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ABSTRACT

This paper provides a glimpse into the warld of p-adic numbers, which encorn-
passes a different way to measure the distance between rational numbers. Defining a new
* non-Archimedean norm on the field Q allows us to form a new completion as a metric
space, which we call @, the field of p-adic numbers. This paper will explicitly construct
and define Q, along with other relevant, unfamiliar topics that arise. Simple calcula-
tions and surprising results are examined to help familiarize the reader to the new space.
Standard algebraic and analytical exercises are performed and discussed in the new set-
ting, such as kth roots of unity, Hensel’s Lemma, which is the p-adic analog of Newton’s
Method, Cauchy Sequences, Convergence, the Mean Value Theorem, the Intermediate
Value Theorem and the Chain Rule. This paper then relates these results to their more

familiar real counterparts.
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Chapter 1

Introduction

1.1 Non-Archimedean Norms

The concept of p-adic numbers arises from the fact that there exists more than
one way to {naturally) measure the distance between rational numbers. The Euclidean
distance, or the standard absolute value, allows us to form a completion of (¢ as a metric
space, which is R. Defining a new norm on Q, particularly a non-Archimedean norm,
forms a new completion of Q, which we call Q,, that is distinct for each prime p. This
norm considers two numbers “close” if their difference is a power of p; the higher the
power of p, the “closer” the numbers are considered to be.

We start with the definition of a non-Archimedean norm, which is a fourth
condition added to the definition of a standard norm on a field. Refer to [Kat07] (page
6) for the definition of a norm. Refer to [Fra67] (page 259) for the definition of a field.

Definition 1. Let |- | be @ norm on a field, F. Then |-| is non-Archimedean if
2+ 91 < max((al, Jyl) for all 7,y € F.

This fourth condition that makes a norm non-Archimedean is referred to as
the the “strong triangle inequality”. We also say that a metric space endowed with a
non-Archimedean norm is an ulirametric space.

Working with a non-Archimedean norm yields surprising results in our new

space.



Exercise 2. If | -| is a non-Archimedean norm on a field, F, then any point of an open
ball

B(a,ry={z:|lxz—a| <71}
in F' is its center, i.e., if b is in B(a,r), then B(b,r) = B(a,r). The same is true for

closed balls.

Proof. Let |-| be a non-Archimedean norm on an ultrametric space, M. Let B(a,r) C M
be the open ball of radius r with center a, and let b € B(a,r). Additionally, let z € B(b,r).
Then |z — b| < r and |b— a| < v by assumption. It follows that

|z - a| =[(z —b) + (b— a)| < max(|z —b],|b—a])
by the strong triangle inequality. Since max(|z — b|, [b — a|) < 7, we have |z —a| < 7.

Thus, we have shown that =z € B(a,r).

Since z € B(b,r) was arbitrary, we conclude that B(b,7) C B{a,r). However, since
|b —a] < 7, then a € B(b,r). Now, we choose a point ¥ € B(a,r) and by the same
argument we can show that y € B(b,r). It follows that B(a,») C B(b,r). Therefore,
B(a,r) = B(b,r). Since b was arbitrary, we have established that any point in an open

ball in an ultrametric space is its center.

Note that the same argument holds for closed balls when we replace “<” with “<”. O

We can use the result of Exercise 2, particularly the case of closed balls, to prove

another suprising result. However, we need to introduce a definition.
Definition 3. The sphere of radius r and center a in o metric space M is the set
Sa,r)={a € M| |z —a| =r}.

Exercise 4. In an ultrametric space, every triangle is isosceles and the length of the two

equal sides is greater than or equal to the length of the third side.

Proof. Let AABC be a triangle in an ultrametric space, M. Consider the longest side
and label the endpoints A and B. Construct the closed ball with center A with radius
equal to the length of side AB. Since we have assumed that AB > AC, we know that



C € B[A, AB|. By our previous result that all points included in a closed ball are its
center, we have B[A, AB| = B[C, AB]. Since B is contained in the sphere of B[C, AB|,
then BC is the radius of B[C, AB]. Since AB is also the radius of the ball, we conclude
that AB = BC'. Thus, our arbitrary triangle is isosceles. The second part is immediate
from our assumption, that AB > AC. If AC was indeed the longer side, we would
construct the closed ball with center A with that length as its radius and obtain the same
result. 0O

1.2 The Construction of (Q, - The Underlying Structure

We now begin the construction the new space we will examine in this study, the
field @,. To do this, we will begin working with general elements in order to build our
structure. Once our structure is complete and sound, we will rename our players and
prove that they indeed fit our mold. The following procedure cutlines the completion of
a field with respect to any norm, not necessarily a non-Archimedean norm.

Let F be a field and let |- | be a norm on F. We denote {F} as the set of
all Cauchy sequences with elements in F. For the definition of a Cauchy sequence, see
[Abb01] (page 33). We say that two Cauchy sequences are equivalent, {a,} ~ {b,}, if
d(an,bn) — 0.

Lemma 5. The equivelence of Cauchy sequences is an equivalence relation.

Proof. The properties follow easily from the definition of the equivalence of Cauchy se-
quences. Let {an}, {bn} and {c,} be Cauchy sequences.

Since d(an,,) — 0, then {a,} ~ {an}. Thus, the relation is reflexive.

Assume {a,} ~ {b,}. Then, d(an,bn) — 0. Clearly, d(bn, a,) — 0, and thus, {b,} ~ {an}.
Thus, the relation is symmetric.

Assume {an} ~ {bp} and {bp} ~ {cn}. Thew, d(an,bn) — 0 and d{b,,c,) = 0. Then,

nlg{.lo d(an, (-"n.) < nll)lga (d(am bn) + d(bm Cn,)) =0

by the triangle inequality and the properties of real limits. Thus, d(an,c,) — 0 and
{an} ~ {cn}. Thus, the relation is transitive. O

Let F' be the set of equivalence classes of all Cauchy sequences in F. OQur goal

at this juncture is to prove that F is a field. Before we prove this, we must carefully



consider the elements and operations in /. The addition and multiplication of Cauchy

sequences are defined pointwise. Let {a,} and {b,} be Cauchy sequences in F.
If {an} = {ap,01,a2,...} and {b,} = {bo,b1,b2,...},
then define {an + bn} = {ao + bo,a1 + b1,a2 + b2, ...}
and {a, - b} ={ap - bo,21 - b1,a2 - bo,... }.

Lemma 6. If {a,)} and {b,} are Cauchy sequences, then {a,+b,}, {an—bn} and {an-b,}

are Cauchy sequences.

Proof. Since {a,} and {b,} are Cauchy sequences, fix ¢ > 0. For that value of ¢, there
exist integers Ny and Np such that m,n > Ni implies |a, — am| < £ and m,n > N
implies |b, — bm| < §. Let N = max{Ny, N2}. Then, m,n > N implies

[(an — am) + (b — bm)|

|(@n +bn) — (am + bm)|

< |a'n - aml + Ibn - bm.!
£ €

< §+§

= E&.

Thus, {an + b,} is & Cauchy sequence. We use a similar argument to show {a, — bp} is

a Cauchy sequence.

Finally, to show that {an - by} is a Cauchy sequence, we use the fact that all Cauchy
sequences are bounded, or if {a,} is a Cauchy sequence, then [a,| < C for all n and some
C > 0. Choose positive constants C; and Cs such that |e,| < Cy and [b,| < C for all n.
Given € > 0, There exist integers N1 nad Ny such that n,m > N implies |a, —an| < TN
and n,m > Ny implies |b, — b,| < 70, Let N = max{Ni, No}. Then, m,n > N implies

|am'bm_'an'bn| = |am'bm_am'bn+am'bn_an'bn|
lam - (bn — brm) — br - (Gn — am)|

|@m| - |bn — bm| + [bn| - [@n — am

& (557) & (57)

A

A

ii



Thus, {a, - by} is a Cauchy sequence. [Fail3] O

‘We now show that our operations in F are well-defined. The elements of I are
equivalence classes of Cauchy sequences. We need to define what it means to add and
multiply equivalence classes.

‘We now introduce the notation that we use for equivalence classes. We denote
equivalence classes of Cauchy sequences by capital letters: A. We may also refer to
an equivalence class of a particular Cauchy sequence by placing parentheses around the
Cauchy sequence: ({a,}).

Let A and B be equivalence classes of Cauchy sequences with representative
Cauchy sequences {a,} and {b,}, respectively. Now, we define addition and multiplication
of equivalence classes as the addition and multiplication of their representative Cauchy
sequences:

A+B=({an+b,}) and A-B = ({an -bn})

‘We now need to show that the addition and multiplication of equivalence classes do not

depend on the representatives.

Lemma 7. If {an} ~ {al,} end {b,} ~ {bl.} are two pairs of equivalent Cauchy sequences,
then {an, £bp} ~ {al, £ b} and {an - b} ~ {al, - b}
Proof. From the definition of the equivalence of Cauchy sequences, we know that
Jim d(an,ay,) =0 and Jim d(bn, b)) = 0.
By the triangle inequality and the properties of real limits, we know
n—o0

lm d(ap & bn, @), £ ,) < lim d(an, a}) + lim d(ba, b)) =0.

To show that the multiplication of equivalence classes of Cauchy sequences does not

depend on the representatives, we have

I

d(an - bp, ay, - b)) [ _‘a;z - by
= |an-bp—al -bn+al b, —al, -
< lbnllan — an| + lagllbn — b,
Taking the limit as n approaches infinity, we have

Jim |balan — ap| + |ay|ba — b] = Bm [be| -0+ lm |az- 0.



Since {bn} and {a},} are Cauchy sequences, by definition, their limits exist. We also use

the fact that all Cauchy sequences are bounded to say that the entire limit is zero. O

This establishes that our operations in F' are well-defined and we are now ready
to prove that F is a field. Many of our properties of a field will follow immediately
from the fact that each individual element of any Cauchy sequence belongs to the field
F. We will begin by showing that ¥ is a commutative ring with unity under addition
and multiplication of equivalence classes of Cauchy sequences. Finally, we will show the

existance of multiplicative inverses, which will complete the proof.
Theorem 8. <13’,+, . > s a feld.

Proof. Let A, B and C be equivalence classes of Cauchy sequences in £ with the ad-
dition and multiplication operations defined above, and let {as}, {bn} and {c,} be the

representative Cauchy sequences, respectively.

o We have shown that F' is closed under the addition of equivalence classes of Cauchy

sequences. A+ B € F: closure under addition is satisfied.

e We next need to show that the addition of equivalence classes of Cauchy sequences is
commutative, saving us work in later steps. Since we add the representative Cauchy
sequences pointwise and each element of each Cauchy sequence is from the field F
where commutative addition is established, we know that the addition of equivalence
classes of Cauchy sequences is commutative. A+ B = B+ A: commutative addition

is satisfied.

o Similarly, we know that the addition of equivalence classes of Cauchy sequences is
associative. (A+ B)+ C = A+ (B + C): associative addition is satisfied.

o Consider the constant sequence {0,0,0,...} where 0 is the additive identity in F'
Clearly, this is a Cauchy sequence. Adding this sequence pointwise to a representa-
tive Cauchy sequence {a,} = {ag,a1,a2...} for the equivalence class A will yield
{ag +0,a1 +0,a2 +0,...} = {ag,a1,0a2,...} = {an}. Thus, our additive identity
in F is the equivalence class containing the constant squence {0,0,0,...}, which
we will denote as (0). A + (0) = A: the existence of an additive identity in F
is satisfied. We also say that any sequence {z,} € (0) is a null sequence because

limn—.)oo |2n| = 0.



o If {a,} = {ap,a1,a2. ..} is a Cauchy sequence, then it is clear there exists a sequence
{—ap, —a1,—az ...} made up of the addititive inverses of each a,. Each —a, exists
because it is in the field F. Call this sequence {—a,} where

{an} + {—an} = {0,0,0...}.

We already know that the constant sequence {0,0,...} a Cauchy sequence. We
need to show that {—an} is a Cauchy sequence. Since {a,} is a Cauchy sequence,

we know that for any € > 0, there exists an integer N such that for integers
n,m > N, d(an,an) < e.

Then, it is clear that for the same n, m that d(—an, —em) < € and {—a,} is a Cauchy
sequence. Let A’ be the equivalence class containing the Cauchy sequence, {—a,},

and we have that A + A’ = (0) : The existence of additive inverses is satisfied.

e We have shown that i is closed under the multiplication of equivalence classes of

Cauchy sequences: A - B € F: closure under multiplication is satisfied.

e The commutivity of multiplication follows from the addition case. A- B = B - A:

commutative multiplcation is satisfied.

e The associativity of multiplication follows from the addition case.
(A-B).C=A-(B-C): associative multiplication is satisfied.

s The distributive property of multiplication and addition follows similarly because
the operations are computed pointwise and the elements of the representative Cauchy
sequences are from the field F' where the distributive property is established.
A.-(B+C)=A.B+ A-C: the distributive property is satisfied.

e Consider the constant sequence {1,1,1,...}, where 1 is the multiplicative identity
in F'. This is clearly a Cauchy sequence. Multiplying this sequence pointwise to a
representative Cauchy sequence {a,} = {20,0a1,a2...} for the equivalence class A
will yield {ap-1,01-1,02-1,...} = {ap,01,02,...} = {a,}. Thus, our multiplicative
identity in J is the equivalence class containing the constant sequence {1,1,1,... }
which we will denote as (1). A- (1) = A: the existence of a multiplicative identity

in F' is satisfied.



In order to complete the proof that F' is a field, we need to show the existence of mul-
tiplicative inverses. That is, for an equivalence class A € F' that is not the zero class,
(0), there exists an equivalence class A~! € F such that A - A~ = (I). To begin, we
need to prove a lemma. Since our arbitrary equivalence class, A is not the zero class,
(0), its representative Cauchy sequence {a,} is not a null sequence. However, {a,} still
could contain one or more zero elements. Nonetheless, we can show at some point in the

sequence that there must be no more zero elements.

Lemma 9. Let {a,} be a Cauchy sequence, but not a null sequence. Then, there ezist a

number ¢ > 0 and a positive integer N such that for alln > N, |a,| > c.

Proof. Let {a,} be a Cauchy sequence, but not a null sequence. Then there exists £ > 0
such that for all N, there exists n > N such that |a,| > €. Thus, for N = 1, there
exists an element a,, such that [a, | > €. For N = 2 there exists an element a,, such
that |en,| > € and ng > n1. It is clear that we can construct a subsequence {ay,} where
|an;| = € for all 3.

Since {an} is a Cauchy sequence, there exists an N such that n; > N and n > N imply
|an — an,| < §. Using the following property of a norm: |z —y| > ||=| — ly|| > |=| — |y| for
all z,y € F, we have that

lan] = lan, — (@n; — @n)]
2 |an| — |an — an,]
€
> e—<
- 3
S €
5
Thus, we can choose ¢ = § and the statement is proven. O

We have what we need to show the existence of multiplicative inverses in J. Let
A € F and A # (0). Let {as} be the representative sequence for A. Since A # (0), that

implies {ar} is not a null sequence. Define a new sequence, {a}}, by

*

0 if 1<n<N-—1,
ay, = L.
an if n > N.
Lemma 10. Let {a,} be a Cauchy sequence that is not a null sequence. Let {a}} be as

defined above. Then {a},} is a Cauchy sequence.



Proof. 1t follows from Lemma 9, there exist a number ¢ > 0 and a positive integer N
such that |a,| > ¢ for all n > N. Let € > 0 be fixed. Since {an} is a Cauchy sequence,

there exists a positive integer N such that n,m > N implies |a, — a| < c2e. Then,

1
* * — -
|an a’m' - |an A
_ lan — am|
|an| - [am|
11
< Z.Z.ag, -
> LG lan — am]
1 2
< 'c—2 -c'e
= e
Thus, {a}} is a Cauchy sequence. O

Let the equivalence class with representative Cauchy sequence {a}} be A~1.
Now we perform the needed multiplication, A - A~1. To do this, we multiply our repre-

sentative Cauchy sequences pointwise:
{an} - {az} = {0,0,0,...,0,1,1,1,... },

where the first N — 1 terms are each 0 and each nth term is 1 for n > N. It is clear that
{0,0,0,...,1,1,1,...} is a representative for the equivalence class (I). Thus, A-A~! =
(1): the existence of multiplicative inverses is satisfied.

We have previously shown that <F‘,+, . > is a commutative ring with iden-
tity. Now, we have shown that every nonzero element of F' has a multiplicative inverse.

Therefore, we have shown that <ﬁ » by > is a field. O
Our next step is to extend the norm | - | from F to F.

Definition 11. Let A € I and let {an} be a representative Cauchy sequence for A.
Define || - || by

4] = lim [an.

To show that || - || is well-defined, we must show that || - || also does not depend
on the choice of representative of the equivalence class. We use this property of a normed

field: | |z| — |y[| £ |z — y| for all z,y € F. By this fact, we can say that

|lax| = lam| | < |an — aml,
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and thus the sequence of real numbers {|a,|} is a Cauchy sequence with respect to the
usual norm on @, which is the standard absolute value. Since R is complete, then the
limit defining || || exists, and thus, ||-{| is well defined. Now take a different representative

sequence of A, call it {a/,}. By the same inequality above, we get that
. 7 : o
0< nl;l_}ngol |a‘ﬂ| - |a‘n|| < n]ﬂ]golan - a‘nl =0

and thus, lim, ;e |af| = lima o0 |an| = ||A|]. Therefore, || - || does not depend on the

choice of representative of the equivalence class.
Theorem 12. || - || is @ norm on F.

Proof. We need to verify the three properties of a norm. Let A and B be equivalence
classes of Cauchy sequences and let {a,} and {b, } be the representative Cauchy sequences,

respectively.

Property 1: We need to show:
||A]| = 0 if and only if A = (0), and ||4]|| > 0 if and only if A # (0).
If [|A]] = O, then lim, e |an| = 0 and {a,} is a null sequence. Thus, 4 = (0).
Similarly, if A = (), then {a,} is 2 null sequence and ||A|| = limy, 00 |n| = 0.
If ||A|] > O, then {a,} is not a null sequence and A # (0). If A # (0), then there
exist positive numbers ¢ and N such that for all n > N, we have [a,| > ¢ > 0.
Thus, ||4]| > 0.

Property 2: We need to show: ||A- Bj| = ||A][- || B]|
Since || - || yields a positive real number, we use the properties of real limits and the

fact that | - | is a norm.
14+ Bl = lim |an -ba] = Hm |an] - lba] = lim |an| - Jim [ba] = [|4]|- |B]l

Property 3: We need to show: ||A+ Bf| < ||A][ + || B]]-

Again, we use the properties of real limits, the fact that |- | is a norm.
1A+ Bl = lim |an+ba| < lim (an]+[ba]) = lm [an|+ lim [b] = [|4]|+[|B]l.

a
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Theorem 13. F is a dense subset of I and I is complete with respect to the norm ||-]|.

Proof. 1t is clear that there is a subset of ' that is isomorphic to F. This is the set of
equivalence classes that have a representative of a constant Cauchy sequence, which we
will denote by {({4.})}. To show that F is a dense subset of ¥, we will show that this
set of equivalence classes contains a representative constant Cauchy sequence is dense in

F or for any A € F', there exists a constant Cauchy sequence {a,} such that
Jim ||A — (@)|| = 0.

Let A € F and let {a,,} be a representative Cauchy sequence of A. For each a, € {am},
construct the constant sequence {@,} For each fixed positive integer n, consider the
sequence {am — an}3_;. This is a Cauchy sequence because {a,} is a Cauchy sequence
and a, is a constant. We denote the equivalence class of {&,} as (4,). Hence, the
equivalence class for the Cauchy sequence, {am — @,}55-; is A — (8,) by the definition
of our operations on equivalence classes of Cauchy sequences. From the definition of the

extension of | - | to £, we have

nlggo 14 - (an)l| = n}ri}_n,w |lam — an| =0.
To show completeness, we need to show that any Cauchy sequence in F has a limit in
F. Let {A,} be a Cauchy sequence in F'. Since we have shown that F is a dense subset
of ﬁ’, we can say that for any A, € {Ap}, there exists an element a, € F such that
[[4n — (@n)|] < . So, {An — (4,)} is by definition a null sequence, and thus, a Cauchy
sequence in F. Now, {(&,)} = {An} — {4n — (&n)} and {(@n)} is the difference between
two Cauchy sequences which we have already shown is a Cauchy sequence. Since all of
the elements of {A, — (&)} are members of F' (or the subset of # isomorphic to F), then
we can say that {a,} is a Cauchy sequence in F. Let A be the equivalence class of {a,}
in F. From our earlier results, we can say that {A, — (4,)} and {A — (&)} are both
null sequences in ﬁ', and it is clear that the difference of two null sequence is also a null

sequence. Since

{A—An} ={A~ (@)} — {An — (Ga)},
it follows that {4 — A} is a null sequence. This implies that lim, ;o |4 — Ap|| = 0, or
that the limit of a Cauchy sequence {A,} in F has limit A in F. Thus, ¥ is complete

with respect to the norm || - ||. O
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Finally, we have shown that every element of A € F' contains a representative
that is a constant sequence {4, }. Thus, we can say that the operations in F are extended

from F by continuity.
Theorem 14.
IfA= nlingo(&n) and B = ﬂIl)nc}o(lbn)
then A+ B = lim (4, +b,) and A- B = lim (&, - by).
n—o00 n—eo
Proof. Let A = limg,400(@n) and B = 1in1n_,m(z3n). Fix € > 0. Since there exists a

positive integer N such that n > N implies that ||A — (@,)|| < § and |[B — (5,,)“ < 5.
Then,

14+ B = ({2 +5a})l 11(4 — (@) + (B = (b))

< |lA= @)l + 1B — (b))
g €

< §+§

= E£.

Thus,
A+B= lm (i + by).

We now show that multiplication is extended.

Fix € > 0. Then there exists a positive integer N such that n > N implies that
|4 = (@n)|| < € and ||B — (ba)l| <&
Hence, we can say that lim, e |J4 — (G)|} = 0 and limy,_c0 ||B — (by)]| = 0. Thus,

Jim {|A- B~ ({an-ba})ll = lim |4-B—A- () +A- () — ({@n - B}l
< Jim [JA[]- 1B = (Ba)l| + lim ||(Ba)l| - |14 — (@)l
141l -0+ lim |[(Ba)I]-0.

lim
n—ro0
Since A and (3,,) are equivalence classes of Cauchy sequences, their limits exist and are

bounded. Thus, the entire limit is zero and we have that

A-B = lim (8 - bs).
=00
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1.3 The Construction of @, - Naming Our Elements

As expected, our field F is the field of rational numbers @ under usual addition
and multiplication. If we take our norm to be the standard absolute value, | - |, we can
form the completion of Q with respect to that norm, which is R. However, we can endow
Q with many different norms, resulting in many different completed fields. We begin this
section by stating the definition of the norm that will create the field of p-adic numbers
Qp as a different completion of Q.

It is a fact that @ is not complete with respect to any nontrivial norm, that is,
we can construct a Cauchy sequence of rational numbers that converges to an element
not in Q with respect to any nontrivial norm. We will prove in Chapter 3 that Q is not,
complete with respect to the p-adic norm as defined below when we are more familiar

with Cauchy sequences featuring our new norm.
Definition 15. Let p € N be any prime number. Define a map |- [, on Q by:

P i w40,

xl, =
=lp 0 if z=0.

Define ordy @ (the p-adic order) as the highest power of p which divides z if x € Z,
or ordy © = ord, a — ordy b, if x =, where a,b€ Z, b # 0.

Note that |z|, < 1 for all z € Z, as the integers will play a large role in this study.
Theorem 186. |- |, is a non-Archimedean norm on Q.

Proof. We need to verify the four properties of a non-Archimedean norm. Let | - [, be as
defined above.

Property 1 : We need to show that:
||, = 0 if and only if = 0, and |z|, > 0 if and only if = # 0.
This property follows immediately from the definition of | - [,. If z € @ and = # 0,
then it is clear that |z|, > 0.
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Property 2 : We need to show that:
|lzylp = |zlplylp for all z,y € Q.
If z = 0 or y = 0, the result is trivial. Let z = ¢ and y = §, where @, b,¢,d € Z,
b# 0,d # 0. Then, |zylp = |%|, = p~° (33). Note that ord, (ac) is the highest
power of p that divides ac. Suppose that the highest power of p that divides ¢ is n
and the highest power of p that divides b is m, then it is clear that the highest power
of p that divides ac is n + m. Thus, we can say that ord, (ac) = ord, a + ord, c.
Then

oyl = |
Yo = |5g

p
— p—(ordp ac—ordp bd)

— p-(ordp a+tordy e—(ordp b+ordy, d))
—((ordy a—ord,, b)+(ordy, c—ord;, d
p i P P

— p-ordp 5. p—ordp £
= [a|p|¥lp-

Property 3 : We need to show that:
|z + ylp < |z]p + |ylp for all z,y € Q. Again, if £ = 0 or y = 0, the result is trivial.
Let x = ¢ and y = §, where a,b,c,d € Z, b# 0,d # 0. Then
oyl = pro )
= pordp (%57)
_  p(ordy (ad+be)—ordy (bd)

We claim that ord, (ad-+bc) > min{ord,(ad), ord,(bc)}. Let n be the highest power
of p that divides ad and let m be the highest power of p that divides b¢c. Then, if
we factor out the highest power of p that divides ad + be, we can see that it is at
least the minimum of n and m.

Thus, we know

p—(ord,, (ad+bc)—ord, (bd)) < p—[min{ordp(ad),ordp(bc)}—ordpb-ordpd].
Suppose that min{ord,(ad), ord,(bc)} = ord,(ad). Then,
min{ordy(ad), ordy(bc)} — ordpb — ordyd = ordpa + ord,d + ordyb — ordpd

= ordpa — ordypbd.
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Similarly, suppose that min{ordy(ad),ord,(be)} = ord,(bc). Then,
min{ord,(ad), ord,(be)} — ordpb — ordpd = ordyb + ordpe — ordyb — ordpd
= ordyc — ordyd.
Thus,
min{ord,(ad), ord,(be)} — ordpb — ordpd = min{(ord,a — ordyb), (ordpe — ord,d)}.
Finally, we have that
p-{min{ordp(ad),ordp(be)} —ordpb—ordpd] _  p— min{(ordpa—ordpt),(ordpe—ordpd)}

— min{ordpz,ordpy}

=P

max{pwordpz’ p—ordpy}

I

max{|zlp, [ylp}

< |3’|p + [¥lp-

This proves the triangle inequality, that |z + y|, < |z|p + |ylp- Additionally, we have
proven the fourth condition, the strong triangle inequality: |z + yl, < max{|z|p, |ylp}-

Thus, we have shown that | - |, is a non-Archimedean norm on Q. a

Finally, we define Q, (which is our F' in Section 1.2) as the completion of Q
with respect to the p-adic norm, |- |,. As earlier, we extend the p-adic norm to Q@,. Let
a € Qp. Then,

lalp = lim [an,

where {a,} is a Cauchy sequence in Q representing a. Note that |- |, can take on only
a discrete set of values. We see that if z € @, then |z|, € {0} U {p", n € Z}, and the
sequence of norms, {|an|p} will converge as n — oc.

Now, consider the series:

_C_l_:_rg + d—-m+1

ot el T dotdiptdap’ e

where each dy, is an integer in the set {0,1,2,...,p — 1} and d—.;, # 0.
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Theorem 17. Any partial sum of the above series is a Cauchy sequence.

Proof. Fix an € > 0 and choose an N such that p~ < e. Let ¥ > n > N. Then,

k n k
|3 a3 ar] =] 3
1 i=—m P g=n+1

i=—m
So, each partial sum of the series above represents an element of Q,. a

< max {|d¢p"|p} <p¥N<e.

p n<igk

The converse of the statement is also true. Each equivalence class of Cauchy
sequences in Q contains a unique canonical representative Cauchy sequence, which can

be expressed by the sequence of partial sums of the series above.

Theorem 18. Fuvery equivalence class a in Q, satisfying |a|, < 1 has o unique represen-
tative Cauchy sequence {a;} such that

(1) a; €Z, 0<a; <p* fori=1,2,..., and

(2) a; = aiy1 (mod p) fori=1,2,....

* Proof. Let {b;} be a Cauchy sequence representing a € Q. We want to find an equivalent
sequence satisfying the two properties. Since |b;|, — |a|, as ¢ gets larger, we can disregard
a finite number of initial terms if necessary. Then, given € > 0, we can say that |b;|, < 14¢
for i large enough. Since {b;} is a Cauchy sequence, for every j € N, let N(j) be a
positive integer such that |b; — by |, < p~7, for all ¢,7' > N(j). We may take the sequence
of numbers, N(§), to be strictly increasing with j, so we can say that N(j) > j. At this

point, we need a lemma.

Lemma 19. If z € Q and |z|p < 1, then for any i there exists an integer o such that
la — x|, < p~t. @ can be chosen from the set {0,1,2,... ,p' — 1} and is unique if chosen

in this range.

Proof. Let z = § where ged(e, b) = 1. Since |z], < 1, we know that

—(ordp a—ordp —ordp @ _ordp b <1.

P ?) = p=ordeay

Note that if p divides b, then ord, b > 1, and since ged(a, b) = 1, then ord, a = 0. Thus,
if p divides b, then p~°"% %p°™dr = pOp* for some k € N, which is clearly greater than 1.
Thus, we know that p does not divide b and we can say that ged(b,p*) = 1. Hence, we

can find integers m and n such that mb + np* = 1. Let @ = am. Then,

=

a a . »
lo — z|p = Ia,m— Elp = ‘zumb— lp £ lmb—1|p = |np'|p = |n|pp™ < p
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Using the strong triangle inequality, |o — z|p, < max{|alp, |z|p}, we can add or subtract a
multiple of p* for which the above inequality still holds and obtain an integer in the set
{0,1,2,...,p—1}. 0

So, from Lemma 19, we can find integers a;, where 0 < a; < 77, such that
laj = bugilp < 277

We claim that a; = aj41 mod p? and (b;) ~ (a;).

The first assertion is true because

|

|@j+1 — ajlp le41 — (i) + NGy — D) — (@5 — bvgy)le

IA

max{|a;+1 — bn+n)p: b +1) — Ongi)les 125 — Dngalp
max{L 1 l}
pitl pi’ pi

L
=1

IA

Thus, a; = aj41 (mod p?).

Now, we show that (b;) ~ (a;). Fix any j. Then, for 7 > N(j) we have

la; — bilp @i — a; +a; — byg) — (b — bags)lp

< max{|a; — bilp, |aj — bn(i)lp, |10: — b))
11 1

sl

i

‘Thus, |a,r — bilp —r0asi— ooand (b,,) ~ (a,-).

Finally, we prove that {a,} € {Q} is the unique Cauchy sequence representing a € Q,. Let
{a!} be a Cauchy sequence such that {a’} # {a;} and let {a}} satisfy the two requirements
of the theorem. Thus, a;, # a;.o for some . Then, we have a;, # a,go mod p¥ since both

ai, and aj, are between 0 and p®. Then from requirement (2), for i > i,

— | A %
a; = Qi # @ = a; mod p.
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Therefore, a; # a; mod p®. However, this means that la; — allp > ;}3 for all 7 > 1,

which implies that (a;) o¢ (a}), and thus {a;} is unique. O0

By Theorem 18, if @ € @y and |a|p < 1, then each a; of the sequence can be
expressed by
a;=dp+dip+---+d;i_1p"?

where each d; is from the set {0,1,2,...,p — 1}. The condition that a; = a;4+1(mod p)
gives us

aip1 =do+dip+ -+ +di_1p L + dip

where each of the p-adic digits up to d;_1 are the same for each expansion. Then we can

see that a € Qy is the following series, which is convergent in the p-adic norm:

oo
Z dnp".
n=0

This can be thought of as a number written in base p with the p-adic digits expanding

infinitely far to the left, and we can write this number in the more convenient form:
a=...dpdn_1...d2d1dg.

We cali this the canonical form of a, and we can see that this form mimics our
usual decimal form in R. Instead of our numbers being closer together as the decimal
form extends to the right, we can see that the p-adic norm makes our numbers closer
together by higher powers of p extending to the left. That is why our ellipses replace our
higher powers of p as they replace our “less significant” digits, just as they replace the
digits to the right in the infinite decimal expansion of the elements of R.

We can also see that the cardinality of Q, is the same as the continuum or
the same cardinality as R. We can mimic Cantor’s proof for showing that the set of
real numbers from [0, 1] is uncountable to show that @, is uncountable. We use the
“diagonalization method” to attempt to create a one-to-one map from N to Q. However,
just as in the real case, we create a new element that is not on the list that is the diagonal
of the list of numbers. Thus, we conclude that Q) is uncountable.

In the cases when |a|, > 1, we can multiply a by a high power of p, to obtain

a new p-adic number a’ = ap™ that satisfies |a'[, = 1, and we can apply Theorem 18.
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Thus,
a= Y dpp"
n=—m

where d_,, # 0 and our canonical form becomes
coilp ... dodidpd_1...d—pp.

We note that the canonical form can never have infinitely many digits to the right because
if z € Q, then the highest power of p that divides the denominator of £ must be some finite
integer m that will translate to a p-adic canonical form ending with d_,, and terminating.

In the next chapter, we will explore our new space Q,, perform a.rij;hmetic and

examine some of the algebraic properties.
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Chapter 2

Algebra of Q,

2.1 Arithmetic

Let us begin by showing some examples of expressing numbers in canonical form.
For example, in Qs, let us write the canonical form of 37, —1 and —37. To do this, we

will need to find the coefficients d; in the series

d—m dm—l

ym 5m-—1

+--tdot+dy B+dp-BP4--.
Exercise 20. Find the canonical forms of 37, —1 and —37 in Qs.
Since we are working in @5, we know that each d; € {0,1,2,3,4}. We see that
37=1-5+2.5"+2.5°

Thus, our canonical form of 37 in Q5 is ...0122.

To find the canonical form of —1, we need to think about what we really seek.
Clearly, our series above is the sum of positive powers of p, all of whose coefficients are
either positive or zero. However, we know that (U5 is a field, so we know that every element
has an additive inverse. Thus, instead of “—1”, what we really seek is the additive inverse
of 1. Thus, we would like to find the d;’s such that

...0001 +...d3dad1dp.d—1 ... d—rp = ... 0000.

Clearly the d’s with a negative index are all zeros since 0 and 1 have all zeros in those

positions. Now, we see that 1+ dp = 0 (mod 5), and since dp € {0,1,2,3,4}, the only
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choice that we have is 4, noting that we will have to regroup a 1 into the d; term because
4+1 creates an extra multiple of 5!. Now, we need to find dy such that

0+ (d; +1) =0 ( mod 5).

Again, di must be 4, carrying another 1 into the dp term, which continues infinitely to
the left. Thus,
—~1in Qs =...4444.

Similarly, to find —37, we seek the additive inverse of 37 in Qs, or the additive inverse of
...0122. We start with dp first. Noting that 2+ dp = 0 (mod 5), we find that dp = 3,

regrouping a 1 to the d; term. Solving for d;, we have
24+(d+1)=0(mod 5) = d1 =2,
regrouping a 1 to the dy term. Solving for dy, we have
1+(d2+1)=0(mod5) = dp =3,
regrouping a 1 to the d3 term. Solving for d3, we have
0+ (1+ds)=0(mod5)=d;=4,

regrouping a 1 to the d4 term. Just as in the case with finding the canonical form of —1,
the digit 4 will now repeat, so d; = 4 for 4 > 2. Thus,

=37 in Q5 = ...444323.

We perform arithmetic in @, in the expected way. We use the canonical form of our ele-
ments and perform arithmetic base p, regrouping when needed. Here are some examples
of addition and multiplication in (Qs.

... 4104
+ ... 1432
1041

. 4104

X ... 1432
3213

23120

143100

4104000

3433
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Exercise 21. Find the canonical forms of % and % in Qs.

This is similar to the method to find ~1 € Qs, as we have no fractions in our canonical
form. So we again use the fact that Qs is a field. We know that we seek the multiplicative
inverses of 3 and 7 in Q5. Again, we find that we do not need the negative indexes of d.
Let the canonical form of the multiplicative inverse of 3 in Q5 be ... dsdsd1dy. Then, we
know that

dadadydy
X ... 0003
0001

Solving for dy, we know that 3dy = 1 (mod 5), and since dy € {0,1,2,3,4}, the only
choice will be dy = 2, and we will have to regroup a 1 to the d; digit. Solving for d;, we
have 3d; + 1 = 0 (mod 5) = 3d; =4 (mod 5) = d; = 3. Now, we’ll have to regroup a 2
to the dp digit. Solving for da, we have 3d2+2 = 0 (mod 5) = 3dy =3 (mod 5} = do = 1.
We regroup a 1 to the dz digit. We see that the digits will repeat, in a way analagous to

the infinite decimal expansion of some fractions in R. Thus,
% in Qg is ...1313132.

Finding % in Q5 is slightly more difficult. We seek the multiplicative inverse of 7 in Qs,
or the multiplicative inverse of ...0012. Now, the computation will require regrouping

from multiplication and addition.
dg do di do
X ... 0 0 1 2
2ds3 2dy 2d, 2dy
d2 di do O
0 0 0 1

We begin solving for our p-adic digits on the right. 2dy = 1 (mod 5) = dg = 3. Solving

for d;, we have a regrouping of 1 from the multiplication of 2 - dy. Thus we get
(2d1 +1)+3=0 (mod 5) = 2d; =1 ( mod 5) = d; = 3.

So far, our multiplication looks like

dy do 3 3
x ... 0 0 1 2
2d32d; 2 1
d 3 3 0
0 0 0 1
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Solving for dg, we have a regrouping from the multiplication and addition.
((2da+1)+1)+3=0(mod 5) = 2ds + 5= 0 ( mod 5) = 2dy =0 ( mod 5) = dy =0.
We continue to solve for our p-adic digits in this way, and we find that

% in Q5 is ...412032412032412032.

There are six repeating digits, just as there are six repeating digits in the infinite decimal
expansion of % in R. Later in this chapter, we pose the question, “Is @, isomorphic to
R?

2.2 Polynomials in Q,

Now, we begin to see that @@, contains elements not in Q. We know that @,
contains every element in @ because we can construct a constant Cauchy sequence for
any x € Q, which we know has a representative in ;. We know that Q) with respect to
the standard absolute yields a completion, R that properly contains (). Similarly, we will

see that (@), properly contains Q.
Exercise 22. Find \/6 and /7 in Qs.

Note that the canonical form of 6 in Q@5 is ...0011. Now, let us consider this in polynomial
form, or that we are looking for roots of the equation z2 — 6 == 0 in @s. Let a be such
that @2 =...0011=1+4+1-540-52+-... Let the canonical form of a be ...dad1dy. We
solve for our d;’s by equating coefficients in corresponding terms of the expansion. We

know that d3 = 1 (mod 5). We must examine the two cases, dg = 1 and dg = 4.

Case 1 : dp = 1. When expanding the square of a, we see that our “5” term is dody +
dod; = 2dgdy = 2d;. Setting this equal to the coefficient of 5 in the canonical form
of 6, we get that 2d; =1 (mod 5) = d; = 3.
Now, we solve for do. We know that (1+3-5+ds-52+...)2=14+1-540-524.. ..
Now, we will have a regrouping into the 52 term:
(1+3-5+de-524---)2 = 14+(3+3)5+((1)d2+3-3+ (1)dz)52 +---
= 1+6-5+(2dz+9)5%+c...
= 1+1-5+5-54 (2d2a+9)5% +---
= 141-5+4(2dp+10)52 +---.
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Equating coeflicients, we get that
2d2+10=0 mod 5= 2dy =0 (mod 5) = da=0.

Proceeding on, we find ds = 4. Thus, a = ...4031.

We see that there will be regrouping of terms for each d; and each one would have to
be found separately. As we solve for more terms, the question arises of the form of
the canonical expansions square roots in p. We saw that some canonical expansions
of fractions (multiplicative inverses) had repeating digits and infinite expansions to
the left in their respective canonical expansions. Finding the first three terms
of the canonical expansion of /6 in Qs and noticing that further regroupings are
present for each term, we suspect that square roots in @), have infinite nonrepeating

canonical expansions to the left. We will approach this subject in a future study.

Case 2 : dp = 4. Let o’ denote this expansion of 1/6. Note that in this case, we have a
regrouping of 3 to the d; term:

(d+dy-5+--)2 = 16+ (ddy +4dy) -5+ ---
= 143-5+(8d1)5+---
= 14+ (8d;+3)5+---.
Equating coefficients, we. get that
8d1+3=1(mod5)=3d; =3 (mod §)=d; =1.
Solving for da, we have several terms to regroup:
(A4+1-54+dy-5°+...)2 = 16+(4+4) -5+ (4da+1-1+4dp)-5%+---
= 1+3-5+8-5+(8dx+1)-52+-..
= 14+1-54+2-52+(8dp+1)-5%+---
= 1+1-5+(8dz+3)-5%+---.
Equating coeflicients, we get 8ds + 3 = 0 (mod 5) = 3d2 = 2 (mod 5) = dy = 4.

Solving for d3 in a similar way, we get ds = 0.

Thus, o' = ...0414. It is no surprise that &’ is the additive inverse of a in Q5, so we
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can think of a as v/6 and a’ as —v/6 just as the additive inverses v/6 and —+/6 are

both roots of the equation x2 — 6 = 0.

Now, we must find v/7 in Q5. Note that 7 in Qs is ...0012. Thus, if a = /7,

and the canonical form of a is ... dsdsd1dp, then
(do+di -5+ds 52+ =241-540-524....

‘We continue in the same way as before, equating coeflicients, but when we solve for our
first digit, dg, we get that d3 = 2 (mod 5). However, there is no 5-adic digit whose square
is equivalent to 2 (mod 5). Thus, we say that v/7 ¢ Q5, and we have that

V12,v/17,v/22, - ¢ Qs and vV=3,4/—8,v/—13,--- ¢ Qs

because we similarly cannot solve for dp in their respective expansions.

Note that in @@, where p is an odd prime, once we solve for dg in the expansion
of an irrational square root from the set {1,...,p — 1}, we will always be able to solve
for the subsquent digits. This is because the equations to solve for the subsequent digits
are always of the form 2dydy, + m = n (mod p) where m is a combination of previously
solved p-adic digits and n € {0,1,2,...,p ~ 1}. It is clear that these equations can be
solved for each d, since we know that dy # 0. This is not the case in Q2. The 2dydy term

will always be supressed because it is equivalent to 0 (mod 2) and we will be left with
m =n (( mod 2)
which may lead to a contradiction.

Exercise 23. Find a polynomial with inieger coefficients that has a root modulo 2 bul

has no roots in Q.

Working in Qq, we find that the first integer that does not have a square root in Qg is
3. The canonical form of 3 in Qs is ...0011. Letting a be such that a2 = 3 in @, and
letting the canonical form of a be ... d3zded1dy we get that

(do+dy-2+de-224+--)do+dy-24+dy-22+--)=1+1-240-22+-...
We have d3 = 1 (mod 2) = dy = 1, but we cannot solve for d;:

dody + dody =1 (mod 2) = 2d; =1 (mod 2).
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Thus, V3 ¢ Q2 and z2 — 3 = 0 does not have a solution in Q. Clearly, 1 is a root modulo
2 because 12 — 3 = —2 =0 (mod 2).

Now, we will see that (@, contains a representative element that is not in R.
Since we have no negative numbers in @@, we interpret negative numbers as additive

inverses.
Exercise 24. Show that /1 — p € Q, where p is an odd prime.

Working in Y, where p is an odd prime, we see that 1 — p is the additive inverse of
p — 1, which has a canonical form of ...000(p — 1). Thus, the canonical form 1 — p is
... (p—1)(p—1)(p—1)1. We claim that the equation d3 = 1 (mod p) always has a solution
in the set {0,1,2,...,p—1}. Clearly 1 is a solution. Also, p— 1 will always be a solution
since (p — 1)2 =p? — 2p+ 1 =1 (mod p). As we solve for each dy, we have seen that all

equations to solve for subsequent coefficients will be of the form
2dr, +m =mn (mod p), m,n € {0,1,2,...,p— 1},

which can always be solved as long as p is an odd prime. The ability to solve for subsequent
terms is not guaranteed when p = 2. We saw in Exercise 22 that the ability to solve for
dy does not guarantee that we can solve for later terms in Q2. Note that in Q,

v/1—p = +/—1. The canonical form of -1 is ...1111. We can easily solve for dy because

d3=1(mod2)=dy=1.
However, the problem arises when we attempt to solve for dy:
2d; =1 ( mod 2)

which has no solutions.
We now introduce a theorem that will play an important role in the solvability

of polynomials in Q.

Theorem 25. (Hensel’s Lemma) Let F(z) = co+ci1z+- - -+ cpz™ be a polynomial whose

coefficients are p-adic integers. Let

F'(2) = 1 + 2co + 3caz® + .. .nepz™ ™t



27

be the derivative of F(x). Suppose 8o is a p-adic integer that satisfies F(@p) = 0 (mod p)
and F'(@p) # 0 (mod p). Then there exists a unique p-adic integer a such that F(a) =0
end a = Gp (mod p).
Proof. We prove the theorem by induction on % in the statement, “There exists a p-adic
integer of the form
ax = bo + b1p + bap® + - -+ -+ byp",

where each b € {0,1,2,...,p — 1}, such that F(ar) =0 (mod p**1) and
ay = @p (mod p).”
Initial step : We take by equal to the first p-adic digit of @y. Then ap = g (mod p)

and F(ag) =0 (mod p).

Induction step : Assume that ag_; = bg + b1p + bap?® + - - + br_1p* ! is such that
F(ag-1) = 0 (mod p**1) and ax—; = @ (mod p). Let ax = ax_1 + bxp® for some
b, € {0,1,2,...,p — 1} to be determined. We expand F(ag) ignoring the terms
divisible by p**! because we only need to consider the terms that are not congruent

to zero modulo p*+1.
F(ax) = F(og +bip")

n
= Y ci(ap1 +bip®)
i=0

= co+ Y ci(ag +iaf 1bep + )
i=1
= F(ag—1 + bep*)F'(ar_1) ( mod p**1).
Since F(ax—1) = 0 (mod p*) by the assumption, we can say that

Flar) = axp® + bip*F'(ar—1) ( mod p**7)

for some integer oy, € {0,1,2,...,p— 1}. Thus, we come to the following equation,

which we can solve for bg:
o, + bpF'(ag-1) = 0 ( mod p).

Since ag_1 = @y (mod p) from the assumption, we know F'(ax_;1) # 0 (mod p).
Therefore, we can divide by F'(ag—;). Thus,

=%
b = Flaxr ) ( mod p).
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Substituting our value for b; in our earlier equation for the equivalence of F(ay)

mod p**1, we get F(ay) = 0 (mod p**+1), which concludes the induction step.

To prove that the p-adic integer a is unique, let
a=bo+b1p+b2p2+"'

Then F(a) = 0 since for all k we have F(a) = F(ax) = 0 (mod p**1). It immediately

follows that a is unique because the sequence {ax} is unique from Theorem 18. O

Hensel’s Lemma allows us to construct a Cauchy sequence where finding each
term is analagous to approximating a root of a polynomial}. This method of approximation
is the p-adic analog to Newton’s method of finding a root of a polynomial with real
coeflicients. In Newton’s method, having a particular approximation, a,—3, we solve for

the next approximation, a, by

an = tp_1 — f(an—l)
" f'{an-1)
The value %l—)) is very similar to the “correction term” in the proof of Hensel’s
n—1

Lemma when we solve for by in the induction step. However, the initial conditions on
the approximate solution @y guarantee that the Cauchy sequence {ar} will converge to
a root, a, while the initial guess of Newton’s method must be “sufficiently close” to an

actual root for the sequence of approximations, {an} to converge to that root.

2.3 Algebraic Structure of Q,

We can also consider the algebraic properties of a particular subset of Q,, called

the p-adic integers, which we will denote Z,.

Definition 26. The p-adic integers or Z, are the set of all a € Q, where the canonical

form of a contains only nonnegative powers of p. Thus,

Ly = {iaipi}.

i=0
From our earlier arithmetical computations, we can see that Z, is still closed

under addition and multiplication. All other proprties of a commutative ring with unity



29

are inherited from Qp. Clearly, Z, has no zero divisors because it is a subset of @, which
also has no zero divisors. However, Z, is not a field because it has nonzero elements that
do not have multiplicative inverses. In fact, any a € Z, where ap = 0 does not have a

multiplicative inverse because in this case,

dsdad 1 dp
X - asagay 0
0001

we cannot solve for dy. Thus, we have that Z, is an integral doman, just as Z is an

integral domain. We can also say that Z, = {a € Qp | |a|p, < 1} because, by definition of
Zy, we know that the canonical form of @ cannot contain any negative powers of p. Thus,
ord, @ > 0 and |af, < 1. Reverse containment follows.

Since we know that Z, has some elements that do have multiplicative inverses,

we can form a new set of just the elements of Z, that are invertible.

Definition 27. The set of invertible elements of Z,, denoted by Z, is the set

p
oo
Z;f = { Ea.;pi | ap # 0}.
i=0
It is clear that Z, £ Z. We see that Z, has infinitely many units, while Z only
has two, 1 and —1. We also see that Z; is an Abelian group under multiplication. The
multiplicative identity, 1, is clearly in Q. Associativity and commutivity are inherited
from Q, and inverses are included by the definition of the set. Finally, the set must be
closed under multiplication because we know that two elements of Z;, say @ and b, will
have p-adic digits g and by from the set {1,2,...,p—1}. Since p is prime, we know that
apbp # 0 mod p and ab € Z;. The set Z is referred to as the group of p-adic units.
We know that Q, is a field, as is R. It is natural to check if the two fields are
isomorphic. We expect that they are not isomorphic, as we have shown that /7 ¢ Qs
and v—4 € Q5. If R and Q, were isomorphic, the study of p-adic numbers would be
trivial. We will begin by assuming that the two fields are isomorphic and hope to reach

a contradiction.
Exercise 28. Show that R and Q, are not isomorphic.

Proof. Assume that R and , are isomorphic. Then there exists a field isomorphism
w: R — Qp such that

wla+b) = p(a) + p(b) for all a,b € R,
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pla-b) =p(a) - @) for all a,b € R,
©(0) =0 and (1) =1.

Note that

e@)=p(lt+1l+--+D=p1)+p(1)+ --+p(1)=1+1+---+1=p.
P a?drends padgends p addends

Let us consider ¢(,/p). Clearly ,/p € R. By the properties of isomorphisms, we know
that ©(,/P) = v/¢(p). Thus, we need to find the element a € @, such that a? = p. Let
...dad1dp.d 1 ...d_y, be the canonical expansion of a. Then,

dadedidy.d_1...d_p,

X ... d3d.2d1d(].d_1 e d_m
0010.0 ... D

We_ know that each d; € {0,1,2,...,p—1}. We start from the right, solving for d_.,. The
only way we can get d_,, - d_;; = 0 is to have d_,, = 0. Since p is prime, no digit from
the set {0,1,2,...,p— 1} squared can be a multiple of p. We continue in this manner,
finding each p-adic digit is zero until we get to di. By equating coefficients, we see that

dody, +dody =1(mod p) = 0d; +0d; =1(modp) = 0=1(mod p),
which is a contradiction. Thus, /7 € Q, and R is not iscmorphic to Q. O

We next show that @ is not isomorphic to @, for any two distinct primes, p

and ¢. The proof will require the following lemma.

Lemma 29. For any prime p and any posilive integer m that is relatively prime to p,

there ezists a primitive m™ root of unity in Q, if and only if m | (p — 1).

Proof. Let m | (p—1). Then p — 1 = km for some k > 1. Thus, every m!" root of unity
is also a (p — 1) root of unity. Let f(z) = P! —1, so f/(z) = (p — 1)zP~2. Choose
zo € QF to be any integer in the set {1,2,...,p ~ 1}. Then f(zp) = 0(mod p). (Using
the usual notation of Z, being the field of the integers from 0 to p — 1, we know that
aP~! = 1(mod p) for all a € Z, because Z, is cyclic.) Also, f/(zy) % 0(mod p) because
|f/(z0)|p = 1. These are exactly the condtions that we stated for Hensel’s Lemma, The-

orem 25. Thus f(z) has exactly p — 1 solutions, the (p — 1) roots of 1, which we have



31

seen are also mt! roots of 1. We know that at least one of the m'® roots of 1 will be a
primitive root because the roots will be in the form 621”:%, k=1,...,m. We know that

the case for k = 1 or any k relatively prime to m will be a primitive m*® root of 1.

Conversely, let a be a primitive mth root of unity in Q,. Thus &™ = 1 and by the
properties of a norm, |a|, = 1, which tells us that o € Z,. Let og be the terminating
digit on the right in the canonical form of a. Then, of* =1 (mod p). However, we also
know that of ! = 1 (mod p) for any choice of ag. It follows that m | (p - 1). O

Theorem 30. Q, and Q, are not isomorphic for any two distinct primes, p and gq.

Proof. We will proceed by assuming Q, = Q, for two distinct primes p and g, then we
constuct an isomorphism ¢ : Q, — Q, as in Exercise 28. Let us choose an m such that
m divides p — 1 and m does not divide ¢ — 1. We claim that there always exists an m
such that the previous statement is true for distinct primes p and gq.

Choose m = p—1, then m clearly divides p— 1. (If we find that our chosen m also divides
g — 1, then we choose m instead to be ¢ — 1 without loss of generality. Since p # g, then
we know that m = g — 1 does not divide p — 1.)

By Lemma 29, we know that there exists a primitive m® root of unity in Qp, which we

will denote as a. We have that o € Qp and we have shown that o € Z,. Thus,

pla)=p(l+1+---+D=p1)+pl)+...o(1)=1+1+---+1=a.
~ v D e
o addends o addends o addends

We know that o™ =1 in Q. It follows that ¢(a™) = 1 in Q. By the properties of an
isomorphism, we know that (¢(a))™ =1 in Q4 and finally o™ = 1 in Q,. However this
means that a is an m*™ root of unity in Qq. Since we know that « is a primitive m* root
of unity in @, that implies « is also a primitive m‘® root of unity in Qg by the properties
of an isomorphism. Thus, by Lemma 21, m | g — 1, which is a contradiction. Thus, @, is

not isomorphic to Q. d
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Chapter 3
Analysis in Q,

3.1 Convergence and Cauchy Sequences

We recall that Qp is the completion of @ with respect to the p-adic norm. Thus,
Qp is a complete metric space, and by definition, every Cauchy sequence in @, converges
to some element in Q,. Thus, we need to characterize Cauchy sequences in , in order

to study convergence.

Theorem 31. A sequence {a,} in Qp is a Cauchy sequence if and only if it satisfies
nlﬂlgo |ans1 — anlp = 0.

Proof. We assume that {a,} is a Cauchy sequence in (@, then, by definition,
m’lil;r_%m |@m — anlp = 0.

Thus, we obtain the desired result for m =n + 1.

Conversely, we assume that lim; o0 |@n41 — @nlp = 0. Then we know that for any € > 0,
there exists a positive integer NV such that for any n > N, |ant1 — anlp < €. Now,
taking m > n > N, consider |a,, — an|p. Using the strong triangle inequality of a non-

Archimedean norm, we have
[afm - an]p = lam —Om-1t+0m-1—8mn-2+Cn-2—Cp-3+ - "+ 8py1 — anlp

< max{|am — tm-1lp, |@m-1 — @m—2|p; - - -1 |0n+1 — @nlp} <€

Thus, {an} is a Cauchy sequence in Q. O
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We are now ready to prove our assertion from Chapter 1 that QQ is not complete
with respect to the p-adic norm, | - |,. To accomplish this, we will construct a Cauchy
sequence of rational numbers that will converge to an element not in ¢, namely the square
root of some integer, a, which is not a perfect square. We will need to do this proof twice,
once for | - |, where p is an odd prime and once for | - [. The reason we need two cases
follows from the results of Exercise 22. When p is an odd prime, we know that if we can
solve for dy in the canonical form of a square root, we are guaranteed to be able to solve
for each subsequent; d;. However, this result will not hold in Q9. Solving for d; will yield
an equation of the form 2dpd; + v = n (mod 2) which may not have a solution.

First, we prove a lemma that establishes the existence of the sequence we need.
Lemma 32. A p-adic integer
z=ag+a1p+a2p2 +---
is a solution in Q, of an equation X2 = m if and only if the sequence
(ag, ap+ a1p, ao + a1p + asp?,...)
is a coherent sequence of solutions of the congruences z? = m( mod p").
Proof. Assume that z € Z, is a solution in @, of an equation X 2 = m. Then
m = at + (2a0a1)p + (20002 + a?)p? + - - .
We prove the statement via mathematical induction.
Initial Step: n = 1. The first solution of our sequence is zg = ag. Note
22 = a3 = m( mod p).

Induction Step: Assume that z,—1 = ag + a1p + asp® + - - + @n—1p""L. Then

:1:3.,-—1 = (ao+a1p+a2p2+...+an_lpn—1)2

= ag‘ + (2apa1)p 4 - - - + (2a00n—2 + 201053 + - - - )pn_z + .-

= m( mod p™1).
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Let z, = ag + a1p + agp® + - - - + app™. Then

o2 = a§+(2a001)p+---+ (200802 + 201005+ - )p" 2
+(2apan—1 + 201872+ -+ - )p"—l 4+ ..

z2_1 + (220801 + 281852 + - - - )p" " ( mod p")

m( mod p")

Conversely, let z = ag + a1p -+ agp® 4+ -+ - and let (ap, ao - a1p, ay + a1p + azp?,...) be
a coherent sequence of solutions of the congruences z? = m(mod p®). Then, we have

lim z, = m( mod p"™)
n—o0

implies z is a solution to X2 = m in Q. 0
Theorem 33. Q is not complete with respect to the p-adic norm, | - |p.

Proof. Let p be an odd prime. Let a € Z be such that +/a ¢ @, p does not divide q,
and ¢ is a quadratic residue modulo p, or there is an integer solution to the equation
z2 = o mod p. In other words, if we choose a such that a is not a perfect square but
@ is some multiple of p plus some perfect square, that will satisfy the above conditions.
Now, we will construct a Cauchy sequence, {d,}, with respect to the p-adic norm that

will converge to a number that is not in @, namely +/a.

By the way we chose a, we are guaranteed to find at least one solution the equation
z? = a( mod p).

We choose z € Q) to be any solution to that equation. Then, we construct the sequence
{drn} of coherent solutions in Lemma 32. We saw in Exercise 22 that if p is an odd prime,
we are guaranteed to be able to solve for subsequent digits of the canonical form of square
roots once we solve for the initial digit, dy. The construction of this sequence is done in a
similar way because once we know that dy is a solution to 2 = a( mod p). We choose

each subsequent d,, noting that

dy = dp—1( mod p") and d2 = a( mod p"*1).
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Now, we need to show that {d,} is a Cauchy sequence with respect to the p-adic norm.

From the way that we constructed our sequence, we have
|dn, — dn—1|p = [knp”|p < p™" for some ky, € Z

and

lim p™ =0.

n—+co

Thus, {d,} is a Cauchy sequence. However, we also know that
42 — alp = |kap™|p < p~ ™+ for some &y, € Z

and

lim p~+D) = 0.

n—roQ
This implies that the sequence {d,} converges to +/a, which is not in J, and thus, we
have shown that @ is not complete with respect to the p-adic norm where p is an odd

prime.

To show that Q is not complete with respect to the 2-adic norm, we mimic the above proof
to construct a Cauchy sequence with elements in @ that converge to /3 with respect to
|- l2- In Exercise 22, we saw that finding square roots of elements in Qs lead to problems
when we tried to find dj in the canonical form. When finding a cube root, we will not
have have coefficients disappear that are congruent to 0 (mod 2). Thus, we will be able

to find the needed sequence.

We choose @ = 3 and note that 3 = 1 (mod 2). We can certainly find an z € Qs such

that z* = 1 (mod 2). Considering the p-adic expansion of z, we have
$3 - ag + (30%@1) . 2+ (3(1%0.2 + 3&0@%) . 22 4.

As in the case where p is an odd prime, we have a sequence of coherent solutions to
73 = 3 (mod 27),

(@3, ad + (3a2a1) -2, ad + (3ada1) - 2+ (3adaz + 3aga?) - 22,...)
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This sequence satisfies
dn = dp—1{ mod 2%) and d3 = 3( mod 2°*1),

We next show that this sequence is a Cauchy sequence with respect to the 2-adic norm.
ldp — dn—1l2 = |kn2"|2 < 27" for some k, € Z

and

lim 27" = 0.
n=roQ

Thus, {d,} is a Cauchy sequence. However, we also know that
[d2 — 3|2 = |£n 2" |y < 27+ for some k, € Z

and

lim 2~ —

Tn-—rC0
Thus, Q is also not complete with respect to the |- |, and Q is not complete with respect

to |- |p for any prime, p. O

It is now clear why we had to construct @, as the completion of ) with respect
to the p-adic norm in the way that we did. We know that there exist Cauchy sequences
with elements in Q that do not converge to an element in @ with respect to the p-adic
norm. Thus, to form the compeltion of @ with respect to the p-adic norm, we must
consider all sequences that are Cauchy with respect to that norm and form the new field
that contains all of QQ together with all the limits of Cauchy sequences.

We continue with a closer analysis of Cauchy sequences in Q.
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Exercise 34. Decide if the following sequences converge in Qp, and find the limit of those

that do.
a, =nl .
Qn ="
. 8n =pn
1
. an = -
n

. The sequence a, = n! will converge. Note
(n+ D! —nllp = |nln+1-1)|, =|n! - nlp.

As n gets larger, n!-n will be divisible by a very high power of p and thus [n! - n|, will

converge to zero, thus the sequence converges. We see that lim,_,« [nl|, = 0.
. The sequence a, = n will diverge. We notice that for any =,
(n+1)—nlp=1p =p’ =1

In order for the sequence to converge, we need limy_yo0 |@n+1 — @n|p = 0. Thus, ¢, =n
will diverge.
. The sequence @, = p* will converge. Note
"t =", = [P+ D], = P plp + 1p = [p"]p - 1

p » P p= I[P ip- L

Clearly, |p"| approaches zero as n gets larger, thus the sequence converges to zero.

. The sequence 1 will diverge. Note

1 1

n+l n

n _n+l
n(n+1) n(n+1)

P P
n—(Mm+1)

n(n+1)

P
i
n(n+1)

2
Note that as n — oo,

-1
[n(n +1) [p
could be large if p¥|n or p*|n + 1 for large k. Thus, the sequence diverges.
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3.2 Convergence of Series

We now look at the convergence of series in Q, and see that a particular series

that is clearly divergent in R is convergent in Q.

Definition 35. We say that the series Y 2, a; € Q, converges in Qp if the sequence of
partial sums, S, = > i, a; converges in Q,. The series converges absolutely if 322, |as|p

converges in R.
Theorem 36. If a series ) |a;|, converges in R, then >, a; converges in Q.

Proof. Assuming that 3 |a;|, converges in R, then by definition, the sequence of its
partial sums converges and, thus, is a Cauchy sequence. Therefore, for any £ > 0, there

exists an integer N such that for all n,m with m > n > N, we have

m
Z [a,’|p <E.

t=n-+1

Now, we want to show that {S,} is a Cauchy sequence in Q,. We use the triangle

inequality property of a norm to see that

m m
i=nt1 7 i=n+l

Thus, {Sr} is a Cauchy sequence in Qp and Y a; converges in Q. O

o0
Exercise 37. Prove that an ‘(n+1)! =2 in Qp for any p.

n=1

Proof. Fix a prime, p. In order to show that the series converges, we will show that

i|n2-(n+ 1)!|

n=1 P

converges in R.

Fix £ > 0. Let {S,} be a sequence of partial sums of the above sequence. Choose m € N
such that E}ﬁ < &, Then, for all n > p™ we will have

1

i

|Sn = Sp-1lp = In? . (n+1))|p <
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Thus, {S»} is a Cauchy sequence and Y 2° | [n?(n + 1)!|, converges in R. Thus, by The-
orem 33, we know that that 35, n% - (n + 1)! converges in Q.

Note that

inz-(n+1)!=2+§:n2-(n+ 1)L

n=1 n=2

We claim N
Y} on?(n+ 1)l = (N+2)I(N—1).

n=2

We prove this via mathematical induction.

Initial Step : When N = 2, we have

2
Sor? (n+11=2%-@3)=4-(1)=(2+2)!-(2-1).

n=2
’

Induction Step : Assume

N-1
dont a4+ =((N-1)+2)!- (N-1)—1) = (N+ 1! - (N -1).

n=2
Then,
N
Yor?-(m+1)! = (N+1)1-(N—2)+N2. (N +1)!
n=2

= (N+1)!-(N*+N-2)
= (N+D-(N+2)- (N -1)
= (N+2)!- (N —1).

1t now follows that for N > p™,

N
|2+Zn2-(n+l)!—2|
n=2 P
[(V+2)!- (N - 1),
|N2-(N+1)!|p
1
pm
E.

N
|Zn2-(n+1)!—2‘
n=1 r

A

AA
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which we can guarantee choosing N large enough.

Thus, we have

N

. 2 1 -

A}Eﬂo ;n (n+1)!—-2 0, and
= P

0
an-(n+ 1)! =2 in Q, for any p.

n=1

3.3 Functions and Derivatives

In this section, we consider such topics from Real Analysis such as the Inter-
mediate Value Theorem, the Mean Value Theorem and the Chain Rule, and examine if
these results hold in Q. We will begin with the Intermediate Value Theorem, but it will
be helpful to first look at additional topological properties of Q, as a complete metric
space.

We will begin by showing that open balls in ¥, are both open and closed. The

proof will require the following lemmas.
Lemma 38. If [z — alp < |a|p, then |z|, = |alp.

Proof. Let |z — alp, < |a|p. Using the strong triangle inequality of the p-adic norm, we
have that
|zlp = |z — a + alp < max{|z — alp, |alp} = ;.
Now, to prove the inequality in the other direction, we have that
lalp = la — = + @, < max{|a — alp, |7]p} = max{|z — alp, =], }-

We want to show that max{|x — alp, |z|p} = |z|p. Assume that [z — a|, > |z|,. One
property that holds for all norms is |z — alp < |z|, + [a@]p. (This is true from the triangle
inequality |z + alp < |z|p + |alp and the fact that [~a|, = |al;.) Then, if we have
|z — alp > |z|p, that would imply that |a|, < |z — a|,. However, this contradicts our

assumption that |z — alp < |a|p. Thus, we know that
|z —alp < lzl, = max{|z—alp,[zl} = |zl
= |alp < {zlp.

Since we have shown |a], > |z|, and [a]p < |z]p, we conclude that |af, = |z|p. a
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Lemma 39. The sphere S(a,r) in Qp is an open set.

Proof. Let = € S{a,r) and let € < r. In order to show that S(a,r) is open, we will show
that B{z,e) C S(a,r). Let y € B(z,£). Then, |z — y|p < |z — a], = r because € < r.
Then, |t —y+a—alp < |z —¢|p, and |[(z — a) — (¥ — a)|p < |z — a|p. By Lemma 38,
this implies |y — a|p, = |z — a[, = r. But this implies y € S(a,r) and we have that the
sphere, S(a,r) is an open set in Q. (This is certainly not true in R, where any sphere is
closed.) a

Theorem 40. Open balls in Q, are both open and closed.

Proof. Let B(a,r) be an open b;i,ll in @,. In order to prove that B(a,r) is also closed, we
will show that its complement is open. By definition, B(a,r) ={z € Qp | |z —al, < r}.
Let C be the complement of B(e,r). Then, we have that C is the union of the sphere
S(a,r) and the set D = {2 € Qp | |z — a|, > r}. We have shown that S{a,r) is open.

Now, we need to show that D is open.

Let y € D. Then |y — al, = r1 > r. Now construct the open ball, B(y, ———-—-T12_T)- We

claim that B (y, 7‘1_2—_’[) isopenin D. Letz€ B (y, TIT—T) By the triangle in equality,
m—-r

we have that |y —al, < |[z—alp + |2 —ylp < [z2—a|p + ( 5

) . Thus,

rn-—-—r
e—alp > ly—ap— (2T)

- - (35)

Thus, z € D by the definition of D and B (y, %) is open in D. Hence, D is open.
This is what we needed to show that C' is open, as the finite union of open sets in any
metric space is open. Finally, we have that the complement of B(a,r) € Q, is open, and
thus B(a,r) is both open and closed. O

This is a surprising result, as there are no nonempty proper subsets in R that

are both open and closed.
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Now, in order to approach the subject of the Intermediate Value Theorem in

the p-adic context, we need to examine what it means for points and sets to be connected

in Qp.

Definition 41. A set S is said to be disconnected if there exist two open sets Uy and
Us such that

(1) hnUa =2,
(2) S={Snth}u{Snls},
(3) SNUL # @ and SNUy # @.

Theorem 42. @, is a totally disconnected set. That is, the connected component of

any point x € Qp is the set consisting of only z.

Proof. Let =, y € Q, and let |z — y|p = r. We seek the sets U1 and Uy from Definition
39. Let U1 = B(z,%) and let Uz be the complement of Uy. Clearly Uy is open, and
therefore also closed. Thus, Us is open. By definition of a complement, U) NU; = &.
Also, we know that Q, = Uy Ul = {Qp, N U1} U {Qp N Us}. Finally, since z € Qp, N U
and y € @, N Uy, neither set is empty, which satisfies our three conditions. Since z ¢ Us
and y ¢ U1 we have that Q, is a totally disconnected set. O

Now, we are finally ready to approach the subject of the Intermediate Value
Theorem in the p-adic context. The Intermediate Value Theorem states that the image
of an interval under a continuous function f : R — R is an interval. This is actually
just a special case of a broader version of the theorem that is true in any metric space:
the image of a connected set under a continuous function is a connected set. Since Q) is
a metric space, this theorem also applies, but the only connected sets in Q, are the sets
consisting of only one point. Thus, the Intermediate Value Theorem for Q, would be:
“The image of a point under a continuous function is a point!”

However, we will see that the Mean Value Theorem in the p-adic context does

not hold, even in a trivial serise.

Proposition 43. [t is not the case that:
If a function f(X) is differentiable with continuous derivative on Q, then for any two

numbers a, b € Qp, there exists an element, £ € Q, of the form £ = at+b(1 —t) for some
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t, where |t|p < 1 for which we have f(b) — f(a) = F'(£)(b— a).
In other words, the p-adic Mean Value Theorem is false.

Proof. Let x € Qp and let f(z) = 2P — z. In addition, let a = 0 and b = 1. We defined
the derivative of a function in @, in Theorem 22 (Hensel’s Lemma}, which is what we
would expect the derivative to be. Thus f/(z) = px?~* — 1 and f(a) = f(b) = 0. So, for
the theorem to be true, we would need to find a £ such that p¢P~1 —1 = 0. We know that
£ =at+b(1 —t) =1—1 for some ¢, < 1. This means precisely that ¢ € Z,. Thus, we
have seen from our arithmetic that £ itself must belong to Z,. We consider the canonical
form of p£P~1 — 1. Since this number is one less than some multiple of p, we know that
the p-adic digit ag # 0. Thus, from Definition 24 of Z; from Chapter 2, we know that
pP~1 — 1 is in the group of p-adic units, and clearly p¢P1 —1#0forany £ €Q,. O

This counterexample is heavily dependent on the choice of f. We found a
function whose derivative resulted in values that are one less than a multiple of p, and
we found that those numbers were in a multiplicative subgroup of our field that does not
contain zero.

Now, we consider the Chain Rule in Q, to see if we see similar problems when

computing derivatives.

Theorem 44. Let f,g: Qp, — Q, be two functions where g is differentiable at o point
x and f is differentiable at o point y = g(z). Then (f o g) = f'(g(z)) - ¢ (z).

It is clear that the standard proof of the Chain Rule in R will hold in @Q, because the
Chain Rule is dependent on the limit definition of the derivative and the facts that f and
g are differentiable at those particular points. We see that the problem function from
our Mean Value Theorem, f(z) = 2P — =, is certainly differentiable at any point = € Q,

because f'(z) € Q.

We have seen different results in analytical properties of Qp. We have examined
standard results of Real Analysis and found that one result held, one result was entirely
false, and one was only true in a trivial sense. In a future study, we will examine more

closely how the p-adic norm affects analysis.



Chapter 4

Conclusion

In this study, we examined some of the fundamentals of the space (. We defined
a non-Archimedean norm and looked at how the strong triangle ineguality affects our new
space. We found that Q,, is the completion of @ as a metric space with respect to the p-adic
norm. We constructed the completion of Q with respect to a norm. When constructing
Cauchy sequences of rational numbers, we can see that most Cauchy sequences with
respect to the standard absolute value will not be Cauchy sequences with respect to the
p-adic norm and vice versa.

The algebraic structure of @, does hold silimarities to its real counterpart. We
have seen that Qp and R are nonisomorphic fields while Z and Z, are nonisomorphic
integral domains. There are differences, however. For example. we saw that there exists
a nontrivial subset of Z, that is an Abelian group under multiplication, which is certainly
not true for Z.

In the study of the analysis of Q, we saw large differences in comparison with
real analysis. This is because the p-adic norm is a much different way to measure the
distance between two points than the standard absolute value. This creates open sets in
Qp that are also closed, which is not the case in the topology of R. In fact, since we have
seen that (Y, is a totally disconnected set, topologically, the only useful balls to consider
would be those with radii that are powers of p.

The study of p-adic numbers does provide a deeper understanding into the fields
of analysis and algebra. It provides new and complex examples of familiar topics and

structures, allowing for deeper learning from a different perspective.
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