in IN do for k in IN do if ts[4]*tst2] *ts[3]*ts[2] *ts[i]
] *ts[4leq g*( ts[4]*ts[2]*ts[3]*ts[4]*ts[1]) "k then g,k;
break; end if; end for;end for; .
for g in IN do for k inm IN do if ts[4]*ts[2] *ts[3]*ts[2] *ts[1]
1 *ts[4) eq g*( ts[4]*ts[2]*ts[31*ts[1]*ts[4]) "k then g,k;
break; end if; end for;end for; I
for g in IN do for k in IN do if ts[4]1*ts[2] *ts[31*ts[2] *ts[1]
sts[4] eq gx( ts[4]*ts[2]¥ts[3]+ts[1]+ts[5]1) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]¥ts[2] *ts[3]*ts[2] *ts[i]
*ts[4] eq gx( ts[4]*ts[2]*tsf3]*ts[2]*ts[1]1*ts[4]) "k then g,k;
break; end if; end for;end for;
for g in IN do for k in IN do if ts[4]xts[2] *ts[3]*ts[2] =*ts[1]
*ts[4] eq gx( ts[4]*ts[2]*ts[3]*ts[2]*ts[1]*ts[5]) "k then g,k;
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break; end if; end for;end for;

for g in IN do for k in IN do if ts[4)#ts[2] *ts[3]*ts[2] *ts[1] *ts[5]
*t5[4] eq g*( ts[4]*ts[2]*ts[3]*ts[4]*ts[1]*ts[5]) "k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[31*ts[2] *ts[1] #*ts[5]
*ts[4] eq g*( ts[4]*ts[2]*ts[3]1*ts[1]*ts[B]*ts[4]) "k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts?2] *ts[3]*ts[2] *ts[1] *ts[5]
xts[4] eq g*( ts[4)*ts[2]*ts[3]*ts[1]+ts[4]*ts[5]) "k then g,k;

break; end if; end for;end for;

for g in IN do for k in IN do if ts[4]*ts[2] *ts[3]1*ts[2] *ts([1]

*ts[5] *ts[4] eq g*( ts[4]l*ts[2]*ts[3]*ts[2]*ts[1]*ts[4]*ts[5])"k

then g,k; break; end if; end for;end for;

for g in N do if 4°g eq 4 and 2°g eq 3 and 3"°g eq 2 and 27g

eq 3 and 1"g eq 1 and 5°g éq 5 and 47g eq 4

then N4232154s:=sub<N|N4232154s,g>; end Af; end for;

#N4232154; N4232154;

N4232154s:=N4232154;

N4232154s; #N4232154s;0rbits (N4232154s)2

[4,2,3,2,1,5,4] "N4232154s; :

T:=Transversal (N,N4232154s); ‘

#T,T; .

for i in [1..#T] do ([4,2,3,2,1,5,4]°N4232154s)"T[i];end for;

for i := 1 to #T do

ss := [4,2,3,2,1,5,4]"T[i];

cst[prodim(1l, ts, ss)] := ss; !

end for;

m:=0; for i in [1..#cst] do if cst[i] ne [] then m:=m+1; end if;

end for; m;



Appendix B: MAGMA code for
30 . Cs

MAGMA OURPUT
S:=8ym(10);

> xx:=81(1,2,3,4,5)(6,7,8,9,10);

> N:=sub<S|xx>;

> G<x,t>:=Group<x,t|x"5,t"3, (x#t*t"x) "2, (t*x*t) "5>;
> Index(G,sub<Glx>);

132

> £,G1,k:=CosetAction(G,sub<Gix>);

> IN:=sub<Gi|f(x)>;

> CompositionFactors(Gl);

G
| AQL, 11) = L(2, 11)
1

>  #DoubleCosets (G, sub<G|x>,sub<G|x>) ;

28

> prodim := function(pt, Q, I)

function> /*

function> Return the image of pt under permutations Q[I]

applied sequentially\
A
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function>

function> */

function> v := pt;

function> for i in I do
function|for> v := v"(QLi]);
function|for> end for;

function> return v;
function> end function;

> ts := [Id(G1): i in [1 .. 10] 1;

> ts[5):=f(t); ts[1):=F(t"x); ts[2]:=f(t~(x"2));

ts[3]:=f(t"(x"3));ts[4] :=£(t"(x"4));

> £s[10]:=(£(t))"2; tsl6]:=(f(t"x))"2;

ts[7]:=(f (" (x"2)))"2;

ts[8] :=(£(t~(x"3)))"2;ts[91 :=(£ (£~ (x"4)))"2;
> cst ;= [null : i in [1 .. 132]] where Aull

is [Integers() | 1;

> for i :=1 to 5 do

for> cst[prodim(1, ts, [i1)] := [i];
for> end for;

> m:=0;

> for i in [1..132] do if cst[i] ne [] then m:=m+1;

end if; end for; m;
s
>

> for i ;= 6 to 10 do

for> cst [prodim(i, ts, [i])]
for> end for;
> m:=0;

> for i in [1..132] do if ecst[i] ne [] then m:=m+1;

end if; end for; m;
10
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> N51:=Stabiliser (M,[5,11);

> 8838:={[5,1]}; S8S8:=88S"N;

> §88§;

GSet{{[ 1, 2 1},{[ 2, 3 13,{[ 4, 5 13,
{3, 41¥,{[ 5, 11}

> #(888);

5

> Seqq:=Setseq(S8SS);

> Seqq;

[ £L 1, 213}, {[ 2, 3 1},{[ 4, 5 1},

{03,413} {05, 111}

> for i in [1..#SSS] do

for> for n in IN do

for{for> for n in IN do

for|forl|for> if ts[Bl*ta[l] eq

for|for|for|if> n*ts[Rep(Seqq[i])[1]]*ts[ﬁep(Seqq[i])[2]]

for|forlforlif> then print Rep(Seqqlil);

for|for|foriif> end if; end for; end for;end for;

(s,11,[5,11,[5,11,[5,11,05,1]

> N51; #N51;0rbits(N51is);

Permutation group N51 acting on a set of

cardinality 10

Order = 1

b

N51; #N51;

> N51s:=Nb1;

> #NB1s;

1

> [5,1]"Nb1s;

GSet{[ 5, 1 1}

> T51:=Transversal (N,N51);

> for i in [1..#T51] do
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for> ss:=[5,1]"T51[i];

for> cstlprodim(i, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cst[i] ne T[]
for|if> then m:=m+l; end if; end for; m;

15

> N562:=Stabiliser (N, [5,2]);

> 885:={[5,2]}; S8S5:=SSS°N;

> 8S8;

Gset{{[ 1, 3 1}, {[ 3, 513},
{[5, 21}, {[ 4, 11},
{{2, 411

> #(885);

5 |

> Seqq:=Setseq(SSS);

> Seqq;

({f 1, 3 1¥,{C 3, 5 1},{C 5, 2 1},
{[ 4, 1 1},{[ 2, 4 1}]

> for i in [1..#SSS] do

for> for n in IN do

for|for> for n in IN do

forlforlfor> if ts[5]*ts[2] eq

for|for|for|if> n*ts[Rep(Seqqlil) [1]1]*

ts[Rep(Seqql[i]) [2]]

for|for|for|if> then print Rep(Seqqlil);

for|for|for|if> end if; end for;

end for;end for;

(5,21,05,21,(5,21,[5,21,[5, 2]

> N52; #N62;0rbits(N52s);

Permutation group N52 acting on a set of

cardinality 10
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Order = 1

1

> N52s:=N52;

>  #Nb2s;

i

> [5,2] "NB2s;

GSet{[ 5, 2 1%}

> TBE2:=Transversal(N,N52);

> for i in [1..#T52] do

for> ss:=[5,2]"T62[i];

for> ecstlprodim(l, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cstl[i] ne []
for|if> then m:=m+1; end if; end for; m;
20

N53:=Stabiliser (N,[5,31);

> 888:={[5,3]}; 855:=885"N;

> S88;

GSet{{ [ 4, 2 1}, {[ 3, 11}, {[ 1, 41},
{{5,31} {02 51}

> #(Ss8);

5

> Seqq:=Setseq(S8S8);

> Seqq;

({[ 4, 21}, {[3, 11}, {[ 1, 41},
{[ 5, 31}, {[ 2, 51}

> for 1 in [1..#88S] do

for> for n in IN do

for|for> for n in IN do

for|for|for> if ts[5]*ts[3] eq

for|for|for|if> n*ts[Rep(Seqqlil) [11]*
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ts[Rep(Seaqlil) [2]]

for|forlfor|if> then print Rep(Seqql[il);
for|for|forlif> end if; end for;

end for;end for;
(s,31,[5,31,(5,31,[5,31,[5, 31
> N53; #N53;0rbits(N53s);

Permutation group N53 acting on a set of

cardinality 10

Order = 1

1

> NB53; #Nb3;

> NG3s:=Nb3;

> #NbB3s;

1 !

> [5,3]"N53s; ‘
Gset{[ 5, 3 1}
> TE3:=Transversal(N,N53);

> for i in [1..#T53] do

for> ss:=[5,3]"T63[1i]; '
for> cstlprodim(1, ts, ss)] := ss;
for> end for;

> m:=0; for i in [1..132] do if cst[i] ne'[]
for|if> then m:=m+1; end if; end for; m;:
25

> N54:=Stabiliser (¥, ([5,41);

> 888:={[5,4]1}; SSS:=8S85"N;

> 885;

GSet{{[ 5, 41 ¥, {[2, 11,{[ 4, 31},
{[1,81% {03,211}

> #(888);

5
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> Seqq:=Setseq(SSS);

> Seqq;

{L 5, 41}, {[ 2, 11}, {[ 4, 31},

{{1, 51}, {[ 3, 21}]

> for 1 in [1..#888] do

for> for n in IN do

for|for> for n in IN do

forl|for|for> if ts[bl*ts[4] eq

for|forlfor|if> n*ts[Rep(Seqql[il) [1]11*

ts[Rep(Seqqlil) [2]]

forifor|for|if> then print Rep(Seqqlil);

forl|forlfor|if> end if; end for;

end. for;end for;
(5,41,[5,41,[5,41,[5,41,[5,4]1

> N54; #N54;0rbits(N54s);

Permutation group N54 acting on a set of
cardinality 10

Order = 1

1

>> Nb4; #Nb&4;

> Nb4s:=Nb4;

>  #Nb4ds;

1

> [5,4]"Nb4s;

GSet{[ 5, 4 1}

> T54:=Transversal (N,N54);

> for i in [1..#T54] do

for> ss:=[5,4]"T64[i];

for> cst[prodim(1, ts, 8s)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cst[i] ne []

for|if> then m:=m+i; end if; end for; m;
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30

N56:=Stabiliser (N,[5,6]);

> 888:={[5,6]}; S85:=588"N;

> 88S;

Gset{{[ 3, 9 1}, {[ 5,611} {[2, 81}
{[ 4, 101}, {[ 1, 7 1}

> #(888);

5

> Seqq:=Setseé(SSS);

> Seqq;

i{r 3, 91}, {[ 5, 6 1},{0[ 2, 8 1},{[ 4, 10 1},
{[ 1, 7 1}]

> for i in [1..#S8S] do

for> for n in IN do

for|for> for n in IN do

for|for|for> if ts[5]*ts[6] eq

for|for|for|if> n*ts[Rep(Seqqli]) [1]1]*

ts[Rep(Seqqlil) [2]]

for|for|for|if> then print Rep(Seqqlil);

for|for|for|if> end if; end for;

end for;end for;

[5,6],[5 61,[5,61,[5,61,[5, 61

> N56; #Nb56;0rbits(N56s);

Permutation group NG6 acting on a set of

cardinality 10

Order = 1

1

> N56; #N56;

> N56s:=N56;

> #Nb6s;

1
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> [5,6] "N56s;

GSet{ [ 5, 6 1}

> T56:=Transversal(lN,N56)

> for i in [1..#T56] do

for> ss:=[5,61"T56[i];

for> cstlprodim(l, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cst[i] ne []
for|if> then m:=m+1; end if; end for; m;

3b

N57:=Stabiliser (N,[5,71);

> 888:={[5,7]}; 8S5S8:=888"N;

> 588

Gset{{[ 5, 7 1}, {[ 3, 101}, {[ 1, 8 13},
{[ 2, 9 1},{[ 4, 6 13}

> #(888);

i .

> Seqq:=Setseq(SS8);

> Seqq;

{C5 71403, 101}, {[1,813,{[2, 2113,
{[ 4, 6 ] }]

> for i in [1..#S88] do

for> for n in IN do

forlfor> for n in IN do

for|for|for> if ts[5]*ts[7] eq
for|forlfor|if> n*ts[Rep(Seqq[il) [1]11*
ts[Rep(Seqqli]) [2]]

forlfor!for|if> then print Rep(Seqql[il);
for|for|for|if> end if; end for;

end for;end for;

rs,71,i5, 71,08, 71,05, 71,[5, 7]



> N57; #N57;0rbits(N57s);

Permutation group N57 acting on a set of
cardinality 10

Order = 1

1

> N57; #NbG7;

> NB7s:=NbT7;

> #N57s;

1

> [5,7]"N57s;

GSet{[ 5, 71

> T57:=Transversal(N,N57);

> for i in [1..#T57] do

for> ss:=[5,71"T67[i];

for> cstlprodim(i, ts, ss)] := ss;

for> end for; .
> m:=0; for i im [1..132] do if cstli] ne []
for|if> then m:=m+1; end if; end for; m;,

40

N101:=8tabiliser (N, [10,1]); .
> 888:={[10,1]}; S8S3:=8335"N;

> 888;

GSet{{[ 6, 2 1},{[ 9, 5 1},{[ 8, 4 1},{[ 10, 1 1},
{L7, 31}

> #(888);

5

> Seqq:=Setseq(SSS);

> Seqq;

{r 6, 213¥,{[ 9, 513, {[ 8, 413}, {[ 10, 11},
{7,311

> for i in [1..#SSS] do

138



139

for> for n in IN do

forlfor> for n in IN do

for|forlfor> if ts[10]1*ts[1] eq

for|forl|forlif> n*ts[Rep(Seqql[il) [1]1]*
ts[Rep(Seqqlil) [2]1]

for|forlfor|if> then print Rep(Seqq[il);
forlfor|for|if> end if; end for; end for;end for;
[10, 113, 10, 11,0 10, 11,[ 10, 11,0 10, 1]
> N101; #N101;0rbits(N101s);
Permutation group N101 acting on a set
of cardinality 10

Order = 1

1

> Ni01; #N101;

> N101s:=N101; '
> #N101s;

1

> [10,1]1"Ni01s;

GSet{[ 10, 1 I}

> T101:=Transversal{(N,N101);

> for i in [1..#T101] do

for> ss:=[10,1]1"T101[i];

for> cstiprodim(l, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cst[i] ne [
for|if> then m:=m+1; end if; end for; m;
45

N102:=Stabiliser (N,[10,2]1);
> 885:={[10,2]}; SSS:=853"N;
> 8885;



Gset{{[ 6, 3 1},{[ 8, 5 1},{[ 10, 2 1},{[ 7, 4 13,
{[ 9, 1 1}}

> #(888);

5

> Seqq:=Setseq(SS8S);

> Seaqq;

({L 6, 313,{L 8, 5 1},i[ 10, 2 1},

{[7, 41},{09, 11}]

> for i in [1..#38S] do

for> for n in IN do

for|for> for n in IN do

for|forlfor> if ts[10]*ts[2] eq
for|for|for|if> n*ts[Rep(Seqql[i]) [1]1]*

ts [Rep(Seqq[il) [2]]

for|for!for|if> then print Rep(Seqqlil);
for|for|for|if> end if; end for; |
end for;end for;

1o, 21,L 10, 21,0 10, 21,

(10, 27,010, 2]

> N102; #N102;0rbits{N102s);

Permutation group N102 acting on a set of'
cardinality 10

Order = 1

1

> N102; #N102;

> N102s:=N102;

>  #N102s;

1

> [10,2])"N102s;

Gset{[ 10, 2 J}

> T102:=Transversal(N,N102);

> for i in [1..#T102] do

140
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for> ss:=[10,2]"T102[i]l;

for> cstlprodim(l, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cst[i] ne []
for|if> then m:=m+1; end if; end for; m;

50

N106:=Stabiliser (N, [10,6]1);

> 588:={[10,6]}; 8S5:=585°N;

> 888;

GSet{{[ 10, 6 1},{( 8, 9 1},{[ 6, 7 1},

{{7, 81x{[9, 1013}

> #(888);

5

> Seqq:=Setseq(S83); |

> Seqq;

{{f 10, 6 1},{[ 8, 9 1},{L 6, 7 1},

{7, 8 1},{f 9, 10 1}] !

> for i in [1..#883] do
for> for n in IN do !
for|for> for n in IN do

forlfor|for> if ts[10]*ts[6] eq
forlfor|for|if> n*ts[Rep(Seqqlil) [1]]*
ts[Rep(Seqqlil) [2]]

for|for|for|if> then print Rep(Seqqlil);
for|for|for|if> end if; end for;

end for;end for;

[ 10, 61,010, 61,0 10, 61,

[ 10, 6 1,[ 10, 6]

> N106; #N106;0rbits(N106s);

Permutation group N108 acting on a set of

cardinality 10
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Order = 1

1

> N106; #N106;
> N106s:=N106;
#N106s;

\"4

\4

[10,6] "N105s;

> [10,6]"N105s;

> T106:=Transversal (N,N106);

> for i in [1..#T106] do

for> ss:=[10,6] "Ti06[i];

for> cstlprodim{l, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cst[i] ne []
for|if> then m:=m+1; end if; end for; m;

565

N108:=Stabiliser (N,[10,8]);

> 835:={[10,8]}; S58:=888"N;

> 888;

GSet{{[ 7, 10 1},{[ 9, 7 1},{[ 10, 8 13,
{{ 6, 91}, {[ 8, 6 1}}

> #(888);

5

> Seqq:=Setseq(SSS);

> Seqq;

{L 7, 10 1},{[ 9, 7 1},{[ 10, 8 1},
{[ 6, 91},{([ 8, 6 1}]

> for i in [1..#888] do

for> for n in IN do

forlfor> for n in IN do

for|for|for> if ts[10]*ts({8] eq
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for|for|for|if> n¥ts[Rep(Seqqlil) [1]11*
ts[Rep(Seqq[il) [2]1]

for|for|for|if> then print Rep(Seqqlil);
for|for|for|if> end if; end for; end for;end for;
(10,81, 10, 81,0 10, 81,

{10, 81,010, 8]

> N108; #N108;0rbits(N108s);

Permutation group N108 acting on a set

of cardinality 10

Order = 1

1

> N108; #N108;

> N108s:=N108;

> #N108s;

1

> [10,8] "N108s;

GSet{[ 10, 8 1}

> T108:=Transversal (N,N108);

> for i in [1..#T108] do

for> §s:=[10,8]"T108[1i]l;

for> cstlprodim(l, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cst[i] ne []
for|if> then m:=m+1; end if; end for; m;

60

N513:=Stabiliser (N,[5,1,31);

> 588:={[5,1,3]}; 8SS:=88S8°N;

> 888;

GSet{{[ 5, 1, 3 1},{[ 2, 3, 51}, {[ 1, 2, 4 1},
{l 4, 5, 21},{[ 3, 4, 1 1}}

> #(8858);
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5

> Seqq:=Setseq(SSS);

> Seqq;

{{5,1,31x,4[ 2, 3, 51},{[ 1, 2, 4 1},
{[ 4, 5, 21},{ [ 3, 4, 1 1}]

> for i in [1..#888] do

for> for n in IN do

for|for> for n in IN do

for|for|for> if ts[5]*ts[1] *ts[3]eq

for|for|for|if> n¥ts[Rep(Seqqlil) [111*

ts [Rep(Seqq[il) [2]1*ts[Rep(Seqqlil) [3]1]

for|forlfor|if> then print Rep(Seqql[il);

for{for|for|if> end if; end for;

end for;end for;

[5,1,33,[5,1,31,[5,1, 31,

(s5,1,31,[5,1, 3]

> N513; #N513;0rbits(N513s);

Permutation group N513 acting on a set ofI

cardinality 10

Order = 1

1

> N513; #N513;

> N513s:=N513;

>  #NB13s;

1

> [5,1,3] “N513s;

GSet{[ 5, 1, 3 1}

> T513:=Transversal (N,N513);

> for i in [1..#T513] do

for> ss:=[5,1,3]1"T513[i];

for> cstlprodim(l, ts, ss)] := ss;

for> end for;
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> m:=0; for i in [1..132] do if cst[i] ne []

for|if> then m:=m+1; end if; end for; m;

65

N615:=Stabiliser (N, [5,1,51);

> 888:={[5,1,5]1}; S88:=888"N;

> 858;

GSet{{[ 1, 2, 1 1},{[ 5, 1, 51},{([ 3, 4, 31},
{C2, 3, 21},{[ 4, 5, 4 1}}

> #(888);

5

> Seqq:=Setseq(8S8);

> Seqq;

[{[1,2,11}{[5, 1,51%,{[3, 4, 31},
{l2, 38, 21}{[ 4, 5, 41}]

> for i in [1..#888] do

for> for n in IN do

for(for> for n in IN do

for|forifor> if ts[B]*ts{1] *ts[5leq !

for|for|for|if> n*ts[Rep(Seqqlil) [1]1]* '

ts[Rep(Seqq[il) [2]11*ts[Rep(Seqqlil) [31] \

for|for|for|if> then print Rep(Seqqlil);
for|for|forl|if> end if; end for;

end for;end for;
(5,1,51,[5,1,51,[5,1,5]1,
(e,1,561,[5,1,5]

> N515; #NS515;0rbits(NE16s);
Permutation group N515 acting on a set of
cardinality 10

Order = 1

1

> N515; #N515;
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> N515s:=N515;
>  #Nblbs;
1
> [5,1,6]"N515s;
GSetq
(5,1, 5]
}
> T515:=Transversal (N,N515);
> for i in [1..#T515] do
for> ss:=[5,1,5] "T515[il;
for> cstlprodim(l, ts, ss)] := ss;
for> end for;
> m:=0; for i in [1..132] do if estli] ne [J
for|if> then m:=m+1; end if; end for; m;

70

NE26:=Stabiliser (N,[5,2,6]);

> 888:={[5,2,6]}; S8S:=8S5"N;

> 888;

GSet{{ [ 2, 4, 81},{(3, 5,91,{[5, 2, 61},
{[ 4, 1, 10 13}, {[ 1, 3, 7 132}

> #(888);

5

> Seqq:=Setseq(SS8);

> Seqq;

({{ 2, 4,81r,{{ 3,5, 91} {[5, 2 61},
{[ 4,1, 10]},{[1, 3,71}

> for i in [1..#838] do

for> for n in IN do

for|for> for n in IN do

for|for|for> if ts[5]*tal2] *ts[6leq
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for|for|for|if> n¥ts[Rep(Seaqlil) [11]%*

ts[Rep(Seqq[il) [2]1]*ts[Rep(Seqqlil) [31] \

for|forlfor|if> then print Rep(Seqql[i]);

for!|for|forlif> end if; end for;

end for;end for;
[5,2,61,[5,2,61,[5,2, 61,
[5,2,61,[5, 2,61

> N526; #N526;0rbits(N526s);

Permutation group N526 acting om a set of
cardinality 10

Order = 1

1

> N526; #N526;

> N526s:=N526;

>  #N526s;

1

> [5,2,6]1"N526s;

GSet{ [ 5, 2, 6 1}

> T526:=Transversal (N,N526) ;

> for i in [1..#T526] do

for> ss:=[5,2,6] "T526[i];

for> cstlprodim(l, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cst[i] ne []

for|if> then m:=m+1; end if; end for; m;

75

N521:=Stabiliser (N,[5,2,1]);

> 8588:={[5,2,1]}; S585:=8385"N;

> 888;

Gset{ {[ 3, 5, 4 1},{[ 1, 3, 2 1},{[ 4, 1, 5 ]},
{5, 2, 11}{[2, 4, 31}}



148

> #(8S8);

5

> Seqq:=Setseq(SSS);

> Seqq;

{C 3, 5, 4 1x,{[ 1, 3, 2 1},{[ 4, 1, 5 1},
{05, 2, 11},{[ 2, 4, 3 1}]

> for i in [1..#38S] do

for> for n in IN do

for|for> for n in IN do

for|for|for> if ts[5]l*ts[2] *ts[1lleq
for|forifor!if> n*ts([Rep(Seqqlil) [1]11*
ts[Rep(Seqq[i]) [2]1*ts[Rep(Seqqlil) [3]1] \
forlfor|forlif> then print Rep(Seaql[il);
for|for|for|if> end if; end for; end for;end for;
[5,2,1],05,2,11,[5, 2,11,
(s6,2,11,[5, 2,11

> N521; #N521;0rbits(N521is);

Permutation group N521 acting on a set of
cardinality 10 '
Order = 1

1

> NB521; #Nb21;

> NB21s:=N521;

> #Nb21s;

1

> [5,2,1]"NB21s;

GSet{[ 5, 2, 1 1}

> T521:=Transversal (N,N521);

> for i in [1..#T521] do

for> ss:=[5,2,1]1"T521[1];

for> cstlprodim(1, ts, ss)] := ss;

for> end for;
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> m:=0; for i in [1..132] do if cstl[i] ne []
for|if> then m:=m+1; end if; end for; m;
80

N523:=Stabiliser (N, [5,2,31);

> 588:={(5,2,3]}; SS8S:=888°N;

> 5885;

GSet{{ [ 5, 2, 31},{( 3, 5, 11},{[ 4, 1, 2]},
{[ 2, 4, 51},{[ 1, 3, 411}

> #(888);

5

> Seqq:=Setseq(SSS);

> Beqq;

{{s 2, 31)4{[3,5, 11}{[4, 1, 21},
{{2, 4,51}{[1, 3, 411

> for i in [1..#SSS] do

for> for n in IN do

for|for> for n in IN do

for|forlfor> if ts[5]*ts[2] *ts[3]eq

for|for|for|if> n*ts[Rep(Seqq[i]) [1]1]*

ts[Rep(Seqqlil) [2]1]1*ts [Rep(Seqqlil) {311 \

for|for|for|if> then print Rep(Seqqlil); ,

for|forl|for|if> end if; end for; end for;end for;

[5,2,31,[5,2,31,[6, 2,31,

[5,2,31,[5,2,3]1]

> N5623; #N523;0rbits(N523s);

Permutation group N523 acting on a set of

cardinality 10

Order = 1

1

> NB523; #Nb23;

> Nb523s:=N523;
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> #Nb23s;
1
> [5,2,3]1"N523s;
GSet{
L5, 2, 3]
T
> T523:=Transversal(N,N523);
> for i in [1..#T523] do
for> ss8:=(5,2,3]"T523[i];
for> cstprodim{1, ts, ss)] := ss;
for> end for;
> m:;=0; for i in [1..132] do if cst[i] ne []
for|if> thenr m:=m+1; end if; end for; m;
85

N524:=Stabiliser (N, [5,2,4]);

> 588:={[5,2,4]}; S588:=8S5"N;

> 885;

Gset{{[ 4, 1, 31}, {[ 2, 4, 11},{ (1, 3,51},
{08,5, 21} {[5, 2, 413}

> #(888);

b

> Seqq:=Setseq(SSS);

> Seqq;

[L{[4, 1,31} {2, 4, 1£1>,{[1, 3,517},
{[ 3, 5, 21}, {[5, 2, 41}]

> for i in (1..#888)] do

for> for n in IN do

forlfor> for n in IN do

forlfor|for> if ts[5]*ts[2] *ts[4]eq

for|for|for|if> n*ts[Rep(Seqqlil) [1]1]*

ts[Rep(Seqq[i]) [2]1#ts[Rep(Seqql[il) [31] \
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for|forlfor|if> then print Rep(Seqqlil);
for|for|for|if> end if; end for; end for;end for;
{5,2,41,[5,2,41,[5, 2,41,
(5,2 41,[5, 2, 41

> N524; #N524;0rbits(N524s);

Permutation group N524 acting on a set of
cardinality 10

Order = 1

1

> N524; #Nb24,

> NB24s:=Nb24;

>  #Nb24s;

1

> [6,2,4] "N524s;

GSet{[ 5, 2, 4 1}

> T524:=Transversal (N,N624);

> for i in [1..#T524] do

for> ss:=[5,2,4]"T524[i];

for> cstlprodim(i, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cst[i] ne L[]
for|if> then m:=m+1; end if; end for; m;
90

N525:=Stabiliser (N,[5,2,5]1);

> 888:={[5,2,5]}; SS5:=5S5"N;

> 888;

Gset{{[ 5,2, 51% {[1,3,11%}{[4, 1,41}
{[ 3,5, 31}, {[ 2, 4, 21}}

> #(888);

b

> Seqq:=Setseq(SSS);
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> Seqq;

[{C 5, 2, 5141, 3, 1 1},i[ 4, 1, 4 1},
{3,531} {2, 4, 21}

> for i in [1..#S88] do

for> for n in IN do

for|for> for n in IN do

for|for|for> if ts[5]l*ts[2] *ts[5leq

for|for|for|if> n*ts[Rep(Seqq[i]) [1]1]=*

ts[Rep(Seqq[i]) [2]1]1*ts[Rep(Seqqlil) [31] \

for|for|for|if> then print Rep(Seqqlil);

for|for|for|if> end if; end for; end for;end for;

[s,2,5],[5,2,51,[5,2,51,

[5,2,5],[6, 2,51

> N525; #N525;0rbits(N526s);

Permutation group N525 acting on a set of

cardinality 10

Order = 1

1

> N525; #N525;

> NB26s:=N525;

> #Nb2bs;

1

> [5,2,5] "N525s;

GSet{[ 5, 2, 5 1}

> T525:=Transversal(N,N5625);

> for i in [1..#T525] do

for> ss:=[5,2,5]"T525[i];

for> cstlprodim(l, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cst[i] ne []

for|if> then m:=m+1; end if; end for; m;

95
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N5210:=Stabiliser (N,[5,2,10]);

> 888:={[5,2,10]}; S555:=388°N;

> 888;

Gset{{[ 3, 5, 8 1},{[ 1, 3, 6 1},{( 2, 4, 7 1},
{ls5, 2, 1013,{ £4,1, 911

> #(888);

5

> Seqq:=Setseq(S8S);

> Seqq;

({{ 3,656,813} {[1, 3, 6 1},{[ 2, 4, 71},
{L5, 2, 10 1},{[ 4, 1, 9 1}]

> for i in [1..#88S] do

for> for n in IN do

for{for> for n in IN do

for|forlfor> if ts[5]*ts[2] *ts[10]eq

for|for|forlif> n*ts[Rep(Seqq[il) [11]1*

ts [Rep(Seqqlil) [2]]1*ts[Rep(Seqq[i]) [3]1] \

for|for|forlif> then print Rep(Seqqlil);

for|for|forlif> end if; end for; end for;end for;

[Ls, 2, 10 ],E 5, 2,101,065, 2, 101,[5, 2, 101

[ 5,2, 101

> N5210; #N5210;0rbits(N5210s);

Permutation group N5210 acting on a set of

cardinality 10

Order = 1

1

> N5210; #N5210;

> Nb5210s:=N5210;

> #N5210s;

1

> [5,2,10] "N5210s;
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GSet{[ 5, 2, 10 1}

> T5210:=Transversal (N,N5210);

> for i in [1..#T5210] do

for> ss:=[5,2,10] ~T5210[1i];

for> cst[prodim(1, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cst[i] ne []
for|if> then m:=m+1; end if; end for; m;

100

N532:=Stabiliser (N,[5,3,2]);
> 858:={[5,3,2]}; S8S:=SSS"N;
> 885;
GSet{{ [ 3, 1, 5 1},{[ 1, 4, 3 1},{[ 4, 2, 11},
{{ 5,3, 21},{C 2, 5, 413}
> #(8S8);
5
> Seqq:=Setseq(SSS);
> Seqq;
{3, 1, 51}{(1, 4, 313,{[ 4, 2, 11},
{C{ 5, 3, 2 1},{[ 2, 5, 4 1}]
> for i in [1..#888] do
for> for n in IN do
for|for> for n in IN do
for|for|for> if ts[5l*ts[3] *ts[2]eq
for|for|for|if> n*ts[Rep(Seqqlil) [1]]
*ts (Rep(Seqa [1]) [2]]
*ts[Rep(Seqq[il) [3]1] A\
for|for|for|if> then print Rep(Seqqlil);
for|for|for|if> end if; end for; end for;end for;
[5 8 21,[5,38,2],[5,3,21,[5,3,2]
[5, 3, 2]
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> N532; #N532;0rbits(N532s);

Permutation group N632 acting on a set of
cardinality 10

Order = 1

1

> N532; #N532;

> Nb532s:=N532;

> #N532s;

1

> [5,3,2]"N5632s;

GSet{[ 5, 3, 2 1}

> T532:=Transversal{N,N532);

> for i in [1..#T532] do

for> ss:=[5,3,2] “T532[i];

for> cstlprodim(l, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cstli] ne []

for|if> then m:=m+l; end if; end for; m;
105

N535:=Stabiliser (N, [5,3,5]);

> 888:={[5,3,5]}; SSS:=838"N;

> 888;

Gset{{[ 5, 3, 51},{ [4, 2, 41},{[3, 1,31}
{(1,4,1]1}{L2,5, 21}

> #(SS8);

5

> Seqq:=Setseq(SSS);

> Seqq;

({{s,3 53+,{ (4,2 41},{[3,1, 31},
{1, 4,1]3}{[2,5, 21]1}]

> for i in [1..#S88] do
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for> for n in IN do

forl|for> for n in IN do

forifor|for> if ts[5)*ts[3] *ts[Sleq
for|for|for]if> n*ts[Rep(Seqq[i]) [1]]1%
ts[Rep(Seqq[il) [2]]*ts[Rep(Seqq[il) [31]1 \

for|for|for|if> then print Rep(Seqqlil);
for|forifor|if> end if; end for; end for;end for;
f{5,351,[5,3,51,[5, 3,51,
(5,3 51,[5,3,5]

> N535; #N535;0rbits(N535s);

Permutation group N535 acting on a set of
cardinality 10

Order = 1

1

> N635; #N535;

> N53bs:=Nb35;

> #N535bs;

1

> [5,3,5]"N535s;

GSet{ [5, 3,51}

> T535:=Transversal({lN,N535);

> for i in [1..#T535] do

for> ss:=(5,3,5]1"T535([1i];

for> cstprodim(l, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cstl[i] ne []
for|if> then m:=m+1; end if; end for; m;

110

N563:=Stabiliser (N,[5,6,3]);
> 888:={[5,6,3]}; SSS:=8SSS"N;
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> 888;

GSet{{[ 1, 7, 4 1},{[ 4, 10, 21}, {[ 3, 9, 11},
{C2 8,51{[5, 6, 31}

> #(8S8);

5

> Seqq:=Setseq(5S8);

> Seqq;

{C1,7,41%{ 04, 10, 21},{[3, 9, 11},
{02 8, 51}{(5, 6, 31}

> for i in [1..#8SS] do

for> for n in IN do

for(for> for n in IN do

for|forlfor> if ts[6]*ts[6] *ts[3leq

for|for|for|if> n*ts[Rep(Seqqlil) [11]#

ts[Rep(Seqq[il) [211*ts[Rep(Seqq[il) [3]1] \

for|forlforlif> then print Rep(Seqq[il);

for|for|for|if> end if; end for; end for;end for;

(5, 6,3],I5,6,31,[5,6,31,

(5,6,31,[5,6, 3]

> N563; #N563;0rbits(N563s);

Permutation group N563 acting on a set of

cardinality 10

Order = 1

1

> NbG63; #N563;

> N563s:=N563;

> #Nb63s;

1

> [5,6,3]°N563s;

GSet{ [ 5, 6, 3 ]}

> T563:=Transversal(N,N563);

> for i in [1..#T563] do
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for> ss:=[5,6,3] "T563[i];

for> cst[prodim(l, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cst[i] ne []
for|if> then m:=m+1; end if; end for; m;
115

N5710:=Stabiliser (N, [5,7,10]);

> 883:={[5,7,10]1}; S5S8:=S8S°N;

> 88§;

GSet{{[ 5, 7, 10 1},{[ 2, 9, 7 1},{[ 4, 6, 9 11},
{[ 3, 10, 8 1},{[ 1, 8, 6 13}

> #(885);

5

> Seqq:=Setseq(SSS);

> Seqq;

{{L5, 7, 101}{[ 2,9, 71}{[ 4, 6, 91},
{C 3, 10, 813, {[ 1, 8, 6]}]

> for i in [1..#SS5S] do

for> for n in IN do

fori{for> for n in IN do

for|for|for> if ts[5]*ts{7] *ts[10]eq

for|for|forlif> n*ts[Rep(Seqqli]) [1]1]*

ts[Rep(Seqqlil) [2]11*ts [Rep(Seqq[il) [31] \

for|for|for|if> then print Rep(Seqql[il);

for|for!|forlif> end if; end for; end for;end for;

[5, 7, 10]),[ 5, 7,101,[5, 7, 101,

(5,7,11,[5,7, 10]

> NB710; #N5710;0rbits(N5710s);

Permutation group N5710 acting on a set of

cardinality 10

Order = 1



1
> NB710; #N5710;
> N5710s:=N5710;
> #NBE710s;
1
> [5,7,10] "N5710s;
GSet{
(5,7, 101
}
> T5710:=Transversal (N,N5710);
> for i in [1..#T5710] do
for> ss:=[5,7,10] ~T5710[i];
for> cstlprodim(1l, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cst[il

for|if> then m:=m+1; end if; end for;

120

N571:=Stabiliser (N,[5,7,11);
> 888:={[5,7,1]}; SSS:=SS5"N;
> SS8;

GSet{{ [ 2, 9, 31 },{[ 4, 6, 51},{[ 3, 10, 4 1},

{01,8,21},{[5,7, 11}
> #(888);

5

> Seqq:=Setseq(SSS);

> Seqq;

{02, 9, 31}1{[4, s, 61},{[ 8, 10, 41},

{{1, 8, 213,{(5, 7, 11}
> for i in [1..#88S] do

for> for n in IN do

ne []

n;

159



160

forlfor> for n in IN do

for|forlfor> if ts[5]*ts[7] *ts[1l]eq

forlfor|for|if> nxts[Rep(Seqqlil) [1]]
*ts [Rep(Seqqlil) [2]1]1+*ts[Rep(Seqqlil) {311 \

for|forlforl|if> then print Rep(Seqqlil);

for|for|for|if> end if; end for; end for;end for;
[2,9,31,[2,9,31,[2,9,31],
[2,9,31,[2, 9 31,[4,6,51,
r4,6,53,04,6,51,04,6,5]1,
f4,6,51,[ 3, 10, ¢1,[ 3, 10, 41,
(s, 10, 41,03, 10,41,03, 10, 41,
ri,8,23,01,8,21J,[1,8,21,
{18,21,[1,8,21,[5,7,11,
[s,7,11,[5,7,11,[5,7,1]1],
(6,7, 1]

> N571; #N571;0rbits(N571s);

Permutation group N571 acting on a set of
cardinality 10

Order = 1 :

1

> Nb71; #N571;

> NB71s:=N671;

> #N571s;

1

> [5,7,1]"N571s;

GSet{[ 5, 7, 1 1}

> T571:=Transversal(N,N571);

> for i in [1..#T571] do

for> ss:=[5,7,11"T571[1i];

for> cstlprodim(1, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cstli] ne []
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for|if> then m:=m+1; end if; end for; m;
121
N1026:=Stabiliser (N, [10,2,6]);
> 888:={[10,2,61}; SSS:=8SS"N;
> S88;
GSet{{[ 8, 5, 9 1},{[ 10, 2, 6 1},{[ 6, 3, 7 ]},
{l 9,1, 101},{[ 7, 4, 813}
> #(888);
5
> Seqq:=Setseq(8S8S);
> Seqq;
({8, 5, 91¥1{C 10, 2, 6 1},{[ 6, 3, 7 1},
{9, 1, 10] }A{[ 7, 4, 8 1}]
> for i in [1..#888] do
for> for n in IN do
for|for> for n in IN do
for|for|for> if ts[10]*ts[2] *ts[6leq
for|for|for|if> n¥ts[Rep(Seqqlil) [1]]
*ts [Rep(Seqq[il) [2]]1*ts [Rep(Seqqlil) [31] \
for{for|for|if> then print Rep(Seqq[il);
forlforifor{if> end if; end for;
end for;end for; .
(10, 2,631,010, 2, 61,[10, 2,61,
[10,2 61,010,2,6]
> N1026; #N1026;0rbits(N1026s);
Permutation group N1026 acting on a set of
cardinality 10
Order = 1
i
> N1026; #N1026;
> N1026s:=N1026;
> #N1026s;
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1

> [10,2,6] "N1026s;

GSet{[ 10, 2, 6 1}

> T1026:=Transversal (N,N1026) ;

> for i in [1..#T1026] do

for> ss:=[10,2,6] "T1026[i];

for> cstlprodim(l, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if cst[i] ne []
for|if> then m:=m+1; end if; end for; m;
126

> N545:=Stabiliser (N,[5,4,5]1);
> 885:={[5,4,5]}; SSS:=8S8°N;
> 88S;
GSet{{[ 2, 1, 2 ]},{[ 4, 3, 4 1},{[ 5, 4, 5 1},
{1, 5,113,403, 2, 311
> #(888);
5
> Seqq:=Setseq(8SS);
> Seqq;
{2, 1, 2 1},{[ 4, 3, 4 1},{[ 5, 4,513,
{C 1,5, 11}, {[3, 2, 31}
> for i in [1..#88S] do
for> for n in IN do
for|for> for n in IN do
for|forifor> if ts[5]*tsl4] *ts[Bleq
forifor|for|if> n¥ts[Rep(Seqqlil) [1]]
*ts[Rep(Seqq[il) [2]1*ts [Rep(Seqqlil) [31] \
for|for|for|if> then print Rep(Seqqlil);
for|for|for|if> end if; end for; end for;end for;

[5,4, 5])[5: 4:515[5)4’5]’
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(5,4,51,[5, 4,51

> N545; #N545;0rbits(N545s);

Permutation group N545 acting on a set of
cardinality 10

Order =1

1

> N54b; #Nb45;

> N545s:=N545;

>  #N545s; ‘
1

> [5,4,5] "Nb45s;

GSet{ [ 5, 4, 51}

> T545:=Transversal(N,N545);

> for i in [1..#T545] do

for> ss:=(5,4,5]"T545[i];

for> cstlprodim(l, ts, ss)] := ss;

for> end for;

> m:=0; for i in [1..132] do if ¢st[i] ne []
for|if> then m:=m+1; end if; end for; m;
131
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