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ABSTRACT

In this thesis we have discovered homomorphic images of several progen-
itors such as 3*30:(23:(3:7), 3*14:(23:(3:7)), 5*24 : S5, 2*10: (10 : 2), 524 : (45 : 2),
and 11*12 :,,, Ly(11). We give isomorphism types of each image that we have found.
We then create a monomial representation of Lo(11) by lifting 5:11 onto it.

We manually perform Double Coset Enumeration of 3:(2x.S5) over Dys
to create its Cayley graph. This is achieved by solving many word problems. The
Cayley graph is used to find a permutation representation of 3:(2xS5). We also
perform Double Coset Enumeration S3 x As over 15:2 and 10:2, where 15:2 is a
maximal subgroup containing 10:2.

Finally, a code based algorithm is included that solves all of the word
problems used to perform Double Coset Enumeration of L9(25) over S5:2 and

Double Coset Enumeration of (A5)2:2 over As:2.
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Introduction

In group theory it is often necessary to prove that a finite image of a
progenitor is isomorphic to a permutation group. To do this we perform double
coset enumeration of the image over a transitive subgroup. However, this process
requires solving many right coset relations between words, which is a formidable
task. It is very difficult to determine whether a given word is the identity. In
the area of combinatorial group theory, the word problem for a finitely generated
group G is the algorithmic problem of deciding whether two words in the generators
represent the same element. There does not exist an algorithm to give relations
between words for an arbitrary finitely generated group [Coll86]. However, there
do exist algorithms to establish relationships between all words of some types of
groups [Kharl3]. We have given an original algorithm, to give all relations between
all words, for a large number of groups.

Our constructions of the homomorphic images of the progenitors that we
have presented in this thesis are based on our technique of manual double coset

enumeration. We provide a background to this below.

Symmetric Generation



A progenitor is the semi-direct product m*™ : N, where m*" represents
a free product of n copies of the cyclic group Z,,, m being the order of ¢;, and
N is a group of automorphisms of m*™ which permutes the n cyclic subgroups by
conjugation. Thus, for n € N, we have t}' = t;, where r is an integer coprime
to m. When m = 2, N acts by conjugation as permutations of the n involutory
symmetric generators. Now, the above elements of N can be gathered on the left,
every element of the progenitor can be represented as nw, where n € N and w is a
word in the symmetric generators. Thus any additional relation by which we must

factor the progenitor to obtain a finite image G must have the form nw(t1, ta, .., t,),

where n € N and w is a word in T = {ty,ta,...,t,}. The group % may
be identified.
Double Coset Enumeration
Assume G = —mN__ - The double coset NwN is given by NwN =

NIWL,..,NsWs *

{Nwn|n € N} = {Nnn"lwn

ne N} ={neN:Nw"= Nw}, where w is a word
in the symmetric generator. Since G is finite, G may be decomposed as a union of
double cosets G = UleNwiN.

Define N* = Cn(t;); NY = Cn((ti,t;)), etc., single point and two point
stabilizers in N respectively. The coset stabilizing subgroup, N), of N is given
by, NW) = {n € N|Nwn = Nw} = {n € N|Nnn~'wn} = {n € N|Nuw" = Nw},
where w is a word in the symmetric generators. Clearly N* < N(®)

In order to obtain the index of N in G we shall perform a manual double
coset enumeration on G over N; thus we must find all of the double cosets [w]
and work out how many single cosets each of them contains. We shall know that

we have completed the double coset enumeration when the set of right cosets



obtained is closed under right multiplication. Moreover, the completion test above
is best performed by obtaining the orbits of N(®) on the symmetric generators.
We need only identify, for each [w], the double coset to which Nwt; belongs for
one symmetric generator t; from each orbit.

Finding isomorphism types serves two purposes in this thesis, first it helps
to classify the groups, and secondly it is a necessary step in the construction of
finite images of progenitors. In we find the isomorphism type of several
transitive groups in order to classify them. In[chapter 3| we find isomorphism types
of the permutation groups used to construct the progenitors. In order to start the
process, a transitive group N generated by a set of permutations on the set X = {

1,2, ... n } is required, where n is a natural number.

In |chapter 4] and |chapter 5| we solve numerous word problems in order to

perform double coset enumeration on 3:(2xS5) over Dija, La(5) over S5, S3xAs
over 15:2 and 10:2, and (A5)%:2 over As:2.

In we assign a numeric label in order to find isomorphic per-
mutations to the generators of the group G. To achieve this, every right coset will
be multiplied by the generators of the group N. These products must be proven
to be one of the right cosets in order to assign it a label. The mapping of the
labeling of cosets to the labeling of the products is a permutation corresponding
to the generator. To prove that the image is isomorphic to a permutation group,
the mapping of the relations to elements of the permutation group must be shown
to have equivalent properties to the relations of the image.

Finally, in we explore an algorithm that can be used to solve

double coset enumeration relation word problems. This algorithm is used to prove



all word problems for Ls(5) over S5, (A5)%:2 over A5 : 2. A MAGMA implemen-
tation of the algorithm can be found in



Chapter 1

Isomorphic Types

1.1 Definitions and Theorems

Definition 1.1. Definition 1.1.4. (Semigroup) A semigroup (G,x*) is a

nonempty set G equipped with an associative operation . [Rot95]

Definition 1.2. Definition 1.1.6. (Group). A group is a semigroup G con-
taining an element e such that
(i)exa=a=axeforallaec G

(ii) for every a € G, there is an element b € G with a *b = e = b x a. [Rot95]

Definition 1.3. A subgroup K < G is a normal subgroup,denoted by k < G, if
gKg' = K for every g € G. [Rot95]

Definition 1.4. Definition 1.1.7. (Order) If G is a group, then the order of



G, dentoted |G|, is the number of elements in G. [Rot95]

Definition 1.5. Definition 1.1.5. (Symmetric Group) The symmetric group,
denoted S,, or S is the set of all permutations of the nonempty set X = {1,2,...,n}.

Sy is a group of order n! on n letters. [Rot95]

Definition 1.1.31. (semi-direct product) A group G is a semi-direct prod-
uct of K by @, denoted by G = K:Q, if K < G and K has a complement (W= Q.

One also says that G splits over K. [Rot95]

Definition 1.1.29. (direct product) If H and K are groups, then their direct
product, denoted by H x K, is the group with elements all ordered pairs (h,k),
where h € H and k € K, and with the operation (h,k)(h’,k’)=(hh’,kk’). [Rot95]

Definition 1.1.8. (Free Group) If X is a subset of a group F, then F is a free
group with basis X if, for every group G and every function f : X — G, there

exists a unique homomorphism ¢ : F' — G extending f. [Rot95]

Definition 1.6. Let F be a field and G group. Then a presentation or G is a

homomorphism p : G — GL(n, F) for some integer n. [Isaa76]

Definition 1.1.1. (Permutation) If X is a nonempty set, a permutation is

the bijective mapping o : X — X. [Rot95]



Definition 1.1.19. (homomorphism) Let (G,*) and (H,0) be groups. A func-

tion f:G— is a homomorphism if, for all a, b € G, f(a*b) = f(a) o f(b). [Rot95]

Definition 1.1.20. An isomorphism is a homomorphism that is also a bijection.
We say that G is isomorphic to H, denoted G = H, if there exists an isomorphism

f:G — H. [Rot95]

Theorem 1.7. Theorem 1.1.25. (Third Isomorphism Theorem) Let K<XH<G,
where both K and H are normal subgroups of G. Then H/K is a normal subgroup
of G/K and (G/K)(H/K) = G/H. [Rot95]

1.2 46:11

Notation: if x is a word in a presentation of a group and the corresponding
permutation is xx then we express this by writing x ~ xx.

Given a group N, we demonstrate our method of finding the isomorphism
type of N. We give the following example to illustrate the process.

Let N = (x,y), where x = (1, 20, 9, 35, 42, 8, 32, 33, 38, 46, 15)(2, 19,
10, 36, 41, 7, 31, 34, 37, 45, 16)(3, 23, 18, 5, 27, 25, 22, 13, 43, 11, 40)(4, 24, 17,
6, 28, 26, 21, 14, 44, 12, 39) and y = (1, 36, 4, 25, 8, 5, 15, 11, 32, 23, 17, 2, 35,
3,26, 7,6, 16, 12, 31, 24, 18)(9, 41, 20, 37, 39, 30, 33, 13, 21, 27, 44, 10, 42, 19,
38, 40, 29, 34, 14, 22, 28, 43)(45, 46). We note that N < Syg. It is given that |N|



= 506.

We use MAGMA to compute the normal lattice of N and summarize the
information in the following diagram in which every group is a normal subgroup
of all the groups that it is connected by one or more upward lines. Each vertex of

the diagram is labeled by the order of the normal subgroup.

|N| =506

[ |NL5 | =253 ) INL4| = 46

INL3| =23 [NL2| =2

Figure 1.1: Normal Lattice Diagram N.

We will follow the following path to arrive at the isomorphism class.

|N| =506

INL4| = 46
l
1]

Figure 1.2: Relevant Path of N.

We use MAGMA to see that the largest normal subgroup of N is NL4 =



(a), where a = (1, 37, 28, 18, 8, 43, 33, 23, 14, 3, 39, 30, 20, 10, 46, 36, 26, 16, 6,
41, 32, 22, 12, 2, 38, 27, 17, 7, 44, 34, 24, 13, 4, 40, 29, 19, 9, 45, 35, 25, 15, 5, 42,
31, 21, 11). Thus, NL4 2 46 since |a| = 46.

Let Q =2 N/NL4. N cannot be the direct product of NL4 and Q since N
has no normal subgroup of order 11, which means N is a semi-direct product of 46
by Q. Now Q = N/NL4 and MAGMA gives us N/NL4 = {NL4b}, where b = (1,
20, 9, 35, 42, 8, 32, 33, 38, 46, 15)(2, 19, 10, 36, 41, 7, 31, 34, 37, 45, 16)(3, 23, 18,
5, 27, 25, 22, 13, 43, 11, 40)(4, 24, 17, 6, 28, 26, 21, 14, 44, 12, 39). Thus Q = 11.
Since Q 22 11 and NL4 2 46, we find the action 46 on 11 is a® = a®®. We verify

in MAGMA that (a,b|a?0,b'!,a® = a?°). Thus N = 46:11. Please see
for the MAGMA code.

1.3 (46:11):2

Given a group N, we demonstrate our method of finding the isomorphism
type of N. We give another example to illustrate the process.

Let N = (z,y), where x = (1, 42, 46, 28, 40, 32, 21, 44, 13, 34, 35, 4, 9,
6, 24, 11, 19, 30, 7, 38, 17, 15)(2, 41, 45, 27, 39, 31, 22, 43, 14, 33, 36, 3, 10, 5, 23,
12, 20, 29, 8, 37, 18, 16)(25, 26) and y = (1, 39, 21, 15, 13, 44, 7, 42, 37, 6, 25, 2,
40, 22, 16, 14, 43, 8, 41, 38, 5, 26)(3, 10, 12, 28, 17, 30, 33, 20, 46, 23, 31, 4, 9, 11,
27, 18, 29, 34, 19, 45, 24, 32)(35, 36). We note that N < Sgs. It is given that |N|
= 1012.

We use MAGMA to compute the normal lattice of N and summarize the
information in the following diagram in which each group is a normal subgroup of

all the groups that is connected by one or more upward lines. Each vertex of the



10

diagram are labeled by the order of the normal subgroup.

IN|=1012

|NL11 | = 506 | NL10 | = 506 - | NL9 | = 506

INL7 | = 253 |NL6 | = 46

[NL8 | = 92

Figure 1.3: Normal Lattice Diagram of N.

We will follow the following path to arrive at the isomorphism class.

[IN|=1012 ]
|

[ INL10] =506 |
|

|NL4 | =46

Figure 1.4: Relevant Path of 46:(11:2).

We use MAGMA to see that NL10 is isomorphic to the group in the

previous section. MAGMA gives us NL10 = (a,b), where a = (1, 32, 16, 45, 29,
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14, 43, 28, 12, 42, 25, 10, 40, 23, 7, 38, 21, 6, 35, 20, 3, 34, 17, 2, 31, 15, 46, 30, 13,
44,27, 11, 41, 26, 9, 39, 24, 8, 37, 22, 5, 36, 19, 4, 33, 18) and b = (3, 5, 9, 17, 33,
19, 37, 27, 7, 13, 25)(4, 6, 10, 18, 34, 20, 38, 28, 8, 14, 26)(11, 22, 42, 36, 23, 45,
44, 39, 32, 15, 30)(12, 21, 41, 35, 24, 46, 43, 40, 31, 16, 29). Thus NL10 = 46:11.

Let Q = N/NLI10 = 2. N cannot be the direct product of NL10 and any
other subgroup since N has no normal subgroup of order 2 outside of NL10. This
means N is a semi-direct product of 2 and Q. Q = N/NL10 and MAGMA gives us
N/NL10 = {NL10c}, where ¢ = (1, 42, 46, 28, 40, 32, 21, 44, 13, 34, 35, 4, 9, 6,
24,11, 19, 30, 7, 38, 17, 15)(2, 41, 45, 27, 39, 31, 22, 43, 14, 33, 36, 3, 10, 5, 23, 12,
20, 29, 8, 37, 18, 16)(25, 26). Using MAGMA we confirm Q = 2. Since Q = 2 and
NL10 22 46:11, we find the action of a® = a*® and the action b¢ = a36b. We verify in
MAGMA that the presentation of N = (a6, b1, a® = a2, %, a® = a*®,b¢ = a®%b).

Thus N = (23 : 2):11. Please see for the MAGMA proof.
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Chapter 2

A Degree 12 Monomial

Representation of Ly(11)

2.1 Definition and Theorems

Definition 2.1. The set of all invertible n x n matrices with entries in field F,
under matriz multiplication, forms a group. This group is called the general linear

group of degree n over F, and is denoted by GL(n, F). [Jame01]

Definition 2.2. Let p be a prime number. SL (2, p) the set of all 2 x 2 matri-
ces M with entries in Z, such that det(M) = 1. Then SL(2, p) is a group under
matriz multiplication, and is called the 2-dimensional special linear group over Zy.

[Jame01]

Definition 2.3. The factor group SL(2, p)/Center(SL(2, p)) is called the 2-
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dimensional projective special linear group, and is written as PSL(2, p) or La(p).

[Jame01]

Definition 2.4. If X is a set and G is a group, then X is a G-set if there is a
function a: Gx X — X (called an action), denoted by a: (g, z) — gz, such
that:

(i) 1z = x for all x € X; and

(ii) g(hz) = (gh)z for all g, h € G and x € X. [Rot95]

Definition 2.5. G acts on X, if | X| = n, then n is called the degree of the G-set

X. [Rot95]

Definition 2.6. If X is a G-set and z € X, then the G-orbit of x is Gx = {gx :

g€ G} C X. [Rot95]

Definition 2.7. A G-set X is transitive if it has only one orbit; that is for every

x, y € X, there exists 0 € G with y = ox. [Rot95]

Definition 2.8. A representation of G over field F is a homomorphism p from G

to GL(n, F), for some p. The degree of p is the integer n.

Definition 2.9. Let p be an representation of G. Then the character x of afforded
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by p is the function given by x(g) = tr (p(g)), where tr is the trace. [Isaa76]

Theorem 2.10. Theorem 1.1.13. The number of irreducible characters of G is

equal to the number of conjugacy classes of G. [Led77]

Definition 2.11. Definition 1.1.14. (Degree of a Character) The sum of
squares of the degrees of the distinct irreducible characters of G is equal to |G|.
The degree of a character x is x(1). Note that a character whose degree is 1 is

called a linear character.[Led77]

Definition 2.12. Definition 1.1.15. (Lifting Process) Let N be a normal
subgroup of G and suppose that Ag(Nx) is a representation of degree m of the
group G/N. Then A(z) = Ag(Nz) defines a representation of G/N lifted from
G/N. If po(Nz) is a character of Ag(Nz), then ¢(x) = po(Nx) is the lifted char-
acter of A(z). Also, if u € N, then A(u) = Im,p(u) = m = p(1). The lifting

process preserves irreducibility.[Led77]

Definition 2.13. Definition 1.1.16. (Induced Character) The character of
A(x), which is called the induced character of ¢, will be dentoted by ¢©. Thus,

% = trA(x) = Y0, o(tixt; 7). [Led77]

Definition 2.14. Let n be a positive integer, and denote by C the set of all com-

plex numbers. The set of nth roots of unity in C, with the usual multiplication of
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complex numbers, is a group of order n. It is written as C,, and is called the cyclic

group of order n. [Jame01]

Definition 2.15. Definition 1.1.10. (Progenitor) A progenitor is a semi-
direct product of the following form: P~ 2*:N = {7w | 7 € N, and w is a word
in the ¢;}, where 2*™ denotes a free product of n copies of a cyclic group of order 2
generated by involutions ¢; for i=1,...,n; and N is a transitive permutation group
of degree n which acts on the free product by permuting the involutory generators.

[Curt96]

2.2  Induction of 5:11 Onto L2(11)

Let G = ( (3, 7,09, 4, 5)(6, 8, 12, 10, 11), (1, 8, 2)(3, 4, 7)(5, 12, 11)(6,
9, 10)). MAGMA gives us that the order of G = 660 and G is isomorphic La(11).
Let x = (3, 7,9, 4, 5)(6, 8, 12, 10, 11) and y = (1, 8, 2)(3, 4, 7)(5, 12, 11).

Given that G has a faithful character x of degree 12. In the table below

z5 is a primitive 5th root of unity.

Class Rep-

1\3 2 22 1 2
resentative | TG Gy y o yx (yx%) yx| xy | (yx)
size 1 55 110 | 132 132 110 | 60 | 60
X 12 |0 0 | —2z2—22-1|-22—22-1/0 |1 |1

Table 2.1: The Classes of G.
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We need to find a subgroup, H, of G with index 12. If we can find
a character of H that induces to x then we can construct a faithful irreducible
monomial representation of G.

Let H = ( z, w ), where z = (1, 4, 3, 10, 8)(2, 7, 5, 12, 11) and w = (1,
2,12, 11,3, 7,6, 4,5, 8,10). Given ( z ) is normal in H and ( w ) is normal in H,
We have H = ( z ):( w ); that is, H = 5:11.

We want to induce the following character of H up to G:

Class Representative | Id(H)| =z 2 |2 |2 | w w2
Size 1 11 11 11 11 ) )
X2 1 7z5 Z52 Z53 Z54 1 1

Table 2.2: The Character xo of 5:11.

Definition 2.16. (Formula for Induced Character) Let G be a finite group
and H be a subgroup such that [G : H = |G|/|H] =n. Let Co, « =1, 2, . . . m
be the conjugacy classes of G with |Cy| = ha. Let ¢ be a character of H and ¢ be
the character of G induced from the character ¢ of H up to G. The values of ¢©
on the m classes of G are given by:
HKa)=5 D =)
wECNH
In our case n = 660/55 = 12 and ¢ = x2. The conjugacy class of G are

as follows:
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Class

Repre- Id(G) | (xy')? |y yx? (yx2)? | yxt | xy (yx)?
sentative

size 1 55 110 132 132 110 60 60

Table 2.3: The Conjugacy Classes of La(11).

We will use MAGMA to look up the elements of the group and of the
conjugacy classes.

CiNH={id(H) } = x2(Id(H)) =1 = ¢{ =12/1(1) = 12.

CyNH={} = ¢5 =0, where {} is the empty set.

CGGNH={} = ¢ =0.

CyNH={(1,75,2,10)(3, 11, 8, 6, 12), (1, 12, 2, 4, 3)(5, 8, 11, 6, 10),
(1,10, 2, 5, 7)(3, 12, 6, 8, 11), (1, 6, 7, 4, 11)(2, 3, 8, 10, 5), (1, 8, 12, 7, 10)(2, 4,
6, 5,3), (1, 12, 8, 6, 2)(3, 7, 11, 4, 10), (1, 11, 4, 7, 6)(2, 5, 10, 8, 3), (1, 2, 6, 8,
12)(3, 10, 4, 11, 7), (1, 5, 11, 12, 3)(2, 6, 4, 7, 8), (1, 3, 12, 11, 5)(2, 8, 7, 4, 6), (1,
3,4, 2,12)(5, 10, 6, 11, 8), (1, 5, 3, 6, 7)(2, 12, 4, 10, 11), (1, 4, 8, 5, 11)(3, 7, 10,
12, 6), (1, 7, 6, 3, 5)(2, 11, 10, 4, 12), (1, 6, 11, 10, 2)(4, 5, 12, 7, 8), (1, 10, 7, 12,
8)(2, 3,5, 6,4), (1,11, 5, 8, 4)(3, 6, 12, 10, 7), (1, 8, 10, 3, 4)(2, 11, 12, 5, 7), (2,
7,11, 3, 8)(4, 12, 10, 6, 5), (1, 2, 10, 11, 6)(4, 8, 7, 12, 5), (2, 8, 3, 11, 7)(4, 5, 6,
10, 12),(1, 4, 3, 10, 8)(2, 7, 5, 12, 11) } = ¢§ = (12/132)(x2((1, 7, 5, 2, 10)(3,
11, 8, 6, 12)) + x2((1, 12, 2, 4, 3)(5, 8, 11, 6, 10))+ x2((1, 10, 2, 5, 7)(3, 12, 6,
8, 11)) +x2((1, 6, 7, 4, 11)(2, 3, 8, 10, 5)) + x2((1, 8, 12, 7, 10)(2, 4, 6, 5, 3)) +
x2((1, 12, 8, 6, 2)(3, 7, 11, 4, 10)) + x2((1, 11, 4, 7, 6)(2, 5, 10, 8, 3)) + x2((1, 2,
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6, 8, 12)(3, 10, 4, 11, 7)) + x2((1, 5, 11, 12, 3)(2, 6, 4, 7, 8)) + x2((1, 3, 12, 11,
5)(2, 8, 7, 4, 6)) + x2((1, 3, 4, 2, 12)(5, 10, 6, 11, 8)) + x2((1, 5, 3, 6, 7)(2, 12, 4,
10, 11)) + x2((1, 4, 8, 5, 11)(3, 7, 10, 12, 6) + x2((1, 7, 6, 3, 5)(2, 11, 10, 4, 12))
+ x2((1, 6, 11, 10, 2)(4, 5, 12, 7, 8)) + x2((1, 10, 7, 12, 8)(2, 3, 5, 6, 4),) + x2((1,
11, 5, 8, 4)(3, 6, 12, 10, 7)) + x2((1, 8, 10, 3, 4)(2, 11, 12, 5, 7)) + x2((2, 7, 11, 3,
8)(4, 12, 10, 6, 5)) + x2((1, 2, 10, 11, 6)(4, 8, 7, 12, 5)) + x2((2, 8, 3, 11, 7)(4, 5,
6, 10, 12)) + x2((1, 4, 3, 10, 8)(2, 7, 5, 12, 11))) = (12/132)( z5* + z5* + 25 +
75 475 + 75 + 25t 425t + 25 + 25t 4 25 + 25 + 25t + 25 + 25t + 25t 4 25 +
75t 4 25t 4 25t + 25t + 25t ) = (12/132)(11) (253 - 252 - 1) = -25° - 252 - 1.

Cs NH=1{(1,11, 2, 6, 10)(4, 12, 8, 5, 7), (1, 4, 12, 3, 2)(5, 6, 8, 10,
11), (1, 5, 10, 7, 2)(3, 8, 12, 11, 6), (1, 2, 7, 10, 5)(3, 6, 11, 12, 8), (1, 8, 2, 12,
6)(3, 11, 10, 7, 4), (1, 6, 5, 7, 3)(2, 10, 12, 11, 4), (1, 10, 6, 2, 11)(4, 7, 5, 8, 12),
(1,2, 3, 12, 4)(5, 11, 10, 8, 6), (1, 6, 12, 2, 8)(3, 4, 7, 10, 11), (1, 7, 8, 10, 12)(2,
5,4, 3,6), (1,5, 4, 11, 8)(3, 12, 7, 6, 10), (1, 3, 8, 4, 10)(2, 5, 11, 7, 12), (2, 3, 7,
8, 11)(4, 6, 12, 5, 10), (1, 7, 11, 6, 4)(2, 8, 5, 3, 10), (1, 11, 3, 5, 12)(2, 4, 8, 6, 7),
(2,11, 8,7, 3)(4, 10, 5, 12, 6), (1, 12, 10, 8, 7)(2, 6, 3, 4, 5), (1, 4, 6, 11, 7)(2, 10,
3,5,8), (1, 10, 4, 8, 3)(2, 12, 7, 11, 5), (1, 8, 11, 4, 5)(3, 10, 6, 7, 12), (1, 12, 5, 3,
11)(2, 7, 6, 8,4),(1, 3, 7, 5, 6)(2, 4, 11, 12, 10) = ¢S = (12/132)(x=2((1, 11, 2,
6, 10)(4, 12, 8, 5, 7)) + x2((1, 4, 12, 3, 2)(5, 6, 8, 10, 11)) + x=2((1, 5, 10, 7, 2)(3,
8,12, 11, 6)) + x2((1, 2, 7, 10, 5)(3, 6, 11, 12, 8)) + x2((1, 8, 2, 12, 6)(3, 11, 10,
7,4)) + x2((1, 6, 5, 7, 3)(2, 10, 12, 11, 4)) + x2((1, 10, 6, 2, 11)(4, 7, 5, 8, 12)) +
x2((1, 2, 3, 12, 4)(5, 11, 10, 8, 6)) + x2((1, 6, 12, 2, 8)(3, 4, 7, 10, 11)) + x2((1,
7,8, 10, 12)(2, 5, 4, 3, 6)) + x2((1, 5, 4, 11, 8)(3, 12, 7, 6, 10)) + x2((1, 3, 8, 4,
10)(2, 5, 11, 7, 12)) + x2((2, 3, 7, 8, 11)(4, 6, 12, 5, 10)) + x2((1, 7, 11, 6, 4)(2, 8,



19

5,3,10)) + x2((1, 11, 3, 5, 12)(2, 4, 8, 6, 7)) + x2((2, 11, 8, 7, 3)(4, 10, 5, 12, 6))
+ xa((1, 12, 10, 8, 7)(2, 6, 3, 4, 5)) + x2((1, 4, 6, 11, 7)(2, 10, 3, 5, 8)) + x2((1,
10, 4, 8, 3)(2, 12, 7, 11, 5)) + x=2((1, 8, 11, 4, 5)(3, 10, 6, 7, 12)) + x=2((1, 12, 5,
3,11)(2, 7,6, 8, 4)) +x2((1, 3, 7, 5, 6)(2, 4, 11, 12, 10))) = (12/132)(z5> + 252 +
Z53 + Z52 + 252 + 252 + 252 + Z53 + 253 + 253 + 252 + 252 + 2252 + 252 + 252 +

755 + 7252 + 25° + 255 + 25° + 25° + 253) = (12/132)(11) (25> + 252) = 25> + 25°.
CenNH={} = ¢§=0.

C;NH={(1,12, 3,6, 5, 10, 2, 11, 7, 4, 8), (1, 6, 2, 4, 12, 5, 11, 8, 3,
10, 7), (1, 4, 11, 10, 6, 12, 8, 7, 2, 5, 3), (1, 5, 7, 12, 10, 4, 3, 2, 8, 6, 11), (1, 10,
8, 5,4, 6,7, 3, 11,12, 2)} = 6% = (12/132)(x2((1, 12, 3, 6, 5, 10, 2, 11, 7, 4,
8)) + x2((1, 6, 2, 4, 12, 5, 11, 8, 3, 10, 7)) + x2((1, 4, 11, 10, 6, 12, 8, 7, 2, 5, 3))
+ x2((1, 5, 7,12, 10, 4, 3, 2, 8, 6, 11)) + x2((1, 10, 8, 5, 4, 6, 7, 3, 11, 12, 2))) =
(60/12)(1 +1+141+1)= 1.

Cs NH={(1,212,11,3,7,6, 4, 5,8, 10), (1, 11, 6, 8, 2, 3, 4, 10, 12,
7,5), (1,7, 10, 3,8, 11, 5,12, 4, 2, 6), (1, 3,5, 2, 7, 8, 12, 6, 10, 11, 4), (1, 8, 4,
7,11, 2,10, 5, 6, 3, 12)} = ¢§ = (12/60)(x2((1, 2, 12, 11, 3, 7, 6, 4, 5, 8, 10))
+ x2((1, 11, 6, 8, 2, 3, 4, 10, 12, 7, 5)) + x=2((1, 7, 10, 3, 8, 11, 5, 12, 4, 2, 6)) +
x2((1, 3, 5,2, 7, 8,12, 6, 10, 11, 4)) + x2((1, 8, 4, 7, 11, 2, 10, 5, 6, 3, 12))) =

(12/60)(1 +1+1+1+1) = 1.

The values of character of ¢ are summarized below:
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Class Rep-

resentative (G| Go)?y | v (yx?)? yx xy | (yx)?
size 1 99 110| 132 132 110 | 60 | 60
¢ 12 0 0 =21 —23-22-110 1 |1

Table 2.4: The Induced Character of La(11).

Note that y is the induced character ¢. Since we are able to induce

character x2 of H to obtain character y of G, we can now construct a faithful

monomial representation of G.

2.3 A Monomial Representation of Ly(11).

Given the following ten transversals of H in G:
t; = Id(G),
7,9, 4,

ty = 5)(6, 8, 12, 10, 11),

(3,
ts = (1, 8, 2)(3, 4, 7)(5, 12, 11)(6, 9, 10),
ty = (1,7, 12, 4, 8)(3, 11, 10, 9, 5),
ts = (3,5, 4,9, 7)(6, 11, 10, 12, 8),
= (1, 4)(2, 8)(3, 12)(5, 7)(6, 10)(9, 11),
= (1, 10, 12, 8, 2)(5, 11, 7, 9, 6),
= (3,4,7,5,9)(6, 10, 8, 11, 12),
to = (1, 5,9, 12, 10)(3, 11, 7, 4, 6),
tio = (1, 11,9, 8,2)(3, 7, 4, 5, 6),

tn = (1,5,9,2 8)(4, 12, 11, 10, 6),
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(1, 12, 5, 10, 9)(3, 4, 11, 6, 7).

t12

= .
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010 000 0O O0O0O0 O
000 2200 0 0 0O0O0 0
000 00z 00 000 0
00 0 00 0 2 0 0 0 0
100 00 00 00 0 O
s oAM= 0 0 00 2 0 0 0 0 0
0 0 00 0 0 0 1 0 0
000 010 0 0 0O0O0 0
0022 000 0 0 000 O
000 00O 0 0 2200 0
00 0 00 O0 0 O 0 22 0
000 00O O O OO0 0 22

We need to find a prime p such that Z, has elements of order 5 and 5|(p-
1). This means p—1 = 5k. Now, p = 5k + 1. We find that k = 2 gives the smallest
such p and p = 11. Since 5 is of order 5 in Z1;, we replace z; with 5 and change

the entries in A(x) so that they belong to Z1;.
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We must replace z5 with 5 and change the entries of B(y) so that they

belong to Z1;.
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Since our field of entries is Z11 and the dimension of the entries is 12, the

monomial progenitor is 1112 3, Lo(11).

Since |t;| = 11, each t; has 10 distinct powers, we label the 12 ¢;s and

their powers as follows:



27

label 1 |2 |3 |4 |5 |6 |7 |8 [9 |10 |11 |12
element | t; to t3 tg ts tg t7 tg tg tio | t11 ti9
label 13 |14 |15 |16 |17 |18 |19 |20 |21 |22 |23 |24
element | t12 | to? | t32 | t42 | t52 | te? | t72 | tg? | to? | t10® | t112 | t12
label 25 |26 [27 [28 |29 [30 |31 [32 (33 |34 |35 |36
element | t13 | to3 | t33 | t43 | t53 | t6® | t73 | t&® | to® | t10® | t11® | t1o
label 37 |38 |39 [40 |41 |42 |43 |44 |45 |46 |47 |48
element | t1* | to? | t3* | t4? | t5* | te? | t7* | tg? | to? | tio* | t11? | tio
label 49 |50 |51 |52 |53 |54 |55 |56 |57 |58 |59 |60
element | t1° | to® | t3° | t4® | t5° | te® | t7° | tg® | to® | t10° | t11° | t12
label 61 |62 |63 |64 |65 |66 | 67 |68 |69 |70 71 72
element | t15 | t20 | t36 | t48 | 55 | t6® | t75 | tg® | 9% | t10% | t11% | t1o
label 73 |74 |75 |76 |77 |78 |79 |80 |81 | 81 83 84
element | t17 | to7 | t37 | t47 | t57 | t6” | t77 | tg7 | to” | t10” | t11’ | t12
label 8> | 8 | 87 |88 |89 [ 90 |91 |92 |93 | 94 95 96
element | t18 | 2% | t3% | t48 | t5% | t6® | t7% | ts® | to® | t10® | t11® | t1o
label 97 198 |99 | 100| 101 | 102 | 103 | 104 | 105| 106 | 107 | 108
element | t1° | t2? | t3% | t4° | t5° | t6? | t77 | tg? | to? | t10” | t11? | t12°
label 109| 110 | 111 | 112| 113 | 114 | 115| 116 | 117| 118 | 119 | 120
element | t110] to10] t510] £410] t510| t510| 10| £510| tg10] t1010| t1,10] £3910

Table 2.5: Labeling of 120 ¢;s on Which La(11) Acts.
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The matrices of Ly(11) act as monomial automorphisms on the 120 letters
(t;s) given above. The monomial action is given by: a; j =b <= t; — t?. We now
want to compute the permutation representation of the monomial representation
of Ly(11) to give a symmetric presentation of the monomial progenitor 11*12 :,,
Lo(11).

From the 1st row of matrix A(x) we get a2 = 1, which leads to all of

the following:

2=t)>2=t = 13- 14
=) =t = 2526
tf= ) =t3 = 37— 38
= (t)> =15 = 49 — 50
t0 =) =1 = 61— 62
=)=t = 71374
=) =18 = 85— 86
t)=()? =t = 97— 98

2=(})? =18 = 14 > 88
=@ =tP=t] = 264
ty =Dt =tf =t = 38 =52
5=’ =t =t] = 50— 100



5=} =t# =12 = 62— 16
=) =t¥ =t = 7464
8= (t1)® =t? =t} = 86 — 112
9= (t3)? =t3° =t — 98 — 28
) =P =t =t] = 11076

aze =4 =

ty=ts = 3 —42

2= (t)? =18 = 15— 90
th=(tg)* =t§> =t§ = 271 —6
=)=t =12 = 39— 54
t3 = (tg)° =13 =t = 51 — 102
=)l =t =t = 6318
t5 = (tg)" = tg° = t§ = 7566
th=(te)® =t =t"> = 87— 114
=)’ =t =1 = 99— 30
0 =)0 =t =tf = 11178

ta=1t3 = 4— 32

t2=(3)? =15 = 16 — 68

th=(t3)3 = tg_t9 = 28 — 104
=)=t =t§ = 40—38
=) =t =tg = 52— 44
=) =t =t = 64280
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=)=t =t’ = 76— 116
=) =t=12 = 8820
t]= ()" =t =t = 100 — 56
=)=t =1 = 112592
as1 =1 =

ts=tf = 5 =1

2=t)2 =t} = 1713
t2=t)>=t = 2925
ti=(Ht=t] = 41 - 37
t2=(t)°=t] = 53— 49
8=t =ty = 65— 61
th=tHT=t] = 77T —>173
=)=t} = 8985
=)=t = 101 — 97

10 = ()10 =¢" = 113 — 109

t2=1) =t = 18— 67
=) =) = 30— 103
te=E) =t =t = 427
=P =t =t = 54— 43
=)0 =t =t = 66— 79
=)=t =t = 785115

30
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=)=t =12 = 90— 19

=)0 =0 =8 — 11491

ari0=1 =

tr=tly = 710

8= (Wt =ty — 1922
B=(t) =t = 3134
th= (th)1 =1, = 43 — 46
5= (t3))° =13, = 55— 58
tS= () =1t = 6710
th=(ti)" =t], = 79— 82
8= (th)8 =8, — 91— 94
t2 = (t,)? =), = 103 — 106

t2:(t},)2=t52, = 20 — 17
tg = (t3)° =18 = 32— 29
ta= () =t = 44— 41
t3=(t})> =12 = 56 — 53
8=t =18 — 68 — 65
th=()"=tf = 80— 77
3= (1) =18 = 9289



2= ()" =t = 104 — 101

tg) = ()"0 =1 = 116 — 113

ag.3 =3 =

to=13 = 9—27

t2=8)*=t = 2163
ts=(3)3 =t = 33— 99
tes=(Hr=t? = t3 — 45— 3
ty=(83)° =t =t3 = 57— 39
=)=t =t] = 69— 75
th=)"=t3'=tY = 81111
=8P =t3"=13 = 93— 15
=)=t =1 = 10551
0 =)=t =4§ = 117> 87

a9 =4 =

tig =t = 10 — 45

S=t?=t{ = 349
P =t =15 = 46 — 57
=120 =1t) = 58 =105

)
)
)
)
=t =1 = 70— 21
)T =18 =1t = 82— 69
)
)
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t%g _ (té)lo — téo = tg — 118 —+ 81

a1 =4 =

tp =t} = 11 — 47

t%l — (t‘lll)2 = t?l — 23 =95

th = (t})° =tii =t}, = 3511
th= () =1l =ty = 4759
= (th)” =81 =, — 59— 107
tL _ (t%ly - %515 = 75(151 — 83 =171
t% _ (tzlll)S _ t?% — %[1) = 95 —= 119

aig1e =3 =

tie =13, = 12— 36

36 — 108
48 — 12
60 — 48

(t72)
(t) =
(t) =
(t) =

9, = (13,)0 =S =t], = 72— 84
(t3,) = 84 — 120
(t3,) = 96 — 24
(t3,) = 108 — 60
(t72)

10 :ti{)g :t§2 — 120 — 96
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From matrix B(y) we obtain all of the following:

2=t =t} = 1315
=) =t = 25— 27
th=t)'=ti = 37— 39
= (t3)> =t = 49 — 51
=)=t = 6163
=) =t = 7375
=) =1§ = 85— 87
=)=t = 97— 99

t3=)=t’ = 14113
=83 =t =t = 2641
ty=)' =t =1 = 38— 101
=) =tH =1 = 5029
=)0 =t=18 = 6289
=)=t =t = 7417
=)=t =t] = 86— 77
=) =t =t = 985

0 =)= =¢ = 11065



63’7:3 -
t3=13 = 331

2=10 = 15— 67

9=¢2T =2 = 99 — 55

=)0 =t =8 —= 11191

b479 =3 =

ti=t3 = 4—33

t2=(t3)? =15 = 16 — 69
ti=(t3)° =ty = 28 =105
ti=() =t? =ty = 40—9
=) =t =t = 5245
=03 =t¥ =t = 64381
=) =t =t} = 76— 117
=038 =1t3" =t = 88—21
t]=(t3)? =t3" =t; = 100 — 57
0 =)0 =30 =1§ = 11293

b578 =1 —=
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ts =t§ = 538

= r =8 —
8= -1 —
d= )=t —
8-y -8 —
=P =g —
=) =1 —
B-p-8 —
=) =1 —

8= =1 —
=t =t =
=) =1 —
= =1 =
= (1) =1f —
=0 =1 =
=) =1 —
= =1 =

br1 =4 =

75721511l = 7 — 37

17 — 20
29 — 32
41 — 44
53 — 56
65 — 68
77— 80
89 — 92
101 — 104

18 — 16
30 — 28
42 — 40
54 — 52
66 — 64
78 — 76
90 — 88
102 — 100
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2=(t)?2 =18 = 1985
B=0)P=t>=t] = 31—1
th=Hr =t =1) = 43 > 49
=) =t =t = 5597
=)l =t"=t] = 67— 13
th=H" =t¥ =1} = 79 - 61

B = () =12 = — 91— 109
t9=(tH? =13 =3 = 103 — 25
0= (tH0 =10 =17 = 115 - 73

bg’g =9 =

2= =t =t = 2074
B3=03)> =t =1 = 3250
ti=9)* =t =13 = 44 — 26
3= (19" =t3> =t§ = 56 — 2
=190 =t3* =t = 68— 110
th =) =15 =15 = 80 — 86
=)=t =15 = 92— 62
=19 =t8' =15 = 104 — 38
g

b9,6:4 —
tg =tg = 9 — 42

2= (t3)? =18 = 21 —90
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= () =7 -
= (i =
B (P = -
= (1 = i -
= ()7 = -
= (e}
8= (1)

:

t%o = (t%1)2 = t%1
th = (t1)* =t}
#110 = (t%1)4 = tzlll
tho = (t11)° =t}
t?o = (t%1)6 = t?l
75{0 = (t%1)7 = tL
tlo = (t11)° = 1
7591)0 = (t%l)g = t%
tio = (th)

b2 =1 =

t1 =ty = 11— 12

ty = 336

t2 = 45— 54
t] = 57— 102
t2 = 69— 18

tS = 81 — 66

22 — 23
34 — 35
46 — 47
58 — 59
70 = 71
82 — 83
94 — 95
106 — 107

2, = (t1y)? =t2, = 23— 24

3, = (t1,)3 =13, = 35— 36
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till = (t%2)4 = t%Q
t?l = (t%2)5 = t?z
t?l = (t%2)6 = t?Q
til = (t%2)7 = tiz
t% = (t%2)8 = tEI;Q
t?l = (t%z)g = t?z
t) = ()"0 =113

bi210 =1 =

e

= 119 — 120

R e

= 120 — 118

47 — 48
59 — 60
71— 72
83 — 84
95 — 96
107 — 108

24 — 22
36 — 34
48 — 46
60 — 58
72— 70
84 — 82
96 — 94
108 — 106
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Using the above mapping we get A(x) ~ xx = (1, 3, 31)(2, 53, 56)(4,

33, 6)(5, 8, 98)(7, 37, 39)(9, 42, 40)(10, 11, 12)(13, 15, 67)(14, 113, 116

(16, 69,

18)(17, 20, 74)(19, 85, 87)(21, 90, 88)(22, 23, 24)(25, 27, 103)(26, 41, 44)(28, 105,

30)(29, 32, 50)(34, 35, 36)(38, 101, 104)(43, 49, 51)(45, 54, 52)(46, 47, 48

(55, 97,

99)(57, 102, 100)(58, 59, 60)(61, 63, 79)(62, 89, 92)(64, 81, 66)(65, 68, 110)(70, 71,
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72)(73, 75, 115)(76, 117, 78)(77, 80, 86)(82, 83, 84)(91, 109, 111)(93, 114, 112)(94,
95, 96)(106, 107, 108)(118, 119, 120).

We apply the same method to matrix B(y) and obtain yy =(1, 27, 31)(2,
101, 56)(3, 7, 37)(4, 9, 54)(5, 32, 50)(6, 100, 105)(8, 98, 41)(10, 11, 12)(13, 63,
67)(14, 77, 116)(15, 19, 85)(16, 21, 114)(17, 68, 110)(18, 76, 81)(20, 74, 89)(22, 23,
24)(25, 99, 103)(26, 53, 44)(28, 33, 42)(29, 104, 38)(30, 52, 57)(34, 35, 36)(39, 43,
49)(40, 45, 102)(46, 47, 48)(51, 55, 97)(58, 59, 60)(61, 75, 79)(62, 113, 92)(64, 69,
90)(65, 80, 86)(66, 112, 117)(70, 71, 72)(73, 111, 115)(78, 88, 93)(82, 83, 84)(87,
91, 109)(94, 95, 96)(106, 107, 108)(118, 119, 120).

Now, N = (zz,yy) = L2(11). Thus, N is a monomial permutation presen-

tation on Lo(11). It is now possible to create a monomial progenitor G = 11*12 :,,

Lo(11). There is a MAGMA example of this progenitor in the [Appendix E
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Chapter 3
Progenitors

3.1 Progenitor 3*%6:(23:(3:7))

The purpose of this section is to show some examples of progenitor images
that we found using Magma.

Notation: If x is a word in a presentation of a group, and the correspond-
ing permutation is xx, then we express this by writing x ~ xx.

x ~ (1, 28, 30)(2, 40, 39)(3, 55, 54)(4, 26, 29)(5, 25, 10)(6, 31, 9)(7, 19,
18)(8, 16, 21)(11, 17, 24)(12, 41, 50)(13, 52, 42)(14, 51, 34)(15, 56, 33)(20, 53,
36)(22, 32, 38)(23, 49, 46)(35, 37, 44)(45, 48, 47).

y ~ (1, b4, 45)(2, 25, 56)(3, 20, 22)(4, 34, 49)(5, 38, 27)(6, 35, 48)(7, 44
10)(8,51, 19)(9, 39, 55)(11, 31, 52)(12, 43, 17)(14, 15, 41)(16, 24, 53)(18, 42,46)(21
36, 47)(23, 40, 33)(26, 32, 30)(28, 50, 29).

N = (x, y). Magma gives N 22 (23:(3:7).

G = (x3 y3 yxly Ixtytxyxy Ix,
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t3,(t, xy Ixtylx ),

(Gt )2, (xt¥)°, ((xy™)%)e, (v '), (xS ((xy)°t)", (xyt)®) -

Table of images:

a|blc|d|e |f |g | OrderofG Shape of G

0/0|0|0|01]2]6 |367416 3".N
0l0|0 |03 |0]3 4032 26.N
0Ol0|0|2/01]01]0 1512 3-La(8)

31310190148 | 304819200 Ajg

Table 3.1: Tmages of Progenitor 3*36:(23:(3:7)).
Please for the corresponding MAGMA code.

3.2 Progenitor 3*14:(23.(3.7))

The purpose of this section is to show some examples of progenitor images
that we found using Magma.
(1,2,4)(3,7,6) (8,9, 11)(10, 14, 13);
y ~ (1, 3, 5)(2, 6, 4)(8,10,12)(9,13,11);
N = (x,y) = N2 (23:(3:7).
G =

3

x3, y3, yxly ™!

xlylxyx ylx, (xy)3,
t3, (¢, xy 'xlylx ),
(xMy e (xtY)P ) ((xy)3)°, (xytt)d, (yixt)e, (xy)>t), (xyt)e)

Table of images:
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a | b ¢ d e f g Order of G Shape of G

0 0 4 0 0 3 4 2520 Ay

Table 3.2: Tmages of Progenitor 3*!4:(23:(3:7))

3.3 Progenitor 2%°%:(23:((3:7))

Let x ~ (1, 28, 30)(2, 40, 39)(3, 55, 54)(4, 26, 29)(5, 25, 10)(6, 31, 9)(7,
19, 18)(8, 16, 21)(11, 17, 24)(12, 41, 50)(13, 52, 42)(14, 51, 34)(15, 56, 33)(20, 53,
36)(22, 32, 38)(23, 49, 46)(35, 37, 44)(45, 48, 47).

Let y ~ (1, 54, 45)(2, 25, 56)(3, 20, 22)(4, 34, 49)(5, 38, 27)(6, 35, 48)(7,
44, 10)(8,51, 19)(9, 39, 55)(11, 31, 52)(12, 43, 17)(14, 15, 41)(16, 24, 53)(18,
42.46)(21, 36, 47)(23, 40, 33)(26, 32, 30)(28, 50, 29).
N = (x,y). Using MAGMA we get N 22 23:(3:7).

1 1 1

G = (23, y*, yz ty oy layay T,

t%, (t, oy~ e~y ),

ST (aytt @), (at(2,9)))°, (- Lam HOTEO), Gyt P,

(g )P0, ey ).

(th(xyilx)t(y

(Gey)?er™

zy‘lx_ly
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a|blc|d|e |f |g|h]| OrderofG Shape of G
0/0|0|0]0]3 0 | 96768 26.(3-La(8))
0[0[0[0 |0 |6 |3]|0|12386304 213.(3-L2(8))
0[0[0[0]0]9 ]3]0 211631616 (26-37)-(3-Lo(8))
0[0[0[0[3]0]3]0]1512 3-Lo(8)
0[0[6[0[6|0]3]0]193536 27.(3-La(8))
00 [6[0]9][0]|3]0 3306744 37-(3-La(8))

2 0 | 5376 2°.(23. (7-3))
010 [6[3]0/[4]7]0]86016 29.(23.(7-3))
0[0[6|3[6 4|00 1376256 210.(26.(2.7))

Table 3.3: Tmages of Progenitor 2*%6:(23:((3:7))
Please see for the corresponding MAGMA code.

3.4 Progenitor 2*%: A;

The purpose of this section is to show some examples of progenitor images
that we found using Magma.

Let x ~ (2, 3,5)(4, 6,9)(7, 10, 8)(11, 13, 16)(12, 14, 17)(15, 18, 19) and
let y ~ (1, 2)(3, 4)(5, 7)(6, 8)(9, 11)(10, 12)(13, 15)(14, 16)(17, 18)(19, 20).

As ~ (2,y).

G = (23,92, (ya=1)5,

t2, (t, ),

(3t )2, (gytv™), (y) 0000, (yt9), (yayt?)*, (yayt)?



( (yx)2t)9, (yat)", (yt)").

Table of images:
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a flg|h|i |j | Orderof G | Shapeof G
0|0 |4 |6 |0 | 14400 2-(2-A52)
0]0/|5]4]0|30720 29. A5
0[0/|6 3]0 660 Lo(11)
010|730 ]2520 Az
04 [4/[0]0 8160 2-L(16)
0|5 |5 |8 |0 |31457280 219.A5
06 |5 |00 675840 210.1y(11)
310]01]01]0 [960 24.(As5)

4 101]6 |6 |0 | 1555200

2:(3:(2-A¢)))

515109 |0 | 38972340

310.Ly(11)

6 10|50 |0 |983040

214_A5

915|500 | 56687040

310'(24.A5)

0]0]01]4 /01920

25.Ag

010|700 |175560

0]0]8 |80 |117600

010|106 |0 9720

010|540 15360

4101]0 |6 |0 368640

o | o ||| o |lo|loo | o|lo|lo|lo|lo|]oo ||| |o|o | o

416 0|00 | 11520

Table 3.4: Images of Progenitor 220 : Aj

46
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Chapter 4

Construction of 3: (2 x S;) Over

D19

4.1 Definitions and Theorems

Definition 4.1. If X is a G-set and x € X, then the stabilizer of z, denoted by

Gy, is the subgroup G, = {g € G : gx =z} < G. [Rot95]

Definition 4.2. If S is a subgroup of G and if t € G, then a right coset of S €
G is the subset of G: St = {st:s € S} (a left coset is tS = {ts:s€S}). One calls t

a representative of St (and also tS). [Rot95]

Theorem 4.3. If S < G, then any two right (or any two left) cosets of S in G are

either identical or disjoint. [Rot95]
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Theorem 4.4. If S < G, then the number right cosets of S in G is equal to the
number of left cosets of S in G. [Rot95]

Theorem 4.5. If S < G, then the index of S in G, denoted [G:S], is the number
of right cosets of S in G. [Rot95]

Definition 4.6. If x € G, then a conjugate of x in G is an element of the form

axa~' for some a € G. [Rot95]

Definition 4.7. If S and T are subgroups of G, then a double coset is a subset
of G of the form SgT, where g € G. [Rot95]

Theorem 4.8. (First Isomorphism Theorem) Let f: G— H be a homomor-
phism with kernel K. Then K is a normal subgroup of G and G/K = image(f).
[Rot95]

4.2 Double Coset Enumeration of 3:(2x S;) Over Dy,

A symmetric presentation of the progenitor 3*6 : D1y is G = { xb, y?,
(xy)2, 3, 17 = 2 (t, (xy)¥), (t*t¥)2), where D1y = (z,y). Let xx = (1, 2, 3, 4,
5,6) and yy = (1, 2, 3, 4, 5, 6). Let N = (zx,yy). Magma gives N = Djo. Let t
= 17.

The following table gives the correspondence between the words and per-

mutations of N.
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words of N Permutations of N
X (1,2, 3,4, 5, 6)
y (1, 6)(2,5)(3, 4)
Xy (1, 5)(2,4)

x? (1, 3,5)(2, 4, 6)
x%y (1, 4)(2, 3)(5, 6)
X (1, 4)(2, 5)(3, 6)
x%y (1, 3)(4, 6)

x* (1, 5, 3)(2, 6, 4)
x'y (1, 2)(3,6)(4, 5)
x° (1,6, 5, 4, 3, 2)
x'y (2,6)(3, 5)

e = Identity of G | Id(N)

Table 4.2: Words and Permutations of N.

We perform our technique of manual double coset enumeration to G over
N to construct G and prove that G = 3:(2xS5). Before we start our double coset
enumeration, the relations need to be expanded.

From the progenitor we get 7Y = 42, Therefore, t4 = t12, which produces
the following notation: t5 = to2, t52 = to, tg = t32, ts> = t3, and t4> = t1.

Now t4 = t12 by notation, which means (t; = ¢12)" ¥ n € N. Therefore,
412G 604, 5) — (3,21, 23, 6)(4,5) since (1, 2)(3, 6)(4, 5) € N. Hence,
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ts = t22 - (t5)2 = (t22)2 = t5t5 = totoloty = t9 since | to ’ = 3.
Similarly, ¢4 3 52 46) — (¢,2)(1, 3, 5)(2 4, 6) gince (1, 3, 5)(2, 4, 6) €

N = t5 = t3° = tg° = t3. Similarly, ty = t,2 = t4° = t;.
Lemma 4.10. (tot5)? = e.

Proof. From the progenitor we get (t*t¥)2 =e¢ == (t;(1 2 3 4 5 6)¢, (1, 6)(2, 5)(3, 4))2

— (t2t6)2 = e.
Lemma 4.11. t4, = tl_l, ts = tz_l, and tg = t3_1.

Proof. t4 = t12 by notation.
tyt; = t1%t; = e since since |t;1] = 3.
tt1 = e = t4 = tl_l.

Similarly t5 = to™! and tg = t37L. ]
Lemma 4.12. tQtG = t3t5.

PTOOf. (t2t6)2 =€ ( Lemma 4.10. —> lotglotg = €6 — t2t6tt6t62t22 = et62t22
— t2t6t2t22 = t2t6t23 = totg = t62t22 —> totg = (t32)2t5 = t347f5 = t3t5 since |

ts | = 3= taotg = t3ts. O
Lemma 4.13. tst; = t4tg
Proof. tsty = tytg since (tatg)( 2 3 %5 6) = (¢5t5) (1 23, 4.5,6) Lemma. O
Lemma 4.14. t5t3 = tgis.

Proof. tstz = tgto since (tgt@)(l’ 4(2,5)3,6) = (t3t5)(1’ 4)(2, 5)(3, 6) ( Lemma 4.12)).

O]
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Lemma 4.15. titg = tgty.

Proof. titz = tgty since (totg)h PG O 5) = (55) (1 23, 64 5) (Lemma [4.12).

O
Lemma 4.16. tits = toty.
Proof. tits = toty since (tatg)1r 65 43 2) = (¢3¢5)(1, 6,5 4.3, 2) Lemma. d
Lemma 4.17. t5t1 = t4to.
Proof. tst; = tyty since (tatg)H O 5B = (4345) (1L 62 5G4 ( Lemma [4.12).
O

4.2.1 Double Coset [*]

The only right coset of NeN = [*] is N = |[*]| = 1, which is symbolized
by placing “1” inside the circle representing [*]. The stabilizer of N is N, therefore
the only orbit of N is {1, 2, 3, 4, 5, 6} which yields the cosets Nt;, Nto, Nt3, Nty
Nts, Ntg € [1]. This is symbolized by placing a “6” next to the circle representing

[*] in the diagram.



52

Nt,, Nt,, Nt,, Nt, Nt,, Nt

Figure 4.1: Double Cosets [#]

4.2.2 Double Coset [1]

Let N! be the stabilizer of {1} over N. Therefore, N' =( (2,6)(3, 5)).
N® = N! since there are no relations such that t; = t; where 0 < i,j < 6. Hence,
I[1]| = % < % = 6. The right cosets of [1] are N¢;, Nta, Nt3, Nt4, Nt5, and
Ntg which verifies |[1]| = 6. This is symbolized by placing a “6” inside the circle
representing [1] in the diagram. Now the obits of N on X = { 1,2, 3,4 ,5,6 }
are {1}, {4}, {2,6}, and {3, 5}.

For the double coset [w], we need only determine the double coset of the
right coset Nwt; for one representative t; for each orbit of the stabilizing group
N®@) of the coset Nw. We start with Nt1t; = Nty € [1]. Now Nt1ty = Nt1t12 =
Nt;2 = N € [*]. Therefore, t1t4 € [*], since t1t4 = e. The third set of orbits yields

Ntqto, Ntqtg € [1, 2]. Similarly, Ntit3, Ntit5 € [1, 3]
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Nt,t,, Nt.t. € [1, 2]

Ntt, € [1]

Nt.t, € [*]

Nt,, Nt,, Nt,, Nt, Nt., Nt, € [1] J\ [1, 3]

Nt.t,, Nt,t. € [1, 3]

1°3’

Figure 4.2: Double Cosets of [1]

4.2.3 Double Coset [1,3]

The N(13) > (e). By Lemmal4.12} totg= tsts , therefore (totg)(1 23 6)(4, 5)—
(tst5)(1 2B 64 5) | This yields t1t3= tgts. (titz )@ 2G D= t5t, = t1t3, which
means (1,6)(2,5)(3,4)e N3 This implies, N(:3)>( (1, 6)(2, 5)(3, 4) ). Con-
sequently, N(13) >( (1, 6)(2, 5)(3, 4) ), therefore |[1, 3]| = ‘Nl <12 =6. The

orbits of ( (1, 6)(2, 5)(3,4) ) on X are {1, 6}, {2,5}, and {3,4}.
The first set of orbits yield Nt t3t; and Ntit3tg, which belong to the same
double coset. Since Nt tstg = Ntytst3? = Nti, we now get Nt tsty, Nt tstg € [1].
The second set of orbits yield Ntitsto, Ntjtsts € [1,3, 2]. The third set

of orbits yield Ntitsts and Ntitsty, which belong to the same double coset. Since
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Nt tsts = Ntitg = N<t1t2)(2’ 6)3.5) ¢ [1, 2 ], therefore Nt tsts, Ntqtsty € [1, 2 ]

Figure 4.3: Double Cosets of [1, 3]

4.2.4 Double Coset [1,3,2]

The orbits of NI32) on X are {1}, { 2}, {3} ,{4}, {5}, and {6}. N(1:32)
> (e). Therefore, % < % = 12. The first set of orbits yield Nt tstat; € [1,3,

2,1], which is a new Double Coset.

From the second orbit we get the right coset Ntitstoto = Ntjtsts since 192
= t5. The third orbit of N(1:3) yields that Ntqt3to and Ntqtsts belong to the same

right coset. Therefore, Ntitsts = Ntitgtots € [1,3, 2].

From the third set of orbits of N(1:32) we get the right coset Nt;tstots €

[1,3, 2,3], which is a new double coset.

Lemma 4.18. titstoty = tetatals = tetatits = tets.
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P?"OOf. t1t3t2t4 = t6t4t2t4 by Lemma
t6t4t2t4 = t6t4t1t5 by Lemma @
t6t4t1t5 = t6t5 by Lemma

= {1t3taty = tgt5 ]

From the fourth set of orbits of N(1:3:2) we get the right coset Ntitstoty.
Nt oL 6)(2.5)(3, 4) — Ntsts = Nt tstats by Lemma therefore Nttstoty € [ 1,
2.

From the fifth set of orbits of N(1:3:2) we get the right coset Ntjtstats.

Ntqtgtots = Ntqit3 € [ 1,3 ] since tots = tototo = e.

Lemma 4.19. t1t3t2t6 = t1t6t5 = t1t5t3t2 = t2t4t3t2.

Proof. titstaots = titststs by Lemma [£.12]
titststs = titets since t3 = tg.

titets = titetats since 13 = t5.

titetate = titstste by Lemma [£.14]

t1t5t3t2 = t2t4t3t2 by Lemma ]

From the sixth set of orbits of N(1:32) we get the right coset Ntitgtots.
This gives us N(t1t3t2t1)(1’ 2,3,4,5,6) = Nt2t4t3t2 = Ntltgtgtﬁ by Lemma

therefore Ntitstats € [1, 3, 2, 1]
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(1,3, 2, 3]

Figure 4.4: Double Cosets of [1, 3, 2]

4.2.5 Double Coset [1,2]

The stabilizing group if Nt,t,, denoted by N,(12) > (e ), which means
111, 2]] = IN|=|[NO2)| < 12+1 = 12. We know the orbits of (e ) on X are {1}, {
2}, {3}, {4}, {5}, and {6}. From the first set of orbits we get the Nt;tot; right

coset. Therefore, Ntitot; € [1, 2, 1], which is a new double coset.

From the second set of orbits we get Ntitoto right coset and Ntitots =

Ntits. (Ntit3)2 66 5 = Nt ts, therefore Nt ts € [1, 3].
Lemma 4.20. Nttots right coset € [1,3, 2, 1].
PTOOf. t1t2t3 = t1t2t6t6 since t3 = t6t6.

t1t2t6t6 = t1t3t5t6 by Lemma |4.12

t1t3t5t6 = t6t4t5t6 by Lemma
Nt6t4t5t6(1’ 6)(2,5)(3,4) — Ntitstot1 = Nigtatste € [1, 3, 2, 1]. ]
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From the third set of orbits we get the Nt tots right coset € [1, 3, 2, 1].
The fourth set of orbits yield Ntitots. Nitqtots(h 2345 6) — Nijtaty € [1, 2] as

seen before. Therefore, Ntjtoty € [1, 2.

The fifth set of orbits yield Ntjtots. Ntitots = Nt since to"! = t5, which

implies Nttots € [1]

The sixth orbit yields Nt1t2t6. Ntthtﬁ = Nt1t3t5 by Lemma Nt1t3t5

€ [1,3, 2] as seen before. Hence, Ntytaots € [1, 3, 2].

1

[1] 1.3, 2 1]

(1,3, 2 3]

Figure 4.5: Double Coset [1,2]

4.2.6 Double Coset [1,2,1]
Lemma 4.21. tltgtl = t4t5t4.

PTOOf. t1t2t1 = t1t2et1 = t1t2t4t1t1 by Lemma 2.

t1t2t4t1t1 = t1t1t5t1t1by Lemma (4.16
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t1t1t5t1t1 = t1t1t5et1t1 = t1t1t5t5t2t1t1 by Lemma
t1t1t5t5t2t1t1 = t1t1t5et1t1 by Lemma

t1t1t5t1t1 = t4t5t4 ( Lemma ’ tltl = t4 — tltgtl = t4t5t4. O
Lemma 4.22. titot] = tot1ty = t5lyts.

Proof. titaty = titststy since t2 = to.

titststs = tatatsty ( Lemma [4.16) ).

totytsty = totststs ( Lemma ).

totatste = tot1to since t4= t1t1.

—> ttaty = talits.

titaty = tatsts (Lemmald.21]). = (titaty = tatsty)L DG O D) —

tot1ty = tstats. OJ

Let the stabilizing group of Nt;tat1 be denoted by N(1:21), N(tltztl)(l’ 42, 5)(, 6)
— Nistyts = Nt oty by Lemmald.22] therefore (1, 4)(2, 5)(3, 6) € N(:2D . N(#ytot,)(1 D@ 64 5)
= Ntytsts = Ntqtoty by Lemma this proves (1, 2)(3, 6)(4, 5) € N®21)  N(@21)
> ( (1, 4)(2, 5)(3, 6), (1, 2)(3, 6)(4, 5) ), which has an order of 4. Consequently,
I[1,2,1]| = % < 12 = 3. The orbits of N2 on X are = {3, 6}, and {1,5,4,2}.

The second set of orbits yield Ntitot1t1, Nt1totite, Niitot1ty, and Ntqtotyts,

which belong to the same double coset.
Lemma 4.23. Ntltgtltl, Ntltgtltg, Nt1t2t1t4, Nt1t2t1t5 € /], 2/
Proof. Ntytotity = Ntitee ( Lemma ). =

Ntitotity € [1, 2] —

Ntltztltl, Nt1t2t1t2, Nt1t2t1t4, and Nt1t2t1t5 S [1, 2]. O
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The first set of orbits yield Ntqtot1ts and Ntytotitg cosets, which belong

to the same double coset.
Lemma 4.24. Ntitotits, Ntitotitg € /1, 3, 2, 3/

Lemma 4.25. Ntltgtltg S [1, 3, 2, 3/

Proof. titatits = titatets by Lemma [£.15]
titotety = titststs by Lemma [£.12}
t1tststs = tetatsts by Lemma [1.15] —
N(tgtatsty)H O 5G4 = Nt tatots, —
Ntqtot1ts = Ntgtatsty € [1, 3,2, 3] =

Nt1t2t1t3 and Ntltgtlta S [1, 3, 2, 3] ]

Figure 4.6: Double Coset [1,2,1]
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Lemma 4.26. ts5tgts = totsts.

Proof. By Lemma [£.2T] t1tot1 = tatsts =
(titoty = tatsty) L5 D@64 —

tstets = talsla. O

Lemma 4.27. t1t3t2t3 = t1t5t6t5.

Proof. titgtats = titstststs since to = t2.

titstststs = titatetsts (Lemma [4.12)).
titotatsts = titatetets (Lemma [4.14)).
titateteta = titatsts since tg = t3.
titotsty = titstets (Lemma [4.26)).

titstats = titstets. O

Let the stabilizing group if Nt,tststs be denoted by N(1:3:23) - N(t,t5tyt3)2 63 5)
= Ntytstets = Niqtstats by Lemma therefore (2, 6)(3, 5) € N(1:3:2:3)  N(1.3.2,3)
> ((2,6)(3,5) ), which has an order of 2. This proves |[1,2,1]| = % <=
6. Hence, the orbits of N(1323) on X are {1}, {4}, {2, 6}, and {3,5}. The first

orbit yields the Nt t3tatst; coset.

Lemma 4.28. Ntqtgtotst] € [1, 2, 1/

Proof. tytstatsty = tgtatatst; ( Lemma[d.15)).
tetatatsty = tetstitsts ( Lemma [4.17]).
tetstitsts = tetstetaty ( Lemma [4.15]).
tetstetats = tetstee ( Lemmafd.11]). tat1 = e.

— Nt1t3t2t3t1 = Nt6t5t6.
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— Note that N(titot;)h 0@ 5G4 = Negtsts = Ntytstotsty

= Ntytstotst] € [1, 2, 1]. L]

The second orbit yields the Nt t3totsty coset.

Lemma 4.29. Ntqtgtotsty € [1, 3, 2, 3/

Proof. titstotsty = titstatstit; by notation.
titstatstity = titgtatatets (Lemma [4.13).
titstotatety = titstitstet; (Lemma [£.16)).
titstitstets = titatetstets (Lemma [4.13).
titatetstets = etgtstety (Lemma [4.11)).
tetstet1 = tetstststy by notation.
tetstststs = tetetatsty (Lemma [4.12)).
tetetatsti = tstotsty by notation.
tstotsts = tatatsts (Lemma [4.11)).
tatotate = tstitst (Lemma [4.14)).
tstitste = tatetsts (Lemma [4.11)).

tatetsts = titstotsty. O

Now N(t1t3t2t3)(1’ 4)(2, 5)(3, 6) = Nt4t6t5t6, therefore Nt4t6t5t6 = Nt1t3t2t3t4
€ 1,3, 23]
Lemma 4.30. Ntitstotstg, Ntitstotsts € /], 3, 2/

The third set of orbits yield Ntitstotsto and Ntitstotsts cosets, which

belong to the same double coset.
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P?"OOf. titstatsts = titgtee since tztg = 1. —
Ntitstotsts = Ntitsta € [1, 3, 2]. —

Nt1t3t2t3t2 € [1, 3, 2]. O

The fourth set of orbits yield Ntqtstotsts and Ntitstatsts cosets, which

belong to the same double coset.
Lemma 4.31. Ntitstotsts, Ntitstotsts € [1, 3, 2, ]/.

Proof. titstotsts = titstats since t3 = tg.

N(tytgtaty )1 23 4 5:6) = Ntgtytsty = Nitytatats (Lemmald.19). —
Ntitstote [1, 3,2, 1]. =

Ntitgtats = Ntitstotsts € [1, 3,2, 1]. =

Ntitstotsts € [1, 3, 2, 1]. ]
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Figure 4.7: Double Cosets of [1, 3,2, 3]

4.2.7 Double Coset [1,3,2,1]

The stabilizing group if Ntity, denoted by N(1:321) >( ¢ ) therefore |[1,
3,2, 1]] = IN|+=N®E32D| < 12+1 = 12. The orbits ( e ) on X are {1}, { 2}, {3},
{4}, {5}, {6}.

From the first set of orbits we get Ntitgtot1t, right coset.

Lemma 4.32. Nitqtstotit € [1, 2/

Proof. Ntqtstotit = Ntqtstoty since t3 = 4.
Ntltg(l’ 6)(2,5)(3, 4) = Ntgts = Ntqtstaty (Lemma ’ —

Nt1t3t2t4 = Nt1t3t2t1t1 S [ 1, 2 ] O

From the second set of orbits we get Ntqtstotits right coset.
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Lemma 4.33. Nt1t3t2t1t2 S [1, 3, 2/

Proof. titgtate = tatatsts (Lemma[1.19) =
(tltgtgtﬁ)(l’ 6,5,4,3,2) _ (t2t4t3t2)(17 6,5,4,3,2)
totatits = titstaty

titstotity = tetatitsts

tetatitsts = tetatie = tetal; —

titstotity = tetaty.

Ntqtgta 2345, 6) = Ntgtot; —

Ntgtat; € [1,3,2] =

Ntgtot:1 = Nitytgtatita € [ 1,3,2 ] L]

From the third set of orbits we get the Nt tstotts right coset and Ntitgtotits
€[1,3,21,3]
From the fourth set of orbits we get the the Nttstotity right coset. Now

titstatity = titgtoe = Niytstatity = Ntytste € [ 1, 3, 2]. O
From the fifth set of orbits we get the Ntitstot ts right coset.
Lemma 4.34. Ntitstotits € /1, 3, 2, 3/

Proof. titstatits = titstataty ( Lemma ) .

titstataty = tqtststy since 122 = ts.

ttststy = titotets ( Lemma ).

titotgts = titatits ( Lemma[i.15]). =

Ntitgtotits = Ntitotits € [1, 3, 2, 3] ( Lemma[1.24] ). O

From the sixth set of orbits we get the Nt tstotite right coset.
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Lemma 4.35. Ntitstotitg € [1, 3,2, 1 /

Proof. titstatite = tetatotits ( Lemmaf4.15]).
ttatotite = tetstitite ( Lemma [4.17]).
tetstitite = tetstate since t2 = ty.

tetstate = tetstst: ( Lemma [4.13)).

tetststs = tetetat: ( Lemma [4.14]).

tetgtats = tstaty by since t2 = to.

tstaty = tatststy since to = t2.

tstststs = tststaty ( Lemma [4.17)).

By Lemma [I.19] t1tstots = titststs —>
(t1t3t2t6)(1’3’5)(2’4’6) — (t1t5t3t2)(1’3’5)(2’4’6) —_—
tatstyty = tytetsty = tatelsty = titstatits .
Nt tstaty LH@DGO) = Niytotsty —>

Nt4t6t5t4 = Nt1t3t2t1t6 S [ 1, 3, 2, 1 ] ]
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Figure 4.8: Double Cosets of [1,3,2,1,]

4.2.8 Double Coset [1,3,2,1,3]
Lemma 4.36. t1t3t2t1t3 = t6t2t1t6t2.

P?”OOf. t1t3t2t6 = t2t4t3t2 ( Lemma ) - (t1t3t2t6 = t2t4t3t2)(1’ 6,5 4,3,2)
—> tglat1ts = t1t3taty.
t1tatatits = tetatitsts

t6t2t1t5t3 = thQtlthQ ( Lemmam ) ]

Let N1 3,2, 1,3) he the group stabilizer of Nttstot:ts. Nt1t3t2t1t3(1’ 6,5,4,3,2)
= Ntgtot1teto = Nt tstot ts, therefore (1,6,5,4,3,2)e N(1 3 2. 1.3) Hence, N(1. 321, 3) >
. N .
((1,6,5, 4, 3, 2)), which proves | [1,3,2, 1,3] | = rlsarsy < ¥ = 2. The orbit
of < (1, 6, 5, 4, 3, 2)> is {1, 2, 3, 4, 5, 6} which yields Ntltgtgtltgtl, Ntltgtgtltgtl,
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Ntitstotitsts, Ntitstatitsts, and Ntjtstatitste right cosets, all which belong to the
same double coset.

Now Ntytstotitste = Ntytstotie by notation, therefore Ntqtstot1tste
€ [1, 3, 2, 1]. This proves Ntitstotitsty, Nt1tatatitsty, Nt1tstotitsts, Nttstotitsts

€ 1,3, 2 1]

(1,3, 2, 3]

Figure 4.9: Complete Cayley Diagram of 3:(2x.S5) Over Dys.

From the Cayley diagram of G over N shown above we conclude |G| =
(P T+ 10, 200+ 10, 3]+ 108, 2, 3]+ 1L, 3, 210 + 13, 3, 2, 1)) + [, 3, 2,
1) 4 |[1, 3, 2, 1, 3]|)|N|. Therefore |G| < (1 + 6+ 12+ 6 + 3 + 12 +12 + 6 +
2)(12) = 60(12) = 720.
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4.3 A Permutation Representation of 3:(2x S;)

The Cayley diagram of G over N shows that there are 60 distinct right
cosets. To find a permutation representation of G we assign a numeric label from
1 to 60 to each right cosets obtained from Cayley diagram. Next, conjugate all of
the 60 right cosets by x to get a permutation of the 60 right cosets (corresponding
numeric values are recorded) . Of course, this gives a permutation of Sgo. Repeat-
ing the process for y will produce a second permutation of Sgg. To find a third
permutation, multiply each right coset by t, and find the equivalent coset to the
products.

The following proof is an example of how to find all equivalent right cosets
conjugated by x. All of the proofs for the mappings in the table below are similar

to the proof below.
Lemma 4.37. Nigtitg = Ntitgt1 = Nitsgtats = Nigtsty.

Proof. Ntitot; = N(titoty)™ ¥n € NL2D > (e (1, 4)(2, 5)(3, 6), (1, 2)(3, 6)(4,
5), (1, 5)(2, 4)> —> Nititot1 = Nistyts = Nigtsty = Nigt1to —
N(tltgtl)x = Nt5t4t5)x = N(t4t5t4)x = N(tgtltg)x —

Ntgtite = Ntitgty = Niststs = Ntgtsts. O

Next we will construct f(x) by conjugating the right cosets of our group

by x
Right Coset conjugated
Label | Right Coset Label
by x.
1 N N 1
2 Nty Nto 4




3 Nty Nis 6
4 Nio Nig 7
) Ntg Nt, 2
6 Nts Ntg 5
7 Nij Nty 3
8 Ntotq Nisto 16
9 Ntits = Nioty Ntots = Nists 19
10 Ntgty Ntqto 21
11 Ntgts = Nt ts Ntyt5 = Ntoty 9
12 Ntst; = Nityts Ntgty = Nitsts 20
13 Nisty Nigts 22
14 Ntst; = Ntyte Ntyty = Ntst; 12
15 Nisty Niyts 25
16 Nisto Niyts 24
17 Ntstg Ntgt 10
18 Ntitg Ntotq 8
19 Ntots = Nists Ntst; = Ntyte 14
20 Ntgty = Nitsts Ntyt3 = Ntgty 11
21 Ntqto Niots 23
22 Nigts Ntqtg 18
23 Niots Nisty 15
24 Niyts Nisty 13
25 Niyts Ntstg 17
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26 Ntytgtsty Ntstitets 40
27 Ntytgts Ntstitg 43
28 Ntytotsty Ntststyts 45
29 Ntytots Ntststy 34
Nitgt1ts¢ = Ntitgty Ntitot1 = Nigtyts
30 35
Ntgtats = Niytsty Ntytsty = Niotqts
31 Ntotsts Ntstito 44
32 Ntststy Ntytets 27
33 Ntgtotq Nt tsts 36
34 Ntststy Ntgtats 48
Nitot1to = Niyutsty Nitstots = Nigists
35 46
Ntstgts = Ntjtotg Ntstgts = Niotsts
36 Nt tsts Ntotyts 47
37 Nt tgtaty Nitotytsts 49
38 Ntitste Ntotgtq 31
39 Ntqtstety Ntotgtits 52
40 Ntstitgts Ntgtotits 51
41 Ntgtitots Ntytotsty 28
42 Ntgtstyts Ntytetsty 26
43 Ntstitg Ntgtotq 33
44 Ntstits Ntytots 29
45 Ntststyts Ntgtatste 50
Nitgtots = Nigists Niytsty = Nigtyts
46 30

Ntstats = Ntotato

Nt tgt; = Ntgtits




47 Ntotyts Ntststy 32
48 Ntgtats Ntitsts 38
49 Ntotytsts Ntststats 42
50 Ntgtatsts Ntitstets 39
51 Ntgtatits Ntitstat: 37
52 Ntotetits Ntstitats 41
Ntst1telsts = Niglatills = | Niglalilolo = Niilalalils =
53 Ntitstatits = Ntotatstoty = | Ntotststots = Ntgtstatsts = | 53
Ntytotatate = Ntatstatats | Ntstitetats = Ntatetstats
Nitstlolsty = Niglolslats = | Nislolslily = Niglalalsls =
54 Ntststatsts = Nitgtatstets = | Ntgtatstets = Ntrtstetits = | 54
Niotetitats = Ntytstatits | Nistitotst; = Niotetitats
55 Ntotetits = Ntotatsta Ntstitat; = Ntsgtstats 57
56 Ntstitet, = Ntststats Ntgtotito = Ntgtatsty 58
57 Ntstitot, = Nitststats Ntytotsts = Ntstetsts 59
58 Ntgtotita = Ntgtatsts Ntitstats = Ntitstets 60
59 Ntytotsts = Ntstetsts Ntstststs = Ntstitets 56
60 Ntitstets = Ntitstats Ntotetits = Ntotatsts 55

Table 4.3: Construction of f(x).
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There exists a homomorphism f(G) — Sgg. From the table we extract

the permutation f(x) = (2, 4, 7, 3, 6, 5)(8, 16, 24, 13, 22, 18)(9, 19, 14, 12, 20,

11)(10, 21, 23, 15, 25, 17)(26, 40, 51, 37, 49, 42)(27, 43, 33, 36, 47, 32)(28, 45, 50,

39, 52, 41)(29, 34, 48, 38, 31, 44)(30, 35, 46)(55, 57, 59, 56, 58, 60).
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Next we will construct f(y) by conjugating the right cosets of our group

by y.
Right Coset conjugated
Label | Right Coset Label
by .

1 N N 1
2 Nty Ntg )
3 Nty Nt 7
4 Nto Nts 6
5 Ntg Nty 2
6 Nts Nto 4
7 Nt Nty 3
8 Ntotq Ntstg 17
9 Ntoty = Nityts Ntsts = Nitgta 20
10 Ntgty Ntqtg 18
11 Nt t3 = Ntgty Ntgty = Ntitg 11
12 Ntst; = Ntyty Ntotg = Nitsts 19
13 Ntsty Ntots 23
14 Ntyte = Nitstq Ntst; = Nigtg 14
15 Ntsty Ntyts 24
16 Ntsto Niyts 25
17 Ntstg Ntotq 8
18 Ntqtg Ntgty 10
19 Ntsts = Niotg Ntyto = Nitsty 12
20 Ntgty = Nitsts Nt1ts = Ntoty 9




21 Ntqto Ntgts 22
22 Ntgts Ntqto 21
23 Niots Nisty 13
24 Niyts Nisty 15
25 Niyts Nisto 16
26 Niytgtsty Ntstqtots 41
27 Ntytgts Ntstits 44
28 Ntytotsty Ntststats 42
29 Ntytots Nitststy 32
Nigtite = Ntitgtt = | Ntitgti = Nigtitg =
30 30
Nitgtats = Niytsty Niytsty = Nigtyts
31 Niotgty Nistitg 43
32 Niststy Nitytots 29
33 Nigtoty Nt tstg 38
34 Ntststy Niotyts 47
Ntitot1 = Nistuts = | Niglsts = Nigtats =
35 46
Niytsty = Niotito Niotato = Nistgts
36 Nt tsts Ntgtats 48
37 Nt tsgtoty Nitgtatste 50
38 Ntitsts Ntgtaty 33
39 Nt tstety Nigtatits ol
40 Nitstitsts Nitotgtito 52
41 Nitstitots Ntytgtsty 26
42 Niststyts Nitytotsty 28
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43 Ntst1te Ntotety 31

44 Ntstity Ntatets 27

45 Ntststats Ntotatsts 49
Nisfols = Nigfsls = | Niatifts = Niglsts =

46 35
Ntatots = Nigtsts Nitgtats = Ntytot

47 Ntotats Ntststy 34

48 Ntgtats Nt tsto 36

49 Ntotatsts Ntststats 45

50 Nt6t4t5t6 Ntltgtgtl 37

51 Ntgtatite Ntitstets 39

52 Ntotgtits Ntst1tets 40
Nt1f3lalits = Niglalslats = | Niglalslols = Nlitslohils =

53 Ntststatsts = Ntatetstatc = | Ntotetitate = Ntgtitotst; = | 54
Ntgtotitats = Nistitetsty | Ntstatatsts = Ntatotatsts
Ntgtalstots = Ntifsletifs = | Ntitatotits = Niotatstols =

54 Ntotgtitats = Nistitotsts = | Ntgtstatsts = Ntatgtstate = | 53
Ntstatatsts = Ntgtotatats | Ntgtotitats = Ntstitatsty

55 Ntotatsts = Ntotgtite Ntstststs = Ntstitets 56

56 Ntstststs = Ntstitets Ntotatsty = Ntotgtite 55

57 Ntstststs = Ntstitoty Ntytotsts = Ntgtetsts 59

58 Ntgtatsts = Ntgtatits Ntitstats = Ntitstets 60

59 Ntytotsts = Ntgtotsto Ntstitat; = Ntststats 57

60 Ntitstots = Ntitstets Ntgtatsts = Ntgtatito 58

Table 4.4: Construction of f(y).
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From the table we extract the permutation £(y) = (2, 5)(3, 7)(4, 6)(8,
17)(9, 20)(10, 18)(12, 19)(13, 23)(15, 24)(16, 25)(21, 22)(26, 41)(27, 44)(28, 42)(29,
32)(31, 43)(33, 38)(34, 47)(35, 46)(36,48)(37, 50)(39, 51)(40, 52)(45, 49)(53, 54)(55,
56)(57, 59)(58, 60).

Next we will construct f(t) by multiplying the right cosets of our group

by t1.
Right Coset multiplied by
Label | Right Coset Label
t

1 N Nt; 1
2 Nt Ntit; = Nty 3
3 Nty Ntyt; = N 1
4 Nto Ntaty 8
) Ntg Ntgty 10
6 Nt; Ntst; = Ntato 12
7 Nt; Ntst; = Nitytg 14
8 Ntoty Ntoty = Ntyts 9
9 Ntoty = Ntyts Ntotgty = Niotgts 4
10 Ntety Ntgts = Ntqts 11
11 Ntits = Nigty Ntitsty = Niststs )
12 Nitst; = Nigto Nitst1t1= Nisty 13
13 Nitsty Nitstqt; = Nistgts = Nij 6
14 Ntytg = Nitsty Ntytety 15
15 Ntsty Ntstst; = Ntgtots = Nt5 | 7
16 Ntsts Ntstaty 26




17 Nistg Nitstety 28
Nt1tgti = Nigtits
18 Ntqtg 30
Ntytsty = Nigtyts
19 Nists = Niotg Nitststy 31
20 Nigto = Nists Nigtoty 33
Ntitot1 = Nisiysts
21 Ntqto 35
Ntytsty = Niotito
22 Nigts Nigtstq 36
23 Niots Niotstq 38
24 Niyts Nitytstq 18
25 Niyts Nitytstq 21
26 Ntytststy Ntytetstats = Nigtgts 27
27 Nt4tsts Ntytotsty 16
28 Nitytotsty Nitytotststs = Nigtots 29
29 Nitytots Nitytotsty 17
Nigtite = Nttty =
30 Nigtitgty 24
Nistqts = Niytsty
31 Niotgty Nigtgt1t1 = Niotgty 32
Niststat1 = Niotgtily
32 Ntststy 19
Nists = Niotg
33 Nigtotq Ntgtoti1t1 = Nigtaty 34
Nistststi = Nigiatily
34 Ntststy 20
Nists3 = Nigio
Nt1tot1 = Nigtgts =
35 Ntqtoti1t1 = Ntitaty 25
Nigtsty = Niotito
36 Nt tsts Nt tsgtoty 37
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37 Ntqtgtaty Nt tsgtatity 22
38 Ntitste Ntqtstety 39
39 Ntqtstety Ntqtstet1t1 = Niqtstegty 23
Nitst tgtsts = Nigtatitgts =
40 Ntstitets Ntqtgtot1ts = Nitotytstoty = | 53
Ntytgtstats = Niatstatsts
Nitgtitotsts = Nigtatststo =
41 Ntgtitats Ntstgtatsts = Ntgtatstety = | 54
Niotgtitots = Nijtstgtits
42 Ntststyats Ntststatsts = Ntitstgtits 55
43 Ntstitg Ntstitgt1 = Nistgtyts 56
44 Ntgtito Ntgtitot; = Nigtststs 57
45 Ntststyts Ntststatsts = Ntitstatits 58
Nistets = Niotzta =
46 Ntstgtst1 = Nigtotsty 59
Ntgtots = Nigtstg
47 Ntotyts Nitotytsty 42
48 Ntgtats Ntgtatsty 45
49 Ntotytsts Nitotytstoty 40
50 Ntgtatste Ntgtatstet1 41
51 Ntgtotite Ntgtotitety 43
52 Ntotgtits Nitotgtitaty 44
Ntitstot1t3 = Nigtytstoty =
53 Nitststytsts = Nigtetstate = | Ntitstotitsty 49

Ntgtatitets = Ntstitatsts
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Ntgtalslots = Niilslelits
54 Ntotgtitots = Ntstitotst; = | Ntgtatstetsat; = Ntgtatsts | 50
Ntstatatsts = Ntatotatato
55 Ntotatsty = Ntotgtits Ntotatstst; = Niotyts 47
56 Ntstststs = Ntstitety Ntststatst 51
57 Ntstststs = Ntgtitoty Ntststatsts 52
58 Ntgtatsts = Ntgtatito Ntgtatstats 48
59 Ntatgtsts = Ntgtotsto Ntatgtstet; = Ntatotstot; | 60
Nt1f3lal3t; = Nialolstols =
60 Ntitstats = Ntitstets 46
Ntitstetst; = Ntgtotatots

Table 4.5: Construction of f(t).
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From the table we extract the permutation f(t)= (1, 2, 3)(4, 8, 9)(5, 10,

11)(6, 12, 13)(7, 14, 15)(16, 26, 27)(17, 28, 29)(18, 30, 24)(19, 31, 32)(20, 33,

34)(21, 35, 25)(22, 36, 37)(23, 38, 39)(40, 53, 49)(41, 54, 50)(42, 55, 47)(43, 56,

51)(44, 57, 52)(45, 58, 48)(46, 59, 60).

The permutations f(x), f(y), f(t) € Seo represent x, y, t € G, therefore |G|

> [( f(x), f(y), f(t) ) | = 720. Combining the previous with that fact |G| < 720 to

obtain |G| = 720. Now f(t*t¥)% = [f(t)f(t¥)]? = [f(t){f(t){¥]2 = [(1, 2, 3)(4, 8,

9)(5, 10, 11)(6, 12, 13)(7, 14, 15)(16, 26, 27)(17, 28, 29)(18, 30, 24)(19, 31, 32)(20,

33, 34)(21, 35, 25)(22, 36, 37)(23, 38, 39)(40, 53, 49)(41, 54, 50)(42, 55, 47)(43, 56,

51)(44, 577 52)(457 58, 48)(46, 59’ 60)(27 4,7, 3, 6, 5)(8, 16, 24, 13, 22, 18)(9, 19, 14, 12, 20,

11)(10, 21, 23, 15, 25, 17)(26, 40, 51, 37, 49, 42)(27, 43, 33, 36, 47, 32)(28, 45, 50, 39, 52, 41)(29, 34, 48,

38, 31, 44)(30, 35, 46)(55, 57, 59, 56, 58, 60)(17 27 3)(4’ 8, 9)(57 107 11)(6, 12’ 13)(77 147
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15)(16, 26, 27)(17, 28, 29)(18, 30, 24)(19, 31, 32)(20, 33, 34)(21, 35, 25)(22, 36,
37)(23, 38, 39)(40, 53, 49)(41, 54, 50)(42, 55, 47)(43, 56, 51)(44, 57, 52)(45, 58,
48)(46, 59, 60)(2’ 5)(3, 7)(4, 6)(8, 17)(9, 20)(10, 18)(12, 19)(13, 23)(15, 24)(16, 25)(21, 22)(26, 41)
(27, 44)(28, 42)(29, 32)(31, 43)(33, 38)(34, 47)(35, 46)(36,48)(37, 50)(39, 51)(40, 52)(45, 49)(53, 54)
(55,56)(57, 59)(58, 60))2 — [(1, 4, 6)(2, 21, 9)(3, 12, 25)(5, 20, 22)(7, 16, 19)(8, 35,
13)(10, 45, 34)(11, 36, 48)(14, 44, 27)(15, 31, 52)(17, 23, 46)(18, 47, 49)(24, 40,
43)(26, 57, 32)(28, 54, 39)(29, 59, 41)(30, 56, 55)(33, 58, 37)(38, 50, 60)(42, 51,
53)%(1, 5, 7)(2, 18, 11)(3, 14, 24)(4, 19, 23)(6, 17, 20)(8, 42, 32)(9, 38, 47)(10, 30,
15 29)(13, 33, 51)(16, 22, 46)(21, 48, 50)(25, 41, 44)(26, 53, 37)(27, 59,

28, 56, 34)(31, 55, 39)(35, 57, 58)(36, 49, 60)(45, 52, 54)]% = [(1, 19)(2, 48)(3,
43 (15,
(

25)
55)(16, 23)(20, 46)(21, 38)(24, 27)(26, 58)(28, 45)(29, 40)(30, 34)(31, 54)(32,

(12
(
(4, 17)(5, 6)(7, 22)(8, 57)(9, 18)(10, 52)(11, 49)(12, 41)(13, 42)(14
(
53)(33, 35)(36, 50)(37, 51)(39, 56)(44, 59)(47, 60)] = e. Hence, G = ( f(x), £(y),

)

)

)

)
40)
)

)

)
ft) ) -
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Chapter 5

Double Coset Enumerations

5.1 Definitions and Theorems

Definition 5.1. A subgroup H<G is a maximal normal subgroup of G if there

is no normal subgroup N of G with HKN<G. [Rot95]

Lemma 5.2. If H and K are finite Groups of G and x is an element of G, then
|HzK| = |K| x |K|/|K* N H|. [Curt07]

5.2 Double Coset Enumeration of L3(25) Over Sj

A symmetric presentation of the progenitor 5*24 : S5 is G = (x°, y2,(x'y)?,
(xyx?yx)?, 2, (¢, xyx2yx1), e Y= t3, (X,ttxz)Q, (x¥t)*, xlyxyxyxtxt?xt). Let
xx = (1,2, 4, 18, 9)(3, 13, 14, 16, 24)(6, 21, 7, 8, 10)(12, 15, 19, 20, 22) and let yy
= (1, 21)(2, 5)(3, 19)(4, 6)(7, 15)(8, 11)(9, 13)(10, 12)(14, 17)(16, 18)(20, 23)(22,
24). Let N = (zx,yy). MAGMA gives N = S5. Let t = t;.
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Theorem 5.3. L2(25) =G = <.’L’5, yg’ (x_ly)47 (:L‘yac‘gyx)g, t57 (t, $y$2y$_1)a tx_ly =

3, (z, 172, (x90)4, -y Tyzyatat?st).

We perform our technique of manual double coset enumeration to G over
N to construct G and prove that G = Ly(25). Before we start our double coset
enumeration, the relations need to be expanded.

Now [t| = |t1] = 5 and t13 = t* ¥ = t3, therefore (£,3)N = (t13)N, which

yields the following:

Inverses: Powers: Splits:

t1 = tig! t12 = tr, t1° = t13, t1? = t1g t1 = trtiog
ty = too™ to? = ts, te® = tia, to* = ta0 ta = tgtao
t3 = to1™! t3? = tg, t3® = t15, t3* = to1 t3 = totar
tg = too! ta? = t10, t4® = t16, t4* = ta2 tqg = tiotaz
t5 = tog™! t5% = t11, t5° = b7, t5* = tog ts = t11tas
te = tos”! te? = t12, t6> = tis, te? = toa te = tiatas
tr =tz | t7? = tug, t7° = t1, t7? = tu3 t7 = tigtis
ts = t1a7! ts? = too, ts® = to, ts? = ti4 tg = taotia
tg = t157" to? = ta1, to® = t3, to® = t15 to = ta1tis

tio = tiet | t10% = tag, t10° = ta, t10? = ti6 | t10 = taotie

ti = ti7t | t11? = tog, t11° = t5, tn? =tz | t1n = tastar

ti2 = tig™l | t12? = tog, t12° = tg, t1o? = t1s | t12 = tostis

t13 = t77 t13% = t1, t13° = t1g, t13? = t7 t13 = t1ty

t1g = tg! t142 = to, t14% = ta20, t1a* = ts t14 = totg

t15 = to! t15% = t3, t15> = to1, t15 = tg t15 = tatg




tie = tiol | t162 = ta, t16° = ta, t16* = t10 | ti6 = tatio

ti7 = t11t | t17? = t5, t17° = tas, tirt =t | tir = tstnn

t1g = t1at | ti1s2 = tg, t1s8® = tos, t1g? = t12 | tis = tetio

tig = t17! t192 = t13, t19° = t7, t19? = t1 t1g = ti3ty

too = tot to0? = tia, t20® = ts, t20? = t2 tog = t1ate

top = t3 to12 = t1s, t21° = to, t1* = t3 to1 = t15t3

to = tg7t toe? = ti6, t2o® = t10, tao? = ta | toz = tigta

toz = t5 tos? = ti7, tog® = t11, tos? = t5 | tog = tirts

tos = te! toa? = t1s, tos® = t12, taa? = t6 | tos = tiste

Table 5.1: Powers of t.

Lemma 5.4. tgtotostio = titatootis.

Proof. From the relation (xtityx 'ty 1t;71)2 = e =
(xtitax g 1t71)2 = (xt1taxootg)? =

(x(x7 (b164)6% tantio)? = (totatostin)? = e =
totataotigtotatootiy = e —

totatootiy = t1g tao  to Mt =

totataotig = titatoptis by substituting the inverses.
Lemma 5.5. tjgtg = ym‘lytwtn and t12t11 = yxytzgtg.

Proof. From the relation (xVt1)* = e —

82

Let p = x¥ ~ (1,15,11,12,4)(3,23, 24, 10, 7)(5,6, 16, 13,21)(9, 17, 18, 22, 19) =
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pt1pt1p(t1p)t1 = ptiptip(ptiP)t1 =
pt1p(t1p?)t1Pt = ptip(p?t” )taPty =
p(t1p* )t 7 t1Pts = p(P3t 7 )tr? t1 Pt =>
PP 617 t1Pty = yxlytiotiitisty = e =
yxtytiotiitistiti st = ety st =
yxlytiotn = t17 5t =

yxytiatin = tigty =

(yxty)tyxlytioty = (yxly) ity = tiatin = yxytioto. O

Lemma 5.6. t;tg = yrlyziytig and tig = yxgyx‘gytﬂg.

Proof. From the relation X'lyx'lyxyxtlxtltlxtl = —
xlyxtyxyx(t; x)t2xt; = xyx tyxyx(xt;¥)ttixt; =
xhyxlyxyxx (b1 )t trxt; = xlyx lyxyxx(ta)titixt; =
xLyxlyxyxx(totit1x)t) = xtyxtyxyxx(x(tatit)¥)t1 =
X‘lyx'lyxyxxxt4t2t2t1 = X'lyx'lyxyxxxt4t8t1 -
X‘lyx'lyxyxxxt4tgt1 =y X‘2yx'2yt4tgt1 =e —
yx2yx2ytatgtitiy = etig =
(yx2yxy) yx Py Pytatstitiy = (yxPyx?y) Mty =
tats = yx’yx’ytig =

(yx?yx?y)tats = (yxPyxPy) lyx?yx?ytiy = yx%yx2ytats = tio. O

In what follows, we will denote the number of right cosets in the double
coset [w] by |[w]|. The only right coset of NeN = [*] is N, therefore |[*]| = 1, which

is symbolized by placing “1” inside the circle representing [*]. The stabilizer of N
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is N. The only orbit of N is {1, 2, 3, ...., 23, 24}, which yields the cosets Nt;, Ntq,
Nts, ... Ntos, Ntog € [1]. This is symbolized by placing a “24” next to the circle

representing [*] in the diagram below.

("] (1]

Figure 5.1: Double Cosets []

Let N! be the point stabilizer of 1 over N, therefore N! =( (2, 11, 9, 22,
12)(3, 10, 6, 14, 5)(4, 18, 20, 17, 15)(8, 23, 21, 16, 24)) . N() = N’ since there
are no relations such that t; = t; where 0 < i,j < 6. The double cosets of [1] are
Nti, Nto, Ntg, ... Ntos, and Ntoy which verifies |[1]| = 24. This is symbolized by
placing a “24” inside the circle representing [1] in the diagram. Now the orbits of
N onX={1,2..,23, 24 are {1}, {7}, {13},{19}, {2, 12,22,9, 11
1, {3,5,14,6,10 }, { 4, 15, 17, 20, 18 }, { 8, 24, 16, 21, 23 }.

The first orbit yields Nt;t; = Ntr€ [1], therefore Nt;t; € [1]. The second
orbit yields Ntjt; = Nty3 € [1], which means Ntyt7 € [1]. The third orbit yields
Ntit13 = Ntqg € [1], which shows Ntit13 € [1] The fourth orbit yields Ntit19 =

Ne = N € [*], which proves Ntitig € [*].
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1+1+1

24

[*] (1]

Figure 5.2: DCE up to the Fourth Orbit of [1].

For the double coset [w], we need only determine the double coset of the
right coset Nwt; for one representative ¢; for each orbit of the stabilizer group N()
of the coset Nw. The fifth orbit yields Ntjto, Nt1t12, Nttee, Nt1tg, Nt1t11 € [1,2],
since Ntito € [1,2].

1+1+1

24 1 5

1l [1 1.2l

Figure 5.3: DCE up to the Fifth Orbit of [1].

The sixth orbit yields Ntit3, Nt1ts, Nt1t14, Nt1t16, Nt1t19 € [1,3].
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(1, 2]

Figure 5.4: DCE up to the Sixth Orbit of [1].

The seventh orbit yields Nt1t4, Nt1t15, Nt1t17, Ntltgo, Ntltlg S [1,3] It

suffices to show Ntit4 € [1, 3].
Lemma 5.7. Ntity € /Z, 3/

Proof. Let p = (1, 19)(2, 4)(3, 23)(5, 21)(6, 24)(7, 13)(8, 10)(9, 17)(11, 15)(12,
18)(14, 16)(20, 22) € N. t19 = yx2yx2ytats ( Lemma) then (t19)P = (xyx2yx lyytsts)P
= t; = xyxzyx'lthtlo.

tita = xyx’yx'ytatiots

xyxzyx'lyt2t10t4 = XyXQyX'lytgtw since t1g = t1gty =

Ntitg € [ 1, 3] since N(tat16)™ = Ntits, where n = (1,12, 2)(3, 23, 16)(4, 9, 17)(5,

10, 21)(6, 14, 13)(7, 24, 8)(11, 22, 15)(18, 20,19). O
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(1, 2]

Figure 5.5: DCE up to the Eighth Orbit of [1].

The eighth orbit yields Ntltg, Nt1t24, Nt1t16, Nt1t21, Nt1t23 € [1]
Lemma 5.8. Nt tg € [1].

Proof. Let p = (1, 15, 11, 12, 4)(3, 23, 24, 10, 7)(5, 6, 16, 13, 21)(9, 17, 18, 22,
19) € N. ty4tg = yx2yx2ytig ( Lemma then (t4t3)P = (yx2yx?yt19)? = tits
= yxyX'Qytg -

Nt;ts € [ 1] since N(to)" € [ 1], where n = (1,2, 4, 18, 9)(3, 13, 14, 16, 24)(6, 21,
7,8, 10)(12, 15, 19, 20, 22). 0
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14141+ 5

Figure 5.6: Double Cosets [1]

Let N2 be the point stabilizer of 1 and 2 over N, then N%2 = (e) .

Lemma 5.9. (1, 6, 15, 23, 20, 10)(2, 16, 19, 24, 9, 5)(3, 17, 14, 22, 7, 12)(4, 13,
18, 21, 11, 8), (1,16)(2, 6)(3, 11)(4, 7)(5, 15)(8, 12)(9, 23)(10, 19)(13, 22)(14,
18)(17, 21)(20,24) and (1, 6, 15, 23, 20, 10)(2, 16, 19, 24, 9, 5)(3, 17, 14, 22, 7,
12)(4, 13, 18, 21, 11, 8) € N(1.2).

Proof. Let p = (1, 20, 12, 9, 17)(2, 18, 15, 11, 19)(3, 23, 13, 8, 6)(5, 7, 14, 24, 21)
€ N. t1g = yx2yx2ytyts (Lemma then (t19)P = (yx2yx2ytytg)P =

to = yx2yx'1yxt4t6 —

t1te = yX2yX'1yxt10t4t6 —

yx2yxlyxtiptats = yx2yxtyxtigte since tigty = tg =

Ntyty = Ntygts.

Let n = (1,16)(2, 6)(3, 11)(4, 7)(5, 15)(8, 12)(9, 23)(10, 19)(13, 22)(14, 18)(17,

21)(20,24) €N — Nttt = (Nt16t6)n — n € N@2) ]
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Proof. Let n = (1, 6, 15, 23, 20, 10)(2, 16, 19, 24, 9, 5)(3, 17, 14, 22, 7, 12)(4, 13,
18, 21, 11, 8) € N(1.2),

Let p = (1, 19)(2, 4)(3, 23)(5, 21)(6, 24)(7, 13)(8, 10)(9, 17)(11, 15)(12,18)(14,
16)(20, 22) € N.

t1g = yx2yx2ytyts (Lemma [5.6) then (t19)P = (yx2yx2ytytg)P =—

t1 = xyx’yx'ytatip =

tity = xyx?yx'ytotiote

Let p = (1, 23, 18, 21)(2, 14, 20, 8)(3, 19, 5, 12)(4, 10, 22, 16)(6, 15, 7, 17)(9, 13,
11, 24) € N.

tats = yxtyxZytig ( Lemma) then (t4t5)P = (yxyx?ytig)? =—

tiote = yx2yxyx'1t5 -

xyx’yx ytatiote = xyx*yxytatyx’yxyx't; =

tite = yx'yx*tiots =

Ntyto = Ntjots.

Let n = (1, 6, 15, 23, 20, 10)(2, 16, 19, 24, 9, 5)(3, 17, 14, 22, 7, 12)(4, 13, 18, 21,
11, 8) € N. Ntyty = (Nigts) = n € N(12), O

N2 > ( (1,6, 15, 23, 20, 10)(2, 16, 19, 24, 9, 5)(3, 17, 14, 22, 7, 12)(4,
13, 18, 21, 11, 8), (1,16)(2, 6)(3, 11)(4, 7)(5, 15)(8, 12)(9, 23)(10, 19)(13, 22)(14,
18)(17, 21)(20,24) ), therefore |P| = 12. This proves |[1,2]| = |N|+=|N(12)| < 120+12
= 10.
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1+1+1 +5

Figure 5.7: Size of [1,2].

Now the obits of N(M2) on X = { 1, 2,... 23,24 } are {1, 24, 5, 20, 9, 19,
23, 15, 10, 2, 6, 16} and {3, 4, 18, 7, 13, 8, 22, 14, 12, 21, 17, 11}.

The first orbit yields Ntytot1, Ntitotos, Ntitats, Ntitoteg, Ntitote, Ntitotqg,
Ntitotas, Ntitotis, Ntitotio, Ntitaty, Ntitots, and Ntitotis. Since Nijtotgg =

Nt; € [1], because Ntqtatag = Ntjtoty ' ((since ty ' = tog ) = Nty € [1].
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1+1+1+5

(1, 2]

Figure 5.8: DCE up to the First Orbit of [1,2].

The second orbit yields Ntitots, Ntitots, Ntitotis, Ntitoty, Ntitatis,

Lemma 5.10. Nttt € [1, 3).

Proof. Let p = (1, 17, 18)(2, 15, 4)(3, 10, 8)(5, 6, 7)(9, 22, 20)(11, 12, 19)(13, 23,
24)(14, 21, 16) € N.

tats = yx2yx2ytig ( Lemma then (t4tg)P = (yx2yx?ytig)P. =

tots = X‘2yx'2t11. -

t1tots = X‘ny'2t13t11.

Let n = (1, 7, 19, 13)(2, 14, 20, 8)(3, 18, 16, 11)(4, 23,9, 6)(5, 15, 24, 22)(10, 17,
21, 12). = (t1tot3)" = (x2yx2ti3t1)" =

trt1atis = yxlyxZytits.
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Let p = (1, 13, 19, 7)(2, 8, 20, 14)(3, 11, 16, 18)(4, 6, 9, 23)(5, 22, 24,15)(10, 12,
21,17) =n!. =

(trt1atis)P = (yxlyx?ytits)P =

titots = x2yx izt = yxlyxPy(t1t3)P. O

1+1+1+5

(1. 2]

Figure 5.9: DCE of [1, 2]

Lemma 5.11. Nt7ty = Ntyt3.
Proof. Let p = (1, 19)(2, 15)(3, 8)(4, 12)(5, 23)(6, 16)(7, 13)(9, 20)(10, 24)(11,
17)(14, 21)(18, 22) € N.

t1g = yx2yx2ytsts (Lemma where yx?yx2y ~ (1, 8)(2, 13)(3, 17)(4, 24)(5,
9)(6, 22)(7, 20)(10, 18)(11, 21)(12, 16)(14, 19)
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(15, 23) = (t19)P = (yx2yx2ytsts)P =

t1 = yxyx?yx ltots where yxyx?yx! ~ (1,23, 18, 21)(2, 14, 20, 8)(3, 19, 5, 12)(4,
10, 22, 16)(6, 15, 7, 17)(9, 13, 11, 24) = t1t3 = yxyxyx ‘tiatsts.

Let p = (1, 18, 15)(2, 11, 4)(3, 7, 6)(5, 16, 14)(8, 23, 10)(9, 19, 12)(13, 24,21)(17,
22,20) e N =

t19 = yx2yx2ytats ( Lemma then (t19)P = (yx2yx2ytytg)P =

tio = x2yxyxlytatos where x%yxyxly ~ (1, 13, 19, 7)(2, 23, 18, 10)(3, 9,
21, 15)(4, 14, 11, 24)(5, 12, 16, 20)(6, 22, 8, 17) =  yxyx’yx ltiotgty =
(yryaz?ya ') (*yryry)

totaststs = xLyx?yt otagtsts, where x tyx?y~ (1, 18,15)(2, 11, 4)(3, 7, 6)

(5, 16, 14)(8, 23, 10)(9, 19, 12)(13, 24, 21)(17, 22, 20).

Let p = (1, 5, 4, 24, 20, 3)(2, 21, 19, 23, 22, 6)(7, 11, 10, 18, 14, 9)(8, 15, 13, 17,
16, 12) € N.

t19 = yx2yx 2ytatg ( Lemma) then (t19)P = (yx2yx2ytyts)P =—

tos = yxlyxyx2tastis where yxlyxyx? ~ (1, 13, 19, 7)(2, 8, 20, 14)(3, 11,
16, 18)(4, 6, 9, 23)(5, 22, 24, 15)(10, 12, 21, 17) =  x'yx%ytotogtsts =
X‘1yX2thy:><'1yxyx‘2

taatiststy —

X‘lyx2yt2t23t3t3 = x‘zyx2t8t24t15t3t3 = X‘2yx2t8t24t24t3 = x‘2yX2t8tg4 since togts
= Id(N).

Let p = (1, 6, 15, 23, 20, 10)(2, 16, 19, 24, 9, 5)(3, 17, 14, 22, 7, 12)(4, 13, 18, 21,
11, 8) € N.

t19 = yx2yx?ytats ( Lemma [5.6) then (t19)P = (yx2yx2ytytg)? =

tog = yx2yxlyxtisty where yx?yxlyx ~ (1, 10, 12, 14)(2, 7, 22, 24)(3, 9,
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21, 15)(4, 6, 20, 13)(5, 17, 23, 11)(8, 19, 16, 18) = 1 2yx tgtostiststs =
x2yxtgyxPyx lyxtisty = yxTyxtigtisty = = yxlyxPtrty =

Nt1ts = Ntrty. O

Let N3 be the point stabilizer of 1 and 3 over N, therefore N13 =( e).
Let p = (1, 7, 19, 13)(2, 6, 15, 16)(3, 4, 8, 12)(5, 17, 23, 11)(9, 10, 20, 24)(14, 18,
21, 22). N(tit3)P = Ntyty € NE3), Now N3 > P = ( (1, 7, 19, 13)(2, 6, 15,
16)(3, 4, 8, 12)(5, 17, 23, 11)(9, 10, 20, 24)(14, 18, 21, 22) ), this means |P| = 4.
— |[1,3]] = |N|=|NI3)| < 120+4 = 30.

1+1+1+5

(1. 2]

Figure 5.10: Size of [1, 3].

The orbits of N(U3) on X = { 1, 7,19, 13}, { 2,6, 15, 16 }, { 3, 4, 8, 12
b, {5,17,23,11 }, { 9, 10, 20, 24 }, and { 14, 18, 21, 22 }.

Lemma 5.12. Ntjt3t; € [ 1, 3].
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Proof. Let p = (1, 19)(2, 18)(3, 21)(4, 11)(5, 16)(6, 8)(7, 13)(9, 15)(10, 23)(12,
20)(14, 24)(17, 22) € N.

t1g = yx2yx 2ytats ( Lemma then (t19)P = (yx2yx?ytytg)? =

t = x‘lyx2t11t6 -

tits = x lyxti1tets.

Let p = (1, 21, 22, 5, 12, 8)(2, 13, 9, 10, 17, 6)(3, 4, 23, 18, 14, 19)(7, 15,

16, 11, 24, 20) € N.

t19 = yx2yx?ytyts ( Lemma [5.6) then (t19)P = (yx2yx2ytsts)? —

ty = XyX_1YXYXt23t1 —

xlyxty1tets = xlyxty1texyx yxyxtasts, where xyxlyxyx ~ (1,21, 18,23)(2, 8, 20, 14)
(3,12,5,19)(4, 16,22,10)(6, 17, 7,15)(9, 24, 11,13) =

tits = X*yx*yxyx 'ytistirtosts.

Let n = (1, 7, 19, 13)(2, 14, 20, 8)(3, 18, 16, 11)(4, 23, 9, 6)(5, 15, 24, 22)(10, 17,
21, 12). = trt1s = (x'yx?)%titortoty =

(x1yx?) 2 t1tortoty = (xLyx?)2titsty =

Letp = nt = (1, 13,19, 7)(2, 8, 20, 14)(3, 11, 16, 18)(4, 6, 9, 23)(5, 22, 24, 15)(10,
12,21, 17) =

(trt1s)P = ((x'yx?)2titstr)P = titg = (xyx?)%(t1tstr)P. O

The first orbit yields Ntltgtl, Nt1t3t7, Ntltgtlg, Nt1t3t13 € [ 1, 3 ]
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1+1+1+5

(1. 2]

Figure 5.11: DCE up to the First Orbit of [1,3].

The second orbit yields Ntytsto, Ntitste, Nt1tgtis, Ntitstig € [ 1]. Since

t1tstis = titer € [ 1] as seen before.



97

1+1+1+5

(1. 2]

Figure 5.12: DCE up to the Second Orbit of [1,3].

The third orbit yields Ntitsts, Ntitsty, Ntitsts, Ntitgtia, titsts = titg

€ [ 1,2 ] as seen before. Therefore, Ntqtsts, Ntitgts, Ntitsts, Ntitstis € [ 1,2 ]
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1+1+1+5

(1. 2]

Figure 5.13: DCE up to the Third Orbit of [1,3].

Lemma 5.13. Nt t3t5 € [1, 3].

Proof. Let p = (1, 21, 18, 23)(2, 8, 20, 14)(3, 12, 5, 19)(4, 16, 22, 10)(6, 17, 7,
15)(9, 24, 11, 13) € to N.

t1g = yx2yx2ytats ( Lemmal[5.6]) then (t19)P = (yx2yx2ytats)? =

t3 = xyx'yx®ytigtao =

titsts = tixyxyx®ytistaots = xyxTyxytigtistaots.

Let p = (1, 15, 22, 2, 17)(3, 16, 8, 5, 7)(4, 20, 11, 19, 9)(10, 14, 23, 13, 21)€ to N.
tats = yxtyxZytig ( Lemma) then (t4t5)P = (yxyx?yt1g)? —

toots = yx‘lyxyx2t9 -

xyxyx?ytigtigtaots = yxyx?ytistisyxyxyx2te = xyxZyxtytato.

We now have tqtsts = xyx2yxtatato.
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Let n = (1, 14, 12, 10)(2, 24, 22, 7)(3, 15, 21, 9)(4, 13, 20, 6)(5, 11, 23, 17)(8, 18,
16, 19). = (titsts)® = (xyx2yxtataty)® =

t1atistin = (xy)*tistists = (xy)%t1ts since ti3t13 = t1.

Let p = (1, 10, 12, 14)(2, 7, 22, 24)(3, 9, 21, 15)(4, 6, 20, 13)(5, 17, 23, 11)(8, 19,
16, 18) = n'l. =

(t1at1st11)P = ((xy)?titg)? =

titsts = xyx2yxtatate = (xy)2(t1t3)P. = Ntyitsts € [ 1, 3 ]. O

The fourth orbit yields Ntqtgts, Nt1tst17, Nt1tgtos, Ntitgtis € [1, 3]

1+1+1+5

(1, 2]

Figure 5.14: DCE up to the Fourth Orbit of [1,3].

Lemma 5.14. Ntt3t9 € [1, 3].

Proof. Let p = (1,19)(2, 15)(3, 8)(4, 12)(5, 23)(6, 16)(7, 13)(9, 20)(10, 24)(11,17)(14,
21)(18, 22) € N.
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t1g = yx2yx 2ytats ( Lemma) then (t19)P = (yx2yx2ytytg)P =

t1 = yxynyX'ltlgtg =

titaty = yxyx2yxltiatststy.

Let n = (1, 12)(2, 22)(3, 21)(4, 20)(5, 23)(6, 13)(7, 24)(8,16)(9, 15)(10, 14)(11,
17)(18,19). = (titste)™ = (yxyx2yxltiatststy)? =

t1atort1s = xyx lyxyxtitortortss.

xyxlyxyxtitartortis = xyxlyxyxtitistis

ny‘lyxyxt1t15t15 = XyX‘lyxyxtltg

Let p = (1, 12)(2, 22)(3, 21)(4, 20)(5, 23)(6, 13)(7, 24)(8, 16)(9, 15)(10,14)(11,
17)(18,19) = n'l. =

(tiotortis)? = (xyx'yxyxtt3)? =

t1tstg = yxyX2yX'1t12t21 = ny'lyxyx(tltg)p. ]

The fifth orbit yields Ntqtgtg, Nt1tgt1g, Nt1tgtog, Ntitstos € [1, 3].
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1+1+1+5

[1.2]

Figure 5.15: DCE up its Fifth Orbit of [1,3].

Lemma 5.15. Ntjtstiy € [1).

Proof. Let p=(1,19)(2, 15)(3, 8)(4, 12)(5, 23)(6, 16)(7, 13)(9, 20)(10, 24)(11,17)(14,
21)(18, 22) € N.

t1g = yx2yx2ytats ( Lemmal[5.6]) then (t19)P = (yx2yx2ytats)? =

t1 = yxyxzyx'ltlgtg =

titatis = yxyx?yxltiotststyy.

Let p = (1, 8)(2, 13)(3, 17)(4, 24)(5, 9)(6, 22)(7, 20)(10, 18)(11, 21)(12, 16)(14,
19)(15, 23) € N.

t1g = yx2yx2ytats ( Lemma) then (t19)P = (yx2yx2ytytg)P =

t14 = yxlyxltytosty =

yxyx2yxttatstatiy = yxyx2yxttiotstayx?yxlytost; = x2yxytistististosts.
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Let n = (1, 19)(2, 4)(3, 23)(5, 21)(6, 24)(7, 13)(8, 10)(9, 17)(11, 15)(12, 18)(14,
16)(20, 22). =

(titstis)™ = (xXPyx2ytistigtigtosts)” =

tigtastis = (x%yx!)?trtiatiatetio.

(x%yx)Ptrtiotiotetio = (xyx!) trtostetry —>

(x2yx1)2trtostetio = (x2yx1)2trt1g since tostg = e =

(Pyx!)Ptrtig = (Pyx!)?ty.

Let p = (1, 19)(2, 4)(3, 23)(5, 21)(6, 24)(7, 13)(8, 10)(9, 17)(11, 15)(12, 18)(14,
16)(20, 22) = n'l. =

(trgtastie)? = ((xPyx')*t1)P =

titatis = x2yxZytig = (x%yx1)2tP € [1]. O

The sixth orbit yields Ntitgt14, Nt1tstis, Nt1tgtoo, Ntjtgtos € [1]
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1+1+145

[1.2]

Figure 5.16: DCE up to the Sixth Orbit of [1,3].

Our augment shows that |G| < 65(120) = 7800. Let X be the set of the
65 right cosets that we have found. Now (z,y,t) act on X and it readily checks
that |f(z), f(y), f(t)| = 7800. By the First Isomorphism Theorem, there exist a,
b in G that satisfy a presentation of Ly(25). Thus, L2(25) < 7800. Now |G| =
|L5(25)| = 7800. So G = Ly(25).

5.3 DCE S3 x A5 Over 15:2 and 10:2

A symmetric presentation of the progenitor 210 : (10 : 2) is G = ( x'?,
v2, (xy)?, t2, (t,y),(x2ytt¥)3, (xt¥)3). Let xx = (1, 2, 3,4, 5,6, 7, 8,9, 10) , yy

= (2, 10)(3, 9)(4, 8)(5, 7), and N = ( xx, yy ). Magma gives | N | = 20 and N =
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(10: 2). Let t = t;.

Given H = ( x, y, tx’tx), is a maximal subgroup of G and |H| = 60.
Theorem 5.16. S3 x A5 = G = { 219, °, (vy)?, ¥, (t,y), (*ytt®)?, (xt%)%) .

We perform our technique of manual double coset enumeration to G over
H and N to construct G and prove that G = Sg x A5 . Before we start our double

coset enumeration, the relations need to be expanded.
Lemma 5.17. :E’Qytltgtg = t2t1t8.

Proof. (x*ytt¥)3 = e (Definition of G ). = (x%ytit2)® =e. Let 7 = x*y ~ (1,
9)(2, 8)(3, T)(4, 6). => (whita)® = 7 (tata)™ (trita)™tits = Pytatatotstits = 1.
X2yt1t2t9t8t1t2 (tgtltg) = e(tgtltg) — X2yt1t2t9 = t2t1t8, which also means Ntltgtg

= Ntotqts. OJ
Lemma 5.18. 2%t4t5 = to.

Proof. (xt¥)3= e (Definition of G ). = (xt2)% = e == xtoxtoxty = X tytsty =

e = Xtylsta(ts) = e(ty) == x>tyt3 = to, which also means Hty = Htytz. O
Lemma 5.19. Ht; = Hts.

Proof. Given H = ( x, y, tx°tx), is a maximal subgroup of G and |H| = 60. =
txtx ~ t1x°tx = HxSt;ty = H —

HX6t7t2 =H = Hiytys = H = Ht; = Hts. ]

The only right coset of HeN = [*] is H, therefore|[*]| = 1, which is sym-
bolized by placing “1” inside the circle representing [*]. The stabilizer of N is N,

which means the only orbit of N is {1, 2, 3, ...., 10} which yields the cosets Nty,
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Nto, Nts, ... Ntyp € [1]. This is symbolized by placing a “10” next to the circle

representing [1] in the diagram below.

10

"] [1]
Figure 5.17: DCE [¥]

Lemma 5.20. NW) = ! Nwn N.

Proof. NW) ={ne N|Nwn e Nw} —
NW) ={ne N |wne€ Nw} =
NW)=ineN|ncw 'Nuw} =

NW) =~ Nwn N. O
Lemma 5.21. (w !Hw)N N =wNw ' NN.

Proof. Let the right coset decomposition of H over N H = NUNwi;UNws...UNwy,
where N N Nw; = {} , Nwj N Nw; = {} =, fori#].

(wHw) NN = (wHw ) NN = w(N UNw; UNws...U Nwp)w NN =
(w'Hw)NN = (wNw 'UwNwiw ' UwNwow ™ ...UNww ) NN = wNw NN

since N N Nw; = {}. O

Theorem 5.22. Let w € G, N <, H < G then the number of right cosets of H in
the double coset HwN = |[N|/|N™), were w € G and H,K are normal subgroups of
G.



106

Proof. Let w € G. Lemma the number of single cosets of H in HwK =
|H| x |N|/lwHw=! N N| = |N|/|lwNw~! N N| by Lemma Now |HwK| =
|H| x |N|/|N®)| by Lemma [5.21]

Now divide by |H| to obtain |[w]| = |[N|/|N®)|. O

Let N! be the stabilizer of {1} over N. Therefore, N1 = ( (2,10)(3, 9)(4,
8)(5,7)). Let p=(1, 5,9, 3, 7)(2, 6, 10, 4, 8). Hence, Ht;? = Ht,P, which means
Ht; = Htg. Let n = (1, 6)(2, 7)(3, 8)(4, 9)(5, 10) or (1, 6)(2, 5)(3, 4)(7, 10)(8,
9). Ht," = Htg = Hty, which proves n € N, N > P = ( (2, 10)(3, 9)(4, 8)(5,
7), (1, 6)(2, 7)(3, 8)(4, 9)(5, 10)). Consequently, |P| = 12, which results in |[1]| =
IN|+=|NM| < 20/4 = 5.

O

" (1]

Figure 5.18: Size of [1].

Now the obits of N on X ={11},{6}, {2, 10}, {3, 9}, { 4, 8}, {5,

7}. The first orbits yields the right coset Ht1ty = H € [*] since |t;| = 2.

(O

[*] [1]

Figure 5.19: DCE up to the First Orbit of [1].
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The second orbit yields Ht tg = Htgtg since Hty = Htg. Therefore, Htgtg

= H. This proves Ht tg € [*].

@10 (LA

1 ]

Figure 5.20: DCE up to the Second Orbit of [1].

The third orbit yields Ht¢1to and Htq¢1p.
Lemma 5.23. Htitio € [1].

Proof. Let p = (1,9, 7, 5, 3)(2, 10, 8, 6, 4).

Xty = to (Lemma5.18) = (Ptat3)P = 1P =

(x3)Ptat; = t19, where (x3)P = (1, 4, 7, 10, 3, 6, 9, 2, 5, 8).

Let n = (x*)P = ntat1t; = tipt1 = nty = tipt; =

(nto) ™! = (tiot1)t = tont = n'ltyg = t1t1g = Htg = Ht1t1g =
Htg = Ht1t1p € [1] since Htg € [1].

Since Ht1to and Ht1t1g come from the same orbit. —

Ht ity and Htltlo S [1] O
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1 10 1+1 5

[ (1]

Figure 5.21: DCE up to the Third Orbit of [1].

The fifth orbit yields Ht1t4 and Htqts.
Lemma 5.24. Hitty € [1].

Proof. Let p = (1, 2)(3, 10)(4, 9)(5, 8)(6, 7).

ts = x’taty (Lemma[5.18). = (Lo)P = (2%4t3)P = 1 = xBtgt1g =
tity = x3tgtiota.

Let p = (1, 3,5, 7, 9)(2, 4, 6, 8, 10).

ty = x’taty (Lemmaf5.18). = ()P = (Ptats)? = tg = let; =
x3tgtiots = X 3totigaltets = totstets,

where x3 ~ (1, 4, 7, 10, 3, 6, 9, 2, 5, 8).

Let p = (1, 3)(4, 10)(5, 9)(6, 8).

tatits = x2ytitoty (Lemma5.18). == (tat1ts)P = (x2ytitaty)P

— totsts = X ytstots =

totstets = xtytstatsts.

Let p = (1, 10,9, 8,7, 6, 5, 4, 3, 2)

tats = x 3ty (Lemmap.18). = (tal3)P = (x°0)P = l3t2 = x5t =

X4yt3t2t5t5 = X4yx'3t1t5t5 = X4yx'3t1 -
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Htyt, = Hxyx3t = Hty € [1]. O
2+2
1 10 141 5
y 1

Figure 5.22: DCE up to the Fifth Orbit of [1].

The fourth orbit yields Htyt3 and Hit1tg.
Lemma 5.25. Htit3, Htitg € /Z/

Proof. Let p = (1, 10,9, 8, 7, 6, 5, 4, 3, 2).

ts = Ptaty (Lemma5.18). = (t2)P = (Pluat3)P = 1 = gty =
tits = X3tstots

Let p = (1, 5)(2, 4)(6, 10)(7, 9)

taty = x3ty (Lemma[5.18). = (tat3)P = (x3t2)P = tol3 = Xty =
XBtatots = xX5t3 x5ty = xOtgty =—

Ht t5 = HxStgty

Let p = (1,9, 7, 5, 3)(2, 10, 8, 6, 4).

Ht; = Hty = Hirty = H (Lemma [5.19). = (Htstp)? = HP = Histyg =
H—

Htqtz = Hx%gty = Htst1025t6ts = HxOtytgtets = Htrty € [1] =

Htt3 € [1] O]
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2+2+2

@ 10 141 [

" (1]

Figure 5.23: DCE up to the Fourth Orbit of [1].

The sixth orbit yields Ht,t5 and Ht tr.
Lemma 5.26. Htits, Ht1t; € [1].

Proof. Let p = (1, 6)(2, 5)(3, 4)(7, 10)(8, 9).

ts = Ptaty (Lemmal5.18). = (t2)P = (xPlut3)P = t1 = t5 = x gty =
tits = t; = t1xt3ty = xtgtsty since x3 ~ (1, 8,5, 2,9, 6, 3, 10, 7, 4).
Ht ts = Hx3tgtsty.

Let p = (1, 10,9, 8,7, 6, 5, 4, 3, 2)

Ht; = Hty (Lemma . — Ht7ty = H —

(Htrto)P = HP = Htgt; = H —

Ht tz = Htgtyx3tgtsty = Hx3tatgtgtsty = Hty € [1]

= Hits, Htty € [1] ]
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2+2+2+2

10 1+1

[ (1]
Figure 5.24: Cayley Diagram of S3 x A5 Over 15:2 and 10:2.

Our augment shows that |G| < 6(20) = 360. Let X be the set of the 6
right cosets that we have found. Now (x,y,t) act on X and it readily checks that
|f(x), f(y), f(t)] = 360. By the First Isomorphism Theorem, there exist a, b in G
that satisfy a presentation of S3 x As. Thus, S3 x As < 360. Now |G| = |S3 x As|

= 360. So GgS:; X A5.

5.4 DCE of (A5)%2 Over Aj: 2

A symmetric presentation of the progenitor 5*** : (A5 : 2) is G = ( x, y,
t]x% y2, (< ly)d (xyxyx )2 80, (t, xPyxy ), 9% = 2, (yx2t8)%, (yx2t2)%). Let
xx = (1, 2, 4, 12, 21)(3, 7, 8, 10, 18)(6, 15, 19, 20, 22)(9, 13, 14, 16, 24) and let yy
= (1, 15)(2, 5)(3, 13)(4, 6)(7, 21)(8, 11)(9, 19)(10, 12)(14, 17)(16, 18)(20,23)(22,
24). Let N = ( xx, yy) . Magma gives |N| = 120. Let t = ¢;.

Let G = (x, v, t | X2, v2, (x1y)4, (xyx2yx )2, t5, (t, xPyxy ), t¥° = t2
(yx2e87° )4, (yx2e2)).

We perform our technique of manual double coset enumeration to G over

N to construct G and prove that G =2 (A45)? : 2. Before we start our double coset
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Notation: t = ty, t1g = t12, tao = t2?, to1 = t32, tao = t42, tog = t52, tou

= t62, t7 = t1°, ts = 23, tg = t33, t10 = t43, t11 = t5%, t1a = t63, t13 = t1%, t1y =

tad, t15 = t3d, tie = tad, t17 = t51, and t15 = te’.

Additional Notation: tig = t;2 = (t19)N = (t:2)N =

t1 =tz

ty = t1a, t3 = t1ph, ta = tie7l, t5 = t177, te = t1s, t7 = tigl, tg = tagl, to =

ta17l, t10 = taol, t11 = togh, ti2 = toa, tiz = 17l tia = to7l, tis = t37 tie =

tal, tir = t57h, tis = te7l, tg = tr7l, tao = ts7l, tor = to7l, tog = ti07h, toz = t117L,

tog = t1o7l.

Powers of t;:

Inverses Powers Splits
t1 = tig! t12 = t19, t1° = t7, t1% = t13 t1 = tigty3
ty = tig7t to? = tog, tg = t23, t1g = to? to = togtia
ty = t157! t32 = to1, tg = t3% ,t15 = t3? tg = to1t1s
ty = t167! t42 = to2, tip = t43, t16 = ta* tg = taotys
ts = ti77! t52 =tog, t11 = t5°, t15 = t3* ts = togty7
te = t1g7 t62 = tod, t12 = t6> ,t1s = t6* te = toatis
t7 = ti97 t7 = 13 t7 = tit1g
o _ .3 _
tg = tgo tg = to tg = tatgg
to = tor tg = t33 tg = tator
| _ .3 _
ti0 = too ti0 = t4 t10 = tatos
1 _ .3 _
t11 = tog t11 = t5 t11 = tstog
t12 = tog! t12 = t¢® t12 = tgtos




t1g = t17! t1g = t1* t13 = trty
t1g = to7! t1a = to* t1a = tgta
t15 = t3™! t15 = t3* t15 = tots
t1g = ta! t1 = ta? t16 = tiots
t17 = t5! t17 = t5* t17 = tuts
t1s = t6™! tg = t6* t1g = tiate
t1g = 77! t1g = t1° t19 = tisty
too = tg™! too = to? tao = t1atg
to1 = to! to1 = t3? to1 = tistg

tog = t107! tog = t4° ta2 = tigtio
tog = t117t tog = t5° tag = ti7t1s
tog = t1o7! tos = t6” tog = tigtia

Table 5.2: Power of the ts.

Proof. (wn)i=e = w

(wrr)?

w(ww D rwrwrwr = ww(

wirW (ww ) rwrwr = w?

wirVwrW (ww ) rwr = w

3 2
Arw Wi oW — o

™w(w

2

=€ — WAWITWAWT — € —>

1

wlrw)rwrwr = w2 (V) rwrwr =

1

TV wrVw(wl

2

w2 (ww D mVw(ww )V waVr = wlw(w

W3 (Y wr v = wi(ww D) wr rVr = w

3 2
Wi Wi o,

aw)awr = wirVw(rV)Twr =

aw)m = wrrVwrvVw(rV) T =
Lrvw)w(winVw)aWr =
3

w(w ln w)(r vV =

113
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Let w = (1, 20, 23, 6, 21, 10)(2, 5, 12, 3, 16, 7)(4, 19, 14, 17, 24, 15) ~
yx2. (8, 11, 18, 9, 22, 13).

Additional Relation: (wtt)? = e = wh(t2)’ (£2)*"* (t2)"tt = e —>
3 2

wh(19)" (619)" (t10)Vt19 = € = whtastirtiatio = e
Additional Relation: (Wt20)4 =—e — W4t20w3t20w2tgowt20 =—e —

W4t21t6t23t20 = €.
Lemma 5.27. t24t17 = w 2t7t2.

Proof. whtastirtistie = ¢ = w2 wltostirtiatiotiotia! = wletioltyyt =

toatiz = Wi tt1at = toatiz = Witrta. O
Lemma 5.28. tgltg =w thtu.

Proof. W4t21t6t23t20 = — W2W4t21t6t23t20t20_1t23_1 = W2et20_1t23_1 —> to1tg

= W2t20'1t23'1 = to1tg = W2t8t11 by notation. O
Lemma 5.29. titiytig = w2t15.

Proof. tosti7 = W2t7t2 5.27 — t24t17t2_1 = W2t7t2t2_1 = tosatbi7tiga = W2t7
since tg'l =ty = (t24t17t14)p = (W2t7)p where p = (1, 10, 21, 6, 23, 20)(2, 7,

16, 3, 12, 5)(4, 15, 24, 17, 14, 19)(8, 13, 22, 9, 18, 11) = ty7t14t1g = Wit1s. [
Lemma 5.30. t;ts = 2%t;4.

Proof. t1ta = t19t13tooti4 by splitting t; and to.
Let p = (1, 7, 13, 19)(2, 20, 14, 8)(3, 23, 10, 12)(4, 6, 21, 17)(5, 16, 18, 9)(11,
22, 24, 15) e N — ( Lemma ) (t24t17)p = (W2t7t2)p = ti13tg =
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xlyxyxttisty where xlyxyx ! ~ (1, 11, 4)(2, 24, 9)(3, 20, 18)(5, 22, 19)(6, 15,
8)(7, 17, 10)(12, 21, 14)(13, 23, 16) —

t1o(t13tao)tis = t1o(x yxyxtista)tiy =

t1o(x Lyxyxttsta)t1s = X Tyxyxttstistatiy =

xtyxyx s (tis)tatia = xyxyx s (tots)tatia.

Let p = (1, 6,9, 17, 14, 22)(2, 10, 13, 18, 21, 5)(3, 11, 8, 16, 19, 24)(4, 7, 12, 15,
23,20) € N = (tortg)? = (w?tgtyy)P (Lemma). =

tstg = x2yxytigts where x2yxy ~ (1, 16, 21)(2, 11, 12)(3, 7, 22)(4, 9, 13)(5, 6,
20)(8, 17, 18)(10, 15, 19)(14, 23, 24) =

xlyxyxt (tsto ) tatatis = x tyxyxt (x2yxytigts ) tatat1s where x Lyxyx Ix2yxy = xyx2yx2.
Let p = (1, 8, 24, 22)(2, 18, 16, 19)(3, 9, 15, 21)(4, 7, 14, 6)(5, 23, 17, 11)(10, 13,
20, 12) € N = (to1te)P? = (w2tst11)P ( Lemma) =

taty = x2yx lytosts where x2yxly ~ (1,24, 16)(2, 11, 21)(3, 8, 17)(4, 13, 12)(5,
15, 20)(6, 22,7)(9, 14, 23)(10, 19, 18) =

xyx2yx2tiets (tata )ty = xyx2yx2ti6ts (xX2yx tytosts )ty =

XyXQyXthtg (x2yx'1yt24t5)t14 = nyzyx2x2yx'1yt1t17t24t5t14 where nyzyXQXny'ly
= xyx2yx.

Let p = (1, 19, 13, 7)(2, 3, 11, 18)(4, 10, 16, 22)(5, 12, 20, 21)(6, 14, 15, 23)(8, 9,
17,24) € N = ( Lemmal[5.27)) (taat17)? = (Wt7t2)P == tstiq = yxyxtotis
where yxlyx ~ (1, 12, 11)(2, 4, 9)(3, 20, 22)(5, 19, 6)(7, 18, 17)(8, 10, 15)(13, 24,
23)(14, 16, 21) =

xyx 2yxtitiztos(tstia) = xyxZyxtitiztos(yxyxtotis) =
XyX‘nyt1t17t24(yx'lyxtgtlg) = XyX‘nyyx'lyxt12t7t23tgt18 where xyx‘2yxyx‘1yx =

(x%y)?.
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Let p = (1, 20, 9, 18)(2, 15, 24, 7)(3, 12, 19, 14)(4, 22, 16, 10)(5, 11, 17, 23)(6, 13,
8,21) € N = (tast17)? = (wtst2)P ( Lemmal5.27). =

trtos = X 2yxytatis where x?yxy ~ (1, 16, 21)(2, 11, 12)(3, 7, 22)(4, 9, 13)(5, 6,
20)(8, 17, 18)(10, 15, 19)(14, 23, 24) =

(x2y)%t12(trtes)totis = (x%y)2t12(x 2yxytatis)tot1s =

(x2y)%t12(x 2yxytatis)tot1s = (x2y)2x2yxytatatistotis where (x2y)*x2yxy = (yx)? =

(yx)?(tata)tistotis = (yx)*(t20)tistotis =

(yx)?t20(t15t9)t1s = (yx)t20(t21)t1s -

Let p = (1, 24, 2)(3, 17, 10)(4, 21, 11)(5, 22, 15)(6, 8, 7)(9, 23, 16)(12, 14, 13)(18,
20, 19).

ti7t1atio = Wt ( Lemma ). =

(ti7t1at19)P = (W2t16)P = tootortis = yxyx'tis =

(yX)2t20t21t18 = (yX)2yxyX'1t16 = X'2t16 — t1tg = X'2t16. Il

5.4.1 Double Cosets [*].

Let N = (xx,yy ) and Let X = {1,2,3,4,5,6,7,8,9, 10, ..., 23, 24}.
Orbits(N) = { 1, 2, 15, 4, 5, 19, 12, 6, 20, 9, 21, 10, 22, 23, 13, 7, 18, 24, 14, 3, 8,
16,17, 11} =X = Vie X, t; € [1].

The only right coset of NeN = [*] is N = |[*]| = 1, which is symbolized
by placing “1” inside the circle representing [*]. The coset stabilizer of coset N is
N. Therefore, the only orbit of N on X = { 1, 2, 15, 4, 5, 19, 12, 6, 20, 9, 21, 10,
22,23, 13,7, 18, 24, 14, 3, 8, 16, 17, 11} = X , hence Vi € X, t; € [1], which yields

the cosets Nty, Ntg, ..., Ntog € [1]. This is symbolized by placing a “24” next to
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the circle representing [*] in the diagram.

24 7

[*] (1]

Figure 5.25: DCE of [%].

5.4.2 Double Cosets [1].

Stabilizer of 1 denoted by N = ( (2, 23, 21, 16, 24)(3, 22, 6, 8, 5)(4,
12, 14, 11, 9)(10, 18, 20, 17, 15)) . Since there are no relations that take t; to t;
for 0 < 1ij < 24, therefore the stabilizing group denoted by N = N |[1]| =
IN|+=|NM| = 120+5 = 24. This is symbolized by placing a “24” inside the circle

representing [1] in the diagram.

['] [1]

Figure 5.26: Size of [1].

Now the orbits N on X = {1}, {7}, {13}, {19}, {223 21, 16,
24}, {3,22,6,8 5}, {4,12,14, 11,9 }, { 10, 18, 20, 17, 15 }. The first orbit

gives us Nt1t; = Ntyg € [1].
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24 7

['] [1]

Figure 5.27: DCE up to the First Orbit of [1].

The second orbit gives us Ntit7; = Nt (t12) = Nt;3 = Ntg € [1].

1+1

("] (1]

Figure 5.28: DCE up to the Second Orbit of [1].

The third orbit gives us Ntit13 = Nt;*t1= Nt;° = Ne = N € [*].

1+1

[ [1]

Figure 5.29: DCE up to the Third Orbit of [1].

The fourth orbit gives us Ntitig = Nt1t12 = Nt13 = Nty € [1].
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1+1+1
24 1
['] (1]

Figure 5.30: DCE up to the Fourth Orbit of [1].

The fifth orbit gives us Nt;to = Nx2t16 ( Lemma ). Nx2t16 = Ntyg

€ [1], therefore Ntity € [1], which shows Ntitos, Ntitor, Ntitig, Ntitey € [1]

1+1+1+5

24

('] [1]

Figure 5.31: DCE up to the Fifth Orbit of [1].

The sixth orbit gives us Ntitg € [1, 3|, therefore Ntjtoo, Ntitg, Ntits,

Ntit5 € [1, 3].
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1+1+1+5

[1. 3]

Figure 5.32: DCE up to the Sixth Orbit of [1].

The seventh orbit gives us Ntity € [1, 4], therefore Ntit12, Nt1t14, Ntit11,

Nt tg € [1, 4].

[1.3]

Figure 5.33: DCE up to the Seventh Orbit of [1].

From the eighth orbit we get Ntqtog, Ntit1g, Ntltl& Ntiti7, Ntitys.
Lemma 5.31. Nt1t20, Nt1t10, Ntﬂflg, Nt1t17, Ntity5 € [1, 4/

Proof. Ntitog = Ntytaote since tog = toto.
N(t1t2)ts = N(x2t16)t2 (Lemmal5.30]): =

Ntitog = Ntigte.
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Let p :(1, 23, 12, 14, 16)(2, 4, 13, 11, 24)(5, 18, 20, 22, 7)(6, 8, 10, 19, 17) —
N(tlﬁtg)p = Nt1ty = Nttty € [1, 4] — Nt1t107 Ntltl& Nt1t177 Nt1t177 S [1,
4. O

Figure 5.34: DCE [1].

5.4.3 Double Cosets [1,3]

The N3 = (e ), therefore N(U3) > (e ) . Let p = (1, 2, 24)(3, 10, 17)(4,
11, 21)(5, 15, 22)(6, 7, 8)(9, 16, 23)(12, 13, 14)(18, 19, 20), hence tastir = Wwtrts (
Lemma). Now, (taat17)P = (Wt7t2)P, which means t1t3 = x 'yxytgtas. This
gives us Ntitz = NX‘lyxyt8t24. Consequently, Nt1t3 = Ntgtoy , resulting in n =
(1,8)(2,19)(3,24)(4, 5)(6,9)(7,14)(10, 11)(12, 15)(13, 20)(16, 17)(18, 21)(22, 23)c N(1:3)
since N(t1t3)" = Ntgtoy.

Now, t1(t3) = t1(ta1t15) by notation. Let p = (2, 21, 24, 23, 16)(3, 6,
5, 22, 8)(4, 14, 9, 12, 11)(10, 20, 15, 18, 17). Now, tity = x2t;( Lemma [5.27),
therefore (t1t2)P = (x2t16)P. This gives us t1to; = x yxyxts, we substitute to ob-
tain (t1to1)tis = (xlyxyxts)tis. Consequently, Ntit3 = Ntotis, which shows n =
(1,2)(3,15)(4, 16)(5, 6)(7, 8)(9, 21) (10, 2) (11, 12)(13, 14)(17, 18)(19, 20) (23, 24)€ N(13)
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since N(t1t3)" = Ntotys.

Let p = (1, 7, 13, 19)(2, 20, 14, 8)(3, 23, 10, 12)(4, 6, 21, 17)(5, 16, 18,
9)(11, 22, 24, 15) € N3 since Nt t3 = Ntot1s = N(tgtoq)P. Therefore, p? = (1,
13)(2, 14)(3, 10)(4, 21)(5, 18)(6, 17)(7, 19)(8, 20)(9, 16)(11, 24)(12, 23)(15, 22)
e N3, Now, NL3) > P = ( (1, 8)(2, 19)(3, 24)(4, 5)(6, 9)(7, 14)(10, 11)(12,
15)(13, 20)(16, 17)(18, 21)(22, 23), (1, 2)(3, 15)(4, 16)(5, 6)(7, 8)(9, 21)(10, 2)(11,
12)(13, 14)(17, 18)(19, 20)(23, 24), (1, 2)(3, 15)(4, 16)(5, 6)(7, 8)(9, 21)(10, 2)(11,
12)(13, 14)(17, 18)(19, 20)(23, 24)), which gives us |[1, 3]| = |N|+=|N13)| < 1208
= 15.

Figure 5.35: Size of [1,3].

The orbits of P are { 1, 20, 7, 14, 8, 13, 2, 19 }, { 3, 11, 23, 22, 24, 10,
15, 12}, and { 4, 18, 6, 9, 5, 21, 16, 17}. From the first orbit we choose ‘1’ as the

representative:

Lemma 5.32. Nt1t3t1, Nt1t3t20, Nt1t3t7, Nt1t3t14, thtgtg, thtgtjg, thtgtg, and
Ntjtstig € [1, 3/

Proof. Let p = (1, 10, 24, 3, 2, 17)(4, 18, 21, 20, 11, 19)(5, 13, 22, 12, 15, 14)(6,
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9, 8,23, 7, 16).

tosti; = wltrty (Lemma [5.27 ). = (taat17)® = (Wotqt2)P = tst; =
(xlyxh)2t6t17  where x1yx )2 ~ (1, 14, 4)(2, 16, 13)(3, 18, 5)(6, 17, 15)(7,
20, 10)(8, 22, 19)(9, 24, 11)(12, 23, 21) =—>

t1(tst) = t1((x'yx ") tagtir) =

t1((xtyxt)2titr) = (xtyxt) tuatigtar.

Let p = (1, 14, 4)(2, 16, 13)(3, 18, 5)(6, 17, 15)(7, 20, 10)(8, 22, 19)(9, 24, 11)(12,
23, 21).

tito = x2t16 ( Lemma ). = (t1ta)P = (x%t16)P == tiat1s = x2yxyx't13
—

(xtyx ) (tutie)tir = (xyx )2 (xPyxyxtiz)tiy = wltistiy = Ntgtgt; =
Ntiztq7.

Let p = (1, 13)(2, 4)(3, 17)(5, 15)(6, 18)(7, 19)(8, 10)(9, 23)(11, 21)(12, 24)(14,
16)(20, 22). —>

N(t1tst1)P = N(t13t17)? = N(t1tst1)? = Nt1t3 = Ntytgt; € [1, 3] =
Nt1tstoo, Ntqtats, Ntytstis, Ntitsts, Nt1tstrs, Ntitats, and Ntjtstyg € [1, 3] since

1, 20, 7, 14, 8, 13, 2, 19 belong to the same orbit. ]
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Figure 5.36: DCE up to the First Orbit of [1,3].

From the 2nd orbit we choose ‘3’ as the representative.
Lemma 5.33. Ni;tsty € [1].

P?"OOf. Nt1t3t3 = Nt1t21 by notation t3t3 = t21 — Nt1t3t3 = Ntltgl S [1] as seen
before. — Nt1t3t37 Nt1t3t117 1\1131‘53'6237 Nt1t3t227 Nt1t3t247 Nt1t3t107 Nt1t3t157

and Ntitgtio € [1] O
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Figure 5.37: DCE [1,3].

From the 2nd orbit we choose ‘21’ as the representative. Nt tsto; = Nt;tg
€ [1,4] as seen before. Therefore, Ntitsty, Ntitstis, Ntitstg, Ntitstg, Ntitsts,

Ntit3t1g, and Ntitgti7 € [1,4].

Figure 5.38: DCE of [1,3].
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5.4.4 Double Cosets [1,4].
Lemma 5.34. tity = 2yx! yatogtes = zyz 'yillstia.

Proof. Let p = (1, 23, 12, 14, 16)(2, 4, 13, 11, 24)(5, 18, 20, 22, 7)(6, 8, 10, 19,
17) € N.

tits = x 2t15 ( Lemmal[5.30]) = x%t1t2 = t1g = (x%t1t2)? = (t15)? =

t1 = X2yx_1yxt23t4 —

(t1)ts = (Pyxyxtosta)ts =

x2yxlyxtoz(tats) = x2yxtyxtos(tos).

Let p = (2, 24, 16, 21, 23)(3, 5, 8, 6, 22)(4, 9, 11, 14, 12)(10, 15, 17, 20, 18) € N.
torte = w2tstsn ( Lemma [5.28] ). = (toite)P = (Wltst11)P == tostan =
ryr 2ytetrs. = X2yxX lyx(tostes) = xX2yx lyx(xyx2ytetis) = xyx lyx?tetis.

O

The Nb = (e) = N4 > (e). Now tity = x?yx! yxtastos ( Lemma
5.34] ). = Ntity = Nx?yx! yxtosztas = Nogtos. Now tity = xyx lyx?tetis (
Lemmal5.34]). = Ntjtq = Nxyx 'yx’tgtis4 = Ntits = Ntgts. Let n = (1,
3)(2, 10)(4, 20)(5, 12)(6, 23)(7, 9)(8, 16)(11, 18)(13, 15)(14, 22)(17, 24)(19, 21)
—  N(t1t4)P = N(tostao)P = Ntgtis = Ntity = N(t1t4)P = Ntjty => n €
N(L4),

Lemma 5.35. {14 = (yx_2)2t24t21.

Proof. Let p = (1, 9, 16, 2, 11)(3, 10, 20, 5, 19)(4, 14, 23, 13, 21)(7, 15, 22, 8§, 17)
€ N.
tite = X72t16 ( Lemma@). - X2t1t2 =t1g = (X2t1t2)p = (t16)p = 1ty

= nyyx_ltggtgl -
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t1(ta) = t1(xyxyx 'tostor ) =

(tixyxyx1)togtar= (xyxyx 't1)tostor.

Let p = (1, 6, 11, 15, 4, 8)(2, 19, 24, 5, 9, 22)(3, 16, 20, 13, 18, 23)(7, 12, 17, 21,
10, 14) € N.

tita = x 2t16 ( Lemma ). (t1t2)P = (x2t16)P tites = X 2yxyx ltgy. ==

xyxyx~L(t1tos)ter = xyxyx 1 (x Zyxyxltog)tor = t1tg = (yx2)%togtor. O

Now, t1t4 = (yx2)2ta4t21 ( Lemma, therefore Nt1t4 = N(yx2)%tosto;.
We now have Ntyt; = Ntagtor. Let n = (1, 24, 2)(3, 17, 10)(4, 21, 11)(5, 22, 15)(6,
8, 7)(9, 23, 16)(12, 14, 13)(18, 20, 19), hence N(t1t4)" = Ntosto; = Ntit4. Con-
sequently, N(t1t4)" = Ntity4, which means n € N(&4),

Let P = ( (1, 3)(2, 10)(4, 20)(5, 12)(6, 23)(7, 9)(8, 16)(11, 18)(13, 15)(14,
992)(17, 24)(19, 21), (1, 24, 2)(3, 17, 10)(4, 21, 11)(5, 22, 15)(6, 8, 7)(9, 23, 16)(12,
14, 13)(18, 20, 19) ) = ( (1, 17, 2, 3, 24, 10)(4, 19, 11, 20, 21, 18)(5, 14, 15, 12, 22,
13)(6, 16, 7, 23, 8, 9) ), therefore N4 > P. Consequently, |[1, 4]| = |N|+=|N14)|
< 120+6 = 20. Orbits of P on X are {1, 10, 3, 17, 2, 24}, { 4, 18, 20, 19, 11, 21},
{5,13,12,14,15,22 }, { 6,9, 23, 16, 7, 8 }.
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Figure 5.39: Size of [1,4].

From the 1st orbit we choose ‘10’ as the representative. Ntitst19 = Nt1t16
since t16 = tat10, therefore Ntitatip € [1] since Nt1ti6 € [1]. Consequently, Nttty

Ntitatig, Ntitats , Ntitati7, Ntitgto, Ntitatoy € [1]

1+1+1+5

Figure 5.40: DCE up to the First Orbit of [1,4].

From the 2nd orbit we choose ‘4’ as the representative. Ntitsty = Ntqtoo
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by notation, therefore Ntitytq € [1,3] since Ntitoo € [1,3]. Consequently,

Ntitats, Ntitatig, Ntitatoo, Ntitatig, Ntitatir, Ntitator € [1,3].

Figure 5.41: DCE up to the Second Orbit of [1,4].

From the 3rd orbit we choose ‘22’ as the representative. Ntit too = Ntit1g
since t19 = tqtoe, therefore Ntitgtos € [1,4] since Ntitip € [1,4]. Consequently,

Ntytats, Nt1tatis, Ntitatio , Ntitatia , Ntitatss , Ntitatos € [1,4].
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Figure 5.42: DCE up to the Third Orbit of [1,4].

From the 4rd orbit we choose ‘16’ as the representative. Ntit4t16 = Nt
since t4t16 = tats* = e, therefore Nt1t4t16 € [1]. Consequently, Ntitate, Ntityto,

Ntitgtog , Ntyitatig , Ntitaty , Ntitatg € [1]

Figure 5.43: Cayley Diagram of (A5)2:2 Over Aj : 2.
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Our augment shows that |G| < 60(120) = 7200. Let X be the set of the
60 right cosets that we have found. Now (z,y,t) act on X and it readily checks
that |f(z), f(y), f(t)| = 7200. By the First Isomorphism Theorem, there exist a,
b in G that satisfy a presentation of (45)? : 2. Thus, (45)? : 2 < 7200. Now |G| =
|(A5)? : 2| = 7200. So G = (A5)? : 25.
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Chapter 6

An Algorithm To Prove Coset

Relations

Let N be a transitive permutation group. Let G = (J¢|)*™:N factor by a

set of relations, where n is the number of letters of N.

Step 1: We extract the first and second relations from G and rewrite them in
the form of no-empty t-word = permutation times another t-word. We save all

relations into a list to be used later. Let’s call this list LR. For example:

Let G = ( x°, y2,(x1y)4, (xyx2yx)2, t5,(t, xyxZyxl), 7 V= t3, (x,tt7")2,(x¥t)%,
X tyxbyxyxtxt?xt) .

Inwe use the relations: tatg = yxyx’yt'?, tig = yor2yx 2ytts,
tigty = yx~'ytiati1, tiatn = yayliole, tolatastiy = titataolis, and titstaotis =

totatostyg.

We must also include some of the labeling of the powers of t. In
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we use: t7 = t7, t7 = t3, t1t19 = Id(N), and t1t1t1t1t; = Id(N). The equations t

= t7t19 and t7t19 = t1 also need to be included.

Step 2: We start with an equation that we want to prove. For example, t1t3 =
ptatasty, where p is allowed to be any permutation of N. t1t3 is the starting t-word
and ptotosty is what we are looking for. We add the starting t-word to a tree
structure, let’s name this tree Elements. A function called GetReationsToUse is
used to conjugate all the relations LR by all the permutations in N. This is done
every time the function is used. Each time we conjugate a relation, we check to
see if the resulting equation can be applied to the t-word being processed. If the
equation can be applied, then we add it to an array along with the proof of the
new relation. The following is the Magma output of the list of relations that can

be applied to tit3:

17) (11, 15)(12,
18) (14, 16)(20, 22) belong to N.
Lemma 3: t19 = yx2yx—2yt4t8. —>
(t19)"p = (y * x"=2 * y x x" =2 % ytd4t8) ' p =—>
tl = x xy x x"2 %y x x' =1 % yt2t10. Apply at 1.
Found a new name: x % y *x x 2 *x y *x x —1 % y*t2t10t3.

20) (10, 24)(11,
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17) (14, 21)(18, 22) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =>

tl =y x x *y x X2 %y x x —1t12t3. Apply at 1.

Found a new name: y % X % y * X 2 *%x y % x —1xt12t3t3.

Let p = (1, 19)(2, 20)(3, 16)(4, 9)(5, 24)(6, 23)(7, 13)(8,
14) (10, 21)(11,

18) (12, 17)(15, 22) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>

tl =y x x x y x x =2 % yt9t1l4. Apply at 1.

Found a new name: y % X * y % X —2 % yxt9t14t3.

Let p = (1, 19)(2, 18)(3, 21)(4, 11)(5, 16)(6, 8)(7, 13)(9,
15) (10, 23)(12,

20) (14, 24)(17, 22) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 % y x x"—2 % ytd4t8) ' p =—>

tl = x"—=1 % y % x"2t11t6. Apply at 1.

Found a new name: =x"—1 % y *x x 2xt11t6t3.

Let p = (1, 19)(2, 17)(3, 24)(4, 22)(5, 8)(6, 21)(7, 13)(9,
18) (10, 16) (11,
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20) (12, 15)(14, 23) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =>

tl =y * x™2 x y *x x"2 % yt22t5. Apply at 1.

Found a new name: y % x"2 % y *x X2 % y*t22t5t3.

Let p = (1, 21)(2, 5)(3, 19)(4, 6)(7, 15)(8, 11)(9, 13)(10,
12)(14, 17)(16,

18) (20, 23)(22, 24) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>

t3 = x"—2 x y x x"—2t6t11. Apply at 2.

Found a new name: x —2 % y *x x —2xt13t6t11.

Let p = (1, 21, 22, 5, 12, 8)(2, 13, 9, 10, 17, 6)(3, 4,
23, 18, 14, 19)(7, 15,

16, 11, 24, 20) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>

t3 =x xy x x'=1 x y x x x y % xt23t1. Apply at 2.

Found a new name: x *x y * x =1 % y % X *x y % xxt21t23t1.

Let p = (1, 21, 20, 16)(2, 10, 19, 3)(4, 7, 15, 14)(5, 17,
23, 11)(6, 12, 24,
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18)(8, 22, 13, 9) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =>
t3 = x"2 x y x x"—1t7t22. Apply at 2.

Found a new name: x"2 % y % x —1xt10t7t22.

Let p = (1, 21, 18, 23)(2, 8, 20, 14)(3, 12, 5, 19)(4, 16,
22, 10)(6, 17, 7,

15)(9, 24, 11, 13) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x" =2 % ytdt8) p =>

t3 =x xy x x'—1 x y x x 2 % ytl6t20. Apply at 2.

Found a new name: x *x y * x =1 % y % x"2 % yxt16t16t20.

12, 13, 9, 5)(7, 15,
23, 22, 8, 18) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>
t3 =y x x'=2 x y % x x yt14t18. Apply at 2.

Found a new name: y % X" —2 % y % X x yxt7t14t18.
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(t1)"p = (Id($)t7t19) " p =
t1l = Id($)t7t19. Apply at 1.
Found a new name: t7t19t3.

Let p = (1, 3, 20, 24, 4, 5)(2, 6, 22, 23, 19, 21)(7, 9,
14, 18, 10, 11)(8, 12,

16, 17, 13, 15) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =

t3 = Id($)t9t21. Apply at 2.

Found a new name: t1t9t21.

Step 3: Now we have an array of equations that can be applied to a particular
t-word. We apply these equations to produce new t-words. If a new t-word is not
found in the tree of Elements, then we add it to the tree. We ensure that when

we add a new t-word to the tree that we link it to its parent t-word.

xyx?yx Tyt ot yxyxytt b | [ Xyttt |o o o [tttz

Figure 6.1: First Level of the Tree.

Step 4: We repeat the algorithm for every new t-word that has not been processed

until we find the element we are looking for, in our case ptatosto.
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The following is the list of relations that can be applied to yaxyz?yx 1t ot3ts:

Let p = (1, 3, 20, 24, 4, 5)(2, 6, 22, 23, 19, 21)(7, 9,
14, 18, 10, 11)(8, 12,

16, 17, 13, 15) belong to N.

t1°2 = t7 =>

(t1t1)"p = (Id($)t7) " p =

t3t3 = 1d($)t9. Apply at 2.

Found a new name: y % X * y % X 2 *x y % x —1%t12t9

Let p = (1, 18, 17)(2, 4, 15)(3, 8, 10)(5, 7, 6)(9, 20, 22)
(11, 19, 12)(13, 24,

23)(14, 16, 21) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. =—>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) ' p =

t12 =y % x x y x x =2 % y % xt15t10. Apply at 1.

Found a new name: (x"—1 % y % x"2)"2xt15t10t3t3

Let p = (1, 18, 15)(2, 11, 4)(3, 7, 6)(5, 16, 14)(8, 23,
10)(9, 19, 12)(13, 24,

21) (17, 22, 20) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x' =2 x y * x =2 % ytdt8) p =

t12 = x"2 %y % x x y x x —1 % yt2t23. Apply at 1.
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Found a new name: x"—1 *x y % x"2 % y*xt2t23t3t3

7) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x"—2 % ytdt8) ' p =—>

t12 =y % x"=1t17t13. Apply at 1.

Found a new name: x"2 % y % x"—1 % y % x"2xt17t13t3t3

Let p = (1, 18, 2, 9, 4)(3, 16, 13, 24, 14)(6, &, 21, 10,
7)(12, 20, 15, 22, 19)

belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 % y x x" =2 % ytd4t8) ' p =—>

t12 = x %y *« x'=1 *« y % x % y *x xtlt21. Apply at 1.

Found a new name: t1t21t3t3

Let p = (1, 18)(2, 20)(3, 5)(4, 22)(6, 7)(8, 14)(9, 11)(10,
16) (12, 19)(13,

24) (15, 17)(21, 23) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x =2 % yt4t8) ' p =>

t12 =y % x"=2 % y % x * yt22t14. Apply at 1.
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Found a new name: (y % x72)"2xt22t14t3t3

Let p = (1, 21)(2, 5)(3, 19)(4, 6)(7, 15)(8, 11)(9, 13)(10,
12)(14, 17)(16,

18) (20, 23)(22, 24) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x"—2 % ytdt8) ' p =—>

t3 = x"—2 x y x x"—2t6t11. Apply at 2.

Found a new name: y % x"2 % y % X *x y % x —1 % yx

t23t6t11t3

23, 18, 14, 19)(7, 15,

16, 11, 24, 20) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. =—>

(619)"p = (y * x' =2 *x y x x"—2 % yt4t8) ' p =>

t3 = x x y x x'—1 x y x x x y *x xt23tl. Apply at 2.

Found a new name: t5t23t1t3

Let p = (1, 21, 20, 16)(2, 10, 19, 3)(4, 7, 15, 14)(5, 17,
23, 11)(6, 12, 24,

18)(8, 22, 13, 9) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>
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t3 = x"2 x y % x"—1t7t22. Apply at 2.

Found a new name: x"2 % y % X 2 x y % x*xt24t7t22t3

Let p = (1, 21, 18, 23)(2, 8, 20, 14)(3, 12, 5, 19)(4, 16,
22, 10)(6, 17, 7,

15)(9, 24, 11, 13) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 *x y x x"—2 % ytd4t8) ' p =—>

t3 = x xy x x' =1 x y x x 2 % yt1l6t20. Apply at 2.

Found a new name: x"—1 % y *x x * y*t6t16t20t3

12, 13, 9, 5)(7, 15,
23, 22, 8, 18) belong to N.
Lemma 3: t19 = yx " 2yx " —2yt4t8. —>
(619)"p = (y * x' =2 *x y x x"—2 % yt4t8) ' p =>
t3 =y * x"—2 x y x x * yt14t18. Apply at 2.

Found a new name: (y % x°2) 2*xt3t14t18t3

13) (7, 24, 8)(11, 22,
15)(18, 20, 19) belong to N.
tl = t7t19 —>

(t1)"p = (Id($)t7t19) p =>
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t12 = Id($)t24t18. Apply at 1.

Found a new name: y % X % y % X 2 * y * x —1%t24t18t3t3

Let p = (1, 3, 20, 24, 4, 5)(2, 6, 22, 23, 19, 21)(7, 9,
14, 18, 10, 11)(8, 12,

16, 17, 13, 15) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =—>

t3 = Id($)t9t21. Apply at 2.

Found a new name: y % X * y * x 2 % y * x —1xt12t9t21¢3

Due to the limited space in the diagram, only some branches will be

shown in the diagram. Please see for the full output that was used

to create the diagram.

szyxjytztmta ywxiytntiata x"'yxzt“tsls o o o | t9t1

{x" ylezt'l 5‘1 Ilt'itl

y Xy X’y Xt t,

Figure 6.2: Second Level of the Tree.

Finally, a function named Find TwordWithReducing detects that 2~ lyz2ytatoststs
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is equivalent to &~ lyx2ytataste, which triggers the algorithm to stop looking.

xyxyxTytt, t 'yttt |0 o o | titet21

y xy x?y Xt t; (xMyx)t gttty

Figure 6.3: Third Level of the Tree.

Step 5: Now that we have found our t-word, all we have to do is to follow
its path back to the top of the tree. Each time we move up the tree we print the
proof for the t-word. If the algorithm does not find a solution in a timely manner,
then the user must prove the relation by hand.

The following is the final output:

Start with t1t3

Apply the following at t word position 1:

Let p = (1, 19)(2, 15)(3, 8)(4, 12)(5, 23)(6, 16)(7, 13)(9,
20) (10, 24)(11,

17)(14, 21)(18, 22) belong to N.
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Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x' =2 x y * x =2 % ytdt8) ' p =

tl =y *x x *y x X' 2 %y %x x —1t12t3 =—>

t1t3 =y *« x * y % x°2 %y x x —1xt12t3t3.

Apply the following at t word position 1:

Let p = (1, 18, 15)(2, 11, 4)(3, 7, 6)(5, 16, 14)(8, 23,
10)(9, 19, 12)(13, 24,

21)(17, 22, 20) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>

t12 = x"2 x y * x * y *x x —1 % yt2t23 =—>

Vv ok X xy % X2 xy % x =1 % t12t3t3 = x"—1 x y % x"2 % yx
t2t23t3t3 .

Reduce in the following way:

x"—=1 % v % x"2 % yxt2t23t3t3

x"—1 %y % X2 % yxt2t23t9

This algorithm is used to prove all word problems for La(5) over Ss, and
(A5)%:2 over As : 2, and it was tested on two additional groups not found in this

thesis. A MAGMA implementation of the algorithm can be found in [Appendix G}
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Appendix A

MAGMA CODE: Isomorphism
of (23 x 2):11

N:=TransitiveGroup (46 ,4) ;

CompositionFactors (N); /x

Cyclic(11)

NL:=NormalLattice (N) ;
for i in [1..#NL] do

if IsAbelian(NL[i]) then i; end if;
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end for;

/*The relevant path of the normal lattice of N.

*/

NL4 :=NL[4];
NTA:

IsIsomorphic (NL4, AbelianGroup (GrpPerm ,[46]) ); /% true x/

A:=NI(1, 37, 28, 18, 8, 43, 33, 23, 14, 3, 39, 30, 20, 10,
46, 36, 26, 16, 6, 41, 32, 22, 12, 2, 38, 27, 17, 7, 44,
34, 24, 13, 4, 40, 29, 19, 9, 45, 35, 25, 15, 5, 42,
31, 21, 11);

IsIsomorphic (NL4, sub<N|A>);

FPGroup (NL4) ;

Test<x>:=Group<x|x"46>;

f, Testl ,k:=CosetAction(Test,sub<Test|Id(Test)>);

IsIsomorphic (NL4, Testl); /% true =/

q, ff:=quo<N|NL4>;

q;

T:= Transversal (N,NL4) ;

ff(T[2]) eq q.1; /*x true x/

IsAbelian(q);

/* N cannot be the direct product to NL4 and q <T[2]> since

N has no normal subgroup of order 11. Which means N is
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an extension of NL4 by N/NL4. Let Q"'N/NL4 = {NL[4]B}
where T[2] = B = (1, 20, 9, 35, 42, 8, 32, 33, 38, 46,
15)(2, 19, 10, 36, 41, 7, 31, 34, 37, 45, 16)(3, 23, 18,
5, 27, 25, 22, 13, 43, 11, 40)(4, 24, 17, 6, 28, 26,
21, 14, 44, 12, 39). N~ 46:11 ~ (2 23):11 */
B:=NI(1, 20, 9, 35, 42, 8, 32, 33, 38, 46, 15)(2, 19, 10,

36, 41, 7, 31, 34, 37, 45, 16)(3, 23, 18, 5, 27, 25, 22,
13, 43, 11, 40)(4, 24, 17, 6, 28, 26, 21, 14, 44, 12,

39);

procedure FindFirstElementAsProductOfLast2(L,A,B)
for i1 in [0..(Order(A) —1)] do
for i2 in [0..(Order(B) —1)] do
if( L eq (A"i1xB"i2) ) then
i1, i2, A"i1%B"i2;
end if;
end for;
end for;

end procedure;

FindFirstElementAsProductOfLast2(A"B, A, Id(N));
A"B eq A"25;

G< x, y>:=Group< x, y | x746, y 11, x"y = x"25>;
f, Test2 ,k:=CosetAction (G, sub<G|1d (G)>);
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IsIsomorphic (N, Test2); /x True 8/

/* N 7 46:11 x/
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Appendix B

MAGMA CODE: Isomorphic

Type of ((23 x 2):11):2

N:=TransitiveGroup (46 ,6) ;
CompositionFactors (N);/x
G

Cyclic(11)

|

*

|  Cyclic(2)
*

|  Cyclic(23)
*

|  Cyclic(2)
1%/

NL:=NormalLattice (N) ;
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for i in [1..#NL] do
if IsAbelian(NL[i]) then i; end if;
end for; /x 4 x/

/* NL[10] = TransitiveGroup (46,4) ~ (23 2 ):11 and has
presentation Group< x, y | x°46, y 11, x"y = x"25> %/

Test<x,y>:= Group< x, y | x"46, y 11, x"y = x"25>;

f, Testl ,k:=CosetAction (Test,sub<Test|Id(Test)>);

IsIsomorphic (NL[10],Testl); /* true x*/

NL10:=NL[10];

temp:=TransitiveGroup (46 ,4) ;

s, m:=IsIsomorphic(temp, NL[10]) ;

A= m(temp!(1, 37, 28, 18, 8, 43, 33, 23, 14, 3, 39, 30,
20, 10, 46, 36, 26, 16, 6, 41, 32, 22, 12, 2, 38, 27,
17, 7, 44, 34, 24, 13, 4, 40, 29, 19, 9, 45, 35, 25, 15,

5, 42, 31, 21, 11));

B:=m(temp!(1, 20, 9, 35, 42, 8, 32, 33, 38, 46, 15)(2, 19,

10, 36, 41, 7, 31, 34, 37, 45, 16)(3, 23, 18, 5, 27, 25,
22, 13, 43, 11, 40)(4, 24, 17, 6, 28, 26, 21, 14, 44,
12, 39));

A;

B;

AB:=sub<N|A,B>;

AB eq NL10;
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q, ff:=quo<N|NL10>;

q;

T:= Transversal (N,NL10) ;
ff(T[2]) eq q.1; /% true x*/

C:=T[2]"11;

/* N cannot be the direct product to NL4 and any other
subgroup since N has no normal subgroup of order 2
outside of NL10. Which means N is an extension of NI4
by N/NL4. Let Q'N/NL10 = {NL[10]C} where C = (1, 42, 46,

28, 40, 32, 21, 44, 13, 34, 35, 4, 9, 6, 24, 11, 19,
30, 7, 38, 17, 15)(2, 41, 45, 27, 39, 31, 22, 43, 14,
33, 36, 3, 10, 5, 23, 12, 20, 29, 8, 37, 18, 16)(25, 26)

N72:(11:(23 2 )) */

procedure FindFirstElementAsProductOfLast2(L,A,B)
for il in [0..(Order(A) —1)] do
for i2 in [0..(Order(B) —1)] do
if( L eq (A"i1%B"i2) ) then
i1, i2, A"il+B"i2;
end if;
end for;

end for;
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end procedure;

FindFirstElementAsProductOfLast2 (A"C, A, B);
A"45 eq A"C; /x true x/
FindFirstElementAsProductOfLast2 (B"C, A, B);
B"C eq A"36xB;

G<x,y,z>= Group< x, y, z | x"46, y"11, x"y = x"25, 272, x~
z = x 45, y 'z = x"36%xy>;

f,Gl,k:=CosetAction (G,sub<G|Id (G)>);

IsIsomorphic (N,G1) ;

/* true x/
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Appendix C

MAGMA CODE: Shapes of
Progenitor 30 : ((3:7):2%)

Images

S:=Sym(56) ;
xx:=S1(1, 28, 30)(2, 40, 39)(3, 55, 54)(4, 26, 29)(5, 25,

10) (6, 31, 9)(7, 19, 18)(8,

16, 21)(11, 17, 24)(12, 41, 50)(13, 52, 42)(14, 51, 34)

(15, 56, 33)(20, 53,

36) (22, 32, 38)(23, 49, 46)(35, 37, 44)(45, 48, 47);
yy:=S!1(1, 54, 45)(2, 25, 56)(3, 20, 22)(4, 34, 49)(5, 38,

27)(6, 35, 48)(7, 44, 10)(8,

51, 19)(9, 39, 55)(11, 31, 52)(12, 43, 17)(14, 15, 41)
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(16, 24, 53)(18, 42,
46) (21, 36, 47)(23, 40, 33)(26, 32, 30)(28, 50, 29);

N:=sub<S|xx,yy>;

CompositionFactors (N) ;
NL:=NormalLattice (N) ;
NL;
for i in [1..#NL] do

if IsAbelian(NL[i]) then i; end if;

end for; /x 2x/

NL2:=NL[2];
IsIsomorphic (NL2, AbelianGroup (GrpPerm,[2,2,2]));
/* N'q:2"3

q, ff:=quo<N|NL[2] >;

q;

T:= Transversal (N,NL[2]) ;
T;

ff(T[2]) eq q.1;

ff(T[3]) eq q.2;
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CompositionFactors(q) ;
NL:=NormalLattice (q) ;

NL;

for i in [1..#NL] do

if IsAbelian(NL[i]) then i; end if;
end for; /% 2 %/

q, ff:=quo<q|NL[2] >;

q;

N~ 2°3:(3:7)

/**>l<>l<**>l<>l<>l<>k*>l<>l<>l<**>l<>l<>l<************>l<>l<>l<**>|<>I<>k***********************/

a:=0; b:=0; c:=0; d:=0; e:=0; f:=2; g:=6; index :=2187;
G<x,y,t>=Group< x, y, t | x"3, y'3 , vy *x x'—1 x y'—=1 % x
=1 ox y' -1 x x %y x x x y =1 % x, t°3, (t, x x y'—1 % x
=1 %y -1 x x ), ( x"—Ixt"(y % x))"a, (xxt"(y * x))"b
, ((x % y"=1)"3%xt)"¢c , (x = y —=1xt)°d , (y"—1 % x"—1xt
)Te , ((x % y) " 3xt)"f |, (x % yxt) g>;
f,Gl,k:=CosetAction (G,sub<G|x,y>);

CompositionFactors (Gl) ;
NL:=NormalLattice (Gl) ;
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NL;

for i in [1..#NL] do

if IsAbelian(NL[i]) then i; end if;
end for; /*x 2 x/

IsIsomorphic (NL[2], AbelianGroup (GrpPerm,[3,3,3,3,3,3,3]));
/* true x/
q, ff:=quo<G1|NL[2] >;
IsIsomorphic (N, q); /* true x/
GI"™N:3"°7

/**>l<>l<**>l<>l<>l<>k*>l<>l<>l<**>l<>l<>l<************>l<>l<>l<**>|<>I<>k***********************/

a:=0; b:=0; c:=0; d:=0; e:=3; f:=0; g:=3; index :=24;
G<x,y,t>=Group< x, y, t | x"3, y'3 , vy x x' =1 x y'—=1 % x
=1 ox y' -1 x x %y x x x y =1 % x, t°3, (t, x x y'—1 % x
—1 ok y' -1 % x ), ( x"=1xt"(y * x))"a, (xxt"(y * x))"b
, ((x % y"=1)"3%xt)"¢c , (x = y —=1xt)°d , (y"—1 % x"—1xt
)e , ((x * y)"3xt)"f | (x % yxt) g>;
f,Gl,k:=CosetAction (G,sub<G|x,y>);

CompositionFactors (Gl) ;

NL:=NormalLattice (Gl) ;
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NL;

for i in [1..#NL] do

if IsAbelian(NL[i]) then i; end if;
end for; /*x 2 x/

IsIsomorphic (NL[2], AbelianGroup (GrpPerm,[2,2,2,2,2,2]));
/% true x/

q, ff:=quo<N|NL[2] >;

q;

IsIsomorphic (N, q); /% true x/

/*********************>I<>l<>l<**************************************/

a:=0; b:=0; ¢:=0; d:=0; e:=6; {:=2; g:=0; index :=2187;
G<x,y,t>:=Group< x, y, t | x"3, y'3 , yv x x =1 % y"—=1 % x
—1l ok y' -1l % x ok y x x x y' =1 % x, t°3, (t, x * y' -1 % x
=1 ox oy -1 x x ), ( x"=1xt"(y x x))"a, (xxt"(y x x))"b
, ((xox y " =1)"3%xt)"¢c , (x x y ' =1xt)"d , (y =1 % x"—1xt
)Te , ((x % y) " 3xt)"f | (x % yxt) g>;
f,Gl,k:=CosetAction (G,sub<G|x,y>);

CompositionFactors (G1) ;
NL:=NormalLattice (G1) ;

NL;
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for i in [1..#NL] do
if IsAbelian(NL[i]) then i; end if;
end for; [+ 2 x/

IsIsomorphic (NL[2], AbelianGroup (GrpPerm,[3,3,3,3,3,3,3]));
/* true x/

q, ff:=quo<G1|NL[2] >;
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Appendix D

MAGMA CODE: Shapes of
Progenitor 2*°Y : ((3:7):2%)

Images

S:=Sym(56) ;
xx:=S1(1, 28, 30)(2, 40, 39)(3, 55, 54)(4, 26, 29)(5, 25,

10) (6, 31, 9)(7, 19, 18)(8,

16, 21)(11, 17, 24)(12, 41, 50)(13, 52, 42)(14, 51, 34)

(15, 56, 33)(20, 53,

36) (22, 32, 38)(23, 49, 46)(35, 37, 44)(45, 48, 47);
yy:=S!1(1, 54, 45)(2, 25, 56)(3, 20, 22)(4, 34, 49)(5, 38,

27)(6, 35, 48)(7, 44, 10)(8,

51, 19)(9, 39, 55)(11, 31, 52)(12, 43, 17)(14, 15, 41)
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(16, 24, 53)(18, 42,
46) (21, 36, 47)(23, 40, 33)(26, 32, 30)(28, 50, 29);

N:=sub<S|xx,yy>;

CompositionFactors (N) ;
NL:=NormalLattice (N) ;
NL;
for i in [1..#NL] do

if IsAbelian(NL[i]) then i; end if;

end for; /x 2x/

NL2:=NL[2];
IsIsomorphic (NL2, AbelianGroup (GrpPerm,[2,2,2]));
/* N'q:2"3

q, ff:=quo<N|NL[2] >;

q;

T:= Transversal (N,NL[2]) ;
T;

ff(T[2]) eq q.1;

ff(T[3]) eq q.2;
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CompositionFactors(q) ;
NL:=NormalLattice (q) ;

NL;

for i in [1..#NL] do

if IsAbelian(NL[i]) then i; end if;
end for; /% 2 %/

q, ff:=quo<q|NL[2] >;

q;
N~ 2°3:(3:7)
[ 35k sk sk sk ok Kk sk ok sk ok KR R R sk KK SRR K sk KK KR K R KK KR R K Sk KR R K K Kk R K K koK KR K sk ok ok Ok ok /

a:=0; b:=0; c¢:=0; d:=0; e:=0; f:=3; g:=3; h:=7; Glndex
:=576;

G<x,y,t>:=Group<x,y, t|x"3, y'3 , y % x'=1 % y"—1 % x"—1 %
vy -1 % X %y *x X %

y -1 % x, t"2, (t, x * y'=1 % x"=1 % y"=1 % x ), (x * y*xt"(
x x y =1 % x)xt"(y " —1

x x' =1 %y x x x y'—1))"a, (x *x yxtxt " ((y =1, x)) )b, (xxt
((x, ¥)) Ve, (y-1

x x"—1xt " ((y =1, x)))°d, (x * yxt"((y =1, x))*t"(y = x) ) e
;o (xox
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y) 3%t " (y =1 % x x y' =1 %« x"—=1 % y"=1))"f, ( (x % y —1)"3x%t

)"g, (x *x y"—1xt)"h

>3

f,G1,k:=CosetAction (G,sub<G|x,y>);

CompositionFactors (G1);/x

G

| Cyclic(3)

| A(1, 8) =L(2, 8)

|  Cyclic(2)

| Cyclic(2)

|  Cyclic(2)

|  Cyclic(2)

|  Cyclic(2)

|  Cyclic(2)

1 %/
NL:=NormalLattice (Gl) ;
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NL;

for i in [1..#NL] do

if IsAbelian(NL[i]) then i; end if;
end for; /*x 2 x/

IsIsomorphic (NL[2], AbelianGroup (GrpPerm,[2,2,2,2,2,2]));
/% truex/
q, ff:=quo<G1|NL[2] >;
CompositionFactors (q);/x*
G
|  Cyclic(3)

/*********************>I<>I<>l<**>I<>I<>l<**>I<>I<>l<****************************/

a:=0; b:=0; ¢:=0; d:=0; e:=0; f:=6; g:=3; h:=0; Glndex
:=T73728;

G<x,y,t>=Group<x,y, t|x"3, y'3 , y x x'—=1 % y" =1 % x"—1 =«
y =1 % x xy *x x xy =1 % x, t"2, (t, x x y'—=1 % x"=1 % y
=1 ox ox ), (x ok oyxtT(x %y -1 % x)xt T (y -1k x"—=1 x y x x

f oy -1) e, (x % yxtet (v =1, X)) )b, ekt ((x, ¥)) )

c, (y°—=1 % x"=1xt " ((y =1, x)))"d, (x *x yxt " ((y =1, x))=*



t7(y * x) )7e,
A_l))Afa

( (x x y'=1)"3xt) g,

f,Gl,k:=CosetAction (G, sub<G|x,y>);

CompositionFactors (G1) ;

NL:=NormalLattice (Gl) ;

NL; /%

[6]

[1]

for i in [1..#NL] do

Order 12386304

Order 4128768

Order 8192

Order 128

Order 64

Order 1

Length

Length

Length

Length

Length

Length

if IsAbelian(NL[i]) then i;

end for; /*x 4x/

NL[4];/ =

Permutation group acting on a set of cardinality 73728

Order = 8192 = 2713 %/

1 Maximal

1 Maximal

1 Maximal

1 Maximal

1 Maximal

1 Maximal

end if;

(x % y —1xt) h>;

Subgroups: 5

Subgroups: 4

Subgroups: 3

Subgroups: 2

Subgroups: 1

Subgroups:*/

164

((x xy) 3%t " (y"=1 « x x y"—1 %« x"=1 % y
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IsIsomorphic (NL[3], AbelianGroup (GrpPerm
02,2,2,2,2,2,2,2,2,2,2,2,2])); /+ false %/
q, ff:=quo<G1|NL[4] >;
CompositionFactors(q) ;

/* G 7 (2°7):(3:L(2, 8)) =%/

/**************************************************************/

a:=0; b:=0; c:=0; d:=0; e:=0; f:=9; g:=3; h:=0; GlIndex
=1259712;

G<x,y,t>:=Group<x,y, t|x"3, y'3 , y * x' =1 % y"—1 % x"—1 x
y =1 % x xy *xx %y —1x%xx, t°2, (t, x * y"—1 % x"—1 x
y=1 % x ), (x % yxt"(x %« y' =1 % x)*xt"(y " —1x x"—=1 % y %
x 5y =1))a, (x % yxtxt ((y°=1, x)) )b, (xxt"((x, y))
)Tes (vl x x"=1xt " ((y =1, x)))"d, (x x yxt"((y" -1, x))
xt " (y x x) )Te, ( (x *xy) 3%t (y =1 % x x y' =1 % x"—1 x
y —=1))°f, ( (x = y"—1)"3%t) g, (x * y —1%t) h>;

f,G1,k:=CosetAction (G,sub<G|x,y>);

CompositionFactors (G1);/x*

G

|  Cyclic(3)

AL, 8) =L(2, 8)



Cyclic (3)

Cyclic (3)

Cyclic(3)

Cyclic(3)

Cyclic(3)

Cyclic(3)

Cyclic(3)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

166



*
| Cyclic(2)
1 %/

NL:=NormalLattice (G1);
NL; /x

[6] Order 211631616 Length 1

[5] Order 70543872  Length 1

[4] Order 139968 Length 1
;]_ Order 2187 Length 1
;]_ Order 64 Length 1
_[:]_ Order 1 Length 1

for i in [1..#NL] do

if IsAbelian(NL[i]) then i; end
end for; /x 4x/

/% G~ (276 % 3°7): q #/

q, ff:=quo<G1|NL[4] >;

Maximal

Maximal

Maximal

Maximal

Maximal

Maximal

if;

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

2
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CompositionFactors(q); /*
G
|  Cyclic(3)
*
| A(1, 8) =L(2, 8)
1 %/
/* G 7 (276 % 3°7): (3:L(2, 8)) x/

/****>I<****>I<*********>I<*>I<>I<>l<>I<*>I<>l<>l<**>I<>l<>l<****************************/

a:=0; b:=0; ¢:=0; d:=0; e:=6; f:=6; g:=3; h:=0; Glndex
:=1152;

G<x,y,t>=Group<x,y, t|x"3, y'3 , y x x'—1 % y"—=1 % x"—1 =«
vy —1 % X *x y *x X %

y -1 % x, t°2, (t, x * y'=1 x x"=1 x y"=1 % x ), (x % yxt"(
x x y =1 % x)xt"(y"—1

x x =1 %y * x x y' —1))"a, (x * yxtxt " ((y =1, x)) )b, (xxt
“((x, y)) )Te, (vl

* x —1xt " ((y =1, x)))"d, (x * yxt " ((y =1, x))*t"(y * x) ) e
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s (O (x o«
y) 3%t " (y' =1 % x * y' =1 x x"—=1 % y"—=1))"f, ( (x % y —1)"3x%t
)g, (x *x y"—1xt)"h
>3
f,G1,k:=CosetAction (G,sub<G|x,y>);
CompositionFactors (G1);/x*
G
|  Cyclic(3)
| A(L, 8) = L(2, 8)
|  Cyclic(2)
| Cyclic(2)
|  Cyclic(2)
|  Cyclic(2)
|  Cyclic(2)

|  Cyclic(2)

|  Cyclic(2)



1%/

NL:=NormalLattice (G1) ;

NL; / %

[5]

Order

Order

Order

Order

Order

193536

64512

128

Length

Length

Length

Length

Length

for i in [1..#NL] do

Maximal

Maximal

Maximal

Maximal

Maximal

if IsAbelian(NL[i]) then i; end if;

end for;

/* 3 x/

Subgroups: 4

Subgroups: 3

Subgroups: 2

Subgroups: 1

Subgroups:x/

170

IsIsomorphic (NL[3], AbelianGroup (GrpPerm,[2,2,2,2,2,2,2]));

/* true x/

q, ff:=quo<G1|NL[3] >;

CompositionFactors(q); /*

G
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|  Cyclic(3)
| A(1, 8) =L(2, 8)
1 %/

/* G1 © (2°7):(3:L(2, 8)) =/

/**************************************************************/

a:=0; b:=0; c:=0; d:=3; e:=0; f:=2; g:=0; h:=0; Glndex:=32;

G<x,y,t>=Group<x,y, t|x"3, y'3 , y x x'—=1 % y"—=1 % x"—1 =
vy =1 % X % y % X %

y =1 % x, t72, (t, x * y'=1 % x"=1 % y"—=1 % x ), (x * yxt " (
x x y =1 % x)xt"(y"—1

x x =1 %y * x x y' —1))"a, (x *x yxtxt " ((y =1, x)) )b, (xxt
((x, y)) )es (vl

x x —1xt " ((y =1, x)))°d, (x * yxt " ((y =1, x))*t"(y = x) ) e
v (O (x %

y) 3%t " (y' =1 % x * y' =1 x x"—=1 % y"—=1))°f, ( (x % y —1)"3x%t
) g, (x *x y"—1xt)"h

>3

f,Gl,k:=CosetAction (G,sub<G|x,y>);

CompositionFactors (G1);/x

G
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|  Cyclic(3)

|  Cyeclic(7)

| Cyclic(2)

|  Cyclic(2)

|  Cyclic(2)

|  Cyclic(2)

|  Cyclic(2)

| Cyclic(2)

|  Cyclic(2)

|  Cyclic(2)
1 %/

NL:=NormalLattice (Gl) ;
NL; /%
[7] Order 5376 Length 1 Maximal Subgroups: 6



Order 1792

Order 256

Order 32
Order 32

Order 4

Order 1

Length

Length

Length
Length

Length

Length

for i in [1..#NL] do

if IsAbelian(NL[i]) then i; end if;
[*x 4 x/

end for;

NL[4];

Maximal

Maximal

Maximal

Maximal

Maximal

Maximal

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

173

IsIsomorphic (NL[4], AbelianGroup (GrpPerm,[2,2,2,2,2])); /x

true =/

/* G 7 275:q %/

q, ff:=quo<G1|NL[4] >;

CompositionFactors(q);/x*

G

Cyclic (3)



*
|  Cyclic(7)
*

|  Cyclic(2)
*

| Cyclic(2)
*

|  Cyclic(2)
1 %/

NL:=NormalLattice (q) ;

NL; / *

[4] Order 168 Length 1

[3] Order 56 Length 1

[2] Order 8 Length 1

[1]  Order 1 Length 1

for i in [1..#NL] do

Maximal Subgroups:

Maximal Subgroups:

Maximal Subgroups:

Maximal Subgroups:

if IsAbelian(NL[i]) then i; end if;

end for; /*x 2 x/
/* G~ 2°5:(2°3: q) =/

174
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N:=q;
q, ff:=quo<N|NL[2] >;
CompositionFactors(q) ;
NL:=NormalLattice (q) ;
NL;
for i in [1..#NL] do

if IsAbelian(NL[i]) then i; end if;
end for; /%2 x/
Jx G~ 2°5:(2°3: (7:3)) x/

/******************************************************************/

a:=0; b:=0; c¢:=0; d:=3; e:=0; f:=4; g:=7; h:=0; GlIndex
:=512;

G<x,y,t>:=Group<x,y, t|x"3, y'3 , y * x' =1 % y"—1 % x"—1 %
yi-1lxxxy*xx*y—1xx, t°2, (t, x * y'=1 x x =1 =
y =1 % x ), (x x yxt " (x % y"=1 % x)*t " (y =1 %« x"=1 % y x
x o« y 1)) a, (x x yxtxt"((y" =1, x)) )b, (xxt"((x, y))
) e, (y'—1 % x"—=1xt " ((y"—1, x)))"d, (x x yxt " ((y -1, x)
Jxt " (y * x) )Te, ( (x x y) 3t (y' -1 x x x y -1 % x"—1
« y 1)) f, ( (x *« y"=1)"3xt) g, (x *x y —1xt)"h >;

f,Gl,k:=CosetAction (G,sub<G|x,y>);

CompositionFactors (Gl); /x

G



Cyclic(3)

Cyclic(7)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)
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*

1

Cyclic(2)

Cyclic(2)

*/

NL:=NormalLattice (G1);

NL; /%
[9]

Order

Order

Order

Order
Order

Order

Order
Order

Order

86016

28672

4096

512
012

64

1

Length

Length

Length

Length
Length

Length

Length
Length

Length

for i in [1..#NL] do

if IsAbelian(NL[i]) then

end for;

/* 5 x/

i;

Maximal

Maximal

Maximal

Maximal

Maximal

Maximal

Maximal

Maximal

Maximal

end if;

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:

Subgroups:
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NL[5]; /* 2°9 */
/* G 7 2°9:q */
q, ff:=quo<G1|NL[5] >;
NL:=NormalLattice (q) ;
NL;
for i in [1..#NL] do
if IsAbelian(NL[i]) then i; end if;
end for; /*x 2 x/
/* G 7 27°9:(2"°3:q) */
N:=q;
q, ff:=quo<N|NL[2] >;
NL:=NormalLattice (q) ;
NL; /% [3] Order 21 Length 1 Maximal Subgroups: 2

[2] Order 7 Length 1 Maximal Subgroups: 1

[1]  Order 1 Length 1 Maximal Subgroups: x/

/¥ G 7 [/« G T 279:(273:(7:3)) %/

/******************************************************/

a:=0; b:=0; c¢:=0; d:=3; e:=6; f:=4; g:=0; h:=7; Glndex
:=8192;

178

G<x,y,t>:=Group<x,y, t|x"3, y"3 , y % x' =1 % y"—1 % x"—1 x
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v =1 % X % y % X %

y =1 % x, t72, (t, x * y'=1 % x"=1 % y"=1 % x ), (x * yxt " (
x %y =1 % x)xt"(y' =1 % x"=1 x y % x x y —1))"a, (x *x yx
txt " ((y"—1, x)) )b, (xxt"((x, y)) )¢, (y =1 % x"—1xt
(v =1 x)))7d, (xox oyt (v =1, x))xt 7 (y % x) ) e, (
(x % y) 3%t " (y'=1 x x *« y'—=1 « x'=1 % y"=1))"f, ( (x %y

"—1)"3%t) g, (x * y —Ixt) "h >;

f,Gl,k:=CosetAction (G,sub<G|x,y>);

CompositionFactors (Gl); /x

G
|  Cyclic(3)
*
|  Cyclic(7)
*
|  Cyclic(2)
*
|  Cyclic(2)
*
|  Cyclic(2)
*
|  Cyclic(2)
*

|  Cyclic(2)



Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

180
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NL:=NormalLattice (G1) ;

NL;

for i in [1..#NL] do

if IsAbelian(NL[i]) then i; end if;
end for; /* 9 x/

/* G 7 2710: q */

q, ff:=quo<G1|NL[9] >;

NL:=NormalLattice (q) ;

NL; /x

[6] Order 1344 Length 1 Maximal Subgroups: 5

[5] Order 448 Length 1 Maximal Subgroups: 4

[4] Order 64 Length 1 Maximal Subgroups: 2 3

[3] Order 8 Length 1 Maximal Subgroups: 1
[2]  Order 8 Length 1 Maximal Subgroups: 1
[1] Order 1 Length 1 Maximal Subgroups: x*/

for i in [1..#NL] do

if IsAbelian(NL[i]) then i; end if;
end for; /*x 4 x/

/% G~ 2°10: (27°6:q) */



N:=q;

q, ff:=quo<N|NL[4] >;

NL:=NormalLattice (q) ;

NL; /%

3]  Order 21 Length 1 Maximal Subgroups: 2

[2]  Order 7 Length 1 Maximal Subgroups: 1

[1]  Order 1 Length 1 Maximal Subgroups: x/
/G T 27100 (2°6:(2:7)) */

182
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Appendix E

MAGMA CODE: Induction of
5:11 Onto Lo(11)

/* Character Induction x*/

MAGMA: Using Induction of 5:11 onto L2(11) To Find a

Monomial Representation of L2(11)

/* Character Induction x/

S:=Sym(12) ;

xx:=S1(3, 7, 9, 4, 5)(6, 8, 12, 10, 11);
yy:=S!(1, 8, 2)(3, 4, 7)(5, 12, 11)(6, 9, 10);

G:=sub<S|xx,yy>;
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H:i=sub<G|(1, 4, 3, 10, 8)(2, 7, 5, 12, 11), (1, 2, 12, 11,
3, 7,6, 4,5, 8, 10)>;

zz:= HI(1, 4, 3, 10, 8)(2, 7, 5, 12, 11);

ww:=H!(1, 2, 12, 11, 3, 7, 6, 4, 5, 8, 10);

FPGroup (H) ;

HH<z ,w>:= Group<z, w | z"5, w -2 % z"—1 %« w—1 % z, 2°2 x
w—=1 % 2"2 x w—1 % z x w>;

f ,Hl,k:=CosetAction (HH, sub<HH| Id(HH)>);

s:=Islsomorphic (H1, H);

s; /*x true x/

SchH:=SchreierSystem (HH, sub<HH| Id (HH) >) ;
Hword:=function (Perm)
for w in SchH do

seq = Eltseq(w);

p:= Id(H);

for j in seq do

if j eq 1 then p:=px*zz; end if;

if j eq —1 then p:=px*xzz " —1; end if;
if j eq 2 then p:=p*ww; end if;
if j eq —2 then p:=p*xww” —1; end if;

end for;

if Perm eq p then return w; end if;
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end for;

end function;

ClassesH:=Classes (H) ;

FPGroup (G) ;

/* x5, y'°3, yv *x x"2 x y -1 x x"2 xy x x—1 x y =1 %
x -1, (x xy % x %y *%x x) 2, %/

G& x, y >=Group<x, y | x5, y"3, y *x x"2 % y =1 % x"2 %
y x x' =1 x y"—1 x x"—1, (x x y % X %y % x)"2>;

#CG; /% 660 */

f,G1,k:=CosetAction (GG, sub<GG| 1d(GG)>);
s:=Islsomorphic (Gl, G);

s; /x true x/

ClassesG:=Classes (G) ;

25:=CH[2] 2]

GCinterceptsH:=[Set (Class (G, ClassesG[i1][3])) meet Set(H): i
in [1..# ClassesG ]];

for g in GCinterceptsH[4] do
for i in [1..# ClassesH] do



186

if g in Class(H, ClassesH[i][3]) then
c:= CH[2][i];
if ¢ eq zb then str:= str cat "z5 + ”7; end if;
if ¢ eq z5°2 then str:= str cat ”
zb"2 + 7; end if;
if ¢ eq z5°3 then str:= str cat ”
zb"3 + 7; end if;
if ¢ eq z56°4 then str:= str cat "z5°4 + ”7; end if;
end if;

end for;

for g in GCinterceptsH [4] do
for i in [1..# ClassesH]| do
if g in Class(H, ClassesH[i][3]) then CH
[2][i]; end if;
continue;
end for;

end for;

GCinterceptsH [5];

for g in GCinterceptsH[5] do
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"kai(” cat Sprint(g) cat ) 4+ 7;

for g in GCinterceptsH [5] do
for i in [1..# ClassesH] do
if g in Class(H, ClassesH[i][3]) then
ci= CH[2][1]:
if ¢ eq zb then str:= str cat "z5 + ”7; end if;
if ¢ eq z5°2 then str:= str cat ”
z6 2 + 7; end if;
if ¢ eq z656°3 then str:= str cat ”
z5"3 + 7; end if;
if ¢ eq 2574 then str:= str cat ”"z5°4 4+ ”; end if;
end if;
end for;
end for;

Str;
for g in GCinterceptsH[7] do

nkai(n cat Sprlnt(g) cat 77) + 77;

for g in GCinterceptsH[7] do
for i in [1..# ClassesH] do
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if g in Class(H, ClassesH[i][3]) then
c:= CH[2][i];
if ¢ eq zb then str:= str cat "z5 + ”7; end if;
if ¢ eq z5°2 then str:= str cat ”
zb"2 + 7; end if;
if ¢ eq z5°3 then str:= str cat ”
zb"3 + 7; end if;
if ¢ eq z56°4 then str:= str cat "z5°4 + ”7; end if;
if ¢ eq 1 then str:= str cat 71 + ”7; end if;
end if;

end for;

for g in GCinterceptsH [8] do

"kai(” cat Sprint(g) cat ) + 7;

for g in GCinterceptsH[8] do
for i in [1..# ClassesH] do
if g in Class(H, ClassesH[i][3]) then
cim CH[2][i];
if ¢ eq zb then str:= str cat "z5 + ”7; end if;

if ¢ eq 2572 then str:= str cat ”"z5°2 4+ ”; end if;
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if ¢ eq 2573 then str:= str cat ”7z5°3 + ”; end if;
if ¢ eq 2574 then str:= str cat ”"z5°4 4+ ”; end if;
if ¢ eq 1 then str:= str cat "1 + 7; end if;

end if;

end for;

for g in GCinterceptsH[8] do

c:= CH[2](g);

if ¢ eq zb then str:= str cat "z5 + ”7; end if;

if ¢ eq z56°2 then str:= str cat "z5°2 + ”7; end if;
if ¢ eq 25673 then str:= str cat ”7z5°3 + ”; end if;
if ¢ eq 2574 then str:= str cat ”"z5°4 4+ ”; end if;
if ¢ eq 1 then str:= str cat 71 + 7; end if;

end for;

str;

/*****************************************************************/

S:=Sym(12);
xx:=S1(3, 7, 9, 4, 5)(6, 8, 12, 10, 11);

G:=sub<S|xx,yy>;
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S:=Sym(12);
xx:=3!(3, 7, 9, 4, 5)(6, 8, 12, 10, 11);
yy:=S!(1, 8

G:=sub<S|xx,yy>;

, 2)(3, 4, 7)(5, 12, 11)(6, 9, 10);

CG:=CharacterTable (G) ;

H:=sub<G|(1, 4, 3, 10, 8)(2, 7, 5, 12, 11), (1, 2, 12, 11,
3, 7, 6, 4, 5, 8, 10)>;

#;

#G/#H;

CH:=CharacterTable (H) ;

CH[2];

C:=Classes (G);

#C;

Induction (CH[2] ,G) eq CG[7];

#COG[T];

CG[7](1d(G));

T:=Transversal (G,H) ;
#T eq Index(G,H);

/* The transversal changes. We save this transversal. x/
T:=[1d (G) ,
GI(3, 7, 9, 4, 5)(6, 8, 12, 10, 11),
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(1, 8, 2)(3, 4, 7)(5, 12, 11)(6, 9, 10),

)
)
1(1, 4)(2, 8)(3, 12)(5, 7)(6, 10)(9, 11),
(1, 10, 12, 8, 2)(5, 11, 7, 9, 6),
)
)

(

(

(

(

(
GI(3, 4, 7, 5, 9)(6, 10, 8, 11, 12

(

(1, 11, 9, 8, 2)(3, 7, 4, 5, 6),

(1, 5, 9, 2, 8)(4, 12, 11, 10, 6),

(

(1, 12, 5, 10, 9)(3, 4, 11, 6, 7)];

C:=CyclotomicField (5) ;
A:=[[C.1,0,0,0,0,0,0,0,0,0,0,0]: i in [1..12]];
for i,j in [1..12] do A[i,j] :=0; end for;

for i,j in [1..12] do

if T[i]*xx#T[j]"=1 in H then
Ali,j] :=CH[2](T[i]*xx«T[j]" —1);
end if;

end for;

GG:=GL(12,C);

GG!A;

/* Print latex matrix x/
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strM:= ”\\begin{pmatrix}\n”;
matrix:= GGIA;
for i in [1.. 12] do

for j in [1.. 12] do

strM:= strM cat Sprint(matrix[i][j]) cat
» &7

end for;

strM:= strM cat 7 \\\\\n”;
end for;
strM:= strM cat ”\\end{pmatrix}”;
strM ;
/*\begin{pmatrix}
0&1&0&0&0&08&0&08&0&0&0&0& 1\ \
0&0&0& 7 -5 “3&0&0&0&0&0&0&0&0& 1\ \
0&0&080&0& z _5 “3&08&0&0&0&0&0& \ \
08080&0& 080808 z -5 ~280&08&0&0& \ \
1&0&0&0&0808080&0&0&0&0& 1\ \
08080&0&0&0& 7 _5 “28&0&0&08&0&0& \ \
0&0&0&0&08&08&0&0&0& 1&0&0& 1\ \
0&0&0&0&1&0&0&0&0&0&0&0& 1\ \
0&0& z -5 " 2&0&0&0&0&0&0&0&0&0& \ \
080&080&0&080&0& z 5 “3&0&08&0& \ \
0&0&0&0&0&08&0&0&0&0& z -5 “3&0& \\
080&080&0&080&08&0&0&08& z -5 “2& \\
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\\end{pmatrix }x*/

B:=[[C.1,0,0,0,0,0,0,0,0,0,0,0]: i in [1..12]];
for i,j in [1..12] do B[i,j] :=0; end for;

for i,j in [1..12] do

if T[i]*yy*T[j]"—1 in H then

Bli,j] :=CH[2](T[i]*yy*T[j]"—1);

end if;

end for;

GG:=GL(12,C);

GG!B;

/* Print latex matrix x/
strM:= ”\\begin{pmatrix}\n”;
matrix:= GG!B;
for i in [1.. 12] do

for j in [1.. 12] do

strM:= strM cat Sprint(matrix[i][j]) cat
» &7

end for;

strM:= strM cat 7 \\\\\n”;
end for;
strM:= strM cat ”\\end{pmatrix}”;

strM ;
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primes := [ p : p in [7..1000] | IsPrime(p) ];
for p in primes do

if ((p—1) mod 5) eq 0 then p; break; end if;
end for; /+ 11 %/

/* We change this rep of G over a finite field. Find a
prime p such that GF(p) = Zp has elements of order 5. p
is such that 5|(p—1). Then p—1 = 5k or p =bk+1. k=2

gives the smallest such p. So p = 11 %/

for n in [2..10] do n, n"5 mod 11; end for;

/* 5 is element of order 5 in Z11 %/

Z5:=CH[2][2];
for i, j in [1..12] do

if A[i][j] eq Z5 then A[i][j]:= 5; end if;

if A[i][j] eq Z5°2 then A[i][j]:= 572 mod 11; end
if;

if A[i][j] eq Z5°3 then A[i][j]:= 5°3 mod 11; end
if;

if A[i][j] eq Z5°4 then A[i][j]:= 5°4 mod 11; end if;

end for;
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/* Print latex matrix */
strM:= ”\\begin{pmatrix}\n”;
matrix:= GG!A;
for i in [1.. 12] do

for j in [1.. 12] do

strM:= strM cat Sprint(matrix[i][j]) cat
» &7

end for;

strM:= strM cat 7 \\\\\n”;
end for;
strM:= strM cat ”\\end{pmatrix}”;

strM ;

/*\begin{pmatrix}

0&18&0&08:0&08:0&0820&08:0&08& \ \
0808 0&A&0& 0808080808 0&08& \\
0&08:0&08:0&4&0&08:0&08:0&0& \ \
0&0&0&0808080&3&0&0&0&0& \\
1&0&08:0&08:0&08:0&08:0&080& \ \
0&0&0&080808380&0&0&0&0& \\
0&08:0&08:0&080&08:0&180&0& 1\ \
0&0&0&0& 1&0&0&0&0&0&0&0& \\
0&0&:3&080&080&08:0&08:0&0& 1\ \
0&0&0&0&0&0&0&0&4&0&0&0& \\



0808080808 08080808 0&A4&08& \\
0808080808 0808080808 0&38& \\

\end{pmatrix} */

for i, j in [1..12] do

if B[i][j] eq Z5 then B[i][j]:= 5; end if;

if B[i][j] eq Z5°2 then B[i][j]:= 572 mod 11; end
if;

if B[i][j] eq Z5°3 then B[i][j]:= 5°3 mod 11; end
if;

if B[i][j] eq Z5°4 then B[i][j]:= 5°4 mod 11; end if;

end for;

/* Print latex matrix x*/
strM:= ”\\begin{pmatrix}\n”;
matrix:= GG!B;
for i in [1.. 12] do

for j in [1.. 12] do

strM:= strM cat Sprint(matrix[i][j]) cat
» &7

end for;

strM:= strM cat 7 \\\\\n”;
end for;

strM:= strM cat ”\\end{pmatrix}”;
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strM ;

\begin{pmatrix}

0&0&1&0&0&08080&0&08080&
0&08&08:0&5& 080808 0&08080&
0&08&0&0&0& 0838 0&0&08080&
0&0& 080808080808 3&0808:0&
0&0&08&0&0&0808&1&0&0&080&
0&0&08:1&0&0808:0&0&08080&
4&08&08&08&0&08080&0&0&080&
0&9&08:0&0&0808:0&0& 0808 0&
0&08&0&08&0&48&080&0&08&080&
0&0&08&0&0&08080&0& 08 1&0&
0&08&0&08&0&08&080& 080808 1&
0&0&08&0&0&08080&0& 1&080&

\end{pmatrix}

GGG:=GL(12,11) ;

A:=GG!A;

A/

[0 1 00000O0O0O0O0 0]
[0 0040000000 0]
[0 0000400000 0]

)
o

000003000 O]

\\
W\
\\
W\
W\
\\
W\
\\
\\
\\
\\
\\
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#5ub<GGG| A, B>;
s:=Islsomorphic (G, sub<GGG|A,B>);
S; /% true x/

for i,j in [1..12] do
if A[i][j] ne 0 then
"a_{” cat Sprint(i) cat ”,” cat Sprint(j)
cat "} = 7 cat Sprint(A[i][j]) cat 7 \\
implies ” cat "t_{” cat Sprint(i) cat ”}
= t_{” cat Sprint(j) cat 7} " cat
Sprint (A[i][j]) cat "\\\\" ;
end if;
end for; /
a_{1,2} =1 \implies t_{1} = t_{2}"1\\
a_{2,4} = 4 \implies t_{2} = t_{4} 4\\
a_{3,6} = 4 \implies t_{3} = t_{6}"74\\
a_{4,8} = 3 \implies t_{4} = t_{8} 3\\
a_{5,1} = 1 \implies t_{5} = t_{1}"1\\
a_{6,7} = 3 \implies t_{6} = t_{7} 3\\
a_{7,10} = 1 \implies t_{7} = t_{10}"1\\
a_{8,5} = 1 \implies t_{8} = t_{5} 1\\
a_{9,3} = 3 \implies t_{9} = t_{3}°3\\
a_{10,9} = 4 \implies t_{10} = t_{9} 4\\

4
4

a_{11,11} = 4 \implies t_{11} = t_{11}"4\\



a-{12,12} = 3 \implies t_{12} = t_{12}"3\\ x/

labeling : =[];
for i in [1..120] do
tsubscript:= i mod 12;
power:= (i div 12) + 1;
if tsubscript eq 0 then
tsubscript:=12;
power:= i div 12;
end if;
labeling:=labeling cat [[tsubscript , power]];

end for;

S:=Sym(120) ;
arrX:=[0: 1 in [1..120]];

FindLabels:=procedure (row, powl, col, pow2, Tarr)

/* Process labels to create an array that will be
turned to a permutation x/
labell:= Position (labeling , [row, powl mod 11]);
label2:= Position (labeling , [col, pow2xpowl mod
11]);
arr [labell|:= label2;
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srow := Sprint(row); /% turn to a string =/
scol := Sprint(col);

spowl := Sprint (powl);

spow2 := Sprint (pow2);

labell:= Sprint(labell);
label2:= Sprint(label2);

if powl eq 1 then

[x a_{1,2} =3 t1 = t.2°3 %/
"a_{” cat srow cat "7, ” cat scol cat "} =7 cat spow2
cat 7 \\implies 7 cat 7t_{” cat srow cat "} = t_

{7 cat scol cat ”}"{” cat spow2 cat 7} \\implies
VA7
end if;
/* (t-1)'n = (t-2"3)"n =x/
if powl gt 1 then
"t_{” cat srow cat "} {” cat spowl cat "} =" cat
"(t_{” cat scol cat "} {” cat spow2 cat ”})"{”
cat spowl cat "} = 7 cat "t_{” cat scol cat
71°{” cat Sprint(powlspow2) cat "} =" cat 7"t_
{” cat scol cat 7"} {” cat Sprint(powlxpow2 mod

11) cat ”}. \\implies ” cat labell cat ” \\
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implies 7 cat label2 cat "\\\\”;

end if;

end procedure;

/* r for row in the matrix.x/
for r in [1..12] do
/* ¢ for column in the matrix. =/
for ¢ in [1..12] do

if A[r, c¢] ne 0 then
for p in [1..10] do

value:= StringTolnteger (Sprint (A[r, c]), 12);

FindLabels(r, p, ¢, value, TarrX);
end for;
end if;
end for;
end for;
/*

a_{1, 2} =1 \implies t_{1}

t_{2} {1} \implies \\
t{137{2} = (t-{2}7{1}) {2} = t-{277°{2} = t_{2}°{2}. \
implies 13 \implies

14\\
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{1 {3 = (- {237 {1})"{3} = t-{2}7{3} = ¢-{2}7{3}. \
implies 25 \implies

26\

b {137 {4} = (- {2}7{1}) {4} = t_{277{4} = t_{2}"{4}. \
implies 37 \implies

38\\

CA1 5} = ({20 {11 (5} =t {2}°{5} = t {2} {5}. \
implies 49 \implies

50\\

{1} {6} = (¢ {2} {1}) {6} = t {2}°{6} = t_{2}°{6}. \
implies 61 \implies

62\

C T = (2 )T = e {2 {7 = e {210 {7}
implies 73 \implies

T4\\

E {1 {8 = ({237 {1})"{8} = t - {2}7{8} = ¢ {2}7{8}. \
implies 85 \implies

86\\

C O} = ({21 1) {9} =t {2}°{9} = t_{2}°{9}. \
implies 97 \implies

98\\

{1} {10} = (¢ {2} {11) {10} = ¢ {2}°{10} = t {2} {10}. \
implies 109

\implies 110\\



a_{2, 4} = 4 \implies t_{2} = t_{4}"{4} \implies \\
t-{4}7{8} = t_{4}7{8}. \

t-{2}7{2} = (t-{4}7{4})"
implies 14 \implies

88\ \

6 {2} (3} = (v {4}"{4})"
implies 26

\implies 4\\

{2} {4} = ({4} {4})
implies 38

\implies 52\\

{2} {5} = (t {4} {4})"
implies 50

\implies 100\\

t-{2}7{6} = (t-{4}7{4})"
implies 62

\implies 16\\

C{2} T = ({4} {4))
implies 74

\implies 64\\

t-{2}7{8} = (t-{4}7{4})"
implies 86

\implies 112\\

t-{2}7{9} = (t-{4}7{4})"

{2} =

{3} =

{1y =

{5} =

{6} =

{1} =

{8} =

{9} =

t_{4}

t_ {4}

t_{4}

t_{4}

t_{4}

t_{4}

t_ {4}

{12} =

{16} =

{20} =

{24} =

{28} =

{32} =

{36} =

to {4} {1} \

t- {4} {5} \

t-{4}7{9}. \

t-{4}7{2}. \

t-{4}7{6}. \

{4} {10}. \

t- {4} {3} \

204
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implies 98
\implies 28\\
6{2)7{10} = (t-{4)"{4)) {10} = t_{4}" {40} = t_ {4} {7}. \
implies 110
\implies 76\\
a_{3, 6} = 4 \implies t_{3} = t_{6}°{4} \implies \\
©{3)7{2) = (t-{6)}{4}) {2} = t_{6}°{8} = t_{6} " {8}. \

implies 15 \implies

90\\
t-{3}7{3} = (t-{6}7{4}) {3} = t-{6}7°{12} = t_{6} " {1}. \
implies 27

\implies 6\\

{3} {4} = (t-{6} {4}) {4} = t_{6}"{16} = t_{6}"{5}. \
implies 39

\implies 54\\

{3} {5} = (t-{6}"{4}) {5} = t_{6}°{20} = t_{6}"{9}. \
implies 51

\implies 102\\

t-{3)°{6} = (t-{6}"{4}) {6} = {6} {24} = t_{6)"{2}. \
implies 63

\implies 18\\

{377} = (t-{6} {4}) {7} = {6} {28} = t_{6}"{6}. \

implies 75
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\implies 66\\

b {337 {8} = (t-{6}7{4}) {8} = t_{6}7°{32} = t_{6}"{10}. \
implies 87

\implies 114\\

E-{317{9} = (t-{6}7{4})"{9} = t_{6}7{36} = ¢ {6}"{3}. \
implies 99

\implies 30\\

t-{3;7{10} = (t-{6}7{4}) {10} = ¢.{6}7{40} = t {6} {7}. \
implies 111

\implies 78\\

a_{4, 8} = 3 \implies t_{4} = t_{8} {3} \implies \\

t-{4}7{2} = (t-{8}7°{3}) {2} = ¢ {8}7°{6} = t_{8}7{6}. \
implies 16 \implies

68\ \

t- {417 {3} = (- {8}7{3}) {3} = t_{8}7{9}

implies 28 \implies

t- {837 {9} \

104\ \

{4} {4} = (¢ {8} {31 {4} = ¢ {8} {12} = t_ {8} {1}. \
implies 40

\implies 8\\

4 (5) = ({8} {31 {5} = {8} {15} — t {8} {4}. \
implies 52

\implies 44\\
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t-{4}7{6} = (t-{8}7{3})"{6} = t_{8}7{18} = ¢ {8}7{7}. \
implies 64

\implies 80\\

b {4} {7} = ({8} 7{3}) {7} = t_{8}7{21} = t_{8}7{10}. \
implies 76

\implies 116\\

EAA{S) = ({8} {31 {8) =t {8} {24} = ¢ {8}°{2}. \
implies 88

\implies 20\\

C A9 = ({81319} = {8} {27} = t {8} {5} \
implies 100

\implies 56\\

t-{4}7{10} = (t_{8}7{3}) {10} = t_{8}7{30} = t_{8}7{8}. \
implies 112

\implies 92\\

a_{b, 1} = 1 \implies t_{b} = t_ {1} {1} \implies \\

CE{2) = (L2 = e {12 = e {1 {2
implies 17 \implies

13\\

C{5 B = ({1 () B3 = {1} {3} = ¢ {1} {3} \
implies 29 \implies

25\\

CAE ) = (D) {4 = {1 {4} = e {1} {4
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implies 41 \implies

37\\

{5} {5} = (t-{1}"{1}) {5} = t_{1}°{5} = t_{1}"{5}. \
implies 53 \implies

49\\

t{5}°{6} = (t-{1}7{1})°{6} = ¢t {1}°{6} = t_{1}"{6}. \
implies 65 \implies

61\\

{577} = (- {1} (1) {7} = {1} {7} = e {1} {7}. \
implies 77 \implies

73\\

{5)°{8) = (t-{1}"{1})° {8} = t_{1}°{8}) = t_{1}{8}. \
implies 89 \implies

85\\

{51709} = (+-{1}7{1}) {9} = ¢t {1}°{9} = t_{1}{9}. \
implies 101

\implies 97\\

t-{5)°{10} = (t-{1}°{1}) {10} = t_{1} {10} = t_{1}"{10}. \
implies 113

\implies 109\\

a_{6, 7} = 3 \implies t_{6} = t_{7}°{3} \implies \\

©{6)°{2) = ({7} {3}) {2} = t_{7}°{6} = t_ {7} {6}. \

implies 18 \implies



67\\

t-{6}7{3} = (t-{7}7{3}) {3} =
implies 30 \implies

103\\

t-{6} {4} = (t-{7}°{3}) {4} =
implies 42

\implies 7\\

{61 {5} = (t {7} {3}) {5} =
implies 54

\implies 43\\

t-{6}°{6} = (t-{7}7°{3}) {6} =
implies 66

\implies 79\\

t-{6} {7} = (¢t {7} {3}) {7} =
implies 78

\implies 115\\

{61 {8} = (t {7} {3})" {8} =
implies 90

\implies 19\\

t-{6}7°{9} = (t-{7}7°{3}) {9} =
implies 102

\implies 55\\

6 {6}°{10} = (¢ {7}"{3}) {10} =

implies 114

{7}

t_ {7}

t_ {7}

t_ {7}

t_{7}

{7}

t_ {7}

{9r =t {717 {9} \

{12} =

{15} =

{18} =

{21} =

{24} =

{21} =

E {7 {1}

t- {7} {4} \

{77

£ {7} {10}. \

t {73 {2} \

{73 {5} \
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- {7)7{30) = t_ {7} {8)}. \



\implies 91\\

a_-{7, 10} = 1 \implies t_{7} = t_{10}"{1} \implies \\

e {7} {2} = (£-{10}°{1}) {2} = t_{10}"{2} = t {10} {2}.

implies 19
\implies 22\\

{737 {3} = (¢t {10} {1})"{3} = ¢ {10}7{3} = t_{10}"{3}.

implies 31
\implies 34\\

©{7) {4} = (£-{10}°{1}) {4} = {10} {4} = t_{10}"{4}.

implies 43
\implies 46\\

t {7 {5} = (t-{10}7{1})"{5} = t_{10}7{5} = t_{10}"{5}.

implies 55
\implies 58\\

t{737{6} = (t-{10}7°{1})"{6} = ¢ {10}7{6} = t {10}"{6}.

implies 67
\implies 70\\

e {7} 7Y = (£-{10}°{1}) {7} = - {10}{7} = t_{10}"{T}.

implies 79
\implies 82\\

t {737 {8} = (¢t {10}7°{1})"{8} = ¢ {10}"{8} = t_{10}"{8}.

implies 91
\implies 94\\
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{7 {9} = ({1037 {1}) {9} = £ {10}7{9} = ¢ {10}"{9}. \
implies 103

\implies 106\\

t_ {7} {10} = (t_{10}"{1})" {10} = +t_{10}"{10} = ¢t_
{10}°{10}. \implies 115

\implies 118\\

a_{8, 5} = 1 \implies t_{8} = t_{5} {1} \implies \\

EASE {2} = ({51 (1D (2} = {5} {2} = t {5} {2} \
implies 20 \implies

17\

t {837 {3} = (t-{5}7{1}) {3} = t-{5}7{3} = t_ {5} {3}. \
implies 32 \implies

29\\

b {8} {4} = (t-{5}7{1}) {4} = t_{5}7{4} = t_{5}"{4}. \
implies 44 \implies

41\\

t- {817 {5} = (- {3} {1})"{5} = t{5}7{5} = ¢ {5}7°{5}. \
implies 56 \implies

53\\

6 {81°{6} = (t_ {5} {11)°{6} = ¢ {5}°{6} = ¢ {5}°{6}. \
implies 68 \implies

65\\

t {8 {7 = (- {3} {1 {7} = {5} {7} = ¢ {5}7{7}. \
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implies 80 \implies

TT\\

t- {817 {8} = (- {5} {1})"{8} = t - {5}7{8} = ¢ {5}7{8}. \
implies 92 \implies

89\\

{8} {9} = (¢ {5} {1 {9} = . {5}°{9} = t_{5}°{9}. \
implies 104

\implies 101\\

E {8} {10} = (t {5} {1})"{10} = t {5}°{10} = t {5} {10}. \
implies 116

\implies 113\\

a_{9, 3} = 3 \implies t_{9} = t_{3}°{3} \implies \\

t- {917 {2} = (- {3}7{3}) {2} = t-{3}7{6} = ¢ {3}7{6}. \
implies 21 \implies

63\\

C {91 (3} = (¢ {3} {31 (3} = t.{3}°{9} = t_{3}°{9}. \
implies 33 \implies

99\\

A9} {4} = (¢ {317 {31 {4} = t {3} {12} = t {3} °{1}. \
implies 45

\implies 3\\

{91 (5} = (¢ {3} (31 {5} = t.{3}°{15} = t {3} {4}. \

implies 57
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\implies 39\\

©{9)°{6) = (t-{3)}°{3}) {6} = t_{3}°{18) = t_{3)}°{7}. \
implies 69

\implies 75\\

0 {917 {7} = (+-{3}°(31) {7} = t_{3} {21} = t_{3)"{10}. \
implies 81

\implies 111\\

©{9)°{8) = (t-{3)°{3}) {8} = t_{3}°{24) = t_{3)"{2}. \
implies 93

\implies 15\)\

0-{9)°{9) = (t-{3}°{3}) {9} = t_{3}°{27) = t_{3)"{5}. \
implies 105

\implies 51\\

0-{9)7{10} = (t-{3}7{3)) {10} = ¢ {3}°(30} = t_ {3} {8}. \
implies 117

\implies 87\\

a_{10, 9} = 4 \implies t_{10} = t_{9} {4} \implies \\

©{10}°{2) = ({9} {4)) {2} = {9} {8) = t_{9)"{8}. \
implies 22

\implies 93\\

6-{10}°{3} = (t-{9)"{4}) {3} = {0} {12} = t_{9} {1}. \
implies 34

\implies 9\\
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t- {10} {4} = (t-{9}7{4}) {4} = t-{9}7{16} = ¢ {9} {5}. \
implies 46

\implies 57\\

t-{10}7{5} = (t-{9}7{4}) {5} = t-{977{20} = ¢_{9}7{9}. \
implies 58

\implies 105\\

E{10}7{6) = (t- {9} {4)) {6} = ¢ {9} {24} = t_{9)"{2}. \
implies 70

\implies 21\\

t {1037 {7} = ({97 {41) {7} = t-{977{28} = ¢ {9} {6}. \
implies 82

\implies 69\\

6 {10} {8} = (¢ {9} {4}) {8} = ¢ {9}"{32} = t {9} {10}. \
implies 94

\implies 117\\

E-{10}7 {9} = (t-{9}7{4}) {9} = t{9}7{36} = ¢ {9} {3}. \
implies 106

\implies 33\\

t-{10}7{10} = (t-{9}7{4}) {10} = t_{9}7{40} = ¢_{9}7{7}. \
implies 118

\implies 81\\

a_{11, 11} = 4 \implies t_{11} = t_{11}"{4} \implies \\

C {2} = ({11 {4 {2) = {111 {8} = t {11} {8}. \
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implies 23

\implies 95\\

©{11}7{3) = (¢ {11}°{4))"{3) = t_{11}"{12} = t_{11}"{1}.
\implies 35

\implies 11\\

{11} {4} = (6 {11} {4)) {4} = t_{11}"{16} = t_{11}"{5}.
\implies 47

\implies 59\\

{11} {5) = (t-{11}°{4))"{5) = t_{11}"{20} = t_{11}"{9}.
\implies 59

\implies 107\\

{11} {6} = (t-{11}°{4})"{6) = t_{11} {24}

\implies 71

t_{11}"{2}.

\implies 23\\
C {7} = (¢ {11} {a}) {7} =t {11} {28}

\implies 83

t_{11}"{6}.

\implies 7I1\\
CAIE ) = (c {11} {a)) {8 = ¢ {11} {32)

\implies 95

t_{11}"{10}.

\implies 119\\

{11} {9) = (t-{11}°{4})"{9)} = t_{11}"{36) = t_{11}"{3}.
\implies 107

\implies 35\\

£.{11}°{10} = (t_{11}"{4}) {10} = +t_{11}"{40} = t_
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{11}°{7}. \implies 119

\implies 83\\

a_{12, 12} = 3 \implies t_{12} = t_{12} {3} \implies \\

-{12)7{2) = (¢-{12)°{3})"{2} = t_{12}°{6} = t_{12}"{6}. \
implies 24

\implies 72\\

{12}7{3) = (¢-{12}°{3}) {3} = t_{12}°{9} = t_{12}"{9}. \
implies 36

\implies 108\\

{12} {4) = (¢-{12)°{3))"{4) = t_{12}" {12} = t_{12}"{1}.
\implies 48

\implies 12\\

{12} {5) = (¢-{12}°{3))"{5) = t_{12}"{15} = t_{12}" {4}.
\implies 60

\implies 48\\

{12} {6} = (t-{12)}°{3})"{6) = t_{12}"{18} = t_{12}"{7}.
\implies 72

\implies 84\\

{12} {7) = (- {12)°{3)) (7} = t-{12}"{21} = t_{12} {10}
\implies 84

\implies 120\\

{12} {8) = (¢-{12)°{3})"{8) = t_{12}"{24} = t_{12}"{2}.
\implies 96
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\implies 24\\

t-{12}7{9} = (t-{12}"{3}) {9}
\implies 108

t_{12}°{27} = t_{12}"{5}.

\implies 60\\

t_{12}°{10} = (t_{12}°{3})" {10} = t_{12}"{30} = t_
{12}°{8}. \implies 120

\implies 96\\

xxx:=SlarrX;
XXX; /%
(1, 2, 40, 8, 5)(3, 42, 7, 10, 45)(4, 32, 29, 25, 26) (6,
31, 34, 9, 27)(11, 47,
59, 107, 35)(12, 36, 108, 60, 48)(13, 14, 88, 20, 17)
(15, 90, 19, 22,
93)(16, 68, 65, 61, 62)(18, 67, 70, 21, 63)(23, 95,
119, 83, 71)(24, 72, 84,
120, 96) (28, 104, 101, 97, 98)(30, 103, 106, 33, 99)
(37, 38, 52, 44, 41)(39,
54, 43, 46, 57)(49, 50, 100, 56, 53)(51, 102, 55, 58,
105) (64, 80, 77, 73,
74)(66, 79, 82, 69, 75)(76, 116, 113, 109, 110) (78,
115, 118, 81, 111)(85,
86, 112, 92, 89)(87, 114, 91, 94, 117) x/
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for i,j in [1..12] do
if B[i][j] ne O then
"b_{” cat Sprint(i) cat ”,” cat Sprint(j)
cat 7} =7 cat Sprint(B[i][j]) cat 7 \\
implies 7 cat "t_{” cat Sprint(i) cat 7}
\\implies t_{” cat Sprint(j) cat ”}"”
cat Sprint(B[i][j]);
end if;
end for;
/*b_{1,3} =1 \implies t_{1} \implies t_{3}"1
b_{2,5} =5
b_{3,7} = 3 \implies t_{3} \implies t_{7}"3
b_{4,9} = 3
b_{5,8} =1 \implies t_{5} \implies t_{8}"1

\implies t_{2} \implies t_{5}"5

\implies t_{4} \implies t_-{9}"3

b_{6,4} = 1 \implies t_{6} \implies t_{4}"1
b_{7,1} = 4 \implies t_{7} \implies t_{1}"4
b_{8,2} = 9 \implies t_{8} \implies t_{2}"9
b_{9,6} = 4 \implies t_{9} \implies t_{6}"4
b_{10,11} = 1 \implies t_{10} \implies t_{11}"1
b_{11,12} = 1 \implies t_{11} \implies t_{12}"1
b_{12,10} = 1 \implies t_{12} \implies t_{10} 1%/

/* Same as above but we use b instead of a. %/
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FindLabels:=procedure (row, powl, col, pow2, Tarr)

/* Process labels to create an array that will be
turned to a permutation =/
labell:= Position (labeling , [row, powl mod 11]);

label2:= Position (labeling , [col, pow2xpowl mod

11]);
arr [labell]:= label2;
srow := Sprint(row); /% turn to a string x/
scol := Sprint(col);
spowl := Sprint (powl);
spow2 := Sprint (pow2);

labell:= Sprint(labell);
label2:= Sprint(label2);

if powl eq 1 then

[+ b{1l,2} =3 t.1 =t.2°3 =/
"b_{” cat srow cat 7, ” cat scol cat "} =7 cat spow2
cat 7 \\implies 7 cat 7t_{” cat srow cat "} = t_

{” cat scol cat ”}"{” cat spow2 cat 7} \\implies

VAN 7S
end if;



/ *
if powl gt

”t,

end if;
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(t-1)'n = (t-273)"n  =x/

1 then

{7 cat srow cat 7} {” cat spowl cat "} =7 cat
"(t_{” cat scol cat ”}"{” cat spow2 cat "})"{”
cat spowl cat 7} = 7 cat "t_{” cat scol cat
"31°{” cat Sprint(powlxpow2) cat "} =7 cat 7t_
{” cat scol cat 7"} {” cat Sprint(powlxpow2 mod
11) cat ”7}. \\implies ” cat labell cat 7 \\

implies 7 cat label2 cat "\\\\”;

end procedure;

arrY :=[0: i

in [1..120]];

/* r for row in the matrix.x/

for r in [1..

12] do

/* ¢ for column in the matrix. =/

for ¢ in [1..

for p in [1..

12] do
if B[r, c¢] ne 0 then
10] do

value:= StringTolnteger (Sprint (B[r, c]), 12);

FindLabels(r, p, ¢, value, TarrY);

end for;

end if;



b_{1, 3} =1 \implies t_{1} = t_{3}"{1} \implies \\

t-{1r7{2} = (t-{3}7{1})~
implies 13 \implies

15\\

E {13 = (t {3} {1})"
implies 25 \implies

27\\

t-{1r7 {4} = (t-{3}°{1})~
implies 37 \implies

39\\

{1} {5} = (t {3} {1})"
implies 49 \implies

51\\

t{1}7{6} = (t-{3}7{1})"
implies 61 \implies

63\\

C (1T} = (t {3} {1})"
implies 73 \implies

75\ \

t{1}7{8} = (t-{3}7{1})"

{2} =

{3} =

{4} =

{5} =

{6} =

{7} =

{8} =

t-{3}7{2} =

t-{3}7{3} =

{3} {4} =

t-{3}7 {5} =

t-{3}7{6} =

{3} {7} =

t-{3}7{8} =

t_{3}"

t_{3}"

t_{3}"

t_ {31

t_{3}"

£ {3}

t_ {3}

{2}.

{3}

{4}

(5}

(6}.

{7}

{8}
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implies 85 \implies

87\\

E {1 {9} = ({337 {1}) {9} = - {3}7{9} = ¢-{3}7{9}. \
implies 97 \implies

99\ \

t{1}7{10} = (t-{3}7{1}) {10} = ¢ {3}7{10} = t_{3}7{10}. \
implies 109

\implies 111\\

b_{2, 5} = 5 \implies t_{2} = t_{5}° {5} \implies \\

{2} 2 = ({5} (52} = {5} {10} = ¢ {5}"{10}. \
implies 14

\implies 113\\

t- {217 {3} = (- {3} {5})" {3} = t-{5}°{15} = ¢ {5}7{4}. \
implies 26

\implies 41\\

t-{277{4} = (t-{5}7{5}) {4} = ¢-{5}7{20} = t_{5}7{9}. \
implies 38

\implies 101\\

t- {217 {5} = (- {3} {5}) {5} = t-{5}7{25} = ¢ {5}7{3}. \
implies 50

\implies 29\\

6 {2076} = (¢ {5} {5}) {6} = ¢t {5}{30} = t_ {5} {8}. \

implies 62
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\implies 89\\

t-{2}7{7} = ({5} 7{5}) {7} = t_{5}7{35} = t_{5}7{2}. \
implies 74

\implies 17\\

t-{217{8} = (t- {5} {5}) {8} = t_{5}7{40} = ¢ {5} {7}. \
implies 86

\implies 77\\

{219 = (6 {5} {51 {9} = t {5} {45} = ¢ {5} {1}. \
implies 98

\implies 5\\

t-{2}7{10} = (t-{5}7{5}) {10} = ¢ {5} {50} = t_{5}"{6}. \
implies 110

\implies 65\)\

b_{3, 7} = 3 \implies t_{3} = t_{7}"{3} \implies \\

t- {317 {2} = (¢ {7} {3}) {2} = t {7} {6} = ¢ {7} {6}. \
implies 15 \implies

67\\

C 31 (3} = (¢ {713 (3} = ¢ {7} {9} = t {7} {9}. \
implies 27 \implies

103\ \

C3L {4} = ({7 BN {4 = {71 {12} = ¢ {7} {1} \
implies 39

\implies 7\\
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- {337{5} = (¢t A7} {3}) {5} = AT} {15} = ¢ {7} {4}. \
implies 51

\implies 43\\

t-{317{6} = (¢t {7} {3}) {6} = t_{7}7{18} = ¢ {7} {7}. \
implies 63

\implies 79\\

317 = (¢ A7 3 {7} = t {7} {21} = ¢ {7} 7{10}. \
implies 75

\implies 115\\

t-{317{8} = (¢t A7} {3}) {8} = t-{7}7{24} = ¢ {7}7{2}. \
implies 87

\implies 19\\

t-{317{9} = (¢t A7 {817 {9} = - {7}7{27} = ¢ {7} {5}. \
implies 99

\implies 55\\

t- {337 {10} = (t-{7}7{3}) {10} = ¢t {7}7{30} = t {7} "{8}. \
implies 111

\implies 91\\

b_{4, 9} = 3 \implies t_{4} = t_{9}°{3} \implies \\

t-{4}7{2} = (¢t {937 {3} "{2} = t-{9}7{6} = ¢ {9}7{6}. \
implies 16 \implies

69\ \

t- {437 {3} = (¢t {937 {3}) " {8} = t-{9}7{9} = ¢ {9}7{9}. \
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implies 28 \implies

105\

©{4) {4} = (¢-{9)(3}) {4} = {9} {12} = t_{9}"{1}. \
implies 40

\implies 9\\

C{4)7{5) = (¢-{9){3}) {5} = {9} {15} = t_{9)"{4}. \
implies 52

\implies 45\\

6 {4)7{6} = (t-{9)°{3}) {6} = t_{0} {18} = t_{9}"{T}. \
implies 64

\implies 81\\

C {4} {7} = ({9} (31) {7} = t_{9} {21} = t_{9}"{10}. \
implies 76

\implies 117\\

C{4){8) = (t-{9){31) {8} = t_{9}°{24) = t_{9)"{2}. \
implies 88

\implies 21\\

0 {4)7{9) = (t-{9){3}) {9} = {9} {27} = t_{9}"{5}. \
implies 100

\implies 57\\

6 {4)7{10} = (t-{9}7{3)) {10} = t_{9}°{30} = t_ {9} {8}. \
implies 112

\implies 93\\



b_{5, 8} =1 \implies t_{5} = t_{8}"{1} \implies

t- {517 {2} = ({8} {1})"

implies 17 \implies

20\\

t-{5} {3} = (t-{8}7°{1})
implies 29 \implies

32\

{5} {4} = (t_{8}"{1})
implies 41 \implies

44\\

t-{5}° {5} = (t-{8}7°{1})
implies 53 \implies

56\\

t-{5}°{6} = (t-{8}"°{1})
implies 65 \implies

68\\

€ {5} {7} = (t-{8}"{1})
implies 77 \implies

80\ \

t-{5} {8} = (t-{8}7{1})
implies 89 \implies

02\

e {5}{9) = (t_{8}"{1})

implies 101

{2} = t{8)°{2} =

(8} = {8} {3} =

{4} = {8} {4} =

5y =t {8}7{5} =

{6} = - {8}7{6} =

T} = {8} {7} =

{8} = t-{8}7{8} =

9r =t {8}7{9} =

t_{81"

t_{8}"

t{8}"

t_{8}"

t_{8}"

{8}

t_{8}"

t_{8}"

{2}

{3}

{4}

{5}

(6}.

(7}

{8}

{9}
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\implies 104\\

t-{5}" {10} = (t-{8}7°{1}) {10} = ¢ {8}7°{10} = t_{8} " {10}. \
implies 113

\implies 116\\

b_{6, 4} = 1 \implies t_{6} = t_{4}"{1} \implies \\

{6} 20 = (t {4 (1) (2} = t {4} {2} = ¢ {4}7{2}. \
implies 18 \implies

16\\

t-{6;7{3} = (t-{4}7{1}) {3} = ¢ {4}7{3} = t_{4}7{3}. \
implies 30 \implies

28\\

b {637 {4} = (t-{4}7{1}) {4} = ¢ {4}7{4} = t_{4}"{4}. \
implies 42 \implies

40\

{6} (5 = (t {4} (1) (5} = t {4} {5} = ¢ {4}"{5}. \
implies 54 \implies

52\\

t{6;7{6} = (t-{4}7{1})"{6} = t_{4}7°{6} = t_{4}7{6}. \
implies 66 \implies

64\ \

t{637{7} = ({437 {1}) {7} = t-{437{7} = t_ {4} 7{7}. \
implies 78 \implies

76\\
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t- {637 {8} = (t-{4}7{1}) {8} = t . {4}7{8} = ¢ {4}"{8}. \
implies 90 \implies

88\\

{6} (9} = (t {4} {(1}) {9} = t {4} {9} = ¢ {4} {9}. \
implies 102

\implies 100\\

E {6} {10} = (¢ {4} {(1})" {10} = {4} {10} = ¢ {4} {10}. \
implies 114

\implies 112\\

b_{7, 1} = 4 \implies t_{7} = t_{1}"{4} \implies \\

t {7 {2 = (e {137 {4}) " {2} = t {1}7{8} = ¢t {1}7{8}. \
implies 19 \implies

85\\

CATHF ) = (G )3 = {1} {12} = {1} {1} \
implies 31

\implies 1\\

CAT ) = (1A {4 = e {11 {16} = ¢ {1}7{5}. \
implies 43

\implies 49\\

CATH 5 = ({1 {4 {5} =t {1}7{20} = t_{1}"{9}. \
implies 55

\implies 97\\

EATE {6} = (t {1} {41 {6} = t {1}°{24} = ¢ {1}°{2}. \
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implies 67

\implies 13\\

C {7} Ty = ({1} {4} {7} = t-{1)}7{28) = t_{1}"{6}. \
implies 79

\implies 61\\

C {7} {8) = (t-{1}7{4}) {8} = t_{1}°{32} = t_{1}"{10}. \
implies 91

\implies 109\\

{7} {0} = (t-{1}7{4}) {9} = t_{1}7{36} = t_{1}"(3}. \
implies 103

\implies 25\\

- {7)7{10) = (t-{1}°{4)) {10} = t_{1} {40} = t_{1}{T}. \
implies 115

\implies 73\\

b_{8, 2} = 9 \implies t_{8} = t_{2}°{9} \implies \\

e{8)7{2) = (t-{2}7{91) {2} = t{2)}°{18} = t_{2}°{7}. \
implies 20

\implies 74\\

- {8)7{3) = (t-{2}7{9}) {3} = t_{2}7{27} = t_{2)"(5}. \
implies 32

\implies 50\\

©{8)7 {4} = (t-{2}7{9}) {4} = t-{2}7{36} = t_{2)"{3}. \

implies 44
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\implies 26\\

{81 {5} = (¢ {2} {91 {5} = ¢ {2}°{45} = t_{2}"{1}. \
implies 56

\implies 2\\

A8} L6} = (t {2} (91) {6} = t{2}7{54} = ¢ {2}"{10}. \
implies 68

\implies 110\\

E 81T = (¢ {21 {91) {7} = ¢ {2}7{63} = t_{2}"{8}. \
implies 80

\implies 86\\

S8 = (t {2} (91) (8} = t{2}7{T2} = t_{2}{6}. \
implies 92

\implies 62\\

E-{817{9} = (t-{2}7{9}) {9} = - {2}7{81} = ¢ {2}"{4}. \
implies 104

\implies 38\\

t- {8} {10} = (t-{2}7{9}) {10} = t_{2}7{90} = t_{2}7{2}. \
implies 116

\implies 14\\

b_{9, 6} = 4 \implies t_{9} = t_{6}"{4} \implies \\

{9} 2} = (t {6} {4}) (2} = t {6} {8} = t {6} {8}. \
implies 21 \implies

90\\



6 {937 {3} = (t-{6}"

implies 33

\implies 6\\

t- {9} {4} = (t-{6}"

implies 45
\implies 54\\

t- {977 {5} = (t-{6}"

implies 57
\implies 102\\

{9} {6} = (t-{6}"

implies 69
\implies 18\\

t- {97 {7} = (t-{6}"

implies 81
\implies 66\\

t- {937 {8} = (t-{6}"

implies 93
\implies 114\\

t-{9}17{9} = (t-{6}"

implies 105
\implies 30\\

t- {977 {10} = (t-{6}"{4}) {10} =

implies 117
\implies 78\\

{4}1)"

{4})”

{41)"

{4})”

{4}1)”

{41)"

{4})”

{3} =

{4} =

{5} =

{6} =

{7} =

{8} =

{9} =

t_{6}

t_{6}

t_{6}

t_{6}

t_{6}

t_{6}

t_{6}

{12} =

{16} =

{20} =

{24} =

{28} =

{32} =

{36} =

t_{6}"

{6}

£ {6}

{6}

{6}

£ {6}

{6}

{13\

{57\

{93\

{27\

{63\

{10}. A\

{31\
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t-{6}7{40} = t {6} {7}. \



b_{10, 11} = 1 \implies t_{10} = t_{11}"

t-{10}7{2} = (t-{11}7{1}) {2} =

implies 22
\implies 23\\

£_{10}°{3} = (t_{11}"

implies 34
\implies 35\\

0-{10)°{4} = (t_{11}"

implies 46
\implies 47\\

t- {10} {5} = (t-{11}"

implies 58
\implies 59\\

t-{10}7{6} = (t_{11}"

implies 70
\implies 7I1\\

t- {10} {7} = (t-{11}"

implies 82
\implies 83\\

t_{10}"{8} = (t_{11}"

implies 94
\implies 95\\

t-{10}7{9} = (t-{11}"

{11)”

{1H-

{13)"

{11)”

{1h)"

{11)”

{1}1)”

{3} =

{4} =

{5} =

{6} =

{7} =

{8} =

{9} =

£ {11}"

£ {11}"

{11}

t_{11}"

£ {11}"

{11}

o {11}"

£ {11}

{1} \implies

{2}

{3}

{4}

{5}

{6}

{7}

{8}

{9}

£ {11}"

t_{11}"

t_{11}"

t_{11}"

£ {11}"

t_{11}"

t_{11}"

t_{11}"

{2}

{3}

{4}.

(5}.

{6}.

{7}

(8}.

{9}
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implies 106
\implies 107\\
t-{10}°{10} = (t_{11}"{1}) {10} =
{11}"{10}. \implies 118
\implies 119\\

b_{11, 12} =1 \implies t_{11} =
t{11}7{2} = (t-{12}°{1}) {2} =
implies 23

\implies 24\\

- {11)°{3) = (+-{12}"{1}) {3} =
implies 35

\implies 36\\

{11} {4} = (s-{12}"{1}) {4} =
implies 47

\implies 48\\

{11} {5} = (t-{12}"{1}) {5} =
implies 59

\implies 60\\

6 {11}°{6} = (t-{12}"{1}) {6} =
implies 71

\implies 72\\

- {11)°{7) = (oo {12} (1)) {7} =

implies 83

t_{11}"{10} = t_

{12}
t_{12}"

{12}

t_{12}"

{12}

{12}

{12}

{1} \implies \\

{2}

{3}

{4}

{5}

{6}

{7}

t_{12}"{2}.

t {12} {3}.

t_{12}"{4}.

t_{12}"{5}.

t_{12}"{6}.

t_{12}°{7}.
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\implies 84\\
C {11} {8} = (t {12} {1}) {8} = ¢ {12}°{8)

implies 95

£ {12}°{8}. \

\implies 96\\

©{11}{9) = (t-{12)°{1}) {9} = ¢t {12}°{9) = t_{12}°{9}. \
implies 107

\implies 108\\

£ {11}°{10} = (t_{12}°{1})"{10} = +t_{12}"{10} = t_
{12}°{10}. \implies 119

\implies 120\)\

b_{12, 10} = 1 \implies t_{12} = t_{10}"{1} \implies \\

{12} {2} = (¢-{10}°{1}) {2} = t-{10}°{2} = t_{10}"{2}. \

implies 24

\implies 22\\
t-{12}7{3} = (t-{10}7{1})"{3} = t.{10}"{3}

implies 36

£2{10}°{3}. \

\implies 34\\

{12} {4} = (t-{10}°{1}) {4} = t_{10}°{4} = t_ {10} {4}. \
implies 48

\implies 46\\

6-{12}°{5} = (t-{10}°{1}) {5} = ©_{10}°{5} = t_{10}"{5}. \
implies 60

\implies 58\\
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t-{12}7{6} = (t-{10}°{1})"{6} = ¢ {10}7°{6} = t_{10}"{6}. \
implies 72

\implies 70\\

t-{12}7{7} = (t- {10} {1}) {7} = t_{10}°{7}

implies 84

t_{10}"{7}. \

\implies 82\\

6-{12)°{8) = (t-{10}°{1})"{8) = t_{10}°{8} = t_{10}"{8}. \
implies 96

\implies 94\\

t-{12}°{9} = (t-{10}°{1})"{9) = t_{10} {9}
implies 108

£-{10}°{9}. \

\implies 106\\

t_{12}°{10} = (t_{10}"{1}) {10} = +t_{10}°{10} = t_
{10}°{10}. \implies 120

\implies 118\\x/

S:=Sym(120) ;

yyy:=SlarrY;

yyy: /+ (1, 3, 31)(2, 53, 56)(4, 33, 6)(5, 8, 98)(7, 37,
39)(9, 42, 40)(10, 11, 12)(13,

15, 67)(14, 113, 116)(16, 69, 18)(17, 20, 74)(19, 85,
87) (21, 90, 88)(22,

23, 24)(25, 27, 103)(26, 41, 44)(28, 105, 30)(29, 32,
50) (34, 35, 36)(38,
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101, 104) (43, 49, 51)(45, 54, 52)(46, 47, 48) (55, 97,
99) (57, 102, 100) (58,

59, 60)(61, 63, 79)(62, 89, 92)(64, 81, 66) (65, 68,
110) (70, 71, 72)(73, 75,

115) (76, 117, 78)(77, 80, 86)(82, 83, 84)(91, 109, 111)
(93, 114, 112)(94,

95, 96) (106, 107, 108)(118, 119, 120) */

N:=sub<S| xxx, yyy>;
#N;

s:=Islsomorphic (N,G);

s; /x true x/

FPGroup(N) ;
/* x5, y'°3, yv *x x"2 x y -1 xx"2 *xyxx—1x%x y —1x%
x -1, (x xy * x %y *%x x) 2, %/
NN< x, y >=Group<x, y | x°5, y"3, y *x x"2 x y"—1 % x"2 x
y x x =1 x y"—1 x x"—1, (x xy % X %y % x)"2>;

#NN; /% 660 */

fn ,N1,kn:=CosetAction (NN, sub<NN| Id(NN)>);
s:=Islsomorphic (N1, N);

s; /x true x/
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Sch:=SchreierSystem (NN, sub<NN| Id (NN) >);
word:=function (Perm)
for w in Sch do

seq := Eltseq(w);

p:= Id(N);

for j in seq do

if j eq 1 then p:=px*xxxx; end if;

if j eq —1 then p:=p*xxx"—1; end if;
if j eq 2 then p:=px*xyyy; end if;
if j eq —2 then p:=pxyyy —1; end if;

end for;

if Perm eq p then return w; end if;
end for;

end function;

GetConjugationWordForSubscript:= function (subscript)
size:=99999999;
w:=word (Id (N) ) ;
for n in N do
if n eq Id(N) then
continue ;
end if;

if 1"’n eq subscript then
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tmp:= word(n) ;

if size gt #mp then
Ssize:=#tmp;
wi= tmp;

end if;

end if;
end for;
return w;

end function

Orbits (Stabilizer (N,1));
/+* GSet{@ 1 @},
GSet{@ 13 @},
GSet{@ 25 @},
GSet{@ 37 @},
GSet{@ 49 @},
GSet{@ 61 @},
GSet{@ 73 @},
GSet{@ 85 @},
GSet{@ 97 @},
GSet{@ 109 @},
GSet{@ 2, 104, 107, 58, 7, 102, 12, 28, 5, 57, 39 @},
GSet{@ 3, 26, 56, 59, 46, 31, 54, 36, 100, 29, 45 @},



GSet{@
GSet{@
GSet{@
GSet{@
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4, 41, 105, 51, 38, 32, 35, 106, 43, 30, 48 @},
6, 60, 40, 53, 33, 99, 50, 8, 11, 34, 55 @},

9, 27, 98, 44, 47, 10, 103, 42, 108, 52, 101 @},
14, 80, 83, 118, 19, 78, 24, 64, 17, 117, 87 @},

GSet{@ 15, 62, 116, 119, 94, 67, 114, 72, 76, 65, 93 @
}

GSet{@ 16, 89, 81, 111, 86, 68, 71, 82, 91, 66, 96 @},

GSet{@ 18, 120, 88, 113, 69, 75, 110, 20, 23, 70, 115 @
’

GSet{@ 21, 63, 74, 92, 95, 22, 79, 90, 84, 112, 77 @}
*/

/* To test progenitor (t1,t2) , (t1, t3), (t1,t4), (t1, t6)
, (t1, t9) %/

Stabilizer (N, {1,13,25,37,49,61,73,85,97,109});

gen:=Generators(Stabilizer (N,

{1,13,25,37,49,61,73,85,97,109}));

gl:=NI(2, 57, 28, 102, 58, 104, 39, 5, 12, 7, 107)(3, 29,

36, 31,

54,

59, 26, 45, 100,
46, 56)(4, 30, 106, 32, 51, 41, 48, 43, 35, 38,
105) (6, 34, 8, 99,

53, 60, 55, 11, 50, 33, 40)(9, 52, 42, 10, 44, 27,
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101, 108, 103, 47,

98) (14, 117, 64, 78, 118, 80, 87, 17, 24, 19, 83)
(15, 65, 72, 67, 119,

62, 93, 76, 114, 94, 116)(16, 66, 82, 68, 111, 89,
96, 91, 71, 86,

81)(18, 70, 20, 75, 113, 120, 115, 23, 110, 69, 88)
(21, 112, 90, 22, 92,

63, 77, 84, 79, 95, T4);

g2:= NI(1, 97, 37, 25, 49)(2, 8, 36, 105, 47)(3, 4, 10,
102, 55)(5, 53, 29, 41,

101)(6, 31, 51, 52, 58)(7, 99, 100, 106, 42)(9,
107, 50, 56, 48)(11, 26,

32, 108, 57)(12, 33, 59, 38, 44)(13, 73, 85, 61,
109) (14, 20, 72, 81,

95) (15, 16, 22, 78, 115)(17, 113, 65, 89, 77)(18,
67, 111, 112, 118)(19,

75, 76, 82, 90)(21, 83, 110, 116, 96)(23, 62, 68,
84, 117)(24, 69, 119,

86, 92)(27, 28, 34, 54, 43)(30, 103, 39, 40, 46)
(35, 98, 104, 60,

45) (63, 64, 70, 114, 91)(66, 79, 87, 88, 94) (71,
74, 80, 120, 93);
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found:=false ;
for a, b in gen do

if a ne b and a ne Id(N) and b ne Id(N) and found eq false

then
Gen:=sub<N| a, b>;
if Gen eq sub<N|gl, g2> then
found := true;
break ;
end if;
end if;
end for;

/* These results changed from the last try, but they still
work. x/

word(gl); /x gl " x"-2 x y' -1 x x => (t , x' =2 % y" =1 %
x) */

17 (xxx"—2xyyy —1lxxxx); /% 1 x/

word(g2);/+ g2 7 x * y' =1 x x x y x x"2; * /
17 (xxx*yyy  —lsxxxsyyy*xxx " 2); /% 49 =—> t1°( x * y"—1 % x
x y % x°2) = t49 = t°5 %/

IsIsomorphic (Gen, sub<N| xxx " —2%yyy —lkxxx, xxx*yyy —l*xxx

kyyy*xxx "2 >); /* true x/
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/* To test progenitor (t1,t2) , (t1, t3), (tl,t4), (t1, t6)
, (t1, t9) %/

GetConjugationWordForSubscript (2); /* (t, t'x ) x/

GetConjugationWordForSubscript (3); /+ (t, t"y %/

GetConjugationWordForSubscript (4); /* (t, t " (y =1 % x"—1 =%
y)) */

GetConjugationWordForSubscript (6); /* (t, t (y =1 x x"—1))
*/

GetConjugationWordForSubscript (9); /* (t, t°(x"2 % y)) %/

/**********************************>I<>l<>(<***********************************

S:=Sym(120) ;
yy:=S1(1, 3, 31)(2, 53, 56)(4, 33, 6)(5, 8, 98)(7, 37, 39)
(9, 42, 40)(10, 11, 12)(13,
15, 67)(14, 113, 116)(16, 69, 18)(17, 20, 74)(19, 85,
87) (21, 90, 88)(22,
23, 24)(25, 27, 103)(26, 41, 44)(28, 105, 30)(29, 32,
50) (34, 35, 36) (38,
101, 104) (43, 49, 51)(45, 54, 52) (46, 47, 48)(55, 97,
99) (57, 102, 100) (58,
59, 60)(61, 63, 79)(62, 89, 92)(64, 81, 66) (65, 68,
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110) (70, 71, 72)(73, 75,

115) (76, 117, 78) (77, 80, 86)(82, 83, 84)(91, 109, 111)
(93, 114, 112)(94,

95, 96) (106, 107, 108) (118, 119, 120);

xx:=S!(1, 2, 40, 8, 5)(3, 42, 7, 10, 45)(4, 32, 29, 25, 26)

(6, 31, 34, 9, 27)(11, 47,

59, 107, 35)(12, 36, 108, 60, 48)(13, 14, 88, 20, 17)
(15, 90, 19, 22,

93) (16, 68, 65, 61, 62)(18, 67, 70, 21, 63)(23, 95,
119, 83, 71)(24, 72, 84,

120, 96) (28, 104, 101, 97, 98)(30, 103, 106, 33, 99)
(37, 38, 52, 44, 41)(39,

54, 43, 46, 57)(49, 50, 100, 56, 53)(51, 102, 55, 58,
105) (64, 80, 77, 73,

74) (66, 79, 82, 69, 75)(76, 116, 113, 109, 110) (78,
115, 118, 81, 111)(85,

86, 112, 92, 89)(87, 114, 91, 94, 117);

N:=sub<S|xx, yy>;
G<x,y,t>=Group< x, y, t | x°5, y"3, y * x"2 x y' =1 % x"2
x y ok x' —1 % y" =1 % x"—1, (x *y % X xy *%x x) 2, t
“(

11, (¢, x°=2 % y'—1 * x), ¢ X x y =1 x x xy *x x"2)
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- tA57 (tv tAX)v (t7 tAy)7 (t7 tA(yA_l * x =1 * Y))7 (t
sty o xT=1)), (B, 67 (xT2 % y)) >

print Index (G,sub<G|x,y>: CosetLimit:=9"10, Hard:=true ,
Print:=2);

/* nohup magma ”"Monll_12Index"&>Monll_12Index.out& */

/******>I<>I<>i<***********>I<>I<>|<***********>|<>I<>|<***********************************

C:=Classes (N);
C;

/* PRINT SINGLE ORDER RELATIONS x/
for i in [2..#C] do
7ok okokok ook ok okok ok kokkok ok NEW CLASS sk s skok skoskoskok skokoskok koxok 7
OC:=Orbits (Centraliser (N,C[i][3]));
for orbit in OC do

conjWord:= 77

classRepWord:= Sprint (word(C[i][3]));

if orbit[1] eq 1 then
classRepWord cat 7xt”
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conjWord:= Sprint (GetConjugationWordForSubscript (

orbit [1]));

classRepWord cat 7"t (7 cat conjWord cat 7)7;

sk sk okokokok ok ok ok ok ok okokokok NEW CLASS

vy o+ x =1 %« y =1 %« x"=2 % y

>k 3k >k %k >k 5k >k sk sk ok ko skok kok

* Xt
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vy o x' =1 x y'—1 % x"=2 % y x xxt " (Id(NN))
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sk okokokokokokok ok ok ok xx INEW CLASS sk oskokokok ok kb ok ok koo % %
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xkt " (x"—1 % y'—1 % x)
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sokxokokokokok ok ok ok xkokokok NEW CLASS ok sk sk skookok sk ok ok ok ok ok okok

x 2%t
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sorrokokokokokokokok ok ok kxx INEW CLASS sk oskokokokok ok k ok koo % %

x 2 %y % x =1 % y x x —1xt
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x"2 %y x x =1 x y * x =1t " (Id (NN))

sokkokokokokokkokkxokokokok NEW CLASS ok sk ok skoskok sk ok ok ok ok ok okok
X % yxt " (x"—1 % y)
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sokxokokokok ok ok ok ok xkokokokok NEW CLASS ok sk ok skookok ok ok ok ok ok ok ook

(x % y) 2%t " (x"=1 % y)



256



257

/********************>l<>k>|<***********>l<>k>|<***********************************

StrN:="S:=Sym(120) ;
xx:=S1(1, 2, 40, 8, 5)(3, 42, 7, 10, 45)(4, 32, 29, 25, 26)
(6, 31, 34, 9, 27)(11, 47,
59, 107, 35)(12, 36, 108, 60, 48)(13, 14, 88, 20, 17)
(15, 90, 19, 22,
93) (16, 68, 65, 61, 62)(18, 67, 70, 21, 63)(23, 95,
119, 83, 71)(24, 72, 84,
120, 96)(28, 104, 101, 97, 98)(30, 103, 106, 33, 99)
(37, 38, 52, 44, 41)(39,
54, 43, 46, 57)(49, 50, 100, 56, 53)(51, 102, 55, 58,
105) (64, 80, 77, 73,
74)(66, 79, 82, 69, 75)(76, 116, 113, 109, 110)(78,
115, 118, 81, 111)(85,
86, 112, 92, 89)(87, 114, 91, 94, 117);

yy:=S!(1, 3, 31)(2, 53, 56)(4, 33, 6)(5, 8, 98)(7, 37, 39)
(9, 42, 40)(10, 11, 12)(13,
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, 67)(14, 113, 116) (16, 69, 18)(17, 20, 74)(19, 85,

87) (21, 90, 88)(22

. 24)(25, 27, 103)(26, 41, 44)(28, 105, 30)(29, 32,

50) (34, 35, 36)(38,

101, 104) (43, 49, 51)(45, 54, 52) (46, 47, 48)(55, 97,
99) (57, 102, 100) (58,

59, 60)(61, 63, 79)(62, 89, 92)(64, 81, 66) (65, 68,
110) (70, 71, 72)(73, 75,

115) (76, 117, 78) (77, 80, 86)(82, 83, 84)(91, 109, 111)
(93, 114, 112)(94,

95, 96) (106, 107, 108)(118, 119, 120);

N:=sub<S|xx,yy>;";
StrN;

S:=Sym(120) ;
xx:=S1(1, 2, 40, 8, 5)(3, 42, 7, 10, 45)(4, 32, 29, 25, 26)
(6, 31, 34, 9, 27)(11, 47,
59, 107, 35)(12, 36, 108, 60, 48)(13, 14, 88, 20, 17)
(15, 90, 19, 22,
93) (16, 68, 65, 61, 62)(18, 67, 70, 21, 63)(23, 95,
119, 83, 71)(24, 72, 84,
120, 96)(28, 104, 101, 97, 98)(30, 103, 106, 33, 99)
(37, 38, 52, 44, 41)(39,



54, 43, 46, 57)(49, 50, 100, 56, 53)(51, 102, 55, 58,
105) (64, 80, 77, 73,

74) (66, 79, 82, 69, 75)(76, 116, 113, 109, 110)(78,
115, 118, 81, 111)(85,

86, 112, 92, 89)(87, 114, 91, 94, 117);

yy:=SISI(1, 3, 31)(2, 53, 56)(4, 33, 6)(5, 8, 98)(7, 37,
39)(9, 42, 40)(10, 11, 12)(13,

, 67)(14, 113, 116) (16, 69, 18)(17, 20, 74)(19, 85,
87) (21, 90, 88)(22
, 24)(25, 27, 103)(26, 41, 44)(28, 105, 30)(29, 32,

50) (34, 35, 36)(38,

101, 104)(43, 49, 51)(45, 54, 52)(46, 47, 48) (55, 97,
99) (57, 102, 100) (58,

59, 60)(61, 63, 79)(62, 89, 92)(64, 81, 66) (65, 68,
110) (70, 71, 72)(73, 75,
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115) (76, 117, 78) (77, 80, 86)(82, 83, 84)(91, 109, 111)

(93, 114, 112)(94,
95, 96) (106, 107, 108) (118, 119, 120);

N:=sub<S|xx,yy>;

Indices:=][];

first:=true;



for a, b, ¢, d, e, f, g in [0..10] do
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if a eq 0 and b eq 0 and ¢ eq 0 and d eq 0 and e eq 0 and

f eq 0 and g eq 0O then
continue ;

end if;

)

G<x,y,t>:=Group< x, y, t | x"5, y"3, y % x"2 % y' =1 % x"2

« y ok x =1 % y' =1 %« x"—=1, t712, (x * y x x x y * x) "2

t,x" =2 % y'—1 %« x), t"°( x * y'—1 x x"2) = t°5

, 711, (x

2 xy % x'—1 %y x x"—1xt)"a, (y x x"—1 % y"—1 % x"—2 %

y * xxt"y) b, ((x"2%t)7c, (x % yxt)"d, ((x % y) 2xt"y))

Te L (Gext))Tf, (yxt) Tg>

index:=Index (G, sub<G|x,y>);
if index gt 2 then

if not (index in Indices) then
Indices:=Indices cat [index];

printf ”7\”

printf "a:=%o; b:=%o0; c:=%o0; d:=%o0; e:=%o0; {:=%o0; g=%o0;

index :=%o;\n”, a, b, ¢, d, e, f, g , index ;

printf "G<x,y,t>=Group< x, y, t | x"5, y 3, y x x"2 %y

=1 % x72 %y % x'—1 % y' -1 % x"—=1, t712, (x * y *x X %y

x x) " 2,(t,x"=2 % y'—1 % x), t°( x *x y'—1 % x"2)

= t°5 ,
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t711, (x72 %y x x"=1 x y % x"—1xt)"a, (y * x"—1 % y"—1
x x"—2 x y % xxt"y) b, ((x"2xt)"c, (x x yxt)"°d, ((x *xy

) "2xt7y)) e S ((xxt)) " f, (y*t) g>;\n”;

f1 ,G1,k:=CosetAction (G,sub<G|x,y>);

printf 7f Gl,k:=CosetAction (G,sub<G|x,y>);\n#k;\n /*x %o x*/
\n”, #k;

printf "Gl;\n”; GI;

printf "#N eq #sub<Gl|f(x),f(y)>;\n /x %o */\n”, #N eq #sub
<G1|f1(x),f1(y)>;
printf ”CompositionFactors (Gl);/*\n”;
CompositionFactors (G1) ;
else
SetOutputFile (" Monomialll_12Nums3.
txt”);

if first then

StrN;
first:= false;
end if;
printf 7\”
\7’;\11’7’

printf "a:=%o; b:=%o0; c:=%o0; d:=%o0; e:=%0; {:=%o0; g:=%o0;
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index :=%o;\n”, a, b, ¢, d, e, f, g , index ;

printf "G<x,y,t>=Group< x, y, t | x"5, y 3, y *x x"2 x y
=1 % x72 %y x x'—1 % y'—-1 % x"—1, t712, (x * y * X %y
x x) " 2,(t,x"=2 % y =1 x x), t°( x x y'—1 x x"2) = t°5
t711, (x"2 xy x x'=1 x y * x'—1xt)"a, (y * x' =1 % y" —1
x« X" =2 %y x xxt"y) b, ((x"2%t)7c, (x * yxt)"d, ((x %y
)"2xt7y)) e L ((xxt)) 7 f, (yxt) g>; \n7;

printf 7f Gl,k:=CosetAction (G,sub<G|x,y>);\n#k;\n”;

printf "Gl;\n”;

printf "#N eq #sub<Gl|f(x),f(y)>;\n";

printf ”CompositionFactors(Gl);\n”;

UnsetOutputFile () ;

end if;
end if;
end for;

/* mnohup magma ”Progl2 " x11: mN.17&>Progl2 " x11: mN.1.out&
*/
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Appendix F

MAGMA CODE: Double Coset
Enumeration of 3:(2xS5) Over

Do

S:=Sym(6) ;
xx:=S!(1, 2, 3, 4, 5, 6);
yy:=S!(1, 6)(2, 5)(3, 4);

G<x,y,t>:=Group<x,y,t|x" 6,y "2, (x*xy) " 2,t"3,(t,(xxy) "x),
t 7 (x"3)=t"2,(t"xx(t"y)) 2>;

f,G1,k:=CosetAction (G,sub<G|x,y>);

#G1; /720 */
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IN:=sub<G1| f(x), f(y)>;

N:=sub<S|xx,yy>;

for i in [0..5] do

for j in [0..1] do

printf "%o0”, i;j,xx"ixyy j;

end for;
end for;
/ *
00 Id(S)
01
10
11
20
21

(
(
(
(
( ) )
30 (1, 4)(2, 5)(3, 6)
31 ( ) )
40 (
41 (
50 (
(

51
*/

CompositionFactors (Gl); /x



G

|  Cyclic(2)

*

| Alternating (5)
*

|  Cyclic(2)

*

|  Cyclic(3)

1 %/

NL:=NormalLattice (Gl); NLj;

IN:=sub<G1|f(x),f(y)>;
ts = [ Id(Gl): i in [1 .. 6] ]|;

ts;

DoubleCosets (G, sub<G|x,y>, sub<G|x,y>);/x*
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{ <GrpFP, 1d(G), GrpFP>, <GrpFP, t * x % t % x * t % x"—1 %

t, GrpFP>, <GrpFP, t* x * t * x * t x x * t, GrpFP>, <

GrpFP, t *x x *x t % x"—1 % t, GrpFP>, <GrpFP,

tx X *x ¢t

"—1, GrpFP>, <GrpFP, t, GrpFP>, <GrpFP, t * x x t, GrpFP

>, <GrpFP, t % xx t *x x % t, GrpFP>, <GrpFP,

x * t =1, GrpFP> }

t x X % t %
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*/

DC:= [f(Id(G)), f(t), f(tx x x t"=1), f(t = x = t), f( t =

X %t ox x'=1 % t), f(t % xx t x x *x t), f(t x x x t % x
« t7=1), f(t * x % t x x %t *x x" =1 % t), f( tx x % ¢t

X ok bt ox X ok t) |

DC;

DoubleCosetRepresentatives (G1, IN, IN);
#N;
Index (G1,IN); /+ 60 x/

cst := [null : i in [1 .. Index(GL1,IN)]] where null is |
Integers () | J;
prodim := function(pt, Q, I)
v = pt;
for i in I do
vo= vi(Q[i]);
end for;
return v;
end function;
for i := 1 to 6 do
cst [prodim (1, ts, [i])] := [i];
end for;

m:=0;
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for i in [1..10] do

if cst[i] ne [] then
m:=m+1;
end if;
end for;
m; /* 6 x/
Orbits (N);

Nl:= Stabilizer (N, 1);
Orbits (N1);

FindDCGroupNumber := function (DC, element, IN)
for i in [1..#DC] do
for m,n in IN do

if element eq mx(DC[i]) "n then

return 1i;
end if;
end for;
end for;
end function;
/* ConvertToPermutation(ts, [1,2,3]); and returns a
permutation of IN isomorphinc to t1t2t3 . Same as doing

ts[1l]*ts[2]xts[3]*/
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ConvertToPermutation:= function (ts, Tset)
perm:= ts[Tset[1]];
for i in [2..# Tset]| do
perm:= permxts|[Tset[1]];
end for;
return perm;

end function;

FindDCGroupNumberOfTset := function (ts, DC, Tset, IN)
IndPerm:= ConvertToPermutation(ts, Tset);
return FindDCGroupNumber (DC, IndPerm , IN);

end function

FindDCGroupNumber (DC, ts[1]xts[1], IN); /2 Ntltl
belongs to [1] which is #2 in magmasx/
FindDCGroupNumber (DC, ts[1]xts[4], IN); /+ 1 %/
FindDCGroupNumber (DC, ts[1]xts[2], IN); /%4 x/
FindDCGroupNumber (DC, ts[1]xts[3], IN); /% 3 %/

EquivalentCosets := function (N, IN, ts, Tset)
perm:=ConvertToPermutation( ts, Tset);
TSets :=[];
for g in IN do

for n in N do
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perm2:= ConvertToPermutation(ts, Tset n);
if perm eq gxperm2 then
TSets:= TSets cat [Tset 'n];
end if;
end for;
end for;
return TSets;

end function

EquivalentCosets (N, IN, ts, [1,3]);

/* [1,3] and [6,4] */

S:={[1,3]};

SS:=S8"N;SS;

SSS:=Setseq (SS) ;

for i in [1..#SSS] do

for g in IN do if ts[1]xts[3]

eq gxts [Rep(SSS[i]) [1]]* ts[Rep(SSS[i]) [2]]
then print SSS[i];

end if; end for; end for;

StabilizingGroup := function (N, IN, ts, Tword)
TWords:=EquivalentCosets (N, IN, ts, Tword);
group:=Stabiliser (N, Tword) ;
for i in [2..#TWords| do
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for n in N do

if Tword"n eq TWords[i] then

group:=sub<N|group ,n>;

end if;
end for;
end for;
return group;

end function

N13s:= StabilizingGroup (N, IN, ts, [1,3]);

N13s:

/* <(1, 6)(2, 5)(3, 4) > %/

Orbits (N13s);

for i in [1..#DC]
eq mx(DC[i]) "n

[*x 2 x/
FindDCGroupNumber

for i in [1..#DC]
eq mx(DC[i]) "n
[*x Tx/

FindDCGroupNumber

for i in [1..#DC]

do for myn in IN do if ts[1l]*xts[3]xts[1]

then i; break; end if; end for;end for;

(DC, ts[1]*xts[3]xts[1], IN); /+ 2 %/

do for myn in IN do if ts[l]*xts[3]*xts[2]

then i; break; end if; end for;end for;

(DC, ts[1l]*ts[3]xts[2], IN); /*x 7 %/

do for myn in IN do if ts[1l]*ts[3]xts[3]
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eq mx(DC[i]) "n then i; break; end if; end for;end for;

/* 4 x/
FindDCGroupNumber (DC, ts[1]xts[3]*ts[3], IN); /% 4 %/

N132s:= StabilizingGroup (N, IN, ts, [1,3,2]);

N132s:
S:={[1,3,2]};
SS:=S"N;SS;

SSS:=Setseq(SS) ;

for i in [1..#8SS] do

for g in IN do if ts[1]#ts[3]*ts[2]

eq gxts[Rep(SSS[i]) [1]]* ts[Rep(SSS[i]) [3]]* ts [Rep(SSS[i])
[2]]

then print SSS[i];

end if; end for; end for; /+ NONE x/

N132:=Stabiliser (N,[1,3,2]);
#N132;
Orbits (N132s);

for i in [1..#DC] do for m,n in IN do if ts[1l]*ts[3]*ts[2]x
ts[1] eq mx(DC[i]) "n then i; break; end if; end for;end
for; /x 6x/
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FindDCGroupNumber (DC, ts[1]xts[3]*ts[2]xts[1], IN);

for i in [1..#DC] do for m,n in IN do if ts[1]*xts[3]*ts[2]x
ts[2] eq mx(DC[i]) "n then i; break; end if; end for;end
for; /*7x/

FindDCGroupNumber (DC, ts[1]*ts[3]*ts[2]*ts[2], IN);

for i in [1..#DC] do for m,n in IN do if ts[l]*xts[3]xts[2]x
ts[3] eq mx(DC[i]) "n then i; break; end if; end for;end
for;

FindDCGroupNumber (DC, ts[1]*ts[3]*ts[2]xts[3], IN);/*8x%/

for i in [1..#DC] do for m,n in IN do if ts[1l]*ts[3]*ts[2]x
ts[4] eq mx(DC[i]) "n then i; break; end if; end for;end
for;

FindDCGroupNumber (DC,  ts[1]xts[3]*ts [2]xts[4], IN); /«4dx/

for i in [1..#DC] do for m,n in IN do if ts[1]*xts[3]*ts[2]x
ts[5] eq mx(DC[i]) "n then i; break; end if; end for;end
for;

FindDCGroupNumber (DC, ts[1]*ts[3]*ts[2]*ts[5], IN); /%3x/

for i in [1..#DC] do for m,n in IN do if ts[l]*xts[3]xts[2]=x
ts[6] eq mx(DC[i]) "n then i; break; end if; end for;end
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FindDCGroupNumber (DC, ts[1]xts [3]*ts[2]*xts[6], IN); /x6x/

N12s:= StabilizingGroup (N, IN, ts, [1,2]);

N12s; /+ <e> %/

S:={[1,2]};

SS:=S"N;SS;

SSS:=Setseq (SS);

for i in [1..#SSS] do

for g in IN do if ts|[1]xts[2]

eq gxts[Rep(SSS[i]) [1]]*ts[Rep(SSS[i]) [2]]
then print SSS[i];

end if; end for; end for;

N12s:=Stabiliser (N,[1,2]);
#N12s; Nl12s;
Orbits (N12s); /« {1}, { 2} , {3}, {4}, {5}, {6} «/

FindDCGroupNumber (DC, ts[1]xts[2]*ts[1],

FindDCGroupNumber (DC, ts[1]xts[2]*ts[2], ;

FindDCGroupNumber (DC, ts[1]xts[2]=*ts[4],

FindDCGroupNumber (DC, ts[1]xts[2]*ts[5],

( IN); /*x 5 %/
( IN); /%3 %/
FindDCGroupNumber (DC, ts[1]xts[2]*ts[3], IN);/*x 6 %/
( IN); /% 4 %/
( IN); /+ 2 %/
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FindDCGroupNumber (DC, ts[1]xts[2]*ts[6], IN); /% 7 %/

DoubleCosetRepresentatives (Gl1, IN, IN);

Jx [ 12, 72, 144, 72, 144, 36, 144, 24, 72 ] */

[ 12/12, 72/12, 144/12, 72/12, 144/12, 36/12, 144/12,
24/12, 72/12 ];

/* Numbers in the circles [ 1, 6, 12, 6, 12, 3, 12, 2, 6 ]

*/

N121s:= StabilizingGroup (N, IN, ts, [1,2, 1]);

N121s;

Orbits (N121s); {3, 6 }, {1,5,4,2};

FindDCGroupNumber (DC, ts[1]xts[2]*ts[1]*xts[1], IN); /x4dx/
FindDCGroupNumber (DC, ts[1]xts[2]*ts[1]*xts[3], IN); /«8x/

N1323s:= StabilizingGroup (N, IN, ts, [1,3, 2,3]);

N1323s;

Orbits (N1323s); /+ {1}, {4}, {2, 6}, {3, 5} x/

FindDCGroupNumber (DC, ts[1]*ts[3]*ts[2]*ts[3]xts[1], IN);
/% bx/

FindDCGroupNumber (DC, ts[1]*ts[3]*ts[2]*ts[3]xts[4], IN);
/* 8 x/

FindDCGroupNumber (DC,  ts[1]*ts [3]*ts[2]xts[3]xts[2], IN)
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/% T %/
FindDCGroupNumber (DC,  ts [1]*ts[3]*ts[2]xts[3]xts[3], IN);

/* 6 x/

N1321s:= StabilizingGroup (N, IN, ts, [1,3, 2,1]);

N1321s;

Orbits (N1321s); /+ {1}, {2}, {3}, {4}, {5}, {6} */

FindDCGroupNumber (DC, ts[1]*ts[3]*ts[2]*ts[1]*xts[1], IN);
[x 4x/

FindDCGroupNumber (DC, s [1]# ts [3]* ts [2]% ts [1]# ts[2], IN):
[x T %/

FindDCGroupNumber (DC, ts[1]xts[3]*ts[2]*xts[1]xts[3], IN);
/*x 9 %/

FindDCGroupNumber (DC, ts[1]xts[3]xts[2]*xts[1]xts[4], IN);
/*x T %/

FindDCGroupNumber (DC, ts[1]xts[3]*ts[2]*xts[1]xts[5], IN);
/*8 */

FindDCGroupNumber (DC,  ts[1]*ts [3]xts[2]xts[1]xts[6], IN);
/x 6%/

N13213s:= StabilizingGroup (N, IN, ts, [1,3, 2,1,3]);
/x(1, 2, 3, 4, 5, 6)



(1, 6, 5, 4, 3, 2)

(1, 5, 3)(2, 6, 4) =/
N13213s;
EquivalentCosets (N, IN, ts,[1,3,2,1,3]);
/% [ 1,3, 2,1, 3],

[ 5, 1, 6, 5, 1 ] %/

FindFromToPerms:= function (Tsetl, Tset2, N)

NPerms:=];
for n in N do
if Tsetl n eq Tset2 then

NPerms:= NPerms cat [n];

end if;
end for;
return NPerms;

end function

GetStringT := function(set)

Strl = 77;
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for i in [1 .. #set] do
Strl:= Strl cat "t”;
Strl:= Strl cat IntegerToString(set[i]);
end for;
return Strl;

end function

for n in N do
print ( GetStringT ([2,6] "n) cat 7 = 7) cat
GetStringT ([3,5] "n) cat ” ( From R2 (t2t6 =
t3t5)"” cat Sprint(n) cat 7 )7;

end for;

/*t2t6 = t3t5 ( From R2 (t2t6 = t3t5) Id(N) )
t£3t1 = t4t6 ( From R2 (t2t6 = t3t5) (1, 2 4,5, 6) )
561 = t4t2 ( From R2 (t2t6 = t3t5)°(1, 6)(2, 5)(3, 4) )
t5t3 = t6t2 ( From R2 (t2t6 = t3t5) (1, 4)(2, 5)(3, 6) )
t£1t3 = t6t4 ( From R2 (t2t6 = t3t5) (1, 2)(3, 6)(4, 5) )
t1t5 = t2t4 ( From R2 (t2t6 = t3t5)° (1, 6 4,3, 2) )
/
/*Magma proof of Nt1t2t3 (1, 3, 2, 1]: %/

ConvertToPermutation(ts, [1,3,5,6]) eq ConvertToPermutation

(ts, [1,2,6,6]);
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ConvertToPermutation(ts, [1,3,5,6]) eq ConvertToPermutation

(ts, [6,4,5,6]); FindFromToPerms([6,4,5,6],[1,3,2,1],N);

EquivalentCosetsInfo := function (N, IN, ts, Tset)
perm:=ConvertToPermutation( ts, Tset);
TStrs :=][];
for g in IN do
for n in N do
perm2:= ConvertToPermutation(ts, Tset n);
if perm eq gxperm2 then
TStrs:= TStrs cat [?\n” cat Sprint(g) cat
GetStringT (Tset) cat 7”7 cat Sprint(n) cat
7 =7 cat GetStringT (Tset " n) |;
end if;
end for;
end for;
return TStrs;

end function;

/* proof t1t3t2t4 = t6t5 =/

ConvertToPermutation(ts,[1,3,2,4]) eq ConvertToPermutation
(ts,[6,5]); /% true x/

for n in N do

print ( GetStringT ([1,3,2,4]"n) cat ” =7 cat
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GetStringT ([6,5] "n) cat ” from (t1t3t2t4 = t6t5)

"7 cat Sprint(n));

end for;

/% proof t1t3t2 = t6t5t1 =/

ConvertToPermutation(ts ,[1,3,2]) eq ConvertToPermutation (

ts,[6,5,1]);
for n in N do
print ( GetStringT ([1,3,2] " n) cat 7 =7 cat

GetStringT ([6,5,1]"n) cat ” from (t1t3t2 =
t6t5t1)"” cat Sprint(n));

end for;

/* t1t3t2t4 = t6t4t2t4 x/
ConvertToPermutation(ts ,[1,3,2,4]) eq ConvertToPermutation
(ts,[6,4,2,4]);
PrintConjugatedRelations:=procedure (TSetl, TSet2, N)

str:= 7

from (7 cat GetStringT (TSetl) cat ” =" cat
GetStringT (TSet2) cat 7)"";
for n in N do
print ( GetStringT (TSetl"n) cat ” =7 cat GetStringT (
TSet2"n) cat str cat Sprint(n));

end for;

end procedure;
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/proof xt1t3t2t6 = t1t6t5 =/

ConvertToPermutation (ts,[1,3,2,6]) eq ConvertToPermutation (
ts,[1,6,5]);

PrintConjugatedRelations ([1,3,2,6], [1,6,5], N);

/% t1t3t266 = t1t5t3t2 */

ConvertToPermutation(ts ,[1,3,2,6]) eq ConvertToPermutation (
ts,[1,5,3,2]);

PrintConjugatedRelations ([1,3,2,6], [1,5,3,2], N);

Jx  t1t3t2t6 = t2t4t3t2 */

ConvertToPermutation(ts,[1,3,2,6]) eq ConvertToPermutation (
ts,[2,4,3,2]);

PrintConjugatedRelations ([1,3,2,6], [2,4,3,2], N);

/* t1t2t1 = t4t5t4. %/

ConvertToPermutation(ts ,[1,2,1]) eq ConvertToPermutation(ts
[4.5,4]);

PrintConjugatedRelations ([1,2,1], [4,5,4], N)

FindFromToPerms ([1,2,1], [4,5,4], N);

/% t1t3t2t3 = t1t5t6t5 %/
ConvertToPermutation(ts,[1,3,2,3]) eq ConvertToPermutation (
ts,[1,5,6,5]);
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/* cst:=FindCosetOrder ([1,2], N, IN, ts, cst); x/
FindCosetOrder:= function (TSet, N, IN, ts, cst)
stab:= StabilizingGroup (N, IN, ts, TSet);
tr:=Transversal (N, stab);
for i:=1 to #trl do
ss:=TSet"trl[i];
cst [prodim (1,ts,ss)]:=ss;
end for;
return cst;
end function;
cst:= FindCosetOrder ([1,2], N, IN, ts, cst);
cst:=FindCosetOrder ([1,3], N, IN, ts, cst);
cst:=FindCosetOrder ([1,3,2], N, IN, ts, cst);

(
(
cst:=FindCosetOrder ([1,3,2,1], N, IN, ts, cst);
cst:=FindCosetOrder ([1,3,2,3], N, IN, ts, cst);
cst:=FindCosetOrder ([1,2,1], N, IN, ts, cst);
cst:=FindCosetOrder ([1,3,2,1,3], N, IN, ts, cst);

cst;

/* PrintEquivalentCosetsTo (N, IN, ts,[1,2,1]); %/
PrintEquivalentCosetsTo:= function (N, IN, ts, Tset)
ECs:=EquivalentCosets (N, IN, ts, Tset);

e BN .
str:= "N”;
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for i in [1..#ECs] do
str := str cat GetStringT (ECs[i]);
edge:=" = N”;
if i eq #ECs then

edge:= "\t”;
end if;
str := str cat edge;
end for;
return str;
end function
PrintEquivalentRelations := procedure (N, IN, ts,6 Tset)

perm:=ConvertToPermutation( ts, Tset);
TSets :=[];
for g in IN do
for n in N do
if n eq Id(N) or g eq Id(IN) then continue; end if
perm2:= ConvertToPermutation(ts, Tset n);
if perm eq gxperm2 then
GetStringT (Tset) cat ” = 7 cat Sprint (InWord(g)) cat
GetStringT (Tset "n) ;
GetStringT (Tset "n) cat ” = 7 cat Sprint(InWord(g"—1)) cat

GetStringT (Tset) ;



end if;
end for;
end for;

end procedure;

PrintEquivalentRelations (N, IN, ts, [1,3]);

S:=Sym(6) ;
xx:=8!(1, 2, 3, 4, 5, 6);
yy:=S!(1, 6)(2, 5)(3, 4);

N:=sub<S|xx,yy>;

G<x,y,t>:=Group<x,y,t|x 6,y "2, (x*xy) " 2,t"3,(t,(xxy) x),

t 7 (x"3)=t"2,(t " xx(t"y)) 2>;
f,G1,k:=CosetAction (G,sub<G|x,y>);
#G1;

NL:=NormalLattice (G1);
NL;
for i in [1..#NL] do
if IsAbelian(NL[i]) then
i;
end if;
end for; /+ 2 x/
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284

A:=G1!(1, 54, 53)(2, 50, 49)(3, 41, 40)(4, 39, 42)(5, 45,

37)(6, 28, 51)(7, 52, 26)(8, 23, 55)(9, 38,47)(10, 58,

22) (11, 48, 36)(12, 29, 43)(13, 17, 56) (14, 44, 27)(15,

57, 16) (18, 21, 60)(19, 31, 32)(20, 34, 33)(24, 25,

59) (30, 35, 46);

q, ff:=quo<G1|NL[2] >;

Order(q); /x 240.

Gl ~ 3:Q /

T:= Transversal (G1,NL[2]);

f£(T[2])
B:=T[2];

N:=q;

eq q.1;

NL:=NormalLattice (N); /%

[7] Order
[6] Order
[5] Order
[4] Order
[3] Order

240

120

120

120

60

Length 1
Length 1
Length 1

Length 1

Length 1

Maximal

Maximal

Maximal

Maximal

Maximal

Subgroups:
Subgroups:
Subgroups:

Subgroups:

Subgroups:

Gl has not normal subgroups of 240 =—>
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[2] Order 2 Length 1 Maximal Subgroups: 1

[1]  Order 1 Length 1 Maximal Subgroups: x/

for i in [1..#NL] do
if IsAbelian(NL[i]) then
1
end if;
end for; /+« 2 x/ /x | NLq[2] | = 2 %/

q, ff := quo<N|NL[2]>
qa; /x
Permutation group q acting on a set of cardinality 10
Order = 120 = 2"3 % 3 % 5
(2, 3, 6, 5, 7, 4)(8, 9, 10)
(2, 4)(3, 7)(5, 6)(9, 10)
(3, 7, 9)(4, 6, 8)x/

)
IsIsomorphic (NL[4],q); /* true =/
(

—~~
(@)

IsIsomorphic (DirectProduct (NL[4] ,NL[2]), N); /% true x/

/* G~ 3:(2 q ) %/

N:=q;
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NL:=NormalLattice (N);
NL;
IsIsomorphic(q, Sym(5)); /x true x/

/* Isomorphism type: G73:(2 S5 :) %/
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Appendix G

MAGMA CODE: Double Coset
Enumeration of Ly(25) Over S5

/*The following magma code was used to isolate L2(25) x/

S:= Sym(24);

xx:=S1(1,2,4,18,9)(3,13,14,16,24) (6,21,7,8,10)
(12,15,19,20,22);

yy:=S!(1,21)(2,5)(3,19)(4,6)(7,15)(8,11)(9,13)(10,12)
(14,17)(16,18)(20,23) (22,24);

N:=sub<S|xx,yy>;

CompositionFactors (N) ;

IsIsomorphic (N,Sym(5));/x true x*/

FPGroup (N) ;

NN<x ,y>:= Group<x,y| x5, vy 2,(x"—1xy) "4, (x * y « x'=2 % y
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x X) 2>
fn ,N1,kn:=CosetAction (NN, sub<NN|Id (NN)>);

IsIsomorphic (N,N1); /% true x/

W:=WordGroup (N) ;
rho:=InverseWordMap (N) ;

Stabilizer (N, {1,7,13,19});
(N((2, 12, 22, 9, 11)(3, 5, 14, 6, 10)(4, 15, 17, 20, 18)

(8, 24, 16, 21, 23)))@rho;

C:=function (W)
w3 (= W.1 «x W.2;, wd := w3 *x W.1; wb := wd x W.1; w6 :=
whH * W.2; wl := W.1"—-1; w7 := w6 *x wl; return w7;

end function;

C(FPGroup(N));

XX * yy * xx 2 % yy % xx —1; /% this what we need to use

for (t, x xy * x"2 x y % x"—1)%/

a:= 0; b:=0; c¢:=0; d:= 2; e:= 4;
G<x,y,t>:=Group<x,y,t| x5, y " 2,(x " —1xy) "4, (x*y*x" —2%y*x)
2,675 ,(t, x ok y x x72 xy x x"—1), t7(x"—=1xy)= t"3, (xx

t) a, (xxyxt"x)"b,(yxt " (xxy)) c, (x,txt (xxx))"d,(x"yx*t)
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“e>;

#sub<G|x,y>;
Index (G, sub<G|x,y>);

ff ,Gl,k:=CosetAction (G, sub<G|x,y>);

CompositionFactors (Gl) ;

NL:=NormalLattice (G1);

W:=WordGroup (G1) ;
rho:=InverseWordMap (G1) ;
(NL[2].2) @rho;

C:=function (W)

wl ;= w.1"—1; w4 = wl x w.2; wdo := wd x wl; w6 := wd % W
L2, wroi= wb x w.l; w8 (= w7 x w.2; w9 1= w8 x w.1; wl0
= w9 x w.3; wll := wl0 *x w.1; wl2 := wll x w.3; wl3 :=
wl2 *x w.3; wld:= wld x w.1; wld := wld * w.3; return wlb

end function;
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C(G); /¥ x'=1xyxx =1y *X*xyxXxtxxx*t2x

X * t * /

/* Original

a:= 0; b:=0; ¢:=0; d:= 2; e:= 4;

G<x,y,t>:=Group<x,y,t| x5, y 2,(x"—1xy) "4, (x*y*x" —2%yxx)
2,675 ,(t, x xy x x72 xy x x"—1), t7(x"—1xy)= t"3, (xx
t) a, (xxyxt"x)"b,(y*xt (xxy)) c, (x,txt (x*x))"d,(x"y*t)

e, x'—1 %y x Xx"—1 %y % X *xy k X x t x X % t 2 % x x*

t>;

Gb<x,y,t>:=Group<x,y,t| x5, vy 2,(x"—1xy) "4, (xky*xx —2xy*X)
“2,675,(t, x ok y x x72 %y x x"—1), t7(x"=1xy)= t"3, (xx
bt T (xxx)xx =1kt " (y x x x y x x" —2)xt " ((y * x)72))"2,(x"
yrt) "4, x"—=1 %y * x"—1 %« y % X %y k X x t % X % t°2 x
X *x t>;

fb ,G1b,kb:=CosetAction (Gb,sub<Gb|x,y>);

IsIsomorphic (Gl, Glb); x/

The following magma code helps prove the DCE of L(2,25)

ok /
S:= Sym(24);
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xx:=S1(1,2,4,18,9)(3,13,14,16,24) (6,21,7,8,10)
(12,15,19,20,22) ;

yy:=S1(1,21)(2,5)(3,19)(4,6)(7,15)(8,11)(9,13)(10,12)
(14,17) (16,18) (20,23) (22,24) ;

N:=sub<S|xx,yy>;

NN<x ,y>:= Group<x,y| x"5, y 2,(x"=1xy) "4, (x * y x x"' =2 % y

x x)"2>;

G<x,y,t>=Group<x,y,t| x5, y " 2,(x"—1xy) "4,(x*xy*x" —2%yxx)
"2,675,(t, x ok y x x72 xy x x"—1), t7(x"—1xy)= t"3, (x,
trt " (xxx)) "2, (x"y*xt) "4, x"—1 x y * x"—1 x y % X x y * X
* t % x x t72 x X % t>;

/x { x, vy t] x5, y2, (x—1ly)4, (xyx—2yx)2, t5, (t, xyx2yx—1)
, tx"(=1)y = 1t3, ( x, ttx*x)2, (xyt)d, x—lyx—1
yxXyxtxt2xt } */

f,G1,k:=CosetAction (G,sub<G|x,y>);

CompositionFactors (Gl) ;

DoubleCosets (G, sub<G|x,y>,sub<G|x,y>);

IN:=sub<G1| f(x),f(y)>;
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>);
word:=function (Perm)

for w in Sch do

seq := Eltseq(w);



292

p:= Id(N);
for j in seq do
if j eq 1 then p:=pxxx; end if;

if j eq —1 then p:=pxxx"—1; end if;
if j eq 2 then p:=pxyy; end if;
if j eq —2 then p:=pxyy —1; end if;

end for;

if Perm eq p then return w; end if;
end for;

end function

Word2NPerm:= function (letters)

seq := Eltseq(letters);
p:= Id(N);
for j in seq do

if j eq 1 then p:=pxxx; end if;

if j eq —1 then p:=pxxx"—1; end if;
if j eq 2 then p:=pxyy; end if;
if j eq —2 then p:=pxyy —1; end if;
end for;
return p;

end function;

InWord:=function (Perm)
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for w in Sch do

seq := Eltseq(w);

p:= Id(IN);

for j in seq do

if j eq 1 then p:=pxf(x); end if;

if j eq —1 then p:=pxf(x)"—1; end if;
if j eq 2 then p:=pxf(y); end if;
if j eq —2 then p:=pxf(y) " —1; end if;

end for;

if Perm eq p then return w; end if;
end for;

end function

GetConjugationWordForSubscript:= function(subscript)
size:=9999999;
w:=word (N.1) ;
for n in N do
if n eq Id(N) then
continue;
end if;
if 1°"n eq subscript then
tmp:= word (n) ;
if size gt #tmp then

size:=#tmp;
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w:= tmp;
end if;
end if;
end for;
return w;

end function

for i in [1..24] do
"ts[” cat Sprint( i) cat 7] := 7 cat "f(t"(” cat Sprint

(GetConjugationWordForSubscript (1)) cat 7));”;

end for;

ts:= [ Id(Gl): i in [1 24] ];
ts[1] = f(t);

ts[2] = £(t7(x));

ts[3] = f(t (x"—=1 % y x x"—1));
ts[4] = £(t7(x72));

ts[5] = f(t7(x x y));

ts[6] = F(t"(y x x"=1));

ts [7] = £(t7(y * x));

ts[8] = f(t"(y * x"2));

ts[9] = f(t7(x"=1));

ts[10] = £(t"(y * x"=2));

ts[11] = f(t"(y * x"2 % y));



ts[12]
ts[13]
ts[14]
ts[15]
ts[16]
ts[17]
ts[18]
ts[19]
ts[20]
ts[21]
ts [22]
ts [23]
ts [24]
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(t"(y * x * y *x x"=1));
(t7(x"=1 = y));
(t7(y'x));
(t°(y * x xy));
(07 (x"=2 = y));
(t°(x"=1 % y * x xy));
f(67(x"=2));
(" ((y = x)72));
(07 (y * x *y x x"2));
(t7(
(¢7(y = x xy x x"=2));
(t°(y * x * y * x°2 % y));
(t°(x"—=1 % y *x x"=2));

99

StrPowers:="";

for i

[1..24] do

for k in [2..4] do

for j in [1..24] do
if i eq j then continue; end if;
if ts[i]"k eq ts[j] then
StrPowers:= StrPowers cat ”
t” cat Sprint (i) cat
7°” cat Sprint (k) cat ”

= t” cat Sprint(j) cat



end if;
end for;
end for;
StrPowers:= StrPowers cat "\n”;
end for;
StrPowers; /x
t1°2 t7, t17°3 t13,
t2°2 t8 t2°3 t14 ,
t3°2 t9, t3°3 t15 ,
t4°2 t10 , t4°3 t16 ,
t5°2 t11, t5°3 t17,
t6°2 t12, t6°3 t18
t7°2 t19, t7°3 t1,
t87°2 t20 , t87°3 t2,
t9°2 t21, t9°3 t3,
£10°2 = t22, £10°3 = t4,
£11°2 = t23, t11°3 = t5,
£12°2 = t24 , £12°3 = t6,
t13°2 t1, t13°3 t19,
t14°2 t2, t14°3 t20 ,
t15°2 t3, t15°3 t21,
t16°2 t4 t16°3 t22,
t17°2 t5 , t17°3 t23,

t17°4
t27°4
t37°4
t4°4
th 4
t6 "4
t7°4
t8 74
t9°4
t10°4
t117°4
t127°4
t137°4
t147°4
t157°4
t16 "4
t177°4

t19
£20 ,
£21
£22
£23
£24
13,
t14
t15
t16
£17,
t18
t7
£8
t9 |
£10

t11,
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£18°2 = 6, £18°3 = t24 , £18°4 = 12,
£19°2 = t13, £19°3 = t7, £19°4 = t1,
£20°2 = t14, £20°3 = t8, £20°4 = t2,
£21°2 = t15, £21°3 = t9, £21°4 = t3,
t227°2 = t16 2273 t10, t227°4 t4
t237°2 = t17, 2373 t11, t237°4 t5,
£24°2 = t18, £24°3 = t12, £24°4 = t6, */
Inverselndex:= function (Index)
for i in [1.. do
if ts[Index]"—1 eq ts[i] then return i; end
if;

end for;
end function;
for i in [1..24] do

"t” cat Sprint(i) cat 7 = t” cat Sprint(

Inverselndex(i)) cat 7" —1";

end for;

SplitT:= function (tsIndex)

for n in N do

if 13°n eq tslndex then

return [1,7] n;



end if;
end for;
return [0,0];

end function;

/* Split in doubles x/
SplitTd:= function (tsIndex)
for n in N do
if 7"n eq tslndex then
return [1,1] n;
end if;
end for;
return [0,0];

end function;

TStr:= function (Tword)
Strl = 77;
for i in [1 .. #Tword] do
if Tword[i] ne 0 then

Strl:= Strl cat "t7;

Strl:= Strl cat IntegerToString(Tword[i]);

end if;
end for;

return Strl;
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end function

for i in [1..24] do
"t” cat Sprint(i) cat 7 =7 cat TStr(SplitTd(i));

end for;

DoubleCosets (G, sub<G|x,y>,sub<G|x,y>);/*

{ <GrpFP, 1d(G), GrpFP>, <GrpFP, t % x % t"—1, GrpFP>, <
GrpFP, t, GrpFP>,

<GrpFP, t % x x t, GrpFP> } «/

DC:=[ f(Id(G)), f(t), f( t *x=*t ), f( t x x % t"=1 ) J;

DC;

#N; /% 120 x/
DoubleCosetRepresentatives (G1, IN, IN); /« [ 120, 2880,

1200, 3600 | =/
[ 120/120, 2880/120, 1200/120, 3600/120 |;

/¥ [ 1, 24, 10, 30 | =/

FindDCGroupNumber := function (element)
for i in [1..#DC] do
for m,n in IN do
if element eq mx(DC[i]) "n then

return 1i;
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end if;
end for;
end for;

end function;

TPerm:= function (Tset)
perm:= ts[Tset [1]];
for i in [2..# Tset]| do
perm:= permsx*ts [ Tset[i]];
end for;
return perm;

end function

Orbits (N);

N1:= Stabilizer (N, 1);

N1; /+ (2, 9, 12, 11, 22)(3, 6, 5, 10, 14)(4, 20, 15, 18,
17) (8, 21, 24, 23, 16) x/

Orbits (N1); /«GSet{@ 1 @},
GSet{@ 7 @},
GSet{@ 13 @},
GSet{@ 19 @},
GSet{@ 2, 9, 12, 11, 22 @},
GSet{@ 3, 6, 5, 10, 14 @},
GSet{@ 4, 20, 15, 18, 17 @},



GSet{@ 8, 21,

FindDCGroupNumber
FindDCGroupNumber
FindDCGroupNumber
FindDCGroupNumber
FindDCGroupNumber
FindDCGroupNumber
FindDCGroupNumber
FindDCGroupNumber

24, 23, 16 @} %/

ts[1]xts[1]); /* 2 %/
ts[1]xts[7]); /x 2 %/

ts[1]xts[13]); /% 2 %/
ts[1]*ts[19]); /x 1 %/

2]); /x 3 x/
ts [1]xts [3]); /x 4 x/
4])
8])

/* Equivalent right coset x/Find

EquivalentCosets:= function (Tset)

perm:=TPerm( Tset);

TSets :=[];
for g in IN do
for n in N
perm2:=
if perm
TSets
end if;

end for;

end for;

return TSets;

do
TPerm (Tset "n) ;
eq gxperm2 then

:= TSets cat [Tset 'n];

;o /x4 %/
;) % 2 %/
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end function

StabilizingGroup := function (Tword)
TWords:=EquivalentCosets (Tword) ;
group:=Stabiliser (N, Tword) ;
for i in [2..#TWords| do

for n in N do
if Tword'n eq TWords[i] then
group:=sub<N| group ,n>;
end if;
end for;
end for;
return group;

end function;

N12s:= StabilizingGroup ([1,2]);
N12s;
/% (1, 24)(2, 23)(3, 4)(5, 20)(6, 19)(7, 18)(8, 17)(9, 10)
(11, 14)(12, 13)(15, 16)(21, 22)
(1, 5)(2, 10)(3, 18)(4, 14)(6, 9)(7, 11)(8, 22)(12, 21)
(13, 17)(15, 24)(16, 20) (19, 23)
(1, 20, 15)(2, 9, 19)(3, 7, 14)(4, 11, 18)(5, 24, 16)
(6, 10, 23)(8, 21, 13)(12, 22, 17)
(1, 9)(2, 20)(3, 13)(4, 17)(5, 10)(6, 24)(7, 21)(8, 14)



303

(11, 22)(12, 18)(15, 19)(16, 23)

(1, 19)(2, 15)(3, 8)(4, 12)(5, 23)(6, 16)(7, 13)(9, 20)
(10, 24)(11, 17)(14, 21)(18, 22)

(1, 23)(2, 24)(3, 22)(4, 21)(5, 19)(6, 20)(7, 17)(8,
18) (9, 16) (10, 15)(11, 13)(12, 14)

(1, 15, 20)(2, 19, 9)(3, 14, 7)(4, 18, 11)(5, 16, 24)
(6, 23, 10)(8, 13, 21)(12, 17, 22)

(1, 10, 20, 23, 15,

22, 14, 17)(4, 8,

(1, 2)(3, 21)(4, 22)(5,

11,

6)(2, 5, 9, 24, 19, 16)(3, 12, 7,

21, 18, 13)

6)(7, 8)(9, 15)(10, 16) (11, 12)

(13, 14)(17, 18)(19, 20)(23, 24)
(1, 6, 15, 23, 20, 10)(2, 16, 19, 24, 9, 5)(3, 17, 14,
22, 7, 12)(4, 13, 18, 21, 11, 8)
(1, 16)(2, 6)(3, 11)(4, 7)(5, 15)(8, 12)(9, 23)(10, 19)
(13, 22)(14, 18)(17, 21)(20, 24) =/
test:=sub<N|NI(1, 6, 15, 23, 20, 10)(2, 16, 19, 24, 9, 5)
(3, 17, 14, 22, 7, 12)(4, 13, 18, 21, 11, 8), NI(1, 24)
(2, 23)(3, 4)(5, 20)(6, 19)(7, 18)(8, 17)(9, 10)(11, 14)
(12, 13)(15, 16)(21, 22)>
IsIsomorphic (N12s, test);
test:=sub<N|NI(1, 6, 15, 23, 20, 10)(2, 16, 19, 24, 9, 5)
(3, 17, 14, 22, 7, 12)(4, 13, 18, 21, 11, 8), NI(1,9) (2
20) (3, 13)(4, 17)(5, 10)(6, 24)(7, 21)(8, 14)(11, 22)



304

(12, 18)(15, 19)(16,23)>

IsIsomorphic (N12s, test);

Orbits (N12s); /x
GSet{@ 1, 24, 5, 20, 9, 19, 23, 15, 10, 2, 6, 16 Q},

GSet{@ 3, 4, 18, 7, 13, 8, 22, 14, 12, 21, 17, 11 @} x/

FindDCGroupNumber (ts[1l]xts[2]xts[1]); /% 2 =/
FindDCGroupNumber (ts[1]xts[2]*xts[3]); /x 4 x/

N13s:= StabilizingGroup ([1,3]);

N13s; /*

(1, 7, 19, 13)(2, 6 L 16)(3, 4, 8, 12)(5, 17, 23, 11)(9,
10, 20, 24)(14, 18, 21, 22)

(1, 19)(2, 15)(3, 8)(4, 12)(5, 23)(6, 16)(7, 13)(9, 20)(10,
24) (11, 17)(14, 21)(18, 22)

(1, 13, 19, 7)(2, 16, 15, 6)(3, 12, 8, 4)(5, 11, 23, 17)(9,
24, 20, 10)(14, 22, 21, 18) x/

Orbits (N13s); /x

GSet{@ 1, 7, 19, 13 @},
GSet{@ 2, 6, 15, 16 @},
GSet{@ 3, 4, 8, 12 @},
GSet{@ 5, 17, 23, 11 @},
GSet{@ 9, 10, 20, 24 @},
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GSet{@ 14, 18, 21, 22 @} x/

FindDCGroupNumber (ts[1]*ts[3]*xts[1]); /% 4 %/
FindDCGroupNumber (ts[1]xts[3]xts[2]); /% 2 %/
FindDCGroupNumber (ts[1]xts[3]*xts[3]); /x 3 x/
FindDCGroupNumber (ts[1]*ts[3]*xts[5]); /x 4 %/
FindDCGroupNumber (ts[1]xts[3]xts[9]); /+x 4 x/
FindDCGroupNumber (ts[1]xts[3]xts[14]);/* 2x/

FindEquivalentRelations:= function (Tset, Tset2)
perm:= TPerm( Tset);
TSets :=[];

for g in IN do

perm2:= TPerm(Tset2);

if perm eq gxperm2 then

str:= str cat TStr(Tset) cat ” = 7 cat Sprint(InWord(g))
cat TStr(Tset2) cat ”\n”

end if;

end for;

for n,m in IN do

perm2:= TPerm(Tset2);

if perm eq nx(perm2°m) then

str:= str cat TStr(Tset) cat ” =7 cat Sprint(InWord(n))

cat 7 (” cat TStr(Tset2) cat ”)"” cat Sprint(InWord(m))
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cat "\n”;
end if;
end for;
return str;

end function;

FindFromToPerms:= function (Tsetl, Tset2)

NPerms:=];
for n in N do

if Tsetl n eq Tset2 then

NPerms:= NPerms cat [n];

end if;
end for;

return NPerms;

end function;

RELATION:= recformat< rightTword : SeqEnum, leftPerm:
GrpPermElt, leftTword:SeqEnum, info, applyAt >;

Relation:=function (rTword, 1Perm, 1Tword, str, apply)

return rec< RELATION | rightTword := rTword, leftPerm:=
IPerm, leftTword:=1Tword, info:= str, applyAt:=apply >;

end function



/* Permutation follow by a T word */
PermTword:= recformat< perm:GrpPermEIt , tword: SeqEnum,
name: MonStgElt ,parents:SeqEnum, appliedRelations

children >;

/* example rec< PermTword | perm:= xx , tword:=[8, 9]> =

xt8t9; x/

PITW:=function (p, tw)
meStr:="";
if p ne Id(N) then
meStr:= Sprint (word(p)) cat 7 x 7;
end if;
meStr:= meStr cat TStr(tw);
ptw:= rec< PermTword | perm:= p, tword:=tw, name:=meStr |,
parents :=[], children:=0>;

return ptw;

end function;

AddParent:=function (ptw, parentlndex, relation)

if #ptw‘parents eq 0 then
ptw‘appliedRelations:= [relation];
ptw ‘parents:= [parentlndex];

else
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ptw‘appliedRelations:= ptw‘appliedRelations cat |
relation |;
ptw ‘parents:= ptw‘parents cat [parentIndex];
end if;
return ptw;

end function

PtwStr:=function (ptw)
if ptw‘perm eq Id(N) then
return TStr(ptw‘tword);
end if;
return Sprint (word(ptw ‘perm)) cat ”*” cat TStr(ptw"
tword ) ;

end function;

LemmaCC:= Relation ([4,8], yy*xx 2xyysxx 2xyy, [19], ”Lemma
3: t4t8 = yx"2yx"2yt19” ,0);

LemmaCC2:= Relation ([19], yy * xx =2 % yy % xx —2 %yy,
[4,8], "Lemma 3: t19 = yx"2yx"—2yt4t8.” ,0);

LemmaBB:=Relation ([19,9], yy*xx —lxyy, [12,11], ”"Lemma 2:
t19t9 = yx"—1yt12t11”7,0);

LemmaBB2:=Relation ([12,11], yys*xxxyy, [19,9], ”"Lemma 2:
t12t11 = yxyt19t9 7 ,0);

LemmaAA:=Relation ([9,2,22,19], Id(N), [1,4,20,15], ”Lemma
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1: t9t2t22t19 = t1t4t20t157,0);
LemmaAA2:=Relation ([1,4,20,15], Id(N), [9,2,22,19], "Lemma
1: t1t4t20t15 = t9t2t22t19”,0);

/+* Power rules x/

t7t19:=Relation ([7,19], Id(N), [1], 7t7t19 = t17,0);
t1t1:=Relation ([1,1], Id(N), [7], "t1°2 = t7”,0);
InvRelation:=Relation ([1,19], Id(N), [], "t1tl9 = Id”,0);

IdPower:=Relation( [1,1,1,1,1], Id(N), [], 7Id = t1°5”7,0);
/*TODO not sure if we need [0] or [] x/

t1:=Relation ([1], Id(N), [7,19], "t1 = t7t197,0);

t7:=Relation ([7], Id(N), [1,1], 7t7 = t17°2”7.,0);

ListRelations:=[ InvRelation, t7t19, t1tl, IdPower,
LemmaCC, LemmaAA, LemmaAA2, LemmaBB, LemmaBB2, LemmaCC2,

t1 ];

/* If the order of ts = 2 then this will not work. Modify
for that case. */
Reduce2Ts:= function (tsIndexl, tsIndex2)
if tsIndexl eq 0 and tsIndex2 eq 0 then return [0];
end if;

if tsIndexl eq 0 then return [tsIndex2]; end if;
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if tsIndex2 eq 0 then return [tsIndexl]; end if;

for i in [1..24] do

if ts[tsIndexl]*ts[tsIndex2] eq ts[i] then
return [i]; end if;
if ts[tsIndexl]*ts[tsIndex2] eq ts[i]"5 then return [0];
end if;
end for;
return

[tsIndex1, tsIndex2];

end function;

ReduceTs:= function (Tset)
steps:=[Tset |;
OK:=true;
while OK do
size:=#Tset ;
if size

It 1 then return steps; end if;

for i in [1..size] do
ji=1+1;
OK:=false ;
if j le size then
r:= Reduce2Ts(Tset[i],Tset[j]);
if #r eq 1 then
Tset[i]:= r[1];

Tset:=Remove(Tset, j);
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steps:= steps cat [Tset];
OK:=true;
break ;
end if;
end if;
end for;
end while;
return steps;

end function;

ReducePtw:=function (ptw)
tword:=ptw ‘ tword ;
steps:=ReduceTs(tword) ;
if #steps gt 1 then
for step in steps do
if 0 in step then continue; end if;
Sprint (word (ptw ‘perm)) cat "%” cat
TStr(step);
end for;
ptw ‘tword:=steps[#steps |;
end if;
return ptw;

end function;
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ReducePtwToSize:=function (ptw, size)
tword:=ptw ‘tword ;
steps:=ReduceTs (tword) ;
if #steps gt 1 then
for i in [1..#steps] do
step:=steps[i];
if 0 in step then continue; end if;
Sprint (word (ptw ‘perm)) cat "%” cat
TStr(step);
if #step eq size then
ptw ‘tword:=steps[1i];
return ptw;
end if;
end for;
ptw ‘tword:=steps[#steps |;
end if;
return ptw;

end function;

/*start is the starting index. The relation has to of the
form Tword = perm«Tword =/
ApplyRelation:=function (ptw, relation)

applyAt:=relation ‘applyAt; /+ t index to start at

*/
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Tw:=ptw ‘ tword ;
rTw:= relation ‘rightTword;
ITw:= relation ‘leftTword;
p:= relation ‘leftPerm;
if applyAt gt #I'w then return ptw; end if;
arr :=[];
/* Make sure we can apply relation at the starting
index x/

good:=true;

/* make sure the relation can be applied x/
for i in [applyAt..#rTw] do
if not good then return ptw; end if;
if Tw[i] ne rTw[i — applyAt + 1] then good
= false; end if;
end for;

if not good then return ptw; end if;

for i in [1..#Tw] do
/* move the permutation to the front x/
if 1 1t applyAt then
arr:= arr cat [Tw[i] p];
end if;

end for;
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arr:= arr cat ITw; /* replace by adding the left ¢t
word  x/

next:= applyAt + #Tw; /x add the part of the t
word that wasnt replaced x/

if next gt #Iw then return PITW((ptw‘perm)xp, arr);
end if;

for i in [next..#Tw]| do

arr:= arr cat [Tw[i]];
end for;
return PITW((ptw ‘perm)*p, arr);

end function;

GetReationsToUse:=function (ptw )
Tword:=ptw ‘ tword ;
num:=#Tword ;
arr:=[]; /* saves relations that can be used on the
element ptw x/
arrStr:=[]; /+ keep track of the results as strings
to make we dont repeat x/
for j in [l1..# ListRelations] do
rTword:= ListRelations[j] ‘rightTword;
ITword:= ListRelations[j] ‘leftTword;
IPerm:= ListRelations[j]‘leftPerm;

info:=ListRelations[j] ‘info;
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if num ge #rTword then
for i in [1..(num — #rTword + 1)] do
temp:=[]; /% this is the a t word
777 %/
for k in [i..(i + #Tword — 1)] do
temp:= temp cat [Tword[k]];
end for;

for n in N do

if temp eq rTword n then

wp:=word (n) ;

strLeft:="";

if #lTword ne 0 then

strLeft:= TStr(1Tword "n);
else

rTword "'n, ptw‘tword;
end if;
newlnfo:="Let p = ” cat Sprint(n) cat ” belong to N.\n” cat

info cat 7 ==>\n(” cat TStr(rTword) cat ”)"p = (7 cat

Sprint (word (IPerm)) cat TStr(1Tword) cat ”)"p => \n”
cat TStr(rTword"n) cat ” = 7 cat Sprint(word(lPerm n))
cat strLeft;

r:=Relation (rTword "n, 1Perm

n, ITword n, newlnfo,i)
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rs:= TStr(rTword n) cat 7 =7 cat Sprint(word(lPerm"n)) cat
strLeft; /* the result if relation is applied x/
found:= rs in arrStr;
if not found then
arrStr:= arrStr cat
[rs];
arr:= arr cat [r];
end if;
end if;
end for;
end for;
end if;
end for; /[« for j x/
return arr;

end function;

FindTword:=function (elements , tword) /% tword = [1,2,34]
=> t1t2t3t4 x/
for i in [1..#elements]| do
if elements[i]‘tword eq tword then return
i; end if;
end for;

return 0;
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end function

/* see if we can find the tword after we apply a
permutation and reduction. tword = [1,2,34] =—> t1t2t3t4
/
FindTwordAfterProcessing:=function (elements, tword, startAt
)
for i in [startAt..#elements] do
i, #elements;
for n in N do
”About to reduce 7, elements[i]°®
name ;
steps:=ReduceTs((elements[i] ‘tword)
‘n);
if #steps gt 0 then
for step in steps do
if 0 in step then
continue; end if
)
if tword eq step

then

return i, n

end if;
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end for;
end if;
end for;
end for;
return 0, Id(N);

end function

ApplyRelationsToElements:=function (elements)
newElements:=[];
for i in [1..#elements]| do
/* find an element that has not being
processed x/

/* i, #elements; x/

if (elements[i]) ‘children eq 0 then
ptw:=elements[i];
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"Looking for relations to apply to”, PtwStr(ptw);
relations:=GetReationsToUse (ptw) ;
"Found ” cat Sprint(#relations);
(elements[i]) ‘children:=1; /+ TODO
is not correct but as long as

its greater than 1 it works x/
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for j in [1..#relations] do
newPtw:= ApplyRelation (ptw,
relations[j]);
/* 7 Looking for:”, PtwStr(
newPtw); x/
/* 1 is the parent index x/
/* only add to the list if its new t word x/
if FindTword(elements ,
newPtw‘tword) eq 0 and
FindTword (newElements ,
newPtw ‘tword) eq 0 then
newPtw:= AddParent (
newPtw, i,
relations[j]);
newElements:=
newElements cat

[newPtw ] ;

relations [j] ‘info

”

cat Apply at

2

position cat

Sprint (



relations [j]*

applyAt) cat

9,
L
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"Found a new name:

7, PtwStr(
newPtw) ;
end if;
end for;
end if;
end for;
return elements cat newElements;

end function

/+* Testing x/

t1t3:=PTW(Id (N), [1,3]):

t1t3ERs:=[t1t3];
t1t3ERs:=ApplyRelationsToElements (t1t3ERs) ;
FindTword (t1t3ERs, [7,4]);
t1t3ERs:=ApplyRelationsToElements (t1t3ERs) ;
FindTword (t1t3ERs, [7,4]);
t1t3ERs:=ApplyRelationsToElements (t1t3ERs) ;
FindTword (t1t3ERs, [7,4]);
t1t3ERs:=ApplyRelationsToElements (t1t3ERs) ;
FindTword (t1t3ERs, [7,4]);
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£1t4:=PTW(Id (N), [1.4]);

t1t4Rs:=[t1t4 |;

t1t4Rs:=ApplyRelationsToElements (t1t4Rs) ;
t1t4Rs:=ApplyRelationsToElements (t1t4Rs) ;

#t1t4Rs;

[ 15, 5, 7, 9 ] (xx"2syy —1);
FindTwordAfterProcessing (t1t4Rs, [ 23, 2, 12, 5 ], 1);
t1t4Rs:=ApplyRelationsToElements (t1t4Rs) ;

#t1t4Rs ;

/* End of test x/

/* The targetTword is what we are trying to get to. Example
we are trying to prove Ntlt4d = belongs to coset [1,3].

Then origTword = 1t4 = [1,4] and targetTword = t1t3 =

[1,3] */
ProveRelation:= function (origTword, targetTword)
permarr:= FindFromToPerms(origTword, targetTword);

if #permarr gt 0 then
for p in permarr do

b

Sprint (word(p)) cat ” takes cat
TStr(origTword) cat ” to 7 cat
TStr(targetTword);

return true;
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end for;

end if;

elements:=[PIW(Id (N), origTword) ];

elements:=ApplyRelationsToElements (elements) ;

temparr:=[];
pos:=1;
pos, perm:= FindTwordAfterProcessing (elements

targetTword , 1);
while pos eq 0 do
start:=#elements;
elements:=ApplyRelationsToElements (elements
)
pos, perm:= FindTwordAfterProcessing(
elements, targetTword, start);

end while;

if pos eq 1 then /+ we found it right away x/
tempTword:=elements [1] ‘tword;
steps:=ReduceTs (tempTword " perm) ;

if perm ne Id(N) then
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sep ;

ptwConj:=PTW( Id(N), tempTword perm );

"Conjugate by n =7 cat Sprint(perm) cat 7.
= 7.
)
(" cat TStr(origTword) cat ”)"n =7 cat PtwStr(ptwConj)

9N,
* ?

cat
if #steps gt 2 then
sep ;

"Reduce in the following
way:”;
ptwConj:=ReducePtwToSize (
ptwConj, #targetTword);
end if;
sep ;
p:= perm” —1;
"Let p =7 cat Sprint(perm”—1) cat
? = n"—1. ==>";
(7 cat TStr(origTword perm) cat ”)"p = (” cat PtwStr(
ptwConj) cat 7)"'p => 7;
TStr(origTword) cat ” =7 cat Sprint(word( (ptwConj ‘ perm )

“p ) cat 7"(” cat TStr(ptwConj‘tword) cat ”) p” cat
return true;

elif #steps gt 2 then
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sep;
”Reduce in the following way:”;
temp:=elements [1];
junk:=ReducePtw (temp) ;
return true;
end if;
end if;
while pos gt 1 do
temparr:= temparr cat [elements[pos

115

if #(elements|[pos] ‘parents) gt 0

then
pos:=elements [pos] ‘parents
[1];
else
pos:=1; /+x we made it to
the top =/
end if;

end while;

77 skok okook ok ok ok ok ok ok ok ook ook ook skok ok ok ok ok ok ok Kok ok ok ok ok ok kok ok ok ko ok ok ok ok ok ook ok ok ok ok sk ok ok ok ok ok ok ok 3

"PROOF™ ;
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"Start with 7 cat TStr(origTword);

for i in [1..#temparr]| do

element:=temparr[#temparr — i + 1];
if #(element ‘appliedRelations) gt 0 then
parentName:=TStr (origTword) ;
if #(element ‘parents) gt 0 then
parentName:= elements |
element ‘parents[1] ]°
name ;
end if;
” Apply the following at t word

b

position cat Sprint ((element °

appliedRelations [1]) ‘applyAt)

cat 7:7;
(element ‘ appliedRelations [1]) ‘info cat 7 =—> 7;
parentName cat ” =" cat PtwStr(element) cat 7.”;
end if;

end for;

steps:=ReduceTs ((temparr[1] ‘tword) “perm) ;

if #temparr gt 0 and perm ne Id(N) then

”
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"We now have ” cat TStr(origTword) cat ”

7 cat PtwStr(temparr[1]) cat ”.”;

ptwConj:=PIW( ((temparr[1]) ‘perm) " perm,

((

temparr [1]) ‘tword) “perm ) ;

”

cat Sprint(

”Conjugate both sides by n

perm) cat 7. => ";
TStr(origTword "perm) cat cat PtwStr(ptwConj)
R ” .

)

»w oo »

cat

if #steps gt 1 then

”Reduce in the following way:”;

ptwConj:=ReducePtwToSize (ptwConj, #

targetTword) ;
end if;

)

p:= perm” —1;

"Let p =7 cat Sprint(perm”—1) cat ”

n
Tl ==>7;
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7(” cat TStr(origTword perm) cat ”)"p = (7 cat PtwStr(

”

ptwConj) cat 7)"'p => 7;

TStr(origTword) cat 7 =7 cat PtwStr(PTW( (ptwConj‘perm)”

b2 9

p, (ptwConj‘tword) p )) cat =7 cat Sprint(word(

ptwConj ‘perm )) cat ”(” cat TStr(ptwConj‘tword) cat 7)°

9

p’ cat

v,
N ?

return true;
end if;

if #steps gt 1 then

"Reduce in the following way:”;
temp:=temparr [1];
temp ‘ tword:=(temp ‘ tword ) “perm
temp ‘ perm:=(temp ‘ perm) “perm;
junk:=ReducePtw (temp) ;
return true;

end if;

if #temparr gt 0 then
return true;

end if;

return false;

end function;
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/* testing ProveRelation function x/
[ 1,4 ]" (xx*yy —1sxx"2); /* t1tb = [6 ,3 | %/
ProveRelation ([1,4], [5, 3] ); /*

x % y % x 2 takes tlt4d to t5t3 x/

ProveRelation ([1,2,20], [1]); /=
Reduce in the following way:
Id($)*t1t2t20

Id($)*tl * /

ProveRelation ([1,19,2,20], [] ); /*

Start with t1t19t2t20

Apply the following at t word position 1:

Let p = Id($) belong to N.

t1t19 = Id =

(t1t19)"p = (Id($)) p =>

t1t19 = Id (%) =

t1619t2t20 = t2t20.

Apply the following at t word position 1:

Let p= (1, 2, 4, 18, 9)(3, 13, 14, 16, 24)(6, 21, 7, 8,
10)(12, 15, 19, 20, 22)



belong to N.

t1t19 = Id =

£2¢20 = Id($) =
t2t20 = . %/ /% This result was before I updated the

functition x/

[1,2,20] " (xx"2*xyy " —=1); /+« [ 6, 16, 10 | x/

ProveRelation ([ 6, 16, 10 |, [1]); /=«

Conjugate by n = (1, 10, 20, 23, 15, 6)(2, 5, 9, 24, 19,
16) (3, 12, 7, 22, 14,

17)(4, 8, 11, 21, 18, 13). =

(t6t16t10)°n = t1£2£20 .

Reduce in the following way:

Id($)+t1t2t20

Id($)=t1

14, 22, 7, 12)(4, 13,
18, 21, 11, 8) =n" 1. =—>
(t1t2t20)°p = (t1) " p =

6616610 = Id($)(t1) °p. +*/
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FindEquivalentRelations ([1,2,1],[1,2,20]);/%

t1t2t1 = x % y % x"2 x y x x —1(t1t2t20)"y % x * y

t1t2t1 = x * y % x"2 *x y % x" —1(t1t2t20) "y * x"2 % y * x *
vy * x —1 % y

£16261 = x % y % x°2 % y % x —1(t1t2t20) " (x"2 * y) 2

t1t2t1 = x x y % x"2 *x y % x —1(t1t2t20)"°x"2 x y % x"—1 % y
* X

t1t2t1 = x % y x x"2 x y % x —1(t1t2t20)"y % x"—2 % y % X

*/

ProveRelation ([1,2,1],[1,2,20]);

/% Start with t1t2t1

Apply the following at t word position 1:

Let p = (1, 19)(2, 15)(3, 8)(4, 12)(5, 23)(6, 16)(7, 13)(9,
20) (10, 24)(11,

17) (14, 21)(18, 22) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 * y x x" =2 % ytd4t8) ' p =—>

tl =y *x x *y x X2 %y %x x —1t12t3 =—>

t1t2t1 =y % x * y x x"2 % y % x —1xt12t3t2t1.

Apply the following at t word position 2:

Let p = (1, 10, 9, 5)(2, 14, 20, 8)(3, 17, 13, 4)(6, 12,
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24, 18)(7, 22, 21,

11)(15, 23, 19, 16) belong to N.

Lemma 3: t4t8 = yx " 2yx"2ytl9 —>

(t4t8) "' p = (y * x"2 x y * x"2 * yt19) p =>

t3t2 = x x y *x x' =1 x y x X2 % ytl6 —>

V x X *y % X2 %y *x x —1 % t12t3t2t1 = x"—1 *x y * X * yx
t6t16t1 .

Apply the following at t word position 1:

Let p = (1, 24)(2, 23)(3, 4)(5, 20)(6, 19)(7, 18)(8, 17)(9,

10) (11, 14)(12,

13) (15, 16)(21, 22) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) ' p =>

t6 = x"2 x y x x"2t3t17 =>

x"—1 %y % x x y x t6t16t]1 = x"2 x y x x"2 % y % X *x y * X
T—1xt3t17t16t1 .

Apply the following at t word position 2:

Let p = (2, 22, 11, 12, 9)(3, 14, 10, 5, 6)(4, 17, 18, 15,
20) (8, 16, 23, 24,

21) belong to N.

Lemma 3: t4t8 = yx " 2yx"2ytl9 —>

(t4t8)"p = (y * x"2 x y * x"2 % ytl9) p =>
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t17t16 = x"—1 *x y * x"2t19 =—>

x"2 %y x X2 xy x X xy % x —1 % t3t17t16t1 = x x y % x"2
x vy ok x —1xt15t19t1 .

We now have t1t2t1 = x *x y * x"2 % y % x —1xt15t19t1.

Conjugate both sides by n = (1, 20, 15)(2, 9, 19)(3, 7, 14)
(4, 11, 18)(5, 24,

16)(6, 10, 23)(8, 21, 13)(12, 22, 17). =—>

t20t9t20 =y * x"—2 % y*xt1t2t20.

Reduce in the following way:

vy o* X —2 % yxt1t2t20

24) (6, 23, 10)(8, 13,
21)(12, 17, 22) = n" 1. =—>
(t20t9t20)"p = (y * x"—2 % y*xt1t2t20) " p =—>
t1t2t1 = x x y % x"2 % y % x —1xt15t19t1 =y % x" =2 * y(

£1t2t20) " p. */

ProveRelation ([1,2,1],[1]);
/*Start with t1t2t1

Apply the following at t word position 1:
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Let p = (1, 19)(2, 4)(3, 23)(5, 21)(6, 24)(7, 13)(8, 10)(9,

17) (11, 15)(12,
18) (14, 16)(20, 22) belong to N.
Lemma 3: t19 = yx " 2yx"—2yt4t8. —>
(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =

tl = x x y x x'2 xy % x'—1 % yt2t10 —>

t1t2t1 = x x y * x"2 %y *x x =1 % yxt2t10t2¢t1.

Apply the following at t word position 2:

Let p = (1, 23, 18, 21)(2, 14, 20, 8)(3, 19, 5, 12)(4, 10,

22, 16) (6, 15, 7,
17)(9, 13, 11, 24) belong to N.
Lemma 3: t4t8 = yx " 2yx"2ytl9 =—>
(t4t8) " p = (y * x™2 x y % x"2 % ytl9) p =—>

t10t2 =y * x"2 x y *x X ¥ y x X —1th =>

X xy x X2 %y x x =1 %y *x t2610t2t1 =y % x"—1 x y % X

"2%xt10t5t1 .

Apply the following at t word position 1:

Let p = (1, 16, 12, 3, 2, 23)(4, 24, 9, 8, 17, 7)(5, 19,

10, 18, 21, 20)(6, 15,
14, 11, 13, 22) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>
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t10 = x"=2 x y x xt24t17 =—>

y ox X —1 % y % x"2 % t10t5t1 = y*xt24t17t5t1.

Apply the following at t word position 4:

Let p = (1, 19)(2, 15)(3, 8)(4, 12)(5, 23)(6, 16)(7, 13)(9,
20) (10, 24)(11,

17)(14, 21)(18, 22) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % ytdt8) ' p =—>

tl =y *x x * y x X 2 %y %x x —1t12t3 =>

y % t24t17t5t1 = x % y % x 2 % y x x —1%xt9t6t12t12t3.

We now have t1t2t1 = x % y * x"2 % y * x —1xt9t6t12t12t3.

Conjugate both sides by n = (1, 4, 12, 11, 15)(3, 7, 10,
24, 23)(5, 21, 13, 16,

6)(9, 19, 22, 18, 17). —>

t4t2t4 = x"—1 % v % x"2 % y *x xxt19t5t11t11t7.

Reduce in the following way:

x"—1 % v % x"2 %y % xxt19t5t11t11t7

x"—1 %y x x"2 x y x xxt19t17t11t7

x"—1 %y x X2 %y % xxt19t7

x"—1 %y x X2 % y % xxtl
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Let p = (1, 15, 11, 12, 4)(3, 23, 24, 10, 7)(5, 6, 16, 13,
21)(9, 17, 18, 22,

19) = n" 1. =—>

(t4t2t4)"p = (x"=1 * y * x"2 x y x xxtl)"'p =>

t1t2t1 = x % y % x"2 %y *x x —1xtlbh = x"—1 *x y % x"2 *x y %

x(tl)"p. =/

ProveRelation ([12, 9], [ 1,3 ]); /x

Start with t12t9

Apply the following at t word position 1:

Let p = (1, 18, 2, 9, 4)(3, 16, 13, 24, 14)(6, 8, 21, 10,
7)(12, 20, 15, 22, 19)

belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. =—>

(619)"p = (y * x' =2 *x y x x" =2 % yt4t8) ' p =>

t12 = x %y * xX'—1 x y * X *x y *x xtlt21 —>

t12t9 = x *x y %« x'—1 % y *x x *x y % x x t1t21t9.

Reduce in the following way:

X xy x X =1 x y x x %y % xxt1t21t9

Xk y &k X =1 %y % X xy x xxt1t3 %/

/«Proof Ntltd, Ntl1tl5, Nt1t17, Nt1t20, Ntl1t18 (1, 3]
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See above %/

ProveRelation ([1,4], [ 1,3 ]);/*

Start with t1t4

Apply the following at t word position 1:

Let p = (1, 19)(2, 4)(3, 23)(5, 21)(6, 24)(7, 13)(8, 10)(9,
17) (11, 15)(12,

18) (14, 16)(20, 22) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 % y x x" =2 % yt4t8) ' p =—>

tl = x x y % x"2 xy x x =1 x yt2t10 =—>

t1td = x * y x x"2 * y x x'—1 x y * t2t10t4.

We now have t1t4d = x x y % x"2 % y *x x " —1 *x y*xt2t10t4.

Conjugate both sides by n = (1, 12, 2)(3, 23, 16)(4, 9, 17)
(5, 10, 21)(6, 14,

13)(7, 24, 8)(11, 22, 15)(18, 20, 19). =>

t12t9 = x x y %« x'—1 % y % x *x y *x x%t1t21t9.

Reduce in the following way:

X xy x X =1 x y x x %y % xxt1t21t9

X %y x X —1 %y % x %y % xxt1t3
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14)(7, 8, 24)(11, 15,
22) (18, 19, 20) = n"—-1. =>
(t12t9)"'p = (x * y x x =1 % y * x * y x xxt1t3) " p =>
tltd = x x v % x"2 % y *x x" =1 % yxt2t16 = x *x y x x"—1 *x y

« x * y % x(t1t3) " p. */

ProveRelation ([1,4],[ 23, 2, 12, 5 ]);/x

Start with t1t4

Apply the following at t word position 1:

Let p = (1, 19)(2, 15)(3, 8)(4, 12)(5, 23)(6, 16)(7, 13)(9,
20) (10, 24)(11,

17)(14, 21)(18, 22) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 % y x x"—2 % ytd4t8) ' p =—>

tl =y * x *y x X2 %y x x —1t12t3 =

tltd =y % x * y x X2 x y x x =1 % t12t3t4.

Apply the following at t word position 3:

Let p = (1, 22, 12)(2, 9, 17)(3, 23, 14)(4, 18, 19)(5, 8,
21)(6, 13, 10)(7, 16,

24) (11, 20, 15) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>
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td =y x x'—=2 % y x x x yt18t21 =—>

y ok X %y x X'2 xy x x =1 x t12t3t4 = (y * x"2)72 x
t3t4t18t21 .

We now have tltd = (y % x"2) " 2xt3t4t18t21.

Conjugate both sides by n = (1, 19)(2, 4)(3, 23)(5, 21)(6,
24) (7, 13)(8, 10)(9,

17) (11, 15)(12, 18)(14, 16)(20, 22). =—>

t19t2 = (x"—2 % y) "2%t23t2t12t5.

Let p = (1, 19)(2, 4)(3, 23)(5, 21)(6, 24)(7, 13)(8, 10)(9,
17) (11, 15)(12,

18) (14, 16)(20, 22) = n"—1. =>

(£19t2)°p = ((x"—2 % y) 2%t23t2t12t5) p —>

t1t4 = (y * x°2) 2%t3t4t18t21 = (y * x°2)°2(t23t2¢12t5) p.
/

/* End of ProveRelation function testing x/

/* Proof of Lemma CC x/
f(x"2)xts[4]*ts[8]xts[1] eq f(t * x % t72 % x * t);
f(x"—1 % y x x"=1 %y % X % y % x *x*x )*ts[4]xts[8]xts[1];

ts[4]xts[8] eq f(y * x"2 x y % x"2 % y)xts[19];

/* Proof of Lemma AA x/
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TPerm ([9,2,22,19]) eq TPerm([1,4,20,15]);

FindTwordWithReducing:=function (elements, tword, startAt)

for i in [startAt..#elements] do
/*1, #elements; x/
/*” About to reduce 7, elements|[i] ‘name; x/
steps:=ReduceTs(elements[i] ‘tword);
if #steps gt 0 then
for step in steps do
if 0 in step then continue
; end if;
if tword eq step then
return i;
end if;
end for;
end if;
end for;
return 0;

end function;

ProveRightCosetRelation:= function (origTword, targetTword)
elements:=[PIW(Id (N), origTword) ];

elements:=ApplyRelationsToElements (elements) ;
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temparr:=|];
pos:=1;
pos:= FindTwordWithReducing (elements , targetTword,
1);
while pos eq 0 do
start:=#elements;
elements:=ApplyRelationsToElements (elements
)
pos:= FindTwordWithReducing (elements ,
targetTword , start);
end while;
sep:="

if pos eq 1 then /+ we found it right away x/
tempTword:=elements [1] ‘tword;
steps:=ReduceTs (tempTword) ;
if #steps gt 2 then
sep ;
"Reduce in the following way:”;
temp:=elements [1];
junk:=ReducePtw (temp) ;
return true;

end if;
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end if;
while pos gt 1 do
temparr:= temparr cat [elements[pos
K

if #(elements|[pos]‘parents) gt 0

then
pos:=elements [pos] ‘parents
[1];
else
pos:=1; /+x we made it to
the top =/
end if;

end while;

77 sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok koK ok sk ok ok ok ok ok sk ok ok ok ok ok k ok ok ok ok ok ok ok ok Ok ok ok ok ok ok ok ok ok ok ok ok k3
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"Start with 7 cat TStr(origTword);

for i in [l..#temparr]| do

element:=temparr|[#temparr — i + 1];
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if #(element ‘appliedRelations) gt 0 then
parentName:=TStr (origTword) ;
if #(element ‘parents) gt 0 then
parentName:= elements |

element ‘ parents[1] ]°
name;

end if;

” Apply the following at t word

”

position cat Sprint ((element *

appliedRelations [1]) ‘applyAt)

cat 7:7;
(element ‘appliedRelations [1]) ‘info cat 7 => 7;
parentName cat ” =" cat PtwStr(element) cat ”.”;

end if;
end for;
steps:=ReduceTs (temparr[1] ‘tword) ;

if #steps gt 1 then

"Reduce in the following way:”;
temp:=temparr [1];
temp ‘ tword:=(temp ‘ tword ) ;

temp ‘ perm:=(temp ‘ perm) ;
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junk:=ReducePtw (temp) ;
return true;

end if;

if #temparr gt O then
return true;

end if;

return false;

end function

/* Prove that Ntl1t3 = Nt7t4d =/

ProveRightCosetRelation ([1,3], [1,3,7]);/*

Start with t1t3

Apply the following at t word position 1:

Let p = (1, 19)(2, 15)(3, 8)(4, 12)(5, 23)(6, 16)(7, 13)(9,
20) (10, 24)(11,

17) (14, 21)(18, 22) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 * y x x" =2 % ytd4t8) ' p =—>

tl =y *x x *y x X2 %y %x x —1t12t3 =—>

t1t3 =y * x *x y * x'2 % y % x —1xt12t3t3.

Apply the following at t word position 1:

Let p = (1, 18, 15)(2, 11, 4)(3, 7, 6)(5, 16, 14)(8, 23,
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10)(9, 19, 12)(13, 24,

21)(17, 22, 20) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 % y x x"—2 % ytd4t8) ' p =—>

t12 = x"2 x y * x * y x x —1 x yt2t23 =—>

v ok X xy x X2 xy % x =1 % t12t3t3 = x"—1 x y x x"2 % yx
t2t23t3t3 .

Apply the following at t word position 2:

Let p = (1, 5, 4, 24, 20, 3)(2, 21, 19, 23, 22, 6)(7, 11,
10, 18, 14, 9)(8, 15,

13, 17, 16, 12) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. =—>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) ' p =>

t23 =y *x x"—1 % y % X *x y x x —2t24t15 —>

x"=1 %y % x"2 x y x t2t23t3t3 = x"—2 x y *x x 2%
t8t24t15t3t3 .

Apply the following at t word position 2:

Let p = (1, 6, 15, 23, 20, 10)(2, 16, 19, 24, 9, 5)(3, 17,
14, 22, 7, 12)(4, 13,

18, 21, 11, 8) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>
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t24 =y % x"2 x y x x =1 x y x xt13t4 =—>

x"—2 %y x X2 x t8t24t15t3t3 =y x x"—1 x y x x"2x
t19t13t4t15t3t3 .

Reduce in the following way:

v ox X —1 % y % x"2%t19t13t4t15t3t3

vy o x =1 %y % x " 2%xt7t4t15t3t3

x " 2xt7t4t21t3

*

vy x x —1 % y

y ok x"=1 %y % xX"2%t7tdx/

/* Prove Nt1t3t7 belongs to DC [1,3] x/

ProveRelation ([1,3],[1,3,7]);/*

Start with t1t3

Apply the following at t word position 1:

Let p = (1, 19)(2, 18)(3, 21)(4, 11)(5, 16)(6, 8)(7, 13)(9,
15) (10, 23)(12,

20) (14, 24)(17, 22) belong to N.

Lemma 3: t19 = yx " 2yx " —2yt4t8. —>

(t19)"p = (y * x"=2 x y % x =2 % ytdt8) ' p =—>

tl = x"—1 x y % x"2t11t6 =—>

t1t3 = x"—1 % y % x"2%xt11t6t3.

Apply the following at t word position 3:
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Let p = (1, 21, 22, 5, 12, 8)(2, 13, 9, 10, 17, 6)(3, 4,
23, 18, 14, 19)(7, 15,

16, 11, 24, 20) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % ytdt8) "' p =

t3 = x x y x x' =1 x y x X x y x xt23t1l —>

x"—1 %y % x"2 % t11t6t3 = x"2 *x y * x"2 %y % X *x y *x x —1
« yxt13t17t23t1 .

We now have t1t3 = x"2 % y % x"2 % y % X * y * x —1 % yx
t13t17t23¢1.

Conjugate both sides by n = (1, 7, 19, 13)(2, 14, 20, 8)(3,
18, 16, 11)(4, 23,

9, 6)(5, 15, 24, 22)(10, 17, 21, 12). =

£7618 = (x"—1 * y % x°2) " 2xt1t21t9t7 .

Reduce in the following way:

(x"=1 % y * x"2)"2%xt1t21t9¢7

(x"—1 %y % x"2)"2%xt1t3t7

15) (10, 12, 21, 17) = n" —1. =>

(t7t18)"p = ((x"—1 x y % x"2)"2xt1t3t7) "p =>
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t1t3 = x"2 %y % x"2 x y x x x y % x —1 % yxt13t11t1 = (x
=1 %y %
x"2)"2(t1t3t7) " p. */

/* Output after a few minor modification some functions x/
ProveRightCosetRelation ([1,3], [2,23,9]);

/***********>I<>X<>I<**>I<>X<>l<*********************>I<>X<>I<************************

Looking for relations to apply to t1t3

Found 12

Let p = (1, 19)(2, 4)(3, 23)(5, 21)(6, 24)(7, 13)(8, 10)(9,
17)(11, 15)(12,

18) (14, 16)(20, 22) belong to N.

Lemma 3: t19 = yx " 2yx " —2yt4t8. —>

(619)"p = (y * x' =2 *x y x x"—2 % yt4t8) ' p =>

tl = x x y *x x"2 xy % x'—1 x yt2t10. Apply at position 1.

Found a new name: x % y % X 2 % y *x x —1 % yxt2t10t3

20) (10, 24)(11,
17)(14, 21)(18, 22) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>
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tl =y *x x x y x x'2 %y % x —1t12t3. Apply at position 1.

Found a new name: y % X *x y % X 2 % y % x —1%t12t3t3

Let p = (1, 19)(2, 20)(3, 16)(4, 9)(5, 24)(6, 23)(7, 13)(8,
14) (10, 21)(11,

18)(12, 17)(15, 22) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 *x y x x" =2 % yt4t8) ' p =—>

tl =y *x x *y x x =2 % yt9t14. Apply at position 1.

Found a new name: y % X *x y * x —2 % y*xt9t14t3

Let p = (1, 19)(2, 18)(3, 21)(4, 11)(5, 16)(6, 8)(7, 13)(9,
15)(10, 23)(12,

20) (14, 24)(17, 22) belong to N.

Lemma 3: t19 = yx " 2yx " —2yt4t8. —>

(619)"p = (y * x' =2 *x y x x"—2 % yt4t8) ' p =>

tl = x"—1 % y % x"2t11t6. Apply at position 1.

Found a new name: x"—1 % y % x 2xt11t6t3

Let p = (1, 19)(2, 17)(3, 24)(4, 22)(5, 8)(6, 21)(7, 13)(9,
18)(10, 16) (11,

20) (12, 15)(14, 23) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>
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tl =y x x"2 x y x x"2 x yt22t5. Apply at position 1.
Found a new name: y % x"2 % y % x 2 % yxt22t5t3

Let p = (1, 21)(2, 5)(3, 19)(4, 6)(7, 15)(8, 11)(9, 13)(10,
12) (14, 17)(16,

18) (20, 23)(22, 24) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 *x y x x" =2 % yt4t8) ' p =—>

t3 = x"—2 % y % x"—2t6t11. Apply at position 2.

Found a new name: x —2 % y *x x —2xt13t6t11

23, 18, 14, 19)(7, 15,

16, 11, 24, 20) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. =—>

(619)"p = (y * x' =2 *x y x x"—2 % yt4t8) ' p =>

t3 =x xy x x'—1 x y x x x y x xt23tl. Apply at position
2.

Found a new name: x % y *x x =1 % y % X % y * xxt21t23t1

Let p = (1, 21, 20, 16)(2, 10, 19, 3)(4, 7, 15, 14)(5, 17,
23, 11)(6, 12, 24,

18) (8, 22, 13, 9) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. =—>
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(t19)"p = (y * x'=2 x y * x =2 % ytdt8) "' p =

t3 = x"2 x y % x"—1t7t22. Apply at position 2.

Found a new name: x"2 % y % x —1%t10t7t22

Let p = (1, 21, 18, 23)(2, 8, 20, 14)(3, 12, 5, 19)(4, 16,
22, 10)(6, 17, 7,

15)(9, 24, 11, 13) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % ytdt8) ' p =—>

t3 = x x y x x'—1 x y x x 2 % yt16t20. Apply at position 2.

Found a new name: x % y % X' —1 % y % x"2 *x y*xt16t16t20

12, 13, 9, 5)(7, 15,
23, 22, 8, 18) belong to N.
Lemma 3: t19 = yx " 2yx"—2yt4t8. —>
(t19)"p = (y * x'=2 % y x x"—2 % ytd4t8) ' p =—>
t3 =y x x'=2 x y x x x yt14t18. Apply at position 2.
Found a new name: y % X" —2 % y % X % y*xt7t14t18
Let p = Id(3%) belong to N.
tl = t7t19 —>
(t1)"p = (Id($)t7t19) " p =—>

t1 = Id($)t7t19. Apply at position 1.
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Found a new name: t7t19t3

Let p = (1, 3, 20, 24, 4, 5)(2, 6, 22, 23, 19, 21)(7, 9,
14, 18, 10, 11)(8, 12,

16, 17, 13, 15) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =

t3 = Id($)t9t21. Apply at position 2.

Found a new name: t1t9t21

3k 3 3k 3k 3k sk sk ok 3k sk sk sk sk sk sk ok sk sk sk ok ok sk sk ok sk sk sk sk sk sk skosk sk sk sk skosk ok sk sk sk sk sk sk sk sk sk ok sk skok ok skosk sk ok ok skok sk okok

Looking for relations to apply to x *x y x x"2 % y % x'—1
y*xt2t10t3

Found 20

11)(12, 13, 22, 23) belong to N.

Lemma 2: t19t9 = yx"—1lytl12t11 —>

(t19t9)"p = (y * x"—=1 % ytl12t1l)"p =—>

t10t3 =y * x"—2 x yt13t6. Apply at position 2.

Found a new name: x % y % X"2 *x y *x x 2 % y*xt2t13t6
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6)(b, 7, 14, 24, 21)
belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x'=2 % y x x"—2 % ytd4t8) ' p =—>
t2 =y x x"2 x y x x'—=1 x y * xt4t6. Apply at position 1.
Found a new name: y % Xx"2 % y * X * y % x —1 * y*xt4t6t10t3

10) (8, 16, 13)(9, 18,
11)(12, 17, 15) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x'=2 x y * x —2 % ytdt8) ' p =>
t2 = x xy x x’ =1 x y x x 2 % ytltl6. Apply at position 1.

Found a new name: t1t16t10t3

16) belong to N.

Lemma 3: t19 = yx " 2yx " —2yt4t8. —>

(t19)"p = (y * x"=2 x y % x =2 % ytdt8) ' p =—>

t2 =y x x"2 x y x x xy % x —1t12t5. Apply at position 1.
Found a new name: y % x"—1 % y % x 2x%t12t5t10t3
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16)(6, 10, 23)(8, 21,

13) (12, 22, 17) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 % y x x"—2 % ytd4t8) ' p =—>

t2 = x"=2 % y x x"—2t11t21. Apply at position 1.

Found a new name: (x"—1 % y % x"—1)"2xt11t21t10t3

Let p = (1, 20)(2, 19)(3, 10)(4, 15)(5, 23)(6, 24)(7, 14)
(8, 13)(9, 22)(11,

17)(12, 18)(16, 21) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x =2 % ytdt8) ' p =>

t2 = x"—=1 %y %« x x y x x 2 % yt15t13. Apply at position 1.

Found a new name: (y % x) 2%xt15t13t10t3

Let p = (1, 16)(2, 6)(3, 11)(4, 7)(5, 15)(8, 12)(9, 23)(10,

19) (13, 22)(14,

18) (17, 21)(20, 24) belong to N.

Lemma 3: t19 = yx " 2yx " —2yt4t8. —>

(t19)"p = (y * x"=2 x y % x =2 % ytdt8) ' p =—>

t10 = x x y * x'—2 % y * x x yt7t12. Apply at position 2.

Found a new name: y % x"—1 % y % x *x y % X 2 *x y*xt8t7t12t3
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18, 7)(6, 19, 10,

11)(12, 13, 22, 23) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 % y x x"—2 % ytd4t8) ' p =—>

t10 =y % x"2 *x y *x x x y x x —1t5t20. Apply at position 2.

Found a new name: y % x"—1 % y % x 2xt10t5t20t3

Let p = (1, 16, 20, 21)(2, 3, 19, 10)(4, 14, 15, 7)(5, 11,
23, 17)(6, 18, 24,

12)(8, 9, 13, 22) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x —2 % ytdt8) ' p =>

t10 = x"—1 % yt14t9. Apply at position 2.

Found a new name: x % y % X —2 % y % x*xt21t14t9t3

Let p = (1, 16, 9, 6, 11, 8)(2, 13, 22, 3, 18, 5)(4, 21,
12, 23, 20, 7)(10, 15,

24, 17, 14, 19) belong to N.

Lemma 3: t19 = yx " 2yx " —2yt4t8. —>

(t19)"p = (y * x"=2 x y % x =2 % ytdt8) ' p =—>

t10 = x * y * x'—1 % y % x°2 % yt21tl. Apply at position 2.

Found a new name: t3t21t1t3
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10, 18, 21, 20)(6, 15,
14, 11, 13, 22) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x'=2 % y x x"—2 % ytd4t8) ' p =—>
t10 = x"—2 % y % xt24t17. Apply at position 2.
Found a new name: (x"2 % y) " 2xt14t24t17¢3
Let p = (1, 21)(2, 5)(3, 19)(4, 6)(7, 15)(8, 11)(9, 13)(10,
12) (14, 17) (16,
18) (20, 23)(22, 24) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x'=2 x y * x =2 % ytdt8) ' p =>
t3 = x"=2 % y x x"—2t6t11. Apply at position 3.

Found a new name: (x"—1 % y % x " —1)"2xt24t22t6t11

23, 18, 14, 19)(7, 15,

16, 11, 24, 20) belong to N.

Lemma 3: t19 = yx " 2yx " —2yt4t8. —>

(t19)"p = (y * x"=2 x y % x =2 % ytdt8) ' p =—>

t3 = x xy x x'—1 xy x x « y % xt23t1l. Apply at position
3.

Found a new name: y % x"—1 % y % x*xt8t4t23t1
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Let p = (1, 21, 20, 16)(2, 10, 19, 3)(4, 7, 15, 14)(5, 17,
23, 11)(6, 12, 24,

18) (8, 22, 13, 9) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 x y * x =2 % ytdt8) "' p =

t3 = x"2 x y % x"—1t7t22. Apply at position 3.

Found a new name: x"2 % y % X —2 % y*xt14t9t7t22

Let p = (1, 21, 18, 23)(2, 8, 20, 14)(3, 12, 5, 19)(4, 16,
22, 10)(6, 17, 7,

15)(9, 24, 11, 13) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x' =2 *x y * x =2 % ytdt8) ' p =

t3 = x x vy x x’—1 x y x x"2 % yt1l6t20. Apply at position 3.

Found a new name: t3t2t16t20

12, 13, 9, 5)(7, 15,
23, 22, 8, 18) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>
t3 =y x x'=2 x y x x x yt14t18. Apply at position 3.
Found a new name: x"2 % y % X"2 % y *x X *x y % x —1 % yx

t6t20t14¢t18
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Let p= (1, 2, 4, 18, 9)(3, 13, 14, 16, 24)(6, 21, 7, 8,
10)(12, 15, 19, 20, 22)

belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) "p =—>

t2 = Id($)t8t20. Apply at position 1.

Found a new name: x % y *x x 2 % y *x x —1 % y*t8t20t10t3

7, 22, 14, 17)(4, 8,

11, 21, 18, 13) belong to N.

tl = t7t19 —>

(t1)"'p = (Id($)t7t19) " p =—>

t10 = Id($)t22t16. Apply at position 2.

Found a new name: x % y % X"2 % y *x x —1 % yxt2t22t16t3

Let p = (1, 3, 20, 24, 4, 5)(2, 6, 22, 23, 19, 21)(7, 9,
14, 18, 10, 11)(8, 12,

16, 17, 13, 15) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =

t3 = Id($)t9t21. Apply at position 3.

Found a new name: x % y *x x 2 *x y * x —1 % y*t2t10t9t21
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Looking for relations to apply to y * x %« y % x"2 % y % X
"—1xt12t3t3

Found 14

Let p = (1, 3, 20, 24, 4, 5)(2, 6, 22, 23, 19, 21)(7, 9,
14, 18, 10, 11)(8, 12,

16, 17, 13, 15) belong to N.

t1°2 = t7 =

(t1t1)"p = (Id($)t7) p =

t3t3 = Id($)t9. Apply at position 2.

Found a new name: y * X *x y % X 2 % y x X —1%t12t9

Let p = (1, 18, 17)(2, 4, 15)(3, 8, 10)(5, 7, 6)(9, 20, 22)
(11, 19, 12)(13, 24,

23)(14, 16, 21) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 % y x x"—2 % ytd4t8) ' p =—>

t12 =y x x x y * x =2 % y x xt15t10. Apply at position 1.

Found a new name: (x"—1 % y % x"2)"2xt15t10t3t3

Let p = (1, 18, 15)(2, 11, 4)(3, 7, 6)(5, 16, 14)(8, 23,
10) (9, 19, 12)(13, 24,
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21) (17, 22, 20) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =>

t12 = x"2 x y * x x y * x —1 % yt2t23. Apply at position 1.
Found a new name: x"—1 *x y % x"2 % y*xt2t23t3t3

10)(6, 16, 23, 14,

7) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>

t12 =y % x"—1t17t13. Apply at position 1.

Found a new name: x"2 % y % x"—1 % y % x " 2xt17t13t3t3

Let p = (1, 18, 2, 9, 4)(3, 16, 13, 24, 14)(6, 8, 21, 10,
7)(12, 20, 15, 22, 19)

belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>

t12 = x *y * x' =1 %y % x * y % xt1lt21. Apply at position

Found a new name: t1t21t3t3



16) (12, 19)(13,
24) (15, 17)(21, 23) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 % y x x"—2 % ytd4t8) ' p =—>

t12 =y % x"=2 % y % x % yt22t14. Apply at position 1.

Found a new name: (y x x72)"2xt22t14t3t3

360

Let p = (1, 21)(2, 5)(3, 19)(4, 6)(7, 15)(8, 11)(9, 13)(10,

12) (14, 17)(16,
18) (20, 23)(22, 24) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x'=2 x y * x =2 % ytdt8) ' p =>
t3 = x"=2 % y x x"—=2t6t11. Apply at position 2.
Found a new name: y % Xx"2 % y * X % y * x —1 * yx

t23t6t11t3

23, 18, 14, 19)(7, 15,
16, 11, 24, 20) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>

t3 = x xy x* x’ =1 x y x x * y % xt23t1. Apply at position

2.

Found a new name: t5t23t1t3
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Let p = (1, 21, 20, 16)(2, 10, 19, 3)(4, 7, 15, 14)(5, 17,
23, 11)(6, 12, 24,

18)(8, 22, 13, 9) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 * y x x"—2 % ytd4t8) ' p =—>

t3 = x"2 x y x x"—1t7t22. Apply at position 2.

Found a new name: x"2 % y % X"2 % y * x*xt24t7t22t3

Let p = (1, 21, 18, 23)(2, 8, 20, 14)(3, 12, 5, 19)(4, 16,
22, 10)(6, 17, 7,

15)(9, 24, 11, 13) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. =—>

(t19)"p = (y * x'=2 x y * x"—2 % yt4t8) ' p =>

t3 = x *xy x x'—1 x y *x x"2 % yt16t20. Apply at position 2.

Found a new name: x"—1 *x y * x % y*xt6t16t20t3

12, 13, 9, 5)(7, 15,
23, 22, 8, 18) belong to N.
Lemma 3: t19 = yx " 2yx"—2yt4t8. —>
(t19)"p = (y * x'=2 x y * x =2 % ytdt8) p =>
t3 =y x x"—2 % y x x x yt14t18. Apply at position 2.

Found a new name: (y * x"2) " 2xt3t14t18t3
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13)(7, 24, 8)(11, 22,

15)(18, 20, 19) belong to N.

tl = t7t19 —>

(t1)"p = (Id(3$)t7t19) " p =

t12 = Id($)t24t18. Apply at position 1.

Found a new name: y % X * y * X 2 % y * x —1xt24t18t3t3

Let p = (1, 3, 20, 24, 4, 5)(2, 6, 22, 23, 19, 21)(7, 9,
14, 18, 10, 11)(8, 12,

16, 17, 13, 15) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =

t3 = Id($)t9t21. Apply at position 2.

Found a new name: y % x % y % X 2 *x y % x —1%t12t9t21¢t3
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Looking for relations to apply to y * x *x y % x"—2 % yx
t9t14t3
Found 19

21)(9, 17, 18, 22,
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19) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =>

t9 =y x x"2 x y x x'—1 % yt1t8. Apply at position 1.

Found a new name: t1t8t14t3

Let p = (1, 15)(2, 12)(3, 7)(4, 22)(5, 23)(6, 14)(8, 24)(9,
19)(10, 16) (11,

17)(13, 21)(18, 20) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>

t9 =y x x"—1 %y x x x y x x —2t22t24. Apply at position
1.

Found a new name: (x72 % y) 2%t22t24t14¢t3

24)(6, 23, 10)(8, 13,
21)(12, 17, 22) belong to N.
Lemma 3: t19 = yx " 2yx " —2yt4t8. —>
(t19)"p = (y * x"=2 x y % x =2 % ytdt8) ' p =—>
t9 =y x x x y x x =2 x y x xt18t13. Apply at position 1.
Found a new name: y % x"—1 % y % X % y % X 2 * yx

t18t13t14t3
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Let p = (1, 15, 22, 2, 17)(3, 16, 8, 5, 7)(4, 20, 11, 19,
9) (10, 14, 23, 13, 21)

belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 x y * x =2 % ytdt8) "' p =

t9 = x"—1 x y * x x y *x x'2 x yt20t5. Apply at position 1.

Found a new name: x % y % X2 % y *x x 2xt20t5t14t3

23)(9, 12, 19)(13, 21,
24) (17, 20, 22) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x' =2 *x y * x =2 % ytdt8) ' p =
t9 =y % xt11t10. Apply at position 1.

Found a new name: y % x % y % X —1xt11t10t14t3

23, 12, 21)(10, 19,
14, 17, 24, 15) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>
t1l4d = x % yt7t1ll. Apply at position 2.

Found a new name: x"2 % y % x"—1 % y % x"2xt21t7t11t3
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Let p = (1, 8, 12, 5, 22, 21)(2, 6, 17, 10, 9, 13)(3, 19,
14, 18, 23, 4)(7, 20,

24, 11, 16, 15) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % ytdt8) "' p =

tld =y % x"—1 % y % x"2 % yt3t1l2. Apply at position 2.

Found a new name: y % x % y % X 2 *x y % x 2 % yxt24t3t12t3

Let p = (1, 8, 15, 24)(2, 21, 12, 13)(3, 18, 7, 20)(4, 10,
22, 16) (5, 17, 23,

11)(6, 19, 14, 9) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x' =2 *x y * x =2 % ytdt8) ' p =

t1l4 =y % xt10t15. Apply at position 2.

Found a new name: y % x % y % X —1xt14t10t15t3

Let p = (1, 8)(2, 13)(3, 17)(4, 24)(5, 9)(6, 22)(7, 20)(10,

18) (11, 21)(12,

16) (14, 19)(15, 23) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 *x y x x"—2 % ytd4t8) ' p =—>

t1ld =y % x"2 %y * x"'—1 % yt24t1. Apply at position 2.

Found a new name: t6t24t1t3
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Let p = (1, 8, 4, 23)(2, 16, 11, 13)(3, 9, 21, 15)(5, 19,
14, 22)(6, 18, 24,

12) (7, 20, 10, 17) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % ytdt8) "' p =

t14 =y % x"—2 x y * x"—2 * yt23t4. Apply at position 2.

Found a new name: x"—1 % y % x"2 % y*xt3t23t4t3

Let p = (1, 21)(2, 5)(3, 19)(4, 6)(7, 15)(8, 11)(9, 13)(10,

12)(14, 17)(16,

18) (20, 23)(22, 24) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x' =2 *x y * x =2 % ytdt8) ' p =

t3 = x"—2 x y % x"—2t6t11. Apply at position 3.

Found a new name: x"—1 % y % x * y * x*xt8t12t6t11

23, 18, 14, 19)(7, 15,

16, 11, 24, 20) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>

t3 = x xy x* x’ =1 x y x x * y % xt23t1. Apply at position
3.

Found a new name: x"2 % y % X —2 % y*xt24t2t23t1
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Let p = (1, 21, 20, 16)(2, 10, 19, 3)(4, 7, 15, 14)(5, 17,
23, 11)(6, 12, 24,

18)(8, 22, 13, 9) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 * y x x"—2 % ytd4t8) ' p =—>

t3 = x"2 x y x x"—1t7t22. Apply at position 3.

Found a new name: y % x " —1 *x y % x*xt5t20t7t22

Let p = (1, 21, 18, 23)(2, 8, 20, 14)(3, 12, 5, 19)(4, 16,
22, 10)(6, 17, 7,

15)(9, 24, 11, 13) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % yt4t8) ' p =>

t3 = x x y x x'—1 x y x x"2 x ytl6t20. Apply at position 3.

Found a new name: x % y % X 2 % y % X % y % X —1 % yx

t13t15t16t20

12, 13, 9, 5)(7, 15,
23, 22, 8, 18) belong to N.
Lemma 3: t19 = yx " 2yx"—2yt4t8. —>
(t19)"p = (y * x'=2 x y * x =2 % yt4t8) ' p =>

t3 =y x x'=2 x y x x x yt14t18. Apply at position 3.
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Found a new name: x " —1xt10t18t14t18

6)(7, 21, 16)(11, 20,

12) (14, 24, 23) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =

t9 = Id($)t21t15. Apply at position 1.

Found a new name: y % x % y % X —2 % yxt21t15t14t3

Let p = (1, 14)(2, 7)(3, 12)(4, 5)(6, 15)(8, 19)(9, 24)(10,

11)(13, 20) (16,

17) (18, 21)(22, 23) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) "p =—>

t14 = Id($)t2t8. Apply at position 2.

Found a new name: y % X *x y * X —2 % y*xt9t2t8t3

Let p = (1, 3, 20, 24, 4, 5)(2, 6, 22, 23, 19, 21)(7, 9,
14, 18, 10, 11)(8, 12,

16, 17, 13, 15) belong to N.

tl = t7t19 —>

(t1)"p = (Id(3$)t7t19) " p =—>

t3 = Id($)t9t21. Apply at position 3.
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Found a new name: y % X % y % X —2 % yxt9t14t9t21
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Looking for relations to apply to x"—1 % y * x"2xt11t6t3

Found 19

Let p = (1, 17, 18)(2, 15, 4)(3, 10, 8)(5, 6, 7)(9, 22, 20)
(11, 12, 19)(13, 23,

24) (14, 21, 16) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>

t11 = x"2 % y * x"2t2t3. Apply at position 1.

Found a new name: y * X * y % X —2%xt2t3t6t3

14)(9, 20, 18)(11, 22,
19) (13, 23, 16) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>
t1l = x"=2 % y % xt1t24. Apply at position 1.

Found a new name: t1t24t6t3
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belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % ytdt8) ' p =
t11 = x"—1 % yt9t16. Apply at position 1.
Found a new name: x"—1 *x y * x % y*xt9t16t6t3

belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x" =2 % ytdt8) p =>

tll = x % y % x"—2t4t13. Apply at position 1.

Found a new name: x"2 % y % X 2 x y % xxt4t13t6t3

Let p = (1, 17)(2, 20)(3, 21)(4, 18)(5, 7)(6, 10)(8, 14)(9,

15) (11, 19)(12,

22)(13, 23)(16, 24) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 % y x x"—2 % ytd4t8) ' p =—>

t1ll =y % x"=1t18t14. Apply at position 1.

Found a new name: x % y % X —2 % y % x*xt18t14t6t3

Let p = (1, 24, 15, 8)(2, 13, 12, 21)(3, 20, 7, 18)(4, 16,
22, 10)(5, 11, 23,
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17)(6, 9, 14, 19) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =>
t6 = x"—2 % y *x xt16t1. Apply at position 2.

Found a new name: t10t16t1t3

13, 12, 10, 20) (4,
8, 15, 5, 19, 6) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x'=2 x y * x" =2 % ytdt8) p =>
t6 =y * x"2 x y x x —1 * yt8t15. Apply at position 2.
Found a new name: x % y * x —1 % y % xxt5t8t15t3

9, 13, 12, 14)(7, 18,
8, 22, 23, 15) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>
t6 =y x x'—1 x y x x x y x x —2t5t22. Apply at position 2.
Found a new name: x % y *x X2 *x y % x 2xt16t5t22t3

Let p = (1, 24)(2, 23)(3, 4)(5, 20)(6, 19)(7, 18)(8, 17)(9,
10) (11, 14)(12,
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13) (15, 16)(21, 22) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =>
t6 = x"2 x y x x"2t3t17. Apply at position 2.
Found a new name: y % x % y % X —2%xt6t3t17t3

18, 5)(6, 11, 10,
19)(12, 23, 22, 13) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x'=2 x y * x" =2 % ytdt8) p =>
t6 =y *x x"—1 * y x x"2 *x y * xt7t2. Apply at position 2.
Found a new name: y % x —2 *x y % x 2%t23t7t2t3
Let p = (1, 21)(2, 5)(3, 19)(4, 6)(7, 15)(8, 11)(9, 13)(10,
12) (14, 17)(16,
18) (20, 23)(22, 24) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. =—>
(t19)"p = (y * x"=2 % y x x"—2 % ytd4t8) ' p =—>
t3 = x"—2 % y % x"—2t6t11. Apply at position 3.

Found a new name: x"2xt21t11t6t11

23, 18, 14, 19)(7, 15,
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16, 11, 24, 20) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % ytdt8) ' p =

t3 = x *x y *x x’—1 x y x x * y * xt23t1. Apply at position
3.

Found a new name: x"2 % y % X 2 % y % X *x y % X —1 % yx
t13t17t23t1

Let p = (1, 21, 20, 16)(2, 10, 19, 3)(4, 7, 15, 14)(5, 17,
23, 11)(6, 12, 24,

18)(8, 22, 13, 9) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x' =2 *x y * x =2 % ytdt8) ' p =

t3 = x"2 x y x x"—1t7t22. Apply at position 3.

Found a new name: y % x % yxt7t12t7t22

Let p = (1, 21, 18, 23)(2, 8, 20, 14)(3, 12, 5, 19)(4, 16,
22, 10)(6, 17, 7,

15)(9, 24, 11, 13) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>

t3 = x xy * x'—1 %y x x"2 % yt16t20. Apply at position 3.

Found a new name: (y * x"—2)"2xt23t18t16t20
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Let p = (1, 21, 11, 10, 2, 24)(3, 17, 16, 20, 6, 19)(4, 14,
12, 13, 9, 5)(7, 15,

23, 22, 8, 18) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % ytdt8) "' p =

t3 =y % x"—2 % y x x *x yt14t18. Apply at position 3.

Found a new name: x % y % x —1 % y*xt5t15t14t18

Let p = (1, 11, 4, 15, 12)(3, 24, 7, 23, 10)(5, 16, 21, 6,
13)(9, 18, 19, 17,

22) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =

t11 = Id($)t23t17. Apply at position 1.

Found a new name: x"—1 *x y % x"2xt23t17t6t3

Let p = (1, 6, 2, 5)(3, 15, 21, 9)(4, 10, 22, 16)(7, 12, 8,
11) (13, 18, 14,

17)(19, 24, 20, 23) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =—>

t6 = Id($)t12t24. Apply at position 2.

Found a new name: x"—1 % y *x x 2xt11t12t24t3
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Let p = (1, 3, 20, 24, 4, 5)(2, 6, 22, 23, 19, 21)(7, 9,
14, 18, 10, 11)(8, 12,

16, 17, 13, 15) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =

t3 = Id($)t9t21. Apply at position 3.

Found a new name: x"—1 *x y *x x"2%xt11t6t9t21
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Looking for relations to apply to y * x"2 *x y % x"2 % yx
t22t5t3

Found 20

Let p = (1, 23, 4, 8)(2, 13, 11, 16)(3, 15, 21, 9)(5, 22,
14, 19)(6, 12, 24,

18)(7, 17, 10, 20) belong to N.

Lemma 2: t19t9 = yx"—1ytl12t11 —>

(t19t9)"p = (y * x"—=1 % ytl12t1l)"'p =—>

tht3 = x * y *x x"2 x y x x —1t24t16. Apply at position 2.

Found a new name: y % x"—1 % y % X % y * x*xt9t24t16

6)(9, 19, 22, 18,
17) belong to N.
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Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x' =2 * y x x"—2 % ytd4t8) ' p =—>

t22 =y % x"—1 % y % x"2 % yt12t8. Apply at position 1.

Found a new name: x % y * x —1 % y * x*xt12t8t5t3

Let p = (1, 4, 17)(2, 15, 12)(3, 24, 8)(5, 7, 10)(6, 14,
21)(9, 18, 20)(11, 19,

22)(13, 16, 23) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>

t22 = x % y *x x"—=2t17t3. Apply at position 1.

Found a new name: y % X % y % X 2 % yv % X 2 % yxt17t3t5t3

Let p = (1, 4, 20)(2, 19, 22)(3, 5, 24)(6, 21, 23)(7, 10,
14)(8, 13, 16)(9, 11,

18)(12, 15, 17) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x"—2 % ytdt8) ' p =

t22 =y % x"2 x y x x —1 % y x xt20t13. Apply at position

Found a new name: y % x =2 *x y % x 2xt20t13t5t3
Let p = (1, 4)(2, 11)(3, 21)(5, 14)(6, 24)(7, 10)(8, 23)(9,
15)(12, 18)(13,
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16) (17, 20)(19, 22) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =>

22 =y x x"—2 x y * x"—2 * ytlt23. Apply at position 1.

Found a new name: t1t23t5t3

Let p= (1, 4, 9, 2, 18)(3, 14, 24, 13, 16)(6, 7, 10, 21,
8)(12, 19, 22, 15, 20)

belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x" =2 % ytdt8) p =>

t22 = x"2 x y * x'—1 * y * x * yt9t6. Apply at position 1.

Found a new name: x *x y * x —2 % y*t9t6t5t3

10, 12, 13, 11)(4,
6, 19, 5, 15, 8) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>
th = x"2 x vy x x"=1 x y x x % yt6t4d. Apply at position 2.
Found a new name: x % y % X —2 % y*xt5t6t4t3

Let p = (1, 23)(2, 24)(3, 22)(4, 21)(5, 19)(6, 20)(7, 17)
(8, 18)(9, 16) (10,
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15) (11, 13)(12, 14) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =>

th = x * y * x'—1 x y * x * y % xt21t18. Apply at position
2.

Found a new name: (x"—1 % y % x"—1)"2xt10t21t18t3

Let p = (1, 23, 18, 21)(2, 14, 20, 8)(3, 19, 5, 12)(4, 10,
22, 16)(6, 15, 7,

17)(9, 13, 11, 24) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x —2 % ytdt8) ' p =>

th = x"2 x y x x * y x x —1 x yt10t2. Apply at position 2.

Found a new name: (x"—1 % y % x"2)72xt8t10t2t3

Let p = (1, 23, 4, 8)(2, 13, 11, 16)(3, 15, 21, 9)(5, 22,
14, 19)(6, 12, 24,

18)(7, 17, 10, 20) belong to N.

Lemma 3: t19 = yx " 2yx " —2yt4t8. —>

(t19)"p = (y * x"=2 x y % x =2 % ytdt8) ' p =—>

th =y % x"—2 * y x x'—2 % yt8tl. Apply at position 2.

Found a new name: t14t8t1t3
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21, 18, 10, 19)(6, 22,

13, 11, 14, 15) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 % y x x"—2 % ytd4t8) ' p =—>

th =y x x"—1 %y % x x y x x 2t7t9. Apply at position 2.

Found a new name: (y % x) " 2%xt16t7t9t3

Let p = (1, 21)(2, 5)(3, 19)(4, 6)(7, 15)(8, 11)(9, 13)(10,
12) (14, 17)(16,

18) (20, 23)(22, 24) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x =2 % ytdt8) ' p =>

t3 = x"=2 % y x x"—2t6t11. Apply at position 3.

Found a new name: y % x " —1 *x y % x*xt16t9t6t11

23, 18, 14, 19)(7, 15,

16, 11, 24, 20) belong to N.

Lemma 3: t19 = yx " 2yx " —2yt4t8. —>

(t19)"p = (y * x"=2 x y % x =2 % ytdt8) ' p =—>

t3 = x xy x x'—1 xy x x « y % xt23t1l. Apply at position
3.

Found a new name: (x"—1 % y % x —1)"2xt10t19t23t1
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Let p = (1, 21, 20, 16)(2, 10, 19, 3)(4, 7, 15, 14)(5, 17,
23, 11)(6, 12, 24,

18) (8, 22, 13, 9) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 x y * x =2 % ytdt8) "' p =

t3 = x"2 x y % x"—1t7t22. Apply at position 3.

Found a new name: x % y % X 2 % yxt21t1t7t22

Let p = (1, 21, 18, 23)(2, 8, 20, 14)(3, 12, 5, 19)(4, 16,
22, 10)(6, 17, 7,

15)(9, 24, 11, 13) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x' =2 *x y * x =2 % ytdt8) ' p =

t3 = x x vy x x’—1 x y x x"2 % yt1l6t20. Apply at position 3.

Found a new name: (x"2 *x y % x " —1)"2xt8t11t16t20

12, 13, 9, 5)(7, 15,
23, 22, 8, 18) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>
t3 =y x x'—2 x y % x x yt14t18. Apply at position 3.

Found a new name: y % x"—2 % y*xt14t17t14¢t18
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Let p = (1, 22, 12)(2, 9, 17)(3, 23, 14)(4, 18, 19)(5, 8,
21)(6, 13, 10)(7, 16,

24) (11, 20, 15) belong to N.

tl = t7t19 —

(t1)"p = (Id($)t7t19) " p =

t22 = Id($)t16t4. Apply at position 1.

Found a new name: y % X 2 % y % X2 % y*t16t4t5t3

Let p= (1, 5, 2, 6)(3, 9, 21, 15)(4, 16, 22, 10)(7, 11, 8,

12) (13, 17, 14,

18)(19, 23, 20, 24) belong to N.

tl = t7t19 —>

(t1)"p = (Id(3$)t7t19) " p =

th = Id($)t11t23. Apply at position 2.

Found a new name: y % x"2 % y * X 2 % y*t22t11t23t3

18, 10, 11)(8, 12,

16, 17, 13, 15) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =—>

t3 = Id($)t9t21. Apply at position 3.

Found a new name: y % x"2 % y *x x 2 *x yxt22t5t9t21

sk ok ok ok ook ok ok ok Kok ok ok ok ok ok ok ok Kok ok ok ok ok ok ok ok ok ok ok ok ook kok ok ok ok ook ok ok ok ok ok ok ok Kok ok ok
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Looking for relations to apply to x"—2 % y % x " —2xt13t6t11

Found 20

Let p = (1, 7, 19, 13)(2, 14, 20, 8)(3, 18, 16, 11)(4, 23,
9, 6)(5, 15, 24,

22)(10, 17, 21, 12) belong to N.

Lemma 2: t19t9 = yx"—1ytl12t11 —>

(t19t9)"p = (y * x"—1 % ytl12t1l)"p =—>

t13t6 = y * x"2 % yt1l0t3. Apply at position 1.

Found a new name: x % y * x 2xt10t3t11

Let p= (1, 7, 19, 13)(2, 14, 20, 8)(3, 18, 16, 11)(4, 23,
9, 6)(5, 15, 24,

22)(10, 17, 21, 12) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 % y x x"—2 % ytd4t8) ' p =—>

t13 =y x x'—=1 % y * x % y % x 2t23t2. Apply at position 1.

Found a new name: y % x"2 % y % X *x y *x x —1 * yx
t23t2t6t11

Let p = (1, 24, 15, 8)(2, 13, 12, 21)(3, 20, 7, 18)(4, 16,
22, 10)(5, 11, 23,

17)(6, 9, 14, 19) belong to N.
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Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x' =2 * y x x"—2 % ytd4t8) ' p =—>
t6 = x"—2 x y * xt16t1. Apply at position 2.

Found a new name: x"2 % y * x —1 * y*xt12t16t1t11

13, 12, 10, 20)(4,
8, 15, 5, 19, 6) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>
t6 =y *x x"2 x y x x'—1 % yt8t15. Apply at position 2.

Found a new name: (x % y) 2xt2t8t15t11

9, 13, 12, 14)(7, 18,

8, 22, 23, 15) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x"—2 % ytdt8) ' p =

t6 =y x x'—1 % y x x x y x x —2t5t22. Apply at position 2.

Found a new name: y % x"—1 % y % X % y % X 2 % yx
t19t5t22¢11

Let p = (1, 24)(2, 23)(3, 4)(5, 20)(6, 19)(7, 18)(8, 17)(9,

10) (11, 14)(12,
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13) (15, 16)(21, 22) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =>
t6 = x"2 x y x x"2t3t17. Apply at position 2.

Found a new name: t1t3t17t11

18, 5)(6, 11, 10,

19)(12, 23, 22, 13) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x" =2 % ytdt8) p =>

t6 =y *x x"—1 * y x x"2 *x y * xt7t2. Apply at position 2.

Found a new name: (x"—1 % y % x"—1)"2%xt20t7t2t11

Let p = (1, 17, 18)(2, 15, 4)(3, 10, 8)(5, 6, 7)(9, 22, 20)
(11, 12, 19)(13, 23,

24) (14, 21, 16) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 % y x x"—2 % ytd4t8) ' p =—>

t1l = x"2 % y % x"2t2t3. Apply at position 3.

Found a new name: t1t20t2t3

14) (9, 20, 18)(11, 22,
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19) (13, 23, 16) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =>
t11 = x"=2 % y % xt1t24. Apply at position 3.

Found a new name: x"2 % y % x"—1 % y*xt12t11t1t24

belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x" =2 % ytdt8) p =>
t11l = x"—=1 % yt9t16. Apply at position 3.

Found a new name: y % x =2 *x y % x 2xt19t12t9t16

23)(5, 21, 24, 14, 7)
belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. =—>
(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>
t1l = x % y % x " —2t4t13. Apply at position 3.
Found a new name: x"—1 % y % x %x y % x —1xt17t18t4t13
Let p = (1, 17)(2, 20)(3, 21)(4, 18)(5, 7)(6, 10)(8, 14)(9,
15) (11, 19)(12,
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22)(13, 23)(16, 24) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =>

t11l =y % x"—1t18t14. Apply at position 3.

Found a new name: x % y % X 2 *x y * x 2%t18t2t18t14

Let p = (1, 13, 19, 7)(2, 16, 15, 6)(3, 12, 8, 4)(5, 11,
23, 17)(9, 24, 20,

10) (14, 22, 21, 18) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =

t13 = Id($)t1t7. Apply at position 1.

Found a new name: x"—2 % y *x x —2xt1t7t6t11

Let p = (1, 6, 2, 5)(3, 15, 21, 9)(4, 10, 22, 16)(7, 12, 8,

11) (13, 18, 14,

17)(19, 24, 20, 23) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =—>

t6 = Id($)t12t24. Apply at position 2.

Found a new name: x"—2 x y *x x " —2xt13t12t24t11

13)(9, 18, 19, 17,
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22) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =

t11 = Id($)t23t17. Apply at position 3.

Found a new name: x"—2 % y *x x " —2%t13t6t23t17
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Looking for relations to apply to x x y * x’—1 % y % x % ¥y
* x%t21t23¢t1

Found 20

Let p = (1, 3, 11, 14)(2, 7, 9, 23)(4, 10, 22, 16)(5, 20,
13, 15)(6, 18, 24,

12) (8, 19, 21, 17) belong to N.

Lemma 2: t19t9 = yx " —1ytl12t11 —>

(t19t9)"p = (y * x"=1 % yt12t11)"p =>

t21t23 = x *x y x x"—2 x y x x —1t6t14. Apply at position 1.

Found a new name: x % y % X"2 % y *x x 2 % y*xt6t14¢t1

Let p = (1, 3, 20, 24, 4, 5)(2, 6, 22, 23, 19, 21)(7, 9,
14, 18, 10, 11)(8, 12,

16, 17, 13, 15) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>
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t21 =y % x * y *x x°2 x y x x —1t5t12. Apply at position 1.

Found a new name: t5t12t23t1

Let p= (1, 5, 2, 6)(3, 9, 21, 15)(4, 16, 22, 10)(7, 11, 8,
12) (13, 17, 14,

18) (19, 23, 20, 24) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 *x y x x" =2 % yt4t8) ' p =—>

t23 =y % x"2 x y x x x y % x —1t16t12. Apply at position

Found a new name: (x"—2 % y) " 2xt9t16t12¢t1

Let p = (1, 5, 4, 24, 20, 3)(2, 21, 19, 23, 22, 6)(7, 11,
10, 18, 14, 9)(8, 15,

13, 17, 16, 12) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 % y x x"—2 % ytd4t8) ' p =—>

t23 =y % x'—1 % y % x % y *x x —2t24t15. Apply at position

Found a new name: (x"—1 % y % x"2)"2xt17t24t15¢t1

Let p = (1, 5)(2, 10)(3, 18)(4, 14)(6, 9)(7, 11)(8, 22)(12,
21) (13, 17) (15,

24) (16, 20)(19, 23) belong to N.
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Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x' =2 * y x x"—2 % ytd4t8) ' p =—>

t23 =y % x"2 %y x x"2 % yt14t22. Apply at position 2.

Found a new name: y % x"—2 *x y % x*xt15t14t22¢t1

Let p = (1, 5, 18, 16, 15, 14)(2, 7, 11, 6, 4, 3)(8, 19,
23, 12, 10, 9)(13, 17,

24, 22, 21, 20) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>

t23 =y % X *x y *x x'2 x y % x —=1t3t19. Apply at position 2.

Found a new name: t1t3t19t1

Let p= (1, 5, 9, 10)(2, 8, 20, 14)(3, 4, 13, 17)(6, 18,
24, 12)(7, 11, 21,

22) (15, 16, 19, 23) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x"—2 % ytdt8) ' p =

t23 = x"—1 *x y % x * y * x 2 *x yt13t20. Apply at position

Found a new name: x"2 % y % x"—1 % y % x"2xt19t13t20t1

17) (11, 15)(12,
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18) (14, 16)(20, 22) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =>

tl = x x y * x"2 xy x x —1 % yt2t10. Apply at position 3.

Found a new name: (x"—1 % y % x " —1)"2%t20t11t2t10

20) (10, 24)(11,

17)(14, 21)(18, 22) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>

tl =y x x xy x x'2 %y % x —1t12t3. Apply at position 3.

Found a new name: t1t18t12t3

Let p = (1, 19)(2, 20)(3, 16)(4, 9)(5, 24)(6, 23)(7, 13)(8,
14) (10, 21)(11,

18) (12, 17)(15, 22) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 % y x x"—2 % ytd4t8) ' p =—>

tl =y *x x *y x x =2 % yt9t14. Apply at position 3.

Found a new name: (x % y) 2xt2t17t9t14

Let p = (1, 19)(2, 18)(3, 21)(4, 11)(5, 16)(6, 8)(7, 13)(9,
15) (10, 23)(12,
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20) (14, 24)(17, 22) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =>

tl = x"—1 % y % x"2t11t6. Apply at position 3.

Found a new name: (x"2 % y % x —1)"2%xt9t12t11t6

Let p = (1, 19)(2, 17)(3, 24)(4, 22)(5, 8)(6, 21)(7, 13)(9,
18)(10, 16) (11,

20) (12, 15)(14, 23) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>

tl =y % x"2 x y x x"2 x yt22t5. Apply at position 3.

Found a new name: y % x —2 *x y % x*xt15t1t22t5

Let p = (1, 21)(2, 5)(3, 19)(4, 6)(7, 15)(8, 11)(9, 13)(10,
12) (14, 17)(16,

18) (20, 23)(22, 24) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =—>

t21 = Id($)t15t3. Apply at position 1.

Found a new name: x % y *x x =1 % y % X % y * xxt15t3t23t1
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6, 19, 5, 15, 8) belong to N.

tl = t7t19 —

(t1)"p = (Id($)t7t19) " p =

t23 = Id($)t17t5. Apply at position 2.

Found a new name: x % y % X —1 % y % X % y * xxt21t17t5t1
Let p = Id($%) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =

t1l = Id($)t7t19. Apply at position 3.

Found a new name: x % y % X —1 % y % x % y * x*xt21t23t7t19
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Looking for relations to apply to x"2 *x y % x"—1xt10t7t22

Found 19

10, 18, 21, 20)(6, 15,
14, 11, 13, 22) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>
t10 = x"—2 % y x xt24t17. Apply at position 1.

Found a new name: x"2 % y % X 2 *x y % x*%t24t17t7t22
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Let p = (1, 13, 19, 7)(2, 16, 15, 6)(3, 12, 8, 4)(5, 11,
23, 17)(9, 24, 20,

10) (14, 22, 21, 18) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % ytdt8) "' p =

t7 = x x y % x"—2t3t4. Apply at position 2.

Found a new name: t1t3t4t22

24, 18)(8, 15, 10,
11)(9, 16, 17, 14) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x' =2 *x y * x =2 % ytdt8) ' p =
t7 = x"—1 %y * x x y x x"2 x ytbtlb. Apply at position 2.
Found a new name: X % y * X —2 % y * x*t4t5t15t22

15) (10, 12, 21, 17) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 *x y x x"—2 % ytd4t8) ' p =—>

t7 =y x x"2 x y x x’=1 % y x xt6t20. Apply at position 2.
Found a new name: y % x *x y * x —1xt12t6t20t22



394

Let p = (1, 13, 19, 7)(2, 23, 18, 10)(3, 9, 21, 15)(4, 14,
11, 24)(5, 12, 16,

20)(6, 22, 8, 17) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % ytdt8) "' p =

t7 =y % x"—1t14t17. Apply at position 2.

Found a new name: x"—2 % y * x % y*xt22t14t17t22

8, 18)(6, 11, 21,
20)(12, 23, 15, 14) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x' =2 *x y * x =2 % ytdt8) ' p =
t7 =y x x x y x x’ =2 x y x xt10t18. Apply at position 2.

Found a new name: X *x y * x'2 *x y % x 2%t18t10t18t22

17) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 *x y x x"—2 % ytd4t8) ' p =—>

t22 =y % x'—=1 % y % x"2 % yt12t8. Apply at position 3.

Found a new name: (x"—2 % y) 2%t9t1t12t8
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Let p = (1, 4, 17)(2, 15, 12)(3, 24, 8)(5, 7, 10)(6, 14,
21)(9, 18, 20)(11, 19,

22) (13, 16, 23) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % ytdt8) "' p =

t22 = x x y x x" —2t17t3. Apply at position 3.

Found a new name: t1t11t17t3

Let p = (1, 4, 20)(2, 19, 22)(3, 5, 24)(6, 21, 23)(7, 10,
14)(8, 13, 16)(9, 11,

18)(12, 15, 17) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x' =2 *x y * x =2 % ytdt8) ' p =

t22 =y % x"2 x y x x =1 % y x xt20t13. Apply at position

Found a new name: y % x % y % x —1xt12t22t20t13

Let p = (1, 4)(2, 11)(3, 21)(5, 14)(6, 24)(7, 10)(8, 23)(9,
15) (12, 18)(13,

16) (17, 20)(19, 22) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x =2 % ytdt8) " p =>

t22 =y % x"—2 x y % x"—2 x ytlt23. Apply at position 3.

Found a new name: y % X *x y % X 2 % y % X 2 % yx
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t20t17t1t23

8)(12, 19, 22, 15, 20)
belong to N.
Lemma 3: t19 = yx " 2yx " —2yt4t8. —>
(t19)"p = (y * x"=2 x y * x"—2 % ytdt8) ' p =—>
t22 = x"2 x y * x"—1 * y x x * yt9t6. Apply at position 3.

Found a new name: (x"—1 % y % x72)"2%t17t19t9t6

7, 22, 14, 17)(4, 8,
11, 21, 18, 13) belong to N.
tl = t7t19 =—>
(t1)"p = (Id($)t7t19) "p =
t10 = Id($)t22t16. Apply at position 1.

Found a new name: x"2 % y % x —1%t22t16t7t22

24, 12)(8, 11, 10,
15)(9, 14, 17, 16) belong to N.
tl = t7t19 —>
(t1)"p = (Id($)t7t19) " p =

t7 = Id($)t19t13. Apply at position 2.
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Found a new name: x"2 % y % x —1xt10t19t13t22

21)(6, 13, 10)(7, 16,
24) (11, 20, 15) belong to N.
tl = t7t19 —>
(t1)"p = (Id($)t7t19) " p =
t22 = Id($)t16t4. Apply at position 3.
Found a new name: x"2 % y % x —1xt10t7t16t4
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Looking for relations to apply to x *x y x x"—1 % y % x"2 %
y*t16t16t20

Found 14

Let p = (1, 16)(2, 6)(3, 11)(4, 7)(5, 15)(8, 12)(9, 23)(10,

19)(13, 22) (14,

18) (17, 21)(20, 24) belong to N.

t1°2 = t7 =>

(t1t1)"p = (Id($)t7) " p =>

t16t16 = Id($)t4. Apply at position 1.

Found a new name: x % y % X' —1 % y % x 2 % yxt4t20
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20, 13)(5, 17, 23,
11)(8, 19, 16, 18) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x'=2 % y x x"—2 % ytd4t8) ' p =—>
t16 = x"—1 *x y % x"2t6t19. Apply at position 1.
Found a new name: =x"—1 % y *x x * y*xt6t19t16t20
Let p= (1, 2, 4, 18, 9)(3, 13, 14, 16, 24)(6, 21, 7, 8,
10)(12, 15, 19, 20, 22)
belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x'=2 x y * x —2 % ytdt8) ' p =>

t20 = x"2 %y * x x y x x —1 % yt18t10. Apply at position

Found a new name: (y * x"—2)"2%xt20t20t18t10

Let p = (1, 2)(3, 21)(4, 22)(5, 6)(7, 8)(9, 15)(10, 16) (11,
12) (13, 14) (17,

18) (19, 20)(23, 24) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 *x y x x"—2 % ytd4t8) ' p =—>

t20 =y % x"—1 % y * x"2 % y % xt22t7. Apply at position 3.

Found a new name: y % x"—1 % y % X * y % X 2 % yx

£19t19t22¢7
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14)(7, 8, 24)(11, 15,

22)(18, 19, 20) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 * y x x"—2 % ytd4t8) ' p =—>

t20 = x"2 % y *x x"2t17t24. Apply at position 3.

Found a new name: x"—2 *x y % X % y*xt22t22t17t24

Let p = (1, 2, 15, 17, 22)(3, 5, 16, 7, 8)(4, 19, 20, 9,
11)(10, 13, 14, 21, 23)

belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % yt4t8) ' p =>

t20 = x * y * x"2 x y x x'—1 % yt19t3. Apply at position 3.

Found a new name: t1t1t19t3

Let p = (1, 2, 11)(3, 6, 16)(4, 9, 12)(5, 13, 14)(7, 8, 23)
(10, 21, 24)(15, 18,

22) (17, 19, 20) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x =2 % ytdt8) " p =>

t20 =y % x"—1 % y % x % y *x x 2t9t23. Apply at position 3.

Found a new name: X *x y * X —2 % y % xxt4t4t9t23
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Let p = (1, 16)(2, 6)(3, 11)(4, 7)(5, 15)(8, 12)(9, 23)(10,
19) (13, 22)(14,

18) (17, 21)(20, 24) belong to N.

tl = t7t19 —>

(t1)"p = (Id(3$)t7t19) " p =

t16 = Id($)t4t10. Apply at position 1.

Found a new name: x *x y *x x =1 % y % x 2 % yxt4t10t16t20

belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =

t20 = Id($)t14t2. Apply at position 3.

Found a new name: x % y % X' —1 % y % X 2 % y*xt16t16t14t2

3k 3K 3k 3k sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skoskosk sk sk skoskoskosk sk sk skosk sk sk skoskosk sk sk sk sk sk sk ks skosk sk sk sk sk ok sk skosk sk ok ok

Looking for relations to apply to y * x"—2 % y % x * y=*
t7t14t18

Found 19

Let p = (1, 13, 19, 7)(2, 16, 15, 6)(3, 12, 8, 4)(5, 11,
23, 17)(9, 24, 20,
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10) (14, 22, 21, 18) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =>
t7 = x x y % x"—2t3t4. Apply at position 1.

Found a new name: (y % x°2) 2*xt3t4t14t18

23, 12, 21)(10, 19,

14, 17, 24, 15) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x" =2 % ytdt8) p =>

t1l4 = x * yt7tll. Apply at position 2.

Found a new name: y % x"2 % y *x x —1xt11t7t11t18

Let p = (1, 8, 12, 5, 22, 21)(2, 6, 17, 10, 9, 13)(3, 19,
14, 18, 23, 4)(7, 20,

24, 11, 16, 15) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>

tld =y x x'—=1 % y * x"2 % yt3t12. Apply at position 2.

Found a new name: t1t3t12t18

Let p = (1, 8, 15, 24)(2, 21, 12, 13)(3, 18, 7, 20)(4, 10,

22, 16)(5, 17, 23,
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11)(6, 19, 14, 9) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x =2 % yt4t8) "' p =>

t14 =y % xt10t15. Apply at position 2.

Found a new name: y % x"—2 % y % x 2%xt19t10t15t18

Let p = (1, 8)(2, 13)(3, 17)(4, 24)(5, 9)(6, 22)(7, 20)(10,
18) (11, 21)(12,

16) (14, 19)(15, 23) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>

tld =y % x"2 x y x x'—1 % yt24tl. Apply at position 2.

Found a new name: y % X *x y % X 2 % y % X 2 % yx
t20t24t1t18

Let p = (1, 8, 4, 23)(2, 16, 11, 13)(3, 9, 21, 15)(5, 19,
14, 22)(6, 18, 24,

12)(7, 20, 10, 17) belong to N.

Lemma 3: t19 = yx " 2yx " —2yt4t8. —>

(t19)"p = (y * x"=2 x y % x =2 % ytdt8) ' p =—>

t1d =y % x"—2 x y * x"—2 * yt23t4. Apply at position 2.

Found a new name: x"—1 *x y % x % y % x —1xt17t23t4t18
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13)(7, 24, 8)(11, 22,

15)(18, 20, 19) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 % y x x"—2 % ytd4t8) ' p =—>

t18 = x %y *« x'—2 x y % x x yt9t7. Apply at position 3.

Found a new name: X *x y * Xx'2 *%x y % X x y *x X —1 % yx
t12t2t9t7

Let p = (1, 12, 15, 4, 11)(3, 10, 23, 7, 24)(5, 13, 6, 21,
16)(9, 22, 17, 19,

18) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x' =2 *x y * x =2 % ytdt8) ' p =

t18 = x % yt11t8. Apply at position 3.

Found a new name: y % x"2 % y % x —1xt11t18t11t8

Let p = (1, 12)(2, 22)(3, 21)(4, 20)(5, 23)(6, 13)(7, 24)
(8, 16)(9, 15)(10,

14) (11, 17)(18, 19) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 *x y x x"—2 % ytd4t8) ' p =—>

t18 =y % x"2 x y * x * y *x x —1t20t16. Apply at position
3.

Found a new name: x"2 % y % x"—1 % y % x"2xt19t4t20t16
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8)(6, 10, 13)(7, 24,

16) (11, 15, 20) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 * y x x"—2 % ytd4t8) ' p =—>

t18 =y % x x y * x"2 x y *x x'—1t19t5. Apply at position 3.

Found a new name: x"—1 *x y % x % yxt17t20t19t5

Let p = (1, 12, 17, 20, 9)(2, 15, 19, 18, 11)(3, 13, 6, 23,
8)(5, 14, 21, 7, 24)

belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % yt4t8) ' p =>

t18 =y % x"—1 x y % x 2 * yt4t3. Apply at position 3.

Found a new name: t1t22t4t3

Let p = (1, 7, 19, 13)(2, 5, 4, 21)(3, 20, 23, 22)(6, 18,
24, 12)(8, 11, 10,

15)(9, 14, 17, 16) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =

t7 = Id($)t19t13. Apply at position 1.

Found a new name: y % x —2 % y % x % yxt19t13t14t18
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Let p = (1, 14)(2, 7)(3, 12)(4, 5)(6, 15)(8, 19)(9, 24)(10,
11) (13, 20)(16,

17) (18, 21)(22, 23) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =

t14 = Id($)t2t8. Apply at position 2.

Found a new name: y % X" —2 % y % X % yxt7t2t8t18

Let p = (1, 18, 17)(2, 4, 15)(3, 8, 10)(5, 7, 6)(9, 20, 22)
(11, 19, 12)(13, 24,

23) (14, 16, 21) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) " p =

t18 = Id($)t6t12. Apply at position 3.

Found a new name: y % X —2 % y % X % yxt7t14t6t12

3k 3K 3k 3k sk sk sk sk sk sk sk sk sk skosk sk sk sk sk sk sk sk sk sk sk skoskosk sk sk skoskoskosk sk sk skosk sk sk sk skosk sk sk sk sk sk sk sk skosk sk sk sk sk ok sk skosk sk ok ok

Looking for relations to apply to t7t19t3

Found 20

Let p = (1, 13, 19, 7)(2, 16, 15, 6)(3, 12, 8, 4)(5, 11,
23, 17)(9, 24, 20,

10) (14, 22, 21, 18) belong to N.
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Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x' =2 * y x x"—2 % ytd4t8) ' p =—>
t7 = x x y x x"—2t3t4. Apply at position 1.
Found a new name: x % y * X —2xt3t4t19t3

24, 18)(8, 15, 10,
11)(9, 16, 17, 14) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x"=2 % y x x" =2 % ytd4t8) ' p =—>
t7 = x"—1 x y * x ¥ y x x 2 % ytb5tl5. Apply at position 1.
Found a new name: x"—1 *x y % x % y % X 2 % yxt5t15t19t3

15)(10, 12, 21, 17) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 x y * x"—2 % ytdt8) ' p =

t7 =y * x"2 x y x x'—1 x y * xt6t20. Apply at position 1.
Found a new name: y % x"2 %y % X —1 % y * xxt6t20t19t3

11, 24)(5, 12, 16,
20) (6, 22, 8, 17) belong to N.
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Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x' =2 * y x x"—2 % ytd4t8) ' p =—>

t7 =y x x"—1t14t17. Apply at position 1.

Found a new name: y % x " —1xt14t17t19t3

Let p = (1, 13, 19, 7)(2, 24, 17, 3)(4, 10, 22, 16)(5, 9,
8, 18)(6, 11, 21,

20)(12, 23, 15, 14) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 % y x x" =2 % yt4t8) ' p =—>

t7 =y x x * y x x =2 x y *x xt10t18. Apply at position 1.

Found a new name: y % X % y % X —2 % y % xxt10t18t19t3

Let p = Id($) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. =—>

(619)"p = (y * x' =2 *x y x x"—2 % yt4t8) ' p =>

t19 =y % x"—2 x y x x"—2 % yt4t8. Apply at position 2.

Found a new name: y % x =2 % y % x —2 % y*xt17t4t8t3

Let p = (2, 9, 12, 11, 22)(3, 6, 5, 10, 14)(4, 20, 15, 18,
17)(8, 21, 24, 23,

16) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>
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t19 = x %y * xX'—1 %y % x"2 % yt20t21. Apply at position

Found a new name: x % y *x x =1 % y % x 2 % y*xt4t20t21t3

18) (8, 24, 16, 21,
23) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x"=2 x y * x =2 % ytdt8) ' p =—>
t19 =y % x"2 * y x x'—1 % yt15t24. Apply at position 2.
Found a new name: y % x"2 % y *x x"—1 % yxt20t15t24t3
Let p = (2, 11, 9, 22, 12)(3, 10, 6, 14, 5)(4, 18, 20, 17,
15)(8, 23, 21, 16,
24) belong to N.
Lemma 3: t19 = yx " 2yx"—2yt4t8. —>
(t19)"p = (y * x'=2 % y x x"—2 % ytd4t8) ' p =—>

t19 = x x y *« x'—=1 *« y * x x y % xt18t23. Apply at position

Found a new name: x % y % X" —1 % y % X % y * x*xt15t18t23t3

Let p = (2, 22, 11, 12, 9)(3, 14, 10, 5, 6)(4, 17, 18, 15,
20) (8, 16, 23, 24,

21) belong to N.
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Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x' =2 * y x x"—2 % ytd4t8) ' p =—>

t19 = x"—2 % y % xt17t16. Apply at position 2.

Found a new name: x"—2 % y * x*t18t17t16t3

Let p = (1, 7, 19, 13)(2, 5, 4, 21)(3, 20, 23, 22)(6, 18,
24, 12)(8, 11, 10,

15)(9, 14, 17, 16) belong to N.

tl = t7t19 —>

(t1)"'p = (Id($)t7t19) " p =—>

t7 = Id($)t19t13. Apply at position 1.

Found a new name: t19t13t19t3

Let p = (1, 19)(2, 4)(3, 23)(5, 21)(6, 24)(7, 13)(8, 10)(9,
17) (11, 15)(12,

18) (14, 16)(20, 22) belong to N.

tl = t7t19 —>

(t1)"p = (Id($)t7t19) p ==>

t19 = Id($)t13t1. Apply at position 2.

Found a new name: t7t13t1t3

Let p = (1, 3, 20, 24, 4, 5)(2, 6, 22, 23, 19, 21)(7, 9,
14, 18, 10, 11)(8, 12,

16, 17, 13, 15) belong to N.
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tl = t7t19 —>

(t1)"p = (Id(3$)t7t19) " p =

t3 = Id($)t9t21. Apply at position 3.
Found a new name: t7t19t9t21

3k 3k 3k 3k sk ok skosk ok sk sk sk skok sk skosk >k skosk >k skosk >k skosk sk skosk sk skosk sk sk sk sk sk sk sk 3k sk sk 3k sk sk 3k sk sk sk sk sk ok sk ok skosk ok sk ok skok okok

Looking for relations to apply to t1t9t21

Found 19

Let p = (1, 19)(2, 15)(3, 8)(4, 12)(5, 23)(6, 16)(7, 13)(9,
20) (10, 24)(11,

17)(14, 21)(18, 22) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. =—>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) ' p =>

tl =y *x x *y x x'2 xy x x —1t12t3. Apply at position 1.

Found a new name: y % X % y % X 2 % y % x —1xt12t3t9t21

Let p = (1, 15, 11, 12, 4)(3, 23, 24, 10, 7)(5, 6, 16, 13,
21)(9, 17, 18, 22,

19) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x =2 % ytdt8) p =>

t9 =y x x"2 x y x x'—1 x ytlt8. Apply at position 2.

Found a new name: y % x"2 % y * X —1 % y*xt8t1t8t21
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Let p = (1, 15)(2, 12)(3, 7)(4, 22)(5, 23)(6, 14)(8, 24)(9,
19) (10, 16) (11,

17)(13, 21)(18, 20) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x"=2 * y x x"—2 % ytd4t8) ' p =—>

t9 =y x x'—1 %y % x x y x x —2t22t24. Apply at position
2.

Found a new name: y % x"—1 % y % x % y * x —2xt13t22t24t21

24) (6, 23, 10)(8, 13,
21)(12, 17, 22) belong to N.
Lemma 3: t19 = yx 2yx"—2yt4t8. —>
(t19)"p = (y * x'=2 % y x x" =2 % ytd4t8) ' p =—>
t9 =y *x x * y x x =2 x y * xt18t13. Apply at position 2.

Found a new name: y % X *x y % x —2 % y *x xxt3t18t13t21

9) (10, 14, 23, 13, 21)
belong to N.
Lemma 3: t19 = yx " 2yx"—2yt4t8. —>
(t19)"p = (y * x'=2 x y * x =2 % yt4t8) ' p =>

t9 = x"—1 %y %« x x y *x x 2 % yt20t5. Apply at position 2.



Found a new name: x"—1 *x yv % X % y % X 2 % yxt14t20t5t21

23)(9, 12, 19)(13, 21,

24)(17, 20, 22) belong to N.

Lemma 3: t19 = yx " 2yx " —2yt4t8. —>

(t19)"p = (y * x"=2 x y * x"—2 % ytdt8) ' p =—>

t9 =y x xt11t10. Apply at position 2.

Found a new name: y * x*xt7t11t10t21

Let p = (1, 3, 20, 24, 4, 5)(2, 6, 22, 23, 19, 21)(7, 9,
14, 18, 10, 11)(8, 12,

16, 17, 13, 15) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 % y x x" =2 % ytd4t8) ' p =—>

t21 =y x x *x y * x"2 x y * x"—1t5t12. Apply at position

Found a new name: y % X % y * X 2 *x y % x —1%t23t13t5t12

Let p = (1, 3, 11, 14)(2, 7, 9, 23)(4, 10, 22, 16)(5, 20,
13, 15)(6, 18, 24,

12)(8, 19, 21, 17) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x =2 % yt4t8) ' p =>

t21 = x x y % x°2 x y x x =1 % yt10t19. Apply at position

412

3.
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Found a new name: X *x y * x'2 *x y % x —1 % yxt21t8t10t19

Let p = (1, 3, 18, 8, 17, 10)(2, 23, 4, 13, 15, 24)(5, 22,
7, 9, 6, 20)(11, 16,

19, 21, 12, 14) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. =—>

(t19)"p = (y * x"=2 *x y x x"—2 % ytd4t8) ' p =—>

t21 = x % y *x x —=2t13t17. Apply at position 3.

Found a new name: x % y % x —2xt5t10t13t17

Let p = (1, 3)(2, 16)(4, 8)(5, 18)(6, 11)(7, 9)(10, 20)(12,

23) (13, 15)(14,

22) (17, 24)(19, 21) belong to N.

Lemma 3: t19 = yx " 2yx " —2yt4t8. —>

(619)"p = (y * x' =2 *x y x x"—2 % yt4t8) ' p =>

t21 =y % x"—1 % y x x"2 * yt8t4. Apply at position 3.

Found a new name: y % x"—1 % y % x 2 % yxt13t24t8t4

Let p = (1, 3, 22, 6)(2, 14, 20, 8)(4, 24, 19, 21)(5, 11,
23, 17)(7, 9, 16,

12) (10, 18, 13, 15) belong to N.

Lemma 3: t19 = yx 2yx"—2yt4t8. —>

(t19)"p = (y * x'=2 x y * x"—2 % ytdt8) p =>
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t21 = x"2 % y *x x"2t24t2. Apply at position 3.
Found a new name: x"2 % y % X 2xt7t5t24t2

6) (7, 21, 16)(11, 20,
12) (14, 24, 23) belong to N.
tl = t7t19 —
(t1)"p = (Id($)t7t19) " p =
t9 = Id($)t21t15. Apply at position 2.
Found a new name: t1t21t15t21
Let p = (1, 21)(2, 5)(3, 19)(4, 6)(7, 15)(8, 11)(9, 13)(10,
12) (14, 17)(16,
18) (20, 23)(22, 24) belong to N.
tl = t7t19 —
(t1)"p = (Id($)t7t19) p =
t21 = Id($)t15t3. Apply at position 3.
Found a new name: t1t9t15t3

3k 3k 3k 3k sk sk sk sk 3k kosk ok sk sk sk sk ok sk sk sk sk sk skosk sk sk skosk sk sk sk sk sk sk sk sk skosk sk sk sk sk sk sk skosk sk sk sk sk sk sk sk sk sk skosk sk sk sk sk sk sk sk ok sk skok ko
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Start with t1t3
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Apply the following at t word position 1:

Let p = (1, 19)(2, 15)(3, 8)(4, 12)(5, 23)(6, 16)(7, 13)(9,

20) (10, 24)(11,

17)(14, 21)(18, 22) belong to N.

Lemma 3: t19

(t19)"p = (¥

tl =y * x *

*

y

yx 2yx"—2yt4t8. —>

Xx"=2 x y x x'—=2 % ytd4t8) ' p =—>

* X72 %y x x' —1t12t3 —>

vy ox X2 %y x x —1xt12t3t3.

Apply the following at t word position 1:

Let p = (1, 18, 15)(2, 11, 4)(3, 7, 6)(5, 16, 14)(8, 23,

10)(9, 19, 12)(13, 24,

21) (17, 22, 20) belong to N.

Lemma 3: t19 = yx " 2yx"—2yt4t8. =—>

(619)"p = (y * x' =2 *x y x x" =2 % yt4t8) ' p =>

t12 = x"2 %y * x *x y *x x —1 % yt2t23 —>

Vo X %y k x'2 %y % x =1 % t12t3t3

t2t23t3t3 .

x"—1 %y % x"2 % yx

Reduce in the following way:

x"—1 % v x x"2 x yxt2t23t3t3

x"—1 %y % x"2 % yxt2t23t9

true x/
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MAGMA CODE: DCE S; x A-

Over 15:2 and 10:2

/*From DCE over N see CSUSB Thesis,
Michelle Yeo x*/

/* Isomorphism type */

S:=Sym(10) ;

December 2017 by

xx:=S!(1, 2, 3, 4, 5, 6, 7, 8, 9, 10);

yy:=S!1(2, 10)(3, 9)(4, 8)(5, 7);

N:=sub<S|xx,yy>;

NN<x , y>:=Group<x,y|x 10,y "2, (xx*xy) "2>;

a:=0;b:=0;c:=3;d:=0;e:=3;f:=0;



Gx,y,t>:=Group<x,y,t|x 10,y "2 ,(x*xy) "2,t"2,(t,y),
(xxt)"a, (x*xy*xt'x) b, (x"2xy*xt*xt"x) c, (t*xt "xxt"(x"3))"d,

(xxt"x) e, (yxt) f>;

#G;

f,G1,k:=CosetAction (G,sub<G|x,y>);
#DoubleCosets (G, sub<G|x,y>,sub<G|x,y>);
CompositionFactors (Gl) ;

IN:=sub<G1| f(x),f(y)>;
#DoubleCosets (G, sub<G|x,y>,sub<G|x,y>);

M:=MaximalSubgroups (G1) ;

for i in [1..#M] do #M[i] ‘subgroup/20; end for;

for g in DD[6] do

if DD[6] eq sub<Gl|f(x),f(y),g> then

Sch:=SchreierSystem (G, sub<G|Id(G)>);
for i in [1..#Sch] do

if g eq f(Sch[i]) then Sch[i]; end if;
end for;

break g;

end if;

end for;

H:=sub<G|x,y, t * x5 % t % x>;

#DoubleCosets (G,H, sub<G|x,y>);
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CompositionFactors (G1) ;

NL:=NormalLattice (Gl);/*

[6] Order 360 Length 1 Maximal Subgroups: 3 5

[6] Order 180 Length 1 Maximal Subgroups: 2 4

[4] Order 60 Length 1 Maximal Subgroups: 1

[3] Order 6 Length 1 Maximal Subgroups: 2

[2]  Order 3 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:x/

NL; / *
G

| Alternating (5)
*
|  Cyclic(2)
*
|  Cyclic(3)
1 %/

for i in [1..#NL] do
if IsAbelian(NL[i]) then i; end if;



the direct product to N[2]

= quotient group G1/N[2]

subgroup of order 120.

of order 120. Gl cannot be

since Gl has no normal
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Which means Gl is an extension of

NL[2] by GI1/NL[2] and G:=3:NL[2]. x*/

end for;

[*x 2 x/

q, ff:=quo<G1|NL[2] >;
q;

/*q

N:=q;

CompositionFactors (N);/x

G

*

|
1

Alternating (5)

Cyclic(2)
*/

NL:=NormalLattice (N); /x

[4]

Order 120

Order 60

Order 2

Order 1

Length 1

Length 1

Length 1

Length 1

Maximal Subgroups:

Maximal Subgroups:

Maximal Subgroups:

Maximal Subgroups:
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for i in [1..#NL] do
if IsAbelian(NL[i]) then i; end if;
end for; /x 2 x/

q, ff:=quo<N|NL[2] >;

q;

/* TOD iso = s3xA5. And iso of IH = z15:2 x/

/*Since the order of q = 60 and N has a normal subgroup of

order 60 => N =2 Alt (5). %/

/DCE Using Magma

skt ok ok ok sk ok KR SR R KoK KR R K SR KK SRR K K KK KR R K KK KRR K SR Kok R K K kK R KKKk Rk sk sk ok ok /

S:=Sym(10);

xx:=S!(1, 2, 3, 4, 5, 6, 7, 8, 9, 10);
yy:=S!(2, 10)(3, 9)(4, 8)(5, 7);
N:=sub<S|xx,yy>;

NN<x , y>:=Group<x,y |x 10,y "2 ,(xxy) "2>;

Sch:=SchreierSystem (NN, sub<NN|Id (NN)>);
word:=function (Perm)

for w in Sch do
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seq = Eltseq(w);
p:= Id(N);
for j in seq do
if j eq 1 then p:=px*xx; end if;
if j eq —1 then p:=p*xx"—1; end if;
if j eq 2 then p:=px*xyy; end if;
if j eq —2 then p:=p*xyy —1; end if;
end for;
if Perm eq p then return w; end if;
end for;
end function;
ConjugationWord:= function (subscript)
size:=9999999;
w:=word (N.1) ;
for n in N do
if n eq Id(N) then
continue;
end if;
if 1°"n eq subscript then
tmp:= word (n) ;
if size gt #tmp then
size:=#tmp;
w:= tmp;

end if;
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end if;
end for;
return w;

end function;

a:=0;b:=0;c:=3;d:=0;e:=3;f:=0;
G<x,y,t>:=Group<x,y,t|x 10,y "2,(xxy) "2,t"2,(t,y),
(xxt)"a, (x*xyxt'x) b, (x"2xy*xtxt"x) c, (t*xt "xxt"(x°3))"d,
(xxt"x)"e,(y*xt) f>;

#G;

f,G1,k:=CosetAction (G,sub<G|x,y>);

ts:= [ Id(Gl): i in [1 .. 10] |;
for i in [2..10] do
"ts[” cat Sprint( i) cat 7] :=” cat "f(t°(” cat Sprint

(ConjugationWord (i)) cat ”));”;

end for;
ts[1] =1f(t);
ts[2] =f(t"(x));

ts[3] :=f

(t7(
(7 (
ts[4] =f(t"(x"3
ts[5] =1(t7(

(7 (

ts[6] :=f
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ts (7] =E(t"(x"—4));
ts[8] =E(t"(x"=3));
ts[9] =E(t"(x"=2));
6s[10]  =f(t"(x"=1));

H:=sub<G|x,y, t * x5 % t % x>;

IN:=sub<G1| f(x), f(y)>;

IH:=sub<G1l|f(x), f(y), f(t * x5 % t % x)>;
#DoubleCosets (G,H, sub<G|x,y>);
DoubleCosets (G,H, sub<G|x,y>); /x

{ <GrpFP: H, 1d(G), GrpFP>, <GrpFP: H, t, GrpFP> } #/

DCi— [£(1d(G)), £(t)];
FindDCNumber:= function (element)
for i in [1..#DC] do

for m in IH do
for n in IN do

if element eq m+(DC[i]) "'n then

return 1i;
end if;
end for;
end for;
end for;

end function;
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Orbits (N);/x*

GSet{@ 1, 2, 3, 10, 4, 9, 5, 8, 6, 7 @} %/

Nl:= Stabilizer (N, 1);

N1 :

Orbits (N1); /x

GSet{@ 1 @},
GSet{@ 6 @},
GSet{@ 2, 10 @},
GSet{@ 3, 9 @},
GSet{@ 4, 8 @},

GSet{@ 5, 7 @} */

FindDCNumber (ts [1]# ts[1]); /* 1 %/
FindDCNumber ( ts [1]# ts [6]); /* 1 %/
FindDCNumber (ts [1]# ts [2]); /% 2 #/

Ry

(

(
FindDCNumber ( ts [1]* ts [3]
FindDCNumber (ts [1]* ts[4 ]); /% 2 #/
(

FindDCNumber (ts [1]*ts [5]); /*x 2 x/

TPerm:= function (Tset)
perm:= ts[Tset[1]];
for i in [2..#Tset] do
perm:= permxts [ Tset[i]];

end for;
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return perm;

end function;

EquivalentCosets:= function (Tset)
perm:=TPerm( Tset);
TSets :=[];
for g in IN do
for n in N do
perm2:= TPerm(Tset 'n);
if perm eq gxperm2 then
TSets:= TSets cat [Tset 'n];
end if;
end for;
end for;
return TSets;

end function;

EquivalentCosetsH:= function (Tset)
perm:=TPerm( Tset);
TSets :=[];

for g in IH do
for n in N do
perm2:= TPerm(Tset "n);

if perm eq gxperm2 then
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TSets:= TSets cat [Tset 'n];
end if;
end for;
end for;
return TSets;

end function

FindFromToPerms:= function (Tsetl, Tset2)

NPerms:=];
for n in N do

if Tsetl n eq Tset2 then

NPerms:= NPerms cat [n];

end if;
end for;

return NPerms;

end function;

EquivalentCosets ([7,2]);/« [ 7, 2 ],

[ 9, 4],
[ 5, 10 |,
[ 1,61,
[ 3,81,
[ 5, 10 ],
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8 1,

47,

6] «/

FindFromToPerms ([7,2], [1,6]); /x(1, 5, 9, 3, 7)(2, 6, 10,

[ 3,
[ 9,
[ 1,
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Appendix 1

MAGMA: DCE of (A5)%2 Over

xx:=S1(1, 2, 4, 12, 21)(3, 7, 8, 10, 18)(6, 15, 19, 20, 22)

yy:=S!(1, 15)(2, 5)(3, 13)(4, 6)(7, 21)(8, 11)(9, 19)(10,
12) (14, 17)(16, 18)(20,23)(22, 24);

N:=sub<S|xx,yy>;
NN<x ,y>:=Group<x,y|x 5, y"2, (x"=1 % y) "4, (x x y * x =2 x

y ok Xx)72 >

/*a:=0;b:=0;c:=0;d:=4;e:=0; f:=4;
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G<x,y, t>:=Group<x,y,t|x" 5,y "2,(x"—1xy) "4, (x*xy*x" —2xy*x) "2t
"5, (t,x"2xysxxy) Lt T (yxx)= t 72, ((yxxxy)xt (x"4xx"—1)"2)
“a, (y*x7"2xt) b, (y*x 2%t " (x"—1)) "c,(y*x"2xt " (yxx"2))"d,(

y#x 2%t 72) " f>x/

G<x,y, t>:=Group<x,y,t|x" 5,y "2,(x"—1xy) "4, (x*xy*xx" —2xy*x) "2t
"5, (t,x " 2xysxky )t T (yrx)= t 72, (yxx 2%t " (yxx"2)) "4, (y*x

"2xt72) "4>,

f,Gl,k:=CosetAction (G,sub<G|x,y>);

GI1;

IN:=sub<G1|f(x),f(y)>;

/%(2, 4, 12, 19, 7)(3, 8, 21, 28, 10)(5, 6, 18, 37, 16)(9,

11, 29, 43, 25)(14, 15, 34, 48, 32)(17, 38, 50, 58,
40)(20, 26, 31, 35, 30)(23, 51, 45, 49, 42)(24, 53,

46, 59, 36)(27, 55, 44, 52, 57)(33, 54, 56, 60,
39),

(2, 5)(3, 9)(4, 13)(6, 10)(7, 11)(8, 22)(12, 16)(15,
35) (17, 39)(18, 41)(19, 43)(20, 45)(21, 25)(23, 52)
(24,

53) (26, 30)(27, 48)(28, 37)(29, 47)(31, 32)(33, 40)
(34, 57)(36, 58)(38, 46) (42, 55)(49, 51)(56, 59)
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(1, 2, 6, 11, 3)(4, 12, 30, 33, 14)(5, 15, 31, 13, 17)
(7, 8, 23, 46, 20)(9, 24, 43, 55, 26)(10, 27, 56,
51,

28) (16, 36, 18, 42, 32)(19, 44, 40, 35, 41)(21, 47,
45, 58, 48)(22, 49, 57, 29, 50)(25, 34, 52, 37,
54) (38,

53, 60, 39, 59) x/

Sch:=SchreierSystem (NN, sub<NN| Id (NN)>);
word:=function (Perm)
for w in Sch do

seq = Eltseq(w);

p:= Id(N);

for j in seq do

if j eq 1 then p:=px*xx; end if;

if j eq —1 then p:=p*xx"—1; end if;
if j eq 2 then p:=px*xyy; end if;
if j eq —2 then p:=p*xyy —1; end if;

end for;

if Perm eq p then return w; end if;
end for;

end function;

InWord:=function (Perm)
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for w in Sch do

seq := Eltseq(w);

p:= Id(IN);

for j in seq do

if j eq 1 then p:=pxf(x); end if;

if j eq —1 then p:=pxf(x)"—1; end if;
if j eq 2 then p:=pxf(y); end if;
if j eq —2 then p:=pxf(y) " —1; end if;

end for;

if Perm eq p then return w; end if;
end for;

end function

GetConjugationWordForSubscript:= function(subscript)
size:=9999999;
w:=word (N.1) ;
for n in N do
if n eq Id(N) then
continue;
end if;
if 1°"n eq subscript then
tmp:= word (n) ;
if size gt #tmp then

size:=#tmp;



432

w:= tmp;

if;

end

if;

end

end for;

return w;

end function

i in [1 .. 24]

ts:= [ Id(Gl):
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ts[16] eq ts[4] 4;

ts[17] eq ts[5]"4;

ts[18] eq ts[6] 4;

[2..24] do

for i in

(67 (7 cat

? cat

€q

cat Sprint( i) cat 7]

9 tS [77

77) REPIN
PR

Sprint (GetConjugationWordForSubscript (i)) cat

end for;

—~
~—
L]
_
<
e .~
- —
* ~—~ —~ ~—~~
— —~ -
> T
~—~ _ *
* .~ —~ < * .o
—~ > " —~ X
.~ — —~ — —~
— | N * * | " *
—~ < < < <
" " " " - W )
~— ~— ~— ~— ~— ~— ~— ~—
< < < < < < <
+ + + + + + + +

~— Y N~ Y ~— ~— ~—  ~—
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— ~—~ ™
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[N _
* < <
> "
X .~
S —~ * *
—~ * ~—~
—~ N > -
) ) <
. — * *
* * —~~ B
A — N * .
< < < > —~
> » X — ) ) >
N N N
< < < < < < <
+ ) + ) +~ -~ )
N— ~— N— S~— N~— ~— N~—

— o o/ — — —



ts[17]
ts[18]
ts[19]
ts[20]

s[21]
ts[22]

s[23]
ts[24]

€q

eq

eq

€q

€q

€q

€q

€q

t”

—

t°
f(t"

t°

t°

f(t”°

f(
(
(
(
f(t”
(
(
f(

t°

(v + x %y x x°2 % y));
(x"—=1 % y % x"=2));
(v * x));

(y * x72));

(x"=1));

(y * x"=2));

(v * x"2 % y));

(y * x x y * x —1));

/* print the inverses x/

for i,j

end for;

in  [1..24] do
if ts[i] eq ts[j]"—1 then
”t” cat Sprint(i) cat 7 =7 cat "t” cat
Sprint (j) cat 7" —17;
end if;

DoubleCosets (G, sub<G|x,y>, sub<G|x,y>);

#DoubleCosets (G, sub<G|x,y>, sub<G|x,y>);
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/*{ <GrpFP, 1d(G), GrpFP>, <GrpFP, t % y % t"—1, GrpFP>, <
GrpFP, t, GrpFP>,
<GrpFP, t % x % t"—1, GrpFP> }x/
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DC:= [f(Id(G)), f(t), f(t *y x t"=1), f( t * x x t"—1)];
DC;

/x| Id(Gl), (1, 2, 6, 11, 3)(4, 12, 30, 33, 14)(5, 15,
31, 13, 17)(7, 8, 23, 46, 20)(9, 24, 43, 55, 26) (10, 27,
56, 51, 28)(16, 36, 18, 42, 32)(19, 44, 40, 35, 41)(21,

A7, 45, 58, 48)(22, 49, 57, 29, 50)(25, 34, 52, 37, 54)

(38, 53, 60, 39, 59),

(1, 17)(2, 28)(4, 32)(5, 40)(6, 20)(7, 50)(8, 34)(9,
38) (10, 58) (11, 26)(12, 55)(13, 60) (14, 31)(15, 42)
(16, 45)(18, 43)(21, 57)(22, 56) (23, 59)(24, 41)
(25, 49)(27, 39)(30, 44)(35, 36) (46, 47) (48, 54) (51,

52),

(1, 14, 4, 41, 20)(2, 36, 52, 32, 17)(5, 25, 58, 42,
33)(6, 57, 24, 54,

26) (7, 48, 51, 28, 11)(8, 56, 47, 22, 18)(9, 38,
23, 39, 16)(10, 43, 19,
34, 49)(12, 46, 55, 15, 40)(13, 59, 29, 45, 44)(27,

53, 60, 30, 37)]%/

#N; [+ 120 %/
[ 120/120, 2880/120, 2400/120, 1800/120 ];

FindDCGroupNumber := function (DC, element, IN)



for i in [1..#DC] do
for m,n in IN do

if element eq mx(DC[i]) "n then

return 1i;
end if;
end for;
end for;
end function
ConvertToPermutation:= function (Tset)

perm:= ts[Tset [1]];
for i in [2..# Tset]| do
perm:= permxts [ Tset[i]];
end for;
return perm;
end function;

TPerm:=ConvertToPermutation;

Orbits (N);

Nl:= Stabilizer (N, 1);

N1;

Orbits (N1);

/* GSet{@ 1 @},
GSet{@ 7 @},
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GSet{@ 13 @},
GSet{@ 19 @},

GSet{@ 2, 21, 24, 23, 16 @},

GSet{@ 3, 6, 5, 22, 8 @},

GSet{@ 4, 14, 9, 12, 11 @},

GSet{@ 10, 20, 15, 18, 17 @} =/

FindDCGroupNumber
FindDCGroupNumber
FindDCGroupNumber
FindDCGroupNumber
FindDCGroupNumber
FindDCGroupNumber
FindDCGroupNumber
FindDCGroupNumber

ts[1]*ts [1], IN); /#2%/
ts[1]%ts [7], IN);/#2x/
ts[1]*ts[13], IN);/%1x/
ts[1]ts[19], IN);/%2%/
ts[1]xts[2], IN); /#2x%/
ts[1]%ts [3], IN);/#3%/
ts[1]% ts [4], IN);/#4x/
ts[1]*ts[10], IN);/%4%/

FindStabilizerOfNums:= function (num)

ArrPerm:=[];

for n in N do

if num n eq num then

ArrPerm:= ArrPerm cat [n];

end if;
end for;

return ArrPerm;
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end function

EquivalentCosets:= function (Tset)
perm:=ConvertToPermutation( Tset);
TSets :=[];
for g in IN do

for n in N do
perm2:= ConvertToPermutation(Tset " n);
if perm eq gxperm2 then
TSets:= TSets cat [Tset'n];
end if;
end for;
end for;
return TSets;

end function;

StabilizingGroup := function (N, IN, ts, Tword)
TWords:=EquivalentCosets (Tword) ;
group:=Stabiliser (N, Tword) ;
for i in [2..#TWords| do

for n in N do
if Tword"n eq TWords[i] then
group:=sub<N|group ,n>;
end if;
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end for;
end for;
return group;

end function;

N13s:= StabilizingGroup (N, IN, ts, [1,3]);
N13s;
Jx < (1, 20)(2, 7)(3, 11)(4, 18)(5, 21)(6, 16)(8, 13)(9,
17) (10, 24)(12, 22)(14, 19)(15, 23)
(1, 7, 13, 19)(2, 20, 14, 8)(3, 23, 10, 12)(4, 6, 21,
17)(5, 16, 18, 9)(11, 22, 24, 15)

(1, 14)(2, 13)(3, 22)(4, 9)(5, 17)(6, 18)(7, 20)(8, 19)
(10, 15)(11, 23)(12, 24)(16, 21)

(1, 8)(2, 19)(3, 24)(4, 5)(6, 9)(7, 14)(10, 11)(12, 15)
(13, 20)(16, 17)(18, 21)(22, 23)

(1, 13)(2, 14)(3, 10)(4, 21)(5, 18)(6, 17)(7, 19)(8,
20) (9, 16) (11, 24)(12, 23)(15, 22)

(1, 2)(3, 15)(4, 16)(5, 6)(7, 8)(9, 21)(10, 22)(11, 12)
(13, 14)(17, 18)(19, 20)(23, 24)

(1, 19, 13, 7)(2, 8, 14, 20)(3, 12, 10, 23)(4, 17, 21,
6)(5, 9, 18, 16)(11, 15, 24, 22) > x/

Orbits (N13s);
/% GSet{@ 1, 20, 7, 14, 8, 13, 2, 19 @},
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GSet{@ 3, 11, 23, 22, 24, 10, 15, 12 @},
GSet{@ 4, 18, 6, 9, 5, 21, 16, 17 @ «/

FindDCGroupNumber (DC, ts[1]xts[3]*ts[1], IN); /*3x/
FindDCGroupNumber (DC, ts[1]xts[3]*ts[3], IN); /2x/
FindDCGroupNumber (DC, ts[1]*ts[3]*xts[4], IN); /*4dx/

N14s:= StabilizingGroup (N, IN, ts, [1,4]);
N14s;
/% (1, 10, 24, 3, 2, 17)(4, 18, 21, 20, 11, 19)(5, 13, 22,
12, 15, 14)(6, 9, 8, 23, 7, 16)
(1, 3)(2, 10)(4, 20)(5, 12)(6, 23)(7, 9)(8, 16)(11, 18)
(13, 15)(14, 22)(17, 24)(19, 21)
(1, 17, 2, 3, 24, 10)(4, 19, 11, 20, 21, 18)(5, 14, 15,
12, 22, 13)(6, 16, 7, 23, 8, 9)

(1, 2, 24)(3, 10, 17)(4, 11, 21)(5, 15, 22)(6, 7, 8)(9,
16, 23)(12, 13, 14)(18, 19, 20)

(1, 24, 2)(3, 17, 10)(4, 21, 11)(5, 22, 15)(6, 8, 7)(9,
23, 16) (12, 14, 13)(18, 20, 19) */

Orbits (N14s);
/% GSet{@ 1, 10, 3, 17, 2, 24 @},
GSet{@ 4, 18, 20, 19, 11, 21 @},
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GSet{@ 5, 13, 12, 14, 15, 22 @},
GSet{@ 6, 9, 23, 16, 7, 8 @}«/
FindDCGroupNumber (DC, ts[1]xts[4]*ts[1], IN); /% 2 %/
FindDCGroupNumber (DC, ts[1]xts[4]*ts[4], IN); /% 3 %/
FindDCGroupNumber (DC, ts[1]*ts[4]*ts[5], IN); /% 4 x/
FindDCGroupNumber (DC, ts[1]xts[4]*ts[6], IN); /% 2x/

GetStringT := function(set)
Strl = 77,
for i in [1 .. #set] do
Strl:= Strl cat "t”;
Strl:= Strl cat IntegerToString(set[i]);
end for;
return Strl;

end function;

TStr:=GetStringT ;

/* PrintEquivalentCosetsTo ([13]); x/
PrintEquivalentCosetsTo:= function (N, IN, ts, Tset)
ECs:=EquivalentCosets (Tset);
str:= "N7”;
for i in [1..#ECs] do
str := str cat GetStringT (ECs[i]) ;
edge:=" = N”;
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if i eq #ECs then
edge:= "\t”;
end if;
str := str cat edge;
end for;
return str;

end function;

/% Nt1t3 = Nt20t11 = Nt7t23 = Nt14t22 = Nt8t24 = Nt13t10 =
Nt2t15 = Nt19t12 */

PrintEquivalentRelations := procedure(Tset)
perm:=ConvertToPermutation( ts, Tset);
TSets :=[];
for g in IN do
for n in N do
if n eq Id(N) or g eq Id(IN) then continue; end if
perm2:= ConvertToPermutation( Tset n);
if perm eq gxperm2 then
GetStringT (Tset) cat ” = 7 cat Sprint (InWord(g)) cat
GetStringT (Tset "n) ;
GetStringT (Tset "n) cat ” = 7 cat Sprint(InWord(g"—1)) cat
GetStringT (Tset) ;
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end if;
end for;
end for;

end procedure;

FindEquivalentRelations := function (Tset, Tset2)

perm:=ConvertToPermutation( Tset);

TSets :=[];

str:="7";

for g in IN do

perm2:= ConvertToPermutation (Tset2) ;

if perm eq gxperm2 then

str:= str cat GetStringT (Tset) cat ” =7 cat Sprint(InWord(
g)) cat GetStringT (Tset2) cat ”\n”;

end if;

end for;

return str;

end function;

FindFromToPerms:= function (Tsetl, Tset2)
NPerms:=[];
for n in N do
if Tsetl n eq Tset2 then

NPerms:= NPerms cat [n];



end if;
end for;
return NPerms;

end function;

Percent := procedure(curr, total)
percent:= 100.00xcurr/total;
printf 7%.20%%”, percent ;

end procedure;

FindDCRelations := function (tset, tset2)
perm:= TPerm(tset ) ;

perm2 := TPerm(tset2);

dc¢ := FindDCGroupNumber (DC, perm2, IN);
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str:="\n";

sep:="
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, \
n”7

cur:= 0; Total := #INx#IN;

for m,n in IN do

cur:=cur+1;

b

printf

sep
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cat CodeToString (13);
Percent (cur, Total) ;
if perm eq mxperm2°n then
str:= str cat TStr(tset) cat ” =7 cat Sprint(InWord(m))
cat TStr(tset2) cat ”°” cat Sprint(InWord(n));
str:= str cat ”\n” cat sep;
end if;
end for;
return str;

end function

Inverselndex:= function (Index)
for i in [1..24] do
if ts[Index|"—1 eq ts[i] then return i; end
if;
end for;

end function;

SplitT:= function (tsIndex)
for n in N do
if 7"'n eq tsIndex then
return [1,19] n;
end if;

end for;
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return [0,0];

end function; /% SplitT(2); returns

[20,14] £2
£20t14 */

Reduce2Ts:= function (tsIndexl, tsIndex2)

if tsIndexl eq 0 and tsIndex2 eq O then return [O0];
end if;

)

if tsIndexl eq 0 then return [tsIndex2]; end if;

if tsIndex2 eq 0 then return [tsIndexl]; end if;

for i in [1..24] do
if ts[tsIndexl]*ts[tsIndex2] eq ts[i] then
return [i]; end if;
if ts[tsIndexl]xts[tsIndex2] eq ts[i] 5 then return [0];
end if;
end for;
return

[tsIndex1, tsIndex2];
end function;

ReduceTs:= function (Tset)
steps:=[Tset |;
OK:=true;
while OK do
size:=#Tset ;

for i in [1..size] do



ji=1i41;
OK:=false ;

if j le size then

r:= Reduce2Ts(Tset[i],Tset[]j]);

if #r eq 1 then

Tset[i]:= r[1];

Tset:=Remove ( Tset ,

steps:= steps cat
OK:=true;
break ;
end if;
end if;
end for;

end while;

return steps;

end function;

Word2NPerm:= function (letters)
seq := Eltseq(letters);
p:= Id(N);
for j in seq do
if j eq 1 then p:=pxxx; end if;
if j eq —1 then p:=pxxx"—1; end if;

if j eq 2 then p:=px*xyy; end if;

i)
[Tset];
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if j eq —2 then p:=pxyy —1; end if;
end for;
return p;

end function;

TryToReduce3tol:= procedure (Indexl, Index2, Index3 )

for n in N do
if [Indexl, Index2, Index3] eq [17,14,19]"n then
GetStringT ([Index1, Index2, Index3
]) cat 7 = ("cat GetStringT
([17,14,19]) cat ”)"” cat Sprint
(word (n))
FindEquivalentRelations ([Index1, Index2, Index3],[16] n);
n; sep;
end if;
if [Indexl, Index2, Index3] eq [21,6,23] n
then
GetStringT ([Index1, Index2, Index3
]) cat 7 = ("cat GetStringT
([21,6,23]) cat ”)"” cat Sprint(

word (n) ) ;
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FindEquivalentRelations ([Indexl, Index2, Index3],[8] n);
n; sep;
end if;
end for;

end procedure;

/*Proofs DCE using magma x/

WW:=yy*XX*XX ;

/* Proof of addition relation w4t24t17t14t19 = ex/
f(yxxxx) "4xts[24]xts[17]*ts[14]*xts[19]; /+ Id(Gl) =/
/* Proof of addition relation w4t21t6t23t20 = ex/

f(ysx*x) " 4dsxts[21]xts [6]xts[23]xts[20]; /+Id(G ) x/

/+*Lemma 1: t24t17 = w2t7t2%/
ts[24]xts[17] eq f(y*xxx) " 2xts|[T]xts[2]; /% true x*/
/* Lemma 1 results x/

for n in N do

” b

”Conjugating Lemma 1 by cat Sprint(n) cat 7 —> cat
GetStringT ([24,17]"n) cat ” =" cat Sprint (word ((ww"2)
‘n)) cat GetStringT ([7,2]"n) cat 7.7

end for;

/* Lemma 2 results x/

for n in N do
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b

”Conjugating Lemma 2 by cat Sprint(n) cat ? => 7 cat
GetStringT ([21,6]"n) cat ” =" cat Sprint (word ((ww"2) "
n)) cat GetStringT ([8,11] " n) cat 7.7

end for;

/*Lemma 2: t21t6 = w2t8t11x%/

ts[21]xts [6] eq f(y*xxx) 2xts[8]*ts[11]; /x true x/

/*Derived from Lemma 1 x/
TPerm ([24,17,14]) eq f(yxxxx)"2%ts[7]; /x true x/
TPerm ([15,24,17]) eq f(y*x*x) " 2xts[2]; /% true x/

(

(
TPerm ([7,2,5]) eq f(y*x*x) 4dxts[24]; /* true x/
TPerm ([16 ,7,2]) eq f(yxxxx) 4xts[17]; /% true x/
(

TPerm ([17,14,19]) eq f(y*xxx) " 2xts[16]; /x true x/

/*Proof Ntlt2 [1] =/

/*for i in [1..24] do FindEquivalentRelations ([1,2],[i]);
end for; =/

SplitT (1) ;

SplitT (2);

FindEquivalentRelations

[

( |, [5,15,4,14]);
FindEquivalentRelations (]

(

(

], [16,8,3,4,14]);

?

FindEquivalentRelations

[

FindEquivalentRelations (]

], [1,17,24,5,14]

I

1,2
1,2
1,2 )
1,2], [12,7,23.,9,18])
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FindEquivalentRelations ([1,2], [2,2,15,9,18]);

FindEquivalentRelations ([1,2], [20,21,18]);

FindEquivalentRelations ([1,2], [6]);

/*Derived from Lemma 2x/

TPerm ([21,6,23]) eq f(yxxxx) 2xts[8]; /% true x/

TPerm ([10,21,6]) eq f(y*xxx) " 2xts[11]; /+ true x/

TPerm ([8,11,18]) eq f(y*xxx) 4xts[21]; /+ true x/

TPerm ([13,8,11]) eq f(y*x*x) 4*ts[6];

EquivalentCosets ([1,3]); /« [[ 1, 3 ], [ 20, 11 ], [
7, 23 ], [ 14, 22 ], [ 8, 24 ], [ 13, 10 ],

[ 2, 15 ], [ 19, 12 ] =/
/* Lemma 2 results x/
for n in N do
GetStringT ([21,6]"n) cat 7 =" cat Sprint (word (ww'n) )

cat GetStringT ([8,11]"n) cat 7, conjugating by” cat

Sprint (n) cat 7.7 ;

end for;

/+*Lemma 3: t1t2 = x—2t16 Results x/
for n in N do

GetStringT ([1,2]"n) cat ” =" cat Sprint (word ((xx"—2)"n
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)) cat GetStringT ([16] " n) cat 7, conjugating by” cat

Sprint (n) cat ”.”

?

end for;
/*Right Coset already proven to be [1,4] =/
RCsl4:= [ [1, 20], [1,10], [1,18] , [1,17], [1,15] , [1,4]

[1,12], [1,11], [1, 9] ];
for n in N do
if [17,19]"n in RCsl4 then [17,19]"n, n; end if;
end for;

/* Double Cosets [1,4] %/

/* Isomorphic Types x/

/*a:=0;b:=0;c:=0;d:=4;e:=0; f:=4;
OGex,y,t>=Group<x,y,t |x 5,y 2,(x " —1xy) "4, (xxy*x"—2%y*x) "2,
t75, (t,x" 2xyxxxy) ,t (y*x)= t "2, ((y*x*xy)*t (x"4xx"—1)

"2)"a, (y*x"2xt) b, (y*x 2%t " (x"=1)) "c,(y*x"2xt " (yxx"2))"
d,(y*x 2%t "2) " f>;
Of ,0G1,0k:=Coset Action (G, sub<G|x,y>);*/

G<x,y, t>:=Group<x,y,t|x" 5,y "2,(x"—1xy) "4, (x*xy*x" —2xy*x) "2t
"5, (t,x " 2xysxky) bt T (yxx)= t 72, (yxx 2%t " (yxx"2)) "4, (y*x
0%t°2) 4>,

f,G1,k:=CosetAction (G,sub<G|x,y>);
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Gl1;

CompositionFactors (Gl) ;
NL:=NormalLattice (Gl);
NL;

for i in [1..#NL] do
if IsAbelian(NL[i]) then
i;
end if;

end for;

IN:=sub<G1|f(x),f(y)>;

#G1, #ANL[4], #G1/#NL[4];

/* NL[4] is normal in Gl but there is no normal subgroup of

order 2. This means that Gl = NL[4]:2 x/

/ *
Finitely presented group on 2 generators
Relations

$.172 = 1d($)

$.2°5 — 1d($)

($.2 « $.1 % $.2 x $.1 %« $.2 = $§.1 x $.2°—-1 % $.1 = §
.2)72 = 1d($)
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($.2 « $.1 % $2°—1 x $.1 x $.2 = $§.1 x $.2 % $.1 = $

.2) "2

Id($)

$2°—1 %« $.1 %« $2°—1 % $.1 * $.2 « $.1 « $.2 % $.1 * $

2°—=2 %« $.1 « $.2 x $.1 « $.2 %« $.1 * $.2°—1 x $.1 =

$2°-1 % $.1 = 1d($)

$.2 x $.1 « $.2°—2 %x $.1 * $.2°2 % $.1 * $.2°—2 %« $.1 =«

$2°—2 % $§.1 %« $.2°—-1 % $.1 x $.2°—1 %« $.1 « $.2°—2

*

$.1 % $.27°-2 % $.1 x $.2 = Id($)x/

q, ff:=quo<G1|NL[4] >;

q;

FPGroup(NL[4]) ;

T:= Transversal (G1,NL[4]) ;
T;

E:= G1!(2, 5)(3, 9)(4, 13)(6, 10)(7, 11

53)

( ) (
35) (17, 39)(18, 41)(19, 43)(20, 45)(21,
(26, 30) (27, 48)(28, 37)(29, 47)(

( (

57) (36, 58)(38, 46) (42, 55)(49, 51)

NL4:=NormalLattice (NL[4]) ;

NL4:
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q2, ff2:=quo<NL[4]|NL4[3] >;

q2;

CompositionFactors(q2);

/*Permutation group q acting on a set of cardinality 6
Order = 60 = 272 % 3 % 5
(1, 2)(3, 4)
(2, 3, 5, 6, 4)x/
CompositionFactors (q2);/x*
G
| Alternating (5)
1%/
FPGroup(q2);

/*Finitely presented group on 2 generators

Relations
$.172 = 1d(9)
$.2°5 = 1d($)

($.1 % $.2°-1)"3 x/
/* We know Alt(5) =< x"2, y"5, (xxy —1)"3> x/

/* Altb<x,y> := Group<x,y| x72, y 5, (y —2%x)"3>;
fa ,Ga,ka:=CosetAction (Alt5 ,sub<Alt5|Id (Alt5)>);
Altbb<x,y> := Group<x,y| x"2, y 5, (x*xy —1)"3>;

fab ,Gab, kab:=CosetAction (Alt5b ,sub<Alt5b |Id (Alt5b)>);
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IsIsomorphic (Ga, Gab); x/

/+* NL[4] s NL4[3] is normal in NL[4] and NL4[3] is a
subgroup of order 60. This means that NL[4] = NL4[3]
2 */

GGa,b,c,d>:=Group<a,b,c,d | a"2, b"5, (axb"—=1)"3, c¢"2, d
"5, (cxd"=1)"3, (a,c), (a,d), (b,c), (b,d)>;

f2 ,G2,k2:=CosetAction (GG, sub<GG| Id (GG)>);

t:=IsIsomorphic (NL[4],G2);
t;/* True x/
FPGroup (G2) ;

/* Isomorphic type of Gl = 2:(Alt(5))2. x/

FPGroup (NL[4]) ;

GGG<a ,b>:= Group<a,b | a2, b"5, (b *x a xb x a*xb x a
* b"—1 % a * b)"2, (b x a * b’™~1 x a x b *x a * b x a x b
)2,

b"—1 « a * b1 * a *x b x a * b x a *x b2 x a * b x a x b
* a % b"'—1 % a x
b™—1 % a, b x a *x b2 x a x b"2 x a x b"—2 x a * b —2

* a*x b =1 x a x b"—1 x a x b"—2 x

a *x b"—2 % a x b>;
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£3 ,G3,k3:=CosetAction (GGG, sub<GGG|Id (GGG)>);
IsIsomorphic (GGG, DirectProduct (Alt(5), Alt(5));

q2, ff2:=quo<NL[4]|NL4[3] >;

q2;

T:= Transversal (NL[4], NL4[3]);
ff2 (T[2]);

f£2 (T[3]) ;

A:=T[2];

A; /x(1, 14)(2, 56)(3, 41)(4, 34)(5, 59)(6, 45)(7, 22)(8,
11) (9, 18)(10, 20)(12, 46)(13, 57)(15, 35)(16, 38)(17,
23) (19,

43) (24, 42)(26, 33)(27, 37)(28, 48)(29, 58)(30, 40)(31,
49) (32, 51)(36, 47)(39, 52)(50, 60) (53, 55)/;

B:=T[3];

B; /«(1, 20, 38, 24, 32)(2, 51, 37, 33, 53)(3, 43, 16, 59,
8)(4, 17, 25, 22, 10)(5, 44, 58, 57, 6)(7, 56, 50, 13,
30) (9,

A7, 40, 42, 46) (11, 39, 27, 54, 12)(14, 31, 52, 29, 28)

(15, 41, 21, 49, 60)(18, 26, 48, 34, 19)(23, 55, 45,
35,

36) %/



A in NL4[3];
B in NL4[3];
bol ,mp := IsIsomorphic(
bol; /* True x/
InvMap:=Inverse (mp) ;

InvF2:=Inverse (f2);

A:=InvMap (2 (a));
B:=InvMap ({2 (b)) ;
(AxB"—1) " 3;

Generators(NL4[3]) ;

C:= G1!(1, 53)(2, 39)(3, 59)(4,
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NL[4],G2); /+ True x/

22) (5, 8)(6, 38)(7, 32)(9,

12) (10, 57)(11, 60)(13, 21)(14, 52)(15, 51)(16, 56) (17,

(

(27, 4
(41,

) (45, 50) (46, 49);

33) (18, 48)(19, 36) (20,
3) (28, 54)(29,
55

24) (23, 37)(25, 40)(26, 58)

35) (30, 42)(31, 44)(34, 47)

D:=G1!(1, 55, 32)(2, 57, 9)(3, 18, 15)(4, 59, 41)(5, 30,

12)(6, 37, 50)(7, 54, 8)(10,
19) (14, 49, 24)(16, 46, 43)(20, 60, 48)(21,

47, 53)(11, 17, 25)(13, 34,

52, 22)

(23, 44, 39)(26, 35, 40)(27, 36, 31)(28, 51, 29)



(33, 56,
38) (42, 58, 45);

/* We want Order(D) = 5 and (D"—2«C)"3 = Id(G1).

find a different way. %/

D:=C«D;
D;
Order (D) ;

(C«D"—1) " 3;
C in NL4[3];

D in NL4[3];

Temp:= sub<Gl| A,B,C,D,E>;

IsIsomorphic (G1, Temp) ;

/*C:=InvMap (2 (c));
D:=InvMap (f2(d));x/

t:=Islsomorphic (sub<Gl| C, D>, NL4[3]) ;

t3

Sch:=SchreierSystem (GG, sub<GG| Id (GG) >);

Alt5SqrWord:=function (Perm) ;
for i in [2..#GG] do

460

We need to
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P:=[Id(Gl): | in [1..#Sch[i]]];
for j in [1..#Sch[i]] do

if Eltseq(Sch[i])[j] eq 1 then P[j]:=A; end if;
if Eltseq(Sch[i])[j] eq —1 then P[j]:=A"—1; end if;
if Eltseq(Sch[i])[j] eq 2 then P[j]:=B; end if;
if Eltseq(Sch[i])[j] eq —2 then P[j]:=B"—1; end if;
[
if Eltseq(Sch[i])[j] eq —3 then P[j]:=C"—1; end if;

if Eltseq(Sch[i]

J
J
J
]
j] eq 3 then P[j]:=C; end if;
]
[j] eq 4 then P[j]:=D; end if;
]

( )
( )
( )
( )
if Eltseq(Sch|[i])
( )
( )
if Eltseq(Sch[i])[j] eq —4 then P[j]:=D"—1; end if;
end for;

PP:=1d (G1);

for k in [1..#P] do

PP:=PP«P [k |;

end for;

if Perm eq PP then Ret:=Sch[i]; end if;

end for;

return Ret;

end function;

Sch:=SchreierSystem (GG, sub<GG| Id (GG) >);
PermToWord:=function (Perm)
for w in Sch do

seq := Eltseq(w);



if eq
if eq
if eq
if eq
if eq
if eq
if eq
end for;

p:= Id(Gl);

for j in seq do

if j eq 1 then p:=pxA;

—1 then p:=p*A”"—1; end if;
2 then p:=px*B; end if;

—2 then p:=p*B"—1; end if;
3 then p:=pxC; end if;

—3 then p:=p*C"—1; end if;
4 then p:=pxD; end if;

—4 then p:=p*D"—1; end if;
end for;

if Perm eq p then return w;

end function;

PermToWord (A
PermToWord (B

PermToWord (D
PermToWord (E

(A)
(B)
PermToWord (C) ;
(D)
(E)

Y

?

?

I

Alt5SqrWord (A'E) ;

Alt5SqrWord (B'E) ;

Alt5SqrWord (C°E) ;

end

end

if;

if;
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Alt5SqrWord (D'E) ;

PermToWord (A"E) ; /x a’e = a */

PermToWord(B"E); /* b"e = a % b"™—1 x a x b x a * b"—1 x/
PermToWord(C'E); /* c’e = ¢ % d"2 %« ¢ « d"—2 % ¢ %/
PermToWord(D'E); /% d"e =d"2 x ¢ « d"=2 % ¢ *x d x/

GGGa,b,c,d,e>:=Group<a,b,c,d,e | a"2, b"5, ¢"2, d°5, (axb
"—1)"3, (cxd"-1)"3, (a,c), (a,d), (b,c), (b,d), "2, a’e
=a, b’e=a % b"—1 x axb *xax*x b =1, cce =c¢c x d"2
* ¢ x d"=2 x ¢, de =d"2 x ¢ * d°=2 * ¢c x d >;

£3 ,G3,k3:=CosetAction (GGG, sub<GGG| Id (GGG) >);

IsIsomorphic (Gl, G3); /*x true =/

/* Isomorphic type of Gl = 2:m(Alt(5))2. =/

/*Isomorphic type of Nx/

S:= Sym(24);

xx:=S1(1,2,4,18,9)(3,13,14,16,24) (6,21,7,8,10)
(12,15,19,20,22) ;

yy:=S1(1,21)(2,5)(3,19) (4,6) (7,15)(8,11)(9,13)(10,12)
(14,17)(16,18) (20,23) (22,24) ;

N:=sub<S|xx,yy>;
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FPGroup(N) ;
NN<x ,y>:=Group<x,y|x"5, y 2, (x"=1 *x y) 4, (x * y * x =2 %

y ok x) 2 >;

CompositionFactors (N) ;
NL:= NormalLattice (N);/*

Normal subgroup lattice

[3] Order 120 Length 1 Maximal Subgroups: 2
[2] Order 60 Length 1 Maximal Subgroups: 1
[1]  Order 1 Length 1 Maximal Subgroups:x*/

CompositionFactors (NL[2]) ;

q, ff:=quo<N|NL[2] >;

q;

T:= Transversal (N,NL[2]) ;

f£(T[2]) ;

K:=T[2];

K; /+« (1, 21)(2, 5)(3, 19)(4, 6)(7, 15)(8, 11)(9, 13)(10,
12) (14, 17)(16, 18)(20, 23)(22, 24)x*/

Altb<i,j> := Group<i,j| 172, j°5, (ixj " —1)"3>;
fa ,Ga,ka:=CosetAction (Alt5 ,sub<Alt5|Id (Alt5)>);

bol ;mp:= IsIsomorphic(Ga, NL[2]);



18) (5, 7)(6, 10)(8, 14)(9,

/% true */
I:= mp(fa(i));
Ly /= (1, 17)(2, 20)(3, 21)(4,
15) (11, 19)(12, 22)(13, 23)(16, 24)

J:=mp(fa(j));

Ji/+ (1, 9, 20, 17, 12)(2, 11, 18, 19, 15)(3, 8, 23, 6,

13)(5, 24, 7, 21, 14) %/
(I1xJ°—1)"3;

Sch:=SchreierSystem ( Alt5 ,sub<Alt5|Id ( Alt5)

/* a faster version of word x/
word:=function (Perm)
for w in Sch do

seq := Eltseq(w);

p:= Id(N);

for j in seq do

if j eq 1 then

if j eq —1 then p:=pxI"—1; end
if j eq 2 then p:=pxJ; end if;
if j eq —2 then p:=pxJ"—1; end

end for;

p:=px1;
if;

if;

if Perm eq p then return w; end

end for;

*/

end

if;

>);

if;
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end function

word(I°'K); /% i"k = j "2 % i % j°=2 % 1 % j 2

[5]°—2+1 eq (J°1)" —2;

I«J"=2%1 eq (J°I)"3;

I«J"=2%1 eq ((J°I)"—1)"2;
word(J'K);/x j'k=1 % j"2 %x i %/
J'Keq (J°T)"2;

word ((J7K) " (1" —=1));
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G6<i,j,k>= Group< i, j, k | i°2, j"5, (i*j —1)"3, k"2, i~

k= j"2 %1% j"=2 % 1 % j 2,

IsIsomorphic (N,G7) ;

word (J " (KxI));

=G
f7 ,G7,k7:=CosetAction (G6,sub<G6|1d (G6)>);

G6<i,j,k>= Group< i, j, k | 1°2, j°5, (ixj"—=1)"3, k"2, i~

k= j"2 %xix*x j"=2 %1 % j 2,

f7 ,G7,k7:=CosetAction (G6,sub<G6|1d (G6)>);

IsIsomorphic (N,G7) ;

/* N 7 Alt(5):2 x/

(i72) >
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