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ABSTRACT

This thesis will discuss the de Rham cohomology, homotopy invariance and the
Mayer-Vietoris sequence. First the necessary information for this thesis is discussed such
as differential p-forms, the exterior derivative as well as pull back of a map. The de Rham
cohomology is defined explicitly, some properties of the de Rham cohomology will also be
discussed. It will be shown that the de Rham cohomology is in fact a homotopy invariant
as well as some examples using homotopy invariance are provided. Finally the Mayer-
Vietoris sequence will be established, an example of using the Mayer-Vietoris sequence

to compute the de Rham cohomology of groups of spheres is provided.
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Chapter 1

Introduction

The goal of this thesis will be to introduce and study the de Rham cohomology
of smooth manifolds. Specifically, we show it is a homotopy invariant, establish the
Mayer-Vietoris Sequence, and provide examples of how these results are useful.

In Chapter [2, we introduce all necessary background information for us to begin
talking about the de Rham cohomology. We start with introducing what we will be
working with, manifolds, the main building block for this thesis. We also discuss operators
we use for manifolds, as well what a homotopy is, which is useful in Chapter

Moving into Chapter [3] this is where we speak on what the de Rham cohomology
is and formally define it (see Definition . Then after this some properties of the de
Rham cohomology are presented, see Section

Then in Chapter we discuss homotopy invariance and why this is useful
in the project. In this chapter we show how a property of the de Rham cohomol-
ogy, induced cohomology maps (see Proposition , are equal when there exits a ho-
motopy operator between the pull back maps. Moving on in the chapter we prove
the existence of a homotopy operator, with the lemma coming from John Lee’s book;

Introduction to Smooth Manifolds [Leel3], but the proof being different than what he

has shown in his book. Instead of using new techniques such as the Lie Derivative and
Cartan’s Magic Formula, we use slightly different techniques. With that we provide some
computations of using homotopy invariance at the end of the chapter.

Finally, in Chapter [5] we introduce what the Mayer-Vietoris Sequence is. For

us to talk about the Mayer-Vietoris Sequence we must understand what it means for a



sequence to be exact, and then discuss for a sequence to be short exact and even long
exact. Knowing this will help us in establishing the Mayer-Vietoris Sequence. For us to
establish the Mayer-Vietoris Sequence we also need to know the § map, which is brought
to us by the Zig-Zag Lemma (see Lemma . After establishing the Mayer-Vietoris
Sequence, at the end of the chapter there is an example of using the Mayer-Vietoris

Sequence.



Chapter 2

Preliminaries

The de Rham cohomology requires some necessary knowledge before we are
able to introduce and talk about what this truly is. We will be working with manifolds
throughout this project, it is important for us to know what we are working with. For
M to be a topological manifold of dimension n or a topological n-manifold, if M holds

the following properties:
Property 2.1. [Leel3] The topological space M is a manifold without boundary if:

1. M is Hausdorff space: for every pair of distinct points p,q € M, there are disjoint
open subset U,V C M such that p € U and g € V.

2. M is second-countable: there exists a countable basis for the topology M.

3. M is locally Fuclidean of dimension n: each point of M has a neighborhood that is

homeomorphic to an open subset of R™.

One can define manifolds with boundary, see Definition The above prop-
erties, Property will be used to describe a manifold, as well as a manifold that is
smooth and a manifold without boundary. Later on we will need to know what a manifold
with boundary is, this will play an important role in proving the existence of a homotopy

operator, Lemma |4.2

Definition 2.2. [Hat02] For a n-dimensional manifold with boundary, this implies we
have a Hausdorff space M in which each point has an open neighborhood homeomorphic

either to R™ or to the half space R} = {(x1,--- ,2,) € R"|z, > 0}.



Let p be a point of a manifold M with or without boundary. A tangent vector
to our manifold M at point p is a real valued function v : C>*°(M) — R, where C*°(M)
is the set of all smooth real valued function on M, that has the following properties, for

all a,b € R and f,g € C>*(M),
1. R-linear: v(af + bg) = av(f) + bu(g).

2. The product rule holds: v(fg) = v(f)g(p) + f(p)v(g).

The tangent space at point p, or more specifically at each point p € M let T,,(M) be the
set of all tangent vectors to M at p. The tangent space to M at point p is denoted by
Tp(M).

For each p € M, we can define the cotangent space at p, which is written as

Ty M, to be the dual space to the tangent space of M at point p, Tp,(M):
T,M = (T,M)* = Homg(T,M,R).

The elements of Ty M are called the tangent covector at point p. We also have the
cotangent bundle of M which is defined as the disjoint union:
M =[] T; M,
peEM

topologized in the standard way, see pages 16 — 21 of [Lee97].

Definition 2.3 (Coordinate Chart). [Leel3] Let M be a topological n-manifold. A coor-
dinate chart on M is a pair (U, ), where U is an open subset of M and ¢ : U — Uisa
homeomorphism from U to an open subset U = e(U) CR".

At this point we want to be able to perform partial differentiation on a manifold,
which is defined precisely below.
Let £ = (z%,--+ ,2™) be a coordinate system on M at p. If f € C°°(M), let

of fot™ :
@(P) = T(fp)a for (1 <i <n),
where u',--- ,u™ are the natural coordinates of R”. We define coordinate vectors by the

following which, is useful in Theorem [2.4
a o0
Oilp = 9 |p: C°(M) — R.

The coordinate vectors will send each f € C*°(M) to g JZ which is a tangent vector to M

at p.



Theorem 2.4. [O’N83] If £ = (z!,--- ,2") is a coordinate system in M at p, then its
coordinate vectors O1p, -+ ,Onlp form a basis for the tangent space T,,(M); and

n

v = Zv(xi)ai]p for all v e T(M).

=1

Differential forms, the operator d and pullback play an important role for us to
start using the de Rham Cohomology. We will also see these concepts throughout as we

use these concepts in computations and proving new ideas.

Definition 2.5 (Differential k-forms). Let A¥T*M be a bundle of covariant k-tensors on
M, where M is n-dimensional smooth manifold. A smooth section of A*T*M is called
a differential k-form, which is a smooth tensor field whose value at each point is an
alternating tensor [Leeld]. We can denote the vector space of smooth differential k-forms

by Q¥ (M). In any smooth chart, a differential k-form w can be written locally as

w :Zwldxil Ao A dzt :ijdxl,
I I

where the coefficients wy are continuous functions on the coordinate domain.

Recall that a (smooth) section of a vector bundle 7 : E — M is a smooth
map s : M — FE, where 7 o s is the identity map on M. In other words, a section is a
mechanism which, when given x € M, it produces a vector in the fiber E,. So in the case
of E = A*T*M, a differential k-form is an alternating linear functional at each point of
M.

The operator d is called the exterior derivative. The operator d can be applied
to many ideas. First we will discuss the operator d on functions of R”. For a smooth

real-valued function f,

Now let U be an open subset such that U C R"™, there exist a w which is a k-form on U

where:

w:Zwldaq, dw:Zdwl/\de. (2.1)
I

Now the following properties (i — ¢v) hold,

Proposition 2.6 (Properties of the Exterior Derivative on R™). [Leeld/



(i) The operator d is linear over R.
(ii) If w is a smooth k-form and n is a smooth £-form on an open subset U C R™ then
dwAn) =dwAn+ (=1)Fw A dn.
(i1i) It is true that, dod = 0.

(iv) The operator d commutes with pullbacks: if U and V are open subsets of R™, F :
U — V is a smooth map, and w € QF(V), then

F*(dw) = d(F*w).

Now we can extend exterior derivative on function of R" to manifolds.

Theorem 2.7 (Existence and Uniqueness of Exterior Differentiation). [Leel3] Suppose M
is a smooth manifold with or without boundary. There are unique operators d : Q¥ (M) —

QFFY(M), for all k, called exterior differentiation, satisfying the following properties:
(i) The operator d is linear over R.
(ii) If w € QF(M) and n € QY(M), then
dwAn) =dwAn+(=1)*w A dn.
(iii) It is true that, dod = 0.
(iv) For f € QO(M) = C>(M), df is the differential of f, given by df (X) = X f.
In any smooth coordinate chart, w = ZW}d.’E}, so dw 1is given as in Equation .

Definition 2.8 (Pullback). [Shi05] Let U C M be open, where M is a n-dimensional
smooth manifold, and let g : U — M be smooth. If w € QF(M), then we define g*w €
QF(U) (the pull back of w by g) as follows. To pull back a function (0-form) f, we just

compose functions:

g f=1Ffog.
To pull back the basis 1-forms, if g(u) = x, then set
g dx; = dg; = ou, du;.

j=1



To pull on k-forms, assume w is a k-form and U is a coordinate chart,

w= Zwldxj = wadxil A Ndxg,,

we then have

fro =Y (frw)(f*(dei) A--- A (f(dai,)-

Definition 2.9. [Tho09] If X andY are topological spaces and f,g: X — Y are contin-
uous, then f is homotopic to g if there exists F: X x I — Y such that F(z,0) = f(z),
F(x,1) = g(z), and F is continuous. For this we say that F is a homotopy and we write
f is homotopic to g as f ~ g. If F' is smooth, then we say F is a smooth homotopy, and
that f is smoothly homotopic to g.

One uses the definition of homotopy of functions to define what it means for
manifolds M and N to be homotopic. A manifold M is (smoothly) homotopic to N if
there exists (smooth) functions f: M — N and g : N — M where f o g is homotopic to
the identity map on N, and g o f is smoothly homotopic to the identity map on M.

Definition 2.10. [Leel3] If M and N are smooth manifolds with or without boundary,
a diffeomorphism from M to N is a smooth bijective map F : M — N that has a smooth
inverse. We say that M and N are diffeomorphic if there exists a diffeomorphism between

them. This 1s sometimes denoted as M ~ N.

For example the function F : R? — R? defined by F(z) = 22 is not a diffeomor-
phism. The function F' is not a diffeomorphism because F'(x) does not have a smooth
inverse, as the inverse of F'(z) is not differentiable at = = 0, even though F is a smooth
bijection.

In Section we will need to know a diffeomorphism is, see the below definition
(Definition [2.10). We will show in Corollary when we have smooth diffeomorphic

manifolds they have isomorphic de Rham cohomology groups.



Chapter 3

de Rham Cohomology

3.1 What is de Rham Cohomology?

Definition 3.1. [Leel3] Let M be a smooth manifold with or without boundary, and let
p be a nonnegative integer. Since d : QP(M) — QPTY(M) is linear, its kernel and image

are linear subspaces. We define the following:

ZP(M) = ker(d: QP(M) — QPTY(M)) = {closed p-forms on M}
BP(M) = im(d:QP~Y (M) — QP(M)) = {exact p-forms on M}.

Since d*> = 0, every exact closed form is closed so that BP(M) C ZP(M). Thus it makes
sense to define the de Rham cohomology group in degree p of M to be the quotient vector

space,

3.2 Properties of the de Rham Cohomology

Proposition 3.2 (Induced Cohomology Maps). [Leel3] For any smooth map F : M — N
between smooth manifolds with or without boundary, the pull back F* : QP(N) — QP (M)
carries ZP(N) into ZP(M) and BP(N) into BP(M). It thus descends to a linear map, still
denoted by F*, from HP(N) to HP(M), called the induced cohomology map. The induced

cohomology map has the following properties:



(a) If G : N — P is another smooth map, then

(GoF)*=F*oG": H?(P) — HP(M).
(b) If Id denotes the identity map of M, then Id* is the identity map of HP(M).

Proof. Let us begin by working with forms. We have F' : M — N and the pull back
F*: QP(N) — QP (M), we want to know if the pullback F™* takes in a form that is in the
kernel of d does it produce a form in the kernel of d. Let w € kerd, we know using the

operator d, dw = 0. We want to check F*w € kerd,

d(F*w) =0, (d and F* commute on the level of forms)
F*(dw) =0, and
F*(0) =0, (dw = 0).

We now know that the pullback, F* takes in a form that is in the kernel of d and
produced a form in the kernel of d, meaning F* : kerd — kerd. With that we want to
ker d kerd
define F* : —° ‘eir’ and we need to check that F*[w] = [F*w]| is well defined. It
imd imd
suffices to check that F*(dr) = 0.
Let dr € imd, so then F*(dr) = d(F*1) € imd, since d and F* commute on the

level of forms. So now F™* is well defined map, thus we have F* : HP(N) — HP(M).

Now we want to show the two properties, we know these properties to be true

when working with p-forms,

(FoG)'w=(G"o F")(w),

Id* (w) = w.
Since the pull back map Id* does not change a p-form and Id does not change a p-form
then Id* = Id, which will not change when working with cohomology classes either since,
Id"[w] = [Id"(w)]
= [w], since on forms Id*(w) = w.

The pull back map Id* took in the equivalence class of omega and gave us the equivalence

class of omega so,

Id* = Id: HP(M) — HP(M).
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So now,

(Fo G)*[w] = [(F o G)*(w)];

we know (F o G)* = G* o F* on forms so we have,

[(F o G)*(w)] = [(G" o F7) (w)]
= G*[F*(w)]
= (G* o F*)[w].

So we started with (F o G)*[w] and ended up showing that (F o G) * [w] = (G* o F*)[w].
Therefore (F o G)* = G* o F* is true for cohomology. O

We will use Proposition in the proof of the following corollary, (see Corollary
, and also throughout Chapter [4l For the following result, Corollary it may be
useful to refer back to what a diffeomorphism is (see Definition [2.10)).

Corollary 3.3 (Diffeomorphism Invariance of de Rham Cohomology). Diffeomorphic

smooth manifolds (with or without boundary) have isomorphic de Rham cohomology groups.

Proof. Let M and N be diffeomorphic smooth manifolds with or without boundary. Let
the maps F' and G be inverse diffeomorphisms, the maps are defined as the following,
F: M — Nand G: N - M. We also know the pull back maps of F' and G are
defined as, F* : H¥(N) — H¥(M) and G* : H*(M) — H*(N). Since M and N are
diffeomorphisms then we know G o F' = Idy; and F o G = Idy. Using Property (a) of
Proposition |3.2

(GoF)* = Idi, = F*oG*:HNM)— H*(M)
(FoG)* = Idy = G*oF*:HF(N)— H¥N).
Since Idys is surjective map we know that F™* is surjective, also since Idy is injective

map we then know that F™* is injective. With that we know that F'™* is a bijection, so

there must exist a isomorphism thus,

H*(M) = H¥(N).
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Proposition 3.4 (Cohomology in Degree Zero). [Leel3] If M is a connected smooth
manifold with or without boundary, then H°(M) is equal to the space of constant functions

and is therefore 1-dimensional.

Proof. Since there are no nonzero forms for p < 0, then the imd = B°(M) = 0. A
closed O-form is a smooth real-valued function, f, such that df = 0, since our manifold
M is connected then it must be true if and only if f is a constant function. Thus

H°(M) = Z2%(M) = {constants}. O
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Chapter 4

Homotopy Invariance

Homotopy invariants are useful in this project because, as we discovered co-
homology is hard to compute. With the use of homotopy invariants, this takes away
some of the hard computations. In this chapter, we will prove the existence of a ho-
motopy operator (see Lemma . While this lemma comes from John Lee’s book;

Introduction to Smooth Manifolds [Leel3|, the proof he has included uses new ideas such

as the Lie Derivative and Cartan’s Magic Formula rather we use slightly different tech-
niques to accomplish the proof. With that, we prove that the induced cohomology maps
are equal when we have homotopic smooth maps (see Proposition . Then finally we
prove the homotopy invariance of de Rham cohomology. The proof is short since a lot of
the work was prepped beforehand. Now, in Section there are some computations of
using homotopy invariance.

Suppose F,G : M — N are smooth maps, also let F* = G*. For F* = G* to be
true, it must be the case that when given a closed p-form w on N, we will need to come

up with a (p — 1)-form on M such that,
G* ] — F*[w] = [d] = 0.

We can then create a map h : QP(N) — QP~1(M), which takes closed p-forms
on N to (p— 1)-forms on M, such that the following is true:

d(hw) = G*'w — F*w. (4.1)

Unfortunately what we have defined above is only true when w is closed. We want to be

able to define a map h for all smooth p-forms on N, rather than just closed p-forms, to
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(p — 1)-forms on M. To accomplish this, we use the following equation:
d(hw) + h(dw) = G*w — F*w. (4.2)

In fact, Equation |4.2| gives us Equation when w is closed, since dw = 0. If we have
smooth maps F,G : M — N, a collection of linear maps is defined by h : QP(N) —
QP~1(M) so that the above equation, Equation holds true for all w. This is called a
homotopy operator between the the maps F* and G*.

Proposition 4.1. [Leel3] Suppose M and N are smooth manifolds with or without bound-
ary. If F,G : M — N are smooth maps and there exists a homotopy operator between the
pull back maps F* and G*, then the induced cohomology maps F*,G* : HP(N) — HP(M)

are equal.

Proof. Assume F,G : M — N are smooth maps and there exists a homotopy operator,
h, between the maps F* and G*. Let us define h : QP(N) — QP~1(M), which will satisfy
Equation Our end goal is to show that F*[w] = G*[w]. Since we have Equation
we want to know what G*w — F*w equals so we can arrive at our conclusion. We want

[G*w — F*w] = 0 for w € ker d where dw = 0.

[G*w| — [F*w] = [G*w — F*w]
= [d(hw) + h(dw)]
[d(hw)] + [h(dw)]
= 0.

We can say that [d(hw)] + [h(dw)] is zero since d(hw) is in the image of d. Therefore,
is zero on cohomology, and dw = 0 so h(dw) = h(0) = 0 so we have [0] + [0] = 0. Now
putting all of it together, we have,

0 = [G'w]—[F*w]
Fru] = [
F*w] = G*w].

O]

We want to construct a homotopy operator. To accomplish this, let M be a
smooth manifold with or without boundary, and for each t € I, let iy : M — M x I be
the map i,(z) = (z,t). So if M has empty boundary, then M x I is smooth manifold with
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boundary and thus the results above apply. Although if the boundary of M is nonempty,
then M x I has to be considered as a smooth manifold with corners.

The following results will help us prepare for the main result of the chapter,
Theorem We will first prove the existence of a homotopy operator, then show that
when we have two homotopic smooth maps the induced cohomology of the maps are
in fact equal. The following results, Lemma and Proposition provides as the
major leg work for the proof of the homotopy invariance of the de Rham cohomology (see

Theorem |4.4]).

Lemma 4.2 (Existence of a Homotopy Operator). [Leeld] For any smooth manifold
M with or without boundary, there exists a homotopy operator between the two maps

i, it s (M x I) — QF(M).

Before we jump into this proof we will be using a new operator, which is com-
monly referred to as interior multiplication. Let V be a finite dimensional vector space,

for each v € V, we define a linear map i, : A¥(V*) — AF=1(V*),
iv(W)(W1, t awk—l) = W(’U,wl, e 7wk‘—1)-

It commonly denoted as viw which is read as v into w, what this operator is doing is

taking w and inserting v into the first slot.
Proof. For each p we want to define a map,
h:QP(M x I)— QP (M)
such that Equation [4.2]is true. That is, we want the following to be true:
d(hw) + h(dw) = ijw — ijw. (4.3)

If we can show that Equation [£.3] holds then we will have shown there is a homotopy
operator between our two maps, iy and 7.

Let iy : M — M x I, where i;(x) = (z,t) and ¢t € [0,1] as above. We define
hw € QP~1(M) by

1
hw—/ iz (Otaw)ds.

=0
We know i; to be defined as, i : M — M x I then it must be the case that

if is defined as the following, i} : Q¥(M x I) — QF(M). Let w € QP(M x I). Choose
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the global coordinates system (¢) on I, and for any point p € M, choose any coordinates
(z1,---xn) on M near p. Then, (z1,--- ,xy,,t) are coordinates on M x I, and ¢ may be

any element in [0,1]. Then in coordinates:

W= Zf[(l‘,t)dt ANdxr+ Zgj(x,t)dxj,
I J

With now knowing w we are able to find 0;_w, this will move dt into the ‘first slot’, if the
component does not have dt then it will become zero. For example in w above the sum

over J does not contain dt so when calculating 0; 1w we omit it.

Orw = Zfl(x,t)dxj
I

it (Ow) = i (Zf;(a:,t)dx;)
I
= fo(a:,t)darj.
I

Now with i (0;_w), we are able to easily find d(hw),
1
dlhw) = d/ is(Opaw)ds
s:O
= / (Z fr(z,s dx1> ds
s=0
- Z/ (af[ x, s)dx; /\d:z:[> ds.
s=0

Now we need to find h(dw), so what we want to do is find first is dw.

Since w = Z fr(x, t)dt A dxy + Zgj(x, t)dxy,
i J

dw = Zf[:ntdt/\dx1+ZgJ:1:td:nJ)

= > affd A dt A dxg

097
; N\ dx J+%dt/\dt/\d:v]—|—a—dt/\dx .

6
ox;

Note that dt A dt = 0, so Z 5 2L gt A dt A dxy = 0. So now continuing on with dw,

dw = OFt g ndt mdy + 2% ds ndy + 297 dt A diy
ox; ox; ot

Now we can find h(dw),

hdw) = / i5(Orudw)ds

=0
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For ease let us find 0;.dw,

-0 0
Opadw = Z 8xfldt/\d(£iAde’[+%dt/\d$J.

; \ dzj does not have a dt when we find 0;.dw it becomes 0.

0
Note that since Z agJ
7

Continuing now with h(dw),

h(dw) = / <Z af]dt ANdx; Ndxp + 88ngt A dau) ds
s=0

B 8f1 g7
= Z/s 0( Er (z s)dxl/\dxj—kﬁ(x s)de> ds.

Now we have found the necessary components to see if Equation holds.

d(hw) + h(dw) = /10 <g£f (z,s)dx; /\de> ds—i—/lo ( gif(x s)dx; /\de> ds
s= 1 i s= 7

+/ <88t (z, s)de> ds

_ /io (agt (z, s)de> ds.

Now for us to show that Equation is true to get our result we are looking for, let us

look at the following:

if(w) = i} (Z f](x,s)dt/\dxj) + iy (ZgJ(JJ,S)dﬂUJ)
= Z fr(z, t)iy (dt) A iy (der) + ZgJ(xat)(dﬂfJ)
= 3 fr(z, )0 ndar + > gs(z, t)des

= ZgJ(az,t)de.

Now differentiating each term:

L) = j(azgm,t)dm)
= Z agtJ(x t)dx .

Now continuing from above we have,
1
d(hw) + h(dw) = / (%gg (x, t)de> dt
T
d .,
- [ Glina

—o dt
= 1w —iHw,
by the Fundamental Theorem of Calculus. Therefore there exists a homotopy operator

between the two maps, i, : Q*(M x I) — Q*(M). O
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Proposition 4.3. [Leel3] Suppose M and N are smooth manifolds with or with boundary,
and F,G : M — N are homotopic smooth maps. For every p, the induced cohomology
maps F*,G* : HP(N) — HP(M) are equal.

Proof. By the Existence of the Homotopy Operator, Lemma we know the maps i
and i} are equal from HP(M x I) to HP(M). Since we have F,G : M — N, which are
homotopic smooth maps then there must exist a homotopy, H : M xI — M from F' to G.
We know, F'= H oy and G = H o1, so we have

F* = (H oig)* =i o H". (4.4)

By the Existence of the Homotopy Operator, Lemma [4.2] and the earlier discussion, we

know if, = i}. So then using, Equation [£.4] we have
F*=(Hoiy)" =igoH*=ijoH" = (Hoi)" =G~ (4.5)
which gives us the result we wanted, F™* = G*. O

Theorem 4.4 (Homotopy Invariance of de Rham Cohomology). [Leeld] If M and N are
homotopic smooth manifolds with or with out boundary, then HP(M) = HP(N) for each

p. The isomorphisms are induced by any smooth homotopy equivalence F' : M — N.

Proof. There exists F': M — N and G : N — M. It must be the case that Go F ~ Idy,
and F'oG ~ Idy. We know that F* : HP(N) — HP(M) and G* : HP(M) — HP(N). By
Proposition [3.2] and Proposition [4.3] we have,

(GoF) = FroG* = Idy, = Idge)

(FoG) = G'olF* = Idy = Idge(ny.
Since the map Id}, is a surjective map then F™* is surjective. Also since Id}; is an injective

map then F* is an injective map. So we have F™* being a bijection, so it must be the case

it is an isomorphism. Thus we have, HP(M) = HP(N). O

4.1 Computations Using Homotopy Invariance

Before we jump into the following computations, some knowledge of zero dimen-
sional manifolds will be help in our first computation, Theorem If M is a manifold

of dimension n, then, as a vector space, the dimension of the p-forms at any given point
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of M is (Z) So for example if we have a manifold of dimension 3 the dimension of the
p-forms for p = 2 is (g): 3, meaning the dimension of the 2-forms is 3. Then the dimen-
sion of 3-forms on our manifold of dimension 3 would be 1, which make sense since there
is only one way to get a basis vector: dz; A dxo A dxs, so that would mean that there are
not any nonzero 4-forms, 5-forms and so on. So if we are working with a zero dimensional
manifold there are no nonzero forms for p > 1. Which then we know that HP(M) = 0
when p > dim(M), since there are non nonzero p-forms on M when p > dim(M).

The first computation below requires knowledge of a contractible manifold, this

is defined below, see Definition

Definition 4.5. [Leel] For a topological space X to be contractible then the identity

map of X is homotopic to a constant map.
Now with this we are able to do the following computation.

Theorem 4.6 (Cohomology of Contractible Manifolds). [Leeld] If M is a contractible
smooth manifold with or without boundary, then HP(M) =0 for p > 1.

Proof. Assume M is a contractible smooth manifold with or without boundary. By
Definition there exists is some s € M such that the IdM is homotopic to the constant
map ¢ : M — M, defined by c(s) = s. So we know that HP({s}) = 0 for p > 1, by the
earlier discussion there are no nonzero p-forms for p > 1 since s is a zero dimensional

manifold. O

Theorem 4.7 (The Poincaré Lemma). [Leeld] If U is star-shaped open subset of R™ or
H", then HP(U) =0, for p > 1.

Proof. Tt is known that star-shaped subsets are contractible to a point. Let U be con-
tractible to the point uw, where w € U. Since U is contractible to a point by the above
theorem, Theorem we know HP({u}) = 0. Thus we have,

HP(U) = HP({u}) =0, for p > 1.
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Chapter 5

Mayer-Vietoris Sequence

The main goal of using the Mayer-Vietoris Sequence is to compute H*(M) in
terms of H*(U), H*(V'), and H*(UNV') where {U, V'} is an open cover of M. We need to
introduce the concept of an exact sequence of Abelian groups in order to properly state
this result.

Suppose CY, C', ... are abelian groups, and F, : C? — CP+1 are homomor-

phisms. Now consider the following sequence
Fyo F, F,
oy CPTL I o 2y ot 2 or2

For this sequence to be exact, this would mean that the image of each map is equal to

the kernel of the next: that is for each p,
imFy,_1 = ker F},.
More specifically if we have the following sequence
0— A i> B C —o,
this sequence is short exact if the following hold:
1. f is injective.
2. g is surjective.

3. imf =kerg.
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One can adapt the concept of a short exact sequence of groups to a short exact sequence

of chain complexes, and arrive at the following well-known result.

If A*, B* and C* are complexes, a co-chain map from A* to B* will be denoted

by f : A* — B* and a co-chain map from B* to C* will be denoted by g : B* — C*.

These co-chain maps are collection of linear maps, f : AP — BP and ¢ : BP — CP, such

that the following commutes for each p:

A pp-1 4 gp

~

~

Ap+1 L}

|7

Bp+1 L}

ls

Cp+1 L)

A short exact of co-chain complexes have the same properties of a short exact sequence

as describe earlier in the chapter, the following is an example of short exact sequence of

complexes, 0 — A* Iy B* % ¢* 5 0. Since these maps f and ¢ are just a collection of

linear maps the following commutes for each p:

0 0

~

i
<
i
<

Theorem 5.1. A short exact sequence of co-chain

sequence in cohomology. More precisely if

complezes gives rise to a long exact

0—>Ai>8i>6—>0
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is exact then the following is exact:

. % HP(A) — HP(B) HP(C)

HPYY(A) — HPYY(B) — HPTL(C)

1ol |

Theorem helps us prove that Mayer-Vietoris Sequence is exact, which is useful for
the proof (see Theorem [5.4)).
Suppose M is a smooth manifold, let U and V be open subsets of M such that

U UV = M, we have the following inclusions,

i

unv

U&M
S

D

which then we induce pullback maps on differential forms,

(9)3
QP(UNV)
Qp

()
S
QP(M).
T ( )%
v

Note that these pullback are in fact just restrictions for example, if we take a w € QP (M)
and apply the ¢* map we have £*(w) = w |y, meaning w restricted to V. Same for if have
the same w and apply the map k* @ £* we have (k* @ (*)w = (k*w, *w) = (w |y,w |v) as
well if we take a (w,n) € QP(U) @ QP(V) and apply the i* — j* we have (i* — j%)(w,n) =
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w lunv =N |unv. This can also be applied to the induced cohomology maps,
HP
HP(UNYV)
HP

)
o
HP(M).
T ( )%
Vv

Lemma 5.2 (Zig-Zag Lemma). [Leel3] Given a short exact sequence of complexes,
0—-A"=B"—=-C"—=0

as in Theorem[5.1], for each p there is a linear map & which is defined as:
§: HP(C*) — HPTH(AY),

this is called the connecting homomorphism, such that the following sequence is exact:

S ey B mR(BY) s HP(Ct) S HPH A s

The Zig-Zag Lemma (Lemma [5.2) will be useful for the proof of the Mayer-
Vietoris Sequence, Theorem below. Before we dive into the proof of the Mayer

Vietoris Sequence it will be helpful to know what partition of unity is.

Theorem 5.3. Let us suppose {Uy} is an open cover of the manifold M. There exists a
partition of unity subordinate to {Uy}: this is a collection of smooth functions po : M —

R and the following properties hold;
1. For all x € M, only a finite number of p, are nonzero at x.
2. The support of @ is contained in Uy, meaning suppps C Uy.

3. For any x € M,Zgoa(q:) =1.

«a
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Theorem 5.4 (Mayer-Vietoris Sequence). [Leeld] Let M be smooth manifold with or
without boundary, and let U,V be open subsets of M whose union is M. For each p,
there is a linear map § : HP(U NV) — HPYL (M) such that the following sequence, called
the Mayer-Vietoris sequence for the open cover {U,V'}, is exact:

é k*pLl*
LA

S mr(M) HP(U) @ HP(V) % gr@unv)

ngH(M) LN

Proof. In this proof we will want to use the Zig-Zag Lemma (Lemma to help us
establish the Mayer-Vietoris Sequence. In the Zig-Zag Lemma we have a short exact

sequence of chain complexes,
S At s mr BTy S mR(Ct) S HPH A D

Let us define the following;:

A*:..._>Ap_>Ap+1_>...
B*:..._>Bp_>8p+1_>...
C*:..._>Cp_>cp+1_>...

where for any p,

0—>A” - B - CP =0

is a short exact sequence. We want to show the following is commutative:

k*@e* i —

0 s AP BP j*>CP 0

o o Jusao  a -

i —

k@ -
0 —— APt B0 el D0 optl ),

Let AP = QP(M),BP = QP(U)®QP(V),CP = QP(UNV). Consider the following sequence,

i —

0— QP(M) 225 or )y @ P (V) S5 r(U N V) - 0. (5.2)

Suppose this above sequence, in Equation [5.2] is a short exact sequence. Take a w €
QOP(M), if we first apply the map k* @ £* to w then apply d @ d to the output we should
be able to get the same result if we first do dw then apply the map k* & £*,

k*ope* ddd
w—> (wly,wly) — (dw |y, dw |v).
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Now let us apply d then the map k* ® £*,
w % dw 05 (k* & ") (dw).

The two outputs we found above are equal,

(dw |v), dw [v)) = (d(k*w), d(*w))
= (k* (dw), * (dw))
= (k" & (%) (dw).

This shows that the first diagram in Equation [5.1] is a commutative one. Now we want
to show the rest of the diagram in Equation [5.1] is commutative. Meaning if we take
(w,7) € QP(U) ® QP(V) and fist apply the ¢* — j7* map then apply the operator d to the
output we should get the same result if we fist apply the operator d @ d to (w,7) then
apply the i* — j* map,

(w,7) == i*(w) = 5*(7) = d(i*(w)) — d(5*(7)),
now let us apply d @ d then the map i* — j*,
(w,7) L (dw, dr) T2 i* (dw) — 5*(d7).

The two outputs we found above are equal because the operator d commutes with pull-

back, by Proposition property (iv) we have,
i*(dw) — j*(dr) = d(i* (w)) — d(57(7)).

It has now been shown that the whole diagram in Equation [5.1] is a commutative one.
Now all that is left is to show that the Sequence [5.2] is a short exact sequence. We will

be able to show that Sequence [5.2]is a short exact sequence by showing the following:
1. Show the map k* @ £* is an injective map.
2. Show the im(k* @ €*) = ker(i* — 7).

3. Show the map i* — j* is a surjective map.
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For us to show that the map k* @ ¢* is an injective map we want to show that the

ker(k* @ ¢*) = 0. For this let us start with w € QP(M) and apply the map k* @ ¢*,

(K@) (w)=0
= (K*w,lfw) =0

= (w |U,w |V) =0.

For (w |y,w |v) = 0, this would mean that both w |y and w |y must be equal to zero,
which clearly w must be zero as well since w € M and M = U UV, it must then be the
case that the map k* @ £* is an injective map.

For us to show that the im(k* @ ¢*) = ker(i* — 5*) this will be a simple double

inclusion argument. We will show that,
1. im(k* @ £*) C ker(i* — j*).
2. ker(i* — j*) Cim(k* @ £%).

We will first start with showing im(k* & £*) C ker(i* — 5%). We know for something to be
in the kernel of a map that means the map will send it to zero. Take a w € QP(M), now
apply the k* & ¢* map, (k* & 0*)(w) = (w |v,w |v), so (w |r,w |v) € im(k* & £*). Now

we want to see if (w |y, w |v) is in the ker(i* — 5%):

(@ =)W |v,w |v) =i"(w [v) = (w [v)
=w ’Umv —w \Umv

=0.

We have just shown the first inclusion argument im(k* & ¢*) C ker(i* — j*). Now we want
to show ker(i* — j*) C im(k* @ £*). Suppose (n,7') € ker(i* — 5*), which means we have
(i =3*)(m,7") =0 luvnv =1 lunv= 0. Since n [uny =" lvny= 0, we know 7 and 1" agree
on U NV, so let us define the following, which is smooth since 1 and n’ are smooth:
n inU
W=

!/

7 inV,

(el (w) = (w v, w |v) = (n,7') € im(k*®£*), which now we have shown ker(i*—j*) C
im(k* @ £*). Now we have completed our double inclusion argument thus ker(i* — j*) =

im(k* @ 0*).
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Now the last thing we must show is that the map i* — j* is a surjective map. So
let us consider w € QP(U NV, and we want to find (n,7') such that (i* — j*)(n,n) = w.
Let {¢, 9} be a partition of unity subordinate to {U, V'}. Now we want to define,

Yw onUNV —pw onUNV

n= n =
0 on U — supp(v)) 0 on V — supp(ep).

We have n € QP(U) and ' € QP(V),

(& =3, =nlvav =1 lunv
= Yw — (—pw)
= Yw + pw

=+ p)w.

So since 1 and ¢ make up a partition of unity, ©» + ¢ = 1, by the third property of
partition of unity (see Theorem [5.3), so in the end of the calculation of (i* — j*)(n,n’)
we end up being left with just w, which is exactly what we wanted to show so the map
1" — 7% is surjective. Now we have a short exact sequence of complexes so we can apply
the Zig-Zag Lemma (see Lemma , and with that we arrive at the conclusion that the
following sequence is exact,

KO grwye Hr(V) T mP@U N Y)

S HPHY(M)

S ge ()
k*@é*
AN

5.1 Example of Using the Mayer-Vietoris Sequence

Here is an example that uses the Mayer-Vietoris sequence to compute the de
Rham cohomology of groups of spheres.
In the following example we will be working with the unit sphere, which is given

by, for n > 0, the unit n-sphere is the subset S C R™*! defined by
S" = {zx e R"": |z| =1}

Let N and S denote the north and south poles respectively in S, let U = S™ \ {S},
V =8"\ {N}, also note that S*=U U V.
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The following proposition is helpful for the base case in the following theorem,
cohomology of spheres (see Theorem , the computation of H!(S!) is interesting on its

own and shows how cohomology is hard to compute.
Proposition 5.5. H'(S') 2R = HY(S') and HP(S') =0 for p > 2.

Proof. We know that H°(S!) = R by Proposition since S! is path connected. We
also know that HP(S!) = 0 for p > 2, by the earlier discussion in Chapter All that
is now left for us to show is that H'(S!) = R. Identify S! with R/27Z. We have the

following;:

Q°(St) = {2r-periodic, f: R — R}
QL(SY) = {f(x)dz, f is 2m-periodic},

above the functions we have are in fact smooth functions. Now define a map 7" to be the
following,
T=0'sYH) - R

as T(w) = 27Tw more specifically, T'(f(z)dz) = /27T f(z)dz.

0 0
We will show that T is onto, as well as showing that ker T' = ¢md. Notice that
kerd : Q1(S') — Q2(S!) = 0, so then the kerd = Q'(S!). Since kerd = Q!(S!), it would
then follow by the First Isomorphism Theorem that
kerd QS
imd — kerT

12

HY(SY) = R.

The map T is onto since T'(kdx) = /:W kdr = 2wk = «, where k = % is a
constant.

Now all that is left for us to show is that the imd = kerT’, we will do this by a
double inclusion argument, first it will be shown that ¢md C kerT', then it will be shown
that ker T C tmd.

Let w € imd : Q°(S') — Q(S!). Which then we have, w = dg = ¢'(z)dx, so

27
T(w) = /0 ¢ (x)dz = g(2) — g(0) = 0

since g is 2w-periodic. Thus we have imd C ker T'.
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Now suppose that fdz € ker T', we will want to show f = ¢’ for some g, meaning

fdx = ¢'dx = dg. We want to define g(x) = / f(t)dt, we know that with this ¢’ = f.
0
2

So we want to show that g(x) = g(x + 27) if f(t)dt =0.
0

427
oz + 27) = /O F(t)dt
T 427
:/O f(t)dt+/x F(t)dt

=g(z)+0
= g().

427
We finish the proof by proving that / f(t)dt = 0 for any z by the following argument,
if f is 2w-periodic, then ’

427 2
/ ftdt= [ fea.

0
First we show that when f is 2mr—periodic, for any a and b we have

b b+27
/ F(t)dt = / F(t)d. (5.3)
a a+2m
In the above Equation |5.3, make the substitution © = ¢t +2nw. We have du = dt, and when
t =a or b, we have u = a + 27 or b + 2w, respectively. Then
b b+27 b+27
/ F(t)dt = / Flu — 2m)dt = / Flu)dr,
a a+2m a+2m
where the last equality follows since f is 2w—periodic.
Now, for any z, there exists an integer multiple of 27 between z and x + 2,
say, for the integer k we have

T < 2wk < x + 2.

Then using the above for ¢ = x and b = 27k and subsequently combining the integrals,

/x o fHyat = / o Ft)dt + / o F(t)dt

T 2mk

2wk+27 427
= / f(t)dt + / f(t)dt

+27 2k

2wk+2m
- /2 F(t)dt.

7k

we have
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Now apply the above fact repeatedly for a = 27k and b = 27k + 27 to find that

2rk+2m 27
/2 Ot == [ feyt.

7k 0

21 421

So since we already know that f(t)dt = 0, we then now know that / f(t)dt =
0

0. Therefore we know that kerT'" C ¢md, and now we have imd = kerT', and a;zve know

that H'(S') 2 R. O

Now we have all necessary information to compute the cohomology of spheres.
The work done in the previous proposition, Proposition [5.5] is in fact our base case in

Theorem [5.6]

Theorem 5.6 (Cohomology of Spheres). [Leel3] For n > 1, the de Rham cohomology
groups of S™ are
R ifp=0orp=n,
HP(S") =
0 if0<p<norp>n.

Proof. We will prove this by induction.

Base case: When n = 1 the following is true, H°(S') = R, H'(S!) = R and HP(S') =0
for p # 0,1, see Proposition [5.5

Induction Step: Assume the following is true for n > 1,

R ifp=0orp=n,
HP(S™)

12

0 if0<p<norp>n.

We want to show this is true for n 4+ 1, meaning,

(s R ifp=0n+1
0 f0<p<n+l,p>n+1.

Recall that S™ is the n-unit sphere, for n > 0 which is defined by S"* = {z € R**! :

|z| = 1}, also recall that N and S denote the north and south poles where U and V are

defined as, U = S"\ {S} and V = S"\ {N}. Note that U NV deformation retracts to S”,

so HP(UNV) = HP(SP). For p > 1, let us write out the relevant portion of the Mayer

Vietoris Sequence,

HP(U) ® HP(V) — HP(S") — HPTL(S"T) — HPTY(U) @ HPTL(V).
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We know that HP(U) @ HP(V) = 0 as well as HPTL(U) @ HPYL(V) = 0 since U and V

are contractible to a point. So our sequence is now
0 — HP(S™) — HPTL(S"T1) — 0.

Next, we know that HP(S") = HPTL(S"*!) via the connecting homomorphism & in the
Zig-Zag Lemma (see Lemma . For 1 < p < n, we have HPY(S"*1) = 0 since
HP(S™) = 0. For p = n we have HP*1(S"*1) = R since, by assumption, H?(S") = R.

We have proven that,

0 fork=2,3---,nandk>n+1

I

ch(Sn—i-l)
R fork=n+1.
We know that H°(S"*!) = R, so the only part that we need to show is H'(S"™!) = 0.

Let us write out the relevant portion of the Mayer-Vietoris Sequence,
0— H'(S"™) - HY(U)p HY(V) - HY U NV) - HY(S"™) — H' (U) @ H (V).

We know that HY(U) ® HY(V) = 0, again, since U and V are contractible:

0 — HOS™Y 5 HOU) @ HOV) L5 BV W n vy S m2Y (s L o
We will show that the map * — j* : HO(U) ® H(V) — H°(U NV), is onto. Let
[w] € HY (U NV), where dw = 0. Since w € Q°(U NV) is a function and dw = 0 then w
must the be constant function. So let w = ¢, where ¢ is a constant function, have ¢ be
the map, c: UNV — R. Now define ¢ : U — R. Then i*(c) = ¢, so (i* — j*)(¢,0) = c.
Now, im(i* — j*) = HY(UNV) = ker 6, so § must be the 0 map. Since ¢ is the 0 map the
imé = ker f so f is injective.

We have f : HY(S"*!) — 0, which tells us that f is surjective. Now we have f
being injective and surjective, so it must be the case that f is an isomorphism, implying

H(S1) = 0. 0
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Chapter 6

Conclusion

In this thesis we have introduced the basic information needed to speak on the
de Rham cohomology, homotopy invariance, and the Mayer-Vietoris Sequence. With
that we, discussed precisely what the de Rham cohomology is and also provided some
properties the de Rham cohomology. Then we discussed homotopy invariance, where we
established the existence of a homotopy operator. We also established that the de Rham
cohomology is in fact a homotopy invariant, then provided some examples using the
homotopy invariance. Finally we established the Mayer-Vietoris sequence and provided
an example that used the Mayer-Vietoris sequence to compute the de Rham cohomology

of groups of spheres.
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