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ABSTRACT

The main purpose of this thesis is to construct finite groups as homomorphic
images of infinite semi-direct products, 2** : N, 3*® : N, and 3*® :, N, where 2*®
and 3" are free products of n copies of the cyclic group C» extended by N, a group
of permutations on n letters, We constructed several finite homomorphic images of the
semi-direct products 2*3 ; Sz, 3*4: 4, and 3" :,, 2'32' . We have constructed As x Ds,
Us3 x 3, U3(3), and M1 x 2.

Finite simple groups are the building blocks for constructing all finite groups.
In order to take advantage of large finite groups, such as the Monster group, we need a
method that allows us to represent the many elements in some short form that is more
effective and manageable. The method of symmetric representation paves the way for us
to represent elements of (simple) finite groups. It is very effective because it allows us
to write these elements in a short form using the technique of double coset enumeration.
Fortunately, this process can be utilized for all finite non-abelian simple groups and any
other that has been constructed using double coset enumeration. Furthermore, symmetric
representation gives a uniform way for us to construct finite groups, such as permutation

groups or groups of matrices.
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Chapter 1

Introduction

There are two methods, permutations and matrices, that are commonly used to
represent elements of finite groups. However, if the size of a group is large then none of
the methods is completely satisfactory. In this thesis, we present an alternative method
for dealing with finite groups. This method is based on the technique of double coset
enumeration, explained below. Our method applies to all finite groups, and in particular
to all non-abelian simple groups. For instance, this method is used in [?] to represent
elements of the smallest Janko sporadic group group J1, which are usually written as a
permutations on 266 letters, as permutations on 11 letters of L2(11) followed by a word

of length at most 4 in the symmetric generators.

1.1 Symmetric Generation of a Group

Let G be a group and.and let T = {t1,12,...,t,} CG and T = {11, T,...,Tn},
with 7; = {t;), and N the set normalizer of T in G .
If G = (T}, and N acts transitively on T, T is defined to be a symmetric generating set
for G and N is called the control subgroup. In this case G is a homomorphic image of

the (infinite) progenitor
m* N,

where m*" is a free product of n cyclic groups C,,,, where m is the order of t;, and N is
a group of automorphisms of m*" which act, by conjugation, on the n cyclic subgroups.

If € N, then ¢f = t], where r is an integer and ged(r,m)=1. Note that if m = 2



then N acts, by conjugation, as permutations of the n symmetric generators of order 2.
In the case of the progenitor, every element can be represented uniquely as 7mw, where
w € N and w is a word in the symmetric generators. We factor the progenitor by the
relations of the type ww(#y,is,..,t,), with m € N and w a word in the ¢;s, to produce
finite homomorphic images. In the next section we describe the process of recognition of

these images.

1.2 Manual Double Coset Enumeration

We follow [?] and allow i to stand for the symmetric generator ¢; in our expres-
sions. We also represent the coset Nt; by i, the coset Ni;; by ij. Every element of our
group can be written: as a permutation of NV followed by a word in the ¢;s. Now the double
coset NgN is given by NgN = NawN = NwlN, where g € G, w € N, and w is a word
in the ¢;5. The double coset NwlN is denoted by [w]. For example, the double coset [01]
represents Nigti N. The double coset NeN = {N}, where e is the identity element, is
denoted by [#]. We need the following definitions to apply our technique of double coset
enumeration.

The single point and two point stabilizers in N are given by N* = Cn(t;) and N¥ =
Cn({t:,t;)) respectively. A k-point stabiliser is similarly defined. The coset stabilizing
subgroup, N®), of N is defined as

N®) — {m € N : Nwr = Nw}, where w a word in the f;s. We note that N* is a
subgroup of N(), The number of single cosets in the double coset [w] is given by F,J\,—IQY;J;H
(see [?]). We use the process of manual double coset enumeration for G over N and find
ell of the double cosets [w] and the number of single cosets in each double coset. This
enables us to find the index of N in G. The double coset enumeration process is per-
formed by obtaining the orbits of N(*) on the symmetric generators and for each double
coset [w], it suffices to recognize the double coset containing Nw¢; for one symmetric
generator t; from each orbit. The double coset enumeration partitions the image G as a
union double cosets NgN, where g € 2°™ : N and gives a set {g1,92,...} of elements of
G such that G = Ng1N U NgaN U.... However, for each ¢, we have g; = myw;, where
mi € N and w; is a word in the ¢;s, and so that the double coset deomposition is given by
G=NUNwNUNuwNU....



Chapter 2

Ar x Dg as the Homomorphic
Image of 2*3: 93

We factor the progenitor 2*3 : S3 by the relations [(012)25)'° and [(01)¢ptato]® to achieve

the finite homomorphic image:
Qe 2%: 53
 [(012)t0]10, [(01)totato]3

>~ Ag X Dsg.

We want to construct by hand the group G = Az X Ds.

A symmetric presentation for 2*3 : Sz is given by:

<zgt|B =y =P =1=02=[ty]> = 2%:8;

where N = S3 and the action on z,y on the symmetric generators is given by
z~(012)
y~(12)

Our goal is to show that the order of G is at most 360.
Expanding our first relation [(012)¢]!°, with = = (012), yields:
(mt0) 10 = wl08 b 4 4 T AT e E T T = 1

= (012) dotatstotatitotatito = 1

Our second relation [(01)totato)3, with & = (01), yields:



m3(totato)™ (totato) totate = 1
= (01) totatotitotifolaty = 1

We begin the process of double coset enumeration of G over S3.

We start with the double coset with representative word of length zero, namely NeN =
{Nen|n € N} = {Nnn~len|n€ N} = {Ne"|n € N} = N. In our Cayley Diagram, we'l
denote this double coset N by [*]. Now, N = S3 is transitive on the set of symmetric
generators {0,1,2}. That is, the double coset N, has only one orbit, namely {0,1,2}. It
suffices to choose one representative from this orbit of N and ask to which double coset
does Ni; belong. Let us consider Nig. Because the first double coset is simply our control
group S3, Nig is not represented within it. Hence, Nip is an element of the new double
coset NtgN, denoted [0] in our Cayley Diagram. In fact, because Nty, Nt;, and Nig are

in the same orbit, they all are elements of [0].

Let us look at the double coset Nto/N = [0].

First, consider the coset stabilizing group N®, The only elements of S3 that will fix
NtogN are the identity permutation and (12). Hence, the coset stabilizing group N(® =
NO = < ¢,(12) >. The orbits of N on {0,1,2} are {0}, {1,2}. Using the fact that

the number of distinct single cosets contained in a double coset is W, we find that

[0] contains —g- = 3 distinct single cosets, namely Ntg, Nt;, and Nis. Now we choose one
representative from each orbit and ask to which double coset does Nt; belong. Since the
order of t; is 2, Ntotp = NeN = N which is an element of [*]. However, Nipt; and Nigto
move forward together to the new double coset Ntot; N = [01), since neither Nitpt; nor

Ntoty are represented within. [0].

Consider the double coset Nigti N = [01].

NOU = N0 = « ¢ >, s0 the double coset [01] contains g = 6 distinct single cosets. These
6 distinct single cosets are {N(tot1)"|n € N} = {Ntot1, Niyto, Ntaty, Ntotz, Nt tz, Ntato}.
The orbits of N on {0, 1,2} are {0}, {1}, and {2}. We must consider each N¢; from
each orbit. Nigtit; = Ntg € [0], while Nitptitp and Nigtit; move forward to [010] and
[012] respectively.



Following the same process, N1 = N0I© = < ¢ > 50 the double coset [010] contains
these 6 distinct single cosets Nigt1toN = { Niotito, Nirtotr, Niatita, Nigtato, Ntgtaty, Ntatota}.
The orbits of N(©19 on {0,1,2} are {0}, {1}, and {2}. Nigtitoto = Niot; € [01] while
Ntotitot: and Nigtytots move forward to [0101] and [0102) respectively.

Similarly, N(012) = N012 — « ¢ >, s0 we see that the double coset [012] also contains 6 dis-
tinct single cosets, namely Niot1taN = { Ntgtite, Niitotz, Niatitg, Niotot1, Ntitato, Ntatot1}.
The orbits of N(12) on {0,1,2} are {0}, {1}, and {2}. Ntgtitaty = Nigt; € [01] while
Ntgtitaty and Nitgtjiot) are elements within [0120] and [0121] respectively.

Note that we have four double cosets of length four. We will see that the double cosets
with words of length four have identical coset stabilizing groups, N(0101) — p(0102) —
N©120) — N(O121) — < ¢ >, so each of the double cosets [0101], [0102], [0120], [0121]
contains 6 distinct single cosets. The orbits of N(0101)  N(0102) - r(0120) ang p(0121) op

{0,1,2} are {0}, {1}, and {2}.

We list each distinct single coset within each of the above mentioned double cosets:

Nitgtitoty N = {N{tot1tgt1)"|n € N}
= {Ntotitot1, Nt1totito, Niatitaty, Niptatoto, Ntrtotits, Nistototo} .

Niptytote N = {N(fotltotz)nln € N}
= {Nitptitote, Ntitotite, Nistitoto, Nigtatot:, Ntitetiio, Niatolat) } .

NiotitatoN = {N(totitato)"|n € N}
= {Ntgtitatg, Ntatotats, Niatytole, Nigtatito, Ntitototy, Niatotite}.

Ntoghtot1N = {N(totltgtl)n[n € N}
= {Ntotltgtl, Niytotaty, Nt2t1tot1, Nigtotto, Niitatgis, thtotltg} .



We'll consider each of the above mentioned double cosets one at a time. We first consider
double coset [0121].

Recall that the orbits of N(°121) on {0, 1,2} are {0}, {1}, and {2}.

It is clear that Ntgtifatity = Niptyte € [012]

‘We now would like to know to which double coset Nigtitati1to belongs.

Note that the second relation gives us: (01)totatotitatifoteto = 1

(01)totstot: = totatotity
ta(01)totatots = tatotyts
(01)t1totatot; = tatotits
t1totatots = (OL)tatotsty
(t1totatoty )0 = ((01)tatot1ts) D
tot1iatito = (01)tatitots

R 2R A

We use this to show the following:

totitatito = (01)tatytots
= totitetite € Ntatitoty
= totitatito € NigtitotaN
= totitotito € N(totifola)", forn=(02) e N

So,totitatity € N(t2t1t0t2)(02)
= totilatite € Ntotltzto
= {plitatity € NiptytatgN

Hence Niotitatitp € [0120).



Nigtitatyte however, is a new double coset, namely {01212).

Now, N(01212) — < ¢ >, so the number of distinct single cosets in the double coset [01212]
is 6. In addition, the orbits of N(©1212) on {0,1,2} are {0}, {1} and {2}. Ntgtitot bty =
Nigtitaty € [0121].

Let us consider to which double coset Ntgtiteti1tat; belongs. Now, from our first relation
totatatrtat: = (102)(totatots )12

So:

= {otilolilat;

(102)(totatotz) (shown via MAGMA)

= totitetitets € Nigtatots

= totitetytat; € NigtalotaN

= totilatitets € N(totetole)™, such that ne N
= totitatitaty € Ntotaigts)1?

= totitatitot; € Niotitoh

= totitetitot; € Niglilpt) N

So Nt tatitats € [0101]. ‘

It can also be shown via MAGMA that Nigtitzttoto does not form a new double coset.
Rather, Nigtyiatyiotp € [01212].

Hence, the double coset [01212] is now closed under right multiplication.

Let us now look at [0120], the second double coset of length four. We've already seen
that N(120) = < ¢ >, which implies that [0120] has 6 distinct single cosets. In addition,
we’ve shown that the orbits of N(°120) on {0,1,2} are {0}, {1}, and {2}.

We know Nigtitatoto = Nigt s € [012].



However, Nipti1tatote € [0121] since:

totitatito

(01)(totatato) *

= fotitatito = (01)tatytots

= totataty = (01)tatstotaty

= fobitats € Niatitolaty

= totitsts € NigtitolatoN

= totitaty € N{tgtitotato)®, forn=(02) € N

So, lot1tat; € N(tat1totate)(0?)
= tot1tat) € Nigtitotots
= tot1isty € Nigtitstolo N

Consequently, only Niot;t280t; belongs to a double coset, namely [01201], which has been

considered so far.

NO120D) — < ¢ (12) > since:
Ntotltgtot1(12) = Nigtatitoty = Nigtytatoly
According to our first relation, N{012)totattotat1totatito = N.

= (012)totatrtotatytotatito = 1
= (012)égtatikots = totriatoty

= N(012)totatitote = Ntotitatots
= Niotytitoty = Niotitstots

So (12) € N(®1201) and N(O1201) = < (12) >. Thus, [01201] contains 3 distinct single
cosets and the orbits of N(29) on {0,1,2} are {0} and {1,2}.

Niplitelot1t1 = Niotitetp € [0120] and Nigtitatotats € [0120].

However, Nigtiiototitp € [012010], a new double coset.

Now N(012010) — < ¢ (12) > since:



Nt0t1t2t0t1to(l2) = Nigtatitotato = Nigtitetotito since, by our first relation,
Nigtatitptes = Nigtitatgt:.

Therefore there are 3 distinct single cosets in [012010] and the orbits of N(012010) gop
{0,1,2} are {0} and {1,2}.
Now, Ntgtitatotatoto = Nigtitatgt: € [01201]

totitatotatots = (12)(tot1tot2)V
= totitolotitots = (12)t1tptate  (shown via MAGMA)
= {ol1talptitot1 € ‘N(12)t1t0t1t2
= totitototitoty € NijtotitaN
= totitatotitols € N(titotit2)", such thatne€ N
= totitatotitots € N(titotita)OD
= toti1tatolilots € Nigiliiole
= totitetotitolt € NigtitotaN

Niptilatotitpt € [0102].

Thus, Ntotitatotitot: and Nigtitatotitots € [0102].
The double coset [012010] is now closed under right multiplication.

Let us now consider the double coset [0101], the third double coset of length four.

We already know that N(0101) = < ¢ >, Hence, there are 6 distinct single cosets in [0101].
The orbits of N(°10)) on {0,1,2} are {0}, {1}, and {2}.

Now, Ntgtytotit; = Nitgtato € [010].



totitatitaty = (102)(totatot:)1?

= totytatitats = (102)igtatotz  (shown earlier)
= (totitat1tat)M? = ((102)totatots) D

= tototitstity = (201)totytoty

= tototitat; = (201)fotitot1in

= Nigtitotity = Ntotatitaty

= Ntotitotitz € N(totatit2t:)™, such that ne N

= Ntgtitotits € N(tglatitpty)?

= Ntotytotite € NigtytotrtaN

We notice however, that Ntgtitotit; € [01212].

Now Nigtitotitg = N(t0t1t0t1tu)(e) = Nigtrlotito
= Nigtitotito € [01010].
Notice N(01010) = « ¢, (021),(012) > from the following;

Nt0t1t0t1t0(021) = Nigtolatots = Nigtitot1tg via MAGMA.
Niotitot1£9(012) = Ntqtatitets = Niotitotito

Both of these results are shown below:

totitatitats = (102)¢gtatols (shown earlier)
= titgtitot; = to(102)tptotots
= titatitot; = (102)tatolatots
= (titatytat)) OV = ((102)tatotatoty) 2OV
= tototatots = (210)totitotato

= Nigtototols = Nigtitgtity

10
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totrtotiloty = (102)i0t2t0t2 (shown earlier)
= titot1lot; = t0(102)t0t2t0t2
= titatitnty = (102)t2t0t2t0tg

= Nijtatyigty Nigtgtatots

Il

So now we know that there are only 2 distinct single cosets within [01010]. In addition,
the orbits of N(0010) o {0, 1,2} are {0,1,2}.

Ntptitotitoto = Niotitpt € [0101].

This implies that Ntgtitotitoty € [0101] and Nigtitotiiot: € [0101].

Thus, the double coset {01010] is closed under right multiplication.

Finally, let’s consider the double coset [0102], the final double coset of length four. As
shown earlier N(®102) = < ¢ >, and the orbits of N(°1%%) on {0,1,2} are {0}, {1}, and
{2}.

First, we note that Ntgtitotats = Nigtito € [010].

Secondly, Ntgtitotato € [012010] from the following:

totitatotrtoty = (12)(totatots))
= totitatotitoty = (12)t16gt1t2  (shown earlier)
= totitetotite = (12)t1tot1iaty

= Nijtot1tat; € Nigtitatotity
= N(titotit2t1) D €  Ntotatatotit
= Nigtitolato € Nigtitstotite
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Finally, from relation 2 we find that. Ntgtitotet; € [0102):

(01)totatotita = totolots

= ((01)totatotit2)1P = (totatot;)?
= (02)tot1totats = totitots
= Niptitotat; = Niotitpls

= Nigtitotet; € Nigtitole

This causes the double coset [0102] closed under right multiplication.

All of our work is summarized in the Caley Diagram of As x Dg aver S3 below.

O

2|1012010])

[01010]

Figure 2.1: Cayley Diagram As X Dg over S3

Our argument shows that the order of G is at most |N| x 60 = 360, where 60 is the
number of single cosets shown in the diagram above. We now show that |G| is at least
360. Now G =< z,y,t > acts on X, the set of the single cosets mentioned above. Thus

a : G = Sx is 2 homomorphism. Since N =< z,y > acts by conjugation and t acts
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by right multiplication on the t;s, we compute the images xx, yy, and tt of x,y, and t,
respectively, in Sx and verify that the additional relations hold in < zz,yy, tt > within
Sx and | < zz,yy, tt > | = 360. So G/Kera < zz,yy,tt >. Hence |G| > 360.

Thus, |G| = 360.

We also verified that G satisfies a presentation of = As x Ds.
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Chapter 3

Us(3) x 3 as the Homomorphic
Image of 3**: 9,

The general unitary group GU,(q), consisting of unitary matrices over Fy, is a subgroup
of GLn(g?). The center of GL,(q?) is of order ¢ + 1 and PGU,(gq) =GU,(q)/Z(GU.(q))
is called the projective unitary group. The subgroup of GL,(g?), consisting of matrices
of determinant 1 in GU,(q), of index ¢ +1 in GU,(q), is denoted by SU,(g) and PSU,(q)
is the factor group SU,(q)/Z(SU.(q)).

Iwasawa's Lemma: Let G a finite perfect group, whose action on a set w is faithful
and 2-transitive. If the point stabiliser H has a normal abelian subgroup A such that

G =< A%|z € G >, then G is simple.

According to Iwasawa’s Lemma, PSU,(q) is simple in the following cases.

(i()mn>3

(i) n=3and g > 2

(ili) n=2 and g > 3.

Ua(2) = S3. Thus, Up(g) is simple except in the cases Uz(3) = Ay, Us(2) = 3%: Q. In
particular, U3(3) is simple. Our objective is to construct Us(3). We give a construction

of U3(3) x 3 in this chapter and obtain Us(3), from this construction, in the next chapter.
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Consider the progenitor 3*4 : Sy, whose symmetric representation is given by:
<zyt | z? =y2 = (ym)s =1=¢= [t3y] = [tm,'y] >
where N = 54 and the action on the symmetric generators z,y is given by:
z~(0123)
y~(23)
and t ~ tg

The following relatic;ns may be used for the purpose of manual double coset enumeration:
R1. [(0123)t5]?! =1
R2. [(012)t]¥ =1
R3. [(01)(23)t0)*2 =1
R4. [(01)t)2 =1

R5. [ty't1]* =1

R6. [(012)tet7]* = 1
R7. [(01)tote]® =1
R8. [(01)tpt5!]" =1
R9. [tot1]® = (23)
R10. [ty't1)? = (23)

If we factor 3*4 : S, by relations 1-10, although R10 suffices, we will verify that its homo-
morphic image is a group isomorphic to U3(3) x 3. Thus it is our objective to demonstrate
that = <zyt]at =y? = (y2)® =1=1t% = [t,y] = [t=,9], ¢71t%)%y >

is isomorphic to Us(3) x 3.

3*4 . S4

We now perform manual double coset enumeration of G = —g———
[tg " 21)* = (23)

over 94.

We start with the double coset with representative word of length zero, namely NeN =
{Nen|n € N} = {Nnn~len|n € N} = {Ne™n € N} = N. In our Cayley Diagram, we'll
denote this double coset N by [*]. Now, N = Sy is transitive on the set of symmetric
generators {0,1,2,3} and therefore on their inverses {0, 1,2, 3}. Hence, the double coset

N has orbits {0,1,2,3} and {0, 1,2,3}. It suffices to choose one representative from each
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orbit and ask to which double coset does Nt; belong. Let us consider Nto. Because the
first double coset is simply our control group Sy, Ntp is not represented within it. Hence,
Ntg is an element of the new double coset Nty N, denoted [0] in our Cayley Diagram. In

fact, because Nig, Nt;, Nig, and Nt3 are in the same orbit, they all are elements of (0].
Similarly, Ntg'N = {N(t;})"|In € N} = {Ntz?, Nt7!, Nt7', Niz'} denoted [0].

Now we determine, for [0] and [0], to which double coset Ntot; and Nty 't; belong for one
¢; from each orbit of N° and NO,

N® = {n € N|(to)" = to} = ((12),(13), (23)) = S5.

NO == 53 has orbits {0} and {1,2,3}.

Similarly, NO = S has orbits {0} and {1,2,3)}.

So we need to consider the double cosets [00], [01], [00], [01], and [00], [01], [00], [01].

00 =0 = Ntgtg = Ntz' € NigIN = [0).
00 =0 = Nizlty! = Nty € NtgN = [0].
00 = NeN = N = NeN = 00 = Nigty' = N = [¥]. Likewise, Ntglty = N = [*].

The following four double cosets that remain are new double cosets with representative
words of length two: [01], [0I], [01], and [01].

First let us look at [01] and [01].

NOD = NOD = (] (23)].

We know that the number of distinct single cosets within [01] and [01] is
Nl _ 24 _ [N

= e— =

W[T)l 5 Wﬁ—i—ﬂ. Therefore, both [01] and [01] have 12 distinect single cosets.

The single cosets within [01} are:

Nigty
Nt
Ntotq
Nizty
Nipto
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Ntots
Ntity
Ntotg
Ntz
Niglo
Nigty
Ntaty

The single cosets within [01] are:
Nty lt7?
NtTlg!
Nt !
NeghT?
Nigter?
Ntgltg!
Nt
Ntz 5!
N
e
Ntz 1t3?
Nigltzt

By examining the coset stabilizing group for both [01] and [01], we see that the orbits of
NOY and N©OD on {0,1,2,3} are {0}, {1}, {2,3}, {0}, {1}, and {2,3}.

Now let us consider double cosets [01] and {01].
R10 gives: [t5't1]? = (23)

= Nigltitg'ty = N(23)
= Nt;'t; = NiTlt

=01 = 10
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So then N(t514)"Y = NtTlto = Nzt = (01) € NOD,
This gives N = {1, (01), (23), (01)(23)}

In addition, R10 provides: 01 = 10 = 010 = 100 = 010 = 1.
So then, 01 = 0010 = 10.

Therefore, N(tot7 1)) = Nitgtg! = Ntot7?.

Hence, we can say N = {1,(23), (01), (01)(23)} = N©OD,
So, [01] and [01] have ; = 6 distinct single cosets.

Below is a list of the six single cosets within [01] along with their equal names. As a form

of shorthand, we write each single coset with only their corresponding subscript.

01 ~ 10
21 ~ 12
31 ~13
02 ~ 20
03 ~ 30
23 ~ 32

Below is a list of the six single cosets within [01] along with their equal names. As a form
of shorthand, we write each single coset with only their corresponding subscript.

0L ~ 10

21 ~ 12

31 ~13

02 ~ 20

03 ~ 30

23 ~ 32

The coset stabilizing groups N©D, N©®D show that their orbits on {0,1,2, 3} are {0,1},
{2,8}, {0,1}, and {2,3}.
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Expanding R9:

ot = (23)
= Nightolitoly = N(23)

= Nigtitg = Nt 57!

=i
(]
=

=010 =

Let us now determine to which double coset Ntgtit; belongs for one t; from each orbit of
NOD, Recall that the orbits of NV are {0}, {1}, {2,3}, {0}, {1}, and {2,3}.

01 = Nigtity = Ntot_l € Ntotl_lN = [01].
0ll=0 = Ntotltl = Nty € N{yN = [0].
01 since 010 = 0100 1010 = 1001 =101 = 011 = {I.

— —— e N
R9 R10 R10

= Ntgtity' = Ntg't7! € Niglt7' N = [0]).

We know that Nitgtyfo, Ntgtite, and N totlt_;l are elements of the new double cosets [010],
[012], and [012], respectively. We’ll consider these new double cosets after while.

We now determine to which double coset Ntgt7't; belongs for one t; from each orbit of
N®D_ Recall that the orbits of NOD are {0}, {1}, {2,3}, {0}, {1}, and {3, 3}.

011 = 01 = Ntgl7he7? = Niglt € Nzl N = [01].

011 = 0= Neylirley = Ntz € NigIN = [0)].

010 _= 001 = 01 = Ntz't7'tg = Niots € Nigt; N = [01].
R10

(010)®V = 101 _= 010 = Niglt71e51 = Nitotato € NtgtatoN = [010).
R9

We know that Nt;lt7ts and Ntglt7li;? are elements of the new double cosets [012)

and [012], respectively. We consider these new double cosets after further work.
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We now determine to which double coset N tgtl‘lt,' belongs for one t; from each orbit of
NOD, Recall that the orbits of N are {0,1}, {2,3}, {0, 1}, and {2,3}.

011 =
01l =

01 = Nioty'ty! = Nigty € Nigt1N = [01].
0= Ntotl_ltl = Ntg € NigV = [0)].
We know that Ntot7 'ty and Nigty't;! are elements of the new double cosets [012] and

[012], respectively. We'll return to these new double cosets after additional work.

We now determine to which double coset Nty 1¢1t; belongs for one t; from each orbit of

NOD, Recall that the orbits of N®V are {0,1}, {2,3}, {0, 1}, and {2,3}.

011 = 01 = Nig'tits = Niglt7! € Neglt7!N = [01).
11 =0 = Niyltit7! = Nigl € Nig!N = [0].

I»—n
Il

0
0

—
1

0

We know that Nt31t1t, and Nitg'tit;! are elements of the new double cosets {012] and
[013).

Now we want to consider the double cosets with representative words of length three.
Namely, double cosets: [010], [012], [012], {012], [012], [012], [012), [012], [012).

Consider [010).

First, note the following:

(010)°Y = 101

So then N(tot1to)®) = Ntytot; = Niotite. Hence, N©1© = {e, (23), (01), (01)(23)} and.
[010] has six distinct single cosets. They are listed below with their equal names.
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010 ~ 101
212 ~ 121
313 ~ 131
020 ~ 202
030 ~ 303
232 ~ 323

The orbits of N©19 on {0,1,2,3} are {0,1}, {I,0}, {2,3}, and {2,3}. Let’s find to
which double coset Ntyt1tgt; belongs for one t; from each orbit of N(©19) . First, note the

following:

(0101)) = 1010

Using what we’ve found, we can say the following:
0101 = 01 = Ntotitets = Nitg 't € Ntglt7 N = [01)].
. Also, 0100 = 01 = Ntotltotal = Nigt; € Ntot1 N = [01].

We know that Nitgtitotp and Nigtitety 1 are elements of the new double cosets [0102] and
[0102], respectively.

We continue to consider double cosets with representative words of length three.

Consider [012].
The coset stabilizing group N(®2 = {e}, which implies that there exists twenty-four
distinct single cosets within [012]. All twenty-four single cosets are listed below with

their corresponding subscript.
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012 102 210 312
021 032 013 120
201 132 302 023
031 310 213 103
230 321 123 301
203 130 231 320

The orbits of N2 on {0,1,2,3} are {0}, {1}, {2}, {3}, {0}, {1}, {2}, and {3}. Let’s
find to which double coset Ntgt1tat; belongs for one #; from each orbit of N(012),

0122 = 01 = Nigtitat; ! = Ntgt; € Nigtt N = [01].

0122 = 012 = Nigtitaty = Nigtits" € Nigtit; 1N = [012].

0120 = 0102 = Niotitaty ! = Nigtitot; ! € Ntotitety "N = [0102).
0121 = 0120 = Ntot1tat; = Niot7 51ty € Niot7 15 1t N = [0120).
0121 = 012 = Niptitaty! = NitgtT 7! € Ntot7H7 N = [012).

We know that Nigtitato, Nigtitals, and N totltgtgl are elements of the new double cosets

[0120], [0123], and [0123], respectively.

Consider [012)].
The coset stabilizing group N2 = {e, (03)(12)}, which can be shown via MAGMA. We
notice that there are twelve distinct single cosets within [012] and list them below along

with their equal names.
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031 ~ 213
103 ~ 230

The orbits of N©12) on {0,1,2,3} are {0, 3}, {1,2}, {0,3}, and {I,2}. Let’s find to which

double coset Nigtit5't; belongs for one #; from each orbit of N(012),

0122 = 01 = Nigtyt; 1o = Nigty € Nigt1 N = [01].
0132 = 012 = Ntot1t;'t;t = Niot1ta € NigtitaN = [012).
0120 = 012 = Nitot1t; o = Ntg 'ty s € Niglty 1o N = [012].

We know that Ntgtyt; 1ta ! is an element of the new double coset [0120].

Consider [012].
The coset stabilizing group N©12) = {e, (01), (23), (03)(12), (02)(13), (01)(23), (0213), (0312)},
shown via MAGMA. We know that there are three distinct single cosets within [012]. We

list them and their equal names with their corresponding subscripts below.

012 ~ 102 ~ 013 ~ 321 ~ 230 ~ 103 ~ 231 ~ 320
210 ~ 120 ~ 213 ~ 301 ~ 032 ~ 123 ~ 031 ~ 302
312 ~ 132 ~ 310 ~ 021 ~ 203 ~ 130 ~ 201 ~ 023

The orbits of N2 on {0,1,2,3} are {0,1,2,3} and {0,1,2,3}. We consider Ntgt] tot;

for one t; from each orbit of N°12) and find to which double coset it belongs.

0122 = 01 = Ntoty sty ! = Nitgt;! € Niot7 N = [01).
0122 = 012 = Ntot] ‘tate = Nitot7't;! € Ntoty't3 ' N = [012].

Consider [012].
‘We know via MAGMA that the coset stabilizing group NV (013) — {e, (01)}, implying that
there exists twelve distinct single cosets within [012). These single cosets and their equal

names are listed below according to their corresponding subscripts.

012 ~ 102
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210 ~ 120
312 ~ 132
021 ~ 201
" 032 ~ 302
013 ~ 103
023 ~ 203
031 ~ 301
310 ~ 130
213 ~ 123
230 ~ 320
321 ~ 231
123 ~ 213

The orbits of N1 on {0, 1,2,3} are {0,1}, {0,1}, {2}, {3}, {2}, and {3}. We consider

Ntot; 15 1t; for one ¢; from each orbit of N (°I2) and find to which double coset it belongs.

0122 = 01 = Niot7 t5 s = Nigt7! € Nipt;'N = [01).
0122 = 012 = Nigt] 't; 't; ' = Nigt]'t2 € Nigty t2N = [012].
0120 = 012 = Ntot7 t; 'to = Ntotits € NtotitoN = [012].  (shown via MAGMA)

We know from MAGMA that Ntgt] 't s, Ntot7 5 457, and Nitgty t; ¢3! are elements
of the new double cosets [0123], [0120}, and [0123], respectively.

Consider [012].
We note that R10 provides: 01 = 10
= 012 = 102

So N(t5 t1t2)O) = Nttty = Nig'tita.
= (01) € N©12),

Hence, N(012) = {¢, (01)}. There exists twelve distinct single cosets within [012]. We list

them and their equal names below, according to their corresponding subscripts.
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012 ~ 102
210 ~ 120
312 ~ 132
021 ~ 201
032 ~ 302
023 ~ 203
031 ~ 301
310 ~ 130
213 ~ 123
013 ~ 103
230 ~ 320
321 ~ 231

The orbits of N2 on {0,1,2,3} are {0,1}, {0, 1}, {2}, {3}, {2}, and {3}. We consider
Ntytytst; for one t; from each orbit of N (©12) and find to which double coset it belongs.

0122 = 01 = Nigltitot; ! = Nitglty € Ntg'tuN = [01].
0122 = 012 = Nty titate = Nigitit;* € Nigitt; N = [012].
0120 = 012 = Nty 'titaty! = Nty lt7lt; ! € Nyt 1IN = [012].

We know via MAGMA that Ntg't1tate, Nty 't 1tats, and Nty tytats! are elements of the
new double cosets [0120], [0123], and [0123)], respectively.

Consider [012).

MAGMA shows that the coset stabilizing group

N©O12) — fe (01), (23), (01)(23), (12)(03), (02)(13), (0312), (0213)}. So we know that there
are three distinct single cosets within [012]. We list these single cosets and their equal

names below, according to their corresponding subscripts.

012 ~ 103 ~ 321 ~ 230 ~ 320 ~ 231 ~ 102 ~ 013
310 ~ 123 ~ 301 ~ 032 ~ 302 ~ 031 ~ 120 ~ 213
312 ~ 130 ~ 021 ~ 203 ~ 023 ~ 201 ~ 132 ~ 310
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The orbits of N©12) on {0, 1,2,3} are {0,1,2,3} and {0,1,2,3}. We consider N5 ¢1¢; '¢;

for one t; from each orbit of N©!2) and find to which double coset it belongs.

0122 = 01 = Ntyltyt; 2 = Ntg'ty € Nty't,N = [01).

0122 = 012 = Niyltity 1ty = Ntgltits € Ntg'titoN = [012].

Consider [012].

MAGMA shows that the coset stabilizing group N®12 = {e, (03)(12)}. Listed below
are the twelve distinct single cosets within [012] along with their equal names. They are

listed according to their corresponding subscript.

012 ~ 321
102 ~ 320
312 ~ 021
032 ~ 123
013 ~ 231
120 ~ 302
201 ~ 311
132 ~ 023
031 ~ 213
103 ~ 230
301 ~ 211
203 ~ 130

The orbits of N(®12) on {0,1,2,3} are {0,3}, {1,2}, {0,3}, and {I,2}. We consider

"N to ltfltgt,- for one ¢; from each orbit of N (012) ynd find to which double coset it belongs.

Consider [012).
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The coset stabilizing group N2 = {e}. So there are twenty-four distinct single cosets

within [012]. We list them below according to their corresponding subscript.

012 102 210 312 021 032
013 120 201 132 302 023
031 310 213 108 230 321
123 231 301 203 130 320

The orbits of N2 on {0,1,2,3} are {0}, {1}, {2}, {3}, {0}, {1}, {2}, and {3}. We
consider NV to”ltl‘ltz' 14: for one t; from each orbit of N (012) and find to which double coset

it belongs.

0122 = 01 = N5ty 5 My = Nig 7! € Nigli7IN = [01).

0122 = 012 = Nttty 14! = Niglis ity € Niglty i, N = [012].
0120 = 0102 = Nit5lt7 5 o = Nigtitots € NtgtitgtaN = [0102).
0121 = 012 = Ntg't7 5 ) = Nyt € NigltitaN = [012).

0121 = 0120 = NigliTtig 17! = Ntgltitaty € NtgltitatoN = [0120).

We know that Nty t7 5 15, Nigler 35!, and Ntglt7 515! are elements within the
new double cosets [0123], [0120], and [0123], respectively.

Let us now point. our attention to double cosets with representative words of length four.

Namely, [0102], [0102], [0120], [0123], [0123], [0120], [0123], [0120], [0123], [0120], [0123],

[0123), {0123}, [0120], and [0123).

Consider [0102].
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Take note of the following:

IO

—

O

(&)

w{ll
!

Hence, N(totitot2) %Y = Ntitotsts = Nigtitoty and the coset stabilizing group N(0102) =
{e,(01)}. We list the twelve distinct single cosets within [0102] below, along with their

equal names.

0102 ~ 1012
2120 ~ 1210
3132 ~ 1312 !
0201 ~ 2021
0302 ~ 3032
0103 ~ 1013
0203 ~ 2023
3130 ~ 1310
2123 ~ 1213
2320 ~ 3230
3231 ~ 2321
3031 ~ 0301

The orbits of N(192) on {0,1,2,3} are {0,1}, {01}, {2}, {3}, {2}, and {3}. We consider
Ntotitotat; for one t; from each orbit of N(°192) and find to which double coset it belongs.
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01022 = 0102 = Ntotitotats = Ntotitoty ' € Ntgtitot; ' N = [0102).

01022 = 010 = Nigtytytat, | = Ntotito € NigtitoN = [010].

01020 = 0120 = Ntotitotate = Nty 7 5 g N € Neghir 15N = [0120).
01020 = 012 = Ntotatotaty ' = Ntglty 3! € NigleT 1N = [012).

01023 = 0123 = Nigtitotat; ! = Ntgltstets? € Ntgltstat; ' N = [0123).

In addition to the last three statements, MAGMA provided that Ntgtitotets is an element
of the new double coset [01023].

Consider [0102].
MAGMA shows that the coset stabilizing group N(0102) = {e, (01)}. Hence, there are

twelve distinct single cosets within [0102], which are listed below with their equal names.

0102 ~ 1012
2120 ~ 1210
3132 ~ 1312
0201 ~ 2021
0302 ~ 3032
0103 ~ 1013
0203 ~ 2023
0301 ~ 3031
3130 ~ 1310
2123 ~ 1213
2320 ~ 3230
3231 ~ 2321

The orbits of N(192) on {0,1,2,3} are {0,1}, {01}, {2}, {3}, {2}, and {3}. We consider
Nitgtytoty 't; for one t; from each orbit of N (0102) 4nd find to which double coset it belongs.

01022 = 010 = Ntgt1tot, 'ta = Ntotito € NigtitgN = [010].
01022 = 0102 = Ntgtitot; ‘t;+ = Nigtitota € NtotitotaN = [0102).
01020 = 012 = Ntgt1tot; to = Ntotits € NigtitoN = [012].



30

01020 = 0120 = Nigtitot; ‘tg* = Nigtitato € NtgtitatoN = [0120].
01023 = 0123 = Nigtitot; ‘t3 = Nitot] t51t; € Nigt7 ;13N = [0123].

In addition to the last three statements, MAGMA provides NV tgtltotz‘lt;l is an element
of the new double coset [01023].

Consider [0120].
The coset stabilizing group N (0120 {e}, implying that there exists twenty-four distinct
single cosets within [0120]. We list them below.

0120 1021 2102 3123 0210 0320
0130 1201 2012 1321 3023 0230
0310 3103 2132 1031 3203 3213
1231 3013 2032 1301 2312 3203

The orbits of N©129 on {0,1,2,3} are {0}, {1}, {2}, {3}, {0}, {1}, {2}, and {3}. We
consider Ntgtytatot; for one ¢; from each orbit of N©129) and find to which double coset

it belongs.

01200 = 012 = Nigtitatoty ' = Nigtits € NigtitaN = [012].

01200 = 0120 = Nigtitatoto = Niotitaty' € Nigtitaty TN = [0120].

01202 = 0120 = Nigtitotots = Nigtity 't5' € Ntot1t; 'ty N = [0120}.
01202 = 0120 = Ntotitatots = Nty t7 7 gt € Nightyl; ey !N = [0120].

In addition to the last two statements, MAGMA provides that Ntigtitqatot:, Niottatots,
N totltztotl_l, and NV t()tltgtot;l are elements within the new double cosets [01201], [01203],
[01201], and [01203], respectively.

Consider [0123].
The coset stabilizing group N{123) = {¢}  implying that there exists twenty-four distinct
single cosets within [0123]. 'We list them below.
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0123 1023 2103 3120 0213 0321
0132 1203 2013 1320 3021 0231
0312 3102 2130 1032 2301 3210
1230 3012 2031 1302 2310 3201

The orbits of N(®123) on {0,1,2,3} are {0}, {1}, {2}, {3}, {0}, {1}, {2}, and {3}. We
consider Ntotitatst; for one t; from each orbit of N(®123) and find to which double coset

it belongs.

01233 = 012 = Ntgtitatsts® = Nitgtity € NitgtitaN = [012].

01233 = 0123 = Nigtitatsts = Nigtitats ' € Nigtitot; ' N = [0123).

01232 = 0120 = Nigtitatst; T = Nigtity "ty' € Nigtit; 1IN = [0120)].
01230 = 01203 = Ntgtitataty " = Nigtitatot; - € Ntotatatot; N = [01203].

In addition to the last two statements, MAGMA shows that Ntiotitetsty, Nigtitatsto,
Ntotitatate, and Ntgtitotst]! are elements within [01231], [01232], [01230], and [01231],

respectively.

Consider {0123].
MAGMA shows that the coset stabilizing group N2 = {e, (01)(23), (02)(13), (03)(12)}.

The six distinct single cosets within [0123] are listed below, along with their equal names.

0123 ~ 1032 ~ 3210 ~ 2301
1023 ~ 0132 ~ 3201 ~ 2310
2103 ~ 1230 ~ 3012 ~ 0321
3120 ~ 1302 ~ 0213 ~ 2031
1203 ~ 2130 ~ 3021 ~ 0312
2013 ~ 0231 ~ 3102 ~ 1320

The orbits of N(0123) op {0,1,2,3} are {0,1,2,3}, and {0, 1, 2, 3}. We consider Ntottat3¢;

for one t; from each orbit of N(©123) and find to which double coset it belongs.

01233 = 012 = Ntotltgts_lf;; = Nigtito € NigtitoN = [012]



32
01233 = 0123 = Ntqgt1tat; 3 - = Nigtitats € Nigtitats = [0123].

This double coset is now closed under right multiplication. That is, IV totltzt:';lt,— do not

move forward to any double coset with representative word of length five.

Consider [0120].
The coset stabilizing group N{129) = {¢}, implying that there exists twenty-four distinct
single cosets within [0120]. We list them below.

0120 1021 2102 3123 0210 0320
0130 1201 2012 1321 0230 0310
3103 3023 2132 1031 2302 3213
1231 3013 2032 1301 2312 3203

The orbits of N(©120) on {0,1,2,3} are {0}, {1}, {2}, {3}, {0}, {1}, {2}, and {3}. We
consider Ntot 25 tg ¢; for one t; from each orbit of N(°129) and find to which double coset

it belongs.

01200 = 012 = Nigtit; 'ty 'to = Ntot1t; ' € Ntotit; 1N = [012).
01200 = 012 = Ntgtit; 15yt = NigltT s € Nig e e N = [012].
01201 = 0123 = Nitot t; 'ty 1ty = Nigtitats € NtotytatsN = [0123].
01202 = 0124 = Nigt1t, 5 ts = Ntotitets € Nigtitots = [0124)].

01202 = 0120 = Ntotit, ‘5 1ty 1 = Ntg Tl 5! € Niglerley g !N = [0120).
01201 = 01232 = Nitot1t; 'ty 47! = Ntotitatsts € NtgtytotstaN = [01232].
01203 = 0123 = Ntotit; 'tg st = NtgltT 15! € Nigle 5 13 ' N = [0123).

In addition to the last six statements, MAGMA shows that Ntotit; 't5 t3 is an element
within [01203].

Consider [0120].
MAGMA proves that the coset stabilizing group N(©120) = {e (02)}. We list the twelve

distinct single cosets within [0120] along with their equal names.
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0120 ~ 2102
1021 ~ 2012
3123 ~ 2132
0210 ~ 1201
0320 ~ 2302
0130 ~ 3103
1321 ~ 2312
3023 ~ 2032
0230 ~ 3203
0310 ~ 1301
1031 ~ 3013
3213 ~ 1231

The orbits of N©29 on {0, 1,2, 3} are {0,2}, {0,3}, {1}, {3}, {I}, and {3}. We consider

Ntot7 5 514 for one #; from each orbit of N2 and find to which double coset it

belongs.

01200 = 012 = Ntot7 5 t5 o = Niot7 5! € Nttty ' N = [012].

01200 = 012 = Ntot7 1ty g g ! = Ntotits € NigtitaN = [012).

01203 = 01201 = Ntgt7 5 5 5! = Niotitatot! € Ntotitatoty' N = [01201].
01201 = 01231 = Nt 5 g 7! = Niotitatst;! € Nigtitatsty !N = [01231).

In addition to the last three statements, MAGMA provides that Ntoty't;'t5'¢; and
Ntot; 't;t5 ts are elements of the new double cosets [01201] and [01203], respectively.

Consider [0123].

MAGMA proves that the coset stabilizing group N(123) = {e (01), (23), (01)(23)}. We

list the six distinct single cosets within [0123] along with their equal names.

0123 ~ 1023 ~ 1032 ~ 0132
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The orbits of N©T23) on {0,1,2,3} are {0,1}, {3,1}, {2,3}, and {2,3}. We consider
Nitgt; 1t; at; for one ¢; from each orbit of N(123) and find to which double coset it

belongs.

01233 = 012 = Niot] i sty = Nigt't5) € Nigt7t3 N = [012).

01233 = 0123 = Nty t; sty = Ntot] 175 € Ntgt7 73! = [0123).
01231 = 0102 = Ntot; 5 st = Niotytot;* € Nigtytoty ' = [0102].

01230 = 01023 = Niot; 5  ate = Nigtitet; 151 € Nigtitoty 15! = [01023).

MAGMA shows the last two statements.
Consider [0123)].

MAGMA proves that the coset stabilizing group N(©123) = (e, (01),(23), (01}(23)}. We

list the six distinct single cosets within [0123] along with their equal names.

0123 ~ 1032 ~ 1023 ~ 0132
2103 ~ 1230 ~ 1203 ~ 2130
3120 ~ 1302 ~ 1320 ~ 3102
0213 ~ 2031 ~ 2013 ~ 0231
0321 ~ 3012 ~ 3021 ~ 0312
2301 ~ 3210 ~ 3201 ~ 2310

The orbits of N2 on {0,1,2,3} are {0,1}, {0,1}, {2,3}, and {2,3}. We consider
Ntotl—ltg_ ltglti for one ¢; from each orbit of N (0123) and find to which double coset it

belongs.
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01233 = 012 = Nioty't; 't5 s = Nt ', ! € Nigt7it; 1N = [012].
01233 = 0123 = Nigt7 15151 = Nitgtl5 s € Nttty 13N = [0123].
01231 = 01203 = Ntot7 5 't s = Nigt7 5 5 s € Ntot M5 g 1ts N = [01203].

In addition to the last statement, MAGMA proves that Ntot] t; ¢3¢ is an element
of the new double coset [01231].

Consider [0120].
MAGMA proves that the coset stabilizing group N®120) — {¢ (02)}. We list the twelve

distinct single cosets within [0120] along with their equal names.

0120 ~ 2102
7021 ~ 2012
3123 ~ 2132
0210 ~ 1201
0320 ~ 2302
0130 ~ 3103
1321 ~ 2312
3023 ~ 2032
0230 ~ 3203
0310 ~ 1301
1031 ~ 3013
3213 ~ 1231

The orbits of N©120) on {0,1,2,3} are {0,2}, {0,2}; {1}, {3}, {1}, and {3}. We consider
Nty M ytatot; for one t; from each orbit of N(©12%) and find to which double coset it belongs.

01200 = 012 = Nty 'titatoty = Ntgltits € NigltitaN = [012).
01200 = 012 = Nty 'titatoto = Nttty 1ty € Ntglt7lty N = [013).
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In addition to the last statement, MAGMA shows that Nitgltitatots, Nty titatots, Nty titotot]
and Ntgltitatot;! are elements within the new double cosets [01201], [01203], [0120],
and [01203], respectively.

Consider [0123].
MAGMA proves that the coset stabilizing group N©123) = {e, (01), (23), (01)(23)}. We

list the six distinct single cosets within [0123] along with their equal names.

0123 ~ 1023 ~ 0132 ~ 1032
2103 ~ 1203 ~ 2130 ~ 1230
3120 ~ 1320 ~ 3102 ~ 1302
0213 ~ 2013 ~ 0231 ~ 2031
0321 ~ 3121 ~ 0312 ~ 3012
2310 ~ 3210 ~ 2301 ~ 3201

The orbits of N(©123) on {0,1,2,3} are {0,1}, {0,1}, {2,3}, and {2,3}. We consider
Nty'titotst; for one t; from each orbit of N2 and find to which double coset it
belongs.

01233 = 012 = Nt;ltitotsts ! = Ntgltite € Nigltyta N = [0123].
01233 = 0123 = Nt; ‘titatats = Ntg 't3tats ! € Ntgltataty' N = [0123].
01231 = 01203 = Nty 'titotsty ! = Nig titatots! € Ntgltitatots \N = [01203).

In addition to the last statement, MAGMA shows that N¢; L4 totats is an element of the
new double coset [01231).

Consider [0123].
MAGMA proves that the coset stabilizing group N(0123) = {e, (01), (23), (01)(23)}. We

list the six distinct single cosets within [0123] along with their equal names.
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0123 ~ 0133 ~ 1023 ~ 1032
2103 ~ 2130 ~ 1203 ~ 1230
3120 ~ 3102 ~ 1320 ~ 1302
0213 ~ 0231 ~ 2013 ~ 2031
0321 ~ 0312 ~ 3021 ~ 3012
2310 ~ 2301 ~ 3210 ~ 3201

The orbits of N©123) on {0,1,2,3} are {0,1}, {0,1}, {2,3}, and {2,3}. We consider
Nty ltltztglti for one ¢; from each orbit of N (0123) and find to which double coset it

belongs.

01233 = 012 = Nty ltitat; Mz = Nitgltits € NigltitaN = [012].

01233 = 0123 = Nty lt1tat5 5! = Nitgltitats € Nigltitats N = [0123)].
01231 = 0102 = Ntgtitats 1t = Nitgtitots € NigtitetzN = [0102].

01231 = 01023 = Ntglt1tat; 17! = Niotitotats € Niotitotets N = [01023).

MAGMA shows the last two statements.

Consider [0123).
MAGMA proves that the coset stabilizing group N(0123) = {e (01)(23), (02)(13), (03)(12)}.

We list the six distinct single cosets within [0123] along with their equal names.

0123 ~ 3210 ~ 1032 ~ 2301
1023 ~ 3201 ~ 0132 ~ 2310
2103 ~ 3012 ~ 1230 ~ 0321
3120 ~ 0213 ~ 1302 ~ 2031
1203 ~ 3021 ~ 2130 ~ 0312
2013 ~ 3102 ~ 0231 ~ 1320

The orbits of N(O123) o {0,1,2,3} are {0,1,2,3}, and {0, 1,2, 3}. We consider Nty 7 t;  tst;

for one t; from each orbit of N (9I23) -and find to which double coset it belongs.
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12 = Nl s st = NightTHs !t € Nty N = [012).
123 = NtgliT iy Hats = Ntghir 15 € NegtiT g1 N = [0123).

y

This double coset is now closed under right multiplication. That is, V' to'ltl_ltgllt;;ti‘ do

not move forward to any double coset with representative word of length five.

Consider [0120].
The coset stabilizing group N (0120) = {e}, implying that there exists twenty-four distinct
single cosets within [0120]. We list them below.

0120 1021 2102 3123 0210 0320
0730 1201 2012 1321 3023 0230
0310 3103 2132 1031 2302 3213
1231 3013 2032 1301 @ 2312 3203

The orbits of N©I20) on {0,1,2,3} are {0}, {1}, {2}, {3}, {0}, {1}, {2}, and {3}. We
consider Nt ltl_ltglta ¢, for one #; from each orbit of N {0120) 414 find to which double

coset it belongs.

01200 = 012 = Nyttt o = Niglt7 5! € Negle 51NV = [012].

01202 = 0120 = Nzt 5 gt = Nitotits 'ty € Nttty *tg N = [0120].
01201 = 01203 = Nty lt7 5 g1t = Nigltatetots € Nig titatota N = [01203].

In addition to the last statement, MAGMA shows that Ntg 1t 5 1t s, Nig ey 5 g e,

Consider [0123].
The coset stabilizing group N (0123) {e}, implying that there exists twenty-four distinct
single cosets within [0123]. We list them below.
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0123 1023 2103 3120 0213 0321
0132 1203 2130 2013 1320 3021
0231 0312 3102 1032 2301 3210
1230 3012 2031 1302 2310 3201

The orbits of N(123) on {0,1,2,3} are {0}, {1}, {2}, {3}, {0}, {1}, {2}, and {3}. We
consider Nty1t7 t; t5t; for one t; from each orbit of N (OI23) and find to which double

coset it belongs.

01233 = 012 = Nty le7 5 5y = Negler 15! € Nigliies 1N = [012).

01233 = 0123 = Nitg't7tp e 5 = Niglis s s € Nigtey ey 'es N = [0123).
01232 = 0120 = NiglT; 5 e = Nitotat; 1ty € Niotity Mg N = [0120).
01232 = 01303 = NigleT s izl = Niotyt5 't s € Ntotit7 45 s N = [01203).
01231 = 01201 = Niglt7 e 5t = Nigltitatots € Nig titatet1 N = [01201).

01230 = 01203 = Nty 't7 5 15 o = Ntg ey g s € Nto—ltl—lt;ltgltw [01203).

In addition to the last four statements, MAGMA shows that Niy lt“ltgltglt“l and

tively.

All of the double cosets with representative words of length four have been considered.

We now investigate each double cosets with representative words of length five.
Namely, [01023], [01023], [01201], [01203], [01201], [01203], [01231], [01232], [01230],

[01231], [01203), [01201], [01203), [01231), [01201), [01203), [01201], [01203], [01231),

Consider [01023].
MAGMA shows that the coset stabilizing group N©1023) = {¢ (01)}, implying that there
exists twelve distinct single cosets within [01023]. We list them below along with their

equal names.
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01023 ~ 10123
21203 ~ 12103
31320 ~ 13120
02013 ~ 20213
03021 ~ 30321
" 01032 ~ 10132
02031 ~ 20231
03012 ~ 30312
31302 ~ 13102
21230 ~ 12130
23201 ~ 32301
32310 ~ 23210

The orbits of N(01923) on {0, 1,2,3} are {0,1}, {0, 1}, {2}, {3}, {2}, and {3}. We consider
Nitgtitotatst; for one ¢; from each orbit of N(©192) and find to which double coset it

belongs.

010233 = 0102 => Ntotitotatsts ! = Nigtitots € NtotitotaN = [0102].
010233 = 0123 = Nigtitototsts = Nty 'titet; ! € Nty titet; ' N = [0123].
010231 = 01231 = Nigt totatsty = Nigltitataty € Nty titatsti N = [01231].

010232 = 01023 = Ntotitotatst; "t = Ntotitots 't € Ntgtitots 't3 'N = [01023)].

In addition to the last four statements, MAGMA shows that Ntotitgtotats is an element
of the new double coset. [010232].

Consider [01023].
MAGMA shows that the coset stabilizing group N(©1023) = (¢, (01)}, implying that thete
exists twelve distinct single cosets within [01023). We list them below along with their

equal names.
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01023 ~ 101
21203 ~ 121
31320 ~ 131

02013 ~ 202

32310 ~ 23210

The orbits of N©1923) on {0, 1,2, 3} are {0,1}, {0, 1}, {2}, {3}, {2}, and {3}. We consider
N totltotz_lts_lti for one t; from each orbit of N (01023) and find to which double coset it

belongs.

010233 = 0102 = Ntgtitot; ‘t; t3 = Niotitoty ' € Nigtitoty ' N = [0102).

010233 = 0123 = Ntot1tot; 15 't5! = Ntot]'t5 s € Nitot7 'ty 'tsN = [0123].

010232 = 01023 = Ntgtrtot, 5 'ts = Nigtitatats € Nigtitotatz N = [01023)].

010231 = 01201 = Ntotitoty ‘5 'ty = Ntotitatots € Niotitatoty N = [01201].

010231 = 01231 = Niotatoty t5 ¢! = NiotT 5 317! € Nioty 'ty 15 14 N = [01231).

010232 = 010232 = Ntgtitgt; ‘i3 1t5 1 = Niptitotatsts € Nigtitotatsto N = [010232].
MAGMA has shown the previous five statements.

Consider [01201].
The coset stabilizing group N(01201) = (e}, 5o there are twenty-four distinct single cosets
within [01201]. Below is the list of these single cosets.
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01201 10210 21021 31231
02102 03203 01301 12012
20120 13213 30230 02302
03103 31031 21321 10310
23023 32132 12312 30130
20320 13013 23123 32032

The orbits of N(°1201) on {0,1,2,3} are {0}, {1}, {2}, {3}, {0}, {1}, {2}, and {3}. We
consider Ntotitatotit; for one ¢; from each orbit of N(©1200) and find to which double coset

it belongs.

012011 = 0120 = Ntotltztotltfl = Nigtitaty € NtgtitatgN = [0120].
012011 = 01201 = Ntotitatotst; ' = Nitotitetelt; ! € Ntotitatoty 'V = [01201].
012010 = 01231 = Nigtitatotato = Nitot7 5 517! € Ntoty 55 1N = [01231).

012010 = 01023 = Niptitatotity ' = Niotatoty 15> € Nigtitoty 3 ' N = [01023].

In addition to the last four statements, MAGMA shows that Ntgtitatoti1ts and Nigtitatotiis
are elements within the new double cosets [012012] and [012013], respectively.

Consider [01203].
MAGMA shows that the coset stabilizing group N{01203) = {¢ (03)(12)}, implying that
there exists twelve distinct single cosets within [01203]. We list them below along with

their equal names.

01203 ~ 32130
10213 ~ 32031
21023 ~ 30132
31230 ~ 02103
03201 ~ 12310
01302 ~ 23120
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12013 ~ 30231
20123 ~ 31032
13210 ~ 02301
03102 ~ 21320
23021 ~ 10312
20321 ~ 13012

The orbits of N(01203) on {0,1,2,3} are {0,3}, {0,3}, {1,2}, and {I,2}. We consider
Nigtytatotst; for one t; from each orbit of V (01203) and find to which double coset it

belongs.

012033 = 0120 = Ntgtitatotst; = Nigtitaty € NigtitatoN = [0120].
012033 = 01208 = Niotitatotsts = Ntotitotot;® € Ntgtitatot; "N = [01203)].

In addition to the last statement, MAGMA shows that Nigttatotst: is an element of the
new double coset [012031).

Consider [01201].
MAGMA shows that the coset stabilizing group N(20D) = {¢ (13)}, implying that there
exists twelve distinct single cosets within [01201]. We list them below along with their

equal names.

01201 ~ 03203
10210 ~ 13213
21021 ~ 23023
31231 ~ 30230
02102 ~ 03103
01301 ~ 02302
12012 ~ 13013
20120 ~ 23123
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31031 ~ 32032
21321 ~ 20320
10310 ~ 12312
32132 ~ 30130

The orbits of N(©120D) on {0,1, 2, 3} are {0}, {1, 3}, {2}, {0}, {I,3}, and {2}. We consider
N totltgtgtl_lti for one t; from each orbit of N (01201) and find to which double coset it

belongs.

012011 = 0120 = Ntotytatoty ty = Nitgtitato € NtotitatoN = [0120].

012071 = 01201 = Ntgtitatoty UT! = Niotitatots € Nitgtitatoty N = [01201].

012012 = 01203 = Nigtitatot; ‘ta = Nigtity 't ts € Ntotrty g s N = [01203).
012010 = 0120 = Ntotitatot] to = Ntgty 'ty 1ty € NegtT 't g 'V = [0120).
012010 = 01231 = Niotitatoty o' = Nioty 5 53 1 € Ntot7 't ¢34 N = [01231).

In addition to the last three.statements, MAGMA shows that thtltgtotl‘ltz“l is an
element of the new double coset [012012).

Consider [01203].
MAGMA proves that the coset stabilizing group N(©129) = f{e (02)(13)}. The twelve

distinct single cosets within [01203] are listed below along with their equal names.

01203 ~ 23021
10213 ~ 23120
21023 ~ 03201
31230 ~ 20321
02103 ~ 13012
01302 ~ 32031
12013 ~ 03102
20123 ~ 13210
30231 ~ 21320
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02301 ~ 31032
10312 ~ 32130
12310 ~ 30132

The orbits of N(01203} on {0,1,2,3} are {0,2}, {1,3}, {0,2}, and {1,3}. We consider
Nitgtytatots*t; for one t; from each orbit of N(©1203) and find to which double coset it

belongs.

012033 = 0120 => Nigttatot; 'tz = Nigtitato € NtgtitotoN = [0120].
012033 = 01203 => Ntgtytotot; t3* = Nigtitatots € Niotitatots N = [01203).
012032 = 0123 = Nigtitatot; ‘t2 = Ntgtitats € NigtitataN = [0123).
012032 = 01230 = Nigtrtatots 1ty = Niotitatsto € NiotitatstoN = [01230).

MAGMA has shown us the previous two statements. This double coset is now closed
under right multiplication. That is, Ntgttatoty 1¢; do not map to any double coset with

representative word of length six.

Consider [01231].
MAGMA proves that the coset stabilizing group N(01231) — {e, (13)}. The twelve distinct

single cosets within [01231] are listed below along with their equal names.

01231 ~ 03213
10230 ~ 13203
21031 ~ 23013
31201 ~ 30210
02132 ~ 03123
01321 ~ 02312
12032 ~ 13023
20130 ~ 23103
31021 ~ 32012
21301 ~ 20310
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10320 ~ 12302
32102 ~ 30120

The orbits of N(©1231) on {0, 1,2, 3} are {0}, {1,3}, {2}, {0}, {1,3}, and {2}. We consider
Ntgtitatstit; for one ¢; from each orbit of N(1281) and find to which double coset it

belongs.

012311 = 0123 = Ntotltgt;:,tlt'l_l = Ntgtitats € Niptitats N = [01231).
012311 = 01231 = Nigtitetat t) = Ntotltztatl_l e Nt0t1t2t3t1_1'N = [0123I].

MAGMA shows that Nigtitatstits, Niotitatstito, Ntotitatatity 1, and Ntgtitotstity - are
elements of the new double cosets [012312], [012310], [012312], and [012310], respectively.

Consider [01232].
MAGMA proves that the coset stabilizing group N(©1282) — {¢ (23)}. The twelve distinct

single cosets within [01232] are listed below along with their equal names.

01232 ~ 01323
10232 ~ 10323
21030 ~ 21303
31202 ~ 31020
02131 ~ 02313
03212 ~ 03121
12030 ~ 12303
20131 ~ 20313
13202 ~ 13020
30212 ~ 30121
23010 ~ 23101
32101 ~ 32010

The orbits of N©1232) on {0, 1,2, 3} are {0}, {1}, {2,3}, {0}, {1}, and {2, 3}. We consider
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Ntotitatstat; for one ¢; from each orbit of N©1232) and find to which double coset it
belongs.

012322 = 0123 = Nitgtitatstat; ' = Ntotitats € Nigtitata N = [0123].

012321 = 01201 = Ntgtitatatots = Niyltitatots € Nty titatets N = [01201].
012320 = 01203 = Ntgtitatstato = Nty 'titatots € Nigtatatots N = [01203).
012322 = 0120 = Niotitatstats = Niot1t; 'ty € Ntotit; igI N = [0120].

012321 = 012312 = Ntgtitatstat;! = Ntgtitotstity’ € Nigtitatstit; 1N = [012312).

In addition to the previous four statements, MAGMA shows that Nt0t1t2t3t2tal is an

element of the new double coset [012320).

Consider [01230].
MAGMA shows that the coset stabilizing group N(01259) = {e, (03)}. We list the twelve

distinct single cosets within [01230] below along with their equal names.

(01230 ~ 31203
10231 ~ 30213
21032 ~ 31023
02130 ~ 32103
03210 ~ 13201
01320 ~ 21302
12031 ~ 32013
20132 ~ 30123
02310 ~ 12301
10321 ~ 20312
23012 ~ 13021
23102 ~ 03120

The orbits of N1239) on {0, 1,2, 3} are {0, 3}, {1}, {2}, {0, 3}, {1}, and {2}. We consider
Ntgtitatstot; for one t; from each orbit of N©129) and find to which double coset it
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belongs.

012300 = 0123 = Nigtitatatoty | = Nigtitets € Niotitats N = [0123)].

012303 = 01208 = Ntotatotstots = Niotitatot; - € Ntotrtatot; N = [01203].
012302 = 012031 = Ntgtitatstots = Nigtitatotsts € Ntgtitatotsta N = [012031].
012301 = 012810 = Ntotitatstot] ' = Niotitatstity® € Nigtitatstaty !N = [012310].
012302 = 012320 = Ntotitatstot; ' = Niotitatstoty € Niotitotstaty "N = [012320].

In addition to the previous four statements, MAGMA shows that Négtitetstoty is an
element of the new double coset [012301].

Consider [01231].
MAGMA shows that the coset stabilizing group N©123D — fe (01)}. Below is the list of

the twelve distinct single cosets within [01231], along with their equal names.

01231 ~ 10230
21031 ~ 12032
31201 ~ 13203
02132 ~ 20130
03213 ~ 30210
01321 ~ 10320
02312 ~ 20310
03123 ~ 30120
31021 ~ 13023
23013 ~ 32012
32102 ~ 23103
12302 ~ 21301

The orbits of N©1231) on {0, 1,2, 3} are {0,1}, {2}, {3}, {0,1}, {2}, and {3}. We consider
Ntot1t2t3t1_1ti for one ¢; from each orbit of N (01231) and find to which double coset it

belongs.
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012311 = 0123 => Ntot1tatsty 'ty = Niotitots € NiotrtatsN = [0123].

012311 = 01231 = Nigtytatsty t7! = Niotitatsts € Nigtitatsti N = [01231).

012312 = 01203 = Nigtitatst] ta = Ntot1t; 'ty 'ts € Ntotyt; 'ty ‘t3N = [01203).
012313 = 0120 = Ntgtitatst] ‘ts = Niot7 't5 5" € Niot7 'ty 'ty N = [0120].
012313 = 01201 = Nigtitatsty 1t ! = Nioty 5 t5 't € Ntot7 e g1t N = [01201).

In addition to previous three statements, MAGMA shows that N tgtltgtgtl_lt;l is an
element of the new double coset [012312].

Consider [01203).
MAGMA shows that the coset stabilizing group N(01203) = {¢ (03)}. We can list the

twelve distinct single cosets within [01203] along with their equal names.

01203 ~ 31230
10213 ~ 30231
21023 ~ 31032
02103 ~ 32130
03201 ~ 13210
01302 ~ 21320
12013 ~ 32031
20123 ~ 30132
02301 ~ 12310
03102 ~ 23120
10312 ~ 20321
23021 ~ 13012

The orbits of N(01203) op {0, 1,2, 3} are {0, 3}, {1}, {2}, {0,3}, {1}, and {2}. We consider
Ntotit; 1ty Hst; for one t; from each orbit of N (01203) and find to which double coset it

belongs.
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012033 = 0120 = Nitgtyt; 1ty tatz L = Nigtit; 5" € Niotit; 15 N = [0120].

012083 = 0123 = Ntot1t; 'ty tats = Niglt7 515 € Nigler ;151N = [0123)].
012031 = 01231 = Ntotaty 'ty st ! = Ntotitatst]T! € Nigtitatsty 1N = [01231].
012032 = 01201 = Ntotaty 'ty taty ! = Nigtytotot] ! € NigtitatotT N = [01201].
012032 = 012012 = Ntgtit; g taty = Nigtitatot; 1t} € Ntotitototy t5 N = [012012).
012031 = 012312 = Nigtyt; 1ty tats = Ntotitatsty 13 ' € Ntotitatsty 5 N = [012312).

MAGMA shows the previous five statements.

Consider [01231].
MAGMA proves that the coset stabilizing group
N0 = fo (02), (13), (01)(23), (02)(13), (03)(12), (0123), (0321)}. There exists three

distinct single cosets within [01201], which we list below, along with their equal names.

01201 ~ 12312 ~ 03203 ~ 30130 ~ 23023 ~ 32132 ~ 10310 ~ 21021
10210 ~ 02302 ~ 13213 ~ 31031 ~ 23123 ~ 32032 ~ 01301 ~ 20120
31231 ~ 12012 ~ 30230 ~ 03103 ~ 20320 ~ 02102 ~ 13013 ~ 21321

The orbits of N(°1201) o {0, 1,2, 3} are {0,1,2, 3} and {0,1,2,3}. We consider Niot] 1t5 t5 t1t;
for one ¢; from each orbit of N(©1201) and find to which double coset it belongs.

11 = 0120 = Nioty M5 5 Tt = NtotT 5 1t5? € NitotTt; 5! N = [0120).
11 = 01231 = Nigt7't5 5ty = Ntotitatat]! € NiotitotstT !N = [01231).

MAGMA has shown the last statement above. This double coset is now closed under
right multiplication. That is, NV totl‘lt; Itg 14,; do not move forward to any double coset

with representative word of length six.

Consider [01203].
MAGMA shows that the coset stabilizing group N(°1203) = {e, (02), (13), (02)(13)}. There
are six distinct single cosets within [01203] that we list below, along with their equal
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names.

01203 ~ 03201 ~ 21023 ~ 23021
10213 ~ 13210 ~ 20123 ~ 23120
31230 ~ 30231 ~ 21320 ~ 20321
02103 ~ 03102 ~ 12013 ~ 13012
01302 ~ 02301 ~ 31032 ~ 32031
10312 ~ 12310 ~ 30132 ~ 32130

The cosets of N©1203) on {0,1,2,3} are {0,2}, {1,3}, {0,2}, and {I,3}. We consider

N totl_ltz_]ta Y¢at; for one ¢; from each orbit of N (01203) and find to which double coset it

belongs.

012033 = 0120 = Ntoty 'ty g tats ! = Niot7 51t ! € Nioty t5 115 N = [0120).
012031 = 01201 => Ntot7 5ty tst1 = Ntgtitatot; ! € Nigtytatot; 'N = [01201].

012032 = 01231 = Ntot; 't5 5 tata = Nitoty M5 15 17 € Nty gty M7 N = [01231).
012032 = 0123 = Ntot7't; 5 sty = Ntoty ;13! € Ntoty'e5 151N = [0123).

MAGMA shows the previous three statements. This double coset is now closed under
right multiplication. That is, N totl_ltz_ ltg ¢at; do not move forward to any double coset

with representative word of length six.

Consider [01231].
MAGMA shows that the coset stabilizing group N80 = {¢ (23)}. The twelve distinct

single coset within [01231] are listed below along with their equal names.

1231 ~ 01321
10230 ~ 10320
21031 ~ 21301



52

31201 ~ 31021
02132 ~ 02312
03213 ~ 03123
12032 ~ 12302
20130 ~ 20310
13203 ~ 13023
30210 ~ 30120
23013 ~ 23103
32102 ~ 32012

The orbits of N2 on {0,1,2, 3} are {2, 3}, {2, 3}, {0}, {1}, {0}, and {1}. We consider

Ntot7 15 5147 ¢ for one t; from each orbit of N®I23D) and find to which double coset

it belongs.

012311 = 0123 = Neot Mgl = Ntot 'ty 15!
€ Niot7't51t5'N
= [0123]

012311 = 01203 = Ntot] Mty 17 T = Niot]'t; My ts
€ Nttt g s N

= [01303]

012312 = 01023 = Nigty 'ty '3 7 s = Niotitot, 't3!
€ Nigtitot; 't;'N
= [01023]
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012312 = 01201 = Nigt7 5 ;17 51 =  Nigtitatoty
€ Nigtytatohy NV
= [01201]

012310 = 0120120 = Nigt7't; t5 7 gt = Niotatatotitaty’
Ntotitatotitaty N
[0120120]

m

Il

012310 = 01201202 => Ntot] 'ty 3t o = Niptrtatotitaty 1ty !
Ntottatotitaty t; 1N
[01201202]

M

1l

MAGMA shows the previous five statements.

Consider [01201].
MAGMA shows that the coset stabilizing group N©1201) — {¢ (02)}. We list the twelve

distinct single cosets within [01201] below, along with their equal names.

01201 ~ 21021
10210 ~ 20120
31231 ~ 21321
02102 ~ 12012
03203 ~ 23023
01301 ~ 31031
13213 ~ 23123
30230 ~ 20320
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02302 ~ 32032
03103 ~ 13013
10310 ~ 30130
32132 ~ 12312

The orbits of N©1201) on {0,1,2, 3} are {0, 2}, {0,2}, {1}, {3}, {I}, and {3}. We consider
Ntgt1tatot1t; for one ¢; from each orbit of N(01201) and find to which double coset it

belongs.

012011 = 0120 = Nty tatotaty™ = Nty ltitaty € Nty tytatoN = [0120].
012011 = 01201 = Nty tytatotits = Nty titatot] ! € Nigttatatet] 'N = [01201).

012012 = 0123 = Ntg titatotits ' = Ntg't7 5 5! € Neghtyley 13N = [0123].
012013 = 01201 = Ntj 'titetotats! = Nigtits 517t € Niotaty 1y ey LN = [01201).
012013 = 012313 = Nty lt1tatot ity = Nigtitotat t;* € Ntotitatstit; 'N = [012313).

MAGMA proves the last four statements.

Consider [01203].
MAGMA shows that the coset stabilizing group N(01203) = {¢ (02)}. We list the twelve

distinct single cosets within [01203] below, along with their equal names.

01203 ~ 21023
10213 ~ 20123
31230 ~ 21320
02103 ~ 12013
03201 ~ 23021
01302 ~ 31032
13210 ~ 23120
30231 ~ 20321
02301 ~ 32031
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03102 ~ 13012
10312 ~ 30132
32130 ~ 12310

The orbits of N01293) on {0, 1,2, 3} are {0,2}, {0,2}, {1}, {3}, {I}, and {3}. We consider
Nty ltitototst; for one t; from each orbit of N (01203) 414 find to which double coset it

belongs.

012033 = 0120 = Nty lt1tatotst; t = Nty Matate € Nty atatoN = [0120).

012033 = 01203 = Nt5ltitatotsts = Nty tytotots L € Nty titatots 1N = [01203).

012032 = 01201 = Nt5'titatotats = NigltT ey g et @ NighiTleg g et N = [01201].
012032 = 0120 = Nijltatatotsty ! = Niglegty Mgt € NigleTli g N = [0120].
012031 = 01232 = Ntg'titatotst] | = Ntotitatsts € NigtitotstaN = [01232].

012031 = 012320 => Nty tatotst; = Ntotitatstotyt € Niotitotstaty ' N = [012320).

MAGMA has shown the previous four statements.

Consider [01201].

MAGMA shows that coset stabilizing group

N©O120D) — fe (02),(13), (01)(23), (02)(13), (03)(12), (0123), (0321)}. Hence, there are
three distinct single cosets within [01201]. We list them below, along with their equal

names.

The orbits of N©120D) o {0,1,2,3} are {0,1,2,3} and {0, 1,2, 3}. We consider Nt; ‘t1tatot]t;

for one t; from each orbit of N(©1201) and find to which double coset it belongs.



56

012011 = 0120 = Nty t1tatot; 1ty = Nigltrtato € Nty itato N = [0120).

012011 = 01201 = Nty'titatotT 7! = Nigltitatots € Nig'titatots N = [01201).

This double coset is now closed under right multiplication. That is, Nty tit2tet;1t; do

not move forward to any double coset with representative word of length six.

Consider [01203).
MAGMA shows that the coset stabilizing group N©1203) = {e (02), (13), (02)(13)}. This
shows that there exists six distinct single cosets within [01203]. We list these single cosets

below, along with their equal names.

The orbits of N©1203) on {0,1,2,3} are {0,2}, {1,3}, {0,2}, and {1,3}. We consider

Ntg ittty 't; for one t; from each orbit of N (01203) anqd find to which double coset it

belongs.

012033 = 0120 = Nty ltitatots 13 = Nigltitato € Nty titatoN = [0120).

012033 = 01203 = Nitgtitatot; 5" = Ntg titatots € Nty titatots N = [01203].
012032 = 0123 = Nty titatots 'ta = Nigltitots € NtgltatataN = [0123).
012032 = 01231 = Nty 'titotots 1t ' = Nigltitatsty € Nig titatati N = [01231].

MAGMA proves the previous two statements. This double coset is now closed under
right multiplication. That is, Nto‘ltltgtots‘lti do not move forward to any double coset

with representative word of length six.

Consider [01231].
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MAGMA shows that the coset stabilizing group N©1231) = {¢, (23)}. We know that there
exists twelve distinct single cosets within [01231]. We list them below, along with their

equal names.

01231 ~ 01321
10230 ~ 10320
21031 ~ 21301
31201 ~ 31021 -
02132 ~ 02312
03213 ~ 03123
12032 ~ 12302
20130 ~ 20310
13203 ~ 13023
30210 ~ 30120
23013 ~ 23103
32102 ~ 32012

The orbits of N(01231) on {0,1,2, 3} are {2,3}, {2,3}, {0}, {1}, {0}, and {I}. We consider
Nty Y tatstit; for one t; from each orbit of N (01231) and find to which double coset it

belongs.

012311 = 0123 = Nty titotatity! = Nigltitats € Nty titots N = [0123].
012312 = 01023 = Nty titotstrt; ' = Ntotitotats € Ntgtitotats N = [01023].
012311 = 01203 = Nig'titatstits = Nty ‘titatots: € Nig tatatet; 'N = [01203).

In addition to the previous three statements, MAGMA shows that Ni; Y1 totatito and
Ntgltitotatity! are elements of the new double cosets [(12310] and [012310], respectively.

Consider [01203].
MAGMA shows that the coset stabilizing group N©1203) = {e,(02)(13)}. We list the



twelve distinct single cosets within [01203] below, along with their equal names.

01203 ~ 23021
10213 ~ 23120
21023 ~ 03201
13210 ~ 20123
30231 ~ 21320
10312 ~ 32130
12310 ~ 30132
20321 ~ 31230
13012 ~ 02103
32031 ~ 01302
12013 ~ 03102
30231 ~ 21320

58

The orbits of NO1203) on {0,1,2,3} are {0,2}, {1,3}, {0,2}, and {I,3}. We consider

N to_ltl_ltz_ lta L¢at; for one ¢; from each orbit of N (01203) gnd find to which double coset

it belongs.



012032 = 0123 = Nty e ey g taty !

= Ntgltr'y gt
e Nigh7l 15NV
— [0120]

= Nttty g teg?

e Nl iN

= Neghgle g lg?

€ Nighrlt My IN

= Ntglt7ltyle!
e Nttt 3TN
= [0123]

59

MAGMA shows the previous two statements. This double coset is now closed under right

multiplication. That is, Nt5'¢;'¢; 't5 ¢st; do not move forward to any double coset with

representative word of length six.



double coset it belongs.

012011 = 0120 = Nty e Mtr i =

012012 = 01203 = Nty 5 gt o

012011 = 01203 = Nty 't ey ey ey 1!

Ntglir gt

Nigler i N

[0120]

il

il

Nigtitatols
Nigtitatots N
[01203]

Ntgtitatots
Nigtitotot, N
[01201]

Nigtitotats
Niptitotats N
[01023]

Nto_lﬁltztota
NtaltltgtotsN
[01203]

Nigtttatsty
Ntgltitatsta N
[01231]

60
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012013 = 012013 = Neghirlts g liT st =  Niotytatotsts
€ NiptitatotitsN
= [012013]

012012 = 012031 = Niglt7li gty =  Ntotitatotsty
€ Ntgtitototsh1 N
= [012031]

MAGMA has shown the previous seven statements.
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Nzt 5 5 51, for one t; from each orbit of N(°120%) and find to which double coset

it belongs.

012033 = 0120 = NegltThes g1t = Neglepiey gt
e Ntghtr'tylg'N
= [D120]

012033 = 01203 = Neglt7 gl ley! = NeghtTley g s

e NtgUTlgltg N
= [01203]

012031 = 01023 = Nttty g 1 = Nigtatety 't3!
€ Niptitot; 13 N
= [01023)

012031 = 012012 = Nyt 5ttt 17 =  Ntgtatototitn

m

Nigtitotol1toN
012012]

MAGMA has shown the previous two statements.



it belongs.

Nttt
NtgleT i IV
0123]

Ntgttitatoty
Ntaltltztoth
[01201]

Niptitotstita
NigtitotstitaN
[012312]
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Ntotitatsty 57

Nigtitatat; 5 N

[012312]

64

In addition to the previous three statements, MAGMA shows that Nty ey ¢; ‘e3¢

Nty 5151 for one ¢; from each orbit of N(O1239) and find to which double coset

it belongs.
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012300 = 0123 = Nt 7l s g e = Neglep ity Mgt
€ Nightlts 1IN
= [0123]

012300 = 01203 = NtghiTles e leg ity = NigleTlesleg M,
€ Ntgltrly gl N

= [01203)

012302 = 012012 = Nigler gt g st = Nigtitetotats
€ Nﬁotltztotlth
= [012012]

012301 = 012310 =» Niglty eyl tg 't = NigleTle; gt o

€ Nyl 5 5147 N

012302 = 012012 = Ntg't7 e 5 5 e = Ntotitatoty'ty"
Niotitatot7 51N
012017

M

In addition to the previous four statements, MAGMA shows that Nty ty 1ty 3 517!
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We have considered all of the double cosets with representative words of length five.
We now want to consider all of the double cosets with representative words of length
six. Namely [010232], [012012], [012013], [012031], [012012], [012312], [012310], [012312],

Consider [010232].

MAGMA shows that the coset stabilizing group

N©10232) — fe (01), (23), (01)(23), (02)(13), (03)(12), (0213), (0312)}. We list the three
distinct single cosets within [010232] below, along with their equal names.

010232 ~ 232010 ~ 101232 ~ 101323 ~ 323101 ~ 010323 ~ 323010 ~ 232101
212030 ~ 030212 ~ 121030 ~ 121303 ~ 303121 ~ 212303 ~ 303212 ~ 030121
313202 ~ 202313 ~ 131202 ~ 131020 ~ 020131 ~ 313020 ~ 020313 ~ 202131

The orbits of N©10232) on {0, 1,2,3} are {0,1,2,3} and {0,1,2,3}.
We consider Ntotitotatatst; for one t; from each orbit of N{010232) 514 find to which

double coset it belongs.

0102322 = 01023 = Ntotlf}otgtgtgtz_l = Nigtitotats € Nigtitotats N = [01023].
0102322 = 01023 = Ntotitotatatats = Nitotitot; "t3 " € Nigtitoty -3 N = [01023).

MAGMA shows the previous statement. This double coset is now closed under right
multiplication. That is, Ntgtitotatstat; do not move forward to any double coset with

representative word of length seven.

Consider [012012].
MAGMA shows that the coset stabilizing group N©12012) — {¢ (23)}. We list the twelve

distinct single cosets within [012012] below, along with their equal names.
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012012 ~ 013013
102102 ~ 103103
210210 ~ 213213
312312 ~ 310310
021021 ~ 023023
032032 ~ 031031
120120 ~ 123123
201201 ~ 203203
132132 ~ 130130
302302 ~ 301301
230230 ~ 231231
321321 ~ 320320

The orbits of N(012012) on {0, 1,2, 3} are {2,3}, {2,3}, {0}, {1}, {0}, and {1}. We consider
Ntgtitatotitat; for one ¢; from each orbit of N{®12912} and find to ‘which double coset it

belongs.

0120122 = 01201 => Nigt1tatotitaty '

Ntgtitotot:
& Nigtitotogh1 IV
= [01201]

0120122 = 01203 = Nigtitototitats = Nig'ty 'ty 5 3"
€ Nl 1ty 'N

0120121 = 01230 = Nitgtitatotitats = Nigley'ty 35!
€ NegltTl N



68

0120121 = 012012 = Nigtitatotitat;t = Nigtitatoty t;
€ Nigtitotot; ;N
= [012019)

In addition to the previous three statements, MAGMA shows that Nitgtitatgtilotg and
Ntotitatotitaty " are elements within the new double cosets [0120120] and [0120120], re-

spectively.

Consider [012013].
MAGMA shows that the coset stabilizing group N(012013) = {¢ (01)(23), (02)(13), (03)(12)}.
This double coset has six distinct single cosets, which we list below along with their equal

names.

012013 ~ 103102 ~ 321320 ~ 230231
102103 ~ 013012 ~ 320321 ~ 231230
210213 ~ 123120 ~ 301302 ~ 032031
312310 ~ 130132 ~ 021023 ~ 203201
120123 ~ 213210 ~ 302301 ~ 031032
201203 ~ 023021 ~ 310312 ~ 132130

The orbits of N{01201%) on {0,1,2,3} are {0,1,2,3} and {0,1,2,3}. We consider
Nigtitatotitat; for one ¢; from each orbit of N©12013) and find to which double coset it

belongs.
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0120133 = 01201 = Ntotitatotrtat; . = Ntgtitatots

m

Nitgtitotot NV
= [01201]

0120133 = 01201 = Ntotitatotatsts = Nty ] t; g ¢!
e Nl MgUTIN

MAGMA shows the previous statement. This double coset is now closed under right
multiplication. That is, Ntot1tatot1#3t; do not move forward to any double coset with

representative word of length seven.

Consider [012031].
MAGMA shows that the coset stabilizing group N©12031) — ¢ (13)}. The twelve distinct

single cosets within [012031] are listed below, along with their equal names.

012031 ~ 032013
102130 ~ 132103
210231 ~ 230213
312301 ~ 302310
021032 ~ 031023
013021 ~ 023012
120132 ~ 130123
201230 ~ 231203
310231 ~ 320312
213201 ~ 203210
103120 ~ 123102
321302 ~ 301320



70

The orbits of N©12031) on {0, 1,2, 3} are {1, 3}, {1, 3}, {0}, {2}, {0}, and {2}. We consider
Ntgtitatotstet; for one ¢; from each orbit of N(©12031) and find to which double coset it

belongs.

0120311 = 01203 = Ntotitatolat1t]®

0120311 = 01201 = Nigtitotolslit; =

0120312 = 012310 = Ntgtitatotstits

0120310 = 012320 = Ntotitototstito

0120310 = 01230 = Nitotitatotatity’

= Nigtitatols
€ NigtitatotsN
= [01208]

NeghTlig gt

Nzt gt

= Ntgltitatstito
€ Ntaltltgt;;tltoN
= [012310)

= Ntotltztgtgtal
€ NtotltztgtztalN
— [012320]

= Nipt1tatsto
NitgtitatatoN

m

= [01230]
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In addition to the previous four statements, MAGMA provides that Ntptitatotstity lis
an element of the new double coset [0120312].

Consider [012012).
MAGMA shows that the coset stabilizing group N012012) = {¢ (02), (13), (02)(13)}. This
double. coset has six distinct single cosets, which we list below along with their equal

names.

~ 032032 ~ 230230
~ 132132 ~ 231231
~ 302302 ~ 203203
~ 031031 ~ 130130
~ 023023 ~ 320320
~ 123123 ~ 321321

021021 ~ 1201
013013 ~ 3103
103103 ~ 3013

The orbits of N©12012) o (0,1,2,3} are {0,2}, {1,3}, {0,2}, and {1,3}. We consider
Nigtytatot; t5'; for one t; from each orbit of N(©2012) and find to which double coset

it belongs.

0120122 = 01201 = Ntotitotot; t5 s = Nitotitatet]"
€ Ntgtitatot;'N
= [0120]]

0120121 = 012012 = Ntotltztotl_ltz_ltl = Ntotltgtotltg
€ Ntgtitatptite N
= [012012)
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0120121 = 01230 = Ntotitatot; 't; 117" = Nigr e !
J o

Mm

0120122 =01203 = Nigtitatot] 't t5 = Ntotety 't5 5"
€ NigtityltglegIN
= [01203]

MAGMA has shown the previous three statements. This double coset is now closed under
right multiplication. That is, NV totltztoti_ltz_lti do not move forward to any double coset

with representative word of length seven.

Consider [012312].
MAGMA shows that the coset stabilizing group N{12312) = {¢ (02), (13), (02)(13)}. This
double coset has six distinct single cosets, which we list below along with their equal

names.

012312 ~ 230130 ~ 210310 ~ 032132
102302 ~ 231031 ~ 201301 ~ 132032
312012 ~ 203103 ~ 213013 ~ 302102
021321 ~ 130230 ~ 120320 ~ 031231
013213 ~ 320120 ~ 310210 ~ 023123

The orbits of N©12312) on {0,1,2,3} are {0,2}, {1,3}, {0,2}, and {1,3}. We consider
Ntgtitatatitet; for one t; from each orbit of N(O12312) 404 find to which double coset it

belongs.
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0123122 = 01231 = Nigtitatstitat;? = Nigtitatsty
€ Niplitotsthi N
= [01231]

0123121 = 01231 = Ntgtitatstitats = Ntgleplegtegtert

e Nttt N

0123122 = 012312 = Nitgtitatstitats = Ntotitatatity !
€ Nigtitatstity N
= [012313]

0123121 = 012312 = Ntotitatatitot; s = Niotitatst]'t5!
€ NitgtitatstT 51N
= [012312]

MAGMA has shown the previous three statements. This double coset is now closed under
right multiplication. That is, Ntgtitetst1tet; do not move forward to any double coset

with representative word of length seven.

Consider [012310].
MAGMA shows that the coset stabilizing group
NO12310) = fe (02), (13), (01)(23), (02)(13), (03)(12), (0123), (0321)}. This double coset

has three distinct single cosets, which we list below along with their equal names.
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012310 ~ 123021 ~ 103201 ~ 230132 ~ 301203 ~ 032130 ~ 210312 ~ 321023
102301 ~ 023120 ~ 013210 ~ 231032 ~ 310213 ~ 132031 ~ 201302 ~ 320123
312013 ~ 120321 ~ 130231 ~ 203102 ~ 031230 ~ 302103 ~ 213012 ~ 021320

The orbits of N©12310) on {0,1,2,3} are {0,1,2,3} and {0,1,2,3)}.
We consider Ntotitotatitot; for one ¢ from each orbit of N(©12310) 514 find to which

double coset it belongs.

0123100 = 01231 = Nigtitatatitoty' = Ntotitatsts
€ Nigtitotst1 NV
= [01231]

0123100 = 012310 = Nigtitotatitoty = Ntotltztgtlto_l
€ Niotitotatity ' N
= [012310)

This double coset is now closed under right multiplication. That is, Ntgtitetatitot; do

not move forward to any double coset with representative word of length seven.

Consider [012312].
MAGMA shows that the coset stabilizing group N(°12312) = {e (02), (13), (02)(13)}. This
double coset has six distinct single cosets, which we list below along with their equal

naines.
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012312 ~ 230130 ~ 210310 ~ 032132
102302 ~ 231031 ~ 201301 ~ 132032
312012 ~ 203103 ~ 213013 ~ 302102
021321 ~ 130230 ~ 120320 ~ 031231
013213 ~ 320120 ~ 310210 ~ 023123
103203 ~ 321021 ~ 301201 ~ 123023

The orbits of N(©12312) o {0,1,2,3} are {0,2}, {1,3}, {0,2}, and {1,3}. We consider
Ntgtitatstrty 1¢; for one #; from each orbit of N(12312) and find to which double coset it

belongs.

0123122 = 01231 = Nigtrtotstrt, to

0123122 = 012312 => Ntot1totstits t; "

0123121 = 01232 = Ntotitatatit; 't

0123121 = 01201 = Ntotitatstity Ht7"

Nigtitaist)
Nigtitotst) N
01231]

Nitgtitotstits
NigtitotstitoN
[012312]

Ntgtitatste
NitgtitotstoN
[01232]

Nto_ltltztgtl
Nigltytatoti N
[01201]



76

MAGMA has shown the previous two statements. This double coset is now closed under
right multiplication. That is, N totltztgtltglt,- do not move forward to any double coset

with representative word of length seven.

Consider [012310].
MAGMA shows that the coset stabilizing group N(012310) — {e, (02), (13), (02)(13)}. We

list the six distinct single cosets within [012310] below, along with their equal names.

012310 ~ 210312 ~ 230132 ~ 032130
102301 ~ 201302 ~ 231032 ~ 132031
312013 ~ 213012 ~ 203102 ~ 302103
021320 ~ 120321 ~ 130231 ~ 031230
013210 ~ 310213 ~ 320123 ~ 023120
103201 ~ 301213 ~ 321023 ~ 123031

The orbits of N©12310) on {0,1,2,3} are {0,2}, {1,3}, {0,2}, and {1,3}. We consider
Ntotitatst 5 't; for one ¢; from each orbit of N(012310) and find to which double coset it
belongs.

0123100 = 01231 => Nigtitatstity'to = Nigtatatsts
€ NtgtitetatiV
= [01231]

0123100 = 012310 = Niotrtotatity 'ty' = Nigtitetstito
€ NigtitatstitoN
= [012310]
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0123101 = 01230 = Ntgtitotatit;'ts = Ntotitatsto
€ NigtitotaztgN
= [01230]

0123101 = 012301 = Ntotitotatity 7t = Niotitetstots
= Nt0t1t2t3t0t1N
= [012301]

MAGMA has shown the previous two statements. This double coset is now closed under
right multiplication. That is, Niotitatatity #; do not move forward to any double coset

with representative word of length seven.

Consider [012320].
MAGMA shows that the coset stabilizing group N(©12320) = (¢ (01), (23), (01)(23)}. This
double coset has six distinct single cosets, which we list below along with their equal

names.

012320 ~ 013230 ~ 102321 ~ 103231
210302 ~ 213032 ~ 120301 ~ 123031
312023 ~ 310203 ~ 132021 ~ 130203
021310 ~ 023130 ~ 201312 ~ 203132
032120 ~ 031210 ~ 302123 ~ 301213
230102 ~ 231012 ~ 320103 ~ 321013

The orbits of N©®12320) on {0,1,2,3} are {0,1}, {2,3}, {0,1}, and {3,3}. We consider
Ntotitatstaty 't; for one t; from each orbit of N (012320) and find to which double coset it

belongs.
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0123200 = 01232 = Nigtitatstaty 'ta = Nigtatatsts
€ NigtytotstaN
= [01232)

0123202 = 01230 = Niotitatstaty 'ts = Nigtitatsto
€ NigtlitgtztoN
= [01230]

0123200 = 01203 = N?fgtltgtgtgto_ltal = Ntaltltgtotg
€ Ntyltitatots N
— [01203]

0123202 = 012031 = Ntolylotataly ts' = Ntotitatotsty
€ Nigtitatotst i NV
= [012031]

MAGMA shows the previous three statements. This double coset is now closed under
right multiplication. That is, Ntotitatataty 1t; do not move forward to any double coset

with representative word of length seven.

Consider [012301].
MAGMA shows that the coset stabilizing group N(012500) = {¢ (01), (03), (13), (013), (031)}.
This double coset has four distinct single cosets, which we list below along with their equal

names.
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012301 ~ 312031 ~ 302130 ~ 102310 ~ 032103 ~ 132013
210321 ~ 310231 ~ 320132 ~ 120312 ~ 230123 ~ 130213
021302 ~ 321032 ~ 301230 ~ 201320 ~ 031203 ~ 231023
013201 ~ 213021 ~ 203120 ~ 103210 ~ 023102 ~ 123012

The orbits of N(012301) on £0,1,2,3} are {0,1,3}, {0,1,3}, {2}, and {2}. We consider
Ntotitotatotst; for one # from each orbit of N©12301) and find to which double coset it

belongs.

0123011 .= 01230 i.Ntotltztgtotltfl = Niptitatsly
&  NigtitotstoN
= [01230]
0123011 = 012310 = Ntgtitatstotity = Nigtitatstity’

€ Nigtitatstity ' N
= [012310)

0123012 = 0120312 = Ntotlrtgt;;totltz_l = thtltztgtgtltgl
€ ,thtltgt()t;;t]tz_lN
= [0120319]

In addition to the previous two statements, MAGMA shows that Ntgtitatstotits is an
element of the new double coset [0123012].
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Consider [012312].
MAGMA shows that the coset stabilizing group N (12312} = {e (01), (23), (01)(23)}. We

list the six distinct single cosets within [012312] below, along with their equal names.

012312 ~ 102302 ~ 013213 ~ 103203
210310 ~ 120320 ~ 213013 ~ 123023
312012 ~ 132032 ~ 310270 ~ 130230
021321 ~ 201301 ~ 023123 ~ 203103
032132 ~ 302102 ~ 031231 ~ 301201
230130 ~ 320120 ~ 231031 ~ 321021

The orbits of N©12312) on {0,1,2,3} are {0,1}, {2,3}, {0,1}, and {2,3}. We consider
Ntotitotsty 15 t; for one #; from each orbit of N(01%312) and find to which double coset

it belongs.

0123122 = 01231 = Nigtitatsty 5 ts Ntotytatsty
€ Ntotitotst] 'N

= [0123]]

0123121 = 012312 = Nigtitotsty 51t = Nigtitatatsty
€ NiptitatatitoN
= [012312]
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0123121 = 01231 = Ntotitatst7 5 1471 = Ntgtty 'ty legte?

M

NtsUT e e IN

0123122 = 01203 = Ntgtitotst; 't 15" = Ntotat; 't5'ts
€ Nigtit; g ta N
= [01203]

MAGMA shows the previous three statements. This double coset is now closed under
right multiplication. That is, N totltgtgtfl'tz_lti do not move forward to any double coset

with representative word of length seven.

Consider [012310].
MAGMA shows that the coset stabilizing group N©12310) — {¢ (01), (23), (01)(23)}. We

list the six distinct single cosets within [012310] below, along with their equal names.

012310 ~ 102301 ~ 013210 ~ 103201
910312 ~ 120321 ~ 213012 ~ 123021
312013 ~ 132031 ~ 310213 ~ 130231
{21320 ~ 201302 ~ 023120 ~ 203102
032130 ~ 302103 ~ 031230 ~ 301203
230132 ~ 320123 ~ 231032 ~ 321023

The orbits of N(©12310 on {0,1,2,3} are {0,1}, {2,3}, {0,1}, and {2,3}. We consider
N o Lt tatat1tot; for one t; from each orbit of N (012310) and find to which double coset it

belongs.
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0123100 = 01231 = Nigltitotstitotys = Nig titatsts
€ Ntjltitotsth N
[01231]

il

0123100 = 012810 = Nty titatstitote = Nig titatstity ™
€ Ntgltitatstity'N
[012310)

I

0123102 = 012031 =+ Nty titatatitoty? = Nigtitototsts

m

Nitgtitotgtsti N
[012031]

0123102 = 0120312 = Nig'titatstitots =  Ntgtitatotstrty '
€ Ntotitototatity N
= [0120312]

MAGMA shows the previous two statements.

Consider [012310].
MAGMA shows that the coset stabilizing group
NO2310) — (e (01), (23), (01)(23), (02)(13), (03)(12), (0213), (0312)}. There are three

distinct single cosets within [012310], which we list below with their equal names.
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012310 ~ 230132 ~ (13210 ~ 321023 ~ 231032 ~ 103201 ~ 102301 ~ 320123
210312 ~ 032130 ~ 213012 ~ 301203 ~ 031230 ~ 123021 ~ 120321 ~ 302103
312013 ~ 203102 ~ 310213 ~ 021320 ~ 201302 ~ 130231 ~ 132031 ~ (23120

The orbits of N©12810) on {0,1,2,3} are {0,1,2,3} and {0,1,2,3}.
We consider Nty titotstrty t; for one t; from each orbit of N(©12319) and find to which
double coset it belongs.

0123100 = 01231 = Ntg tatatstity ity = Nig tatatats
€ Nigltitatah N
= [01231]

0123100 = 012310 = Nigltitatst ity 'ty = Nigltitatstito
€ Ntalt;[tgt;;tltoN
= [012310]

This double coset is now closed under right multiplication. That is, thltltgtgtlta 1t do

not move forward to any double coset with representative word of length seven.

312013 ~ 203102 ~ 213012 ~ 302103
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coset it belongs.

0123100 = 01231 = N5 eyt g e oty = Niglerleg e le?
e Nl IN

= [01331]

0123100 = 012310 = Nt e s ote = Negleptez e legt
Ntz 4T IN

I m
[wn]
j—l
D
[J%]
ey
(o]
K=/

0123101 = 01230 = Nty 'ty tr s e oty = Nightoleglerieg!
Nl 1IN

m

0123101 = 012301 = Ntg 'ty 'ttt e ots = Nyt e ey et
€ Neghyl e g IN

MAGMA shows the previous two statements. This double is now closed under right
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multiplication. That is, Nty 7 ;15 T tot; do not move forward to any double coset

with representative word of length seven.

which double coset it belongs.

0123100 = 01231 = Nty et "t g 0 = Neglirteg e et

€ Ngltleg gl IN

0123100 = 012310 = Ny eyl Mg e Mg Mgt = Night hg sl o

€ NighTlta sl 0N

This double coset is now closed under right multiplication. That is, N tg ltl_l‘tg_ 'ltgltl_ltg 4

do not move forward to any double coset with representative word of length seven.



013201 ~ 023102 ~ 213021 ~ 123012 ~ 203120 ~ 103210

86

The orbits of N®1230D) on {012 3} are {0,1,3}, {0,1,3}, {2}, and {2}. We consider

Nig T g e ey T e for one t; from each orbit of N(O12%00 and find to which double

coset it belongs.

0123011 = 012310 = Nty et s Mg ter eyt = Nyt ey g M

1=01230 = Nl g Mgt = Neglir g st

e Nttt higtv

€ Nyl N

2 = 0120120 = Nyl gl e, = Nigtitatottato

€ NigtitatotitatoN

= [0120120]
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In addition to the previous two statements, MAGMA shows that Nty '¢7 5 15 g1 5!

We have considered all of the double cosets with representative words of length six. We

will now consider all of the double cosets with representative words of length seven.

Consider [0120120].

MAGMA shows that the coset stabilizing group

N©O120120) — (¢ (02), (03), (23), (023), (032)}. We list the four distinct single cosets within
[0120120] below, along with their equal names.

0120120 ~ 0130130 ~ 2102102 ~ 2132132 ~ 3103103 ~ 3123123
1021021 ~ 1031031 ~ 2012012 ~ 2032032 ~ 3013013 ~ 3023023
0210210 ~ 0230230 ~ 1201201 ~ 1231231 ~ 3203203 ~ 3213213
0320320 ~ 0310310 ~ 2302302 ~ 2312312 ~ 1301301 ~ 1321321

The orbits of N{0120120) op, [0 1,2, 3} are {0,2,3}, {0,2,3}, {1}, and {I}. We consider
Ntotitatotitatot; for one ¢; from each orbit of N(0120120) 514 find to which double coset

it belongs.

01201200 = 012012 = Ntotitatotitatoty - = Ntotitatolyts
€ Nigtitatot1taN
= [012012]
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01201200 = 0120120 = Ntgtitatotitatoto = Ntotitatotitaty®
Nitgtitatotitaty 'N
[0120120]

m

01201201 = 0123012 = Ntotitatotrtetots = Nig t7't; 5 g 7 et

e NegltTlig g N

01201201 == 012301 = Niotitatotrtatot;? = Niglty'e 43 ey e!

M

Nigh e g g et N

Il
o)
—
N
[N
o)
R

MAGMA shows the previous two statements. This double coset is now closed under right
multiplication. That is, Ntgtitatotitatet; do not move forward to any double coset with

representative word of length eight.

Consider [0120120].
MAGMA shows that the coset stabilizing group
N(0120120) — fo (01),(23), (01)(23)}. We list the six distinct single cosets within [0120120)]

below, along with their equal names.

0120120 ~ 1031031 ~ 1021021 ~ 0130130
2102102 ~ 1231231 ~ 1201201 ~ 2132132
3123123 ~ 1301301 ~ 1321321 ~ 3103103
0210210 ~ 2032032 ~ 2012012 ~ 0230230
0320320 ~ 3013013 ~ 3023023 ~ 0310310
2302302 ~ 3213213 ~ 3203203 ~ 2312312
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The orbits of N(0120120) o1 {0, 1,2, 3} are {0,1}, {2,3}, {0,1}, and {2,3}. We consider
Ntotitatotitaty't; for one t; from each orbit of N (0120120) 41 find to which double coset

it belongs.

01201200 = 012012 = thtltgtoiltgta'lto = Niptitatotite
€ Nigtitatpt1ta N
= [012012]

01201200 = 0120120 = Nigtitototitaty 'tg' = Ntotitatotitato
€ NigtitatotitatoN
= [0120120)

01201202 = 01231 = Ntgtitatotitaty 't = Nigty 'ty 'tz 17!
€ Nttt 1IN
= [01231)

In addition to the previous statement, MAGMA shows that Ntotitatotitaty 'ty is an
element of the new double coset [01201202)].

Consider [0120312).
MAGMA shows that the coset stabilizing group

N{O120312) — fe (12),(13),(23), (123), (132)}. We list the four distinct single cosets within
[0120312] below, along with their equal names.

0120312 ~ 0230123 ~ 0210321 ~ 0310231 ~ 0320132 ~ 0130213
1021302 ~ 1231023 ~ 1201320 ~ 1301230 ~ 1321032 ~ 1031203
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2102310 ~ 2032103 ~ 2012301 ~ 2312031 ~ 2302130 ~ 2132013
3123012 ~ 3203120 ~ 3213021 ~ 3013201 ~ 3023102 ~ 3103210

The orbits of N(®129312) on {0,1,2,3} are {1,2,3}, {1,2,3}, {0}, and {0}. We consider
Nitgtytatotstyt; *; for one t; from each orbit of N{°120312) and find to which double coset

it belongs.

01203122 = 012031 = Ntottatotatity ta

01203122 = 012310 = Ntptytatotstity ‘t5 "

01203120 = 012301 = Nitgtytatotatits to

01203120 = 0123012 = Nigtitototatrts 'ty

Nigtitatotsti N
Nigtitototsti N
[012031]

NigltitotstitoN
Ntaltltgt:;htoN
[012310]

Nigtitatatoti N
Nigtitatstot1 N
[012301]

Ntptitatstot1taN
NtgtitatstotitoV
[0123012]

MAGMA shows the previous three statements. This double coset is now closed under
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right multiplication. That is, Ntofitatotstits 1;. do not move forward to aﬁy double coset

with representative word of length eight.

Consider [0123012].

MAGMA shows that the coset stabilizing group N{(0123012) — (¢ (01), (02), (03)) = Sy.
‘There is only one distinct single coset within this double coset. However, this single coset
has twenty-four equal names. We identify this single coset, along with its equal names,

below.

0123012 ~ 1203120 ~ 2130213 ~ 0321032 ~ 1320132 ~ 0231023 ~
2301230 ~ 0213021 ~ 3102310 ~ 1302130 ~ 3201320 ~ 3021302 ~
0312031 ~ 3012301 ~ 1023102 ~ 2103210 ~ 1230123 ~ 3210321 ~
2013201 ~ 0132013 ~ 3120312 ~ 2310231 ~ 1032103 ~ 2031203 ~

The orbits of N(©123012) on {0,1,2,3} are {0,1,2,3} and {0,1,2,3}.
We consider Niottotstotitst; for one ¢; from each orbit of N(0123012) and find to which

double coset it belongs.

01230122 = 012301 = Nigtitatstotitat; " = Niotitatstots
Ntotltgtgtgth

m

= [012301]

01230122 = 0120812 => Nigtitatatotitats = Ntgtitototatity
€ Ntotitatotstity ' N
= [012031Z]

MAGMA shows the previous statement. This double coset is now closed under right
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multiplication. That is, Ntotitatatotitet; do not move forward to any double coset with

representative word of length eight.

There is only one distinct single coset within this.double coset. However, this single coset
has twenty-four equal names. We identify this single coset, along with its equal names,

below.

to which double coset it belongs.

01230122 = 012301 = Nigle M el e M, = Neglirler ey g tert

€ Nttt g lriN

01230122 = 0120120 = Nty 7 e 5 g M, 51 = Ntotatototitato
| € NtgtitototitatoN
= {0120120]

MAGMA shows the previous statement. This double coset is now closed under right
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multiplication. That is, Nty ltl_ltz—lts_lt'o' 1t1_1t2_ 1. do not move forward to any double

coset with representative word of length eight.

Consider [01201202).
MAGMA shows that the coset stabilizing group
N(01201202) — £ (01), (23),.(01)(23), (02)(13), (03)(12), (0213), (0312)}. We list the three

distinct single cosets within [01201202] below, along with their equal names.

01201202 ~ 23123121 ~ 10210212 ~ 32032030 ~ 10310313 ~ 32132131 ~ 01301303 ~
23023020

21021020 ~ 03103101 ~ 12012010 ~ 30230232 ~ 12312313 ~ 30130131 ~ 21321323 ~
03203202

31231232 ~ 20120121 ~ 13213212 ~ 02302303 ~ 13013010 ~ 02102101 ~ 31031030 ~
20320323

The orbits of N(©1201202) op £0 1,2 3} are {0,1,2,3}, and {0,1,2,3}. We consider
Niotitototitaty 45 t; for one t; from each orbit of N(©1201202) 5nd find to which dou-

ble coset it belongs.

012012022 = 0120120 = Nigtitatotitaty 't t2 = Niotitototitaty
€ Ntotitototitaty N
= [0120120]

012012022 = 01231 = Ntgtitototitaty 3 ts ! = Niot7 'ty 1t37¢?
Ntot7 ity IN
= [0123]]

m
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MAGMA shows the previous statement. This double coset is now closed under right

multiplication. That is, Ntgtitatotiisty 1t2" It; do not move forward to any double coset
with representative word of length nine.

All of our work is summarized in the Cayley Diagram of Us(3) x 3 over Sy given below.
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Figure 3.1: Cayley Diagram U3(3) x 3 over Sy

Our argument shows that the order of G is at most |N| x 756 = 18, 144, where 756 is
the number of single cosets shown in the diagram above. We now show that |G| is at
least 18,144. Now G =< =z, y,t > acts on X, the set of the single cosets mentioned above.
Thus o : G — Sx is a homomorphism. Since N =< z,y > acts by conjugation and t acts
by right multiplication on the ¢;s, we compute the images xx, yy, and tt of x,y, and ¢,
respectively, in Sx and verify that the additional relations hold in < zz, yy, tt > within

Sx and | < zz,yy, tt > | = 18,144. So G/Kera =< zx,yy, tt >. Hence |G| > 18, 144,
Thus, |G| = 18, 144,

We also verified that G satisfies a presentation of = Us(3) x 3.

Due to the complexity of the above Cayley diagram, we split the image into sections that



allow for better review.
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Figure 3.2: Cayley Diagram (left section) Us(3) x 3 over Sy
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Figure 3.3: Cayley Diagram (right section) Usz(3) x 3 over S
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Chapter 4

Us3(3) as the Homomorphic Image
of 3*:5,

Now the center of Us(3) x 3 is Zg = < (¥ )7 >.
We factor Uz(3) x 3 by its center to obtain Us(3). The details of the double coset
enumeration are summarized in the Cayley diagram given below. Because of its size, we

split the Cayley diagram into two sections for better review.

Our argument shows that the order of G is at most |N| x 252 = 6,048, where 252 is the
number of single cosets shown in the diagram above. We now show that |G| is at least
6,048. Now G =< z,y,t > acts on X, the set of the single cosets mentioned above. Thus
a G — Sx is a homomorphism. Since N =< z,y > acts by conjugation and t acts
by right multiplication on the ¢;s, we compute the images xx, yy, and tt of x,y, and t,
respectively, in Sy and verify that the additional relations hold in < zz, yy, tt > within
Sx and | < zz,yy, tt > | = 6,048. So G/Kera =< zz,yy,tt >. Hence |G| > 6,048.
Thus, |G| = 6,048,

A presentation for U3(3) is < a,bla® = b® = (ab)” = [a, (ab?)®] = b3(b2,abPa)? = 1 >.
Now a = (22y)?)tpt5! and b = zyz27 1ty belong to G and satisfy the above presentation
of U3(3). Thus Us(3) < G. But |Us(3)| = 6048 = |G|
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Figure 4.2: Cayley Diagram (bottom section) Us(3) over S
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Chapter 5

M1 x 2 as the Homomorphic
Image of 3** :,, 2'S;f

There are twenty-six sporadic simple groups. In his three papers that were published
in 1860, 1861, and 1873, Mathieu proved the existence of five of the twenty six, namely
M, Mg, Maz, Moz, and Mps. Now Mi1, M2, Mo, and Moz are subgroups of Maq. A
Steiner system S(4,5,11) is a set of 5-element subsets (pentads) with the property that
no two pentads have 4 or more elements in common. Mj; is the group of automorphisms
of a Steiner system S(4,5,11), which has (}}) (%) = 66 pentads. Since M3 is 5-transitive,
the point stabiliser M; is 4-transitive on 11 points. Now My, is a subgroup of May, and
within Moy it has orbits of lengths 1, 11, and 12. Thus Mj; has a transitive action on 12

letters. Moreover, this action is 3-transitive.

Now consider the progenitor 3** :,, 2'S], whose symmetric representation is given by:
<zyt]at =(ye) =9 =1 =1 = (,y) = (1) = (@) = (yat)’ = (a%)° =
(@Pyt)® = (yt=)10 >
where N = m2'Sj’ is a double cover of S4 and the action on the symmetric generators
x,y is given by:

2~ (01230123

y~ (L1)(23)23)

and t ~ g
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The following relations may be used for the purpose of manual double coset enumeration:

Rl. (zt)2 =1
R2. (y2t)5 =1
R3. (z%)° =1

" R4. (2Byt)® =1
R5. (yt=°)10 =1

If we factor 3*4 3, 28] by relations 1-5, although R2 suffices, we will verify that its

homomorphic image is a group isomorphic to Mj; x 2.

tim 28T
(yxt)® =1

Thus it is our objective to demonstrate that
2 <zyt]at =)=y =1=1=(l,y) = 4t°)? = (@t)2 =

(yat)8 == (22t)® = (z8yt)® = (yt=°)10 > is isomorphic to My x 2.

3*4 . -S+
We now perform manual double coset enumeration of G = ——=—4 over ,,2'5}.
(yat)® =1 ‘

We start with the double coset with representative word of length zero, namely NeN =
{Nen|n € N} = {Nnn~len|n € N} = {Ne"|n € N} = N. In our Cayley Diagram, we'll
denote this double coset N by [¥]. The order of our control group is of order 48 and we

list each element below:

e, (12301230), (10321032), (1313)(2020), (130130)(22), (1313)(2020), (10321032),
(12)(21)(00), (11)(23)(23), (120120)(33), (103103)(22), (13021302), (13201320),
(13021302), (103)(310), (123123)(00), (123)(231), (13201320), (11)(30)(03),
(102102)(33), (120)(120), (102)(102), (22)(30)(30), (23)(32)(00), (12)(33)(12),
(130)(301), (203)(032), (10231023), (12301230), (10231023), (11)(203203),
212)(3030), (11)(20)(02), (10)(33)(10),

(20)(33)(20), (1212)(3030), (132132)(00), (132)(213), (10)(22)(01), (12031203),

(11)(22)(33)(00), (13)(22)(31), (1010)(2323), (1
) 321 ), (1
(230)(023), (1010)(2323), (11)(230230), (12031203), (13)(00)(I3).
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Now, our control group is transitive on the set of symmetric generators {0, 1,2,3,0,1,2, 3}.
Hence, the double coset N has only orbit, namely {0,1,2,3,0,1,2, 3}. It suffices to choose
one representative from this orbit and ask to which double coset does Nt; belong. Let
us consider Ntp. Because the first double coset Nen = [¥] consists of only our control
group, Ntg is not represented within it. Hence, V¢ is an element of the new double coset
NigN, denoted [0] in our Cayley Diagram. In fact, because Nto, Nt;, Nta, Nts, Nty

Nt Nt;!, and Nt3! are in the same orbit, they all are elements of [0).

Thus, NtgN = {N(to)"|n € N} = {Nig, Nt1, Nig, Ntz, Ntg', Nt71 Nt; 1, Nz} de-
noted by [0)].

Now we determine to which double coset Ntgt; belongs for one ¢; from each orbit of N©),

N® =NO = [ne N|N(to)* = Nt}
= {e, (11)(23)(23), (123)(231), (12)(33)(12), (13)(22)(31), (132)(213}

So N© has orbits {0}, {0}, and {1,2,3,1,2,3} on {0,1,2,3,0,1,2,3).
It suffices to choose one representative from each orbit and ask to which double coset
does Ntgt; belong.

00 = e = Nigty! = Ne = N € NeN = [#].
00 = 0 = Ntoto = Nt;' € NtoN = [0).
Ntgty is neither represented in [*| nor [0]. Therefore Ntot; N, denoted [01], is a new

double coset.

Now [01] is 2 new double coset with representative word of length two.
We notice that N = {n € N|N(tgt;)* = Ntot1} = {e}.

We know that the number of distinct single cosets within [01] is V‘Er—(]\éll)_l = fl—s-
Therefore [01] has 48 distinct single cosets.

Each distinct single coset is given by Nigta N = {N(tot1)"|n € N} and is listed below:



102

Ntgty, Nty o, N3 151, Ntg 151, Nitata, Niots
Ntalo, Ntg15 !, Ntgt 7!, Nt7 15, Ntz o, N5 s
Ntit31, Ntatz?, Ntgty?, Ntgte, Ntoty !, Nt7 s
Nzl Ntz l5Y, Ntgte, Ntoto, Ntaty, N5ty
Nitgty, Nt71t31, Ntz 1, Ntg o, Ntaty !, Nitaty?
Nitsty!, Ntgt7 !, Ntotg !, NiT o, Ntz lte, Nt5 71
Ntito, Ntoty, Ntat; !, Ntg't3?, Ntots, Nt7 ']

Ntz 151, Ntgtty, Nty !, NtotT!, Ntato, Ntglta

Let us consider N1 and then determine to which double coset Ntgt1¢; belongs for one
t; from each orbit of N1,

By examining the coset stabilizing group for [01], we see that the orbits of N©V on
{0,1,2,3,0,1,2,3} are {0}, {1}, {2}, {3}, {0}, {1}, {2}, and {3}.

It suffices to choose one representative from each orbit and ask to which double coset
Ntot1i; belongs.

MAGMA shows the third statement.

011 =0 = Nigt1t7’ = Ntg € NtoN = [0].
011 = 01 = Ntpt1t1 = Nigt7! € Ntgty N = [01].
013 =01 = Nipt1ts = Nigt1 € Nigty N = [01].

MAGMA also shows that [010], {012], [010], [012], and [013] are new double cosets that

have not been represented thus far.

Let us consider [010].
We note that N(19) = {¢}, implying that there exists 48 distinct single cosets within [010).
Each distinct single coset is given by Nigt1toN = { N(¢ot1t0)"In € N} and is listed below:
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Niotito, Nt7 ot 73, Nzt lg !, Neg g5t Ntgtsty, tht;;tg
Ntstots, Ntg 't 1ty ", Ntot] Yo, Nty eg 1e7?, Nz otz !, Ntg sty !
Nttzty, Ntot3 g, Ntgtyts, Ntgltaty?, Ntgty Mo, NtT st
Nttt Ntgitg 15 Y, Niatoty, Ntatote, Ntatits, Nty ttitg?
Nigtoto, Nt7 3 1T, Niglte5, Nig oty ), Ntats 11, Nioty Tt
Nitat s, Nty 1Tt Ntots o, N7 ot} Ntz ety Nt i1t
Ntatoty, Ntotite, Ntaty 'ts, Ntglt31t5Y, Nigtate, Nty 1t 7!

Nl 131, Nttt} Ntqtg iy, NtotT o, Nitgtota, Ntgttaty!

Let us consider N©I9 and then determine to which double coset Nipt;tot; belongs for
one t; from each orbit of N {010,

Since N(©19) = [e}, we see that the orbits of N(°¥ on {0,1,2,3,0,1,2,3} are {0}, {1},
{2}, {3}, {0}, {1}, {2}, and {3).

It suffices to choose one representative from each orbit and ask to which double coset
Ntotytot; belongs.

0100 = 01 = Ntgtytoty " = Ntot; € Ntot; N = [01].

MAGMA shows the following four statements.

0100 = 010 = Nigtitoto = Ntotity! € Nitgt1ty !N = [010).
0101 = 010 = Ntgtatot]? = Ntgtito € NtgtytgN = [010].
0103 = 010 = Ntotitets! = Nigtitg € NigtitoN = [010).
0103 = 0121 = Ntotitots = Niotitat; € Nigtitati N = [0121].

MAGMA also shows [0101], [0102], and [0102] as new double cosets.

Let us consider [012].
MAGMA gives that N©12 = {e, (11)(20)(02)}, implying that there exists 24 distinct sin-
gle cosets within [012]. Each distinct single coset is given by Nigt1taN = {N(tgt1t2)"|n € N}

and is listed below, along with its equivalent name:
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133 ~ 321
012 ~ 210

Let us consider N©2 and then determine to which double coset Ntgt1tot; belongs for
one t; from each orbit of N(®12), Since N2 = {e, (11)(20)(02)}, we see that the or-
bits of N(°12 on {0,1,2,3,0,1,2,3} are {3}, {3}, {1,1}, {2,0}, and {0, 2}. It suffices to

choose one representative from each orbit and ask to which double coset Ntot;tot; belongs.
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0122 = 01 = Nigtitet; ! = Ntgty € Ntgts N = [01].
0122 = 012 = Niotitats = Ntotat; ' € Ntotit; ' N = [013).

MAGMA shows the following statement.
0123 = 013 = Nigtytqts = Nigtit;! € Ntptatz !N = [013).
MAGMA also gives that [0121] and [0123] are new double cosets.

Let us now consider double coset [010].
We note that N©10) = {e, (10)(22)(01)}. Thus there exists 24 distinct singlé cosets within
[010]. Each coset is given by Ntgt1tg? N = {N(fot1t;")*|n € N} and is listed below, along

with its equivalent name:

010 ~ 101
121 ~ 212
303 ~ 030
232 ~ 323
131 ~ 313
232 ~ 333
303 ~ 033
020 ~ 202
010 ~ 101
121 ~ 212
303 ~ 030
232 ~ 323
131 ~ 313
232 ~ 323
303 ~ 030
020 ~ 202
020 ~ 202
131 ~ 313
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Let us consider N1 and then determine to which double coset Ntotytg t; belongs for
one t; from each orbit of N©10_ Since N9 = {e, (10)(22)(01)}, we see that the orbits of
N©©) op {0,1,2,3,0,1,2,3} are {3}, {3}, {1,0}, {2,6}, and {0,1}. It suffices to choose
one representative from each orbit and ask to which double coset Nitgiity 14 belongs.

0100 = 01 = Ntatity to = Ntot1 € Ntgt1 N = [01].
0100 = 010 = Ntotity t;! = Nigtito € NitgtitoN = [010)].

MAGMA shows the following three statements,

%
0103 = 012 => Ntgt1t; ts = Ntgt1t;' € Ntot1t; !N = [012].
0102 = 010 = Nigtity 'tz = Nitgtaty! € Ntotaty N = [010].
0103 = 0102 = Niotyt; 3! = Niotytats € Niotitoto N = [0102).

Let us consider double coset [012].
MAGMA shows that N2 = {e, (20)(33)(20)}, implying that there exists 24 distinct
single cosets within [01Z]. Each coset is given by Nttty ' N = {N(tot1t;")"|n € N} and

is listed below, along with its equivalent name:

012 ~ 210
123 ~ 321
301 ~ 103
230 ~ 032
132 ~ 231
230 ~ 032
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301 ~ 103
021 ~ 120
013 ~ 310
302 ~ 203
130 ~ 031
231 ~ 132
302 ~ 203
023 ~ 320
023 ~ 320
130 ~ 031

378 ~ 213

201 ~ 102

312 ~ 213

013 ~ 310

123 ~ 321

012 ~ 210
Let us consider N©12) and then determine to which double coset Nigt; t51t; belongs for
one t; from each orbit of N©12), Since N©12) = {¢, (20)(33)(20)}, we see that the orbits of

N©12) on {0,1,2,3,0,1,2,3} are {1}, {1}, {2,0}, {2,0}, and {3,3}. It suffices to choose

one representative from each orbit and ask to which double coset Nitgiity t; belongs.

0122 = 01 = Nitgtit; 'ty = Ntot; € Ntoty N = [01].
0122 = 012 = Nigt1t; 'ty ! = Nigtity € NigtitoN = [012].

MAGMA shows the following two statements.

0121 = 010 = Ntot1t;'t7! = Nigtity ! € Nigtitg !N = [010)].
0121 = 0102 = Nigtit; 'ty = Nigtitgly € Ntotytots N = [0102].



MAGMA also shows that [0123] is a new double coset.

Let us consider double coset [013].
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We have N©13) — fe (10)(33)(10)}. So, there exists 24 distinct single cosets within [013].
Each coset is given by Nitot1t3'N = {N(tot1¢3")"|n € N} and is listed below, along with

its equivalent name:

013 ~ 103
120 ~ 210
302 ~ 032
231 ~ 321
130 ~ 310
231 ~ 321
302 ~ 032
023 ~ 203
012 ~ 102
123 ~ 213
301 ~ 031
230 ~ 320
132 ~ 312
230 ~ 320
301 ~ 031
021 ~ 201
021 ~ 201
132 ~ 312
310 ~ 130
123 ~ 213
203 ~ 023
012 ~ 103
120 ~ 210
312 ~ 132
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Let us consider N(°?3) and then determine to which double coset Nigtyt3 t; belongs for
one t; from each orbit of N3, Since N©13) = {e, (10)(33)(10)}, we see that the orbits of
N3 on {0,1,2,3,0,1,2,3} are {0,1}, {0,1}, {3,3}, {2}, and {2}. It suffices to choose

one tepresentative from each orbit and ask to which double coset N totlta'lt,- belongs.
0133 = 01 = Ntotyt5'to = Ntoty € Nitgty N = [01].

MAGMA shows the following four statements.

0132 = 012 = Ntgtitz't;! = Nigtita € NigtitaN = [012).

0131 =013 = Ntotitz 7! = Nigtit3! € Ntotit3 !N = [013).
0132 = 0123 = Nigtit3 e = Nigtatats! € Nigtitats I N = [0123].
0131 = 0102 = Ntgtit3 't = Nigtitot;' € Nigtitoty? N = [0102).

Let us consider double coset [0121].
Now N©121) = {e (10)(22)(01)}. Thus, there exists 24 distinct single cosets within [0121].
Each coset is given by Ntpt1tat1 N = {N{(tot1t2t1)"|n € N} and is listed below, along with

its equivalent name:

0121 ~ 1020
1232 ~ 2131
3010 ~ 0313
2303 ~ 3202
1323 ~ 3121
2303 ~ 3202
3010 ~ 0313
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Let us consider N(0121) and then determine to which double coset Ntgtitot;t; belongs
for one t; from each orbit of N©21), Since N(%121) = {e, (10)(22)(01)}, we see that the
orbits of N1 on {0,1,2,3,0,1,2,3} are {0,1}, {0,1}, {2,2}, {3}, and {3}. It suffices
to choose one representative from each orbit and ask to which double coset Ntgtitatit;

belongs.
01211 = 012 = Nigtitet1t7} = Nigtits € Nigtito N = [012].

MAGMA shows the following four statements.

01213 = 0123 = Niptitat1ts = Ntotit; t3 € Niptyt; taN = [0123).
01213 = 0102 = Nigtitat1t;! = Nigtitot; € Nigtatot; ' N = [0103).
01211 = 0121 = Nigtitatit) = Nigtitat; € Nigtitoti N = [0121].
01212 = 010 => Nigtylatity = Nigtytg € NtgtitoN = [010)].

Let us consider double coset [0123].
N{(©123) = {¢ (11)(20)(02)} implies that there exists 24 distinct single cosets within [0123].
Each coset is given by Ntgtitat3' N = {N(tot1t2t3")"|n € N} and is listed below, along

with its equivalent name:

(o]
[

0123 ~
1230 ~

(-2 ]
B =

10
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3012 ~ 1032
2301 ~ 0321
1320 ~ 2310
2301 ~ 0321
3012 ~ 1032
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3021 ~ 2031
0231 ~ 3201
0231 ~ 3201

2013 ~ 1023
3120 ~ 2130
0132 ~ 3102
1230 ~ 3210
0123 ~ 2103

Let us consider N(©123) and then determine to which double coset Ntotitats 't; belongs
for one t; from each orbit of N(©123), Gince N(©123) = {e, (11)(20)(02)}, we see that the
orbits of N©123) on {0,1,2,3,0,1,3,3} are {0,2}, {0,2}, {1,1}, {3}, and {3}. It suffices
to choose one representative from each orbit and ask to which double coset ¥V totltztglti

belongs.
01233 = 012 = Niotitat; 't3 = Niotite € Ntgt1taN = [012].

MAGMA shows the following four statements.
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01231 = 0123 = Ntgtitatz 'th = Nigtytat; ' € Ntgtitets; !N = [0123].
01232 = 0102 = Ntotitats 'ta = Nigtitots € NtotitotaN = [0102].
01230 = 0123 = Nigtitoty ‘o = Nitotitets ! € Niotitaty' N = [0123).
01233 = 013 = Nigtitaty t3 1 = Nigtit3! € Ntot1t3' N = [013].

Let us consider double coset [0101].

N©O10D) — {0 (132)(213), (13)(22)(31), (123)(231), (11)(23)(23), (12)(33)(12)}, implies that
there exists 8 distinct single cosets within [0101]. Each coset is given by Nigtifoti N =
{N{(totitot1)*|n € N} and is listed below, along with its equivalent names:

0101 ~ 0303 ~ 0303 ~ 0202 ~ 0101 ~
1212 ~ 1010 ~ 1010 ~ 1313 ~ 1212 ~ 31

3030 ~ 3232 ~ 3232 ~ 3131 ~ 3030 ~ 3131
2323 ~ 2121 ~ 2121 ~ 2020 ~ 2323 ~ 2020
1313 ~ 1010 ~ 1010 ~ 1212 ~ 1313 ~ 1313
2323 ~ 2121 ~ 2121 ~ 2020 ~ 2323 ~ 2020

3030 ~ 3232 ~ 3232 ~ 3131 ~ 3030 ~ 3131
1

020
1

Il

l

0202 ~ 0303 ~.0303 ~ 0101 ~ 0202 ~ 010

-

Let us consider N(°191) and then determine to which double coset Nigtyiotst; belongs for
one t; from each orbit of N(0101),

Since N©I01) = (e, (132)(213), (13)(22)(31), (123)(231), (11)(23)(23), (12)(33)(12)}, we
see that the orbits of N(1°D on {0,1,2,3,0,1,2,3} are {0}, {0}, and {1,2,3,1,2,3).
It suffices to choose one representative from each orbit and ask to which double coset
Ntptyigtit; belongs.

01011 =010 = Ntotitot1t]® = Nigtito € NtotatoN = [010].

MAGMA shows the following statement:
01010 = 0101 = Ntotitotitg' = Nigtitot1 € Niotitgti N = [0101].

MAGMA also shows that [01010] is a new double coset.



Let us consider double coset [0102].
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MAGMA provides N(°192) = {e, (20)(33)(20)}, implying that there exists 24 distinct sin-
gle cosets within [0102]. Each coset is given by NigtitoteN = {N(totatot2)?|n € N} and

is listed below, along with its equivalent names:

0102 ~ 2120
1213 ~ 3231

3031 ~ 1013

2320 ~ 0302
1312 ~ 2321
2320 ~ 0302

2321 ~ 1312
3032 ~ 2023
0203 ~ 3230
0203 ~ 3230
1310 ~ 0301
3132 ~ 2123
2021 ~ 1012
1210 ~ 0201
2021 ~ 1012
3132 ~ 2123
0103 ~ 3130
1213 ~ 3231

Let us consider N(®1°2) and then determine to which double coset Ntotitgtat; belongs
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for one t; from each orbit of N(©102), Since N(°192) = {e (20)(33)(20)}, we see that the
orbits of N{®192) on {0,1,2,3,0,1,2,3} are {0,2}, {0,2}, {3,3}, {1}, and {1}. It suffices
to choose one representative from each orbit and ask to which double coset Nigtitotat;

belongs.

01022 = 010 = Ntotitotat; = Nigtito € NigtitgN = [010].
01022 = 0102 = Ntgtitotats = Nigtatoty' € Nigtitot; ' N = [0102].

MAGMA shows the following three statements.

01023 = 0123 = Ntptitotats = Nigtitats! € Ntotitat; !N = [0123).
01021 = 010 = Niotitotats = Ntot1tg! € Ntotyt; !N = [010).
01021 = 012 = Nigtitotety’ = Nigtaty' € Nigtit3'N = [013].

Let us consider double coset [0102].
Since N(©192) = {¢ (11)(20)(02)}, there exists 24 distinct single cosets within [0102). Each
coset is given by NV tgtltgtglN = {N (totatoty WYWine N } and is listed below, along with

its equivalent names:

1312 ~ 2321
2320 ~ 0302
3031 ~ 1013
0201 ~ 1210
0103 ~ 3130

1310 ~ 0301
3032 ~ 2023
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0203 ~ 3230
0203 ~ 3230
1310 ~ 0301
3132 ~ 223
2021 ~ 1012
2021 ~ 1012
3132 ~ 2123
0103 ~ 3130
1213 ~ 3231

0102 ~ 2120

Let us consider N(©102) and then determine to which double coset Nitotytoty 't; belongs
for one t; from each orbit of N2} Gince N(©192) = fe (17)(20)(02)}, we see that the
orbits of N(©192) on {0,1,2,3,0,1,2,3} are {0,2}, {0,2}, {1,1}, {3}, and {3}. It suffices
to choose one representative from each orbit and ask to which double coset Nitgtitoty 1t

belongs.

01022 = 010 = Nigtytot;  ta = Ntgtate € NtotitgN = [010).
01022 = 0102 = Ntot1t0t51t2_1 = Nigtitgts € NigtitgteN = [0102].

MAGMA shows the following three statements.

01023 = 0123 = Niotatot; 'ts = Ntot1t; 'ts € Ntgtit;  tsN = [0123].
01023 = 0121 = Ntotitot;'t3} = Ntotitat; € Niotitath N = [0121].
01021 = 013 = Ntgttoty 't = Nigtit3' € Niptyt3 N = [013).

Let us consider double coset [0123].
MAGMA provides N(©123) = {e, (13)(22)(31)}, implying that there exists 24 distinct sin-
gle cosets within [0123]. Each coset is given by Ntotltg_ltSN = {N(totltz_ltg)nln € N}

and is listed below, along with its equivalent names:

0123 ~ 0321
1230 ~ 1032
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3012 ~ 3210
0213 ~ 0312
0132 ~ 0231
1203 ~ 1302
3021 ~ 3130
2310 ~ 2013
1302 ~ 1203
2310 ~ 2013
3021 ~ 3120
0231 ~ 0133
0331 ~ 0132

Let us consider N©123) and then determine to which double coset Ntotity Leat, belongs
for one ¢; from each orbit of N©123), Since N(0123) — {e, (13)(22)(31)}, we see that the
orbits of N®23) on {0,1,2,3,0,1,2,3} are {1,3}, {1,3}, {2,2}, {0}, and {0}. It suffices
to choose one representative from each orbit and ask to which double coset N tgtlt'z‘]tgt,:

belongs.
01233 = 012 = Nigtst; stz ! = Nigtit;? € Niotit;'N = [012].

MAGMA shows the following four statements.
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01233 = 0123 = Ntott; tats = Nigtit; i3 € Niotaty 1taN = [0123].
01330 = 0121 = Ntgt1t; ‘tato = Niotrtats € Ntotitatt N = [0121].
01230 = 0102 = Nttty 'taty! = Nigtatoty! € Ntotatoty ' N = [0102).
01232 = 0123 = Nitotyt; taty = Nitgtit; 'ts € Nigtity 'taN = [0123).

Let us consider double coset [01010).
MAGMA provides N(©1010) js the entire control group, the double cover of Sy:

e, (12301230), (10321032), (1313)(2020), (130130)(22), (1313)(2020), (10321032),
(12)(21)(00), (11)(23)(23), (120120)(33), (103103)(22), (13021302), (13201320),
(13021302), (103)(310), (123123)(00), (123)(231), (13201320), (11)(30)(03),
(102102)(33), (120)(120), (102)(102), (22)(30)(30), (23)(32)(00), (12)(33)(12),
(130)(301), (203)(032), (10231023), (12301230), (10231023), (11)(203203),
(11)(22)(33)(00), (13)(22)(31), (1010)(2323), (1212)(3030), (11)(20)(02), (10)(33)(10),
(20)(33)(20), (1212)(3030), (132132)(00), (132)(213), (10)(22)(01), (12031208),

(230)(023), (1610)(2323), (11)(230230), (12031203), (13)(00)(13).

This implies that there exists 1 distinct single coset within [01010], which is given by
Niotitot1toN = {N(totitot1to)”|n € N}. This single coset has 48 equivalent names, which
we list below:

03030 ~ 10101 ~ 32323 ~ 21212 ~ 10101 ~ 21212 ~ 32323 ~ 03030

Let us consider N(©1010) and then determine to which double coset Nigtiiotitot; belongs
for one ¢#; from each orbit of N©1010)  Since N(01010) i5 the entire control group, we see
that the orbit of N(1019) on {0,1,2,3,0,1,2,3} is {0,1,2,3,0,1,2,3}. It suffices to choose

one representative from this orbit and ask to which double coset Ntptitotitot; belongs.



118

010100 = 0101 = Ntotltotltotal = Nigiitot; € Nigtitgt1 N = [0101].

This double coset is now closed under right multiplication. That is, Ntgtjtotitot; does

not move forward to any double coset with representative word of length six.

All of our work is summarized in the Cayley Diagrams of My, x 2 over 2'S] below.

1
[oro10]

10101}

(0102)

z Uigye)
g0} ()
24 z‘ (0123)
(013}
2
2 oy N
24 } ¢
ya!
[01%)

Figure 5.1: Cayley Diagram My x 2 over 2'S;

Our argument shows that the order of G is at most |N| x 330 = 15, 840, where 330 is
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the number of single cosets shown in the diagram above. We now show that |G| is at
least 15,840. Now G =< z,y,t > acts on X, the set of the single cosets mentioned above.
Thus o : G = Sx is a homomorphism. Since N =< z,y > acts by conjugation and t acts
by right multiplication on the i;s, we compute the images xx, yy, and tt of x,y, and t,
respectively, in Sx and verify that the additional relations hold in < 2z, yy, tt > within
Sx and | < zz,yy, tt > | = 15,840. So G/Kera =< zz,yy, it >. Hence |G| > 15, 840.
Thus, |G| = 15, 840.

We also verified that G satisfies a presentation of = U3(3) x 3.
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51 MAGMA Code

MAGMA code for Mj; x 2

S:=Sym(8);

xx:=5!(4,5,6,3,8,1,2,7);

yy:=81(1,5)(2,3)(6,7);

N:=sub<S|xx,yy>;
G<x,y,t>:1=Group<x,y,tIx"4=(y*x)"3,y"2,t"3,(t,y),
(y*¥t"x)"2, (x¥t)"22,

(y*x*t) "5, (x"2%t) "6, (x"3*y*t) "6, (y*t" (x"6)) "10>;
f,G1,k:=CosetAction(G,sub<Glx,y>);

IN:=sub<G1[f (x),f(y)>;

Index (G, sub<Glx,y>);

/*330%/
#N:

/*48x/

#G;
/*15,840%/

ts:;=[Id(61) : i in [1..8]];
ts[4]:=£(t); tsl1]:=£(t"(x"5));
te[2] :=f(t"(x"6));ts[3]:=F (£~ (x"3));
ts[8] :=(ts[4])~-1; ts[5]:=(ts[1])"-1;
ts[6]:=(ts[2])"-1;
ts[7]:=(ts[3])"-1;
cst := [null : i in [1 .. 330]] where null is [Integers() | 1;
prodim := function(pt, Q, I)
/¥
Return the image of pt under permutations
QLI] applied sequentially.
*/
v := pt;
for i in I do
v = v (QLil);
end for;
return vy
end function;
for i =1 to 4 do
cat [prodim(1, ts, [i1)] := [il;



end for;
m:=0;
for i in [1..330] do if cst[i] ne
then m:=m+1; end if; end for; m;
for i =5 to 8 do
cst [prodim(1l, ts, [i])] := [i];
end for;
m:=0;
for i in [1..330) do if cst[i] ne
then m:=m+1; end if; end for; m;

/*Now we want to find the coset stabilising group for [4].
This in turn will give us the orbits of [4].*/

N4:=Stabiliser(N,4);
Orbits(N4);

/*{4}’ {8}’ {1’ .21 3) 5! 6) 7}*/

/*We now know that {1, 2, 3, 5, 6, T}

are in the same orbit.

However, both 4 & 8 are in their own orbit.
I now warnt to know the order of the coset

stabilizing group of [4].

Once I know the order, I divide it into the order

of ‘my control group.

I know it will be 48/6 = 8, which represents the
# of distinct single cosets within [4].%/

#N4;

J*6%/

/*The following code will keep track of my index,
which is the number of single cosets I have.
When I total 330, I know I am done.*/

T4:=Transversal (N,N4);
for i in [1..#T4] do
ss:=[4]"T4[i];
cst[prodim(1l, ts, ss)] := ss;
end for;
m:=0;

(1

]
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for 1 in [1..330] do if cst[i] ne []
then m:=m+1; end if; end for; m;

/*x8%/
/*So double coset [4] has 8 distinct single cosets.*/

/*#Examining double coset [4].
Recall that the orbits are {4}, {8}, {1, 2, 3, 5, 6, T7}.
I know that 48 = 1, so (t_0)"-1 takes me from [4] to [*].*/

/*The following code shows that 44 = 4, so t_0
takes me from [4] to [4].x/

for n in IN do for m in IN do
if ts[4]*ts[4] eq n*x(ts[4])™m
then m, n;

end if; end for; end for;

/*Now I take one representative from the following orbit

to see to which double coset t_i belongs: {1, 2, 3, 5, 6, T}.
Because none of my relations take a word of length 2 to a word
of length 1, I know that [4,1] is my new double

coset. Therefore, all six single cosets move

forward to the new double coset [41].%/

/*Now we handle double coset [4,1].x/

N41:=Stabiliser(N4,1);
N41s:=sub<N|N41>;

/*Now I use the following code to see
what "common" names we have
in [4,1].%/

S:={[[4]1,[111};

SS8:=3"N;

88S:=Setseq(SS);

for i in [1..#S8] do

for g in IN do if ts[4]*ts[1]

eq g+ts[Rep(8SS[i]) [1][1]1]1*ts[Rep(SSS[i]) [2][1]]
then print SSS[il;

end if; end for; end for;



/*The above code provided that there are no
common names within [41].%/

Orbits{N4is);
/*¥The orbits are are {1}, {2}, {3}, {4}, {5}, {8}, {7}, {8}.

/*Now I can find the order of the coset stabilising group [4,1].
This number, when divided into the order of my control group N,
which is 48/1 = 48, gives the # of distinct single cosets within
the double cosét [4,1].%/

#N4ls;
/*1x/
/*Finding the indexx*/

T41:=Transversal{(N,N41s);
for 1 in [1..#T41] do
ss:=[4,1]"T41[i];
cst[prodim(1, ts, ss)] := ss;
end for;
m:=0;
for i in [1..330] do if cst[i] ne []
then m:=m+1; end if; end for; m;

/*56%/

/*I now want to know to which double
coset Nt_0t_1t_i belongs.

I recall that the orbits are

{1}, {2}, {3}, {4}, {58}, {6}, {7}, {8}.%/
/*I know 415 = 4, so (t_1)"-1 takes

me back to [4].%/

/*The code below shows that 411 = 41,

so t_1 takes me from 41 back to 41.

The code also shows that 413 = 41,

so t_3 takes me from 41 back to 41.%/

for n in IN do for m in IN do
if ts[4]*ts[1l*ts[1] eq n*(ts[4]*ts[1]) m
then m, n;
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end if; end for; end for;

for n in IN do for m in IN do

if ts[4]*ts[1]*ts[3] eq nx(ts[4]*ts[1]) "m
then m, n;

end if; end for; end for;

/*The same code shows that 412, 414, 416, 417,
and 418 are new double cosets.*/

/*Now we handle double coset [4,1,2].%/

N412:=Stabiliser (N41,2);
N412s:=sub<N|N412>;

/*Now I use the following code to see
what "common" names we have
in [4,1,2].%/

S:={[[4],[1],[2]11};

S§S:=5"N;

555:=Setseq(SS);

for i in [1..#8S8] do

for g in IN do if ts[4]*ts[1]#ts[2]

eq gxts[Rep(SSS[i]) [1] [11]*ts[Rep(SSS[i]) [2]11]]
*ts [Rep(SSS[i]) [3] [1]]

then print SSS[i];

end if; end for; end for;

/#The above code provided that 658 = 412 within [41].%/
for g in N do if 4"g éq 6 and 1"g eq 5 and 2"g eq 8

then N412s:=sub<N|N412s,g>;
end if; end for;

Orbits(N412s);

/*The orbits are are {3}, {7}1 {13 5}, {21 8}1 {41 6}-
/*Now I can find the order of the coset

stabilising group [4,1,2].

This number, when divided into the order
of my control group N,
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which is 48/2 = 24, gives the # of distinct
single cosets within
the double coset [4,1,2].%/

#N412s;
/x2%/
/*Finding the indexx/

T412:=Transversal (N,N412s);
for i in [1..#T412] do
ss:=[4,1,2]"T412[i];
cstprodim(l, ts, ss)] := ss8;
end fbr;
m:=0;
for i in [1..330] do if cst[i] ne [J
then m:=m+1; end if; end for; m;

/*80%/

/*Now I want to know to which double

coset does Nt_Ot_1t_2t_i belongs.

I recall that the orbits are

{3}, {7}, {1, 5}, {2, 8}, {4, 6}.%/

/*I know that 4126 = 41,

so both (t_2)"-1 and t_0 take me

from 412 to 41.

Also, 4122 = 416, so both t_2 and (t_0)"-1
take me from 412 to 416.%/

/*The following code shows that 4123 = 417,
so t_3 takes me from 412 to 417.%/

for n in IN do for m in IN do

if ts[4]*ts[1]*xts[2]*ts[3] eq n*x(ts[4]*ts[1]*ts[7]) "m

then m, n;
end if; end for; end for;

/*The same code shows that the following
double cosets are new: 4121 and 4127.%/

/*Now we handle double coset [4,1,4].%/
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N414:=Stabiliser (N41,4);
N414s:=sub<N|N414>;

/*Now I use the following code to see what
"common" names we have
in [4,1,4] .%/

S:={[[4],[1]1,[4]]};

SS:=5"N;

8S8S:=Setseq(SS);

for i in [1..#S8] do

for g in IN do if ts[4]lxts[1]xts[4]

eq g¥ts[Rep(855[i]) [1][1]1]xts[Rep(SSS[i]) [2] [1]]
*ts[Rep(SSS[i]) [3] [1]]

then print SSS[i];

end if; end for; end for;

/*The above code provided that there are mno
common names within [414].x/

Orbits(N414s);
/*The orbits are are {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}.

/*Now I can find the order of the coset stabilising group [4,1,4].
This number, when divided into the order of my contrel group N,
which is 48/1 = 48, gives the # of distinct single cosets within
the double coset [4,1,4].%/

#N414ds;
/*1x/
/*Finding the index*/

T414:=Transversal(li,N414s);
for i in [1..#T414] do
ss:=[4,1,4]"T414[i];
cst[prodim(l, ts, ss)] := ss;
end for;
m:=0;
for i in [1..330] do if cst[i] ne []
then m:=m+1l; end if; end for; mj;
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/*128x%/

/*Now I want to know to which double coset

does Nt_Ot_1t_Ot_i belongs.

I recall that the orbits are

{1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}.%/

/*I know that 4148 = 41, so (t_0)"-1 takes

me from 414 to 41.

Also, 4144 = 418, so t_0 takes me from 414 to 418.%/
/*¥The code below shows that 4145 = 414, so (t_1)"-1
takes me from 414 to 414.

Also, 4147 = 414, so (t_3)"-1 takes me from 414 to 414.
Also, 4143 4121, so t_3 takes me from 414 to 4121.x/

for n in IN do for m in IN do

if ts[4]xts[1]*ts[4]*ts[5] eq nx(ts[4]*ts[1]*ts[4])"m
then m, n;

end if; end for; end for;

for n in IN do for m in IN do

if ts[4]*ts[1]*ts[4]*ts[7] eq n¥(ts[4]*ts[1]*ts[4])"m
then m, n;

end if; end for; end for;

for n in IN do for m in IN do

if ts[a)*ts[1)*ts[4]*ts[3] eq n*x(ts[4]*ts[1]*ts[2])*ts[1]) m
then m, n;

end if; end for; end for;

/*The same code shows that the following are new:
4141, 4142, 4146.%/
/*Now we handle double coset [4,1,6].%/

N416:=8Stabiliser(N41,6);
N416s5:=sub<N|N416>;

/*Now I use the following code to see what
"commen" names we have
in [4,1,6].%/

S:={[[41,[1],[611};
S8:=3"N;
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8SS:=Setseq(SS);

for i in [1..#8S] do

for g in IN do if ts[4]*ts[1]*ts[6]

eq gxts([Rep(8SS[il) [1] [111*ts[Rep(SSS[il)[2] [1]]
*ts [Rep(SSS[il) [3]1 [1]1]

then print SSS[il;

end if; end for; end for;

/*The above code provided that 416 = 218 within [414].%/

for g in N do if 4°g eq 2 and 1"g eq 1 and 67g eq 8
then N416s:=sub<N|N41i6s,g>;
end if; end for;

Orbits(N416s);
/*The orbits are are {1}, {5}, {2, 4}, {3, 7}, {6, 8}.

/*Now I can find the order of the coset
stabilising group [4,1,6].

This number, when divided into the order of
my control group N,

which is 48/2 = 24, gives the # of distinct
single cosets within

the double coset [4,1,6].%/

#N416s;
/*2%/
/*Finding the index*/

T416:=Transversal(N,N416s);
for i in [1..#T416] do
ss:=[4,1,6]"T416[i]:
cst[prodim(1, ts, ss)] := ss;
end for;
m:=0;
for 1 in [1..330] do if est[i] ne []
then m:=m+l; end if; end for; m;

/*152%/

/*I now want to know to which double coset
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does Nt_0t_1t_2"-1t_i belongs.

I recall that the orbits are

{1}, {56}, {2, 4}, {3, 7}, {6, 8}.%/

/*I know that 4162 = 41, so t_2 and t_0

take me from 416 to 41.

Also, 4166 = 412, so (t_2)"-1 and (t_0)"-1

take me from 416 to 412.%/

/*The following code shows that 4165 = 418,

so (t_1)"-1 takes me from 416 to 418.

Also, 4161 = 4142, so t_1 takes me from 416 to 4142.%/

for n in IN do for m in IN do

if ts[4]*ts[1]*ts[6]*ts[5] eq n*(ts[4]*ts[1]*ts[8]) "m
then m, n;

end if; end for; end for;

for n in IN do for m in IN do

if ts[4]l*ts[1]*ts[6]*ts[1] eq n*x(ts[4]*ts[1]*ts[4]*ts[2]) m
then m, n;

end if; end for; end for;

/*The same code shows that the following are new: 4163.%/

/*Now we handle double coset [4,1,7].%/

N417:=Stabiliser(N41,7);
N417s:=sub<N|N417>;

/*Now I use the following code to see what
"common" names we have
in [4,1,7].%/

S:={[[4],[1],[711};

SS:=5"N;

58S:=Setseq(SS) ;

for i in [1..#S8] do

for g in IN do if ts[4]*ts[1]*ts[7]

eq gxts[Rep(SSS[i])[1] [1]]*ts[Rep(SSS[i]) [2]1[1]]
xts [Rep(8SS[i]) [3]1[1]]

then print SSS[il;

end if; end for; end for;

/*The above code provided that 417 = 143 within [417].%/
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for g in N do if 4°g eq 1 and 1"g eq 4 and 7°g eq 3
then N417s:=sub<N|N417s,g>;
end if; end for;

Orbits(N417s);
/*The orbits are are {2}, {6}, {1, 4}, {3, 7}, {5, 8}.

/*Now I can find the order of the coset stabilising group [4,1,7].
This number, when divided into the order of my control group N,
which is 48/2 = 24, gives the # of distinct single cosets within
the double coset [4,1,7].%/

#N417s;
/x2%/
/*Finding the index*/

T417 :=Transversal(N,N417s);

for i in [1..#T417] do
ss:=[4,1,7)"T417[i];
cst[prodim(1, ts, ss)] := ss;

end for;

m:=0;

for i in [1..330] do if c¢stli] ne []

then m:=m+1; end if; end for; m;

/*176%/

/*I now want to know to which double coset

does Nt_Ot_1t_3"-1t_i belongs.

I recall that the orbits are

{2}, {6}, {1, 4}, {3, 7}, {5, 8}.%/

/*I know that 4173 = 41, so0 t_3 and (t_3)"-1

take me from 417 to 41.

/*The following code shows that 4176 = 412,

so (t_2)"-1 takes me from 417 to 412,

Also, 4175 = 417, so (t_1)"-1 and (t_0)"-1

take me from 417 to 417.

Also, 4172 = 4127, so t_2 takes me from 417 to 4127.
Also, 4171 4146, so t_1 and t_0 take me from 417 to 4146.%/

I



for n in IN do for m in IN do

if ts[4]*ts[1]1*ts[7]*ts[6] eq n*¥(ts[4]*ts[1]*ts[2])"m

then m, n;
end if; end for; end for;

for n in IN do for m in IN do

if ts[4]*ts[1)*ts[7)*ts[5] eq n*x(ts[4]*ts[1]*ts[7]) "m

then m, n;
end if; end for; end for;

for n in IN do for m in IN do

if ts[4l*ts[1]*ts[7]1*ts[2] eq nx(ts[4]*ts[1]*ts[2]1*ts[7]) "m

then m, n;
end if; end for; end for;

for n in IN do for m in IN do

if tsl4]*ts[1]*ts[7]1*ts[1] eq n*(ts[4]*ts[1]*ts[4]*ts[6]) "m

then m, n;
end if; end for; end for;

/*Now we handle double coset [4,1,8].%/

N418:=Stabiliser (N41,8);
N418s:=sub<N|N418>;

/*Now I use the following code to see what
"common”" names we have
in [4,1,8].%/

S:={[[4]1,01],(81]1};

SS:=5"N;

85S:=Setseq(SS);

for i in [1..#SS] do

for g in IN do if ts([4]xts[1]*ts[8]

eq gxts[Rep(SSS[i]) [11[1]]*ts[Rep(SSS[i]) [2][1]]
*ts[Rep(SSS[i]) [3] [1]1]

then print SSS[il;

end if; end for; end for;

/*¥The above code provided that 418 = 581
within [418].x/

for g in N do if 4°g eq b and 1”g eq 8 and 87g eq 1
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then N418s:=sub<N[N418s,g>;
end if; end for;

Orbits(N418s);

/*The orbits are are {3}, {7}, {1, 8}, {2, 6}, {4, 5}.

/*Now I can find the order of the coset
stabilising group [4,1,8].

This number, when divided into the

order of my control group N,

which is 48/2 = 24, gives the # of distinct
single cosets within

the double coset [4,1,8].%/

#N418s;
/%2x/
/*Finding the index*/

T418:=Transversal(N,N418s);
for i in [1..#T418] do
ss:=[4,1,8]"T418[i];
cst [prodim(1, ts, ss)] := ss;
end for;
m:=0;
for i in [1..330] do if cst[i] ne [1
then m:=m+1; end if; end for; m;

/%200%/

/*I now want to know to which double
coset Nt_Ot_1t _0°-1t_i belongs.

I recall that the orbits are

{3}, {7}, {1, 8}, {2, 6}, {4, 5}.x/
/*I know that 4184 = 41, so t_0 and
(t_1)"-1 take me from 418 to 41.
Also, 4188 = 414, so (+_0)"-1 and t_1
take me from 418 to 414.*/

/*The following code shows that 4183 = 416,
so t_3 takes me from 418 to 416.
Also, 4182 = 418, so t_2 and (t_2)"-1
take me from 418 to 418.
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Also, 4187 = 4142, so (t_3) -1 takes
me from 418 to 4142.%/

for n in IN do for m in IN do

if ts[4]*ts[1]*ts[8]*ts[3] eq n*x(ts[4]*ts[1]*ts[6])"m
then m, n;

end if; end for; end for;

for n in IN do for m in IN do

if ts[4]*ts[1]*ts{8]*ts[2] eq n¥(ts[4]*ts[1]*ts[8]) m
then m, n;

end if; end for; end for;

for n in IN do for m in IN do .

if ts[4]*ts[1]*ts[8]1*ts[7] eq n*(ts[4]*ts[1]*ts[4]*ts[2]) "m
then m, n;

end if; end for; end for;

/*Now we handle double coset [4,1,2,1].%/

N4121:=Stabiliser(N412,1);
N412is:=sub<N|N4121>;

/*Now I use the following code to see what
"common" names wWe have
in [4,1,2,1].%/

S:={[[4],[1], (2], [1]1};

SS:=S"N;

S5S:=Setseq(S8);

for i in [1..#S8] do

for g in IN do if ts[4]*ts[1]*ts[2]*ts[1]

eq gxts[Rep(SSS[il) [1] [1]1]*ts[Rep(SSS[il) [2]1[1]]
*ts [Rep(SSS[il) [3]1[1]]

*ts [Rep(SSS[i]) [4] [1]]

then print SSS[i];

end if; end for; end for;

/*The above code provided that 4121 = 5868
within [4121].x/

for g in N do if 4°g eq 5 and 1°g eq 8 and 2°g eq 6
and 1°g eq 8



then N4121s:=sub<N|N4121s,g>;
end if; end for;

Orbits(N4121s);
/*The orbits are are {3}, {7}, {1, 8}, {2, 6}, {4, 5}.

/*%Now I can find the order of the coset
stabilising group [4,1,2,1].

This number, when divided intc the order

of my control group N,

which is 48/2 = 24, gives the # of distinct
single cosets within

the double coset [4,1,2,1].%/

#N4121s;
/¥2%/
/*Finding the indexk/

T4121:=Transversal(N,N4121s);
for i in [1..#T4121] do
ss:=[4,1,2,1]1"T4121[i];
cst[prodim(1, ts, ss)] := ss;
end for;
m:=0;
for i in [1..330] do if cst[i] ne [] then m:=m+1;
end if; end for; m;

/*224%/

/*I now want to know to which double coset
Nt_Ot_1t_2t_1t_i belongs.

I recall that the orbits are {3}, {7}, {1, 8}, {2, 6}, {4, B}.*

/*I know that 41215 = 412, so (t_1)"-1 and t_0 take
me from 4121 to 412.%/

/*The following. code shows that 41213 = 4163.

So t_3 takes me from 4121 to 4163.

Also, 41217 = 4146, so (t_3) -1 takes me from

4121 to 4146,

Also, 41211 = 4121, so t_1 and (t_0)"-1 take me
from 4121 to 4121.

Also, 41212 = 414, so t_2 and (t_2)"-1 take me
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from 4121 to 414.%/

for n in IN do for m in IN do

if ts[4]l*ts[1]#ts[2]*ts[1]1*ts[3] eq nx(ts[4]*ts[1]xts[6]*ts[3]) "m
then m, n;

end if; end for; end for;

for n in IN do for m in IN deo

if ts[4)*ts[1]xts[2]*ts[1])*ts[7] eq nx(ts[4]*ts[1]*ts[4]*ts[6]) "m
then m, n;

end if; end for; end for;

for n in IN do for m in IN do

if ts[4]l*ts[1]xts[2]*ts[1]*ts[1] eq n*(ts[4]*ts[1]*ts[2]*ts[1]) m
then m, n;

end if; end for; end for;

for n in IN do for m in IN do

if ts[4]*ts[1]xts[2]*ts[1]*ts{2] eq n*(ts[4]*ts[1]*ts[4]) m
then m, n;

end if; end for; end for;

/*Now we handle double coset [4,1,2,7].%/

N4127:=Stabiliser(N412,7);
N4127s:=sub<N|N4127>;

/*Now I use the following code to see what
"common" names we have
in [4,1,2,7].%/

S:={[[4], (11, [2],[7]1]};

8S:=8"N;

SSS:=Setseq(SS);

for i in [1..#S8] do

for g in IN do if ts[4]*ts[1]*ts[2]*ts[7]

eq gxts[Rep(88S[i]) [1][1]1]*ts[Rep(SSS[i])[2][1]]
*ts [Rep(85S[11) [31[11]

*xts [Rep(S8S[i]) [4]1]1]

then print SSS[il;

end if; end for; end for;

/*The above code provided that 4127 = 6587



within [4127].%/

for g in N do if 47g eq 6 and 17g eq 5 and 27g
eq 8 and 7°g eq 7

then N4127s:=sub<N|N4127s,g>;

end if; end for;

Drbits(N4127s);

/*%The orbits are are {3}, {7}, {1, 5}, {2, 8}, {4, 6%.

/¥Now I can find the order of the coset
stabilising group [4,1,2,7].

This number, when divided into the order of
my control group N,

which is 48/2 = 24, gives the # of distinct
single cosets within

the double coset [4,1,2,7].%/

#N4127s;
/*2%/
/*Finding the index*/

T4127 :=Transversal (N,N4127s);
for i in [1..#T4127] do
ss:=[4,1,2,7]"T4127{i];
cst[prodim(1, ts, ss)] := ss;
end for;
m:=0;
for i in [1..330] do if cst[i] ne [] then m:=m+1;
end if; end for; m;

/*248%/

/*I now want to know to which double coset
Nt_0t_1t_2t_3"-1t_1 belongs.

I recall that the orbits are

{3}, {7}, {1, 53}, {2, 8}, {4, 6}.%/

/*I know that 41273 = 412, so t_3 takes

me from 4127 to 412.%/

/*The following code shows that 41271 = 4127,
So t_1 and (t_1)"-1 take me from 4127 to 4127.
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Also, 41272 = 4142, so t_2 and (t_0)"-1
take me from 4127 to 4142.

Also, 41274 = 4127, so t_0 and (t_2)"-1
take me from 4127 to 4127.

Also, 41277 = 417, so (t_3)"-1 takes me
from 4127 to 417.%/

for n in IN do for m in IN do

if ts[4)*ts[1)xts[2]*%ts[7]*ts[1] eq n*(ts[4]*ts[1]xts[2]*ts[7]) "m
then m, n;

end if; end for; end for;

for n in IN do for m in IN do

if ts[4]*ts[1]*ts[2]*ts[7]*ts[2] eq n*x(ts[4]*ts(1]*ts[4]*ts[2]) m
then m, n;

end if; end for; end for;

for n in IN do for m in IN do

if ts[4]*ts[1]*ts[2]*ts[71*ts[4] eq nx(ts[4]*ts[1]*ts[2]*ts[7]) m
then m, n; ‘

end if; end for; end for;

for n in IN do for m in IN do

if ts[4]*ts[1]*ts[2]*ts[7)*ts[7] eq n*(ts[a]*ts[1]*ts[7]) m
then m, n;

end if; end for; end for;

/*Now we handle double coset [4,1,4,1].%/

N4141:=Stabiliser(N414,1);
N4141s:=sub<N|N4141>;

/*Now I use the following code ‘to see what
"common" names we have
in [4,1,4,1].%/

s:={[(4],[1]1, [4],[1]11};

S5:=8"N;

SSS:=Setseq(SS);

for i in [1..#88] do

for g in IN do if ts[4]*ts[1]*ts[4]xts[1]

eq gxts[Rep(SSS[i]) [1] [1]]*ts[Rep(SSS[i])[2][1]]
*ts [Rep(SSS[i]) [3] [11]



*ts [Rep(8sSs[i]) [4] [1]]
then print SSS[i];
end if; end for; end for;

/*The above code provided that 4141 = 4343
4747 = 4646 = 4b4b = 4242
within [4127].%/

for g in N do if 4°g ¢q 4 and 17g eg 3 and
4 and 1"g eq 3

then N4141ls:=sub<N|N414ls,g>;

end if; end for;

for g in N do if 4°g eq 4 and 3"g eq 7 and
4 and 3°g eq 7

then N4141s:=sub<N|N414ls,g>;

end if; end for;

for g in N do if 4°g eq 4 and 7°g eq 6 and
4 and 7°g eq 6

then N4141s:=sub<N|N4141s,g>;

end if; end for;

for g in N do if 4°g eq 4 and 67g eq 5 and
4 and 6°g eq 5

then N4141s:=sub<N|N4141s,g>;

end if; end for;

for g in N do if 4°g eq 4 and 5°g eq 2 and
4 and 5"g eq 2

then N4141s:=sub<N|N4141s,g>;

end if; end for;

Orbits(N4141s);

/*The orbits are are {4}, {8}, {1, 2, 3, 5,

/*Now I can find the order of the coset
stabilising group [4,1,4,1].

This number, when divided into the oxder
of my control group N,

which is 48/6 = 8, gives the # of distinct
single cosets within

the double coset [4,1,4,1].%/

ll

4°g

4"g

6,

eq

eq

€q

eq

eq

7}.
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#N4141s;

/*6%/

/*Finding the indexx*/

T4141:=Transversal (,N4141s);
for i in [1..#T4141] do
ss:=[4,1,4,1]1"T4141[1i];
cst[prodim(1l, ts, ss)] := ss;
end for;
m:=0;
for i in [1..330] do if cst[i] ne []
then m:=m+1l; end if; end for; m;

/%266%/

/*I now want to know to which double

coset Nt_Ot_1t_Ot_1t_i belongs.

I recall that the orbits are

{4}, {8}, {1, 2, 3, 5, 6, Tr.*/

/*I know that 41415 = 414, So each t_i

in the orbit of (t_1)"-1 takes me

from 4141 to 414.%/

/*The following code shows that 41418 = 4141,
So (t_0)"-1 takes me from 4141 to 4141.%/

for n in IN do for m in IN do

if ts[4]*ts[1]*ts[4]*ts[1]*ts[8] eq
n*(ts[4]*ts[1]) *ts[4]*ts[1]) "m

then m, n;

end 1f; end for; end for;

/*The same code shows that the following
are new: 41414.%/
/*Now we handle double coset [4,1,4,2].%/

N4142:=Stabiliser(N414,2);
N4142s:=sub<N|N4142>;



/*Now I use the following code to see what
"common" names we have
in [4,1,4,2].%/

S:={[[4],[1]1,[4]1,[2]11};

85:=8"N;

5SS:=Setseq(SS);

for i in [1..#SS] do

for g in IN do if ts[4]*ts[1]l*ts[4]*ts[2]

eq grts[Rep(SSS[il) [1] [1]1]1*ts[Rep(SSS[i])[2] [1]]
*ts [Rep(SSS[il) [3]1[1]]

*ts [Rep(SSS[i]l) [4]1[1]]

then print SSS[il;

end if; end for; end for;

/*The above code provided that 4142 = 2124
within [4127].%/

for g in N do if 4"g eq 2 and 1"g eq 1 and 4"g
eq 2 and 2°g eq 4

then N4142s:=sub<N|N4142s,g>;

end if; end for;

Orbits(N4142s)

/*The orbits are are {1}, {5}, {2, 4}, {3, 7}, {s, 8}.

/*Now I can find the order of the coset
stabilising group [4,1,4,2].

This number, when divided into the

order of my control group N,

which is 48/2 = 24, gives the # of distinct
single cosets within

the double coset [4,1,4,2].%/

#N4142s;

/*2x/

/*Finding the index*/
T4142:=Transversal (N,N4142s);

for i in [1..#T4142] do
ss:=[4,1,4,2]"T4142[i];
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cst [prodim(1l, ts, ss)] := ss;
end for;
m:=0;
for i in [1..330] do if cst[i] ne []
then m:=m+1; end if; end for; m;

/*280x/

/*I now want to know to which double
coset Nt_Ot_1t_O0t_2t_i belongs.

I recall that the orbits are

{1}, {8}, {2, 4}, {3, 7}, {6, 8}*/
/*I know that 41426 = 414,

So (t_2)"-1 and (t_0)"-1 take

me from 4142 to 414.

Also, 41422 = 4146. So t_2 and

t_0 take me from 4142 to 4146.%/

/*The following code shows that
41423 = 4127. So t.3 and (t_3)"-1
move me from 4142 to 4127.

Also, 41421 = 418, so t_1 takes me
from 4142 to 418.

Also, 41425 = 416, so (t_1)"-1 takes
me from 4142 to 416.%/

for n in IN do for m in IN deo

if ts[4]xts[1]*ts[4]*ts[2]*ts[3] eq
nx(ts[4]*ts[1]*ts (2] *ts[7]) "m

then m, n;

end if; end for; end for;

for n in IN do for m in IN do

if ts[4)*ts[1]*ts[4]*ts[2]*ts[1] eq
nx{ts[4]*ts[11*ts[8]) "m

then m, n;

end if; end for; end for;

for n in IN do for m in IN de

if ts[4]*ts[1]1*ts[4]*ts[2]*ts[5] eq
nx(ts[4]*ts[1]*ts[6]) ™m

then m, n;

end if; end for; end for;
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/*Now we handle double coset [4,1,4,6].%/

N4146:=Stabiliser(N414,6);
N4146s:=sub<N|N4146>;

/*Now I use the following code to see
what "common" names we have
in [4,1,4,6].%/

s:={114], [11,[4]1, [6]1}; .
85:=S"N;

85S:=Setseq(SS);

for i in [1..#SS] do

for g in IN do if ts[4]xts[1]lxts[4]xts[6]

eq g+ts[Rep(SSS[i]) [1][1]1]*ts[Rep(SSS[il) [2] [1]]

*ts [Rep(SSS[i]1) [3]1[1]]

*ts [Rep(SSS[il) [4]1[1]]

then print SSS[i];

end if; end for; end for;

/*¥The above code provided that 4146 = 6564
within [4146].%/

for g in N do if 4"g eq 6 and 1°g eq 5 and 4°g
eq 6 and 67g eq 4

then N4146s:=sub<N|N4146s,g>;

end if; end for;

Orbits(N4146s);

/x*The orbits are are

{8}, {7}, {1, 5}, {2, 8}, {4, 6}.

/*Now I can find the order of the
coset stabilising group [4,1,4,6].
This number, when divided into the
order of my control group N,

which is 48/2 = 24, gives the # of
distinct single cosets within

the double coset [4,1,4,6].%/

#N4146s;



/*2x(
/*Finding the index*/

‘T4146:=Transversal (N,N4146s);
for i in [1..#T4146] do
ss:=[4,1,4,6]"T4146[il;
cstprodim(1l, ts, ss)] := ss;
end for;
m:=0;
for i in [1..330] do if cst[i] ne []
then m:=m+1; end if; end for; m;

/%304%/

/*I now want to know to which double coset
Nt_0t_1t_0t_2"-1t_i belongs.

I recall that the orbits are

{3}, {7}, {1, 5}, {2, 8}, {4, 6}*/

/*I know that 41462 = 414. So t_2 and
(t.0)"-1 take me from 4146 to 414,

Also, 41466 = 4142, so (t_2)"-1 and t_0
take me from 4146 to 4142.%/

/*The following code shows that 41463 = 4163,
sc t_3 takes me from 4146 to 4163.

Also, 41467 = 4121, so (t_3)"-1 takes me
from 4146 to 4121.

Also, 41461 = 417, so t_1 and (t_1i)"-1 take
me from 4146 to 417.%x/

for n in IN do for m in IN do

if ts[4]*ts[1]*ts[4]*ts[6]*ts[3] eq
n*(ts[4)*ts[1]*ts[6]*ts[3])"m

then m, n;

end if; end for; end for;

for n in IN do for m in IN do

if ts[4]*ts[1]*ts[4]*ts[6]*ts([7] eq
nx(ts[4]*ts[1]*ts[2] *ts[1]) "m

then m, n;

end if; end for; end for;

for n in IN do for m in IN do
if ts[4]*ts[1]*ts[4]*ts[6]*ts[1] eq
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nx(ts[4)*ts[1]*ts[71)"m
then m, n;
end if; end for; end for;

/*Now we handle double coset [4,1,6,3].%/

N4163:=Stabiliser(N416,3);
N4163s:=sub<N|N4163>;

/*Now I use the following code to see
what "common" names we have
in [4,1,6,3].%/

s:={[[4],[1],[6],[3]11};

88:=5"N;

5SS:=Setseq(SS);

for i in [1..#SS] do

for g in IN do if ts[4]*ts[1]*ts[6]*ts([3]

eq gxts[Rep(8SS[i]) [11[1]]*ts[Rep(SSSLil) [2] [1]]
*ts [Rep(8SS[i]) [3] [1]1]

*ts [Rep (SSS[i]) [4] [1]1]

then print SSS[il;

end if; end for; end for;

/*The above code provided that 4163 = 4725
within [4163].%/

for g in N do if 47"g eq 4 and 1°g eq 7 and
6°g eq 2 and 3°g eq &

then N4163s:=sub<N|N4163s,g>;

end if; end for;

Orbits(N4163s);

/*The orbits are are {4}, {8}, {1, 7}, {2, 6}, {3, 5}.

/*Now I can find the order of the coset
stabilising group [4,1,6,3].

This number, when divided into the order

of my control group N,

which is 48/2 = 24, gives the # of distinct
single cosets within

the double coset [4,1,6,3].%/
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#N4163s;
/*2x%/
/*Finding the index*/

T4163:=Transversal (N,N4163s);
for i in [1..#T4163] do
ss:=[4,1,6,3]"T4163[i];
cst[prodim(1l, ts, ss)] := ss;
end for;
m:=0;
for i in [1..330] do if cst[i] ne T]
then m:=m+l; end if; end for; m;

/*328%/

/*I now want to know to which double coset
Nt_0t_1t_27-1t_3t_i belongs.

I recall that the orbits are

{4}, {8}, {1, 7}, {2, 6}, {3, B}.%/

/*I know that 41637 = 416, so (t_3)"-1 and

t_1 take me from 4163 to 416,%/

/*The following code shows that 41633 = 4163,
so t_3 and (t_1)"-1

take me from 4163 to 4163.

Also, 41634 = 4121, so t_0 takes me from

4163 to 4121.

Also, 41638 = 4146, so (t_0)"-1 takes me from
4163 to 4146.

Also, 41632 = 4163, so t_2 and (t_2)"-1 take me
from 4163 to 4163.%/

for o in IN do for m in IN do

if ts[4]*ts[1]*ts[6]*ts[3]*ts[3] eq
nx (ts[4]*ts[1]*ts [6]*ts[3]) "m

then m, n;

end if; end for; end for;

for n in IN do for m in IN do

if ts[4]*ts[1]xts[6]*ts[3]1*ts[4] eq
n* (ts[4]*ts[1]*ts[2]*ts[1])™m

then m, n;
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end if; end for; end for;

for n in IN do for m in IN do

if ts[4]xtsl1]*ts[6]*ts[3]*ts[8] eq
n*x (ts[4]*ts[1] *ts[4]*ts[6]) "m

then m, n;

end if; end for; end for;

for n in IN do for m in IN do

if ts[4]*ts[1]*ts[6]*ts[3]*ts[2] eq
nx(ts[4]*ts[1]*ts[6]*ts[3]) "m

then m, n;

end if; end for; end for;

/*Now we handle double coset [4,1,4,1,4].%/

N41414:=Stabiliser(N4141,4);
N41414s:=sub<N|[N41414>;

/*Now I use the following code to see what
"common" names we have
in [4,1,4,1,4].%/

s:={[[4],[1], [4], [1], [4]]};

S8:=5"N;

5SS5:=Setseq(SS);

for i in [1..#SS] do

for g in IN do if ts[4]*ts[1]*ts[4]*ts[1]*ts[4]
eq gxts[Rep(SSS[i]) [1] [1]]*ts[Rep(SSS[il) [2] [1]]
*ts[Rep(SSS[i]) [3] [1]]

*ts[Rep(88s[1]) [4] [1]1]*ts[Rep(SSS[il) [5] [1]]
then print SSS[il;

end if; end for; end for;

/*The above code provided that 41414 = 16161 =
68686 = 45454 =

34343 = 47474 = 63636 = 14141 = 64646 =
13131 = 71717 = 74747 =

23232 = b4b45 = 28282 = 78787 = 42424 =
21212 = 38383 = 24242 =

46464 = 12121 = 86868 = 56b6b = 656666 =

61616 = 31313 = 52B2b =

18181 = 27272 = 43434 = 81818 = 82828 =



17171
53535
25252
57575

i

58585
75757
87878
12727

35363

1
[l

36363 =
76767

I
[

]
]
]

for g in N do if 4°g eq 1 and 1"g
then N41414s:=sub<N[N41414s,g>;
end if; end for;

for g in N do if 1"g eq 6 and 67g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 6”g eq 4 and 8"g
then N41414s:=sub<l|N41414s,g>;
end if; end for;

for g in N do if 4°g eq 3 and 57°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 3°g eq 4 and 4"g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 4°g eq 6 and 7 g
then N41414s:=sub<N|N414i4s,g>;
end if; end for;

for g in N do if 6"g eq 1 and 3°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 1°g eq 6 and 4"°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 6°g eq 1 and 4"g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 1°g eq 7 and 37g
then N41414s;=sub<N|N41414s,g>;
end if; end for;

83838 within

eq

eq

eq

eq

eq

eq

eq

eq

eq

85858 = 32323 = 67676 =

[41414] .x/

6
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for g in N do if 7°g eq 7 and 1°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 7°g eq 2 and 47g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 2"g eq b and 3°g
then N41414s:=sub<N|N41414s,g>;
end if; end for:

for g in N do if 5°g eq 2 and 4"g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 2°g eq 7 and 8"g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 7°g eq 4 and 8"g
then N41414s:=sub<N|{N41414s,g>;
end if; end for;

for g in N do if 4°g eq 2 and 27¢g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 2°g eq 3 and 17g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 3"g eq 2 and 8"g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 2°g eq 4 and 4"g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 47g eq 1 and 67°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

eq

€q

eq

eq

eq

€q

eq

€q

eq

€q

€q
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for g in N do if 17°g eq 8 and 27g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 8"g eq 5 and &7g
then N41414s:=sub<lN|N41414s,g>;
end if; end for;

for g in N do if 5°g eq 6 and 67g
then N41414s:=sub<N|N41414ds,g>;
end if; end for;

for g in N do if 67g eq 6 and 67°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 6°g eq 3 and 1°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 3°g eq 5 and 17g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 5°g eq 1 and 2"g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 1°g eq 2 and 8"g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 2°g eq 4 and 7°g
then N41414s:=sub<lN|N41414s,g>;
end if; end for;

for g in N do if 4°g eq 8 and 3"°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 8°g eq 8 and 1°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

eq

eq

eq

eq

eq

eq

eq

eq

€q

eq

eq
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for g in N do if 8"g eq 1 and 2°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 1°g eq 5 and 7"°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 5°g eq 3 and 8"g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 3°g eq 5 and 57°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 5°g eq 7 and 3°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 7°g eq 8 and 5°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 8°g eq 3 and 5°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 3°g eq 6 and 27g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 6°g eq 2 and 7"g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 2°g eq 8 and 57°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 8°g eq 3 and 7"°g
then N41414s:=sub<N|N41414s,g>;
end if; end for;

eq 7

eq 8

eq 5

eq 3

eq 5

eq 5

eq 2

eq 7

eq 5

eq 7

eq 6

150



for g in N do if 3"g eq 5 and 6°g eq 7
then N41414s;:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 5°g eq 7 and 7°g eq 2
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 7"g eq 7 and 2°g eq 6
then N41414s:=sub<N|N41414s,g>;
end if; end for;

for g in N do if 7°g eq 8 and 6°g eq 3
then N41414s:=sub<N|N41414s,g>;
end if; end for;

Orbits(N41414s);
/*The orbits are are {1, 2, 3, 4, 5, 6, 7, 8}.

/*#Now I can find the order of the coset
stabilising group [4,1,4,1,4].

This number, when divided into the

order of my control group N,

which is 48/48 = 1, gives the # of distinct
single cosets within

the double coset [4,1,4,1,4]).%/

#N41414s;
/*48x/
/*Finding the index*/

T41414:=Transversal (N,N41414s);
for i in [1..#T41414] do
ss:=[4,1,4,1,4]"T41414[1i];
cst[prodim(1, ts, ss)] := ss;
end for;
m:=0;
for i in [1..330] do if cstli] ne []
then m:=m+1; end if; end for; m;
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/#329%/

/*I now want to know to which double

coset does Nt_Ot_1t_Ot_1t_Ot_1 belongs.

I recall that the orbits are

{1, 2, 3, 4, 5, 6, 7, 8}.%/

/*I know that 414148 = 4141, so

each t_1 in the orbit of (t_0)"-1 takes me
from 41414 to 4141.

This double coset is now closed under
right multiplication.*/

/*I know that we are done because my
index has reached 325 + 1
(from double coset [x] ) = 330.x/
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Chapter 6

M1 as the Homomorphic Image
of 3* . 2'SZ

Now the center of My; x 2is = < 22yz~2ttE)E)t >,
We factor M1; X2 by its center to obtain Mi;. The details of the double coset enumeration

are summarized in the Cayley diagram given below.

’\z‘jl.z
H
2.2
;{:\a e "_z;;_.—)
./ ./ o7}

Figure 6.1: Cayley Diagram My; over 2'S}
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Our argument shows that the order of G is at most |N| x 165 = 7,920, where 165 is the
number of single cosets shown in the diagram above. We now show that |G| is at least
7,920. Now G =< z,y,t > acts on X, the set of the single cosets mentioned above. Thus
o : G = Sx is a homomorphism. Since N =< z,y > acts by conjugation and t acts
by right multiplication on the t;s, we compute the images xx, yy, and tt of x,y, and ¢,
respectively, in Sx and verify that the additional relations hold in < zz, yy, tt > within
Sx and | < zz,yy,tt > | =7,920. So G/Kera =< zz,yy, tt >. Hence |G| > 7,920.
Thus, |G| = 7, 920.

We also verified that G satisfies a presentation of & U3(3) x 3.
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