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ABSTRACT

This paper examines the complexity of linear algebra. Complexity means how
much work, or the number of calculations or time it takes, to perform a task. The
hypothesis is that tasks performed using linear algebra are not more complicated than a
factor of the work of matrix multiplication. If the amount of work could be reduced to
multiply matrices, than other tasks could also become more efficient.

The paper first looks at reducing the amount of work it takes to perform matrix
multiplication by studying Strassen’s and Laderman’s algorithms. Strassen’s algorithm
reduces the amount of work it takes to multiply 2 x 2 matrices. This idea is expanded
to include multiplying any square matrices that have rows/columns as a power of two.
Included are examples. Then we show how much work it takes to use Strassen’s idea in a
recursive formula. We also look at Laderman’s algorithm and the work he did to reduce
the amount of work it takes to multiply 3 x 3 matrices. We demonstrate his algorithm
with an example. Finally, we compare the work of multiplying matrices by traditional
methods and by Strassen’s and Laderman’s algorithms using examples and a table.

Next we study the amount of work it takes to perform basic linear algebra
tasks that include inverses, solving a system of equations, and determinants. The paper
researches sources proposing that these operations are no more complex than matrix
multiplication.

We then focus on specific operations used in linear algebra—finding an inverse,
solving a system of equations, and finding determinants. We look at each of these and
how the work is not more than a factor of the work involved in multiplying matrices of
the same size. We look at finding the inverse of a triangular matrix. And develop a
formula that shows that the work of finding the inverse of an-n x n matrix is less than a
constant factor of multiplying two n x n matrices. ‘

Further, we demonstrate how to take a square matrix and turn it into the
product of a lower triangular, upper triangular, and permutation matrix. This is called
LU P-decomposition. Now any square, invertible ma,trix.may be turned into the product of
lower triangular, upper triangular and permutation matrices, and we can find the inverse.
We show the LU P decomposition algorithm, using an explanation and an example, We
look at the work needed to find the LUP decomposition of a square n x n matrix.
The work is shown to be less than a constant factor of the work to multiply two n x n

matrices. This is important because the work of solving a system of equations and finding
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a determinant is based on using LU P decomposition.

Finally, we look at solving systems of equations using LU P decomposition. By
example we show that this method involves matrix multiplication and that the work
of solving them with it is not greater than a factor of the work needed to multiply
matrices. We also show that finding a determinant can be done by performing the LU P
decomposition. Therefore, the amount of work for finding a determinant is roughly the
same as for finding an LU P decomposition.

This study shows that the linear operations of finding an inverse, solving a
system of equations and finding a determinant are not more complex than a constant
factor of multiplying two matrices of the original size. It shows ways to reduce the
amount of work that it takes to multiply matrices. An even faster method, proposed by
Coppersmith, not examined in this paper, merits a study similar to this one. Studying

the reduction of the work involved in matrix multiplication continues.



ACKNOWLEDGEMENTS

I would like to thank Dr. Chris Freiling for all his help, support, patience and
encouragement during the development of this paper. I would also like to thank Dr. Gary
Griffing and Dr. Laura Wallace for their helpful comments and friendly assistance. It has
been a privilege to work with people dedicated to furthering education in mathematics.

I would like to thank William for his help with the diagrams. And I would also
like to thank Pennie and Ryan for their assistance. I am grateful to my family for their

encouragement and support.



vi

Table of Contents

Abstract iii
Acknowledgements v
1 Introduction 1
2 Strassen’s Algorithm 3
2.1 Presentation of Strassen’s Algorithm . . . ... ... ... ... ..... 3
2.2 Verification of Strassen’s Algorithm . . . . .. ... ... ... ....... 6
2.3 Expanding Strassen’s Algorithm . . . . ... ... ... ... ..., 8
2.4 Work Needed to Complete Strassen’s Algorithm . . . . ... ........ 13

3 Laderman’s Algorithm 16
3.1 Presentation of Laderman’s Algorithm . . . ... ... ... ........ 16
3.2 Verification of Laderman’s Algorithm . . . . . ... ... ... ....... 18
3.3 Comparing Algorithms . . . . .. .. e e e e e e e e e e e e e e e e 22
3.3.1 Traditional Method . .. .. .. ... . . . @ @i ... 22

3.3.2 Strassen’s Algorithm . . . . .. ... ... .. .. o L. 23

3.3.3 Laderman’s Algorithm . . . .. ... ... ... ... ........ 26

3.4 Work Needed to Complete Laderman’s Algorithm . . . ... .. ... ... 29
3.5 So Which Algorithm Is Better? . . .. ... ... ... ... ......... 30

4 Inversion of Matrices 32
4.1 Finding an Inverse by Matrix Multiplication . . . . . . . .. ... ... .. 32
4.2 Another Representation of Finding an Inverse by Matrix Multiplication . 42
4.3 An Example of FindinganInverse . . . ... ... ... .. ........ 43
4.4 Work Neededto FindanlInverse . ... ... .. ... ... ... 45

5 LUP Decomposition 50
5.1 Presentation of Algorithm for LUP Decomposition . . . ... ....... 50
5.2 An Example of LUP Decomposition . ... ... .............. 56

5.3 Work Needed to Complete LUP Decomposition . . . . ... ... ..... 70



6 Solving Equations

6.1 Using LUPtoSolve .. ..............

6.2 An Example of Using LUP to Solve an Equation
7 Determinants
8 Conclusion

Bibliography

vii

74
74
75

78

80

82



Chapter 1

Introduction

In our ever changing world, technology has become a major factor in our daily
lives. It seems that. there is a constant search to have electronic devices perform faster
and more conveniently. The idea of making things operate faster has been pursued in
the study of linear algebra as well. I the mathematics of linear algebra could be more
efficient, then computers could run faster when performing linear algebra calculations.

As linear algebra is used more and more in different fields, it becomes useful to
study ways of reducing the amount of work required to complete basic procedures. This
paper looks at the complexity of procedures in linear algebra. Here, “complexity” suggests
the amount of work needed to complete a task. The term “work” refers to the number
of calculations that are needed to perform the procedure. If the number of calculations
can be reduced, then the amount of work and time required to perform the procedure
is also reduced. The procedures of linear algebra studied here include finding inverses,
solving systems of equations, and finding determinants. It has been proposed that. these
procedures can be performed through matrix multiplication and that the procedures are
no more complex than matrix multiplication. Therefore, reducing the amount of work
necessary to perform matrix multiplication would reduce the work needed to perform
these basic procedures.

The reduction of work needed for matrix multiplication is presented. If opera-
tions are to be performed using matrix multiplication and the amount of work needed to
perform that multiplication is reduced, then the amount of work needed to perform lin-

ear algebra procedures is also reduced. In 1969, Volker Strassen was the first to present



an algorithm that reduced the amount of work necessary to multiply matrices[Wei99].
Strassen proposed an algorithm that reduces the number of calculations needed to per-
form the multiplication of two 2 x 2 matrices. Similarly, in 1975, Julian D. Laderman
found an algorithm that reduces the number of calculations needed to multiply two 3 x
3 matrices [Lad79]. Their algorithms are presented with examples. Also, the procedure
of finding inverses through matrix multiplication is presented.

To study other procedures of linear algebra requires working with matrices in a
specific form. It is possible to rewrite a matrix as the product of simpler matrices, namely
lower triangular (L), upper triangular ('), and permutation () matrices. This process of
factoring is called LUP decomposition. Any nonsingular, square matrix may be factored
by following the LUP decomposition algorithm. Then the matrix may be expressed in
terms of three matrices that will be easier to work with separately. The procedure for
finding an LUP decomposition is presented along with examples. An examination of this
procedure is necessary before we can study the use of matrix multiplication for solving
a system of linear equations and finding determinants. Finally, solving systems of linear

equations and finding determinants by matrix multiplication are shown.



Chapter 2

Strassen’s Algorithm

2.1 Presentation of Strassen’s Algorithm

Remark 1. Many of the equations typed will contain matrices with emphasis on the row
and column number for the entry. For notetion, we will use a subscript with the first
digit designating the row number and the second digit representing the column number.
For example azs would represent the entry of the matriz in row 2, column 8. While this
may not be the ideal notation for many cases where there is discussion of matriz entries,
there should not be confusion here because all matrices that may have @ row or column
number larger than a single digit are represented by o single-letter variable. There are

several lengthy equations where this notation ellows brevity in typing and ease in reading.

To study Strassen’s Algorithm, consider the traditional methods of matrix multi-
plication. Matrix multiplication is not commutative. Not all matrices may be multiplied.
The ability to multiply matrices depends on their size. The number of columns in the
first matrix must be the same as the number of rows in the second matrix. Each entry
in the product is found by aligning the elements of the row in the first matrix with the
entries of the column in the second matrix. These terms are multiplied and then the
entry in the product matrix is found by adding those products. The resulting matrix will
have the same number of rows as the first matrix and the same number of colums as the
second matrix. Therefore, the difficulty in finding the product’s entries is based on the
number of columns in the first matrix. If the first matrix has many columns, there will

be many multiplication steps for each entry inﬁ the product matrix.



For example, consider the product of an m x n matrix times an n x p matrix

( a1y ... Qip \
: : : b11 blj blp
E 5 S bnl «ve bTLj cas bﬂp
\ Aml  --- Qmn /
( i1 ... € ... Cip \
Ci1 cee Cij cer Cip
\ Cml -+ Cmj -+ Cmp /

The entry in the i* row and 7% column of the product matrix is
Cij = @by + ...+ aigbi; + ...+ Qinbn;.

There are n number of multiplications to find each entry of the product matrix. There
are n — 1 number of additions to find each entry. There are mp number of entries in the
product matrix, each requiring » multiplications and n — 1 additions. Thus, to find the
product matrix requires mpn multiplications and mp(n — 1) addition steps.

Strassen considered the possiblility of reducing the amount of work necessary to
multiply matrices. Strassen’s Algorithm is presented in the article, “Geometry and the
Complexity of Matrix Multiplication” by J. M. Landsberg [Lan08]. It is also presented
in the book “The Design and Analysis of Computer Algorithms” by Aho, Hopcroft, and
Ullman [AHUT74]. There are differences in the way the two algorithms are shown and not
all equations are written the same. Here Landsberg’s equations are used for discussion of
Strassen’s Algorithm.

To study Strassen’s Algorithm, consider traditional matrix multiplication meth-

ods for mutliplying two 2 x 2 matrices. That is,

@11 ai12 b1 b2 anbi1 + a12bar  a11bio + a12b2n

azy a9 ba1 boo ao1b1y + anebar  ao1biz + agebar



The above product matrix contains 8 multiplication steps and 4 addition steps. Strassen’s
goal was to find a method that would reduce the number of multiplication steps when
multiplying meatrices. His algorithm for multiplying two 2 x 2 matrices uses only seven
multiplications. While this reduction may not seem significant for a small matrix, the
amount of work would be greatly reduced for much larger matrices.

The following is a presentation of Strassen’s Algorithm [Lan08].
Algorithm 1. Suppose,

a1 a2 b1 bia c 12

a1 ax bo1  bag c1 €22

The following muliplications are made using the entries of the two matrices being

multiplied.

I = (a1 +a22)- (bi1 + baa)
II = (ag1+ax)- bn
II = ay (b2 — b2)
IV = ag(—bi1+ba)
V = (a1 +a)ba
VI = (—au1+ a21) (b1 + bi2)
VII = (a2 — a22) (bo1 + ba2)

The entries of matriz C can now be found by using the above multiplications in

the following equations:
c;; = I4+IV-V+ VI
crip = I+ V,
Cor = II + IV,
¢y = I+III-1II+ VL

Consider each entry in the two matrices to have real number values, then the

alogrithm uses 7 multiplication and 18 addition steps.



An example of using Strassen’s Algorithm follows.

2 -1 -1 =2 | en a2
3 4 3 1 C21 €22

Using Strassen’s method gives the following information:

I = 2+4(-1+1) = 0,
II = 3+4-1 = -7,
I = 2(-2-1) = -6,
IV = 4(—(-1)+3) = 16,
V = (2+-1)1 = 1,
VI = (—()+3)(-1+-2) = =38,
VII = (-1-4)(3+1) = 20,
ci1 = 0+16—1+4(—20) = -5
co1 = —T7+16 = 9,
crz = —6+1 = -5,
2 = 0+(-6)—(-T)+(-3) = -2

The algorithm yields

2 —1 -1 -2\ (-5 -5
3 4 3 1) \ 9 —2)
2.2 Verification of Strassen’s Algorithm

The following is a verification of Strassen’s Algorithm by comparing the output

of traditional matrix multiplication with the output from the algorithm. Let

a1l 012 b b2 | [ eu e
as1 ax |} bar  bo2 €21 €22

As mentioned earlier, traditional methods yield



a1 a2 by big a11bir + aigbay  annbiz + a1ada

as)] Qg bo1 oo ao1b11 + ageba1  ag bz + azebon

Now, evaluate each entry in the product. In the simplification for the following equations,
underbraces show which terms cancel. The matching numbers underneath the braces
indicate that those two terms add to zero and are no longer necessary to the equation.

For the first entry, we know c11 = a11b11 + a12be;. The algorithm produces

ci1 = I+W—V+VII
= (@11 + ag2) (br1 + baz) + age (=b11 + b21) — (@11 + a12) bag + (@12 — ag2) (b21 + b2a)

= a11bi1 + a11bag + agebiy + a22bes — agebin + asobar — ar1bee — a12bas +
S S N e Y N Y

1 2 3 2 4 1 5
+ a12ba; + a12bgy — a2aba1 — agobey , and so
5

= aj1bi + a1obar.

The next two entries are not as lengthy to verify. From traditional multiplication

methods, cj2 = a11b12 + a12b22 and co1 = a21b1; + azabo;.

cre = HII+V

c1i2 = a1 (big — bag) + (@11 + a12) bao
ciz = anbia —anbee + anb + 012b22
c12 = anbio+ a1obyp

Similarily

C21 = II + IV

ca1 = (ag1+ ag) by +agz ( —bir + bay)
co1 = anbi + agebiy — agebi + azzby
1 = ao1biy + agbax.

Finally, the last enfry in the matrix simplifies as



e = I+III-1I1+VI
cz2 = (a1 4 ag) (i1 + bao) + a1 (br2 — baz) — (a1 + a22) bry + (—a11 + a21) (b11 + bio)
Co2 = 621b1: + a22b2;- 4 5

Therefore, using Strassen’s Algorithm finds the entries of the product matrix to

be the same as if they were found by traditional matrix multiplication methods.

2.3 Expanding Strassen’s Algorithm

The intent of the algorithm is to reduce the amount of work necessary to multiply
matrices. Consider in more detail the amount of work it takes to multiply two 2 x 2
matrices using Strassen’s Algorithm compared to the traditional method of multiplying
matrices. In Strassen’s Algorithm, it takes 7 multiplications and 18 additions for a total
of 25 arithmetic operations. Using traditional methods, we have 8 multiplications and 4
additions for a total of 12 arithmetic operations.

Now, consider if the matrices being multiplied were larger. Expand Strassen’s
method to a product of two 4 x 4 matrices. Each 4 x 4 matrix is divided into four 2 x
2 matrices. The expectation is that the amount of work will be significantly reduced by

using Strassen’s Algorithm more than once. Consider

a11 a12 | @13 Q14 by biz | iz bis

a1 agy | G2 axq | | b bap | by by

azl a3z | as3  asq b31 bs2 | baz  bsg

a4] Q42 | @43 Qqy byy  bao | baz by
Let

Ay = an a2 Apy = a13 a4

a21 Q22 Q23 G4



az1 032 a3  a3q4
Ao = Agg =

as1 042 @43 Q44

b1y bia biz b
By = By =

bor b2 bos b2

ba1 b3z baz baq
JB21 = Bzz = .
ba1  bao bez  bag
The multiplication becomes

An Ap By By
A9y Ap By By

Strassen’s method reduces the operation to the following seven 2 x 2 multipli-

cations:

I = (Au+ Aw) (Bu+ Bn),
II = (Ag + Aa)- B,
III = Ay (Biz— Ba),
IV = Az (—Bu+ Ba),

V = (4114 A1a) By,
VI = (—Au+ A1) (B + Bia),
VII = (Aja— Ag)(Ba + Bag).

Each 2 x 2 multiplication takes seven multiplications and 18 additions. Therefore a 4 x
4 matrix multiplication is reduced to 49 multiplications and 198 additions instead of 64
multiplications and 48 additions as with traditional methods. This may not seem like a
reduction of work because the overall number of operations went from 12 to 25. However,
the number of multiplications was reduced. Think of multiplication of whole numbers as
just an advanced form of addition and addition as just an advanced form of counting.
Say you want to add 56 +82. An electronic device counts to 56 and then counts 82 more.
But if you want to multiply (56){82), then the device must count 56 a total of 82 times.
The counting cycle is increased from two cycles to 82 cycles. Therefore, the amount of

work involved for multiplication can be much more significant as the numbers increase.
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The following is an example of multiplication with two 4 x 4 matrices having

entries from the set of real numbers. Consider

1 2|10 1 3 2 1 1
-1 3|1 4 1 0j-2 -1
2 2|10 1 2 1 2 0
3 271 1 3 2 2 3

CHRR )
=603

Now Strassen’s Algorithm is applied to multiply the two 2 x 2 matrices. Using

lower case Roman numerals for Strassen’s Algorithm, the following values are found.

i=40, ii=20, ii=-1 iv=-8, v=12, vi=-7, vii=—6.

I 14 11
12 12 )

The other matrices are found for II, III, IV, V, VI, and VII:

2 2 0 1 3 2

+ .

3 2 1 1 10
2 3 3 2
o = .
4 3 1 0

i=15, =21, iii=4, iv=-6 v=0, vi=10, vi=0;

Thus

II



1 2 1 1 2 0
Il = . —
-1 3 -2 -1 2 3
1 2 -1 1
I = .
-1 3 -4 -4
1=-20, ii=-2, ili=5§ iv=-9, v=-12, vi=0, vii=S§;
-9 -7
III=
‘ -11 -13
0 1 3 2 2 1
v = - +
11 1 0 3 2
01 -1 -1
vV = .
1 1 2 2
i=1, #i=-2, ii=0, iv=3, v=2, vi=-2, vi=0;
2 2
IV =
1 2 0 1 2 0
V = + .
-1 3 1 4 2 3
1 3 2 0
V = .
0 7 2 3
i=40, ii=14, ii=-3, iv=0, v=12, vi=-2, vii=-—20;

11
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i=0, i=12, ii=4, iv=5, v=-1, vi=21, vii=-2

0 0
VII =
(15 15)

After calculating the necessary multiplcations, the following additions are needed to finish
the algorithm:

Cn = I+IV-V4+VII

14 11 2 2 8 9 0 0

(12 12) (1 1) (14 21) (15 15)
— 84 *

14 7 )’
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Cie = II4V

I
T
w
[« 43 ]
N——

Cy = II+1IV
9 4 2 9
= +
15 8 11
B 11 6\
16 9/’
Co = I4+TI-T1+4VI
B 14 11 N -9 _7 9 4 4 3
12 12 ~11 -13 15 8 17 13
0 3
3 4/

The resulting product is found by placing each 2 x 2 matrix in the appropriate

Il

location of the product matrix.

1 2|0 1 3 2] 1 1 8 4| -1 2
1 3|1 4 1 0[—2 -1 | |14 7] 338
2 2]0 1 2 1l 2 o] |11 6 3
3 21 1 3 2| 2 3 16 9 4

The product is complete for this example of multiplying two 4 x 4 matrices.

2.4 Work Needed to Complete Strassen’s Algorithm

Now look at the amount of work for finding the product of two n x n matrices
such that n = 2* using Strassen’s Algorithm compared to traditional methods. As the

matrices get larger, there should be a greater reduction in work by using the algorithm.
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Let T'(n) represent the number of operations needed to complete the multiplication of
two n x n matrices.
Consider the following square matrix where n represents the number of rows

and columns and n = 2% with k a natural number:

211 e Qln

anl e Ann

Partitioning the matrix into four § x § submatrices, we get

/ a11 v al% al(%ﬂ) ... Qi \
a%]_ e a,’zl% a%(%_!_l) nen a%n
“a+r o G303 | MEH)EH) o A(gem

\ anil o an% a,n(%_'_l) cee Qpp )

Now consider multiplying this matrix by a similar n x n matrix that has been
partitioned in the same manner. Looking at each submatrix as an entry, there are two 2
x 2 matrices being multiplied. To accomplish this requires seven multiplication steps and
18 addition steps. Each multiplication will require the amount of work needed to multiply
two ¥ x % matrices. This work can be represented as 7T (2). An addition step involves
adding two % x 2 matrices meaning (%)2 entry additions. Since there are 18 addition
steps when applying the algorithm, there are a total of 18( %)2 individual addition steps.
Note that some of the work represented by 7T (%) includes addition steps also. The
total number of operations for multiplying the two n x n matrices is represented by the

following formula

T(n) =77 (3) + 18(%)2.

Looking at the traditional method of multiplying matrices, the amount of work
needed would be n multiplications and (n — 1) additions for each entry. There would be

n? entries. The total amount of work, T'(n), for multiplying two n x n matrices is

T(n)=nd+n?(n~1).
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Table 2.1: Comparative Work for Multiplying Matrices

Traditional Method Strassen’s Algorithm
k| 2Fx2F mult add || mult add steps
1] 2x2 8 4 7 18
2| 4x4 64 48 49 198
3| 8x8 512 448 || 343 1674
4116x16 4096 3840 || 2401 ' 12,870
k| 2kxoF | 9%k =gk | 2%k o2 | 7k | 77 (2F-1) 4 18 (2%-2) -7k

Table 2.1 compares the amount of work for matrix multiplication using tradi-
tional methods with the amount of work using Strassen’s Algorithm.

Looking at the chart and the number of calculations needed for the two methods,
it shows that while the number of multiplication steps decreases, the number of addition
steps greatly increases. This may not seem like a reduction in work. However, when
using large amounts of data in linear systems of higher dimensions, the reduction of
multiplication steps may be of significant benefit over the increase of addition steps.

Strassen’s Algorithm can be used to multiply 2* x 2*¥ matrices using 7% multi-
plications. Since not all matrices are of order 2¥ x 2*, additional rows and/or columns
of zeros may be inserted such that dimensions are n x n where n = 2%, This means
k = logy n. Therefore, any two n x n matrices may be multiplied using 77821 multipli-
cations. Through principles of logarithms, we see that 71%2" = n!°827 and log, 7 ~ 2.81.

Thus, nlog27 < n3.
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Chapter 3

Laderman’s Algorithm

3.1 Presentation of Laderman’s Algorithm

Laderman looked at finding an algorithm for multiplying 3 x 3 matrices that
would be more efficient than traditional methods. Using the findings from Section 2.4,
multiplying two 3 x 3 matrices would require at most 71823 ~ 21.8 multiplications. To
improve on Strassen’s algorithm, he would need to find one that required 21 or fewer
multiplications. Gastinel found an algorithm requiring 25 multiplications and Hopcraft
and Kerr found one requiring 24 multiplications. However, Laderman was able to find

one using 23 multiplications. His algorithm is presented as follows [Lad76).

Algorithm 2. Consider the product

@11 a1z aG13 biy b2 b3 c11 €12 €13
ag1 a2 agz || bam baz bas | = | e ez coa
asz @32 ass b1 bza b3 €31 C32 €33

Let my, denote the different multiplication steps specified by the following equa-

tions

my = (afll + @19 + a13 — ag1 — Gag — a3z — a33) ,-bog
ma = (a31 — az1) - (—b12 + bag),

mg = agg (=11 + b12 + bay — bag — bag — b3y + bs3),
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my = (—a11 + ag1 + asg) - (br1 — b1z + bz),
ms = (ag1 + age) - (—b11 + b1a),

me = a11b11,

my = (—a11 + a31 + as2) - (b11 — biz + ba3) ,
mg = (—a11 + a31) - (b13 — baz) ,

mg = (a31 + asz) - (—b11 + b13),

" mio = (a11 + @12 + 613 — apz — az3 — as1 — as) - bas,
m11 = a3z (—b11 + b13 + ba1 — baa — bz — ba1 + ba2),
mig = (—a13 + az2 + asz) - (bag + b3y — b32),
mag = (@13 — ags) - (baz — b32),
mi4 = a13bs,
mis = (as2 + as3) - (—bar + baz),
mis = (—a13 + a2 + aps) - (bas + b31 — baz),
mar = (a13 — ag3) - (b2s — bza),
mig = (aga + as3) - (—ba1 + bss),
mig = a12ba1,

Mago = G23b32,
ma1 = anbis,
maz = agibig, and

Moz = a33b33.

After the above calculations, the entries of the desired matriz can be found with

the following additions:

c11 = mg + my4 + Mg,
c12 = my + myg + my + meg + miz + mag + mys,
c13 = mg + My 4+ mg + mig + mi4 + mie + Mg,

cz21 = Mz + m3z + my + mg + ma + Mmag + M7,
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Co2 = My -+ My + ms + mg -+ Mg,

co3 = M4 + Mye + my7 + Mg + May,

c31 = Mg + m7 + mg + m11 + M2 + Mz + mag,
c32 = M1z + Myg + maq + mas + Mmaz, and

¢33 = Mg + My -+ mg + mg + Mmo3.
This algorithm contains 23 multiplication steps and 98 addition steps and is
specific to multiplying two 3 x 3 matrices.
3.2 Verification of Laderman’s Algorithm

Laderman’s Algorithm is shown to be correct by comparing the results of tra-

ditional matrix multiplication with those of Ladermans. Let

a1 ¢z @13 b1y b1y b3 €11 C12 €13
ag1 022 a3 || bar bax bazs | = ca co2 co3
a3l a3z a33 b1 bzz  bas €31 €32 C33

Fach entry of the matrix is shown using Laderman’s Algorithm. After simplifi-
cation, with underbraces designating terms that canel, we see that each entry is the same

as using traditional multiplication methods.

€11 = me + m14 + Mg
= an1bi1 + a13bs1 + a12bsy,
€12 = "y + my + M5 + me + M2 + Mg + M1z
= (a11 + @12 + @13 — ag1 — ax — azz — a33) bea +
(—a11 + a21 + a22) (b11 ~ bi2 + boa) +
(@21 + age) (b1 + b12) +anbyy +
(—a13 + a3z + a33) (baz + b3 — bag) +
a13bs1 + (as2 + aas) (—ba1 + bs2)



€13

€21

= a11beg +012b22 + a13b22 — az1bay — agabas — azaban — azsbas —
—— M N N L= s_\ﬁl_/
1 2 3 4 5

— a11bi1 +a11bi — a11ba2 + a21b11 — a21b12 + a21bon -+ a2aby —
1 1

— ag2b1s + asabas — ag1biy + a21b1a — a22biy + asbia +a11b11 —
11 8 10 1

— a13bop — a13b31 +a13bsz + az2boo + azzbs1 — azebsa + azsbae +
2 12 13 1

+ a33b3y — azzbaa + a13b31 — azabs1 + azzbsz — aszgbsy + aszbse
335 16 2 13 3?5 16
1 1 14

= a12bgs + a11b12 + asbss,

= g + M7 + Mg + M0 - M4 + M1 + Mg

= anbi1 + (—a11 + a31 + aaz) (b11 — b13 + baz) +

+ (a31 + az2) (—bi1 + biz) +

+ (@11 + @12 + a13 — age — azs — a3y — aaz) bz + a13bar +

+ (—a13 + a2z + az3) (bas + ba1 — baz) + (22 + ag3) (—ba1 + bs3)

+ a32b11 — azaby3 + azabaz — az1b11 + az1biz — aszabiy + asabiz +
6 7 38 - 3 314 . 6 7

+ a11b23 +a19ba3 + a13bo3 — anobaz — aezboz — azi1baz — agabag +
9 1 11 5

+ a13b31 — a13b23 — a13b31 +ai13bsz + agebos + assbs — agob3s +
13Y31 139 23 13¥31 13933 2 - ~-
12 12 10 1

+ aa3baz + asabsy — aszbaz — agebsy + aggbsz — aabay + agzbss
15 16 13 14 5 16
11 1

= a11b13 + a12bog + @13b33,

= mg +m3 + mq + Mg + M4 + m1s + My

= (@11 — a21) (—b1a + ba2) + a2 (—b11 + b1z + bay — bag — bag — —b31 + bas) +

+ (—a11 + ag1 + a22) (b1 — b1z + bag) + a11b11 + ai3bs1 +
+ (—013 + aga + ag3) (bag + ba1 — b33) + (@13 — ag3) (bas — b33)

19
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= —a11b12 + a11b22 + az1b12 — azbag — agabiy + a2obi2 +agebor —
1 2 6

— ag2b32 — agobaz — agobar + aonbsz — a11b11 + a11bi2 — a11b22 +
8 1 1 2

+ ag1b11 — ag1b12 + ag1bon + azab1n — ansbia + azgbos + a11b11 +
11

+ a13b31 — 613023 — @13b31 + 013633 + Aa2bo3 + ag2b31 — azebss +
1 13 1 14

+ ao3baz +ag3bs) — agsbss + arabaz — a13bzz — agaboz + asgbss
5 16 3 5 16
1 1 14 1

= agzba) + ag1b11 + agsbs,
co2 = Mo + my + s + Mg + Moo
= (a11 — ag1) (—b12 + baz) + (—a11 + a1 + azz) (bry — b2 + b22) +
+ (az21 + ag2) (—b11 + b12) + a11b11 + ag3bse
= —ay1b1s + a11bog +as1bio — ao1bos — ay1b11 + 611012 — a11d
anl 12 0112 29 +a21b12 213 22 0114 11+ 11l 12 a112 29 +

-+ ag1b11 —a21b12 + @21bae + a22b11 — anebig +abae — azi by +
5 6 7 5

+ agi1bio — agebi1 + ag2bi2 + @11b11 Fagzdae
46,_/ ~—— T \.\4,_/ 3
7

= ag1b12 + Gaaboa + ag3bsa,
Co3 = ™14 + Mg + ™17 + ™ig + mog
= a13b3; + (—a13 + agze + ags) (bez + b31 — bss) + (@13 — ag3) (baz — bag) +
+ (aga + @23} (—ba1 + bsz) + az21bi3
= a13b31 — a13bas — a13b31 + a13b33 +agzbos + agsba — a22:33 +
1 2 1 3 4

+ agabog + ao3ba1 — ax3bas + ai13baz — a13bas — agzbes -+-aazbsz —
7

— agabs; -+ asgbaz — 093b31 + agsbaz +anbiz
T S N N
5 7 8

= agabaz + az3bsz + a1 b13,
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€31 = mg + my + mg + may + mi2 + Mma3 + My
= ayn by + (—a11 + az1 + asz) (b1 — big + baz) + (—a11 + az1) (b1z — baz) +
+ a3z (—bi1 + b13 + bay — bog — bag — by + bs2) + (—~a13 + azz + asz) -
- (baa + bay — b3a) + (@13 — aaz) (bao — baa) + a13bs1
= a11b11 — an1bir + @11b13 — a11beg +az1bi1 — az1biz + azibos +
1 1 2 3 4 5

+ ag2b1) — a32b13 + aszbas — a11b13 + anrbaz + az1b13 — azibaz —
6 7 5

— a32b11 + azzbiz +azabay — asaban — agabos — azabsy + azebse —
8 1

— a13b22 — a13ba1 + a13b32 + aagbog + agab3; — agabsz + aasbog +
12 3 14 9 10 15
1 1

+ a33bs1 — azabag + a13baa — a13b3z — azzbas + azzbsz + a13bs;
16 1 1 1 1 13

= ag1bi1 + as2b21 + assbs,

€32 = M2 + M3 + Mg + 15 + Moz
= (—a13 + a3z + as3) (b2 + b3y — bzz) + (@13 — aas) (baz — b3o) +
+ a13bs1 + (a32 + a33) (—ba1 + baz) + az1bi2

= —a13bge — a13b31 + a13bsa +azebaz + azzbs — azabse + azabog +
1 2 5

+ azzba; — a33baz + a13bag — a13b3z — azzbas + aszbsn + arzba —
3

— a32b31 + a32b3g — azzbay +assbss + asz1bie
T/ — \“7’_,
5

= a,32b22 -+ G.33b32 + 031b12:
and finally

C33 = Mg + M7+ mg + Mg -+ Mas
= ay1b11 + (—an + a31 + asz) (b — biz + bes) + (—a11 + az1) (b1 — baz) +
+ (—a11 + a31) (b13 — bas) + (as1 + a32) (—b11 + b13) + azabss
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= a11b11 — a11b11 + 211613 — a11bas + az1b11 — az1biz + azibag +
Y T Yy Y OTr Y Y

+ azobiy — asabiz +azabez — a11013 + a11b23 +azib1z — az1baz —
7 8 3 2 3 13 316 23

— az1bi1 + az1b13 — a32b11 + azabiz +azzbss
T —— T ——
5 8

= azzboz + az1biz + azzbss.

Laderman’s Algorithm produces the same result as traditional matrix multipli-

cation.

3.3 Comparing Algorithms

3.3.1 'Traditional Method

The following is an example of multiplying two 3 x 3 matrices showing the

traditional method, Strassen’s Algorithm and Laderman’s Algorithm. Consider

-2 0 1 3 -1 -1 C11 Ci12 C13
3 —-1 =3 : -2 0 2 = Co1 C22  Co3
1 2 -1 1 1 0 Cc31 €32 C33

Traditional methods yield the following results:

ar = (=2)@) + ©OF-2) + MO = -5
caz = (=2)(-1) + (©@©O + @) = 3
az = (=2)(-1) + (02 + @O = 2
ca = (3@ + D=2 + M) =
2 = @)1 + (DO + (3)(A) = -6
3 = @)-1) + (1@ + (3)0) = -5
a1 = (DB -+ @2 + ()Y = -2
2 = (U(-1) + @O0 + (-1 = -2
gz = ) + Q@ + 10O = 3
Replacing each entry with its value gives
-2 0 1 3 -1 -1 -5 3 2
3 -1 -3 || -2 O 2 | = 8 -6 -5

1 2 -1 1 1 0 -2 -5 3
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Using this method requires 27 multiplication steps and 18 multiplication steps for a total

of 45 operations.

3.3.2 Strassen’s Algorithm

To use Strassen’s Algorithm, the matrices need to be expanded to 4 x 4 matrices

by adding a row of zeros and a column of zeros to each matrix:

)G
(1)
- (2 3)
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(4 3)

Now substitute the above matrices into the equations for Cy;, Ci2, Co1, and
Cas.

Ci2 = 111 -+ Vv
Coy = IT

Coy = + VI

23 () )

Now using the above values, the product results in the following 4 x 4 matrix.

-5 3 2 0
8 -6 =5 0
-2 -2 30
0 0 0 0

Removing the superfluous row and column of zeros, the product of the original multipli-

cation problem is found.
-2 0 1 3 -1 -1 -5 3 2
3 -1 =3 || -2 O 2 | = 8 —6 -5
1 2 -1 1 1 0 -2 =2 3



26

Strassen’s Algorithm has 49 multiplication steps and 198 addition steps for a
total of 247 operations. It would seem as if we could reduce the number of steps needed
because of the extra zero row and column. The example above does contain & zero
submatrix and some steps appear unnecessary. However, this would not always be the
case. Our example just happens to have a zero in the third row, third column of one
of the original factors, causing this to happen. While we could predict some steps that
would involve either adding zero or mutliplying by zero, we would still need to keep the
submatrices of correct dimensions in order to perform the operations and those steps

would be included.

3.3.3 Laderman’s Algorithm

Now Laderman’s Algorithm is presented. Again consider

-2 0 1 3 -1 -1 €11 ¢C1z C13
3 -1 -3 (-] -2 0 2 | =1 ¢ ca 23
1 2 -1 1 1 0 c31 C32 C33
Then
my = (a1 +a12 +a13 —ag1 — a2 — azz — az3) - by
= [-24+0+1-3—-(-1)—-2—-(-1)]-0 = 0,
mg = (a11—agy) - (—big + b22) _
= (-2-3)-(1+0) = -5,
mg = agy(—bu + bia + ba — bog — baz — bz1 + baz)
= (-1)-[-3+(-1D+(-2)-0-2-1+40 = 9,
mg = (—a11+ a2+ ag2) - (bi1 — b1z + ba2)
= (2+3—1)-(3+1+0) = 16,
ms = (a1 +ag2) - (—bu1 + bi2)
= B+ (-] [-3+(-1)] = =8,
mg = anbn
= (-2)-(3) = -6,
mz; = (—ai +az1 + az2) - (b — biz + bas)

= (2+1+2)-B-(-1)+2| = 30,
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(1—-)- (D)

ZIqISfo =
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mo3 = a3sbs3
- D@ = o

Calculating the individual entry values has the following result:

C11

€12

<13

€21

C22

€23

31

€32

€33

meg + Mg + Mg
—-6+4+1+40

mi + mg 4+ ms +mg + M2 + Mg + Mas
0+16+(—8)+(-6)+0+1+0

me + m7 + mg + Mip + mi4 + M1 + Mg
(—6)+30+ (—12)+ 0+ 1+ (~15) + 4

ma + m3 + my + mg + M4 + M16 + M7
(=5)+9+16+(—6)+1-+(—15)+8

mo + My + ms 4 Mg + Mag
(=5) + 16 + (~8) + (—6) + (-3)

mi4 + myg + myy + mig + moy
14+ (-15)+8+4+(-3)

me -+ 7 + mg + maiy -+ mig - M1z + M1
(~6) +30+(—=9) + (-16) + 0+ (—2) +1

m12 + mi13 + Mg + M5 + Moo
0+(-2)+14+0+(-1)

me -+ my -+ mg + mg + Mma3
(—6)+30+ (=9)+ (—-12) +0

28

Finally, the result is the same as using traditional methods or Strassen’s Algo-
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rithm:
-2 0 1 3 -1 -1 =5 3 2
3 -1 -3 . -2 0 2 | = 8 —6 -5
1 2 -1 1 1 0 -2 =2 3

Laderman’s method uses 23 multiplication steps along with 98 addition steps for a total
of 121 mathematical operations. Table 3.1 shows each method and the amount of work

involved.

Table 3.1: Operations for Traditional, Strassen, and Laderman
Traditional Method || Strassen’s Algorithm || Laderman’s Algorithm

mult | add | total || mult | add total mult | add total
27 18 45 49 ) 198 247 23 98 121

3.4 Work Needed to Complete Laderman’s Algorithm

We now consider the recursive formula for the amount of work needed to use
Laderman’s Algorithm. Consider multiplying two n x n matrices, where n = 3. Similar
to partitioning matrices for Strassen’s Algorithm, we partition each matrix into 9 matrices
each with dimensions 2 x 3 . To apply Laderman’s Algorithm, we will need to multiply
two & x § matrices 23 times. We will also have 98 addition steps where two % x § matrices
are being added. Each of the 98 addition step will have (%)2 steps. The formula for the
amount of work needed to multiply two n x n matrices using Laderman’s algorithm would
be

T (n) = 23T (g) +98 (g)z .

From previous discussion, we are most interested in knowing the number of
multiplication steps necessary in multiplying matrices. Laderman’s Algorithm can be
used to multiply 3% x 3* matrices using 23* multiplications. Similar to using Strassen’s
Algorithm, we see that using Laderman’s Algorithm to multiply two n x n matrices, where
n = 3%, the number of multilplication steps is represented by 23/°8s 21, Through principles

of logarithms, we see that 231983 = nl°8323 and log; 23 ~ 2.85. Thus, n'%8 23 < 73,
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3.5 So Which Algorithm Is Better?

In the previously mentioned example, Laderman’s Algorithm does a better job
of reducing the amount of work needed compared to Strassen’s Algorithm for multiplying
two 3 x 3 matrices. This may seem unfair to Strassen’s Algorithm because we are only
considering an example of multiplying 3 x 3 matrices. However, that is exactly what
Laderman was trying to simplify. Consider multiplying two 9 x 9 matrices. To use
Strassen’s Algorithm, the matrices would need to be expanded to the next power of 2
which would be 16 x 16. Using the formula from Section 2.4, this would amount to
2401 multiplication steps. However, if Laderman’s Algorithm is used the matrices are
already a power of three and would only need to be divided into nine submatrices before
applying the algorithm. This would amount to 529 multiplication steps. It appears that

Laderman’s Algorithm would be beneficial when working with 3% x 3% matrices.

Table 3.2: Comparison of Methods

Size of Matrix | Traditional Strassen Laderman
mXxXm n n3 n | 7Mog2nl [ 5 T 9gllozsn
2x2 2 8 2 7 — -~
3x3 3 27 4 49 3 21
4x4 4 64 4 49 9 520
5x5 5 125 8 343 9 529
6x6 6 216 8 343 9 529
Tx7 T 343 8 343 9 529
8x8 8 512 8 343 9 529
9x9 9 729 16 2401 9 529
10x 10 10 | 1000 16 2401 27 | 12,167
11 x11 11 1331 16 2401 27 | 12,167
12x12 12 | 1728 16 2401 27 | 12,167
13x13 13 2197 16 2401 27 12,167
14 x 14 14| 2744 16 2401 27 1 12,167
15x 15 15| 3375 16 2401 27 | 12,167
16 x 16 16 | 4096 16 2401 27 | 12,167
27 x 27 271 19,683 | 32 | 16,807 || 27 | 12,167
32 x 32 32 | 32,768 || 32 | 16,807 | 81 | 279,841
64 x 64 64 | 262,144 || 64 | 117,649 |} 81 | 279,841
81 x 81 81 | 531,441 || 128 | 823,543 || 81 | 279,841

‘We now compare the three methods discussed and the amount of work involved.

Of main importance will be the number of multiplications used as matrices get larger.
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Table 3.2 shows the number of multiplication steps needed to multiply two m x m matrices
using each of the three methods. Note that n represents the number of rows for the
expanded matrix if one is needed to create either a 2% x 2 or 3% x 3% matrix. According
to Table 3.2, Laderman’s Algorithm saves a significant number of multiplication steps
over both the traditional method and Strassen’s Algorithm when the matrices are 3*
x 3%. As n increases, eventually Strassen’s Algorithm reduces multiplication steps over

traditional methods and Laderman’s Algorithm.
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Chapter 4

Inversion of Matrices

4.1 Finding an Inverse by Matrix Multiplication

For the beginning algebra student, finding the inverse of a matrix can often be
a grueling process. Here we see that the work of finding an inverse is not worse than the
work needed to multiply matrices. While this may not be a comfort to the beginning
algebra student, we can see that it may be beneficial to use matrix multiplication when
turning the work over to a computer.

Since much of the work in this section will involve inverses of matrices, inverses
will be denoted by A~! while entries of matrices will still be denoted by A;j, where i
represents the row of the element and j represents the column of the entry.

In the book, The Design and Analysis of Computer Algorithms [AHUT74], the
authors show how to find the inverse of a matrix through matrix multiplication. The
method that will be shown applies to all triangular matrices that are nonsingular and

invertible. To study this concept, some terms need definition.

Definition 1. An m x n matrix A is upper triangular if A;; = 0 whenever 1 < j < i < m.

An m x n matrix A is Jower triangular if A;; = 0 whenever 1 < ¢ < j < n. [AHU74]

In other words, for a matrix to be upper triangular means all entries below the
main diagonal are zero. Likewise, for a matrix to be lower triangular means all entries
above the main diagonal are zero.

The following are examples of triangular matrices.
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a1 012 e Olm vea Oln al 012 cee Olm
ann a2 ... Oom ... Oy a1 agz ... Oy

and ] ] ) ;
OGmi Om2 --- CGmm .- Omn Aml Gm2 ... OGmn

Lower Triangular Matrices

a1 12 ‘oo Am cne A1n 011 ala oo Q1m

01 a9 ... Ggm ... @2 01 a2s ... aom
and

Om1 Om2 - Gmm - - Qmn Om1 Om2 ... Gmm

Upper Triangular Matrices
Definition 2. If A is a square upper or lower triangular matrix, then A is nonsingular

if and only if no entry on the main diagonal is zero. [AHUT74]

The following lemma. is presented in The Design and Analysis of Computer
Algorithms[AHUT4].

Lemma 3. : Let A be partitioned as

An A
Az App

A=

Suppose A1_11 exists. Define A = Agy — A21A1_11A12 and assume A™L exists.
Then

A + AT AAT AR AT — AT ApAT

A7l =
—A"lAz]_Al_ll A1

To use this method of finding the inverse of a matrix, the matrix must be
triangular and invertible. Now, consider how this lemma is developed. We first rewrite

A as follows

I 0 Ay 0 I A7lAg
An AT T 0 A 0 I
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To see why A can be represented this way, we use the fact that matrix multipli-

cation is associative. Multiplying the last two matrices produces

I 0 A Axg
A AT I 0 A

A=

Multiplying these matrices, yields the original representation of matrix A,

A A
Ao 11 A
Ag1 A
Therefore,
Ao I 0 A 0 I AfAsp
An A7l T 0 A 0 I

Why should we write matrix A as the product of three matrices? Where do the
matrices come from?

Suppose we want to write A as the product of a lower triangular matrix and an
upper triangular matrix where each entry on the diagonal of the lower triangular matrix

is the identity. Let B, (', D, and E represent entries such that

I 0 C D A A
B I 0 F A»p  Ag

Through matrix multiplication, the following statements can be made.

1.
C=An
2.
D= A
3.
BC = A
B = Aglc—l

B = AnAj!
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4,
BD+E = Ay
E = Ay — BD
E = Agp—AnAjlAn
E = A
Therefore,
Ao An A | _ I 0 A A
Agr  Ax A21A1_11 I 0 A
Ann A . .
Now suppose we want A to be the product of a matrix that is
0

both upper and lower triangular and a matrix that is upper triangular and the diagonal

entries are the identity. Let

(Zo)(nn)-(% )

Again through matrix multiplication and matching entries, the following equa-

tions hold.

1.
B=An
2.
BD = A
D = B_]‘Alz
D = A1_11A12
3.



36
This yields the following equation,

A O I A7lA A A
0 A 0 I 0 A

This brings us to the equation we were looking for that is a product of three

triangular matrices.

Ae I 0 An 0 I AjlAs
An AT T 0 A 0 I

Now A is represented with a unit lower triangular matrix, meaning the entries
on the main diagonal are identities, and a unit upper triangular matrix. These matrices
will be easier to work with.

To develop a representation of A~ we start with the representation of A shown
above. A is written as the product of three matrices that are either lower triangular, upper
triangular, or both. The two matrices that are individually lower triangular and upper
triangular both have diagonals with elements consisting of the identity. By breaking up
the original matrix into the product of these simpler matrices we will see the benefit of
finding the inverse by finding the inverses of the simpler matrices.

Consider finding the inverse of a matrix that is represented by the product of
three matrices. Let A = BCD where B, C, D are matrices. Then,

A™r = (BCD)™!.

Since matrix multiplication is associative,

ATl =[B(CD) .

We know (FG)~! = G~1F~'. Applying this fact to find A~! we get

A7 = [BCD)!
(o) :
= D'¢'BL
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Since A can be represented as the product of three matrices and we have the
representation of the inverse of the product of three matrices, we can apply this knowledge
to find the inverse of A.

We now look to find A~!. Since

A= I 0 A1 O I A1_11A12
Ap ATl T 0 A 0o I ’

then

A21A1—11 I 0 A 0 I
-1 -1 -1
B I AjfAs A 0 I 0
B (0 I ) (0 A) (AglAl—llf) '

Looking at the first inverted matrix, let

I AjlAg, _p
0 I
. -1
I AjjAp ~p-lo— Du Di
0 I Doy Doy |

Using the fact that
I 0
DDt = ,
0 I

we must find matrix D~ such that

I A A Dy D\ _ (I 0
0 I Dy Do oI/

and
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Using matrix multiplication, the following four equations are obtained:

Dy + AjfAeDy =
Do+ ATt ADy =
Dy =
Doy =

~_ O O M~

Now analyze equations 1 and 2.

Dyy+ AjfA1Dyy = I
Dy + A1_11A12 -0 = 1
Dy = 1T

Dio+ A 412Dy = 0

D+ AfA;-I = 0

Dia+AfA = 0
D1z = —AjAn

Thus,

D1 I —AﬁlAlg
0 I

We now know the first inverse in the representation of A~1. Now we will show
how the second inverse is derived.
Let

and

An 0 o-1 Cu Gz
0 A Ca Ca
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Then

Ain O Cu C2\ [T 0
0 A Co1  Cas 0o I/

This implies the following four equations:

AnCn = I
Cn = Af
AnCiz = 0
ACy = 0
Cy = 0
ACy = 1T
Cy = AL

Therefore,

Finally, let.

and
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-1
I 0 _pl_ Bu Bpe
A1ATY I Bu  Ba

Then,

I 0 By B \_(1 0
AnA7t I By By 0 I}

This gives the next four equations.

1.
By=1
2.
Bi2=0
3.
AnAT!Bii+By = 0
AnA'+By = 0
By = —AnAf
4.

AnAT'Bia+ By = I
By = 1T

Now we have obtained the inverse of the last matrix

Bl I 0
—AnATL T )

By finding the inverse for each of the matrices and substituting, we can obtain

the equation for the inverse of A. We can then simplify the equation into one matrix. So
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P I —AjlAsp AT 0 I 0
0 I 0 Al —An A7l T

_ AT} AT ARATT I 0

0 AL ~An ATt T

AT+ AT A AT A AT — A A AT
—A" Ay AT A1
This lemma for finding an inverse does not apply to all nonsingular matrices.

For example, the matrix

= o o O
o = O ©
o o o= O
o o o

has det(A) # 0. However, partitioning the matrix into four submatrices gives A;1 =
0 0
0 0

triangular (either upper triangular or lower triangular) matrices.

, meaning Al_ll does not exist. The lemma does apply to all nonsingular

What if the matrix you are trying to invert does not have the number of rows
and columns equal to a power of 27 Can you still use Lemma 1?7 Suppose A is an n x
n, nonsingular, invertible, triangular matrix but n is not a power of 2. Then A can be

placed in a matrix of the form

A 0
0 I
where I, represents an m x m identity matrix such that m + n < 2n and

m 4+ n = 2. This keeps the matrix triangular, invertible and nonsingular. Therefore,

Lemma 3 still applies.
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4.2 Another Representation of Finding an Inverse by Ma-
trix Multiplication

When looking at the multiplication steps involved in finding an inverse, it will
be helpful to use a more practical version of Lemma 1. In the article “A Strassen-Newton
Algorithm for High-Speed Parallelizable Matrix Inversion” by David H. Baily and Hela-
man R. P. Ferguson|[BF88], Lemma 1 is presented in a different form. By substitution, we
can see that it is in fact the same method of finding an inverse as Lemma 1. However, by
isolating individual multiplication steps, we can avoid repeating the same multiplications.
Their method showing the six multiplication steps at P, Ps, Py, Cio, Ca1, and Cqg is

presented below.

Lemma 4. Let

-1

A Axg _{ Cu Cn
Az Ag T\ Cn O
Then,

b= Al_lla

P, = APy,

P3 = PiAjpy,

Py = Anbh;,

Ps = Py— Ap,

P = P,

Ciz = Bb,

Ca = By,

Ciu = Pi—PCy,

and
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Cos = —F;.

This method alse involves two inverse steps at P, and Ps, subtraction steps at

FPs and C1; and a negation step at Coys.

4.3 An Example of Finding an Inverse

The following example demonstrates the use of the above steps. Let

1 0 0 1
2 1 -3
A= 5
0 -1 3
1 0 2 0
Then ,
1 0
P, = A7} = ,
1 11 (_2 0)
0 -1 1 0
P, = ApyP =
1 0 -2 1
2 a1
1 0/’
1 0 0 1
Py = PAp =
-2 1 5 =3
[0 1
5 -5 /'
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A Ps

Py

-8 §

1

-2

P3Py

Cl2

Fs Py

Ca
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—t
o
I
]
|
—

]
]
—

nsjen
oo

L _3
Cop = =B = - 2 2
1 -4
-1 3
Cp = 2 2
-1 4
Hence,
3 1 1 -4
-2 _3 _58 1
A1 = 2 Tz T3 3
-3 _1 _1 5
2 "2 T3 2
-2 -1 -1 4

The inverse is found using six matrix multiplication steps. The reduction of
work to multiply matrices would therefore be beneficial, especially when working with

matrices of larger dimensions.

4.4 Work Needed to Find an Inverse

We now consider how much work is involved in finding an inverse. Suppose A is
an n x n matrix, where n is a power of 2. Then A can be split into four % x 5 submatrices

representing Aj1, A1z, A21, and Agg. That is,

A A
A1 Ago

A=

We refer to Lemma 3. So

AT + AT A A Ao AT =AM ApATE
—A~1 45 AT} A1

Al =
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Since A is triangular, suppose it to be upper triangular. Then As; = 0. This
means the upper left entry equals AT} and the lower left entry equals an % x § zero

matrix. Since A = Agg — A1 AT A1 and Ap; = 0, then A = Agy. We now have

AT —AApAs
0 Az

A"l =

Therefore, we need to find the inverses of two % x § matrices, namely A;; and
A2p. If T(n) represents the amount of work needed to find the inverse of an n x n matrix,
then 2T (%) represents the amount of work needed to find the two inverses. We also still
need to perform two matrix multiplications and negate the term to obtain the upper right
entry of the inverse.

Let M(n) be the amount of worked required to multiply two n x n matrices.
Then the work for finding our two matrix multiplications would be 2M (%) To negate
this expression would take at most "2—2 multiplications since that would be how many
terms are in the resulting § x 3 matrix. The work needed to find the upper right term,
after finding A7 and Az, would be 2M (2) + %2-. Now, suppose we multiply two % x
£ matrices where one of the matrices is an identity matrix. This would be the simplest
nonzero multiplication that could happen and it would take at least -’f;— multiplications
because there are at least that many entries in the product. Therefore, the amount of
work needed to muiltiply two § x 5 must be greater than or equal to the amount of work
needed if one of the matrices is an identity matrix. We say le—z <M (-’21) Therefore,
2M (3) + 2 <30 (3).

Hence, the total amount of work needed to find an inverse, T'(n), would satisfy

n

T(n) < 2T (3) +3M (2

),forn22,

where T'(1) = 1.
We now try to get our statement in terms of the amount of work needed to
multiply two matrices, M(n).

Looking at the inequality for T(n), we replace n with 7. Then
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T(n) < 2T (g) +3M (g)
<zlor(7) +an (7)) 3 (3)
=3[u(3) +20 (7)) +ar(3)
<3 M (3)+2m (3)] +afor (5)+am (5)]

Continuing this idea until we have T'(1) gives

n
2

n

4

=3 D?:n 2k=10f (gk)} +n

| k=1

[log, n nk
=3 ; 2’“-2M(§ ) +n

T(n) <3 [M(3)+20 (3) +4M (3) + ...+ (3) MOD)] + 7))

8

[log, n

:g -kz_—_l 2"’M(2—Tz) +n

—Iogz n

=g k};l 2‘fM(-23k) +n

- % 2M (3) +ana (3) +80 (3) +...4nb ()] 41

Suppose you want to multiply two 2m x 2m matrices and you partition each
matrix into four m x m submatrices. If you used traditional methods of multiplication,

as stated in section 2, the amount of work would be

T(2m) = [2(M(m)] - [M(m)
< 8M(m).
If one of the two matrices were an identity matrix, then the least amount of

work would be to muliply each m x m submatrix by the m x m identity matrix, meaning

4M(m). We now make a reasonable assumption that
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4M(m) £ M(2m).

Combining these two statements, we see

AM(m) < M(2m) < 8M(m).

Applying to our situation letting m = § gives

AM (g) < M(n) < 8M (g)

v () < o <2 3).

Now let m = % and get

Since 4M (%) < :M (%) and M (3) < 1M(n), then

#(3) = }duo
1) <

By the same process, now let m = § and we see that
n n n
V< )< b
() <M (3) <8 (5)

() < bar (D) s (3).

Now we can see that
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M (%) = z11 16M(")

n

M(3) < RY,
M(5) < g )
We substitute the inequality statements into our statement of work for an infinite

number of terms getting

T(n)Sg[ ()+4M( )-!—SM(g) <ot (2)] +n
PHLIORRIG +8M£z) a0
=M (n)( +i+ +- ;)
=M (n)(1—1)+n |

because the geometric series 4 + 3+ 1 +--- + 2 = 1 — L. Therefore, since 2= M(n) > n

T(n) = %M(n')- - -%M(n) tn

3
<M (n)
Now we can state the following theorem.

Theorem 5. Let M{(n) be the amount of work required to multiply two n x n matrices
over o ring. If for all n, 4M(n) < M(2n) < 8M(n), then there ezists a constent c
such that the inverse of any n.x n nonsingular upper (lower) triangular matriz A can be

computed in eM(n) amount of work[AHUT74].

The work of finding an inverse is not more complex than the amount of work

needed to multiply matrices .
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Chapter 5

LUP Decomposition

5.1 Presentation of Algorithm for LUP Decomposition

LUPF decomposition uses some of the concepts that were used in the section
4.1. If a matrix can be separated into a product of lower triangular and upper triangular
maitrices, they will be easier to work with. Since some matrices may contain columns
with all entries equal to zero, columns in the original matrix may need to be rearranged.
This will require a permutation matrix. Hence, in the term LU P decomposition L stands
for a lower triangular matrix, U stands for an upper triangular matrix and P stands for
a permutation matrix. The LU P form of a matrix can be found through a process called
FACTOR, resulting in the LU P decomposition of the matrix.

Doctors Aho, Hopcroft, and Ullman describe the LU P decomposition method
in their book, The Design and Analysis of Computer Algorithms. To study this method

several definitions are necessary. The following definition is given:

Definition 3. The LU decomposition of an m x » matrix A, m < n, is a pair of matrices
L and U such that
A=LU

where L is m x m unit lower triangular and U is m x n upper triangular.
If the determinant of A is not equal to zero, then A is nonsingular. Not every
matrix A will decompose. However, if A is nonsingular, then A can be mulitplied by a

permutation matrix such that AP~! has an LU decomposition. Therefore, AP~! = LU.
Multiplying by P on both sides gives A = LUP.
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Now for any nonsingular matrix A, we can use the algorithm to find L, U, and
P such that

A=LUP

This is called the LU P decomposition of A. This equation is represented in the

following diagram.

The following algorithm, called FACTOR, finds the LU P decomposition for any
nonsingular matirx A. It is written FACTOR(A, m, p) where A represents the matrix be-
ing written in LU P, m represents the number of rows in A with m a power of 2, and p

represents the number of columns in A.

Algorithm 6. For a nonsingular n x n matriz M, where n is a power of 2, we call the
procedure FACTOR (shown below) to get L, U, P such that M = LUP and L is unit

lower triangular, U is upper triangular and P is a permutation matric.

FACTOR: FACTOR(A,m,p)

1. If m =1 then set L = (1). If m#1 then go to step 5.

2. If the first column does not have all elements zero, then P is the p x p identity
matrix. If the first column has all elements of zero, then find, if possible, a column of
A, call it ¢, that does not have all elements zero. Let P equal the p x p identity matrix
where the first column and column ¢ are interchanged.

For example if

011 012 ... Cl¢g ... 01;;
0 0 .. C ... 0

A= ?1 ?2 ) _20 i ?p whenm<pandc<p
Oml 0m2 e Cmc PR Omp

and where the c-column does not have all elements equal to zero. Then



( 011 012
021 122
P =
la  Oe
K Op1  Op2
Note: P = P!
3. Let 7 = AP.

1lc
02c

Occ

Olp \
O2p

Ocp

1pp )
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4. Multiply both sides of the equation in step 3 by P~1. This gives A = UP~!

or A =UP. Since L = (1), the equation can be written as A = LUP.
5. If ms 1 then partition A into two, m/2 x p matrices B and C.

p
m A

6. FACTOR(B,m/2,p) to produce L1, U1, P;. Return to step 1.

m/2

m/2 C

P oL P
m A :m/2 e m/2_u_- _q'......
m2[Ea N m2| D
B=LUiP,

7. From the diagram in step 6 above, looking at the bottom half, we need

cpl

IDP;
DP;
D.
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Find D = CP7".

8. Let E be the first m/2 columns of {/; and F be the first m /2 columns of D.

p mi2  p-m/2
m/2|" U | _ me2 E:_ estaf
mi2| D m/2 | F i retoro

To get the matrix to be upper triangular, the box F' must be a zero matrix.
This is achieved by changing the lower left box of the first matrix to FE~1. That is, we
will find G so that the following diagram holds.

m/2.m/2 P
m/2 L,ﬁ.l m/2 o E: Restof U}

p

m/2| E: Restof U,

m/2| F | RestofD

— =1 SCE- Ty

m2lrE N mell |G

We see that the first m /2 columns are correct since, FE~'E+0 = F'. The other

columns will also be correct if we make the right choice for G.

m/2 m/2 P _m p
m/2 | L m/21N_ U, a m/2 h IWX'; m/2 N _q’_-_
m/2 |FE? :_] . m/2 : G m/2 ey ’ m/2 D

The top half is identical because of the zeros in the upper right corner of the first
matrix. Looking at the bottom half of the boxes, FE~1U1 +G =D or G = D—-FE™U;
(See step 9). Therefore,

p
p m/2 m/2 p
m2|[ N0 mr2
ml A =" Nu ], e
m/2 |FE* 1] m21 5 |G

9. Find G = D — FE~1U;. Note: The first m/2 columns of G are all zero.
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At this point, D and F were found in steps 7 and 8, respectively. £~' may be
found by the methods from Chapter 4 on finding inverses. Thus, G may be found by the
above equation and the given matrices.

10. Let G’ be the rightmost p—m/2 columns of G. G’ = Rest of D from diagram

in step 8. G' is a matrix with m/2 rows and p — m/2 columns.

P m/2 p-m/2
m/2 |\ U, m/2| > U,
m2[f G | mel ]| &

11. FACTOR (G',m/2,p — m/2) to produce L, Ua, Pj.

12. Let P; be the p x p matrix with a m/2 x m/2 identity matrix in the upper
left and P, in the lower right.

p m/2  p-m/2
m/2

o
w0
Il

13. Find H = Uy Py 1.

We will show the following to be true.

m/2 m/2 P m/2
NGRS m2INC H i

- - -

m2| N U | pemz |

m/2|:
m/2

The following statements verify the above.
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m/2 p-m/2
m(Z'mIZ P w2l 1 b
m/2| NJ m/2f H i _
m/2 { I m/2 U p-m/2 P
D
P,
m/2 p-m/i2
P m2| |
m/2 H _
m/2 LU p-m/2 P B
p p
m/2 HP m/2) N\ U

m/2 LUP m/2 G

Now substitute

m/i2 p-m/2
P m/2 m/2 p mi2| 1
m2I\ U | m2[N m/2 H
m/2 G T m2 D m/2 U | p-mr P
into
p
p m/2 m/2 p
1
m A = ™2IiN ] ™2INUL ] p I
m/2{FE" !} m/2 G
to get
. i
A = L |__ LD I.._ N _..f-i--. . } P
FE* 1) iD Uz VR
i

14. Let L be the first two matrices multiplied together which results in a matrix

with L1, Opp/2, FE™! and Ly such that
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nﬁ m/2 m/2!rn/2 m/2 m/2
m2I NG m/2 [N\

= — — s -

m/2

m/2 | I m/2 |FE" '\

m/2

15. Let UU be an m x p matrix with H in the upper half and Opn/e and Uz in the
lower half.

5.2 An Example of LUP Decomposition

The following is an example of finding the LUP decomposition of a matrix.

Each step is given followed by the application to the particular matrix.
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We begin with FACTOR(A, m, p). Let

1 -1 3 2
-2 01 -1
A=
0 11 1
1 2 0 1

To find the LUP decomposition, we will FACTOR(A, 4, 4).

1. If m = 1, then set L = (1). If m#1, then go to step 5. Since m = 4, we will go
to step 5.

5. If ms 1, then partition A into two m/2 x p matrices B and C.

Partition A
1 -1 3 2
-2 0 1 -1
A=
0 1 1 1
1 2 0 1
Therefore,

6. FACTOR(B,m/2,p) to produce Ly, U1, P We need to FACTOR(B, 2, 4). To do
this, return to step 1. Let m' =m/2=2.

6.1 If m = 1, then set L = (1). If m#1 then go to step 5. This time, m = 2 re-
quiring step 5.

6.5 If m+~ 1 then partition A into two m'/2 x p matrices B and C.
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Partition B.

Now, B'=(1 -1 3 2 )andC'=( -2 0 1 -1).

6.6 FACTOR(B,m’'/2,p) to produce Ly, U1, Pi. This means we need to FACTOR(B, 1,
4). To do this, return to step 1.

6.6.1 If m = 1, then set L = (1). If m+#1, then go to step 5. This time, m =m'/2 =1 s0

we follow to step 2.

6.6.2 If the first column does not have all elements zero, then P is the p x p identity
matrix. If the first column has all elements of zero, then find, if possible, a column of A,
call it ¢, that does not have all elements zero and interchange the first column with c.

Let P equal the p x p identity matrix where the same two columns are interchanged.

Since the first column of B’ does not have elements that are zero and p = 4, P

is the 4 x 4 identity matrix.
6.6.3 Let U = AP. At this point, A = B’ and P is an identity matrix, so U = B'.

6.6.4 This gives A = LUP. The result is

100 0
B,:(l_'132)=&1/)/.(1—~132)' 23(1)3
Lo i 00 0 1
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6.6 We have now completed FACTOR(B, m/2, p) to produce L, U1, P,. FACTOR(B’,1,4)

gives

Li=(1) U1=(1 13 2) A

il
T
o o = O
o = O O
= O O O

6.7 Find D = OPl_l. At this point in the algorithm, D = C', since P[! is an identity

matrix and C = .
D=(-20 1 -1)

6.8 Let F be the first m’'/2 columns of U; and F' be the first m’/2 columns of D.
Therefore, £ = (1) and F = (—2).

6.9 Find G = D — FE~'U;. Note: The first m’/2 columns of G are all 0.
Here, E~1 = (1), so

G=(—2 0 1 —,1)—(—2)(1_)(1 -1 3 2)=(0 -2 7 3).

6:10 Let G' be the rightmost p — m'/2 columns of G. Because p = 4 and m' = 2,
G’ will be the right three columns of G.

¢=(-27 3)

6.11 FACTOR (G',m'/2,p — m//2) to produce Lg, Us, P,. At this point, the call is to
FACTOR(G, 1,3). Return to step 1.

6.11.1 If m = 1, then set L = (1). If m=£1, then go to step 5. Since m = 1, we set L = (1).
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6.11.2 If the first columu does not have all elements zero, then P is the p x p iden-
tity matrix. If the first. column has all elements of zero, then find, if possible, a column
of A, call it ¢, that does not have all elements zero and interchange the first column with
c. Let P equal the p x'p identity matrix where the same two columns are interchanged.

Since the first column of G’ does not have elements that are zero and p = 3, P

is the 3 x 3 identity matrix.

6.11.3 Let U = AP. At this point, A = G’ and P is an identity matrix, so U = G'.

6.11.4 This gives A = LUP.

10 0
G":\(il)/-(—z?3) 01 0
I Ty \o o0 1
-—

Returning to step 11.

6.11 FACTOR (G',m/2,p — m/2) to produce Lg, U, Ps.

t-.
[ %]
1l
~~
(=)
p—
N5
Il
~~
|
[ )
-q
w
—r
s
Il
o O =
o = O
- O O

6.12 Let P3; be the p x p matrix with a m/2 x m/2 identity matrix in the upper left
and P in the lower right.

p m/2 p-m/2
m2| |k
191.;‘7
p R = i
p-m/2 ?ﬁ??i P




Py

Il
o O CD||—1
[ e~ =]
— o o|o

o O o

6.13 Find H = U1 P51
Because F; l_p=17 , the result is Hy = U.

H=(1-13 2)

m2 p-m/2
P m/2 m/2 P m2| I L
m/2 ,:‘ _L!_,___ _m/Z,, ';_ . ITI/2_, _-‘H___ . :
m2l |G [ w2 OIN] mel PN U peme) ] PR
1 0 0 0
1 =13 2} [10 1 -1 3 2 0 1 0 0
0 -2 7 3 0 1 0 -2 7 3 0 0 1 0
0 0 0 1
Q
Substituting @ into R, produces the following
1 -1 3 2
B =
-2 0 1 -1
1 0 0 O
B — 1 0 1 -1 3 2 01 0 0
-2 1 0 -2 7 3 0 01 0
R 0 0 0 1
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1 ¢ 0 0 l
_ 10 1 0 1 -1 3 2 01 00
"l 1/ Vo1 o 273) o010
0 0 0 1
. s y
1 0 0 0
01 0 0
0 01 0
0 0 01
Now, reassociate the matrices to find L, U, and P for B.
1 0 1 0
-2 1 ' 0 1
N - _
1 -1 3 2
0 -2 7 3
N ~ _
1 000 1 0 00
01 00 01 0 0
0 010 0 01 0
0 0 0 1 0 0 0 1
N v "
After multiplication, the LUP decomposition for B is
1 0 0 0
B=( 10)‘(1—132 01 00
-2 1 0 -2 7 3 0 010
Yy ° M “\0 0 0 1
N - .

Remember the LU P decomposition of B results in Ly, U; and P; for FACTOR(A, 4, 4).

Now we return to step 6 with the following result



1 0
1 0 1 -1 3 2 01
Ll B U]_ = P]_ =
-2 1 0 -2 7 3 0 0
0 O

7. Find D = CP7'. Since P! is an identity matrix, D = C.

0 1 11
D=
(1201)

o o= O O

p
p p
m A = -m/z..—" _"Z’-—_. p R
m/2 D
1 0 0 0 1 -1 3 2 1 0 0 0
A= -2 1 0 0 0 -2 7 3 0 1 0 O
0 1 0 0 1 1 1 0 0 1 0
0 0 1 1 2 0 1 0 0 0 1

= o o o

8. Let E be the first m/2 columns of U; and F be the first m/2 columns of D.

(o) (1) =0

9. Find G = D — FE~1U;. Note: The first m/2 columns of G are all 0.

KM= B2

|
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o - 01113} 01 -z} (1 -1 3 2
\1 20 1) 1 2 0 —3 0 -2 7 3
o - 011 1) (0 -3} (1132
1 2 0 1 1 -3 0 -2 7 3
T _3
o - (0111} o1 - -§
1 201 1 2 - -8
e _ (00 %%
0 o 2 I
According to the diagram
p
p m/2 m/2
2 [N\
m A =™ p P
m/2
[ 1 -13 2
-2 0 1 =1
A =
0 11 1
\ 2 0 1
(1 0o00) (1 -1 3 2 1000
12 100 0 -2 7 3 0100
0 -1 10 o o £ & 0010
\ 1 - 01 0 0 L I 000 1

10. Let G’ be the rightmost p — m/2 columns of G. Because p = 4 and m = 4, G’

will be the right two columns of G.

(TN R NCTTE
\-_—-/
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11. FACTOR (G',m/2,p — m/2) to produce Ly, Uy, Po. This calls for FACTOR(G,
2, 2). Return to step 1.

11.1 If m = 1 then set L = (1). If m+#1 then go to step 5. This time, m = 2 re-
quiring step 5.

11.5 If m+# 1 then partition A into two (m/2 x p) matrices B and C.

p p
m A _ m2{ B
m/2 C

Q

Il
N
Nla Nl
noI-3 |palen
SN’

Partition G’ giving

11.6 FACTOR(B, m/2, p) to produce L1, Uy, Py Return to step 1. Here, FACTOR(B, 1, 2).
Return to step 1.

11.6.1 If m = 1 then set L = (1). If m # 1 then go to step 5. Since m = 1, we set L = (1).

11.6.2 If the first column does not have all elements zero, then P is the p x p iden-
tity matrix. If the first column has all elements of zero, then find, if possible, a column
of A, call it ¢, that does not have all elements zero and interchange the first column with
c. Let P equal the p x p identity matrix where the same two columns are interchanged.

P will be the 2 x 2 identity matrix.



11.6.3 Let U = AP. U = ( g

nojor
N’

11.6.4 This gives A = LU P. Obtaining L, U, andP we go back to step 6.

11.6 We now have

=0 u=(3%3%) Pl=-((1J fl’)

According to the diagram,

p _m
_m/2 Lﬁ'{%ﬁ

iy
ug_'
AN\E

m/2 1R m/2 D

|

TN
‘°|G 1)

SIS B T2

I
N
o
- O
~—
TN
N’la o
Nl=7 B3l

)

11.8 Let E be the first m/2 columns of U; and F be the first m/2 columns of D.

ey
Il
~—
ol
~—
|
Il
~
2|5
~——
txy
P
|
Vi
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11.9 Find G = D — FE-1U;.
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o= (% 8)-(%#)(8)(s 1)
c=(#1)-(8)(s1)
¢ = (o0 -2)

The LU P decomposition of G’ is as follows

o wlo

) ()

Q

I
e
05 oo
nol=2 t3len
WINY djen

11.11 FACTOR (G',m/2,p — m/2) to produce Lg, Uz, P,. Meaning FACTOR(G',1,1).

Ly = (1) U2=(—§ ) P =(1)

11.12 Let P; be the p x p matrix with a m/2 x m/2 identity matrix in the upper left and
P, in the lower right.

Remember, we are factoring G’ = ( ) . Therefore, P3 is the 2 x 2 iden-

w5 ol
»o[~3 tolon

tity matrix.
11.13 Find H = U Py ..
Because P; ! = Py = I, the result is H = U;. Therefore,

H=U1=(

[} [F=]
Nen
S
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m/i2 p-m/2
p m/2 m/2 p m2| 1
m/2 U _m2I N m/2 H -
m2| |G Tm2| ‘“-\z m/2| . Uy | p-mn2 s, [
9 5 9 5
2 2 \_(1YO0Y) [z 2 1.0
0 ﬁ% 01 0 _‘%
p
p m/2 m/2 P
m A = ™R I-@é . mlz-:*. Yo p P
m2|FEtN] m2| |G

Finally through substitution we get
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11. FACTOR (G',m/2,p — m/2) to produce Lz, Us, P. Return to step 11 having
figured

10

5
-2 0 1

= ool
o o

12. Let P3 be the p x p matrix with a m/2 x m/2 identity matrix in the upper left
and P in the lower right.



p-m/2 P

Using the diagrams, we see that Pj is the 4 x 4 identity matrix.
13. Find H = U, Py L.

Because Py ! = Py = I, the result is H = U;. Therefore,

1 -1 3 2
H=U =
0 -2 7 3

m/2  p-m/2
m/2 m/2 p mz| |
m/2{ "\ _m2iN! m/2\_ H ;
ms2| * Tmz| R m/2|* U | p-ma| P
1 000 1 -1 3 2 1 000
01 0 0 0 -2 7 3 0100
00 10 0 3 3 0010
00 5 1 0 0 -2 0 001
Q

Finally, substituting yields the LU P decomposition for the original matrix.

A et .L-!..I-.— . ”‘l - . b =~ ——’i--- - .
FE* 1} N ING| (1R
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1 000 1 000
-2 1.0 0 0100
A= Q-
0 -1 10 0010
-3 01 0001
1 0 00 1 -1 3 2 1 000
a_| 2 100 0 -2 7 3 0100
0 -+ 10 0o o0 % 2 0 010
3
\1—531 o 0 o0 -2 0001/
L U P

FACTOR is complete and we have found the LUP decomposition of A.

5.3 Work Needed to Complete LUP Decomposition

We now look at the amount of work involved in finding an LU P decomposition
a nonsingular n x n matrix with n = 2%, Let A be an m x p, with m = 2¥, matrix and
FACTOR(A, m, p). We know from experience now that the amount of work needed will
be based on the number of rows in the matrix we call to FACTOR. Let T'(m) represent
the amount of work needed to call FACTOR(A, m, p). If m = 1, then only the first
four steps of the algorithm are necessary to produce L, U, and P. Step 2 might require
an interchange of columns. Step 3 would require AP meaning at most n operations.

Therefore, to accomplish steps 1-4, when m = 1, would be some constant b times n.
T(1)="btn

Now we look at FACTOR when n > 2. This will involve going through the
complete algorithm where FACTOR is called at steps 6 and 11. Each of those steps
will require T (-’g—) amount of work. Steps 7 and 13 will require finding the inverse of a
permutation matrix, which will be a function of n, meaning O(n).

For step 9, we need to find E~!. Using theorem 1, mentioned in section 4.1,
and the fact that F is an 7 x 3 matrix, the work needed will be some constant ¢ times
M (). We also need to compute FE~L, which will also take M (%): Then we need

to multiply FE~! by U1. Uy can be at the most % x n. We know n is divisible by 2,
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because in the first call of FACTOR n = m, both n and m. are powers of 2, and m < n.
Think of U1 as % x & blocks set next to each other. If you divide n by %, you would have
at most 27> number of blocks. Therefore the amount of work would be 22 M (%) We
consider 2 as part of the constant ¢ giving the amount of work for step 9 to be Z2M (-’;—‘)

The rest of the steps will have at most some constant, d times mn. This gives
the following recursive formula for finding the amount of work needed to complete LU P

decomposition.

o (mY 1 e pf (2
T(m) < T(2)+mM(2)+dmn, m>1
bn, m=1

for constants b, ¢, and d.
We now look to find a limit to the work in terms of M (m), the work of multi-

plying two matrices.

T(m) < 2T (%) + 2y (%) + dmn

Consider the constant terms £& and dmn combined to be . We continue in a

manner similar to what was done for the work of an inverse.
o) < ar(Z)+Zu(3)
- 2 (2 afer (2)+ 2 (3)
= () () +ar ()

- S () () el (D) ¢ 2w (D)

The recursive process continues until m = 1. This occurs when logm = klog2 for some

constant k. We use logm as the number of times the formula is applied. Therefore,

o < S () () (). T )
+mT(1) .
= 4m [4M( ) + 160 (—E—]:) + 64M (%?’.) +... +4logmM(1)] +m(bn) -

- 2SS (g

+ bmn
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Consider the condition that for some ¢ > 0 then M(2m) > 22T¢M(m). To see

the flow of statements, we rewrite in terms of less than.
22+ M (m) < M(2m)
Replacing m with (%), we get
vand Ve (%) < M{m).
If we divide (%) by 2, we get
gFtegdteps (%’—L) < M(m).

As we continue to divide m by 2, we see

(22+e)'iM(g) < Mm)
9% . 9¢ipg (g) < M(m)
400 (g) < -Q%M(m).

Therefore,

i m 1\
4iM (5) < (ﬁ) M(m).
Because the terms are all positive, we can say
logm logm i
; m 1
S am(Z) <y (5_) M(m).
i=1 i=1

We can see

() e < M,

i=1

i=1
since we are adding more positive terms on the right hand side, the total would be larger.
We can take M (m) out of the summation since it is not dependent on 4.
This brings us to the following statement.

T(m) < %M(m) i (%)l + bmn

i=1
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Since the summation is a geometric series with 7 < 1, we know it will equal some constant,
f ;
en
T <=—M b
(m) < i (m) + bmn

Combining the constants into &, we get
kn
T(m) < HM(m) + bmn

The LU P decomposition algorithm is for an n x n matrix, the algorithm starts
with m = n. Thus, the amount of work needed to complete the LU P decomposition for

an n x n matrix is represented by
T(n) < kEM(n).
We see that the amount of work needed is based on the work to multiply n x n matrices.

Theorem 7. Suppose the amount of work needed to multiply two n x n matrices is
represented by M(n), and for oll m and some € > 0, the following is true: M(2m) >
22+ M (m). Then the amount of work needed to perform the LUP decomposition shown
in Algorithm 8, T(n), is less than some constant k times M(n) for any nonsingular matriz.
Meaning, T'(n) < kM (n)[AHU74].
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Chapter 6

Solving Equations

6.1 Using LUP to Solve

By writing a matix in LU P decomposition, a system of linear equations can be
solved without using inverses or row reduction methods. The system may be solved by
using matrix multiplication and back substitution.

Consider A to be an n x n matrix. Let
Az =5

where both z and b are n» x 1 column vectors. Assume A can be factored into LUP,
meaning A = LUP. Then

LUPz =b.
Now let
UPx=y
and
Ly=hb.

By isolating L and because L is a lower triangular matrix, one variable is solved
and the rest of the system can be solved by using back substitution. Therefore, the

equation Ly = b can be solved for y. Then use

UPzx=y
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and similar methods to solve for x. First, multiply I/ P. Then solve for = using the values
that were already found for y [AHUT74].

6.2 An Example of Using LUP to Solve an Equation

Looking at an example will give a visual explanation of what occurs with this

process. Consider the following system of equations.

z3 + 2z4 = 7

3x3
T — I + x4 = 3
2z - xz3 + 3z4 = 10

First, write the systems of equations as a matrix equation.

0 0 1 2 T 7
0 0 T2 | 9
1 -1 1 3 3
2 0 -1 3 T4 10
Here
0 1 2
0 3 0
A=
1 -1 0 1
2 0 -1 3

It may seem simple to just find A~! with the method discussed in section 3.

Then solve the equation by multiplying both sides by the inverse. However, here 4;; =
0 0

0 0
the LU P decomposition for A and using the method described above.

) Al'l1 does not exist and the matrix is not invertible. This suggests finding

After using the LU P decomposition algorithm, the LU P decomposition is found
for A.



76

1 0 00 1 20 0 0010
A 1 00 0 -6 0 0 0001
-t 10 0 1 -1 1 000
-1 -2 21 0 0 2 0100
Therefore, the LU Pz = b becomes
1 00 0 1 20 0010 1
1 00 0 -6 0 000 1 zy |
-1 10 0 0 1 -1 100 0 zs |
-1 -2 21 0 00 2 0100 T4
7
( 9
| 3
10
Now, using U P2 = y and assuming
n
y=| *
v
Y4
then Ly = b becomes the following
1 0 0 0 U 7
3 100 v | | 9
0 -1 10 w | | 3
-1 - 21 Y4 10

Using matrix mutliplication, y; = 7. By using back substitution into the other

equations obtained, the following statement can be made

(1 7
v | | —12
Y3 1

Ya 5
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Now looking at the equation UPzx =y

1 2 0 0 0 010 x1 7

0 -6 0 O 0 0 0 1 r2 | | -12

0 1 -1 1000 zs | 1

0 0 2 0 1 00 x4 5

Multiplying UP
0 1 2 1 7
0 0 -6 z2 | | —12
1 10 0 zz | 1
0 2 0 0 4 5
Now =z and x4 can be solved easily giving z2 = -g- and 4y = 2. Through

substitution, the following solution is obtained

1 %
z2 | | $§
I3 a 3
Ty 2

We see that the amount of work needed to use this method of solving a system
of equations is based on the amount of work needed to find the LU P decomposition for
A, as shown in Section 5.3 and another M(n), where A is an n x n matrix. There would
also be some work involved in the back substitution. However, this would be a relatively

small amount of work and was not explored in this paper.
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Chapter 7

Determinants

One basic operation of working with matrices is finding determinants. For begin-
ning algebra students finding the determinant of a 2 x 2 matrix is relatively easy. Finding
the determinant of a 3 x 3 matrix is very doable. However, finding determinants by hand
for any matrix larger than 3 x 3 can be overwhelming. In The Design and Analysis of

Computer Algorithms, the authors state the following lemma.

Lemma 8. If A is a square upper triangular or lower triangular matriz then the deter-

minant of A is equal to the product of elements on the main diagonal[AHUT4].

Proof. Suppose A represents an upper triangular matrix

/ @11 @12 413 ... Qln \
0 oo aA923 ... aon
A= 0 0 a33 .. asn
\ 0 0 0 .. auw)
Using 1st column
G2 a3 ... G2n
0 a3 ... a3
an| . T [20k0x %0
. : R n—1 times

0 0 ... app
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aszsz ... _agn
a11 - ag Dot F0+0%---+0
0 ... apn n—2 times
ag4 ... GQ4n
a11 * @22 * a33 T, : +0+0+.--40
0 .e.  Qnn n—3 times
Qp— - [+ T

0 Qnn

Q11 @ - €33 * On—2)(n—2) (A(n=1)(n—1) - Gnn — 0)
a11 - @22 * 033 * A(n—-2)(n-2) * Un—1)(n—1) * Gnn
@11 - G22 * @33 " " Qnn

O

The determinant of an upper triangular matrix is the product of the elements
on the main diagonal. As is the case with an upper triangular matrix, the determinant of
a lower triangular matrix is found by multiplying the elements along the main diagonal.
The proof is similar to the above proof. Therefore LUP can make it easy to find the
determinants of any matrix.

By rewriting a square matrix in terms of LU we can find the determinant by
multiplication. For each lower (L) and upper (U) matrix the determinant is the product
of elements on the main diagonal. Therefore, the amount of work needed to find a
determinant of an n x n matrix is based on the the amount of work needed to find
the LU P decomposition of the matrix plus the amount of work needed to multiply the
elements on the main diagonal. Thus, T(n) < kM (n).
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Chapter 8

Conclusion

When my son took algebra in high school, he came home one day and declared
that “There was no need to learn matrices. You can always use other methods to solve
systems of equations.” Clearly, he was limited in his knowledge and how the concepts
of linear algebra are used in many different fields. While we often teach the beginning
concepts of linear algebra and working with matrices in our college-level algebra courses,
many students are not exposed to the more advanced concepts of linear algebra and their
applications. In looking at the introductory paragraphs for one linear algebra text book,
it states “This course is potentially the most interesting and worthwhile undergraduate
mathematics course you will complete.” [Lay06] In the preface it mentions the book con-
tains applications in the fields of engineering, computer science, mathematics, physics,
biology, economics and statistics. As we look at how the study of linear algebra applies to
many professional fields and we study the technology used to implement such concepts,
it is useful to find ways to make the current methods more efficient. The study of the
complexity of linear algebra focuses on this idea.

Strassen, Laderman and others have worked to reduce the amount of multiplica-
tions steps needed when multiplying matrices. This paper shows that the work of finding
inverses, solutions to systems of equations and determinants is no more complex than a
constant factor of the work of matrix multiplication. Therefore, simplifying the process of
matrix multiplication will make the procedures more efficient. While this paper did not
present the work of Coppersmith, his method is apparently faster than others as men-

tioned in the article by Bailey and Ferguson|[BF88]. Further research into this method
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would be useful. The ability to represent a matrix in LU P form allows the matrix to be
broken down into simpler matrices for ease in finding inverses, solving systems of equa-
tions and finding determinants. The complexity of these linear algebra tasks is based
on the amount of work needed to multiply matrices. As computers are used to tackle
large linear algebra systems, the reduction of computational steps will decrease the time
needed to operate programs and increase the capacity to run larger systems.

When my brother, who is ten years older than me, took his first computer class
in college I remember him telling about his experiences using punch cards and waiting
long periods of time to have the opportunity to run his stack of cards. Things have
changed greatly over the last 40 years. Our systems will continue to change as methods
improve and the study of efficiency continues. People still look for ways to solve systems
of equations and perform other linear algebra operations with greater speed and more

efficiency. The study of the complexity of linear algebra continues.
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