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ABSTRACT
The.traveling salesman probleﬁ (TSP) involves finding

a minimum cost Hamiltonian circuit in a weighted graph.
Many heuristic approaches have been taken to try to
efficiently solve this problem which is known to be NP-
cOmpléte. Such heuristics inciude general -purpose
techniques likebsimulated annealing, genetic algorithms,
~and ant colony systems. Many papers have been written on
the application of these techniques to the TSP. While these
techniques differ in‘their approaches to solving
) combinatorial problems, most of the successful
:implémentations share a éommon undeflying heuristic

| specific to the TSP. Namely, the general purpose algorithms
will employ an underlying edge swapping heuristic to
improve peerrmance and tour quality. These edge-swapping
techniques, known as K—opt where K is the number of edges
being swapped, have proven to be thé workhorse of most TSP
implementations. In this paper, we introduce a new
technique to improve upon K-Opt by utilizing edge cut
equivalence sets. These sets allow for exhaustive K—Oﬁt to
be apblied to more K-Sets of edgés withouﬁ exhaustively
applying the.heuristic to all péssible tour

reconstructions.
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Jf}successful technlques for:solv1ng th

‘i‘i CHAPTER ONE INTRODUCTION
| Thls‘paper is d1v1ded 1nto four chapters Chapterlffj”'
[ione 1s the 1ntroductlon Chapter two covers background
flnformatlon on the travellng salesman problem (TSP) and~‘ﬁ4

"f5d1scusses ex1st1ng technlques used to solve the problem

:%"It 1ncludes an 1ntroductlon to somei 1fthe most

;SP Wthh are

WTbased on edge swapplng technlques known'as K Opt Chapter

'r'ftwo also stresses the 31gn1f1cance of K- Opt as a local

ﬂi:optlmlzer used in many general heurlstlc approaches to

'-i;the TSP These approaches 1nclude prevalllng technlques

'?such as genetlc algorlthms,‘81mulated anneallng, and ant

"?colonles ThlS background materlal is necessary 1n order '

to 1ntroduce a. new technlque for solv1ng the TSP The new,“

’ V;%technlque 1s based on a spec1al partltlonlng of all

”{We call these new sets edge cut equlvalence sets Edge

Nrcut equlvalence sets and thelr 1mpact on the TSP are the L

:'ymaln focus of thlS the81s Chapter three dlscusses edgef

'O;cut equlvalence sets in detall and 1llustrates how they
lcan be used to create a more eff1c1ent 1mplementatlon of
‘{;K Opt by reduc1ng the number of solutlons that must_beﬁ,‘v

,fanalyzed Practlcal methods for 1nclud1ng the;néwy'
{}technlquelln ex1st1ng TSP 1mplementatlons afefaiscuéséa
ias well Flnally, chapter four 1s a brlefvexpos1tlon onlu.

°1-some of the 1mportant references used 1n developlng the




new methods introduced in this paper. This chapter is
intended to be of assistance to future researchers

looking into related topics.



CHAPTER TWO
Tfaveling-Salesman Problem»and Existing Téchﬁiqueé
The traveling salesman problem (TSP) has become a

classic in the field of»combinatbrial optimization.
Attracting computer scientists and mathematicians, the
problem involﬁes finding é minimum cost Hamiltonian éycle
in a weighted graph. The problem is quite easy to state
both in laymeﬁ'sbterms and mathematicallyf In laymen's
terms, the TSP involves a sélesman who desires to‘start
at his hpme city, visit each city in his sales area
exactly once, and then return home - all at a minimum_

cost. Mathematically, we seek to find a permutation II of

the set {1,2,3...,n} that minimizes the quantity

—1

Olr) = ) detiyatisr) + datmy.nit)
i=1

‘where d;; denotes the distance from city i to city j [14].
There are many variations on the TSP such as whether or
not the distances d; énd d;; are equivalent. If the
distances are équivalent, the TSP problem is called
symmetrical otherwise it is called asymmétrical. While
many other variationé exist, the most prevalent form of
the TSP is the symmetric TSP on a complete graph. Unless
otherwise mentioned, this paper will always assume a

symmetric instance on a complete graph. It is important



to note that no fUrthef'éssumptions aré made. This
distinction is important as some TSP algdrithms are made
more efficient by assuming certain properties such as
problem instances that obey the two dimensional Euclidéan
distance formulas. This special case is sometimes called
the metric TSP and special algorithms exist for finding
its solution. We make no such assumptions about the
problem instances to be solved and maintain the ability
to solve instances that do not comply with the metric
TSP.

The ease of stating the TSP, combined with the fact
that it is extremely difficult to solve efficiently has
led to its wide popularity. It is important to note that
it is not difficult to solve if we don't worry about
efficiency. In fact, an algorithm can be implemented in a
few hundred lines of code. The critical point is that it

is extremely difficult to solve efficiently. In fact, the

TSP has been proven to be NP-complete [11] adding to its
popularity in research. Heuristic approaches, which do
not guarantee an optimal solution but efficiently find
solutions of high quality, dominate the literature. This
is due to the dramatic exponential growth of the solution
space of the TSP, which makes it difficult to guarantee

an optimal solution in an acceptable amount of time.



To better understand the difficulty involved in
sélving,the TSP, consider the growth of its solution
space. Given a problem instancevof N cities, We will be
given the first city in which oﬁr tour starts. For the
second city, (N-1) choices remain.'FQr the third city,
we have (N-2) and so on. ThiS’leadsvué tO-a growth rate
of the TSP solution space of:

1% (N-1) % (N-2) % (N-3) ... *3%2%1
Which, of course, is simply (N-1)!. To be precise, we
should note that hélf of these solutioné could be ignored
since they will represent the same cycles in reverse
order. In other words, a tour from A-B-C-D is the same'as
a ﬁour from A-D-C-B, only the directions have been
reversed. Asymptotically, however, We can simply use (N-
1)! as the TSP solution space growth rate. To get a
practical feel for how fast the factorial function grows,

consider a few factorial values:

10! ~ 3.6 Million (We can relate to this)

100! ~ 10**® (This is so large, we cannot easily

relate to 1it)

1000! ~ 10**°° (1 followed by 2,500 zeros. This is

enormous it's difficult to even find an example of

something so huge) -



Even with these numbers in mind, some people fail to get
anvappreciation for how difficult it is to solve a
problem with such a growth rate. To drive the point home,
assume that some creative researcherbwasbable to solve

the 1,000 case from above cdvering the 10%°°°

possibilities
with some clever algorithm. Let's say this researcher's
algorithm was able to solve the problem in 1 day of
running time. While this may éeeﬁ to}be.a significant
breakthrough, in truth,vwe would“have‘gained very 1ittlé,
for consider what would happen if weiadded only 3 more

cities to the problem and required the researcher to

solve an instance of 1003 cities.
1000 cities (Solved in 1 day)

1001 cities (How long would this take? It's a

factorial growth rate so we can conjecture that it
would take approximately 1000 times as long. That's
1000 days or‘approximately 3 years and we've only

added one city.)

1002 cities (Again, this would be approximately 1000
times more difficult than the previous case which
required one year. Having added only 2 cities, we
have gone from 1 day to 3,000 years or 3

millenium)



"71003‘cities (Contlnulng the pattern,vwe“haveﬁ3)000‘?‘_
1 OOO or 3, OOO 000 mllllon years Back to the o

draW1ng board for the prev1ously happy researcher),f

’"'Hav1ng establlshed the dlfflculty of the problem,‘we w1ll
,now look at prevalllng approaches to 1mplement1ng 1ts VP
}solutlonsk |
} Prevalllng Technlquesy “the . Importance of
' Edge Swapplng, and a New Technlque B
Slnce the TSP 1s so dlfflcult to solve for thelcaset

bln Wthh we can guarantee an optlmal solutlon,_the focus

‘of most research has been on heurlstlc approaches, whlch._;'f

do not guarantee an optlmal solutlon but produce good
1solutlons eff1c1ent1y Many heurlstlc approaches have,“"
ibeen developed to attack the TSP problem along these
"11nes Well known general purpose technlques llke
”s1mulated anneallng, genetlc algorlthms,.and ant colony ;b
systems have been heav1ly researched Numerous papers'ptpd'
‘fhave been wrltten.on each of the mentloned heurlstlcs lnjr‘y
‘solv1ng the TSP Whlle these general heurlstlcs dlffer
:j‘greatly;‘a detalled rev1ew reveals a strong underlylng

g commonallty 1n most of the 1mplementatlons reportlng good

,'results ThlS commonallty 5 the 1nclus1on of an

underlylng edge swappln

o 1mprove performance-'

and tour quallty These edge swapplng technlques, known J



as K-opt where K is the number of edges being swapped,
have proven to be the workhorse of most TSP
implementations. In fact, it is has not been well
established as to whether any of these general heuristics
offer any advantage over any others. Undoubtedly,
however, were the edge swapping to be removed from the
implementations, the performance and effectiveness of the
implementations would likely suffer greatly. Figure 1
illustrates the importance of edge swapping techniques.

One such example of how general heuristics for the
TSP have come to rely on edge swapping can be found in
[14] in which the author clearly states the importance of
a local search operator in genetic algorithms. In
establishing the importance of incorporating some type of
local search operator, the author in [14] states that
"The results published in the literature indicate that it
is necessary to combine some of these methods in order to
arrive at high quality solutions". These other methods or
local search operators, predominately, involve some type
of edge swapping. In fact in [14], the author augments
his genetic algorithm by utilizing a form of edge
swapping called Lin-Kernighan which will be discussed
shortly.

As an additional example of the reliance upon edge
swapping, consider [16] in which ants are used as agents

to find improved tours to the TSP. Ant systems work by



.:applY1ng uarylng leuels of pheromone to the tour that anta
ant follows based upon the p051tlonal results of the tour
that the ant follows In order to make these ant colony
algorltth'competltlve, edges swapplng is commonly used H
Vas a local search technlque In [16] for example, 2—opt
and 3 -opt are utlllzed as the 1ocal search operators

| The practlcal 1mportance of edge swapplng is furtherh'
supported by the well known Lin- Kernlghan (LK) algorlthm
which is w1dely accepted as the most efficient algorlthm B
know to date for the TSP "The LK algorlthm is in fact a“
‘clever 1mplementatlon of edge swapplng ItbdlfferS‘from
'standard KfOpt in that the K ls variable and‘is g
‘determined dynamically during execution [12]‘ Invented in
1971 it's long standing as the klng of TSP algorlthms 1s
testament to the power of edge swapplng techniques in

solv1ng TSP problems eff1c1ently

The Critical Role‘of Edge Swapping‘Techniques
Now that we the importance‘ofykéth‘edge_swapping to
_the’TSP haSubeenvestablished, we haVelchosen to focuS’on
the details of K—Opt rather’than introducing some other
general heuristic It is llkely that any such heurlstlc'
that we may dev1se would beneflt from K Opt So we-choosexb
to focus on the technlques which are used most S

prevalently_ln order tohlncrease the 1mpact of‘ourv’



riflndlngS W1th th1s 1n mlnd we 1ntroduce a new technlque:'

‘to. 1mprove upon,K Opt

Wlthln_any edge—”wapplng algorlthm whether 2 opt - 3-

v}gopt or LK ‘after the edges have been cut there w1ll be

'-some number;of ways to reconstruct our_uSingﬁ’”'

'replacement sets of edges;;"fV”l ‘dlf”which.we“'

| ”flntroduce 1n chapter three,nattempts to reduce the number

E of solutlons that must be analyzed durlng programbl
“executlon The bas1s of th1s technlque 1s 1n a new type
.‘of set. that we 1ntroduce and call an edge cut equlvalence

l]s‘ These sets allow for exhaustlve K Opt to be applled

N":_to more K Sets of edges w1thout exhaustlvely applylng thepl"

.~heur1st1c to all pOSSlble tour reconstructlons We
"fdescrlbe the new technlque 1n chapter three In addltlon

'_we 1nclude emplrlcal results demonstratlng the

‘effectlveness of the new technlquet Flnally, we establlsh‘
-_future dlrectlons of research related to thlS toplc and“:.

’-.propose frameworks for:utfllzlng the technlque in a\

“complete algorlthm for solv1ng the TSP We begln now by;g!_
_:completlng our- background 1nformatlon on ex1st1ng

”d'technlques before proceedlng to chapter three

e K Opt Edge Swapplng
We now rev1ew the ex1st1ng K Opt technlques By

’wcoverlng 2 Opt and 3 Opt and glVlng some examples we'"



,prepare the way for chapter three,iwhlch 1ntroduces our\
'new technlque for 1mprov1ng K Opt | ‘, .

The goal of any edge swapplng algorlthm is to take f‘
an ex1st1ng tour. and 1mprove on 1t by swapplng some‘
number of edges Popular 1mp1ementatlons are 2 Opt and 3-f“'
'Opt [10] The ba81c concept of edge swapplng can be seen
:-best by examlnlng 2 Opt Wthh 1s the 81mplest of all

g edge swapplng algorlthms

2- Opt Edge Swapplngf
7As'seen in figure~l a 2 opt movefsimply'involves
cuttlng 2 edges from the ex1st1ng tour‘and replac1ng them

w1th 2 new edges Flgure 2-1llustrates a 2 opt move In :

jthls case, the change 1n tour cost can be computed by

‘vsubtractlng the cost of the edges that have been cut and

addlng the cost of the new edges The_lmprovement then,,'

v;lS glven by
 (A:B)+(C:D) - (A:C) - (B:D) R

Where;(A;Bf denotes the edge from A to B. 2—Opt
1mplementatlons generally compare all poss1ble palrs of
edges untll a pos1t1ve galn 1s achleved Note 'that there
are N*(N—l) or'approx1mately N such palrlngs When all
palrs of edges have been checked for pos31ble

' 1mprovements, we say that the tour is 2 optlmal



A tour is 2 Optlmal 1f there rs
can be constructed by swapplng out any 2 edges from

the ex1st1ng tour

VThat 1s, there are no‘two edgeshthat can be removed from ‘l
"fthe tour so that a reconstructlon w1ll produce a better‘f
'ltour» RS | J |
Addlng to the popularlty of 2 Opt _1s the ease in

"Wthh 1t can be 1mplemented A small code sectlon showing

fthe ease of 1mplementatlon of 2 Opt 1s shown as flgure 3

2- Opt has proven to be a very effectlve algorlthm for
b?eff1c1ently produc1ng tours of good quallty [10]

o [16],[‘] It 1s hlghly susceptlble, however, to local-
‘optlma,_whlch can prevent 1t from f1nd1ng tours‘of better
dquallty As can eas1ly be 1nferred any tour in whlch
more than 2 edges must be swapped to produce a bettert
solutlon is a local optlma for 2 opt To try to mlnlmiZe
nthe effects of local optlma, the obv1ous next step in the
‘,process of swapplng edges 1s to proceed from 2- Opt to 3-0

ﬂfOpt and even hlgher The general case then is K- Opt 1n;_h

,?OIbetter/tourVWhich o

v{Wthh K edges are swapped The hlgher the value of K theufg‘

less llkely we. w1ll encounter a local optlma The extreme;
3case 1s K N Wthh 1s tantamount to exhaustlve search 1n

,whlch the optlmum is guaranteed Hav1ng stated the.'




'speCifngCase_for‘Z&optimal_ _;aboveﬁ we'nosztate the

‘general case.

u A tour 1s K- Optlmal 1f there 1s no better tour Wthh
hm5.can be constructed by swapplng out any K- edges from:'7ﬂ

the ex1st1ng tour

f.It 1s conjectured that for relatlvely small K ‘say K=10, ;f
a K- Optlmal tour 1s hlghly llkely to be the optlmal tourw5
'1n most cases Unfortunately,»as K 1ncreases,ithef M
complex1ty of an 1mp1ementat1on 1ncreases greatly and

'-jlt's eff1c1ency decreases drastlcally As mentloned for
:f2 opt there are N*(N 1) or approx1mately N palrlngsrof ‘f;
.edges that must be checked In the general case, for K |
there are approx1mate1y N' sets of K edges that must be
_checked In addltlon to the 1ncrease 1n the number of

'bedge sets that must be checked - the number of poss1ble
d“tour reconstructlons alsoflncreasesv‘In 2 Opt there is

only one way to reconstruct the tour The number of

;_poss1ble reconstructlons 1ncreases exponentlally in termsf[w'

of K Due to the large number of K sets and the large
%‘number of reconstructlons,_hlgher order K opt has not

'“been heav1ly researched

A



Incréasing K - An §xampié’fr§m>3—Opt

To see the effects on tour:reCOnstructions when
increasing K, we now exblain 3—Opt and show that ﬁhe
numbef of possible tour reconstructions begins to
increase with K. Of course the underlying principle of 3-
Opt is to cut 3 edges and then replace them with 3 new |
edges. In 2-Opt there was only 1 way to reconnect the
tour. With 3-Opt, however, the case is more complidated
as shown in figure 4.

As can be seen, in figure 4, with 3—Opt there are at .
leaét 4 ways to reconstruct the touf. In fact, figure 2
shows only the tour reconstrﬁctions, which do not use any
of the original edges in,thé edge cut set. If we allow
the edges in the edge cut set to be used in the
reconstruction, there would have been 7 ways to
reconstruct the tour. This does not count the case that
uses all of the edges in thevedge cut set, as this would
simply reproduce the original tour. In addition to this
increase in the nﬁmber of reconstructions, We now have N°
sets of 3 edges that can be cut. These facts lead the
implementation to become much more cumbersome and the
efficiency of the algorithm is drasticaily réduced. Even
3-0Opt, however,~ié very manageable and easy to visualize.
But when we‘move into higher order K-Opt, the situation

becomes less manageable. As shown in table 1, the number

14



"of poss1ble tour reconstructlons 1ncreases eiponentlally
jas a functlon of K S | o |

ThlS exponentlal growth rate makes hlgher order K—ll
Opt 1mpractlcal As an example, Complete 8 Opt would

g‘requlre approx1mately N'*645 119 tours to be 1nspected

While these hlgher order K- Optfalgorilims lead to ‘better
tour quallty, the 1mprovements ‘come atla hlgh cost 1n. |
X extremely long run tlmesl‘:Our’objectlve then is to  -¢
Hreduce the number of solutlonsiw1th1n K Opt that must be
- analyzed. By leveraglng an\observed characterlstlc of thei.
ptour reconstructlons we have dev1sed a technlque Wthh
.can greatly reduce the number of solutlons needed to be
_iexplored We now 1ntroduce the technlque by dlscuss1ng.

~edge cut equlvalence sets, Wthh are central to the -

1process,

15 -



CHAPTER THREE

Improving K-Opt with Edge Cut Equivalence Sets

We have established the importance of K-Opt as
related to the TSP and have provided background
information on K-Opt techniques. We now move forward into
our new research which seeks to improve upon K-Opt by
reducing the number of solutions which must be analyzed.
Chapter three begins by introducing the concept of edge
cut equivalence sets which are central to the new
technique. It continues by illustrating how edge cut
equivalence sets can be used in an algorithm to search
for improved tours. An algorithm is established for the
entire process and some empirical results from an

implementation are included to show proof of concept.

Edge Cut Equivalence Sets

In order to make high order K-Opt more practical, we
seek to reduce the number of solutions required to be
explored. To meet this objective, we now introduce the
concept of edge cut equivalence sets. Given a set of
reconstructions, say S, for an instance of K-Opt, we can
partition set S into a group of non-intersecting subsets
which we call edge cut equivalence sets. These sets are
defined from the perspective of a single cut within the

K-Opt instance. If we identify one of the edges being cut

16



as‘A;B then we:may definé>an eage‘cﬁt-équivalence‘set EC
as R o o ‘ ,

'EC(A,B,C,D) = ﬁhé set of all sOlUtiéﬁs X in S such

that | A:C is in x and B:D is in x.
Stated simply;.an edge cutiéquivalence‘set with respeét_‘
to edge'cuth:B is‘the subéet of all posSible.tour
recéhstructions in which vertices A énd B are connéctéd
to the same vertices. That is, we do not care about the
.remaining shape of the reconstruction, but the shape‘of 
the_reconsﬁruction-with respect to A:B is thebsame for
all membérs of the.edge cut equivalence set. Figure 5
helps tO‘illustrate and eXplain the properties of edge
cut equivalence seté further. Before discussing the
properties and advantages to partitioning the set of
reconsﬁructions into edge cut equivalence sets, we first
give aﬁ eﬁample using 5-Opt to help clarifybthe concept

of edge cut equivalence sets.

A 5-Opt Edge Cut Equivalence Set Example
The best way to gain an understanding of edge cut
equivalence sets is'to see an example usihg some value
for K. If we‘chOOSe"K=5 (5 opt), there‘are‘a‘total‘éf 383
possible tour reconstrudtions, The process of’
. partitioniﬁg these 383.solutions into edgé cut

equivalence sets‘begins‘bysselecting one of the 5 edge

17



‘cuts as the reference polnt From our dlscuss1on abo&e;
.thlS is the edge cut from A to B Wlth A and B deflned
we group . all of the 383 reconstructlons 1nto sets based
fupon the vertlces Wthh A and B are connected to ‘In the
case of 5 opt, thls results 1n 43 edge cut: equlvalence
psets. To 111ustrate thls, flgure 6 shOWS'dlagrams of one
F'of the 43 resultlng edge cut equlvalence sets
y As ShOWH,»ln flgure 6 there are -8 ways‘to
‘reconstruct the tour such that vertex A is connected to
c_vertex‘C,and vertex.B_1s-connected,to,verteva. There_are
,nocother”waps:to-reconstruct‘the tour:sopthat'edges (A:C)

E and'/(B;D) are. included In a similar fashion;:the

"remalnlng 42 edge cut equlvalence sets can be constructedfn.

'for 5-opt The key concept to note is that the only
portlon of the tour reconstructlon that’ dec1des wh1ch

edge cut equlvalence;set‘the solutlon falls 1nto is which

'ﬂ'vertices Avand B-are‘COnnected to “The remalnlng shape of>

the reconstructlon is 1rrelevant to the partltlonlng
'process In fact thlS 1s clearly shown in- the perv1ous
dlagram as the shape of the 8 members of the edge cut set
shown dlffer greatly | |

”..ﬁsfng Edge CutquuiValencenSets to‘Minimize'thev

Number of Reconstructlons Analyzed
Now that the propertles of edge cut equlvalence sets

have been deflned we begln to dlscuss how they can be

used to mlnlmlzevthe:number of tour reconstructlons that-

18



we must analyze for a K opt algorithm. As we have
established, an,edge'cnt equivalence set EC(A,B,C,D)
containsvall touf reconstructione-which include edges
(A:C) and (B:D) . We\will‘now establish that by selecting
a'different pair'of Qertices for A and B, say A' and B'
respecﬁively; we can.gﬁarantee that no betterrsolutions
_exist wichin the edge cut eqnivalence set by inspecting
only 1 tcuf reconstruction;'We'call this move, where we

select new values for A and B a slide move.

The Slide_Move‘

Given an edge cut equivalence set EC(A,B,C,D), a
slide move finds a-new position for the reference edge
cnt being considered. This implies that a slide move
applied to edge cnt set EC(A,B,C,D) will result in some
new edgeicut set EC(A',B',C,D). This can be seen by
noting that’all solutions in EC(A,B,C,D) will have all of
the same edges ae soluticns in EC(A',B',C,D) with the
fcllowing‘excpetions:bl

- Edge A:B was not part of the.original solution but

is part of the new solution. o

- Edge A':B' was part of the original solution but

is not part of‘the'new solution.

- Edges A:C and B:D were part of the original

solutionvbut_are replaced by edges A':C and B':D

in . the new solution.
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Pictorially, the slide mo&e is depicted as figure 7.

The reason that we introduce the slide move is that
the move alters all members of the edge cut equivalence
set by a‘constant value. To see this, consider the
effects of a slide from A:B to A':B' within the edge cut
set EC(A,B,C,D). We héve established that all members of
EC(A,B,C,D) will include edges (A:C) and (B:D). By
sliding A:B to A':B', we create a new edge cut set
EC(A',B',C,D). All members of this new set EC(A',B',C,D)
will contain edges (A':C) and (B':D). Note that the only
difference between any member T of EC(A,B,C,D) and T' of
EC(A',B',C,D) is the removal of edges (A:C), (B:D),
(A',B') and the addition of édges (Ar:C), (B':D), and
(A,B). So the effect of the slide move from A:B to A':B'
on all members of the edge cut equivalence set is:

(A':C)+(B':D)+(A":B") —'(A:C)—(B:D)—(A;B)'

We can now use this information to our.advantage by
reducing the number of reconstructions that we need to
analyze. The-folléwing rule, which we refer to as the
Slide Mo&e'Theorem, is the fundamental property that wé

- will exploit in our new technique:

Slide Move Theorem:
Let P be the best tour reconstruction of edge cut

set EC(A,B,C,D). Then after a slide move, P must
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still be the best possible tour reconstruction in.

'EC(A',B',C,D).
Proof:

Let P be the best tour reconstruction of

EC(A,B,C,D).

Let R be any other tourbreconstructibn in
EC(A,B,C,D).

Since, P is the best tour reconstruction of
EC(A,B,C,D), we know that, C(P) <= C(R). (Where

C(P) denotes the tour cost of P)

Let P' be the solution P after the slide move and
let R' be the solution R after a slide move to

EC(A'IB' ICID)
We seek to show that C(P')<=C(R').

After-executing thevslide move to EC(A',B',C,D), P
and R will be adjusted by some constant, say V. This
follows based on the properties of an edge cut

equivalence set. In particular,

V=(A':C)+(B':D)+(A:B)-(A:C)-(B:D)-(A':B'")

o1



‘So, we have C(P')=C(P)+V, and C(R')-C(R)4V.

'fFinally, s1nce C(P)< C(R) we_know:thatv”‘h

c(p') <= C(R')f

‘In‘effeCt P'whichdis the best solutionAWithin»the‘edge
cut equlvalence set acts as a lower bound w1th1n the.f*

fedge cut equlvalence set and we are guaranteed that we

~.can execute any number of sllde moves and P will Stlll be_,vh

the: best solutlon in the set
i To;see“the‘beneflts of th;s, consider tabie 2vwhich

'shows'the‘numberuof p0ssibleitour‘reconstructions"and the,
number of edge cut equlvalence sets for dlfferent values,s
._of K. From this table,.we can see that 8vatr forv
,example,_has 645,1l9 poss;ble tourlreconstructions_and.
' only 157 edge cut_equivalence sets.. If'we‘take'an
"instancerof“thelTSP~and’apply 8- opt we can partltlon all
ifof the 645 119 reconstructlons 1nto the 157 edge cut
vequlvalence sets Now, 1f we execute a sllde move, we :
create an entlrely new set of 645 119 tour g:‘
‘ reconstructlons, If we know the best reconstructlon
within eaCh'ofxthe 157.edge'cut equivalence sets;
'however, we need only 1nspect these 157 best tours in
b order to guarantee that we. have the best solutlon from ‘

among the 645, 119 poss1b111t1es



When we execute a slide‘move, we néed only check one
solution from each of the edge cut equivalence sets in
order to covef all possiblevtour reconstructions.
Baséd.oh'table 2, we can compute the number of solutions
that are actually covered every time We analyze a tour

reconstruction as:

(number of possible reconstrﬁctioné) / (number of edge

cut equivalence sets).

The augmented table showing this for various values of K
is shown as table 3.

To further appreciate the impfovement, we can
consider the improvement as a percentage. To do this, we
take the number of reconstructions that must be analyzed,
subtract the number of solutions that must be analyzed‘
with the new method and divide by the original number of
solutions that must be analyzed. For example, with 6 opt

we get
(3839-73) /3839 = 98.099 % improvement
Of course the percent improvement increases dramatically

as we increase K. the full table showing the percent

improvement is given as table 4.
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Empirical Results Using 8-Opt
To demonstrate the potential of this technique and
to establish that it works in practice, we have
implemented the method and applied it to 8 opt. The
algorithm implemented works as follows:
-Create an initial solution at random.
-For some number of iterations

Select a random set of 8 edges to be cut

Exploré all 645,119 solutions and‘mark the best

of each edge cut equivalence set

Slide a pre-selected edge-cut to as many
positions as possible. Tracking the best

solution of each edge cut set
-End For

Table 5. shows empirical data gathered for some
fairly large instances from the TSPLIB. As expected,
the implementation using the edge cut equivalence
sets returns tours of higher quaiity while requiring
very modest inéreéses in fun»time. Also, as
expected, the benefits of using the equivalence set

method are increased when the problem size grows.
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This is due to the increase in the number of slide

moves executed.

This data merely confirms the established fact that
the edge cut equivalence sets can be used to find
solutions to K-Opt without using exhaustive
reconstruction within the K-Opt algorithm. The intent at
this time is not to create a complete TSP solver, but
rather to clearly show the effectiveness of the new

technique.

The Implementation

The current implementation consists of 2 parts. The
first part is a program, which produces a data file
containing all possible tour reconstruction patterns.
This program is the source for all of the cardinal values
given in the paper for number of possible tour
reconstructions and number of edge cut equivalence sets
for a particular value of K. The second part of the
implementation is the program that reads in the problems
instance and applies the new technique to it using the
reconstructions provided by the first program. Source
code for both modules is included with some narrative

about the implementation.

Future Directions
While the current implementation establishes that

the technique is effective in finding solutions without
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~ having to eXhaustiuely‘oheok all possibilities, it ié»not:
intended‘totbeua»genoréi—purpose_TSP solver. As‘aknéxtb |
step, the.teohnique neédé to be encépsulated‘in a general“
algorithm for}solVingvthé TSP ‘so that direct comparisons.
cén be made against‘other.algorithms. Two:main-approaches
are possible;_Finst,;an‘exhaUStiVe>K-optvimplementation
~can be‘explored‘in Wniohwall boSsible K sets»of‘edges are‘
checked. To implement this, it wiliﬁbe,important to‘try:
to maximizé_the number‘of slide.moves.that oan bé made 0
v that the.smallest'number‘of solutions needs to be‘
analyzed. A Seoond approach would involve some heuristic,
Which'seeks to find suitéble edgeo to be cut rather than
to exhaustively try’all possibléIK sets. One such
possibility is an alpha nearness function, which has béen-
shoWn to be.effective in selecting edges that are good
candidates fof‘removal. Many‘of the géneralepurpOSe
techniques stated in the introduction such as genetics,
ant colonies, and simulated annealing may be used

effectively to find edges to cut also.

Issues‘for‘an Exhaustive K-Opt'Approach
As mentioned, it has been conjectured that a K-
optimal-tour‘is likély to be‘g1oba11y optimal for a
relatively'smali K. Alsoi‘asgmentioned, the unfortunate
realization is‘that existing techniqueS’tovproduce a

guaranteed K optimal tour for K of any substantial size,
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say 10, are currently not practical for large problem

" instances. One use of thé hew tedhniqué‘discussed in
this paper, however; woﬁld be to try toﬁimplemeﬁt an
eXhaustive‘K—Opt'algorithﬁ efficiently. Again, this would
be done for a value of K such that an optimal solution
would be likely. The key to this approach lies in
maximizing the'humber'of slide moves and minimizing the
numbef of transitional moves where a new set bf edges are
selected as thé edge cut set. This is an obvious
objective since it is the slide move that yields
efficient results allowing a very large number of
solutiqns to be dismissed by analyzing very few possible
solutions.

An exhaustiveiK—Opt algorithm must consider all
possible sets of K edges»as candidates.to be‘cut. Of
course there are N choose K such sets. The’simplest
~approach, and in fact the éne that is most often used in
pféétice, is to use é lexicographical ordering to
- generate all possible K sets of edges to be cut. The
guestion that arises’, then is how many slide moves
versﬁs transition ﬁoﬁes afe'required by this approach.
Further, the goal is tb»produce an efficient algorithm
that will produce a maximum number of slide moves aﬁd
minimiZevthe number of transitional moves. These are non
trivial problems and réquire additional reéeérch for

acéeptable answers. It is hoped that an algorithm that
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max1mlzes the number of sllde moves can be- comblned w1th:
the technlque dlscussed 1n thlS paper to prov1de for a

‘hlghly effectlve TSP solver

Issues for a Heurlstlc.Based Approach llﬁ

| A heurlstlc approach would 1nvolve some method‘of
‘selectlng the candldate sets of edges to’ be cut |
Fortunately,vmany ex1st1ng algorlthms can be ea81ly
adapted or even used as 1s w1th the edge cut equlvalence
set method A perfect example of thls is the genetlc
‘famlly of algorlthms At ‘some p01nt w1th1n 1ts operatlon,
a genetic-algorithm seeks to takes two ex1st1ng solutlonsd
qﬁand comblne them'ln some-way tO‘produce a new,-hopefully;b
improued solutlon ‘This- generally 1nvolves a heurlstlc
that selects many of the edges from the parents ‘and
passes them on. to the new Chlld Regardless of the actual‘-
heuristic used-’thls w1llvoften result in a Chlld with
some number of m1ss1ng edges That 1s to say the
heurlstlc w1ll generally not create a complete solutlon
Rather, it w1ll create a partlal solutlon us1ng the edgesr

of the parents Some repalr algorlthm must then be

~app11ed to thlS partlal solutlon 1n order to flll in the‘
“ m1ss1ng edges and produce a- complete solutlon ThlS,'Of.
course, is the perfect opportunlty to utlllze the edge
cut equlvalence set technlque 1ntroduced in thlS paper

Since the genetlc crossover~heur;st1csyfor the‘TSP_often
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: yield.partial'solutions,lthe‘new technique can be used to
fill‘in-thefmissing edges ~This is cons1stent w1th the
general goal of the genetlc algorlthm which is tov
.gcapltallze on the strengths of the parents whlle
attemptlng to flnd some 1mprovement in the chlld

~ Other general heurlstlcs can also be adapted to be
Anused w1th the new technlque In ant colony algorlthms for,
”the TSP,:for example, a number of ants are dlstrlbuted
throughoutvthe.graph and each ant.searches for,a
"solution After each iterationj'the‘best ants deposit
pheromone to thelr edges maklng them attractlve to antsm
in future 1terat;ons While s1mllar to genetlcs 1n
general theme,‘ant”systems‘dlffer 1n the1r | |
implementation.;At noctime, doesbthe‘algorithm produceka~”
partial SOlution‘*buring'each iteration;bthe antsveaCh;
produce a complete solutlon maklng an addltlonal step
necessary to’ utlllze the edge cut equlvalence set
technlque. In‘practrce, however,van‘extra_step lS‘Ofteﬁ
"taken With ant'systems as-those'lmplementations that
report good results utlllze a local optlmlzer in the form»”

iof 2wopt, 3 opt or LK In.llkew1se fashlon, the edge cut

equlvalence set technlque can be used in comblnatlon w1thj S

an ant. colony algorlthm for the TSP,MThe local optlmlzer
‘is s1mply replaced w1th an: edge cut equlvalence set
.routlne Thus,‘the general heurlstlc approach should

offer excellent prospects for future research s1nce some
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existing heuristics can be used almost as is while others

can be used with minor adaptations as discussed.
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CHAPTER FOUR
Reference Notes
This chapter gives»a brief exposition of the key

references as they relate to this topic. This should
prove useful information for guiding future research
related to the new techniques discussed in this paper. By
annotating the material which led to the creation of the
edge cut equivalence set method, we hope to focus future
research on the references that are most applicable for

meeting the research objective.

General Combinatorial Algorithms

As a general introduction to combinatorial
algorithms, [li] "Combinatorial Algorithms", gives much
useful information. Its division of the subject into
three main sections gehération, enumeration and search
provides for an excellent framework for studying the
subject. While it's direét focus on the TSP is limited,
it does briefly discuss the two-opt edge swapping
technique which is fundameﬁtal to the techniques in this
paper. In addition, its overall discussion of
combinatorial search provides useful background
information for pursuing topics such as the TSP.

For mathematical concepts related to computing and
combinatorial algorithms, [9] "Concrete Math", is

recommended. This text provides an excellent mathematical
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foundation for working with combinatorial algorithms. Of
particular interest and directly related to future
directions involved with this paper, are the chapters
related to recurrence relations. As mentioned, finding
closed forms for the growth rates of the edge cut
equivalence sets would be very useful. The techniques in
this reference could prove useful in finding such closed

forms.

The Traveling Salesman Problem

[2] "Finding Tours in the TSP" and [10] "The
Traveling Salesman Problem: A Case Study in Local
Optimization" are two excellent references for the TSP
and prevailing solutions. Both papers discuss edge
swapping and general heuristics and add support to the
viewpoint presented in this paper that some type of edge
swapping as a local optimizer is a key factor in making
general heuristics perform well. In particular, [2] gives
an excellent discussion of Lin-Kernighan. The LK
algorithm is beautifully simple when properly presented
and [2] offers perhaps the clearest explanation of the
algorithm. Theoretical analysis is rarely provided with
research on the TSP. In [10], however, a brief discussion
of theoretical complexity of the TSP is given. Also

provided is a good discussion of the very important Held-
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[Karp lower bound Wthh 1s often used as a performance key,r

”v.when the optlmal tour 1ength is unknown

As a source of addltlonal references on the TSP

";[13] the TSPBlb prov1des an up to date categorlzed

-'collectlon of TSP related ref*rences i

fhe TSPBlb proved

‘1nvaluable as a: tlme saver 1n searchlng for reference N
materlal related to partlcular areas of 1nterest durlng :

the completlon of thlS thes1s

Edge Swapplng
Edge swapplngbls dlscussed heav11y 1n most of the
references but [10], prov1des the mostscomprehens1ve:
.Coverage,,In‘addltlon to'g1v1ng‘a SOlld explanatlon of 2—.f
'Nopt'and:3~opt they are dlscussed 1n suff1c1ent detall to'ﬂ’
‘famlllarlze the reader w1th thelr 1nner worklngs |
Theoretlcal and experlmental results are prov1ded as. well‘:

- as a dlscu881on on technlques for 1mprov1ng 2- opt and 3—

%.opt performance, A dlscuss1on is. prov1ded of technlques

: that reduce the number of comparlsons requlred by us1ng‘
nearest nelghbor technlques and so. called don‘t 1ook‘
"blts ThlS ‘is of partlcular 1nterest s1nce 1t bears the
dsame goal as edge cut equlvalence sets ‘Its approach
"however 1s qulte dlfferent as 1t does not guarantee to
cons1der all pOSSlble tour reconstructlons, as ‘is the

case w1th edge cut equlvalence sets



APPENDIX: TABLES AND FIGURES

Figure 1: The Importancé of Edge Swapping

General Hueristic

- Genitics :
- Simulated Annealing

- Ant Colonies Most successful TSP

implementations utilize some
\L sort of edge-gswapping within

them. Dften, a general heuristic
iz used to pass off intial
solutions to the edge-swapper
which iz often referred to az a
local optimizer or hill climber.

Edge Swapping
<20pt -
-3 0pt
- Lin Kernighan

Figure 2: A Simple 2-Opt Move

A B A B
Begining of a 2-opt move, 2 Edges The 2-0pt reconstruction. There is
have been cut from the tour. ohly 1 way to reconstruct a tour.
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Figure 3: 2-Opt C++ Code

bool CTSPSolution: :TwoOpt ()
{
int iTemp;
bool bImproved=false;
int x1,x2,y1l,y2; //these are the positions
int al,a2,bl,b2; //these are the vertices
restart:
int iGain=1; //set to 1 to get started
while (iGain>0)

{
for (x1=0;xXx1l<iDimension-2;xX1++)
{
Y1l=x1+1;
al=aiSolution[x1];
bl=aiSolutionl[y1];
for (x2=y1l+1;x2<iDimension-1;x2++)
{
y2=x2+1;
a2=aiSolution [x2];
b2=aiSolution[y2];
iGain=* (tspData->aiEdgeWeight+iDimension*al+bl) +
* (tspData->aiEdgeWeight + iDimension*a2+b2)
-* (tspData->aiEdgeWeight + iDimension*al+a2)
-* (tspData->aiEdgeWeight + iDimension*bl+b2) ;

if (iGain>0)
{
//we have a gain, make the move and start over
//to see if there are any new 2-opt moves
//possible
//to make the move, we reverse the tour from yl
/ /%2
bImproved=true;
while (yl<x2)
{
iTemp=aiSolution[y1l];
aiSolution[yl] =aiSolution [x2];
aiSolution[x2]=iTemp;

}
iCost-=1iGain;
goto restart;

}
}

}
}

return bImproved;
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‘Figure 4: 3-Opt Tour Reconstruction

& &
VAW

Four tour reconstructions under 3-Opt

Figure 5: An Edge Cut Equivalence Set

D C

An edge cut equivalence set EC(A,B.C.D] is the subset of all reconstrctions such that edge A:C and
edge B:D are both in the reconstruction. We do not care about the reconnections in the remaining part
of the reconstiuction. |n this example, we have 7 edges being cut. There 46,079 ways to reconstruct
the tour. We partition these 46,079 solutions into edge cut equivalance sets with repect to A:B by

creating an edge cut equivalence set for all possible values of C and D. In the case of 7 cuts, this wil
result in 111 edge cut equivalence sets.
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" Figure 7: The Slide Move

A slide move from A:B to A":B' ‘
results in edges A:C and B:D being
replaced with edges A":C, B-D

Table 1: Number of K-Opt Reconstructions

LK = it Number of oo
Number of: . -~ Reconstructions

Edges Cut ~ = ' Possible - "

7

47

383

3,839
46,079
645,119
10,321,919
185,794,559

|o|w|m|Jglo|un|n|w
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Table 2: Number of K-Opt Edge

Cut Equivalence Sets

3 7 7
4 47 21
5 383 43
6 3,839 73
7 46,079 111
8 645,119 157
9 10,321,919 211
10 185,794,559 273

Table 3: Number of Solutions Per Analysis

~ - Number:of .
olutions Per
.each Analysi

3 7 7. 1
4 47 21 2
5 383 43 5
6 3,839 73 53
7 46,079 111 415
8 645,119 157 4,109
9 10,321,919 211 48,919
10 185,794,559 273 680,567
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" Table 4: Percent Improvement Using Edge Cut Sets

K = Number of  Number of Number of Percent.

Number ~Reconstru ' Edge Cut*ﬁ}Solutions Improvement

“"of 7 ctions =~ Equivalence - Per each ‘ w

Edges | Possible . - Sets. . Analysis

Cut - Bl . -~
3 7 ’ 7 1| 0.000
4 47 21 2 55.319
5 383 43 _ 5 88.773
6 3,839 73 53 98.099
7 46,079 | 111 415 99.759
8 645,119 157 4,109 99.976
9 10,321,919 211 48,919 99.998
, 10

185,794,559 273 680,567 99.999

Table 5: Empirical Results ‘
Optimum: thout Sets

dios 15,780 19,252 17,728

(346 seconds) (353 seconds)
(194
Improvements by
Sets)
des57 48,912 149,831 107,635
(346 seconds) (359 seconds)
(483
improvements by
- sets)
dl291 50,801 383,704 307,418
(349 seconds) '(370 seconds)
_ , 524 via sets
d1655 62,128 549,857 455,987
(350 seconds) (375 seconds)
507 via sets
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