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ABSTRACT

This project is a study of the properties of the modules Z1S3 and Z5S3, which are
examined both as modules over themselves and as modules over their respective integer
fields. 'We will examine each of these modules separately, since they each hold distinct
properties. We explore the properties that these modules hold and how those properties
differ when we change the module it is examined over. The overall goal is to determine
the simplicity and semisimplicity of each module. In order to achieve this goal, we will

study the structure of their modules, their radical, and their submodules.
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Chapter 1

Introduction

The following work first began as an undergraduate-level independent study and
honors project with Dr. Llosent. Initially I began to study the properties of quivers in
Representation Theory. As I progressed through the Masters Program, the study grew
into a study of modules and their properties, particularly those properties that relate to
the simplicity and semisimplicity of modules.

There are a handful of concepts from Ring Theory and Module Theory that
are necessary to fully understand the concepts that are presented here. In the beginning
chapters we will submit definitions and prove some of the necessary theorems from Ring
Theory and Module Theory that are required to move forward, including the notions of
the radical of & module, comaximal submodules, and the Chinese Remainder Theorem for
modules. There are many concepts and theorems that originate in Ring Theory, but have
a likeness in Module Theory. For example, the notion of a submodule of a module carries
properties similar to those of an ideal within a ring. These definitions and properties will
be referenced and used frequently throughout this paper.

The next chapter explores the properties of Representation Theory. First we
look at the definition of a linear representation and examples of quivers and their repre-
sentations. Within Representation Theory we find the vital definition of a RG-module
and an algebra. This chapter lays the final ground work so that we may begin to study
the structure of our modules.

Next we will examine the modules Z2S; and Z5353. Although their structures

are similar, they have properties that make them different from each other. We do



not directly compare these two modules to each other, rather we consider each as its
own module with its own qualities. Because of its importance to the structure of these
modules, we begin with a review of the group S3. This group is necessary to form the
modules so it is important that the reader has an understanding of S3, particularly with
the way that the permutations act upon each other.

As we look at the module Zs5S3, we will show that the module Z3S5 is only
semisimple as a module over Zg, but not as a module over itself. This will be accomplished
both by the use of Machke’s Theorem as well as by direct examination of the module.
We will describe much of the structure of the module Z3S3, both as a module over itself
and as a module over the field Z,.

Finally we will examine the module Z5S3. This module differs from Z5S3 in
structure, because we are using the field Zs instead of the field Zy. At minimum, this
changes the structure of the module because it gives us a module with more elements
to consider. More importantly, it changes our methods for determining semisimplicity
because the order of Zs does not divide the order of S3. We look again at the simplicity
and semisimplicity of the module Z5S3.

This paper concludes with a chapter on future research. The overall goal of this
project is to explore the structures of the modules Z»S3; and ZzS3. There is still much to
discover about these two modules, so we have included a chapter to discuss intentions of

continued research into the structure of these modules.



Chapter 2
Ring Theory

This chapter serves as a basis for understanding the terminology that will be
used throughout this project. It will provide definitions, theorems, and set the founda-

tions for the connections that will form between Ring Theory and Module Theory.

We begin with Ring Theory. This field of study examines sets with two bi-
nary operations, namely addition and multiplication and relates the two operations by
the distributive laws [DF91].When most begin to study Ring Theory, they begin with the
concept of a group and expand their understanding to what are known as rings. Con-
nections are formed between subgroups and subrings, normal subgroups and ideals, and

group homomorphisms and ring homorphisms.

There are some terms and definitions from ring theory that are used in module
theory. Their relationship is similar to the relationship between groups and rings. Let
us first examine these properties as they pertain to rings. In Chapter 3 they will be

re-examined in relationship to modules.

2.1 Definitions.

We will begin with the definition of a ring.



Definition 2.1. A ring R is a set together with two binary operations “+ 7 and “x 7,

called addition and multiplication respectively, satisfying the following azioms:
1. (R,+) is an Abelian group,

2. “x " is closed in R:
axbeR foralla,be R, and

3. “x” is associative: (a x b) x c=a x (b x ¢) for all a,b,cinR,

4. the distributive laws hold in R: for all a,b,c € R
(a+b)xe=(axec)+(bxc)andax{b+c)=(axb)+(axc).

The ring R is said to be commutative if multiplication is commutative. It is said to have

identity if there is an element 1 € R with
lxa=axl=a

for all @ € R. Neither of these properties are assumed to exist within a ring R. If R is

either commutative or has an identity element then we will say so [DF91].

Example 2.2. The ring of integers Z, the rational numbers Q, the real numbers, R,
and the complex numbers C are all examples of rings, more specifically, they are all

commutative rings with identity.

Now we will give the definition of a subring. The relationship between a ring and one of

its subrings is similar to that of a group and one of its subgroups.

Definition 2.3. Let R be a ring. A subset S of R is a subring if the operations of addition
and multiplication in R when restricted to S give S the structure of a ring. That is, the
subset S hos the same operations of addition and multiplication as the ring R so that S
itself is a ring [DF91].

The Subring Criterion gives the test that may be used to see if a subset of a ring is
indeed a subring. It requires that a subset S of a ring R be nonempty and closed under
subtraction and under multiplication. Then, to test whether or not a subset is a subring,
one must first show that the subset is nonempty. Second, one must show that the oper-

ations of subtraction and multiplication are preserved within S. Then S is a subring of R.

Now examine a subring I of R which has special properties.



Definition 2.4. Let R be a ring. A subset I of R is a left ideal of R if
1. I is a subring of R, and

2. I is closed under left multiplication by elements from R, that is to say that rI C T
for allT € R.

This ideal I functions in the ring R similar to the way that a normal subgroup N functions
within its group S. In order to show that a subset is in fact an ideal, it must be nonempty,
closed under addition of its elements, and closed under multiplication with elements of
its ring R [DF91].

Example 2.5. In the ring Z, the subring nZ is an ideal for any n € Z [DF91].

Example 2.6. More specifically, the subring 2Z, representing the even integers, is an

ideal of the ring of integers Z.

There are a few terms which relate to the study of ideals. They bring attention to the

properties that ideals hold.

Definition 2.7. An ideal I in an arbitrary ring R is called o mazimal ideal if I + R and
the only ideals containing I are I and R. Not all rings will have mazimal ideals [DF91].

Example 2.8. The ideal nZ is maximal in the ring Z if and only if n is a prime number.

Example 2.9. The ideal 27. from Example 2.6 is a mazimal ideal in 7 because 2 is a
prime number. The ideal 2Z is nol equal to the ring Z. We can also see that the only

other ideal that will contain 2Z is the entire ring Z.

Definition 2.10. Let A be any subset of a ring R. (A) denote the smallest ideal of a
ring R which contains A. Then (A) is called the ideal generated by A. An ideal generated
by a finite set is called a finitely generated ideal [DF91].

Another type of ring is the quotient ring, which we define below:

Definition 2.11. Let R be o ring and let I be an ideal of R. Then the additive quotient

group R/I is also a ring under the binary operations:
(r+DN+(s+D)=@+s)+Tand(r+I)x(s+I)=(rs)+1

for allr,s € R.



Conversely, if I is any subring of R which satisfies the above operations such that the
operations are well-defined, then the subring I is an ideal of R. We then call the ring
R/I the quotient ring of R by I [DF91].

Elements of a ring R may also have other useful properties. Some of their many properties

are listed here:

Definition 2.12. Let R be a ring. An element x € R is called nilpotent if there exists
some positive integer n such that ™ = 0 [DF91].

Example 2.13. In the ring Z4, the elements {0} and {2} are nilpotent. The element

{0} is trivially nilpotent in every ring since it is already equal to 0. Additionally,
22 = 4
= 0 in Z4.

The remaining elements {1, 3} are not nilpotent in Z, since there does not ezxist ann € Z+t
such that

1" = 0 and
3" = 0.

Example 2.14. The ring Zs has no nontrivial nilpotent elements, since there does not

exist an n € ZT such that:

1" =

3¢ =

0
2" =0
0
0

4" =

Again, the element {0} is trivially nilpotent in every ring.

Furthermore, an ideal I may be nilpotent if there exists an n € Z* such that I™ is the
zero ideal. We define I™ to be the set {&1 - z2-... 2, |x; € [ for all i =1,...,n}. Since
the subring R of a ring R is also considered to be an ideal, it follows that a ring R may
be nilpotent if there exists an n € ZT such that R" is the zero ideal.

Rings may also have properties which show how their ideals interact with each other.



Definition 2.15. Let A and B be subrings of a ring R. Define
A+B={a+blac Abe B}
to be the sum of two subrings [DF04].

Definition 2.16. Let R be a ring and let A and B be ideals of R. Then A and B are
seid to be comaximal if A+ B =R [DF91].

Definition 2.17. Let R and S be rings. A ring homomorphism is a mop ¢ : R — S
satisfying

1. pla+ b)' = @(a) + @(b) for alla,b € R and
2. p(ab) = p(a)p(b) for alla,b € R.
[DF91]

Theorem 2.18. The Chinese Remainder Theorem.

Let A1, As, ..., A be ideals in a ring B. The map
R— R/A; X RfAs x - -+ X R/A;

defined by r — (r+ Aq,7+ Ag, ..., 7 -+ Ay) i3 a ring homomorphism with kernel A1 N Az N
- - N Ag. If the ideals A; and A; are comazimal for each i,j € {1,2,...,k} with i # j,
then this map is surjective and Ay N AN - NAy = A1 As...Ax. Then

R/(AjAg- - Ap) = R/(AjNAgN---NAy) 2 RJ/A, X R/Ag X -+ - x R/ Ay,

[DF91]

2.2 The Ascending and Descending Chain Conditions.

The Ascending and Descending Chain Conditions are directly related to what are known
as Noetherian and Artinian rings. These are named after the mathematicians Emmy

Noether and Emil Artin respectively.

We begin with the definition of a Noetherian ring. Noetherian rings are a particu-
larly important part of commutative algebra. A large portion of the material studied

in commutative algebra is aimed at discovering properties of Noetherian rings.



Definition 2.19. Let R be a ring and let I, I, ... be ideals of R for alli=1,2,... . We
say that R is a Noetherian ring if

LHLChLCRC..CLhiCLnC...

is any ascending chain of ideals of R, then there is a positive integer N such that I, = Iy
for allk > N where ky, N € N. That is to say that the chain becomes stationary at Iy for
some N € N, meaning

HChLC...CQIn=Iypa=...

Then R satisfies the Ascending Chain Condition, or the A.C.C. [DF91]

We also say that a ring R is a Noetherian ring if every ideal of R is finitely generated,

that is I = (a1, ag, ..., 0n), for some n € N, for every ideal I of R.

The definition of a Noetherian Ring is used in the following proposition:
Proposition 2.20. Let R be a ring. The following conditions are equivalent:

1. R is a Noetherian ring, that is, R satisfies the A.C.C.

2. Every ideal of R is finitely generated, I = (a1, s, ..., a,) for every ideal I of R.

3. Every nonempty collection of ideals of R contains a maximal element under inclu-

sion.
[DF91]

Now we look at Artinian rings, these rings satisfy the ascending chain condition with

respect to reverse inclusion. This is also known as the Descending Chain Condition.

Definition 2.21. A ring R is said to satisfy the minimum condition or Descending Chain
Condition, abbreviated as the D.C.C., on left ideals if:

h2L2..2L 21w 2...

is any descending chain of left ideals of R, then there is a positive integer N such that
Ig =1 for all £ > L, where £,L € N. Then the chain becomes stationary at Iy for some
L € N, meaning

LhD2L2..2Ip=Ipq=...



Then R satisfies the Descending Chain Condition, or the D.C.C. Rings that satisfy the
D.C.C. are also known as Artinian rings (DF91].

We may also say that a ring R is an Artinian ring if every ideal of R is finitely generated,

that is I = (a1, aq, ..., ¢n) for some n € N, for every ideal of R.

2.3 The Characteristic of a Ring.

Another property of a ring R is its characterisitc.

Definition 2.22. The characterisiic of a ring R is the smallest positive integer n such
that 1lr+1p+---+1p = 0g is in R, where 1R is added n times. If no such integer ezists
the characteristic of R is said to be 0 [DF91].

The characteristic of a ring will prove useful when we are examining modules in Chapters

5 and 6. Consider the following examples:

Example 2.23. In Zs, 5 is the smallest possible positive integer such that

1+1+1+1+1 = 5
= 0€Zs.

Therefore Zs is a Ting of characteristic 5.

Example 2.24. We may generalize Example 2.24 to say that Z, is a ring of characteristic

n.
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Chapter 3

Module Theory

The theory of modules and their structure will prove to be essential to un-
derstanding the proofs in this thesis. Although Module Theory can also be used to
understand vector spaces, we will be focusing on its relationship to Ring Theory. Module
Theory also lays a base for some of the concepts from Representation Theory, which will
be explored in the next chapter. Modules themselves can be viewed as a representation
of groups; in fact, rings act upon modules as algebraic objects [DF91]. The modules are a
representation for rings- the action of a ring on an Abelian group preserves the structure

of the group.

Many of the properties that are examined in this chapter bear a likeness to
those in Chapter 2. This is because Ring Theory serves as a foundation for Module The-
ory. There is a correlation between the properties of rings and the properties of modules.
These connections will be explored throughout the chapter in order to help the reader

see the relationship between rings and modules.

3.1 Definitions.

We begin with the definition of a module.

Definition 3.1. Let R be a ring, not necessarily commutative nor with 1. A left R-
module, or o left module over R, denoted R-mod, is a set M which satisfies the following

requirements:
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1. A binary operation “+" on M, under which M is an Abelian group.

2. A ring action of R on M, that is a map Rx M — M, denoted by rm, for allm € M
and for all v € R which satisfies the following properties:
(a) (r +sym=rm+sm, forallm M,r,s € R,
(b) (rs)ym =r(sm), for allme M,r,s € R, and
(¢c) r(m+n)=rm-+rn, for allm,ne M,r € R.
If the ring R has an identity element 1 we impose the additional condition:
(d) lgm =m, for allm € M.

The term “left” module is used because the ring elements appear on the left-hand side
[DF91].

Modules over a field F instead of a ring R are the same as vector spaces over a field
F. Additionally, the modules that we deal with will all be left modules, denoted as

R-modules. Finally, we will only be considering finite-dimensional modules.

Example 3.2. The most basic example of a module is to let the module M = R, where
R is any ring. We may then say that R is o left R-module, where the action of a ring

element on a module element is the usual multiplication of the ring R [DF91].

Example 3.3. In Chapter § we will be ezamining the module Z2S3. Here we have the
group 53, which is Abelian under the operation “+”. We then impose the action of the

ring Zy. Together, under the ring action, the two give us the Zy-module ZsSs3.

The elements of this module look like sums of the elements of 3, where each element of

S3 has a coefficient from Zy. For example, the elements
Oe + 1(12) 4+ 0(13) + 0(23) + 1(123) + 0(132) and

le + 1(12) + 0(13) + 1(23) + 0(123) + 0{132)

belong to the module Z»S3. The example below shows both action of ZS3 as well as the
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addition of elements in Z3Ss.

[0e -+ 1(12) + 0(13) + 0(23) + 1(123) + 0(132)] x [1e + 1(12) + 0(13) -+ 1(23)
+0(123) + 0(132)]
= Oc[le + 1(12) + 0(13) + 1(23) + 0(123) + 0(132)]
+1(12)ile + 1(12) + 0(13) + 1(23) + 0(123) + 0(132)]
+0(13)[1e + 1(12) + 0(13) + 1(23) - 0(123) + 0(132)]
+0(23)[1e + 1(12) + 0(13) + 1(23) + 0(123) + 0(132)]
+1(123)[Te + 1(12) + 0(13) + 1(23) + 0(123) + 0(132)]
+0(132)[1e + 1(12) + 0(13) + 1(23) + 0(123) + 0(132)]
= 1(12)[le + 1(12) + 0(13) + 1(23) + 0(123) + 0(132)]
+1(123)[1e + 1(12) + 0(13) + 1(23) + 0(123) + 0(132)]
= 1(12) + le+ 0(132) + 1(123) + 0(23) + 0(13)
+1(123) + 1(13) + 0(23) + 1(12) + 0(132) + Oe
= le+0(12) +1(13) + 0(23) + 0(123) + 0(132) in ZsSs.

Since this is one of the two modules which we will be focusing on, we will go into greater

detail regarding the interaction among the elements of this module in Chapters 5.

In (jhapter 5 we will see that Z2Ss may be examined as both a Z3S3-module, that is, a
module over itself, and a Zgo-module. In this instance we are examining elements of Z»S3.
Alternatively, we could multiply one of the elements above by one of the elements from
Zs. Then we would be working with a Zs-module. For example, within the Zs-module

we may have

1 x [le + 1(12) 4 0(13) + 1(23) + 0(123) + 0(132)]
= [1x1)e+[1x 1J(12) +[1 x 0}(13) + [1 x 1](23) + [1 x 0](123) + [1 x 0](132)
= le+1(12) +0(13) + 1(23) + 0(123) + 0(132)

Now we will look at the definition of a stibmodule. A submodule’s function is similar to

that of a subgroup or a subring within its respective group or ring.
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Definition 3.4. Let R be @ ring and let M be o left R-module. Then a R-submodule
of M s a subgroup N of M which is closed under the action of ring elements. That. is,
&N, foralln € N and for allT € R.

In other words, o subset N of M is a submodule of M if and only if
1. N#£9, and
2. x+ay €N for all @ € R and for all x,y € N.

[DF91]

The two conditions listed above are known as the Submodule Criterion. They are used
to test whether or not a subset is a submodule of a given module. This criterion will be

referenced frequently throughout the following chapters.

Example 3.5. If we let R act as a module in the same way we did in Example 3.2, that
i3, if we treat the ring R as a module, then the left submodules of the module R are exactly
the left ideals of the ring R.

Now let us look at some of the properties and terminology associated with submodules.

Definition 3.6. For any subset A of M let
RA ={ma1 +agaz+ ...+ omam | @1,...,m € R,a1,...,am € A,m € Z}.
[DF0;]

We refer to RA as the submodule of M generated by the subset A. If A = 0 then
RA = {0}. If A is a finite set (a1, a2, ..., a,), then we write RA as Ra; + Ras + ...+ Rap,.
In this case we call RA a finitely generated subset of A.

If N is a submodule of M, not necessarily proper, and N = RA, for some subset A
of M, we call A a set of generators, or generating set, for N. We also say the submodule
N is generated by the set A. If the set A is finite, then we call N a finitely generated
submodule of M [DF04].

We may extend this definition to say that, when we consider M as a submodule of
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itself such that M meets the above criteria, the module M is finitely generated. We may

state this definition more formally:

Definition 3.7. The left R-module M 1is finitely generated if and only if there exist
01,0Q2, ..., 0y in M such thet for oll x in M, there exist r1,79,...,7n tn R with x = a1 +
Toay + -+ + rpan. We refer to the set {a1,a2,...,an} 0s a generating set for M [DF0j].

Definition 3.8. Let M be a R-module and let N be o submodule of M. Then the sub-
module N, not necessarily a proper submodule of M, is called cyclic if there exists an

element a € M such that N = Ra, that is, if N is generated by one element:
N=Ra={ra|r e R}
[DF04]

Again, in the case where the submodule NV is equal to the module M, we may say that

the module itself is cyclic.

Now we should be beginning to see some of the similarities between Ring Theory and
Module Theory.

Definition 3.9. A submodule N in an arbitrary module M is called a mazimal submodule
if N # M and the only submodules containing N are the submodule N itself and the
module M [DF91].

Definition 3.10. Let M be a module. An element x € M is called nilpotent if there

exists some positive integer n such that o™ = Opr [DF91].
The next definition will prove to be very important to the modules we study in this paper.

Definition 3.11. The radical of o module M to be the intersection of all of the maximal
submodules of M. It is also the largest nilpotent ideal of a ring. It is denoted as Rad(M)
[Alp86].

Definition 3.12. Let R be a ring and let M and N be R-modules. Then a map ¢ : M —
N is an R-module homomorphism if it respects the R-module structures of M and N.

That is to soy

1 o(z+y) = plx)+(y), for el z,y € M, and
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2. plaz) = ap(z), foralla € R,z € M.

An R-module homomorphism is an isomorphism of R-modules if it is both injective and
surjective. The modules M and N are said to be isomorphic, denoted M = N, if there is
some R-module isomorphism ¢ : M — N.

If ¢ : M — N is an R-module homomorphism, let kerp = {m € M | p(m) = 0}, the
kernel of ¢, and let (M) = {n € N | n = ¢(m) for some m € M}, the image of of ¢
[DF91].

3.2 The Ascending and Descending Chain Conditions.

Modules also have Ascending and Descending Chain Conditions. These conditions are
similar to the Ascending and Descending Chain Conditions of rings and ring ideals from
Chapter 2.

Definition 3.13. Let R be a ring. The left R-module M is said to be a Noetherian
R-module, or to satisfy the Ascending Chain Condition on submodules, often denoted as

the A.C.C. on submodules, if there are no infinite increasing chains of submodules.

That is whenever

My CM, CM;3C...C My CMgyq...

is an increasing chain of submodules of M and there is a positive integer N such that for

all k > N, My = My. The chain will then become stationary at stage N and
MlgMzg...gMNIMN+1=MN+2=---,

This type of left module is also said to be a Noetherian R-module [DF91]. A ring R is

said to be a Noetherian ring if it is Noetherian as a left module over itself.

Theorem 3.14. Let R be a ring and let M be a left R-module. Then the following are

equivalent:
1. M is a Noetherian R-module, that is, it satisfies the A.C.C. on modules.

2. Every nonempty set of submodules of M contains a mazimal element under inclu-

Stomn.



16

3. Every submodule of M is finitely generated.
[DF91]

Definition 3.15. Similarly, we say that the left R-module satisfies the Descending Chain
Condition on submodules, often written as the D.C.C. on submodules, if there are no

infinite decreasing chains of submodules. Whenever
MiDM;D...0 Mg 2 Mpys...

is a decreasing chain of submodules of M, then there is a positive integer L such that for

all £ > L, My = My,. This chain will also become stationary at stage L and
MM D .. My =Mp1=....

Often a module that satisfies the Descending Chain Condition on submodules is referred
to as an Artinian module. A ring R is said to be an Artinian ring if it is Artinian as a

left module over itself.

3.3 Simple and Semisimple Modules.

The first definition will prove to be very important. It will be referenced frequently

throughout this paper.

Definition 3.16. The module M is said to be irreducible, or simple, if its only submodules
ore 0 and M. Otherwise M is called reducible [DF91].

If a module is not simple, it may have a different property:

Definition 3.17. The module M is said to be completely reducible if it is a direct sum of
irreducible submodules. In other words, a module is completely reducible, or semisimple,

if it can be written as o direct sum:
M=MoM® - & My,
for some n € N, and where each M; is a simple submodule of M [DF91].

We will also be focusing on the semisimplicity of modules frequently throughout Chapters
5 and 6.
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Theorem 3.18. Let R be a nonzero ring with 1, not necessarily commutative. Then
every left R-module is completely reducible if and only if the ring R, considered as a left

R-module over itself, is a direct sum:
R=L1®Ly& - &Ly
where each L; is a simple submodule of the module R.
That is to say that every R-module is completely reducible if and only if the ring R is
semisimple.
Rings R satistying the conditions of this theorem also satisfy the D.C.C. on submodules[DF91].

Definition 3.19. The module M is said to be indecomposable if M cannot be writien as
My & My for any nonzero submodules My and My. Otherwise M is called decomposable
[DF91].

Definition 3.20. Let R be a ring, let M be a left R-module, and let N be a submodule of
M. The quotient group M/N can be made into a left module, called a quotient module,

with the action on the elements of R defined as follows:
a(z+ N) = (az) + N,
foralloa € R and x + N € M/N [DF91].

Definition 3.21. If N, K are submodules of M, then define N+ L={n+{f{ne N,{¢
L}.

This definition is similar to the one in Chapter 2. The addition of submodules is similar
to the addition of ideals.

In Chapter 2 we gave the definition for comaximal ideals. The same property exists
in Module Theory.

Definition 3.22. We may extend the definition of comazximal ideals A and B in a ring
R to modules. Then, given a module M and two submodules'N , K of M, we say that N
and K are comazimal if N+ K = M.
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Definition 3.23. The socle of a module M, denoted socM, is the largest semisimple
submodule of M.

Similarly we define the top of @ module M, denoted topM, to be the largest semisim-
ple factor module of M, that is topM = M/MJ, where J is the radical of the algebra we
are working with [Erd90]. '

Definition 3.24. We may define the socle series of M to be the sequence of submodules
0 C soc1(M) C soco(M)C--- Csocp(MYC---C M

with soci(M) = socM and socg(M)/sock—1(M) = soc(M/soc_1(M)). We define the
socle length of M to be the first integer r such that soc,(M) = soc,+1{M).

The radical series of M is defined to be the sequence of submodules
0C - - Crad*(M) C .- Crad*(M) Crad(M)C M
with rad*{M) = rad(rad*~1(M))[= M J¥.

It is important to note that M £ 0 implies socM # 0 and topM # 0 [Erd90].

3.4 Theorems.

Now examine some theorems which apply to modules. These theorems will allow us to

use properties of modules.

First we will look at a theorem called the Krull-Schmidt Theorem. This theorem re-
quires that modules satisfy the A.C.C. and the D.C.C., according to their definitions in
Section 3.2. We may apply this theorem to the modules we will be looking at in Chapters
5 and 6.

Theorem 3.25. The Krull-Schmidt Theorem.

Let M be a module that satisfies the Ascending Chain Condition and the Descending
Chain Condition. That is to say that M has finite length. Then M is o direct sum of

indecomposable modules and such a decomposition is unique up to isomorphism[Erd90].
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In general, the Krull-Schmidt Theorem fails if M is only Artinian and not Noetherian,
that is, if it only satisfies the Descending Chain Condition.

The next two theorems will help to prove the Chinese Remainder Theorem:.

Theorem. 3.26. The First Isomorphism Theorem for Modules.

Let R be a ring and let M, N be R-modules and let ¢ : M — N be an R-module ho-
momorphism. Then kerp is a submodule of M and M/kerp = (M) [DF91].

Theorem 3.27. The Fourth Isomorphism Theorem for Modules, which is also known as

the Lattice Isomorphism Theorem.

Let N be a submodule of the R-module M. Then there exists a bijection between the
submodules of M which contein N and the submodules of M/N. The correspondence is
given by A & (A+ N)/N, for oll A2 N. This correspondence commutes with the pro-
cesses of taking sums and intersections, meaning there is a lattice isomorphism between
the lattice of submodules of M/N and the lattice of submodules of M which contain N
[DF91].

Now we may apply the Chinese Remainder Theorem to modules by considering submod-

ules of a module M instead of ideals of a ring R as we did in Chapter 2.

Theorem 3.28. The Chinese Remainder Theorem for modules.

We then let N1, Na, ..., Ni be submodules of a module M. The map
M — M/Ny x M/Ny x - x M/Ny

defined by m — (m + Ni,m + Na,...,m + Ni) is ¢ module homomorphism with kernel
Ny NNy -« N Ng. If for each 4,5 € {1,2,...,k} with i # j the submodules N; and Nj
are comazimal, then this map s surjective and Ny N NoN---N Ny = NiNo -+ N, so0

M/(NlNg-“Nk) =M/(N10Nzﬂ“-nNk) EM/Nl XM/N2 X XM/Nk

[DF91]
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Proof. (by induction)
Let M be a module and let N1, Ny, ..., N}, be submodules of M.

Consider the basis for induction: the case where &k = 2. That is, the case where there
are two submodules N1 and Ny of the module M. Then consider the map ¢ : M —
M/N; x M/N; which is defined by ¢(m) = (m + N1,m + Nz). The submodules N7 and

N are comaximal.

We claim that this map ¢ is a ring homomorphism. Recall from Definition 3.12 that

© must satisfy the following conditions:
L ¢lz+y) =¢(z) + ¢(y), for all z,y € M and
2. ¢laz) = ad(z), foralla € R,z € M.

We check these conditions. Let z,y be elements of the module M and let « be an element
of the ring RB. Then

Le(z+y) = ((z+y)+ Ny, (z+y)+ No)
= ((z+ N1+ (y+ N1, (z+ No) + (y + Na))
= ((z+ M), (z+ N2)) + ((y + N1), (y + Vo))
= o) + o(y)-

2. plaxz) = (ax+ Ni,ar+ Ny)
= oafz+ Ni,z+ Na)
= ap(z).
Then ¢ is in fact a R-module homomorphism. Now we want to show that the kernel of

o, denoted kerey = N; N Ny.

Let z € M such that x is also an element of kery. Then

w(z) = (Om+ N1,0p + N2)
= (N1, Ns).
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However, according to the definition of ¢,

p(z) = (z+ N,z +Na).
Sop(z) = (z+ Ni,z+ Np)
= (N1 + Ng).

This implies that £ + Ny = Np and 2+ Ny = No.
Then z € N; and = € No.
Thus z € N1 N Nz and kere = Ny N Na.
It remains to show that when N; and N; are comaximal submodules of M, then ¢ is a

surjective mapping and N3 N Ny = Ny Na.

To show that ¢ is a surjective mapping, let (z + N1,y + No) € M/Ni x M/N,, where
z,y € M. We want to find a m € M such that m is the preimage of (z + N1,y + Na)
such that ¢(m) = (z + N1,y + Na).

Now we know that 15y € M. Since N7 and N; are comaximal, N1 + Nog = M. This
implies that there exists an element n; € Ny and a ny € Nz such that ny + ne = 1.
Thenn; =1—ng € 137+ Ng and ng = 1—ny € 1)+ Ny. Furthermore, ny+ Ny = 13+ N2
and ng + N1 = 1pr + Ny
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Consider an element m € M such that m = yn; + zns. Then

e(m) = o(ym + zny)
= p(ym) + p(znz)
= o(yelm) + o(@)p(ng)
= (y+ Ny,y+ No)(n1 + Ni,ny + No) + (z + N1,z + No)(na + N1, ng + No)
= (y+ N,y + No)(N1, IM + No) + (z + Np, o + No)(1ayr + Ny, Np),
since Ny, Ny are ideals of Mand by the work above.
= (y+ N1,y + No)(04 N1, IM + No) + (z + N1,z + No)(1p + N1, 0+ No),
= (¥ 0+ N,y -layr+No)+ (z- 1y + Npyz - 0+ Ny)
= (0+ Np,y+ Na) + (z+ N1,0+ Ng)
= ((0+x) + Ny, (y+0)+ Ng)
= (z+ Ny,y+ No)

So ¢ is a surjective R-module homomorphism when N7 and Ns are comaximal submod-

ules.

Finally, we know that the submodule NyN; € Ny N Ny according to the definition of
a submodule from Definition 3.9, which says that rn € N for all n in a submodule N and
all r in a ring R. Since N; and N, are comaximal submodules, we may define n; and ng

as we did above so that ny 4+ ns = 1ps. Then for any ¢ € N1 N Ny,
c=c1M=c(n1 +n2)=cn1+cn2

€ N1Ns.

By double inclusion, N3 N No = N1 Nj.

By Theorem 3.26, the First Isomorphism Theorem, we know that given a ring R, a mod-
ule M, and its submodule N, we may define a R-module homomorphism ¢ : M — N.
Then kery is a submodule of M and M /kery = ¥(M).

Since we know that ¢ is a R-module homomorphism and we have shown that kery =
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N1 N Ny, we may now say:

M/kerp = (M)
M/NlﬂNg = M/le.ZVf/Nz.

Thus, for the case when k = 2, the Chinese Remainder Theorem for modules is true.

The general case follows by induction when we define the first submodule to be Ny as
before and allow A = N» ... Ny and show that Ny and A are comaximal. By hypothesis,
for each ¢ € {2,3,..., k}, there are elements n; € Ny and a; € N; such that n; 4+ a; = 1.

Since n; + a; = a; + N;, it follows that

Ipr =(ne+a2) +...(ngx +ax) € N1 + (Az2... Ap).
Thus, by induction, the Chinese Remainder Theorem holds. a
Theorem 3.29. Let R be a ring. A R-module M is semisimple if and only if Rad(R)M =
0 [Erd90].

Lemma 3.30. Let R be a ring, let M be a R-module, and let Rad(R) be the radical of
the ring R. If a € Rad(R) then 1 — a has a left inverse in R [Ben98).

Lemma 3.31. Nakayema’s Lemma.
Let R be a ring, let M be a finitely generated R-module, and let Rad(R) be the radical of
R. If the product Rad(R)M = M then M = 0{Ben98].

Proof. Suppose that M s 0. Choose elements my, ..., m, € M such that the m; generate
M, where n is minimal. Since Rad(R)M = M, we can write elements m, of Rad(R)M

as
n
Mp = E a;my,

i=1
with a; € Rad(R). By Lemma 3.30, we know that 1 — a,, has a left inverse in R. Let b
be the inverse of 1 — a,. Note that a,m, is the last term of the sum m, = 3 a;m;.

Then the product
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Since b is the left inverse of 1 — a,, we may multiply the last line of the equation above
on the left side by . Then

n—1
l—a)man = Y amm
i=1
n—1
b(l—a,)m, = b(zaimi)
=]
n—1
im, = b(Zagmz)
i=1

n—1
my, = b(Zaimi)
i=1

This contradicts the minimality of n. Then our original assumption, M # 0 is not true,
and M = 0. O

Theorem 3.32. Rad(R)M = Rad(M) [Erd90].

Proof. Let M’ be a maximal submodule of M. Then Rad(R)(M/M’') = M/M’, so
by Nakayama’s lemma, Lemma 3.31, M/M’' = 0. We have Rad(R)M C M’, and
Rad(R)M C Rad(M).

Conversely M/Rad(R)M is completely reducible by Lemma 2.2 and so Rad{M/Rad(R)M) =
0, which implies that Rad(M) C Rad(R)M. O

Lemma 3.33. Let M be o finitely generated module over an arbitrary ring R. Then a
submodule N of M is small in M if end only if N C RadM
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Chapter 4

Representation Theory

So far we have examined rings and modules. In Chapter 3 we examined modules
as the “representation objects” of a ring R [DF91]. In this case, the ring R imposed an
action upon an Abelian group. This is an example of Representation Theory. This
chapter will serve as the final foundation for understanding the modules we will examine
in Chapters 5 and 6.

In the next two chapters, we will be examining the structure of two types of
modules- modules over a field and modules over an RG-ring, which will be defined in
this chapter. Changing the type of ring that we represent a module over will change the

structure of the module itself.

4.1 Definitions.

We begin with the definition of a representation.

Definition 4.1. A linear representation of a group G is any homomorphism from G into
GL(V), where GL(V) is the group of nonsingular linear transformations from the vector
space V' to itself [DF91].

Before we examine some examples of representations, we will need the following definition:

Definition 4.2. A quiver Q is o directed graph Q = (Qo, Q1) where Qo is the set of
verticies and (Q1 is the set of arrows; together Qo and Q1 form quivers. We define a map
by s : Q1 — Qo where s(a) = ¢ and the map e : Q1 — Qo where e(a) = j. The maps s
and e form the vertices which yield a: i — j, an arrow of Q [AR097].
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One may think of these maps as the respective starting and ending points of an arrow
a of a quiver Q. That is, given an arrow a € Q1, we say it starts at vertex s(a) and

terminates at e(q).

The quiver is finite if both {Jg and @4 are finite.

Example 4.3. Let Q be a quiver and let K be a fized field. A representation V. of the
quiver @ over the field K is given by (Vi,0q). For any vertex ¢ € Qo there is a vector

space Vi, and for any arrow o : i — j, there is a linear transformation ¢q : V; = Vj.

Denote the category of representations over Q over K by R(Q).

Now we give some basic examples of quivers. The graphs are representations of the

quivers.

Example 4.4. The finite quiver @ = (Qo, Q1) where Qo = {1,2,3} and Q1 = {a, 8}
with e(a)=1, s{a)=e(B)=2 and s(58)=3.

« B

l1—=2——>3

Example 4.5. The finite quiver Q = (Qo, Q1) with Qo = {1,2,3} and Q1 = {a, 5,7, ¢}
with e(a)=s(8)=1, s(a)=e(B)=e(y)=s(p) =2, e(¢)=s(y)=3.

Definition 4.6. Let G be an Abelian group, let R be a ring, and let M be o module such
that M is formed using G. A representation may be given by ¢ : G — M on a module
over R. Under this correspondence we say that the module M affords the representation
v of G [DF91].

Definition 4.7. Define the group ring RG of a group G over a ring R to be the set of

all formal sums of the form

Z agg, ag € R.
9€G
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This group ring is also referred to as a RG-ring [DF91].
Two formal sums are equal if and only if all corresponding coefficients of group elements
are equal. Addition in RG is defined as

n

n it}
g+ Bigi= (ei+Bigi-
i=1 i=1 i=1
Multiplication is defined as

(g‘aw{) (iﬁigi) - z": i @if; | Gk-

i=1 k=1 \%,7,9:9;=0%

Definition 4.8. Let G be a group and let F' be a field and let V be a vector space. The
degree of o representation of G is the dimension of V [DF91].

Now we will look at some properties of representations. Many of the following properties

focus on how one representation may relate to another representation.

Definition 4.9. Let M be a module over a ring R. We may then form the trivial
representation by setting gm =m for all g € G and all m € M [DF91].

Definition 4.10. Two representations of G are equivalent if the RG-modules afford-
ing them are isomorphic modules. Representations which are not equivalent are called
inequivalent [DF91].

Definition 4.11. Let R be a ring and let M be a nonzero R-module. A representation
s said to be irreducible, reducible, or completely reducible according to whether the RG-

module affording it has the corresponding property [DF91].

4.2 Algebras.

Now we will examine algebras and their properties within Representation Theory.

Before we give the definition for an algebra, we need to define the center of a ring,.
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Definition 4.12. The center of a ring R is {z € R| 2r = rz for all r € R}. That is, it
is the set of oll elements which commute with every element of R [DF91].

Definition 4.13. Let R be e commutative ring with identity. An R-algebra is a ring A
with identity together with a ring homomorphism f : R — A mapping 1g to 14 such that
the subring f(R) of the ring A is contained in the center of A [DF04].

Definition 4.14. A path in the quiver @ is an ordered sequence of arrows p= @y, ...
with e(ag) = s(aer1) for 1 <t <n [AROIT].

Definition 4.15. A path algebra K@Q of the quiver Q over the field K is the K -vector
space with paths of Q@ es a basis. We may define a linear map f : KQ — Endg(KQ),
where Endg (K Q) is the set of endomorphisms of KQ [AROJ7].

Definition 4.16. Let K be a field. A ring R is a K-algebra if K is contained in the
center of R and the identity of K is the identity of R [DF0/).

Definition 4.17. Let R be a ring. The ring S is a finitely generated R-algebra if S is
generated as a ring by R together with some finite set r1,79,...,7 of elements of S, for
some n € N [DF04).

Definition 4.18. Let R be a ring and let S and T' be R-algebras. A map¢: S =T isa
R-algebra homomorphism if 1 is a ring homomorphism that is the identity on R [DF04].

Corollary 4.19. The ring R is a finitely generated K -algebra if and only if there is some

surjective K -algebra homomorphism
w: K[z1,%2,....,2Zn] &> R

from the polynomial ring in a finite number of variables onto R that is the identity map
on K. Any finitely generated K -algebra is therefore Noetherian/DF04].

The Noetherian algebra above satisfies similar conditions to Noetherian rings and Noethe-
rian modules. Then a Noetherian algebra satisfies the Ascending Chain Condition on its
left ideals. Algebras may also be Artinian, satisfying the Descending Chain Condition
on its left ideals in the same way that rings and modules satisfy the Descending Chain

Condition.

The notion of a radical also applies to algebras.
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Definition 4.20. The radical of an algebra A consists of the elements of A which annihi-
late every simple A-module, in other words, the radical of A consists of the elements which

annihilate every semisimple A-module. Note that the radical of A is an ideal [DF04].

We will see that the radical has many interesting properties. In addition to the properties
listed in the theorem below, we may say that the algebra A is semisimple if rad A = 0.

It follows that the algebra A is semisimple if and only if A is semisimple.
Theorem 4.21. The radical of A is equal to each of the following:
1. the smallest submodule of A whose corresponding quotient is semisimple;
2. the intersection of all the mazimal submodules of A;
3. the largest nilpotent ideal.

[Alp86]

4.3 Theorems.

The following are very important theorems in Representation Theory.

The first theorem we will be examining is best-known as Machke’s Theorem. It will be
very useful in discovering properties of the modules which will be examined in Chapters
5 and 6.

Theorem 4.22. Machke’s Theorem.
Let G be a finite group and let F be a field whose characteristic does not divide | G |. If V

s any F'G-module, and U is any submodule of V, then V has a submodule W such that
V=U®W. That is, every submodule is a direct summand of its submodules [DF91].

Lemma 4.23. Let R be an arbitrary nonzero ring. If M and N are simple R-modules and

w: M — N is a nonzero R-module homomorphism, then o is an isomorphism [DF91].

Lemma 4.24. Schur’s Lemma.
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Let R be a nonzero ring. If M is o simple R-module, then Homp(M, M) is a divi-
sion ring, where Homgp(M, M) is the set of all R-module homomorphisms from M into
M [DF91].

Theorem 4.25. The categories R(Q) and KQ are equivalent, where R(C) is the category
of representations end K@ is a path algebra according to Definition 4.15 [Erd90].

Theorem 4.26. Gabriel’s Theorem.
Any basic finite dimensional K-agebra is of the form KQ/I for a unique quiver Q) and
some ideal I with (KQT)™ C I C (KQ1)?, for some n > 2 [Erd90].

Theorem 4.27. Let A be a KG-algebra where K is a field, G is a group, and A has an
identity 1a. Let Rad(A) denote the radical of A. Then A/Rad(A) is semisimple [Erd90].

Proof. Let A be an algebra and let Rad(A) be the radical of A. To show that A/Rad(A)

is semisimple, we need to show that
A/Rad(A) =< a1 > B <2>D - & < ap >,

where < a; >= {aa; | a € A} is an ideal of A. This is true if and only if A/Rad(A) =
k1@ ko ®--- Dk, where k; are fields, i =0,..,n and n € N, such that k; = k for all <.
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A Look at the Module 7,53

5.1 The Group S;s.

Before we examine the module ZsS3, let us first describe the elements of the permutation
group in three letters, which is better-known as S3. We will reference these permutations

throughout this chapter as well as Chapter 6.

The even permutations of Ss:

The odd permutations of Ss:

1 2 3
=(3 1 2)=(132)
1 2 3
pl=(2 ] 1):(123)
1 2 3
IL1=(1 3 2)=(23)
1 2 3
#2‘—‘(3 ) 1)=(13)
1 3
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So the elements of 53 are {e, (12), (13), (23), (123), (132}

Define the action between two elements of Ss to be the normal multiplication be-
tween permutations. For reference, the products of the elements of S5 are given below
in Table 5.1:

Table 5.1: The Multiplication Table of S3

L I e 102 [(13) | (23) | (123) | (132) ]
e e | (12) | (13) | (23) | (123) | (132)

12) || a2 | e |@32)|a23) | (23) | (13)
(13) || (13) | (123) | e | (132) | (12) | (23)
23) || (23) | (132) {(123) | e | (13) | (12)
(123) Il (123) | (13) | (23) | (12) | (132) | e

(132) || (132) | (23) | (12) | (13) | e | (123)

We will use these products throughout Chapters 5 and 6.

It will also be useful to define the subgroups of S3 since they will also be referenced
throughout Chapters 5 and 6.
The subgroups of S3 are:

H = {e,(12)}
Hy = {e,(13)}
Hy = {e(23)}
Hy = {e,(123),(132)}

It is easy to prove that these are indeed subgroups of S3, since each subset is closed under
multiplication among permutations and each element has an inverse within the subset.

For example, in the subset Hy:

e is its own inverse,
(123)(132) = e, and
(132)(123) = e,

making (132) the inverse element of (123) and (123) the inverse element of (132). Thus
H, is a subgroup of 93.
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5.2 The Left Module Z,S55.

Now let us take the ring of integers mod 2, Zy = {[0], [1]}, and the group S5 that was

described above to form the left module Zy55.

First we will examine Z2S53 as a left ZoS3-module. The elements of the set Z,53 are
formed using formal sums of the elements of Zs, which are {0,1}, and the permutations
of 83 described in Section 5.1. This is to say that we are taking formal sums of the

elements

Oe, 0(12), 0(13), 0(23), 0(123), 0(132),
le, 1(12), 0(13), 0(23), 0(123), 1(132).

Then the elements of ZyS3 are of the form:
ae+ a2(12) + a,3(13) + a4(23) -+ a5(123) - aﬁ('132),

where ay € Zg. Since there are only two elements in Zg, the a; are equal to either 0 or 1.
For example, an element of the form Oe + 0(12) + 1(13) + 1(23) + 1(123) + 0(132) would
belong to ZsSs.

We make Z353 into an Abelian group by defining an operation:

Addition “+ 7 is defined as:

aig1+a;;m = (a;+aj)n

a;g1+ o592 = 91+ 3592,

where the a;,a; = 0 or 1 since they are elements of Zy, and the g are elements of Ss.

“ o, n.

We make the Abelian group ZS3 into a left Z3S3-module by defining an action
ZQS3 X Z3S3 — ZzSg :

(@i - a5)(1 - g2)

(aig1) - (aj92)

= axg3 where a; = a; - a; and g3 = g1 - g2,
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where a;,a;,a; € Z2 and g1, g2, 93 € S3.

The additive identity in Z»S3 is:
Oe + 0(12) + 0(13) + 0(23) + 0(123) + 0{132).
The multiplicative identity in ZpS3 is:

le.+ 0(12) + 0(13) + 0(23) + 0(123) + 0(132).

5.3 The Simplicity and Semisimplicity of the Module Z,53.

First let us examine ZyS3 according to the structure of an RG-group ring. Recall from

Chapter 4 that an RG-ring is a set of formal sums of the form

Z Qgg,04 € R.

geG

Then we will be examining Z9S; as a ZgS3-module.

We know from Example 2.24 that the characterisitc of Zy is 2. The order of the group Sz
is found by calculating 3! = 6. In this case, 2 does divide 6, so when we apply Theorem
4.22, which is better known as Machke’s Theorem, we find that ZyS3 is not semisimple

as a ZsS3-module.

Let us momentarily examine ZaSs3 as a Zg-module instead. Then we need to find simple

submodules G; of ZyS3 as a Zg-module so that Z»S3 may be written in the following way:
ZoS32G1OG & -- &Gy

for some k € N.

As a Zp-module, we can represent ZoS3 in the following way:
7283 & Tne @& Za(12) @ Zn(13) © Z2(23) D Zo(123) @ Zs(132).

Since each of the submodules Zge, Za(12), Z9(13), Z2(23), Z3(123), and Zy(132) are gen-

erated by a single element, they are all simple submodules. For example, the entire
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submodule Z;(12) is generated by the element (12).

So ZyS83 is semisimple as a Zg-module, since it can be written as the direct sum of

simple submodules.
What then can we learn about Zs53 as a ZoS3-module?

The number of elements in ZySs, written | Z3S3 |, is found by calculating 2% = 64.
At the beginning of Section 4.3 we used Machke’s Theorem, Theorem 4.22, to show that
Z253 is not semisimple as a ZySs-module. Therefore, it cannot be simple as a ZoSs-
module. What about the simplicity of Z,S3 as a Zy-module? Earlier in Section 5.3 we

showed that Z2S3 is semisimple as a Zo-module.

| Since ZgS3 is finite, we know that it is Artinian. This means that it satisfies the De-
scending Chain Condition. If ZsS3; is both cyclic and generated by every one of its
elements then it is simple. If Z»S3 is simple then its only submodules are 0 and M, as
defined in Chapter 3. So we will examine the submodules of ZS53. In doing so, we will

be able to determine whether or not Z,S53 is simple as a Z2S3-module.

5.4 Submodules of 7Z,S5;.

We will examine the submodules of Z3853. Recall the Submodule Criterion from Chapter
3: Let R be a ring and let M be a module. Then a subset N of M is a submodule of M
if and only if

1. N#0, and
2. z+ay € N for all « € R and for all z,y € N.

We will be using the field Zs as R and the module Z3S3 as M. Define a subset A of
Z3S3 where each component of an element shares the same coefficient from Zy. Then an

arbitrary element o of A is of the form:

o = ke + k(12) + k(13) + k(23) + k(123) + k(132),
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where k is an element of Zs. Since k& € Za, o of A is either of the form

Oe + 0(12) -+ 0(13) + 0(23) + 0(123) + 0(132), or
le+ 1(12) + 1(13) + 1(23) + 1(123) + 1(132)

For simplicity, define these two elements of A as:

ap = Oe+0(12) +0(13) + 0(23) +0(123) + 0(132), and
a1 = le+1(12)+1(13) + 1(23) + 1(123) + 1(132).

If A is in fact a Zg-submodule of ZyS3, then it will satisfy the Submodule Criterion.
First, we know that A is nonempty, since, by definition of A, op and a; belong to A.
Next, consider an element of the form z + By, where z = k'e + ¥/(12) + ¥/(13) + £'(23) +
k'(123) + ¥'(132) and y = ke + k(12) + k(13) 4 k(23) + k(123) + k(132) belong to A, and

B is an element of Za. Then

c+py = [Ke+k(12) +K(13) + k'(23) + &'(123) + &'(132)]
+plke + k(12) + k(13) + k(23) + k(123) + k(132)]
= [k'e+k'(12) + ¥/ (13) + ¥'(23) + £'(123) + k'(132)]
+[(Bk)e + (BR}(12) + (Bk)(13) + (8k)(23) + (BK)(123) + (Bk)(132)]
= [Ke+ k' (12) + ¥ (13) + k'(23) + £'(123) + k'(132)]
+[ee + ¢(12) + ¢(13) + ¢(23) + ¢(123) + ¢(132)], where ¢ = 8k € Zy
= (K'+c)e+ (K +c)(12) + (¥ +)(13) + (K + ¢)(23) + (& + ¢)(123) + (¥ + ¢)(132)
= de+ d(12) + d(13) + d(23) + d(123) + d(132), where d = k' + ¢ € Z

€ A, since each element of S5 shares the same coeflicient d from Zs.

Note that ¢ and d are indeed elements of Z4 since Z4 is a field and is closed under both
addition and multiplication. Additionally, Z; is closed, so the product of 8 and y remains

in Zz.

Therefore, by the Submodule Criterion, A = {ap, 1} is a Zg-submodule of Z»S3. By

definition of a submodule, A is closed under addition and multiplication.
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Since A is a proper submodule of ZsS3, we know that Z9S3 is not simple as a Zo-module.

According to its definition in Chapter 3 the only submodules of a simple submodule are

" 0 and the module itself.

5.5 Generating Z53.

Consider further evidence against the simplicity of Z2Ss as a ZyS3-module. If Z»Ss is
simple, then it will be generated by each of its elements. Then is it possible for Z3Ss to
be generated by each of its elements?

First let us consider ZySs - [Le +0(12) +0(13) -+ 0(23) +0(123) 4 0(132)]. In this case, it is
possible for' ZSs to be generated by the element le+0(12)+0(13)+0(23)+0(123)+0(132).

We will refer to the sum le -+ 0(12) + 0(13) + 0(23) + 0(123) + 0(132) as le.

Then

[le + 0(12) + 0(13) + 0(23) + 0(123) + 0(132)] - le = le,

[0e + 1(12) + 0(18) - 0(23) + 0(123) + 0(132)] - 1le = 1(12),
[Oe + 0(12) + 1(13) + 0(23) 4+ 0(123) + 0(132)] - le = 1(13),
[0e +0(12) + 0(13) +- 1(23) + 0(123) + 0(132)] - 1e = 1(2e),
[0e 4+ 0(12) + 0(13) + 0(23) + 1(123) + 0(132)] - 1le = 1(123),

[Oe + 0(12) + 0(13) + 0(23) +- 0(123) + 1(132)] - le. = 1(132).
The remaining elements of Z3S3 can be formed by sums of these products. For example,
[1e + 1{12) 4+ 0(13) 4 0(23) + 0(123) + 0(132)]1e = le + 1{12).

Other elements of Z2S3, such as the element 1(13) +- 1(123) can be formed in a similar
fashion. So we can say that ZyS3 = Z253 - le.

Now consider Z2S3 - [0e + 1{12) 4+ 0(13) + 0(23) + 0(123) + 0(132)]. Is it possible to

generate ZyS3 by an element other than the multiplicative identity element?
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We will refer to the sum Oe + 1(12) + 0(13) + 0(23) + 0(123) + 0(132) as 1(12).

Then

[le + 0(12) + 0(13) + 0(23) + 0(123) + 0(132)] 1(12) = 1(12)
[0e + 1(12) + 0(13) + 0(23) + 0(123) 4+ 0(132)] 1(12) = le

[Oe + 0(12) + 1(13) + 0(23) + 0(123) + 0(132)] 1(12) = 1(123)
[Oe + 0(12) + 0(13) + 1(23) + 0(123) +0(132)] 1(12) = 1(132)
[0 + 0(12) + 0(13) + 0(23) + 1(123) +0(132)] 1(12) = 1(13)
[0e + 0(12) + 0(13) + 0(23) + 0(123) + 1(132)] 1(12) = 1(23)

Then the element 1(12) can also generate ZyS3, meaning each element of Z2S3 can be
formed using combinations of the products above, similar to the way that they were

formed in the previous example. So ZpS3 = ZoS3 - 1(12) as well.

Similarly, the elements 1(13), 1(23), 1(123), and 1(132) generate Z2S3:

ZS3 = ZpS3 - 1(13) : [le + 0(12) 4+ 0(13) + 0(23) + 0(123) + 0(132)]1(13) = 1(13)
[0e + 1(12) 4+ 0(13) + 0(23) + 0(123) +0(132)] 1{13) = 1(132)
[0e + 0(12) + 1(13) + 0(23) 4+ 0(123) + 0(132)] 1(13) = 1e
[0e + 0(12) + 0(13) + 1(23) + 0(123) + 0(132)] 1(13) = 1(123)
[0e + 0(12) + 0(13) + 0(23) + 1(123) + 0(132)] 1(13) = 1(23)
[0e + 0(12) + 0(13) + 0(23) + 0(123) + 1(132)] 1(13) = 1(12)
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Z3Ss = Z3S3 - 1(23) : [le + 0(12) + 0(13) + 0(23) + 0(123) + 0(132)] 1(23) = 1(23)
[Oe + 1(12) + 0(13) + 0(23) + 0(123) + 0(132)] 1(23) = 1(123)
[Oe + 0(12) + 1(13) + 0(23) + 0(123) + 0(132)] 1(23) = 1(132)
[0e + 0(12) + 0(13) + 1(23) + 0(123) + 0(132)] 1(23) = 1le
[0 + 0(12) + 0(13) + 0(23) + 1(123) + 0(132)] 1{23) = 1(12)
[Oe -+ 0(12) 4 0(13) + 0(23) + 0(123) + 1(132)] 1(23) = 1(13)

ZS3 = Z2S3 - 1(123) : [le + 0(12) + 0(13) + 0(23) + 0(123) + 0(132)] 1(123) = 1(123)
i0e 4+ 1(12) - 0(13) 4+ 0(23) + 0(123) + 0(132)] 1(123) = 1(23)
[Oe + 0(12) + 1(13) + 0(23) + 0(123) 4+ 0(132)] 1(123) = 1(12)
[0e + 0(12) + 0(13) + 1(23) + 0(123) + 0(132)] 1(123) = 1(13)
[0e -+ 0(12) + 0(13) + 0(23) + 1(123) + 0(132)] 1(123) = 1(132)
{0e + 0(12) -+ 0(13) + 0(23) + 0(123) + 1(132)]1(123) = 1le

Z3S3 = Z2S53 - 1(132) : [le + 0(12) + 0(13) + 0(23) + 0(123) + 0(132)] 1(132) = 1(132)
[0e + 1(12) =+ 0(13) + 0(23) + 0(123) + 0(132)] 1(132) = 1(13)
[Oe + 0(12) + 1(13) + 0(23) + 0(123) + 0(132)] 1(132) = 1(23)
[Oe -+ 0(12) + 0(13) + 1(23) + 0(123) + 0(132)] 1(132) = 1(12)
[0e + 0(12) + 0(13) + 0(23) + 1(123) + 0(132)] 1(132) = le
[0e + 0(12) + 0(13) + 0(23) + 0(123) + 1(132)] 1(132) = 1(123)

It is the case that Z3S3 can be generated by any of its single elements; Z2S3 is cyclic.
However, this is not enough to determine whether or not Z3.S3 is simple. In addition to
being cyclic, it must also be generated by every one of its elements, not only the single
elements {le,1(12),1(13), 1(23), 1{123), 1(132)}.
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Can we also generate ZoS3 from the other, non-single elements? Let us try le + 1(12):

[le + 0(12) + 0(13) + 0(23) + 0(123) + 0(132)] [le + 1(12)] =
[Oe + 1(12) + 0(13) + 0(23) + 0(123) + 0(132)] [le + 1(12)] =
[Oe + 0(12) + 1(13) + 0(23) + 0(123) + 0(132)] [le + 1(12)] =
[De + 0(12) + 0(13) -+ 1(23) + 0(123) + 0(132)] [le + 1(12)] =
[0 + 0(12) + 0(13) + 0(23) + 1(123) + 0(132)] [Le + 1(12)] =
[Oe + 0(12) + D(13) + 0(23) + 0(123) + 1(132)] [le + 1(12)] =

le + 1(12)
1(12) + 1e
1(13) + 1(123)
1(23) + 1(132)
1(123) + 1(23)
1(132) + 1(13)

This is not injective, as the first two products equal the same sum, le + 1(12). So Z2S3

is not generated by the element le + 1(12).

We may see further evidence that Z»S3 is not generated by le + 1(12) by examining

the product of an arbitrary element from ZS3 and the element le 4 1(12).

Is it possible to obtain the element le as the product of le + 1(12) and some element a

of Zz 53?

Suppose that this element a does exist in Z2S3. Then a is of the form aje + a2(12) +

a3(13) + a4(23) + a5(123) + a(132) such that

a[le + 1(12)] = le + 0(12) + 0(13) + 0(23) + 0(123) + 0(132).

Then,

afle+1(12)] = [a1e+ a2(12) + a3(13) + a4(23) + a5(123) + ag(132)][1e + 1(12))

= le+0(12) + 0(13) + 0(23) + 0(123) + 0(132)

= are+as(12) + a3(13) + aa(23) + a5(123) + ae(132)
+age + a1(12) + a5(13) + as(23) + a3(123) + a4(132)

= (a1 +a2)e+ (a1 + a2)(12) + (as + a5)(13) + (a4 + a6)(23)

+ (az+ as5)(123) + (ag + a4)(132)
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According to the structure of the element a, we know that a; = 0 for i = 3,4, 5, and 6, or
a; = 1fori=3,4,5, and 6, since (az+as) = 0, {as+as) = 0,{as+as) =0, and (ag+a4) =
0. More importantly, since this sum is equal to 1e+0(12)40(13)+0(23)+0(123)+0(132),

we may equate the a; and conclude that
(a1 +a2)=1 and (az +a1) =0.

However, this is a contradiction, since Z1S3 is closed under addition and the sum of the
elements a; and a» cannot be equal to both 1 and 0.

We may then conclude that there does not exist an element o € Z3S3 such that a[le +
1(12)] =1e + 0(12) + 0(13) + 0(23) + 0(123) + 0(132). This means that le + 1(12) does
not generate ZgSs. We know that ZySs is generated by six of its sixty-four elements.
However ZoS3 is not generated by all of its elements. In order to be a simple module,

Z9853 must be generated by each of its elements.

Finally we may conclude that ZS3 is not simple.
Consider the following proposition, which follows as a consequence of the properties we

examined above.

Proposition 5.1. If @ module is generated by a one-element it does not follow that the

module is simple. A module is simple if and only if it is generated by each of its elements.

5.7 Other Submodules of Z,5;.

Let us return to examining the submodules of Z3.53 which we began to examine in Section
5.4. We proved in Section 5.4 that the set A = {0e 4 0(12) + 0(13) + 0(23) + 0(123) +
0(132), le + 1(12) + 1(13) + 1(23) + 1(123) + 1(132)} was a Zy-submodule of ZyS;3.

Now consider that same subset A of Z3S3. Is A a ZyS3-submodule of Z3S3?7 Again,
we will apply the Submodule Criterion from Section 5.4:

First, we know that A is nonempty, since A = {0e + 0(12) + 0(13) + 0(23) + 0(123) +
0(132), le 4+ 1(12) + 1(13) + 1(23) + 1(123) + 1(132)}.

Now let z,y € A and let 8 = bie + b2(12) + bg(13) + 54(23) + b5(123) + bs(132) € ZySs.
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According to the Submodule Criterion, let us show that & + Sy belongs to A.

T+ By

= [K'e+ K'(12) + k'(13) + k' (23) + k'(123) + k'(132)]
+[b1e + ba(12) + ba(13) + b4(23) + b5(123) + be(132)] - [ke + k(12) + k(13)
+k(23) + k(123) + k(132)]

= [Ke+ K (12) + ¥ (13) + ¥/ (23) + £'(123) + k' (132)]
+byelke + k(12) + E(13) + k(23) + k(123) + £(132)]
+b2(12)[ke + k(12) + k(13) + k(23) + £(123) + k(132)]
+b3(13)[ke + k(12) + k(13) + k(23) + k(123) + k(132)]
+b4(23)[ke + k(12) + k(13) + £(23) + k(123) + k(132)]
+b5(123)[ke + k(12) + k(13) + k(23) + k(123) + k(132)]
+bg(132)[ke + k(12) + k(13) + k(23) + k(123) + k(132)]

= [Ke+k(12) + #/(13) + k'(23) + K’ (123) + k'(132))
+{b1k(ee] + [b1k][e(12)] + [b1%][e(13)] + [brk][e(23)] + [brk][e(123)] + [b1k]{e(132)]
+[b2k]((12)e] + [b2k][(12)(12)] + [b24)((12)(13)] + [b2K][(12)(23)] + [b2k][(12)(123)]
+[b2A]{(12)(132)]
+[b3k][(13)e] + [bsk][(13)(12)] + [b3k][(13)(13)} + [b3k][(13)(23)] + [bsk]((13)(123)]
+[bsk][(13)(132)}
+[bak][(23)e] + [bak][(23)(12)] + [b4&][(23)(13)] + [b+k][(23)(23)] + [bak]([(23)(123)]
+[b4k]((23)(132)]
+[bsk][(123)e] + [b5K][(123)(12)] + [bs][(123)(13)] + [bsk]((123)(23)]
+[bsk][(123)(123)] + [bsk][(123)(132)]
+[b6k] [(132)e] + [bok] [(132) (12)] + [bek][(132)(13)] + [bsk][(132)(23)]
+[bsk][(132)(123)] + [bek][(132)(132)]

= [K'e+ K (12) + &' (13) + k'(23) + £(123) + £/(132)]
+brk]e + [brk](12) + [b1k](13) + [b1k](23) + [B1](123) + [b1K](132)
+[bok](12) + [bak]e + [bok](132) + [b2k](123) + [b2K](23) + [b2k](13)
+[b3k](13) + [bsk](123) + [bsk]e + [bsk](132) + [bsk](12) + [bsk](23)
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+[Bak](23) + [b4k](132) + [b4k](123) + [beke + [bak](13) + [bsk](12)]

+[bsk](123) + [b5k](13) + [bsk)(23) + [b5k](12) + [b5k](132) + [bskle

+[b6k](132) + [b6k](23) + [b6k] (12) + [bsk] (13) + [bekle + [bek](123)
(Ke+k'(12) + k' (13) + k'(23) + &'(123) + &' (132)]

+[bikle + [brk](12) + [b1k](13) + [b2K)(23) + [b1%](123) + [b1£](132)

+{bakle + [b2k)(12) + [b2k](13) + [b2k)(23) + [B2K](123) + [bok](132)

+[bskle + [bsk](12) + [bsk] (13) + [bsk](23) + [bsk](123) + [bsk](132)

+[bakle + [bak](12) -+ [bak](13) + [bak](23) + [bak](123) + [bek)(132)

+{bskle + [bsk)(12) + [bsk](13) + [bsk](23) + [bsk](123) + [bsk](132)

+[bskle + [bsk](12) + [bek)(13) + [bsk](23) + [bsk](123) + [bsk](132)

[K'e+ &'(12) + k' (13) + k' (23) + &'(123) + k'(132)]

+[b1k + bok + bsk + bak + bsk + bekle + [brk + bok + b3k + bsk + bsk + bsk](12)
+[b1k + bok + b3k + bak -+ bsk + bek](13) + [b1k + bak + bak + bak + bsk + bgk](23)
[b1k + bk + b3k + bak + bsk + bek](123) + [b1k + bok + bak + bk + bsk + bk](132)
[k'e + K'(12) + &'(13) + &'(23) + ¥'(123) + k'(132)]

‘[.“k[bl + bo + bz + by + by + bele + k[by + by + b3 + ba + bs + bg)(12)

+kiby + bo + b3 + by + by + be)(13) + k[b1 + ba + b3 + by + bs + bg](23)

k(b1 + ba + bg + by + bs + b](123) + k[br + bz + bg + bs + bs + b;,-](132)

K'e + k[by + by + b3 + by + bs + bgle

+K'(12) + k[by + b + b3 + by + b5 + bg)(12)

+k'(13) + k[by + b2 + b + by -+ bs + bg)(13)

+k'(23) + kfby + bz + b3 + ba + b5 + bg)(23)

+k'(123) + Ek[by + ba + b3 + by + b5 + bg](123)

+k'(132) + k[by + ba + b3 + by + b + bg](132)
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Now k€ Zg,s0 k=00r k=1. If £k =0, then we are left with

= Kk'e+0[byr+ by + b3 + by + bs + bgje -+ &' (12) + 0[by + by + by + by + bs + bg](12)
+k'(13) + 0[by ~+ by + by -+ by + b5 + bg] (13)
+k'(23) + O[b1 + by + by + by + b5 + bs](23)
+k'(123) + O[by + bz + b3 + bs + bs + bg](123)
+k'(132) + 0[by + ba + by + ba + bs + bg] (132)
= Kk'e+k(12) + &'(13) + £'(23) + k'(123) + £/(132)
= Oe -+ 0(12) + 0(13) + 0(23) + 0(123) + 0(132) or
le+1(12) + 1(13) + 1(23) + 1(123) + 1(132)
€ A by definition of A.

However, if &k = 1 we have

= ke+1[by + b2+ by + by + bs + beje + &'(12) + 1[by + b2 + bs + by + b + bg](12)
+4'(13) + 1[by + ba + b3 + ba + b5 + bg](13)
+k(23) + 1[b1 + b2 + b3 + by + b5 + bg)(23)
+k/(128) + 1[b1 + by + bg + by + bs + bg](123)
+k'(132) + 1[by + bo + b3 + bg + b5 + bg](132)
= k'e+ [by + b2+ b3 + ba + b5 + bele + k' (12) + [by + bo + bg + ba + b5 + bg)(12)
+k'(13) 4 [b1 + bz + b3 + by + b5 + bs](13)
+E/(23) + [b1 + b2 + b3 + ba + bs + bg)(23)
+k'(123) + [b1 + by + b + bs + bs + bg](123)
+k'(132) 4 [by + by + b3 + by + bs + be) (132)
= [k +b+by+bs+bs+bs+bslet+ [k + b1+ b+ b3+ by + bs + bg](12)
+[k" 4+ by + by + ba + ba + bs + bg](13) + [K' + by + bg + bs + ba + by + bg)(23)
+[k' 4+ b1 + ba + b3 + ba + b + b6)(123) + [k + by + ba + b3 + ba + bs + be](132)

It is important to note that each of the elements of S5 has the same coefficients from Zs:

[k + b1 + by + b3 + bs + bs + bg]. Then all that remains is to evaluate [k’ + by + by + b3 +
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by + bs + bg]. Since k' and each b; € Zy, the k' and b;’s are either equal to 0 or 1 € Z,.
Then the sum of every coefficient could be equal to 0,1,2,3,4,5,6, or 7. However, this
sum is an element of Zs, so it will be congruent to either 0(mod2) or 1(mod2). Thus the

sum (k' 4+ by + b2 -+ b3 + by + bs + bg) is either equal to 0 or 1 and we have:

= [k'+ by + by + bg + by + b5 + bgle + [k + b1 + by + b3 + ba + bs + bg) (12)

+{k - b1 + bg + b3 + ba + bs 4 bg)(13) + [k + b1 + by + bg + ba + bs + bg)(23)
 H[K b1+ be + by + bs + bs + bg] (123) + [K' + by + be + b + ba + bs + bs[(132)
= De+0(12) +0(13) + 0(23) + 0(123) + 0(132),

or

= [k 4 by + by + by + by + bs + bgle + [k + by + bz + by + by + bs + be](12)
+[K' + b1 + by + bs + bs + bs = bs](13) + [k’ + by + bo + by + by + bs + bg](23)
+[k’ + by + by + by + ba + by + bs](123) + [K' + by + by + by + by + bs + bg] (132)
== le+ 1(12) 4+ 1(13) + 1(23) + 1(123) + 1(132).

In either case, these elements belong to A since each element of S5 has the same coefficient

from Z9S3. Then A satisfies the Submodule Criterion and is a ZgS3-submodule of Zs S5.

We will attempt to find another submodule of Zy 53, different from A. This elements of this
submodule have the form A = {a1e+a2(12)+a3(13)+a4(23) +a5(123) +as(132) | a; = a;
for all 4,}. Now we will test other sets to find.Zs-submodules of Z2Sj3.

Define B to be a subset of ZoS3 such that

6
B ={a1e+ a2(12) + a3(13) + a4(23) + a5(123) + a6(132) | > _a; = 1}.
=1
We may apply the Submodule Criterion to B. Then let £ = aje + a2(12) + a.(13) +
a4(23) + a5(123) + ag(132) and y = bie + b2(12) + b3(13) + ba(23) + b5(123) + bs(132) € B
and let v = cie + ¢2(12) 4 ¢3(13) + ca(23) + ¢5(123) + ¢6(132) € ZaS3. We apply the
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Submodule Criterion:

T+ 7y

= [are+az(12) + as(13) + as(23) + a5(123) + as(132)]
+ere + 2(12) + e3(13) + ca(23) + c5(123) + ¢5(132)] - [bre + b2 (12) + bs(13)
+b4(23) + bs(123) + be(132)]

= jaze + 02(12) + aa(13) + a4(23) + a5(123) + ag(132)]
+erelbre + ba(12) + b3(13) + ba(23) + b5(123) + be(132)]
+ca(12)[bre + ba(12) + ba(13) -+ ba(23) + b5(123) + be(132)]
+c3(13){b1e + ba(12) + b3(13) + 54(23) + b5(123) + be(132)!
+¢4(23)[bre + b2(12) + b3(13) + ba(23) + b5(123) + bg(132)]
+¢5(123)[bre + ba(12) + ba(13) + ba(23) + bs5(123) + bs(132)]
+6(132)[bre + ba(12) + ba(13) + bg(23) + bs(123) + be(132))

= [a1e + a2(12) + a3(13) + aa(23) + a5(123) + ag(132)]
+lerbi][ee] + [erbo][e(12)] + [c1bs][e(13)] + [c1ba)[e(23)] + [c1bs)[e(123)] + [c1bs][e(132)]
+le2b1][(12)e] + [c2b2][(12)(12)] + [c2b3][(12)(13)] + [c2ba] [(12)(23)}
+e2bs)((12)(123)] + [eabs] [(12)(132)]
+[eab1][(13)e] + [eaba] [(13)(12)] + [eabs][(13)(13)] + [e3ba] [(13)(23)]
+[eabsH[(13)(123)] + [c3bs][(13)(132)]
+leabr][(23)e] + [eaba) [(23)(12)] + [cabs][(23)(13)] + [caba)[(23)(23)]
+[eabs][(23)(123)] + [cabs]((23)(132)]
+(esb1]i(123)€] + [e5b2]{(123)(12)] + [c5b3][(123)(13)] + [esba][(123)(23)]
+lesbs][(123)(123)] + [csbe][(123)(132)]
+eobr}[(132)e] + [caba] [(132)(12)] + [csbs][(132)(13)] + [ceba][(132)(23)]
+eabs]{(132) (123)] + [cobs] [(132)(132)]
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= [a1e + a2(12) + a3(18) + a4(23) + a5(123) + as(132)]
+leib)e + [e1b2)(12) + [e1b3](13) + [c104](23) + [c185](123) + [c1b6)(132)
+{c2b1](12) + [eobo]e + [cobs](132) + [c2ba](128) + [enb5)(23) + [cabg)(13)
+[caby](13) + [c3b2)(123) + [cabs]e + [c3ba](132) + [c3bs](12) + [cabs](23)
+[eab1](23) + [cab2](132) + [cab3](123) + [caba)e + [cads](13) + feabs](12)
+{esb1](123) + [esba](13) + [osbs](23) + [osba(12) + [esbs](132) -+ [csbele
H{ogb1](132) + [cabal (23) + [esbsl (12) + [esbal(13) + [esbsle + [esbs] (123)
= [a1e + a2(12) + a3(13) + aa(23) + a5(123) + ag(132)]
+{e1br]e + [e1ba](12) + [e183](13) + [e154](23) + {e185)(123) + [e1bg)(132)
+[eabole + [c2b1](12) + [c2be](13) + [cabs|(23) + [coba) (123) + [c2ba] (132)
+[cabsle + [e3bs](12) + [cabr](13) + [cabs](23) + [c3b2](123) + [e3b4)(132)
+([cabale + [cabs](12) + (cabs}(13) + [cab1](23) + [cab3](123) + [caba](132)
esble + [esba)(12) + [esbal(13) + [esbo) (23) + [esb1)(128) + esbs) (132)
+{cabsle + [esbal(12) + [caba] (13) + [caba] (23) + [cobs] (123) + [esb1}(132)
= [a1 + c1b1 + caba + c3b3 + caby + c5bg + csbsle
+ag + c1ba + caby + cabs + cabg + c5bg + c6b3](12)
+[az + c1b3 + cabs + caby + cabs + csba + cba)(13)
+aq + c1bs + cabs + c3bs + caby + c5bg + ceb2](23)
+([as + c1bs + cobs + cabe + cabs + csby + cabs](123)
= [ag + c1bs + cabz + cabs + caba + csbs + cgb1](132)

Again, each of these coefficients is in Zy. If they belong to B then their sums will be
congruent to 1(mod2). This presents a significant number of cases to test the values of

the a;,b; and ci as well as their different combinations.

Additionally, note that the element Oe + 0(12) + 0(13) + 0(23) + 0(123) + 0(132) ¢ B,
since at least one of the a;’s must be 1 in order for their sum to equal 1. Then B cannot

be a submodule of ZsS53. In fact, there are no other submodules of ZyS3.

We know that ZyS3 is not a simple Zs-module and that A is a submodule of Z2Ss.
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Earlier we showed that ZoS3 is semisimple as a Zy-module.

What else can we learn from the module ZoS37

5.8 The Radical of Z,S5;.

Recall from Definition 3.11 that the radical of a module is defined to be the intersection of
the maximal submodules of M. The radical of a module is also defined to be the largest
nilpotent ideal of the ring M. Recall that, as we did in Theorem 4.21, we may examine

Zy S5 as either a ring or as a module.

The ideal A is nilpotent. This means that there exists an n € N such that A™ =
Oe + 0(12) + 0(13) + 0(23) + 0(123) + 0(132). To see this, examine the elements ap
and oy of A.

Consider each element of A. We can see that ag = 0e + 0(12) + 0(13) + 0(23) +0(123) +
0(132) is nilpotent, since a; = 0 for all a;.

Consider the case where @ = 1. Then

(1)
= [le+1(12) + 1(13) + 1(23) + 1(123) + 1(132)][1e -+ 1(12) + 1(13) + 1(23)
+1(123) + 1(132)]
= le[le + 1(12) ++ 1(13) + 1(23) + 1(123) + 1(132)]
+1(12)[1e 4+ 1(12) + 1(13) + 1(23) + 1(123) + 1(132)]
+1(13)[1e + 1(12) + 1(13) + 1(23) + 1(123) + 1(132)]
+1(23)[1e + 1(12) + 1(13) + 1(23) + 1(123) + 1(132)]
+1(123)[1e + 1(12) + 1(13) + 1(23) + 1(123) + 1(132)]
+1(132)(1e + 1(12) + 1(13) + 1(23) + 1(123) + 1(132)]
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= [le+1(12) + 1{13) + 1(23) + 1(123) + 1(132)] + [1(12) + le + 1(132)
+1(123) + 1(23) + 1(13)]
F[1(13) + 1(123) + Le + 1(132) + 1(12) + 1(23)] + [1(23) + 1(132) + 1(123)
+1e+ 1(13) + 1(12)]
+[1(123) + 1(13) + 1(23) + 1(12) + 1(132) + le] + [1(132) + 1(23) + 1(12)
+1(13) + le+ 1(123)]

= 6e+6(12) + 6(13) + 6(23) + 6(123) + 6(132)

= Oe+ 0(12) + 0(13) + 0(23) + 0(123) 4 0(132).

So ay is nilpotent, since (a1)? = 0.

Thus, we may square the entire ideal A? = 0, and A is in fact nilpotent. In fact, A is
the largest nilpotent ideal, since it’s the unique Zg-submodule of Z,Ss. According to
Definition 2.35, A is the radical of ZoS3, or Rad(ZS3) = A.

The radical of a module is also defined to be the intersection of the maximal submodules.

Then the intersection of the maximal submodules of ZS3 is equal to A.

5.9 The Submodules of Z,S3/Rad(Z2Ss).

Now recall the set A = {ag,a1}. Consider the quotient module Z2S3/Rad(Z253) =
Z2S3/A. We can find the number of elements of Z2S53/A:

Z2S3/A| = |Z253|/|A
= 64/2
= 32

Is Z9S3/A semisimple? If it is semisimple, then it can be represented as a direct sum of

simple submodules.

Let us form a sumbodule of Z3S53/A with the set M = {[a1e +a2(12) + a3(13) + a4(23) +
a5(123) + ag(132)] + A | T8, a; = 0}
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For example, the following elements are in M, since the sum of their coefficients equal
Z€ero:
le +1(12) 4 0(13) + 0(23) + 0(123) + 0(132) + A,

Oe + 0(12) - 1(13) + 1(23) + 1(123) + 1(132) + A,

Notice that the elements of M have an even number of components whose coefficient a;

is 1. That is, each element of M has either

zeroa; = 1,

two a; =a; = 1,
four a; =a; =ar =a;r= 1,
orsixa; =aj=ar=0a;=0ap=ay= 1l

Then what are the elements of M?

There is only one element in M with zero a; = 1:

Oe + 0(12) + 0(13) + 0(23) + 0(123) + 0(132) + A

6
> a;=04+04+0+0+0+0=0.
i=0
Now we will give the elements with two a; = a; = 1. Consider the following fifteen

elements:

le 4+ 1(12) 4+ 0(13) + 0(23) + 0(123) + 0(132) + A,
le +0(12) 4+ 1(13) + 0(23) + 0(123) + 0(132) + A,
le 4 0(12) + 0(13) + 1(23) + 0(123) + 0(132) + A,
le + 0(12) + 0(13) ++ 0(23) + 1(123) + 0(132) + A,
le +0(12) + 0(13) + 0(23) + 0(128) + 1(132) + A,
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Oe + 1(12) + 1(13) + 0(23) + 0(123) + 0{132) + A,
Oe + 1{12) +- 0(13) + 1(23) + 0(123) + 0(132) + A,
Oe + 1(12) -+ 0(13) + 0(23) + 1(123) + 0(132) + A,
Oe + 1(12) + 0(13) + 0(23) + 0(123) + 1(132) + A,
Oe + 0(12) + 1(13) -+ 1(23) + 0(123) + 0(132) + A,
Oe + 0(12) + 1(13) + 0(23) + 1(123) -+ 0(132) + A4,
Oe + 0(12) + 1(13) + 0(23) + 0(123) + 1(132) + A,
Oe + 0(12) + 0(13) + 1(23) + 1(123) + 0(132) + A,
Oe + 0(12) + 0(13) + 1(23) + 0(123) + 1(132) + 4,
Oe + 0(12) + 0(13) + 0{23) + 1(2123) + 1(132) + A.
Without loss of generality, 30 ja; =1+14+0+0+0+40 = 0 is in Zy for each of the

fifteen elements listed above.

So far we have found sixteen elements of M, a subset of ZS3/A. However, M is defined
similar to the way in which a quotient ideal is defined. That is, each element in M is added
to the submodule A = {ap, @1} of Z»S3. This means that the element 0e+0(12) +0(13) +
0(23)+0(123)+0(132)+ A equals the element le+1(12)+1(13)+1(23)+1(123)+1(132)+ A4,
which is also an element of M since Z?:o a;,=14+1+14+14+141=0in Z,. Finding
the elements with two a; = a; = 1 as we did above will automatically yield the elements
with four a; = a; = ax = a¢ = 1 in the sense of equality on this quotient module. Thus,

there is no need to list these additional elements, as we have already found equal elements.

Then we have found sixteen elements which belong to the subset M of ZyS3/A. At
the beginning of Section 5.9 we showed that there are thirty-two elements in ZS3/A.

Is it then the case that the remaining sixteen elements of Z3S3/A form another set NV
such that N = {[a1e + a2(12) + aa(13) + a4(23) + a5(123) + a6(132)] + A | 8 g0 =1)?

For example, the elements
le + 0(12) + 0(13) + 0(23) +- 0(123) + 0(132) + A, and

Oe + 1(12) + 1(13) + 1(23) + 1(123) + 1(132) + A
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belong to N since the sum of their coefficients equals one.

In the same way that the elements of M have an even number of components whose
coefficient a; is equal to one, the elements of N will have an odd number of components

whose coeflicient a; is equal to one. That is, each element of N has either

one a; = 1,
three a; = a; = ar = 1,
orfivea;=a;=ar=aqp=ap,= 1

The following are the elements of N.

le+0(12) + 0(13) + 0(23)} + 0(123) + 0(132) + A,
Oe ++ 1(12) + 0(13) + 0(23) + 0(123) + 0(132) + A,
Oe -+ 0(12) + 1(13) + 0(23) + 0(123) + 0(132) + A4,
Oe + 0(12) + 0(13) + 1(23) + 0(123) 4 0(132) + 4,
Oe + 0(12) + 0(13) + 0(23) + 1(123) + 0(132) + 4,
Oe + 0(12) + 0(13) + 0(23) + 0(123) + 1(132) + A4,
le+ 1(12) + 1(13) + 0(23) + 0(123) + 0(132) + A,
le + 1(12) + 0(13) + 1(23) + 0(123) + 0(132) + A,
le+ 1(12) 4 0(13) + 0(23) + 1(123) + 0(132) + 4,
le + 1(12) + 0(13) + 0(23) + 0(123) + 1(132) + A,
Oc + 1(12) + 1(13) + 1(23) + 0(123) + 0(132) + A,
Oe + 1(12) + 1(13) + 0(23) + 1(123) + 0(132) + A,
Oe + 1(12) + 1(13) + 0(23) +0(123) + 1(132) + 4,
| Oe -+ 0(12) + 1(13) + 1(23) + 1(123) + 0(132) + 4,
Oe + 0(12) + 1(13) + 1(23) + 0(123) + 1(132) + 4,
Oe ++ 0(12) + 0(13) 4 1(23) + 1(123) + 1(132) + A.

Let us return to the subset M that we defined earlier. Does M form a ZoS3-submodule
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of Zz 33 / A?

For some my # me € ZSs, let m; + A, mo + A be elements of the subset M such that
m1 + A # ma + A. This implies that m; — mg ¢ A. We want to show that M is closed
under addition by showing that (m; +ma) + A € M. As elements of ZyS3, m; is of the
form aje + a2(12) + a3(13) + a4(23) + a5(123) + as(132). Similarly, mg is of the form
e + af(12) + a4(13) + a4 (23) + a§(123) + af(132).

Consider the following case: without loss of generality, suppose that two coefficients
a; and a; of my + A are each equal to 1 such that the remaining a; = 0, for all k¥ # j # <.

Then, according to the structure of M, either a; =1 or a; = 0 in my + A.

Without loss of generality, consider the case where a; = 1. Then there will be only
one other coefficient aj = 1, for k # i. If it happens that o} = 1, that is that j = £,
then my = my and m1 + A = ms + A. This is a contradiction. Then a‘;',- must be equal
to 0 and some other ax must be 1, for some k # j # 4. Then m; + ms has a zero at
a; +a; =1+1=0. Additionally, a; +a;=1+0=1and ax+a} =0+ 1 =1 implies
that (a; +a’) -+ (ax +a;) = 1+1 =0 in Zg. The sums of all remaining a, and aj, are zero,
where £ # ¢ # j # k. Therefore, my + A+ mg + A € M and M is closed under addition.

To show that M is a submodule of ZS3/A, it remains to show that M is closed un-

der the multiplication of elements of Z2S3/A.

Let r € Z3S3/A and let m € M. Then 7 = a1e + a2(12) + a3(13) + 24(23) + a5(123) +
a6(132) -+ A and m = bye + by(12) + b3(13) + b(28) + bs(123) + be(132) + A, where

8 obi = 0. Consider

rm
= [ale + (12(12) + a3(13) + a4(23) + a5(123) + a6(132) + Al[bre + b2(12) + b3(13)
+D4(23) + b5 (123) + be(132) + A]
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arebre + ba(12) + b3(13) + by(23) + b5 (123) + bg(132) + A]

+as(12)[bre + ba(12) + b3(13) + ba(23) + bs(123) + bs(132) + A]
+a3(13)[bre + ba(12) -+ b3(13) + ba(23) + bs(123) + b(132) + A]
+aq(23)[bre + ba(12) + b3(13) + b4(23) + b5(123) + bs(132) + 4]
+as(123)[Bre + by(12) + bs(13) + ba(23) + bs(123) - bs(132) + 4]
+ag(132)[bre + by(12) + bs(13) + ba(23) + b5(123) + bs(132) + A]

[a161] ee] + [a1s][e(12)] + [a1ds][e(13)] + [a1ba][e(23)] + [a1bs][e(123)] + [a1be]le(132)]
+lazb1][(12)€] + [a2b2][(12)(12)] + [a2b3]{(12)(13)] - [a2ba][(12)(23)]
+{a2bs][(12)(123)] + [a2bg] [(12)(132)]

+lash][(13)e] + [a3b2][(13)(12)] + [asbs]((13)(13)] + [asba] [(13)(23)]
+{a3bs][(13)(123)] + [asbg][(13)(132)]

+{aab1][(23)e] + [a4ba][(23)(12)] + [a4bs][(23)(13)] + [aaba][(23)(23)]
+Hoaba][(23)(123)] + faabs]|(23)(132)] ‘
+lasbi][(123)e] + [asb2][(123)(12)] + [asbs][(123)(13)] + [asba][(123)(23)]
+[asbs] [(123) (123)] + [asbe][(123)(132)]

+(acb1]{(132)e] -+ [acb2][(132)(12)] + [asb3][(132)(13)] + [acba] [(132)(23)]
+{asbs][(132)(123)] + [asbe] ((132)(132)]

[asb]e + [a1b2)(12) + [a1bs)(13) + [arba](23) + [abs](123) + [a1b6)(132)
+{azb1](12) + [azbs)e + [azbs] (132) + [azbe] (123) + [aghs)(23) + [azbe](13)
+lazb1)(13) + [agb2](123) + [asbse + [a3bs] (132} + [a3bs](12) + [azbe](23)
+asb1}(23) + [asb2](132) + [aehs)(123) + [aebale + [aebs](13) + [aabs] (12)
+lasb1](123) + [a5b2](13) + [a5b3](23) + [a5ba)(12) + [a55)(132) + [asbs]e
+[asb1](132) + [acb2](23) + [aebs](12) + [agba)(13) + [agbs)e + [a6bs)(123)
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= [a1bre + a1ba(12) + a1bs(13) + a154(23) + a1b5(123) + a1b6(132)]
+[azbae + a2b1 (12) + a2b6(13) + a2bs(23) + a2b4(123) + a2b3(132))
+lagbze + azbs(12) + aghi(13) + azbs(23) + azb2(123) + a3bs(132))
+[aabse + agbg(12) + aabs(13) + aqb1(23) + aab3(123) + asba(132)]
+lasbee + asbs(12) + asba(13) + asbs(23) + asb1(123) + asbs(132)]
+[agbse + agbs(12) + agba(13) + agha(23) + agbs(123) + asb1(132)

= arfbre + b2(12) + b3(13) + 04(23) + b5(123) + bs(132) + A]
+aglbre + ba(12) + b3(13) + ba(23) + b5(123) + bs(132) + A
+aa[bre + ba(12) + b3(13) + b4(23) + bs(123) + be(132) + A
+ag[bre + ba(12) + b3(13) + ba(23) + bs(123) + bg(132) + A]
+a5[bre + ba(12) + b3(13) + b(23) + b5(123) + bg(132) + A]
+agbie + b2(12) + b3(13) + ba(23) + b5(123) + bg(132) + A]

Since we have already shown that M is closed under the addition of its elements, we may
consider each line of the sum above separately. If each line in the sum above is an element
of M, then the entire sum will be an element of M. Recall that the group S3 is closed
under the permutation of its elements, so each line will preserve all of the elements of Ss.

We need only to consider the sums of the coeflicients of each line. For example,

6
a1l +ba+bs+bs+bs+bs] = a; [Zbi}
i=1

= @1{0], by definition of the element m in M
= 0.

Each of the coefficients from the sum above will behave in the same way:

6
az[br +by+b3s+bs+bs+b] = ao I:Ebz]

=1

= a3[0], by definition of the element m in M
= 0.
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a3[b1+b2+b3+b4+b5+b6] = ag I:Zb{l

i=1

= ag[0], by definition of the element m in M
= 0.

6
aglbr +b2+bs +bs+bs+bs] = ag !Zb,,:l

i=1
= a4[0], by definition of the element m in M

= 0.

6
aslbr +ba+b3+bs+bs+bs] = as [Zbi]
i=1

= as{0], by definition of the element m in M
= 0.

6
aglby +ba+ b3 +bs+bs +bs] = as [sz]
i=1

= ag[0], by definition of the element m in M

= 0.
Then we may say that the sum of the coefficients below

= ai[bie + b2(12) + b3(13) + b4(23) + b5(123) + bg(132)]
+ag[bie + bo(12) + ba(13) + b4(23) -+ bs5(123) + be(132)]
+az[bre + bp(12) + b3(13) + 54(23) + b5(123) + bs(132)]
+aglbre + bz(12) + b3(13) 4 b4(23) + b5(123) 4 bs(132)]
+as[bre + b2(12) + b3(13) + ba(23) + bs(123) + be(132)]
+aglbre + b2(12) + b3(13) + b4(23) + bs(123) + bs(132)]

will equal 0 and the element rm belongs to M.
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Then M is a submodule of ZyS53/A since it is closed under the addition of its elements and

it is closed under the action of elements from Z;S3/A. Since M is a proper submodule
of Z:3S3/A, ZS3/A is not a simple Z,S3-module.
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Chapter 6

A Look at ZsS3

6.1 The Left Module Z5S5s.

Now let us consider the left module Z5S53. The elements of ZySs are formed by taking
formal sums of the elements of Zs, which are {0,1,2, 3,4}, and the permutations of Ss,
which are {e, (12), (13), (23), (123),(132)}. The elements of S3 are discussed in more de-

tail in Section 5.1. That is, we are taking formal sums of the elements

QOe, le, 2e, Je, 4e,
0(12), 1(12), 2(12), 3(12), 4(12),
0(13) 1(13) 2(13) 3(13) 4(13)
0(23), 1(23), 2(23), 3(23), 4(23)

0(123), 1(123), 2(123), 3(123), 4(123)
0(132), 1(132), 2(132), 3(132), 4(132).

The elements of ZgS3 are of the form:
aie + a2(12) + a3(13) + a4(23) + as(123) -+ ag(132),

where ay, are elements of Zs.

For example, the element
de + 3(12) + 3(13) + 0(23) + 2(123) + 1(132)

belongs to the module Z5.S53.
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Addition “+” is defined as:

aig1 +ajgn = (a; +a;)91, and

aig1+ajg2 = aig1+ajge,

where a;,a; are elements of Zs and the g, are elements of Ss.

Multiplication “-” is defined as:

(aig1) - (ajg2) = (a: - a;)(91 - g2)-

The additive identity is:
Oe + 0(12) + 0(13) + 0(23) + 0(123) + 0(132)

and the multiplicative identity is: le + 0(12) 4+ 0(13) + 0(23) + 0(123) + 0(132).

6.2 The Simplicity and Semisimplicity of ZsSs;.

First we will look at ZsS3 as an RG group ring. Recall from Chapter four that an RG-ring

is a set of formal sums of the form

Z Qgg, g € R.

9EeG

By Example 2.24 we know that the characteristic of Zs is 5, and the order of the group
S3 can be found by finding 3! = 6. It is clear that 5 does not divide 6, so we may apply
Theorem 4.22, Machke’s Theorem. Since the characteristic of Zg does not divide the
order of 53, this theorem tells us that ZyS; is semisimple as a left Z5S53-module. This

means that Z5S3 can be written as a direct sum of simple submodules. -

Let us look at ZgS3 as a Zs-module. Is Z5S3 simple as a Zs-module?
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Examine the submodules of Z5S53 as a Zs-module. Does it have any proper submod-

ules?

Recall the Submodule Criterion from Chapter 3: Let R be a ring and let M be a module.
Then a subset N of M is a submodule of M if and only if

1. N #0, and
2. x+aye Nforalla € R and for all z,y € N.

We are still working with S3, so we will be referencing the properties from Chapter 5.

Recall the subgroups of S5 that were defined in Section 5.1 :

H = {e(12)}

Hy = {e(13)},

Hy = {e,(23)}, and
He = {e,(123),(132)}.

Consider the submodule Zs Hy = Zs{e, (12)}. This is closed in Zs, since

a(are +a2(12)) = aaie+ aa(12)
= e+ cp(12)
€ ZsH, for all a € Zs,

where ¢; = bay, ca = bag, and c1, ¢y € Zs, since Zg is multiplicatively closed.

We now use the Submodule Criterion, as defined in Section 3.1. We can see that ZgH;
is nonempty, since Hi is nonempty. We now apply the second part of the Submodule
Criterion and check to see if an element of the form z 4+ ay belongs to ZsS3, where x and

y are elements of Z5S3 and « is an element from Zs. Then

[aie + a5(12)] + afare + a2(12)] = [aje + ab(12)] + [aa1e + caz(12)]
= [ale+ a5(12)] + [cre + c2(12)], where ¢; = aa; € Zs
= [a1 +ale+ [0 +](12)

Since Zs is closed under addition, [a] 4+ ¢;] € Zs. Thus, according to the Submodule
Criterion, [a]e + a5(12)] + afaie + ap(12)] € Z55;.
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Then ZsH; is a proper submodule of Z5.S3 as a Zs-module. By Definition 3.16 a module
is simple if its only submodules are 0 and the module itself. Since Z5S3; has proper sub-

modules as a Zs-module, it is not simple.

We have yet to check whether or not ZsS; is semisimple as a Zs-module. If ZsS3 is
semisimple then it is a direct sum of simple submodules.

We can represent our module as follows:
2553 & Z5H1 & Z5H2 S ZE)-HS ©® Z5H4,

where the H; are the submodules of 53 that were given in Section 6.2.

It is clear that Hy N Ho N Hz3 N Hy = e. Then the elements of ZsS3 can be uniquely
represented as an element of ZgH) @ ZgHy @ ZsHs & Zs HyP. For example, the element
1(12) + 4(23) can be represented as a sum of elements from ZsH, and ZsHz:

1(12) + 4(23) = 1(12) -+ 0(13) + 4(23) + 0(123) + 0(132).

So Z5S3 = ZisHy & ZgHy @ ZsHy ® Z; Hy. However, it might be possible to find another,

perhaps simpler, representation for Z5S3 as a semisimple submodule of Z5S3.

Consider Z5S3 = Zs{e} @ Zs{(12)} & Z5{(13)} & Z5{(23)} & Z5{(123)} & Z5{(132)}.
Each of these submodules are. generated by a single element, which makes them simple

submodules.

Then Z5S3 is said to be completely reducible, since all of the submodules are are ir-

reducible, or simple.

Additionally, Z5S3 is finite, so it satisfies the Descending Chain Condition, or we say
it is Artinian as a Zs-module. Since the module Z5S3 satisfies the Descending Chain
Condition and the module is completely reducible, it is therefore semisimple as a Zs-

module.

We may further examine the semisimplicity of ZsS3 by looking at its radical. By Def-

inition 3.11, the radical of ZsS3 will be the intersection of the maximal submodules of
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Z5S3. Let us examine the maximal submodules of ZsS3 as a Zs-module. These maximal
submodules are formed by removing one of the elements of S3 from the module Z553.

These maximal submodules are:

ZsSs\le = Zs{1(12),1(13),1(23),1(123),1(132)}
ZsS3\1(12) = Zs{le, 1(13),1(23), 1(123),1(132)}
Z5S3\1(13) = Zs{le,1(12),1(23),1(123),1(132)}
ZsS3\1(23) = Zs{le,1(12),1(13),1(123),1(132)}
Z553\1(123) = Zs{le,1(12),1(13),1(23),1(132)}
Z5S3\1(132) = Zs{le,1(12),1(13),1(23),1(123)}
The intersection of these maximal submodules is zero. Thus the radical of Z5S53 is zero.

According to Theorem 3.29, Z5S3 is semisimple as a Zs-module if and only if Z5S3 -
Rad(Z5S5) = 0.

In this case, Rad(ZsS3) = 0, so we have

ZsSs - Rad(Z5S3) = ZsS5-0
= 0.

Additionally recall that the radical of ZsS3 is also defined to be the largest nilpotent ideal
of Z5S3.

Since Zs is a field, Zs is not nilpotent. Furthermore, (S3)" # 0 for any n € N.
Therefore 0 is the largest nilpotent ideal of Zs5s and the radical of ZgS3 is 0. This con-

firms what Theorem 3.29 told us earlier, that ZsS3 is semisimple.

Thus by Theorem 4.22, ZsS3 is semisimple as a ZsS3z-module and by Theorem 3.29

Z5Ss is semisimple as a Zs-module.

6.3 Submodules of Z55;.

Now let us examine all of the submodlues of Z5S53. So far we have only examined maximal

submodules. Once again we will recall the Submodule Criterion, which we defined in
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Definition 3.4: Let R be a ring and let M be a module. Then a subset N of M is a
submodule of M if and only if

1. N#0, and
2. z+4+ay € N for all @ € R and for all z,y € N.

Examine a subset IV of Z5S3 such that N = Zs-e C Z583. Now, N 5 0since 0-e € N. Let
ae+0(12)+0(13)+0(23) + 0(123) + 0(132) and be-+0(12)+0(13) +0(23) +0(123) +0{132)
be elements of N and let 8 be an element of Z5S; where 8 = cie + ¢2(12) + ¢3(13) +
c4(23) + ¢5(123) + ¢6(132) and ¢; is an element of Zg for ¢ = 0,1, ...,6. For simplicity,
we will refer to the element ae + 0(12) + 0(13) + 0(23) + 0(123) + 0(132) as ae and
be -+ 0(12) + 0(13) + 0(23) + 0(123) + 0(132) as be.

Consider

ae + [cie+ ca(12) ++ es(13) + c4(23) + c5(123) + c6(132)]be
= ae + [c1e][be] + [ca(12)][be] + ¢[3(13)][be] + [ca(23)]1be] + [c5(123)][be] + [c6(132)}[be]
= ae+ [c1b][ee] + [c2b][(12)e] + [c;:,b][(lé)e] + [cab][(23)e] + [csb)[(123)e] + [ced][(132)€]
= ae+ [c1ble + [c2d](12) + [c3b](13) + [€4b](23) + [e56](123) + [csb](132)
= [a+ cible + [c2b](12) + [c3b](13) + [ca](23) + [c5b](123) + [e6b](132)

¢ N, unless eob, c3b, c4d, c5b, and cgb are all zero.

So the Submodule Criterion does not hold for all 8 = cie + c2(12) + ¢3(13) + c4(23) +
5(123) + ¢6(132) € Z5S3. Then Zs - e is not a Z5S3-submodule of Zs5S3. '
However, if ZsS3 is semisimple as a ZsS3-module, it remains to show that it is a di-
rect sum of simple modules:

Z5S3 =M & Ms® - - B My,
where the M; are simple submodules of Z5S3 and for some k € N.
We then want to find the simple submodules of ZsS3 as a ZsS3-module.
Let A be a subset of ZgS3 such that an element a of A is of the form:

a = ke + k(12) + k(13) 4 k(23) + £(123) + k(132),
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where k is an element of Zs. This is the same way that we defined the submodule A in
Chapter 3. Then A will satisfy the Submodule Criterion. Let z = ke + k(12) + k(13) +
k(23) + k(123) + k(132) and y = Kle + k'(12) + K'(13) + ¥'(23) + ¥'(123) + K'(132) be
elements of the subset A and let 3 = bie + ba(12) + b3(13) -+ ba(23) + b5(123) + be(132)
be an element from Z3zS3.

Then consider

z + By

= [Ke+k(12) + k'(13) + ¥'(23) + ¥/ (123) + £'(132))
+[bre + ba(12) + b3(13) + bs(23) + b5(123) + be(132)] - [ke + k(12) + k(13)
+k(23) + k(123) + k(132)]

= [Ke+k(12) + £'(13) + ¥'(23) + k' (123) + £'(132)}
+bielke + k(12) + k(13) + k(23) + k(123) + k(132)]
+b2(12) (ke + k(12) + k(13) + &(23) + k(123) + k(132)]
+b3(13)[ke + k(12) + k(13) + k(23) + k(123) + k(132)]
+b4(23)[ke + k(12) + k(13) + k(23) + k(123) + k(132)]
+b5(123) [ke -+ k(12) + k(13) + k(23) + £(123) + k(132)]
+bg(132)[ke + k(12) + k(13) + £(23) + k(123) + k(132)]

= [k'e +&'(12) + &'(13) + £'(23) + K'(123) + £ (132)]
+[brk][ee] + [b1k][e(12)] + [b1K][e(13)] + [brki[e(23)] + [b1k][e(123)] + [brk][e(132)]
+[b2k][(12)e] + [b2K][(12)(12)] + [b2k][(12)(13)] + [b2k][(12)(23)] + [bok][(12)(123)]
+[b2k][(12)(132)]
+[b3k]{(13)e] + [b3k][(13)(12)] + [bsk][(13)(13)] + [bsk][(13)(23)] + [b3k][(13)(123)]
+ibsk][(13)(132)]
+1bak][(23)e] + [bak][(23)(12)] + [bak][(23)(13)] + [bak}[(23)(23)] + [b4K][(23)(123)]
+[b4k][(23)(132)]
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+lbskj[(123)e] + [bsk][(123)(12)] + [bsk][(123)(13)] + [bsk][(123)(23)]

+[bsk] [(123) (123)] + {bsk][(123)(132)]

+[bek]{(132)e] + [bok] [(132)(12)] + [bsk][(132)(13)} + {bek][(132)(23)]
+[b6k][(132)(123)] + [bek1[(132)(132)]

[k'e + £'(12) + K'(13) + k'(23) + &'(123) + k'(132)]

+[brkje + (b1 k1(12) + [b1&])(18) + [b1K](23) + [b1K1(123) + [b1£](132)

+{bok](12) + [bokle + [b2k](132) + [b2k](123) + [b2k}(23) -+ [bak](13)

+[bak] (1) + [bak](123) + [bsk]e + [b3k}(132) + [bak](12) + [bsk](23)

+[bsk])(23) + [bak](132) + [bak](123) + [bak]e + [bak](13) + [bak](12)]

+[b5k](123) + [bsk](13) + [bsk](23) + [bsk](12) + [bsk](132) + [bsk]e

+{bsk](132) + [bek](23) + [b6k](12) + [bek](13) + [bsk]e + [b6k](123)

(k'e + K (12) + K/ (13) + k'(23) + k'(123) + ¥'(132))]

+[brkle + [b1k](12) + [b1K](13) + [b1k](23) + [b1k](123) + [b1K](132)

+ib2k]e + [b2k](12) + [b2k](13) + [b2k](23) + [b2k](123) + [b2k](132)

+[bsk]e + [bak](12) + [bsk](13) + [bsk)(23) + [bsk](123) + [b3k](132)

+[bakle + [b4k](12) + [bak](13) + [bak)(23) + [bak](123) + [bak](132)

-+bskle + (bsk](12) + [b5k](13) + [bsk](23) + [B5kI(123) + [bsk](132)

+{bgk|e + [bek](12) + [bek](13) + [bek](23) + [bek](123) + [bek](132)

(K'e + K'(12) + k' (13) + ¥'(23) + ¥/ (123) + k' (132)]

+[b1k + bak + bsk + bgk + bsk + bgkle + [b1k 4 bok + bgk + bak + bsk + bgk](12)
+{brk + bok + bak + bak + bsk + bek](13) + [b1k + bok + bgk + bak + bsk + bek](23)
(01K + byk -+ b3k + bak + bsk + bgk](123) + [b1k + bok + bsk + bak + bsk + bek](132)
[K'e+ K (12) + &' (13) + £'(23) + &'(123) -+ &' (132)]

+k[b1 -+ by + bz + ba + bs + bgle + k[b1 + b + b3 + ba + bs + bg](12)

+k[by + b2 + b3 + by + bs + be](13) + klby + ba + b3 + by + b5 + bg](23)

+k[by + ba + bz + by + bs + bg|(123) + k[b1 + bo + b3 + by + bs + bg](132)
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= Ke+klby+ by +bs+bs+ b5+ bgle
+k'(12) 4 kb1 + ba + b3 + by + bs -+ bs](12)
+K/(13) + k[by + b + bs + by + bs + bg](13)
+k'(23) + k[b1 + b2 + b3 + by + bs + bg(23)
+k&'(123) + k[by + ba + b3 + by + bs -+ bg](123)
+k'(132) + kiby + b2 + b + bs + bs + bg](132)
= [k + kb1 + kbo + kbs + kby + kbs + kbgle
+[k' 4 kby + kba + kbz + kby + kbs + kbg](12)
[k + kb + kby + Kbs + kby -+ kbs + kbe] (13)
+[k' + kb1 + kbg -+ kb + kbg + kbs + kbg](23)
+[k" + kb1 + kb + kb + kby + kbs + kbe)(123)
[k + kb1 + kby + kbs -+ kby + kbs + kbg)(132)

Then each element of S5 that is listed above shares the same coefficient: [k’ + kb; + kb, +
kb3 + kbg + kbs + kbg] € Zs. Thus the sum above may be rewritten as

le + £(12) + £(13) + £(23) + £(123) + £(132),

where £ = [k’ + kb1 + kba + kbs + kb + kbs + kbg] € Zs.
According to the Submodule Criterion, A is a ZsSs-submodule of Z5S3. Since A is a

submodule, it is closed under the addition and the Z553 action on its elements.

Now, consider a second subset of Z5S5s:

6
C = {are + a2(12) + a3(13) + a4(23) + 05(123) + ag(132) | > a; =0},

i=0
We want to show that ' is a submodule of the Z5S53-module Zs5S3. Recall the Submodule
Criterion that we introduced in Chapter 3.
We know that C is nonempty since Oe + 0(12) + 0(13) + 0(23) + 0(123) + 0(132) € C.

Now consider z = a1e+02(12)+a3(13)+a4(23) +a5(123) +a6(132) and y = cre+cz(12)+
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c3(13) + c4(23) + c5(123) + c5(132) be elements of C. Note that this means 30, a; =0
and 3% ¢; = 0in Zs. We also let 8 = bre + by(12) + b3(13) + ba(23) + b5 (123) + bg (132)
be an element of Z5S3. Then

z + By

= [a1e + a2(12) + a3(13) + a4(23) + a5(123) + as(132)]
+[bre + by(12) + ba(13) + b4 (23) + b5(123) + bs(132)] - [c1e + c2(12)
+c3(13) + ¢4(23) + ¢5(123) + ¢6(132)]

= [are + a2(12) + a3(13) + a4(23) + a5(123) + 26(132)]
+biefcie + ¢2(12) + ¢3(13) + ¢4(23) + ¢5(123) + c5(132))
+b3(12)[cre + 2(12) + ca(13) + ca(23) + ¢5(123) + c5(132)]
+b3(13)[cre + c2(12) + c3(13) + c4(23) + ¢5(123) + ¢5(132)]
+b4(23)[c1e + c2(12) + ca(13) + c4(23) + ¢5(123) + c6(132)]
+b5(123)[c1e + c2(12) + c3(13) + c4(23) + ¢5(123) + ¢5(132)]
+b6(132)[c1e + 2(12) + ¢3(13) + c4(23) + ¢5(123) + c5(132)]

= [a1e + a2(12) + a3(13) + 24(23) + a5(123) + a6(132)]
+[b1c1][ee] + [brca)[e(12)] + [b1cs](e(13)] + [brca)[e(23)] + [b1cs][e(123)]

+lbrcelle(132)]
+b2e1][(12)e] + [baca] [(12)(12)] + [b2c3][(12)(13)] + [bac4] [(12)(23)]

+{bacs][(12)(123)] + [bacs][(12)(132)]
+[bac1][(13)e] + [baca][(13)(12)] + [bacs][(13)(13)] + [bac4][(13)(23)]
+[bacs][(13)(123)] + [bace]{(13)(132)]
+[baca}[(23)e] + [baca][(23)(12)] + [baca][(23)(13)] + [bacs][(23)(23)]
+[bacs}[(23)(123)] + [bacs]((23)(132)]
+[bsc1i[(123)e] + [bsea] [(123)(12)] + [bses][(123) (13)] + [bses][(123)(23)]
+[bses][(123)(123)] + [bsce][(123)(132)]
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+[bee1][(132)€] + {beca][(132)(12)] + [bees][(182)(13)] + [bees][(132)(23)]
+[becs][(132)(123)] + [becs] [(132)(132)]
= [a1e+ a2(12) + a3(13) + a4(23) + a5(123) + as(132)]
+[brc1]e + [b162)(12) + [b1e3](13) + [b1¢4)(23) + [b1c5)(123) + [b1c6](132)
+[b2¢1](12) + [baco)e + [bacs](132) + [baca](123) + [bacs](23)] + [b2cs](13)
+[b3c1](13) + [b3c2](123) + [bscs]e + [b3ca](132) + [bacs](12) + [bacs](23)
+[bac1)(23) + [bac2](132) + [bacs](123) + [bacale + [bacs](13) + [bacg](12)
+[bs1](123) + [bsc2](13) + [bscs](23) + [bsca)(12) + [bses](132) + [bscg)e
+[bec1)(132) + [beca)(23)] + [bscs] (12) + [beca)[(13) + [bscs)e + [bscs](123)
= [a1e+ a2(12) + a3(13) + a4(23) + a5(123) + as(132)]
+[brc1]e + [Brca](12) + [brcs)(13) + [brea](28) + [b1c5)(123) + [b1cs](132)
+([baco)e + [bac1](12) + [bacs](13) + [b2c5](23) + [b2ca](123) + [b2c3](132)
+[bscsle + [bacs](12) + [bace](23) + [bac1](13) + [b3ca](123) + [bzeq)(132)
+([baca)e + [bacs](12) + [bacs](13) + [bac1)(23) + [bac3](123) + [baca](132)
+[bscsle + [bsca)(12) + [bscp)(13) + [bses](23) + [bse1](123) + [bses)(132)
+[bscs)e + [beca](12) + [boca][(13) + [becg](23) + [becs](123) + [bser](132)
= [a1e + a2(12) + a3(13) + a4(23) + a5(123) + a6(132)]
+b1[cre + 2(12) + ¢3(13) + c4(23) + ¢5(123) + ¢6(132)]
+ha[eze + c1(12) + e5(13) + ¢5(23) + ca(123) + ¢3(132))]
+bslcze + ¢5(12) + ¢6(23) + ¢1(13) + ¢2(123) + ¢4(132)]
+bglcae + c6(12) + ¢5(13) + ¢1(23) + ¢3(123) + ¢2(132)]
+bs[cee + ¢a(12) + c2(13) + c3(23) + ¢1(123) + ¢5(132))
+bs[cse + c3(12) + ¢4(13) + ¢2(23) + ¢5(123) + ¢1(132))

Note that, as it was in Chapter 5, the last six elements in the sum above are of
the form bj[cie + c2(12) + ¢3(13) + €a(23) + ¢5(123) + ¢5(132)]. The coefficients of each of



these elements may be represented as

Then

i=1

bi[cre + 2(12) + c3(13) + ca(23) + c5(123) + c6(132)]

[

b1[0], by definition of the element y in C
0.
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We may continue to treat the other elements of this sum in a similar fashion:

balcoe + ¢1(12) + c6(13) + ¢5(23) + c4(123) + c3(132))

" 5

b2[0], by definition of the element y in C
0.

bs[cse + c5(12) + c5(23) + 1(13) + c2(123) + c4(132)]

[

b3[0], by definition of the element y in C
0.
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balcae + c(12) + ¢5(13) + ¢1(23) + ¢3(123) + ¢2(132)]

-

= by[0], by definition of the element y in C
= 0.

bslcee + ca(12) + ca(13) + c3(23) + ¢1(123) + ¢5(132))

- o[

= bz[0], by definition of the element y in C
= 0

bﬁ[Cse -+ C3(12) + C4(13) + &2 (23) + 66(123) + 01(132)]

= bg[0], by definition of the element y in C
= 0.

Then we have

= |a1e+ a2(12) + a3(13) + a4(23) + a5(123) + ag(132)]
+51[0] + b2[0] + b3[0] + b4{0] + &1[0]

= [a1e+ a2(12) + a3(13) + a4(23) + a5(123) + as(132)] + 0

= [are+ a2(12) + a3(13) + a4(23) + a5(123) + a(132))
eC

Then C satisfies the Submodule Criterion and is a ZgS3-submodule of ZgSs.
Now we would like to show that ZyS3 = A @ C. This means that every element of Z5S53
can be represented as a sum of elements from A and C. Take a = ke + k(12) -+ k(13) +



71

k(23) + k(123) +k(132) € A and ¢ = cre+c2(12) +c3(13) + ¢4(23) +¢5(123) +¢5(132) € C
such that 3°5_, ¢; = 0. Then

a+c = [ke+k(12)+ k(13) + k(23) + k(123) + k(132)]
+{ere + ¢2(12) + ¢3(13) + a(23) + ¢5(123) + c6(132)]
= (k+ci)e+ (k+e2)(12) + (k + ¢3)(13) + (k +¢4)(23) + (K + cs)(123)'—|-
(k + c6)(132)

The sum of the &£ and ¢;,i = 1,...,6 are in Zs and can be represented as

6 6 6
Dlkte) = D k+) o

i=1 i=1 =1

6

= Y k+0
zjl

= Zk
i=1

= 6k

Since 6k is an element of Zs, it is equal to one of the elements of the set {0,1,2, 3, 4}.
If k =0, then we have

6

6
dlk+a) = > (0+a)
i=1

i=1

6 6
= ZO+Z@
i=1 i=1

= 040
= 0.



If £ = 1, then we have

If k = 2, then we have

If k = 3, then we have

6
A

i=1

6
> (k+ei)

i=1
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6
D o(+a)

=1

6 4]
N1+Y e
=1 =1
6+0
6

1in Z5S3.

6
> @2+a)

i=1

6 6
24
=1 =1
12+0
12

2 in ZsSs.

6
D> B+a)
i=1
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If k = 4, then we have

6
Sk+a) = Y (d+a)

= 4in ZsSs.

If ZsSs = A @ C, then we must be able to represent each element of ZsSs3 as a unique

sum of elements from A and C.
Is it possible to write any « € Z5S83 in the form a 4+ ¢, where a € A and c € C7

For example, choose an arbitrary element o of Z5S53. We will try to represent this element

o asasum a-+ ¢, whereae A and ce C.

Let a = 4e+1(12)+0(13)+3(23) +2(123) +1(132) € Z553. Then choose a = le+1(12) +
1(13)4+1(23)+1(123)+1(132) € A and ¢ = 3e+0(12)+4(13)+2(23)+1(123)+0(132) € C,
since Y0 0 =3-+0+4+4+2+14+0=10=0¢€ ZsSs.
Then
a+c = [le+1(12) +1(13) + 1(23) + 1(123) + 1(132)]
+[3e 4+ 0(12) + 4(13) + 2(23) + 1(123) + 0(132)]
= (1+3)e+(1+0)(12)+ (1 +4)(13) + (1 +2)(23) + (1 + 1)(123) + (1 + 0)(132)
= de+1(12) + 0(13) + 3(23) + 2(123) + 1(132)

= a.
If we add the a; of a, we have
e = 4+14+0+3+2+1

= 11
= lin Z5.
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As we demonstrated in the cases above, the sum of the a; of « is equal to the value of &,
the coefficient of the components of a. That is, both k = 1 and 22;0 a; = 1.

Consider a second example. Let 8 be another element of Z5S3, 8 different from a. We

wish to represent 5 as a’ + ¢/, where @’ € A and ¢ € C.

Let 8 = 3e + 1(12) + 3(13) + 4(23) + 4(123) + 2(132) € Z553. We may then choose
o = 2e+2(12) +2(13) +2(23) +2(123) +2(132) € A and ¢ = le-+4(12) +1(13) +2(23) +
2(123) +0(132) € C, since

6

Y d=1+4+1+2+2+0=10=0¢€ Z55s
=0

Then

d+c = [2e+2(12) +2(13) + 2(23) + 2(123) + 2(132)]
+[le + 4(12) + 1(13) + 2(23) + 2(123) + 0(132)]
= 2+ De+ (2+4)(12) + (24 1)(13) + (2 + 2)(23) + (2 + 2)(123) + (2 + 0)(132)
= 3e+1(12) + 3(13) + 4(23) + 4(123) + 2(132)
= B.
If we add the a] of 8, we have
iai = 3+14+3+4+4+2
i=0 1
= 2in Zs.

Once again, the sum of the a; of 3 is equal to the value of k. Both are equal to 2.

Now we want to see if it is possible to represent each of the single elements of Zs5S3.
Consider the element le. We want to represent le as the sum of some o + ¢ where
¢ € Aand ¢ € C. Then let @ = le + 1(12) 4+ 1(13) + 1(23) + 1(123) + 1(132) and let
c = Oe + 4(12) + 4(13) + 4(23) 4 4(123) + 4(132) € C, since

6
Doc=0+4+4+4+4+4=20=0€Zs.

i=0
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So

a+ec = [le+1(12)+1(13) + 1(23) + 1(123) + 1(132)]
+[0e + 4(12) + 4(13) + 4(23) + 4(123) + 4(132)]
= le+ 5(12) + 5(13) + 5(23) + 5(123) + 5(132)
= le-+0(12) +0(13) + 0(23) + 0(123) + 0(132) in Z5S;

= le,

Now try to represent the element 2e € Z5S3 in a similar fashion. We would like to find
a € A and ¢ € C so that a+ ¢ = 2e. Let a = 2e+ 2(12) + 2(13) + 2(23) 4 2(123) + 2(132)
and let ¢ = 0e+3(12) 4+ 3(13) + 3(23) -+ 3(123) + 3(132). The element ¢ belongs to C since

6
Y ei=0+3+3+3+3+3=15=0€Zs
=0

Then
a+c = [2e+42(12) +2(13) + 2(23) + 2(123) + 2(132)]
+[0e + 3(12) + 3(13) + 3(23) + 3(123) + 3(132)]
= 2e+5(12) + 5(13) + 5(23) + 5(123) + 5(132)
= 2e+ 0(12) + 0(13) + 0(23) + 0(123) + 0(132) in Z5S5;
= 2.

Let us now write the element 3e € Z553 asasumofa € Aand ¢ € C. Let a = 3e+3(12)+
3(13) + 3(23) + 3(123) + 3(132) and let ¢ = Oe + 2(12) + 2(13) + 2(23) + 2(123) + 2(132).

This element ¢ is in C since

6
Y ei=0+2+2+2+242=10=0€ Z;.
=0

Then
at+c = [3e+3(12) + 3(i3) + 3(23) + 3(123) + 3(132)]
+[0e + 2(12) + 2(13) + 2(23) + 2(123) + 2(132)]
= 3e+5(12) + 5(13) + 5(23) + 5(123) + 5(132)
= 3e+0(12) +0(13) + 0(23) + 0(123) + 0(132) in Z5S3
= 3e.
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Finally let us represent 4e as a sum of a+c € A+C. Let a = 4e+4(12) +4(13) +4(23) +
4(123) 4+ 4(132) and c = 0e + 1(12) + 1(13) + 1(23) + 1(123) + 1(132). Now ¢ € C because

6
d ei=0+1+1+1+1+1=>5=0€ Z55s.
i=0 .

So
atc = [de+4(12) + 4(13) + 4(23) + 4(123) + 4(132)]
+[0e + 1(12) -+ 1(13) + 1(23) + 1(123) + 1(132)]
= de+5(12) + 5(13) + 5(23) + 5(123) + 5(132)
= 4e+0(12) + 0(13) + 0(23) + 0(123) + 0(132) in Z5Ss
= de.

We may represent the remaining elements of Z5S3 in a similar fashion:

1(12) = [le+1(12) + 1(13) + 1(23) + 1(123) + 1(132)]
+[4e + 0(12) + 4(13) + 4(23) + 4(123) + 4(132),

2(12) = [2e+2(12) + 2(13) + 2(23) + 2(123) + 2(132)]
+[3e + 0(12) + 3(13) + 3(23) + 3(123) + 3(132),
3(12) = [3e+3(12)+ 3(13) + 3(23) + 3(123) + 3(132)]

+[2e + 0(12) + 2(13) + 2(23) + 2(123) + 2(132),
4(12) = [de+ 4(12) + 4(13) + 4(23) + 4(123) + 4(132)]
+[le 4+ 0(12) + 1(13) + 1(23) + 1(123) + 1(132),

1{(13) = [le+1(12) +1(13) + 1(23) + 1(123) + 1(132)]
+[4e + 4(12) 4 0(13) + 4(23) + 4(123) + 4(132),
2(13) = [2e+2(12) +2(13) + 2(23) +2(123) + 2(132)]
+[3e + 3(12) + 0(13) + 3(23) + 3(123) + 3(132),
3(13) = [3e+3(12) + 3(13) + 3(23) + 3(123) + 3(132))
+[2e + 2(12) + 0(13) + 2(23) + 2(123) + 2(132),
4(13) = [de+4(12) +4(13) + 4(23) + 4(123) + 4(132))

+[le + 1(12) + 0(13) + 1(23) + 1(123) + 1(132),



1(23)

2(23)

3(23)

4(23)

1(123)

2(123)

3(123)

4(123)

1(132)

2(132)

3(132)

4(132)

I

[le+ 1(12) + 1(13) + 1(23) + 1(123) + 1(132)]
+[de + 4(12) + 4(13) + 0(23) + 4(123) + 4(132),
[2e + 2(12) + 2(13) + 2(28) + 2(123) + 2(132))
+[3e + 3(12) + 3(13) + 0(23) + 3(123) + 3(132),
[3e + 3(12) + 3(13) + 3(23) + 3(123) + 3(132)]
+[2e + 2(12) + 2(13) + 0(23) + 2(123) + 2(132),
[de + 4(12) + 4(13) + 4(23) + 4(123) + 4(132))
+[le + 1(12) + 1(13) + 0(23) + 1(123) + 1(132),

[le +1(12) + 1(13) + 1(23) + 1(123) + 1(132)]
+[de + 4(12) + 4(13) + 4(23) + 0(123) + 4(132),
[2e + 2(12) + 2(13) + 2(23) + 2(123) + 2(132)]
+[3e + 3(12) + 3(13) + 3(23) + 0(123) + 3(132),
[3e + 3(12) + 3(13) + 3(23) -+ 3(123) + 3(132)]
+[2e + 2(12) + 2(13) + 2(23) + 0(123) + 2(132),
[de +4(12) + 4(13) + 4(23) + 4(123) 4 4(132)]
+[1le + 1(12) + 1(13) + 1(23) + 0(123) + 1(132),

[le +1(12) + 1(13) + 1(23) + 1(123) + 1(132)]
+[4e + 4(12) + 4(13) + 4(23) + 4(123) + 0(132),
[2e + 2(12) + 2(13) + 2(23) + 2(123) + 2(132)]
+[3e + 3(12) + 3(13) + 3(23) + 3(123) + 0(132),
[3e + 3(12) + 3(13) + 3(23) + 3(123) + 3(132)]
+[2e + 2(12) + 2(13) + 2(23) + 2(123) + 0(132),
[de + 4(12) 4 4(13) + 4(23) + 4(123) + 4(132))
+[le + 1(12) + 1(13) + 1(23) + 1(123) + 0(132),
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If we can prove that these representations are unique, then we may say that ZsSs = A®C,

and that ZsS3 is semisimple. This supports the findings of Theorem 4.22, Machke’s

Theorem.
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Chapter 7

Future Research

The overall goal of this research has been to explore the structure of Z2S3 and
Z553. There is still much to be learned about these two modules. This chapter contains
the goals that we have set for future research and study of the modules Z3S53 and Zs555.

First we would like to find the simple submodules of Z3S3/Rad(Z2Ss) which
make Z9S3/Rad(Z»S3) a semisimple module. We will consider it both as a Z,.S3-submodule
as well as a ZyS3/Rad(Zy53)-submodule in Z3S3. The progress that has been made thus-
far is given below in Section 7.1.

In Chapter 3 we gave the definition of the socle and socle series of 2 module.
We aim to find the socle of the modules ZsS3 and Z2S;. To do this, we will find the
largest semisimple submodule of each module, which is called the socle, or socM. Then
we will find the quotient modules that result from dividing each submodule by the socle
of the module. These resulting quotient modules will yield a sequence of submodules

which cause the module M to be a Noetherian module as well as an Artinian module.

7.1 The Simple Submodules of Z,S3/Rad(Z2S3).

We have started looking for the simple submodules which cause Z3S53/Rad(Z2S3) to be

semisimple. Below is some of the work that has been made towards this goal.
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Consider a subset M; of ZoS3/A:
M, = {A,1le+1(12) + 1{(123) + A}.
Since A = {ay, a1}, we may define the elements of M; in two ways:

A = le+1(12)+1(13) +1(23) + 1(123) + 1(132) + A
= Oe-+0(12) + 0(13) + 0(23) + 0(123) + 0(132) + A
le+1(12) +1(123) + A = 1(13) +1(23) +1(132) + A

M; is also closed under the multiplication of elements of ZgSs:

We can see that 1le- A = A, as it was with the two previous submodules.

[le+ 1(12) + 1(13)] - [le + 1(12) + 1(13) + 4]
= lele+ lel(12) + 1lel(13) + 1(12)1e + 1(12)1(12) + 1(12)1(13) + 1(13)1e
+1(13)1(12) + 1(13)1(13) + A
= le+ 1(12) + 1(123) + 1(12) + le + 1(23) + 1(123) + 1(13) + 1(132) + A
= 2e+2(12) + 1(13) + 1(23) + 2(123) + 1(132) + A
= 1(13)+1(23) +1(132) + A
= le+1(12) +1(123)+ A
€ M.

We can prove that M; is a submodule of ZyS3/A and that it is generated by its element
< le+1(12) + 1(123) + A >. Therefore it is a simple submodule of Z3S53/A.
S0 in the future we would like to find other simple submodules of Z2S3/A4 and

prove its semisimplicity.
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Chapter 8

Conclusion

In Chapters 2 and 3, we have demonstrated the connections that exist between
Ring Theory and Module Theory. The aim of these two chapters has been both to create
the necessary foundation for understanding modules as well as for helping the reader to see
the similarities between the two fields of study. In Chapter 4 we explored Representation
Theory. This particular field of study has many different aspects to it. Our focus has
remained within the representations of a group using modules.

In Chapter 5 we examined the module Z2Ss. After examining the elements
of Z383 and the action that they have on each other, the module Z;55 was examined
both as a Zs-module and as a ZsSs-module. We have shown that the module Z;,53 is
not semisimple as a ZoSz-module. As a direct result it is not simple as a ZySs-module
either. The subset A = {ao,bq}, which was defined in Section 5.4, has been shown
to be both a ZsS83;-submodule of Z53 and a Zg-submodule of Z»S3. Because A is a
proper submodule, the module Z,S53 is not simple, neither as a ZsS3-module or as a
Zs-module. The submodule A is the radical of Z»S55. We then used the submodule A to
form a quotient module Z3S3/A. Finally we showed that the subset M forms a proper
ZyS3-submodule of the quotient module ZgS3/A.

In Chapter 6 we looked at the structure and properties of the module Z5S53. We
examined its elements and their actions in relation to one another in a similar fashion to
the way we examined those of the module Z»S3 in Chapter 5. Because the order of the
module Z5S3 is larger than the order of the module Z5S3, the structure of Zs5S3 differs

from the structure of ZsS3. We then considered Z5;S3 as a Zs-module as well as a ZgSs-
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module. Upon examination we concluded that, according to Machke’s Theorem, Z;53 is
semisimple as a ZgS3-module. It is also semisimple as a Zs-module, since we found that
the radical of Z5S53 is equal to zero. The module is also semisimple because Z5S3 can be
viewed as a vector space over Zs. However, ZsS3 is not simple as a Zs-module because we
found that ZsS3 has proper submodules. In Section 6.3, we found two ZsS3-submodules
of Z5S3 and named them A and C. We then gave evidence that ZsS; = AS C.

There is still much that remains to be explored within the structures of ZyS3
and Z5S3. Chapter seven is dedicated to future research. Our future goal is to find the
simple submodules of Z2S3/A which make it semisimple as a ZzS3-module as well as a
Z5S3/A-module.
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