California State University, San Bernardino

CSUSB ScholarWorks

Theses Digitization Project John M. Pfau Library

2010

The Riesz representation theorem for linear functionals

Thomas Daniel Schellhous

Follow this and additional works at: https://scholarworks.lib.csusb.edu/etd-project

b Part of the Geometry and Topology Commons

Recommended Citation

Schellhous, Thomas Daniel, "The Riesz representation theorem for linear functionals" (2010). Theses
Digitization Project. 3866.

https://scholarworks.lib.csusb.edu/etd-project/3866

This Thesis is brought to you for free and open access by the John M. Pfau Library at CSUSB ScholarWorks. It has
been accepted for inclusion in Theses Digitization Project by an authorized administrator of CSUSB ScholarWorks.
For more information, please contact scholarworks@csusb.edu.


https://scholarworks.lib.csusb.edu/
https://scholarworks.lib.csusb.edu/etd-project
https://scholarworks.lib.csusb.edu/library
https://scholarworks.lib.csusb.edu/etd-project?utm_source=scholarworks.lib.csusb.edu%2Fetd-project%2F3866&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/180?utm_source=scholarworks.lib.csusb.edu%2Fetd-project%2F3866&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarworks.lib.csusb.edu/etd-project/3866?utm_source=scholarworks.lib.csusb.edu%2Fetd-project%2F3866&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:scholarworks@csusb.edu

THE RIESZ REPRESENTATION THEOREM FOR LINEAR FUNCTIONALS

A Thesis
Presented to the
Faculty of
California State University,

San Bernardino

In Partial Fulfillment
of the Requirements for the Degree
Master of Arts
in

Mathematics

by
Thomas Daniel Schellhous

September 2010



THE RIESZ REPRESENTATION THEOREM FOR LINEAR FUNCTIONALS

A Thesis
Presented to the
Faculty of
California State University,

San Bernardino

by
Thomas Daniel Schellhous
September 2010

A

roved by:

9’/3\/2_0/0

Date

uichiro Kakihara, Committee Chair

Dr. Corey Dunn, Committee Member

Dr. Jo

in Sarli, Commfii

Dr. Peter Williams, Chair,
Department of Mathematics

~Joseph Chavez
Graduate Coordingfor,
Department of Mathematics



iii

ABSTRACT

This project is an expository survey of the Riesz representation theorem for
linear functionals, which states that on locally compact Hausdorff spaces, certain linear
functionals can be represented by a unique regular Borel measure. This representation is
realized in the sense that applying the linear functional to any function in a specific class
of functions is identical to integrating the function with respect to the Borel measure.
Preliminary material and applications in the areas of measure theory, integration theory,
topology, and functional analysis are discussed and thoroughly investigated prior to the

staterdent and proof of the theorem, which is presented in its entirety.
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Chapter 1

Introduction

1.1 Summary

The following work investigates the Riesz representation theorem for linear func-
tionals in relation to locally compact Hausdorff spaces. Two other theorems that are com-
monly called the “Riesz representation theorem” are the theorem for finite-dimensional
inner product spaces and the theorem for Hilbert spaces [BN00], and studying these in-
teresting topics helps us to not only gain a better understanding of how linear functionals
interact with the vector spaces over which they are defined, but also to start to see faint
threads that hint at a deep connection between the various fields of modern mathematics.
The representation theorem that we will study establishes an important and remarkable
relationship between linear functionals and integration. Informally, the theorem states
that given a positive linear functional over the vector space J£ (X) of real-valued contin-
uous functions with compact support defined on a locally compact Hausdorff space X,
there exists a unique regular Borel measure so that applying the linear functional to any
function in J¢'(X) is identical to integrating that function over the space X with respect
to the measure.

Before we get to the theorem, we first introduce and study some preliminary
concepts, starting with o-algebras and measures, and prove some necessary results that
will be used throughout this work. Once we have these tools at our disposal, we will
then construct the Lebesgue integral 1}1 a three-step process. After some fundamental

properties of the integral are presented, we move on to some extremely powerful limit



theorems that describe situations in which integration can commute with the limit process
as applied to convergent sequences of functions. We will then briefly investigate some
topological notions, including local compactness and Hausdorff spaces, both of which are
essential parts of the main theorem of this project. Once this introductory material is
completed, we will be in a position to state and prove the Riesz representation theorem,

which is our goal.

1.2 WMotivation

One motivating factor for the study of measure theory begins with the desire to
generalize the notion of “length” to sets for which the standard definition of Euclidean
length does not apply. One example of this would be the rationals, (Y. Since Q contains
no intervals, it is not obvious how one would go about discussing length in regards to this
set. If we wanted to generalize the notion of length to arbitrary subsets of R, we would
want a few things. First, we would want the “size” of a set to be greater than or equal to
that of any of its subsets, and this size should be non-negative. Another property that
seems logical is that if we have a collection of disjoint sets, the size of the union of the
sets should be equal to the sum of the sizes of each individual set. It would also be very
nice if this new idea of “size” agreed with the Euclidean definition of length on sets to
which it applies. '

Unfortunately, there does not exist a function that assigns to each subset of
R a size that meets all of the above requirements [Gor94]. If we want it to match the
Euclidean distance and add up properly, there is no way to extend this idea to every
subset. Alternatively, if we want it to add up properly and apply to every set, then there
is no way to make it agree with Euclidean length. However, if we restrict our attention
to a specific collection of subsets of R, the Borel g-algebra, then there is such a function,
called the Lesbesgue measure. We can also generalize these concepts to arbitrary sets
rather than just R. Once we do this, the ideas of integration and convergence follow
naturally as we re-examine the well-established ideas of basic analysis through the lens

of measure theory.



Chapter 2

Measures

In this chapter we will define some of the fundamental concepts we will be
using for this project, such as o-algebras and measure spaces. We will also present some
important theorems that are used frequently as tools when dealing with measure spaces,
and construct a particularly useful measure known as the Lebesgue measure. We will
conclude this chapter by examining some interesting properties and applica,t'ions of the

Lebesgue measure.

2.1 o-algebras

Definition 2.1.1. Let X be an arbitrary set. A collection & of subsets of X is called a

o-algebra on X if the following conditions hold:
1. X e,
2. for every A € &/, we have that A° € &/, where A° = X \ 4,
3. for every countable collection {4;}$2; of subsets of &, we have that | J;2, 4; € &,
4. for every countable collection {4;}$2; of subsets of &, we have that (o, 4; € &.

It can easily be shown that conditions 2 and 3 together imply condition 4, and
that conditions 2 and 4 together imply condition 3, so that we really only need three
conditions in our definition. Replacing countable collections with finite collections in
conditions 3 and 4 changes the definition to that of an elgebra of sets. Note that it is a

direct result of the definition of a o-algebra that if A and B are elements of a o-algebra



&, then A\ B € & as well, since A\ B = AN B° The following theorem leads to a
useful way to find a o-algebra containing a desired collection of subsets. The simple proof

follows directly from the definition of a o-algebra.

Theorem 2.1.2. Let X be a set, and let € be an arbitrary non-empty collection of
o-algebras on X. If of = (e C, then &/ is a o-algebra on X.

A direct corollary of this theorem is that given any collection € of subsets of
X, there is a smallest o-algebra on X that includes %, which is the intersection of every
c-algebra that contains ¥. Note that at the very least, the power set on X is a o-algebra
that includes %, so the intersection is non-empty. This intersection is called the o-algebra

generated by €. A particularly useful and important o-algebra is our next definition.

Definition 2.1.3. The Borel o-algebra on R is the o-algebra on R generated by the
collection of all open subsets of R. We denote the Borel o-algebra by Z(R).

This particular o-algebra is useful because it contains every open subset of R,
every closed subset of R, every compact subset of R, and indeed “virtually every subset
of R that is of interest in analysis” [Coh97]. The Borel o-algebra is also generated by
the collection of all closed subsets of R, which is easily verified using the properties of
o-algebras and the fact that the complement of every open subset of R is closed in R.
The elements of Z(R) are called Borel subsets or Borel-measurable. In general, elements
of a o-algebra are referred to as measurable sets, for reasons which will be clear in the

next section,

2.2 Measures

Definition 2.2.1. Let X be an arbitrary set, and let & be a o-algebra on X. A measure
is a function g which satisfies the following conditions:

1. p: & — (0,00,

2. u(®) =0, and

3. u is countably additive, so that if {A4;}2; is a countable collection of disjoint sets
in &, then

1 (G A@-) = iu(Ai)-

i=1



Now we present some terminology. If X is a set, if & is a s-algebra on X, and
if i is a measure on &, then we call the pair (X, &) a measurable space, and we call the
triple (X, &, u) a measure space. A measure y is called finite if u(X) < oo, and is called
o-finite if X is the union of a countable collection of sets {A;}, where u(A4;) < oo for
each ¢ > 1. In these cases we also call the measure space (X, &, 1) finite or o-finite. The

following useful property can be helpful when trying to prove things about measures.

Theorem 2.2.2. Let (X, o, u) be a measure space. If {Ar} is an arbitrary sequence of
sets that belong to &7, then

0o oo
7 (U Ak) < Z.U(Ak)-
k=1 k=1
Proof. We will use the sequence of sets {Ax} to construct a related sequence of disjoint
sets as follows. Define By = Aj. Now let By = Ag \ (Uf;ll Ai) for ¥ > 1. Since & is
closed under countable unions and set subtraction, By, € & for all £ > 1. The sets B
are clearly disjoint. Also, since By C Ay for every k > 1, we have that u(By) < p(4).
Now, if x € U,°c°=1 By, then « € By, for some kg > 1. So z € Ay, since each By is
contained in the corresponding Ay. Thus z € |Jp, Ax. If z € (Ui, Ak, then there exists
a ko > 1 so that z € Ay, and = ¢ A; for all j < kp. Thus, z € Ag, \ (Uf;;l A,-) = By,
so & € |Jge; Bx. Therefore, | oy Bx = Upe; Ax by double containment. It now follows
that

M(U Ak) =ﬂ(DBk) =iM(Bk)Siﬂ'(Ak)- O
k=1 k=1 k=1 k=1

As mentioned earlier, there is a measure that can be defined on Z(R) that
assigns to each subinterval of R its length. Before we can discuss this, we need a few

more preliminary definitions.

Definition 2.2.3. Let X be a set, and let &(X) be the power set on X (the collection
of all subsets of X). An outer measure on X is a function u* : 2(X) — [0, 00] which

satisfies the following conditions:

2. p* is monotonic, so that if A C B C X, then p*(A) < p*(B), and



3. p* is countably subadditive, so that if {4,}52, is a countable collection of subsets
of X, then

u (U An) <3ou (4l).
n=1 n=1

As is evident from the definitions, a measure is an outer measure if and only if
the domain of the measure is the power set of X. On the other hand, an outer measure
is not necessarily a measure, since countable subadditivity does not necessarily imply

countable additivity. The following outer measure on R is perhaps the most useful one.

Definition 2.2.4. For each subset A of R, let %4 be the set of all infinite sequences
{(as,b;)} of bounded open subintervals of R such that A C [2,(as,b;). Now define
A*: Z(R) = [0, 00] by

A*(A) = inf {z:(bz —a;) : {{ai, b))} € %A} .
i
A* is called the Lesbesgue outer measure on R.

The useful thing about Lesbesgue outer measure is that it assigns to each subin-
terval of R its length. It is not a measure, however, as it is not countably additive. To

solve this problem, we turn to the following definition.

Definition 2.2.5. Let X be a set, and let »* be an outer measure on X. A subset B € X

is called u*-measurable if
p*(A) = p*(AN B) + p*(AN B°)
holds for every A C X. A Lesbesgue measurable subset of R is one that is A*-measurable.

So a p*-measurable set is one that “breaks up” every subset of X in such a
way that the measures of each piece add up properly. The fact that these sets are called
measurable is not a coincidence, since an outer measure naturally induces a specific
o-algebra over which the outer measure becomes a measure. The following theorem

describes this process.

Theorem 2.2.6. Let X be e set, let p* be an outer measure on X, and let &+ be the

collection of all u*-measurable subsets of X. Then



1. #)» is a o-algebra, and
2. the restriction of u* to 7,- is a measure on of~.

We now can define the Lesbesgue measure A on R to be the restriction of A* to
&\«. This o-algebra is very large in the sense that it contains most subsets of R that are
mathematically useful. We will prove just how large @ is next, which will require the

following lemma.

Lemma 2.2.7. The Borel o-algebra B(R) on R (which we deﬁned-to be generated by the
collection of all open subsets of R) is also generated by the collection of all subintervals

of R of the form (—c0,b].

Proof. Let %1 be the o-algebra generated by the coliection of all subintervals of R of the
form (—oo,b]. First, any interval of the form (—ooc, b} can be written as (b, 00)¢ € B(R),
so %1 C B(R).

Now let (a,b) be an open interval in R. If {¢;} is a sequence of real numbers

less than & so that lim;_, . ¢; = b, then we can express (a, b) as
[0 o)
(—~o0, a]cﬂ (U(—oo,ci]) € B1.
i=1
So every open subinterval of R is an element of %, and since every open subset of R is
the union of a sequence of open subintervals, every open subset of R is an element of %,

so #B(R) C %.
Thus, .@(R) = %,. O

Theorem 2.2.8. Every Borel subset of R is Lebesgue measurable.

Proof. We will first prove that any interval of the form (—oo, b] is Lebesgue measurable.
Let B be an interval of the form (—o0, b} and let A C R. Since A* is countably subadditive
and A C (AN B)U (AN B¢, it is automatically true that

A(A) < X(ANB)+ A(AN BY).
So we only need to prove that

N(A) 2 A(AN B) + N(AN B°),



which is necessarily true if A*(4) = oco.
So, assume that A\*(A4) < co. Let € > 0, and let {(a;, b;)} be a sequence of open

subintervals of R that covers A and is such that

o]

Z(b?; —a;) < A*(4) +e

i=1
For each i > 1, the sets (a;,b;) N B and (a4, b;) N B® must be disjoint intervals, which
may be empty. Thus, we can cover these sets with open intervals by choosing, for each i,
intervals (c;, d;) and (e;, f;) sothat

((aivbi) n B) - (ci':di)’
((ai)bi) n Bc) g (ei: fi)’ and

(dz'—ci)-l-(fi—ez')ﬁbz'—ai-i-%-

Now, the sequence {(c;,d;)} covers the set AN B, and the sequence {(e;, f;)}

covers the set A N B¢. Therefore, the definition of A* leads to the following inequalities:

N(ANB) < 3 (- ),
i=1

w,
X(ANBY) <Y (fi —e).
i=1
But by above,

o0

Sdi—c)+d (fi—e) = D (di—ci+ fi—e)
i=1

i=1 i=1
0

-t 3)

i=1

= Z(b, —a;) +e.

=1

IA

Therefore, we have that

, X(ANB)+A(ANB%) < (b —a:) + € < X*(A) + 2

i=1

by our choice of the sequence {(a;,b;)}. Since € was arbitrary, we must have that

M(4) > A*(ANB) + X" (AN B°),



so B is Lebesgue measurable.

Therefore, the collection 2. of Lebesgue measurable sets is a ¢-algebra on R
containing every subinterval of R of the form (—oo,b]. But by Lemma 2.2.7, B(R) is
the smallest o-algebra containing all subintervals of this form, so we must have that

B(R) C o +. Thus, every Borel subset of R is Lebesgue measurable. O

2.3 Properties of Lebesgue Measure

Earlier, we discussed the desire to generalize the notion of “size” or “length” to
more arbitrary subsets of R. Lebesgue measure A is one way to try to solve this problem.
In fact, Lebesgue measure is the only measure on (R, 2(R)) that assigns to every interval
its length [Coh97]. Furthermore, in a certain sense, Lebesgue measure is the “natural”
measure on B(R), since every positive translation-invariant Borel measure on R that is
finite on compact sets is a constant multiple of A [Rud87]. We will now present a few

interesting facts about Lebesgue measure.

Theorem 2.3.1. Let A be o Lebesgue measurable subset of R. Then
1. MA) =inf{A({U) : U is open and A C U}, and
2. A(A) = sup{MK) : K is compact and K C A}.

This theorem is useful in that it tells us that Lebesgue measurable sets can
be “approximated from the outside” by open sets and can be “approximated from the
inside” by compact sets. This idea is closely related to that of a regular measure, which
we will discuss in more detail later. We now look at another useful property of Lebesgue
measure concerning its translation invariance. First, if A C R and = € A, we define the
set A+ as

A+z={yeR:y=a+zforsomeac A}.

We call the set A + z the translate of A by z.
Theorem 2.3.2. Let A be a subset of R.
1. If z € R, then M*(A) = M (A +z).

‘2. A is Lebesgue measurable if and only if A+ x is Lebesgue measurable.
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One particular set that is a great source of useful examples and counterexamples
is the Cantor set. Recall that the Cantor set is defined by constructing a sequence of sets
as follows. First define K = [0,1]. Now construct K7 by removing the middle third open
interval (1,2) from Ko, leaving K) = [0,1] U [£,1]. We construct K2 by removing the

middle third open interval from each piece of K, leaving

sl oo

We continue this process indefinitely, contructing K, by removing the middle third open
interval from each piece of K,,_1, so that K, is the union of 2" disjoint closed intervals,
each with length (%)n We define the Cantor set K to be the set of points that remains
after this process, so that K = N2 K,. It is a fact from basic real analysis that the

Cantor set is compact and has the same cardinality as that of the real numbers {Rud76].

Given these two facts, our next result can be unexpected!

Theorem 2.3.3. The Cantor set, which is compact and has the cardinality of the con-

tinuum, has Lebesgue measure Q.

Proof. Since each set K, is the finite union of closed intervals, each X, must be a Borel
set, and hence Lebesgue measurable. Thus, the Cantor set K must also be Lebesgue
measurable as the countable intersection of Lebesgue measurable sets, by properties of
o-algebras. We have already noted that Lebesgue measure assigns to each interval its
length. First note that X C K, for all n > 0, and that A(K,) =2"(3)" = (3)", since it
consists of 2™ disjoint intervals, each of length ( o

Since ) is monotone (as a measure), we must have that A(K) < MK,) = (3)"

for all n > 0. But A is also non-negative and lim,_, (%)n =0, s0 AM(K) = 0. O

We may at this point be asking ourselves, since we proved that every Borel set
is Lebesgue measurable, is it also true that every subset of R is Lebesgue measurable?

This question is answered with our next theorem.
Theorem 2.3.4. There exists a subset of R that is not Lebesgue measurable.

Proof. We first define a relation on R by letting z ~ y if and only if z — y is a rational
number. Forany z € R,z —z=0¢€ Q, so 2 ~ z, and so ~ is reflexive. If z,y € QQ with

x~y, thenz—y=¢q€Qand y—z = —¢, which is also in Q. Thus y ~ z and ~ is
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symmetric. Let z,y,z€ Qwithz~yandy~z2. Soz—y=r€Qandy—-2=s€ Q.
This implies that £ — 2z = (z — y) + (y — 2) = 7 + s, which is in Q since both r and s are.
Thus z ~ z and so ~ is transitive. Therefore, ~ is an equivalence relation.

Note that each equivalence class under ~ has the form Q + = for some z € R,
so that each equivalence class under ~ is dense in R. Since these equivalence classes are
disjoint by definition, and since each one must intersect the interval (0,1), we can now
use the axiom of choice to construct a set £ that consists of exactly one point from each
equivalence class under ~ such that £ C {(0,1). It is this set £ that we will prove is not
Lebesgue measurable.

Let {r,}52; be an enumeration of the rational numbers in the interval (—1,1).
For each n > 1, define B, = E + r,. We first note that if e € E,, N E,,, then there exist.
e’ and €’ in E so that e = ¢’ + r, = € +r,. We can rearrange this equation to obtain
e—e' =rp,—rym € Q,s0¢e ~ €. But since F has only one element from each equivalence
class, and €’ ~ e”, we must have that ¢/ = ¢”, so n = m. Thus, if m s n, E,NE, =0, so
the sets E, are disjoint. Also, since E € (0,1) and {r,}32, C (-1,1), each set F,, must
be included in the interval (—1,2), so we must have that |J}2, E, C (—1,2). Therefore,

A (G En) <A(-1,2)) =3.

n=1
Now, let = be an arbitrary element of (0,1), and let e be the (unique) element
of E so that z ~ e. So z —e € Q and z — e must also be in (—1,1), since both = and e
are in (0,1). But {r,}32, is an enumeration of the rationals in (—1,1), so £ — e must be
equal to 7y, for some ng > 1. Thus, & — e = ry,, meaning T = € + 1n,, so by definition,

z € E,,. Therefore, (0,1) C U2, Ep, s0

n=1

A (G En) > A((0,1)) = 1.

n=1
Now assume that the set E is Lebesgue measurable. Thus, by Theorem 2.3.2,
the set E), is measurable for all n > 1. Since we proved that the sets E, are disjoint, this
means that
&0 o0
A (U En) = AEn),
n=1 n=1
by the countable additivity of A. Furthermore, we have that A(E) = A(E,,) for all n > 1,

since B, = E 4+ r, and X is translation invariant, again by Theorem 2.3.2. We now have

two cases:
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First, if A(E) = 0, then

(05 - Se
n=1

- Y@

n=1
(o]

=Zo

n=1
= 0,
a contradiction, since we showed that A ( poy Bn) > 1.
Second, if A(E) = a # 0, then
oo oo
A (U En) = ) ME)

n=1 n=1
oo

= Y ME)

n=1
o)

- S
n=1
= OO,
a contradiction, since we showed that A ((J;2, En) < 3.

So, the assumption that E is Lebesgue measurable leads to a contradiction in

all possible cases. Therefore, the set E is not Lebesgue measurable. O

Since, historically, the axiom of choice has sometimes been a subject of dis-
agreement in the field, it was a question among mathematicians whether or not its use
was necessary in proving the existence of a subset of R that was not Lebesgue measur-
able. Interestingly, this remained an open question until 1970, when Robert M. Solevay
published a proof that the existence of such a set cannot be proven from the axioms of
Zermelo-Frankel set theory without using the axiom of choice, if a certain consistency
assumption holds [Coh97].

‘We will conclude our discussion of measures with a couple of definitions.

Definition 2.3.5. Let (X, o, u) be a measure space. The measure u (and also the
measure space) is called complete if any subset of a measurable set of measure 0 is itself
measurable, that is, if whenever we have that A € & and p(A) =0, then B C A implies
Be .
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It is a fact that (R, %(R), ) is not a complete. measure space, but that the
measure space (R, @)+, A) is complete [Coh97]. Our next definition was briefly mentioned

earlier in our discussion of the properties of Lebesgue measure.

Definition 2.3.6. Let & be a o-algebra on R that includes the Borel g-algebra Z(R).

A measure p on (R, &) is regular if
1. for every compact subset X of R, u(K) < oo,

2. for every set A € &,

@A) =inf{u(U): AC U and U is open}, and

3. for every open set U C R,

w(U) =sup{p(K) : K C U and K is compact}.

Condition 2 is sometimes called outer regularity, and condition 3 is sometimes

called inner regularity.

We will now return to something that was mentioned earlier, which is the simi-
larity of the definition of a regular measure to Theorem 2.3.1. In fact, Lebesgue measure
is actually a regular measure both on (R, Z(R)) and on (R, #)+). We will prove this fact

in our next theorem.
Theorem 2.3.7. Lebesgue measure A is regular on both (R, Z(R)) and (R, &+ ).

Proof. If K C R is a compact set, then K must be closed and bounded by the Heine-Borel
Theorem [Rud76]. Since K is closed, it must be measurable with respect to both Z(R)
and &-. Since it is bounded, there exists an interval (a,b) C R, with a,b € R, so that
K C (a,b). Thus, A(K) < X(a,b)) = b~ a < oo. Thus, condition 1 of the definition of a
regular measure is satisfied.

The fact that \ satisfies conditions 2 and 3 of the definition follow directly from
Theorem 2.3.1. Therefore, Lebesgue measure A is regular with respect to both (R, #Z(R))
and (R, @)-). O
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Chapter 3

Integration

We have now completed our discussion of measures and their properties. Perhaps
the most important applicaﬁion of measures is their use in defining the integral in a
generalized way. Before we cé,n get to that point, we first need a few more preliminary
concepts. We start this chapter by studying measurable functions, and use these concepts
to construct the generalized Lebesgue integral with respect to a measure u. After we
present some of the basic properties of integration, we will prove a few extremely useful
theorems regarding integration and limits that are part of the foundation for the power

of the integral.

3.1 Measurable Functions

Definition 3.1.1. Let (X, /) be a measurable space, and let A C X with 4 € .
A function f : A — [—oo,00] is called measurable with respect to & if, for every real

number ¢, the set {z € A : f(z) <t} is an element of the o-algebra <.

Note that another way of stating this definition is that f is measurable if, for
every real number ¢, the set f~!((—oo,t]) € &/. Consider a set of the form {z € A :
f(z) < t}. We can express this set in terms of sets of the form in Definition 3.1.1 as

e.e]

{:z:‘GA:f(w)<t}= U{mGA:f(x)St—%}.

n=1
If f is a measurable function with respect to a measurable space (X, &), this expression

implies that, for any real number ¢, any set of the form {z € A : f(z) < t} is also in &,
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as a countable union of elements in 2.
Now consider a set of the form {z € A: f(z) > t}. Similarly, we can express

this set in terms of sets of the form {z € A: f(z) < t} as
{zeA: flz) 2t} =A\{z e A: f(z) <t}

Thus, if f is a measurable function with respect to a measurable space (X, &), then for
any real number ¢, any set of the form {z € A: f(z) > ¢} is in &/ as the set difference of
two elements of A.

Using these and other very similar expressions, we get the following useful the-

orem.

Theorem 3.1.2. Let (X, o) be a measurable space, and let A€ &. Let f : A — [—o0, 0]

be a function defined on A. Then the following conditions are equivalent:
1. f is measurable with respect to o
2. for every real number t, the set {z € A: f(z) <t} is an element of &;
8. for every real number t, the set {x € A: f(z) <t} is an element of &
4. for every real number t, the set {z € A: f(z) > t} is an element of &;
5. for every real number t, the set {z € A: f(z) >t} is an element of &

When the measurable space in question is (R, Z(R)), then a measurable function
is called Borel measurable or a Borel function. When a function is measurable with re-
spect to (R, &)« ), then the function is called a Lebesgue measurable function. Measurable
functions play a key role in integration, as we shall see, since the definitions we will use
for the integral only apply to measurable functions. Therefore it is of great importance
that, before we discuss the integral, we establish some important and useful properties
of measurable functions, which will be used later on when we prove things about inte-
gration. Many of these properties rely on properties of the underlying o-algebra, since
a function being measurable really has to do with what types of sets are guaranteed to
be measurable (elements of the o-algebra). There are two special types of functions that

will be fundamental in our construction of the integral, which we will investigate next.
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Definition 3.1.3. Let (X, &) be a measurable space, and let B C X. Then the charac-
teristic function of B is the function yp : X — R defined by

1, z€B
XB(m)_{O, céB

It is a simple consequence of Definition 3.1.1 that xp is «/-measurable if and
only if B € &.

Definition 3.1.4. A function f is called simple if it takes only finitely many values.

. Another consequence of Definition 3.1.1 is that if (X, &) is a measurable space,
and f : X — [—o0,00] is a simple function with values ai,aqg,...,a,, then f is &/~
measurable if and only {z € X : f(z) = a;} € & for every i = 1,2,...,n. The next
theorem lists some useful facts concerning the relationship between two measurable func-
tions with the same domain. The proof of each fact follows from expressions similar to

those discussed after the statement of Definition 3.1.1.

Theorem 3.1.5. Let (X, &) be a measurable space, let A € &7, and let f and g be
[—o0, o0]-valued measurable functions defined on A. Then the following statements are

all true:
1. the set {z € A: f(z) < g(z)} € &;
2. the set {z € A: f(z) < g(z}} € &;
3. the set {x € A: f(z) = g(x)} € o;

4. the mazimum of f and g, defined by (f V g)(x) = max (f(z), g(z)), is @ measurable

function from A to [—00,00]|;

5. the minimum of f and g, defined by (f A g)(z) = min (f(x),g(z)), i a measurable

function from A to [—oo, 00}

This theorem is very useful when dealing with two measurable functions, but we
will often be working with sequences of measurable functions. We will now prove some
facts regarding these types of sequences that will frequently be useful as we continue our

investigation of integration.
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Theorem 3.1.6. Let (X, 27) be -a measurable space, let A € &, and let {fa}32, be a

sequence of [—oo, 00]-valued measurable functions defined on A. Then
1. the functions sup, f, and inf, f, are measurable functions,
2. the functions limsup,, fp and iminf, f, are measurable functions, and

3. the function lim, f, is a measurable function, where the domain of lim, f, is the
set Ag = {z € A : limsup, fr(z) = liminf, f.(z)} (the set of points at which the

limit ezists).

Proof. To prove that sup,, f, is measurable, we need to prove that, for any real number

t, {x € A:sup, fo(z) <t} € &. Note that
{eed:supfule) <t} =o€ A: fule) <t}

which is measurable since each function f, is, and the countable intersection of measurable
sets is measurable. Thus, sup,, f is measurable, by definition.

Similarly, the expression
{zeA:inffo(x) <t} = J{z € A4: fulz) <1}
T

implies that the function inf, f, is a measurable function. Therefore we have proven part
1 of the theorem.

Now we define functions gy and hy, for every positive integer k, by gx(z) =
SUPp>t fn () and hy(z) = inf,>k fn(z). Since we have already proven part 1 of the theo-
rem, we can apply it to the functions gx and hj, and get that each function is measurable,
since each is the supremum or the infimum of a sequence of measurable functions.

Now, note that
limsup f,, = inf (sup fn) = inf gy,
n ko \n>k k
and that
liminf f,, = sup (inf fn) = sup hy.
e k- \n2k k
Thus, we can again apply part 1 of the theorem to prove that limsup,, f, and Himinf, f,

are measurable, since they are each the respective infimum and supremum of a sequence

of measurable functions. Therefore, part 2 of the theorem is proven.
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Next, consider that Ap = {z € A : limsup, f,(z) = liminf, f,.(z)}. Since we
just proved that each of these two functions are measurable, we can apply part 3 of
Theorem 3.1.5 to get that Ay € &/. To prove that lim, f, is measurable, we need to
prove that {z € Ap : lim, fo(z) < t} € &. Consider the identity

{xreip: lilenf,,(:c) <t}=Agn{z € A: limsup fo(z) < t}.

Since Ag € & and we already proved that limsup, f, is measurable, we have that the
set A4g N {z € A : limsup, fo(z) < t}, and hence {z € Ap : lim, fo(z) < t}, is in &.

Therefore, lim, f, is measurable, and the theorem is proven. O

We will now present some results that deal with arithmetic operations on mea-

surable functions.

Theorem 3.1.7. Let (X, &) be a measurable space, let A € &, let f and g be real-valued
measurable functions on A, and let o be o real number. Then the functions af, f + g,
F—g, and fg are measurable. Also, the function *5, with domain {z € A : g(z) # 0}, is
measurable.

If b and k are [0, oo]-valued measurable functions, and B is @ non-negative real

number, then Bh and h + k are meoasurable.

We will make frequent use of the following functions in our study of integration.
If Ais a set and f is a [—00, 00]-valued function on A, then we define the positive part
f1 of f to be the function defined by

f+(m) = max(f(w), 0),
and the negative part f~ of f to be the function defined by
f~(z) = —min(f(x),0).

It follows from the previous theorems that a [—oc0, oo]-valued function f on a measurable
space (X, &) is measurable if and only if f* and f~ are measurable. Since the function
|f| is equal to f* + f~, it is a direct consequence of Theorem 3.1.7 that the absolute
value of a measurable function is also measurable.

We now will present another very important result that is fundamental to our
forthcoming definition of the integral. It lets us represent certain functions in terms of

simple functions, which is very desirable since they are so easy to work with.
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Theorem 3.1.8. Let (X, o) be a measurable space, let A € &, and let. f be a [0, 00]-
valued measurable function defined on A. Then there exists a sequence { fn}5%, of [0,00)-

valued simple measurable functions defined on A such that, for every x € A,
1. the sequence {fn} is non-decreasing, so that fi(z) < fa(z) <---, and
2. f(z) =lim, fu(z).

One last theorem regarding measurable functions presents an alternate way of

interpreting measurable functions in terms of open, closed, and Borel sets.

Theorem 3.1.9. Let (X, /) be a measurable space, andlet Aec &. If f: A= Risa

function defined on A, then the following statements are equivalent:
1. f is measurable with respect to of;
2. for every open set U C R, f~1(U) € &;
3. for every closed set C CR, f~1(C) € «;
4. for every Borel subset BC R, f~1(B) € &.

We close this section by introducing one final piece of terminology that will be

used extensively throughout the rest of this chapter.

Definition 3.1.10. Let (X, o, 1) be a measure space. We say a property P holds at
almost every ¢ in X if there exists a set A € & such that {zx € X : Pfailsat x} C A
and p(A) = 0.

Other ways to say that P holds at almost every x in X is to say that P holds
u-almost everywhere, or just almost everywhere if the measure p is clear. Of course, if
(X, &, u) is a complete measure space, then by definition, P holds almost everywhere if

and only if u({z € X : P fails at z}) = 0.

3.2 Integration

In this section, we will construct the integral and investigate some of its prop-
erties. Our construction will proceed in three steps, each one building off .of the last.

We first will define the integral for a very small class of functions, and after studying
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some properties of this integral we will be able to define integration for a larger class
of functions. Our goal is to define integration for arbitrary [—oc, co]-valued measurable
functions, which will be the last step of our construction.

First, we must start with the following: If (X, &) is a measurable space, then we
denote the collection of all real-valued simple #/-measurable functions on X by ., and
the collection of all non-negative functions in . by ;.. We will start our construction

by defining integration over #;.

Definition 3.2.1. Let u be a measure on (X, &). Let f belong to % and be given by
f =3~ aixa,, where a1,as,...,an are non-negative real numbers and Ay, A, ..., An
are disjoint elements of & such that f takes the value a; on the set A; for every 7. Then
the integral of f with respect to p is defined to be the sum > i+, a;u(A;). That is,

[ ran=3anta.
=1

Note that this sum is either a real number or co. We need to verify that the
integral is well-defined, since the representation of the function f is not unique. This is

the purpose of our next theorem.

Theorem 3.2.2. If i1 is a measure on the measurable space (X, &), and f € Sy, then
the integral [ fdp is independent of the representation of f.

Proof. Let f be given by both f = >z @ixa, and f = 37 bixs;, where ai,...,am
and by, ...,b, are non-negative real numbers, A;,..., A, are disjoint elements of &/, and
Bi,..., By, are disjoint elements of &/, Without loss of generality, we can assume that
ie1 As = Uj-, Bi by disregarding the sets 4; for which a; = 0 and the sets B; for which
b; = 0 if necessary, since they contribute nothing to the value of f at any point z € X.
Now, if A;(\B; # 0, then there exists x € A;()B; so that f(z) = a; and
f(z) = by, by the conditions on the sets A; and B;. Thus, a; = b;, since f is well-defined.
If A;NB; =0, then u(A; (0 B;) = 0. Also, if 49 is fixed, then 4;, = ?=1 (A;, N B;), so
the countable additivity of the measure p gives us that

n n
aio#'(A'io) = Z Qig 1t (Az'o N BJ') = Z bjp' (At'o N Bj) .
. i=1

Jj=1
Using these equalities, we can now apply the definition of the integral of f to

get that
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/fd;u = f(iaim) dy

i=1

> ain(A)
i=1

= > aiu(AinB;)

=1 j=1

= Zij,u(Ai N Bj)

i=1 j=1

]

n

= > D biu(4nBy)

j=1i=1

= > biu(By)

i=1

f (Z:;bjxjsj) dps.

Thus, [ f dp is the same regardless of which representation is used, so the inte-

gral is well-defined and the theorem is proven. O

Our next theorem verifies that some basic properties of the Riemann integral
are still valid with our new definition of integration. Particularly, we see that the integral
defined above is linear and monotonic. The proof of the first two facts follows from
arguments similar to those in the proof of Theorem 3.2.2, and the third follows from the
fact that if f and g in ¥, are such that f(z) < g(z) for all z € X, then the function
g — f is also in %, and

[odu=[G+G-1)du= [ 1du+ [ta=panz [ rau

Theorem 3.2.3. Let (X, o) be a measure space, let f and g be elements of 4, and let

a be a non-negative real number. Then the following statements are true:
1. fafd,u,=affd,u;
2. [(f+g)dp=[fdu+ [gdy;

3. if f(z) < g(z) for allz € X, then [ fdp < [ gdp.
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Recall that Theorem 3.1.8 stated that for every {0, oo]-valued measurable func-
tion f defined on a measurable subset A of a measurable space (X, &), there exists a
non-decreasing sequence {f,} of non-negative real-valued simple measurable functions
(i.e. elements of .#.) on A so that f(z) = lim, fn(z) for all x € X. We can apply this
theorem to elements of 5/’_,_ since any function in .} is also [0, oo]-valued and measurable,
which leads us to the following theorem. A much more general version of this theorem

will be proven later on.

Theorem 3.2.4. Let (X, o/, u) be a measure space, let f € Sy, and let {fn}°2; be a
non-decreasing sequence of functions in 4 such that f(x) = lim, fo(z) for allz € X

(note that the existence of such a sequence is quaranteed by Theorem 3.1.8). Then

/f’dﬂ=/lirzlnfndp=li£p[fnd”_

This theorem is very useful in that it gives us cqnditions for when limits of
everywhere-convergent sequences of certain functions and our new integration commute,
but it is quite limited (for now) in its scope. So far, we have defined a generalized integral
that is based on the ideas of measures and measurable functions. However, since at this
point we can only integrate non-negative réal-valued simple measurable functions, which
is a very limited collection, we are not satisfied and would like to proceed to define the
integral for a broader class of functions. Theorem 3.1.8 and Definition 3.2.1 give us
some direction, and we can now define integration for arbitrary [0, oo]-valued measurable

functions as follows.

Definition 3.2.5. Let (X, &, 1) be a measure space, and let f be a [0, co]-valued &/~ -
measurable function defined on X. Then the integral of f with respect to w is defined to
be

'/fd#:sup{fgdu:geﬁﬁ and'géf}-

If, in the above definition, our function f happens to be an element of %} to
begin with, then sup { [ gdu: g € % and g < f} is just equal to [ fdp (with respect
to Definition 3.2.1), so our new definition of integration agrees with Definition 3.2.1. We
will now briefly look at a few properties of this new integral, however, the properties
themselves are merely extensions of the properties we have already discussed in relation
to integration of elements of 7. We first present a stronger version of Theorem 3.2.4,

which will be strengthened even further in the next section.
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Theorem 3.2.6. Let (X, o, 1) be a measure space, let f be a [0, oo]-valued &7 -measurable
function on X, and let {fn}32, be a non-decreasing sequence of functions in %y such

that f(z) = lim, fn(z) for allz € X. Then

/fdp=fli?fndu=lir¥1ffndy.

Theorem 3.2.6 can be used to prove the next theorem regarding some expected

properties of our new integral.

Theorem 3.2.7, Let (X, o/,u) be a measure space, let f and g be [0, 00]-valued o -
measurable functions on X, ond let a be o non-negative real number. Then the following

stitements are true:
1. fafdu=af fdy;
2. [(f+9)du= [ fdu+ [gdy;
3. if fz) < g(z) for allz € X, then [ fdp < [ gdp.

While we now can integrate a much larger class of functions, namely the class
of [0, oo]-valued measurable functions, we are now ready to complete the last step of our
construction and define integration for arbitrary [—oo, co]-valued measurable functions.
To do so we must recall the notions of the positive part f* and the negative part f~ of
an extended real-valued function f. If we have an arbitrary [—oo, co]-valued measurable
function f, then both f* and f~ are [0, oo]-valued measurable functions, and so we can

apply Definition 3.2.5 to integrate each part. This leads us to the following definition:

Definition 3.2.8. Let (X, #,u) be a measure space, and let f be a [—o00,c0]-valued
& -measurable function defined on X. If at least one of [ f*du and [ f~ du are finite,
then we say that the integral of f ezists, and we define the integral of f with respect to u

to be
[rau=[rtau= [ 1 an

Note that this integral may be either co or —oo. However, if both [ f¥du
and [ f~ du are finite, then we call the function f integrable, and its integral will be
a real number. If [ f*dp and [ f~ dp are both infinite, then we say that the integral

does not exist. We denote the collection of all real-valued integrable functions on X by
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LYUX, #, 1, R), which we sometimes abbreviate to just #! if the s-algebra and measure
are clear. This definition of integration is commonly called Lebesgue integration, whether
the measure in question is the Lebesgue measure A or not, and will be a fundamental
part of the rest of this work.

We will now examine some properties of the Lebesgue integral, and we begin by
presenting an extension of Theorem 3.2.3. The simple proof of this theorem is found by
decomposing the functions f and g into their parts f*, f~, g%, and g~, and by using the
inequalities (f +g)* < fr+gtand (f+g)~ < f +9g. .

Theorem 3.2.9. Let (X, &, ) be a measure space, let f and g be real-valued integrable

functions on X, and let a be a real number. Then:
1. af and f + g are integrable;
2 fafdu=caf fdy;
S f(f+g)du=[fdu+ [gdu
4. if f(z) < g(z) for allz € X, then [ fdu < [gdp.

The following theorem will be useful when we prove the Dominated Convergence

Theorem in the next section; it describes how integration deals with absolute values.

Theorem 3.2.10. Let (X, o, ) be e measure space, and let f be a [—o0,00]-valued
& -measurable function on X. Then f is integrable if and only if |f| is integrable. Fur-
thermore, if f and |f| are integrable, then

deﬂ Sflfidu-

Proof. By definition, |f] is integrable if and only if {|f|* dp and [ |f|~ du are both finite.

Since |f| = f* + f~, and each of these are non-negative functions, then |f|* = f* + f~

and |f|~ = 0. Since the 0 function is simple and can be expressed as Oxp, we can use our
first definition of integration to get that [0du = 0u(@) =0 < oo, so |f|™ = 0 is always
finite with respect to any measure. Therefore, |f| is integrable if and only if [(f++f~)du
is finite.

If f is integrable, then [ f*du and [ f~ dp are both finite. Thus, by Theorem
3.2.7, [(f¥+ f)du= [ frdu+ [ f~dpis also finite, so |f| is integrable. If we assume
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that |f| is integrable, then [(f* + f~)du = [ fTdu+ [ f~ du is finite, and so, since
each is a positive number, we must have that each of [ f* du and [ f~ du are finite, so
f is integrable. Therefore, f is integrable if and only if |f| is integrable.

Now, if f and |f| are integrable, then we can use the triangle inequality and

Theorem 3.2.7 to get that
[ra = |[rrau-[£a
Jrofoljro
[rraus [ an

= [Ur+r)

/lfl dp.

Thus, | [ fdp| < [|f]dp. m]

IA

The following theorem illustrates how our new integration essentially “ignores”
p-negligible sets (sets that are contained in sets of measure 0). It will be useful in the
proofs of the limit theorems in the next section, and lets us work with functions that
meet a certain requirement almost everywhere instead of everywhere, allowing us a larger

degree of generalization.

Theorem 3.2.11. Let (X, o7, u) be a measure space, and let f and g be [—o0, 00]-valued
& -measurable functions on X that agree almost everywhere. If either [ fdu or [gdu
exists, then both must exist, and [ fdu = [ gdp.

Proof. We start by first considering the case where f and g are both [0, o0]-valued. Let
A= {z € X: f(z) # g(x)} be the set of points at which f and g do not agree. Then
A is measurable by part 3 of Theorefn 3.1.5, since A = {z € X : f(z) = g(x)}°. Since
f = g almost everywhere, we must have that u(A4) =0.

Now construct a sequence {h,}32, of functions by defining, for all n > 1,
h.(z) = nx4. Then {h,} is a non-decreasing sequence of non-negative simple real-valued
measurable functions, and for each n, [ h, dp = nu(A) = 0. Furthermore, if x € A, then

limy—00 n(x) = 00, and if z ¢ A, then limpyoo hn(z) = 0. So, if we define a function
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h(z) = oo ifxeA,
0 ifzé¢A,

h:X - [0,00] by

then lim,, h, = h. Therefore, we can apply Theorem 3.2.6 to get that
_/hd,u,=1im] hnpdu=1im0 = 0.
n n

So, since f < g + h, Theorem 3.2.7 tells us that

/fd,usf(9+h)du=/gdu+/hdu=/gd#-

Similarly, since g < f + h, we also have that [gdu < [ fdu. Thus, [ fdu = [gdp.
Now let f and g be [—o0, oco]-valued functions. Recall that f = f+ — f~ and

g =gt —g~. Since f = g almost everywhere, we must have that f* =g+ and f~ =g~

almost everywhere as well. Since each of these functions are [0, co]-valued, we can apply

the above result to see that [ f*dp= [gtdpand [ f~du = [ g~ du. Therefore,

/fdu=ff*du—ff‘du=/g+d.u—fg‘dﬂ=/gdﬂ- D'

Our last theorem for this section summarizes some interesting facts regarding

integration and properties that hold almost everywhere.

Theorem 3.2.12. Let (X, o, p) be o measure space and let f be a [—o00, 00]-valued o -

measurable function defined on X. Then the following statements are true:
1. If [|fldp =0, then f =0 almost everywhere.
2, If f is integrable, then |f| < co almost everywhere.

3. f is integrable if and only if there exists a function f' in LY (X, &, u,R) such that

f=f almost everywhere.

3.3 Integral Limit Theorems

In this section, we will present some powerful theorems regarding limits and the
Lebesgue integral. These results do not apply to Riemann integration, which is one of the

reasons Lebesgue integration is so useful. The following theorems give conditions under
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which limits and integration can commute when working with convergent sequences of
measurable functions. Once we have proven them, we will have some powerful tools at
our disposal that “may well be regarded as the core of the Lebesgue theory” [Rud76]. The
first of these is the generalization of Theorem 3.2.4 and Theorem 3.2.6 to the Lebesgue

integral.

Theorem 3.3.1 (The Monotone Convergence Theorem). Let (X, o, u) be a measure

space. Let f and fi, fo,... be [0, 00]-valued o7 -measurable functions on X such that

filz) € folz) £

and
f(@) = lim fo(a)

both hold at almost every x € X. Then

l/ﬂm=f$ﬂﬁdu=¢&/fdw
Proof. We will first consider the case where the relations in the statement of the theorem

hold for every z € X rather than almost everywhere. Since the sequence {f,}32, is

non-decreasing, then it must be that f, < f for every n > 1. Therefore, by Theorem

3.2.7,
]ﬁ@sfh@smsfmw

Thus, the sequence of integrals {[ f, du}52; is monotonically increasing with upper
bound [ fdu. Therefore, the sequence {[ f, du} must converge to a number in [0, 00]

(which may or may not be o0o), and the limit of this sequence is such that

tm [ fodus [ fau
n—o
Now, for every n > 1, we use Theorem 3.1.8 to choose a non-decreasing sequence
{gnk}7e;: of non-negative real-valued measurable simple functions defined on X such
that f, = limg 0 gn k. Also for every n > 1, define a function h, : X — [0,00) by
ha(z) = max(g1,n(2), g2,n(®); - - - Gn,n (%))
Note that {h,}22, is clearly a non-decreasing sequence, and each A, is simple,

measurable, and takes values in [0,00). Also, by definition of the functions h,, for every
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and Theorem 3.2.7 to find that

[tan= [ i hndu= i [hnde < m [ o

Since we have already proved the reverse inequality, we have that [ fdp =lim, [ f, dp.

n > 1 we have that h, < f, and f = lim, 00 n. Therefore, we can apply Theorem 3.2.6

Now assume that the relations in the statement of the theorem only hold at

almost every £ € X. Let A be a set such that
({x € X : fa(x) > faga(z) forsomen > 1} U{z e X : Jl’ngofn(x) # f(:c)}) CA

and so that u(A4) =0.

Consider the function fx4c and the sequence of functions {fn,x4c}32 ;. Since
fixae(z) < faxae(z) < --- for all © € A° and froxae(z) =0 for all n > 1 and z € A,
we must have that fixac(z) < foxac(z) < --- at every x € X. Similarly, fxsc(z) =
lim, frnxae(z) at every z € X. Therefore we can apply the results of the first part of this
proof to get that

f fxaedp = lim ] faxae du.

Now, since p(A) = 0, we must have that, for every n > 1, fox4c = f, almost
everywhere and fxac = f almost everywhere. Thus, we can use Theorem 3.2.11 to get
that [ faxaedu = [ fndp and that [ fxsc dp = [ f du. Combining these equalities with

the above equation gives us that

ffd”=nli,néo/f“d“' O

Our next result will be used in our proof of the Dominated Convergence The-
orem, but even though the name by which it is commonly known contains the word
“lemma,” it is presented here as a theorem due to its wide applicability beyond just that

particular proof.

Theorem 3.3.2 (Fatou’s Lemma). Let (X, ) be a measure space, and let {f,}52,

be o sequence of [0, ool-valued of -measurable functions on X. Then

/hnm_}lgffn du < lgﬁ[_l}lol‘éf/fnd;_l..
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Proof. Construct a sequence {g}52,; of functions by defining, for every n > 1, g, =

infg>n fr. Therefore, by Theorem 3.1.6, each function g, is measurable. Since

{fn+11fn+2: .- '} g {fnafn+1) . -}s

then by definition of the functions gr, we must have that g1(z) < go(z) < --- at every
z € X. This means that, at every 2 € X,

Jm ga(z) = sup (9n(z)) = sup (;gﬁ fk($)> = liminf fo(z).

Now, since we have that g, < f, for all n > 1, we can apply the Monotone

Convergence Theorem (Theorem 3.3.1) to get that

fliég)%)%ffndﬂ=/JL%gndﬂ=JLI&]gnd#Shnrggfffnd#- a
The last theorem we will present in this section is very useful, as it can be used
to show that a particular function is integrable or to even provide an upper bound for the

value of the integral of a particular integrable function. This result is perhaps the most

powerful limit theorem we will consider.

Theorem 3.3.3 (Lebesgue’s Dominated Convergence Theorem). Let (X, «7, 1) be @ mea-
sure space, let g be a [0, 00]-valued integrable function on X, and let f and fi, fa,... be

[—00, 00]-valued & -measurable functions on X such that
f@) = lim fa(z)

and
[fr(z)| < g(z) for alin 21,

both holding at almost every x € X. Then f and f1, fa,... are integrable, and
/f du = nll,néo/f” du.
Proof. First, let A be a set such that
({w €X: nli}ngofn(m) # f(2)}U{z € X : |fa(z)| > 9(z) for some n > 1}) CA

and so that u(A) = 0. Now construct a sequence of functions {h,}52, by defining
ho(z) = faxae(z) for all n > 1, and define a function h by setting h(x) = fxae(z).
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Therefore, |hy(z)| = 0 < g(z) for all z € A, and |h,(z)| = | fr(z)}| < g(z) for all z € A°,
$0 |hp| < g everywhere, for all n > 1. Also, by our definition of h, h = lim, o0 hn
everywhere, so that |h| < g everywhere as well.

Thus, since |h,| and |A| are non-negative, we can apply Theorem 3.2.7 to get
that [|h|du < [gdu and that [|hs|du < [gdu for all n > 1. But f = h almost

everywhere, and for all n > 1, f, = h, almost everywhere, so by Theorem 3.2.11, for all

n>1,
[itldi= [imidu< [gdu<oo

[is1du= [du< [gan<oo

So, by Theorem 3.2.7, we have that [{fa|dp = [ fatdu+ [ fa™ dp < oo, s0
each integral must be finite, which means each f, is integrable, by definition. Similarly,
J1fldu= [ ftdu+ [ f~du < oo, so each integral is finite, and thus f is integrable, by

and

definition.

We have proved the integrability of f and of the functions f,, and we now turn
to the desired equality. We start with the case where the conditions of the theorem hold
at every z € X, rather than almost everywhere, and where g(z) < oo at every z € X.
Since each function |f,| is dominated everywhere by g, then {g+ fr}32, is a sequence of

non-negative &/-measurable functions. Furthermore, for every z € X,

Jim (g + fn)(z) = g(z) + lim fo(z) = g(z) + f(z) = (g + f)(2).

Therefore, since the limit exists at every £ € X, we have that lim,(g + fr) =

liminf,(g+ fn)lz g+f, and so we can apply Theorem 3.2.9 and Fatou’s Lemma (Theorem

3.3.2) to get that
fgdwr/fd# = /(g+f)d#

= [ liminf(g+ fn) dp

n—3o0

< liminf / (9 + fa)du

= ligr_l)ioréf (/gdp.-i—/fndu)

= /gdu-{-hnrggf/fndu.
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By subtracting the finite number [ g du from both sides of the above inequality, we obtain
that

ffdﬂsllrlfgl()%fffndﬂ-

Similarly, {g— f»}52. is a sequence of non-negative &/-measurable functions such

that lim, (g — fn)(x) = (g— f)(z) at every € X, and so lim, (g~ fr) = liminf,(g— f,) =
g— f. Applying Theorem 3.2.9 and Fatou’s Lemma (Theorem 3.3.2) as before gives us

that
[odu-[1as = [to=pau

= /Hﬁ{gf(g — fa)dp

< lmint [ (g~ f)du
= liminf (/gdﬂ—ffnd#)
= fgdu+lm{£f (—ffndu)

= /gd,u—limsup/fndp.

n—00

Rearranging the above inequality shows that

n—o0

limsup-/fndp.ﬁffdp..

Therefore, we have that
limsupffn du < ffcl,u < liminf/fn du,
n—00 n—»00

but liminf, [ fn du is always less than or equal to limsup,, [ fr dp, so it must be that

[ rau=timint [ fudp=timswp [ fadu= tim [ uda.

Now we consider the case where the conditions of the theorem hold only almost
everywhere, and where g(z) < oo is not necessarily true at every z € X. Note, however,
since g is integrable by hypothesis, that |g| = g < co almost everywhere, by Theorem
3.2.12. Similar to the beginning of this proof, we will now let A be a set containing all

points x € X at which at least one of the following statements is true:

1. f(z) # limp fo(@);
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2. jfn(z)| > g{z) for some n > 1;
3. g(z) = o0,

and so that p(A4) =0.

Thus, if we define the sequence of functions {h,}5>; by hn(z) = faxac(z), the
function A by h(z) = fxae(z), and the function ¢’ by ¢'(z) = gxu-(z), then we have
the following, which all follow from the properties of the functions f,, f, and g, and the
definition of the set A:

1. ¢’ is a [0, oo]-valued integrable function;

2. h and each h, are [—co, co]-valued measurable functions;
3. h(z) = lim, hy(z) at every z € X;

4. |hy(z)| < ¢'(z) at every z € X, for eévery n > 1;

5. ¢'(z) < oo at every z € X.

Therefore, we can apply the results of the first part of this proof to get that
J hdp = lim, [ h, dp. But, also by the definition of the set A, we see that h = f almost
everywhere and, for every n > 1, h, = f, almost everywhere. Thus, by Theorem 3.2.11,
Jhdp = [ fdp and, for every n > 1, [hpdp = [ f,du. Combining these equations

gives us that

ffdg=n1£ngoffndu. O
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Chapter 4

The Riesz Representation

Theorem for Linear Functionals

In this chapter, we will state and prove the main theorem of this project. In
the first section, we will focus on the prerequisite material needed for the statement
of the theorem and the preliminary lemmas that we will be using in the proof. The
next section will introduce some questions that motivated the work that led to the Riesz
representation theorem, and the theorem itself will be presented. The third and final
section of this chapter will be devoted entirely to the lengthy proof, which will be broken

up into a few pieces in order to help with organization and clarity of presentation.

4.1 Preliminary Material

We begin our preliminary work by recalling some fundamental definitions from
topology. Let X be a topological space. First, we say a subset K of X is compact if
every open cover {Ua}aea, Where A is some indexing set, has a finite subcover {Ug, }7;.
The space X is called locally compact if every point z in X has an open neighborhood U,
such that the closure U, of U, is a compact set. Lastly, we call the space X Hausdorff
if, for every pair of distinct points 2 and ¢ in X, there exist disjoint open sets U and V
such that x € U and y € V. Measures on locally compact Hausdorff spaces have been the
subject of much research and discovery, an example of which is the main theorem of this

project. Perhaps the reason for this is that, while the conditions imposed upon them are
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lenient enough to allow results to be widely applicable, locally compact Hausdorff spaces
are one of the “most well-behaved classes of spaces to deal with in mathematics” [Mun06].
The following useful results regarding compactness can be used to establish some basic
facts concerning measures defined on locally compact Hausdorff spaces. The first one we
will examine tells us that, in a Hausdorff space, the “Hausdorfl-ness” property extends
to compact sets as well, in the sense that disjoint compact sets can be separated by open

sets.

Theorem 4.1.1. Let X be a Housdorff space, and let K and L be disjoint compact subsets
of X. Then there exist disjoint open subsets U andV of X sothat K CU and LC V.

Proof. Firstly, consider the case where one (or both) of our compact sets is the empty
set. Without loss of generality, assume that K = (). Then we can choose I/ = §§ and
V =X, and we see that UNV =0, K =0 C®, and L C X, so the theorem holds.

Now consider the case where K contains exactly one point € X, so that
K = {z}. Since X is Hausdorff, then for every point ¥ € L we can choose. a pair of
disjoint open sets Uy and V;, so that ¢ € Uy, and y € V},. This implies that the collection
{Vy}ver is an open cover of the compact set L, so there must exist a finite subcover.
Thus, there exist points y1,¥2,...,¥n € L so that L C (J, V;,. Now, let U = N, Uy,
and V = | JI_; V4;. So each of U and V must be open as the finite union or intersection
of open sets, and U NV = § by our choice of U and V. Also, L C V, and since z is in
each Uy, we must have that {z} = K C U. Therefore, we have proven the theorem in the
case where K consists of exactly one point.

Now let A have more than one element. By above, for every z € K there
exist disjoint open subsets U, and V; of X such that z € U, and L € V.. There-
fore, the collection {U;}sex is an open cover of the compact set K, so there must exist
T1,%9,...,Zm € K such that K C U;'_;l Uz;. So, similar to the previous arguments, let
U=l Us; and V =L, Vo;. Thus, U and V are open sets, X C U and, since L is
contained in each V,, we have that L C V. Also, U NV is empty by our choice of U and

V, so the theorem is proven for this final case. a

We can use the previous result to prove the following theorem about open neigh-
borhoods of points in locally compact Hausdorff spaces and its important corollary. These

facts are used to obtain a crucial theorem in the development of the study of measures
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on locally compact Hausdorff spaces, which will be an essential part of our proof of the

Riesz representation theorem later on.

Theorem 4.1.2. Let X be a locally compact Housdorff space, let ¢ € X, and let U be'an
open neighborhood of x, that is, U is open and x € U. Then there there exists an open

neighborhood V of  whose closure V is compact and such that V C U.

Proof. By definition of X being locally compact, there exists an open neighborhood W
of = whose closure W is compact. Since z € W and z € U, W N U is also an open
neighborhood of z, and since WN U is a closed subset of the compact set W, WNU
must also be compact. Thus, without loss of generality, we can assume that W C U,
However, our theorem is not yet proven, since there is no guarantee that W C U. To get
around this problem, consider the set W \ W = W N W¢. Since W is open, W* must be
closed, so that W\ W is closed as the intersection of two closed sets, and is compact as a
closed subset of the compact set W. Also, x ¢ W\ W since z € W, and {x} is a compact
subset of X since it is finite.

Thus, {z} and W \ W are disjoint compact subsets of X, and so we can use
Theorem 4.1.1 to choose disjoint open sets V4 and Vz so that {z} C V4 and W\ W C V;.
Now consider the set V3 NW. Since V) and W are both open and both contain the point
z, Vi NW is an open neighborhood of . Since V1 N W is a closed subset of the compact
set W, Vi N W is compact. Also note that, by our choice of ¥; and V%, it must be true
that Vi € W. Therefore, we see that

MNWCVinWohowcy,

so the set V3 N W is the required set, and our theorem is proven. a

>

Corollary 4.1.8. Let X be a locally compact Hausdorff space, let K be a compact subset
of X, and let U be an open subset of X so that K C U. Then there exists an open subset
V of X whose closure V is compact and so that KCV CV CU.

Proof. For each point z in K, we can use Theorem 4.1.2 to choose an open neighborhood
Wi of z so that W, is closed and W, C U. Thus, the collection {W;}ek is an open cover
of the compact set K, and so there must exist a finite subcover. Let x1,29,...,2, € K
be such that {W,;}%, is a finite open cover of K, and define the set V = [ Ji._; Wy;. So

K C V by definition, and since any set is always contained in its own closure, we have
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that V C V. Note that V = (UL, We,) = U, Wx,, since the closure of the union of
finitely many sets is equal to the union of the closures of the individual sets. Thus, since
each set W, was chosen so that- W, is contained in U, we have that each set WZ cu
and so V C U. O

We will now turn to some fundamental concepts involving functions on topo-
logical spaces that are essential parts of the Riesz representation theorem. Let X be a
topological space, and let f : X — R be a continuous real-valued function defined on
X. We define the support of f to be the closure of the set {z € X : f(z) # 0}, denoted
by supp(f). If, additionally, X is locally compact and Hausdorff, we denote the set of
all continuous real-valued functions f : X — R for which supp(f) is compact by J£(X).
The following fact about J¢'(X) will be necessary in our proof of the Riesz representation
theorem. The full proof, which is ommitted here, relies on Corollary 4.1.3 and a powerful
theorem from topology known as Urysohn’s lemma [Coh97]. The Urysohn lemma has
been called by some the first non-trivial result of point-set topology in that its proof
is extremely non-obvious, and indeed that “it would take considerably more originality
than most of us possess to prove this lemma unless we were given copious hints” [Mun06].
Two variations of the proof of Urysohn’s lemma, both depending on the same crucial and
brilliant idea, can be found in their entirety in [Mun06] and [Rud87]. For now, we present

one of its consequences that will be of use to us later on.

Theorem 4.1.4. Let X be a locally compact Hausdorff space, let K be a compact subset
of X, and let U be an open subset of X such that K C U. Then there exists a function
f € X (X) such that xx < f < xv end supp(f) CU.

The following consequence of Theorem 4.1.4 will also be necessary in our proof
of the main theorem of this project. The proof can be obtained by using Theorem 4.1.1,

Theorem 4.1.4, and induction on the number n of open sets.

Theorem 4.1.5. Let X be e locally compact Housdorff space, let f € X2 (X), and let
U1,U0s,...,U, be finitely many open subsets of X such that

supp(f) < | J Ui

=1

Then. there exist functions f1, fo,..., fa tn JE(X) such that f = fi+ fo+ -+ fn and
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such that, for every i € {1,2,...,n}, supp(f;) C U;. Furthermore, if the function f is

non-negative, then each function f; can be chosen to be non-negative as well.

Now, recall that the Borel o-algebra on R was defined to be the o-algebra on
R generated by the collection of open subsets of R. In a general topological space, the
notion of open sets is generalized, and any subset that is an element of the topology is
called open. This leads us to the following definition, which generalizes Z(R) to the Borel

g-algebra over a topological space, rather than just the real numbers.

Definition 4.1.6. Let X be a Hausdorff topological space. Then we define the Borel
o-algebra on X to be the c-algebra generated by the open subsets of X, denoted by
B(X). '

We call the elements of &(X) Borel sets, and we call any measure defined on
ZB(X) a Borel measure. Note that it is an elementary consequence of the properties of
g-algebras that (X)) is also generated by the closed subsets of X, since the complement
of any open set is closed. In our study of the Riesz representation theorem, we will
be working with Borel measures that satisfy a certain property that is an extension of

Definition 2.3.6. This property is our next definition.

Definition 4.1.7. Let X be a Hausdorff topological space, and let u be a Borel measure
defined on %#(X). We say that y is regular if

1. for every compact subset K of X, u(K) < o,
2. for every set A € B(X),

p(A) =inf{u(U): ACU and U is open}, and

3. for every openset U C X,

w(U) =sup{u(K) : K CU and K is compact}.

As with Definition 2.3.6, we sometimes refer to condition 2 as outer regularity
and condition 3 as inner regularity. Regular Borel measures can be very useful, and are
the subject of the Riesz representation theorem. Recall that a linear functional is a linear

map defined on a vector space whose values lie in the field over which the vector space is
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defined. The power of the Riesz representation theorem is in that it describes how certain
linear functionals can be represented by regular Borel measures. We are now ready to

investigate the main theorem of this project.

4.2 The Riesz Representation Theorem

In this section, we will investigate the ideas and the natural questions stemming
from these ideas that motivated the discovery of the Riesz representation theorem, and we
will close the section by stating the theorem itself. A major part of this process was the
surprising notion that certain linear functionals seem to correspond with regular Borel
measures. To start with, let us present the following fact about the set J#(X).

If X is a locally compact Hausdorff space, recall that £ (X) is defined to be
the set of all continuous real-valued functions on X with compact support. Consider the
following: If f and g are in £ (X), and k is areal number, then f+g and kf are also real-
valued, continuous, and have compact support, so are also in J£(X). The zero function is
continuous and real-valued, and {x € X : 0(z) # 0} = (), which is closed and compact, so
the zero function is in JZ°(X). If f is in J£(X), then —f is also continuous and real valued.
Also, {x € X : f(z) # 0} = {z € X : —f(z) # 0}, so f has compact support if and
only if — f does. Thus, f € J£(X) if and only if —f € 2 (X). Finally, the associativity
and commutativity of function addition, the associativity of scalar multiplication with
field multiplication, the distributivity of scalar multiplication with respect to vector and
field addition, and the existence of the scalar multiplicative identity all follow from the
fact that the functions in J¢'(X) are real-valued. These facts show that the set J#(X) is
actually a vector space. The next theorem presents an important fact about the members

of J£(X) that will be essential to how we use the vector space.

Theorem 4.2.1. Let X be a locally compact Hausdorff space, let p be a regular Borel
measure defined on B(X), and let the function f: X — R be a member of ¢ (X). Then
f is integrable with respect to .

Proof. We first must verify that f is Borel measurable. Since f: X — R is in J£(X),
f must be continuous, so if U is an open subset. of R, then f~1(U) is open in X. Thus,
f~HU) € B(X), and so f is measurable by Theorem 3.1.9.

Now consider that the continuous function f is only non-zero on a compact
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subset of X, and recall that continuous functions defined on compact sets are bounded.
Thus, it follows that the function f must be bounded. Let A = {z € X : f(z) # 0} (note
that A is compact since f € J# (X)), and let M be a real number such that |f{z)| < M"
for all x € X. Then |f| < Mxa, so by Theorem 3.2.9,

/|f|dﬂ$/MXAdM=M#(A)<001

since p is regular and so p(A) is finite. Therefore, |f| is integrable with respect to p, and

so by Theorem 3.2.10, f is integrable as well. a

So, if X is a locally compact Hausdorff space and p is a regular Borel measure
on %(X), let us now consider the map defined on £ (X) by f — [ fdu. Since each
f € J#(X) is integrable with respect to p by the Theorem 4.2.1, we have that this map
sends elements of the vector space J£'(X) to elements of the field R over which J£(X)
is defined, and the map is linear since integration is linecar by Theorem 3.2.9. Thus,
we see that integration with respect to the regular Borel measure u is actually a linear
functional acting on the vector space J£(X)! In fact, not only is integration a linear
functional, it turns out that integration in general provides us with some of the “most
important examples of a linear functional in mathematics,” such as the Fourier coefficients
of a periodic integrable function [FIS03].

‘This idea of integration being a linear functional is what motivates our study
of the Riesz representation theorem. Since J£(X) is, at its core, a vector space, and
since vector spaces are generally well-understood, we know that there are many linear
functionals that we can define on J#(X) that may seem to have nothing to do with
integration at all. This idea gives rise to many natural questions. Which linear functionals
on ¥ (X) can be represented in this way? All of them? Only some of them? It is clear
that any regular Borel measure corresponds to one particular linear functional. But can
one particular linear functional be represented by more than one regular Borel measure?
It is these questions, and others like it, that led to the discovery of the Riesz representation
theorem, which answers them all.

We will need the following concepts to state the Riesz representation theorem.
Let X be a locally compact Hausdorff space. Firstly, we call a linear functional I on
K (X)) positive if, for every non-negative function f € 2 (X), we have that I(f) > 0.

Note that if I is a positive linear functional on J£(X) and if f and g are functions in
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J(X) so that f < g, then g— f is non-negative, and so I(g— f) = I(9)—I(f) > 0, so that
I{f) < I{g). Thus, a positive linear functional is monotonic. Furthermore, if f € J£(X)
. is non-negative, then its integral is also non-negative by Theorem 3.2.9, so the mapping
defined on JZ(X) by f — [ fdu is actually a positive linear functional. Lastly, if U is
an open subset of X, then we will write f < U to denote that both 0 £ f < xy and

supp(f) € U.
We will now present one last fact which will be used in our proof of the main

theorem.

Theorem 4.2.2. Let X be a locally compact Hausdorff space, and let u be a regulor Borel
measure defined on B(X). If U is an open subset of X, then

uw) = swf [rau:fe () amdo< <)
= sup{/fdp:fé%’(X)andf%U}.

Proof. If f € X (X) and 0 < f < xy, then, by Theorem 3.2.9, [ fdp < [ xv du = p(U),

so we must have that

W) 2sup{ [ fau: e X0 a0 < f <0

 Also, if f € #/(X) and f < U, then necessarily 0 < f < xy, 50

w©) 2 swf [fdusfex () mdo<s <xw)
> sup{/fdp;fex(X)andHU}.

Thus, if we prove that p(U) <sup {f fdu: f € ' (X) and f < U}, then all three quan-
tities must be equal and our theorem will be proved.

So, let o be an arbitrary real number so that & < p{U). Since p is regular, we
can use the inner regularity of p to choose a compact subset K of U so that a < u(K).
Thus, by Theorem 4.1.4, we can choose a function f € J£(X) so that xx < f < xv and
supp(f) C U, and since xx > 0, this means that f < U. Applying Theorem 3.2.9 to the
inequality xx < f gives us that

/fduzfxxdp=u(ff)>a-
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So, since f € X (X), f < U, and a < [ f du, we must have that

a<sup{ffdp:fejf(X) andf—<U}.

But a was an arbitrary real number less than u(U), and so letting o approach p(U) from

below gives us that
,u(U)Ssup{/fdp:fEJi’(X) andf%U}.
Therefore, our theorem has been proven. (]

We now have all the machinery, language, and notation that we need to state
and prove the main theorem of this project. This theorem answers all of the questions
posed above regarding what kinds of linear functionals on 2 (X) can be represented by
what kinds of regular Borel measures, stating that every single positive linear functional
on JZ (X)) is equivalent to integration with respect to a regular Borel measure, and that
this measure is uniquely determined by the linear functional. This result is very useful,
and is powerful enough that it is even possible to derive the Lebesgue measure A on
%(R) as a corollary [Rud87]. The proof of the theorem is long and complex, and will be

presented in the next section.

Theorem 4.2.3 (The Riesz Representation Theorem for Linear Functionals). Let X be
e locally compact Hausdorff space, and let I be o positive linear functional on 4 (X).

Then there is a unique regular Borel measure u on X such that

10 = [ fap

holds for every f in ' (X).

4.3 Proof of the Riesz Representation Theorem

In this section, X will always represent a locally compact Hausdorff space and I
will represent a positive linear functional on J¢'(X). We will split the proof into multiple
parts in order to help with organization, and it will proceed as follows. First, we will
show that, if there exists a regular Borel measure that satisfies the conditions in Theorem
4.2.3, then it must be unique. We will then construct a specific outer measure on X

and prove that that its restriction to #(X) is a regular Borel measure on X. The last
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step will be to verify that our constructed measure does indeed satisfy the conclusion of

Theorem 4.2.3. We have a big task ahead of us, so let us begin!

The regular Borel measure g is unique

Let 1 and v be regular Borel measures on X such that I(f) = [ fdu = [ fdv
for every f € #(X). If U is an open subset of X, Theorem 4.2.2 tells us that

w@) = sup{-/fdp:fe.}i’(X)andf%U}

= sup{/fdv:fé%’(X) andf—<U}
= p(U).

Now, since x and v are regular, we can use their outer regularity and the fact that u and

v agree on every open subset of X to get that, for all A C B(X),

w(A) = Inf{u(U): ACU and U is open}
= inf{v(U): ACU and U is open}
= v{4).

Thus, p(A) = v(A) for every Borel subset A of X, meaning that they assign the
same measure to every measurable subset of X. Therefore, u = v, so the regular Borel

measure g in the statement of Theorem 4.2.3 must be unique.

Constructing an outer measure on X

We will now define a function u* on the open subsets of X by letting, for all
open sets U C X,

p(U)=sup{I(f): fe X (X)and f <U}. (4.1)

While at this point p* is neither a measure nor an outer measure, the notion
of outer regularity suggests the next step, which will be to extend this function to every
subset of X by defining, for any A C X,

pr(A) =inf {p*(U): Uis oben and ACU}. (4.2)



43

Before we proceed, we need to verify that (4.1) and (4.2) are consistent with each
other in that they assign the same value to open sets. If we let V' be an open subset of X,
then (4.2) gives us that p*(V) = inf {p*(U) : U is open and V C U}. Now if V C U, then
any function f in 2 (X) such that f < V must also satisfy f < U, so that u*(V) < pu*(U),
according to (4.1). Thus, since V' is open and V C V, the set V is itself included in the
sets U in (4.2), so we see that inf {p*(U) : U is open and V C U} = p*(V), using (4.1).
Therefore, (4.1) and (4.2) assign the same value to every open subset of X, and so our
two definitions of u* are consistent with each other. Given this fact, for the rest of this
proof we will choose whichever definition of u* will be more convenient, if we have the
option to use either one. We will now prove that our function p* is actually an outer

measure on X.

The function p* is an outer measure

To prove that p* is an outer measure on X, Definition 2.2.3 tells us that we
need to show that g*() = 0, that u* is monotonic, and that u* is countably subadditive.

Since @ is open in any topological space, we can apply (4.1) to see that
(@) =sup{I(f): f€H(X)and f <0}.

But if f € 2 (X) and f < @, then by definition, 0 < f < xg and supp(f) C 0, both of
which force f to be the zero map 0, since xp = 0 and {z € X : f(z) # 0} C 0 implies that
f{z) =0 for every z € X. Thus, we have that p*(§) = I(0). But I is linear, so for any
fe X (X),

H0) =I{f - f) = I(f) - I(f) = 0.

Therefore, pu*(@) = 0.
Now let A € B C X. By (4.2), we have that

p*(A) =inf {u*(U) : U is open and A C U}

and that
p*(B) =inf {p*(U): U is open and B C U}.

But since A C B, any open set containing B must also contain A, so that

{p*(U):Uisopenand BC U} C {p*(U):U isopen and A C U}.
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Therefore, since the infimum of any set is less than or equal to the infimum of any of its
subsets, we have that u*(A) < p*(B), and so u* is monotonic.
To prove that u* is countably subadditive, we need to show that, for any arbi-
trary sequence {An}52; of subsets of X, that
oo 00
n (U An) <) H(An).
n=1 n=1
However, we will first show that p* is countably subadditive with respect to sequences of
open subsets of X, and then use this fact to prove the case where we have an arbitrary
sequence of subsets.
Let {U,}32, be a sequence of open subsets of X, and let f be a function in
JE(X) such that f < (J;Z, Un. By definition, this means that 0 < f < x = y, and
that {U,}32, is an open cover of the set supp(f). Since f € J£(X), supp(f) is compact
and so there must exist a finite subcover. So, let N be a positive integer such that
supp(f) C Ui:;l Un. We can now use Theorem 4.1.5 to choose functions fi, fa,..., fn
in (X)) so that f = EnNzl fn and so that supp(f,) C U, for all n € {1,2,...,N}.
Since 0 < f < XU, Uny WE know that we can also choose each function f, such that
0 < fn £ XUn, S0 we have that f,, < U, for all n € {1,2,...,N}. Since I is linear, this
implies that

n=1

N N
I(f)=1 (Z fn) =Y " I(fa).
n=1
Now, for all n € {1,2,...,N}, f, € #(X) and f, < U, imply that
I(fr) <sup{l(g):g9 € H#(X) and g < Up} = u*(Uy),

by (4.1). Thus, we see that, since p*(U,,) is non-negative for all positive integers n,

N N o0
IF) =Y I(fa) < D 6" (Un) Y p*(Un).

n=1 n=1 n=1
But since f was an arbitrary function in J£(X) with f < |Jo~; Un, the above. inequality

must hold for every such f, so that

sup {I(f) 1 feH(X)and f < U Un} < Z#*(Un)'

n=1 n=1
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But by (4.1),

sup {I(f) : f € #(X) and f < G Un} = u* (U Un) :

n=1 n=1
S0 we see that
x> o0
e (U Un) < 3w
n=1 n=1

Now let {A,}52; be an arbitrary sequence of subsets of X. We need to show
that p* (Uney An) < 3 opeq 1*(An). However, if 3 0, u*(Ap) = oo, then the required
inequality is necessarily true. Thus, we will assume that oo ; u*(4,) < co.

Let € > 0. Recall that for each integer n > 1, (4.2) gives that
p*(Ag) =inf {p*(U) : U is open.and 4, CU}.

So, for each integer n > 1, we can choose an open set U, such that 4, C U, (implying

that p*(A,) < p*(U,) since p* is monotonic) and such that
. €
1 (Un) < 17 (An) + 5

Since p* is countably subadditive with respect to sequences of open sets, and

by our choice of the sets U, we get that

H*(UAR) < m(uun)
n=1 n=1
< Z#*(Un)
n=1

o0

< > (n A+ 52)

n=1
oo
= Z ‘U.*(An) + €.
n=1
Thus, since ¢ was arbitrary, we have that
(e 9] (o]
v (U An) < SO (A,
n=1 n=1
so p* is countably subadditive. Since we also have that u*(@) = 0 and p* is monotenic,

p* is an outer measure by Definition 2.2.3. Our next step will be to prove that every set
A € #B(X) is p*-measurable.
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Every Borel subset of X is p*-measurable

First, let U be an open subset of X. By Definition 2.2.5, U is py*-measurable if
and only if
p(A) =p* (AnU) + p"(ANUS)
holds for every subset A of X. However, since A € ((ANU)U(ANU%) and p* is
countably subadditive, then p*(A) < p*(ANT) + p*(ANU®) must automatically be true.

Thus, we need to prove that
p(A) Z p*(ANU) +pr(ANT°),

which is necessarily true if p*(A) = o0. So, let A be a subset of X such that y*(A) < oo,
and let ¢ > 0. By (4.2), p*(A) = inf {p*(U) : U is open and A C U}. Therefore, we can
choose an open subset V' of X such that A C V (implying that p*(A) < p*(V) since p*
is monotonic) and such that p*(V) < p*(4) +e.

Now, since V' N U is open, we can use (4.1) to choose a function f; € H#(X)
such that fi < VNU and I{(f1) 2 p*(VNU) —e. Let K = supp(f1). Since K is the
closure of the set of points not sent to 0 by f1, K is a closed set. So K*° is open, and so
the set V N K¢ is open as well. Since fi < VNU, we havethat K CVNU,s0 K CU as
well. Thus, U® C K¢, so that VNU® C VNK® Again by (4.1), we can choose a function
fa € ' (X) so that foa < VN K®and I(fy) > u*(VNK*) —¢, and since p* is monotonic,
we must have that J(f2) > p*(V NU®) —e.

Recall that A C V. Now, by our choice of fi and fz, we have that f; + fo <V,
and so, since fi + fo C (X), we can use (4.1), the linearity of I, and the monotonicity
of u* to see that

w(V) 2 I(fi+fa)
= I{fi)+1(f2)
> p'(VNU)—e+p"(VNU® —¢
= p(VNU)+p*(VNU®) -2
> pr(ANT)+ p*'(ANU®) - 2e.

But we chose V so that u*(V) < u*(4) + ¢, so we see that

p*(A) > pr(ANU) + p*(ANT®) ~ 3e.
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Thus, since e was arbitrary, u*(4) > p*(ANU) + p*(ANU®). Therefore, every
open subset U of X is p*-measurable. So, by Theorem 2.2.6, the collection &7,» of
pr-measurable sets is a o-algebra that contains every open subset of X. However, by
definition, Z(X) is the smallest c-algebra containing all of the open subsets of X, so
B(X) C . Therefore, every Borel subset A of X is p*-measurable.

Next, we will prove that restricting px* to the Borel o-algebra on X yields a

regular Borel measure, but before we can do this, we will need one more lemmma.

Lemma 4.3.1. Let X be a locally compact Hausdorff space, let I be a positive linear
functional on (X)), and let u* be the outer measure defined by (4.1) and (4.2). Let A
be a subset of X and let f be a function in JH(X).

1 Ifxa < f, then p*(4) < I(f).
2. If 0< f <xa and A is compact, then I(f) < u*(A).

Proof. To prove part 1, let x4 < f, and let ¢ be a real number such that 0 < ¢ < 1. Now
define the set U, by setting U = {z € X : f(z) > 1 —¢}. Since f € H#(X), f must be
continuous, so U, is open as the preimage of the open set (1 — ¢,00) in R. Let g be a
function in J#(X) so that g < xp,. By our choice of ¢, we have that 0 <1 —¢ < 1.

If z € U, then g(z) <1 and f(z) >1—¢, so {—(_xg- > 1. Thus,

1
< — )
o(s) < = f(@)
If ¢ ¢ U, then g(z) < 0, and since 0 < x4 < f and 1 — ¢ > 0, we again have that
(z) < (z) < L f(z)
G =TT XA = 70 A

Therefore, g < ﬁ
So, for each g in £ (X) that satisfies g < U, we have that g < ﬁ f, so that,
by (4.1) and the monotonicity and linearity of I,

u*(Ue) sup {I(g) : g € #(X) and g < Uc}

< f@ieﬂ

1
—I())
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If x € A, then f(z) > xa{z) =1>1—¢,s0 z € U.. Thus, A C U, so that
u*(A) < p*(U,) by the monotonicity of u*. Combining this fact with the above inequality
gives us that

W(A) < T 10,

Therefore, since € was arbitrary in the interval (0, 1), we see that T-l-_e is arbitrarily close
to 1 from below, so that g*(A) < I(f), and part 1 of our lemma is proven.

Now let A be compact, 0 < f < x4, and let U be an open set such that A C U.
Since f € J(X), we have that supp(f) is closed and compact, and thus a subset of A.
Therefore, supp(f) C U, so f < U. So by (4.1),

I(f) < sup{I(g) : g € X (X) and g < U} = p*(U).

But U was an arbitrary open set containing A4, so I{f) < p*(U) for all such open sets.

Thus, we must have that
I(f) <inf{*(V):V is open and A C V},
so by (4.2), I(f) < p*(A), and part 2 of our lemma is proven. |

Now that we have this tool at our disposal, we can continue our proof. Recall
that our next step is to prove that restricting p* to 2(X) will result in a regular Borel

measure on X.

The function p*|z(x) is a regular measure on X

Let p be the restriction of u* to the Borel o-algebra Z(X), and let u1 be the
restriction of p* to the collection #,» of p*-measurable sets. Then, by Theorem 2.2.6, p
is automatically a measure on 7,-. We have already proven that every Borel subset of .
X is p*-measurable, that is, that Z(X) C &,«, so p and p; must agree on Z(X). Now,
since p1 takes values in [0,00], so does p. Since u1(@) = 0 and @ € B(X), we see that
p(8) = 0. If {B,}3, is a disjoint sequence of subsets of (X), then it is also a disjoint
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sequence of subsets of &/,», and since y; is a measure,

(87) - »(02)
= i #1 (Bn)

n=1
= Z 1 (Bn).
n=1

Therefore, by Definition 2.2.1, 4 is a measure on #(X), that is, u is a Borel measure on
X.

Now we turn to the regularity of p. Firstly, since p is simply a restriction of p*,
note that every result that we have already proven about z* applies to p, and that (4.1)
and (4.2) can be used as the (consistent) definitions of u. Now, recall that, by Definition
4.1.7, y is regular if and only if

1. for every compact subset K of X, u(K) < oo,

2. for every set A € B(X),

#(A) = inf{u(U) : ACU and U is open}, and

3. for every open set U C X,

w(U) = sup{u(K) : K CU and K is compact}.

Let K be an arbitrary compact subset of X. By Theorem 4.1.4, there exists a function
f € X (X) so that xx < f. Thus, by Part 1 of Lemma 4.3.1, u(K) < I(f). But [ is
real-valued, so p(K) is finite. Thus, y is finite on every compact subset of X. (4.2) tells
us exactly that p(A) = inf{u(U) : A C U and U is open} for every set A € B(X), that
is, that p is outer regular.

Let U be an open subset of X and let f be a function in J#(X) such that f < U.
If z € supp(f) C U, then, since 0 < f < xy, we have that 0 < f(x) < 1 = xgypp(s) (2).
If z ¢ supp(f) = {z € X : f(z) # 0}, then f(z) = 0 = Xeupp(s){®). Thus, we have that
0 < f < Xeupp(f)- Therefore, since f € J(X) implies that supp(f) is compact, Part 2
of Theorem 4.3.1 tells us that I(f) < p(supp(f)) for every f € #(X) such that f < U.
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So, we can use this fact along with (4.1) to get that

sup{I(f): f e #(X)and f< U}
< sup {p(supp(f)) : f € #(X) and f < U}
< sup{u{K): K is compact and K C U},

p(U)

where the last inequality comes from the fact that if f € Jﬁf (X) with f < U, then supp(f)
is a compact subset of U, and so p(supp(f)) must be less than or equal to the supremum
of u applied to ell compact subsets of U. To prove the reverse inequality, we notice that,
for every compact set K with K C U, the monotonicity of x gives that u(U) > p(K), so
that

w(U) = sup {p(K) : K CU and K is compact} .

Therefore, u(U) = sup {u(K) : K CU and K is compact}, so u is inner regular.

Thus, since we have shown that p is finite on compact sets and that p is both
outer regular and inner regular, u is a regular Borel measure on X, by definition. The last
step of our proof will be to verify that this measure is indeed the measure that satisfies

the conditions of the Riesz representation theorem (Theorem 4.2.3).

I(f) = [ f du for every function f € H#(X)

We start by letting f be a non-negative function in J£(X), and letting ¢ > 0.
We now define a sequence {f,}32; of functions on X by letting, for each positive integer

n and for each z € X,

0 if f(z) < (n— 1),
@) = fl@)—(n—1e if (n—-1)e < f(z) < ne,
€ if ne < f(z).

Let z € X. Then f(z) is a non-negative real number, since f is real-valued and
non-negative by hypothesis. If f(z) = 0, then f(z) < (n — 1)e for every positive integer
n, so that D> 0o fu(@) = Y 0o 0 =0, so f(z) = Yopey fa(x). If f(z) > 0, then there
exists a unique positive integer ng such that (ng — 1)e < f(x) < nge. Thus, for every

positive integer n with n < ng, we have that ne < f(z), and for every positive integer n
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with ng < n, we have that f(z) < (n — 1)e. Thus, we see that

] np—1 no 00
Yoflz) = D+ Y (f@ ~(-1e)+ > 0
n=1 n=1 n=ngo n=np+1

= (no—1)e+ f(z)—(no = 1)e+0
= f(=z).

Therefore, in all cases, f =30 fn.

For each positive integer n, the function f, is clearly real-valued. Note that
each of the functions that make up the piecewise defined function f,, are continuous, and,
since f(z) — (n — 1)e equals 0 if f(z) = (n — 1)e and equals € if f(z)} = ne (that is, the
pieces of each function f, coincide at their endpoints), each function f, is continuous.

Now let n be a positive integer. By the definition of f, and the non-negativity
of f, we have that

supp(fn) = {z € X : fa(z) # 0}

{xeX:(n—1)e< f(z) < ne or ne < f(z)}
{zeX: f(z)>(n—1e}
{zeX: f(z) >0}

{z e X: f(x) #0}

supp(f).

i

N

I

fl

But f € J£(X) means that supp(f) is compact. Thus, supp(f,) is a closed subset of the
compact set supp(f), and so supp(fy) is also compact. Therefore, since each function
fn is real-valued, continuous, and has compact support, we have that, for every positive
integer n, the function f, is in J¢(X).

As was stated in the proof of Theorem 4.2.1, since f € J£'(X), we have that f
is a continuous function that is only non-zero on a compact subset of X, and recall that
continuous functions defined on compact sets are bounded. Therefore, f is bounded, so
let M be a real number so that |f(z)| = f(z) < M for all € X and let N be a positive
integer so that M < (N — 1)e. So if n > N, we have that f(z) < (n—~1eforall z € X
and so f, = 0. Thus, f = TN f..

Now, let Ky = supp(f), and for every positive integer n, let K, = {zr € X :
f(z) > ne}. Let nbea positive integer, and let z € X. If x € K,,, then f(z) > ne, so
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fa(z) = €. Since exk, (z) = €, we have that exx, (z) = fo(z). If & ¢ Ky, then f(z) < ne,

S0

fn(m) = f(-’u") _ (n _ 1)6 i‘f (’n - 1)6 < f(ﬂ:‘)

So regardless of the value of f(z), we see that f,(z) > 0. Since exx,(z) = 0, we have

{ 0 if £(z) < (n—1)e,

that exk, (z) < fn(z). Thus, in any case, exk, < fn.
We will now consider the functions f, and exg,.,. First, consider the case

where n = 1. If z € K,,_1 = Kj, then exx,(z) = ¢, and

0 if fz) =0,
falz) = filz) =< f(z) £0< f(z) <e,
e ife< f(z).

So regardless of the value of f(z), we see that fi(z) < ¢, and so that fi(z) < exx,(z).
If z ¢ Ko = supp(f), then f(z) =0, and so fi(z) = 0. Also, exk,(z) =0, so fi(z) =
exxo{z). Therefore, fi < exxk,. '

Nowlet n > 2. If z € K,_1, then f(z) = (n — 1)¢, and so

f(@)~ (n—1)e if f(z) < ne,
falz) = .
. if f(z) > ne.
So regardless of the value of f(x), we see that f,(z) < €. Also, exk,_,(z) = ¢, so we have
that fn(z) < exk,._,(z). If £ ¢ Kn_1, then f(z) < (n — 1)¢, so that f,(z) = 0. Also,
eXK._1 (%) =0, so that fn(z) = exx,_,(z). Thus, fa < exx,_,-
Therefore, f, < e€xk,_, for all positive integers n. Combining this with the

above result that exx, < fn gives us that, for every positive integer n,

EXKn S fn S F-XK,,_p

Now, by applying Part 1 of Theorem 4.3.1 to the inequality exx, < fn, we
see that eu(Kp) < I(f,) for every positive integer n. Note that K is compact since
f € J#(X) and, for every positive integer n, K, C supp(f) and K, is closed, as the
continuous preimage of the closed set [ne, 00) in R. Thus, each set K, is a closed subset
of the compact set ko, so each set K, is compact. Therefore, by applying Part 2 of
Theorem 4.3.1 to the inequality f, < exk,_,, we see that I(f,) < eu(K,—1) for every

positive integer n. Thus, we have that, for every positive integer n,

fﬂ(Kn) < I(fn) < Gﬂ(Kn—l)'
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So, by letting n range from 1 through N, the linearity of I and the fact that f = Z,I:;l fn
give us that

N

N
Yoen(Ka) < D I(fa)

n=1 n=1
N
(g
n=1
= 1)
N
< Y ep(Kaa)

n=1
N-1

= Z e Kn).
n=0

Now, using Theorem 3.2.9 to integrate each portion of the inequality exg, <

Jn < €xk,_; (since integration is monotone) gives us that, for all positive integers n,

f EXKn B < / Jndp < f €EXKn_q Ap-

By applying Theorem 3.2.9 again (since integration is linear), and by the definition of

the integral of a characteristic function, we see that, for all positive integers =,
(i) < [ s < (o).

Again by letting n range from 1 through N and remembering that f = Ele fn, and by
using the linearity of the integral as provided by Theorem 3.2.9, we see that

N N
Zeﬂ(Kn) < fondﬂ'

n=1 n=1

- f(if) dp

n=1
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So, to summarize what we have so far, we have proven that

N N-1
> eu(En) SI(F) <) ep(Kn)

n=1 n=0
and that
N A N-1
> eu(Kn) < _/fdn <> en(Ky).
n=1 n=>0

Thus, each of the real numbers I(f) and [ f dp lie in the real interval

N N-1
[Z fﬂ(Kn)a Z fﬂ(Kn)] )
k(X n=0

=1

which has length

N-1 N N-1 N
Z ep(Kn) — Z en(Kn) = € Z H(Kn) —€ ZN(Kn)
n=0 n=1 n-}-\?_l n;\rl

= € (Z /—"(Kn) - ZP‘(Kn)>

n=0 n=1

= €(p(Ko) — u(Kn))

< ep(Ko)

= epu(supp(f)),

since p(Ky) is positive. But, since f € J£(X), we have that supp(f) is compact, and
since p is regular, that u(supp(f)) must be finite. Thus, J{f) and [ f du lie in an interval
with length less than or equal to eM, for some fixed real number M, and since ¢ was
an arbitrary positive number, the length of this interval must be arbitrarily close to 0.

Therefore,
1) = [ fdu.

So, given that X is a locally compact Hausdorff space and that I is a positive
linear functional on J£(X), we have constructed a regular Borel measure on X so that
I(f) = [ f du holds for every function f in J#(X), and proved it is unique. Therefore,

the proof of the Riesz representation theorem is complete. O
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Chapter 5

Conclusion

The purpose of this thesis was to prove the Riesz representation theorem. To
complete. this goal, we had to build up the preliminary material and concepts that were
required, not only to be able to present the lengthy and complex proof of the theorem,
" but also to understand the beautiful relationship between linear functionals and measures
that the theorem highlights. After introducing some ideas and questions that were,
historically, motivating factors for the investigation of measure theory, we began to work
our way through the subject.

In Chapter 2, we began our study of measure theory by defining the fundamen-
tal concepts of a g-algebra and a measure and familiarizing ourselves with their basic
properties. By generalizing the idea of a measure to that of an outer measure, we were
able to construct a particularly useful measure called Lebesgue measure, and investigated
many of its interesting properties and applications, for instance, the surprising fact that,
in a very meaningful sense, the size of the Cantor set, which is uncountable and closed,
is zero. We also introduced the Borel o-algebra, which was a concept that we returned
to throughout this project.

In Chapter 3, we used the useful tool of measures to define integration in a very
generalized way. After introducing the concept of measurable functions and working out
some important results, our construction of the integral proceeded in three steps. Firstly,
we defined simple functions and how to integrate them with respect to a measure. We
then were able to extend this definition to any non-negative (and possibly infinite-valued)

measurable function using facts concerning measurable functions. The last step of our
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construction was to extend the integral even further to arbitrary [—oo, oo}-valued measur-
able functions to establish the concept of Lebesgue integration. After investigating some
useful and important properties of the Lebesgue integral, we turned to three particular
theorems that provided conditions under which the integral can commute with pointwise-
limits of sequences of measurable functions. After proving these powerful theorems, we
were ready to move on to the Riesz representation theorem.

Chapter 4 was where we began our preparations for the theorem by first studying
some concepts from topology, such as local compactness and the Hausdorff property, and
then moving on to define the terminology and notation necessary for the statement of
the theorem. After presenting a series of necessary theorems and lemmas, we were able
to state the Riesz representation theorem, which says that, if X is a locally compact
Hausdorff space, then for any positive linear functional I on the set of functions J£'(X),
there exists a unique regular Borel measure g on X so that the linear functional is
essentially equivalent to the measure, in the sense that applying I to any function in
J£(X) yields the exact same result as integrating the function with respect to p. We
proved this remarkable and elegant theorem in a sequence of smaller steps. First, we
showed that if such a measure does exist, then it must be unique. We then constructed a
particular function u* on X, and proved that it was an outer measure. After proving that
our outer measure gives a Borel measure when restricted to the Borel g-algebra on X,
we then proved that this measure is regular. The last step of the proof, and perhaps the
most challenging, was to prove that our regular Borel measure satisfied the requirements
of the Riesz representation theorem.

In conclusion, this project was a pleasure to complete, and it was exciting both
to finally answer some long-standing questions of mine pertaining to analysis and to add
some ingenious proof techniques fo my own personal mathematical toolbox. Of course,
the most valuable reward that I have gained from completing this thesis project is a deep
understanding of and appreciation for the basics (aﬁd a few not-so-basies!) of measure
theory and functional analysis. I have enjoyed every second of my studies so far, and I
look forward to learning as much as I possibly can about measure theory and all other
areas of mathematics as I continue my mathematical education and the life-long learning

process that is part of being a mathematician. ~
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