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ABSTRACT

The classic study of Pell’s Equation consists of solutions to the diophantine
equation x2 Z dy? = n where d and n are fixed integers. This thesis aims to extend the
notion of continued fractions to a new field, Q(z)*, in order to find solutions to generalized
Pell’s Equations in Q[z]. Historically, mathematicians were interested in the specific Pell
Equation 2 — dy? = 1 which has influenced the primary goal of this project to become
the solvability over Q[z] where n = 1. The difficulty in generalizing solutions over Q[z]
stems from the complexity of the continued fraction expansions of ‘the elements belonging
to the field extension Q(a:)* The investigation of these new solutions to Pell’s Equation
will begin with the necessary extensions of theorems as they apply to polynomials with
rational coefficients and fractions of such polynomials in order to describe each “family”

of solutions.
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Chapter 1

Introduction

A common topic of Number Theory courses is the study of Continued Fractions
which was first introduced in 1202 by Leonardo Fibonacci in his work Liberation. Today,
the continued fraction expansions of most real numbers can be completely characterized
thus creating the opportunity for many applications. The study of continued fractions is
a method mathematicians have used to explore the notion of the extension of Z to Q and
its completion to R with respect to absolute value. The idea behind this extension is one
that can be paralleled to a new ring, Q[z]. We would like to consider the extension of
Q[z] to Q(z) and its completion to Q(x)* with respect to a Non-Archimedian Valuation.

The traditional study of Continued Fractions can be segmented into two main
categories: those with finite continued fraction expansions and those with infinite contin-
ued fraction expansions. All rational numbers are expressible as finite continued fractions
while irrational numbers are expressible as infinite continued fractions. Infinite continued
fraction expansions can be subdivided further into two categories: periodic (repeating) or
non-periodic expansions. In order to characterize real numbers by their continued frac-
tion expansions, the idea of convergents is used; convergents are approximations found
through partial continued fraction expansions whose limits converge to the real number
they represent.

Although all irrational numbers are expressible as infinite continued fractions,
not all irrational numbers have periodic or eventually periodic continued fraction expan-
sions. It can be shown that if o € R — Q is a root of a quadratic polynomial of the form

Azx? + Bz + C where A, B,C € Z and A # 0, then « has either a periodic or eventually



periodic infinite simple continued fraction expansion. The expansion is periodic from the
its start if @ > 1 and —1 < o/ < 0 where o is the conjugate of a. This result plays a vital
role in the characterization of the solutions to the Pell Equation 22 — dy? = 1, because if
d is a positive integer that is not a perfect square, then vd is a root of the polynomial
22 — d. Therefore, v/d has an eventually periodic simple continued fraction expansion.
The investigation which ensues from this property eventually leads to Theorems 8.6 and

8.7 from Strayer’s text:

“Theorem 8.6: Let d be a positive integer that is not a perfect square. Let %

denote the it convergent of the eventually periodic simple continued fraction
expansion of v/d and let p be the period length of this expansion. If p is even,
the positive solutions of the Pell Equation z? — dy? = 1 are given precisely
by # = pnp-1 and y = gnp—1 Where n is a positive integer; if p is odd, the
positive solutions of the Pell Equation are given precisely by z = ponp-1 and
Y = Qanp—1 Where n is a positive integer.”

“Theorem 8.7: Let d be a positive integer that is not a perfect square and
let x1,71 be the [least positive] solution of the Pell Equation z? — dy® = 1.
Then all positive solutions of this equation are given precisely by zr, 1, where
Tn + YnVd = (z1 +11v/d)™ and n is a positive integer.” [Str94]

In summary, the solutions to the Pell Equation 22 — dy? = 1 can be found by substituting
the numerator and denominator of the convergents of vd for z & y. Once the least
positive solution, also known as the fundamental solution, is found, all other positive
solutions can be generated through the final equation given in Theorem 8.7. This is truly
a fantastic result. For a review of the traditional Continued Fraction theory see [NZMQl],
[01d77], or [Str94].

Although this thesis is similar to the works of Crawford and Vicknair, we have
extended the theory as done in [Str94]. The works of Crawford and Vicknair are generally
inaccessible, yielding the need to duplicate some proofs in detail; however, the proofs will
be different because they are an adaptation of [Str94], whereas the others used [NZM91].

It is the types of results stated above which we will try to duplicate in the new
field Q(z). Q(z) is the field of fraciions of polynomials with rational coefficients and is
also an extension of Q[z] which is the domain consisting of polynomials with rational
coefficients. Ultimately, we will be creating an extension mapping from Q[z] to Q(z)

and completing it to Q(z)* with respect to a Non-Archimedean valuation similar to the



extension mapping from Z to Q and its completion to R as mentioned above with respect
to absolute value.

Elements belonging to Q[z] are polynomials with rational coefficients, that is,
elements have the form A,z" + Ap—12" 1 + ...+ Ag where 4; € Q VY i > 0. Ele-
ments belonging to Q(z) are fractions of polynomials with rational coefficients or frac-
tions of the elements belonging to Q[z]; therefore, elements may have the form %
where f(z),g9(z) € Q[z] and g(z) # 0. It is the elements in Q(x) which we complete

to Q(z)* by taking the roots these elements; elements in Q(z)* may have the form

g’:x) where all terms are defined as above, but n must be an even integer. Contin-

uing on, the \/Apz" + Ap—12™ 1 + ... 4+ Ag = Cka¥ + Cr_12F 1+ ...+ Co+ Co1z 71 +
—

Caz™%+... = 5 ciz* where k = n/2 and C, € Q for some & € Z such that

i=k

(Ot + Cp1zt 1+ .. .+ Co+Cqz™ + Cgz 2 +.. )2 = Apz™ + Ap1z™ 1 + ... + Ag.
It is the continued fraction expansions of these elements which we will be interested in.
The continued fraction expansions of the elements in Qfz], Q(z), and Q(z)*
have many features in common with Z, Q, and R when it comes to their expansions,
but there are important differences as well. Continued fraction expansions in our new
rings and fields have the form [ag,as,...], where deg(a;) > O for ¢ > 0. Similar to
the elements of QQ, elements of Q(z) have finite continued fraction expansions. The
elements Q(z)* — Q(z) have infinite continued fraction expansions similar to elements of
R — Q. For our purposes, the infinite continued fraction expansions can be categorized
as Eventually Periodic if o = [ag,a1,... T, Git1, .-, 8n] Or Purely Periodic, or Periodic
for short, if & = [a@g, @1,...,6n). A special case called Almost Periodic also occurs, but
is best discuissed at a subsequent time. A myriad of theorems and definitions from the
traditional study of continued fractions hold true for our new rings and fields, with only
minor changes or variations. For example, the idea of the greatest integer function no
longer exists now that we have moved away from Z. Instead, we will be using the “integral

part” of an element.
—0 |

Definition 1.1. Define a to be Y c;zt. Then the integral part of a, denoted [fo]], is
i=k -

0 ,
defined as ), ¢;z*.
i=k

The reader can observe that the “integral part” is merely a generalization of the

0 )
greatest integer function where [[v/a]] = 3_ ¢i(10)* for ¢; € {0,1,2...,9}.
i=k



Many of the differences that arise in our setting are due to the fact that we are
no longer rdea,ling with measures of distance. Since we are not considering the extensions
to these new rings and fields with respect to absolute value (because it ceases to hold
in Qjz]), we need a new way of comparing two elements. In fact, we are not even
considering .an Archimedean valuation anymore (i.e. absolute value), but we will be
considering the extension from Qz| to Q(z) and completing it to Q(z)* with respect to

the Non-Archimedean valuation which will be defined as follows:

Definition 1.2. Let P be an ordered field and K be a field with a,b € K. Then a mapping
v: K — P s called a Multiplicative Non-Archimedean voluation if

(1) v(a) >0 fora+#0;v(0)=0

(2} v(ab) = v(a)v(b)

(3) v(a + b) < maz{v(a),v(b)}.

Using this valuation, we define 'u(-gi) = ¢de9(f)~deg(9) where e is the transcendental
number 2.718.... Traditionally, older texts tend to use multiplicative valuations while
modern texts tend to use additive valuations, but translating from one to the other is
possible. The Non-Archimedean valuation differs from the Archimedean valuation (i.e.
absolute value) in that the Archimedean case, ¢(m-1) =¢(1+1+1+1+...+1) > 1
compared to the Non-Archimedean case ¢(m-1) =¢(1+1+1+1+...41) < 1. Also
in the muitiplicative Archimedean valuation, the triangle inequality holds, ¢(a +b) <
@(a) + ¢(b); whereas, this is not true in a Multiplicative Non-Archimedean valuation by
(3). For an in-depth study on valuation theory, see Zariski and Samuel (1991) and van
der Waerdan(1970).

Since we have picked Q[z] as the fixed ring similar to Z, we expect vital propri-

eties to hold; specifically, the division algorithm.

Theorem 1.3. (The Division Algorithm)
Given f(z),9(z) € Qz] with g(z) # 0, then there exists unigque q(z),r(z) € Q[z] such
that f(z) = q(z)g(z) + r(z) where deg(r(z)) < deg(g(z)) or r(z) =0

Proof. Notice, if deg(f) < deg(g), then f = 0.g + f where ¢ = 0 and 7 = f and the
argument is done. Now, consider deg(f) > deg(g) and let f = apmz™ +am-12™"1+.. . +ag
and g = bpx® + bp_12®~1 + ... + by with am,br # 0. Letting qo = %ilxm"" and f; =
f = 9(@), we have deg(f1) < deg(f).



Notice that if deg(f1) < deg{g) then g = go,7 = f1 finishes the proof, so assume
not. Then letting ¢1 = d’g—k‘lxm‘k‘l and fo = fi — g(g1) where a,_; is the leading
coefficient of f; yields deg(f2) < deg(g). Then letting ¢ = go + ¢1,7 = fa finishes the
proof, therefore assume not. Continuing on in this manner, we notice deg(f) > deg(f1) >
deg(fa)... creates a decreasing sequence. Therefore, there exists some f, such that
deg(fn) < deg(g) or deg(fn) = 0. Letting g =g+ a +...¢h-1, 7 = fn = flz) =
g(z)q(z) + r(z) as desired.

Now, to prove uniqueness, suppose there exists g1, g2, 71,72 such that f = ¢;(g) + 7 and
f = gag + 72 with deg(r1) < deg(g) and deg(rs) < deg(g). Then we have,
ai{g) + 71 =qa(g) + 12
=r—r2=(g—q)g
= gl(r1 = 72)
but deg(r1 —rs) < deg(g) = r1 —r2 =0
=T1=7T2
Also, (g2~ q1)g=0=>g=0or gz —q1 =0
butg#0so@e—q=0=@=a O

Having the division algorithm for elements in Q[z], we can define other properties

such as the greatest common divisor.

Definition 1.4. Let f(z) & g(z) € Q[z|. The greatest common divisor of f(x) and g(z)
is a polynomial d(z) of highest degree such that d(z) divides f(z) & g(z). We denote the
greatest common divisor of f(z) & g(z) by ged(f(z), g()).

With the division algorithm and the greatest common divisor, we are now ready

to discuss continued fractions.

7



Chapter 2

Continued Fractions

Before we can generalize solutions to Pell’s Equation, we must generalize the
notion of continued fractions. Through this generalization we can create infinitely many
more solutions by comparing and contrasting the continued fraction expansions in the

new rings and flelds with those from the real numbers.

2.1 Finite Continued Fractions

As previously stated, having the division algorithm for elements in Q[x] allows

for a formal definition of a finite continued fraction:

Definition 2.1. The e:qpressz'on

ap +

ay +
as +

a
1

Op-1+ —

Qn

where ap,a1,a2,...,0, € Q(z), deg(a;) > 0 for 0 < i < n, and a1,a2,...,a, # 0 s

said be a finite continued expansion and is denoted by [ao, 21,0a2,...,an]. A finite simple

continued fraction is a continued fraction expansion in which ag,a1,as,...,a, € Q[z].




It is important to note that if the numerator has smaller degree than the de-
nominator, continued fraction expansions may begin with 0. Moreover, deg(a;) must be
greater than 0 for all 4 to ensure that each finite continued fraction expansion is unique.
For our purposes, we are only interested in the finite simple continued fractions and their

expansions. Here are a few examples of finite simple continued fractions.

Example 2.2. Find the finite simple continued fraction expansion of

6z° 42128 —4127 —21728 —428m5+6m3+42z2+102z+128
6z +325 802962424

By the division algorithm,
62° + 2128 — 4127 — 21728 — 42825 + 62° + 4222 + 1027 + 128
= (627 + 325 — 8025 4 6z + 24) - (z% + 3z + 5) + (82% — 282° + 8)
67 + 328 — 802% + 6z + 24 = (82° — 282° +8) - (3z + 3) + 4a®
825 — 282° + 8 = (42°)(2z - 7) + 8
z° = (8)(1/2%°) + 0.

Dividing each equation by the first factor on the right hand side yields,
629+2128 — 4127 —2172%—4282°+ 623 +4222 410224128 __ .2 826 —2825+8
B2 13258025 +6a-+24 =2° + 3% + 5+ g7 75,5 8045 f62724
6z’ +32%—80x3 462424 __
T =3z+3+ Sm5—2sz5+§

826282548 _ o, 8
T 2z 7+ a5

5

5
%=

(=3

So combining these ratios we have,

6z° 421284127 —21726-428254-623+4222 110224128 __ .2
Bz’ +325—80x5 16124 =z“+3z+5+

1
67 325 ~80z5+6x+24
820 —28x°+8

=a?+3z+5+ L =z +3z+5+ 1

3 T
(Fz+3)+ Bz® 285018 (gz+3)+ (2.«::—7)-}-55-I
M 5
— e 1

- 1 *
{gz+3)+ TN -
2

62°42128 — 4127 ~2172% — 4282546254+ 4922+10224+128 _ _ 5
Thus, P 7 p, = [x? + 3z + 5, 4m—l—3 2z ,293 ].



Example 2.3. Find the finite simple continued fraction ezpansion of

6x2 15244
30254-182%4-8123 46522 +30x+-4 °

Again by the division algorithm,

30z% + 18z* + 8123 + 6532 + 30% + 4 = (633 + 15z + 4) - (5z% + 3z + 1) + (3z)
6x3 + 15z + 4 = (3z) - (222 +5) + 4)
3z = (4)(3z) +0.

Dividing each equation by the first factor on the right hand side yields,

30a:5+18m4+812:3+65a:2+30 z4+d _
623 +162+4 527 + 3z + 1+ 6z3+15:c+4
3
ﬂl'_ = 932 +54+4 3::
3 _ 3,
rul O

So combining these ratios and inverting we have,

625+152x+4 =04
3094182448125 +65x4+30z+4 — 5;-;2+33;+v1+—3m
(5m2+3x+1)+m—{m (5x2+3m+1)+-—2+5)?-
"3$
+ T Sr—
2 .
(5x +3.’c+l)+m(§:_)‘
o
623415244 _ 2 2 3
Thus, s557TazA18125 65753007 — (032" + 3z + 1,22° + 5, 3.

The preceding examples seem to suggest that elements of Q(z) have finite simple

continued fraction expansions; in fact, this is the topic of our next theorem.

Theorem 2.4. Let a € Q(xz)*. Then o € Q(z) if and only if a is expressible as o finite

simple continued fraction.

Proof. (=) Assume o € Q(z). Then o = ﬁ% with f(z),g(z) € Q[z] and g(z) # 0. Then
by the division algorithm of polynomials,
f{z) = g(x)qo + ro where deg ro < deg g(z)

g(x) = rog1 + r1 where deg r1 < deg 7o

9 = T1q2 + 72 where deg ro < deg



Tn—-3 = I'm—2@n—-1 + -1

Tn—-2 = Tn-10n

with go, 1, , g € Qlazl. Thus Z{E = 2ET0 _ g 4 40, — gy 4 L7
g
Similarly, gfnj) =qa+l=q+ +. Continuing on in this manner,
1
&_%+W
T2
=g3+ -rL
7'3
s = a1t T
Ta—=1
Py = o
1
Substitution yields, % =qo+
1
q +
1
g +
1
., + -
1
Gn-1+ —
')
= [g0,q1,- - - ,Gn] as desired.

(<) Let o be expressible.as a finite simple continued fraction, say

o = [ag, a1, .., ay] Where ag,01,...,a, € Qfz]. Noticeif n =0, @ = ap € Q(z) and if
n=1 a=ag+ al ‘—1-‘19-1— € Q(:v) Assume a € Q(z) for n = k where & > 1. Consider
a=lag,a1,...,0841] = ap + m. By the induction hypothesis, [¢1, ag,. . ., g1
€ Q(z). Let o) [a1, a2, .. ., k1) for £(z),g(z) € Qlz].

gl@) —
Then, o = ag + _(_l =qap+ ?gg aoﬂ;: () ¢ Q(z). So by Mathematical Induction,

a € Qz). O0

2.2 Convergents

In order to develop an infinite continued fraction expansion, we are going to use
the idea of convergents to assess how adding terms to the expansion affects it. For now

we will consider the convergents of finite continued fraction expansions.
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Definition 2.5. Let & = [ag, a1, ...,0n] be expressible as a finite continued fraction. The
finite continued fraction C; = [ag,a1,...,ai], 0 <i < n is said to be the it" convergent of
a. If i=n, then a = C, = [ag,a1,...,0n).

Consider the following example:
Example 2.6. Find the convergents of a = [z%, 23,22, 2].
The convergents of « are:
Co = [z% = z*
Cy = [%, 28] = z* + ;13 — m;+1
9 4 2
Cz = [.T4,$3,$2] = $4 + 23_'1_;32’ = Z ;g’i‘-{z

103 74 54 3
03=[$4,-Q?3,:B2,:I:]=m4+ 1 - 4z’ 4zo41

3 T - 613
w+_1—:02+—5 AR Al ]
10 4,7 5,3
and @ = C3 = &t& sz da -+l ; ; ; 1

Notice in our example, each of the convergents is becoming a “better” approx-
imation of a; it converges as the name suggests. This method of computing each of
the convergents is not practical; in fact, we can define each convergent by the following

recurrence relation so that we may compute them efficiently.

Proposition 2.7. Let a = [ap,a1,...,0,] be ezpressible as a finite simple continued
fraction. Define po,p1,...,0n and qo,q1,--.,qn by the following recurrence relations:

Do =2ao

p1=aa0+1

Di = QiPi—1 + Pi—2

go=1

an=a

gi = Q-1 + i-2
for2 <i<n. Then,

C’7;='Z—:,for0$i§n.
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Proof. Notice, if i =0,

CO=[a0]=a0:210-=%_

Ifi=1,
— — 1 a4+l _ p1
C1 = {ag,a1] = ap + o = WU = £,
Ifi=2,
= — 1 _ _ az2(zeaatl) _ aspitpe _ p2
C2 = a0, a1,a2] = ao + ar+g- ~ Teea+l T aoqitan | g2°
Assume, for the sake. of induction, that Cj = [ag, @1,...,0k] = %’f. Consider,
1
Ck-i-l = [a01a11"',1a’k1ak+1] = [a0)a'1)"')ak+ Y ]
k41
1
— (ax-t+ Gt )Px-1+Pr—2 (Since Pe — akpk«—rf'ibk—-?)
(ak""akl.,.l Vqh—-1+Gk—2 qx Grqr—1+qk—2
— %kt1(0kPk—1+Dk—2)+Pk—1
@h1 (@G- 1 Gk —2)+ k-1
= % (By the induction hypothesis)
— Pk41
i qe+1” .
Thus by Mathematical Induction, C; = %, for0<:i<mn. O
We can compute the convergents of Examples 2.2 & 2.6 using this alternate
technique.

Example 2.8. Compute the convergents of

62242128 4127 21728 — 42828 4-6254-4222410224+128 _ 1,.2 3 _ 7 1.5
. B%7+325—8025+6x-+24 = [2% + 3z + 5,37+ 3,2z - 7, 52°]
using Proposition 2.7.

Then-ag =22+ 3z +5,a1 = 32+ 3,02 = 22 — 7,a3 = }2°. So we have,
po=z°+3z+5
p=03z+3) (2*+3z+5)+1=32+ 22>+ Bz +16
p2 = (22-7)- (323 + 222+ z+16)+(z2+3z+5) = S+ 52— Lr? - HLz—107
ps = (La5) - (3ot + Bgd — Lg? — By 107) + (32° + Lo? + Lz + 16)

_ 3.9, 21,8 4.7 _217,6_ 1075, 3,3 21,2 51
=3+ 3z 5T 5T 7 + 320+ S +4m+16
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go=1

q=3c+3

g=02z~-7 Bz+3)+1=322+ 52— 20

g = (35%) - (32® + 32— 20) + 3z + 3) = 327 — §2% — 1025 + 3z + 3.

So,
2
Co= g—g = Ztozrs +?m+5 =22 +3z45
O = PL— 4m3+21 o816 32949102 15104.64
1= aq Sat3 B+ 12
Co— P2 — fett G ad—4a?~Bla-107 _ 63449159 41022175428
27 ¢ 3224 3220 1222 —18z—80
Co = D3 — 394 28— Lly7 2116 107,543,342 421 35416
3T @ T %a:"—%:ce 10m5+%w+3

_ 6x%+2128-4127217x —428w5+6:1:3+421:2+102x+128
1227 — 1829 —80z°+6x+24

We can compare these new results of the convergents of this recurrence relation-
ship with those of our first convergent computations.

3

210457 5 o 3 .2

P Ry o
tion 2.7 and compare the results with Fxample 2.6.

Example 2.9. Compute the convergents = [z%, 23, 22, z] using Proposi-

We have ag = z*

po = z*

1= (%) @) +1=2"+1
g = (@2) (27 + 1)+ (@) = z° + 2? + 2?
p=@) @+t +2)+(eT+ 1) =20 +2"+ 27 + 25 +1

,a1 = 13, a3 = x2,a3 = z. So,

gp=1
g =2
9= (z?)  (@*)+1=2°+1 .
gg=(z) (@ +1)+ (@) =2 +2%+2
Thus,
—Dpo .zt _ .4

It
=

il
Ik
H -7
=

@O

4 2

z°+1

1°+w7+:135 2341
z04gd4x .

z

€T

Co
Cy
Co
C3

Il
ll

SE SR eReR
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Notice that in Examples 2.8 & 2.9 the convergents of o = bf%} € Q(z) with
ged(f(x), g(z)) = 1 which can be proven to always be true by the following proposition

and its corollary.

Proposition 2.10. Let o = [a1,a2,...,an] be expressible as a finite simple continued
fraction and let all notation be as in Proposition 2.7. Then, pigi—1 —pi—1q; = (—1)*'_1 for
1< <n.

Proof. Notice, if i.= 1, we have p1go — poq1 = (aga; + 1)1 —apa; = 1 = (—1)171.
Assume, for the sake of induction, prge_1 — Pr_19% = (—1)*"1.
Consider pri1g5 — Pe—-19k
= (@r+1Pk + Pe—1)qk — Pr(0k+19K + Qk—1)
= Pk-1Gk — PkGk—1
= —(Pkk-1 — Pk—14k)
= —(—=1)*—1 by the induction hypothesis
= (-1)*.
Thus, by Mathematical Induction, p;g;—1 — pi—1q; = (—1)" * for 1 <i < n. O

Omne can see that this proposition is illustrated in Examples 2.8 and 2.9. The

corollary will show ged(f(z), g(z)) = 1.

Corollary 2.11. Let o = [ay,a,...,an| be a finite simple continued fraction and let all

notation be as in Proposition 2.7. Then, ged(p;,qi) =1 for 0 < i < n.

Proof. Clearly, ged(po,go) = 1. Now, let d; = ged(p;, ;) for 1 < i < n.

Then we:have d;|p;gi—1 and d;|p;—1g; for 1 <i < mn.

So, d;|(pigi—1 — Pi—14;) = by Proposition 2.10, d;|(—1)*"! for 1 <i < n.

Thus,d; =1for1 <i<n. O

As we begin to extend our theory to infinite simple continued fractions we need

another important corollary.

Corollary 2.12. Let o = [ag,01,...,0n) be a finite simple continued fraction with all
notation as in Proposition 2.7.
Then,

Ci—O'_1=-('%%I-£—_1-1- 1<i<n

and C; — Cip = 1% 9 < i<



14

Proof. First, C; — Cj_1 = & — Bi=1

qi qi—1
— Pifi—1—Pi—18;
2i%i-1
— = 3 LR
= %2:1— for 1 <% < n (by Proposition 2.10).
| (Y o — Pi o Pi-2
Also, i = Cia = ¢/ — 05
— Pifi—2=Pi—2¢i
2
= {aipi—1+pi—2)qi-2—pi—2(aigi—1+Gi—2)
¢igi—2
_ @ilpi—1qi2—pi—24i-1)
X q2£qz‘—2
_ai(—1)* ope
= ema (by Proposition 2.10)
—1¥ta. .
= Clia for 2 <i < n. 0
qidi-2 - -

We are now prepared for infinite continued fractions.

2.3 Infinite Continued Fractions

As previously stated, elements belonging Q(z)* — Q(z) have infinite continued
fraction expansions. These elements include the square roots of polynomials with even
degrees and rational coefficients; moreover, we will only consider the square roots where
the leading coeflicients are positive squares. It is in Q(z)* that many of the theorems
and proofs from traditional Number Theory do not hold, or they require some extra
assumptions. This occurs most notably because we lack the notion of absolute value,
which is necessary for these proofs. Instead, using the idea of valuations, defined in the
introduction, changes the way which we compare two elements creating new issues in
these proofs.

Finite continued fraction expansions may be unpredictable, but they will even-
tually come to an end. In the infinite case, many of these continued fraction expansions
will be unpredictable and they never terminate. After discussing the general infinite
simple continued fraction expansions we will shift our focus to those with more desirable

_expansions, i.e periodic and eventually periodic expansions. We will start by proving that
the expression as an infinite simple continued fraction is unique before precisely defining

when such expansions occur. The following proposition has our first use of valuations.

Proposition 2.13. Let a € Q(z)* —Q(z). Then the expression of & as an infinite simple

continued fraction is unique.
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Proof. First, by definition, ag = [|a]]. Also, o = lim;y0[a0,a1,...,a;] Where v(a;) > 0
for # > 0.
= a = lim;_,e0(ag + m)
=00 + oo c:Lll,a.g...,a,i]
=ap + [a1,;—2]

To prove uniqueness, let a = [ag, a1,0a2,...] = [bp,b1,b2,...] be two expressions of « as

infinite continued fractions. By definition, [[@]] = @y = by. By the previous result,

1 1
ap + lenazd bo + [b1,62,...]

= [a1,02,..] = [br, ba, - ).

Assume, for the sake of induction, ay = b for £ > 0 and that [exy1,@k4e,...] =
[bk+1,bk42,. ... By the same reasoning as above, ary1 = bry1 and [axto, Bkts, ... =
[bk-+2, bia-3, - . .]. Thus, by Mathematical Induction, a; = b; for all ¢ > 0. O

The fact that an infinite simple continued fraction expansion is unique yields

the “only if” direction of the next proposition with ease.

Proposition 2.14. a € Q(z)* —Q(x) if and only if a is expressible as an infinite simple

continued fraction.

Proof. (=) Let a = o € Q(z)*—Q(z) and define ag, a1, . .. and @y, g, . . . by the following
recurrence relations:
a; = [[ai]} 2> 0

— _1 ;
Qi1 = g 12 0.

Clearly, ap, a1, . .. € Q[z]. Also, v(a; — a;) <1 = v(ait1) = gy > 1.

So, v(ai+1) > 1 and v(a1),v(az),... > 0.

1
Qi1

as o; = q; +

Now, to show a = {ag, a1, . ..], rewrite a;qq = vy

1]
' = an = L
= =09 =0ay+ a1

1
=a0+—T
’11+a—2
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1
= ag +
: 1
a1 +
1
az +
. 1
. . +
1
a; +
Qt1
= [ag, a1, . .- , s, Qyq1] = SEPLAPZL 4 5 0 (hy Proposition 2.7).

Qi 1GiHgi—1
Then, v(a — C;) < 1 since v(1) = e1. In fact, im0 v( — C;) = limg_y00 €% = 0.
Therefore, lim; o0 v(a — C;) = 0 = limy; 400 @ — lim; 400 C; =0

= o = lim;y00 & = lim;j0 C; = [a0, @1, 02,...] as desired.

(«) Let o be expressible as an infinite simple continued fraction, say o = [ag,a1,-- .-
Assume for the sake of contradiction, @ € Q(z). Then by Theorem 2.4, o is expressible
as a finite simple continued fraction, say a = [bo, b1,...,bs). Moreover, by Proposition

2.13, a; = b; for 0 <4 < n = limyyoo[@n41,8n42, - -] = 0; a contradiction. O

We can illustrate the above proposition by creating an infinite simple continued

fraction expansion which we know is unique by Proposition 2.13.

Example 2.15. Find the infinite simple continued fraction ezpansion of vz + 1 € Q(z)*

using Proposition 2.13.

a=a0=\/:n2+1=$+%m_1+...

%= [[ao]] =T Q= ao-l-ao =2z + %w_l + ...
a1 = [[oa]] =2z o = 0:110,1 =9z + %w—l + ..
ag = [[ag]] = 2z ag = aalaz = 2% + %m"l +...

Thus a; = 2z for ¢ > 0 making the infinite simple continued fraction expansion of

Vz2 + 1=z 21, 2z,.. ]

We can change the polynomial slightly to observe how the infinite simple con-

tinued fraction expansion is affected:
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Example 2.16. Find the infinite simple continued fraction expansion of

Va2 + 4z + 1 € Q(z)* using Proposition 2.18.
a=aqp=vVzit+dr+l=z4+2— %:c‘l-l-

i=lol=a+2 o =glp—-fa-f+fe
o=flofl= =23 oy de=3ntd-dati..
az = [[ae]] = 2z + 4 ay=lo=—Zo—4+i1-
az ={las]] = -3z - 3 = =2+4—- 3z 4.
a4 = [[ou]] = 27 +4 o=t =-lo—t+lol

where the pattern continues on infinitely many times. Thus, the infinite simple continued
fraction expansion of V22 +4dz + 1= [z+2,-2z — §,22+4,-2z - §,20 +4,.. ).

Not all infinite simple continued fractions expansions have repeating patterns as

the last two examples seem to suggest.

Example 2.17. Find the infinite simple continued fraction expansion of

vzt + 823 + 1622 + z + 1 using Proposition 2.13.

a=ay=vet+82° + 1622tz +1=a’+4z+ iz 1 -8z72 4+ ...

2 1,-1_3,=-2
1 2:c +8z+ 3z~ 13224,
ap = [[Olo]] = z? + 4 o = ag—ag zc+1 2
_ _ 1 —2?-8x—6—2r1-Fa—24.
o = [[o]] =2z +6 X2 = a—a 12235
_ 1 13 _ 1 _ 10368224+414722+16564- 20— 322+
ag = [[ea]] = -5z — 73 A= 276z—133

os =[]} = B + 08

1 559682m2+2238728m —1298166+ ;21 -3x-24...
g = az—as z+1

where no pattern seems readily visible. Although we have only reviewed three iterations
of the recurrence relationship, the coefficients are growing rapidly without any sign of
possibly repeating. Finding out whether or not the continued fraction expansion ‘will

ever repeat is difficult to determine.
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As we continue to create more examples of infinite simple continued fractions,
we will also be considering the convergents of these expansions. In the finite case, we
have found that & = Cy, when i = n if a = [ag,a1,...,an); howéver, in the infinite case
C; is simply an approximation of a for all i. Therefore, it is worthwhile to discover how
accurate of an approximation of « the i** convergent, C; = %, really is. First, we need a
proposition as a preliminary result. For this, we will use the valuation as defined in the

introduction where v(vg) — edea(f)—deg(g)

Proposition 2.18. Let a € Q(z)* — Q(z) and let %,i =0,1,2,... be the convergents
of the infinite simple continued fraction ezpansion of a. If a,b € Qz] and 0 < v(b) <
v(gi41), then vig;a — p;) < v(ba— a).

Proof. Consider the system of equations given by

+

Pz +pi+iy=a
G + g1y = b.

Notice, if z = 0 we have bp;+1 = agi41; since (pix1,g+1) = 1 by Corollary 2.11, we have
gi+1|b which is a contradiction to 0 < v(b) < v(g;+1). Also, if y = 0 we have a = p;z and
b = g;z; since v(z) > 1, we have v(ba — o) = v(z)v(g;a — p;) > v(g;a — p;). Therefore, we
may assume z # 0 and y # 0. Now, we will show v{(z(g;o — p;)) > v(y(gi+1a — pi+1))-
First, since b = ;% + gi1¥, % = b — g1y = v(gix) = v(b — git1y)-

However, v(b) < v(gi+1) = v(g:z) = v(gi+17) = v(g)v(z) = v{gi+1)v(y)-

We know that v(g;) < v(gi+1) = v(z) > v(y).

Also, Consider

Py — oy Qip1PitPi-1 Py ¢ —(Pigi—1—Pi—10i)
v(a Qi) U(ai+IQi+Q¢‘—1 qaf) v( (ai+1q1+qu-1)qz')

oo —(pigi-1—pi-14i)y (=1)

- ’U( (ip1gi+ei—1)e ) - ’U(Qi(ai+IQ'i+fIi—1)

— 1
= v(g)v(iigitai-1)

But v(eit+1g:) > v(gi-1)

_ 1 _ 1
= = v(giv(@itie) — v(gi)v(aiv1a:)

1 _ 1
v(g)vlasr19i—qi-1) ~ v(g)v(gi+1)”
So, v(gix — pi) = iy and v(gi41a — Pis1) = 5,5y similarly. Since v(gir1) < v(gi2),
1 1
(gi+1) > w(git2)

Thus, v(z(go — pi)) > v(y(gir1e — Pit+1)). Finally, consider
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v(ba - a) = v((@% + gir1y)a — (PiT + Pi+1y))
= v(z(go — pi) + Y(Gi+10 — Pip1))-
But v(z(gio — pi)) > v(y(Gi+1 — pisa))
= = v(z(ga — pi))
= v(z)v(gic — p;)
> v(g;a — p;) as desired. 0

We are now ready to prove that the i** convergent of « is the “best” approxi-

mation for a.

Corollary 2.19. Let o € Q(z)* — Q(z) and let %,i =0,1,2,... be the convergents of
the infinite simple continued fraction ezpansion of a. If a,b € Q[z] and 0 < v(d) < v(g;),
then v(a — &) <v(a— §).

Proof. Assume, by contradiction, v(a — %) > v(a — §). Then,
v(gia — pi) = v(@)v(e — B)1 > v(blv(e - §) = v(ba — a)
which contradicts Proposition 2.18. ‘ a

This corollafy shows that given any infinite simple continued fraction expansion,

C; = % is the closest approximation of ¢ for a denominator with value less than or

equal to g;. If an approximation closer to « is desired, one must consider § with the

,denorriinator, b, having greater value than ¢;. The next proposition will show that ¢ is a
“close” approximation to ¢ if and only if it is a convergent of the infinite simple continued

fraction expansion.

Proposition 2.20. Let a,b € Q[z] with ged(a,b) =1 and v(b) > 0. Let o € Q(x)*, then

va—§) < v—('mlﬁf)' if and only if § is a convergent of the infinite simple continued fraction

ezpansion of a.

Proof. (=) Let %‘? be a convergent of the infinite simple continued fraction expansion
of a and assume, by contradiction, that £ is not such a convergent. Since the values
of the denominators form a non-decreasing sequence, there exists a unique & such that
v(gr) < v(b) < v(gk+1). Then by proposition 2.18,

v(gre — p) < v(ba — a) = v(bjv{a — ¢) < ;(—}-c—b)- by hypothesis.
Sov(a—%) < F('scllm—k)' Now, § # % = bpr — aqr, # 0 = v(bpy — agy) > 1.
Thus,
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1 v (bpx —agk)
v(bqk) - 'u(bqk,)

=@~ ) =o((Z ~ o) + (2~ §))
< maz{v(E: - a),v(a - §)}.

We know from Corollary 2.19, v(2: —a) = v(a—2) < v(a—$) = maz{v(B~a),v(a~§)}
< maz{v(a - §),v(ie— %)}

— 1 1 1
=v(a—-%) < @t < 7w T wEan)

So we have, v(blqu < ,U(:j-bg) + v(m},qk)
= v(@b} < v{gx) + v(b)
= v(z — 1)v(b) < v(ge)
but v(z — 1) > 1 = v(b) < v(gz). Contradiction.

(<) Let ¢ be a convergent of the infinite simple continued fraction expansion of e.
Consider v(a — §) = v(ov— 2) for some ¢ > 0. Then,

_Di\ — o (Qg1PitPiny  piy _ (= (Pifi-1-Di-106)
v qi.) v<°‘t‘+l‘]i+%‘—1 Qi) o (aﬁ+1q¢+qi—x)q¢-)

—(=1)¢-1 s
= v(m) by Proposition 2.10

1
v{{otip10i+0ia1)a:)

— 1 H ) — . ;
= Nemaraoa Since v(ay) = v(e;) for all 4

1 < 1 = 1
v(git1q) — v(zqia) ~ v(zd?)

since v(g;) < v(gi41) for alld. O

Example 2.21. To illustrate Proposition 2.20, consider o = Vz? +1 = [z,2z, 2z, .. .].

Then,

_ i,-1_1,-3, 1,-5_ 5 -7, 7 .-9_ 21 ,-11_, 33 .13 _ 143 _-19
Q@=z+5% gL+ 57 1287 3567 02%  t50s® g5536% T
Consider

e — 64274112254 5633472
b 8428 +80z442422+1

oy l.-1_1,-3,1,.-5_5 -7, 7 _-9_ 21 __11 104854 4-47622+21
=T+3T gT "tigZ 1287  T35% 1022% T 55536077 781920215 +245762 511004217 -

. ey _ ,—13 1 _ =13 644112054 56234 7 3 : ;
Since v(a — £) =™ < T =€ Gl TEoeiTadsTaT IS & convergent of the infinite

simple continued-fraction expansion of v/z2 + 1. In fact,
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= — 64274112554 5625 +72 _
Cs = [z, 2z, 2z, 2z, 22, 22, 22) = sz6+80§4+242211m =

On the other hand, consider each of the convergents of the infinite simple continued
fraction expansion of vz2 + 1.

Co = %3- =X

=B =4 ot = 2241
Ch=f=a+ 777 = 5570+ g = 44_2?3?—;&3%

=8 1.-1_1.-34 1.-5_ 1 _ 8z*4822+1
Cy = a5 =T+ 3T gZ "~ t+ g% 3227+ 11620 So5+4z

Then,
v(io—Cp) =via~%)=e1< U(m—(ll)gj =e!
v(a—Cy) =’u(a—%):e‘3 < W =e3
‘ v{a — Cy) =v(a—%§%) =e < WI%_I)QT =g
v(a — Cs) =v(a—8-"’;—:§§_m—:;d)=e‘7§ Ww_(m =e”
In this example, v(a—2) = ;(m—lq?—) for all ¢ because v(ag) = v{a1) = v{az) = .... Choosing

a new example where v(a;) varies will cause v(a — &) < U(—mlqgj.
k3

2.4 Eventually Periodic Continued Fractions

In the introduction we discussed what it meant to be periodic and eventually
periodic and Examples 2.15 and 2.16 are those where the infinite simple continued fraction

expansions repeat. Here is the definition:

Definition 2.22. Let a € Q(z)* — Q(z) and let a = [ag,a1,...] be the infinite simple

continued fraction expansion of a. a is said to be eventually periodic if there exists non-

negative integers p and N such that an = anqp for alln > N. We call the sequence
AN, ON+1; -+ AN4(p—1) the period of o where p is minimal. The eventually periodic con-

tinued fraction expansion is denoted,

a = [ag, 01, aN—1, N, GNT1; - BN (p—1)]-

If N=0, the infinite simple continued fraction expansion is called purely periodic, or

periodic for short.
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Example 2.23. Use Ezample 2.15 to demonsirate purely periodic and eventually periodic

infinite simple continued fraction expansions.

By Example 2.15 we have that vz2 + 1 = [z,2z] is an eventually periodic continued

fraction expansion. So,

1
Va2 +1=[z,2z) =z +
1
2z +
1
2z + —
then adding = to both sides yields
1
g4+ Vil +l=2+———— = [21]
1
2z +
1

2z + —

is a purely periodic infinife simple continued fraction expansior.

We would now like to categorize some particular elements of Q(z)* — Q(z) be-

ginning with a definition.

Definition 2.24. Let o € Q(z)* — Q(z). Then « is a quadratic surd if o is a root of a
quadratic polynomial Az* + Bz + C with A, B,C € Q[z] and A # 0.

Then the following proposition categorizes the above elements elegantly.

Proposition 2.25. Let a € Q(z)* — Q(z), then « is a quadratic surd if and only if
a= ﬂcﬁ where a,b,c € Q[z], v(b) > 0, b is not a perfect square, and ¢ # 0.

Proof. (=) Assume that a is a quadratic surd. Then there exists 4, B,C € Q[z] with
A # 0 such that A(a)? + B(a) + C = 0. By the quadratic formula, we have
—B#VBI—4AC

24 :

O =

Note, B2 —4AC is not a perfect square and v(B% —4AC) > 0 since « is a quadratic surd.
Letting @ = —B, b = B2 — 4AC, and ¢ = 2A and taking the plus sign yields a = “+C‘/B.
Otherwise, letting @ = B, b = B2 — 4AC, and ¢ = —2A4 and taking the minus sign also
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yields the desired result.

(<) Assume that o = %‘/E where a,b,¢c € Q[z], v(b) > 0, b is not a perfect square, and
c¢# 0. Then ¢? # 0 = « is a root of the quadratic polynomial, c?x? — 2acz + (a? — b).
Let A=c?, B= —2ac, C = a? —b. Then a is a root of the polynomial Az? + Bz + C
with A, B,C € Q[z] and A # 0 as desired. O

We will explore the notion of a quadratic surd by examining its continued frac-
tion expansion. The following lemma will begin our study of the quadratic surd by

yielding the characteristics which it possesses.

Lemma 2.26. Let o € Q(z)* — Q(z), then a is a quadratic surd if and only if a = P—Bﬁ
where P,Q,d € Q[z], v{d) > 0, d is not a perfect square, Q # 0, and Q|d — P2.
Proof. (=) Assume that o is a quadratic surd. Then by Proposition 2.25, « = #’; where

a,b,c € Q[z], v(b) > 0, b is not a perfect square, and ¢ # 0. Multiplying the numerator

and denominator by ¢® (to ensure that the leading coefficient remains positive) yields,

21,2 2
o = 2 c\/l;:acj:c\/bc“.

c

Letting P = ac?, d = be?, and Q = ¢® produces the desired result.

(<) Let a = !%‘/E where P,Q, d € Q[z], v(d) > 0, d is not a perfect square, Q # 0, and
Q|d — P?; then, by Proposition 2.25, « is a quadratic surd. O

Computing the infinite simple continued fraction expansions of a quadratic surd
can seem somewhat mysterious at times when using the recurrence relationship defined in
the first half of Proposition 2.14. We now use the last lemma to define an alternate method
for finding the continued fraction expansion of a quadratic surd that not only offers more

information, but the new information we obtain will have many unique properties.

Proposition 2.27. By Lemma 2.26, let

o = Putvd
Qo

be o quadratic surd where Py, d, Qo € Q[z], d £ 0, d is not a perfect square, Qo # 0, and
Qo|(d — P}). Define ag;a1,09,...,00,01,02,..., P, Pay...,Q1,Q2,... by the following

recurrence relations:
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o = Pi+vd

a; = [[ei]]
Pii1=0aiQi — F;
d—P?

Qit1 = —7H

for alli > 0. Then a = [ag, a1,a32,...).

Proof. First, we can show P;, @; € Q[z], Q; # 0 and Q;|(d— P?) for all ¢ > 0 by induction.
Notice, if i = 0, then o = &Qi—g/a for which the conditions are true by assumption. Now,
assume that k > 0 and Py, Qx, € Q[x], Qr # 0, and Qxl(d— P2). Since Prt1 = axQr — F,

clearly Pi.1 € Qz] since Py, Qr € Q[z] by the induction hypothesis. Now, consider

d-P} d=(axQu=-Pu)? _ d—P?
Qry1 = —, ot = (akg; k) — o + 20 B — Q.
Then Q41 € Qlz). Furthermore; since d is not agperfect square, d — Pl?+1 # 0 so
. d-P d—P, )
Qes1 # 0. Finally, Qp1 = —g = Qu = 2. Since Qil(d — PEpy), Quir €

Qlz] = Qrs1|(d — P,?_H). Thus, by Mathematical Induction, P;, Q; € Q[z], @: # 0, and
Qi|(d — P?) for all i > 0.

Now, we want to show a = [ag, a1,aq,...], but by the first half of Proposition 2.14 it

1
o—a;’

Consider

suffices to show a4 =

a; — 0 = E%@ —-g; = Yd~(a:Qi— ) 2iQs—F

i Q:

— Vd—Pi1 - (Vd=Pip ) (Vd+Pig1)
Qi Qi (Vd+Piy1)

. Vd-Ph, QiQin : _ d-P},

T Qi(Vd+Piy1) T Qi(Vd+Pig) (since Qita = Qi

— Qg1 _ 1

Vid+Piqy a1’
So iyl = a,-l—a,' =2 a= [ao,a1,a2 . ] a

A few more results:
Lemma 2.28. Let o be a quadratic surd and let a,b,¢,d € Q[z]. Then,
__ aoa+b
=22k

belongs to either Q(z) or Q(z)* — Q(z).
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Proof. By Lemma 2.26, ¢ = @@ with m,n,l € Q[z] and n not a perfect square.
Thus,
sath _ am;"}@-i-b
cotd cm-!iv’ﬁ +d
_ (amtib)+e/n
 (em+id)+evn

_ (em+ib+av/n)(cm+ld—cy/n)
~ (em+ld+evn)(em+ld—cy/n)

_ (em+ib)(emtld)+-(ald—cib)vn—acn
(em+id)é—cin :

Letting P = (am + Ib)(em + Id) — acn, Q = (cm +1d)? — ¢®>n, and r = ald — ¢lb we have,

Ef,i_'-& p+r‘/_ where P,Q,r € Q{z]. Notice, if b= 24, then r =0 = gg_'"_'g = Q € Q(z).

Otherwise %_‘I'_’f’ is a quadratic surd by Proposition 2.25. So ggig € Q(z)* — Q(z). o

As in the traditional study of Number Theory, we would like to consider the
conjugate of a quadratic surd. The conjugate will be referred to multiple times throughout

this section.

Definition 2.29. Let a = E‘"—c‘@ be a quadratic surd where a,b,c € Q[z] and ¢ # 0. The

conjugate of a, denoted o, is

o = a—cgb.

We now present a lemma which summarizes the elementary properties of the

conjugate.

Lermma 2.30. Let o = —""—‘/_ and ag = —L‘/‘ where a1,a2,b,¢1,¢2 € Q[z] and ¢1,c2 #
0. Then

a) (1 + az) = o} +af

b) (a1 — ao) = of — 0

¢c) (onae)' = ofa

d) (&) = 1.

2
Proof. The following proofs are straightforward computations.

8) (a1 + ap)’ = (at/l 4 sty

_ (02a1+c1a2+(c2+cl)\/_)f epa1+ciaz—(cate1) Ve
- c1c2 c1ce

cga.] —cz\/- claz—cn/_ —\/E ] ﬂz—'\/rf; — 7 ]
e1c2 + cics =+ 2 G -+ az.
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b) (a1 — ap)’ = (@E/e — eatby

= a.1+\/_  =g2= \/-)f a1;-1\/1_7 + —agc-zl-\/l; by a)

— a;c—\/E_ az—vh = o — d}.
1 c2

0) (anog) = ((apdh)(atsbyy

- (01G2+b+(01+‘12)\/-)l a1a2+b—(a1+aa)Vh

c1C2 c1c2

_ (a1=VB)(aa=VB) _ a1—\/5a2—~/-

c1C2 [+5}

= o} o,

a1 +vE B
r_ [ - + !
4 (2 = (Sin mim) = (G2

= ( (a'lcz+c2 \/3)(0201 —Cy ﬁ) )),
(aze1+c1 V) (azer—e1vh

(a.lcz-cz\/-)(azcl-f-a\/_) by C)

(z2c1)2—cf)

— (e162—c2vb)(aze1+c1 V)
{aze1+4c1vb)(ages —e1 VD)

i e

— a1ca—cavh ! —

azc1—c1vb (3 a-vh ) Ei" =
The previous results are exactly what we need to create the best possible char-

acterization of a quadratic surd. The following proposition and its modified converse are

vital to finding the solutions to Pell’s Equation.

Theorem 2.31. Let a € Q(z)* — Q(x). If the expression of & as an infinite simple

continued fraction is eventually periodic, then « is a gquadratic surd.

Proof. Assume the expression of a as an infinite simple continued fraction is eventually

periodic. Then there exists integers p, N such that p, N > 0 with,

@ = [ap,a1,...,6N-1,8N, GN+1, T - - -, TANF(p-1))-

Letting 8 = [an,aNn41,+-- -, +aN+(p_1)] we have

= [aNa ON+1;F - v, +aN+(p--1), 16]

BPp_1+F -
= ﬂ Em‘;ﬂ by Proposition 2.7
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where £2=2 and £2=1 are convergents of the purely periodic continued fraction expansion
Qo Qp1 g p yp P

len,an+1,+. .., Fan1p-1)]. Since the expression of B as a simple continued fraction
is infinite, 8 € Q(z)* —~ Q(xz). Also, B is a root of the quadratic polynomial Qp—1z% +

(Qp—2 — Pp—1)x — Py, so B is a quadratic surd. Now,

Py _1+Pn_ "
a = [ag,a1,...,an-1,5] = [‘?Qﬁ_%-_—";- by Proposition 2.7
where gx :Z and gi"; :11 are convergents of [ap,a1,...,an—1]. Since the expression of o as a

simple continued fraction is infinite, @ € Q(z)* — Q(x); however, since 8 € Q(z)* — Q(z),
Lemma. 2.28 shows that a is a quadratic surd. a

We can compute the quadratic surd that the eventually periodic simple contin-
ued fraction represents by first finding the § as described above and adding the a; not
belonging to the period.

Example 2.32. Find the quadratic surd represented by a = [z2, 2z, 3z2].

First, we will find the quadratic surd represented by the periodic infinite simple

cqutinued fraction 8 = [2x, 3z%]. Notice 8 = [2z, 322, 2z, 3z2| = (2, 322, B] so we have,
— 1
ﬂ =2z + wﬁ'
— 6x38+2s+8
= ﬂ - w3x ﬂ-:l
- = 32202 — 6236 — 22 =0
which yields, by the quadratic formula, g = 82°+v/3625+24s3 V36e"+24z | Thus

a = [z?,2z,37%) = 22 + 1

623 4/36x6 42423
6z

= x2 + 6(52
6234362842423

— 6254223625245 1622
623+/3625+2423

— —2034 /362010423
- 4z *

" o 9 T}
Therefore [z2, 2, 33?] = =22°-VJ6e042a"

Although it was not proven in Example 2.17, it is suggested that

vz + 823 + 1622 + z + 1 does not have an eventually periodic continued fraction expan-

sion leading us to believe that the converse of Theorem 2.31 does not hold; that is, given
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a quadratic surd, its infinite simple continued fraction expansion may not necessarily
be eventually periodic. The following example is a counterexample to the converse of
Theorem 2.31.

Example 2.33. Find the infinite simple continued fraction expansion of
a = V8 + 224 using Proposition 2.27.

P0=0 Q0=1 a=a0=1/$6+2$4:$3+w_%$—1+%x_3+“.

ag = [[q)] = 2%+ =

P=2"+z  Q =-a 0y = —~Etbyile a =[] = ~22
P=xt—z Qo = —4z? +1 a2=—z3_—ﬁ;7—+— "flz‘" az = [[o2]] = —32
P=a+le Qs=-1z? g = — Al 2eedy/at ol S+201 a3 = [[aa]] = -8z

P4 =gz — %IL‘ Q= —12¢2 +1 4 = —i_ﬂé—g—,i@ a4 = [[34]] = —-é-g;
P; = 3 + %—:E Qs = —%%‘2 Qs = _9m3+3m+a?’¥:c§£2a:§ as = [[0-’5]] = _18z

Po=ab~1z Qo=-2422+1  ap=-S=milfaldl o (o) = —La
Pr=z+iz Qr=-%a° oy = —16”34"4—“44;,—126'2 22 gy = [[a]] = 323
Py = z3 — ;14-:]2 Qg = —40z% + 1 ag = _4m3—-:11:601 f4 2z as = [[018]] = —"-Qlﬁa:
Soa = [z3+z, -2z, -1z, 8z, — iz, 18z, — 4, —32, — %=, ..] where the infinite simple

continued fraction expansion is not perlodlc but a pattern does present itself. It turns out
that ag;—1 = —2(¢)%x and ag; = —( nTe +1 )z for 7 > 1. Following this pattern, the infinite

simple continued fraction expansion of v/z® + 2z% is guaranteed to never be periodic.

More on this example is covered in [Vic78].

The best result that we could possibly hope for is to characterize exactly which
quadratic surds have eventually periodic infinite simple continued fraction expansions.
However, while there are many which are characterizable, equally as many of them are
not. In the following sections we will assume that the quadratic surds which we are

considering have eventually periodic infinite simple continued fraction expansions.

2.5 Periodic. Continued Fractions

Although we were unable to characterize the infinite simple continued fraction

expansions of quadratic surds as precisely as in the traditional study, we will be able to
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examine those with eventually periodic expansions and classify them precisely by their

expansions in this section. We will start with a theorem.

Theorem 2.34. If o is a quadratic surd with a periodic continued fraction expansion,
then the ezpansion is purely periodic if and only if v(a) > 1 and v(ce/) < 1, where
o denotes the conjugate of a. For ease of notation, we will call such quadratic surds

‘reduced’,

. Proof. Let a be a quadratic surd with a periodic continued fraction expansion.
(=) Assume that o = og with v{a) > 1 and v(¢’) < 1. Then, by definition,

a = [ap,a1, - -.] where

a; = [[aq,]], 120

1 .
iyl = g 2 0.

By the second equation, o; = a; + #4-1 Then o = a; + ?:_—1 for all . Now, we have

= ap = v{ag) < 1 = v(af) =v(ap + ail), but v(ag) < 1 and v(ag) > 1 = v(;l,;) > 1.
Thus, v(ef) < 1. For the sake of induction, assume v(a}) < 1 for ¢ = k. Then,

— 1 1
v(a,) = vlax + m) However, v(a}) < 1 = v(ax + %) < 1and v(ag) > 1=
v(-a—;;—l) > 1. So, v(e,;) < 1. Therefore, by Mathematical Induction, v(e;) < 1 for all 4.
Furthermore, v{af) < 1 = ai-]'-;{l.'_—l =miz"l4+maz~2+... wherem; € Qfori =1,2,....
Thus, a; = —— + Mz~ +mez~2 + ... = a; = [[Z2-]] for i > 0.
it1 i1

Now, since « is a quadratic surd with a periodic continued fraction expansion, a; = o,
for some j,k € N with j < k. Therefore, o; = o, and a1 = [[g;l-]] = [[ﬁ%]] = Qp_1.

1 1 . . A ,
So, aj_1 = ﬂ,j_1+a; = ag—1+g; = k-1 Iterating this process j times yields ap = ag—;.

= o =op = [ag,a1,...,0k—j_1, Qk—j]
= [a0, a1, .., Qk—j—1, Q)
= (0,81, -, Ck—j—1)-

Thus, the infinite simple continued fraction expansion of « is purely periodic.

(«=) Assume that the expression of a as an infinite simple continued fraction is purely

periodic with period length p + 1 such that a« = [@p,a1,...,@p] Where

a0, a1, - - - 0p—1 € Q[z]. Since « is purely periodic, ag € Qlz], but ag ¢ Q. Thus v(a) > 1.
+5, . -

Now, a = [ag,a1,...,6p,0] = %ﬁ_—: (from proposition 7.6) where ’—;*;_—: and %: are

S : _ o'pptpp-
the (p — 1)** and p** convergents of [ag,a1,.-.,p), respectively. So, o/ = Eﬁﬁ-.
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Algebraic manipulations of these two equations yield that o and o' are roots of the
quadratic polynomial

QpX2 + (Qp—l - Pp)X — Pp-1.

Moreover, o = “Fl where 8 = [@y, @p-1, .-, G0).

But, v(a) = v([@g, a1, -, Gp)) > 1 = v(B) > 1. So, 'u(‘?l) =v(a) < 1 as desired. O
To illustrate this theorem, consider the following example.

Example 2.35. Find the infinite simple continued fraction ezpansion of

a=1+iz+1+/zt+2° + $22 4 3z + 2.

First, notice v(a) > 1 and since \/974 +23+ 38243z +2 =2+ Sz + 1+ 4.,

o) =v(@t+ iz +1— /2t + 23+ 222 + 30+ 2) = v(e? + o+ 1- (P + Jz+ 1421+

.))=v{—z71—...) < 1s0 «is reduced. Moreover, y/z* + 23 + 322 + 3z + 2 has been

chosen due to its eventually periodic continued fraction expansion. By Proposition 2.27,

Po=x?+iz+1 Qo=1 oc=a=2+3z+1+/ot+23+ 222 +3z+2
ag = [[ao]] = 2¢® + = + 2

224 2o+1+4/ 242+ 32243042
P=a2?+lz+1 Qi=2%+1 o=—7 \/2m+1 - a1 = [[m]] =2

24 a—1+4/st+23+ 22+ 3242

P2=1L‘2+%$—1 Q2ﬁ2$+1 g = 2041 a2:[[a2]]=x

Po=124+1lz+1 Qs=1 ozs=m2+§x+1+\/m4+x3+§m2+3w+2
az = [[aa]] =222 +z + 2.

Since ag = a1, the infinite simple continued fraction expansion of

:cz+%w+1+»\/m4+m3+%m2+3w+2=[2m2+x+2,x,:c]

is purely periodic.

It seems surprising that if @ has an infinite simple continued fraction expansion
that is periodic and « is reduced, the expansion is purely periodic. As it turns out,
Theorem 2.34 holds because of the specific pattern that the eventually periodic infinite

simple continued fraction expansion of o = v/d has.
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Proposition 2.36. Let d € Q[z], where d is not a perfect square, with the infinite simple
continued fraction expansion of Vd being eventually periodic. Then, the infinite simple

continued fraction expansion of Vd takes the form

{a'Oa 41,02 ..,0p-1, 2(1[)]
where p is the period length and ap = [[V/d]}.

Proof. Consider o = [[v/d]] + v/d. Clearly, v(a) > 1 and v(@) < 1. So b}; Theorem 2.34,

the infinite simple continued fraction expansion of « is purely periodic, say

(G0, 01, Q2. .-, 0p—_1]

where p is the period length. Noting that ag = {[ [[V/d]] + V/d }] = 2{[[v/d]], we have that
vd = ([Vdl] + Vd) - [Vd]] = « — [[Vd]
= [@0, a1, 03 .., 0p—1] — IRZ)
= [ag,a1,03 -, 8p-1, @) — [[V/d]]
= [2([Vd]], a1, a2 .., 0p-1, 2([Vd]]] - [[vd])
= [ [[Vd]},a1,az- . -, ap_1,2[[Vd]] ] as desired. O

The following corollary sums up the two previous results by comparing the

similarities of the continued fraction expansions of v/d and [[Vd]] + v/d.

Corollary 2.37. Let d € Q[xz], where d is not a perfect square, with the infinite simple
continued fraction expansion of \/d being periodic. Then, the infinite simple continued
fraction expansion of V'd and [[Vd]]| ++/d differ only in the first component (with the first
component of the latter being twice the first component of the former), and the period
lengths are equal. Furthermore, the values generated by o = ag = Vd, Py =0, Qg =1
differ from those generated by o = ag = [[Vd]) + Vd, Py = [[Vd]], Qo = 1 only at Py and

ap.

Proof. The first claim follows directly from the proof of Proposition 2.36. To prove the
values generated by o = a9 = Vd, Py = 0, Qo = 1 differ from those generated by
a = ag = [[Vd]] + Vd, Py = [[Vd]], Qo = 1 only in P, and ap, we use a straightforward
computation. If & = v/d, then we have

Py=0 Q=1 a=a=Vd ao = {ao]] = [[Vd]]

Pi=aQ-Po=(Vd] Q=%=d-(Va] =LA 4 =y
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whereas if @ = [[Vd]] + v/d, we have
Py = [[vd]] Qo =1 a=ap = {[Vd]+Vd ag = {[ao]] = 2[[Vd]]

Pi=a@-Ro=[Vll Q=%E=d-[Va] o= o=

Notice that the values differ only in Py and ag. Since the values of F;, Q;, o, a; are

generated recursively, the remaining values will be identical for 7 > 1. O

2.6 Examples

While the previous sections had examples throughout, we did not investigate
what makes each example unique. In the traditional study of Number Theory, Vd is
always eventually periodic for d € Z, but we are not as fortunate. While we have not
been able to classify when \d is eventually periodic for d € Qlz] thus far, there are
unique properties that do allow us to classify certain expansions based on the period
length. Example 2.15 had a period length of one so we will classify it as period 1, but
Examples 2.16 and 2.32 used period 2 expansions. Here are a few more examples of period

2, period 3, and period 4 expansions using notation as defined in Proposition 2.27 .
Example 2.38. Find the infinite simple continued fraction expansion for a = v/4zb + x.

Let o= +/4z% + z. Then,

Po=0 Q=1 a=a=vil+r=2%+21z72-.. qp=/][ag]] =25
P =27% Qi==z a) = 24VET5s a1 = [[on]] = 422
Py =223 Q=1 ag =223 +Vd2b + ag = [[ag]] = 423
Ps = 223 Qs== g = 24Vir%s a3 = [[ag]] = 42°

Again, since oy = dg, the infinite simple continued fraction will be periodic; therefore,
a=+V4z5 + & = (223,422, 423] is period 2.
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Example 2.39. Find the infinite simple continued fraction ezpansion for

/Ll 1 1
o= /32" + 32+ 3.
—./Llpal 1
Let o 5% + 52+ 3, then

Po=0 Go=1 a=ag=\/%ﬁx4+%m+-21-=%w2—i‘-$‘1+m“2—...

ag = [[og]] = j=?

1.2 A4y 1,01
7%+ 162" +52t+3

P1:%$2 Q1.=%“’+% oy = Tot] a1 =[]l =z -1
lp2 14 f1 41,01
Pp=3?-] Qr=gz+3 ay=+— %;:é — ag = [[oe]] =z — 1

B=l Q=1 as=Yat+fFot+fer o= ladl = 4o°

1p24 [ lopdgdpyd
3% FY 1% +3%ts

1 1
33+3

Py =

i Qi=jot+i = a4 = [lal} == -1

But a1 = a4, implies that a = \/%m‘* + %x + % = [%:c2, r—1,z—1, %.'1;2] is period 3.

Example 2.40. Find the infinite simple continued fraction expansion for

a=\/zv“—xg—2w8—m6+%m4+%m3+x2+%x+%.

Then
PO = O QO =1
— — 14 9 8 6 1.4 3.3 2 1 1
a=qyg=4/c* -2 -20° -2+ 32* +5x° + 2+ 3T+ 5
=g’ -3t —z-to '+ iz -z +... ao=[la]]=2"-32% -2
P=z-1zt—g Qi=-2%+3z®+ 3z +3
. o = 27 —1a? -z x14-z9 208 —26+ Lot 3534224 2o 43 o = [[a ]] _ _o9p
1= —m6+-;—:n3+—%z+% 1 1
Pp=g" —z'— La? Q2 = —22° + 22 + 1
_ a:7—:z:“—-%zz+\/zl4—:cg—2x8—m6+%m4+§x3+mz+%z+% 4 = [[a ]] __g?
2= ~225 422741 2 = [|oz)] =
Tt _1p2 14_ 49 8 6414438024 100 1
¢! -zt -z folt—x? 228 —xP 2t St talt sat 5
a3 = 2 4 2 2 2 as = [[a3]] = 9

VT P P
a0+ 3a3+3a+3
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7

P4=$—%:I:2-:II QRQi=1

ag=a" -3z —z+ 214 -2 - 28 — a0+ 1ot + $xB + a2+ Lo+ ]

ag = [[oq]] = 227 — 22 — 22

Ps=z"~ 32" -z Qs=-ab+ 528+ 3z +3

a7 —1a?—z+, /o142 208 —zb4 1ad+ Fadba+ dat ]
PRI U S GRS §
ot gTitgaty

o = ay = [[035]] = -2z

But a3 = a5, we have that o = \/mm—x9—2w8~x6+%x4+%w3+m2+%x+% =
2

[x7 - %m -z, -2z, —x2, —2%,2z" — 22 — 2z] is period 4.

We can discover the properties that make each of the above infinite simple continued
fraction expansions eventually periodic by considering the properties the elements have.
For example, if & = v/d is period 2 ([ag, a1, 2ag)), it turns out that a;|(2ag) and d = a3 +
%0, If a = v/d is period 3 ([ao, @1, a2, 2aq]), then a2 +1|(2a100+1) and d = a3 + 2—‘2;‘1_3'1"—1
Lastly, if & = v/d is period 4 ([ag, a1, az, a3, 2¢q]), then aza? +2a1|(2a9a1a2+2a0+as) and
d= ag+%ﬂ. The correlation between each of the expansions and the properties

they satisfy is not -obvious; to find them we must consider the following expansions:

Example 2.41. Consider the general cases for periods 2, 3, and 4 infinite simple con-

tinued fraction expansions.

If & = v/d is period 2, say a = [ao, a1, 2aq), then by definition

_ 1 — Goa1a+a1ag+2ao+a
@ =ap + a1+m == a1a+a1ao+1

Multiplying both sides by aja + a1ap + 1 and subtracting yields

0162 — a108 — 200 =0

2
ai1aj+2ao 2 4 Za9
= o= 4/ 220 | Jo2 4 200,

If we are considering d € Q[z], the desired conditions appear.

If @ = v/d is period 3, say a = lao, a1, ag, 2ag), then by definition

1 apa1620+a1e202+apa1+epatad+acatazaotl

a=ag+ a1+ 1 = a= aiazo-tapaiaztaltatag

n2+a_n—0
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Multiplying both sides by a1a2a + apayas + a1 + e + ag and subtracting yields
a1a90® + aja + a? — a%alag — apa] — ag —aga—asap—1=20 '
since a € Q(z)*, a1 = ay so that the aja and aza terms disappear. Then
aras0? + a® — a%alag —~aga1 —a —agap—1=10

p]
__  /agaiastapay +a0+azao+1 2ﬂqﬂl +1
g \/ a1ea+1 G'O + af+1 °

Again, if we are considering d € Q[z], the desired conditions appear.

If o = v/d is period 4, say o = [ag, a1, az, a3, 2ag), then by definition

1
a=a _
0+a1+

an-t
a3+ aFag
apgil a2a3a+a0a1a2a3+ana1 a2+aoa1a+aoa1 +aoa3a+a3a0+2ao+a2a3 atapaz a.3+a2+a
g1a2a3ataga)eze3+eleeta; ad-apa +azat-azag+l

= a=

Multiplying both sides by aiasasa + apajasas + a1as + ayjo + aga; + aga + azag + 1 and
subtracting yiel'ds

a1a2a3a2 + a1a0cx + a1052 + 0302 — a%alazag — Qpaitz — aga,l — a%ag - 2a0 — Qa3 —
apgasag —az =0
since a € Q(z)*, a1as = a203 = a1 = ag so that the a1azc and azaga terms disappear.
Then

a?as0? + 2a1a? — afaday — 209a1a2 — 2a¢0; — 209 — az =0

= o= \/aoalﬂz-l-ﬁaoalaz+2aga1+2ao+az — \/a + 2aga%a2+2ag+ag

afaz+2a1 ajaz+2a1

where if we are considering d € Q[z], the desired conditions appear.

In theory, we could repeat this process multiple times and build the conditions
for each infinite simple continued fraction expansion with a given period length; however,
as is shown in the previous examples, the algebré. involved in solving for « is increasing
in complexity. In fact, if @ = v/d is period 5, then there seems to be several cases for
which different conditions apply. To approach the problem from the other direction we
could consider the infinite simple continued fraction expansions of various polynomials

and explore how the expansions vary based on minor changes to their coefficients.
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Example 2.42. Consider o = v/d when d € Q[z] is of degree 2.

Let o = VaZz2 + bz +c = az + & + £z~ ! +... where a,b,c € Q with o # 0 and
a%z? + bz + c is not a perfect square. For ease of notation, we will find the infinite simple

continued fraction as defined in Proposition 2.14. Then,

— _ b 1 4a8x42abtda?VaTalibric
ap = [[ag]] =az+ 2a o = ap—ag —b%2+4ac

— _ Ba3 = — 2002+b+20Va%x tbzde
ay = [[051]] _ ST%% an = 0(110,1 — 2ax 17-1-2112\/{;1.!:13z [

3 2 Fboq
ag = [[02]] = 2azx + g ag = (1211‘12 = 4a m+2abt§2a+4:cm brte

. ’ 3
since a; = a3 we have & = vVe?z2 + bz + ¢ = [az + £, 87",,;";1—‘1‘;':,%:3 + 2.

Every quadratic polynomial with rational coefficients and a perfect square as a
leading coefficient has an eventually periodic infinite simple continued fraction expansion.
We can now create an infinite family of quadratic surds that are period 2 and compute
their continued fraction expansions with very little effort! We can also raise the degree
of these polynomials by replacing = with z™ where n > 2. Since we are taking elements
in Q(z)*, the leading degree of d should be divisible by 2 and all leading coefficients

should should be perfect squares. We will now examine o = va2z? +bx3 +cz2 +dx +e
by starting with the case where b = ¢ = d = 0 (note: the case when b = d = 0 is covered
by Example 2.42; & = Va?z? + cz? + e = [ax + o, %’ 2az? + £]).

Example 2.43. Consider o = vd when d = o2z + .

Let a =va’zt +e=oar’+ £272+... where a,e € Q witha £ 0 and o®2* + e is not a
perfect square. Using Proposition 2.14, we have

2

ag = [[QO]] = a2 o = & : z*+e
a1 = [[on]] = 2“:2 oo =ax?+Valztte
ay = [[QZ]] = 2az2 a3 = az? \/:sz+e

. 2
since a; = a3, a = VaZ2zt + e = [az?, Z"T""', 2az?].

Now we consider the cases where b=c=e=0and b=c=0.
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Example 2.44. Consider o = V/d when d = a®2* + dx.

Let o = Va2z? + dr = a2® + %x"l + ... where a,d € Q with @ # 0 and a?z? 4- dz not a
perfect square. By Proposition 2.14,

2
apg = [[Oto]] = a,:c2 Q] = oz ;za: dz
a1 = [[on]] = 2= @y = az® + VaZz + dz
ag = [[a2]] = 2az? o3 = & o

since @y = a3, @ = Va?z? + dz = [aa?, 2E,207?).
Example 2.45. Consider o = Vd when d = a®z* + dz + e.

Let a = Va2zst +dz +e = az? + -2-‘%9:_1 + -2%93_2 + ... where a,d, e € Q with a # 0 and
a’z* + dr + e not a perfect square. By Proposition 2.14,

ag = [[o]] = az? o = S2tVala'tdate W

o=l =2 -2 - ap = Fer2datd v olar i date)d”

02 = [lol] = 3+ EEGHE o = S e e
a3 = [loa]] = g2t + R

where the infinite simple continued fraction expansion does not appear as though it is
going to have an eventually periodic form as in Examples 2.43 & 2.44 (though it is difficult

to say with certainty).

Similar problems arise when the other general cases of a?z* +bz® +cx? +dx+e are
considered. The expansions grow rapidly, lessening the chances of becoming eventually
periodic. It is important to note that although the general case may not always appear to
be eventually periodic, adjusting the coefficients can create such expansions as in Example
2.35. In Example 2.45, letting o? = Bi:g forces cy = o so the infinite simple continued
fraction expansion is period 6. The period 6 that is created is not the common form of a
period 6; instead the expansions are “almost period 3”, but az = r(2ap) (instead of 2ao)

and ag = 20p. We will define such expansions as follows:
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Definition 2.46. Let o € Q(z)* — Q(z). « is said to be Almost Period n for n € N if

a =[ag, @1,02, . ..,0n-1,8n, (0 + ag)] where r € Q.

Notice if n is odd, then the expression of o as a continued fraction expansion

has period length 2n; such an expansion has the form,

[ao, a1, a2,...,an-1,7(2a0), 2 ,r(a2), %,. .. ,r(an_l),r(z—g‘l) = 2ap) where r € Q.

Example 2.47. Find the infinite simple continued fraction expansions of
e¢) a = Vz? -1 and b) a = V4z* +4x+2 (e specific case of Ezample 2.45) using
Proposition 2.27.

a) Let & = v/z2 — 1. Then by Proposition 2.27,

By=0 Qo=1 a=ay=vVet—1=g—iz71+. .. a0 = [[ag]] = =
P=g Q= -1 o =—z— 2 —1 a1 = [[eq]] = —2z
Pr=x Q=1 az=z+vzZ -1 ay = [[oo]] = 2z
D=z Q3 = —1 a3=—-z—vaZ-1 a3 = {[og]] = -2z

where the infinite simple continued fraction expansion is “almost period 17, but

o = [z,—2z,2x] = [z, —1(2:6),:%1151] where r = —1. Thus, as noted above,

the infinite simple continued fraction of « has period 2(1) = 2.

b) If o = v4z* + 4z + 2. Then by Proposition 2.27,

Po=0 Qo=1 a=ay=Vari+4z+2=2202+2"1+1272+. .. ap = [[og]] = 22°

P =222 Q1 =4z +2 oy = 2E+Vis HaziD a2 a1 =)l =z-3

Py=25-1 Q=z+3 a2=2”2_++wl—+—+— "f‘f“mz ap = [[ao]] =42 —2.
2

Py = 292 Q3=4 Qs = 2:1;2+\/4Zz+4m+2 as = [[013]] — 1172

Py = 2g? Qi=z+} oy = B Ak t? as = [[oq]] = 4z~ 2
2

Ps=22% -1 Qs =4x+2 a5 = 2w2—1+4m. ixz dxt2 as == [[O:5]] =z — -%

Py = 222 Qe =1 op =22° +Vizt +dz +2 ag = [[ag]] = 42?

Py = 2a* Qr=dr+2 oy =hpriied a7 = [[or]] =z - }
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where the a; = a7 so infinite simple continued fraction expansion is period 6. Notice

the expansion is “almost period 3”, but a = 222,z — },42 - 2, %, 4z — 1), %22, g‘—?ﬁ]

where r = %; thus, the infinite simple continued fraction of « is period 6.

It is worth mentioning that it can be proven that there are no “almost period
2” or “almost period 4” continued fraction expansions. That is, if vd = (a9, a1,02,. ..,
@n_1,0n,7(vd+ap)] for n = 2 or n = 4, then r = 1 causing & to be an ordinary eventually
periodic simple continued fraction expansion. For the complete details of these proofs see
[Vic78].

If this pattern persists, it seems that there does not exist an « such that the
infinite simple continued fraction expansion is “almost period n” for n even. When
considering n = 6, even with the assistance of Maple, the equations became unwieldy.

We formalize this idea with a conjecture:

Conjecture 2.48. Let o € Q(z)* — Q(z) have en infinite simple continued fraction
expansion. Then a may have an “almost period n” continued fraction ezpansion if and

only if n is odd.

To sum up the previous examples as well as other examples not previously done,

consider the tables on the following pages:



Table 2.1: Generalized Expansions (with examples)

Period |
ag + 2—;;‘1 = [ao, a1, 2a0) 2
Vb + z = [223, 422, 423) 2
/152 + iz = [12,37, 3] 2
B+ B — (ag, 00, 3

Yo+t + Sa2 8o+ 2=’ + {2+ 1,307 +o+2 | 3

\/%xzo + 28—zt +1 = 1210, 52,22, 210) 3
2 | 2age16242ap+ag _
\/a0+ e anraa = (a0, 1, a2, a1, 20 4
\/m14—m9—2a:8—ac6+%3:4+%z3+$2+%$+%
4
= [¢7 — 32° — ¢, -2z, —2%, -2z, 227 — a? — 2
\/%x18+%m14 +all + 110 + 207 + 2 4 23 +1 )

= (329 + 125 + 22,22, 25,22, 29 + 25 + 227




Table 2.2: Generalized Polynomials (with examples)

Period |
\/a—zwz—l——lm:-l-_c=[aw+%,87fﬂf7“f,2am+g] 1,2
Vel +1 = [z, 2] 1*
Vz? -1 = [z, -2%, 22] ko
Ji o +}=[e+1,"% -4z 2
Va2zd ¥ dz = [az?, 22, 2022 2
4zt — 1 = 222, —4z, 427 2
V&t + 3 = (3o, Ia, 1o 2
Va¥aE T e = [ax?, 22, 207 1,2
vzt +1 = [22,227 1*
V1627 + 4 = [422,227, 827 ¥k
VaZzT+ ca? t e = [az? + 5, 85 2022 4 £ 1,2
\/m= (322 +1,—222 — 4,22 + 2 2
\m=[x2+4,—%x2—1,2z2+8j 2
VaZzt + dz + e = [aa?, 282 — 2 9052, ] 3,6
i+ iz+1={1ztx-1,2z-1, L7 3
Vazt + 4z + 2 = 222,z — %,4&:—2,:1:2,43:—2,:1:—%,4&:2] 6**

** - Almost Period % _ Special Case

41
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Chapter 3

Pell’s Equation

The entire study of Continued Fractions over Q(z)* is the core study of this
project due to its relevance to the solvability of Pell’s Equation, X2 — dY? = n where
d € Qz] and X,Y € Q[z]. As in the previous chapter, we will only be interested
in the cases where the leading coefficient of d is a positive square. When comparing
solutions to Pell’s Equation over Z, there are many notable differences from the beginning.
T&éditionally, if d < 0 or d is a perfect square, there are only finitely many solutions;
however, transitioning to Q(z)*, there are an infinite number of solutions for any given
d. We choose to restrict d to not be a perfect square in hopes of being able to classify all
solutions precisely. This restriction is what creates the relationship between continued

fractions and solutions to Pell’s Equation.

Theorem 3.1. Let d € Q[z] and n € Q , with v(d) > 0, where d is not a perfect square,
0 < w(n) < v(vd), and the infinite simple continued fraction ezpansion of Vd being
eventually periodic. If f2 — dg? = n where the leading coefficients of f and g have the

same sign, then ‘5‘ is a convergent of the infinite simple continued fraction expansion of

V.

Proof. Let f* - dg? =n. Then, (f +gvVa)(f - gVd) =n = (f - gVd) =
= -Vd =zt
= o(§ =V = (57 7g)
but 'u(-g 4+ v/d) > v(x) since ‘f’ and ‘g’ have the same sign. So v('_g - vd) < 'U(ég).
Therefore, é is a convergent of the infinite simple continued fraction expansion of Vd by
Propaosition 2.20. d

(F+gvd)
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As stated in the introductory chapter, we will be interested in characterizing
solutions to the specific Pell Equation X2 — dY? = 1 rather than a general n; it is at
this point that we will begin to look only at this specific case for future results. We will
pursué the solutions by examining their relationships to the convergents of the infinite

simple continued fraction expansions of v/d.

Lemma 3.2. Let d € Q[z] where d is not a perfect square and let % be the i** convergent
of the periodic infinite simple continued fraction expansion of vVd. Then,
p? —dg? = (—1)F3Qu41 for i > 0 where Q1,Qq,. .. are defined as in Proposition 2.27.

Proof. Let all n(;tation be as in Proposition 2.27 with ap = v/d. Since Vd = ap =

[@0,1,...,a;,a;41] for i > 0, Proposition 2.7 yields vd = ﬁ:‘:l—ziig—:-}. But
fir] = Pip1+Vd
i+1 = Qi1
_ (P +VdpitQiy1pia
= Vd (Pip1+Vd)gi+Qi410i-1

and so,
dgi + (P14 + Qi+16i-1)Vd = (Pitap; + Qisapi-1) + piv/d for i > 0
= dg; = Piy1pi + Qi+1pi-1 and Fipaqi + Qiv19i-1 = pi
= dg? = PirapiGi + Qir1pi-1¢ and Pip1pigs + Qir1pigi-1 = p?
) = p? — dg? = (pigi—1 — Pi-1¢:)Qi41 for i > 0
but by Proposition 2.10, (pigi—1 — pi—1gi) = (—1)* ! = p? — dg? = (—1)*"1Q;41 for i > 0.
1i=0=p}—dgf =ad —d = (-1)(d - ad) = (~1)(*"L) = (-1)Q1. D

Lemma 3.3. Let d € Q[x] where d is not a perfect square with the infinite simple con-
tinued fraction expansion of /d being periodic. Let p be the period length of the infinite
simple continued fraction expansion of v'd and let all notation be defined as in Proposition
2.27. Ifa=ag=Vd, Bp=0, and Qo =1, then Q; = 1 if and only if pi.

Proof. By Corollary 2.37, it suffices to show the desired result given a = ag = [[Vd]]+V4d,
Py = [[vd]], and Qo = 1 with oo = [@0,81,.--;8p—1] S0 that « is reduced. If i € Z with

i > 0 and o; = [a;, Gi+1, Qi42, - . -], We have ap = o = agp = .... Furthermore,

a; = ag = pli. .

Now if p|é, we have &2')—:/& = 0; = ag = [[Vd]] + Vd = P, — Q[[Vd]] = (Q: — 1)Vd.
Notice, if Q; # 1, the left hand side of the previous equation belongs to Q(z), but the
right hand side does not. Conversely, if @; = 1, we have that o; = P; + \/d; since o; is
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periodic, we have v(®@) < 1 = v(P, — Vd) < 1 = B = [[Vd}]. So s = ap and pli as
desired. O

In the traditional study of continued fractions, it holds that Q; is never equal

to —1; however, Example 2.47 shows that we are not able to say the same in Q(z)*.

Theorem 3.4. Let d € Q[z] where d is not a perfect square with the infinite simple
continued fraction expansion of vd being periodic. Let %:4 denote the it convergent of the
infinite simple continued fraction ezpansion of vd and let p be the period length of this
expansion. If Qi # —1 for oll i and p is even, then the solutions with positive leading
coefficients to the Pell Equation X% — dY? =1 are given by X = Prp-1 and Y = gpp—1
where n is a positive integer; if p is odd, the solutions are given by X = popp_1 and

Y= Qonp-1-

Proof. By Lemma 3.2, we have p? — dg? = (—~1)*"1Q;4; for i > 0. Note if Q; # —1 for
all i, p? — dg? = 1 only if p|i + 1 by Lemma 3.3. Moreover, if p|é + 1, then, i = np — 1 for

some positive integer n. So we have,

p'?l,p—l - dq'rzmp—l = (_l)np—‘z‘
. If p is even, then X = ppy—1, ¥ = gnp—1 solve X2 — dY2 = 1; otherwise, if p is odd, then
X = Ponp-1, Y = qonp=1 solve X% — dY?2 = 1. These solutions are the only solutions with

positive leading coefficients since any such solution must be a convergent of the infinite

simple continued fraction expansion of v/d by Theorem 3.1. g

Theorem 3.4 allows us to find all solutions with positive leading coefficients by
not only considering the convergents of the infinite simple continued fraction expansions,

but by looking in a precise location.

Example 3.5. Using Theorem 3.4, find all solutions with positive leading coefficients to
the Pell Equation o) X — (Az1® + 28 — 28 + 24 — 22 + 1)Y2 =1 and
) X2 — (¥ + Ial 42l + 2al0 4+ 20" + 2t + 23+ 1)Y2 =1

a) Consider X2 — (38 + 28 — 28 + 2% — 22 + 1)¥? = 1. Since Q; # —1 for all ¢ and
\/%wls +a8—agb 4+ —32+1= [%wg, z,x, %], we have that p = 3; thus, the solutions

are given precisely by X = pgp—1 and Y = ggn—1 where n is a positive integer. The

solution with the least positive value, given whenn =1, is
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X =p5s =332+ 2% + {218 + 2212 4 2570 + 222 + 1

Y = g5 = 213 4+ 2211 + 2° 4 22° + 2z.
That is, (3222 + 220+ 128 + 2212 + 220 4 272 4 1)2 — (1218 +- 28 — 26+ 2t — 22 + 1) (z3 +

2™ + 2% + 22% + 2z)2 = 1.

b) Consider X2 — (328 + 321 + 211 + 22104 227 + 24 + 23 + 1)Y? = 1. Since Q; # -1

for all 7 and

\/%wls + %3:14 + 711 + %mm 2Tt 4 a3 41

= [1a° + 32° + 22, 22, 25, 22, 29 + 75 + 222,

we have that p = 4; thus, the solutions are given precisely by X = psn—1 and ¥ = qan—1
where n is a positive integer. The solution with the least positive value, giveh when

n=1,1is
X=p3=2z8 +2aM + 2211 + 227 + 22 +1
and
Y = q3 = 2% 4 222,

That is, (328 + 3z + 221 + 227 + 22% + 1)2 —~ (32’8 + 2™ + 2V + 1210+ 227 + 2% +
23+ 1)(2% +222)2 = 1.

Although we have only found a single solution, substituting new values for n
will provide us with infinitely many solutions we would like. The solutions found in the
previous examples are those of least degree and are known as the fundamental solutions.
Rather than compute the n*? convergents for every desired n using our previous methods,

we can use the fundamental solution to generate all others.

Theorem 3.6. Let d € Q[z] where d is not a perfect square with the infinite simple
continued fraction ezpansion of V/d being periodic. Let zy,11 be the fundamental solution
of the Pell Equation X2? — dY? = 1. Then all solutions with positive leading coefficients
are given by Tn,yn where Tn + ynvVd = (21 + y1vVd)" and n is o positive integer.
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Proof. First, consider 22 — dy? = (Zn, + ¥nVd)(Zn ~ ynVd)
= (z1 + »Vd)*(z1 — y1vVd)™ from the definition
= (23 — dgi)"
= (1)® since z1,¥: is the fundamental solution
=1.
Now, assume by contradiction that X,Y is a solution not of the form z,,y, for any n.
Then 3 k € Z* such that
v((z1 + nVA*) S v(X +YVd) < v((z1 +yVd)F ).
Multiplying both sides by v((z1 + y1vd) %) yields,
v(1) < V(X + YVd)u((x1 + 11 vVd)~*) < v(z1 + 1 Vd)
= 1 < o(X + YVd)v((z1 + y1vVd)F) < vz + 11Vd)
Now, let r, s € Q[z] such that r + sv/d = (X + Y Vd)(z1 + y1v/d)*. Then
1 < v(r + svd) < v(z1 +p1vd).
Moreover, v(r2 — ds?) = v(r + sVd)v(r — sVd)
— o(X + YVA((o1 + 11VAFX - Y V(1 — VD)
= o(X? - dY (a3 - dg})¥)

= (1)

= 1.
So since x1,y:1 is the fundamental solution, v(z1) < v(r) and v(y) < v(s) = v(z1 +
1vd) < v(r + sv/d) a contradiction. O

Example 3.7. Using Ezample 3.5 and Theorem 8.6, find all solutions with positive lead-
ing coefficients to the Pell Equation a) X2 — (3218 + 28 — 28+ 2 — 2?2 + 1)Y2 =1 and
) X2— (328 + JaM+ s + 120+ 227 + 2t + B+ 1)V = 1.

a) The fundamental solution to the Pell Equation
X?—dy?=1
where d = $218 + 28 — 28 + 2t — 22 + 1is
X =ps =122+ 2% + 1218 4+ 2212 4 2210 + 222 4 1
and

Y = g5 = 218 4+ 2211 + 2% + 22% + 22
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But we have established that all solutions with positive leading coefficients are given by
T, Yn Where
Tn+yYnVd = (322 +220+ 52384+ 251% + 2210 4 222 4 1) + (213 + 221 + 2%+ 22% + 21) Vd)r.

We can compute the next solution with positive leading coeflicients and second smallest

value by expanding
(322 + 2% + 1218 + 2312 + 2210 4 222 + 1) + (213 + 2211 + z + 223 + 22)V/d)?
=U+VVd
where,

U= 1 o 4 242 4 3740 4 9438 +1 1736 4 4734 1 12432 + 12230 + 4228 1 19224 4 26422 +
16220 + 2218 + 16214 + 24212 4 8210 + 82* + 822 + 1
and
V = 1 435 1+ 9733 4 3281 4 9729 ¢ %m” + 34,25 + 0228 + 9221 4 3219 4+ 615 + 13213 +
8zl + 29 + 425 + 628 + 22

b) The fundamental solution to the Pell Equation
X?~dy?=1
whered = j2'® + a1 + 211 + 220 + 22"+ 2 + 23 + 1is
X =ps=1z® + o™ + 2211 4 227 4+ 22% + 1
and
Y =gq3 =27 + 222,
But all solutions with positive leading coefficients are given by x,y, where
Ty + ynVd = (328 + 12 + 22 4 227 + 224 + 1) + (2° + 222)Vd)"™.

We can compute the next solution with positive leading coefficients and second smallest

value by expanding

(328 + 2™ + 2011 + 227 + 22% + 1) + (2° + 222)VA)2 = U + VVd



where,

U= %—:z:36 + 252 + 5220 + %:!:28 + 82% + 1327 + 422! + 22784
16215 + 1024 + 242 + 828 + 827 + 824 + 1
and

V= %:1:27 + 322 + 3270 + 3216 + 6213 + 52° + 428 + 207

48
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Chapter 4

Conclusion

The process of finding solutions to X2 ~ dY? = 1 in @[z} can be laborious, and
nearly impossible, if one does not know about the theory of infinite simple continued
fraction expansions that has been developed in Chapter 2. While analysis of solutions to
the traditional Pell’s Equation, X? — dY? = n, is not as complete as when n = 1 in Z,
the specific case has properties which can be generalized nicely.

Ultimately, the vital piece of information we lack is the characterization of when
a = v/d has an eventually periodic continued fraction expansion. The transition from
R to @(z)* has created changes to the traditional theory which have impacted the final
results in a major way, primarily the converse of Theorem 2.31. Xnowing that a quadratic
surd has an eventually periodic infinite simple continued fraction expansion enables us
to determine where Pell’s Equation has solutions given an arbitrary d € Q[z]. However
at this stage, except for the specific cases outlined in Section 2.6, one must compute the
infinite simple continued fraction expansion of v/d in order to determine if it is periodic. It
is important to note that the expansion could be of any given period length so the process
could be time consuming. This problem could be due to a few things. The new field and
its properties could be the reason that the expansions are not as nicely categorized.
Also, changing to the Non-Archimedean valuation from the absolute value seems to have
played the largest role in the converse failing. Lastly, it is possible that many more of
the expansions we have considered, at some point, eventually become periodic, but as of
now the proof simply cannot be done.

A characteristic that is new to elements of Q(z)* is the fact that there exists an
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i € N such that Q; = —1, which causes the fundamental solutions to their Pell’s Equation
to show up earlier on. In the traditional study of Pell’s Equation, the version of Lemma
3.3 over R proves that there does not exist an ¢ with Q; = —1 and so the solutions that are
outlined in Theorem 3.4 are the only possible solutions in Z. However, having Q;41 = -1
over Q(z)* for some ¢ creates solutions earlier on since (—1)*~1Q;+1 = 1 when i — 1 is
' odd.

One property that was surprising was the examples where Q; = 7 for r € Q@
r # 1;—1. This is noteworthy because it appears in every “almost periodic” case. Our
research into a few of the general cases of polynomials has led to the observation that
it is the coefficients which affect exactly what r can be; for example, in the case of
Va2z% + dx + e where a = *8453' so that the infinite simple continued fraction is “almost
period 3", @3 = r = 2e. A problem is that our collection of “almost periodic” examples
are limited in number so our ability to explore any patterns they might have is hindered.

At first, the process of converting the traditional continued fraction theory into
the new field was difficult having just learned of valuations. It turns out that the prop-
erties we lose (due to no longer having absolute value), have an almost direct translation
with valuations. Since we are no longer dealing with R, we do not have decimals, but
clearly the new corollary to that is the infinite expansions where byz=2 + biz~2 + ...,
which look like Lagrange expansions. Also, instead of considering the distance between
two elements, we measure the elements by the remaining values, or degrees, when they
are subtracted; that is, we are no longer taking |o: — £|, but we have v(a — ¢). Lastly, the
idea of a < 0 translates to be v(a) < 1 which is notable in the definition of “reduced”
elements in Theorem 2.34.

Since the Non-Archimedean Valuation is stronger than the traditional absolute
value, we are able to arrive at stronger conclusions in certain cases. Proposition 2.20
has two noteworthy changes when considered over Q(z)*. Traditionally, |a — ¢| < 3k;
whereas, now we have the possibility of equality so that v(a — §) < M—mlsz Also, more
surprisingly, the “only if” direction of the proposition holds. In the traditional study, v3
can be used as a counter-example since |v/3 — Co| = |[v/3 — 1| > i. When extended to
Q(z)*, it is sometimes the case v(a—§) = Ra:lTF’ but never greater, allowing the converse
to hold.

The use of Maple was essential to computing many examples at an expedited
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rate, but it had its advantages and limitations. The main advantage of Maple was its ease
of computing due to its ability to handle recursive definitions and its simplifying abilities.
The limitations were that in using it, the outputs generated were less familiar and seemed
detached. It is highly suggested that when studying continued fraction expansions, one
does many examples by hand as well as using Maple. Maple proves to be a great source for
checking and computing those expressions for which one already has an understanding,
similar to a calculator. Even though Maple is an amazing computation tool, the numbers
involved in some of the non-periodic continued fractions grow too rapidly to continue the
expansions.

In terms of material, Chapter 3 summarizes the theorems and lemmas by com-
bining them to find solutions to Pell’s Equation. Initially, beginning the study of solutions
to Pell’s Equation with a subject that seems as disconnected as the study of continued
fractions seems counter-intuitive, but once the reader understands how the solutions are
discovered, each of the chapters on continued fraction expansions form the stepping stones
to finalizing the results. The solutions come from the convergents of the infinite simple
continued fraction expansions which were defined after finite simple continued fractions.
Each of the examples, lemmas, theorems, and corollaries were precisely those necessary
to further the progress in each chapter.

Despite the number of theorems and properties of continued fraction expansions
which we are able to generalize over our new rings and fields, there are many problems
left to be considered. The idea that there may not exist any almost periodic continued
fractions of even length has been discussed and although the result seems likely, we have
not proven it. Moreover, only expansions with “almost periods 1 and 3" have been found
so finding other “almost periods” is another problem left to consider. As stated earlier, the
most important of these open problems is to discover the general conditions an element
of Q(z)* — Q(z) must meet for its infinite continued fraction expansion to be periodic.
With such a result, we would be able to examine an element and immediately determine
whether or not the expansion is periodic. Knowing whether expansions are periodic or

not will allow for the complete characterization of the solutions to Pell’s Equation.
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