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ABSTRACT

This paper demonstrates how an elliptic curve f defined by invariance under
two involutions can be represented by the locus of circumcenters of isosceles triangles in
the hyperbolic plane, using any inversive model. An elliptic curve carries the structure
of an abelian group, and we derive the product formula as a type of sum of the diameters
of the circumcircles of the hyperbolic triangles whose centers are on the curve. We find
that the curve has a cross-ratio x of modulus 1. Because the cross-ratio is a birational
invariant, it is unchanged by projective and inversive transformations. We use the fact
that elliptic curves with the same cross-ratio are birationally equivalent to generalize the

results obtained from curve f to all its birationally equivalent loci in the hyperbolic plane.
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Chapter 1

Introduction

1.1 Background

Elliptic curves are algebraic curves of genus 1 [MM99]. When algebraic curves
are studied as projective varieties over the complex numbers, they are generally classified
up to birational equivalence. That is, two curves are considered equivalent provided their
respective fields of rational functions are isomorphic. It is well known that every elliptic
curve is birationally equivalent to a non-singular cubic. In fact, typical representatives

are often given in affine form by the polynomials

y? = (z— 1) (z = a2) (z — 03),

where the ¢; are distinct complex numbers [Bix06). This form is useful when y is viewed
implicitly as a function of z.

However, elliptic curves often arise as solutions to the geometric locus problems
where other forms of representation are more natural. In this project I will work with
suitable representations of elliptic curves that occur as loci in the hyperbolic plane. The
classes of curves that arise this way can be described as follows.

While the genus of a curve is a birational invariant, it is not sufficient to deter-
mine birational equivalence. In particular, there are many equivalence classes of elliptic
curves, but their equivalence classes are determined by a single non-zero complex invariant
called the cross-ratio of a curve. The cross-ratio x is also a projective invariant because
it is unchanged by the projective transformations. The value of x can be computed from

four collinear points in the projective plane, or, dually, from four concurrent hnes.



Properties of cubics have been extensively studied, and there are many references
to be found on this subject. In particular, the detailed exposition of this topic can
be found in Robert Bix’s Conics and Cubics. Suppose an elliptic curve is birationally
equivalent to an irreducible cubic f. The theory of cubics tells us that f has nine flexes,
points on a curve that are also on its Hessian curve given by the determinant of its second
partial derivatives. If O is a flex, then there are four tangents to f that pass through
0, including the tangent at O. The cross-ratio of these four tangents is independent of
which flex is chosen, and this value y is the required cross-ratio of f, and of any elliptic
curve birationally equivalent to f. Actually, the specific value of x does depend on the
order in which the tangents are taken, but the 24 permutations group themselves into the
six possible values generated by the functions y — % and x = 1—1x. Thus the cross-ratio
is actually a class of values [x]. If x = —1, then [x] = {—1, 2, %}, and this is the only
cross-ratio with exactly three values in its class. In this case the curve is called harmonic
[BEGY9]. Harmonic curves are an example of elliptic curves whose cross-ratios contain
a value of modulus 1. I will show that elliptic curves with cross-ratio on the unit circle

are afforded by the following locus problem.

1.2 Locus Construction

Let POQ be a triangle with OP = O(Q), let R be the intersection of the perpen-
dicular bisectors of these equal sides, and let & be the oriented angle between the bisectors
at R (in the quadrilateral with vertices O and R). Consider the collection of all isosceles
triangles P'OQ’ with OP’ = OQ' such that P’ is collinear with O and P, and such that
the angle at R, the intersection of the perpendicular bisectors of the equal sides, is «. In
the Euclidean plane, the locus of all such R’ is a straight line since all of these triangles
are similar by dilation about O. In the hyperbolic plane, however, the locus is not a line.
How can we characterize this locus? It may seem that any characterization depends
on the model chosen for the hyperbolic plane. The problem itself suggests a conformal
model because o must be constant. Some of the most useful conformal models are
inversive models, for example, Poincaré disk and the upper half-plane. I will use the
Poincaré disk in this project (though the result will be true for any inversive model) be-
cause the loci described above exhibit certain symmetries under Mobius transformations

that permit them to be described very easily in this model. The main result is that such



21'0"] . Thus we

a locus consists of the real points on the elliptic.curve with cross-ratio [e
obtain a characterization of elliptic curves whose cross-ratios are on the unit circle via an

elementary locus problem in the hyperbolic plane [Sar08].

1.3 Product Structure

It is well-known that an irreducible and non-singular cubic curve carries the
structure of an abelian group by the following construction [Bix06]. Let O be any flex
of the non-singular, irreducible cubic F. We are looking at F as a projective complex
curve, so the points of /' are homogeneous triples (z,y, z) of complex numbers. Let P
and () be two points of F that are not necessarily distinct. We define addition of two
points P and @ in the following manner: let S be the third point of intersection of line
PQ with F'; then P + @ is the third point of intersection of line OS with F. Using this
definition of addition of points on F, it is easy to show that the commutative law holds,
P+Q=Q+P Also, P+ O = P, and, therefore, the flex O is the identity element. For
any point P on F, there is the additive inversé —P such that P + (—P) = O. Finally,
it is possible to show that the associative law also holds for any three points of F, that
is (P+Q)+R=P+(@+ R) for points P,Q, R on F. For a curve with cross-ratio on
the unit circle, the abelian group described above has a natural subgroup that can be
represented using the Poincaré disk.

If the vertex of the isosceles triangles in. the locus construction described above
is placed at O, the center of the disk, the resulting elliptic curve will be an irreducible
cubic, and O will be a flex, which we take as tlie identity element for the group product.
Symmetry about the origin shows that the inverse of any point on the curve is its negative
as a complex number. Following the product construction we find that product of any
two points on the curve may fall outside of the disk. However, the curve is also invariant
under the involution f(z) = 1 so we can identify a point with the reciprocal of the
complex number that represents it (in particular, the point O is identified with the point
at infinity in the completed complex plane). Thus the points on the curve within the
disk are a quotient of the subgroup of real points on the curve by this involution. Since
collineations of the hyperbolic plane induce birational transformations, it really does not

matter where we place the vertex of the triangles. The resulting elliptic curve may not

be cubic but the product structure can be carried over in a manner compatible with



the transformation that takes the vertex back to 0. We investigate how this product
structure results in a type of sum on the diameters of the circumcircles of the triangles
whose centers are the points on the curve. This provides an interpretation of the product
structure that is independent of the projective representation of the curve.

Some extensive calculations needed for this paper as well as all graphics were

produced using the Scientific WorkPlace 5.5 designed by McKichan Software, Inc.



Chapter 2

Irreducible Cubic Polynomial

2.1 Introduction

As mentioned above, every elliptic curve is birationally equivalent to an irre-
ducible cubic. We will work with a family of irreducible cubic curves symmetric with
respect to the origin (in the Cartesian or complex coordinate system) that simplifies the
computations of various relations. This choice of describing cubic curves provides a nat-
ural transition into the hyperbolic representation of the curves in the Poincaré Disk. We
want to produce a general form of cubic irreducible curves that are invariant under two

1

involutions: z +— —z and z — ; for a complex point z = x + iy on the curve.

2.2 Deriving f (z,y)

Let f(z,y) be an irreducible cubic polynomial with real coefficients of the form
aze®® + a2y + a1ewy? + aosy® + a0 ®? + 117y + aoey? + a10% + agy + agp = 0. Define
the transformations T} (z) = —z and T2 (2) = 1 for z = x + iy, where z,y € R. We need
to find all irreducible cubic curves that are invariant under 7 and 15.

When we apply 77 to the variety defined by f(z,y), then we obtain variety
represented by the polynomial —aggz3 — agy 2y — a192y? — apay® +asez® + 117y +agey® —
a1pT — ap1y -+ agy, which we want to be identically equal to f(z,y). This will be true
provided the affine variety is described by the equation agoz® + ag 2%y + a1o2y® + agsy® +
a10Z+a01y = 0. Let g be the polynomial for this variety, thus g (z,y) = azoz® +ana’y+

a192y? + agay® + a0z + ap1y-



Since Ty and T} are involutions, the transformation by 75 is given by aipz® —

amay + 2a1023y? + agoz’ — 200122y ~ agz?y + aroxy? + a122y? ~ ap1y’® — agsy®. Let

5 —a01x4y+2aw :L‘3y2 +a30m3 - 2a01m2y3 -

h (z,y) represent this expression: k (z,y) = apz
a0 7%y + a10xy? + arzy? — amy® — agsy®.

We took the third degree curve g (z,y), applied transformation 7% to it, and
obtained a fifth degree curve, which will be equivalent to g (z.y) as a curve if A (z,y) =
t{z,y)g(z,9), and a102® — apzty + 2e102%y? + azox® — 20012%9° — anz?y + a0yt +
a1pzy” — aply5 —agsy® =t (z,y) (aaofv3 + a5’y + a120y® + agsy® + aroz + aofy), where
t (z,y) is a polynomial of degree 2. In addition t (z,y) must be of the form Ax?+puzy+vy?,
for some choice of A, g, and v. Our claim holds if and only if the following equation is

true:

5

a107° — ag 2y + 2a10739° + a302® — 2001 2%Y° — an1 7%y + arozy? + a127y? — ap1y® —aesy® —

()\n:2 + pzy + uyz) (a30m3 + ag1 2%y + apzy® + a03y3 + a1z +aqy) =0

or

z3azg+z°a10 —y aos —y°ao — 222y agr +22%y% a1+ zylarn + sytarg —zlyas: — ztyap — 28

Aao—z° Aago—yPvaos —yPvaos— 22y Aags — 23yE Aarn —22yP pars — 2%y  pasy — 2%y vag — o°
v2vagy—xyrag — 2y’ pagy —riypaie —zytvay —ztydan —zytpaes — riypazg— zytrarn =
0

or

% (a10 — Aago)—y (@01 + Aaz1 + page)—z® (Aa1o — azo) —z®y? (—=2a10 + Aaip + pag: + vag)—
z%y (ag1 + Aagr + pa) — 2243 (2am + Aagz + payg + vagr) — zy? (—a10 + pags + vais) —

zy? (uagr — a1z + vaio) — y° (aos + vam) — ¥° (ao1 + vaes) = 0.

Comparing the coefficients of the corresponding terms, we get the following system of

equations:



( a10 = Aagp
ago = Aaio
ag3 = —rapl
Gp1 = —vap3

ag1 + Aagy + pazg =0

az1 + Aap1 + pag =0
a0 = pags +vai
a12 = pag) + vaio

—2a19 + Aa1z + pag1 + vagg = 0

2a01 + Aags + peyg + vagy =0

In order to avoid the value of zero for ¢ (x,y) everywhere except the origin, Az?+pay+vy?
must be a definite quadratic form. This puts some restriction on the values of X, i, and
v. We must have 4\v — 2 > 0, which implies that A and v must be either both positive or

both negative. Note that A, v # 0 otherwise the cubic will factor, which is a contradiction.

Equations
a1 = Aagp
aso = Aayp
ag3 = —rag]
agr = —rag3
imply that A2 = 12 = 1.
Case 2.1, Let A=v =1
Then
a10 = aso
ag1 = —ags

ag1 + az1 + pagp =0

ag + ag1 + pap =0
@10 = pags + a12
a1z = pagy + a1

Q12 + pagel = azg

L paiz + agl = aps



which leads to the following relations:

a10 = ago’
Qp1 = —003

aiz = pap) + a10 = a3p
and p = 0. By letting azg = 1, we have foo; (7, ) = 2°+agay® +apaz’y+zy*+r—agzy = 0.

Case 2.2, let A\=v=-1

f Q10 = —ago
a1 = 4p3
agy — ag) -+ pazg =0
ag1 — ap1 + payg =0
Q10 = pag3 — aig
a12 = Hap1 — 410

Q12 — Haz1 = a3p

L @21 — pa12 = ag3
and the following relations result:
a10 = —a30

ap1 = ag3

Q12 = pagr — ap = a3e
Thus, p = 0 in this case as well. Letting agp = 1, we have fags (2,y) = z° + ap3y® +
apaz?y +ay? —z +agay=0.
For simplicity of notation, let ¢ = ap3. Thus the two cases yield these two
irreducible cubics:

faey) =2+ q® + g2y +ap® +o—qy=0

and
fomy) =2 +qP +gz’y + 2y’ —z+qy=0.



2.3 Relation Between the Two Cases of f

In the process of finding the irreducible cubics f invariant under the two trans-
formations T3 and To, we realized that there are two such families. Fortunately, we do not
have to work with both of them. It happens that these two cubics are related by a simple

projective transformation, and we will work only with one them. A transformation T

1

that relates the two expressions can be defined in the following way: @ +— y, ¢+ =

7 1 1 1
T (fq (x,fy)) =9°+ Eyzx +ya? + 6:c3 +y--e=0.

Multiplying both sides by ¢ and simplifying yields z3+qy® +gzy+zy? —z+qy = £, (z,7).
Therefore, we will consider only one of these cases, the second one. As a result, we have

a one-parameter family of irreducible cubics
fo(e,y) = ° + q5® + g2’y + oy’ —z + gy (2.1)

that is invariant under the involutions z — —z and z — % for a point (z,y) on the curve,
represented by z = x + iy in complex plane. Note also that f_, (z,3) = f4(z,—y),
so changing the sign of ¢ just reflects the curve in the z-axis. Thus, without loss of

generality, we assume ¢ > 0.

2.4 Special Case: fi(z,y)

To illustrate the two cases obtained above, let ¢ = 1. Then, we get the following

two curves:
fl(m,y)=m3+y3—l—w2y—i—xy2+a:—y=0, for \=v=1 (2.2)

and

fl(:z,y)=a:3+y3-|-w2y+:cy2—a:+y=0, for A=v=-1 (2.3)

Figure 2.1 and Figure 2.2 show the graphs of these two curves. To transform 2.1 into

2.2, we rotate the curve by the angle of 7 and reflect it in the z-axis.
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27

Figure 2.1: Graph of fy for A=v =1
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Figure 2.2: Graph of f; for A=v = -1
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Chapter 3

Cross-Ratio

3.1 Introduction

Computations with elliptic curves can be difficult to do. Fortunately, there
are some ways of representing such curves by working with a suitable representation
model. I will work with a representation of elliptic curves as loci in the hyperbolic plane.
In addition, we can choose to consider equivalence classes of elliptic curves, which are
determined by a single non-zero complex invariant called the cross-ratio. The cross-ratio
x 18 a projective invariant because it is unchanged by any projective transformation. I
will use tools available in the projective geometry to evaluate y, which can be computed

from four collinear points in the projective plane, or, dually, from four concurrent lines.

3.2 Introduction to the Projective Plane RP?

The choice of working in the projective plane to obtain x was not accidental.
Projective geometry has properties that make it much easier to get the job done. We
define a homogeneous coordinate system similar to the usual three-dimensional system of
coordinates with the z-,y-, and z-axes and the origin at [0,0,0]. The projective plane,
usually denoted by RP?, is comprised of the Euclidean plane and so called points at
infinity of the form |a,b,0] for ¢,b € R [Bix06]. To distinguish between the objects in
projective and Euclidean plane that have the same name but different meaning, we use
capitalization of the first letter of the word to show that we identify a projective object.

For example, a point in Euclidean plane is an ordered pair (z,y) indicating its location
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in the zy-plane, while a projective Point [a,b, | € RP? corresponds to a one-dimensional
subspace R%*spanned by (a,b,c). A Line < a,b,¢ >€ RP? corresponds to a normal
vector (a,b,c) defining a two-dimensional subspace of R3. The introduction of points
at infinity yields some wonderful results in the projective plane. One of them is the
Fundamental Theorem of Projective Geometry, which states that any two quadrangles in
RP? are congruent, and there exists a unique projective transformation that relates them
[BEGY99]. This theorem allows us to apply transformations and get figures congruent
to the originally given figures, which significantly simplifies calculations in many cases.
Another important result of projective geometry is the principle of duality, which allows
us to interchange the roles of Points and Lines [BEG9Y|. Such exchange often helps to
prove results that maybe hard to prove otherwise.

In this system of homogeneous coordinates, algebraic curves are obtained from
the affine varieties in z,y by homogenization, that is every term is made to be of the same
degree by multiplying by appropriate powers of the third variable z. A curve G (z,y, z) in
the projective plane is said to be singular at a Point P € G (z,y, z) if every line through
P intersects G (x,y,z) at least twice at that Point. If, on the other hand, there is a
unique line intersecting G (,y, z) more than once at P, then G (z,y,2) is said to be
nonsingular at P [Bix06]. This unique line is a tangent to the curve at P. There are
Points on projective curves of-special interest to us. A Point P is a flex of G (z,y, 2) if
G is nonsingular at P and if G (z,y, ) intersects the tangent at P at least three times
[Bix06]. For example, a two-dimensional sketch of a cubic y = #3 in Figure 3.1 shows a
flex, or the inflection point, at the origin O. The origin is a flex because an infinitesimal

rotation of the tangent through O will intersect the curve y = z® three times.

3.3 Computation of the Cross-Ratio y
Consider a homogeneous irreducible cubic polynomial
fq: =+ g+ zy® + qzy — z2% + qy2* =0, where g > 0.

In order to calculate the cross-ratio of this curve, we need to find four collinear projective
Points on this curve. Based on the principle of duality, the same result can be obtained
by considering four concurrent lines that pass through the given Point [0,0, 1], which is

the flex of this curve.
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Figure 3.1: Flex of a cubic in R?

Let (zg,y0,20] € fq and suppose the tangent at this Point passes through the
flex [0,0,1]. Then

3z? + % + Qqzy — 2*
Vig = 3qy® + 2zy + qz® + gz? |,
—2zz + 2quz
and V f, (wo, 40,20} - (x,y, ) = 0 is the tangent at [z, yo, z0] . Thus,

(3z¢ + y& -+ 2qzoyo — 25) = + (3qyi + 2zoyo + gz + g25) y + (~220) (w0 — qyo) 2 = 0.

Since [0,0,1] € fg, then this tangent contains this flex provided zg (g ~ ¢yo) = 0. The

points on f, that satisfy this condition fall into two cases.
Case 3.1. [fz =0,
z5 + qyd + zoyd +9zgye = 0

zo (2 +45) +avo (z§ +45) = O
(:c% + y%) (zo+qyo) = 0
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which results in three points at infinity [1,1,0],[4,1,0], and [—¢,1,0].

Case 3.2. If zp 0, say 290 = 1, then zp = qyg. Solutions to the lalter equation are of
the form [qyo,vo,1]. We need to find the coordinates of this point such that [qyo,yo,1] €
fq- Then etther 2¢ =0, P +1=0, or yg = 0. Since q is a positive real number, the only
possible solution is when yo = 0. Thus, [qyo,yo, 1] is on the curve f, if is has coordinates
(@,0,1].

Therefore, the four Points where Lines through the flex are tangent to f, are
[1,4,0],[1,0],[—4q,1,0], and [0,0,1] . Now we find equations of the four corresponding

tangent Lines:

(1,4,0] 24+ 2q)z+ (—2¢+20)y=0= 1+ ¢i,—q+1,0),

=

[£,1,0] = (-242¢))z+ (29+20)y=0= (—1-+qi,g+1,0),
=
=

[—4,1,0] (@+Dz+ (P +9)y=0=(1,40),
[0,0,1) —z+qy=0={-1,4,0).
g
The cross-ratio x of the curve f; can be calculated as follows: x = %, where o, 3,7,6
Y
A=aC+ 8D
are solutions to the system of equations aC+p , and A, B,C,D are four
B=~C+4D

vectors representing the four concurrent Lines [Sar08]. Let A = (14 ¢i,—¢+14,0),B =
(=1+4¢qi,q+1i,0),C={(1,q,0}, and D = {—1,q,0). Then,

(—=144qi,q+14,0) =v(1,¢,0)+4d(-1,4,0)

and
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X = (q—z)

Let ¢ = tan §, where o € (0,7) (this choice of g is not accidental, and will

. « . N — (q-—z) (tan 7 7,) _ sin o
appear in this project again), Then y = (ot = (von 854 ) Note that tan § = {02~ Fcosa”

Simplifying, we get the following:

. 2
( Smg _ ’i) ’
= ﬂf’_Q Zio (3.1)
sina :
(1+cosa + 7’)

Since o € (0,7),x can take any value on a unit circle. Thus the curves fg

represent all elliptic curves with cross-ratio of modulus 1.
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Chapter 4

Locus Construction of f, in D

4.1 Introduction to the Inversive Model

At this point, we turn from the projective geometry to non-Euclidean geometry.
More than one model can be used here. The best suitable model for this segment of
my work, due to certain symmetries under Mobius transformations that will be easily
described, is the inversive model called the Poincaré Disk. In this part of the project,
our "world" will reduce to the unit disk D = {z : |2| < 1}. Lines in the disk are the
arcs of generalized circles that meet the unit disk D at right angles. We call such lines
hyperbolic. Obviously, any diameter of D is a hyperbolic line that is part of a Euclidean
line.

It is very convenient to use Hermitian matrices when working with hyperbolic
lines in an inversive model. Hermitian matrices correspond to planes that are secants,
tangents, or exterior planes to $2, depending whether the determinant is negative, zero,
or positive, respectively. Hermitian matrices will help us to identify the type of the plane

by its properties. First, we define a Hermitian matrix [Sch79):

Definition. A matriz H is a Hermitian motriz if it is equal to its conjugate transpose
, " o a b+ ic
denoted by H*. If H is Hermilian, it is of the form , fora,b,c,d € R.
b—ic d
Remark 4.1. Note that in this paper the asterisk * applied to the matriz indicates a con-
jugate transpose of that matriz, while asterisk * applied to a complex number z, indicates

the complex conjugate commonly denoted by z.
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It was shown by August Ferdinand M&bius that the value of the determinant of
a Hermitian matrix H, which represents a plane, can tell us how this plane relates to the
sphere. Much of this formalism can be found in the text written by Henry McKean and
Victor Moll called Eliiptic Curves.

Theorem 4.2. If H is a 2 X 2 Hermition matriz, then H represents:

1. a plane exterior to S if det(H) > 0.
2. a plane tangent to S* if det(H) = 0.

8. aplane secant to §? if det(H) < 0.

We can use these properties of the inversive plane by looking at Hermitian
matrices as a projective vector space. In this case, we can utilize linear algebra tools.

In particular, we define an inner product on the space of Hermitian matrices.

Definition. An inner product on the space of two Hermilian matrices Hi and Hy is
defined as (Hy,Hp) = 3T (Hl -Hgdj> .

Definition. If Hy and Hy are Hermitian matrices, then

Hy, H H,H
N (Hi, Ho) _ (Hy, Hy)

V{Hy Hi)/(Hy, Hy) | Hal|He|'

where « is the angle between Hy and Hj.

If, for any given Hermitian matrices Hy and Hy, cos « = 0, we conclude that a =
%, and Hy L Hy. Remember that by definition, hyperbolic (inversive) lines are orthogonal
to the unit disk D. Thus, the previous definition can be used to find the general form of
a hyperbolic line.
First, note that the unit circle can be represented in the form of Hermitian
1 0
0 -1

matrix as U/ =

Theorem 4.3. If an inversive line H is perpendicular to U, then either

0 b+ ci. ) ) .. b
1. H= is the line through the origin of slope 2, or
b—rci 0
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1 b+ci
2 H= ; ' . ’ ) with b24c? > 1 is the circle of radius Vb2 + ¢2 — 1 centered
—ci
at (—b+ei).
a b+ic 1 0 . )
Proof. Let H = and U = . H represents an inversive
b—ic d 0 -1
line if and only if {§i7 = 0, which is possible only if (H,U) = 0.
_ 1 adj
(H,U) = 3Tr (& - ued)
adj
b+ 1 0
_ 1 7l a T ¢
2 b—ic d 0 -1
. b+t -1 0
_ lT'r a +ic )
2 b—ic d 0 1

H is an inversive line if and only if 0 = d — @ or a = d. There are two forms H
0 b+ ic 1 b+ic ‘ )
can take: H = or H = . Let z2 =2z 4 1y.
b—ic 0 b—ic 1

0

Case 1l H =
b—ic

boti
. * ) with det(H) = — (b2 +c?). Then,

Gl ) (7)) -

2 {b—ic)+z(b+ic) = 0
20z —cy) = 0
y = -z (4.1)

and the inversive line is a line through the origin with a slope of fc’-
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1 b+ic
b—ic 1

(zl>(bjm bTC) R

1
Z*(b—ic+z)+z(b+ic)+1 = 0
)+ 1

Case 2 H = ( ) with det(H) =1 — (% +¢?).

(z—dy) (b—ic+z+iy) + (z +iy) (b+ic = 0
w2+2bm+y2—20y+1 = 0

(z+b0)f+(y-c)? = BP+2-1. (42
This inversive line is a circle centered at (—b, c) with radius of v/b% + ¢ — 1.

The two cases presented complete the proof of this theorem. O

There is another important. definition we must include. It concerns the hyper-

bolic distance and its relation to the Euclidean distance.

Definition. Let 2,29 be two complex points in the unit disk.  Then, the hyperbolic

distance between z1 and zo is defined as follows [BEG99]:

d(z1,22) = tanh™! ( 274

1—2{z

and , consequently,

d(0,2) = tanh™ (|2]) .

The Fuclidean equivalent of the length between O and a complex point z € D is given by
|2| = tanhd (0, 2). (4.3)

Note that 0 < d (0,2} < oo, while 0 < |2] < 1.

4.2 The a-Family of Isosceles Triangles

Let POQ be an isosceles triangle with OP = O@ and let € be the angle at
0,0 < 8 < m. Let R be the intersection of perpendicular bisectors of equal sides, and
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T

Figure 4.1: The a-Family of Triangles for a = J

let & be the oriented angle between the bisectors at R (in the quadrilateral with vertices
O and R). Consider the collection of all isosceles triangles P'OQ’ with OP' = OQ' such
that P’ is collinear with O and P, and such that the angle at R/, the intersection of
the perpendicular bisectors of the equal sides, is a. This collection of isosceles triangles
P'OQ) is an a-family with a fixed angle « as defined above. Figure 4.1 shows a particular
a-family for o = . We will consider the locus of all points R’ in the hyperbolic plane
using the Poincaré disk model of the hyperbolic plane. We will indicate the open unit,
disk by D.

Without loss of generality, consider the a-family with the vertex O = 0 and the
side OP on the real axis. Let s = d(O, P) = d{0,Q). Then, the Euclidean length
of OP is tanhs. Inorder to find the point of intersection of perpendicular bisectors of
the sides of the triangle POQ, point R, we need two equations representing two of the
three perpendicular bisectors. First, consider the perpendicular bisector of OP. This

hyperbolic line L is an arc of the Euclidean circle centered on the real axis, and we can
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find the equation of this circle using Hermitian matrices [Sar08].
It can be proved that an inversion of a complex point z in a circle centered at
{@,b) with radius r can be represented by the transformation

2

Ti(z) = 7 (4.4)

-
T
for a complex number v = a+bi, z # v [BEG99]. Now, consider the following construc-
tion. Let D be the unit disk, and let H be a circle centered at C' on the z-axis with radius
r. Assume that D and H are orthogonal. This assumption makes the arc of H interior
to D a hyperbolic line. Let B denote one of the points of intersection of U and H. It
is obvious that the radii of the two circles are orthogonal. Thus, we can work with the

right triangle AOBC. By the Pythagorean Theorem,

1472 =d?

where a = OC.
To find the inversion of point O in the circle H, we can use 4.4. In this case
z=0and y=C=a+10=a. Then,
2

Tl(O) = (Oi—a)*-(—a
L) = = +a

7"2—0,2
Ti0) = T=
71(0) =

=
It it also known that an inversion of a complex number z # 0 in a unit circle is

represented by this transformation Ty (2) = zl*,z # 0. Thus, for any 2 = a + 0¢,a # 0,

we have Ty (@) = &+ = 1. Note that results of both inversions yield the same output.

Let C' (%, 0) denote the point resulting from both transformations. Since T3 (0) = 1,

then M must be a midpoint of OC” with the hyperbolic length of £, and OM has the the

hyperbolic length % This observation is illustrated in Figure 4.2.

We can use the resuit above as a tool to find an equation of the perpendicular
bisector of OP in the triangle POQ. Since OP = s, then there exists a unique circle

orthogonal to D, whose center is of hyperbolic length % from O. The important fact we
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will use is that this circle bisects OP. However, s is a hyperbolic length, What is its
Euclidean equivalent? By 4.3, it is tanhs. Then, the center of the circle we want is at
(5255, 0) or (coths,0). Then, 4.2 insures that the equation of the circle whose arc is

the perpendicular bisector of OP has the Cartesian equation
(z — coth s)? + 3% = coth?s — 1

or
(z — coth )% + 32 = esch 2. (4.5)

Now consider the perpendicular bisector of PQ, which is also an angle bisector
of ZPOQ. This line has equation

7
y = ztan 5 (4.6)
We need to solve the system of equations 4.5 and 4.6:

— g
y=uztanz

(z — coth 5)? + ¢ = csch s

2
(z — coth $)? + (:c tan g) = csch?s

g
z2 tan? 5+ z? — 2z coths + coth®? s —csch?s = 0

7 1
tan® = +1 2+ —2coth s :t:+(coth2s— ) = 0.
( 8 2+ )m ( ) sinh? s

Using quadratic formula, we get:

sinh* s

2coth s & \/4 coth?s — 4 (taun2 -g + 1) (coth2 s — —%—)

T =
2 (tan? % +1)
coth s & 1/coth? s — sec? § (coth? s — csch® s)
T = ~2
SeC 3
2 5 0 96
T = coth s + 4/ coth® s — sec 3 cOos 3

Because z = (coth s+ 4/coth? s — sec? g) cos? % is outside of the unit disk, we will work

with z = (coth s — \/coth2 s — sec? %) cos? % as the only value of z in the locus we seek.
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Therefore,
2 2 g 2 g
£ = | coths— {/coth®s — sec 5 | cos 3 (4.7)
f
y = (coth s— \/coth2 s — sec? g) cos o sin —g (4.8)

and for z = rcosg and r = xsecg , we have

T = (coth 8 — \/(:oth2 s — sec? g) cos g (4.9)

Parameters 4.7—4.9 describe the locus of circumcenters of the a-family.

4.3 Relations Between the Parameters of a-Family

Now, it is time to introduce some properties of hyperbolic geometry applicable
to our construction of the a—family. Let ACB be aright triangle in the hyperbolic plane
with sides of length a, b, and hypotenuse of length ¢. Then, the hyperbolic Pythagorean
Theorem and Lobachevsky’s Theorem state that

cosh 2¢ = cosh 2a - cosh 2b (4.10)
and
tanh 2a
tan A = m, (4.1.1)
respectively [BEG99]. Using 4.10 and 4.11, we can derive the Sine Formula
, sinh 2a
sin A = ~mh 26" (4.12)

Returning to our construction, let h be the altitude of POQ from vertex O to
the base P, and let PQ) = 2a, meaning that h divides P into two equal segments of
length a. In the context of our construction of the collection of triangles P'OQ’, 4.10,
4.11, and 4.12 yield '

cosh2s = cosh2a - cosh2h, (4.13)
8 tanh 2a
tan 5 = m, (414)

. B sinh 24
S5 T Sihas (4.15)




Then

ta g _ tanh2a
"2 T Sinh2n
tan _ sinh 2a 1
2  cosh2a sinh2h
g sinh2a¢ cosh 2Ah 1
tan- = . . .
a9 T coshos smhon LV 419)
tan _ sinh 2a cosh 2k _ 1
9 1 cosh2s sinh2h’
Now, multiplying the left-hand side by jﬂ and right-hand side by % (the two ex-
2
pressions are equal by 4.15), we get
tan j‘_’ 1 _ sinh2a cosh2h 1 sinh 2s
2) sin§ - 1 cosh2s sinh 2k / sinh2a

1
7 = coth 2h - tanh 2s
COS§
#
tanh2h = cos—-tanh?2s.

2

Let M denote the point of intersection of the perpendicular bisector of the
side OF and let d denote the length of the diameter of the circumcircle centered at R.
Figure 4.3 provides an example of the set of circles whose centers are intersections of the
perpendicular bisectors of each triangle in the a-family when o = 7. It follows that

OR=¢ and OM = §. By 4.12,

il sinh (2- £)
2 sinh (2- §)
sinhs = sin % sinh d. (4.16)

This result describes the relation between the lengths s and 4 for a fixed angle ¢.
Now consider a right triangle OMR. Let u=d(R,M). Then, by 4.11,

; f tanh2u and tan a tanhs or sinh? % tanh? s
n- = n —=———, or s = .
2 inh s 2~ sinh 2’ tan® &
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sinh®?%: _  sinh? % Then,

Hyperbolic trigonometric identities state that tanh?® 2u = ehTon = Totntes:

9 0 tanh? 2u
tan® - = 17
2 sinh® s
9 sinh? 2u 1
tan® - = 195, .10
2 1+ sinh“ 24 sinh® s
28 tanh® s 1 1
Bty = e 1 + tenb?s "sinh?s
2 tan %
0 0 tanh? s tan? g 1
s = ten?e e 25 sinh?
7 tan®§ +tanh®s sinh®s
tan? -q = 1
2 cosh? s tan? 2+ sinh? s
g
cot? 7 = cosh? s tan? g +sinh®s
8
cot? 3 = cosh? ssec? e 1
g
cse? 7 = cosh? s sec? %
. 0
. €08 % = sing cosh s. (4.17)

Expression 4.17 provides the relation between angles « and 8.

4.4 Polynomial f, and o-Family

Recall the relations 4.7 and 4.17 obtained in the previous sections:
8 8
z = (coth s — 4/coth? s — sec? 5) cos? 5

«@ . 0
cos — = sin = cosh s,
2 2

respectively. We will use 4.17 in 4.7 to reduce the first relation to just one variable s

and

{(because « is a fixed quantity). Changing 4.17 into expression containing cosg- instead

-
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of sing is useful in 4.7:

o . o8
cos? = sin® 3 cosh? s

2
2 ma? Q 2
cos 7 = (1 cos 2) cosh” s

cos® %sech2 s = 1-—cos? g
g
cos® 5 = 1~ cos® %sech2 s.

Now, 4.7 can be changed as follows:

z = (coth g — \/(:oth2 s — sec? g) cos? g

1 o
_ . 2. a2 G 2
T = (coth s \/ coth®s T~ ood? —g‘-sechz s) (1 Cos 5 sech s)

coth? s — csch? scos? & — 1 o
x = coths — 5 2 (1 — cos? = sech? s)
1 —cos? §sech®s 2

x = coths (1 — cos? %sech2 s) - \/csch2 s — csch? s cos? %\/ 1 — cos? %sech2 s

z = coths— cos® % sech s csch s — csch ssin %\/1 — cos? %sech2 8. (4.18)

Similarly,

¢ g . ¢
= —_ 25 _gec?2 2 —sin —
y = (coths \/ coth® s — sec 2) cos 5 sin 7

1 o @
- — Jooth? s — — cos? & sech? ( & )
Y (coths coth®s 1_0052%3801123) \/ 1 — cos 5 sech” s { cos 5 sech s

y = cschscos %\/I — cos? % sech? s — csch s sech ssin g- cos %. (4.19)

Recall the irreducible polynomial 2.1: f, = #° + g3° + zy® + qz*y — z + qy = 0.

In its factored form this equation can be written as

(@ +3%) (= + qy) =2 — gy. (4.20)



30

Our choice of ¢ should satisfy this equation. We claim that ¢ = tan §. Using expressions
4.18 and 4.19 in 4.20, we will evaluate each element of this equation individually with

this particular choice of ¢:

T+ qy
= coth s — cos® & 5 sech s csch s — csch $sin § \ﬁ — cos? % sech? s

+ tan % csch s cos.% \/ 1 — cos? % sech? s — tan % csch ssech ssin % cos 3

2a

= coth s — cos?® £ sech s csch s — csch s sech ssin?

= tanhs

r—qy
= coth s — cos® sech scschs —cschssin & \/ 1—cos22 sech2

— tan % csch s cos —2—\/1 — cos? 2 sech? s + tan € & csch ssech ssin 5 cos 3

= coth s — sech s'csch s (cos? g - sin? 2) — 92sin 2 csch s4/1 — cos? € sech? s
2 2 p)

p)
z2 = (coth s — cos? 2 sech scsch 8 — csch ssin & \/ 1 —cos?g sech2 )

= coth? s — coth s cos? $ sech s csch s — coth s csch s sin % \/ 1 — cos? 7 sech? s

20: 2 a

— coth scos?® § sech s csch s + (cos® § sech s csch s)

+ cos? sech scsch scsch ssin £ \/ 1~ cos? & sech2

— coth.s csch ssin g \/ 1 — cos? % sech? s + cos? —g’- sech s csch s csch ssin %

9
\/ 1—cos?g sech2 s+ (csch ssin & \/ 1—cos22 sech2 )

= coth? s — 2 cos? 7 2 csch? s+

(2 cos? sech 8 csch2 s sin —— — 2 coth scsch ssin § \/ 1—cos? & sech2

2 a

+ cos? 3 sech2 scsch? s + csch2 s sin? 2 —cos® & 3 sin’ sech2 s c:sch2

2
y? = (csch 5 COS %\/ 1 —cos? § sech? s — csch s sech ssin g cos 92‘-)

2
= (cschscos g \[ — cos? & sech2 )

~2 | csch scos 21/1 — cos? 2 sech? s | (csch ssech ssin £ cos &
2 2 ) 2

H o [0 4
+ (csch s sech ssin & cos -2-)
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4

—cos* & sech2 scsch? s

= csch? s cos? %

—2csch? ssech ssin % cos2 %\/ 1 — cos? % sech? s + csch? s sech? s sin2 % cos? 3

$2+y2

= coth? s — 2 cos? % csch? s + 2 cos? 9 sech s csch? ssin -g—‘\/ 1 — cos? % sech? s

—2cothscsch ssin 2 \/ 1—cos?g sech2 s+ cos? g & sech? s csch? 5

+ csch? ssin? 2 — cos? g‘ sin® 2 sech2 s csch? s + csch? s cos? g

— cos4 2 gech? s csch? s — 2 cos? g sechs csch? ssin \/ 1—rcos?2& g sech? s
+ csch2 ssech? ssin? & cos? g

= coth® s + csch? 5 (sin? 2 — cos? 2) — 2 coth scsch ssin £4/1 — cos? € sech? s
2 7 2 53

Summarizing the calculations above, we get:

(z + qu) (=2 + )
= tanhs (coth2 5 -~ csch? s (sm & — cos® &) — 2coth s csch ssin § \/1 —cos? & sech2 )

= tanhs (coth2 8 — cos? csch2 §— 2coth scsch ssin 2 \/ 1 — cos? & sech2 s + sin® csch2 3)

2

= coth s — cos” § csch ssech s — 2csch ssin § \/ 1 —cos? g sech? s + sin? csch gsech s

=z —qy.

Therefore, we conclude that a locus of circumcenters of the a-family in the
hyperbolic plane is the same curve as the cubic obtained by the polynomial f, = z* +

qy® + zy? + qz?y —z + qy =0, when ¢ = tan § for a fixed a.
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Chapter 5

Product Structure

5.1 Introduction

It is well-known that an irreducible non-singular cubic curve carries the structure
of an abelian group by the following construction. Let O be any flex of the non-singular,
irreducible cubic F. We are looking at F as a projective complex curve, so the points of
F are homogeneous triples (z,¥, z) of complex numbers. Let P and @ be two points of
F that are not necessarily distinct. We define addition (also called "product") of two
points P and @ in the following manner: let S be the third point of intersection of line
PQ) with F'; then P 4 @ is the third point of intersection of line OS with F. Using this
definition of addition of points on F), it is easy to show that the commutative law holds
and P+ @Q = @+ P. Also, P+ O = P, and, therefore, the flex O is the identity element.
For any point P on F, there is the additive inverse —P such that P+(—P) = O. Finally,
it is possible to show that the associative law also holds for any three points of F', that is
(P+ Q)+ R=P+(Q+ R) for points P,Q, R on F. The abelian group described above
has a natural subgroup that can be represented using the Poincaré disk.

If the vertex of the isosceles triangles in the locus construction described in
Chapter 4 is placed at O, the center of the disk, the resulting elliptic curve will be an
irreducible cubic, and O will be a flex, which we take as the identity element for the
group product. Symmetry about the origin shows that the inverse of any point on the
curve is its negative as a complex number. Following the product construction we find

that product of any two points on the curve may fall outside of the disk. However, the
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curve is also invariant under the involution f(z) = 1 so we can identify a point with
the reciprocal of the complex number that represents it (in particular, the point O is
identified with the point at infinity in the completed complex plane). Thus the points
on the curve within the disk produce a quotient of the subgroup of real points on the
curve by this involution. Since collineations of the hyperbolic plane induce birational
transformations, it really does not matter where we place the vertex of the triangles. The
resulting elliptic curve may not be cubic but the product structure can be carried over
in a manner compatible with the transformation that takes the vertex back to 0. We
will investigate how this product structure results in a type of sum on the diameters of
the circumcircles of the triangles whose centers are the points on the curve. This would
provide an interpretation of the product structure that is independent of the projective

representation of the curve.

5.2 Computing the Product Rule Using Complex Numbers

Consider the homogeneous irreducible cubic f, = 23 + gy® + x3? + g2y — z2% +
qyz®. Letting z = 1 to work in the complex plane, we get the curve &3 + gy + z3? +

g%y — z + qy = 0. Once again, we want the factored form of this curve:

2 2 _T—4qy
4yt = —.
T+ qy

Let 2z = x 4 iy be the complex form of an arbitrary point on this curve. Note
that for any complex number z, z* = x — iy, the complex conjugate of z. Then, the

factored form of the cubic curve presented above can be written in the complex form as

following:
N Rez—¢qIm=z
2zt = ———
Rez+gqlmz
o M) R

%(z+z*)+-§;_(z—-z*)
. z+ 2" —igz* +igz
zz¥ = - -
z+z* gzt —igz
. (L+qi)z+ (1 — qi) 2*

S R PP sy
zz* = ﬂ._z_ (5.1)

z+ pz*’
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where p = 32

JR
If w is another point on the curve f,, then ww* = ‘1’:”—+%‘w"——:-. Let L(t) =t(z — w)+

z be the Cartesian representation of the line through the points z and w. This line has

the third real point of intersection with f;, say it is the point

L=t(z—w)+=z (5.2)
Then
L+ pL*
or

LL*(L+ pL*) — (pL+ L*) = 0.

Using the value 5.2 of L to expand this relation, we get the following equation:
—t3who* + Pw?z* + 2Pwewt — 23wzt — ptiw(w*)? + 2pt3wwrz* — ptdw(z*)? — 1322
w* + 13222 + ptd2(w*)? — 2pt2 2w 2* + pt32(2%)? + Pl s + 20waw* — 42wz + 2ptPww*
z* — 2pt2w(2*)? — 2222w + 3t22%2* + ptdz(w*)? — dptlzw*z* + 3pt2z(2*)? — 2wz —
ptw(z*)? + ptw —tz2w* +3t2?2* — 2ptzw*2* 4 3ptz(2*)? — ptz -+ tw* —t2* +222* + pz(2*)* —
pz —z* = 0. Collecting the t{-terms and factoring coeflicients of each term, we get
B (2 = w) (=" = w") (2 = w+ p (2" — w")))
2 (24 p2*) (2 = w) (2 — ") + (2 — w o+ p (* — ) (3° (2 — w) + 2 (2" — w")))
+H(w* — 2t —ple—w) +22*(z —w+ p(2* — w*)) + (2 + pz*) (2% (z — w) + 2 (z* — w*)))
+z2* (24 pz*) — 2" —zp=0.
The constant term zz* (2 + pz*) — z* — zp = 0 by 5.1. Therefore the polynomial
above has no constant term. Let F (¢) denote this polynomial:
F(t) =8 (2~ w) (& — w*) (2= w+ p (2" = w?))
2 (2 p2%) (2 — ) (2% — ) + (2 = w p(2* — ) (2* (2 = w) + 2 (2* — w*)))
+(w* —2* —pz—w) +zz* (z —w+ p(2* —w")) + (2 + pz*) (z* (z — w) + 2 (z* — w*))).
Note that if ¢ = 0,L (0} = z, and if £ = —=1,L(—1) = w. Since z,w € f,
t = 0,—1 are the roots of F (t). In order to find the third root (we represent it by R),
let G (¢) be the polynomial of the form

Gt) = (- w) (" ~w") (z~w-+p(e —w))t(t+1) (¢ — ).

We multiplied the product of three linear terms ¢ (¢ 4 1) (¢ — R) by the leading coefficient
of F' (t) to equate F (t) and G (t) and solve for R. With the setup we have, we know that
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equation F (t) — G (t) = 0 should hold. Expanding this equation, we get:
tw* — t2* + twp — tzp + 2wl — 222w 4 222%2% — t2%w* + 3t2%2 — twp(2*)? + 3t
zp(2*)? — Rt*ww* + RtPw?2* — Ri22%w* + Rt22%2* — 2twzr* + Pwp(w*)? — t2wp(z*)? +
2t22p(2")? — Rtw?w* + Rtw?z* — Rtz*w* + Rt2%2* — 2t2wzz* — Rtwp(w*)? — Rtwp(z*)% +
Rtzp(w*)2+Rtzp(z*)?+2Rtwzw* —2Rtwzz* — 2t 2 pw* 2* — Rt*wp(w*)? — Rt?wp(2*) 2+ Rt?
zp(w*)? 4+ Rt2zp(2*)? + 2RtPwzw* — 2Rt*wzz* — zpw*z* + 2Rt2wpw*2* — 2R2zpw*
2* 4+ 2Rtwpw*z* — 2Rtzpw*z® = 0.

Collecting t-terms, we can simplify the coefficients using the relation 5.1, which
holds for any 2, w € f,. After additional simplification, the equation yields the following

solution:

R w*+22* +wot2zp—22w* —wp(2* )2 - Jwzz* —2zpw* 2*

=w’—-z"+wp—zp-—'w22:‘+z2w*+wp(z")2—zp(w')2-—2'wzw‘+2wzz‘-—2wpw‘z'+2zpw‘z‘ . Since this ex-

pression represents one of the possible values ¢ can take, let t = Rin L =t (z — w)+2z. We

t L(R) = (w—=z) (w‘+2z* Fwpt-2zp—z2w* —wp(z* )2 =2wzz* —2zpui* 2" )
ge ( ) =Z= —w?z* 2wzw* Flwzz* =2punw* 2* +pw(z® 2+ putz2w® —pz{w* )2 +2pzw* 2* — pz+w® —z*

If the product of z and w, denoted by z o w, falls outside of the disk, we can
identify any point on this curve with the reciprocal of the complex number that represents

it, because fy is invariant under the involution f,(z) = % Then,

—ww* —2wz" 422w +22* —wp+z% prw? p(z* )2 —22 p{w* )2 —w2lw* ywlzz"
(== (o 2) =z Fpu —p") '

. » v .
Note that z0 0 = 0 0z = z since 22* = ’;’% on f;. However, it is not clear

Zow=

from this formula how to compute z 0 2. We will address this in Section 5.3.

5.3 Parametrization in Terms of d

At this point, we would like to develop another result from the locus of the
a-family that will help us to represent z o w as a locus of circumcenters on f;. Recall
the result 4.17 which provided a relation between the length s of the equal sides of an
isosceles triangle and angle @ between the the equal sides. This relation is

fas .8 b
08 — = sin = cosh s
2 2 !

where a is a fixed oriented angle between the perpendicular bisectors of the triangle

defining the a-family. Now we can describe the locus of circumcenters of the a-family



Figure 5.1: Product Structure of f,
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of triangles in terms of a parameter d, which is the diameter of the circumcircle centered

at z, an element of the locus of circumcenters.

20¢ ,29

cos 7 = sin Ecosh2 s
cos? % = sin g (1 + sin® 5 % sinh? d)
cos? g = sin g + sin g (cosh2 -1)
cos? g = sin® g (1 — sin? %) + sin? g sin2 5 cosh® d
cos? % = sin? g cos? % + sin? g sin® % cosh? d
cos? % (1 — sin? g) = gin® gsin2 %cosh2 d
cos? § cos? g _ sin?§ sin? § cosh®d
sin? § cos? & B sin® £ cos? §
cot? g = tan?2 3 cosh? d. (5.3)
When ¢ = tan , 5.3 yields cot £ f = gcoshd. Then,
cotzg-i-l' = 1+¢%cosh?®d
csc? g = 1+g%cosh?’d
sing = L (5.4)

2 V1+ ¢ cosh®d

and
cotg-{-i = qcoshd +1¢

If z is the complex form of the center of the circumcircle, it has a form

z=x+iy= E+-- 6
= y=r(cosy+ising .

The length of the radius r (the distance from the origin to z) can be expressed in terms

of d as tanh §. It follows that,

d sinhd cosh®d — 1
tanh - = =
2 coshd+1 coshd+ 1

and _
cosh®?d — 1 (gcoshd + 1)

(coshd + 1) +/1 + ¢ cosh?d

z(d) =



38

2
In order to simplify the notation a little bit, let H (d) = Vcosh” d—1 . Then,
(coshd+1) \/ 14-g2 cosh® d

z(d) = H(d)(gcoshd +¢) = H (d) gcoshd + i H (d)

is the one-parameter representation of a complex point z € f,, the center of a circumcircle,
in terms of the diameter of the circle.
Let d; denote the diameter of a circle centered at z and dp denocte the diameter

of a circle centered at w. Then,

z(dl) = H(dl) gcoshdy, +iH (dl)

and

w{dg) = H (dz) gcoshdg + iH (ds) .

If z =z +4y and w = u+ v are any complex numbers representing points of f,, then we

can write these number in terms of d; and ds using the following relations:

r = H(d)gcoshdy, (5.5)
y = H(d), (5.6)
v = H(dy)qgcoshdy, (6.7)
v = Hdy). (5.8)

Recall the product rule we obtained earlier:

—ww* —2wz” 22w +z2* —w?p+22 o+l p(2* )2 — 22 p(w* )2 —w2lw* L w2z2*
= e e man)

zow = for any complex num-

bers z,w € f;. Letting z =z + iy, w=u+iv, and p= %—4_'3% changes the product rule
into a very lengthy result of the form X + 1Y, where X and Y are expressions in terms of
z,y,u,v, and q. These, in their turn, can be replaced by 5.5-5.8. Now we calculate the
ratio of % In this expression, we utilize 5.3, and for ¢ = tan § we have cot g = gcoshd.
Simplification yields

cosh(dy ody) =

9(—Car Can+C3y+Cp+4°C31 Gy~ % Cin Caa— /20, +11/ P20, +1v/Ca =IO F1vTaz =1/ T F1-1)
Ca1 Cdg—qQCgl —q20§2+q2(}'§1 C§2+q20d16'd2— \/&2 CE'I_'JFI q20§2+1JO¢1— 1./Ca1+1vVCaa—1vCTiat+1-1 !
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where Cg; = coshdy, Cg2 = coshdy. Notation (di o dp) expresses the fact that the result

has two parameters dj and dg, as our expression is dependent only on d; and ds.

Now, in the locus construction, s denotes the length of the two equal sides of
isosceles triangle. Relation 4.16 will become very useful now. It states that sinhs =
sin §sinhd, where 8 = §. Then,

g®cosh®d+1 = tan?Bcosh®d+1
(1+ sinh? d) sin® 8 | cos? 8
cos? 3 1 cos? 8
cosh? s
cos? B’

2 2 _ cosh s
v/ g?cosh®d +1 wosf (5.9)

We also will use the following hyperbolic trigonometric property:

Therefore

/(coshdy — 1) (coshd; + 1)+/(coshd; — 1) (coshdz + 1) = sinh dj sinh ds. (5.10)

Let Cs1 = coshsy, Csg = cosh sy, Sg1 = sinhdj, Sgz = sinhdp, Ss1 = sinh sy, and Ss =

sinh s3. Then 5.9 and 5.10 yield
C,
/0202 11 = 5
¢°Ci+1 cos B

VCai — 13/Ca1 + 14/Cas — 13/Caz + 1 = S1.8us.

Using these relations, we can eliminate the square roots from cosh (d; o d2). In addition,

and

we can substitute g by tan 3 :

_ (tan B) (~Cur Cap+Ch +Cl—Car Cup tan? f+C3; C3, tan? = Sl o1 Sap —1)
cosh (dy o dg) = 2 D0 g o2 1o 2 2 3107 O ant §—Ca1 Cu%ar® )
Odlcdz—cdl tan® §—Cjg, tan= 8+Cq1Cy2 tan 13+Cdlcd2 tan' ﬁ——‘—;sz—gl—ﬁ-—l

Repeated use of the relation sinh s = sin Ssinh d in this expression, simplifies it

even further to

(Ss1) (—CayCaz + S5 + 52, — Cs1C528a1Sap + Sa15225515s2 + 1)
\/831 - S.?l (3315522 + CqiCap — C51Cs2S41842 — 1)

cosh (d1 0 dz) =
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It can be shown that this relation is equivalent to the following expression [Sar08]:

Ci1Caz + 5a1822C51Cs2

cosh (dy o dg) = |(Ss18a2 — 1) (Sg1Ss2 + 1))

or
cosh dj cosh da + sinh d; sinh dj cosh 57 cosh s

|(sinh 51 sinh dy — 1) (sinh d; sinh s9 + 1)|

This is our product formula in terms of the diameters of the circumcircles at the

cosh (dy o dp) =

(5.11)

points z and w on the curve. Note that, as a — 0, the formula reduces to

cosh (d; o dg) = coshdy coshdp + sinh d sinhdy = cosh {dy + ds) .
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Chapter 6

Birational Equivalence of Elliptic

Curves

It is well known that any elliptic curve (degree does not have to be three) can
be transformed into an irreducible cubic using a birational transformation. We say
that these curves are birationally equivalent As it was stated before, the classes of the
irreducible cubics depend on the value of the cross-ratio of each class. Using birational

equivalence, we can attribute this cross-ratio any elliptic curve.

Theorem 6.1. The locus of circumcenters of an a-family of isosceles iriangles in any
inversive model of the hyperbolic plane is the real points of an elliptic curve whose cross-
ratio is €] . Conversely, the real points of any elliptic curve whose cross-ratio is on

unit circle can be produced by such a locus.

Proof. Without loss of generality, we may use the Poincaré disk model of the hyperbolic
plane, because any other model can be obtained from an inversive transformation that
afford an equivalent measure of distance. If we transform the a-family with vertex at the
origin and axis the real line to any other vertex and axis, then the new family of triangles
will still be an a-family, and the new locus of circumcenters will remain an elliptic curve
birationally equivalent to the original one because linear fractional transformations induce
birational transformations. In particular, its cross-ratio will still be e?*®. By 3.1, we
know that f; has the cross-ratio on the unit circle. On the other hand, at the end of
Section 4.4 we demonstrated that a locus of circumeenters of o-family in the hyperbolic

plane is the curve f;, when ¢ = tan §. O
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Therefore, ‘the argument above insures that the product rule 5.11 obtained by
working with specially designed cubic fg is valid for any locus of circumcenters in the
hyperbolic plane.

Let £*(0, Ly) be the locus of circumcenters for the constant angle ¢, with vertex
at 0 and axis Ly, the rotation of the real line by ¢. Then f*(0,Ls) is a cubic curve for
any ¢, and f~%(0, Lg) is its reflection in Lg. Since any transformation is a hyperbolic
translation Tp,(Z) = m—zﬁé% followed by a rotation about 0, we look at the effect of T3, on
Fe(0, Lo). Let L = Trp{Lp). If m = a+1b we find that f*(m, L) is described by the equa-
tion f_,(a,b) (z* + y2)2 + gm(z,y) =0, where gn, is cubic. It follows that Ty, (f*(0, Lo))
is cubic precisely when m is on f~%(0, Lg), which generalizes to the following conclusion
[Sar08].

Theorem 6.2. The curve T, (f*(0, Ly)) is cubic if and only if m is on f~%(0, Ly).

Corollary 6.3. If m # 0 there is a unique axis L for which f*(m, L} is a cubic. If M is
the line through 0 and m, and v is the angle of parallelism for the distance s = s(0,m),
then L = RT(M), the hyperbolic rotation of M about m, where tan ¢ = cot § sin .

zm
m*z--1

For example, consider a transformation T'(z) = for z = z + iy. Note
that T'(0) = m, which means that T' maps vertex O to some point m € D, m = a + ib.
How will the locus of circumcenters look after this transformation? The original locus
had the equation f; (z,y) = z® + qy® + gy + zy? — z + qy. Without loss of generality,
let g =1. Then, fi(z,y) = 23+ 4% + 2%y + zy> —z +y. We can find T (f1) by applying

T-! to the variables z,y and substituting into f.
T-1(2) = 20 = (Kb;y)(ﬂy~bw)+(ﬂ—w)(ﬂw+by—9) +4 ((b—y)ﬁaw+by—1)—(a—w)(ay—bw))
—-m*z+1 {(~ey+be)2+{—az—by+1)2 (—ay+br)*+(—ax—by+1)* ’
Using these new values of z and y in the curve fi, we get the following new

equation in the polar form:
fr,0) =

—r* (a+b— a3+ b3 — ab? + ab) + r3 (cos §) (6ab — 207 — a* + b* + 2ab® + 2a%b + 1)
+7° (sin 6) (2ab+ 6b% — a* + b* — 2ab% — 2036+ 1)

—2r% (2b (a® + b2 + 1) + a (302 — a® + 1) sin 20 + b (3a® — b2 — 1) cos 26)

—r(sin8) (66% — 2ab — a* + b* + 2ab3 + 2236 + 1)
+r (cos 6) (b* — 26% — a* — 6ab — 2ab® — 2a%p + 1)
+(a—b—a3—b3—ab2—a2b).
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Figure 6.1: f1 form = 3

Such quartics are called bicircular because its fourth degree term is of the form
(:1:2 + y2)2. Such curves have genus 0 or 1 because they have two ordinary singularities
at infinity [MM99].

Since m = a + ib is the vertex of the curve, we can experiment with it and move
it from O (originally used as our vertex in this project) to another point in the units disk.
We can find the equation of f; for this particular choice of m.

Let m = 1. This choice of the vertex shifts this point from the origin to the

point (1,0) on the real axis. The equation resulting is
5y — 5r — 8xy + 5% — 221 + 5% — 2y + 5y + 5%y — Az%y? 4-2 =0.

Figure 6.1 shows the resulting locus of circumcenters.

Consider another example when the vertex O is moved away from the real axis.

This time, let m = % + '&% The resulting equation after this transformation is
5z + 9y — 12zy — 102% + 923 — 149° — 42 + 113° — 4y + 9zy? + 11z2y — 82292 — 2 =0,

and Figure 6.2 presents the resulting curve in this case.



Figure 6.2: f) form =} +1i
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