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ABSTRACT

In this thesis I studied the existence, uniqueness, and quenching behavior of the

solution to the degenerate equation
2y — Ugy = 2P f(u), in Q,
subject to the initial condition
wz,0)=0 for0<z<a,
and the second boundary conditions as follows:
ux(0,t) = 0 = uy(a,t), for 0 <t < T.

Here, 0 < T < o0, a > 0, and Q = (0,a) x(0,T). It is assumed that p and g are any
non-negative real numbers and f > 0, f/ > 0, f* > 0, and lim,_,.- f(u) = oo for
some positive constant ¢. This study shows that quenching occurs in the interval
[0,a] when p = g. Otherwise, quenching occurs only at the boundary {0} x (0, T)
or {a} x (0,T) depending on p > g or p < q. If p > ¢, then quenching occurs at

= ¢ and if p < ¢ then quenching occurs at £ = 0. The Mean Value Theorem and
the Maximum Principle are widely used throughout this study. The statements of

these theorems are given in Appendix B.
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Chapter 1

Introduction

Let p and ¢ be any non-negative real numbers and consider the degenerate

equation
T — Uy = ”f(u) in (0,a) x (0,T), (1.1)
subject to the initial conditions
u(z,0) = 0,for0<Lz<a,
and second boundary conditions as follows
u,(0,t) = 0 = uz(a,t), for 0 <t < T

Here, it is assumed that ¢ > 0, 0 < T < oo, f > 0, f/ > 0, f" > 0, and
lim,_..- f(u) = oo for some constant c¢. Let D = (0,a), @ = D x (0,7), I'1 =
{0} % (0,T), and I'; = {a} x (0,T). Let Lu = x%; — Uy, then equation (1.1) can

be written as
Lu = 2Pf(u)in Q. (1.2)

The solution u is said to quench if lim,_.p- maxp<z<ati(2, t) = c.

In chapter 2, I gave a proof of the comparison theorem. This theorem, together

with the Mean Value Theorem and the Maximum Principle, are frequently referred



to in this study. I showed the existence of the solution to problem (1.1) and its
unique properties. In chapter 3, I showed the conditions under which quenching
occurs at each of the boundaries I, and I';. Finally, I showed, in chapter 4, that

complete quenching occurs when p = q.

Statements of theorems and definitions of some important terms are given in

the Appendix.



Chapter 2

Existence and Uniqueness of the

Solution

2.1 The Comparison Theorem

Since the comparison theorem will be widely used in the thesis, we will start by
stating this theorem and giving its proof. We will then prove that the solution to
problem (1.1) is unique and show its properties. We will also show that prolﬂem
(1.1) has, for a given ¢, an upper solution which is dependent on the function f and
constants p, ¢, and a. We will prove the local existence of the solution (Lemma
2.5) and then show global existence of the solution (Theorem 2.6) until quenching
OCCULS.

The following theorem is similar to theorem 1 by C. Y. Chan and H. Liu in
[ [CLO1]]

Theorem 2.1. (The Comparison Theorem) For any r € (0,T), and any function
B(z,t) bounded on D x [0,7], if

(L-2*B)y = 0, in D x (0,7],
u(z,0) > O, on D, (2.1)
ux(0,8) <0 and wug(a,t) =20 for0<t<r,
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Figure 2.1: Sketch of the piecewise function g(z) € C*([0,q])

then uw >0 on D x [0,7].

1
Proof. Let m = maxpy|B|, and § = min {5, g} be a positive number such
that
0<—%52—6+1<1. Let

—-%3:2—9:-#1, 0<z <4,
g(z) = { h(z), §<z<a—34, (2.2)
—%(a—:r,)?—(a—a:)+1, a—6<z<a,

where h(z) is a positive C° function less than 1 and chosen such that g(z) is in
C?(D). Therefore, g(z) is defined in [0, a] and its sketch is shown in figure 2.1.
Note: A(z) is a positive C* function means that h(z) is a positive infinitely

differentiable function.

Let n be a positive constant, and let

w(z,t) = u(z,t)+ nePg(a).



Note: The preceding expression can also be written without indicating the variables

as shown below. Throughout this study, equations and expressions are written with

or without the variables whenever it is convenient.

w = u+nefg,

wy = ug+nefty,

where 3 is a positive constant to be determined. Since we have the second boundary

condition, u.(0,t) = uz(a,t) = 0. Also, ¢'(0) = —1, and ¢'(a) = 1.

’u)m(Oat) = ux(ost)'{'nemg’(o)?

= —’neﬁt,

< 0,
and

wm(a, t) = um(as t) + ne@tgl(a')’

= neﬁt,

> 0.
Then

(L — (BPB)?.U = Lw — z’Bw.

But

Lw = 2% — wyg,
and w = u + nge®, then

wy = u; + nBge”,
and

Bt

"
Wee = Ugg +1E° G -

g
Using equations (2.6), (2.7), and (2.8), equation (2.5) becomes

(L —2PBw = z%u; +nBgzie? — uyy — nePty” — aP Bu — 2P Brge”

= 2%y — Uy, — 2P Bu + nBgate’ — xP Bnge® — neftq”.

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)



Since Lu = 2% — u,,, then

(L —2?B)w, = Lu — z?Bu + (nfz%® — x? BnePt)g — nefty”

(2.9)
= (L - zPB)u+ ne®|{(Bz? — 2PB)g — ¢"].

But it is given in equation (2.1) that (L — 2PB)u > 0. We can drop (L — 2?B)u
from equation (2.9) in order to minimize its right hand side. This will result in the

following:

(L-2Bjw > neH((fa?~ 2?B)g — ]
= zMfPge — nefty” — zP BngePt
= ne’(z98g — ¢" — 27 Byg)
= nef*|{(z98 — 2?B)g — ¢"].

42
Observe that %ngeﬁ‘ = nfge” and d—mz-ngeﬂ‘ = nePt¢". This implies that

i

—3PBnge® = L(nge™) — 2”B(nge™)
= (L — zPB)nge’t.

zinfBge’ — ney

Therefore,

(L —2PBYw > (L —z°B)nge™.

P ‘ <R p_1
Let us chose § > max (a M + M8Xs<o<ans m(a? — 1) ) .

0Umins<z<a-sh ’ (o — 6)1 (— %52 -0+ ].)
Below, we show that

(L —zPB)w > 0. (2.10)

Note that h(z) in equation (2.2) is infinitely differentiable and that g(z) is C?(D).
Then, at 4,
9(8) = h(3),
g(6) = K(E)=0d-1,
and 9"(6) = h"(8) =-m.



In the region [0,6], g" = —m. Since ne®* > 0 and (L — zPB)u > 0, we will have
{o show in equation (2.9) that (Bx? — 2PB)g — g” > 0 for equation (2.10) to be

satisfied. Now
(Bz?— 2PB)g—¢" = (/6:1:‘*lr —zPB)g+m
—x?Bg + m.

But m = max|B], g < 1, § = min

1\?
P < — P <
rg (2) Hence X Bg (2)

(Bz?—2PB)g—¢" > 0.

% %} z € [0,6], and p is positive. Therefore,
m<m

. Therefore, —z?Bg + m > 0. Hence,

In the region (4,a — ), we can write

(B2 —2*B)g —¢" = Bgz?—gx’B—g"
> ﬁ‘sqmln6<a:<a—6g - a'p(ma-x6<m<a—6B)(maxb'<a:<a—69)

_ma-x6<:c<a—5.q”-

But in this region, minscz<a—s9 = Minscpco—sh, MaXscrca—6g = 1, MAXscz<a—sB =
"o "
maXo<z<a| B| = m, and maXs<zcq-s lg"| = maxsczca—s|h”|.

Therefore,

(ﬂxq - mpB)g - g” 2 ﬁaqmin6<a:<a—6h - a'p(max6<a:<a—5lB|) - ma'x6<:c<a—6h”
= fB6'minsci<q—sh — a'm — MaXscg<a—sh’

. aPm + (maXsez<q—sh”
= {§%min _sh - -
6<w<a 6 /3 6qm1n6<z<a_5h
> 0.

In the region [a — §,a], we also have

(B2 —2PB)g—¢" = fga?—ga*B—g"
16(0' - J)qmina—Jstag - ap(maxa—ég:cgaB)(maxa—z‘iSzSag)

"
—MaXg—§<z<ad -

v

But in this region, ming_s<z<eg = g(a — 8), MaXg_s<z<ad = 1, MAXo_s<z<aB =

maxXo<z<a|B| = m, and g" = —m.



Therefore,
Bz?—2PB)g—4¢" > f(a—6)? ﬂ52—6+1 —afm+m
2
- (a—5)‘?( ”;‘52-a+1) 8- e 1)
(a—5)‘7( "’; —5+1)

> 0.

Now, we will show that w > 0 on D x [0,7]. Suppose w < 0 somewhere on
D x [0,7], then the set 2; = { : w(&,f) < 0 for some & € D} is non-empty. Let
f = inf z;. Since w(z,0) > 0, we have 0 < f < r. Suppose there exist some z € D
such that w(Z,f) = 0. If Z = 0, then, from equation (2.3), we have w.(0,t) < 0.
But

'l.U(CL‘ ) E) — ’LU(O, E)
z—-0 '
With w(0,) = 0 and w(z,?) > 0 we have w,(0,%) > 0. This implies that 0 >
wy(0,%) > 0. This is a contradiction which shows that Z 5 0.
Now, suppose that Z = a, then w(a,t) = 0, and from equation (2.4), we have

wyla,t) > 0. But

w,(0,) = limg o+

w(a,t) — w(m,ﬂ.

a—-2

wy(a,t) = limg_,q-

With w(a,t) = 0 and w(z,f) > 0 we have

w(a,t) — w(z, 1)
a—c

Therefore, 0 < w,(a,f) < 0. This is a contradiction which also shows that Z # a.

limg_, .- 0.

Therefore, Z € (0,a). On the other hand, since w attains its local minimum at
(Z,1), then wq,(Z,t) > 0. Also, wy(Z,%) < 0, hence z%w;(Z,t) < 0. But
(L —z?B)w(z,t) > 0.
Therefore,
(L - z*B)w(z,t) = Lw(z,t) — 27 Bw(Z,1t)
= Z9wy(Z,1) — we(Z,t) — TP Buw(Z, ),
T (Z,t) = (L —7"B)w(z,t) + we(T, 1) + P Bw(3,1).



Since wyx(Z,t) > 0 and F?Bw(Z,T) =0, then
Twy(Z,%) > (L — #B)w(Z,?).

But 7 > 0 and w(Z,?) < 0 which implies that Z%uy(Z,%) < 0.
Therefore,
0 > 7% (Z,1) > (L — Z"B)w(z,t) > 0.

This is a contradiction which proves that w > 0 in D x [0, 7].
From w = u + nge®, thus u = w — ngeft. As n — 0%, u — w, therefore, u > 0.

Thus, the theorem is proved.

2.2 Uniqueness and Properties of the Solution

The following lemma and its proof are similar to Lemma 2.2 of [Dya08§].

Lemma 2.2. The problem (1.1) has, at most, one solution u. The solution has the

following properties:
i uw>0inDx(0,T);
#. u s a strictly increasing function of t for allz € D.

Proof. Need to show that u is at most unique. Assume that there are two distinct
solutions, u; and ug, to the problem (1.1). Let y = us — ug and let 2 = ug — uy.
such that z = —y. Since u; and uy are solutions to the problem, then Lu; =
Ty, — U1, = 2P f(u;) and Lug = 2%y, — Ug,, = 27 f(uz). Therefore,
2y, = u, +27f(u),
ui(z,0) = 0, (2.11)
ui(0,t) = 0 = wy(a,i),
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and

xq'U,g‘ = ’U‘Q:u + .’Bpf(’u,z),
ua(z,0) = 0, (2.12)
up,(0,8) = 0 = wuy.(a,t).

Subtracting equation (2.12) from equation (2.11), we have

oi(uy, —up,) = Ung, — Uz, + 2P (Flur) — flu)),
ul(z: 0) - u2(w: 0) = 0
u1,(0,8) —u2,(0,8) = 0 = wuy,(a,t) — us.(a,t).

By the Mean Value Theorem [Lay], f(u1) — f(u2) = (w1 —uz) f'(€) with &€ € [uy, ug).
Therefore, )
Y = Yo +3PYf(6),

y(e,t) = 0, (2.13)

¥:(0,8) = 0 = ys(a,t).
Equation (2.13) satisfies theorem 2.1 with B(xz,t) = f'(£(z,t)), therefore, y > 0 in
D.
Subtracting equation (2.11) from equation (2.12), we have

2 (ug, —w1,) = Ug,, — U, + 2P(f(u) — f(u1)),
uz(z,0) — ul(wa 0) = 0,
ug, (0,t) —u1,(0,8) = 0 = wug(a,t) —wu,(a,t).

Again by the Mean Value Theorem [Lay|, f(u2) — f(u1) = (uz — u;) f/({) with
¢ € [u1,us]. Therefore,

Iz = Zzz t+ ‘Epzf’(C)?
z(z,t) = 0, ‘ (2.14)
z(0,t) = 0 = zfa,t).
Equation (2.14) satisfies theorem 2.1 with B(z,t) = f'({(x, 1)), therefore z > 0 in

D.
We already had y > 0. With z > 0 and z = —y, which implies that —y > 0. The
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only possible conclusion is that y = 0, which implies that u; = us.

(1): We are going to show that u > 0in D x (0,T). Let y = u — 0. Since u is

a solution, then

Uy — Upy — 2P f(u) = 0,
u(z,0) = 0, (2.15)
ur(0,t) = 0 = ug(a,t),
and we know that f{(0) > 0 for z € D, therefore,
0—0—2a”f(0) < O,
0 = 0, (2.16)

0 =0=20
Subtracting equation (2.16) from equation (2.15), we have
Ty — Uy — 2P(f(u) — f(0)) > 0,
)

u(z,0
uz(0,t) = 0 = uy(a,t).

By the Mean Value Theorem [Lay],
T — Yoo — P f'(My > 0, for some n(z,t) € [0,u].
y(z,0) = 0, (2.17)
yz(0,8) = 0 = yu(a,t).

Equation (2.17) satisfies theorem 2.1 with f’{n) = B. Therefore, y > 0.

If y = 0, then by the theorem 12 from Appendix B, we will have, from equation
(2.17),
0 = 2%, — Yoo — 2P f(n)y > 0.

This is a contradiction, which proves that ¥ > 0in D.

Let us consider the boundary, £ =0 and z = a.

Suppose y attains its minimum value zero at z = 0 or z = a. By the parabolic
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version of Hopf’s Lemma [Lemma 7 in Appendix A], y,(0,t) > 0 and y,(a,t) < 0.
This contradiction shows that u > 0 on D.

(it):  For any h € (0,T), let us be defined in Q, = (0,a) x (0,7 — h) by
up(z,t) =u(z,t+ h) and let y = uy, — u.

Since u;, and u satisfy problem ( 1.1), we write

z%up, — Up,, — P f(up) = 0, in Qy,
’U,h(ﬂ’:', O) = U(CE, h’)a on D, (218)
up(0,8) = 0 = wupfa,t), 0<t<T —h

also

29U — Uy — 2P fu) > 0, in Q,
u(z,0) = 0, on D, (2.19)

uz(0,8) = 0 = uzla,t), O0<t<T.

From part (i) above we showed that 4 > 0 in D. Therefore, u(z,h) > 0 for all
x € D. This implies that u(z, k) — u(z,0) > 0.
Subtracting equation (2.19) from (2.18), we have

mq(uh - ’LL) - (uhmc - u:r:m) - xp(f(uh.) - f(u')) = O;

up(x, 0) — u(z,0) > 0,
up, (0,8) —ug(0,8) = 0 Ung (@, t) — ugz(a,t).

By the Mean Value Theorem, f(u) — f(u) = f'(s)y for some ¢ between u; and u.
Therefore,

'wqyt — Ypz — ‘mpf'(c)y = 0, in Qh,
y(z,0) > 0, in D,
y:(0,2) = 0 = yula,t), 0<t<T—h.

for some ¢ between u; and u. By Theorem 2.1, y > 0. If ¥ = 0 at some interior
poiut (xs,t3) € (0,a) x (0,T — h), then by the strong maximum principle y = 0 in
(0,a) x (0,%3]. This contradicts the initial condition y(z,0) > 0 on D. Therefore,
y > 0 at any point in (0,a). If y = 0 at some point, say {0, ¢), then by the parabolic
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version of Hopf’s Lemma [Lemma 7 in Appendix B], y,(0,¢) > 0. Similarly, ify =0
at some point (a,t), then yy(a,t) < 0. These contradict y(0,t) = 0 = y.(a,t),
respectively. Thus, u is a strictly increasing function of ¢ for = € D.

O

2.3 Construction of an Upper Solution

The following lemma and its proof were adopted from [Dya08].

Lemma 2.3. There exist some positive constants to (< T) and ¢ € (0,¢) such that
the problem ( 1.1) has an upper solution u(z,t) € C*1([0, a] x [0,t0]), p(=,t) € (0,7
and p depends on f, a, p, and q.

Let us define some constants that will be used in the proof of this theorem.

1
Definition 2.4. Let us choose constants m > 0, 0 <y < min {5, %}, and K >
so that

f(aP(1+ £(0))) < 1+ £(0),
0 < —(1/2)42 —y+7h <, (2.20)
f(KaP(L+ £(0))) > 1+ f(0),
Ka*(1+ f(0)) < e

h is sufficiently small such that the growth of f is less than 1 when u varies from
0 to maP(1+ £(0)).

Let 0 < € < v and D, = (¢, a).
Proof. We will consider the following problem:

Lu, = zPf(u.) in D, x (0,1o],
ue(z,0) = 0 on D, (2.21)
U, (€,1) = 0=1uefa,t) for0<t <t
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Let us construct an upper solution u(z,t) € C*! x (D x [0, %)) for all u,, where

€ <. Let
—32% —x + 1M, 0<z <y,
8(z) = { h(z), y<z<a-—9,
—t(a-z)?-(a—z)+™h, a—y<z<aq,

where A(z) is a positive C* function chosen such that 6(z) is in C2%(D) and

MaX, <z<a—y () < .

Note that, for 0 <z < #, §'(z) = —z — 1, #'(z) < 0 and ¢'(0) = —1.
Fora—vy<z<a,0(z)=—(a—z)+1and &(a) = 1. Also, max(f(z)) = 7 and
ming<z<yf(z) = —§72 — 7+ 7. Since f is continuous, there exist ¢; such that the
initial-value problem

~¥9(min,<z<.0)

T(t) = , 7(0) =d”(1+ f(0)),

has a unique solution for 0 < ¢ < #;.
Observe that 7(t) is an increasing function because 7/(t) > 0. Since 7(0) =
a?(1 + £(0)), it follows from equation (2.20} that f(77(0)) < 1+ f(0).

Now, let us choose some constant ¢, in (0, ¢;] such that

flmr(t)) < 1+ £(0),

and
() < oPf(KaP(1+ f(0))) < a?f(KT).
Let u(z,t) = 6{z)7(t). Then, for any z € [0,7] and t € (0,%), z%7" > 0 and

6" = —1 which is less than zero. Hence, yu; = 7' and pg, = 0"7 = —7.

Therefore,

L,u. - :L‘pf(,(.t) = mq.ut — Mz — xpf(p,)

ot op (2.22)
= 297 — 76" — 27 f(67).
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The expression z997’ is greater than zero, so it can be ignored in order to minimize
the right hand side of equation (2.22). Since 8” = —1, then —~76" = 7. Therefore,

Lp—aPf(u) > v — ®f(67)

Since 7 is an increasing function, it is minimum at £ = 0 and maximum at ¢ = ;.
Then, 7(t) > 7(0) and 7(t) < 7(¢) for 0 < t < to. Therefore,

Ly — a?f(u) 2 7(0) — 2 F(6(0)7 (o).
But 7(0) = aP(1 4+ £(0)) and 6(0) = . Therefore,
Lp—af(p) 2 a(1+ f(0) — a?f(m7(to))
= a@[(1+ f(0)) — f(mhr(t))].

But, f(m7(to)) <1+ f(0) and a® > 0. Hence,

a?[(1+ 7(0)) — f(r(t))] 2 0.

Therefore, Ly — 2P f(u) > 0 for = € [0,4].

Now, for any z € (7, a] and ¢ € (0,%,], we have

Lp—aPf(p) = 2% — ploe — 2 f(1)
907 — 70" — 2P f(67)
7! (minyco<al) 7(8) — 7(to) (MaXy<o<al6"]) — a? f(O7)
Y1 (miny<z<af) 7'(t) — 7(to) (M8Xy<aal0”]) — @ f (7)
7! (minyeegad) 7'(2) ~ 7(to) (MaXy<a<a|6”|) — aP f(KT)
Y7 (miny<o<of) 7/(8) — @7 f(KT) (MaXycazal?”]) — aP f(KT)
) ( _ aPf(KT) (maxy<o<al]) + a”f(KT))

¥4(miny«z<qf

e
T

VvV IV IV IV

'Yq (mln"f<a:<a

From construction, u(z,0) = 8(z)7r(0) = 8(z)a?(1 + f(0)) > 6(z) = u(z,0) =
#a(0,8) = 0'(0)r(t) <0, ps(a,t) = ¢'(a)7(t) > 0, and pu(z,t) € C*H(D x [0, t])
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Let ¥y = pt— u.. Then

Ly—2?f'(%)y > 0 in D, x (0,o,

y(0) > 0,z € D,
yz(.eat) < 0, ym(a’t) > 07 tE[O,to],

where ¥ is between p and u, for all € < . By theorem 2.1, function y = p—u, > 0.

We also observe that by construction u(x,t) depends only on f, a, p, and g¢.
o

Lemma 2.5. Let 0 < €; < €3 < v and suppose u, and u, are solutions of the
problem (2.21) on (0,%,). Ifp < q, then u,, < 0 and ue, > u, in Q,. Ifp > g,

then ue, > 0 and u,, < U, in L,.

Proof. We will prove the case where p > q.
Let 0 < € < min {'y, %} Let u, be a solution to the regular problem

Lue = 2f(u), = (z,t) €Q,
u(z,0) = 0, on D, (2.23)
U (6, 1) = 0=1u.(a,t), 0<t<T,

and wu, is positive in D, x (0, 7).
Now

Lu, = 2%, — u,, = z° f(ue).
Differentiating with respect to &, we have
qmq-lueg + 2, — Ueyy, = pxp_lf(ue) + 2Pue, f'(ue)-
Observe that z%u,,, — u,,, = Lu, . Therefore,
Lue, — zPuc, f'(ue,) = pxP ™ fue) — gz u,,.
But, from z%u,, — u.,, = 2 f(u.), we have

te, = xPIf(ue) + 2 %,

qz? 7y, = qrP7 flue) + gz lue,, .
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Therefore,
Lu, ~ P, f'(ue) = pz#~'f(ue) — qzP~' f(ue) — g7 Ue,,-

G,
But gz 'u,,, = E’-{——uem. Therefore,

z Oz

qg 9

i — P 4 — — p—1
Lue, + a:aa:ue’ tPue, f'(ue) = (p — @)z~ f(ue).

Therefore, differentiating problem (2.23) with respect to z gives the following prob-

lem:

£+22 @i, = @-00 W), @8 eDboxO.T),
u.,(2,0) = 0, on [e, a, (2.24)
ue (6,t) = 0 = u.(a,t), 0<t<T.

Since € > 0, problem (2.24) is regular, i.e. £ > 0. And f'(u.) is bounded on
D,. Therefore, we can apply theorem 12 (The Strong Maximum Principle) to the
problem to determine the nature of u,.

Now, if p > ¢q, then (p — ¢)2P~ f(ue) > 0. Therefore, by theorem 12, u, > 0 for
(z,t) € D, x (0,T).
Similarly, if p < g, then (p — ¢)a?*f(u.) < 0, and by theorem 12, u,, < 0 for
(z,t) € D x (0,T).

However, u,, % 0 in D because if it is zero then, equation (2.24) will not hold.

Let 0 < ¢; < €2 <yandp>gq Then u,_(e,8) > 0. Let y = te — Uep. e,

satisfies
( ey, — Uey,, — 2P f(ue,) 0, in Q,,,
< te(2,0) = 0, onle,d, (2.95)
U, (€2,t) > 0, 0<t<T,
| Uy (a,t) = 0, 0<t<T.
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Similarly, u., satisfies: -

’

T, ~~ U, — TP f (uep) = 0, in Q,,
) te,(2,0) = 0, on [e,al, (2.26)
u62m(€23t) = 0: 0<i< T>
\ Ue, (a,8) = 0, 0<t<T.
Subtracting equation (2.26) from equation (2.25), we have
7

mq(uelt - uez,) - (uﬂm - uézn) - :c”(f(uel) - f(ufz)) = 0’ in Qéza
Ue, (2,0) — ue(2,0) = 0, on e, a],

Uy, (€2, 1) — Ugy_(€2,8) > 0, 0<t<T,
Uey (0, 8) —Ug, (0,8) = 0, O<t<T.

\

flug) — flue,) = F1(61)(ue, — e,) in §2, for some 6, € [u,, uc,]. Therefore,

( Ty — Yoo — 2 f'(O1)y = O, in Q,,,
y(z,0) = 0

Yol€2,t) > 0, for0<t>T,
ve(0,8) = 0, for0<t>T.

Therefore, by the Comparison Theorem 2.1, y < 0.

, for z € [er,q),

\

If y = 0 at some interior point (z4,%4) € (€2,a) X (0,T) then, by theorem 12
(The Strong Maximum Principle), y = 0 in (e, a) % (0, t4]. But yz(e2,t) = u,,_ > 0.
This is a contradiction. Therefore, if p > g, then u,, < u,, in ;.

Similarly, if p < q, then u, > u,, in §.

2.4 Existence of the Solution

‘The proof of the following result is a modification of that of Lemma 2 of [CLO1].

Theorem 2.6. Problem (1.1) has a classical solution u(z,t) € C([0,a] x [0,%0]) N
C%1((0,a] x [0, o))
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Proof. Equation (2.21) can be written as

1 P

u —
€t Zl?q

i. The cylindrical domain of problem (2.27) is D, x (0,T). Evidently, D, is a
bounded and connected domain in R. ie., D = (¢,a). The boundary of D,
is dD, € C*, with0 < a < 1.

ii. Q.= D, x [0,%).
iii. From problem (2.21), we have
B, — Ue,, = TPf(Ue),
Ue, — T e, = TPIf(ue).
with > 0, 77 and z?~9 are C® continuous.
iv. Since z > 0, then 79 > 0.
v. The boundary condition is uc(x,0) = 0 and 0 € C?+=,
vi. e, (€,t) = 0 € CH(De).

vii. Here u,(€,t) = u,(a,t) =0.

The conclusion is that problem (2.27) satisfies [Wan97]’s hypothesis P and so,
by [Wan97)’s theorem 3.1, this problem has a solution u, € G+ ([¢, a] x [0, t,]).
From lemma 2.5, which was proved previously, for 0 < ¢; < €3 < 7, if p < g then
Uy > U, in ,, while, if p > ¢ then u,, < u, in Q,. Therefore, the sequence of
4’s is monotone and bounded and so, there is a Lim._ou(z,t) for all (z,t) € Q

and we call this limit u(z, t).

Now, we have to show that u(z,¢) is a classical solution of problem (1.1).
For any point (zg,%) € (0,a) x (0,1o), there exist a set @ = [by,ba] X [0,87] G
D x [0, o) such that 0 < b <z < by < aand 0 <ts <ty < tg.
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From lemma 2.3, we have shown that uz,?) is an upper solution to the problem
(1.1). Therefore, the solution 4, < u and it is finite in Q.
Note: ||ue||z, is the norm of wu, in space L; as defined in [p. 154 [McO96]] and,
also in Appendix A.
For p € Ly, we may define

1
P
]| 200y = (f lﬂ(-‘ﬂ)lpdﬂ:) for 1 < p < oo.
Q
Therefore,

1
luelcqc@) = ( / Iue(w)l‘fdw) " for1< < o0
Q

Since ue(z) < p(z), then
< ( /c; Iu(:ﬂ-)lﬁdfc)%

([ 1udaliee)

Q

But p is finite, so, ( f ],u,(x)|§dm) " is less than some constant k1. Therefore, we
Q

can write

Sl

[lwell2; < Hlpellz; < Ko
Also, 1

127 £ () gy = ( fQ Iw”“’f(uel‘idm) "

If p < g, the largest value of zP~9 will be at = = b;. Therefore,

1

(lep_qf(%)'qd’”)ﬁ s ( /Q ]bzf_qf(ue)ﬁdm)%

bp-q Ue ‘de) ?
Since Ue(x) < /.L(ZU), then

( fQ |wP-Qf(ue)|fd:c)% < ( f e |"dw)

B F (1)l s (o)
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If p > q, the largest value of zP~7 will be at = b,. By analogy, we have

127~ f (we)ll pa@ < 811 F ()] Lq)-
Therefore, for any constant ¢ > 1 we have,
1.
lluellz; < [lullLa@) < Fr-
ii.
1277 f (ol < BN )llzq@), 1P < g
iii.
127~ f (we)llLa@) < O f()llzs@, P> g
By [[LSU68], p 341-342, 351], u, € W;"'(Q). By the embedding theorem [[LSU68],
p 61 & 80], W;’I(Q) s H%%(Q), with 0 < a < 1, and § >ma.x{3, li} Then

[|ete]| % Q) < ks, for some positive constant k.
Using the definition of H**/2(Q) given on [p.155,156 [McO96]], we have

P2 (ue)llaerzy = llaP~7f (tie)lloo
|2P7f (ue(z, 1)) — 2777 f (ue(E, 1))

+ SuPgyenee

|z — & .
|77 f (ue(2, 1)) — 2770 f (ue(z, 1)
+ SuPpp@hee |t — £je/2 )

Since u, is bounded above by x and zP~7 is bounded above by /™7 (because p < ¢),
then

12772 f (uelloo < O°11 £ (12)]lco-

Now
|2P=9 f(ue(z, t)) — 2779 f(ue(Z, 1))
Sup(m,t)(i:,t)GQ |z — &|o
|29 f(ue(z, 1)) — 2P~ (ue(Z, 1) + 2P~ f (ue(%, 1)) — 2P (u(E, 1))
= SuP(m,t)(a‘:,:)eQ |z — &[*
|2P79 f (ue(2, £)) — 2P~9 f(u(Z, 1))
= SUP@Ey@ece o — 3|

f(ue(®, )"~ — 27|
|z — | '

+ SuPen@ye



22

L
By the Mean Value Theorem [Lay], f(ue(z,t)) — f(ue(Z,1)) = f/(&)(ulz,t) —
ue(5,t)), where £ € [ue(x,t), u(E,t)]. Note that P77 is bounded above by &™7

when p < g. Therefore,
2| f (ue(z, 1)) — f(ue(Z, 1))

Sup(a:,t),(:f:,t)EQ
' 2P~ (uelz, £)) — 3770 f (ue(z, D))
+ Sup(:c,t),(:r:,f)EQ |t _ Ela/Q -
2P~ f/(E)|[ue(x, t) — ue(%,2)|
(z—Z)* .
P~ fue(z, 1) — f(uc(z,t))
+ Sup(m‘t),(m,f)EQ (t - E)aﬂ :

< NP0 ttel] graoragy-

f(ue(m, t))|aP7 — &7
|z — &|*
Putting all together, we have
|27~ f (ue)llpraersgy < B F ()00 + 851 F (1) ool [te | sraaray
+ 1 ()]lool|2P7%| | Haarz(qy-

Since the components on the right hand side of equation (2.28) are bounded, we

= Sup(z,t),(:i:,ﬁ)GQ

SUP (4, @neQ < 1 F () lool |Zp—qllzra(q)-

(2.28)

can say that
|22~ f (ue| raarzqy < s

for some positive k3 which is independent of e.

Going through the same analysis for p > ¢ we have

|[&P79 f (ue)|| gesarzq) < s,

for some positive k5 which is also independent of e.

By theorem 10 of [L.SU68], pp 351 and 352], we have

”uEHHWrﬂ:Hn/z(QE) < ks,

for some constant k4 which is independent of ¢."

Since we have the space H2+®*2/2 then, u,, tc,, Ue,,, Ue, are equicontinuous in Q.
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By Ascoli-Arzela theorem [Eva98], ||u|| g2+ai1+ar2(g) < k4 and the partial derivatives
of u are the limits of the corresponding derivatives of u.. Thus, u(z,t) € C(D)N
C*1((0, ] % [0, %0]).

[}

2.5 Unboundedness of f(u)

If T is the supremum over ¢, for which the problem (1.1) has a unique solution
u(z, t) € C(D)NC?1((0, a] x [0,%y]) so that u < c. Then, there is a unique solution
u(z,t) € C(D x [0,T)) N C*((0,a] x [0,T)), where u < c.

The proof of this theorem is similar to that in [Flo91].
Theorem 2.7. If T < oo, then f(u) is unbounded in Q.

Proof. Let’s assume that f(u) is bounded above by some positive constant M in Q.
From theorem 2.6, we know that there is a unique solution u < ¢ where c is where
the solution quenches. Sincé f(u) is bounded above, there exist a unique number
¢ >0such that u < ¢* < c.

We would like to show that f(u) can be continued into a time interval [0, T + ]
for some #; > 0. To do this, we want to show that the problem (1.1) has an upper
solution fi(z,t) € C*}([0,a] x [T, T + %1]).

Let us chose constants as follows:

i. 7o small enough so that
F(0.5(c+ ")) < 1+ f(0).

ii. K* large enough so that
To < a”f(K"ro).

*
i, K> S
2
_K* . *
iv. 0<’7<min{g,%} is such that 5 ")72—-"?+c-;c > c".
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é"(x )| X

Let
K, c+c" < g <5
) - 5 T T+ 5 0<z<9,
6a) = h(a), F<z<a-%  (229)
—I;(a-—x)z—-(a—:v)+c-;c,a,-—’?S:z:Sa.

Where fz(a:) is a C* function chosen such that ¢* < 71(:1:) < cte

in C%(D).
Note that for 0 < z < 7, #(z) < 0, and §'(0) = —K*.

A sketch of 5(:1:) is shown in fig 2.2. Since f is continuous, the initial-value problem

and 8(z) is

#(e-1) = PIETO Gl +1) - oy
iy cogad |

has a unique solution for 0 < ¢ < #,. Observe that 7(t) is positive, so, 7(t) is an
increasing function.

Let us chose £, in (0,%,] small enough such that

F(05(c+c")7(t)) < 1+ £(0),



25

and
F(t) < aPf(K*1p)) < a® f(K*7).
Let fi(z,t) = O(z)?(t—T). Then, for any € [0,%], and t € (T, T+5), 2967 >0
and §” = —K* < 0. Therefore,

Lip—2Pf(i) = % — fize — 2P (1)
= 2967 — 70" — 2P f(67).

We have ming<,<52%97 = 0 and maxocz<578" = 7(0) because §” = —K*. There-
fore,
Li—a?f(3) 2 K*7(0)~ a?f(B(0)7(F))
> K*aP(1+ £(0)) — a®f(0.5(c + c*)7(ty)

a?[K*(1+ £(0)) — £(0.5(c + )7 (k)]
0.

v

For any z € (9, a], we have

Il

Lj — :c"f(,&) 2y — flow — xpf(ﬁ‘)
= z97 — 78" — 27 f(67)

> AP (t)(min.kaa@) - 'T'(max.-,<w5a|§” ) — a?£(0.5(c + c*)F(t)).

But 7(£1) < a? f(K*7(t)) and since f is an increasing function and by definition of
K*, f(0:5(c + ¢")7(1)) < FKF(2)),

Li—af(5) 2 (¢ - T)(mingcosad) — a2 (KT (o) maxseasal ) — a2 FUCF ()
~ N o I e
= F(mins<g<ad)[F(t — T) — (max'7<w5f[9 !+ 1)a f( K r(t))]
'7‘1m1n1-,<w5a0

0.

By theorem 2.1, fi(z,t) is an upper solution of u on D x [T, T +#;}. As in lemma
2.5 and theorem 2.6, it can be shown that the problem (2.1) has a unique solution
u(z,t) € C(D x [0, T+1])NC>{(0,a] x [0, T+1;]). This contradicts the definition
of T, and hence, the theorem is proved. d
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2.6 Influence of Constants p and q on u,(z,t)

This lemma and its proof are similar to Lemma 2.7 of [Dya08].

Lemma 2.8. For any (z,t) € Q, if p > q; then u,(z,t) > 0, while if p < g, then
ug(z,t) < 0.

Proof. From lemma 2.5, we know that if p < ¢, then ., < 0in Q,, while if p > ¢,
then e, > 0in Q,,. From lemma 2.6, a solution of problem (2.1} is u = lim,_qu,.
Therefore, when p > g, u; > 0 and when p < g, u; < 01in Q,. We have, in Q2
(L—2Pf'(u))uy = Luy— 2P f'(u)uy,
= Wy — Upge — 7 f (1)U,

But
a:pf(u) = 2% — Uy (230)
Differentiating both sides of equation (2.30) with respect to z, we have
pr? 7 fu) + 2P f'(ulue = g2y 4 2%sp — Usga,
P f(u)u, = —pzPlf(u) + gx¥  uy + 2%Up ~ Usge
Therefore,
(L—aPf'(u))ue = paP~'flu) — gz¥ .
From equation (2.30), we have

LUa: + gur - mpf’(u)um = (p - Q)xp_lf(u)'
Therefore, we can write
(L * %'a% - w”f’(u)) Uy = (p—q)e* ' f(u), (z,t)€Dx(0,T),

ug(z,0) = 0, for 0 <z < aq,
Uzz(0,8) = 0= ugzla,t), 0<t<T.

(2.31)

As in the proof of Lemma 2.5, we obtain u, > 0if p > ¢, while u, < 0if p < gq.
O
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Chapter 3

Quenching At The Boundary

The lemma and theorem in this chapter show that the solution quenches only
at the boundaries. They are respectively adopted from lemma 3.1 and theorem 3.2
of [Dya08].

Lemma 3.1. The following holds:

i. Let 0 < ) < &3 < a. Let p > q and the positive number Ty < T be such that

uz(z,t) > 0 in (1, Z2) X (T, T). Then there is no quenching point in (Z,, Z2).

4. Let 0 < &, < &y < a. Let p < q and the positive number Ty < T be such that

ug(z,t) < 0 in (&1,22) X (T, T). Then there is no quenching point in (&1, &2).

Proof. (i)p>¢q  We will prove this part of the theorem by showing a contradic-
tion. Suppose that there exist some xy € (Z;, T2) such that u quenches at z = .
By lemma 2.2, u; > 0. From lemma 2.8, lim; .y u(z,t) = ¢ for 2o < * < Z,. For

To < &3 < &g < &, let

2($, t) = u:l:(m7t) - Gfl(.'B) in (';63754) x (T07T):
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where h(z) = sin ((";_&ﬁ)w) + 1, and € is a positive constant to be determined.
4— 23
B o= = W., COS(M).
Ty — T3 Ty — T3
~ Vs 2 (z — Z3)7
h” = - (ﬁ) Siﬂ (ﬁ) .
T4 — X3 T4 — XT3
Zp = Ugpy — EFL’.
. . dh  &2h . <. .
Now, Lz = Lu, — Leh and Leh = mPeE - ew. Since h is only a function of =,
dﬁ . . 5 dzi"/ . ’
i 0, leaving us with Leh = —to From equation (2.31), Luy = zP f'(u)u, +

(p — )zP~! f(u) — g uy,. Therefore,

Lz = o f(w)us + (p — )2~ f(u) = @ tae + €,

2% — -1 S P Y
z dIL' - qa" Ugx ar Eh ) )
and 2P f'(u)z = 2P f'(u)uz — 2P f'(u)eh.
Therefore,
(L + %% - a:pf’(u)) z = 2P (uug + (p — @)aP~ f(u) — gz ugy + €h”

+ qr Yy — gz lel — 2P f'(u)ug + 2P f'(u)eh
= —qz el + 2P f'eh + (p— q)zP~1f + €h”.

~ — 4 — T
Maxz,<z<z, (977 €h’) = qE7 e(Maxzy<ocs, h') = g3 '€ ( 5 )
- 43

Since Ming,<z<z,# = 1, then zPf’eh > #bf'e. Since p > ¢, (p — @)z*~1f > 0,

so, ignoring (p — ¢)z?~'f will help minimize the expression. Ming,<z<z,h” =

2
- ( T — ) . Therefore,

574—35'3
a1 2
P88 _gpp), y TOE et
zdz Ty — %3 (&4 — %3)? 3.1)
—~— 2 .
= e[ﬁf’—.?zslir —(~ T )]
T4 — X3 Z4 — T3

Since u — ¢ as t — T in (&3, &4), there exist some T} > Tj such that

. 1 qn r \?
flu)> Z {53(@ " (54 — %3) ] : (3.2)
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Since u, > 0, € can be chosen so small that z(z,T1) > 0 for z € (%3, 4]. At z = %3,
and at & = &4, z > 0. By the Maximum Principle, z > 0 in (%3, %4] % [T, T). Thus
ug(z,8) > eh(z)

= esin ((——ﬂ) +¢ in [Z3,%4) x [T1,T).
Ty — T3

Integrating the above inequality from Z3; to.Z4, we have

~ o~ & &4
w(Zq,t) — u(Es,t) > {—ex‘l T3 cos(w~ $3~)ﬂ'> + ea:}
1r

Ty — 23 &3

Oe(3s — 7
= __6(3:41r (1’.'3) -+ 6(534 - 523)

(% + 1) e(Z4 — Z3)-

Ast — T, the left hand side tends to ¢— ¢ = 0 while the right hand side remains

positive. This contradiction shows that there is no quenching point in (%, Z2)-

(ii)) p<q  We will also prove this part of the theorem by showing a contra-
diction. Suppose that there exist some 29 € (21, £2) such that u quenches at z = z,.
By lemma 2.2, u; > 0. From lemma 2.8, limy 7 u(z,t) = c for x5 < < &,. For

To £ T3 £ Ty < I, let

#(2,1) = us(w,t) — eh(z) in (%5, 24) x (T, T),

where A(z) = sin ((:1: x:c) ) — 1, and ¢ is a positive constant to be determined.
4 — T3
o ™ s (M) _
23'4 - .’33 T4 — T3
2
B = —[—"—) sin —(w = &)
I'E',; - (273 T4 — $3 '
Zw == Umm - EFL’.
dh  &2h o :

Now, Lz = Lu, — Leh and Leh = :vpea - Since h is only a function of z,
dh h
o =0, leaving us with Leh = —e— el From equation (2.31), Lu, = 2P f'(u)u, +
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(p— q)2zP~ 1 f(u) — gz~ ug,. Therefore,

Lz = a?f'(u)uy + (p— )27~ f(u) — gz~ e + €,

qdz

z dz

and a? f(u)z = 2P f'(u)uy — 2P /' (u)eh.

— -1 -1 5
= T Ugy — qT €,

Therefore,

(L +do- w"f'(u)) 2 = W+ (p— 0" (0) — g0Vt + "

+ gz gy — qrleh! — P f'(u)ug + 2P f(u)eh
= —gzleh + P fleh+ (p— @Q)aPIf + eh”.

g4 — :%3
Since Maxs,<z<s,h = —1, then z?f’eh < #2f’e. Since p < ¢, (p — Q)z*~1f < 0,

so, ignoring (p — ¢)zP~'f will help maximize the expression. Maxﬁasmsmﬁ” =
2
T
(A - ) . Therefore,

~ ~e o
Maxz,<o<i,(—gzel’) = gd5'e ( )

T4 — I3
a] 2
q d , g3 em ., . ET
L+=-——-2Pf )z < —#Bflet —m
( + zdz f) - .’374 —533 3f + (1%4 "'(%3)2

Since u — c as t — T in (Z3,24), there exist some T, > T such that

, 1 qr w 2
Fu) > = [:%3 s — 59) + (:%4 — 573) ] : (3.4)

Since u, < 0, € can be chosen small enough so that z(z,71) < 0 for = € (23, £4]. At

z = &3, and at T = &4, 2 < 0. By the Maximum Principle, z < 0 in [Z3, 4] % [T1,T).

Thus,
ug(z,t) < ehfz) _

= esin (M)—e in [£3, 24 % [T1, T).

A

2!3'4—1?,‘3
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Integrating the above inequality from 23 to &4, we have

~ ~ T4 — T T — Ty)T
u(Zq,t) —u(Zs,t) < [—e 4 = 3 cos ( 4) ) _ em]

T4 — T3 i3

2e(Zq4 — :f:g) . .
= - e(Zq — 23)

2 A
= - (; -+ 1) 6(3;4 - 553).
Ast — T, the left hand side tends to c— ¢ = 0 while the right hand side remains
negative. This contradiction shows that there is no quenching point in (£, £2).
O

Theorem 3.2. Suppose u quenches,
i. If p>q, x = a is the only quenching point.
it. If p < q, x =0 is the only quenching point.

Proof. i) By lemma 2.8, u; > 0 in 2. Therefore, z = a is a quenching point. By

lemma 3.1, there is no quenching point in D. Therefore, z = 0 is not the quenching

point.

ii) By lemma 2.8, u, < 0 in Q. Therefore, z = 0 is a quenching point. By lemma

3.1, there is no quenching point in D. Therefore, z = a is not the quenching point.
O
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Chapter 4

Complete Quenching

The following theorem demonstrates that if p = ¢, then the solution quenches
on D.

Theorem 4.1. Let p = q. If u quenches, then the guenching set for the solution of
(2.1) is D.

Proof. We had

Lu = 2% — Ups = 2P f(u),
Ty = 2P f(u) + Usg.
Since ¢ = p, we have
_ Uz
w = flu)+ P

Below, v(t} is a solution of the initial value problem;
{ v = flv) in (0,),

v(0) = 0. .1

Then v, = 0 and, therefore, vz, = 0. 2%, — Uy = 2P f(v) and 2% = 2P f(V) + Vas.
But g = p, therefore v, = f(v). v is a unique solution of problem (2.1). Quenching
of (4.1) occurs since lim, ..~ f(v) = oo for some constant ¢. Since the function does
not depend on =, the quenching is on D.

O
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Example. Let us consider the Ordinary Differential Equation (ODE) with

initial condition: i
!

1w
u(0) =0,

where u is a function of the independent variable . Let us solve for u using

U

separation of variables method:
du 1

dt 11—’
(1 —u)du = dt.

Integrating both sides of the preceding equation will produce

u 1u2—t+c
2 — .

The given initial condition was that u(0) = 0 which means that when ¢ =0, u is 0.

This implies that the constant of integration ¢ is zero. Therefore
L o
u—=u" = {,
2
wi—-2u+2t = 0.

Solving for u using quadratic formula, we obtain

u=1-+1-2t
Now, at ¢ = 0.5, u = 1, and v = oo. Therefore quenching occurs at ¢ = 0.5.
The function u(t) = 1 — /1 — 2t is the solution of the initial value problem

w = 1
t = 1— u:
u(0) = 0.

On the other hand, u(t) formally satisfies the following problem:

q
Uy = Ugg + laiu in (0,a) x (0,0.5),

u(0,t) = 0 forany 0 <z < a, (4.2)
ugr(0,8) = 0 = wuyla,t) for 0 <t <0.5,

g

since u,(t) = 0, ug(t) = 0, and 2% = Uy + 19: . When t = 0.5, u(0.5) = 1

—-U

and u; = becomes unbounded. Therefore, solution u(t) of ( 4.2) quenches in

—u
finite time ¢ = 0.5 and the quenching set is [0, a].
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Appendix A

1. Definitions of some basic function spaces.

Definition 1. Let X denote a real linear space. A mapping || || : X — [0, 00)

is called a norm if

(a) ||w+v|| < ||ull + |jv]| for all u,v € X.
(b) | || = |All|ul] for alluwe X, € R.
(c) ||u]| =0 if and only if u=0.
Hereafter we assume X is a normed linear space.

Definition 2. We say a sequence {uy}io,; C X converges to u € X, written

Up — U

klim Hlux — ul| = 0.

Definition 3. (a) A sequence {w}2, C X is called a Cauchy sequence
provided for each € > 0 there exists N > 0 such that

e — ]| < e for all k,l > N.

(b) X is complete if each Cauchy sequence in X converges; that is, whenever
{wr}2,; is a Cauchy sequence, there exists v € X such that {uz},

converges to u.
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(c) A Banach space X is a complete, normed linear space.

Lg(2) is the Banach space consisting of all functions on € with the norm

1

lulleo = ( [ tutalia )’

|j2|| 00,0 = vraipmax]ul.

Also,

Lqr(Qr) is the Banach space consisting of all functions on @Qr with a finite

norm .

llullgr.@r = (fOT (/Q lu(m,t)[qu)%dt);,

where ¢ > 1 and r > 1.

Generalized derivatives are to be understood in the way that is now custom-

ary in the majority of papers on differential equations.

W‘; () for ! integral is the Banach space consisting of all elements of L,(f2)
having generalized derivatives of all forms up to order ! inclusively, that are

gth-power summable on €. The norm in W}(R) is defined by the equality

i
% = 3 (@, (A1)

j=0

where
Ny Z || D], - (A.2)

The symbol D denotes any derivative of u(z) with respect to z of order j,
while 3,y denotes summation over possible derivatives of u of order j. For
domains with "not too bad” boundaries qu (€2) coincides with the closure in

norm ( A.1) of the set of all functions that are infinitely differentiable in Q.
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This will be true, for example, for domains with piecewise-smooth boundaries.
Sometimes W; is written in place of W;(Q), particularly if the domain 2 is
subject to further refinement.

For u € LP(Q?), we may define

|Mb=(/h@ﬁ@)pfm1§p§w.
Q ‘.

We proceed to define the Hélder spaces H'(D) and H4/2(Q), where I is always

a non-integral positive number.

Definition 4. H'(D) is the Banach space whose elements are continuous
functions u(z) in D having in D continuous derivatives up to order [I] inclu-
stely and a finite value for the quentity

1]
[l = @d + 3" @, (A.3)
i=0

where
(W) = [ulD = mazpu|.
. -
W = T DS

(=il
{ {

Equality (A.3) defines the norm |u|%) in H'(D).

Definition 5. H4/2(Q) is the Banach space of functions u(z, t) that are con-
tinuous in Q, together with all derivatives of the form DiD3 for 2r + s < I,
and have a finite norm

1]
[ul§ = @+ W, (A4)

§=0
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where
(wg = |ulg) = mazglu)
(u)g) = D (orsey) ]D’D3u|g)).
We = (W5 + e

{ T TS
(’“):(c)n = Z(2r+s—|_1|) (D; D >(l o8

l—2r—3s

1/2 g
(u)g:,lél) = Zo<z 2r—s<2 (D D )tQ
. Hopf’s Lemma

Definition 6. The inside Strong Sphere Property. Let P° = (2°,1%) be a
point on the boundary 0Q of a domain Q. If there exists a closed ball B with
center (Z,t) such that B C Q, BN 8Q = {P°}, and if & # 2°, then we say
that P° has the inside strong sphere property.

Lemma 7. Let the foregoing assumptions be satisfied and let P° have the
inside strong sphere property. Assume further that, for some neighborhood V
of P°, u < M in DNV. Then, for any non-tangential inward direction 7,

Ou Au 0
3= /.\BI-E mf—— <0 at P°.

By a non-tangential inward direction we mean direction pointing from P° into
the interior of the ball B whose boundary touches 8D at P°.

. Ascoli-Arzela Compactness Criterion Suppose that {fi(z)}2,; is a se-

quence of real-valued functions defined on R™ such that
@] < M (k=1,..,z € R

for some constant M, and the {f;}2, are uniformly equicontinuous. Then
there exist a subsequence {fi;}32; C {f:}32, and a continuous function f,
such that

fr; = f uniformly on compact subsets of R".

To say the {f;}32, are uniformly equicontinuous means that for each ¢ > 0,
there exists § > 0, such that |z — y| < & implies |fx(z) — fu(y)| < ¢, for
T, yeE R k=1,....
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4. Other Definition.

Definition 8. u(z,t) € C*([0,q] x [0,7]) is an upper solution for problem
( 1.1) if it satisfies the following:

Lp—aff(p) 2 0, in Q,
pu(z,0) > u(z,0), 0<z<aq,
p(0,) < 0, 0<t<T,
pz(a,t) = 0, 0<t<T.
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Appendix B

1. The Mean Value Theorem

Theorem 9. (Mean Value Theorem) Let f be a continuous function on [a,b]

that is differentiable on (a,b). Then there exist at least one point ¢ € (a,b)

such that b
; - fla
fig= L1
2. The Maximum Principle
Consider the operator
" Pu = du du
Lu =ijz=:1tlij($,t)m +;b;($,t)'3—wz +c($,t)u— E (Bl)

in an (n + 1)-dimensional domain Q with the following assumptions:

(a) L is parabolicin §, i.e., for every (z,t) € © and for any real vector £ # 0,
> a2, )68 > 0;
(b) the coefficients of L are continuous functions in §;

(¢) ¢(z,t) £0in Q.

The functions « in (B.1) are always assumed to have two continuous z-

derivatives and one continuous t—derivative in {2.

Definition 10. Notation. For any point P° = (z°,t%) in Q, we denote by
S(PP) the set of all points Q in Q which can be connected to P° by a simple
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continuous curve in §2 along which the t— coordinate is nondecreasing from Q
to P°. By C(PP), we denote the component (int =1°) of QN {t = £°} which
contains P°. Note that S(P%) D C(PY).

Theorem 11. Let (2a), (2b), (2c) hold. If Lu > 0 (Lu < 0) in Q and if
u has in D a positive mazimum (negative minimum) which is atteined at a
point P%(2°,19), then u(P) = u(P°) for all P € S(PY).

. Extensions of the Maximum Principle

Theorem 12. Let ( 2a), { 2b) hold. Ifu < 0 (u > 0) in S(P°), Lu > 0
(Lu < 0) in S(P°) and u(P°) =0, then u =0 in S(P°).
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