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ABSTRACT

Since every nonabelian simple group is a homomorphic image of an involutory progenitor
2*" : N, where N < S, is transitive, our motivation for the thesis has been to seek
finite homomorphic images of such progenitors and construct them using our technique
of double coset enumeration.

We have constructed Us(3) : 2 over 5% : S3, 2 x (A5 x As) over D5 x Ds, Sg over Ss,
25 : S5 over Ss, and 33 : 2% over 3% : 2.

We have discovered original symmetric presentations numerous group as homomorphic
images various progenitors. We have also found new monomial representations of groups
and given monomial progenitors. We have given isomorphism class of every image that

we have discovered.
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Chapter 1

Introduction

Let G be a finite group generated by n involutions; that is, G =< ¢;|1 < I < n > and let
N < S,,. Then G = U" Nw; N, where w; is a word in the ¢;S.

Subject to certain conditions, G is a homomorphic image of a progenitor of the form
2*" . N, where N < S,,.

Since a simple group satisfies the conditions satisfied by G above, every non-abelian sim-
ple group is a homomorphic image of 2*" : N. Every element of G can be written as nw,
where n € N and w is a word in the #;s.

Now the double coset, NwN, is given by {Nwn|n € N} = {Nnn~lwn|n € N} =
{Nw"n € N} for a word w in the ¢;’s and the coset stabilising group of the coset Nw
is N(w) = {n € N|Nw" = Nw}. Double coset enumeration of G over N is performed to
construct G.

We need to compute the number of right cosets in each double coset by using the formula

V]
|NCo]

For the right coset Nw, it suffices to determine the double coset of Nwt; for one represen-
tative ¢; from each orbit of the stabilising group N*) on {t1,t2,...,tn}. The double coset
enumeration is complete if the set of right cosets is closed under the right multiplication
by the t;s.

In chapter 2 we will define the important definitions and theorems which are the bases
for our research.

In the chapter 3 we will demonstrate the technique of double coset enumeration which

we use to construct finite images.



In Chapter 4, we will introduce wreath products.

In chapter 5, we will demonstrate our method of finding symmetric presentations of pro-
genitors as well as additional relations. We will also list some of the finite images that
we have discovered.

In Chapter 6, we will demonstrate, with examples, how to determine the isomorphism
class of a group given in terms of its permutation generators.

In Chapter 7, we will discuss two linear groups.

In Chapter 8, we construct groups using our technique of double coset enumeration.

In Chapter 9, we give Magma codes to establish isomorphism classes of groups.

In Chapter 10, we have given tables of finite homomorphic images of progenitors.



Chapter 2

Preliminaries

2.1 Definitions

Definition 2.1. If X is a nonempty set, a permutation of X is a bijection a : X — X
We denote the set of all permutations of X by Sy.

Definition 2.2. S, is a symmetric group that composed by all bijective mapping ¢ : X —

X, where X is a nonempty set.

Definition 2.3. If z € X and « € S, then « fizes x if a(x) = = and o moves z if
a(zr) # x.
Definition 2.4. A permutation is said to be transposition if it changes two elements and

fixes the rest.
Definition 2.5. The alternating group A, is a subgroup of S, with order equal to %'

Definition 2.6. A (binary) operation on a nonempty set G is a function p : GXG = G.

Definition 2.7. A semigroup (G;x*) is a nonempty set G equipped with an associative

operation .

Definition 2.8. A group is a semigroup G containing an element e such that:
(i) ex a =a = ax* forall a € G;

(ii) for every a € G; there is an element b € G with a xb=e =0bx*a.



Definition 2.9. A group G is abelian if every pair a,b € G commutes such as

a*xb=2>xa.

Definition 2.10. If G is a group, there is a unique element e with
exa=a=axeforalac G.
Moreover, for each a € G, there is a unique b € G with ax b = e = b * a.

We call e the identity of G and, if a x b = e = b x a, then we call b the inverse of a and

denote it by a™'.

Definition 2.11. (order of permutation) Let o = (x1,... , x;)(x1,...,2;) € Sz, where
« is a multiple of two disjoint cycle. The order of a is the least common multiple of the

i-cycle and the j-cycle.

o] = lem(ij).

Definition 2.12. If G is a group and a € G, then

(aHl=a.

Definition 2.13. Let (G, *) and (H,o) be groups. A function f: G = H is a homomor-
phism if, for all a,b € G,

flaxb) = f(a)o f(b).

Definition 2.14. An isomorphism is a homomorphism that is also a bijection. We say

that G is isomorphic to H, denoted by G = H, if there exists an isomorphism f : G = H.

Definition 2.15. A nonempty subset H of a group G is a subgroup of G if h € H implies
h=' € H, and h, k € H implies hk € H. H < G.

Definition 2.16. If H is any subgroup other than G, H is a proper subgroup of G.



Definition 2.17. If H is the subgroup generated by the identity of group G, H is a trivial
subgroup of G.

Definition 2.18. If G is a group and a € G, then the Cyclic subgroup generated by a is
the set of all powers of a and it is denoted by < a >.

Definition 2.19. Let f : (G;%) = (G',0) be a homorphism.
(i) f(e) = €, where e’ is the identity in G’ (ii) If a € G, then f(a™') = f(a)™!.
(i1i) If a € G and n € Z, then f(a™) = f(a)™.

Definition 2.20. Let G be a group and K < G. K is a mazximal subgroup of G if there
is no normal subgroup N < G such that K < N < G.

Definition 2.21. A subset S of a group G is a subgroup if and only if 1 € S and s,t € S
imply st™! € S.

Definition 2.22. If g € G and ¢ € Sx, then ¢ fizes g if ¢(x) = g, ¢ moves g if p(x) # g.

Definition 2.23. If G is a group and a € G, then the cyclic subgroup generated by a,
denoted by < a >, is the set of all powers of a. A group G is called cyclic if there is a €
G with G =< a >; that is, G consists of all the powers of a.

Definition 2.24. If S is a subgroup of G and if t €G, then a right coset of S in G is the
subset of G

St=st:se€S
(a left coset istS =ts:s € S). One calls t a representative of St (and also of tS).

Definition 2.25. If o, 8 € S, aandf are disjoint if every element moved by one per-
mutation is fized by the other. if



a(n) # n, then B(m) =m and if a(z) = x, then f(x) # x.

Definition 2.26. If a permutation interchanges a pair of elements, it is called a trans-

position.

Definition 2.27. Let H be a nonempty subset of a group G. Let w € G where
w = h§*hg2 - he™ | with h; €H and e; = +1. We say that w is a word on H.

Definition 2.28. Let H be a group. We say H is a direct product of two subgroups G

and K if:
e H=CGK;
e GNK =1,

Definition 2.29. If H < G and x € G, the subset of G, Hx = {xh : x € H} is the right
coset of H in G.

Definition 2.30. If H < G and z € G, HtH = { HzH | x € H} is the double coset of G.
Definition 2.31. If "™ = 1 for all h € G, the group G has an exponent n
Definition 2.32. If G is a finite group and a € G. Then the order of a divides |G|.
Definition 2.33. If p is a prime and |G| = p, then G is a cyclic group.
Definition 2.34. Let v € G, the for v~ 'gx for x € G is the conjugate of g in G.

1

Definition 2.35. If z, y € G, the commutator of z and vy, [z, ylis[x,y] = zyr~ty~ L.

Definition 2.36. A group H is a p-group if the order of every element of H is a power
of p.
Let H be a finite group. If it is an abelian, it is called elementary abelian group and every

nontrivial element x € H has a prime order p.

Definition 2.37. We call X9 stabiliser.X9 = {z € X|g® = g}, where z is a word of t}s.
X ={z e X|Xg"} where g is a word of tis. We call X(g) a coset stabiliser.

Definition 2.38. If X is a set and G be a group. We say X is a G-set if there exists a
function ¢ : G x X — X and the following hold for ¢ : (g;x) —gz.

o Ix =, for all z¢ X.



e g(hx) = (gh)z, for g,h € G and z € X.

Definition 2.39. A projective special linear group, PSL(n , F) is the set of all n x n

matrices with determinant 1 over field F factored by its center:
SL(n,F
PSL(n, F) = Ly(F) = 5ot

Definition 2.40. For the group G, (Z(G)) is a center of G. The set of all g € G commute

with every elements of G.

Definition 2.41. We call Don Dihedral Group. Dihedral group generated by two elements
z and y with presentation < x,yla™ = y? = (zy)? = 1 >. The order of Dan is equal to
2n and 2n > 4.

Definition 2.42. If group G has a composition series, the factor groups of its series are

the Composition Factors of G.

Definition 2.43. Let X be a set and § by a family of words on X. A group G has
Generators X and Relations § if G = K/R, where K is a free group with basis X and R
is the normal subgroup of K generated by 6. We say < X|d > is a Presentation of G.

2.2  Group Extension Preliminaries

Definition 2.44. The Group Extension is an extension of a group N by a group K with

a normal subgroup H such that

H = NandG/H = K.

Definition 2.45. The Central Extension is the extension that N is the center of G if G

1s a central extension of N by K which is based on

1,[) K x K — N.(nl,kl) * (TLQ,]CQ) = (’I’Ll * N9 * ¢(k‘1,]€2)]€1k2).

Definition 2.46. The Semi-direct Product is a group extension composed by H and Q.
G =H:Q when HA G. H has a complement Q1 = Q.



Definition 2.47. The Mized Extension is the extension combined the properties of a
semi-product and a central extension. (N is a normal subgroup and it is not a central of

the group)

¢ : K — Aut(N) and YK x K — N.
N - K :(ny, k1) * (no, ko) = (nq * k‘é”l x k1, ka), k1ks2).



2.3 Preliminary Theorems and Lemmas

Definition 2.48. First Isomorphism Theorem Let ¢ : G — H be a homomor- phism
with ker ¢ then,

o [ker¢pAG],
o [G/kerd = imd).

Definition 2.49. Let X be a G-set, and let zy € X.
o If K < G,thenK, N K, # &; implies K, = K,
o If KAG, then the subsets K, are Blocks of X.

Definition 2.50. (GrindStaff/ Factoring Lemma): Factoring the progenitor m*™ :
N by (ti,t;) for 1 <i < j<mn gives the group m" : N
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Chapter 3

Monomial Progenitors

3.1 Preliminaries

Definition 3.1. A monomial representation of a group G is a homomorphism from G
into GL(n,F),the group of nonsingular n x n matrices over the field F, in which the image

of every element of G is a monomial matrixz over F.

Definition 3.2. (MonomialCharacter)Let G be a finite group and H < G.The char-

acter X of G is monomial if X = \¢, where X is a linear character of H.

Definition 3.3. A matrix in which there is precisely one non-zero term in each row and

i each column is said to be monomial.

Definition 3.4. Let A(x) = (a;j(x)) be a matriz representation of G of degree m.We

consider the characteristic polynomial of A(z), namely

A—aj(z) —ap(x) - —aip(z)
detM — Ax)) = | 2 Amemla) e ()
—am1(z) —am2(x) A= Qmm(T)

This is a polynomial of degree m in X\, and inspection shows that the coefficient of —\™1

equal to
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o(x) = a1(z) + agz(x) + -+ + amm(x).

It is customary to call the right-hand side of this equation the trace of A(x),
abbreviated to trA(z), so that

¢ (x) = trA(z).

Definition 3.5. The sum of squares of the degrees of the distinct irreducible characters
of G is equal to |G|. The degree of a character x is x (1).Note that a character whose

degree is 1 is called a linear character.

Definition 3.6. Let H < G and ¢(u) be a charcter of H and define ¢(z) =0
if t € H, then

Gl — o(x) x € H;
“w=1

is an induced character of G.

Definition 3.7. FormulaforInducedCharacter Let G be a finite group and H be a
subgroup such that %:n.LetCa, a = 1,2,...,m be the conjugacy classes of G with
|Co| = hay @ = 1,2,...,m. Let ¢ be a character of H and ¢ be the character of G
induced from the character ¢ of H up to G.The values of ¢© on the m classes of G are

given by:

Y dw)a=1,23,...,m

weCqNH
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3.2 Monomial Progenitors (13** : m(12: 2))

Consider G = < zz, yy, 2z >, where
zx = (1,5,9)(2,6,10)(3,7,11)(4,8,12),
yy = (1,4,7,10)(2,5,8,11)(3,6,9,12)
and zz = (1,11)(2,10)(3,9)(4,8)(5,7).

G = (12 : 2) has a monomial irreducible representation of degree 2.

Since, % = % = 2. |H| = 12, we need to find a subgroup H of order 12 and induce a

linear character of H up to G to obtain the irreducible character of degree 2 of G.
Consider the subgroup H of G generated by < (1,4,7,10)(2,5,8,11)(3,6,9,12),
(1,7)(2,8)(3,9)(4,10)(5,11)(6,12), (1,9,5)(2,10,6)(3,11,7)(4,12,8) > = 12. G has the

following conjugacy classes.

Cy = {e}

Co = {(1,7)(2,8)(3,9)(4,10)(5,11)(6,12)}
O3 = {(1,11)(2,10)(3,9)(4,8)(5,7)}

Cu = {(1,2)(3,12)(4, 11)(5, 10)(6, 9)(7, 8)}
Cs = {(1,5,9)(2,6,10)(3,7,11)(4,8,12)}
Cs = {(1,4,7,10)(2,5,8,11)(3,6,9,12)}
Cr = {(1,3,5,7,9,11)(2,4,6,8,10,12)}
Cs = {(1,8,3,10,5,12,7,2,9,4,11,6)}

Co ={(1,12,11,10,9,8,7,6,5,4,3,2)}.

The conjugacy classes of H are

D, ={Id(H)}

Dy = {(1,7)(2,8)(3,9)(4,10)(5,11)(6,12)}



Ds = {(1,9,5)(2,10,6)(3,11,7)(4,12,8)}
Dy = {(1,5,9)(2,6,10)(3,7,11)(4,8,12)}
Ds = {(1,4,7,10)(2,5,8,11)(3,6,9,12)}
De = {(1,10,7,4)(2,11,8,5)(3,12,9,6)}
D7 = {((1,11,9,7,5,3)(2, 12, 10,8, 6, 4)}
Ds = {(1,3,5,7,9,11)(2,4,6,8,10,12)}
Do = {(1,12,11,10,9,8,7,6,5,4,3,2)}
Dyo = {(1,8,3,10,5,12,7,2,9,4,11,6)}
Dy = {(1,6,11,4,9,2,7,12,5,10,3,8)}
Dys = {(1,2,3,4,5,6,7,8,9,10,11,12)}.

We verify in Magma,

Induction(CH[12],G) eq CG[9];\\
/*truex/

13



We know that the character table of H is given by

Character Table of Group H

D = o

1 1
4
1 1

Class | 1

Size | 1 1
Order | 1

p = 2 1 1
p = 3 1

X.1 + 1 1
X.2 0 1 -1
X.3 + 1 1
X.4 0 1 -1
X.5 0 1 1
X.6 0 1 -1
X.7 0 1 1
X.8 0 1 -1
X.9 0 1

X.10 O 1 -1
X.11 O 1 1
X.12 0 1 -1
Class | 12
Size | 1
Order | 12
p = 2 8
p = 3 5

-Z1#5
1+J
Z1#5

Lol ol e B B - - I
W N O Ok WN -
O O O O O + O +

|

[RY

|

(&

[

[ S S AP P %‘chq [ T
e e
|
[ PR PR VR S G G R L i
|

[

H B H P H P

H

8 9 10 11

1 1 1 1 1 1
6 12 12 12

2 3 4 7 8 7
5 2 2 6 6 5
1 1 1 1 1 1
I -1 -1 -1 -1 I
-1 1 1 -1 -1 -1
-I -1 -1 I I -1
1-1-J J J -1-7J J
I 1+J -J Z1 zi#5 -Z1
-1-1-J J -J 1+J -J
-1 1+J -J -Z1-Z1#5 71
1 J-1-J -1-7J J -1-J
I -J 1+J Z1#5  Z1-Z1#5
-1 J-1-J 1+J -J 1+J
-1 -J 1+J-Z1#5 -Z1 Z1#5



X9 O J
X.10 O -Z1
X.11 O -J
X.12 0 Z1

Explanation of Character Value Symbols

# denotes algebraic conjugation, that is,
#k indicates replacing the root of unity w by w'k

J = Root0fUnity(3)
I = RootO0fUnity(4)
Z1 = (CyclotomicField(12: Sparse := true)) ! [

RationalField() | 0, 0, 0, -1 1]

Consider the irreducible character ¢ of H and ¢ of G given below.

The output we have is given in the following table.

15



Irreducible Character of ¢

Class | Size | Representation [0)
Dy |1 Id(H) 1
Dy |1 | (1,7)(2,8)(3,9)(4,10)(5,11)(6,12) | 1
Ds |1 (L95210®@11)MJZ& —l—w
Dy |1 |(1,5,9)(2,6,10)(3,7,11)(4,8,12) | w
Ds | 1 ((1,4,7 10)(2,5,8,11)(3,6,9,12) | 1
De | 1 (1,10,7,4)(2,11,8,5)(3,12,9,6) |1
D7 |1 (1,11,9,7,5,3)(2,12, 10,8, 6, 4) w
Ds | 1 (1,3,5,7,9,11)(2,4,6,8, 10, 12) A—w
Dy |1 |(1,12,11,10,9,8,7,6,5,4,3,2) “1-w
Do | 1 (1,8,3,10,5,12,7,2,9,4,11,6) w
Dy |1 | (1,6,11,4,9,2,7,12,5,10,3,8) “1-w
Dip |1 |(1,2,3,4,5,6,7,8,9,10,11,12) w

We have,

CH[12];
-1, -zeta(12)_3 - 1, zeta(12)_3, zeta(12)_4,
-zeta(12)_4,
-zeta(12) _4xzeta(12)_3 - zeta(12)_4,

zeta(12) _4*zeta(12)_3, zeta(12)_4*zeta(12)_3 +

(1,

zeta(12) _4,

CG[9];

2,

-2, 0, 0,
zeta(12)_4,

Table 3.1: Irreducible Character of ¢

-zeta(12)_3, zeta(12)_3 + 1,

-zeta(12) _4*xzeta(12)_3 )

-1, 0, 1, 2*xzeta(12)_4*zeta(12)_3 +
-2xzeta(12) _4x*xzeta(12)_3 - zeta(12)_4 )

16

We verify by hand that we have a monomial representation by inducing ¢ = CH[12] up

to ¢¢ =

o1

cal).



mn
¢ 15= . Z =a(w),a=1,2,3,...m

@ weCuNH

Using
615=- Y. =d(w)

Y weConH

wheren:%:%:2

O 1= 1 Cpecynm = 2(01d(H)) = 2(1) = 2

P 15= 7= Dwecsnn = 1(0(1,7)(2,8)(3,9)(4,10)(5,11)(6,12)) = (2)(1) = 2

15= 1 wecsnn = 2(6(1,9,5)(2,10,6)(3,11,7)(4,12,8) = L (-1 —w) = —2 —w
$15= - Y wecinn = 2(6(1,5,9)(2,6,10)(3,7,11)(4,8,12)) = &(w) = 2w

1= - wecunn = 2(6(1,4,7,10)(2,5,8,11)(3,6,9,12)) = 2(1) = 2

1= 1 D weconn = 2(6(1,10,7,4)(2,11,8,5)(3,12,9,6)) = (2)(1) = 2

¢ 5= 1(1,11,9,7,5,3)(2,12,10,8,6,4) = (1)(w) = w

1= 1~ S wecann = 2(6(1,3,5,7,9,11)(2,4,6,8,10,12)) = (2)(-1 —w) = —2 —w
15= 1 weconn = 2(6(1,12,11,10,9,8,7,6,5,4,3,2)) = (2)(-1 — w) = ~2 — w
¢ 150= 1 Lweconn = 1(9v) = (2)(w) =w

P10 = 1 Y weconn = 1(¢(1,6,11,4,9,2,7,12,5,10,3,8)) = (2)(-1 —w) = -2 —w

O 1= 7= Y weconn = 1(0(1,2,3,4,5,6,7,8,9,10,11,12)) = (2)(w) = 2w

17
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Thus, CH[12] 1%= CG[9]. Since CG[9] is faithful, our group has a faithful irreducible
monomial representation of degree 2.

We now find an irreducible monomial representation of G. From Magma, we can find
the transversals of H in G. Note that the number of transversals equals the order of G

divided by the order of H. Below is the code:

T:=Transversal(G,H);

T;
{e
Id(®,
(1, 11)(2, 10)(3, 9)(4, 8)(, 7
Q}
#T;
2

p(taty") o(twty")

Now the matrix becomes: A(zz) = . NE
P(taxt;™)  @(taaty )

zeta?y — 1 0
A(xx) = 12 N
0 —zetaiy

Similarily with A(yy) and A(zz),

p(tiyty")  oltayty ")

Alyy) = :
otayty ") @ltayty ')
Ayy)= ety ’ , |
0 —zetaiqy
A(z2) = o(tiztyh)  p(tiztyh) |
B2zt (tanty)
A(zz) = 01 ,
10




We verify these matrices by running the following loop.
> C := CyclotomicField(12);

> A:=[[C.1,0] : iin[1..2]];

Jfor 1,j in [1..2]doAl[i, j] := 0; endf or;

; for i,j in [1..2]doi fT'[i] * xz * T[j]~" in H then

> Ali, j] := CH[12)(T[i] * zx * T[j]~1); endif; endfor;
> GG :=GL(2,0);

> GGA;

0 —zetad,
Order(xx);

/*3%/

Order(GG'A);

/*3%/

B :=[[C.1,0] : iin[1..2]];

for 1,j in [1..2]doBi, j] := 0; endfor;

for i,j in [1..2]doi fT[i] * yy * T[j] " tinHthen

Bli, j] :== CH[12)(T[i] * yy * T[§]~1); endi f; endfor;
GG!B;

zeta?, — 1 0 ]

0 —zetal,
Order(yy);

/*4%/
Order(GG'B);
/*4%/

zetady 0 ]

D :=1[[C.1,0] : éin]1..2]];

fori, jin[1..2]doD]i, j] := 0; endfor;

fori, jin[1..2]doi fT[i] * zz * T[j]~inHthen

DIi, j] :== CH[12)(T[i] * zz * T[§]7'); endi f; endf or;
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GG\D;

A(zz) = 01
10

Order(zz);

/*2%/

Order(GG!D);

/*2%/

The order of xx is 3 and the order of yy is 4 and the order of zz is 2. Now As 2 is
a primitive root of 12.

So zetajg = 2

—zetaly, = —22 = —4 = 9mod13

zetady —1=22—-1=3

zetal, =23 =8

—zetaje? = —8 = Bmodl13

Lowest relative prime is 13

12)p—1=12/13 -1

The permutation representation of A(xx), A(yy) and A(zz) of the monomial reprsen-
atation are:

So,the matrix A(xx) is:

zetady — 1 0

2 b
0 —zetaisy

And it becomes,

where a11 = 3,a99 = 9,

therefore, t1 — t13,tg — t27.
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12 3 4 5 6 7 8 9 10 11 12 13 14 15 16
67t tf 65 1) ot 62 60 67 5 7 3t 63t it t]
N T T e e e L SR S SR A
5 18 11 10 17 2 23 20 3 12 9 4 15 22 21 14

17 18 19 20 21 22 23 24

t1t3 tf t32 ] 5 tio t3

T T TR

1 6 7 24 13 16 19 8

Therefore,the new permutation of
A(xx) = (1,5,17)(2,18,6)(3,11,9)(4,10,12)(7,23,19) (8,20,24)(13,15,21)(14,22,16).

Similarly,the matrix A(yy) is:

3
zetaygy 0

3 Y
0 —zetaysy

and it becomes

Ayy) = {8 0]7
05

where a11 = 8, a99 = 5,

therefore, t1 — t15,t2 — t25.

Let us now verify if this representation is faithful.

IsIsomorphic(G,sub<GG|GG!A,GG!B,GG!D>);

true

Hence ( A(xx),A(yy),A(zz)) is a faithful monomial representation of 23 : 3.
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We first need to find a permutation representation using the field order and the degree of
representation. By Euler’s Formula, the primitive square root of unity is eF = cos (27”)
+ isin ()= cos (7)+ isin ()= -1

The field order will be the smallest finite field that has square roots of unity. This will
be a cyclic group of order p — 1 where 12|p — 1. So the field order will be Z;2. We will

use the matrices we created in order to label the automorphisms of ¢;’s.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
t2 15 2 10 It 2 0 7 ¢l tl2 ) 1 ot} ) ti2 ]

N e
15 10 5 20 21 4 11 14 1 24 17 8 7 18 23 2

17 18 19 20 21 22 23 24

t7 15 2 il 10 5 ) 5
N 2

13 12 3 22 19 6 9 16
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Therefore,the new permutation of
A(yy)=(1,15,23,9)(2,10,24,16)(3,5,21,19) (4,20,22,6) (7,11,17,13)(8,14,18,12);

The matrix A(zz) is

where aip — 1,(121 = 1,

therefore, t1 — to,to — t1.

12 3 4 5 6 7 8 9 10 11 12 13 14 15 16

10 9 12 11 14 3 16 15

17 18 19 20 21 22 23 24
t9 t) 30 ) 3t ¢l 12 12
N 2 e e
18 17 20 19 22 21 24 23

Therefore A(zz) = (1,2)(3,4)(5,6)(7,8)(9,10)(11,12)(13,14) (15,16)(17,18)(19,20)
(21,22)(23,24).

Since, the matrix representation has entries in Z3 our progenitor is 13*? : (12 : 2).

We show below using Magma, that a symmetric presentation of the progenitor is: 13
(213)*2 : (12 : 2) =<uzY,z, t’x37 y47 Z27 (.f, y)a (xil*z)Qa (yil*z)Zv tlgv t(m_l) - tga t(y_l) =
>

> S:=Sym(24);



> xx:=S1(1,5,17)(2,18,6)(3,11,9)(4,10,12)(7,23,19)(8,20,24)(13,15,21)(14,22,16);
>yy:=S!(1,15,23,9)(2,10,24,16)(3,5,21,19)(4,20,22,6)(7,11,17,13)(8,14,18,12);

> 72:=51(1,2)(3,4)(5,6)(7,8)(9,10)(11,12)(13,14)(15,16)(17,18)(19,20)(21,22)(23,24);
N = sub < Slzx,yy, 2z >;

EN;

Jr2u%)

Stabiliser(N,1,3,5,7,9,11,13,15,17,19,21,23);

/*

Permutation group acting on a set of cardinality 24

Order = 12 = 22 % 3

(1, 17, 5)(2, 6, 18)(3, 9, 11)(4, 12, 10)(7, 19, 23)(8, 24, 20)(13, 21, 15)(14, 16, 22)
(1,9, 23, 15)(2, 16, 24, 10)(3, 19, 21, 5)(4, 6, 22, 20)(7, 13, 17, 11)(8, 12, 18, 14)
*/

FPGroup (N) ;

/%

Finitely presented group on 3 generators

Relations
$.17{3} = 1d($)
$.27{4} = 1d($)
$.3°{2} = 1d($)
($.1, $.2) = Id($)
(¢.17{-1} » $.3)"{2}
(¢.27{-1} = $.3)~{2}

Id($)
Id($)

*/

24

G < z,y,2,t >:=CGroup< z,y, z,t|x>,y*, 22, (z,y), (=" * 2)%, (y~! * z)g,tl?’,t(fl) =

9,607 =15 >
> 1G,
/* 4056 */
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3.3 Monomial Progenitors A,

Consider G = < zz,yy >, where

zx = (1,2,3,4),
yy = (1,2).
IG] _ 24

Since, kv 2.|H| = 12, we need to find a subgroup H of order 12 and induce a
linear character of H up to G to obtain the irreducible character of degree 2 of G.
Consider the subgroup H of G generated by < Id(G), (1,2)(3,4),(1,2,3,4),(1,3,2) > .
G has the following conjugacy classes.

C1 = I1d(G),

C2 = (1,2)(3,4), (1,3)(2,4), (1,4)(2,3),

C3=(1,2),(1,4),(3,4),(2,3),(1,3),(2,4),

04 = (17 2’ 3)7 (1’4? 2)7 (17 37 4)’ (17 274)7 (27 47 3)’ (]‘747 3)7 (2’ 37 4)7 (173’ 2)'

The conjugacy classes of H are
D1 = I1d(G),
D2 = (1,2)(3,4),(1,3)(2,4),(1,4)(2,3),
D3 =(1,2,3),(1,4,2),(2,4,3),(1,3,4),
D4 =(1,3,2),(2,3,4),(1,4,3),(1,2,4).

Consider the irreducible characters ¢ (of H) and ¢“ of G given below.



Irreducible Character of ¢
Class | Size | Representation )
Dy |1 Id(H) 1
Dy |3 | (1,2)(3,4),(1,3)(2,4), (1,4)(2,3) | 1
Ds | 4 (1,2,3),(1,4,2),(2,4,3),(1,3,4) | w
Dy | 4 (1,3,2),(2,3,4), (1,4,3),(1,2,4) | —w—1

Table 3.2: Irreducible Character of ¢

26

Irreducible Character of ¢
Class | Size | Representation 10)
C |1 Id(H) 2
Csy | 3 (1,2)(3,4),(1,3)(2,4),(1,4)(2,3) 2
Cs |6 (1,2),(1,4),(3,4),(2,3),(1,3),(2,4) 0
Cy |8 (1,2,3),(1,4,2),(1,3,4),(1,2,4),(2,4,3),(1,4,3),(2,3,4),(1,3,2) | —1

Table 3.3: Irreducible Character of ¢

Induce the character ¢ of H up to G to obtain the character ¢¢ of G.

o1

G _ _ 1G] _ 24 _
ba = 7= D wernc, P(w), where n = % =5 =2

o

d)? = % ZweHﬂCl ¢(w)

So, ¢f = 2(4(1))

2(1) = 2.

¢2G = % ZweHﬂCQ ¢(w)7

So, ¢ = 2(6((1,2)(3,4) + (1,3)(2,4) + (1,4)(2,3)) = 2(1+1+ 1) = 2.

O = & S wennc, P(w),
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0F = § Luennc, $(w),

So, ¢§ = 2(dw+4(—w—1)) = L2 = —1.
05 = § Lwennc, W),

So, ¢§' = §(¢(0)) = §(0) = 0.

p14=2 20 -1

(b) Show the monomial representation has the generators

Aae) = qb(tlxtl_i) ¢(t1xt2_1> 7
P(tawty ") ¢(tazty ")

o

IENEE

oltiyty ) oltiyty ")
Pltayty ) ltayty ) ’

Uﬂ

(c) Give a permutation representation of A(xx) and A(yy) of the monomial represen-

tation of part (b).

0 1
A= :

where a9 =1 =a91 = 1.



0 w

B = , where a13 = 2, ag1 = 1,
w? 0

Therefore,

t — 13,
ty — t,
1 2 3 4 5 6 7 8 9 10 11 12
t oty 3 t3 8 13 tp 3 ] t5 4§
N e T T
to t1 3 23 8 1t oty 7 5
Ow
Awy) = 1| |
w0
where a19 = 2, ao; = 4.
Therefore,
ty — 13,
ty — t].
1 2 3 4 5 6 7 8 9 10 11 12
ty ty 2 t3 t3 t3 ttoty 1 3 % 4
L 3 \ 1 N 2 2
2ttt =t 1§ =t t & B8 6 & #

28



(d) Show that the monomial representation in (2) is not faithful.

lzx] = 4; . |yy| = 2

|2z * yy| = 3
So,

|A(zz)| = 4;
|A(yy)| = 2

Therefore; |A(zz) * A(yy)| = 2.
and

fsub < GG|GG'A; GG'B >;

[ x6% /.

29
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Chapter 4

Wreath Product

4.1 Define Wreath Product

The wreath product of the groups H by K, denoted H ! K, is a semi-direct product
composed of as many copies of H as the number of letters on which the permutation

group K acts on. We define the wreath product below.

Definition 4.1. Let X andY be non-empty sets. Let H be a permutation group on X and
KonY. Let Z =X xY. The wreath product is a permutation group on Z. We define
a permutation group on Z such that we let v € H and define a permutation of v(y) of Z by

(z,91) = (v(x), 1) ify1 =y

W= (z,91) = (z,01) if 1 #y

Definition 4.2. Also, for k € K, define k* : (z;y) = (x; (y)k) such that B = Il,ey H(y)
is a direct product of the group generated by the v(y)s. Thus, G = B : K* is called a
wreath product of H and K, where H is normal subgroup, denoted by H ! K.
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4.2 Constructing Wreath product

The wreath product of H and K, written HRK, is a permutation group G on Z = XxY
denoted by [] yey v(y) : K*

Consider H=< (1,2,3),(1,2) >= S5 and K=< (4,5,6,7,8) > =~ 5.

We will construct permutation generators of the wreath product H! K of H and K, as
well as give its presentation.

Now a presentation of H is {x,y—a3,y% (z * y)? } and a presentation of K is |2°}.

Let H and K be permutation group on the sets X = {1,2,3} and Y = {4,5,6,7,8}, respec-
tively.

We defined a permutation group GonZ = X xY

Z=XxY={(xy) —xeX,yeVY}

We have, X « Y= { (14), (1,5), (1,6), (1,7), (1,8), (2,4), (2,5), (2,6), (2,7), (2,8), (3,4),
(3,5), (3,6), (3,7), (3:8) }.

Let v € H, define the permutation v(y;), where y; € Y, as follows.
Using wreath product definition we let v = (123) € H and y € Y. We will compute
Y(4),7(5),7(6),~(7),7(8).

Now,

(z,91) = (v(2), ) f 1 =y

TN @) > @) it £y

The compute y(4) in the following table.
Also, by definition this computation of v(4) will only change elements which contain 1,

2, and 3 as the z-coordinate and 4 as the y-coordinate.
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Compute y(4)

=Y0]
g
=
1% ~~| = ~| | | ~| ~| ~| —~
< <t o — (o] [ap) [@p) 0 Ne) ~
— = A A A A A~ ]|
L S~— S— S— S—r S~— S— S~— S~— S~—
+~
g
m ~ =~ | ~| | ~| ~| —~| —~
T <t i) Ne) I~ 0 < 0 Ne) I~
& N | A" A A |||
S— S— S~— S—r S—r S~— S~— S~— S~—
7
LAW ~~| | | ~| | ~| ~| ~| —~
] <t | Ie) Ne) ~ o0 < | Ie) Ne) D~
= I R R e e S S NS
0 ~— ~— ~— ~— ~— ~— ~— ~— ~—
@) | cf | ] o | ] o ¢
N— N— N— N— N— N— N— N— N—
+
=
ﬂm.v ~~| | | ~| | | ~| ~|
3 | WO | O |~ 00| || O |-
m I P A e N S S R )
N— N— N— N— N— N— N— N— N—
an| —~| | ~| | | —~| ~| ~| —
= D [a) — (o] ™ <t o] Ne) D~
Sl A A A A A~ =
d ~— |~~~ | ~ | ~ | ~ | ~—
Q9
<
—

Table 4.1: Compute v(4)

Compute v(4)

@0
=)
=
1QDb — —~ —~| —~|
—
< 0 oS = | AN | N
| AN AN AN AN
~— |~ |~ ~| ~— | ~—
-
=
5}
m ~~| |~ | |
z | FH | © | Db~ 0
B2 B3|
~— |~ |~ ~| ~— | ~—
=
)
+~ —~| | =~ ~| —~| —~
=] O | O |0 © | D~ | 0
gl ™™ mm|»m
o ~— |~ |~ ~| ~—~| —
Slelele &l
~— |~ |~ ~—~| ~— | ~—
-
=
5}
~| | ~ ~| —~| —~
m oo < O Ne) ~ 0
&S N | BB R3S
~— |~ | ~ ~| ~ | ~—
o0 —~| | = | |
Flloo|o|o = || m
= i i N N N N
d ~— |~ | ~ ~| ~| ~—
Q
<
—

Table 4.2: Compute v(4)

(9,14,19).

The below table compute the v(5).

From above table we got (4)



33

Compute v(5)

=Y0]

=i

=

1% ~ ~ | =] = =" | =] = = ]| | =

3)51234067890123
|| A~ | A~ N | A [~ ]| =[] O N| N

L(((((((((((((((

+~

=i

M\l/\l/\l/\l/\l/\l/\l/\l/\l/\l/\l/\l/\l/\l/\l/

6456784567845678

Sl N A | A AN AN NN A A A S|

E(((((((((((((((

7

m@)@ﬂ/&@)@ﬂ/&@@@ﬂ/&

0 0

= e A S S S A R R R R S R I

0(((((((((((((((

0777777777777777
| | ~ | ~ | ~ | ~ | ~ | | | | | | ~ | ~ | ~

+

g

m@@@ﬂ@@@@ﬂ@@@@ﬂ@

Q| | | Tl T Tal A Tw| T e e e e T A T

m111112222233333
| ~ | Y~ | ~ | ~ | ~ | ~ | | | | | | ~ | ~ | ~
~ = ] ] ] ] ] | | | | | ~| ~|]

=Y0]

SIS || = NN | F 0O |- 0D ||| N

= |~ ™ | | | ||| ||| | N[N AN|AN

d S~ | Y~ ~ | ~ | ~ | ~ | ~ | ~ | ~ | ~ | ~ | ~ | ~—~

Q9

<

—

Table 4.3: Compute v(5)

From above table we got v(5) = (10, 15, 20).

Also, by definition this computation of (6) will only change elements which contain

1, 2, and 3 as the x-coordinate and 6 as the y-coordinate.

The below table compute the (6).
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Compute v(6)

o0
g
=
1% —~ = |l =] | =" | = =" | | |
a\)06234517890123
S| A | A~ | A~ | 4 N[~ |~ N~ N|N
L(((((((((((((((
+~
g
m@@@ﬂ&@@@ﬂ&@@@ﬂ&
Q| | | | | «] «| «| «f | «] «| | | ~| «
m112112232233133
S| | | | | | | | | | | | | | ~
7
m@@@ﬂ/&@@@ﬂ/&@@@ﬂ/&
m111111222233333
0(((((((((((((((
oleloclelelelololelelelclelelel o
| | ~ | ~ | ~ | ~ | ~ | | | | | | ~ | ~ | ~
+~
=
m@@@ﬂm@@@@ﬂ@@@@ﬂ@
Q| | «f | ] | | | Tl ol el A N e o~ T«
m111111222233333
| ~ | Y~ | ~ | ~ | ~ | ~ | | | | | | ~ | ~ | ~
| ==~ "= |
SIS || = NN | F 0O |- 0D ||| N
e d R Ra R R R Rl R A R R B A A AR AN
e S~ | Y~ ~ | ~ | ~ | ~ | ~ | ~ | ~ | ~ | ~ | ~ | ~—~
Q0
<
—

Table 4.4: Compute (6)

From above table we got v(6) = (11, 16, 21).

Also, by definition this computation of (7) will only change elements which contain

1, 2, and 3 as the x-coordinate and 7 as the y-coordinate.

The below table compute the (7).
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Compute v(7)

=Y0]

=i

=

1% —~ ~ ~ | | ~| ~| ~| —~ —~| ~| | —~

< —~ | & — I~ (ap) <t (@ Ne} ()] 0 —~ | & — (@] [ap)
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L S~— S— S— S~— S~— S— S~— S~— S~— S~— S~— S~— S~— S~— S~—

+~

=i

m —~ =~ | ~| | | ]| | ~| | ~| ~| ~| —~| —~

T <t o) Ne) I~ 0 < 0 Ne) I~ 0 < o) Ne) I~ 0

=l e R R R A e R R A R R A R A R R A R R )

E S— S— S~— S—r S—r S~— S~— S~— S~— S~— S~— S~— S~— S~— S~—

7

m@)@ﬂ&@)@ﬂ&@@@ﬂ/&

0 0

m A Ral Ral Rall Rel RaA A A EY AR R E R R Rall R N Nag)

0 ~— ~— ~— ~— ~— ~— ~— ~— ~— ~— ~— ~— ~— ~— ~—

O c|l ol ol ol ol ol ol ol ol |l ol c| | |
N— N— N— N— N— N— N— N— N— N— N— N— N— N— N—

+~

g

ﬂm.v ~ | = | =] | | =] | || | | ~| =

5y <t 10 Nej r~ 0 <# 10 Nej r~ 0 <# 10 Nej r~ 0

= R R I S G M S R S R R G R R R R R )

E N— N— N— N— N— N— N— N— N— N— N— N— N— N— N—

N = =] | | =" " =" =" | ="| =" =| | |

= D (e} — (o] [ap) <f 0 Ne) I~ 0 (@)} (e} — [ ™

= N e R T R T R T B = T IR I IS O o B I B N

d ~— ~— ~— ~— ~— ~— ~— ~— ~— N~— ~— ~— ~— ~—

Q9

<

—

Table 4.5: Compute (7)

(12,17,22).

From above table we got ~(7)

Also, by definition this computation of ~(8) will only change elements which contain

1, 2, and 3 as the x-coordinate and 8 as the y-coordinate.

The below table compute the (8).
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Compute (8)
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Table 4.6: Compute v(8)

From above table we got v(8) = (13, 18, 23).

Let k € K then define the permutation kj and k3 of z as follows:

(4,5,6,7,8) and ko = (4,5). Then as

((4,5,6,7,8)) = S3. Let k1 =
the definition shows, k7, k5 will change all Y elements. Let compute k] then we will get

Now we have K
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Action of kj
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Table 4.7: Action of k}

Action of kj
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Table 4.8: Action of kj

So, kI = (9,10,11,12,13)(14, 15,16, 17, 18)(19, 20, 21, 22, 23).

Then computing k5 we will get
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Action of k3
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Table 4.9: Action of k3

So, k3 = (9,10), (14, 15), (19, 20).

Now we will write the presentation of this group. We will label them as follow,

9,14,19),

10,15,20),

11,16,21),

~— O~ o —

a —

(¢

[§]

)
12,17,22),

~—
~—

f
g:
h

(13,18,23),
(13,18).

i

]



We will conjugate the elements from H with the elements from K such as,

a=y1(4),
(9,14,19) — (10,15,20)=v1(5)=c.

c = v1(5),
(10,15,20) — (11,16,21)=71(6)=e.

e = v1(6),
(11,16,21) —(12,17,22)=71(7)=g.

g = v1(7),
(12,17,22) — (13,18,23)=1(8)=i.

i=~1(8),
(13,18,23) — (9,14,19) =y1(4)=a.

b= ~2(4),
(9,14) — (10,15)=42(5) = d.

d= ~2(5),
(10,15) — (11,16)=72(6) = f.

f=~2(6),
(11,16) —(12,17)=2(7) = h.

h= ~2(7),
(12,17) — (13,18)=12(8) = j.

i=2(8),
(13,18) — (9,14)=12(4) = b.



Presentation Of my group:

H=< (1,2,3) >,
K=< (1,2,3,4,5) > .

ak — xlk: x1(112737475) g X2 = C7
Similarly,

prk— ylk: y1(1,2,3,475) =y2=d,
Ck: x2k': x2(172737475) frd X3 = e7
dF= y2k= y21:2345) — y3 — f,
ef— p3k— £3(1,2345) — 4 — g,
gF= zdb= 2402349 — x5 — i
hr= yab= y4(1,2:345) = y5 = 3,
,L'k: x5k‘: .’135(172’37475) = X6:a,
jF=ysk= yp(12345) = y6 = b,

kS, aF =¢, F

— k _ k _ 31 =
=6 e =g,9 =L1

k:

b =d, d" =f, fF =h, ¥ =j, jF =0

a,
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Magma Code for Wreath Product

G< a,b,c,d,e, f,g,h,i,j > = Group< a,b, c,d,e, f,g,h,i,jla®,b% (a*b)?,
3, d?, (cxd)?,

e, f2, (ex f)?

g°, h?, (g* h)?,

’ jz, (i % 4)%,

(a,d), (a.e), (af), (a.g), (ah), (a)i), (a),
(b,d), (be), (b,f), (b,g), (b,h), (bji), (byj),
(c.f), (¢,g), (c,h), (), (c.j),

(d.f), (dg), (d,h), (d;i), (d.j),

e,g)a (e,h), ( i), (,J)

JXTTT6* /)
6°;
J*TTT6%/

G< a7b’c7d’€’f7g7 h’i’j’k > = Group< a’b’c7d7e’ f?g’h7ll7j7k‘a3’b27(a*b)27

3, d?, (cxd)?,

e, 2 (ex f)?,

g%, h%, (g*h)?,

i, 52, (i%5)?,

(a,0), (a,d), (ase), (a.f), (a,g), (a,h), (a,d), (a.j),
(b,c), (b,d), (bse), (b,f), (b,g), (b,h), (b,i), (b.j),
(cie), (c.f), (c,8), (c,h), (c.i), (c.j),
(dee), (df), (d,g), (d;h), (di), (d.j),
(e,g), (
(
(
(

)

c)
)7
)

e,g), (e,h), (i), (),
f.g), (£h), (£1), (£J),
i),

), (
g.i), (g
), (hsj),

hal )
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kK adb =c, ¥ =e e =g, gF =ii* = a,

e =d, d¥ =1 fF=h, h*F =j, j* = b>;

1G;

/*38880*/

6° * 5;

/*38880*/

f,G1,k:=CosetAction(G, sub < G|Id(G) >);
W:=WreathProduct(Sym(3),CyclicGroup(5));

Next we will find the isomorphism type of the wreath product and N .
We will use the following inputted into magma.
IsIsomorphic(G1,W);

/* true Mapping from: GrpPerm: G1 to GrpPerm :
Composition of Mapping from: GrpPerm: G1 to GrpPC and
Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: W

*/
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Chapter 5

Finite Homomorphic Images

In this chapter we will discuss four involutory four progenitors. We will factor these
progenitors by the first order relations, nt;, where n € N, t; is a symmetric generator,

and determine finite homomorphic images.

5.1 Progenitor 2*1°: (3% : S3)

We first give a symmetric presentation of the progenitor 2*1% : (3% : S3).
N=< zz,yy > = 3% : S3 where,

xx = (1, 15, 12, 8, 3, 9, 14, 13, 7, 4)(2, 11, 5, 6, 10), and

yy = (1,11,14,6,12,2,7,5,3,10)(4, 8,13,15,9).

A presentataion of N is,

1 1

NN< z,y,t >:= Group(y txz71)3, (y 1x2)3, 27ty txad sy L tay, a2 xyxa?xy® >.

N1 = Stabiliser(N,1).

1 1

=<yy *me*yy’1,<xx3*yy’ *Tx > .

Thus,
G =2*1%:(32:93) = G< z,y,t >:= Group< z,y,t|(y™ ' * 2713, (y "L *x)3, 2! *y~!

3 L) >.

* 3:'3 * yfl * x*l * y ,.’I}Z * y * x2 * y°, (t,yil * .,L.Q * y71>,(t,x3 * yf
We note that |G| = oo.
We want to factor G by additional relations. There are many chooses for additional re-

lations. A first order relations of the form (nt;)® where n € N and A is a parameter.

We will factor G by the first order relations. We explain below how to obtain first



order efficiently.

Class Representative

Elements of form 7t;

(2,11, 5, 6, 10)(1, 9, 15, 14, 12,13, 8,7, 3, 4) | x
(1,9, 6)(2, 14, 15)(3, 4, 11)(5, 12, 13), (7, 8, 10)
(2, 5, 10, 11, 6)(1, 12, 15, 3, 8,9, 14,13, 4, 7) | 2~
(2, 10, 6, 5, 11)(1, 3, 15,7, 9, 4, 12, 8, 13, 14) | y~!
(2,11, 5, 6, 10)(1, 14, 15, 12, 13,8, 7, 4, 9, 3) | 22
(2, 6,11, 10, 5)(1, 7, 15, 14, 4, 13, 3, 9, 8, 12) | ay
(1,14, 12, 7, 3)(2, 5, 10, 11, 6)(4, 8, 13, 15, 9) | ay~*
(1,7, 14, 3, 12)(2, 10, 6, 5, 11), (4, 13, 9, 8, 15) | yx
(2,11, 5, 6, 10)(1, 9, 15, 14, 12, 13, 8, 7, 3, 4) | 1>
(2, 6,11, 10, 5)(1, 9, 8, 7, 14, 15, 4, 3, 12, 13) | ya~!
(2, 5,10, 11, 6)(1, 9, 13, 12, 3, 4, 15, 14, 7, 8) | 2~y
(2, 10, 6, 5, 11)(1, 9, 4, 3, 7, 8, 13, 12, 14, 15) | 22

Table 5.1: Conjugacy classes of elements of form 7t;
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5.1.1 Progenitor 2*'° : N Factored By The First Order Relation

We run the following in magma to find finite homomorphic images. Some of the homo-
morphic images are given below.

Note that only the last image is a true image. for a, b, c, d, e, f, g, h, i, j, k, 1, m, n, o,
p,q, T, S, U, VvV, W, 7,

al, bl, cl, d1 in [0..10] do

G< z,y,t > = Group< z,y,t| (y=' * 271)3, (y~1 % 2)3,

ZL'_l *y—l *ZL‘3 *y—l *l'_l *y,mQ *y*$2 *y37t2’

£,y * 22 % y1) (4,28 xy L),

T % t(y*x*l))aj (w % t)b, (y " t)c, (y>l<t(y*ac*1))d7 (y*t(y*Q))e’

I

if Index (G, sub< Glx,y>) gt 1 then

a, b, c,d, e, f, g, h, i, j, k, 1, m, n,
o, p,9, r, s, u, v, w, z, al, bl, ci1, di,
Index (G, sub <G|x,y>); end if; end for;

1. b1 := 3; Index(G, sub < Glz,y >);
/*4x/



f,G1,k:=CosetAction(G, sub < G|z,y >);
gk;

/25

fsub< Glz,y >;

/*150%/

1G1;

x4 /

CompositionFactors(G1);

*

Cyclic(2)
Cyclic(3)
Cyclic(2)

Cyclic(2)

= — % — ¥ — % — @\

*/

.al:=4; cl:= 2;

Inde (G, sub<Glx,y>);
/*8%/
f,G1,k:=CosetAction(G,sub<Glx,y>);
#k;

/*25%/

#sub<G|x,y>;

/*150%/

#G1;

/*48x/
CompositionFactors(Gl);

/*

Cyclic(2)
Cyclic(3)
Cyclic(2)

Cyclic(2)

¥ — ¥ — ¥ — ¥ — @



|  Cyclic(2)
1
*/

3. al:= 5; cl:= 2;
Index (G, sub<G|x,y>);
/*20%/
f,G1l,k:=CosetAction(G,sub<Glx,y>);
#k;
/*1x/
#sub<Glx,y>;
/*6%/
#G1;
/*120%/
CompositionFactors(Gl);

/*
Alternating(5)

Cyclic(2)

= — % — Q@

*/

4. bl :=5;cl := 3;
Index(G, sub < Glz,y >);
/%832%
fsub< Glx,y >;
/*150%/
f,G1,k:=CosetAction(G, sub < Glz,y >);
CompositionFactors(G1);

/*
Cyclic(2)

2A(2, 4 = U(3, 4)

B — % — Q@

*/

fDoubleCosets(G, sub < G|z, y >, sub < G|z, y >);
/1%

47



tk;
[*1%/
1GL;
/*
124800
*/
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5.2 Progenitor 2% : (D5 x Ds)

We first give a symmetric presentation of the progenitor 2*%° : (D5 x Ds)

N=< zz,yy >; where

xx = (1, 19, 11, 17, 2)(3, 16, 15, 5, 6, 9, 24, 8, 21, 22)(4, 18, 13, 25, 7, 14, 20, 10, 23, 12),
and

yy = (1,16)(2, 8)(3,20)(4,24)(5,17)(6,13)(7,15)(9,19)(10, 18)(11,22)(14, 25)(21, 23).

A presentataion of N is,

NN< z,y,t >:= Group< z, v, t|y?, (zyx)?, 2, o~ lyz~lyr~tyr~tyr~ lyryzyryryz—ly >.
N1 = Stabiliser(N,1),

= YYRTTRYY*TT*YY* TT*YY* TT Lk Yy, T+ Yy TT* Yy * TTxyy*xx~ 1 xyyxxx*xyy > .
Thus,

G =2*?: (D5 x D5) = G< z,y,t >:=CGroup< z,y, t|y?, (x*xy*x)2, 2% 27 LxysxxLxyx
s lxyrr bryxr T L xyraryroryrrysoryxa b xy 12 (Lyrrrysoryrrryrrixy),
(LT *y*THy*THY*T L xy*T*Y).

We note that |G| = oo.

We want to factor G by additional relations. There are many chooses for additional re-

lations. A first order relations of the form (nt;)* where n € N and A is a parameter.

We will factor G by the first order relations. We explain below how to obtain first

order efficiently.
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Conjugacy classes of elements of form t;

Class Representative Elements of form 7t;
(1,17, 2, 11, 19), (3, 6, 9, 22, 21, 5, 24, 15, 16, 8), (4, 23, 14, 7, 25, 13, 12, 10, 20, 18) X
(6, 20, 19, 18, 22), (1, 5, 11, 9, 13, 4, 3, 14, 21, 10), (2, 8, 17, 16, 23, 7, 24, 12, 15, 25) y
(1), (2, 15), (4, 23), (8, 12), (13, 20), (1, 21, 24, 17), (3, 11, 19, 6), (5, 14, 25, 16), (9, 10, 18, 22) | 27!

(1, 5, 11, 18, 9, 20, 2, 25, 8, 23, 6, 19, 14,22, 4, 24, 3, 17, 10, 16, 13, 21, 15, 12, 7) 2?2
(1,17, 4, 7,23, 20, 21, 15, 24, 6, 13, 5, 8,16, 22, 3, 14, 12, 25, 18, 9, 2, 19, 10, 11) xy
(1,5,2,18, 8,20, 17, 14, 11, 16, 4, 6, 9, 12, 19, 25, 7, 21, 22, 3, 23, 10, 15, 13, 24) Yz
(1,17, 21, 7, 24, 20, 14, 8, 25, 22, 13, 4, 2, 23, 19, 9, 3, 5, 15, 16, 6, 11, 10, 12, 18) yz 1
(1, 13, 2, 15, 20, 17, 22, 24, 4, 11, 25, 5, 3, 7, 19, 10, 8, 6, 23, 18, 16, 21, 14, 9, 12) 7y
(1, 15, 2, 25, 24, 17, 13, 10, 3, 11, 22, 20, 18, 6, 19, 5, 4, 14, 21, 8, 7, 12, 16, 23, 9) 7?2
(1,18, 2,9, 14, 17, 24, 22, 12, 11, 7, 3, 5,25, 19, 23, 6, 8, 10, 13, 21, 16, 20, 15, 4) 23
(1,9, 2,7, 22,17, 18, 23, 5, 11, 24, 14, 13, 8, 19, 3, 12, 20, 16, 6, 25, 4, 21, 10, 15) 2y

(1, 19, 11, 17, 2), (3, 9, 16, 24, 15, 8, 5, 21, 6, 22), (4, 14, 18, 20, 13,10, 25, 23, 7, 12) ryx

(1,17, 19, 2, 11), (3, 9, 5, 21, 24, 16, 22, 6, 15, 8), (4, 14, 25, 23, 20, 18, 12, 7, 13, 10) Tyz~!

(6, 19, 22, 20, 18), (1, 11, 9, 5, 4, 13, 10, 14, 21, 3), (2, 17, 16, 8, 7, 23, 25, 12, 15, 24) ya?

(6, 20, 19, 18, 22), (1, 11, 10, 14, 5, 9, 3, 21, 4, 13), (2, 17, 25, 12, 8, 16, 24, 15, 7, 23) yry

Table 5.2: Conjugacy classes of elements of form 7t;

5.2.1 Progenitor 2*?° : N Factored By The First Order Relation

We run the following in magma to find finite homomorphic images. Some of the homo-
morphic images are given below.
Note that only the few images are a true images. for a, b, ¢, d, e, f, g, h, i, j, k, I, m, n,

0,p,q, 1,8 u,v,w, z al, bl, cl, dl, el, f1, g1, hl, i1, j1, k1, 11 in [0..10] do

G< x,y,t >:=Group< =, y,t|y, (z xy * z)?, 210,

1 1 1 1 1

T FkYRT T FkYRT *y*x_l*y*x_ KYXTHYRTHKYRTXYXTXRY*T ~ *Y,

y*te ),



2D 4 D))
33(_1) * t(a;*y*a:(’l)>o<y))k7
(1 s )

2D 4 s —1)ym

)

zxy xxk tWrET )bl

Ty kT * t(x*y)Q)cl,

rxy*xx L« t(y*xil))el,

rxy*xx L« t(”*y2))f1,

y * 2 * tYT)9L

2 4 )M

y x (2 « t("p‘(%)))“,

Yok Ty t(x*y*w_l))jl,

yxxxy*t)h

yxxxyxt® HFL >
if Index(G, sub < G|x,y >) gt 1 then
a,b,c,d,e,f,g,h,i,j k,l,;mmn,o,p,q,r,s,u,v,w,z,al,bl,cl,dl,el,fl,g1,h1,i1,j1,k1,11,
Index(G, sub < G|x,y >); end if; end for;

o1



1. j1:=3;
Index(G, sub < G|z, y >);
/*144%* )
f,G1,k:=CosetAction(G, sub < G|z,y >);
ik
/¥1%/
fsub< Glz,y >;
/¥100*/
1G1;
/¥14400%* /
CompositionFactors(G1);

/*
Alternating(5)
Alternating(5)

Cyclic(2)

Cyclic(2)

B —_ % — % — % — @

*/

2. 11 :=3;751 :=3;
Index(G, sub < Glz,y >);
J¥72%)
f,G1,k:=CosetAction(G, sub < Glz,y >);
ik
[¥1*/
fsub < Glz,y >;
/%100%/
1G1;
J*¥T200%
CompositionFactors(G1);

/>I<
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Alternating(5)
Alternating(5)

Cyclic(2)

= — % — ¥ — @

*/

. hl:=4;41 :=4;51 :=4;
Index(G, sub < G|z, y >);
/%384%
f,G1,k:=CosetAction(G, sub < G|z,y >);
ik

/¥1%/

fsub < Glz,y >;

/*¥100%*/

1G1;

/%38400% /
CompositionFactors(G1);

/* G

Cyclic(2)
Cyclic(5)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Alternating(5)

Cyclic(2)

e X — X — ¥ — X — % — ¥ — % — ¥

*/
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5.3 Progenitor 2*% : S;

We first give a symmetric presentation of the progenitor 230 : S5

N=< zz,yy >; where

xx = (2, 3)(4, 6)(5, 8)(7, 11)(9, 14)(10, 15)(12, 18)(13, 20)(17, 24)(19, 26)(21,25)(23, 28),
and

yy = (1,2,4,7,12,19)(3,5,9,15,22,27)(6, 10, 16, 23, 18, 25)(8, 13, 21)

(11,17,14)(20, 26,29, 30, 28, 24).

A presentataion of N is

NN< z,y >:= Group< z,y|z?, ¢, (yxxxy L x2)% (zxy~ )5 >.

N1 = Stabiliser(N,1),

= < yy? s xxxyy 2 x xx * Yy’ yyl x xw x yy 2 x xx x yy? > .

Thus,

G =2%Y": S5 =G< z,y,t >:=Croup< =, ¥y, t|x2, 0, (yxxxy 1xx)?, (zxy=1)5 2, (¢, ), (t,y**
rxy Zrzxy?) >.

We note that |G| = oo.
We want to factor G by additional relations. There are many chooses for additional re-

lations. A first order relations of the form (nt;)® where n € N and A is a parameter.

We will factor G by the first order relations. We explain below how to obtain first

order efficiently.

Conjugacy classes of elements of form 7t;

Class Representation | t;
(8,13,21), (11,17, 14), (1,7, 2, 12,19, 4), (6, 18, 23, 25, 10, 16), (3, 26, 15,29, 28,5, 24, 27, 22, 20,9, 30) | x
(7,25), (1,11, 5,20), (2,19, 23, 10), (9, 24,16, 21), (3,26, 6,13, 18,30, 22,8), (4,12, 15,17,28,29,27,14) | y
(8,21,13), (11,14,17), (1,4,2,12,7,19), (3,9, 5,22, 15,27), (6,16, 10, 18,23, 25), (20, 29, 26, 28,30, 24) | !
(7,25),(1,11,5,20), (2,23,10,19), (3,6, 13,22), (4, 15,17,27), (8,30, 26, 18), (9,24, 16,21), (12, 28,29, 14) | zy
(1,3,8,20,19), (2,6,15,22,27), (4,11,24,13,25), (5,14,7,18,21), (9, 10, 16,28, 17), (12, 26,29, 30,23) | zy
(8,13,21), (11,17,14), (1,2,4,7,12,19), (3,5,9, 15,22, 27), (6, 10, 16, 23, 18, 25), (20, 26, 29, 30, 28,24) | ya

Table 5.3: Conjugacy classes of elements of form 7t;
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5.3.1 Progenitor 2*3 : N Factored By The First Order Relation

We run the following in magma to find finite homomorphic images. The some of the
homomorphic images are below.
Note that only few of images are a true images. for a,b,c,d,e,f,g,h,i,j,k,l,m,n,0,p,q,r,s,

u,v,w,z ,al,bl,cl,dl,el,fl,g1,h1,i1,j1,k1,11,m1,nl in [0...10] do

G < z,y,t >:= Group < z,y,t|22, % (yxx xy~ L x2)2, (xxy~1)5, (¢, 2),

2

(t,y? xxxy 2 *xx9y?),

Yk T t(yfl*af*yfl))q’
x



(m sy %t ))b1

(x*y i)l

(zxy~'x t(y))

(a; « tW° )yel,

(z %y~ L s tre)) /1)

(% t(y*:c*y"’))gl

(x W )AL

(y % z yra)? )it

(y* x %t *x)) Ly xaxt)k!

(y 1 %t y>i<:1:))l17

(y xx ¢ *3”))7”1

(y*z « $(y ey 1))n1 >:

if Index(G, sub < G|z,y >) gt 1 then
a,b,c,d,e.f,g,h.i,j k,l,;mmn,o,p,q,r,s,u,v,w,z,

al,bl,cl,dl,el,f1,g1,h1,i1,j1,k1,11,m1,n1, Index(G, sub < G|z,y >); end if; end for;

1. 11 :=3;ml := 4;
Index(G, sub < G|z, y >);
/*6*/
f,G1,k:=CosetAction(G, sub < Glz,y >);
1 k;

/¥1*/

fsub < Glz,y >;
/¥120%/

1G1;

/*720%/
CompositionFactors(G1);
/¥

G

| Cyclic(2)

*

| Alternating(6)
1



o7

*/

2. j1:=3;nl :=4;
Index(G, sub < Glz,y >);
/*32%/
f,G1,k:=CosetAction(G, sub < G|z,y >);
fk;

/417

fsub< Glx,y >;
/¥120%/

1GL;

/%3840% /
CompositionFactors(G1);
/*

G

| Cyclic(2)

%

| Alternating(5)
%

| Cyclic(2)

%

| Cyclic(2)

%

| Cyclic(2)

%

| Cyclic(2)

"

| Cyclic(2)

1

*/

3. jl:=4;k1 :=4;11 :=8;ml :=4;



Index(G, sub < G|z, y >);
[*4%/
f,G1,k:=CosetAction(G, sub < G|z,y >);
ik;

/*0%/

fsub< Glx,y >;

0t/

1GL;

[*4x/
CompositionFactors(G1);
/*

G

| Cyclic(2)

| Cyclic(2)

*/

o8
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5.4 Progenitor 2°: (3%:2)

We first give a symmetric presenatation of thr progenitor 20 : (32 : 2)
N =< xz,yy >; where

xx = (1, 4)(2, 5)(3, 6), and

yy = (1,2,3).

A presenatation of N is,

1 1

NN< z,y >:= Group < z,ylz?,y>, y L xrxy Lxzxysaryxa > .

N1 = Stabiliser(N,1),

1*1:x>.

=< xTT*YYy
Thus,

G =20:(32:2) = G< 2,y,t >:= Group< z,y, t|z%, 3,y L xoxy Lz xyxazxyx
2,12, (L, y®), (6, 19), (£, tWD), (¢, 17) > .

We note that |G| = cc.

We want to factor G by additional relations. There are many chooses for additional re-

lations. A first order relations of the form (nt;)* where n € N and A is a parameter.

We will factor G by the first order relations. We explain below how to obtain first
order efficiently.

We find the class representative and elements by applying below loop in magma.
C:=Classes(N);

£1C;

/¥ 9%/,

for iin [2...4C] do i;

for jin [1...4N] do

if ArrayP(j] eq C[i][3]

then Schli]; end if;

end for;

Orbits(Centraliser(N,C[i][3]));

end for;

for jin [2 ... 9] do for i in [1...4#Sch] do if 147"l eq j then j, Sch[i]; break ; end if; end

for ; end for;
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5.4.1 Progenitor 2*° : N Factored By The First Order Relation

We run the following in magma to find finite homomorphic images. The some of the
homomorphic images are below.

Note that only few of images are a true images. for a,b,c,d,e,f,ghi,j,k [0...10] do,

! Lyzxyrxxyxa, 2, (ty"), (xx1), (y
0, (Y s t), (xy ) (s y x @) (zryx ) (xxy Lt (yxaxt), (y*z*
tENE (yls s t) (zxysaxt)h >,

if Index(G,sub< G|z,y >) gt 1 then

a, b, c, d, e, f g h i j k, Index(G, sub < G|z,y >); end if; end for;

G< z,y,t >:= Groupix, y, t— x>, %,y L xx*xy~

1. h:=4;

1 1

G< z,y,t >:=Group< z,vy, t|z%, 9>y~ xxxy*x TRy *x, 2, (Ly"), (v *
1), (y* 1), (YD x 1), (mxy x ), (wxy x t@)e (zxy L x ), (zxy ! xt®)9 (3«
zxt)h (s« t@) (gl sz xt), (zxy sz xt)k >

Index(G, sub < G|z,y >);

/¥128*/

f,G1,k:=CosetAction(G, sub < G|z,y >);

ik

/1%

fsub < Glz,y >;

/¥18%/

1G1;

/%216*/

* X kY

CompositionFactors(G1) ;
G

|  Cyclic(2)

*

|  Cyclic(2)

*

|  Cyclic(2)

*

|  Cyclic(3)

*

|  Cyclic(3)

*

|

Cyclic(3)



2. h:=25;
Index(G, sub < G|z, y >);
/*135%)
£, Gl k := CosetAction(G, sub < G|z,y >);
itk
/1%
fsub < Glz,y >;
Jri8%/
1G1;
/%2430%
CompositionFactors(G1);

G
Cyclic(2)

Cyclic(5)
Cyclic(3)
Cyclic(3)
Cyclic(3)
Cyclic(3)

Cyclic(3)

B — % — % — ¥ — % — ¥ — % —

3. j:=5k:=2;
Index(G, sub < Glz,y >);
/*5%/
f,G1,k := Coset Action(G, sub < Glz,y >);
ik
/*1%/

fsub < Glz,y >;



/*2%/
1G1;
/*10%/

CompositionFactors(G1) ;

/*
Cyclic(2)

Cyclic(5)

= — % — Q@

*/

4. j =T k:=2;
Index(G, sub < Glz,y >);
/¥T*/
f,G1,k:=Coset Action(G, sub < G|z,y >);
gk;
/*1%/
fsub < Glz,y >;
/*2*/
1G1;
/*14*/

CompositionFactors(Gl);

/*
Cyclic(2)

Cyclic(7)

= — % — Q@

*/

5. j:=10;k := 2;
Index (G, sub < G|z, y >);
/*¥10%/
£,G1,k:=CosetAction(G, sub < Glz,y >);
ik;
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[*1%/

fsub < Glz,y >;
/*2%/

1G1;

/*20%/

CompositionFactors(G1);

/*
Cyclic(2)
Cyclic(5)

Cyclic(2)

B — % — ¥ — Q

*/

6. j:=8k:=2;
Index(G, sub < G|z, y >);
/*8%/
f,G1,k:=CosetAction(G,sub< G|z,y >)
ik;
/¥1*/
fsub < Glz,y >;
/*2*/
1G1;
/*¥16*/

CompositionFactors(G1);

/*

Cyclic(2)
Cyclic(2)
Cyclic(2)

Cyclic(2)

= — % — ¥ — ¥ — @

*/

)
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7. j:=9;k := 2; Index(G, sub < G|z,y >);
/*9%/
f,G1,k := Coset Action(G, sub < G|z, y >);
ik;
/*1%/
fsub < Glz,y >;
/*2*/
1G1;
/¥18%/

CompositionFactors(G1);

/*
Cyclic(2)
Cyclic(3)

Cyclic(3)

= — % — ¥ — @

*/
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Chapter 6

Isomorphism Types

Definition 6.1. Let H and K be groups. The direct product of H and K, denoted H X
K, is the group with all elements as ordered pairs having the form (h, k) where h € H, k
€ K, and with operation (h, k)(W,K) = (hi kK ) .

Definition 6.2. Let G be a group. Then G is a semi-direct product of K by Q if K
AN G and K has a complement of Q1 = @Q .

Definition 6.3. Let K and Q be groups. Then a group G, with K1 A\ G, is an extension
of K by Q where K1 =2 K and G/K; = @

Definition 6.4. Let G be a group with H< G and N < G such that |G| = |N||H|. Then
G is a central extension by H, denoted G = N - H, if N is the center of G .

Definition 6.5. Let G be a group with H < G, N < G, and N A G such that |G| =
|N||H|. Then G is a mixzed extension by H, denoted G = N :H, if G is formed by both

central extension and semi-direct products .

Largest Normal Abelian Subgroup In this chapter, we evaluate each image
of the progenitor GG that noted to be faithful and whose number of subgroups generated by
x and y are equal to the order of our control group N, we will focus on the composition
factors to find the rough shape of the images. We will regard the rough shape as the
isomorphism type of the groups. There are four types of extension direct and semi-direct
product, mixed and central extension. We will include examples of each type using similar

road and most importantly using composition factors and normal lattice of each group.
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6.1 Semi-Direct Product 3% : 2

Consider the group G generated by
zx = (1,4)(2,5)(3,6)
and yy = (1,2,3)

A presentation of G is:

G<x,y>:=Group<x,y| x72,y"3,y"-1 * x * y™-1 % x *y * X * y * x>,

We will find the isomorphisim type of G by first analyzing the composition factors and

the normal lattice of G.

G = <xx,yy >;

CompositionFactors(G) ;

G
| Cyclic(2)
*
|  Cyclic(3)
*
| Cyclic(3)
1

Normal Lattice
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MIL[A]
Order! 8

P

ML[4] ML[E]

Order 6 N

ML[3] ML[2]

Order3\/ Order 3

ML[1]
Order 1

Figure 6.1: 32 :2

By looking at the composition factors of G it is not clear what the isomorphism type is.
After analyzing the normal lattice of G, we see that NL[5] is the largest normal abelian
subgroup. The order of NL[5] is 9 and the order of G is 18. Now % = 2. But G does
not have a normal subgroup of order 2. Thus, G is an extension of NL[5] by a group
say ¢ = G/NLI[5] but it is not a direct product because ¢ is not isomorphic to a normal
subgroup of G.

Now, we need to investigate to see whether G is the semi-direct product (split extension)

of NL[5] = 3% by q = 2.

We note that NL[5] is isomorphic to 3 x 3, written 3%, and NL[5] = < A, B >, where
A = (1,3,2) and

B = (1,2 3)(4,6,5).

q=<(1,2),Id(q) >. Let T be the set of right coset representatives of N in G.

Now T[2] = q.1 and T[3] eq q.2.

We have ATZ = AB and BTP = B2

Thus, we see a® = ab, b¢ = b2.

We add these results in our presentation of H and verify that it is isomorphic to G to



confirm our presentation of G.

H<a,b,c>:=Group<a,b,cla”3,b"3, (a,b),c"2,a"c=a*b,b"c=
b~2>;

f,H1,k:=CosetAction(H,sub<H|Id(H)>);
IsIsomorphic(N,H1);

True

This G = 32 : 2.

68



69

6.2 Semi-Direct Product 2% : Ss

We are given N is a transitive group on 8 letters which generated by

zx = (1,6)(2,5)(3,7)(4,8),

yy = (1,3,8)(4,5,7).

We begin by analyzing the composition factors and the normal lattice of N.

N = sub < S|xx,yy >,
CompositionFactors(N);

/*

G

| Cyclic(2)
*

| Cyclic(3)
*

| Cyclic(2)
*

| Cyclic(2)
1

*/
NL:=NormalLattice(N);
NL;

/*

Normal subgroup lattice

[4] Order 24 Length 1 Maximal Subgroups: 3
[3] Order 12 Length 1 Maximal Subgroups: 2
[2] Order 4 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:
*/

Normal Lattice We then look for the largest abelian subgroup using the code.
foriin[1 - - - N L]doif IsAbelian(N L[i])then i; end if ; end for;

/*

1

2

*/
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HIL[4]
Order 24

MIL[3]
Order12

L[2]
Order 4

ML)
Crder

Figure 6.2: 23 : 3

By looking at the composition factors of IV, it is not clear what the isomorphism type
may be.

After analyzing the normal lattice. we see that NL[2] is the largest normal abelian sub-
group. The order of NL[2] is 4.

Now, we need to investigate to see the group is the semi-direct product (split extension)
of NL[2] by q. It is clear that N L[2] has generators.

A=(1,3)(2,8)(4,6)(5,7),

B =(1,8)(2,3)(4,5)(6,7).

We see below that NL[2] = 22.

X :=12,2;
IsIsomorphic(NL2,AbelianGroup(GrpPerm,X));
/* true */

FPGroup(q);

/*

Finitely presented group on 2 generators
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Relations

£.172 = 1d(£)

£.27-3 = Id(£)

116

(£.27-1 % £.1)°2 = Id(£)
*/

The group q has two generators say q.1 , q.2. We label them ¢ , d, respectively. We
note that ¢ =2 S3. Our next step is to find the action of the generators of q (¢ ,d) on
the generators A | B of NL|[2]. In order to do so, we need to look at the transversals of
NL[2].

f£(T[1])eq q.1;

f£(T[2])eq q.2;

G< a, b, ¢, d >:= Group < a, b, c, dla”2, b"2,
(a, b), c’2, d°-3, (d°-1% ¢c)"2, a“c = b, a~d =b,
b"c = a,b”™d = a *x b >;

#G;

/* 24 *x/

f,G,K:=CosetAction(G, sub < G|Id(G) >);
#G1;

IsIsomorphic(N,G1);

/*

true Mapping from: GrpPerm: N to GrpPerm: G1
Composition of Mapping from: GrpPerm: N to GrpPC and
Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: G1

*/

This tells is that we have the semi-direct product NL[2]:q, where NL[2]2 23 and q = Ss.

Thus we have N isomorphic to the semi-direct product 23 : Ss.
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6.3 Semi-Direct Product S; = (45 : 2)

We are given G is a transitive group on 30 letters, which is generated by

xx = (2,3)(4,6)(5,8)(7,11)(9,14)(10,15)(12,18)(13,20)(17,24)(19, 26)(21, 25)(23, 28)
yy = (1,2,4,7,12,19)(3,5,9,15,22,27)(6, 10, 16, 23, 18,25)(8, 13,21)(11, 17, 14)
(20,26, 29, 30, 28, 24),

We will find the isomorphisim type of G by first analyzing the composition factors and

the normal lattice of G:

CompositionFactors(G1l);
G
Cyclic(2)

|
*
| Alternating(5)
1

Normal Lattice

MIL[3]
Qrder 720

ML)
Qrder 360

ML)
Crder

Figure 6.3: sg
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By looking to the composition factors of G it is not clear what the isomorphism type.
We see that NL[2] is normal in G and q = G/NL[2] = 2. Thus we have G = NL[2] : q.
Since NL[2] =2 Alt(5) and ¢ =2, G = A5 : 2 = S;.
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Chapter 7

Linear Maps

7.1 Linear Map of PSL(2,7)

Let X =Z7 U {oco}. The three linear maps on X that generates PSL(2,7) are given by:
a, 8,7 where

a:r—x+1,

6:x— Kz,

K is a nonzero square in F; whose powers give all of the squares of F%, and

vix— _71 = a1

Then o = (0),(0,1,2,3,4,5,6).

In order to give the permutations for 5 , we need to find all nonzero squares for Fx



Square
square power | = 23 Result

0% | modulo 7 | 0

1?2 | modulo 7 | 1

22 | modulo 7 | 3

32=9 | modulo 7 | 2

42 =16 | modulo 7 | 2

52 =25 | modulo 7 | 4

62 =36 | modulo 7 | 1

72 =149 | modulo 7 | 0

Table 7.1: Compute 5

The squares we have are (1,2,3,4).
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Now we need to find the smallest nonzero squares k& whose power gives all of nonzero

squares. We use 2, since

20 =1,
2t =2,
22 =4,
23 = 1.

Thus, 5= (1,2,4)(3,6,5).
Now we will compute .

7::E—>_71:—:L‘_1

We have v = (7,8)(2,3)(4,5)(6,1). We use magma to verify that PSL(2,7) =< «, 3,7 > .

:=Sym(8) ;
:=81(1,2,3,4,5,6,7);
:=51(1,2,4)(3,6,5);
g:=51(7,8)(2,3)(4,5)(6,1);
psl27:=sub<S|a,b,g>;

#psl27;
IsIsomorphic(PSL(2,7),psl27);

T W

true Homomorphism of GrpPerm: $, Degree 8, Order 273
* 7 into GrpPerm: psl27, Degree 8, Order 273 * 3 * 7

induced by

* 3
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(3’ 6, 7)(4, 5; 8) |__> (1, 7, 6)(2, 8, 5)
(1, 8, 2)(4, 5, 6) |-—> (2, 8, 6)(3, 4, 5)

7.1.1 Linear Fractional Maps

We know that PSL(2,7) = {z — g;jr'db\a, b,c,d € Z7,ad — bc = 1 or ad — bc is a squares
}, where z € X.

We need to compute the linear fractional maps and see what they give us using the
induced permutations that magma gives us in the previous isomorphism command.

It is given that PSL(2,7) < A, B > where,

A =(1,7,6)(2,8,5),

B =(2,8,6)(3,4,5).

We will compute linear maps, g;”jg, for A and B.

First equation

et — Ta+b="Tc+d,

Second equation

fatl — 6 — Ta+b=142c+ 6d,

First, we will calculate a linear map for A and check our results.

azr+b
cx+d’

%‘3:2 = a+b=2c+d,

Satl — 7 = 2a+b=14c+7d,

Similarly, we will find a linear map for B following the same process.

“h—8 — a+b=8c+d,

Seth —2 — 8a+b=16c+ 8d,

We solve the above equations to get the linear maps for A and B and check if it works

for all elements.
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7.2 Linear Map of PSL(2,13)

Let X = Z13 U co. The threelinear maps on X that generates PSL(2,13) are given by:
a, B, where,

a:r—x+1,

B:x— Kz,

K is a nonzero square in Fi3 whose powers give all of the squares of F}3, and

vyiz— _71 = a1

Then a = (), (0,1,2,3,4,5,6,7,8,9,10,11,12).

In order to find 8 permutations, we need to find all nonzero squares for Fis.

Square

square power | = 23 Result
0% | modulo 13

12 | modulo 13

22 | modulo 13

32 | modulo 13

42 =16 | modulo 13

52 =25 | modulo 13 | 12

62 = 36 | modulo 13 | 10

7% =49 | modulo 13 | 10

82 =64 | modulo 13 | 12

Wik | == ]|O

92 = 81 | modulo 13 | 3
102 =100 | modulo 13 | 9
112 =121 | modulo 13 | 4
122 = 144 | modulo 13 | 1
132 =169 | modulo 13 | 0

Table 7.2: Compute

The squares we have are (1,3,4,9,10,12).

Now we need to find the smallest nonzero squares K whose power gives all of nonzero

squares. We use 3, since



30 =1,

31 =3,

32 =9,

33 =81=3,

31 =243 =9,
3% =1729=,1
36 = 2187 = 5,
37 = 6561 = 4,
28 = 19683 = 1.
B :x— 2,

1-3—-9—-5—-4

(1,3,9,5,4).

2256—=>7—10—28

(2,6,7,10,8).

Thus, g = (1,3,9,5,4)(2,6,7,10,8).

Now we will compute 7.

Vlarﬁéfgr:-—x_l

7:1:—>{§':<—x_3

We have v = (11,12)(1,10)(2,5)(3,7)(4,8)(6,9).
We use magma to verify that PSL(2,13) =< a, 8,7 > .

:=Sym(12) ;

:=51(11,1,2,3,4,5,6,7,8,9,10);

:=51(1,3,9,5,4)(2,6,7,10,8);
g:=51(11,12) (1,10 (2,5) (3,7) (4,8) (6,9) ;

psl211:=sub<Sla,b,g>;

#PSL(2,11);

IsIsomorphic(PSL(2,11),psl 211);

true Homomorphism of GrpPerm: $, Degree 12, Order 272 %

3 * 5 x 11 into GrpPerm: psl211, Degree 12, Order 272 *

3 * 5 * 11 induced by

3, 7,9, 4, 5)(6, 8, 12, 10, 11) |--> (1, 2, 9, 10,12)(3, 7, 4, 8, 11)
(1, 8, 2)(8, 4, 7)(5, 12, 11)(6, 9, 10) |[--> (1, 3, (2, 12, 9)
(5, 11, 6)(7, 8, 10).

T W
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7.2.1 Linear Fractional Maps

We know that PSL(2,13) = {z — Zifiﬁa, b,c,d € Z13,ad —bc =1 or ad — be is a squares
}, where z € X.

We need to compute the linear fractional maps and see what they give us using the
induced permutations that magma gives us in the previous isomorphism command.

It is given that PSL(2,13) 2< A, B > where,

A =(1,2,9,10,12)(3,7,4,8,11),

B = (1,3,4)(2,12,9)(5,11,6)(7, 8, 10).

We will compute linear maps, g;fis for A and B.

First equation

ZTJFS = a+b=2c+2d,

Second equation

2atb —9 — 2a+b=18c+9d,

Third equation

18ath — 10 = 18a + b = 180 + 90d.

First, we will calculate a linear map for A and check our results.

azr+b
cx+d

First, we will calculate a linear map for A and check our results.

azr+b
cx+d’

=2 — a+b=2c+2d,

S0t — 5 = 2a+b=10c+ 5d,

foedh =3 — 10a + b = 30c + 15d,

oath, =8 = 30a+ b = 180c + 120d.

Similarly, we will find a linear map for B following the same process.

=12 — a+b=12c+12d,

{304l — 6 —> 12a + b= T2c+ 6d.

We solve the above equations to get the linear maps for A and B and check if it works

for all elements.
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Chapter 8

Double Coset Enumeration

8.1 Double Coset Enumeration Of S; Over 23 : 2

Consider N=< z,y >; where x ~ (1, 4)(2, 5)(3, 6), y ~ (1,2,3).
Our progenitor is 2*6 : (23 : 2). We prove that Sg =

Loy Layayx, 2, (t,y"), (yxt)® >.

Group < =, y, t|z%,y3, y~
We perform manual double coset enumeration of G over N. In order to find the order of G,
we need to determine all distinct double cosets NwN and find the number of right cosets
in each double coset. It suffices to find the double coset of Nwt; for one representative t;
from each orbit of the coset stabiliser N®) of the right coset Nw.

Now, % = %go =135. So, we have total 135 single cosets.

We expand the relation:(y * z x t)°.

Now (y*1)® = (y*x)5 * tgy*x)4 * tgy*x)B * tgy*x)Q * tgy*x) * 11,
So, above relation become:

(y*x)5 % t3 % tg * to * t5 * t1.

e First Double Coset [*]

NeN = {Ne"|ne€ N} ={N}.

The double coset NeN is denoted by [*] which contains 1 right coset. The coset stabiliser

of the coset Ne is N.
The number of right cosets in [*] is equal to H: 2 =1
Since N is transitive on X = {1,2,3,4,5,6},

we need to determine the double coset of the right coset Nt;.
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Thus, the six cosets {Nt1, Nto, Nts, Nty, Nt5, Ntg} extend to the new double coset [1],

that means the six generators go forward to Nt;

e Second Double Coset Nt; N = [1]

Nt;N = {Nt}|n € N}

= {Nty, Nty, Nts, Nty, Nt5, Ntg}. Firstly, the point stabilizer of 1 in N,
N' = {ne N1"=1}

We have, N1 = < (4,5,6) >.

The number of right cosets in [1] is equal to
Nl _ 18 _ ¢

IND|— 3 —
The orbits of N on X = {1,2,3,4,5,6} are {1}, {2}, {3}, and{4,5,6}.

Now we select a representative from each orbit and determine to which double coset

Ntltl, Ntltz, Ntltg, and Nt1t4 belong.
Now,

Ntit; = Nt? = N € [4].

Since the orbit {1} contains one element, one symmetric generator goes back to the dou-

ble coset [*].

One symmetric generator will go back to [1].

Ntite € Nt1toN, which is a new double coset. We denote this double coset by [12].

One symmetric generators will go to the new double coset [12].

Ntits € Nt1tsN, which is a new double coset. We denote this double coset by [13].

One symmetric generators will go to the new double coset [13].

Ntity € Nt1tyN, is a new double coset which we will denote [14].

Three symmetric generators will go to the new double coset [14].

e Third Double Coset Ntito N = [12]
Nty tg = {N(tltg)”|n S N}

We now find the coset stabilizer N(12). Firstly, find the point stabilizer of 1 and 2 in N.

N2 = {n € N|(12)" = 12}.
Thus, N2 = < (4,5,6) >
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NtitaN is denoted by [12].

The number of right cosets in [12] is equal to
N _ 18 _
[N|G2) — 3 T 6.
The orbits of N(1?) on X= {1,2,3,4,5,6} are {1}, {2}, {3}, and{4,5,6}.
Now we select a represenatative from each orbit and determine to which double coset
Ntltgtl, Ntltgtg, Nt1t2t4 belong.

As Ntitots = Nt1t2 = Nt; € [1].

Ntitot; € Ntitoti N = [121] is a new double coset. We donate this double coset by

[121] One symmetric generator will go to the new double coset [121].

Ntitots € NtjtatsN is a new double coset. We donate this double coset by [123] One

symmetric generator will go to the new double coset [123]

Ntitoty € NtqtatyN is a new double coset. We donate this double coset by [124] Three

symmetric generator will go to the new double coset [124]

e Fourth Double Coset Nt;tsN = [13]

Nty tg = {N(tit3)"|n € N}.

Firstly, the point stabilizer of 1 and 3 in N.
N3 = [n e N|(13)" = 13}

Nty t3N is denoted by [13]

The number of right cosets in [13] is equal to
IN] 18 _ ¢

N|13) 7 3 T

’|I‘Ile orbits of NU3) on X= {1,2,3,4,5,6} are {1}, {2}, {3}, {4,5,6}.

Now we select a representative from each orbit and determine to which double coset
Ntytsty, Ntitsts, Ntitsts belong.

This shows us the following:

Ntitsts = Nt1t2 = Nty € [1]

Thus one symmetric generator will go back to [1].
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Ntitsty € NtitstyN which is a new double coset. We donate this double coset by [134].

Three symmetric generator will go to the new double coset [134].

e Fifth Double Coset Nt t4N = [14]

Nty tg = {N(t1ts)"|n € N}.

Firstly, the point stabilizer of 1 and 4 in N.
N = {p € N|(14)" = 14}

Nty t4N is denoted by [14]

The number of right cosets in [14] is equal to
M= 18 =18,

|N|(14) 1
The orbits of N4 on X= {1,2,3,4,5,6} are {1}, {2}, {3}, {4}, {5}, {6}.

Now we select a representative from each orbit and determine to which double coset

Nt1t4t1, Nt1t4t3, Nt1t4t4, Nt1t4t5, Nt1t4t6 belong.

This shows us the following:

Ntitgt; € Ntitgt1 N which is a new double coset. We donate this double coset by [141].

One symmetric generator will go to the new double coset [1411].

e Sixth Double Coset Ntitat1 N = [121]

Nty tot; = {N(t1t2)t,"|n € N}.

Firstly, the point stabilizer of 1, 2 and 1 in N.
N2D) = fn e N|(121)" = 121}

Nty tot1 N is denoted by [121]

The number of right cosets in [121] is equal to

_INL 18 _ ¢
[N[12D) 3 .

The orbits of N(2D on X= {1,2,3,4,5,6} are {1}, {2}, {3}, {4,5,6}.

Now we select a representative from each orbit and determine to which double coset
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Ntqtotity, Ntitotito, Ntitatits, Ntitototy belongs.

This shows us the following:

Ntqtotits € Ntytot1t3 N which is a new double coset. We donate this double coset by
[1213]. One symmetric generator will go to the new double coset by [1213].

e Seventh Double Coset Ntjtots N = [123]

Nty tats = {N(t1t2)ts"|n € N}.

Firstly, the point stabilizer of 1, 2 and 3 in N.
NU2) = p e N|(123)" = 123

Nty totsN is denoted by [123]

The number of right cosets in [123] is equal to
V] 18 _

4|N|(123>: 3
The orbits of N(123) on X= {1,2,3,4,5,6} are {1}, {2}, {3}, {4,5,6}.

Now we select a representative from each orbit and determine to which double coset

Nt1t2t3t1, Ntltgtgtg, Nt1t2t3t3, Nt1t2t3t4 belong.

This shows us the following:
Ntitotsty € Ntitaotst4N which is a new double coset. We donate this double coset by
[1234]. Three symmetric generator will go back to [1234].

e Eighth Double Coset Nt taty N = [124]

Nty taty = {N(t1t2)ts"|n € N}.

Firstly, find the point stabilizer of 1, 2 and 4 in N.
N2 =y e N|(124)" = 124

Nty totyN is denoted by [124]

The number of right cosets in [124] is equal to

IN| 18 _
|N|(124>_ 1 — 18.

The orbits of N(?3) on X= {1,2,3,4,5,6} are {1}, {2}, {3}, {4}, {5}, {6}.

Now we select a representative from each orbit and determine to which double coset
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Nt1t2t4t1, Nt1t2t4t2, Nt1t2t4t3, Nt1t2t4t4, Nt1t2t4t54, Nt1t2t4t6 belong.
This shows as following.

Ntytotsts € Ntytotsts N which is a new double coset. We donate this double coset by
[1245]. One symmetric generator will go to the new double coset [1245].

Ntytotateg € Ntytotste N which is a new double coset. We donate this double coset by
[1246]. One symmetric generator will go to the new double coset [1246].

e Ninth Double Coset Nt t3tsN = [134]
NtitstaN = {N(t1tsts)"|n € N}.

Firstly, the point stabilizer of 1 , 3 and 4 in N.
N3 = fn € N|(134)" = 134}

Nty tstyN is denoted by [124]

The number of right cosets in [134] is equal to
IN| 18 _
|N|<134)_ 1 — 18.
The orbits of N(13%) on X= {1,2,3,4,5,6} are {1}, {2}, {3}, {4}, {5}, {6}.
Now we select a representative from each orbit and determine to which double coset
Nt1t3t4t1, Nt1t3t4t2, Nt1t3t4t3, Nt1t3t4t4, Nt1t3t4t5, Nt1t3t4t6 belong.

This shows us the following.

Ntytstyts € NtjtststsN is a new double coset. We donate this double coset by [1343].

One symmetric generator will go to the new double coset [1343].

Ntitstyte € Ntjtstate N is a new double coset. We donate this double coset by [1346].

One symmetric generator will go to the new double coset [1346].

e Tenth Double Coset Ntjtot1t3N = [1213]

Nty tot1ts = {N(tltg)t1t3"|n S N}
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Firstly, the point stabilizer of 1, 2, 1 and 3 in N.
NU213) — [ € N|(1213)" = 1213}
Nty totitsN is denoted by [1213]

The number of right cosets in [1213] is equal to

IN| _ 18 _
|N|(1213)— 1 18.

The orbits of NU213) on X= {1,2,3,4,5,6} are {1}, {2},{3,4,5,6}.
Now we select a representative from each orbit and determine to which double coset

Ntltgtltgtl, Ntltgtltgtg, Nt1t2t1t3t3, Nt1t2t1t3t4t belong.

Ntytotitsty € Ntytoti1tsti N is a new double coset. We donate this double coset by
[12131]. One symmetric generator will go back to double coset [121].

Ntytotitsty € Ntytot1tstyN is a new double coset. We donate this double coset by
[12134]. Three symmetric generator will go back to double coset [123].

e Eleventh Double Coset NtitotstsN = [1234]

Nty totsty = {N(t1to)tsts"|n € N}.

Firstly, the point stabilizer of 1, 2, 3 and 4 in N.
NU234) — [ ¢ N|(1234)" = 1234}

Nty totstyN is denoted by [1234]

The number of right cosets in [1234] is equal to

Nl 18 _
|N|(1234)— 1 — 18.

The orbits of NU23%) on X= {1,2,3,4,5,6} are {1}, {2}, {3}, {4}, {5}, {6}.

Now we select a representative from each orbit and determine to which double coset
Ntqtotstats, Ntitotstste, Nttatstats, Ntvtatstats, Ntitatstats,
Nt1t2t3t4t6 belong.

This shows us the following.

Ntqtotstyt; € NtitotstyN which is a new double coset. We donate this double coset
by [1234]. Three symmetric generator will to the new double coset [1234].
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e Twelfth Double Coset Ntjtotsts N = [1245]

Nty totyts = {N(t1t2)tats"|n € N}.

Firstly, the point stabilizer of 1, 2, 4 and 5 in N.
N245) — £ ¢ N|(1245)" = 1245}

Nty totats N is denoted by [1245]

The number of right cosets in [1245] is equal to

IN] 18 _
|N|(1245)_ 1 18.

The orbits of N(12%) on X= {1,2,3,4,5,6} are {1}, {2}, {3}, {4}, {5}, {6}.

Now we select a representative from each orbit and determine to which double coset
Ntytotatsty, Ntitotatsts, Ntitatatsts, Ntitotatsts, Ntitotatsts,

Ntytotytsts belong.

Ntitotatsty € Ntitotyts N which is a new double coset. We donate this double coset
by [1245]. One symmetric generator will go back to coset [124].
e Thirteenth Double Coset Nt totsteN = [1246]

Nty totyts = {N(t1t2)tats"|n € N}.

Firstly, the point stabilizer of 1, 2, 4 and 6 in N.
N246) — £ ¢ N|(1246)" = 1246}

Nty totstgN is denoted by [1246]

The number of right cosets in [1246] is equal to

IN| 18 _
|N|(1246)_ 1 — 18.

The orbits of N(1246) on X= {1,2,3,4,5,6} are {1}, {2}, {3}, {4}, {5}, {6}.

Now we select a representative from each orbit and determine to which double coset
Ntitotatets, Ntitotateto, Ntitatatets, Ntitatatets, Nt1totstets,
Nt1t2t4t6t6 belong.

This shows us the following.

¢ Ntitotateti € Ntqtotatgt1IN which is a new double coset. We donate this double coset
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by [12461]. One symmetric generator will go back to coset [134].

Ntytotatety € Ntgtotstet4a N which is a new double coset. We donate this double coset by
[12464]. One symmetric generator will go back to coset [124].

e Fourteenth Double Coset Ntitststs N = [1343]

Nty tgtgts = {N(t1t3)tats"|n € N}.

We now find the Coset Stabilizer N(1343) Firstly, the point stabilizer of 1, 3, 4 and 3 in
N.

NU343) — £ ¢ N|(1343" = 1343}

Nty tstatsN is denoted by [1343]

The number of right cosets in [1343] is equal to
IN] 18 _
The orbits of N(1343) on X= {1,2,3,4,5,6} are {1}, {2}, {3}, {4}, {5}, {6}.
Now we select a representative from each orbit and determine to which double coset
Ntytstatsty, Ntitstatsts, Ntitstatsts, Ntitstatsts, Ntitstatsts,

Nt1t3t4t3t6 belong.

Ntitstatsts € Ntitstytsto N which is a new double coset. We donate this double coset by
[13432]. One symmetric generator will go back to coset [121].

Ntqtstatsty € Ntqtstatst4 N which is a new double coset. We donate this double coset by
[13434]. Two symmetric generator will go back to coset [141].

e Fifteenth Double Coset NttststeN = [1346]

Nty tstytg = {N(tltg)t4t6”|n S N}
Firstly, the point stabilizer of 1, 3, 4 and 6 in N.
NU346) — £ ¢ N|(1346™ = 1346}
Nty tstatgN is denoted by [1346]
The number of right cosets in [1343] is equal to
N 18 _
o= £ = 18.
The orbits of N(136) on X= {1,2,3,4,5,6} are {1}, {2}, {3}, {4}, {5}, {6}

Now we select a representative from each orbit and determine to which double coset
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Ntitstatets, Ntitstatets, Ntitstatets, Ntitstatets, Ntitstatets,

Ntytstatets belong.

Ntqtstatets € Ntqtstatets N which is a new double coset. We donate this double coset by
[13463]. One symmetric generator will go back to coset [145].
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Cayley Diagram

Figure 8.1: Cayley diagram for G over 32 : 2
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8.1.1 Magma Work 2 6 :23: 2

S:=Sym(6);

wx = S(1, 4)(2, 5)(3, 6) ;

yy = SI(1,2,3);

N:=sub< S|zz,yy >;

iN

/*18*/

G< z,y,t >:=Group< z,y, t|z2 y>,y~
1G:

/% 2430% )

fsub < Glz,y >;

/*18%/

f,G1,k:=CosetAction(G, sub < G|z,y >);
1G1;

/% 2430 */

1 1

sxxy ey rzryxa, ? (Ly"), (yraxt)® >

CompositionFactors(Gl);

/*

Cyclic(2)
Cyclic(5)
Cyclic(3)
Cyclic(3)
Cyclic(3)
Cyclic(3)

Cyclic(3)

B — % — % — %k — X — % — % — @

*/
IN:=sub<G1|f(x),f(y)>;
ts := [ Id(G1): 1 in [1 .. 6] ];
ts[1]:=f(t);
ts[2]:=£(t~(y)); ts[3]:=f(t~(y~-1)); ts[4]l:=f(t"(x)); ts[Bl:=f(t"(y * x));
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ts[6]:=f(t"(y~-1 * x));

#DoubleCosets(G,sub<G|x,y>, sub<Glx,y>);

/*16x%/

DoubleCosets(G,sub<G|x,y>, sub<G|x,y>);

/*

{ <GrpFP, Id(G), GrpFP>, <GrpFP, t * y * t * y * t * y~-1 * t, GrpFP>,
<GrpFP, tx y * t *x y * t, GrpFP>, <GrpFP, t * x * t * y™-1 *x t, GrpFP>,

<GrpFP, t * x * t*x y * t, GrpFP>, <GrpFP, t * y * t, GrpFP>,
<GrpFP, t * x * t, GrpFP>, <GrpFP, t, GrpFP>,

<GrpFP, t * y™-1 * t, GrpFP>,

<GrpFP, t * x * t * x * t, GrpFP>,

<GrpFP, t * y * t *x y™-1 * t, GrpFP>,

<GrpFP, t * x * t * x * t *x y *x t, GrpFP>,

<GrpFP, t * x * t * y * t * x * t, GrpFP>,

<GrpFP, t * x * t * y™-1 * t * x * t,GrpFP>,

<GrpFP, t * y * t * x * t * y"-1 * t, GrpfFP> }

*/

DC:=[Id(G1),f(t),f(t * x * t),f(t * y *x t * y *x t * y™=1 * t),
f(tx y *t *xy % t),

f(t*x*xt*xy-1x*t),f(t xx*xtxkyx*xt),f(t*xyx*t),f(t * y-1 * t),
f(t *x *xt *xx *t),

f(t*xy*xtx*xy-1x1t),f(t *xy*t*x*tx*y-1x%t),

f(t *x*t*xy-1*xtx*xx%x1t),

f(t *x %t *xy*t*x*t),

f(t *x %t *xy*xt*xx*t)];

Index(G1,IN);

/*135%/

cst := [null : i in $[1 ..Index(G1,IN)]] where null is [Integers() | 1$;
prodim := function(pt, Q, I)

v = pt;

for i in I do

v := v"(QLi]);

end for;

return v;

end function;
for i :=1 to 6 do

cstlprodim(1, ts, [11)] := [i];

end for;

m:=0; for i in [1..135] do if cst[i] ne [] then m:=m+1; end if; end for;m;
/*6x/

Orbits(N);
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/*
[
GSet{@ 1, 4, 2, 5, 3, 6 @}
]
*/
N1:=Stabiliser(N,1);
Orbits(N1);
/*
[
GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4, 6, 5 @}
]
*/
#N/#N1;
/*6x/

foriin [1---4 DC] do for m,n in IN do if ¢s[1] * ts[1] eq m * (DC[i])" then i; break; end
if; end for;end for;

/*1%/

for i in [1---4 DC] do for m,n in IN do if ts[1] * ts[2] eq m x (DC[i])™ then i; break;
end if; end for;end for;

/*9*/

foriin [1 ---f DC] do for m,n in IN do if ts[1] * ts[3] eq m * (DC[i])" then i; break;
end if; end for;end for;

/*8%/

for i in [1---4 DC] do for m,n in IN do if ts[1] * ts[4] eq m * (DC[i])™ then i; break;
end if; end for;end for;

/*3%/

S:={[1,21};

SS:=S°N;SS;

/*

{
(1, 2]



1,
{
[4, 5]
1,
{
[2, 3]
1,
{
[5, 6]
1,
{
[3, 1]
3,
{
[6, 4]
}
e}
*/

8SS:=Setseq(SS);
for i in [1..#SSS] do
for g in IN do if ts[1]*ts[2]
eq g+ts[Rep(SSS[i]) [1]11*ts[Rep(SSS[il) [2]]
then print SSS[i];
end if; end for; end for;
/*
{
[1, 2]
}
*/

N12:=Stabiliser(N,[1,2]);

IN12;

N12;

/*Permutation group N12 acting on a set of cardinality 6
Order = 3

(4,5, 6)

*/

N12s:=N12;

94
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HN12s;

/*3%/
trl:=Transversal(N,N12s);
fori := 1toftrl do

ss:=[1, 2]”””;

cst[prodim(1,ts,ss)]:=ss;

end for;
m:=0; for i in [1---135]doifest[ilne]]
then m:=m+1;

end if; end for;m;

/*12%/

Orbits(N12s);

/*[

GSet{@ 1 @},

GSet{@ 2 @},

GSet{@ 3 @},

GSet{@ 4, 5, 6 @}
]
*/
#N/#N12s;
/*6%/
for iin [1

o

DC]J do for m,n in IN do ifts[1] * ts[2] * ts[1] eq m = (DC]i])"™ then i; break; end if; end
for;end for;
/*1%/

for i in [1---# DC] do for m,n in IN do if ts[1] * ts[2] * ts[2] eq m * (DC[i])" then i;
break; end if; end for;end for;

/* 2%/

for i in [1---f DC] do for m,n in IN do if ¢s[1] x ¢ts[2] * ts[3] eq m * (DC][i])™ then i;

break; end if; end for;end for;
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/*5*/

for i in [1---4DC] do for m,n in IN do if ts[1] * ts[2] * ts[4] eq m * (DCi])™ then i;
break; end if; end for;end for;

/¥

S:={[1,3]};

SS:=5"N;SS;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[3]

eq gxts[Rep(SSS[i]) [1]]1*ts[Rep(SSS[i]) [2]]
then print SSS[il;

end if; end for; end for;

/*
{
[1, 3]
b
*/
N13:=Stabiliser (N, [1,3]);
N13;
/*
Permutation group N13 acting on a set of cardinality 6
Order = 3
(4, 5, 6)
*/
N13s:=N13;
#N13s;
/* 3 %/

trl:=Transversal(N,N13s);
for i:=1 to #trl do
ss:=[1,3]"tr1[il;
cst[prodim(1,ts,ss)] :=ss;
end for;
m:=0; for i in [1..135] do if cst[i] ne []
then m:=m+1;
end if; end for;m;
/* 18x/
Orbits(N13s);
/%
[

GSet{@ 1 @},



97

GSet{@ 2 @7,
GSet{@ 3 @},
GSet{@ 4, 6, 5 @}

]

*/

#N/#N13s;

/%6x/

for iin [1---f DC] do for myn in IN do if ts[1] x ts[3] * ts[1] eq m * (DC|[i])™ then i; break;
end if; end for;end for;

/5 11%

for i in [1---4 DC] do for m,n in IN do if ¢s[1] * ¢s[3] * ts[2] eq m * (DC][i])™ then i;
break; end if; end for;end for;

/*5%/

for i in [1---§ DC] do for myn in IN do if ts[1] * ts[3] = ¢s[3] eq m * (DC[i])" then i
break; end if; end for;end for;

/*2%/

for i in [1---# DC] do for m,n in IN do if ts[1] x ts[3] = ts[4] eq m * (DC[i])™ then i;
break; end if; end for;end for;

/*6*/

S:={[1,41%};

SS:=S°N;SS;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[4]
eq gxts[Rep(SSS[il) [11]*ts[Rep(SSS[i]) [2]]
then print SSS[il;

end if; end for; end for;

/*

{

[1,4]

}

*/
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N14:=Stabiliser(N, [1,4]);

N14;

/*Permutation group N14 acting on a set of cardinality 6
Order = 1

*/

N14s:=N14;

#N14s;

/*1x/

trl:=Transversal (N,Ni4s);
for i:=1 to #trl do
ss:=[1,4]"tr1[i];
cstprodim(1l,ts,ss)] :=ss;
end for;

m:=0; for i in [1..135] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*36%/

#N/#N14s;
/*18%/
Orbits(N14s);

/*

[
GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4 @},
GSet{@ 5 @},
GSet{@ 6 @}

]

*/

for iin [1-- -4 DC] do for mn in IN do if ¢s[1] x ts[4] x ts[1] eq m * (DC|[i])"then i; break;
end if; end for;end for;
/*10%/

for i in [1---§ DC] do for mn in IN do if ts[1] * ts[4] = ts[2] eq m * (DC[i])" then i
break; end if; end for;end for;

/*3%/
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for i in [1---f DC] do for mn in IN do if ts[1] * ts[4] = ts[3] eq m * (DC[i])" then i
break; end if; end for;end for;

/*3%/

for i in [1---# DC] do for myn in IN do if ts[1] = ts[4] * ts[4] eq m * (DC[i])™ then i;
break; end if; end for;end for;

/*2*/

for i in [1---# DC] do for m,n in IN do if ts[1] x ts[4] * ts[5] eq m * (DC[i])™ then i;
break; end if; end for;end for;

/*6%/

for i in [1---f DC] do for mn in IN do if ts[1] * ts[4] = ts[6] eq m * (DC[i])" then i
break; end if; end for;end for;

/*T%/

S:={[1,2,1]1};

SS:=S°N;SS;
/*
GSet{@
{
(1, 2, 1]
},
{
[ 4, 5, 4]
},
{
[ 2, 3, 2]
},
{
[ 5, 6, 5]
},
{
[ 3, 1, 3]
},
{
[ 6, 4, 6]
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e}

*/

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]l*ts[2]*ts[1]
eq gxts[Rep(SSS[i]) [1]1]1*ts[Rep(SSS[i]) [2]]*ts[Rep(SSS[i]) [3]]
then print SSS[i];

end if; end for; end for;
N121:=Stabiliser (N, [1,2,1]);

#N121;

/*3%/

N121s:=N121;
[1,2,1]°N121s;
/*
GSet{@

[1, 2, 1]
@}
*/
#N/#N121s;
/*%6%/
trl:=Transversal (N,N121s);
for i:=1 to #trl do
ss:=[1,2,1]"tr1[i]l;
cst[prodim(1,ts,ss)] :=ss;
end for;
m:=0; for i in [1..135] do if cst[i] ne []
then m:=m+1;
end if; end for;m;
/*42%/

Orbits(N121s);

/%

[
GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4, 6, 5 @}

]

*/

foriin [1---§ DC] do for m,n in IN do if ¢s[1] * ts[2] * ts[1] * ts[1] eq m * (DC[i])" then i;

break; end if; end for;end for;
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/*9*/

for i in [1---f DC] do for m,n in IN do if ts[1] * ts[2] = ts[1] * ts[2] eq m x (DC[i])"
then i; break; end if; end for;end for;

/*8%/

for i in [1---4 DC] do for myun in IN do if ts[1] x ts[2] * ts[1] * ts[3] eq m * (DC[i])"
then i; break; end if; end for;end for;

/*4%/

for i in [1---f DC] do for m,n in IN do if ts[1] * ts[2] = ts[1] = ts[4] eq m x (DCIi])"

then i; break; end if; end for;end for;

S:={[1,2,3]};

SS:=S°N;SS;
/*
GSet{@
{
[ 1, 2, 3]
},
{
[ 4, 5, 6]
},
{
[ 2, 3, 1]
},
{
[ 5,6, 4]
},
{
[3,1, 2]
},
{
[ 6, 4, 5]
}
@}
*/

SSS:=Setseq(SS);
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for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]*ts[3]

eq gxts[Rep(SSS[i]) [1]1]1*ts[Rep(SSS[i]) [2]1]*ts[Rep(SSS[il) [3]]
then print SSS[il;

end if; end for; end for;

N123:=Stabiliser(N, [1,2,3]);

#N123;

/*3%/

N123s:=N123;
[1,2,3]°N123s;
/*
GSet{@

[1, 2, 31
e}

*/

trl:=Transversal (N,N123s);

for i:=1 to #trl do

ss:=[1,2,3]"tr1[i]l;
cst[prodim(1,ts,ss)]:=ss;

end for;

m:=0; for i in [1..135] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*48%/

#N/#N123s;

/*6%/

Orbits(N123s);

/*

[
GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4, 6, 5 @}

]

*/

for iin [1---4 DC] do for m,n in IN do if ts[1] * ts[2] x ts[3] x ts[1] eq m * (DC[i])™ then i;
break; end if; end for;end for;

/*8%/
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for i in [1---4 DC] do for mun in IN do if ts[1] x ts[2] * ts[3] * ts[2] eq m * (DC[i])"

then i; break; end if; end for;end for;

/*4%/

for i in [1---4 DC] do for mmn in IN do if ¢s[1] = ts[2] * ts[3] * ts[3] eq m x (DC[i])"

then i; break; end if; end for;end for;

/*9*/

for i in [1---4 DC] do for myn in IN do if ts[1] x ¢ts[2] * ts[3] * ts[4] eq m x (DC[i])"

then i; break; end if; end for;end for;

/*10%/
S:={[1,2,41};
SS:=S"N;SS;
/*
GSet{@
{
(1,
},
{
[ 4,
1,
{
[ 2,
1,
{
[ 4,
},
{
[ 5,
},
{
[ 3,
1,
{
[1,
},
{
[ 4,
1,
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[ 5, 6, 21
},
{

[ 6, 4, 1]
},
{

[ 2, 3, 51
},
{

[1, 2, 6]
},
{

[ 5, 6, 31
},
{

[ 6, 4, 2]
},
{

[ 3,1, 5]
},
{

[ 2, 3, 6]
},
{

[ 6, 4, 3]
},
{

[ 3,1, 6]
+

@}
*/

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]*ts[4]

eq gxts[Rep(SSS[i]) [1]]1*ts[Rep(SSS[i]) [2]]*ts[Rep(SSS[i]) [3]]
then print SSS[il;

end if; end for; end for;

N124:=Stabiliser (N, [1,2,4]);

#N124;

/*1x%/

N124s:=N124;
[1,2,4]"N124s;
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/*
GSet{@
[ 1, 2, 4]
e}
x/

trl:=Transversal (N,N124s);

for i:=1 to #trl do

ss:=[1,2,4]"tr1[i]l;
cst[prodim(1,ts,ss)]:=ss;

end for;

m:=0; for i in [1..135] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*66%/

#N/#N124s;

/*18%/

Orbits(N124s);

/*

[
GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4 @},
GSet{@ 5 @},
GSet{@ 6 @}

]

*/

for iin [1---4 DC] do for m,n in IN do if ts[1] * ts[2] x ts[4] x ts[1] eq m * (DC[i])™ then i;
break; end if; end for;end for;

/*3*%/

for i in [1---4 DC] do for mun in IN do if ts[1] x ts[2] * ts[4] * ts[2] eq m x (DC[i])"

then i; break; end if; end for;end for;

for i in [1---4 DC] do for myn in IN do if ts[1] x ts[2] * ts[4] * ts[3] eq m x (DC[i])"
then i; break; end if; end for;end for;

/*10%*/
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for i in [1---4 DC] do for m,n in IN do if ¢s[1] x ts[2] * ts[4] % ts[4]eqm*(DC][i])" then
i; break; end if; end for;end for;

/*9%/

for i in [1---4 DC] do for m,n in IN do if ¢s[1] = ts[2] * ts[4] % ts[5]eqm*(DC[i])"™ then
i; break; end if; end for;end for;
/*14%/

for i in [1---4 DC] do for myn in IN do if ts[1] * ts[2] * ts[4] * ts[6] eq m x (DC[i])"
then i; break; end if; end for;end for;
[*12%/

S:={[1,3,4]};
SS:=S°N;SS;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[3]x*ts[4]
eq g+ts[Rep(SSS[il) [1]1]*ts[Rep(8SS[i]) [2]11*ts[Rep(SSS[i]) [3]]
then print SSS[i];

end if; end for; end for;
N134:=Stabiliser (N, [1,3,4]);

#N134;

/*1%/

N134s:=N134;

[1,3,4]°N134s;

trl:=Transversal(N,N134s);

for i:=1 to #trl do

ss:=[1,3,4]tr1[i]l;
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..135] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*84x*/

#N/#N134s;
/*18%/
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Orbits(N134s);

/%

[
GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4 @},
GSet{@ 5 @},
GSet{@ 6 @}

]

*/

for iin [1---4 DC] do for m,n in IN do if ts[1] * ts[3] = ts[4] x ts[1] eq m x (DC|[i])™ then i;
break; end if; end for;end for;

/*3*%/

for i in [1---4 DC] do for mun in IN do if ¢s[1] = ts[3] * ts[4] * ts[2] eq m x (DC[i])"
then i; break; end if; end for;end for;
/*10%/

for i in [1---4 DC] do for mun in IN do if ¢s[1] = ts[3] * ts[4] * ts[3] eq m x (DC[i])"

then i; break; end if; end for;end for;

for i in [1---4 DC] do for mun in IN do if ¢s[1] = ts[3] * ts[4] * ts[4] eq m x (DC[i])"
then i; break; end if; end for;end for;

/*8%/

for i in [1---f DC] do for m,n in IN do if ts[1] * ts[3] * ts[4] * ts[5] eq m * (DC[i])"™
then i; break; end if; end for;end for;
[¥12%/

for i in [1---4 DC] do for myun in IN do if ¢s[1] = ts[3] * ts[4] x ts[6] eq m x (DC[i])"
then i; break; end if; end for;end for;

/*13*/

S:={[1,2,1,3]%};
SS:=5"N;SS;
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SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]*ts[1]*ts[3]
eq gxts[Rep(8SS[il) [1]]
*ts[Rep(SSS[i]) [2]]*

ts[Rep(SSS[i]) [311*ts[Rep(SSS[i]) [4]]
then print SSS[il;

end if; end for; end for;
N1213:=Stabiliser (N, [1,2,1,3]);
#N1213;

/*1x/

N1213s:=N1213;

[1,2,1,3]"N1213s;

tril:=Transversal(N,N1213s);

for i:=1 to #trl do

ss:=[1,2,1,3]"tr1[i];
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..135] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*86%/

#N/#N1213s;
/*18%/
Orbits(N1213s);
/*
[
GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4, 5, 6 @}
]
*/

for iin [1---§ DC] do for m,n in IN do if ¢s[1] % ts[2] = ts[1] * ts[3] x ts[1] eq m * (DC[i])"
then i; break; end if; end for;end for;

JF11%/

for iin [1---# DC] do for m,n in IN do if ts[1] = ts[2] * ts[1] * ts[3] * ts[2] eq m * (DC[i])™
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then i; break; end if; end for;end for;

/F11%/

for iin [1---§ DC] do for m,n in IN do if ¢s[1] % ts[2] = ts[1] * ts[3] * ts[3] eq m * (DC[i])"
then i; break; end if; end for;end for;

/*1%/

for i in [1---# DC] do for m,n in IN do if ts[1] = ts[2] * ts[1] * ts[3] * ts[4] eq m x (DC[i])"
then i; break; end if; end for;end for; /*5*/

S:={[1,2,3,41};

SS:=S°N;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]l*ts[2]*ts[3]*ts[4]
eq gxts[Rep(SSS[il) [11]
*ts[Rep(SSS[i]) [2]]*
ts[Rep(SSS[i]) [3]]*
ts[Rep(SSS[il]) [4]]

then print SSS[i];

end if; end for; end for;
N1234:=Stabiliser (N, [1,2,3,4]);
#N1234;

/*1x/

N1234s:=N1234;

[1,2,3,4] "N1234s;

trl:=Transversal (N,N1234s);

for i:=1 to #trl do

ss:=[1,2,3,4] "tr1[i];
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..135] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*x104%/

#N/#N1234s;
/*18%/
Orbits(N1234s);



/*

[
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@

]

*/

O WN -

e},
e},
e},
e},
e},
e}
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foriin [1---4DC|doform,ninI Ndoifts[1] * ts[2] x ts[3] = ts[4] x ts[1]egm * (DC]i])™ then

i; break; end if; end for;end for;

foriin [1---§DC]doform,ninl Ndoifts[1] x ts[2] x ts[3] * ts[4] x ts[2]eqm * (DC[i])" then

i; break; end if; end for;end for;

/*3%/

for iin [1---4DC]doform,ninI Ndoifts[1] * ts[2] x ts[3] x ts[4]  ts[3]egm * (DCi])™ then

i; break; end if; end for;end for;

foriin [1---4DCldoform,ninl Ndoifts[1] x ts[2] x ts[3] * ts[4] x ts[4]eqm * (DC[i])"™ then

i; break; end if; end for;end for;

/*5*/

for iin [1---§DCldoform,ninI Ndoifts[1] * ts[2] x ts[3] = ts[4] * ts[5]egm x (DC]i])™ then

i; break; end if; end for;end for;

/*6*/

for iin [1---§DCldoform,ninI Ndoifts[1] x ts[2] * ts[3] * ts[4] x ts[6]egm * (DC[i])"then

i; break; end if; end for;end for;

/*T%/

S:={[1,2,4,51};

SS:=S°N;

8SS:=Setseq(SS);
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for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]*ts[4]*ts[5]
eq g*ts[Rep(SSS[i]) [1]1]*ts[Rep(SSS[i]) [2]1]*ts[Rep(SSS[i]) [311\\
*xts [Rep(SSS[i]) [4]]

then print SSS[il;

end if; end for; end for;
N1245:=Stabiliser(N, [1,2,4,5]);

#N1245;

/*1%/

N1245s:=N1245;

[1,2,4,5] "N1245s;

trl:=Transversal (N,N1245s) ;

for i:=1 to #trl do

ss:=[1,2,4,5]"tr1[i];
cst[prodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..135] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*107*/
#N/#N1245s;
/*18%/
Orbits(N1245s);
[
GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4 @},
GSet{@ 5 @},
GSet{@ 6 @}
]

for i in [1..#DC] do for m,n in IN do if ts[1]l*ts[2]*ts[4]*ts[5]*ts[1] eq
m*(DC[i]) "n then i; break; end if; end for;end for;

/*¥T*x/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[4]*ts[5]*ts[2] eq
m*(DC[i])"n then i; break; end if; end for;end for;

/*T*/
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for i in [1..#DC] do for m,n in IN do if ts[1]x*ts[2]*ts[4]*ts[5]*ts[3] eq
m*(DC[i])"n then i; break; end if; end for;end for;

/*T*/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[4]*ts[5]*ts[4] eq
m*(DC[i])"n then i; break; end if; end for;end for;

/¥Tx/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[4]*ts[5]*ts[5]
m*(DC[i]) "n then i; break; end if; end for;end for;

0]

q

/*T*x/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[4]*ts[5]*ts[6]
m*(DC[i])"n then i; break; end if; end for;end for;

0]

q

/*T*/

S:={[1,2,4,6]1};

SS:=S°N;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]*ts[4]*ts[6]
eq g*ts[Rep(SSS[i]) [1]]1*ts[Rep(SSS[il) [2]1]1*ts[Rep(SSS[i]) [3]]
*ts [Rep(SSS[i]) [4]]

then print SSS[il;

end if; end for; end for;
N1246:=Stabiliser(N, [1,2,4,6]);

#N1246;

/*x1x/

N1246s:=N1246;

[1,2,4,6] "N1246s;

trl:=Transversal (N,N1246s) ;

for i:=1 to #trl do

ss:=[1,2,4,6]"tr1[i];
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..135] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*113%/
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#N/#N1246s;

/*18%/

Orbits (N1246s) ;

/*
GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4 @},
GSet{@ 5 @},
GSet{@ 6 @}

]

*/

for i in [1..#DC] do for m,n in IN do if ts[1]l*ts[2]*ts[4]*ts[6]*ts[1] eq
m*(DC[i])"n then i; break; end if; end for;end for;

/*6x/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[4]xts[6]*ts[2] eq
m*(DC[i])"n then i; break; end if; end for;end for;

/*6x/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[4]*ts[6]*ts[3] eq
m*(DC[i]) "n then i; break; end if; end for;end for;

/*6%/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[4]*ts[6]*ts[4] eq
m*(DC[i])"n then i; break; end if; end for;end for;

/*T*/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[4]*ts[6]*ts[5] eq
m*(DC[i]) "n then i; break; end if; end for;end for;

/*T*/

for i in [1..#DC] do for m,n in IN do if ts[1]x*ts[2]*ts[4]*ts[6]*ts[6] eq
m*(DC[i])"n then i; break; end if; end for;end for;

/*¥T*x/

s:={[1,3,4,31};

SS:=S°N;

8SS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[3]*ts[4]*ts[3]
eq gxts[Rep(SSS[i]) [1]1]1*ts[Rep(SSS[i]) [21]*
ts[Rep(SSS[i]) [3]]
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*xts [Rep(SSS[i]) [4]]

then print SSS[i];

end if; end for; end for;
N1343:=Stabiliser(N, [1,3,4,3]);
#N1343;

/*1%/

N1343s:=N1343;
[1,3,4,3]"N1343s;

trl:=Transversal (N,N1343s);

for i:=1 to #trl do

ss:=[1,3,4,3]"tr1[i];
cstprodim(l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..135] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*131%/

#N/#N1343s;

/*18%/

Orbits(N1343s);

/*

[
GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4 @},
GSet{@ 5 @},
GSet{@ 6 @}

]

*/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[3]*ts[4]*ts[3]*ts[1] eq
m*(DC[i]) "n then i; break; end if; end for;end for;

/*T*/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[3]*ts[4]*ts[3]*ts[2] eq
m*(DC[i])"n then i; break; end if; end for;end for;
/*11x/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[3]*ts[4]*ts[3]*ts[3] eq
m*(DC[i]) "n then i; break; end if; end for;end for;

/*6%/
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for i in [1..#DC] do for m,n in IN do if ts[1]x*ts[3]*ts[4]*ts[3]*ts[4] eq
m*(DC[i])"n then i; break; end if; end for;end for;
/*10%/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[3]*ts[4]*ts[3]*ts[5]
m*(DC[i])"n then i; break; end if; end for;end for;
/*10%/

0]

q

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[3]*ts[4]*ts[3]*ts[6]
m*(DC[i])"n then i; break; end if; end for;end for;

0]

q

S:={[1,3,4,6]%};

SS:=S"N;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[3]*ts[4]x*ts[6]
eq gxts[Rep(SSS[i]) [1]1]*ts[Rep(SSS[i]) [2]]*ts[Rep(SSS[i]) [3]]
*ts [Rep(SSS[il) [4]]

then print SSS[i];

end if; end for; end for;
N1346:=Stabiliser (N, [1,3,4,6]);

#N1346;

/*1%/

N1346s:=N1346;

[1,3,4,6] "N1346s;

trl:=Transversal (N,N1346s) ;

for i:=1 to #trl do

ss:=[1,3,4,6] "tri1[i];
cstprodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..135] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*134%/

#N/#N1346s;
/*18%/
Orbits(N1346s);
/*
[
GSet{@ 1 @},
GSet{@ 2 @},



GSet{@ 3 @},
GSet{@ 4 @},
GSet{@ 5 @},
GSet{@ 6 @}

]
*/

for i in [1
m*(DC[i])"n
/x6%/

for i in [1.

m*(DC[i]) "n
/*6%/

for i in [1.

mx(DC[i]) "n
/*6%/

for i in [1.

mx(DC[i]) "n
/*6%/

for i in [1.

mx(DC[i])"n
/x6%/

for i in [1.

m*(DC[i]) "n
/x6%/

..#DC] do for m,n in IN
then i; break; end if;

.#DC] do for m,n in IN
then i; break; end if;

.#DC] do for m,n in IN
then i; break; end if;

.#DC] do for m,n in IN
then i; break; end if;

.#DC] do for m,n in IN
then i; break; end if;

.#DC] do for m,n in IN
then i; break; end if;

do if ts[1]l*ts[3]*ts[4]*ts[6]*ts[1]
end for;end for;

do if ts[1]*ts[3]*ts[4]*ts[6]*ts[2]
end for;end for;

do if ts[1]*ts[3]*ts[4]*ts[6]*ts[3]
end for;end for;

do if ts[1]*ts[3]*ts[4]*ts[6]*ts[4]
end for;end for;

do if ts[1]*ts[3]*ts[4]*ts[6]*ts[5]
end for;end for;

do if ts[1]l*ts[3]*ts[4]*ts[6]*ts[6]
end for;end for;
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8.2 Construction Of U(3,4) : 2 Over N ~ 5%: S

Consider N = < x,y >; where

x ~ (1, 15,12, 8, 3,9, 14, 13, 7, 4)(2, 11, 5, 6, 10) and

~ (1,11, 14, 6, 12, 2, 7, 5, 3, 10)(4, 8, 13, 15, 9);

Our progenitor is 52 : S3. We prove that U(3,4) : 2 =2 G < z,y,t >:= Group <
oy t|(y xS (y xa)3 e byt Yoo txy, a?xyx x93 12, (t,y L x a2«

v, (e sy ), (e ey ) (a7 w0 s

*xg*y_

We perform manual double coset enumeration of G over N. We need to determine all
distinct double coset NwN and find the number of right cosets in each double coset. It
suffices to find the double coset of Nwt; for one representative ¢; from each orbit of the
coset stabiliser N() of the right coset Nw, so we find the index which is the order of G
over the order of N.
|G| __ 124800

Hence,m = 5

= 832. So, we have 832 single cosets.

e First Double Coset [*]

NeN = {Ne"lne N} = {N}.

The double coset NeN = [*] contains 1 right coset. The coset stabiliser of the coset Ne
is N.

The number of right coset in * is equal to % = % =1

Since N is transitive on {1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15}.
We need only determine the double coset of the right coset Nt;.
Thus nine cosets extend to the new double coset [1], that mean the nine generators go

forward to Nt;.
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Cayley Diagram

[ 1]
M Nt

Figure 8.2: Cayley diagram for G over Si5

e Second Double Coset [1]

NtyN = {Nt}|n € N}

= {Nt1, Nta, Nt3, Nty, Nts, Ntg, Nt7, Ntg, Ntg, Ntig, Nt11, Nt12, Nt13, Nt14, Nt15}. We
now find the Coset Stabilizer N(V). We first find the point stabilizer of 1 in N.
Nl={ne N1"=1}

N1 = (2, 5,10, 11, 6)(4, 8, 13, 15, 9) (2, 13)(4, 10)(5, 8)(6, 15)(9, 11)

Thus, N > (2, 5, 10, 11, 6)(4, 8, 13, 15, 9) (2, 13)(4, 10)(5, 8)(6, 15)(9, 11)

The number of right cosets in [1] is equal to

Nl _ 150 _
NO= 10 = 15

The orbits of N on X= {1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15} are
{1},{3},{7},{12},{14},{2,5,13,10,8,15,11,4,9,6}.
Now we select a representative from each orbit and determine to which double coset

Ntltl, Ntltg, Nt1t7, Nt1t12, Nt1t14, Ntltgbelongs.

This shows us the following:

Ntit; = Nt = N € [4].

Since the orbit {1} contains one element, then one symmetric generator goes back to

the double coset [*].

Nt € [1]

One symmetric generator will go back to [1].

Nt tzNis a new double coset which we will denote [13].
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One symmetric generators will go to the new double coset [13].

Nt1t7N , Nt1t12N, Nt1t14N that each produce one symmetric generators which will
all go to [13].

NtitaN is a new double coset which we will denote [12].

Ten symmetric generators will go to the new double coset [13].

Cayley Diagram

'l (1 (1.2
M M-t Text

Figure 8.3: Cayley diagram for G over Si5

e Third Double Coset Nt tsN = [13]

Nty t3 = N(t1t3)"|n € N.
We now find the Coset Stabilizer N(}3). Firstly, find the point stabilizer of 1 and 3 in N.
N3 = pn e N|(13)" = 13
Nt t3N is denoted by [13]

Thus,N13 =1
The number of right cosets in [13] is equal to
|| 150 _ {50.

N3~ 1
The orbits of N2 on X= {1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15} are

{1342}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}, {14}, {15}.

We take ti,to,ts,t4,15,t6,t7,ts,tg, 110,111, t12,t13,t14,t15 from each orbit respectively,
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and determine to which double coset Ntthtl, Ntthtz, Ntltztg, Nt1t2t4, Nt1t2t5, NtthtG,
Ntqtoty, Ntitots, Ntitate, Ntitat10, Ntitati1, Ntitat12, Nt1tat13, Nt1tot14, Nt1tot15

belong.

Ntitoty is a new double

go to [121].

Ntitato is a new double
go back to [1].

Ntitots is a new double
go to [13].

Ntitoty is a new double
go to [124].

Ntitots is a new double
go to [123].

Ntitotg is a new double
go to [123].

Ntitoty is a new double
go to [127].

Ntitats is a new double

go to [123].

Ntitaotg is a new double

go to [129].

coset which will donate by [121] One symmetric generator will

coset which will donate by [122] One symmetric generator will

coset which will donate by [123] One symmetric generator will

coset which will donate by [124] One symmetric generator will

coset which will donate by [125] One symmetric generator will

coset which will donate by [126] One symmetric generator will

coset which will donate by [127] One symmetric generator will

coset which will donate by [128] One symmetric generator will

coset which will donate by [129] One symmetric generator will

Ntytatyp is a new double coset whose one symmetric generator will go to [123].



Ntytoty; is a new double coset whose one symmetric generator will go to [123].

Ntitotio is a new double coset whose one symmetric generator will go to [127].

Ntytoty3 is a new double coset whose one symmetric generator will go to [124].

Ntitoty4 is a new double coset whose one symmetric generator will go to [123].

Ntjtotys is a new double coset whose one symmetric generator will go to [129].

Cayley Diagram

14 1

Figure 8.4: Cayley diagram for G over Sis

121

[1,2,3]
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e Fourth Double Coset NtjtatgN = [129]

Ntitotg = {N(titatg)"|n € N}. We now find the Coset Stabilizer N(12%). We first find
the point stabilizer of 1, 2 and 9 in N.

N12 = {n € N|(129)" = 129} = {e}

We have N (titatg) = N (t13tat7).

Now N (t1tgtg) LG IBIEGITNE) — N (t3tot7) = Ntitoty.

. Ntltgtél’lg)(3’15)(4’12)(7’9)(8’14) — Ntytoto

= (1,13)(3,15)(4,12)(7,9)(8,14) € N(129 5o, N((129) > ((1,13)(3,15)(4,12)(7,9)(8, 14)).

The number of right cosets in NtitotgN is calculated by the formula,

Nl _ 150 _
oy = 50 =5,

The orbits of N(1?9) on X = {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15} are orbits
{2}, {5},{6}, {10}, {11}, {1,13},{3,15}, {4,12},{7,9}, {8, 14}

We will determine the double cosetes Nt totgto, Nt tatgts, Ntitotots, Ntitatotio,
Ntitotgtiy, Ntitatots, Ntitatots, Ntitatots, Ntitatoty, Ntitatots

by selecting one representative from this orbit such as,

Ntitotgta, Ntitotots, Nt1tatots has four symmetric generators go to [1,2,9].

NtitotgtaNis a new double coset which has One symmetric generators we will denote
[1292].

Ntitotgts Nis a new double coset which has One symmetric generators we will denote
[1295].

NtitotgtgNis a new double coset which has One symmetric generators we will denote
[1296].

Ntitotgt1gNis a new double coset which has One symmetric generators we will denote
[12910].

Ntitotgt11 Nis a new double coset which has One symmetric generators we will denote
[12911].



NtltgtgthiS
[1291].

NtltgtgthiS
[1293].

Nt1t2t9t4NiS
[1294].

Nt1t2t9t7NiS
[1297].

NtthtgthiS
[1298].

new double

new double

new double

new double

new double

Cayley Diagram

coset

coset

coset

coset

coset

which has

which has

which has

which has

which has

two

two

two

two

two

symmetric

symmetric

symmetric

symmetric

symmetric

generators

generators

generators

generators

generators

we

we

we

we

we
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will denote

will denote

will denote

will denote

will denote
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14 1

[1.2,9]

Figure 8.5: Cayley diagram for G over Si5

Now look at the generators for [1,2,3] Ntqtatots, Ntitatot1p, Ntitatot11 has three symmet-
ric generator goes to [1,2,3].

Cayley Diagram
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14 1

Figure 8.6: Cayley diagram for G over Si5

Now look at the generators for [1,2,4] Ntitatgt,, Ntitotgts has four symmetric generator
goes to [1,2,4].
Cayley Diagram
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14 1

Figure 8.7: Cayley diagram for G over Si5

e Fifth Double Coset Ntjtot; N = [127]

Ntitoty = {N(t1tat7)"|n € N}. We now find the Coset Stabilizer N2 We first find
the point stabilizer of 1, 2 and 7 in N.

N2 = {n € N|(127)" = 127}

N127T = ((1,2,15)(3,6,9)(4,7,11)(5,13,14)(8, 12, 10)).

We have N(t1t2t7)(1,2,15)(3,6,9)(4,7,11)(5,13,14)(8,12,10)'

= (1,2,15)(3,6,9)(4,7,11)(5,13,14)(8,12,10) € N2 Thus N((127) > (N127 (1,2, 15)
(3,6,9)(4,7,11)(5,13,14)(8,12,10))

The number of right cosets in Ntytst7 N is calculated by the formula,
IN| 150 _ 5(.

|N(127)| - 3
The orbits of N1 on X = {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15} are orbits

{1,2,15},{3,6,9}, {4, 7,11}, {5,13,14}, {8, 12, 10}.

We will determine the double cosetesNtitotrt1, Ntitotrts, Ntitotrts, Ntitatrts,
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Ntytotrts by selecting one representative from this orbit such as,

Ntqtot7t1 Nis a new double coset which has three symmetric generators we will denote

[1271].

Ntqtot7ts Nis a new double coset which has three symmetric generators we will denote

[1273].

Ntqtot7t4Nis a new double coset which has three symmetric generators we will denote

[1274].

Ntqtot7t5Nis a new double coset which has three symmetric generators we will denote

[1275].

Ntqtot7tgNis a new double coset which has three symmetric generators we will denote

[1278].
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Cayley Diagram

14 1

Figure 8.8: Cayley diagram for G over Sis



129

Now look at the generators for [1,2,7] that connect to [124] and three symmetric generator
goes from [1,2,7]to [124].
Cayley Diagram

14 1

Figure 8.9: Cayley diagram for G over Si5
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e Sixth Double Coset Nt taty N = [124]

Ntytoty = {N(t1tats)"|n € N}. We now find the Coset Stabilizer NO24)  We first find
the point stabilizer of 1, 2 and 4 in N.

N124 = {n € N|(124)" = 124}

N2 = ((1,6,15)(2,13,14)(3,11,9)(4,7,10)(5,8,12)).

We have N(t1t2t7)(1’6’15)(2’13’14)(3’11’9)(4’7’10)(5’8’12).

— (1,6,15)(2,13,14)(3,11,9)(4,7,10)(5,8,12) € N124) Thus N((124 > (N124 (1,6, 15)
(2,13,14)(3,11,9)(4,7,10)(5,8,12))

The number of right cosets in Ntitot4 N is calculated by the formula,

Nl _ 150 _
ey = 50 = 50,

The orbits of N(1?Y) on X = {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15} are orbits
{1,6,15},{2,13,14}, {3,11,9}, {4,7,10}, {5, 8,12}
We will determine the double COSGteSNt1t2t4t1, Nt1t2t4t2, Nt1t2t4t3, Nt1t2t4t4, Nt1t2t4t5

by selecting one representative from this orbit such as,

Ntytotst1 Nis a new double coset which has three symmetric generators we will denote

[1241].

Ntytotsta Nis a new double coset which has three symmetric generators we will denote

[1242].

Ntytotsts Nis a new double coset which has three symmetric generators we will denote

[1243].

Ntytotst4Nis a new double coset which has three symmetric generators we will denote

[1244].

Ntytotsts N is a new double coset which has three symmetric generators we will denote

[1245).

Cayley Diagram
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14 1

Figure 8.10: Cayley diagram for G over Sis

e Seventh Double Coset Ntjtots N = [123]

Ntitots = {N(t1tat3)"|n € N}. We now find the Coset Stabilizer NU23) " We first find
the point stabilizer of 1, 2 and 3 in N.

N1 = {n € N|(123)" = 123}

N1Z = ((1,5)(2,3)(6,7)(10,14)(11,12)).

We have N(t1t2t3)(1,5)(2,3)(6,7)(10,14)(11,12)_

— (1,5)(2,3)(6,7)(10,14)

(11,12) € N(123) Thus N((123) > (N123 (1,5)(2,3)(6,7)(10,14)(11,12))

The number of right cosets in Nt1t9t34N is calculated by the formula,
IN| 150 _ 75

|N(123)| - 2
The orbits of N3 on X = {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15} are orbits

{8},{9}, {13}, {15},{1,5},{2,3},{6,7},{10, 14}, {11, 12}.
We will determine the double COSQteSNtthtgtg, Ntltgtgtg, Ntltgtgtlg, Ntltgtgtlg,,
Ntltgtgtl, Nt1t2t3t2, Nt1t2t3t6, Nt1t2t3t10, Nt1t2t3t11 .




By selecting one representative from this orbit such as,

Ntitotstg4Nis a new double coset which has one
[1234].

Ntqtotstg Nis a new double coset which has one
[1238].

NtqtotstgNis a new double coset which has one
[1239)].

Ntitotsti3Nis a new double coset which has one
[12313).

NtitotstisNis a new double coset which has one
[12313).

Ntitotsti Nis a new double coset which has two
[1231].

NtitotstaoNis a new double coset which has two
[1232].

NtitotstgNis a new double coset which has two
[1232].

Ntitotsti9Nis a new double coset which has two
[12310].

Ntitotst11Nis a new double coset which has two
[12311].

symmetric generators

symmetric generators

symmetric generators

symmetric generators

symmetric generators

symmetric generators

symmetric generators

symmetric generators

symmetric generators

symmetric generators
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will denote

will denote

will denote

will denote

will denote

will denote

will denote

will denote

will denote

will denote
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Cayley Diagram

Figure 8.11: Cayley diagram for G over Sis
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8.2.1 Magma Work U(3,4):2 Over N ~ 5%: S

S:=Sym(15);

xxi=SI(1, 15, 12, 8, 3, 9, 14, 13, 7, 4)(2, 11, 5, 6, 10);

yy:=SI(1, 11, 14, 6, 12, 2, 7, 5, 3, 10)(4, 8, 13, 15, 9);

N:=sub< S|zz,yy >;

¢ N; /*150%/

G< x,y,t >:=Group< z,y,t|(y 1 x2x71)3, (y L xa)3, 2 ey Lxadxy™
2wy 2, (Ly T wa? wyT), (G2 ke y T wa), (@0 wy e t), (202w tlvsrTY)3
iG;

/¥124800*/

f,G1,k:=CosetAction(G,sub< Glz,y >);

1*x_1*y,x2*y*

CompositionFactors(G1);

/*

| Cyclic(2)

| 2A(2, 4) = U@, 4

x/
NL:=NormalLattice(G1);
NL;

/*

Normal subgroup lattice

[3] Order 124800 Length 1 Maximal Subgroups: 2

[2] Order 62400 Length 1 Maximal Subgroups: 1
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[1] Order 1 Length 1 Maximal Subgroups:

*/

for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;
/*

1

*/

/*to get the largest abelain group*/
IsAbelian(NormalLattice(N) [2]);

/*truex*/

IsCyclic(NormalLattice(N) [2]);

/*falsex*/

q,ff:=quo<N|NormalLattice(N) [2]>;

q;

/*

Permutation group q acting on a set of cardinality 3
Order = 6 = 2 * 3

(2, 3)

1, 2)
*/
IsIsomorphic(q,Sym(3));
/*

true Isomorphism of GrpPerm: q, Degree 3, Order 2 * 3
into GrpPerm: $, Degree 3, Order 2 * 3 induced by

2, 3) I-—-> (2, 3)

(1, 2) |-—> (1, 2)

*/
FPGroup(q) ;
/*
Finitely presented group on 2 generators
Relations

$.172 = Id($)

$.2°2 = Id($)

(3.2 * $.1)73 = Id($)
*/
#DoubleCosets (G, sub<G|x,y>,sub<G|x,y>);
/*12%/

DoubleCosets(G,H, sub<G|x,y>);

H:=sub<Glx,y,x * y * t * x"-2 * t * x"2 * t * y™-1>;
#H;

/*300%/

Index(G,H);
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/*x416%/

f,G1,k:=CosetAction(G,H);

IN:=sub<G1|f(x),f(y)>;

TH:=sub<G1l|f(x),f(y),f(x * y * t * x™=-2 * t * x"2 * t * y~-1)>;
#DoubleCosets(G,H,sub<G|x,y>);

/*¥T*/

/* Do DCE of G over H and Nx*/

DoubleCosets(G,H, sub<G|x,y>);

/*{ <GrpFP: H, Id(G), GrpFP>, <GrpFP: H, t * x-1 * t * y
* t, GrpFP>, <GrpFP: H, t * x * t * x * t, GrpFP>,
<GrpFP: H, t, GrpFP>, <GrpFP: H, t * x * t, GrpFP>,
<GrpFP: H, t * x * t * y™-1 * t, GrpFP>, <GrpFP: H, t *

y *xt xy *xt, GrpFP> }x/

DC:=[Id(G1),f(t),f(t * x * t),

f(t xx"-1 xt xy* t),f(t * x *t x x * t),
f(t*xx*xt*xy-1x%x1t),

f(t*xy*xt*xyx*xt) 1;

cst := [null : i in [1 .. 416]] where null is [Integers() | ];
prodim := function(pt, Q, I)

v := pt;

for i in I do

v = v~ (Q[il);

end for;

return v;

end function;

NN<a,b>:=Group<a,b| (b"-1 * a~-1)"3 , (b"-1 * a)~3 ,
a”-1 * b™-1 * a”3 * b™-1 * a™-1 * b ,a"2 * b * a”2 * b"3 >;
#NN;

/*150%/

Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);
ArrayP:=[Id(N): i in [1..#N]];

for i in [2..#N] do

P:=[Id(N): 1 in [1..#Sch[ill]l;

for j in [1..#Sch[i]] do

if Eltseq(Sch[i]) [j] eq 1 then P[j]:=xx; end if;

if Eltseq(Sch[i]) [j] eq -1 then P[jl:=xx"-1; end if;
if Eltseq(Sch[i]l) [j] eq 2 then P[j]:=yy; end if;

if Eltseq(Sch[i]) [j] eq -2 then P[jl:=yy~-1; end if;
end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PP#*P[k]; end for;

ArrayP[i] :=PP;
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end for;

for j in [2..15] do for i in [1..#Sch] do if 1"ArrayP[i] eq j then j,
Schli];
break;

end if; end for;
end for;

/*

2b*x a"-1

3 b"-2

4 a~-1

5b *x a

6 b™-1 x a”-1
7 a~-2

8 a’-1 x b

9 a=x*xb

10 b~-1

11 o

12 a”2

13 a * b™-1
14 v~2

15 a

*/

ts := [ Id(G1): i in [1 .. 15] 1;

ts[1]:=f (t);

ts[2]:=f(t"(y * x"-1)); ts[3]:=f£(t"(y~-2)); ts[4]:=f(t"(x"-1));
ts[B]:=£(t"(y * x));

ts[6]:=f(t"(y"-1 * x"-1));

ts[7]:=f (£t~ (x"-2));

ts[8]:=f(t"(x"-1 * y)); ts[9]:=f(t~(x*xy));

ts[10]:=f (£~ (y"-1 )); ts[11]:=f(t"y);

ts[12] :=f (£~ (%72 )); ts[13]:=f(t"(x*y~-1));

ts[14] :=f (£t~ (y~2)); ts[15]:=f(t"x);

N1:=Stabiliser(N,1);
N1;
/*
Permutation group N1 acting on a set of cardinality 15
Order = 10 = 2 * 5
(2, 5, 10, 11, 6)(4, 8, 13, 15, 9)
(2, 13)(4, 10)(5, 8)(6, 15)(9, 11)
*/
for g in IH do for i in [1..15] do if ts[1] eq gxts[il
then i; end if; end for; end for;
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S:={[1]13};
SS:=S°N;
SSS:=Setseq(SS);
for i in [1..#SSS] do
for g in IH do if ts[1]
eq g*ts[Rep(SSS[il) [11]
then print SSS[il;
end if; end for; end for;
/*
{

[ 1]

x/
N1:=Stabiliser(N,1);
Ni1s:=N1;

#N1s;

/*10%/

trl:=Transversal(N,Nis);
for i:=1 to #trl do
ss:=[1]"tr1[i];
cst[prodim(1,ts,ss)] :=ss;
end for;
/*16x%/
m:=0; for i in [1..416] do if cst[i] ne []
then m:=m+1;
end if; end for;m;
Orbits (Nis);
/*
[
GSet{@ 1 @},
GSet{@ 3 @},
GSet{@ 7 @},
GSet{@ 12 @},
GSet{Q 14 @},
GSet{@ 2, 5, 13, 10, 8, 15, 11, 4, 9, 6 @}

*/

foriin [1---7] do
for g in IH do for h in IN do
if ts[1] x ts[1]eqg * (DC[i])" then i;



break i; break g; break h; end if; end for;end for;end for;

/*1%/

foriin [1---7] do
for g in IH do for h in IN do
if ts[1] * ts[3]eqg * (DCYi])" then i;

break i; break g; break h; end if; end for;end for;end for;

/*2%/

for i in [1..7] do
for g in IH do for h in IN do
if ts[1]*ts[3] eq g*(DC[i])"h then i;

break i; break g; break h; end if; end for;end for;end for;

/*2x/

for i in [1..7] do
for g in IH do for h in IN do
if ts[1]*ts[7] eq g*(DC[i]l)"h then i;

break i; break g; break h; end if; end for;end for;end for;

/*2%/

for i in [1..7] do
for g in IH do for h in IN do
if ts[1]*ts[12] eq g*(DC[i]l)"h then i;

break i; break g; break h; end if; end for;end for;end for;

/*2%/

for i in [1..7] do
for g in IH do for h in IN do
if ts[1]*ts[14] eq g*(DC[i])"h then i;

break i; break g; break h; end if; end for;end for;end for;

/*2%/

for i in [1..7] do
for g in IH do for h in IN do
if ts[1]l*ts[2] eq g*(DC[i])"h then i;

break i; break g; break h; end if; end for;end for;end for;

/*3%/

S:={[1,2]};
SS:=S"N;
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SSS:=Setseq(SS);
for i in [1..#SSS] do
for g in IH do if ts[1]*ts[2]
eq g*ts[Rep(SSS[i]) [1]]*ts[Rep(SSS[i]) [2]]
then print SSS[il;
end if; end for; end for;
/*
{
[1, 2]

*/
N12:=Stabiliser (N, [1,2]);
N12;

/*

Permutation group N12 acting on a set of cardinality 15

Order = 1

*/

N12s:=N12;

#N12s;

/*x1x/
trl:=Transversal(N,N12s);
for i:=1 to #trl do
ss:=[1,2]"tr1[il;
cst[prodim(1,ts,ss)] :=ss;
end for;

m:=0; for i in [1..416] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*x165%/

Orbits(N12s);

/*

[
GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4 @},
GSet{@ 5 @},
GSet{@ 6 @},
GSet{@ 7 @},
GSet{@ 8 @},
GSet{@ 9 @},

GSet{@ 10 @},
GSet{@ 11 @},
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GSet{@ 12 @},
GSet{@ 13 @},
GSet{e 14 @},
GSet{@ 15 @}

*/

for i in [1..7] do

for g in IH do for h in
if ts[1]*ts[2]*ts[1] eq
break i; break g; break
/*3%/

for i in [1..7] do

for g in IH do for h in
if ts[1]l*ts[2]*ts[2] eq
break i; break g; break
/*2%/

for i in [1..7] do

for g in IH do for h in
if ts[1]l*ts[2]1*ts[3] eq
break i; break g; break
/*¥T*x/

for i in [1..7] do

for g in IH do for h in
if ts[1]*ts[2]*ts[4] eq
break i; break g; break
/*6%/

for i in [1..7] do

for g in IH do for h in
if ts[1]*ts[2]*ts[5] eq
break i; break g; break
/*3x/

for i in [1..7] do

for g in IH do for h in
if ts[1]*ts[2]*ts[6] eq
break i; break g; break
/*3%/

for i in [1..7] do
for g in IH do for h in

IN do
g*(DC[i])"h then i;
h; end if; end for;end

IN do
gx(DC[i])"h then ij;
h; end if; end for;end

IN do
g*(DC[i])"h then i;
h; end if; end for;end

IN do
gx(DC[i])"h then ij;
h; end if; end for;end

IN do
g*(DC[i])"h then ij;
h; end if; end for;end

IN do
gx(DC[i])"h then i;
h; end if; end for;end

IN do

for;end

for;end

for;end

for;end

for;end

for;end

for;

for;

for;

for;

for;

for;
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if ts[1]*ts[2]*ts[7] eq
break i; break g; break
/*5

*/

for i in [1..7] do

for g in IH do for h in
if ts[1]*ts[2]*ts[8] eq
break i; break g; break
/*3%/

for i in [1..7] do

for g in IH do for h in
if ts[1]*ts[2]1*ts[9] eq
break i; break g; break
/*4x/

for i in [1..7] do
for g in IH do for h in

g*(DC[i])"h then i;
h; end if; end for;end

IN do
g*(DC[i])"h then ij;
h; end if; end for;end

IN do
g*(DC[i])"h then ij;
h; end if; end for;end

IN do

if ts[1]*ts[2]*ts[10] eq gx(DC[il)~h then ij;

break i; break g; break
/*3%/

for i in [1..7] do
for g in IH do for h in

h; end if; end for;end

IN do

if ts[1]*ts[2]*ts[11] eq g*(DC[i])~h then ij;

break i; break g; break
/*3%/

for i in [1..7] do
for g in IH do for h in

h; end if; end for;end

IN do

if ts[1]*ts[2]*ts[12] eq g*(DC[i])"h then i;

break i; break g; break

/*5x/

for i in [1..7] do
for g in IH do for h in

h; end if; end for;end

IN do

if ts[1]*ts[2]*ts[13] eq gx(DC[i]l)"h then ij;

break i; break g; break
/*6%/

for i in [1..7] do
for g in IH do for h in

h; end if; end for;end

IN do

if ts[1]1*ts[2]*ts[14] eq g+*(DC[i])"h then i;

break i; break g; break

h; end if; end for;end

for;end

for;end

for;end

for;end

for;end

for;end

for;end

for;end

for;

for;

for;

for;

for;

for;

for;

for;
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/*T*/

for i in [1..7] do

for g in IH do for h in IN do

if ts[1]*ts[2]*ts[15] eq gx(DC[i])"h then ij;

break i; break g; break h; end if; end for;end for;end for;
/*4x/

N129:=Stabiliser (N, [1,2,9]);

N129;
/*
Permutation group N129s acting on a set of cardinality
15
Order = 2
(1, 13)(3, 15)(4, 12)(7, 9(8, 14)
*/
N129s:=N129;

for g in N do if [1,2,9]1"g eq [13,2,7]
then N129s:=sub<N|N129s,g>; end if ; end for;
[1,2,9]"N129s;
/*
GSet{@
[1, 2,91,
[ 13, 2, 7]
Q}
*/
#N/#N129s;
/*¥75%/

trl:=Transversal (N,N129s);
for i:=1 to #trl do
ss:=[1,2,9]"tr1[il;
cst[prodim(1,ts,ss)]:=ss;
end for;
m:=0; for i in [1..416] do if cst[i] ne []
then m:=m+1;
end if; end for;m;
/*240%/
Orbits(N129s);
/*
[

GSet{@ 2 @},

GSet{@ 5 @},

GSet{@ 6 @},

GSet{@ 10 @},



GSet{@ 11 @},
GSet{@ 1, 13 @},
GSet{@ 3, 15 @},
GSet{@ 4, 12 @},
GSet{@ 7, 9 @},
GSet{@ 8, 14 @}

]

*/

foriin [1---7] do

for g in IH do for h in IN do

if s[1] * ts[2]  ts[9] * ts[2]eqg * (DC[i])" then i;

break i; break g; break h; end if; end for;end for;end for;
/¥ 4%/

foriin [1---7] do

for g in IH do for h in IN do

if ts[1] * ts[2] * ts[9] * ts[5]eqg * (DCYi])" then i;

break i; break g; break h; end if; end for;end for;end for;
/*¥T*/

foriin [1---7] do

for g in IH do for h in IN do

if ts[1] * ts[2] * ts[9] * ts[6]eqg * (DC[i])" then i;

break i; break g; break h; end if; end for;end for;end for;
/5 4%

foriin [1---7] do

for g in IH do for h in IN do

if ts[1] * ts[2] * ts[9] * ts[10]eqg * (DC[i])" then i;

break i; break g; break h; end if; end for;end for;end for;
[*Tr

foriin [1---7] do
for g in IH do for h in IN do
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if ts[1] * ts[2] x ts[9] x ts[11]eqg * (DC[i])" then i;
break i; break g; break h; end if; end for;end for;end for;
/¥ T/

foriin [1---7] do

for g in IH do for h in IN do

if ts[1] x ts[2] = ts[9] x ts[1]eqg * (DC[i])" then i;

break i; break g; break h; end if; end for;end for;end for;
/*6 %/

foriin [1---7] do

for g in IH do for h in IN do

if ts[1] * ts[2] x ts[9] x ts[3]eqg * (DC[i])" then i;

break i; break g; break h; end if; end for;end for;end for;
/* 6%/

foriin [1---7] do

for g in IH do for h in IN do

if ts[1] * ts[2] x ts[9] x ts[4leqg * (DC[i])" then i;

break i; break g; break h; end if; end for;end for;end for;
/¥4 %/

foriin [1---7] do
for g in IH do for h in IN do
if ts[1] * ts[2] x ts[9] x ts[T]eqg * (DC[i])" then i;
break i; break g; break h; end if; end for;end for;end for;
/3%

for iin [1---7] do

for g in IH do for h in IN do

if ts[1] * ts[2] * ts[9] * ts[8]eqg * (DC[i])" then i;

break i; break g; break h; end if; end for;end for;end for;
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/3%

S:={[1,2,71%};
SS:=S"N;
SSS:=Setseq(SS);
for i in [1..#SSS] do
for g in IH do if ts[1]*ts[2]*ts[7]
eq g+ts[Rep(SSS[il) [1]1]*ts[Rep(S8SS[i]) [2]11*ts[Rep(SSS[i]) [3]]
then print SSS[i];
end if; end for; end for;
/*
{
[1, 2, 7]

[ 2, 15, 11 ]

[ 15, 1, 4]
}
*/
N127:=Stabiliser (N, [1,2,7]);
N127;
/* Permutation group N127 acting on a set of cardinality 15
Order =1
*/
N127s:=N127;
for g in N do if [1,2,7]1 g eq [2,15,11] then N127s:=sub<N|N127s,g>;
end if ; end for;
[1,2,71°N127s;
N127s;
/*Permutation group N127s acting on a set of cardinality
15
Order = 3
(1, 2, 15)(3, 6, 9)(4, 7, 11)(5, 13, 14)(8, 12, 10)
*/
#N/#N127s;
/*50%/

trl:=Transversal (N,N127s);
for i:=1 to #trl do
ss:=[1,2,7]"tr1[i];
cst[prodim(1,ts,ss)] :=ss;



end for;

m:=0; for i in [1..416] do

then m:=m+1;

end if; end for;m;

/*290%/

Orbits(N127s);

/*

[
GSet{e 1, 2, 15 @},
GSet{@ 3, 6, 9 @},
GSet{e 4, 7, 11 @},
GSet{@ 5, 13, 14 @},
GSet{@ 8, 12, 10 @}

*/

for i in [1..7] do

for g in IH do for h in IN
if ts[1]*ts[2]*ts[7]*ts[1]
break i; break g; break h;
/%3 */

for i in [1..7] do

for g in IH do for h in IN
if ts[1]*ts[2]*ts[7]*ts[3]
break i; break g; break h;
/*5%/

for i in [1..7] do

for g in IH do for h in IN
if ts[1]*ts[2]*ts[7]*ts[4]
break i; break g; break h;
/*3%/

for i in [1..7] do

for g in IH do for h in IN
if ts[1]*ts[2]*ts[7]*ts[5]
break i; break g; break h;
/* T */

for i in [1..7] do
for g in IH do for h in IN
if ts[1]*ts[2]*ts[7]*ts[8]

if cst[i] ne []

do
eq g*x(DC[i])"h then
end if; end for;end

do
eq gx(DC[i])"h then
end if; end for;end

do
eq gx(DC[i])"h then
end if; end for;end

do
eq gx(DC[i])"h then
end if; end for;end

do
eq gx(DC[i])"h then

i;
for;end for;

i;
for;end for;

i;
for;end for;

i;
for;end for;

i;
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break i; break g; break h; end if; end for;end for;end for;
/* T %/

S:={[1,2,4]};
SS:=S"N;
SSS:=Setseq(SS);
for i in [1..#SSS] do
for g in IH do if ts[1]*ts[2]*ts[4]
eq g*ts[Rep(SSS[il) [1]1]1*ts[Rep(S8SS[i]) [2]1]1*ts[Rep(SSS[i]) [3]]
then print SSS[i];
end if; end for; end for;
/*
{
[1, 2, 4]
}
{
[ 6, 13, 7]
}
{
[ 15, 14, 10 ]
}

*/

N124:=Stabiliser(N,[1,2,4]);

N124s:=N124;

for g in N do if [1,2,4]9 eq [6,13,7] then
N124s:=sub< N|N124s, g >; end if ; end for;
[1, 2, 4}N124s;

/*

GSet{@
[1, 2,41,
[6, 13, 71,
[ 15, 14, 10 1]

@}

*/

N124s;

/*

(1, 6, 15)(2, 13, 14)(3, 11, 9)4, 7, 10)(5, 8, 12)
*/
#N/#N124s;
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/*50%/

trl:=Transversal(N,N124s);

for i:=1 to #trl do

ss:=[1,2,4]"tr1[i]l;

cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..416] do if cst[i] ne []

then m:=m+1;

end if; end for;m;

/*340%/

Orbits(N124s);

/*

[
GSet{@ 1, 6, 15 @},
GSet{e 2, 13, 14 @},
GSet{@ 3, 11, 9 @},
GSet{@ 4, 7, 10 @},
GSet{@ 5, 8, 12 @}

]

*/

for i in [1..7] do

for g in IH do for h in IN do

if ts[1]*ts[2]*ts[4]*ts[1] eq g*x(DC[i])~"h then ij;

break i; break g; break h; end if; end for;end for;end for;
/* 4 x/

for i in [1..7] do

for g in IH do for h in IN do

if ts[1]*ts[2]*ts[4]*ts[2] eq g*(DC[i])"h then ij;

break i; break g; break h; end if; end for;end for;end for;

/%6 */

for i in [1..7] do

for g in IH do for h in IN do

if ts[1]*ts[2]*ts[4]*ts[3] eq g*(DC[i])"h then i;

break i; break g; break h; end if; end for;end for;end for;

/* 3%/

for i in [1..7] do

for g in IH do for h in IN do

if ts[1]l*ts[2]*ts[4]*ts[4] eq g*(DC[i])"h then i;

break i; break g; break h; end if; end for;end for;end for;
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/% 3 */

for i in [1..7] do

for g in IH do for h in IN do

if ts[1]*ts[2]*ts[4]*ts[5] eq g*(DC[i])"h then 1i;

break i; break g; break h; end if; end for;end for;end for;
/* 4 */

S:=[1,2,3];

SS = SN,

SSS:=Setseq(SS);

for iin [1---4 SSS] do

for g in IH do if ts[1]*ts[2]*ts[3]

eq g*ts[Rep(SSS[i])[1]]*ts[Rep(SSSi]) [2]]*ts[Rep(SSS[i])[3]]
then print SSSJiJ;

end if; end for; end for;

/*
{

[1, 2, 3]
}
{

[ 5,3, 2]
}
*/

N123:=Stabiliser (N, [1,2,3]);

N123s:=N123;

for g in N do if [1,2,3]1"°g eq [5,3,2]

then N123s:=sub<N|N123s,g>; end if ; end for;
[1,2,3]"N123s;

/*

GSet{@
(1, 2,31,
[ 5,3, 2]

@}

*/

N123s;

/*

Permutation group N123s acting on a set of cardinality
15



151

Order = 2
(1, 5)(2, 3)6, 7)(10, 14) (11, 12)
x/

#N/#N123s;

/*T75%/

Orbits(N123s);

/*[
GSet{@ 4 @},
GSet{@ 8 @},
GSet{@ 9 @},
GSet{@ 13 @7},
GSet{@ 15 @},
GSet{@ 1, 5 @},
GSet{@ 2, 3 @},
GSet{@ 6, 7 @},
GSet{@ 10, 14 @},
GSet{@ 11, 12 @}

*/

trl:=Transversal (N,N123s);

for i:=1 to #trl do

ss:=[1,2,3]"tr1[i];
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..416] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*415%/

for i in [1..7] do

for g in IH do for h in IN do

if ts[1]*ts[2]1*ts[3]*ts[4] eq g*(DC[i])"h then ij;

break i; break g; break h; end if; end for;end for;end for;

/*T*/

for i in [1..7] do

for g in IH do for h in IN do

if ts[1]*ts[2]*ts[3]*ts[8] eq g*(DC[i])~h then i;

break i; break g; break h; end if; end for;end for;end for;

/*4x/



for i in [1..7] do
for g in IH do for h in IN do
if ts[1]*ts[2]*ts[3]*ts[9] eq g*(DC[i])~h then ij;

break i; break g; break h; end if; end for;end for;end

/*4x/

for i in [1..7] do
for g in IH do for h in IN do
if ts[1]*ts[2]*ts[3]*ts[13] eq g+x(DC[i])"h then i;

break i; break g; break h; end if; end for;end for;end

/*4x/

for i in [1..7] do
for g in IH do for h in IN do
if ts[1]*ts[2]*ts[3]1*ts[15] eq gx(DC[i])"h then ij;

break i; break g; break h; end if; end for;end for;end

/*T*/

for i in [1..7] do
for g in IH do for h in IN do
if ts[1]l*ts[2]1*ts[3]*ts[1] eq g*(DC[i])"h then i;

break i; break g; break h; end if; end for;end for;end

/*5%/

for i in [1..7] do
for g in IH do for h in IN do
if ts[1]*ts[2]*ts[3]*ts[2] eq g*(DC[i])"h then 1i;

break i; break g; break h; end if; end for;end for;end

/*3%/

for i in [1..7] do
for g in IH do for h in IN do
if ts[1]*ts[2]*ts[3]*ts[6] eq g*(DC[i])"h then ij;

break i; break g; break h; end if; end for;end for;end

/*3%/

for i in [1..7] do
for g in IH do for h in IN do
if ts[1]*ts[2]*ts[3]1*ts[10] eq gx(DC[i])"h then ij;

break i; break g; break h; end if; end for;end for;end

/*T*/

for i in [1..7] do
for g in IH do for h in IN do

for;

for;

for;

for;

for;

for;

for;
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if ts[1]l*ts[2]*ts[3]*ts[11] eq g+x(DC[i]l)~"h then 1i;
break i; break g; break h; end if; end for;end for;end for;

/*5%/
S:=[1,2,3,4];
SS = SN:
SSS:=Setseq(SS);
for iin [1---# SSS] do
for g in TH do if ts[1]*ts[2]*ts[3]*ts[4]
eq g*ts[Rep(SSS[i])[1]]*ts[Rep(SSSIi]) [2]]*ts[Rep(SSS[i])[3]]*ts[Rep(SSSi] ) [4]]
then print SSS[iJ;

end if; end for; end for;

/%
{

[ 1, 2, 3, 4]
}
{

[5, 3,2, 4]
}
*/

N1234:=Stabiliser (N, [1,2,3,4]);

N1234s:=N1234;

for g in N do if [1,2,3,4]1°g eq [5,3,2,4]

then N1234s:=sub<N|N1234s,g>; end if ; end for;
[1,2,3,4] "N1234s;

#N/#N1234s;

/* 75 x/

tril:=Transversal(N,N123s);

for i:=1 to #trl do

ss:=[1,2,3,4]"tr1[i];
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..416] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*

415
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*/

s:={[1,2,3,8]};
SS:=S°N;
SSS:=Setseq(SS);
for i in [1..#SSS] do
for g in IH do if ts[1]l*ts[2]*ts[3]*ts[8]
eq gxts[Rep(SSS[i]) [1]1]1*ts[Rep(SSS[i]) [2]1]
*ts [Rep(8SS[i]) [3]]1*ts[Rep(SSS[i]) [4]]
then print SSS[i];
end if; end for; end for;
/*
{
(1, 2, 3, 8]

[ 5,3, 2, 8]

*/

N1238:=Stabiliser(N, [1,2,3,8]);

N1238s:=N1238;

for g in N do if [1,2,3,8] g eq [5,3,2,8]

then N1238s:=sub<N|N1238s,g>; end if ; end for;
[1,2,3,8]"N1238s;

#N/#N1238s;

/*

75

*/

trl:=Transversal(N,N123s);
for i:=1 to #trl do
ss:=[1,2,3,8] "tr1[i];
cstprodim(l,ts,ss)] :=ss;
end for;

m:=0; for i in [1..416] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*

415

*/

S:={[1,2,3,11};
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SS:=S"N;
SSS:=Setseq(SS);
for i in [1..#SSS] do
for g in IH do if ts[1]*ts[2]*ts[3]*ts[1]
eq g+ts[Rep(SSS[il) [11]*ts[Rep(8SS[il]) [2]]
*ts [Rep(SSS[i]) [3]]1*ts[Rep(SSS[il) [4]]
then print SSS[il;
end if; end for; end for;
/*
{
(1, 2,3, 1]

[ 11, 15, 10, 11 1]

[ 4, 12, 8, 4]

*/

N1231:=Stabiliser(N,[1,2,3,1]);

N1231s:=N1231;

for g in N do if [1,2,3,1]9 eq [11,15,10,11|then N1231s:=sub< N|N1231ls,g >; end if ;
end for;

[1,2,3,1]N1231s,

# N/ ¢ N1231s;

/*
50
*/

trl:=Transversal (N,N123s);

for i:=1 to #trl do

ss:=[1,2,3,1]"tr1[i];
cst[prodim(l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..416] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*x 415 x/
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8.3 Double Coset Enumeration Of S; Over Sj

Consider N = < z,y >; where

where x ~ (2, 3)(4, 6)(5, 8)(7, 11)(9, 14)(10, 15)(12, 18)(13, 20)(17, 24)(19, 26)(21,25)(23,
28),

y ~ (1,2,4,7, 12, 19)(3, 5, 9, 15, 22, 27)(6, 10, 16, 23, 18, 25)(8, 13,21)(11, 17, 14)(20,
26, 29, 30, 28, 24).

Our progenitor 2*3° : §5. We prove that

Q*x*yQ),(y*

S = Group< z, ¥y, t|z2, 45, (yxxxy L x2)%, (xxy™ 1), (t,2), (t,y? vz x Yy~
T*t)3, (y*x* t(yz*x))4 >;

We perform manual double coset enumeration of G over N. We need to determine all
distinct double coset NwNN and find the number of right cosets in each double coset. It
suffices to find the double coset of Nwt; for one representative ¢; from each orbit of the
coset stabiliser N(®) of the right coset Nw, so we find the index which is the order of G
over the order of N.

|G| _ 720

Hence, IN] = 120 = 6. So, we have total 6 single cosets.

e First Double Coset [*]

NeN = {Ne"lne N} = {N}.
The double coset NeN is denoted by [*] which contains 1 right coset.The coset stsbiliser

of the coset Ne is N.

m_@_l
[N| — 120 —

Since N is transitive on {1,2,3,4,5,6,8,9,10,11,12,13,14,15,16,17,18,19, 20,21,22,23,24,25,
26,27,28,29,30},

We need to determine the double coset of the right coset Nt;.

Thus, the Thirty ¢;'s which are Nt{, Ntg, Nt3, Nty, Nts, Ntg, Nt7, Ntg, Ntg, Ntig,
Nti11, Nt1a, Nt13, Nt14, Nt15, Nt1g, Nt17, Nt1g, Nt1g, Ntog, Nto1, Nioo, Ntog, Ntog, Nios,

The number of right cosets in [*] is equal to

Ntog, Nto7, Ntog, Ntag, Nt3g extend the new double coset [1], that mean thirty generators

goes forward to Nti.
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Cayley Diagram

(1]
M-t1

==

Figure 8.12: Cayley diagram for G over S3g

e Second Double Coset Nt; N = [1]

Nt N = {Nt?|n € N}

— {Nt1, Nts, Nt3, Nts, Nts, Ntg, Ntz, Nts, Ntg, Ntig, Nt11, Nt 1o,

Nty3, Nt1a, Nt1s, Nte, Nt17, Nt1g, Nt1g, Ntao, Nta1, Ntog, Ntos, Ntaa,

Ntos, Ntog, Ntoz, Ntog, Ntag, Ntso}. Firstly, find the point stabilizer of 1 in N.
Nl'=neN|1"=

N~1 =

(2, 3)(4, 6)(5, 8)(7, 11)(9, 14)(10, 15)(12,18)
(13,20) (17, 24) (19, 26) (21, 25) (23, 28)(2, 26)
(3, 19) (4, 18)(5, 13)(6, 12)(7,11)(8,20)(9,17)
(10, 28) (14, 24) (15, 23)(21, 25)(22,30)(27,29).

Thus, N >

(2, 3)(4, 6)(5, 8)(7, 11)(9, 14) (10, 15)(12,18)
(13,20) (17, 24) (19, 26) (21, 25) (23, 28)(2, 26)
(3, 19) (4, 18)(5, 13)(6, 12)(7,11)(8,20)(9,17)
(10, 28) (14, 24) (15, 23) (21, 25)(22,30)(27,29).

= (1,2,3,4,5,6,8,9,10,11,12,13,14,15,16,17,18,19, 20,21,22,23,24,
25,26,27,28,29,30) € N(1).

The orbits of N on

X =1{1,2,3,4,5,6,8,9,10,11,12,13,14, 15, 16,17, 18,19,

20,21, 22,23, 24, 25, 26, 27, 28,29, 30} are
{1,4,6,18,12,16},{2,3,26,7,9,30,19,11, 14,17, 22, 24},

{5,8,13,15,21,29, 20,10, 23, 27, 25, 28}

Then N < Ny, (1,4,12)(2,7,19)(3,9,22)(5, 15, 27)(6, 16, 18)(8, 21, 13)(10, 23, 25)
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(11,14, 17)(20, 29, 28)(24, 26, 30) >= 5.
So, Order of< Ny, (1,4,12)(2,7,19)(3,9,22)(5, 15,27)(6, 16, 18)(8, 21,13)(10, 23, 25)
(11,14, 17)(20,29, 28)(24, 26, 30) > is 24.

The number of right cosets in [1] is equal to

[NV _@_5
N 24 T %

Now we choose the represenatative from the first orbit and 5 from the second orbit and
determine the double coset of Ntit1, Ntits.

This shows us the following:
Ntit; = Nt? = N € [4]
Since the orbit {1} contains one element, then one symmetric generator goes back to the

double coset [*].

Nty € [1]

Six symmetric generator will go back to [1].

NtitaNis a new double coset which we will denote [12].

Twelve symmetric generators will go to the new double coset [12].

Nt ts Nis a new double coset which we will denote [15].

Twelve symmetric generators will go to the new double coset [12].

Cayley Diagram

a0 1 24

(]
Mt .21

=3

Figure 8.13: Cayley diagram for G over S3g
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e Third Double Coset Nt12N = [12]

Nt1aN = {Nt}y|n € N}.

={Nty, Nty, Nt3, Nty, Nt5, Ntg, Nt7, Ntg, Ntg, Nt19, Nt11, Nt12,
Ntig, Nt14, Nt1s, Ntig, Nt17, Nt1g, Nt1g, Ntoo, Nia1, Ntog, Ntos,
Ntay, Ntos, Ntog, Ntor, Ntog, Ntag, Nt}

Firstly, find the point stabilizer of 1 in N.

N'=ne N[I" =1,

Nt =1

Thus, N > (1)

= (1,2,3,4,5,6,8,9,10,11,12,13,14,15,16,17,18,19, 20,21,22,23,24,25,
26,27,28,29,30) € N(1)

The number of right cosets in [1] is equal to

[N 1

The orbits of N(V) on

X ={1,2,3,4,5,6,8,9,10,11,12,13,14, 15,16, 17,18, 19, 20, 21, 22, 23, 24, 25,
26,27,28,29,30} are

{1342}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}, {14}, {15},
{16}, {17}, {18}, {19}, {20}, {21}, {22},

(23}, {24}, {25}, {26}, {27}, {28}, {19}, {30}.

The number of right cosets in [1] is equal to
IVl = 120 — 19,

NO T 1

1|\Tolw we choose the represenatative from determine the double coset of
Ntit1, Ntito, Ntits, Ntity, Ntits, Ntitg,

Ntity, Ntitg, Ntitg, Ntitig, Nt1t11, Ntit1o, Nti1t13, Nti1t14, Ntit1s,
Ntytig, Ntitar, Ntitis, Ntitrg, Ntitoo, Ntitor, Ntitor, Ntitag, Ntiteg

s Ntitos, Nt1tas, Nt1tog, Nt1tor, Nt1tog, Nt1tag, Nt1t30.

IVl — 120 _ 190,

This shows us the following:



Cayley Diagram

[l
M

Figure 8.14: Cayley diagram for G over S3g

1]
M1 2l

It is possible that the coset stabiliser of N(®) of the coset Nw increases and

|
IN

G = N U Nt UNtity
N N
Gl < N+ 2 + ¥ x|
G| < (1430 +120)X120 = |G| < 151X120 = |G| < 18000

therefore (J” decreases. Our cayley diagram shows that

G acts on 720 cosets that are given in the cayley diagram.
Let X be the set of these 720 cosets.
Now, f: G — S, is a homomorphism.

Kg 7 =1Im f (First Isomorphism Theorem).

— 2= (@), f(y), FO)

= |geg| = [(f(2), (), F))]-

But #(f(z), f(y), f(t)) = 8064.

So, | ez = 18000

This means |G| > 18000. We know |G| < 18000 from cayley diagram.
Therefore, |G| = 18000.

From |G| = 18000 x |Kerf| we find |Kerf| =1

G = (f(z), f(y), F(1)) but, (f(2), f(y), f(t)) = (2°: F6)(7 : 3)
= G=(2%30:8S5).

160
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8.3.1 Magma Work Sgz Over Sj

S:=Sym(30) ;
xx:=S1(2, 3)(4, 6)(5, 8)(7, 11)(9, 14)(10, 15)(12, 18) (13, 20) (17, 24)
(19, 26)(21,25) (23, 28);
yy:=S!(1, 2, 4, 7, 12, 19)(3, 5, 9, 15, 22, 27)(6, 10, 16, 23, 18, 25)
(8, 13,21)(11, 17, 14)(20, 26, 29, 30, 28, 24);
N:=sub<S|xx,yy>;
#N;
/*120%/
G<x,y,t>:=Group<x,y,t|x"2, y°6, (y*x*y -1*x)"2,(x*y~-1)"5,
(t,x), (t,y " 2%xxy " -2*%x*xy~2) , (y*xx*t) "3,
(yxx*t~ (y~2%x)) "4>;
#G;
720
f,G1,k:=CosetAction(G,sub<Glx,y>);
CompositionFactors(Gl);
G
| Cyclic(2)
*
| Alternating(6)
1
NL:=NormalLattice(G1);
NL;

Normal subgroup lattice

[3] Order 720 Length 1 Maximal Subgroups: 2
[2] Order 360 Length 1 Maximal Subgroups: 1
[1] Order 1 Length 1 Maximal Subgroups:

IsAbelian(NormalLattice(N) [1]);
true
q,ff:=quo<N|NormalLattice(N) [2]>;
q;
Permutation group q acting on a set of cardinality 2
Order = 2
1, 2)
(1, 2)
IsIsomorphic(G1l,Sym(6));
true Isomorphism of GrpPerm: G1, Degree 6, Order 274 x*
372 * 5 into GrpPerm: $, Degree 6, Order 274 * 372 * b5
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induced by

(3, 4 |-—-> (3, 4

(2, 3)(4, 5, 6) |--> (2, 3)(4, 5, 6)

(1, 2)(3, 4) |-—> (1, 2)(3, 4
#DoubleCosets (G, sub<G|x,y>,sub<G|x,y>);
2
DoubleCosets(G,sub<G|x,y>,sub<G|x,y>);
{ <GrpFP, I1d(G), GrpFP>, <GrpFP, t, GrpFP> }
IN:=sub<G1|f(x),f(y)>;

IN;

Permutation group IN acting on a set of cardinality 6
3, 4
(2, 3)(4, 5, 6)

#G1/#N;

/*6x/

ts := [ Id(G1): i in [1 .. 30] ];

ts[1]:=£(t);

ts[2] :=f(t"y );

ts[3] :=£f(t" (y*x));
ts[4]:=£(t"(y~2));
ts[B]:=f(t~(y * x*y));
ts[6]:=f(t"(y~2 * x));
ts[7]:=£(t"(y~3));

ts[8] :=f (£t~ (y*x)"2);

ts[9] :=f (£~ (y*x*y~2));
ts[10] :=f (£~ (y~2*x*y ));
ts[11]:=£ (£~ (y~3*x));
ts[12] :=f (£t~ (x"2));
ts[13] :=f (£~ (x*y~-1));
ts[14] :=f (£~ (y*x*y~2%x) ) ;
ts[15] :=f (£~ (y*x*y~3));
ts[16] :=f (£~ (y~2*x*y~2));
ts[17] :=f (£~ (y~3*x*y)) ;
ts[18] :=f (£~ (y~-2%x));
ts[19] :=f (¢t~ (y~-1));

ts[20] :=f (£t~ (y~-1*xx*xy~-1));
ts[21] :=f (£~ (yxx*y*x*y~-1));
ts[22] :=f (¢t~ (y*x*y~-2));
ts[23] :=f (£" (y™-2*x*y~-1)); ts[24]:=f (£~ (y -1xx*xy~-2));
ts[25] :=f (t~ (y~2*x*y~-1));
ts[26] :=f (£~ (y~-1%*x));
ts[27] :=f (£~ (y*x*xy~-1)); ts[28]:=f(t"(y -1*x*y~3));
ts[29] :=f (" (x"y));

ts[30] :=f (£t~ (y~-1xx*xy~2));



DC:=[Id(G1),£(t) 1;

cst := [null : i in [1 .. 6]] where null is [Integers() | J;

prodim := function(pt, Q, I)
function> v := pt;
function> for i in I do
function|for> v := v~ (Q[il);
function|for> end for;
function> return v;
function> end function;
N1:=Stabiliser(N,1);
N1i;
Permutation group N1 acting on a set of cardinality 30
Order = 4 = 272
(2, 3)(4, 6)(5, 8)(7, 11)(9, 14)(10, 15)
(12, 18)(13,20) (17, 24) (19, 26) (21, 25)
(23, 28)(2, 26)(3, 19)(4, 18)(5, 13)
(6, 12)(7, 11)(8, 20)(9,17) (10, 28)
(14, 24) (15, 23)(21, 25) (22, 30)(27,29)

S:={[11};

SS:=S"N;

SSS:=Setseq(SS);

for i in [1..#SSS] do
for g in IN do if ts[1]
eq g*ts[Rep(8SS[il) [1]1]
then print SSS[il;

end if; end for; end for;

{

[1]
}
{

[ 4]
}
{

[ 6]
}
{

[ 12 ]
}
{

[ 16 ]
}
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[ 18 ]
}
N1:=Stabiliser(N,1);
Ni1s:=N1;
#N1s;
4
Orbits(Nis);
[
GSet{@ 1 @},
GSet{@ 16 @},
GSet{@ 7, 11 @},
GSet{@ 21, 25 @},
GSet{@ 22, 30 @},
GSet{@ 27, 29 @},
GSet{@ 2, 3, 26, 19 @7},
GSet{@ 4, 6, 18, 12 @I},
GSet{@ 5, 8, 13, 20 @7},
GSet{@ 9, 14, 17, 24 @},
GSet{@ 10, 15, 28, 23 @}
]

Nis:=sub<N|N1,(1, 4, 12)(2, 7, 19)(3, 9, 22)(5,15,27) (6, 16, 18)

(8,21, 13) (10, 23, 25) (11, 14, 17)(20, 29, 28)(24,26, 30)>;
#N1s;
24
Orbits(Nis);
[
GSet{@ 1, 4, 6, 18, 12, 16 @},
GSet{@ 2, 3, 26, 7, 19, 9, 30, 11, 14, 17, 22, 24
Q},
GSet{@ 5, 8, 13, 15, 20, 21, 10, 23, 27, 29, 25, 28
@}
]
for i in [1..2] do
for g in IN do for h in IN do
if ts[1]l*ts[1] eq g*(DC[i]l)"h then i;
break i; break g; break h; end if; end for;end for;end for;
/*1%/
for i in [1..2] do
for g in IN do for h in IN do
if ts[1]*ts[2] eq g*(DC[i])"h then i;
break i; break g; break h; end if; end for;end for;end for;
/*2%/
for i in [1..2] do
for g in IN do for h in IN do
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if ts[1]l*ts[56] eq g*(DC[il)"h then 1i;
break i; break g; break h; end if; end for;end for;end for;
/*2%/

S:={[1,21};

SS:=S"N;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]

eq gxts[Rep(SSS[il) [11]*ts[Rep(SSS[i]) [2]]
then print SSS[i];

end if; end for; end for;

{

[1, 21
}
{

[1, 3]
}
{

[ 5, 13 ]
}
{

[ 7, 15 ]
}
{

[ 9, 16 ]
}
{

[ 11, 18]
}
{

[ 9, 21 1]
}
{

[ 11, 10 1]
}
{

[ 14, 16 1]
}
{

[ 14, 25 1]
}
{

[ 22, 13 ]



N12:=Stabiliser (N, [1,2]);

{

[ 22, 12 1]
}
{

[ 27, 25 1]
}
{

[ 23, 15 1]
}
{

[ 6, 30 ]
}
{

[ 27, 21 1]
}
{

[ 23, 20 1]
}
{

[ 6, 3]
}
{

[ 24, 12 1]
}
{

[ 28, 10 ]
}
{

[ 4, 30 ]
}
{

[ 26, 18]
}
{

[ 4, 2]
}
{

[ 19, 20 1]
}
N12s:=N12;
#N12s;
1

N12;
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Permutation group N12 acting on a set of cardinality 30

Order = 1

trl:=Transversal(N,N12s);
for i:=1 to #trl do

ss:=[1,2]"tr1[il;

cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..6] do if cst[i] ne []

then m:=m+1;

end if; end for;m;

5

Orbits(N12s);

L

GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@
GSet{@

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e},
e}
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for i in [1..2] do

for g in IN do for h in
if ts[1]l*ts[2]*ts[1] eq
break i; break g; break

/*2x/

for i in [1..2] do

for g in IN do for h in
if ts[1]l*ts[2]1*ts[2] eq
break i; break g; break
/*2x/

for i in [1..2] do

for g in IN do for h in
if ts[1]*ts[2]*ts[3] eq
break i; break g; break
/*2%/

for i in [1..2] do

for g in IN do for h in
if ts[1]l*ts[2]*ts[4] eq
break i; break g; break
/*2%/

for i in [1..2] do

for g in IN do for h in
if ts[1]*ts[2]*ts[5] eq
break i; break g; break
/*1x/

for i in [1..2] do

for g in IN do for h in
if ts[1]*ts[2]1*ts[6] eq
break i; break g; break
/*2%/

for i in [1..2] do

for g in IN do for h in
if ts[1]l*ts[2]1*ts[7] eq
break i; break g; break
/*2%/

for i in [1..2] do

IN do
g*(DC[i])"h then i;
h; end if; end for;end

IN do
g*(DC[i])"h then ij;
h; end if; end for;end

IN do
gx(DC[i])"h then i;
h; end if; end for;end

IN do
g*(DC[i])"h then i;
h; end if; end for;end

IN do
g*(DC[i])"h then i;
h; end if; end for;end

IN do
g*(DC[i])"h then ij;
h; end if; end for;end

IN do
g*(DC[i])"h then i;
h; end if; end for;end

for;end

for;end

for;end

for;end

for;end

for;end

for;end

for;

for;

for;

for;

for;

for;

for;
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for g in IN do for h in IN do
if ts[1]*ts[2]*ts[8] eq g+x(DC[i]) h then i;
break i; break g; break h; end if; end for;end

/*1%/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]*ts[9] eq g*(DC[i])"h then i;
break i; break g; break h; end if; end for;end

/*2%/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]*ts[10] eq g*(DC[i])~h then ij;
break i; break g; break h; end if; end for;end

/*2%/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]*ts[11] eq g*(DC[i])"h then i;
break i; break g; break h; end if; end for;end

/*2x/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]*ts[12] eq gx(DC[i]l)~h then i;
break i; break g; break h; end if; end for;end

/*2%/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]*ts[13] eq gx(DC[il)"h then ij;
break i; break g; break h; end if; end for;end

/*2%/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]*ts[14] eq gx(DC[i])"h then ij;
break i; break g; break h; end if; end for;end

/*2x/

for i in [1..2] do
for g in IN do for h in IN do
if ts[1]*ts[2]*ts[15] eq g*(DC[i])"h then i;

for;end

for;end

for;end

for;end

for;end

for;end

for;end

for;

for;

for;

for;

for;

for;

for;
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break i; break g; break h; end if; end for;end

/*2%/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]*ts[16] eq gx(DC[il)"h then i;
break i; break g; break h; end if; end for;end

/*2%/

for i in [1..2] do

for g in IN do for h in IN do

if ts[11*ts[2]*ts[17] eq gx(DC[i])"h then ij;
break i; break g; break h; end if; end for;end

/*1x/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]*ts[18] eq g*(DC[i])"h then ij;
break i; break g; break h; end if; end for;end

/*2x/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]1*ts[19] eq g*(DC[i]l)"h then i;
break i; break g; break h; end if; end for;end

/*2%/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]*ts[20] eq gx(DC[il)~h then ij;
break i; break g; break h; end if; end for;end

/*2%/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]*ts[21] eq g*(DC[i])~h then ij;
break i; break g; break h; end if; end for;end

/*2%/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]*ts[22] eq g*(DC[i])"h then i;
break i; break g; break h; end if; end for;end

/*1x/

for;end

for;end

for;end

for;end

for;end

for;end

for;end

for;end

for;

for;

for;

for;

for;

for;

for;

for;
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for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]*ts[23] eq gx(DC[i])"h then i;
break i; break g; break h; end if; end for;end

/*2%/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]1*ts[2]*ts[24] eq g+*(DC[i])"h then i;
break i; break g; break h; end if; end for;end

/*1x/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]*ts[25] eq gx(DC[i])"h then ij;
break i; break g; break h; end if; end for;end

/*2x/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]*ts[26] eq g*(DC[i])"h then i;
break i; break g; break h; end if; end for;end

/*2%/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]*ts[27] eq gx(DC[il)"h then i;
break i; break g; break h; end if; end for;end

/*2%/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]l*ts[2]1*ts[28] eq g*(DC[i]l)"h then i;
break i; break g; break h; end if; end for;end

/*2%/

for i in [1..2] do

for g in IN do for h in IN do

if ts[1]*ts[2]*ts[29] eq gx(DC[i])"h then ij;
break i; break g; break h; end if; end for;end

/*1x/

for i in [1..2] do

for;end

for;end

for;end

for;end

for;end

for;end

for;end

for;

for;

for;

for;

for;

for;

for;
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for g in IN do for h in IN do
if ts[1]*ts[2]1*ts[30] eq g*(DC[i]l)"h then i;
break i; break g; break h; end if; end for;end for;end for;

/*2%/
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8.4 Double Coset Enumeration Of 33 : 23 Over 32 : 2

Let N = (32 : 2) with (x,y) where

x~ (1,4)(2,5)(3,6), and

y~(1,2,3).

Our progenitor 33 : 23. We prove that 33 : 23 = Group< x,y,t|z?, 33,y " 1xxxy~ 1z *
yrxxy*a,t? (6y"), (yxzxt) >

We will determine the order of G. We perform manual double coset enumeration (DCE)
of G over N. We need to determine all distinct double cosets NwN and find the number
of right cosets in each double coset. It suffices to find the double coset of Nwt; for one
representative t; from each orbit of the coset stabiliser N(*) of the right coset Nw. We
find our index which is the order of G over the order of N. Hence, % = % =12. We
have 12 distinct single cosets.

¢ First Double Coset [*]

NeN = {Ne"|ne N} = N.

The double coset NeN is denoted by [*] which contains 1 right coset.The coset stsbiliser
of the coset Ne is N.

M_ﬁ_l
[N[— 18 —

Since N is transitive on {1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,},
We need to determine the double coset of the right coset Nt;.

The number of right cosets in [*] is equal to

Thus, the eighteen t;'s which are extend the double coset [%], that mean eighteen gener-

ators goes forward to Nt;.

Cayley Diagram

[l (1
[Mt1]

Figure 8.15: Cayley diagram for3? : 2 over 33 : 23
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e Second Double Coset Nt; N = [1]

Nt;N = {Nt;" |n € N}.

={Nty, Nty, Nt3, Nty, Nt5, Ntg}.Firstly, find the point stabilizer of 1 in N.
N'=nenN1n=

N = (14,5,6)

Thus, NM) > N = ((4,5,6)).

The number of right cosets in Nt; N is calculated by the formula,

N _ 18 _
IND| ~ 3 = 6.

The orbits of N on X = {1,2,3,4,5,6} are
{1}, {2},{3},{4,5,6}.

We will determine the double cosetes by selecting one representative from each orbit
such as,
Ntltl, Ntltg, Ntltg, Nt1t4 belongs.

This shows us the following:

Ntit; = Nt? = N € [4].
Since the orbit {1} contains one element, then one symmetric generator goes back to the

double coset [*].

Nty € [1]

One symmetric generator will go back to [1].

Nt1t2Nis a new double coset which we will denote [12].

One symmetric generators will go to the new double coset [14].

Nt tzNis a new double coset which we will denote [13].

One symmetric generators will go to the new double coset [14].

Nt1t4Nis a new double coset which we will denote [14].

Three symmetric generators will go to the new double coset [13].
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Cayley Diagram

[1.4]

Figure 8.16: Cayley diagram for 32 : 2 over 33 : 23

e Third Double Coset Nt to N = [12]

Nty to = {N(t1t2)"|n € N}.

We now find the Coset Stabilizer N(12). Firstly, find the point stabilizer of 1 and 2 in N.
N2 = p e N|(12)" = 12

Nty toN is denoted by [12]

Thus,N'? = (4,5,6).

The number of right cosets in [12] is equal to

IN] _ 18 _
IN[G2 3 = 6.

The orbits of NU?) on X= {1,2,3,4,5,6} are {1}, {2}, {3}, {4,5,6}.

We take t1,t9,ts3,t4 from from each orbit respectively, and determine to which double
coset Ntltztl, Ntltgtg, Nt1t2t4 belong.
As Ntitots = Ntit5 = Nty € [1].
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Thus Ntitat, is a new double coset which will donate by [121] One symmetric gener-

ator will go to [121].

Ntjtots is a new double coset which will donate by [123] One symmetric generator will

go to [123]

Ntitoty is a new double coset which will donate by [124] Three symmetric generator

will go back to [124]

[1.4]

Figure 8.17: Cayley diagram for 32 : 2 over 33 : 23
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e Fourth Double Coset Nt1tyN = [14]

Nty tg = {N(t1t4)"|n € N}.

We now find the Coset Stabilizer N(M). Firstly, find the point stabilizer of 1 and 4 in N.
NI = pn e N|(14)" = 14.

Nty t4N is denoted by [14].

The number of right cosets in [14] is equal to
=18 = 18,

|N|(14) 1
The orbits of N4 on X= {1,2,3,4,5,6} are {1}, {2}, {3}, {4}, {5}, {6}.

We take t1,to, t3, t5, t4, tg from from each orbit respectively, and determine to which dou-
ble coset Nt1t4t1, Nt1t4t2, Nt1t4t3, Nt1t4t4, Nt1t4t5, Nt1t4t6 belong.
Thus Ntitst; is a new double coset which will donate by [141] One symmetric generator

will go to [121].

Thus Ntitsty is a new double coset which will donate by [141] One symmetric gener-

ator will go to [121].

Ntitgts is a new double coset which will donate by [143] One symmetric generator will

go to [121]

Thus Ntitsts is a new double coset which will donate by [144] One symmetric gener-

ator will go to [121].

Thus Ntitts is a new double coset which will donate by [145] One symmetric gener-

ator will go to [121].

Thus Ntitste is a new double coset which will donate by [146] One symmetric gener-

ator will go to [121].
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[1.4]

Figure 8.18: Cayley diagram for 32 : 2 over 33 : 23

e Fifth Double Coset Nt tot; N = [121]

Nty tot; = {N(t1t2)t1"|n € N}.

We now find the Coset Stabilizer N121) Firstly, find the point stabilizer of 1,2 and 1 in
N.

N2 = p e N|(121)" = 121.

Nty tot; N is denoted by [121].

The number of right cosets in [121] is equal to
|V] 18 __ 6.

|N|(123>7 3
The orbits of N(123) on X= {1,2,3,4,5,6} are {1}, {2}, {3}, {4,5,6}.

We take t1,t9,t3,t4 from from each orbit respectively, and determine to which double

coset Ntltgtltl, Ntltgtltg, Ntltgtltg, Nt1t2t1t4 belong.

Thus Ntitat1t; and Ntitatits are the double coset whose two symmetric generators will

go to [12].

Thus Ntitotits is the double coset which whose one symmetric generators will go back
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to [1].

Thus Ntqtotits is the double coset which whose three symmetric generators will go back
to [14].

[1.4]

Figure 8.19: Cayley diagram for 32 : 2 over 33 : 23
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8.4.1 Magma Work 32 : 2 Over 33 : 23

S:=Sym(6) ;

xx:=S!(1, 4)(2, 5)(@3, 6) ;

yy:=81(1,2,3);

N:=sub<S|xx,yy>;

#N;

/* 18 */
CompositionFactors(N) ;

/*

Cyclic(2)
Cyclic(3)
Cyclic(3)

*/

G<x,y,t>:=Group<x,y,tl x72,y73,y"-1 * x * y™-1 * x *y * x * y * X,
t72,

(t,y7°x), (y*xx*t) "4>;

#G;

CompositionFactors(G);

/* 216 x/

f,G1,k:=CosetAction(G,sub<Glx,y>);

CompositionFactors(G1);

/%
G
| Cyclic(2)
*
| Cyclic(2)
*
| Cyclic(2)
*
| Cyclic(3)
*
| Cyclic(3)
*
| Cyclic(3)
1
*/
NL:=NormalLattice(G1l);
NL;
/*

Normal subgroup lattice



[11]
[10]
[ 9]
[ 8]
[ 7]
[ 6]
[ 8]
[ 4]

[ 3]

[ 2]

[ 1]
*/

Order
Order
Order

Order

Order
Order

Order
Order

Order

Order

Order

216

108
108
108

54
36

27
18

Length

Length 1
Length 1
Length 1

Length
Length

Length
Length

Length
Length

Length

Maximal
Maximal
Maximal

Maximal

Maximal
Maximal

Maximal
Maximal

Maximal

Maximal

Maximal

IsAbelian(NormalLattice(N) [2]);
/* true *x/
q,ff:=quo<N|NormalLattice(N) [2]>;

Subgroups:
Subgroups:
Subgroups:
Subgroups:

Subgroups:
Subgroups:

Subgroups:
Subgroups:

Subgroups:
Subgroups:

Subgroups:

10

q;
/*
Permutation group q acting on a set of cardinality 3
Order =6 = 2 * 3
(2, 3)
1, 2, 3
*/
FPGroup(q) ;
/* Finitely presented group on 2 generators
Relations
$.1°2 = Id($)
$.2°-3 = Id($)

($.2°-1 % $.1)°2 = Id($)

*/

IsIsomorphic(q,Sym(3));

/*

true Isomorphism of GrpPerm: q, Degree 3, Order 2 * 3
into GrpPerm: $, Degree 3, Order 2 * 3 induced by

(2, 3

1, 2, 3)

*/

[--> (2, 3)
[--> (1, 2, 3)
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H:=sub<Glx,y,t * y * t * y~-1>;

#H;

/* 54 x/

IN:=sub<G1|f(x),f(y)>;

IH:=sub<G1l|f(x),f(y),f(t * y *x t *x y~-1)>;
#DoubleCosets(G,H,sub<G|x,y>);

/*3%/

DoubleCosets(G,H, sub<Glx,y>);

/* { <GrpFP: H, Id(G), GrpFP>, <GrpFP: H, t * x * t,
GrpFP>, <GrpFP: H, t, GrpFP> }

*/

NN<a,b>:=Group<a,b| a"2,b"3,b"-1 * a * b™-1 *x a * b * a * b * a>;
#NN;

Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);
ArrayP:=[Id(N): i in [1..#N1];

for i in [2..#N] do

P:=[Id(N): 1 in [1..#Sch[ill];

for j in [1..#Sch[i]] do

if Eltseq(Sch[i]) [j] eq 1 then P[j]:=xx; end if;

if Eltseq(Sch([i]) [j] eq -1 then P[j]l:=xx"-1; end if;
if Eltseq(Sch[i]) [j] eq 2 then P[jl:=yy; end if;

if Eltseq(Sch([il) [j] eq -2 then P[j]l:=yy~-1; end if;
end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PP*P[k]; end for;

ArrayP[i] :=PP;

end for;

for j in [2..6] do for i in [1..#Sch] do

if 1"ArrayP[i] eq j then j,Schl[il;

break;

end if; end for;

end for;

/*

2 Db

3 b"-1

4 a

5b *x a

6 b™-1 * a
*/

DC:=[Id(G1),f(t),f(t * x *x t) 1;
IN:=sub<G1|f(x),f(y)>;
ts := [ Id(G1): i in [1 .. 6] 1;
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ts[1]:=f(t);

ts[2] :=f (£t~ (y));

ts[3]:=f(t"(y~-1));

ts[4]:=f(t"(x));

ts[B]:=£(t"(y * x));

ts[6]:=f(t"(y~-1 * x));
#DoubleCosets (G, sub<Glx,y>, sub<Glx,y>);

/*4x/

DoubleCosets(G,sub<G|x,y>, sub<G|x,y>);

/*{ <GrpFP, Id(G), GrpFP>, <GrpFP, t * y * t, GrpFP>,
<GrpFP, t, GrpFP>, <GrpFP, t * x * t, GrpFP> }
*/

DC:=[Id(G1),f(t),f(t * x * t),f(t*xy*t) 1;
Index(G1,IN);
/*12x/
cst := [null : i in [1 .. Index(G1,IN)]] where null is [Integers() | 1;
prodim := function(pt, Q, I)
v := pt;
for i in I do
v = v (Q[il);
end for;
return v;
end function;
for i := 1 to 6 do
cstlprodim(1, ts, [i1)] := [il;
end for;
m:=0; for i in [1..12] do if cst[i] ne [] then m:=m+1;
end if; end for;m;
/*6x/
Orbits(N);
/*[
GSet{@ 1, 4, 2, 5, 3, 6 @}
]
*/
N1:=Stabiliser(N,1);
Orbits(N1);
/*
[
GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4, 6, 5 @}



*/
#N/#N1;
/*6%/

for i in [1..#DC] do for m,n in
break; end if; end for;end for;

/*1x/

for i in [1..#DC] do for m,n in
break; end if; end for;end for;

/*4x/

for i in [1..#DC] do for m,n in
break; end if; end for;end for;
/*4x/

for i in [1..#DC] do for m,n in
break; end if; end for;end for;

/*3%/
S:={[1,21};
SS:=S°N;SS;
/*
GSet{@
{
[1, 2]
},
{
[ 4, 51
},
{
[ 2, 3]
},
{
[ 5, 61
},
{
[ 3, 1]
},
{
[ 6, 4]
}
@}

*/

IN do

IN do

IN do

IN do

if ts[1]*ts[1]

if ts[1]*ts[2]

if ts[1]*ts[3]

if ts[1]xts[4]
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eq m*(DC[i]) "n then

eq m*(DC[i]) "n then

eq m*(DC[i]) "n then

eq m*(DC[i]) "n then

i;

i;

i;

i;
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SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]

eq gxts[Rep(SSS[i]) [1]11*ts[Rep(SSS[i]) [2]]
then print SSS[i];

end if; end for; end for;

/*

(1, 2]

[ 2, 3]

[ 3, 1]
}
*/
N12:=Stabiliser (N, [1,2]);
#N12;
/*3%/
N12;
/*Permutation group N12 acting on a set of cardinality 6
Order = 3

(4, 6, 5)
*/
N12s:=N12;
#N12s;
/*3%/
trl:=Transversal(N,N12s);
for i:=1 to #trl do
ss:=[1,2]"tr1[il;
cst[prodim(1,ts,ss)]:=ss;
end for;
m:=0; for i in [1..12] do if cst[i] ne []
then m:=m+1;
end if; end for;m;

/*8%/

Orbits(N12s);

/*

[
GSet{@ 1 @},
GSet{@ 2 @},



GSet{@ 3 @},
GSet{@ 4, 6, 5 @}

]
*/
#N/#N12s;

/*6x/

for i in [1..#DC] do for m,n in IN
then i; break; end if; end for;end

/*2x/

for i in [1..#DC] do for m,n in IN
then i; break; end if;

/* 2%/

for i in [1..#DC] do for m,n in IN
then i; break; end if; end for;end

/*2%/

for i in [1..#DC] do for m,n in IN
then i; break; end if; end for;end

/*2%/
S:={[1,4]

};

SS:=S°N;SS;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[4]

eq gxts[Rep(SSS[il) [11]*ts[Rep(SSS[i]) [2]]
then print SSS[il;

end if; end for; end for;

/*
[1,

[ 4,

[ 5,

L2,

[ 6,

4 ]

1]

2]

5]

31

do if ts[1]*ts[2]*ts[1]

do if ts[1]*ts[2]*ts[2]

end for;end

do if ts[1]*ts[2]*ts[3]

do if ts[1]x*ts[2]*ts[4]
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eq m*(DC[i])"n

eq m*(DC[i]) "n

eq m*(DC[i]) "n

eq m*(DC[i])"n
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[ 3, 61
}1818
*/
N14:=Stabiliser(N, [1,4]);
N14;
/*Permutation group N14 acting on a set of cardinality 6
Order = 1
*/

N14s:=N14;
#N14s;
/*x1x/

trl:=Transversal (N,N14s);

for i:=1 to #trl do

ss:=[1,4]"tr1[i];
cstprodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..12] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

/*11x/

Orbits(N14s);

/*

[
GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4 @},
GSet{@ 5 @},
GSet{@ 6 @}

]

*/

for i in [1..#DC] do for m,n in IN do
if ts[1]*ts[4]*ts[1] eq m*(DC[i])"n then i;
break; end if; end for;end for;

/*2x/

for i in [1..#DC] do for m,n in IN do



if ts[1]l*ts[4]*ts[2] eq m*x(DC[i]) n then
break; end if; end for;end for;

/*2%/

for i in [1..#DC] do for m,n in IN do
if ts[1]*ts[4]1*ts[3] eq m*x(DC[i]) "n then
break; end if; end for;end for;

for i in [1..#DC] do for m,n in IN do
if ts[1]l*ts[4]1*ts[4] eq m*(DC[i]) "n then
break; end if; end for;end for;

for i in [1..#DC] do for m,n in IN do
if ts[1]*ts[4]1*ts[5] eq m*(DC[i]) "n then
break; end if; end for;end for;

for i in [1..#DC] do for m,n in IN do
if ts[1]*ts[4]*ts[6] eq m*(DC[i]) "n then
break; end if; end for;end for;

/*2x/
S:={[1,2,11};
SS:=S"N;SS;
/%
GSet{@
{
[1, 2, 1]
},
{
[ 4, 5, 4]
},
{
[ 2, 3, 2]
},
{
[ 5, 6, 51
},
{
[ 3,1, 3]
},
{
[ 6, 4, 6]
}
@}

*/

i;

188
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SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]x*ts[1]

eq g*ts[Rep(SSS[i]) [1]]1*ts[Rep(SSS[il) [2]1]1*ts[Rep(SSS[i]) [3]]
then print SSS[i];

end if; end for; end for;

N121:=Stabiliser (N, [1,2,1]);

#N121;

/*3%/

N121s:=N121;
[1,2,1]1"°N121s;
/*
GSet{@

[1, 2, 1]
@}
*/
#N/#N121s;
/*6x/

trl:=Transversal(N,N121s);
for i:=1 to #trl do
ss:=[1,2,1]"tr1[i];
cstprodim(1l,ts,ss)] :=ss;
end for;
m:=0; for i in [1..12] do if cst[i] ne []
then m:=m+1;
end if; end for;m;
/*11x/
Orbits(N121s);
/*
[

GSet{@ 1 @},

GSet{@ 2 @},

GSet{@ 3 @},

GSet{@ 4, 6, 5 @}
]
*/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[1]*ts[1] eq
m*(DC[i])"n then i; break; end if; end for;end for;

/*4x/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[1]*ts[2] eq
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m*(DC[i]) "n then i; break; end if; end for;end for;
/*4x/

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[1]*ts[3] eq
m*(DC[i])"n then i; break; end if; end for;end for;

/*1%/

for i in [1..#DC] do for m,n in IN do if ts[1]l*ts[2]*ts[1]*ts[4] eq
m*(DC[i]) "n then i; break; end if; end for;end for;

/*3%/
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8.5 Construction Of 2x(A; x As) Over Dj; X D

Consider N = < z,y >, where

x = (1, 19, 11, 17, 2)(3, 16, 15, 5, 6, 9, 24, 8, 21, 22)(4, 18, 13, 25, 7, 14, 20, 10, 23, 12)
and

y = (1, 16)(2, 8)(3, 20)(4, 24)(5, 17)(6, 13)(7, 15)(9, 19)(10, 18)(11, 22)(14, 25)(21, 23).
Our progenitor Dj x Ds.We prove that D5 x D5 = Group < z,y, t|y?, (zxy*z)?, 210,27 1%
yrax " Lxysx Leyxx ™ Leys ™ Lxysorysxsxysoxy*ory*x~ 1xy, 12, (¢, yr oy oxy*THy*
T 1xy), (¢, xyszrysrryrr Lxysasy), (g 2)xta(—1)))3, (yrrryst(zsyxz(—1)))3 >
We will determine the order of G. We perform manual double coset enumeration (DCE)
of G over N. We need to determine all distinct double coset NwN and find the number
of right cosets in each double coset. It suffices to find the double coset of Nwt; for one
representative t; from each orbit of the coset stabiliser N(®) of the right coset Nw, so we
find the index which is the order of G over the order of N.

Hence,% = % = 72. So, we have 72 single cosets.

e First Double Coset [*]

NeN = {Ne"lne N} = {N}.

The double coset NeN = [*] contains 1 right coset. The coset stabiliser of the coset Ne
is V.

The number of right coset in * is equal to ‘—Ni = % = 1.

Since N is transitive on |

{1,2,3,4,5,6,7,8,9,10,11, 12,13, 14,15,16, 17,18, 19, 20, 21, 22, 23, 24, 25}.

We need only determine the double coset of the right coset Nt;.

Thus twenty-five cosets extend to the new double coset [1], that mean the twenty-five

generators go forward to Nt;.

e Second Double Coset Nt; N = [1]

NtyN = {Nt}|n € N}.

= {Nty, Nty, Nt3, Nty, Nts, Ntg, Ntz,

Ntg, Ntg, Nt1g, Nt11, Nt12, Nt13, Nt14, Nt15, Ntie,
Nti7, Nt1g, Nt1g, Ntog, Nto1, Ntog, Nteg, Ntog, Ntos}.
Firstly, the point stabilizer of 1 in N.
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Nt ={ne N]1" =1}.
Nt = < (2,19)(3,16)(4, 14)(5,21)(6,8)(7, 18)(9,24)(10, 23)(11,17)(12,20) (13, 25)
(15,22)(3,9)(4, 14)(5,21)(6,22)(7,12)(8, 15)(10, 13)(16, 24)(18, 20)(23, 25) >.

The number of right cosets in [1] is equal to
‘N| __ 100 = 50.

IN((D) ™ 2
The orbits of N on X= {1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15, 16, 17, 18,

19,20, 21,22, 23,24, 25} are {1}, {2,19}, {4, 14}, {5, 21}, {11,17}, {3, 16,9, 24},
{6,8,22,15},{7,18,12,20}, {10, 23, 13,25}.

Now we select a representative from each orbit and determine to which double coset
Ntit1, Ntito, Ntits, Ntits, Ntiti1, Ntits, Ntitg, Ntitz, Ntitio belongs.

This shows us the following:

Ntit; = Nt? = N € [4].

Since the orbit {1} contains one element, then one symmetric generator goes back
to the double coset [*].

One symmetric generator will go back to [1].

Ntity € Ntito N which is a new double coset. We denote this double coset by [12].

Two symmetric generators will go to the new double coset [12].

Ntity € NtitsN which is a new double coset. We denote this double coset by [14].

Two symmetric generators will go to the new double coset [14].

Ntits € Nt1t;Nis a new double coset which we will denote [14].

Two symmetric generators will go to the new double coset [15].

Ntit11 € Nt1t11Nis a new double coset which we will denote [111].

Two symmetric generators will go to the new double coset [111].

Ntits € NtitgNis a new double coset which we will denote [13].

Four symmetric generators will go to the new double coset [13].

Ntitg € Nt1tgNis a new double coset which we will denote [16].



193

Four symmetric generators will go to the new double coset [16].

Ntit; € Nt1t7Nis a new double coset which we will denote [17].

Four symmetric generators will go to the new double coset [17].

Ntit1g € Nt1t19Nis a new double coset which we will denote [110].

Four symmetric generators will go to the new double coset [110].

e Third Double Coset Nt to N = [12]

Nt1toN = {Nt1thn € N}

Firstly, the point stabilizer of 1 and 2 in N,

N2 = {n € N|12" = 12}

N2 = < (3,9)(4,14)(5,21)(6, 22)(7,12)(8,15)(10, 13)(16, 24)(18, 20) (23, 25) >.

The number of right cosets in [1] is equal to
IN|__ 100 _ 5.

INOD|— 2
The orbits of N2 on X= {1,2,3,4,5,6,7,8,9,10,11, 12, 13,14, 15,16, 17, 18, 19, 20,

21,22,23,24,25} are {1},{2},{11},{17},{19}, {3,9}, {4, 14}, {5, 21}, {6, 22}, {7, 12},
{8,15},{10,13},{16,24}, {18, 20}, {23, 25}.

Now we select a representative from each orbit and determine to which double

coset Ntit1, Ntite, Ntit11, Nt1ti7, Ntitio, Ntits, Nt1ts, Ntits, Ntite, Nt1t7, Ntits,
Ntytig, Ntitig, Ntit1g, Ntitos belongs.

This shows us the following;:

Ntytaoty € Ntitet; N which is a new double coset. We denote this double coset by [121].

One symmetric generators will go to the new double coset [121].

Ntytoty € Ntitota N which is a new double coset. We denote this double coset by [122].

One symmetric generators will go to the new double coset [122].

Ntitot11 € Ntitot11N which is a new double coset. We denote this double coset
by [1211].

One symmetric generators will go to the new double coset [1211].
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Ntytot17 € Ntqtot17N which is a new double coset. We denote this double coset
by [1217].

One symmetric generators will go to the new double coset [1217].

Ntitotig € Ntitot19N which is a new double coset. We denote this double coset
by [1219].

One symmetric generators will go to the new double coset [1219].

Ntytots € Ntitots N which is a new double coset. We denote this double coset by [123].

Two symmetric generators will go to the new double coset [123].

Ntytoty € Ntitot4N which is a new double coset. We denote this double coset by [124].

Two symmetric generators will go to the new double coset [124].

Ntytots € Ntqtots N which is a new double coset. We denote this double coset by [125].

Two symmetric generators will go to the new double coset [121].

Ntitots € Ntytatg N which is a new double coset. We denote this double coset by [126].

Two symmetric generators will go to the new double coset [126].

Ntitoty € Ntytaty N which is a new double coset. We denote this double coset by [127].

Two symmetric generators will go to the new double coset [127].

Ntitotg € Ntytats N which is a new double coset. We denote this double coset by [128].

Two symmetric generators will go to the new double coset [128].

Ntitot1g € Ntitot19N which is a new double coset. We denote this double coset
by [1210].

Two symmetric generators will go to the new double coset [1210].

Ntitot16 € Ntitat16N which is a new double coset. We denote this double coset
by [1216].



Two symmetric generators will go to the new double coset [1216].

Ntitot1g € Ntitot1sN which is a new double coset. We denote this double coset
by [1218].

Two symmetric generators will go to the new double coset [1218].

Ntqtotog € Ntitoto3N which is a new double coset. We denote this double coset
by [1223].

Two symmetric generators will go to the new double coset [1223].

¢ Fifth Double Coset Ntits N = [15]

Nt1tsN = {Nt1tl'in € N}

Firstly, the point stabilizer of 1 and 5 in N,

NP = {n € N|15" = 15}

N = < (2,19)(3,24)(6,15)(7,20)(8,22)(9,16)(10, 25)(11,17)(12, 18)(13,23) >.

The number of right cosets in [1] is equal to
N 5= 190 — 50.

|N|(15) 2
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The orbits of N3 on X= {1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15,16, 17, 18, 19, 20, 21,
22,23,24,25} are {1}, {4}, {5}, {14}, {21}, 2,19}, {3, 24}, {6, 15}, {7, 20}, {8, 22}, {9, 16},

{10,25}, {11,17}, {12, 18}, {13,23}.

Now we select a representative from each orbit and determine to which double

coset Ntltg,tl, Nt1t5t4, Nt1t5t5, Nt1t5t14, Nt1t5t21, Nt1t5t2, Nt1t5t3, Nt1t5t6, Nt1t5t7,
Nt1t5t8, Nt1t5tg, Nt1t5t10, Nt1t5t11, Nt1t5t12, Nt1t5t13 This shows us the following:

Ntitst; € Ntytsty N which is a new double coset. We denote this double coset by [151].

One symmetric generators will go to the new double coset [151].

Ntitsty € Ntqtsty N which is a new double coset. We denote this double coset by [154].

One symmetric generators will go to the new double coset [154].

Ntitsts € Ntqtsts N which is a new double coset. We denote this double coset by [155].

One symmetric generators will go to the new double coset [155].
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e Sixth Double Coset NtitsN = [16]
NtiteN = {Nt1tg|n € N}

Firstly, the point stabilizer of 1 and 6 in N,
N6 = {n € N|16" = 16}

N = < Id>.

The number of right cosets in [1] is equal to
=190 = 100.

N6 1
The orbits of N(16) on X= {1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16, 17, 18, 19, 20, 21,

92,23,24,25} are {1}, {4}, {5}, {6}, {7}, {7}, {9}, {10}, {11}, {12}, {13}, {14}, {15}, {16},
(17}, {18}, {19}, {20}, {21}, {22}, {23}, {24}, {25}.

Now we select a representative from each orbit and determine to which double
coset belongs to which coset. This shows us the following:
Ntytgty € Nt1tgt1 N which is a new double coset. We denote this double coset by [161].

One symmetric generators will go to the new double coset [161].

Nttty € Nt1tgty N which is a new double coset. We denote this double coset by [164].

One symmetric generators will go to the new double coset [164].

Nt1tb4dts € Ntitgts N which is a new double coset. We denote this double coset
by [165].

One symmetric generators will go to the new double coset [165].

e Seventh Double Coset Nt t7N = [17]
Nt1tyN = {Nt1t}In € N}

Firstly, the point stabilizer of 1 and 7 in N,
N = {ne N17T" =17}

N = < (1) >.

The number of right cosets in [1] is equal to

IN| _ 100 _
INOT T 1T T 100.

The orbits of N7 on X= {1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15,16, 17, 18, 19, 20, 21,
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22,23,24,25} are {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}, {14},
{15}, {16}, {17}, {18}, {19}, {20}, {21}, {22}, {23}, {24}, {25}.

Now we select a representative from each orbit and determine to which double
coset NtqtTt1, NtytTte, NtqtTts, Ntytrty, Ntitots, Ntitrts, Ntytzty, Ntitets, Ntqtrto,
Ntitzi0, Ntatrtin, Ntitrtig, Ntitztis, Ntitztie, Ntatrtis, Ntitrtie, Ntitrtiz, Ntitrtas,
Ntitrtig, Ntitytog, Ntitytor, Ntitytos, Ntitrtos, Ntitrtog, Ntitrtos.

This shows us the following:

Ntyt7ty € Ntit7t1 N which is a new double coset. We denote this double coset by [171].

One symmetric generators will go back to double coset [171].

Ntytrty € Nit1t7ta N which is a new double coset. We denote this double coset by [172].

One symmetric generators will go back to double coset [172].

Ntytrts € Nt1t7tsN which is a new double coset. We denote this double coset by [173].

One symmetric generators will go back to double coset [173].
Nttty € Nt1t7t4N which is a new double coset. We denote this double coset by [174].

One symmetric generators will go back to double coset [174].

Ntitsts € Ntityts N which is a new double coset. We denote this double coset by [175].

One symmetric generators will go back to double coset [175].

Ntitrtg € Ntitytg N which is a new double coset. We denote this double coset by [176].

One symmetric generators will go back to double coset [176].

Ntitstg € Ntitytg N which is a new double coset. We denote this double coset by [178].

One symmetric generators will go back to double coset [178].

Nttty € Ntyt7tg N which is a new double coset. We denote this double coset by [179].

One symmetric generators will go back to double coset [179].



198

e Eighth Double Coset Nt1tgN = [18]
NtitgN = {Nt1t§|n € N}

Firstly, the point stabilizer of 1 and 8 in N,
N8 = {n e N|18" = 18}

N8 = < (1) >.

The number of right cosets in [1] is equal to

|1\|r]<\{‘8>|: 1 = 100.

The orbits of N(8) on X= {1,2,3,4,5,6,7,8,9,10,11,12,13, 14,15, 16,17, 18, 19, 20, 21,
22,23,24,25} are {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}, {14},
{15}, {16}, {17}, {18}, {19}, {20}, {21}, {22}, {23}, {24}, {25}. Now we select a represen-
tative from each orbit and determine to which double coset Nt1t8t1, Nt1t8ty, Nt1t8t3,
Ntqtgty, Ntitsts, Ntitste, Ntitsty, Ntitsts, Ntitstg, Ntitsio,

Ntytgtin, Ntitgtio, Ntitstis, Ntitstia, Ntitstis, Ntitstig, Ntitsti7, Nt1t8t1g, Nt1t8t19,
Ntitgtog, Ntitgtor, Ntitgtos, Nt1tgTtos, Ntitgtos, Ntitstas.

This shows us the following:

Ntytsty € Ntitgt; N which is a new double coset. We denote this double coset by [181].

One symmetric generators will go back to double coset [181].

Nttty € Ntitgta N which is a new double coset. We denote this double coset by [182].

One symmetric generators will go back to double coset [182].
Ntytsts € Ntitgts N which is a new double coset. We denote this double coset by [183].

One symmetric generators will go back to double coset [183].
Nttty € NtitgtyN which is a new double coset. We denote this double coset by [184].

One symmetric generators will go back to double coset [184].

e Seventh Double Coset Nt t7tsN = [173]
Ntt7tsN = {Nt1t7t5|n € N}

Firstly, the point stabilizer of 1 and 7 and 3 in N,
N1 = {n € N|173" = 173}
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N = < (Id) >

The number of right cosets in [1] is equal to

NG| 1
The orbits of NU7) on X= {1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15,16, 17, 18, 19, 20, 21,

22,93,24,25} are {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}, {14},
{15}, {16}, {17}, {18}, {19}, {20}, {21}, {22}, {23}, {24}, {25}. Now we select a represen-
tative from each orbit and determine to which double coset Nt t7tst1, Ntitrtste, Ntitrists,
Ntitrtsty, Ntitrtsts, Ntitrtste, Ntitytsty, Ntitrtsts, Ntitytste, Ntitrtstig, Ntitrtstiq,
Ntitrtstia, Ntitrtstis, Ntatrigtis, Niatrtstia, Ntatrtstis, Ntitrtstie, Ntitrtstir,
Ntytrtstis, Ntitrtstig, Ntitrtstoo, Ntitristar, Ntitristag, Ntitristas, Ntitristoa,

INl__ 100 _ q100.

Ntqtrtstes. This shows us the following:

Ntitrtsts € NNtitrtsto N which is a new double coset. We denote this double coset
by [1732].

One symmetric generators will go back to double coset [1732].

Ntitrtsty € NNtitrtst4N which is a new double coset. We denote this double coset
by [1734].

One symmetric generators will go back to double coset [1734]

Ntitrtstis € NtqtrtstigN which is a new double coset. We denote this double coset
by [17318].

One symmetric generators will go back to double coset [17318].

e Eighth Double Coset Ntjt;tyN = [174]
NtitytyN = {Ntit7t?|n € N}

Firstly, the point stabilizer of 1 and 7 and 4 in N,
N = {n € N|174" = 174}

N'™ = < (Id) >

The number of right cosets in [1] is equal to
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= 2 = 100.
The orbits of N(™ on X= {1,2,3,4,5,6,7,8,9,10, 11,12, 13, 14, 15, 16, 17, 18, 19, 20, 21,
22,23,24,25} are {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}, {14},
{15}, {16}, {17},{18},{19}, {20}, {21}, {22}, {23}, {24}, {25}. Now we select a represen-
tative from each orbit and determine to which double coset Nt1t7tat1, Ntitrtato, Ntitrtsts,
Nitqtrtaty, Ntitrtats, Ntitrtate, Ntitrtaty, Ntitrtats, Ntitrtatg, Ntitrtat19, Ntitrtatin,
Ntitrtatia, Ntitrtatis, Ntatrtatiz, Ntatrtatia, Ntitrtatis, Ntitrtatie, Ntitrtatiz,
Nitytrtatas, Ntatrtatrg, Ntatrtatoo, Nt1trtator, Ntitrtatas, Nt1tristas, Nt1tristos,
Ntitrtytas. This shows us the following:

Ntqtrtyts € NNtit7t4to N which is a new double coset. We denote this double coset
by [1742].

One symmetric generators will go back to double coset [1742].

Ntitrtgts € NNtitrtats N which is a new double coset. We denote this double coset
by [1743].

One symmetric generators will go back to double coset [1743]

Ntitrtgt; € NNtit7tat7 N which is a new double coset. We denote this double coset
by [1747].

One symmetric generators will go back to double coset [1747]

Ntqtrtatos € NtqtrtatosN which is a new double coset. We denote this double coset
by [17423].

One symmetric generators will go back to double coset [17423].
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Cayley Diagram

Figure 8.20: Cayley diagram for G over Sas
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8.6 Construction Of 2° : S5 Over Ss

Consider N = < z,y >, where

x ~ (2, 3)(4, 6)(5, 8)(7, 11)(9, 14)(10, 15)(12, 18)(13, 20)(17, 24)(19, 26)(21,25) (23, 28)
and

v~ (1,2, 4, 7,12, 19)(3, 5, 9, 15, 22, 27)(6, 10, 16, 23, 18, 25)(8, 13,21)(11, 17, 14) (20,
26, 29, 30, 28, 24).

Our progenitor S5. We prove that S5 = Gix,y,t;:= Group < z,y,t|z%,v% (y x x x y~
2)?, (zxy V), 2, (4 ), (L y? xw sy 2w axy?), (yxa st D)3 (yap st v Dyt S

Ly

We will determine the order of G. We perform manual double coset enumeration (DCE)
of G over N. We need to determine all distinct double coset NwN and find the number
of right cosets in each double coset. It suffices to find the double coset of Nwt; for one
representative t; from each orbit of the coset stabiliser N(®) of the right coset Nw, so we
find the index which is the order of G over the order of N.

Hence,‘—m| % = 32. So, we have 32 single cosets.

e First Double Coset [*]

NeN = {Ne"ne N} = {N}.

The double coset NeN = [] contains 1 right coset. The coset stabiliser of the coset Ne
is N.

The number of right coset in * is equal to % = % =1

Since N is transitive on {1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17, 18,19, 20, 21, 22,
23,24,25.26.27.28.29.30}.

We need only determine the double coset of the right coset Nt;.

Thus thirty cosets extend to the new double coset [1], that mean the thirty generators go
forward to Nty.

e Second Double Coset Nt; N = [1]

Nt;N = {Nt?|n € N}.

= {Nt1, Nts, Nt3, Nts, Nt5, Ntg, Ntz,

Ntg, Ntg, Nt,0, Nt,1, Nt;12, Nt13, Nt14, Nt15, N#,6,

Nt17,Nt18, Nt19, N30, Ntol, Nt2o2, Nta3, Ntgd, Nto5, Nto6, Nto7, Nta8, Nt29, Nt30}.

Firstly, the point stabilizer of 1 in N,
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Nt ={ne N1"=1}

Nt = < (2,3)(4,6)(5,8)(7,11)(9,14)(10, 15)(12, 18)(13, 20) (17, 24)(19, 26) (21, 25)
(23,28)(2,26)(3,19)(4, 18)(5,13)(6, 12)(7,11)(8, 20)(9, 17)(10, 28) (14, 24)(15, 23) (21, 25)
(22,30)(27,29) >.

The number of right cosets in [1] is equal to
=120 = 30,

W)~ 4
r|1]’\;16 ‘orbits of N on X= {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15, 16, 17, 18,
19,20, 21, 22, 23, 24, 25, 26,27, 28,29, 30} are {1}, {16}, {7, 11}, {21, 25}, {22, 30}, {27, 29},
{2,3,26,19},{4,6, 18,12},
{5,8,13,20},{9,14,17,24},{10, 15, 28, 23}.
Now we select a representative from each orbit and determine to which double coset
Ntqt1, Nt1tig, Ntits, Nt1tor, Ntitas, Ntitor, Nt1to, Ntita, Ntits, Ntqite, Nt1t1o belongs.
This shows us the following:
Ntit; = Nt? = N € []
Since the orbit {1} contains one element, then one symmetric generator goes back to the

double coset [*].

One symmetric generator will go to the new double coset [1].

Ntitig € Nt1t16N which is a new double coset. We denote this double coset by [116].

One symmetric generators will go back to double coset [116].

Ntiti7 € Nt1t17N which is a new double coset. We denote this double coset by [117].

Two symmetric generators will go back to double coset [117].

Ntitey € Ntitor N which is a new double coset. We denote this double coset by [121].

Two symmetric generators will go back to double coset [121].

Ntyt1o9 € Ntit199N which is a new double coset. We denote this double coset by
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Two symmetric generators will go back to double coset [122].

Ntitor € Ntyita; N which is a new double coset. We denote this double coset by [127].

Two symmetric generators will go back to double coset [127].

Ntite € Nt1toN which is a new double coset. We denote this double coset by [12].

Two symmetric generators will go back to double coset [12].

Ntity € Nt1tyN which is a new double coset. We denote this double coset by [14].

Two symmetric generators will go back to double coset [14].

Ntits € Nt1ts N which is a new double coset. We denote this double coset by [15].

Two symmetric generators will go back to double coset [15].

Ntitg € Nt1tgN which is a new double coset. We denote this double coset by [19].

Two symmetric generators will go back to double coset [19].

Ntitig € Nt1t1oN which is a new double coset. We denote this double coset by [110].

Two symmetric generators will go back to double coset [110].

e Third Double Coset NtjoN = [12]

NtigN = {Nt}y|ln € N}

= {Nty, Nta, Nts, Nty, Nts, Ntg, Ntr,

Ntg, Ntg, Nt1g, Nt11, Nt19, Nt13, Nt14, Nt15, Ntie,

Nty7, Ntyg, Nt1g, Ntog, Nto1, Ntog, Ntos, Ntog, Ntos, Ntog, Ntoy, Ntog, Ntog, Ntso}.
Firstly, the point stabilizer of 1 and 2 in N,

N = {neN|1"=1}

N = < (Id) >.

The number of right cosets in [1] is equal to

IN| _ 120 _
RChi 120.

The orbits of N(1?) on X= {1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17, 18,
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19,20, 21,22, 23, 24, 25, 26, 27, 28, 29, 30} are {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10},
{11}, {12}, {13}, {14}, {15}, {16}, {17}, {18}, {19}, {20}, {21}, {22}, {23}, {24}, {25}, {26},
{27}, {28}, {29}, {30}.

Now we select a representative from each orbit and determine to which double coset
Nitytoty, Ntitoty, Ntitots, Ntitots, Ntitots, Ntitots, Ntitots, Ntitats, Ntitots, Ntytate,
Ntitot1o, Nt1tat11, Ntitat12, Ntitotis, Nt1tot1y, Nt1tat1s, Ntitotie, Nt1trt17 Ntitatss,
Ntitot1g, Ntitatag, Ntitator, Ntitatoo, Ntitatas, Nt1totos, Ntitatos, Ntitotog, Ntitatar,
Ntqtotag, Ntytatag, Ntitatsg belongs.

This shows us the following:

Ntitoty € Ntitet; N which is a new double coset. We denote this double coset by [121].

One symmetric generators will go back to double coset [121].

Ntitots € Ntitots N which is a new double coset. We denote this double coset by [123].

One symmetric generators will go back to double coset [123].

e Fourth Double Coset NtjyN = [14]

NtiyN = {Nt}yln € N}

= {Nty, Nta, Nts, Nty, Nts, Ntg, Ntr,

Ntg, Ntg, Nt1g, Nt11, Nt12, Nt13, Nt14, Nt15, Ntye,

Nti7, Nt1g, Nt1g, Ntog, Nto1, Ntag, Ntos, Ntog, Ntas, Ntog, Ntay, Ntog, Ntag, Nt30}.
Firstly, the point stabilizer of 1 and 4 in N,

N* ={ne N|1" =1}

N1 = < (Id) >. The number of right cosets in [1] is equal to

‘N| 120 = 120.

|N|(1) 1
The orbits of N9 on X= {1,2,3,4,5,6,7,8,9,10,11,12,13, 14,15, 16, 17, 18,

19,20, 21,22, 23, 24, 25, 26, 27, 28, 29, 30} are {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {0}, {10},
{11}, {12}, {13}, {14}, {15}, {16}, {17}, {18}, {19}, {20}, {21}, {22}, {23}, {24}, {25}, {26},
{27}, {28}, {29}, {30}.

Now we select a representative from each orbit and determine to which double coset
Ntityty, Ntitata, Ntitats, Nt1tats, Ntitats, Ntitats, Ntitate, Nt1tatz, Nti1tatg, Nt1taty,
Ntitat1o, Nt1tatin, Ntitat12, Nt1tatis, Nt1tatre, Nt1tat1s, Ntitatie, Nt1tat17 Ntitatss,
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Ntitat1g, Ntitatoo, Ntitator, Ntitatos, Nt1tatas, Ntitatos, Ntitatos, Nt1tatos, Nt1tator,
Nt1t4t28, Nt1t4t29, Nt1t4t3() belongs.

This shows us the following:

Ntyitgt; € Ntytyty N which is a new double coset. We denote this double coset by [141].

One symmetric generators will go back to double coset [141].

Ntytyty € NtitgtaN which is a new double coset. We denote this double coset by [142].

One symmetric generators will go back to double coset [142].

Ntityts € Ntitgts Nwhich is a new double coset. We denote this double coset by [143].

One symmetric generators will go back to double coset [143].

Ntityts € Ntitygts N which is a new double coset. We denote this double coset by [145].

One symmetric generators will go back to double coset [145].

Ntityts € Nt1tgtgN which is a new double coset. We denote this double coset by [146].

One symmetric generators will go to the new double coset [146].

e Fifth Double Coset Ntj43N = [143]

NtisN = {Nt2sln € N}

— {Nt1, Nts, Nt3, Nts, Nts, Ntg, Ntr,

Ntg, Ntg, Nt,0, Nty 1, Nt12, Nt13, Nt14, Nt,5, Nt 16,

Nt7, Nt;8, Nt19, Nt20, Nto1, Nt92, Nt23, Ntad, Nto5, Nt26, Nto7, Nta8, Nt29, Nt50}.
Firstly, the point stabilizer of 1, 4 and 3 in N,

N = {ne N1" =1}

N = < (Id) >.

The number of right cosets in [1] is equal to

The orbits of N(43) on X= {1,2,3,4,5,6,7,8,9,10,11,12, 13,14, 15, 16, 17, 18,
19,20, 21,22, 23,24, 25, 26,27, 28,29, 30} are {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8},

{93, {10}, {11}, {12}, {13}, {14}, {15}, {16}, {17}, {18}, {19}, {20}, {21}, {22}, {23}, {24},




(25}, {26}, {27}, {28}, {29}, {30}.

Now we select a representative from each orbit and determine to which double
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coset Ntitatst, Ntitytsto, Ntitatsts, Ntitatsts, Ntitatsty, Ntitatsts, Ntitatste, Ntitatsty,

Ntqtatatg, Ntitatst,Ntitatstio, Nt1tatstn, Ntitatstio, Nt1tatst13, Nt1tatst, Ntitatstys,
Ntytytstie, Ntitatst17Ntitatstig, Nt1tatst1g, Nt1tatstoo, Ntitatstor, Ntitattzon, Nt1tatstas,

Ntytatstos, Nt1tatstos, Ntitatstos, Nt1tatstor, Ntitatstog, Nt1tatstog, Nt1tatstso belongs.

This shows us the following:

Ntitytst; € Ntytytst1N which is a new double coset. We denote this double
[1431].

One symmetric generators will go back to double coset [1431].

Ntqtytsto € Ntitatot1 N which is a new double coset. We denote this double
[1432].

One symmetric generators will go back to double coset [1432].

Ntitytsts € Ntytytsts N which is a new double coset. We denote this double
[1435].

One symmetric generators will go back to double coset [1435].

Ntitytstg € NtitatstgN which is a new double coset. We denote this double
[1436].

One symmetric generators will go back to double coset [1436].

Ntitatsty € Ntytytsty N which is a new double coset. We denote this double
[1437].

One symmetric generators will go back to double coset [1437].

Ntitgtsts € NtytytstgN which is a new double coset. We denote this double

coset by

coset by

coset by

coset by

coset by

coset by



[1438].

One symmetric generators will go back to double coset [1438].
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Ntytytstg € NtitatstgN which is a new double coset. We denote this double coset by

[1439].

One symmetric generators will go back to double coset [1439].

Ntitgtstip € Ntytatst1g/N which is a new double coset. We denote
by [14310].

One symmetric generators will go back to double coset [14310].

Ntitatstin € Ntytytst1i N which is a new double coset. We denote
by [14311].

One symmetric generators will go back to double coset [14311].

Ntytytstis € NtitatstioN which is a new double coset. We denote
by [14312].

One symmetric generators will go back to double coset [14312].

Ntitytstis € Ntytytst13N which is a new double coset. We denote
by [14313].

One symmetric generators will go back to double coset [14313].

Ntitytstiy € Ntityatsti4N which is a new double coset. We denote
by [14314].

One symmetric generators will go back to double coset [14314].

Ntitytstig € Ntitatstig/N which is a new double coset. We denote
by [14316].

One symmetric generators will go back to double coset [14316].

Ntitytstir € Ntytytst17N which is a new double coset. We denote

this

this

this

this

this

this

this

double

double

double

double

double

double

double

coset

coset

coset

coset

coset

coset

coset
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by [14317].

One symmetric generators will go back to double coset [14317].

Ntqtytstis € NtitatstisN which is a new double coset. We denote this double coset
by [14318].

One symmetric generators will go back to double coset [14318].

Ntitgtstig € Ntytytsti9/N which is a new double coset. We denote this double coset
by [14319].

One symmetric generators will go back to double coset [14319].

Ntytytstog € NtitatstogN which is a new double coset. We denote this double coset by
[14320].

One symmetric generators will go back to double coset [14320].

Ntitytstor € Ntitytstor N which is a new double coset. We denote this double coset
by [14321].

One symmetric generators will go back to double coset [14321].

Ntqtytstog € NtitytstosN which is a new double coset. We denote this double coset
by [14323].

One symmetric generators will go back to double coset [14323].

Ntitgtstoy € Ntytytstog N which is a new double coset. We denote this double coset
by [14324].

One symmetric generators will go back to double coset [14324].

Ntitytstog € Ntitatstog/N which is a new double coset. We denote this double coset
by [14326].

One symmetric generators will go back to double coset [14326].

Ntqtytstor € Ntytatstor N which is a new double coset. We denote this double coset
by [14327].
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One symmetric generators will go back to double coset [14327].

Ntitgtstog € Ntytytstog N which is a new double coset. We denote this double coset
by [14328].

One symmetric generators will go back to double coset [14328].

Ntqtytstog € NtitytstogN which is a new double coset. We denote this double coset
by [14329].

One symmetric generators will go back to double coset [14329].
Ntitatstsg € NtytytstspIN which is a new double coset. We denote this double coset
by [14330].

One symmetric generators will go back to double coset [14330].

Cayley Diagram

[1.4]

Figure 8.21: Cayley diagram for G over Sos
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Chapter 9

Isomorphism Types of Transitive

Groups

First, we find the number of transitive groups on n letters. Second, we choose a group i
from the sequence to investigate further. The group is stored as N := T'ransitiveGroup(n,i).

We give isomorphism types of several such Ns.

9.1 Transitive Groups T(8,14)

T:=TransitiveGroup(8,14); We are given G, a transitive group on 8 letters. Since we have
more than two generators we can use the command in Magma to reduce the number of

generators to two.

for g,h in T[14] do if sub< T[14]|g, h >eq T[14]
then xx:=g; yy:=h;

end if; end for;

XX,YY;

XX;

/*(1,6)(2, 5)(3, 7)(4, 8)*/

Yy;

/*(1, 3, 8)(4, 5, 7)*/
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Now will check the N by putting below code in magma.
N:=sub< S|zz,yy >;
/*true*/

Now we get two generators xx and yy, so we identify the isomorphizm type of G.

S:=Sym(8);

xx:=S51(1,6)(2,5)(3,7)(4,8);

yy:=S1(1,3,8)(4,5,7);

N:=sub< S|zz,yy >;

/*true*/

N eq T[14];

/* true */

EN;

Jr2a%/

From composition Factors we will find the isomorphism type and from Normal Lattice

we will determine if we have a direct product or semi direct.

CompositionFactors(N);

/*
G
|  Cyclic(2)
*k
|  Cyclic(3)
*k
|  Cyclic(2)
*k
| Cyclic(2)
1
*/
NL:=NormalLattice(N);
NL;
/*

Normal subgroup lattice

[4] Order 24 Length 1 Maximal Subgroups: 3

[3] Order 12 Length 1 Maximal Subgroups: 2



[2] Order 4 Length 1 Maximal Subgroups: 1
[1] Order 1 Length 1 Maximal Subgroups:
*/

We then look to the Largest Abelian subGroup using the code.
foriin[l..4N L|doi fIsAbelian(N L[i])theni; endi f; endf or;

/¥

1

2

*/

The largest abelian subgroup in NL[2] and G/NL[4] = q.

The NL[2] produces two generators which named by A and B.

Generators(NL[2]);
/*
{
(1, 3)(2, 8)(4, 6)(5, 7,
(1, 8)(2, 3)(4, 5)(6, 7)
}
*/

A:=NI(1,3)(2,8)(4,6)(5,7);

B = NI(1,8)(2,3)(4,5)(6,7);

NL2:=sub< N|A, B >;

NL2 eq NL[2J;

/*we want to find isomorphisum type of NL2*/
X:=[2,2];

/¥

true Mapping from: GrpPerm: NL2 to GrpPerm: , Degree 4, Order 22

Composition of Mapping from: GrpPerm: NL2 to GrpPC and
Mapping from: GrpPC to GrpPC and
Mapping from: GrpPC to GrpPerm: , Degree 4, Order 22

*/
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IsIsomorphic(NL2,AbelianGroup (GrpPerm,X)) ;
q,ff:=quo<N|NL2>;
q;

/*
Permutation group q acting on a set of cardinality 3
Order =6 =2 *x 3

(2, 3)

(1, 2, 3)
*/
IsIsomorphic(q,Sym(3));
/*

true Isomorphism of GrpPerm: q, Degree 3, Order 2 * 3
into GrpPerm: $, Degree 3, Order 2 * 3 induced by
2, 3) I-—> (2, 3)
1, 2, 3 |I-> (1, 2, 3)
*/
T:=Transversal (N,NL2);
f£(T[2])eq q.1;
/* true */
f£(T[2])eq q.2;

/* false */
FPGroup (NL[2]);
/*
Finitely presented group on 2 generators
Relations
$.172 = Id($)
$.2°2 = Id($)
(3.1 % $.2)72 = Id($)
*/
FPGroup(q) ;
/*
Finitely presented group on 2 generators
Relations
$.1°2 = Id($)
$.2°-3 = Id($)
($.27-1 x $.1)°2 = Id($)
*/
for i,j in[1..2] do if A"T[2] eq A"i * B"j then i,j;
end if;
end for;
/* 2 1 x/
for i,j in[1..2] do if A"T[3] eq A"i * B"j then i,j;
end if;

end for;



/¥ 1.1 %/

for i,j in[1..2] do if B"T[2] eq A"i *B~j then 1i,j;

end if;
end for;
/x 1.2 %/

for i,j in[1..2] do if B"T[3] eq A"i * B"j then i,j;

end if;

end for;

/¥ 12 %/

G< a, b, ¢, d >:= Group < a, b, ¢, dla"2, b~2,
(a, b), ¢c’2, d°-3, (d"-1% ¢)"2, a"c = b, a~d =b,
b"c = a,b”™d = a *x b >;

#G;

/* 24 x/

f,G,K:=CosetAction(G, sub < G|Id(G) >);
1G1;

IsIsomorphic(N,G1);

/¥

true Mapping from: GrpPerm: N to GrpPerm: G1

Composition of Mapping from: GrpPerm: N to GrpPC and

Mapping from: GrpPC to GrpPC and
Mapping from: GrpPC to GrpPerm: G1

*/
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9.2 Transitive Groups T(35,10)

T := TransitiveGroup(35,10);
We are given G, a transitive group on 35 letters. Since we have more than two generators

we can use the command in Magma to reduce the number of generators to two.

T := TransitiveGroups(35);

T[10];

/*

Permutation group acting on a set of cardinality 35

Order =210 =2*3*5*7

(1, 16, 21, 11, 31, 26)(2, 17, 22, 12, 32, 27)(3, 18, 23, 13, 33, 28)(4, 19, 24, 14, 34, 29)(5,20,
25, 15, 35, 30)

(1, 28, 25, 2, 29, 21, 3, 30, 22, 4, 26, 23, 5, 27,24)(6, 13, 35, 7, 14, 31, 8, 15, 32, 9, 11, 33,
10, 12, 34)(16, 18, 20, 17, 19)

*/

Now we get two generators xx and yy, so we identity the isomorphism type of G.

S:= Sym(35);
wx = (1,16,21,11,31,26)(2, 17, 22, 12, 32, 27)(3, 18, 23,13, 33, 28)
(4,19,24, 14, 34, 29) (5, 20, 25, 15, 35, 30);

yy = (1,28,25,2,29,21,3,30,22, 4,26, 23,5, 27, 24)
(6,13,35,7,14,31,8,15,32,9, 11, 33, 10, 12, 34)(16, 18, 20, 17, 19);

Now will check the N by putting below code in magma.

N = sub < S|zz,yy >;

EN;

/%210 */

/* For finding the isomorphism type look for a minimial faithful Perm Rep */
SL:=Subgroups(N);

T:=X"‘ subgroup: X in SL;



1T

/%210*

TrivCore := H : HinT|fCore(N, H)eql;

mdeg := Min (Index(N,H):H in TrivCore);

Good := H:H in TrivCore — Index(N,H) eq mdeg;
tGood,

/1%

H:= Rep(Good);

tH

/* 6%/

f2,N1,K2:= CosetAction(N,H);

N1,

/¥

Permutation group N1 acting on a set of cardinality 35

Order =210 =2*3*5*7
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(2,3, 5,9, 15, 24)(4, 7, 12, 20, 10, 16)(11, 18,21, 17, 25, 13)(14, 19, 26, 22, 29, 28)(23,

30, 34, 35, 32, 33)

(1,2, 4, 8, 14, 23, 31, 16, 18, 27, 33, 3, 6, 11,19)(5, 10, 17, 26, 32, 9, 7, 13, 22, 30, 24, 12,

21, 28, 34)(15, 20, 25, 29, 35)

*/

N;

/¥

Permutation group N acting on a set of cardinality 35

Order =210 =2*3*5* 7

(1, 16, 21, 11, 31, 26)(2, 17, 22, 12, 32, 27)(3, 18, 23, 13, 33, 28)(4, 19, 24, 14, 34, 29)(5,

20, 25, 15, 35, 30)

(1,28, 25, 2, 29, 21, 3, 30, 22, 4, 26, 23, 5, 27,24)(6, 13, 35, 7, 14, 31, 8, 15, 32, 9, 11, 33,

10, 12, 34)(16, 18, 20, 17, 19)
*/

Order(xx);

/*6%/
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From Composition Factors we will find the isomorphism type and Normal Lattice we

will determine if we have a direct product and not.

CompositionFactors(N) ;

NL:= NormalLattice(N);

NL;
/*

G

= —_ % — % — % —

Cyclic(2)
Cyclic(3)
Cyclic(7)

Cyclic(5)

Normal subgroup lattice

[10]
[ 9]
[ 8]
[ 7]
[ 6]
[ 5]
[ 4]
[ 3]
[ 2]
[ 1]
*/

We now look to the Largest Abelian sub Group using the code.
for nin [1.4NL] do if IsAbelian (NL[i]) then i; end if ; end for;

Order 210

Order 105
Order 70
Order 42

Order 35
Order 21
Order 14

Order 7
Order 5

Order 1

Length

Length 1

Length
Length

Length

Length 1
Length 1

Length
Length

Length

Maximal

Maximal
Maximal
Maximal

Maximal
Maximal

Maximal

Maximal
Maximal

Maximal

Subgroups:

Subgroups:
Subgroups:
Subgroups:

Subgroups:
Subgroups:
Subgroups:

Subgroups:
Subgroups:

Subgroups:



219

/*

6

*/

The Largest Abelian subgroup in NL[6] and G/NL[10]= q.

The NL[6] produce the two generators which named by A and B.

Generators (NL[6]);

/%

{
(1, 16, 31, 11, 26, 6, 21)(2, 17, 32, 12, 27, 7, 22)
(3, 18, 33, 13, 28, 8, 23)(4, 19, 34, 14, 29, 9, 24)
(5, 20, 35, 15, 30, 10, 25)
(1, 3, 5, 2, 4)(6, 8, 10, 7, 9 (11, 13, 15, 12, 14)
(16, 18, 2, 17, 19)(21, 23, 25, 22, 24)(26, 28, 30, 27, 29)
(31, 33, 35, 32, 34)

A:=N1((1, 16, 31, 11, 26, 6, 21)(2, 17, 32, 12, 27, 7, 22)
(3, 18, 33, 13, 28, 8, 23)(4,19, 34, 14, 29, 9, 24)
(6, 20, 35, 15, 30, 10, 25));

B:=N!((1, 3, 5, 2, 4)(6, 8, 10, 7, 9)(11, 13, 15, 12, 14)
(16, 18, 20, 17, 19) (21, 23, 25,22, 24)(26, 28, 30, 27, 29)
(31, 33, 35, 32, 34));

/* A and B is the generator the largest abelian */
NL6:=sub<N|A,B>;

/* Check that NL[4] = NL4x/

NL[6] eq NL6;

/* True

N is not an extension of NL4 (normal) by N/NL6

Can this extnesion be a direct product meaning N =NL6 x N/NL6
*/

Order (NL6);

/* 35 */



Order (N);
/* 210 */

Does NL have a subgroup (normal) of order 6
It does so it is a direct product (check normal lattice)

Now N = <xx,yy> and NL6=<A,B>. Then N/NL6 = <NL6xx,NL6yy>*/

q,ff: =quo<N|NL6>;
/* q is the isom type of N/NL6; that is, q N/NL6 */

T:=Transversal(N,NL6) ;

/* T gives right cosets of NL6 in N
Thus, N/NL6=<NL6T[2]> */

T[2] eq xx;

/* true */

#T,;
/* 6%/

/T =T[1],T[2],T[3],T[4], T[5]

N/NL4={NL4, NLAT[2],NL4"T[3]}
gq=<q.1,q.2>, where ff(T[2])=q.1 ££(T[3])=q.2*/
f£(T[2]) eq q.1;
/* true *x/
q;
/* true */
f£(T[2])eq q.1;
Order(T[2]);
/*6%/
Order(q.1);
/*6%/

for i in [1..7] do for j in [1..5] do

if A"T[2] eq A"i*B~j then i,j; end if; end for; end for;
/*¥5 5 %/

for i in [1..7] do for j in [1..5] do

if B"T[2] eq A"i*B"j then i,j; end if; end for; end for;
/% T 1%/
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G < a,b,c >:= Group < a,b,c|a’,v’, (a,b), 8 a® = a® * b, b° = b >;
1G;

/%210*

f,G1,k := Coset Action(G, sub < G|Id(G) >);

1G1;

/*210%*/

s:=IsIsomorphic(N,G1);

53

[*true*/
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9.3 Transitive Groups T(35,17)

T:=TransitiveGroup(35,17);
We are given G, a transitive group on 35 letters. Since we have more than two generators

we can use the command in Magma to reduce the number of generators to two.

T:=TransitiveGroups(35);

T[17];

/*

Permutation group acting on a set of cardinality 35

Order = 840 = 23 * 3 * 5 * 7

(1, 21,9, 30, 14, 34, 19, 5, 22, 10, 29, 15, 31, 16, 3, 23, 6,
27,12, 32, 17, 4, 24, 8, 26, 13, 33, 20, 2, 25, 7, 28, 11, 35, 18)

(1, 26, 20, 7, 32, 24, 13, 3, 27, 17, 10, 31, 23, 14, 5, 29, 18,
9, 34, 25, 11)(2, 28, 16, 6, 35, 21, 12, 4, 30, 19, 8, 33, 22, 15)
*/

Now we get two generators xx and yy, so we identity the isomorphism type of G.

S:=Sym(35);
xx:=SI(1, 21, 9, 30, 14, 34, 19, 5, 22, 10, 29, 15, 31, 16, 3, 23, 6,
97,12, 32, 17, 4, 24, 8, 26, 13, 33, 20, 2, 25, 7, 28, 11, 35, 18);

yy:=S!(1, 26, 20, 7, 32, 24, 13, 3, 27, 17, 10, 31, 23, 14, 5, 29, 18, 9,
34, 25, 11)(2, 28, 16, 6, 35, 21, 12, 4, 30, 19, 8, 33, 22, 15);

Nowwillcheckthe Nbyputtingbelowcodeinmagma.
N:=sub;S—=xx,yy/;

EN;

/* 840 */

/* For finding the isomorphism type look for a minimial faithful Perm Rep */
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SL:=Subgroups(N);
T:=X* subgroup: X in SL;
4T

/*38%/

TrivCore := {H:H in T| #Core(N,H) eq 1};

mdeg := Min ({Index(N,H):H in TrivCorel});

Good := {H:H in TrivCore | Index(N,H) eq mdeg};
#Good;

/x 1 %/

H:= Rep(Good) ;

#H;

/* 24 x/

f2,N1,K2:= CosetAction(N,H);

N1;
/*
Permutation group N1 acting on a set of cardinality 35
Order = 840 = 273 * 3 * 5 *x 7
(1, 2, 4, 8, 16, 9, 17, 25, 21, 28, 32, 29, 34, 31, 13, 22, 30,
23, 5, 10, 19, 11, 20, 26, 3, 6, 12, 7, 14, 18, 15, 24, 27,
33, 35)
(1, 3, 7, 15, 10, 20, 6, 13, 23, 19, 28, 34, 22, 16, 25, 32, 35,
4, 9, 18, 27)(2, 5, 11, 8, 17, 26, 12, 21, 29, 14, 24, 31, 30,
33)
*/

N
/%
Permutation group N acting on a set of cardinality 35
Order = 840 = 273 * 3 * 5 * 7
(1, 21, 9, 30, 14, 34, 19, 5, 22, 10, 29, 15, 31, 16, 3, 23, 6,
27, 12, 32, 17, 4, 24, 8, 26, 13, 33, 20, 2, 25, 7, 28, 11,
35, 18)
(1, 26, 20, 7, 32, 24, 13, 3, 27, 17, 10, 31, 23, 14, 5, 29, 18,
9, 34, 25, 11)(2, 28, 16, 6, 35, 21, 12, 4, 30, 19, 8, 33, 22,

15)
x/
Order (xx) ;
/*35%/

From Composition Factor we will find the isomorphism type and Normal Lattice we
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will determine if we have a direct product and not.

CompositionFactors(N) ;

Cyclic(2)
Alternating(5)

Cyclic(7)

= —_ % — % — Q

NL:= NormalLattice(N);
NL;

Normal subgroup lattice

[6] Order 840 Length 1 Maximal Subgroups: 4 5

[5] Order 420 Length 1 Maximal Subgroups: 2 3
[4] Order 120 Length 1 Maximal Subgroups: 3

[3] Order 60 Length 1 Maximal Subgroups: 1
[2] Order 7 Length 1 Maximal Subgroups: 1
[1] Order 1 Length 1 Maximal Subgroups:

Now we look for the Largest Abelian sub group using the code.
for n in [1 #NL] do if IsAbelian (NL[i]) then i; end if ; end for;

/*
1

*/

The Largest Abelian subgroup in N L[2]andG/NL[6] = q.
The NL[2] produce the one generator which named by A.

A= NI(1, 34, 29, 23, 17, 13, 7)(2, 35, 30, 22, 16, 12, 8)



(3, 32, 26, 25, 18, 14,10)(4, 33, 28, 21, 19, 15, 6)
(5, 31, 27, 24, 20, 11, 9) ;

NL2:=sub<N|NL[2]>;
q,ff:=quo<N|NL2>;
q;
Permutation group q acting on a set of cardinality 6
Order = 120 = 273 * 3 * 5
(2, 3, 5, 6, 4)
(1, 2, 4, 3, 6, 5)

FPGroup(NL[2]);
Permutation group q acting on a set of cardinality 6
Order = 120 = 273 * 3 * 5

(2, 3, 5, 6, 4

(1, 2, 4, 3, 6, 5)

T:=Transversal(N,NL2) ;
f£(T[2])eq q.1;
/* true */

f£(T[3])eq q.2;
/* true */

for i in [1..7] do if A"T[2] eq A"i then i; end if ; end for;
/* 1 %/

A"T[2] eq A;

/* true x/

for i in [1..7] do if A"T[3] eq A"i then i; end if ; end for;
/x 1 %/

A"T[3] eq A;

/* true x/

G < a,b,c >:= Group < a,b,c|a”,b>, %, (b*cxbx)? (b*c2)? >;
tG;

f,G1, K := CosetAction(G, sub < G|Id(G) >);

1G1;

IsIsomorphic(G1,N);

/* true */
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9.4 Transitive Groups T(35,12)

T:=TransitiveGroup(35,12);
We are given G, a transitive group on 35 letters. Since we have more than two generators

we can use the command in Magma to reduce the number of generators to two.

T:=TransitiveGroups(35);

T[12];

/*

Permutation group acting on a set of cardinality 35

Order = 280 = 23 * 5 * 7

(1,12, 5, 14)(2, 15, 4, 11)(3, 13)(6, 7, 10, 9)(16, 32, 20, 34)

(17, 35, 19, 31)(18, 33)(21, 27, 25, 29)(22, 30, 24, 26)(23, 28)

(1, 21)(2, 25)(3, 24)(4, 23)(5, 22)(6, 16)(7, 20)(8, 19)

(9,18)(10, 17)(12, 15)(13, 14)(26, 31)(27, 35)(28, 34)(29, 33)(30, 32)
*/

Now we get two generators xx and yy, so we identity the isomorphism type of G.
S:=Sym(35);

xx:=S! (1, 12, 5, 14)(2, 15, 4, 11)(3, 13)(6, 7, 10, 9)(16, 32, 20, 34)
(17, 35, 19, 31)(18, 33)(21, 27, 25, 29)(22, 30, 24, 26)(23, 28);

yy:=SI(1, 21)(2, 25)(3, 24)(4, 23)(5, 22)(6, 16)(7, 20)(8, 19)(9, 18)
(10, 17)(12, 15)(13, 14)(26, 31)(27, 35)(28, 34)(29, 33)(30, 32);

Now will check the N by putting below code in magma.

N = sub < S|zz,yy >;

iN;

/*280*/

* For finding the isomorphism type look for a minimial faithful Perm Rep */
SL:=Subgroups(N);

T:=X* subgroup: X in SL;

1T

/*32%/
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TrivCore := H : HinT|fCore(N, H)eql;

mdeg = Min(Index(N, H) : HinTrivCore);
Good := H : HinTrivCore|Index(N, H)eqgmdeg;
t1Good;

/51

H:= Rep(Good);

tH;

/* 8%/

f2,N1,K2:= CosetAction(N,H);

N1,

Permutation group N1 acting on a set of cardinality 35
Order =280 = 23 x5 % 7
(2,3,4,6)(5,8,11,16)(7,10,14,21)(9, 13,19, 28)

(12, 18,26, 31)(15, 23)(17, 25, 30, 22)(20, 29, 32, 34)(24, 27)(33, 35)
(1,2)(3,5)(4,7)(6,9)(8,12)(10, 15)(11, 17)(13, 20)(14, 22)
(16,24)(18,27)(19,23)(21, 25)(26, 28)(29, 31)(30, 33)(32, 35)
N;

PermutationgroupN actingonaseto f cardinality35
Order =280 =23 x5 % 7
(1,12,5,14)(2,15,4,11)(3,13)(6, 7, 10, 9)(16, 32, 20, 34)
(17,35,19,31)(18, 33)(21, 27, 25, 29)(22, 30, 24, 26) (23, 28)
(1,21)(2,25)(3,24)(4,23)(5,22)(6,16)(7,20)(8,19)(9, 18)
(10,17)(12,15)(13,14)(26,31)(27,35)(28, 34)(29, 33)(30, 32)
Order(zx);

[ xdx/

From Composition Factors we will find the isomorphism type and Normal Lattice we

will determine if we have a direct product and not.

CompositionFactors(N);
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Cyclic(2)
Cyclic(7)
Cyclic(2)
Cyclic(2)

Cyclic(5)

NL:= NormalLattice(N);

NL;

Normal subgroup lattice

[14]
[13]
[12]
[11]
[10]
[ 9]
[ 8]
[ 7]
[ 6]
[ 5]
[ 4]
[ 3]
[ 2]

[ 1]

We now look
for i in [1

/*
1

Order 280

Order 140
Order 140
Order 140

Order 70
Order 70
Order 70
Order 20

Order 35
Order 14
Order 10

Order 7
Order 5

Order 1

Length

Length 1

Length
Length

Length
Length
Length
Length

Length
Length
Length

Length
Length

Length

e =

[

Maximal

Maximal
Maximal
Maximal

Maximal
Maximal
Maximal
Maximal

Maximal
Maximal

Maximal

Maximal
Maximal

Maximal

Subgroups:

Subgroups:
Subgroups:
Subgroups:

Subgroups:
Subgroups:
Subgroups:
Subgroups:

Subgroups:
Subgroups:
Subgroups:

Subgroups:
Subgroups:

Subgroups:

11 12 13

7 10
8 9 10

to the Largest Abelian sub Group using the code.
..#NL] do if IsAbelian(NL[i]) then i; end if; end for;
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3
6
*/

The NL[6] is the Largest Abelian sub group and produce the two
generators which named A and B.
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Chapter 10

Images of Progenitors

In this chapter, we will show the isomorphic images for most of the composition factors

we discovered.

10.1  (5%:(3:2))

We have the following information.
S:=Sym(15),
x~(1,15,12,8,3,9,14,13,7,4)(2, 11,5, 6, 10);
y~(1,11,14,6,12,2,7,5,3,10)(4,8,13,15,9);
The order of |[N| =150 .

Images of 215 : (5% : (3:2)

(57 (3:2))
alblcld|le|flg|h|i|j|lk|l | |m|n|lo|p|lg|r|s|u|v
ojojojojofojojo0jo0jofojojo (ojofojofojo|lojo
ojojfojojofojojojo0ojofojojo (ojofojofojoflojo
ojojfojojofojojo0jo0ojofojojo (ojofojofojo|lojo
ojojfojojojojojo0ojo0ojofojojo (ojofojofojoflojo
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2*12 (2 x Aj)
wl|z|lal |bl|cl|dl |G
0/0[0 |3 |0 [0 |2%:3
0[0|4 |0 |2 |0 |2¢:3
0[0[5 [0 [2 |0 |2:Als
01010 |5 |3 |0 |UB3,4):2

G<x,y,t>:=Group<x,y,t| (y™-1 * x°-1)"3 ,

(y°-1 * x)°3,

x"-1 % y7-1 % x"3 * y™-1 % x"-1 x y ,x"2 % y *x x72 *xy~3,t72,
(t,y™-1 * x72 * y~-1),

(t,x"3 * y™-1 * %),

(x*xt~ (y*x~-1))"a, (x*t)"b, (y*t)“c,

(y*t~ (y*x~-1))"d,

(y*xt~(y~-2)) e,

(x"CD*t" (y*x"-1))"f, (x~ (-1)*t) g,

(yo (=D *t~ (y*x~-1)) "h, (y~ (-1)*t) "1,

(x~(2)*t~ (y*x~-1)) " j, (x~ (2)*t) "k,

(xxy*t~ (y*x~-1))"1,

(x*xy*t) "m, (x*y~ (-1)*t) n,

(xxy~ (1) *t~ (y*x~(-1))) "o,

(xxy~ (-1)*t"x~ (1)) "p, (y*x*t) "q,

(y*kx*t”~ (y*x~ (1)) "r, (y*x*xt"x" (1)) s,

(y~ ()t~ (y*xx~ (-1))) "u, (y~(2)*t) v,

(y*x~ (D) *t~ (yxx~ (-1))) “w, (y*x~ (-1) *t) "z,

x™(-Dxy*xt~ (yxx~(-1)))"al, (x~(-1)*y*xt) bl,(x"(-2)*t~ (y*x~(-1)))"cl,
(x~(-2)*t)~d1

5.

3



10.2

We have the following information.

(22 : 5?)

S:=Sym(25), we are working with 25 letters.
z ~ (1,19,11,17,2)(3, 16,15, 5,6,9, 24, 8, 21, 22) (4, 18, 13, 25, 7, 14, 20, 10, 23, 12);

y ~ (1,16)(2,8)(3,20)(4,24)(5,17)(6,13)(7,15)(9, 19)(10, 18)(11, 22)(14, 25)(21, 23);
The order of |[N| =100 .

(5%:(3:2))
alblcldle|flglh|i|jlk|l|m|n|lo|p|lqg|Tr|s|ul|wv
o6jojfojojofo0joy0j0j0f0j0j0 |0Jj0OJO|O[O]O|0O]O
o6jofojojofo0joj0j0j0f0j0j0 |0j0Ol0O|O[O]O|0O]O
o6jofojojofo0joj0j0j0f0j0|0 |0Jj0OlO|O[O]O|0O]O
o6jojfojojofo0jo0oy0j0j0f0Jj0|0 |0j0OJO|O[O]O|0O]O

(5 (3:2)
w|z|al bl |cl|dl]el| fl|gl|hl|dl]|j 1|kl |I1|G
0/0l0 O |0 [0 |O [0 |0 |0 [0 [3 [0 |0 ]22%:A4;5
0/0l0 O |0 [0 |O [0 |0 |0 [3 |0 |0 |0 ]22%:A4;5
0(0|0 [0 [0 [0 O [0 |O [0 [3]3 |0 |0](2:45):as
0[0[0 [0 [0 |0 [0 |0 |0 [0 |4 |4 |4 |0 ](2"x5):4;
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G<x,y,t>:=Group<x,y,t| y 2,
(x * y * x)°2,x710,
x"-1 % y * x~-1 % y * x"-1 % y * x~-1 % y *

x~-1 * y * X kykXx*y*kx*y*kx*yx* xX"—-1% vy,

t72,

(t,y * x 7 * X %y *xx *xy*x" -1 %y),
(E,Xx * y * X %y *x X *y *x -1 %7y *x *xy),
(x*t)"a, (xxt~ (y*x~-1))"b,

(x*t~ (xxy~2)) “c, (y*t~ (x*xy*x~-1))"d,

(y*t) e,

(yxt~ (x"-1))"f, (x~ (1) %t~ (y*x*y)) “g,
(x~(-1)*t"x~(-1))"h,

(x"(-D)*t"x*xy~2) "1,

"Dt (XD *y)) 75,

(x~ (1) *t~ (xxy*x~ (-1) *y) ) "k,

"D *) "1, (x" (D *t" (y*x~ (-1))) "m,

(x~ (1) *t" (y*x~(2))) "n,

(x~ (1) *t~ (x*y)) "0, (x"2xt) “p, (x*xy*t) "q,
(yxx*xt) "r, (y*x~ (1) *t) "s, (x~ (-1) *y*t) "u,
(x~(=2)*t) “v, (x73*t) “w, (x"2*y*t) "z,
(xxy*xx*t) "al, (xxy*x*t”~ (y*x~(-1))) bl,
(xxy*x*t~ ((x*y)~2))"cl,

(xxy*xx~ (1) *t) ~dl, (x*xy*x~ (-1)*t~ (y*x~(-1))) "el,

(xxy*x~ (m1)*t~ (x*xy~(2))) "f1,

(y*x~ (2)*t~ (y*x)) "gl, (y*x~ (2)*t) "hi,
(yxx~(2)*t~ (x~(-1))) ~il,

(yxx*y*t” (x*xy*x~(-1))) " j1,
(y*x*y*t) "k1, (yrx*xy*t~ (x"-1)) "11>;
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10.3  As %2

We have the following information.

S:=Sym(30), we are working with 25 letters.

 ~ (2,3)(4,6)(5,8)(7,11)(9, 14)(10, 15)(12, 18) (13, 20) (17, 24) (19, 26) (21, 25) (23, 28);

y~ (1,2,4,7,12,19)(3,5,9, 15, 22, 27)(6, 10, 16, 23, 18, 25)(8, 13, 21)(11, 17, 14)(20, 26, 29, 30, 28, 24);
The order of |[N| =120 .

Ag *x 2
alblcld|le|flg|h|i|j|lk|l | |m|n|lo|p|lqg|r|s|u|v
o6jojfojojofojojo0j0j0f0j0j0 (0j0l0Oj0O[0O]O0O|0O]O
ojofojojofojojo0j0j0f0j0j0 |0j0l0OjO[O]O0O|0O]O
ojofojojofo0ojojo0j0j0f0j0|0 |0j0l0Oj0O[0O]O0O|0O]O
ojojfojojofojojo0j0j0f0j0|0 (0j0l0O|O[O]O0O|0O]O
ojofojojojojojo0j0j0fo0j0|0 (0j0f0Oj0[0O]O0O|0O]O

(5%:(3:2))
w|z|al | bl |cl|dl|el | fl|gl|hl|dl |41 |k1]|I1|ml|nl|G
0/j0j0 (O |0 |O |O O |JO |O |3 |0 |0 |3 |4 0 | Ag:2
0/j0({0 (O |0 |O |O O |JO |O |3 |0 |3 |0 |4 0 | Ag:2
0/j0(0 |0 O |O |O [O O ]JO |O]|3 |0 |O]O 4 |20 Ay
0/j0}{0 O O |O |O |O |O |O |O |4 |4 |8 |4 0 | 2x2
0j0j{0 (0O |0 |0 |O |O |O |O |O |5 |0 |O |4 3 | Ag:2
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G<x,y,t>:=Group<x,y,t|x"2,y"6,
(yrxxy~-1%x) "2,

(x*y~-1)75,

(t,x), (t,y " 2%xxy " -2%x*xy~2) ,
(xxt~(y * x72))"a ,

(xxt~(y"3 * x))°b ,

(x*xt)"c , (x*t~(y"2 * x))°4 ,
(x*xt~(Cy * x))"e,
(yxt~(y~3))"f, (y*t)°g ,
(y*xt~ (b)) h,

(yxt~(y * x * y~2))°1i,

(yxt~ (y*x)) "],

(yxt~(y~2)) "k,

(y7-1xt~((y * x)°2))"1,
(y7-1*%t~( y73 * x))"m,
(y"-1%t)"n,

(y~-1%t~ (y*x)) "o,

(y -1xt~ (y~2%x)) "p,
(y*x*t~(y™-1 * x * y~-1))"q,
(x*xy*t~(y~3))"r, (x*y*t)~s,
(x*xy*t~ (y)) "u,

(xxy*t”~ (y*x)) v,
(x*xy*t~(y~2)) "w,

(xxy*t~ (y*x)~2) "z,

(xxy*xt~ (y*x*y~2)) "al,

(xxy*t~ (y~-2))"bl,
(xxy~-1%t)“cl,
(xxy~-1*t~(y))~d1,
(xxy~-1xt~(y~2)) "el,

(x*ky~ 1%t~ (y*x*y)) “f1,

(x*xy~ -1t~ (y*xxy~2)) "gl,
(x*xy~-1xt~(y~-2))"hi,

(yxxxt~ ((y*x)~2)) i1,

(y*x*xt~ (y~3*x)) " j1, (y*x*t) “ki,
(y*x*t~ (y*x)) 11, (y*x*t~ (y~2*x)) "ml,
(y*x*xt~ (y"-1*xxy~-1)) "nl >;
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