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ABSTRACT
In order to understand Groebner basis and its

_abplicatibns, we‘need tp‘study the commutative ring kb“";xj
where k is field. We prove the Hilbert Basis Thoerem which
states that polynomials in several variables have finite
spanning éets; We develop a division algorithm in kbp"”&J,
so webare able to divide polYnomials in several variables by
finite sets of‘divisors. Next we define a Groebner basis
‘and show that it produces a unique remainder in the division
algqrithm. We apply Groebner basis to the problem of
determining ideal meﬁberéhip and the problem.of solving a

system of polynomial equations in several variables.
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Introduction

We ére studying geometry_and commutative algebra. The
part of geométry that Wé afe.interested in is affine |
varietiés,‘Which arevthe tﬁrveé‘and surfaces of higher
dimensions defined by.polynomials. We can visualize‘in one
dimension, two dimensions, and three dimensions, but what
about h dimensions where n is gréater than 4? It is hard to
visualize the n—dimenSioh space and. we ao not know much
about this space. |

In order to understand this space, we need to study.
ideals in’the polynomial ring, kBD"”&J where k is a field.
That is k[xl,...,bxn] is a ring and fg=gf fo_r.a“ll f,g‘e k[xl,...,xn].
Further the constént polynomial f =1 is‘the‘idehtity with
respect to multiplication. Thus klx,..x,] is a cbmmutative
fing with identity.

Now,,lét’s 1oQk at a single Variéble polynomial, say
ij)=x8+2x7—5x§+3x4—x2+2x,‘and‘an ideal, Cﬁ>. IS'this
polynomial fx) iﬁ the ideal <x2>? No, it is notbbecauSe

the ideal I=<x2>‘will notrgeneraté x. In the single
variable case, we have a criterion for ideal membership; a
,pdlynomial fel if and onlytif xﬂf. On the other»hand,'if

we have an idealigeneratedibytxy then polynomial f@)’will



ttgbe in the 1deal Kx)tsinceif(xj (x +2x —5x +3x ;x+2) :hinhah.

;;polynomlal rlng 1n one varlable, we show every 1deal can be

;generated by a s1ngle polynomlal ’ Our maln focus w1ll be on_i"

- ,generatlng sets for 1deals 1n a polynomlal r1ng 1n several ; h

varlables - We w1ll use generatlng sets to flnd an algorlthm

‘“hto determlne Whether or not a polynomlal belongs to an hﬂ"“

h.tldeal

We wril show thatrldeals are generated by a flnlté‘”‘“
:tnumber of elementsvln khp ,3];?? e:beglntw;th‘D1cksonﬂsj«fgﬂ
‘Lemma,VWhiChhstatesmonoﬁraliideais.inikhpu,&J havezah‘
'f1n1te ba31s ‘Then we w111 proye the Hllbertha51s Theorem{ﬂ:

‘thhlch states that all 1dea1s 1n kb@ &thave»a f;nltesffr

5generat1ng‘set”:¥
Let s say we haye avbolynomlal fkskhp ;&J andtan:ideal
I#{fbwhﬂ>{hvﬂow;oanvwe;deternrne if.thepoiynonialvfgéf;ht:,
'théfWilihaQQélopa,di&isiaﬁiaigafighmfin)kbh";&j as‘astooi
to d1v1de polynomlais 1n n varlables by a flnrte basls ‘fWe

.fw1ll glve an example to show that even though a polynOmlal
f\fel - we mlght get a non- zero remalnder when thls, g‘:
tpolynomlal f 1s d1v1ded by frnlte'bas1s‘ vTo4COrrect,thisu
‘:problem, we w1ll 1ntroduce the 1dea ofya Groebner bas1s We

' w111 show that when a polynomlal 1s d1v1ded by a Groebner

,sbas1si.the‘remalnderils unlque‘ Therefore, by applylng the



division algorithm to avpolynomial j%zkbp””&J we can tell

whether or not a polynomial belongs to an ideal generated by
é Groebner basis. We will also déVeiop an algorithm to
transform an arbitrary basis into a Groebner basis. We will
conclude by applying a Groebner basié to the problem of

solving a system of polynomial equations in several
variables. Since VG}pnmﬁ}%=V«fbuﬂfJ), we may replace
{ﬁy"hﬂ} with a Groebner basis and still get the same

solution set. However, as we will show, if Ir\kb5]¢() then

the last polynomial in a Groebner basis has only one

variable.



o Twentv}two.p01nts, plus trlple‘word score, plus flfty
’f p01nts for u31ng all my 1etters j Game s over | I 'm outta
,b,here Twenty two p01nts, plus trlple word score, plus flfty
V€‘p01nts for u51ng all my 1etters Game s over I m outtaj

he?e. _ o : v ‘ : :
Groebner Ba51s B
In order to understand Groebner ba51s,'We need'to

1~1ntroduce some termlnology | Afflne varletles are curves, h
‘surfaces,‘and hlgher dlmens1onal objects deflned by

.npolynomlal equatlons

Deflnltlon 1 Let k be a: fleld ‘and let f@ j' be

“_rpolynomlals 1n kbp ,x] Then we set

V(fl, f) {(al, a)ek" f(al, a) 0f0ralll<l<s}
- We call V(ﬂ, ‘f) the afflne varlety deflned by jb ,f .
| ‘h’ Other termlnology that we need to deflne 1s an 1dea1 1n
'nidthe polynomlal rlng kbq, ]f; | ‘ |
:’Definition 2..' a ‘su_]gs‘et,J;/&-[xl,‘..'.,x,‘,']' 1s a{;;'idégl'__if' it
| f‘,('iv) o O'e I
;('_iib)”. If f geI then f+geI |
“(‘:ii.i) - If feI and hek[xl, x] then hfeI

We now deflne an - 1deal generated by a flnlte number of

vjstoolynomlals,'



Definitién 3: Let jbnwf;,be'polYnomials in kbh;wxﬁ].

Then we set /<f1,...',fs>={zs:'hiﬁ»:hl,...,hs'é k[xl,....,:xn]} . Note that tHis |
. = ‘ e U

is an ideal.

We have seen polynomials with sihgle variable before.
For example, x5+7x4—3x3+12x2—10x+5 is a polynomial in a
single variable. Let'’s look'hbw this polynomial is
arranged. The polynomial is written with the highest
exponent at the left and the lowest at thé right. We can
see this pattern because this is a éingle variable, andvthe
exponents have a natural order. What if we have several
variables? How are wé going to arrange polynomials with
several variables? We need some more definitions to
describe ordering on monomials in polynomials With several
variables!b A total ordefing is one which has the reflexive,
transitive, and antiSymmetrié:properties.

Definition 4. A monomial ordering on kbb"qnj is any

relation > on Z! , or equivalently, any relation on the set

of monomials x* , aeZ,, satisfying:
(i) > is a total (or linear) ordering on ZJ;.
(ii)  If a>f and yeZl, then o+y>B+y.



(iii) > is a well-ordering on Zl,. This means that every =

»hfnonemétyisubset»of 22; has”a;smallest;elementgunder;-‘
,.,r>;t}ga-f.g-' - S v , . :

Now,: Qé ‘oroved;some lemmasv thatl'relaté £6fTﬁQh§mia1f;
tlorderlng and a well orderlng - | A o s
| 'fthemma,x; An order relatron $ on Z0 ls a well orderlng'i’%
:flfhanahonlv\iffeverYjstrictly déc%gaéingcsequénce.;h_z;;};tu.
’ Oc(l) > Oc(2)> a(3)> eventuallv | termlnates: b'
| Proof l We prove thlS lemma 1n rt.s contrap051t1veiiv
_form; > is not a well orderlng if and only if there is an rf':l
’ilnflnite;strlctlY;deCreaslﬁgéequence ;an%;'fIf >,1sunot'avhﬁ‘
| Wel]-‘ol”derlnglf, thenwe have some :siuib"setvv'T'C Z" | that has no |
hléastbéieméﬁ# ‘Then webcan‘choose a@)e]”.i Slnce aﬂ) 1s}not

lthejleastlelementsin’T' we have aCﬂ in T such that

hh@)%aﬁ)hb Agaln,vaCﬂ 1s not the least element 1n T thusl”'ﬁ
. we have oc(3) in T such that a(3)<a(2) and so on. JT,his w1ll
.Aglveﬂus an 1nf1n1te strlctly decrea51ng sequence of elements o
ilﬁ T : : L - | S o

,[ Conversely,'w1th anv 1nf1n1te strlctly decreas1ng lhh

i.sequence oc(l) a(2),a(3), "then we. have a nonempty‘ subset
‘, T {a(l)a(Z) (3) } 1n Z';o w1th no least element Thus> 1s

fn'ot... a wel l"—ord_er_ing . |:|.



- Now web will introduce }more definitioné needed to
describe tvhe Qrdering of monomials. _
Definition 5. Let ’a=(a1‘,...,an) and " ﬂ=(ﬁ1,..-,ﬁn)§ Z, . _We.‘
say a>is greatér than fB in lexicographic order if, in'thez
vect.or differ’ence. d-—ﬂe Z",v the bleft-—most nonzero entry is‘
positive. We will write x” >,;x xP 1f o>, B.
| Example. 'l:‘
1) (2, 3, 1) >, (1, 5, 3) since a-fB= (1, 2, -2),
the:%eforé x’y’z >, w7 | |
2) (3, 1, 2) >, (3, 1, 1) since a-B= (0, 0, 1),
therefore x3»yz>2 > fex )‘c3y‘z..
There are ptﬁer ways to defiﬁe_ monomial ordering.

Définition 6. Let o,feZ,. We say o is greater than

B in graded lex order, d>g;,ex B, if |Oc|=ia,. >|B|=iﬂi , or
i=1

i=1
| =|B| and >, B .

Notice that graded:leﬁ drderistarts withvtotal degrees
first, then if’there is a tie then lex order applies.
Example 2: | |
1) (2, 1, 4) > ler (3, 1, 1) since |(2,.1,4];7>|(3,1,1].'=5.

2) (3,2, 2) >, (3, 1, 3) sinée_|(3,>2,‘2]=|(3,1,3j=7 and

(3,2,2)>,. (3,1,3).



Definition 7. Let a,feZi,. We say « is greater than

B in graded reverse lex order, voc>gm,ex B, if
| [Ot|=ioci >|ﬁ|=iﬂi , or |0£|=|ﬁ| and, in OCV—BE Z", the right-most
i=1 i=1 ‘ _

nonéeroventry is negative.

The difference between graded lex order and graded
reverse lex order is that in graded lex order the left-most
nonzero coordinate of a—¢3 is positive while invgraded
reverse lex order the right—most nonzero coordinate of o—p
is negative.

Example 3:

1) (4, 3, 2) >,

grevlex

(4, 1, 1) since [4,3,2)=9>|4,11)}=6.

2) (2, 3, 4) >,.. (3, 0, 6) since |(2,3,4]=|(3,0,6)=9 and

grevlex
a—ﬂ:GL&;@.

We now extend some definitions for polynomials in one
-

variable to polynomials in several variables.

Definition 8. Let f=2aax"“ be a nonzero polynomial

in k[xl,...,xn] and let > be a monomial order.

(1) " the multidegree of f is multideg(f)=max(xe Zgozaa/ #0)
(the maximum is taken with respect to >)

(1i) the leading coefficient of f is LC(f)=tpuigegs €K -

(iii) The leading momomial of f is LM(f)=x™"*/" .



(iv)  The leading temm of f is IT(H=LCG-IM(D.

We g:Lve an example of thls in three varlables . Let. .
: (x y,z) 12x yz +4z —7x +3y Us1ng 1eX‘ _order,

f multzdeg(f) (700) LC(f)-—w“;' LM(f) x P and lastly |

o 'LT(f)—— 7].v_ Also,'_ note that we have ., S

. multzdeg(fg)—mulndeg( )+mulndeg(g)
We deflne monomlal 1deals in k[xl, ,xv ] .
“"Def_initidn'Q . an ideal ,jck[xl,;,‘,.,.;xn] iisra."no:neinial::kideai.
o 1f. there 15' a vsub‘set ACZ>0 (poss:.bli} J:nf‘lnlte‘). 'su-ch’ that I

'~con51sts of all polynomlals Wthh are flnlte sums of the S

v_'-form Zh x*, where h ek[xl, ,x ] anq x'J‘:xft(l) ‘ a(z) ;‘, "‘(”).7 In .;

-this case, we wrlte I < ‘oe A>

L pemmatz. Let 1= (x“a€A> be a monomial ideal. Then a

 monomial x? lies in I if and only if 1 is divisible by x*
o for ‘some '_aeA_v.:

: ’Preof . If ” xﬁ is diVVi‘sijble by X .‘f_‘,Ojrrv,some acA, 'th"en

o ﬁcxw.Whe.‘revfg_]:\k'[xl-,_..,'xn];; ‘Thusf x”e] by .def,ini',tic’n-.‘qvf ‘ideal.

o .Conversely,’ :Lf xP eI then xﬂ—2cx“(’)_ where c; ek[xl, x] and'k:

L=l

r " O;(i)e A. Let oc(zo)=mm{oc(1),,a(r)} Then bwe"ca’n factor Oc(zo)



from the right side of the equation,

.ZCixq(i)=2(c,.x°‘("f°‘(”°))-x“-("°) . Therefore, we can write the.
i=1 . . .

i=1

equation as x* '=Zci(xb‘”(")‘“(""))~x“("°) . Thus x*0) divides x*. O
: i=1 ‘ ‘ '

For th‘e‘ case of a single variable polynomials, we know
that ideals in k[x] are,princ‘:‘ip‘.él. Is ’;his true if we go on
to severaliIVariables? Let"-‘s iook at‘the' polynomial ring,
klx,y] in two variables. | |

‘Example 4: If k is a field,l thén (x,y-) is Iiot prir.lc‘ifpal.
in'ik[x,yv]. | | | |

Pr.o‘ovf: AsSumé to the contrary that (x,y>'=<f(x,y)) for -
sbme fek[x,y]. Thisv'mveans xe(f(x,y)} and ye(f(x,y)). 'Let’é
look when xe (f(x, y)) Thisﬁ 1mplies i_:hat nﬁultivdeg(f(x,y))_ lS
, eitheif (0,0) or (1;0). For ye <f(x,y)>, this ‘implies that
multi deg(f (x, y)) l'iés either (0,0) or .(0,1).- ‘Thu.s,
_mﬁlti‘degi(f(x,‘y))=(0,0) . This is a contradiétvion since 1¢ (x, y) . O

The above exampie éhov\}s ‘that i‘deals‘ in k[_xl,.’...,xn] need
not be a p’rincipél. ﬁeict, ,'v\‘ze need'to fiild out :Lf these
p‘olynomia'ls are genefated byv fihi-te‘ basis or infinite basis.
Ouf next résu-lt,v Dicksbri.’s Lenuﬁa,vb_shows that monomial ideals

are finitely generated.

10



Lemma 3 (Dickson’s Lemma) . Tet I=<x°‘ A= A>ck[x1,...,xn] be
a monomial ideal. Then there exists a(l),...,a(s)eA such that it

can be written in the form -I=<x“(1),...,x“(s)> . In particular, I

has a finite basis.
Proof. We will prove Dickson’s Lemma by induction}on
‘the number of variables n.

Let n=_1v. In this case, I is generated by monomials

o

x*, where e AcZ,,. Let f be the smallest element of A.
Because f<a for all acA, x” divides x* for all «.
Therefore, I=<xﬁ> . Now assume monomial ideals in n-1

variables are finitely generated. We will write monomials

in k[xl,...,xn] as x*wf in k[xl,...,xn;l,w] where o=(0,..., )€ ZL' and
'ﬂe Z,,. Suppose Ick[xl,...,xn_l,w] is a monomial ideal. Let

J={x“ x*wh e Iforsome,B}, a monomial ideal in k[x,,..x,,]. From
our inductive hypothesis, there are finitely many

generators, x” such that J=<x“(1),...,x°‘(’)> . Let B(i) be such
that x*PwfOe ] and let B=max{B()}. For 0<k<pf, let
J, =<x°"< cx%wh e I>, a monomial ideal in k[x,..,x,,]. Then by our

inductive hypothesis, each J, has a finite generating set

11



of monomlals B {x““(l) ()} Let B {x“(l) “(')}UUB We G
’ clalmB generatesI 'Le_t. x“w” eI We. haVe tWo cases o %

CaselIf bZﬂ we have x* —ZCx ()x“(i) and

_ =

,W _cwb I3(:) ﬁ(t) ‘ Then x4 W _Zcxa a(z) bﬁ(t) a(t) ﬁ(t).‘ . ThUS v

b‘ Case2: If b< B, we have x"‘er so x'= Z‘éix“‘%(""x‘?'i"f’“{ -

hen st = S0y ”{f -'Tha"é‘?Cf‘w”'e <B>

= . .

To flnlsh the proof »we need to show that Ils generated by
"“f1n1tely many of ‘the: x""s such that aeA | _We‘ have shown
“.that I'= < ﬂ(l) ﬂ(s)> folt some xﬂ(’)el ‘ ;itzls.:Lng.‘Lem‘ma‘ 2, fcr each
i, v‘;x’?“"’ is vaivi'Sible‘by ,x“("?”_'for‘ :SOI[‘T@ q(’i)éA." ,Theiefoi:e‘f, B
If I= ( f)ls 'an 'f’:i.-deai‘ in.{a"p‘clyn.cmi.ialﬁ':‘r‘iné;; Klx] 1n cne =

Hlxziariab‘l:e,‘ then ancther.p.olyncmlal .‘1n’one varlahl‘el ge‘I ‘1f ,

'and only 1f f|g ‘ Does'a sbim'i'lar'Lresul_.t’vhoid'fcr |

”:‘.‘polynomlals in several Varlables° .‘We.”fi"J":st..n'eed-::a di\}is(i‘c)nﬂ
{"algorlthm for k[xl, B X ] Slnce 1deals vare not ne‘cessvatllyv

'prlnc1pal we must be able to “dlv:Lde” a polynomlal by a o

120



'-flnlte number of polynomlals : ‘Th:e next’th'edremi 'sh’ows that
‘this can be’ do_ne., » Howevﬁer,k the quotlent and remalnder are R
R not unlquev - ‘ . :

Theorem l(DlVlSlOl’l Algorlthm) le a 'monomila'l order >
”on" 2204, .and 1et F= (1, ,f) be an. ordered s- tuble‘ of .
"polynomlals in k[xl, WX ] 'Then "ever'y" fe‘k.[xl,;;a:;x;‘] cah be

o wrltten as f .alfl+ +a f,+r, where a; € k[xl,t vx] ari‘d.bkei‘ther ;
or=0 ;}vor_r , is a‘blihe_ar comblnatlonﬁ w_;rth coef.flolents in }k.,v' '

of momomiale,_ nohe of ,b‘whio:h, is di,v*v"is‘ibl'e_“by any of B
‘LT(fl.),.v.‘.,LT(fs):. We will. call r. a remainder’. of f on division" '
-'.‘by F . "Fvur:therm'ore., if a f #O ‘vthenb\'\we,b"_have |

mulndeg( f)>multzdeg(a f) o B

P.r.oof. ‘Let P be a polynom:ral rn k[xl, WX ' ] Fix‘a
vmo’nom:»i.a.l orde:r' > on Z;.d.' Let F (fl, f) fek[xl, X ]If

LT(f) does not drvlde LT(P) for all z,_ then let 1= LT(P)
.“;and Pl:P_—rl.__ If LT(f) d1v1des LT(P) for some i, ‘then‘w:e.,

~let =0 and ‘Pl,/=.P+alb f, n. where a1 L (p) Thus we have a .

LT(f )
' ,new polynomlal P "I‘-_o 7'»see _:multideg(l’l_) <multi deg(P), we. 1_'ook’ at

- LT(P)
LT(f)

f . 'The' .-l'ead'ing term of this onlyriomial is

{250} fiffi LT =L o e e swtraceing

13



LT(P) from polynomlal P so multldeg(P)<multzdeg(P) ‘So, if we
contlnue this process, we get P>P >P,>---P, where k is an
integer W1th P P- Zaf r,=0 or r,;=2c,€' where

v ckek[xl,.;.,x] is not divisible by LT(f) for any i. If P, =0

for some ke ZZO', then we are done’ because we can solve for
P to get P=2aif,.+rk . If P, #0, then there exists P, of

LT(P,)
LT(f.)

the form P, =P — -LT(f,), or Pk+l=P—z"aifi-—'rk+1 , where

T =rk+LT(Pk). Thus this process will eventually terminates
by‘ definition of a well—ordering. [

Example 5: Let us divide f=x*y+xy*+y> by divisors
fi=xy—-1 and f,=y*—1 using lex order with x>y . The
divisiqn algorithm gives ﬁs ‘
‘"x2y+xy2+y2=(x+y)-(xy—1)+l~(y2—1)+x+y+1 with remainder
r=x+y+1. Now, apply the division algorithm except we
switch the divisors bfl =y>—-1 and f,=xy-1. The result is
xzy.-l-xy}2+y2=(x+1);_(y2—1)+x'(xy—1)+2x+l with remainder r=2x+1.
By just changing‘ the order of divisors, we get different}
quotients and remainders. Later on, using Groebner basis,

we w1ll get a unlque remainder.

The Hllbert Basis Theorem states that every ideal in

k[xl,...,xn] has a finite generating set.

14



Theorem 2 (Hllbert Bas""’

Thcorem). Every ideal

i .‘,:ICk[xl’ “X ] haS a flnlte gen‘ "r :tlng set . :Thatf'l is, -

i) o

Proof F‘ir‘s‘tt 1f .':I:‘{O} then 1t lS certalnly flnltely S

"",generated Thus the theoremv;-"'s true 1n thlS case o Now

| assume ..I ‘cvolntalns a nonzero Polynomlal " We,w11-'l' :..s.howiix.f.;

,1” ( gl;- ’g> Where j(LT(I)) <LT( gl) LT(gt». W»e flrst préve o

: '.,":I‘D(gl, ,g ) TThls. is easy to show because each étel | Thus

<g1’, gs)c:I Now we shoW IC(gl, ,gs> Let PeI beany
 potymonial in ts]. Taen ivide P by (55) wsing

d1v1s1onalgor1thm ThenwecanwrltepolynOmlalp lnthls

.'W<.’=1Y »P a1g1+ ‘+a /& +l"’ ;'vhere a,‘,re’ k[xl, %] andnoneof e

"(LT(&) LT(gt)) lelde r We "c‘la-lm*thati,t:“‘r=0...i "‘"'I-ff r ¢f0’, t‘heri?-_y |

- 'LT(r)e<LT(I)> By Lemma 2 LT(t) must he d1v1s1ble by some s
LT(g) : ThlS contradlcts thech01oe of r(no‘ LT(g )> ‘ca‘n‘ :

P (él, | g > whlch‘“shows .I c<g1, g ) R |

. The .H:levert‘Bas1s Theorem shows that 1f klek[xl, ; ] s

then I <f1: f) A ifEI 1f and only 1f f Za f, where

a_,.e'fk.[xl',...".-,x;,'];-."‘. It lS natural to expect that _feI 1f and only 3



}‘5th1s flaw

1f when f is d1v1ded by ('li,".'.'l,'f); » Th-eremainder_is zero.: -
.However, thls need not be the case for an arbltrary ba51s

Example 6 Let{’s.'".d'ivide‘f-a ,po'lyn’omla.l. p xy ‘-—x-,, by |

diizdeisorS’.fi xy+1'.and fﬁhe~d;¥;f Let F’ (ﬁnﬂ) The result;hh'

f»flvay _x y Qy+4)+o 6"4)+(-x y) vwheref—a: y ls»thé‘__ ,
f¥ema;nderl_ Now;_let s sw1tch d1v1s0rs wlﬁh £ asxa flrst o

Cavisor. ms, FeGuf). meremicis

hfi %yv—x x: 67-4)+0 Qy+4)+0 where 0 1s‘the remalnder ,hThisv-;h
. shows that even when f€<ﬁ,fﬁ the remalnder depends on.ther

,2order of the d1v1sors The remalnder nay be elther’zero or’h
T non- zero o In order to.correct thlS problem,:we 1ntroduce -
=the 1deal of a Groebner ba31s ‘ | L
-Deflnltlon lO"T le a monomlal order 'Aﬁfinite’subsetlij’
’ gG ﬂh,,g } of an 1deal I 1s sald‘to.be a Groebner bas1s (oral'
‘»‘_s'tan'—dard basi-s)v if (LT(gl) LT(g )) (LT(I))

The maln problem 1n determlnlng 1deal membershlp 1s S

~athat w1th an arbltrary bas1s, the remalnders in lelslon

L algorlthm neednnot be unlque The Groebner bas1s corrects e

Propos1tlon 1 ‘ Let (; (gp ,g) be a Groebner ba31s for
'an'idealqlcjkbp;g%J,and let f@zkh“ ]:AjThen¢there:is a

- ,Unlque rekbh x] w1th the follow1ng two propertles



(1) No: te.rm of r is divisible by any of LT(g,),..LT(g,) -
(ii) 'fhere‘is geI‘such that f=g+r. |
| In particulér, r is ‘thve remainder O‘l’vl diﬁfision 6f f by.
G no matter how‘the elements of G are listed when using
the division algqrithm. | |

Pfoof. ‘By the division élgo»rit‘:hm f=g+r, where no
term of the remainder r is di_visible by LT(gi) fof any z and.
g=ag +-+ag,€l. Thus f=g+r sétisfies the existence of
g and r.

| To prove the uniqu_eness, suppos'e‘ f=g‘+‘r=h+s where

g,heI.. Then r—s=h—geI‘. If r—s#0, then |
LT(r-s)e (LT(1)) = (LT(g)),-,LT(g,)). By Lemma 2, LT(r—s) is
. di,v‘_iis_ible by sqmé LT(g,) - This isv not true sin‘vceﬁev»ery’ term»
ofiLT(r) or LT(s), by definition of reimfbaind»e'r,, is not . |
.divisi‘ble' by any of LT(g,),..LT(g,). Thus r-—s=0. ‘D

Corollary 1. Let :G={g1;.:.v.,gt} be” a Groebﬁe:; basis for an
ideal Icklx,..x,] and let fekix,.,x,]. Then fel if and |
only if».the r»emaind‘er on divi'siori of f by G is zero.

Proof. If we have a reﬁlainder zero, théh fel since f
can be written in aé f=a1g1+---+a,gtel by the division

- algorithm. Conversely, suppose fe€l. Then we can write f

17



as f=f+0, which satisfiee the two properties in
Proposition 1; Thus 0 is the remainder of f en division
by G O

Definition 11. We will write ]” for the remainder on
division of f bjthe ordered s-tuple F=(f,..f,). If F is a
Groebner besis for. (fl_,...,fs.),- tﬁen We can regard F as a set’
(without any particular orde‘r) by Probbsition 1.

Definition 12. Let f.geklx,...x,] be ﬁonzero

pelynomials .

(i) If r’nu'ltivdeg(f)=(x and multideg(g)= B, then let
'}(=»(y1,...,)/n‘), where yi=max(di,ﬂi) for eaci'l i. We call
x” the least commoﬁ multiple of ‘LM(fj and LM(g),
written x' =LCM(LM(f),LM(g)) -

(ii), The S-bolyno:ﬁial of f and g _is the polynomial

x’ ' ‘
(f g)— - (Note that we are inverting
LT(f) LT(g) : .

- the leadlng coeff1c1ents here as well. )

Lemma 4. Suppose we have a sum ch, , where c, ek and
- =1 .

.multideg(ﬁ):ﬁe Z, for all i. If multideg(Zcifi]<5, then ZC,.f,.
. o i=1 =1

is a linear combination, with coefficients in k, of the S-

18



polynomials S(f ,fk) for 1< ] k <s Fu'rth,e"rmor’é, Af each vS(fj,fk) o
‘has multldegree < 5

_Proof, Let d LC(f) so that cd; is'-’th'e'le'éd‘j.:ng_‘-

v.c‘oeffici_ent Of,,_cifl. From the hypothes1s, Ecd =0. Let

i=1

p; = % with leading. cbeffiéien“t"' 1. , Let’s lObk ‘at the sum

Zcf Zc,d,p,—cld1p1+czd2p2+ +cd .' _Now consider the -

=1

teles.coping sum: -
zcidi '='C1d (Pi—Pz)"'(cld +c,d, sz_P3) (C1d +¢,d, +c3d )(P3 P4)+ +
i=1 _
(cld + +cs lds—l)(ps-—l ps)+(cld +- +C )ps
bBy assumption, ‘LT(f,.)=dl.x‘s ,v whicﬁ_h implies that least f‘c’:omlnori _
“mult'iple of LM(f;) and LM(fk)‘ is x*. So we can Wri‘_te.S¥

polynomial in this way:

O ‘ B 5 e
S(f]’fk) fi- = . f, = = 'f,i_dxx5 fi= ﬁ__g_k_pj_pk.
kX i e

LT(f) T OLT(f) dx°

1

Us:.ng S(fj,fk) and Zc,d, ; wé can rewrite Zciﬁ"-as

ici}; ;‘cldls(fﬁfz)"*"(cl‘d; +c,d ‘)g(fz’fs )++(c1d1 ‘+,‘"+Cs—1ds;1)s(fs—1‘v‘fs) -

We also know that p; and' p, have multide‘gree 5 and leading
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costficient 1, thus the difference p,-p, has miltidsgres <
5. s S(f fk) bas miltldegree < 5. g

S To see 1f a ‘pol‘ynomlal’belongs to an vldeal I 1n.‘-
k[xl, x ]‘, ' we‘ flelde a po,.lynomlal b‘y a _Gr,oebner.‘bas:l.s an(i» see
1f the remalnder c‘omes‘out to be zvero .or not |

Theorem 3 Let I be ‘a’ polynomlal 1deal Then a bas1s

G {gl, ,g,} for I is a Groebner bas1s for I if and only 1f
‘for allbpalr‘s lij, : the ‘remalndel‘” on d1v1s1‘on of S( ,,g ) by
G '(lis’t.ed in 'some order‘) is z’erro;._" | |
Proof . =i £ G 1s a Groi_ebnel‘:'basis, then Slg,8.)e T
for all : j,k . Then the remalnder when 15(31;,3,( ) 1s vdlvidedv' by
G 1s zero by Corollary 1. i | e |
<= Let ‘p_ve I ‘<g1, ,gt) be ‘a nonzero_ poly‘nomial.. Then
we can wrlte “the polllfnomlal pwas p Zh g,‘ where g,‘eG and
v . . : =1 v '
h, ek[xl, ’,‘ ] Then 1t. follows that multzdeg(p)<max(multzdeg(h g,))
:Now, we need to sho’wvthat 1f multzdeg(p) multtdeg(hg) for some |
ii-v, then we can say LT(p) is d1v1s1ble by LT(g) thus

LT(p)e(LT(gl), LT(g,)) | ‘Let m(t)—multzdeg(hg) and - let

'8 max(m(l), ,m(t)) Then we have m‘ultideg(p)s.év. Each _eXpression: B

Fof the form p Zh 8 can. poss1bly have a dlfferent 8

i=1



d'ependyingv on the -choice{Of (hl,,h,) Since monomial order is

»’a well orderlng, we can choose an express1on, p Zh g, , of

» :the polynomlal p to have £ as mlnlmal Wew1llprove :

: multi:deg('p)‘;:—‘_:;g?f‘by ‘contradzjfct’ionﬁ We wrlte p Zh g, + Zh g, o -, '

) m(t)—e m(t)<s :

) »'and assume multzdeg(p)<8 | We can rewrlte the polynomlal p

" Pe ZLT(h )g’+ Z(h LT(h ))g, Zhg, -*-'_,I-'he..'**s,.e‘QOnd.f'Sum

- m(i)=¢€ ‘_ m(t)—s L o m(z)<e ST
N Z(h LT(h ))g, ;. has multldegree < & since for all i‘ LT(h,.)'
mGiy=e . T , - » o

V“*-,'bhas been ellmlnated thus both 2 h LT(h ))8:‘ and Zhg, »

’ m(t)—e .‘ : o m(i)<e
ihave 'mult»i‘deéfee~:"< £ Let LT(h) cx“(’)v where ¢ € k Then“--;it"
'Ifollows that 2 LT(h )g, Zc x"‘(t g - NoW,- _'by.; using- L-e‘mma 3,

. we can wrlte Zc x”‘(’g‘ as al, li'near,, combination of S-
- '@.m(,)=e RS T T

: .polynomlals S( (i) g], a(k)gk) We have ”,, ': o




where x'* =LCM(LM(gj),LM-(gk ). Now we can write

ZL.T(h,.)g, Zc]kx 7”‘S(g} g.) where constant cpek . Now we
m(i)=¢". : k=1~ ‘ . ' .
‘know that remainder of S(gj,gk)von division by g,..g, 1is zero .

by the'hypothes'is of the theorem. By using division

ijk

. . .
algorithm, we can write S(g},'gk):Zdijkgi , where a, € k[x,,...,x,].

We can also find from the division algorithm that

multideg('a,.jk‘g'i)Smultideg(S(gj,gk)) for all i, j,k. Now, multiply

S(g,.8.) by x™* so that xE_Yj*-S(gjagk)=ibqui where
. . ' i=1

b €Y jk

ik =X a From Lemma 3 and

ijk *
multideg(a; g;) < multi deg(S(gj ;8% ))< Y, we get multideg(b;g;)<€. By

substituting our results into the expression, ZLT(hl.)g,. , we

m(i)=¢€

get ZLT(hi)gi=icjkxe—yjks(g}agk) Zcﬂc(zbt]kg) zhg, where

- m(i)=¢ Jjk=1 J.k=1 i=1

. o .
multideg(h/g,)<& . Thus, if we substitute ZLT(h,.)gl.=2hi'gi

m(i)=¢ : i=1

into the expression for the polynomial p, then we get

p= Zh g+ 2 h; LT(h Zh 8 which 1mpl:|.es that
. m(i)=¢ m(i)<e
multideg(p) <€ . This is a contradiction to the minimality of
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http:s{gj,gi^)=^a-j^.gi

 &. Therefore, mulideg(p)=¢ . Thus, LT(p) is divisible by

LT(g) and _vLT@)ve'(fLTv-(g; b LT(e, ).o
‘éliminatién idéal IL“i§‘tﬁé”idé§l«offkb;;;x;Jvaefinedby‘. 
1, ;.I;nk[gl,..-.;x,,]; o |
| .*;Théofem34(ThegE1imina£ioﬁThéorem);  Let'fc:kbLNQ&Jbe
’_aﬁ ideal aha_lét-(#'b¢ é-groebnér bééis Qf»f:wiﬁﬂbrespecﬁiP
tbflex Qrdér Where x15ié>f:>xn.  Thén,for_évery 0<l<n,
:.thé.set (ZQ%Gr\kBHPu;%J is a Groebnéf’basis of thé’hhi |
elimination ideal 11 1 |
Pfobf.:»Fix l betweéﬁ 0 andfﬂ.v,Then G/CIj and weﬁnéed> 

to show (LT(1,))= (LT@G,) - P;’oviné (LT(I,‘)):(LT(G,')} is obvious
‘becédseof theVCQnStructioﬁ”of G,cl?{. To préve, |
(LT(1,)) < (LT(G,)) , let fezl." This means that fel also‘and"
LT(f) is di\‘risibi‘e.byk LT(g) far":same' ¢eG since G i:s:‘,'a
vGroebneflbasié of f;vfﬁéiﬁé:iéxuéfder; ahy mbﬁoﬁi61 in
;kh?naﬁﬂjlis,greater thah all monOmiéls in'kbuv"w%J" So.
. LT(g)ek[x,+l,.,.,xn] i‘mplies‘ gvé:'k[xm,...,xn]. ‘Thtx,is";,‘ geGl, O
'Lét’s have aii example of the Eliminétidn Theofem;
‘,EXample 7:uLetIé<x?%y?+zz—ﬂgﬁzfl>.' Then a Groebher

basis for I with respect“to“lex order is.
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g = y4z2 -|7y2z4 _yzzz +1,

g, =x+y'z+y’ =z
Using the Elimination Theorem, we get Il=ImC[y,z]=<g1>

and I2=ImC[z]={O}. Somehow, we did not get a single

variable element in the Groebner basis.

Theorem 5 (The Extension Theorem) : Let

I=<f1,...,fs>CC[xl,...,xn] and let I, be the first elimination

ideal of I. For each 1<i<s, write f, in the form

f,.=g,.(x2,...,xn)xlN"+ terms in which x, has degree <N,, where
N, 20 and giEC[xz,...,xn] is nonzero. Suppose that we have a
partial solution (az,...,an)e V(Il). If (az,...,an)e V(gl,...,gs), then
there exists g, €C such that (al,aé,...,an)e v(I).

Even though we are not going to prove this theorem, we can

use this theorem to state polynomials in k[xl,...,xn] where the

Elimination Theorem does not apply to some polynomials in

k[xl,...,xn]. Like the example above, we can use the Extension
Theorem to see if we can extend partial solﬁtions 1n v(I,)
to V(I).

In Example 7, we did not get a single variable element in

the Groebner basis. Thus we use an arbitrary number, yeC,
as a partial solution. Does this solution }e€ C=V(I,) extend

to V(I)? First, we substitute y in the variable z into the
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*flrst Groebner base, gl, and solve for varlable y Say the

“'fsolutlon for varlable y B Then we substltute both x andlﬂ_7:~

ajﬂ 1nto the second Groebner base, gz, to solve for varlablelgA f‘:'w

Thus, we are extended to VU)

| We w1ll apply Groebner ba31s to 1deal membershlp and

the problem of solv1ng a system of polynomlal equatlons 1n‘

7;‘several varlables 5 We w1ll also wrlte algorlthms for theserfﬁl;'”i

:l‘two problems A
Example 8 Flrst we w1ll look at the 1deal

o _member_'s‘hip Let I (fl,fz) <xz y x z2>e C[x y, ] and‘ .

t’(ee FH_—4x;yz 4—y +3z : We llke to know 1f I’eI fép,fWefﬁeéqff

’ lvw1th(Groebne' i

‘Vth flnd the Groebner bas1s for Iv We used Maple 5 1 to‘f.lﬂyﬁ
"‘flnd the:Groebner:ba51s for I- ’The Groebner bas1s for I 15
;(xz y x. ;z ,X )f*_‘z xy 2y —z ) ’Usvin‘é'dthvl,s‘v;-b‘as;sv:,"i.we. ean
b~do thebdlv1slon algorrthm to determlnellf 1761- x;ThiéfiS  ,_n

‘the algorlthm for 1deal membershlp '"'Jfgd o

- ,.j,f[l] _-X*z yA2 f[2] ‘—xAs 2°2: f[3] '—xj*’z‘f‘é?‘f“fz—.'z;A',3I‘,:}f__[~4']'.":g=,>é:“*5}éf4ﬁ—' .

‘ A4 f[5] —yA6 ZA5

=—4*XA2*yA2* A2+yA6+3* A5 n: 5

l‘br‘fornl from l to‘n,dobq[;] ,o od

'whlle P<>0 doll

HLTP leadmon(P plex(x y,z))[l]*leadmon(P plex(x y,_)){éj{



k:=l:di§occured§=fai$e;- 
while (k<=n) and (divéccured=false)»do |
LTfk:=leédmon(f[k]/plex(x,y)){l]*leadmon(f[k],plex(x,y)){Z]:'
if divide(LTP,LTfk,'d') then |
print (k,d, LTfk) : |
qtk]:=q[k]+d:E;=expand(P—d*f[k]):divbccured:=true:
-  print(k,d,qlk],P):
else k:=k+1: fi:od:
if divoccuredzfalée then
r:=r+LTP:P:=expand (P-LTP) :
fi:
od:

After usingvthis diVision algorithm, we have
F=(-4x°2-4y*)-(£)+0-(£,)+0-(£.)+0-(f,)-3-(f;}+0. Thus the
remainder is 0 and therefore, Fel.

We are applying the Groebner basis for the problem of
solving polynomials in several variables.
Example 9: We will use Lagrange Multipliér to show the

problem of solving polynomials in several variables. To
' find the minimum distance d*(x,y)=x"+(y-1) between a point
on the parabola )n=x2‘and the point «LD, we can apply

Lagrangé multipliers; We will get 2x=22x,2y¥2==—l,x2=y,

thus A=1,y=

1 1 . . .
E,x iJ;j. Therefore, the minimum distance 1is

26



2 © N2 _
d’ i\/z,—l— P A0 W (LIS I
2°2 2 (2 2 4 4

What if we use the same problem except we rotate the

-

equation using Ro=
‘ 5{4 3

L)

we can get a rotated equation:

1(3-4 . |
? . The point (0,1) becomes

Thus, the new point is (E%} This is how

n|lw n|hs

| 10 x 8 x)
(&, y")Ro" ol ", +(0,1)Ro| ", |=0
00) (v y
9 —-12Yx > , ’

L(x', y’ x, +l(—4 ~3)Ro| x, =0

25 -12 16 | y 5 y
| P . (43
After all the calculations, we have new point g,g and the
‘equation 9x2—24xy+16y2—‘20x—1‘5y=0. | Thus to find the minimum

dist'anc;ie dz(x,y)=[x—%) +(yi—%) from a point on the parabola -

9x2—24xy+16y2—20x—15y=0 to the point (%,—2—), it will be
'diffi_'c_ult to do so and we will show why. The Lagrange

multipiiers for the rotated equation are
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L dx,
= (x,y)

9 4 y)= /li(9x2 —24xy+16y* —20x—15Y)
dy dy

181(9;& —24xy+16y> —20x—15y)
x .

0=9x> —24xy+16y* —=20x—15y
when we do partial derivatives of the rotated equation, we

get
4
2(x—§]=l(18x—24y—20)
3 .
2[y—§]=/1(32y—24x—15)
0=9x2 —24xy+16y> —20x—15y
That is why we can use the Groebner basis to solve this

polynomial. First, we need to find the Groebner basis for

this polynomial. The Groebner basis for this polynomial is
8
& =182x—24/ly—207L—2x+§

g, =-24Ax+321y—157t—2y+%

g =9x% —24xy+16y*> —20x—15y
g, =125A+8x+6y—-10

LV P I S
gs ==X 8WH LY=oy
460 1250 ,

=—x—-365y+—
85 3 y 3 y

_ 46 v+8 , 40 4
87 45y 3)’ 9 y .
Now we can notice that ‘g7 has only a single variable

polynomial. Thus we can solve for variable y when g,=0.
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The solution for variable y is y=0 6r y-=%i§«/§. When
y=0, we get x=0, when 'y='—1%+—§—&/§, we get x=%—%\/§, and

when y=%—‘%«/§, we get .x=%+%«/§. So we have threé points

’ ' 2 2
to compute into dz(x,y)=(x—%) +[y—§) and see which point

gives the minimum distance. Let p, =(0.0),

SECIEWEREY N CTEY 1Y e

10 - 5 5 10 105

gives the distance d(0,0)=1, p, gives the distance

.2(___\/_ 132) if) =, and p, gives the distance
2[ 3J—13;) 5[):—. Thus the minimum distance for

rotated polynomial 1is Z This is the graph of rotated

polynomial with linear equations 3x—-4y=0 and 4x+3y=5.
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Graph 1.

‘Rotated equation with linear equations.
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hf: Conclus1on ;~'0“
N o It 1s known that 1deals 1n a polynOmlal rlng lnté?]];ii*'

:5H81ngle varlable are pr1nc1pal Also,»there 1s a- srmple

Ugcrlterlon for 1deal membershlp, 1f I (g) then j@zl ifjand@gf753>‘

'only 1f g d1v1des f We showed by example that 1iea1svin5ﬂfﬂi"h'

a polynomlal rlng 1n several varlables are not pr1nc1pal

deHowever,_they are flnltely generated Wthh we showed 1n

'Theorem 2 the Hllbert Bas1s Theorem We developedda't{‘

d1v1s1on algorlthm for a polynomlal 1n several varLables

’dWe showed that the quotlent and the remalnder needed not be “

o we used thlS property to glve a crlterlon for 1deal'

unlque : However,'when a polynomlal 1s d1v1ded by = Groebnerd«V

hhbas1s, the remalnder 1s unlque (Theorem 3). In TheoremJBQ‘i

v'membershlp If G {gl, ,g} 1s a Groebner ba51s and I=(G>
than_fe[ 1f and only 1f G- d1v1des f We‘thenwshowed that_d
hif‘I (ﬂ, 'ﬁ) has a Groebner bas1s, (; {gp ,gs} the»systemfih;it
”lfsecond system,rg; wlil be a nolynonlal rn.absrnglelvariahiéj :

1wha1lnkh] @}
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