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ABSTRACT

When it is not possible to integrate a function we resort to Numerical Integration. For
example the ubiquitous Normal curve tables are obtained using Numerical Integration.
The antiderivative of the defining function for the normal curve involves the formula for
antiderivative of e~* which can’t be expressed in the terms of basic functions.

One of the best known Numerical Integration formula is the so-called Simpson’s rule.

The rule states that we can replace f; f(x)dx by

b—a a+b
1) +47(%

)+ f(b)].

Of course for most functions Simpson’s rule is going to give us just an approxi-
mation for the true value of the integral, so it is very important to be able to control the

error for this approximation. It is known that for four times differentiable functions

i b—a

b b—a a+b 5 i
[ t@yde =@+ a0 ) =~ (SN (00d)

where f%(¢) is the value of the fourth derivative at some point ¢ € (a,b). From this
formula it follows that Simpon’s rule can be used to evaluate integrals off all polynomials
of degree 3 or less. This is because the fourth derivative for these polynomials is identi-
cally zero hence the error term —%(17_7“)5 f%(x) is zero. For other functions we need an

estimate on the size of its fourth derivatives.

Simpson’s rule is studied in most Calculus books, and in all undergraduate Numeri-
cal Analysis books, but proofs of (0.0.1) are not provided. Hence if one is interested in a
proof of (0.0.1), either it can be found in advanced Numerical Analysis books as a special
case of the so called Newton-Cotes formulas, or in math journals such as American Math-
ematical Monthly. My thesis adviser Hajrudin Fejzi¢, has recently published yet another
proof in [Fejl17]. In this thesis I plan to introduce Numerical Integration formulas such
as simpler Composite and Midpoint rules as well as Simpson’s rule and I will provide the
proofs to these rules using the ideas developed in [Fej17] as well as new proofs based on

ideas of Dr. Fejzi¢ that were communicated to me.
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Chapter 1

Introduction

If f(x) is positive over the interval [a,b], then the area between the z axis and
the graph of f(x) over the interval [a,d] is fab f(z)dz. In order to find this integral we
first have to find the antiderivative of f(x) which may be very difficult to do, or as in the
case of the Gaussian function, f(x) = e‘x2, a function that is used to describe the normal
distributions, has no antiderivative (other than F(z) = [*_ e~ dt.) Fortunately, we can
approximate this integral to any level of accuracy with the help of Numerical Integration.

The simplest Numerical Integration formulas are Trapezoid rule

fa) + f(b)

b
/a f(z)dr ~ f(b_ a)

the Midpoint rule

[ rwar~r () 0w

b a a+b
/ f(x)dwf( ) +4f (% )+f(b>(b_a).

and Simpson’s rule

These rules are special cases of the so called Newton-Cotes formulas, and they
are obtained by approximating the function with the interpolating polynomials. For ex-
ample Trapezoid rule is obtained by integrating the line connecting (a, f(a)) and (b, f(b)).
This integral represents the area of the corresponding trapezoid, hence the name Trape-

zoid rule. The Midpoint rule is obtained by integrating the line y = f (aTer), while



the Simpson’s rule is obtained by integrating the parabola through the points (a, f(a)),
(452, £(%42)), and (b, £(b)).

It is known that the errors obtained using Newton-Cotes formulas for differen-
tiable functions, depend only on higher order derivatives of f(z) evaluated at some point

¥ € (a,b). For example the errors for Trapezoid, Midpoint, and Simpson’s rule are

b a _a3
Br= [ steyn - L0 g - L0 priy

Bu=[ s (5 0-0=C 50w

atb

Bo= [ faa - LOTHCRIHIO ) Ga?
respectively.

Introductory books on Numerical Integration give only proof of Trapezoid Rule,
and no proof for Midpoint and Simpson’s rules. We will reproduce the proof for Trapezoid
Rule given in [CK13]. Advanced books on Numerical Integration, see [IK66], provide
proofs for all Newton-Cotes formulas based on the theory of divided differences. Hence
the formulas for the errors Ep, Ej, and Eg can be derived from the statement of this
advanced theorem.

The lack of elementary proofs for Midpoint and Simposn’s rule in Introductory
books on Numerical Integration has been puzzling so much that a number of papers
have been published in journals devoted to undergraduate research such as American
Mathematical Monthly and Mathematics Magazine. See [Tal06] and [CN03]. Each of
these proofs comes with authors claim that they are elementary enough and appropriate
for undergraduate text in Numerical Integration. However the authors of Introductory
Numerical Analysis have not bought into their claims yet. We will illustrate some of these
ideas from [Gor02]. Gordon in [Gor02] provides elementary proofs to these rules through
a series of lemmas and exercises with hints. We will provide complete proofs using ideas

from Gordon’s book.
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rule that were communicated to me by Dr. Fejzi¢. Dr. Fejzié¢’s proofs are elementary

Finally we will give original proofs to these three rules and to Simpson’s

in nature and only use the basic properties of continuous, differentiable and integrable

functions. We point out that Dr. Fejzi¢’s results are stronger than above mentioned



results since the requirement for f(z) at the end points is the continuity only, while
most other proofs, including the theorem from advanced books on Numerical Integration,
require that f(z) is n times continuously differentiable on [a, b]. For comparison, this is
equivalent to replacing the conditions of Rolle’s theorem, f is continuous on [a,b] and

differentiable on (a,b) with f(z) is continuously differentiable on [a, b].

1.1 Riemann Integral

In this section we will review basic definitions and properties of Riemann inte-

grals.

Definition 1.1. Suppose f : [a,b] — R is a bounded function and P is a partition
X0y ..., T of [a,b]. The lower Riemann sum L(f, P,[a,b]) and the upper Riemann sum

U(f, P,[a,b]) are defined by

n

L(f,P[a,b)) =) (wj —wj-1) inf f

i [zj—1,2;]

and
n

U(f,P,la,b]) =Y (z; —x;1) sup f.
j=1 [z -1,2;]
Theorem 1.2. Suppose f : [a,b] — R is a bounded function and P, P’ are partitions of
[a,b] such that the list defining P is a sublist of the list defining P'. Then
L(f, P,[a,b]) < L(f, P',[a,b]) < U(f, P’ [a,b]) < U(f, P, a,b]).

Definition 1.3. Suppose f : [a,b] — R is a bounded function. The lower Riemann
integral L(f,[a,b]) and the upper Riemann integral U(f,[a,b]) of f are defined by

L(fv [av b]) - Sl]ipL(fa P, [a’ b])

and

U(f,la,b)) = inf U(f, P, [a,b]),

where the supremum and infimum above are taken over all partitions P of |a,b].



Definition 1.4. A bounded function on a closed bounded interval is called Riemann
integrable if its lower Riemann integral equals its upper Riemann integral.

If f : [a,b] — R is Riemann integrable, then the Riemann integral fff 1s defined by

b
/ f = L(f, [a,B]) = U(f, [a, ).

Theorem 1.5. Every continuous real-valued function on each closed bounded interval is

Riemann integrable.

It is important to note that the converse is not true. A function that is Riemann
integrable could be a function that is not continuous. For example, consider the piecewise
function,

-1 —2<z<0
fx)=10 =0

1 O0<ax <2

Lower Sum = 0 units? Q\

Upper Sum = 0 units?

1 0<x<2

-1 -2<z<0
flz) = 0 x=0

O
O

Figure 1.1: Riemann Integrable: Piecewise Function

By definition, Figure 1.1 is a piecewise function that is Riemann integrable since
its lower Reimann integral equals its upper Riemann integral. However, despite being

Riemann integrable, it is not continuous. Therefore, the converse is not true.



Theorem 1.6 (Mean Value Theorem for Integrals). If f is continuous on |a,b], then

there exists a point ¢ € [a,b] such that f(c)(b—a) = fab f.

Theorem 1.7 (Fundamental Theorem of Calculus). Suppose that f is Riemann integrable

on [a,b).

a) If a function F is defined by F(x) = [ f for each x € [a,b], then F is continuous on
[a,b] and differentiable at each point x € |a,b] for which f is continuous. At these points,

Fi(x) = f(x).
b) If G is an antiderivative of f on [a,b], then f;f = G(b) — G(a).

Theorem 1.8. Let f : [a,b] — R and let ¢ € (a,b).

a) If f is Riemann integrable on [a,b], then f is Riemann integrable on each subinterval
of [a,b].
b) If f is Riemann integrable on each of the intervals [a,c] and [c,b], then f is Riemann

integrable on [a,b] and fab f= f;f + fcb f

1.2 Basic properties of continuous and differentiable func-

tions

In this section we will review basic properties of continuous and differentiable

functions.

Theorem 1.9. Let I be an interval, let f: I — R, and let ¢ € I. If f is differentiable at
¢, then f is continuous at c. Consequently, if f is differentiable on an interval J, then f

is continuous on J.
Proposition 1.10. If f(z) > 0 for a < x < b then fabf(x) dzx > 0.

Theorem 1.11 (Mean Value Theorem). If f : [a,b] — R is continuous on [a,b] and

differentiable on (a,b), then there exists a point ¢ € (a,b) such that f'(c) = %.

Theorem 1.12 (Intermediate Value Theorem for continuous functions (and derivatives)).
Suppose that f : [a,b] — R is continuous (differentiable) on [a,b]. If v is a number between
f(a) and f(b), (f'(a) and f'(b)) then there is a point ¢ € (a,b) such that f(c) = v
(f'(c) =v).



Theorem 1.13 (First Derivative Test). Suppose f is continuous on an open interval
(a,b) and differentiable on (a,b) except possibly at the point ¢ € (a,b) and assume that ¢

s a critical point of f.

a) If ' is positive on (a,c) and negative on (c,b), then f has a relative maximum value

at c.

b) If [ is negative on (a,c) and positive on (¢c,b), then f has a relative minimum value at

C.

Theorem 1.14 (Second Derivative Test). Suppose that f is twice differentiable on an
open interval (a,b) and that f'(c) =0 for some point ¢ € (a,b).

a) If f"(c) <0, then f has a relative mazimum value at c.

b) If f"(c) > 0, then f has a relative minimum value at c.

1.3 Rolle’s Theorem and Fundamental Lemma

Rolle’s theorem will play an important role in our treatment of the subject.

Theorem 1.15 (Rolle’s Theorem). Let f : [a,b] — R be continuous on |a,b] and differ-
entiable on (a,b). If f(a) = f(b), then there exists a point ¢ € (a,b) such that f'(c) = 0.

The Rolle’s Theorem relies on three conditions. If any of these conditions fail,

the Rolle’s Theorem does not work. The three conditions are:
1. f is differentiable on an open interval, (a,b)

2. f is continuous on the closed interval, [a, b]
3. f(a) = f(b)
Counterexample 1: In this example condition (2) is not met. Consider the function

20 —2 x <2
flz) =
20—4 x>2
Figure 1.2 shows that this function is differentiable on the open interval, (1,2) and

f(1) = f(2), however it is not continuous at * = 2. When we derive this piecewise

function, we get f’(x) = 2, thus there can’t exist a point ¢ € (1,2) where f/(¢) = 0.



Figure 1.2: Rolle’s Theorem’s counterexample 1: Piecewise Function

Counterexample 2: In this example, condition (3) is not met. Consider the function
f(x) = z. Figure 1.3 shows that this function is differentiable on any open interval, (a, b)
and it is continuous on any closed interval, [a,b], however f(a) # f(b). When we derive

this function, we get f/(z) = 1, thus there can’t exist a point ¢ € (a,b) where f’(c) = 0.

Figure 1.3: Rolle’s Theorem’s counterexample 2: Linear Function



Counterexample 3: In this example, condition (1) is not met. Consider the function

f(x) = |z| — 2. Figure 1.4 shows that this function is continuous on the closed interval,

[—2,2] and f(—2) = f(2), however it is not differentiable on the open interval (—2,2).
X

When we derive this function, we get f’'(z) = o] and with this rational equation, there

doesn’t exist a point ¢ € (—2,2) where f/(c) = 0.

B
D

Figure 1.4: Rolle’s Theorem’s counterexample 3: Absolute Value Function

Together with Rolle’s theorem, the following simple lemma will be crux in Dr.

Fejzi¢’s proofs of the error terms Fp, Eyr and Eg.

Lemma 1.16. If g is continuous on [a,b] and ffg(:v) dx = 0, then there exists a point

¢, with a < ¢ < b such that g(c) = 0.

Proof. Suppose that the statement of Lemma 1.16 is false; that is suppose that for all
a<x<b, g(xr)#0. Since g is continuous, then by the Intermediate Value Property:

(1) g(z) >0 for all a <z < b or

(2) g(x) <O foralla <z <b.

Let p = a+ IFT“, and ¢ = b — b*?“. Then the interval [p,q| is the middle third of the
interval [a,b]. Since g is continuous on the closed interval [p, ¢|, it attains the minimum

m and maximum M on [p,q]. Thus for all x € [p,q] we have g(z) > m and g(z) < M.



Now consider the case that g(x) > 0 for all a < x < b. It follows that m > 0 and hence

/abg(x) dx:/apg(x) d:v+/pqg(x) dx—i-/qbg(;r) dx >

D q b
/de+/md:c+/0dw:m(q—p)>0
a p q

contradicting the assumption that f; g(x) dz = 0.
It remains to show that g(x) < 0 for all a < z < b also leads to a contradiction.

In this case, M < 0 and hence,

/abg(x) dm:/apg(m) dm+/pqg(1:) d:p—|-/qbg(m) dz <

D q b
/0dw+/de+/0da::M(q—p)<O
a P q

contradicting the assumption that f; g(x) dz = 0.
Therefore, if g is continuous on [a, b] and ff g(z) dz = 0, then there exists a point ¢, with

a < ¢ < b such that g(c) = 0. O
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Chapter 2

Error Term for the Trapezoid
Rule

The first rule we will analyze is the error term for the Trapezoid Rule. We will
provide two different proofs from [CK13] and [Gor02] respectively. We will finish this

section with Dr. Fejzié’s original proof.

2.1 Kincaid and Cheney proof for Trapezoid Rule

The first proof is from [CK13]. The version in [CK13] is called Composite

Trapezoid Rule. I will comment on the part of the proof that is in bold afterwords.

Theorem 2.1. If " exists and is continuous on the interval [a,b] and if the composite
trapezoid rule T with uniform spacing h is used to estimate the integral I = f; f(x) dz,

then for some ¢ in (a,b),

1 1
[=T=-750b=ah’f'() = O

Proof. Prove when a =0,b=1, and h = 1.

1
| @) de =510+ 7] = 57 (21.1)

We will need the error formula for polynomial interpolation. Let p be the polynomial of

degree 1 that interpolates f at 0 and 1. Then p is given by:
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Hence we have .
1
| vtz = 51 + 1)
By the error formula that governs polynomial interpolation, we have (here, of course,
n=120=0,and x; = 1)
fE@)z(z - 1) (2.1.2)

where £(x) depends on z in (0, 1). It follows that:

1 1 1 B
| @ de= [ o) de =5 [ ple@ee 1) da
That f”[¢(z)] is continuous can be proved by solving Equation (2.1.2) for f”[¢{(z)]

and verifying continuity. Notice that x(z — 1) does not change sign in the interval

[0,1]. Hence, by the Mean-Value Theorem for Integrals, there is a point z = s for which
§ =&(s) and

1 1
/ PN — 1) da = f[E(s)] / oz~ 1) da
0 0
1 !
= 110

By putting all these equations together, we obtain Equation (2.1.1). Then, by making a

change in variable, we obtain the basic trapezoid rule with its error term:

[ e = "5 00w — ) - - e (213)

The detaﬂsaof this are as follows: Let g(t) = f(a+t(b—a)) and z = a+ (b—a)t.
Thus, as t traverses the interval [0, 1], x traverses the interval [a, b]. Also, dx = (b— a)dt,
g t) = f'la+tb—a)](b—a)and ¢"(t) = f"[a +t(b — a)](b — a)?. Hence, by Equation

(2.1.1), we have
b 1
/ f(x) dx = (b—a)/o fla+t(b—a)]dt
1
== [ gtt)

=0 { 310) + 9] - 150"(0)}

b—a (b—a)3
“ 12

F(€)
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This is the trapezoid rule and error term for the interval [a,b] with only one
subinterval, which is the entire interval. Thus, the error term is O(h)3, where h = b — a.
Here ¢ is in (a, b).

Now let the interval [a, b] be divided into n equal subintervals by points xg, x1, ..., ,, with

spacing h. Applying Equation (2.1.3) to subinterval [z;, z;1+1], we have
Ti41 h 1 3
f(z) dv = §[f($i) + f(ziy1)] — ﬁh (&) (2.1.4)

where x; < & < x;41. We use this result over the interval [a, b], obtaining the composite

/f dx—Z/mZH
B3 1l

——Z (i) — f(xis1) IQZf”gz (2.1.5)

The final term in Equation (2.1.5) is the error term, and it can be simplified in the
(b=a)
n

trapezoid rule:

following way: since h = , the error term for the composite trapezoid rule is
W= (b
52 &) =~
i=0

2 1 — "
[n M f (@)]
=0
(b—a)

= =2 ER ()

= O(h?)

Here, we have reasoned that the average [%} Z?;ol 1" (&) lies between the least and
greatest values of f” on the interval (a,b). Hence, by the Intermediate Value Theorem
for derivatives, it is f”(¢) for some point ¢ in (a,b). This completes Kincaid’s proof of

the error formula. O

As promised we will comment on the part of the proof in bold letters. Here,
Kincaid and Cheney state that we can find that f”[¢(x)] is continuous by solving for it

in Equation (2.1.2). However, when one does this, it results in the equation:

2(f(z) — p(x))

7 o

This function does not exist at = 0 and = = 1. We could use L’Hopital’s rule to show
that this function is indeed continuous at 0 and at 1, which of course would add to the

complexity of their proof.
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2.2 Gordon’s proof for Trapezoid Rule

In this section we will reproduce the proof in [Gor02]. The proof starts with a
lemma that has a specialized single interval where it is symmetric, before applying it to

a more general case.

Lemma 2.2. If g is twice differentiable on an interval [—r,r] for some positive constant

r, Then there exists a point z in the interval (—r,r) such that

r 7“3
/‘g—wwm+g@ﬂ>=—@>g%a.

Proof. Let k be the constant that satisfies the equation
| a=rlotr) + g(=r)) = k2n)?
(In other words, the number & is the left side of the displayed equation divided by 8r3.)
We must show that k = —% for some point z € (—r, ). Define function G : [0,7] - R
by
G@) = [ g-algla) + g(-)) - h(2o)°

—Z
Since G(0) = 0 = G(r), Rolle’s Theorem guarantees the existence of a point ¢ € (0,7)
such that G’'(c) = 0.

Using the Fundamental Theorem of Calculus to find G’, we obtain

6@ =1 [ g+ 5~ algla) + g(-2)) — -k(2a)

- —x(g’(m) — g(—x) + 24kzx)

Since G'(¢) = 0 and ¢ # 0, it follows that ¢'(c¢) — ¢'(—c¢) 4+ 24kec = 0. Applying the Mean

Value Theorem for derivatives to the function ¢’ on the interval [—c, ¢] yields

. 1 gl(c) - g’(—c) _ L,
h=1 2 =139 )
where z € (—¢,¢) C (—r,r). This completes the proof. O

Next, Gordon proves Lemma 2.2 where the symmetric interval [—r, ] is replaced

by an arbitrary interval [c, d].
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Lemma 2.3. If f is twice differentiable on an interval [c,d], then there exists a point v
in the interval (¢, d) such that

(d—c)’

(@) + £(e) =~

Proof. Let m = (d + ¢)/2, let r = (d — ¢)/2, and define a function g on [—r,r] by
g(x) = f(x + m). Notice that

f(w)

d —c r
[ 1= 0@ @)= [ g-rig)+9(-n)

T

By the previous lemma, there exists a point z € (—r, ) such that

d e )3 )3
| -5t u@+ ey = -2y = - ),

where v = z + m is a point in the interval (c, d). O
Now the Composite Trapezoid Rule follows easily from Lemma 2.3.

Theorem 2.4. If f is twice differentiable on an interval [a,b] and n is a positive integer,

then there exists a point v in the interval (a,b) such that

b _ (b_a)g "
| 1-1= S5,

where T}, is the nth trapezoidal estimate to the integral.

(b= a)

Proof. Fix a positive integer n and let z; = a + i~—— for 0 < ¢ < n. Using the previous

lemma, we obtain
b x
[ r-1= ( |-t ) +f<xi_1>>>
_ )3
= Z (= :m 1) = f"(ui)

—a)p &
:—(b ) Zf//(vi)
i=1

12n3

where v; € (z;_1, ;) for each i.
By the Intermediate Value Theorem for derivatives, the function f” has the intermediate
value property on the interval [v1,v,]. Since the average

f"(w1) + f"(v2) + - £ [ (0n)

n
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is between min {f”(v;) : 1 <i <n} and max {f"(v;) : 1 <i <n}, there exists a point
v € (v1,vp) C (a,b) such that

3 1 b 3//
/f I _1QC; EZ __127;‘2)]0(@),

2.3 Dr. Fejzié¢’s proof of the Trapezoid Rule

Theorem 2.5. Let f be twice differentiable on an open interval (a,b) and continuous on
[a,b]. Then f flx M(b— a) + Er, where the error Ep = L (w (b—a)? for
some ) € (a,b) .

Proof. Let

b—a [Pz — a)(z —b) d

(r —a)(x—0b).

It is straight-forward to check that g(a) =0, g(b) =0, fabg(x) dx = 0 and that
g is twice differentiable. Here are the details: First, let’s check to see if g(a) = 0.
Let
Er
f:(a—a)(a—b) dx

(a —a)(a —b)

Thus, g(a) =0
Next, let’s check to see if g(b) = 0.
Let
o) = 1)~ fla) - 1O Dy BTy

Thus, g(b) = 0.
We will now check to see if ffg(x) dxr = 0. We will use that f; f(a)+%(m—a) dx =
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M(b — a), which can be derived directly or using the formula for the area of a

trapezoid.

’ = ’ x)— a—M$—a— Er x—a)(x— x
[ ot o= [ (s~ TE = g ) 4

Using the additive properties for integrals we get

"o [ty de Mg IO I@ o Br L )b de
[ oterir= s ae— [T w0 o BRI B

b
/ f(x)dx—W(b—a)—ET:ET—ET:o.

For the last preliminary part, we will check to see if g(z) is twice differentiable.
First derivative:

) - fla) By
b—a f:(:n—a)(m—b)dm

g'(x) = f'(x) -0 - (22 —a—1b)

Second derivative:
Er
f;(ac —a)(x —b) dz

It can be stated that g(z) is twice differentiable.

g"(x) = f"(x) —0-2

From Fundamental Lemma 1.16 that a < ¢ < b such that g(¢) = 0. With this infor-
mation, we will show that there is ¢ such that ¢”(¢)) = 0. To do this, we will prove the

following lemma:

Lemma 2.6. If g is continuous on [a,b], where a < ¢ < b and g(a) = g(c) = g(b) =0,
and if g is twice differentiable on (a,b), then there is ¢ € (a,b) such that g"(¢)) = 0.

Proof. Since g is continuous on the interval [a, b] and differentiable at every point in (a, b),
where a < ¢ < b and g(a) = g(c) = ¢(b), then g is continuous on the intervals [a, c] and
[c, b], and differentiable at every point in (a,c) and (¢, b).

By Rolle’s Theorem, since ¢ is continuous on the interval [a, ¢|] and differentiable at every

point in (a, c¢) such that g(a) = g(c) then

g'(d1) =0
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for some dy with a < d; <e.
Similarly, since g is continuous on the interval [c,b] and differentiable at every point in
(¢,b) such that g(c) = g(b) then

g'(d2) =0
for some do with ¢ < dy < b.
Thus, we get ¢'(d1) = ¢'(d2) = 0.
Let h(z) = ¢'(x). h(x) is differentiable on (a,b) (by the given) and if a function is
differentiable on (a,b), then the function must also be continuous on the interval [a, b].
Since di,dy € [a,b], then h(z) is differentiable on (di,ds2) and continuous on [dy,ds]. It
has also been found above that h(d;) = h(d2) and by the Rolle’s Theorem, h’(¢)) = 0 for
some @ with d; < 1 < ds.
Thus, if g is continuous on [a, b], where a < ¢ < b and g(a) = g(c) = g(b) =0, and if g is
twice differentiable on (a,b), then there is 1 € (a,b) such that ¢”(¢) = 0. O

Now we have the following result: g(a) = 0, g(b) = 0, ffg(x) dr =0 and g is
twice differentiable. We also found that there is a ¢ with a < ¢ < b such that g(c) = 0
and finally, that there is ¢ with ¢ € (a,b) such that ¢”(¢) = 0.

We will now combine all of this to find the error term:

Substituting x with 1 gives us:
2E7
f;(m —a)(z —b) dx
2E7
fab(a: —a)(zx —b) dx

g"(W) = f"(4) -

0=f"(t) -

Solving for the error term results in:

" b
Er = / éd)) / (x —a)(x —b) dz
W) —(b—a)
2 6
_ ")
=g 0o

This concludes Dr. Fejzic’s proof on the error term for the Trapezoid Rule. O
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The error for Composite Trapezoid Rule uses the same standard argument as in

[Gor02].

2.4 Comparison of the three proofs

The proof given in [CK13] requires that f is continuously twice differentiable
on [a,b]. The conditions in [Gor02] are relaxed by requiring that f is twice differentiable
on [a,b], and finally in Dr. Fejzi¢’s proof the conditions are further relaxed to f is twice
differentiable on (a,b) and continuous on [a,b]. Hence Dr. Fejzi¢’s proof is the most

general and in my opinion the simplest of the three.
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Chapter 3

Error Term for the Midpoint Rule

The second error term we will analyze is for the Midpoint Rule. We will follow
the outline given by Gordon in [Gor02]. Next we will present two original proofs due to

Dr.Fejzi¢.

3.1 Gordon’s proof for Midpoint Rule

Similar to the Trapezoid Rule, Gordon starts with a lemma that has a specialized

single interval where it is symmetric.

Lemma 3.1. If g is twice differentiable on an interval [—r,r] for some positive constant

r, then there exists a point z in the interval (—r,r) such that

r r 3
[ a-290 - EEg0).

-Tr

Proof. Let k be the constant that satisfies the equation:

/7" g —2rg(0) = k(2r)?

-Tr

We must show that k = % for some point z € (—r,r). Define function G : [0,r7] — R
by
Gla)= [ g 209(0) - hi20)’

—x
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To do this, we will show that G(0) = 0 and G(r) = 0.

0
G(0) = /0 g — 2(0)g(0) — k(2(0))*
=0—-0-0
=0

= k(2r)® — k(2r)3
=0

Since G(0) = G(r) = 0, Rolle’s Theorem guarantees the existence of a point d € (0,7)
such that G’(d) = 0. This has been demonstrated in earlier proofs for the trapezoid rule.

The derivative of G is
G (&) = g(x) + g(—z) — 2(0) — 24ka?
Substituting 0 for z, we have

G'(0) = g(0) — g(0) — 29(0) — 24k(0)*
= 2¢(0) — 2g(0) — 0
=0

Since G'(d) = G'(0) = 0, Rolle’s Theorem guarantees the existence of a point ¢ € (0, d)
such that G”(¢) = 0. Using the Fundamental Theorem of Calculus to find G”, we obtain:

G"(z) =g'(z) - ¢'(—=) — 48kx

And since we know from Rolle’s Theorem that G”(c) = 0, we can rewrite the equation

as:
0=g(c) — g'(—c) — 48kc

Solving for k, we get:
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We see that we can apply the Mean Value Theorem to the function ¢’ on the interval
[—c¢, c]. By the Mean Value Theorem, there exists a point z € (—¢,c¢) C (—r,r) such that
J"(z) = % and this yields:

b= 2c 24

_J@ g 1

c—(—c) 24
=4"(2)- i

O]

Now the general case is obtained in a similar way as in Gordon’s proof for

Trapezoid Rule.

3.2 Dr. Fejzié’s first proof of the Midpoint Rule

This proof is similar to Dr. Fejzi¢’s proof of Trapezoid Rule.

Theorem 3.2. Let f be twice differentiable on an open interval (a,b) and continuous on
[a,b]. Letc= L. Then f;f(a;) dx = f(c)(b—a)+ E, where the error E = %(b—a)3
for some ¢ € (a,b).

Proof. Let
E
g9(@) = f(z) = fc) = k(z —c) — Pelo—0) d:cx(m —c)
with E = [” f(z) dz — f(c)(b— a).
We will first show g(c) = 0.
E
g(c) = f(e) = f(e) —k(c—c) — f;l‘(l’ o d$c(c— c) =
We will now show that g is twice differentiable:
2z F
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Next, we will show that f;g(a:) dr = 0.
/abg(x) dx—/abf(x) dm—f(c)(b—a)—O—M/abx(x—c) dzx = 0.

Since fabg(a:) de = [ g(x) dz + fcbg(az) dx and f;g(x) dx = 0, then we will find the k
values that makes [*g(z) dz =0 and fcbg(x) dxr = 0. We will first find the k& value that
makes [*g(x) dz = 0.

¢ E [fa(x—c)dx

/ da:—/f da:/f dm/ak(xc)dx f;x(m—c)da:
b—a)? E 5a + b)(b — a)?

/f ) de — £(e)(b—a)(c — a) + &' 8)+f(j’x(x—c)dx'( +ié )

We will now solve for k that makes [* g(z) do = 0 true. To do so, We will make

E b)(b—a)?
Ry = /f ) dz — f(c)(b—a)(c—a) + — (et Db a)

[ x(x—c) dx 48

Thus, we get
c k(b — 2
/ g(z) der = Ry + ( 8a)
k(b — a)?
0=R1+ ( @)

8

Solving for k results in:
b S8Ry
(b—a)?
This means that in order for [7g(x) dz =0, k = —%. Now we will find the k value
that makes fcbg(x) dz = 0.
b Ef z(z —¢)
/ d:c—/f dx—/f dw—/k(ac—c)dx— ;
¢ [ x(x— c) dx

b B
:/cf(:c)d:c—f(f:)(b—@(b—c)—"" s -m
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We will now solve for k that makes fcb g(z) dz = 0 true. To do so, We will make

b 2
E a+5b)(b—a
Re= [ f@) do = fO0-a)0-0) - — e+ 3= a)
c [, x(x —c) dx 48
Thus, we get
b 2
k(b —
/ g(x) de = Ry — ( 8a)
k(b —a)?
0= Ry ™ . )
Solving for k results in:
L B8R
~ (b—a)?

This means that in order for fcbg(:r) dx =0 to be true, k = %.

Since f; g(z) dz = 0 for all possible values of k, then let k = —%. Applying the basic

property of definite integrals we can rewrite f; g(z) dz as the following:

/abg(a:) da:—/acg(af) d:c+/cbg(x) dx

And when k = —%, we have:
b
0=0+ / g(x) dx
C
Which could only mean that fcb g(xz) de = 0 when k = — (bS_}“Zl)Q also. This results with

the conclusion that:

Ry =—-Ry

Thus, f:g(fl?) dr = 0 and fcbg(;p) dx = 0 when k = —(bS_R;)g.

From Lemma 1.16, we know that there is a d; with a < d; < ¢ such that g(d;) = 0
and a dy with ¢ < dy < b such that g(ds) = 0. With this, we will now show that there is
a 1 with ¢ € (a,b) such that ¢”(¢) = 0. To do this, we will prove the following lemma:

Lemma 3.3. If g is continuous on |a,b], where a < d; < ¢ < da <b and g(d1) = g(c) =
g(d2) = 0, and if g is twice differentiable on (a,b), then there is a a ¢ with 1 € (a,b)
such that ¢" () =0
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Proof. Since g is continuous on the interval [a, b] and differentiable at every point in (a, ),
where a < d; < ¢ <dz <band g(di) = g(c) = g(dz), then g is continuous on the intervals
[d1,c] and [c,d2], and differentiable at every point in (di,¢) and (¢, da).

By Rolle’s Theorem, since g is continuous on the interval [d;, ¢] and differentiable at every

point in (dy, ¢) such that g(d;) = g(c) then
g'(&)=0

for some & with d; < & <ec.

Similarly, using Rolle’s Theorem, we also find that ¢’(€2) = 0 for some & with dy < & < c.
Thus, we get ¢'(§1) = ¢'(§2) = 0.

Let h(z) = ¢'(x). We know from the given that h(x) is differentiable on (a,b) and if
a function is differentiable on (a,b), then the function must also be continuous on the
interval [a, b]. Since &1,&2 € [a,b], then h(z) is differentiable on (&1, &2) and continuous on
[€1,&2]. Tt has also been found above that h(£;) = h(€2) = 0 and by the Rolle’s Theorem,
R () = 0 for some ¢ with & <1 < &.

Thus, if ¢ is continuous on [a, b], where a < d; < ¢ < da < band g(dy) = g(c) = g(da2) =0,
and if g is twice differntiable on (a,b), then there is a ¢ with ¢ € (a,b) such that
9" () =0. u

Now we have the following result: g(c) = 0, g is twice differentiable, fab g(z) de =
0, [ g(x) dz =0, and fcbg(ac) dx = 0. We also found that there is a ¢ with ¥ € (a,b)
such that ¢”(¢) = 0.

We will now combine all of this to find the error term:

" — M) 0 — 0 — E .
') = (@) =0 =0

Substituting x with ¢ gives us:

2F

Hd} :f//@b _
9" (¥) (¥) ol —0) do
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Solving for the error term results in:

_ "Wy
E = 5 /a x(x —c) dx
) (b-a)?
(

12

L) e
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3.3 Dr. Fejzi¢’s second proof for Midpoint Rule

Here we present a different proof for Midpoint Rule.

Theorem 3.4. Let f be twice differentiable on an open interval (a,b) and continuous on
[a,b]. Let c= “T'H’. Then f;f(m) dx = f(c)(b—a)+ E, where the error E = %(b—a)3
for some ) € (a,b).

Proof. Let

E(x —2)?

@) = 1) 1) ~ bz — )~ o2
[J(x—c)? dx

where E = f; (f(:v) — f(c)) dr and ¢ = 2$2.

We will first need to show that g(c) = 0, f; g(z) dz = 0, and that g is twice differentiable.

Substituting ¢ into g(c) gives us the following:
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Thus, as we can see above, g(c¢) = 0. Now we will integrate g(z) on the interval [a, b]:

/ab d:n—/ f(z (w—c)—M)dm

(#@
<f dx_/bk(x—c)dx—Ef;(xC)de
(1@
(#@

b

J, (o
P
J

f;(:r:—c)2 dx

f(z dx—O E

b

fx ) du - / ’ (f@) = 1)) da

And upon integrating, we have f; g(z) = 0. Lastly, we will differentiate g twice to show

that it is twice differentiable:

M) = ) — 0 — & — 2E(x — ¢)
fa)= 1) -0k D
() — 2E(x —¢)
=1 f;(x—c)Qd:c

" — () —0— 2F
)= 1) 0 g

2F
fab(x —c)? dx

As demonstrated above, we can state that g is twice differentiable.

Now we will pick k such that ¢'(c) = 0.

/ Y _ 2E($—C)
)= 1) k-
J(0) = f(e) — k- —2Ee=9)



k=f'(c)

Rewriting g(z) with k = f’(c) gives us the following function:

g(z) = f(z) = f(c) = fl(c) (@ —c) —

We will let this be our g(z) for the remainder of this proof.

E(x —c)?
fab(a: —c)? dx
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Since f:g(x) dx = 0, then there must exist at least one point that makes g(z) = 0,

besides g(a), g(b), and g(c). This is because we know that ¢’(¢) = 0, which indicates that

c is a critical point, a relative minimum or maximum, thus the function doesn’t cross the

x-axis at c. We consider the following three cases.

Case 1: ¢"(c) = 0. We will explore the case when ¢”(¢) = 0, which makes ¢ an inflection

point, where the function changes from concave up/down or vice versa. If ¢”(¢) = 0, then

we can solve for E:

1" neN 2E
@=1"0 - G
v 2B
0=119 f;(x —c¢)? dx
E = f”2(c) /ab(x — ) dx
L@ (b
2 12

Case 2: ¢"(c) > 0. We will explore the case when ¢”(¢) > 0, which makes ¢ a relative

minimum and the function doesn’t cross the z-axis at ¢. Since ff g(x) dx = 0, this means

that there must be another point, d such that g(d) = 0. Point d can either exist within

the interval (a,c) or in (¢, b).

Suppose d < c. Since g(d) = g(c¢) = 0 and g is continuous on the interval [a,b] and

differentiable at every point in (a,b), where a < d < ¢ < b, then by Rolle’s Theorem,
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there exists a point, £ € (d, ¢) such that ¢’'(§) = 0. And since ¢'(§) = ¢'(¢) = 0, then by
Rolle’s Theorem again, there exists a point ¢ € (&, ¢) such that ¢”(¢) = 0. If ¢"(¢p) = 0,

then we can solve for E:

2F

g' (W) =f (@ZJ)—W

2
W) (b—a)?
E=—="""
")
E= 54 (b—a)?

Suppose d > ¢. Since g(d) = g(¢) = 0 and g¢ is continuous on the interval [a,b] and
differentiable at every point in (a,b), where a < ¢ < d < b, then by Rolle’s Theorem,
there exists a point, £ € (¢, d) such that ¢’'(§) = 0. And since ¢'(§) = ¢'(¢) = 0, then by
Rolle’s Theorem again, there exists a point ¢ € (¢, ) such that ¢”(¢) = 0. If ¢" () = 0,

then we can solve for E:

2F

g'W)=f (W—m

2
b 1MW) (b=
2 12
E = fll(¢) (b _ (1)3
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Case 3: ¢"(c) < 0. We will explore the case when ¢”(¢) < 0, which makes ¢ a relative
maximum and the function doesn’t cross the z-axis at c. Since f;g(a:) dr = 0, this
means that there must be another point, d such that g(d) = 0. Point d can either exist
within the interval (a,c) or in (¢, b).

Suppose d < ¢. Since g(d) = g(c¢) = 0 and g is continuous on the interval [a,b] and
differentiable at every point in (a,b), where a < d < ¢ < b, then by Rolle’s Theorem,
there exists a point, £ € (d, ¢) such that ¢’'(§) = 0. And since ¢'(§) = ¢'(¢) = 0, then by
Rolle’s Theorem again, there exists a point ¢ € (&, ¢) such that ¢”(¢) = 0. If ¢"(¢p) = 0,

then we can solve for E:

2F

g' (W) =f (@Z})—W

Suppose d > ¢. Since g(d) = g(¢) = 0 and ¢ is continuous on the interval [a,b] and
differentiable at every point in (a,b), where a < ¢ < d < b, then by Rolle’s Theorem,
there exists a point, £ € (¢, d) such that ¢’(§) = 0. And since ¢'(§) = ¢'(¢) = 0, then by
Rolle’s Theorem again, there exists a point ¢ € (¢, £) such that ¢”(¢) = 0. If ¢"(¢) = 0,

then we can solve for E:

2F

g (W) =f (w)—m
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B = f”(iﬁ) (b _ a)S

24
From these three possible cases, we can see that no matter if ¢”(c¢) = 0, ¢"(¢) > 0 or
g"(¢) < 0, the error term came out the same way: E = %(b —a)3. This concludes the
proof. O

3.4 Some remarks on the three proofs of Midpoint Rule

For this paper, we explored three proofs on the error term for the Midpoint Rule.
The first proof was Gordon’s where similar to his approach on the Trapezoid Rule’s error
term, he began by proving a symmetric domain. I did find that his proof was easy to
follow, but I didn’t like that his proof was a specialized case and not a generalized case.
Unlike the Trapezoid Rule’s error term, Gordon did not provide a generalized case. The
second proof we followed was Dr. Fejzi¢’s first method. Dr. Fejzié¢’s first method is
similar to how the proof of Trapezoid Rule’s error term went. The main difference came
from the inclusion of the k value that we had to find in order to make facg(x) dr =0
and fcb g(x) dx = 0. Nonetheless, the skills needed to understand and complete this proof
are the basics of analysis, relying on algebra, basic differentiation rules, basic integration
rules, Riemann integral theorems, Lemma 1.16, and Rolle’s Theorem. This was a very
straightforward proof that an entry-level analysis student would have little to no problems
understanding and following. The last proof was Dr. Fejzi¢’s second method. This proof
relied on the same ideas as the first method with the addition of the First and Second
Derivative Tests while exploring three cases. I found Dr. Fejzi¢’s second method to be

eloquent and effortless, the most ideal for students in an entry-level analysis course.
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Chapter 4

Error Term for the Simpson’s

Rule

The third rule we will analyze is for the Simpson’s Rule.

4.1 Gordon’s proof of Simpson’s Rule

Similar to the Trapezoid Rule, Gordon starts with a lemma that has a specialized
single interval where it is symmetric and then he applies that to the general case, making

the final theorem.

Lemma 4.1. If g has a fourth derivative on an interval [—r,r] for some positive constant
r, then there exists a point z in the interval (—r,r) such that
" r ro 1
9— 5 (90=1) +4900) + 9(r)) = —559"(2).
T
Proof. Let k be the constant that satisfies the equation

/_i 9- g(g(—r) +49(0) + g(?‘)) = kr®.

Define a function G on the interval [0, 7] by

T

Gla) = [ o= (o= +49(0) + 9(a) — k",
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In order to make Gordon’s next statement in his proof, we will need to show and find

several things. The first thing that we need to show is that G(0) = 0 and G(r) = 0.

0
G0) = [ 9= 2 (9(0)+ 49(0) + 9(0)) ~ k(0"
=0-0-0

6)= [ a= 5 (o) +49(0) +.90)) = kr)?

= kr® — kr®

=0

Next, we will need to find G"”'(z) and show that G is fourth differentiable.

T 1 4 T 1
G'(x) = g(a) + o(-2) + Zg/(~2) — Sg(-2) — 29(0) ~ L/() ~ Sg(a) - 5kt
_2 2 e+ e — E ) — 2 a(0) — Bt
= 39(@) + 39(=2) + 39 (-2) = 39/ (x) = 39(0) - Sk
" 2 / 2 / T 5 1 / T oy / 3
——— e S Zd(— L _Z —9
G(z) = 59'(2) = 39'(w2) = 397 (=2) + 3¢'(=2) — 5¢7(2) — 39/ (z) — 20k
_1/ _l/_ _f//_ _f// _ 3
= @) - o) - L) - L @)~ 20ka
1 1, Loy, L TR B VS S VN 2
G(z) = 397°(@) + 59" (=2) + 397 (-2) — 397 (-2) — 597 (2) — 39" (z) — 60k
_ %g///(_x) . gg///(x) 60k
= —g (g'”(x) —d"(—z) + 180kx)
T 1 T 1
G////(x) _ _gg////(_x) + gg///(_x) _ gg////(x) _ gg"'(:r) — 120k

With the equations we found above, we will show that G'(0) = 0 and G”(0) = 0.

G'(0) = 29(0) + 29(0) + 59'(0) — 5/(0) — 59(0) — k(0"



33

G"(0) = 56/(0) = 3/(0) — 54"(0) — 54"(0) — 20k(0)°
—0

Since G is continuous on [0, 7] and differentiable on (0,r) and G(0) = G(r) = 0, then by
Rolle’s Theorem, there exists a point e € (0,r) such that G'(e) = 0. Likewise, since G’
is continuous on [0, 7] and differentiable on (0,7) and G'(0) = G'(e) = 0, then by Rolle’s
Theorem, there exists a point d € (0,e) such that G”(d) = 0. Once again, since G” is
continuous on [0, 7] and differentiable on (0,7) and G”(0) = G”(d) = 0, then by Rolle’s
Theorem, there exists a point ¢ € (0,d) such that G”’(¢) = 0. Now that we have this
information, we can continue where Gordon left off in his proof:

Then G"(z) = —% (g”’(z) —¢"(—x)+ 180k:1:) and it can be shown that there is a point
¢ € (0,r) for which G"(¢) = 0.

Gordon then points out that since ¢ # 0, it follows that

k _ g”/(C) _ g”/(—C) B _g////(z)

—180¢ N 90

for some z € (—c,c). Gordon obtained this from the substituting in ¢ into G"”'(x) and

then solving for k.

G"(x) = —g (g”'(m) —g"(—z)+ 180k$>
g"(c) —g" (—c) + 180kc)

d"(c) —g" (—c) + 180kc>

b 90 = g"(=0)

—180c¢
Q) -g"(0) 1
N 2c 90
O -g"0) 1
N c—(—c) 90

Applying the Mean Value Theorem, we draw the same conclusion as Gordon with

L _g’”(z)
90

where the existence of the point z € (—¢,¢) C (—r,r) is guaranteed by the Mean Value

Theorem. And this concludes Gordon’s specialized case. ]
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We will now explore Gordon’s general case for the Simpson’s Rule Error Term.

Lemma 4.2. If f has a fourth derivative on an interval [c,d], then there exists a point

v in the interval (¢, d) such that

(d—c)°

[ 5= S5 @+ 1w + @) =~

where m = @

is the midpoint of the interval [c,d].

Theorem 4.3. If f has a fourth derivative on an interval [a,b] and n is an even positive

integer, then there exists a point v in the interval (a,b) such that

b b—a 5
/a f=on= _(1807#): "),

where Sy, is the nth Simpson’s rule estimate to the integral.

and r = 2=¢ and define a

d+c
2 2

Proof. For this theorem, Gordon starts by letting m =
function g on [—r,7] by g(z) = f(« + m). He then points out that

[ 5= S (@ +arem + 5 @) = [ a5 (o0 +4000) + 90)

Now this may not be immediately apparent or obvious. To help clarify this, I will show

the following:

g-r) = flor+m) = F(CTEE 4+ D5 = (o)
o) = for+m) = 7T C+ TG = )

9(0) = f(0+m) = f(m)
r _d—c d-c
3 2.3 6
Gordon finishes his proof by stating that by the previous lemma (for the specialized case),

there exists a point z € (—r,r) such that

(@ c)?
32-90

/C ot (1) + 4fm) + F(d)) = — ") = 7

6 90
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4.2 Dr. Fejzi¢’s first proof of Simpson’s Rule

The following proof we will follow is the Simpson’s Rule for the error term using
one of Dr. Fejzic’s proofs and methods. Similar to the Midpoint Rule above, we will
compose the function, g(x) with Langrange’s Interpolation Error Formula and introduce

an unknown, k. The more concise version is posted on https://arxiv.org/abs/1708.07727.

Theorem 4.4. Let f be fourth differentiable on an open interval (a,b) and continuous
on [a,b]. Then fff(az) dr = @(f(a) + 4f(c) + f(b)) + E, where the error E =
—%(b —a)® for some ¥ € (a,b).

Proof. Let

E(x —a)(x —b)(x — c)z
J2 (@ = a)(@ —b)(z — c)a da

g9(x) = f(x) = p(x) = k(z —a)(z = b)(x = ¢) -

with F = f; (f(x) —p($)) dz and

— (g (x —b)(x —c) (x —a)(x—c) . (x —a)(x—0)
@) = ) e ha—o T Y et =0 T ae=y

For this proof, we will begin by checking that g(a) = 0, g(b) = 0, g(c) = 0, g is fourth
differentiable, ffg(a:) dz =0, [ g(z) dv =0, and fcbg(:t) dx = 0.

First, let’s check to see if g(a) = 0.

Let
~ ) — a(a b)la—c) (a—a)la—c) C(a—a)(a—b)
g(a) = f(a) f(>(a—b)(a—) f(b)(b—a)(b—c) f()(c_a)(c_b)
E(a—a)(a—0b)(a—c)a

(b—"0b)(b—c)
(a —b)(a—rc)

g(b) = f(b) = f(a)

—k(b—a)(b—=0)(b—rc) —
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When simplified, we get:

g(b) = f(b) =0—f(0) —=0-0-0

Thus, ¢g(b) = 0. We will next check to see if g(c) = 0.

— o) — fa (c=b)(c—¢) (c—a)lc—¢) . c—a)(c—0b)
g(C)—f() f( )(a—b)(a—c) f(b)(b—a)(b—c) f()(c—a)(c—b)
E(c—a)(c—=b)(c—c)c

—k(c—a)(c=b)(c—c) —

When simplified, we get:

g(c) = f(c)=0-0—f(c)-=0-0

Thus, g(c) = 0. We will now check to see if ¢ is fourth differentiable.

24F

(w (iv) —-0-0-0-0-—
(z) = [ () f;’(aj—a)(x—b)@—c)x dx

Thus, g is fourth differentiable. Next, we will check if fab g(x) dz = 0.

b b E(x —a)(x —b)(z — o)z
x) dr = x)—p(x)—k(r—a)(z—0)(x—c)— dx
[ @ do= [ (1) =pla) - ba—a)a-biz - e e o i)

Using the additive properties for integrals we get

/ dx—/f dac—/ dx—k/ab(x—a)(:):—b)(x—c)dac

E b
_ff(a: —a)(x —b)(x —c)x dx /a (w ~a)le ~b)(z ~ )z do

Integrating yields the following:
)+ 4f(c) / fla

[ o= [ -
;“)(f(a) HA5(0) + 7))

(b
Thus resulting with f;g(m) dxr =0 for any k € R.
Now we will show that there is k such that [ g(x) dz =0 and fcbg(:v) dr = 0.

¢ ¢ E(x—a)(x—b)(z— o)z
x) dr = z)—plx)—k(r—a)(x—b)(x—c)— dz
[ @) iz = [ (#@)=p() bz —a)a—ba =0 oo e o)

—0+
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Integrating this function gives us the following result:

c e (b—a) (b—a)* (23a + 7b)
/a o(2) da:_/a f@) do = =2 (55(a) +8(c) = f(b) ) — ke — E 60— )
Let ( ) ( )
c b—a 23a + 7b
R = / fla) de == (5f(a) +8f(c) - f(b)> P eh—a)

Then we have: .
¢ _ (b—a)
/a g(x)de =R; — k ol

This means that in order for facg(ac) dxr = 0 to be true, k = (g4_12§4. Now let’s check the

other interval:

[ o= [ (10)-pw)- bz -0 -pa - - LMDy,

Integrating this function gives us the following result:

b b —a _a4 a
[ ot = [ ao = E2E (= s+ s+ 570) -1+ BEEED
- ’ (b—a) (7a + 23b)
Y -
Ro= [ 1) e = B2 (= sla) + 8100 +570) + B =

Then we have:
(b—a)
64

b
/ g(z)dr =Ra+ k

This means that in order for fcbg(:c) dz =0 to be true, k = — (2f1§§4.

Since f; g(x) dx = 0 for all possible values of k, then let k = (24_15)14. Applying the basic

property of definite integrals we can rewrite f; g(z) dz as the following:

/abg(:v) dx:/acg(x) dx+/cbg(a:) da

And when k = (24_12)14, we have:

b
0:0+/ g(x) dx

Which could only mean that fcb g(z) de =0 when k = (gflz% also. This results with the

conclusion that:

R =—Ry
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Thus, [7g(z) dz =0 and fcbg(a:) dx =0 when k = (g4_§)14. From Lemma 1.16, we know
that there is a d; with a < d; < ¢ such that g(d;) = 0 and there is a dy with ¢ < da < b
such that g(da) = 0.

We will now show that there is a 1) with ¢ € (a,b) such that g™ ()) = 0. To do this, we

will prove the following lemma:

Lemma 4.5. If g is continuous on [a,b], where a < dj < ¢ < dg < b and g(a) = g(d1) =
g(c) = g(de) = g(b) = 0, and if g is fourth differentiable on (a,b), then there is a 1 with
Y € (a,b) such that g™ () =0

Proof. Since g is continuous on the interval [a,b] and differentiable at every point in
(a,b), where a < di < ¢ < d2 < b and g(a) = g(d1) = g(c) = g(d2) = g(b), then g is
continuous on the intervals [a, d1], [d1,¢], [c,d2], and [d2,b], and differentiable at every
point in (a,dy), (dy,c), (¢,ds), and (da,b).

By Rolle’s Theorem, since g is continuous on the interval [a, d1] and differentiable at every

point in (a,d;) such that g(a) = g(d;) then

g'(&)=0

for some & with a < & < dj.

Similarly, using Rolle’s Theorem, we also find that ¢’'(£2) = 0, ¢’(¢3) = 0, and ¢'(&4) =0
for some & with dy < & < ¢, &3 with ¢ < &3 < ds, and &4 with do < &4 < b. Thus, we get

9'(&1) =g (&) = g'(&) = g'(€a) = 0.

Let h(z) = ¢'(x). We know from the given that h(z) is differentiable on (a,b) and if
a function is differentiable on (a,b), then the function must also be continuous on the
interval [a, b]. Since &1,&2,&3,&4 € [a, b], then h(z) is differentiable on (£1,£2), (€2,&3), and
(&3,&4) and continuous on [&1, &, [€2, &3], and [€3,&4]. It has also been found above that
h(&1) = h(&) = h(&3) = h(&4) and by the Rolle’s Theorem, h'(p1) = h'(p2) = h'(p3) = 0
for some p; with & < p1 < &, a pa with & < po < &3, and a p3 with &3 < p3 < &4. Thus,
we have h'(p1) = h/(p2) = W (p3) = 0.

Let j(z) = h'(z) = ¢"(xz). We know from the given that j(x) is differentiable on (a,b)

and if a function is differentiable on (a,b), then the function must also be continuous
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on the interval [a,b]. Since p1,p2,ps € [a,b], then j(z) is differentiable on (p1,p2) and
(p2, p3) as well as being continuous on [p1, po] and [p2, p3]. It has also been found above
that j(p1) = j(p2) = j(p3) and by the Rolle’s Theorem, j'(¢1) = j5'(¢2) = 0 for some (3
with p1 < {1 < p2 and a (o with ps < ¢ < p3. Thus, we have /(1) = j/(¢2) = 0.

Now let k(xz) = j'(x) = h'(z) = ¢"(x). We know from the given that k(z) is differ-
entiable on (a,b) and if a function is differentiable on (a,b), then the function must also
be continuous on the interval [a,b]. Since (i,(2 € [a,b], then k(z) is differentiable on
(¢1,¢2) and continuous on [(1,(2]. It has also been found above that k(1) = k((2) and
by the Rolle’s Theorem, /(1)) = 0 for some ¢ with {; < ¢ < (o.

Thus, if ¢ is continuous on [a,b], where a < di < ¢ < d2 < b and g(a) = g(d1) =
g(c) = g(da) = g(b) = 0, and if g is fourth differntiable on (a,b), then there is a ¢ with
¥ € (a,b) such that () () = 0. O

Now we have the following result: g(a) = 0, g(b) = 0, g(c) = 0, g is fourth
differentiable, fabg(x) de =0, [Tg(z) dz =0, and fcbg(x) dr = 0. We also found that
there is a 1) with 1 € (a,b) such that ¢(*) () = 0.

We will now combine all of this to find the error term:
E

@)(z) = i) (z) — 0 — $24-0
g ( ) ( ) f:(w_a)(x_b)(x—c)m dx

Substituting x with 1 gives us:
24F

g™ () = f) () —

0= 1)~

Solving for the error term results in:

@) [
54 -/a(x—a)(a:—b)(x—c)xdm

@) (b-a)

E =

24 120
F () 5
2880 (b—a)
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4.3 Dr. Fejzi¢’s second proof of Simpson’s Rule

The second proof of Simpson’s Rule is similar to the Dr. Fejzi¢’s second proof

of the Midpoint Rule.

Theorem 4.6. Let f be fourth differentiable on an open interval (a,b) and continuous
on [a,b]. Then f;f(:v) dx = @(f(a) +4f(c) + f(b)) + E, where the error E =
—%(b —a)® for some 9 € (a,b).

Proof. Let

where

5= (@) - 160)) .

and we define I(z), p(z), and ¢(z) as:
(z —b)(z —c)

+ f(c

—
~

p(z) = (z —a)(z — b)(z — ¢), and ¢(z) = (z — a)(z — b)(z — ¢)? with ¢ = %L
We will first show g(a) =0, g(b) = 0 and g(c) = 0. Starting with g(a), we have:
E

P ae) dxtz(a)
E

0
f; q(x) dx

g(a) = f(a) —l(a) — kp(a) —

E
g9(b) = f(b) — L(b) — kp( )—qu(x) .
E
= f(b) — f(b) — _
(b) = f(b) P ae) do
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Thus, ¢g(b) = 0. Finally for g(c) = 0:

Thus, g(c) = 0.
We will also show that g is fourth differentiable and f; g(x) dr = 0. We will start with

showing that ¢ is fourth differentiable:
, oy a(—c+2x—b)_ (-c+2z—a) C(—b—|—2x—a)

E(z — ¢)(—42* — 2ab — ac + 3az — bc + 3bx + 2cx)
f:(x —a)(z —b)(x — )2 dx

— k(322 —2cx—2bx—2azx+bct-actab)—

2@ 2B 26
G@ =10 a0 a0  (c—a)e_b

B 2E(c? + 622 + ab + 2ac — 3ax + 2bc — 3bx — 6cx)
f;(z‘ —a)(z —b)(x —¢)? dx

+2k(a+ b+ c— 3x)

E(24z — 6a — 6b — 12¢)
ff(x —a)(z —b)(x —¢)? dx

g"(x) = () 6

24F
f;(l’ —a)(x —b)(x —¢)? dx
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Now we will show f:g(as) dz = 0.

/ — f'(¢) = f(a (C_b) _ (C_a) _
410 = 110 - 1) 5 D = iy
(zbt2c—a)
Ok ey sy

E(c— c¢)(—2c¢% — 2ab + 2ac + 2bc)
f;(:v —a)(z —b)(x —¢)? dx

—k(c* = bc — ac + ab) —

L plema)?

Rewriting g(z) with the &k value we found gives us the following function:

4(f(©b—a) = F(b) + f(a) E

b—a)? P -t

g9(x) = f(x) - I(z) +

We will let this be our g(z) for the remainder of this proof.
Since f; g(x) dz = 0, we will show that there must exist at least one point that makes

g(x) = 0, besides g(a), g(b), and g(c). To that end we will explore three cases.
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Case 1: ¢"(c) = 0. We will explore the case when ¢”(¢) = 0, which makes ¢ an inflection
point, where the function changes from concave up/down or vice versa. Since g(a) =
g(c) = g(b) = 0 and ¢ is continuous on the interval [a, b] and differentiable at every point
in (a,b), where a < ¢ < b, then by Rolle’s Theorem, there exists points (1 € (a,c) and
G2 € (c,b) such that ¢g'(¢1) = 0 and ¢'(¢2) = 0. And since ¢'(¢1) = ¢'(c) = 0= ¢'(¢2) =0,
then by Rolle’s Theorem again, there exists points p; € ((1,¢) and p € (¢, (2) such that
gd"(p1) = 0 and ¢”"(p2) = 0. But since ¢"(p1) = ¢"(¢) = ¢"(p2) = 0, then by Rolle’s
Theorem, there exists points & € (p1,¢) and & € (¢, p2) such that ¢”’(&) = 0 and
g" (&) = 0. Since ¢"' (&) == ¢""(&2) = 0, then by Rolle’s Theorem one last time, we
know that there exists a point ¢ € (£, &) such that ¢ (y)) = 0. If g (¢)) = 0, then

we can solve for E:

24F
ff(x —a)(z —b)(x —¢)? dx

g™ (@) = ) (y) -

24F

0=10w) - f:(a} —a)(z —b)(x —¢)? dx

O
51 /a (z —a)(z —b)(z — ¢)* dz

_ @) (b a)

E:

E 24 120
AR 5
~ gz 079

Case 2: ¢"(c) > 0. We will explore the case when ¢”(¢) > 0, which makes ¢ a minimum
and the function doesn’t cross the z-axis at ¢. The function g has to take on negative
values on (a,c) or on (¢, b) for otherwise if ¢ > 0 on (a,b), the integral f:g(x) dx, can’t
be equal to zero. Hence by Intermediate Value Theorem for g, there must be another
point, d such that g(d) = 0. Point d can either exist within the interval (a,c) or in (¢, b).
Suppose d < ¢. Since g(a) = g(d) = g(c¢) = g(b) = 0 and g is continuous on the interval
[a,b] and differentiable at every point in (a,b), where a < d < ¢ < b, then by Rolle’s
Theorem, there exists points, ¢; € (a,d), (2 € (d,¢c), and (3 € (c,b) such that ¢'(¢;) = 0,
g (¢2) =0, and ¢'(¢3) = 0. And since ¢'(¢1) = ¢'({2) = ¢'(¢) = ¢'({3) = 0, then by Rolle’s
Theorem again, there exists points p1 € ((1,(2), p2 € ((2,¢), and p3 € (¢, (3) such that
9"(p1) = 0, ¢"(p2) = 0, and ¢"(p3) = 0. Since g"(p1) = g"(p2) = ¢"(p3) = 0, then we
know from Rolle’s Theorem, there exists points &1 € (p1, p2) and & € (po, p3) such that
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g" (&) =0 and ¢"" (&) = 0. Since ¢"”"(&1) = ¢’ (&2) = 0, then by Rolle’s Theorem one last
time, we know that there exists a point ¢ € (£1, &) such that g(%) (1) = 0. If (™) () = 0,

then we can solve for E:

g(w) (w) — f(zv) (w) - fb(x ~ a)(inli‘)(ZE — 0)2 dx
. 24F
0= f)(y) — f;(x —a)(z —b)(z — ¢)? dx
Fa () b
E= / (z—a)(z — b)(a — ) du
o f(“’)(ﬂ}) ' —(b— a)5
24 120
B f(z'v) (w)
B=—"0m 0=

Suppose d > ¢. Since g(a) = g(c) = g(d) = g(b) = 0 and g is continuous on the interval
[a,b] and differentiable at every point in (a,b), where a < ¢ < d < b, then by Rolle’s
Theorem, there exists points, (1 € (a,c), (2 € (¢,d), and (3 € (d,b) such that ¢'({;) =0,
9'(¢2) = 0, and ¢'(¢3) = 0. And since g'(¢1) = ¢'(c) = ¢'(¢2) = ¢'(¢3) = 0, then by Rolle’s
Theorem again, there exists points p1 € ((1,¢), p2 € (¢,(2), and p3 € ((2,(3) such that
9"(p1) = 0, g"(p2) = 0, and ¢"(p3) = 0. Since g"(p1) = g"(p2) = ¢"(p3) = 0, then we
know from Rolle’s Theorem, there exists points & € (p1, p2) and & € (p2, p3) such that
" (&) =0 and ¢"”" (&) = 0. Since ¢"”"(&1) = ¢’ (&) = 0, then by Rolle’s Theorem one last
time, we know that there exists a point ¢ € (£1, &) such that g(%) (1) = 0. If (™) () = 0,

then we can solve for E:

g(w) (w) — f(zv) (w) - fb(x ~ a)(inli‘)($ — 0)2 dr
. 24F
) - e e
Fa () b
B=— / (z - a)(@ —b)(z — ) da
o f(w)(d}) ' —(b— a)5

24 120
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Case 3: ¢"(c) < 0. We will explore the case when ¢”(¢) < 0, which makes ¢ a maximum
and the function doesn’t cross the z-axis at c. Since f;g(x) dz = 0, then as in the proof
of the case ¢’ (c) > 0, by the Intermediate Value Theorem, there must be another point,
d such that g(d) = 0. Point d can either exist within the interval (a,c) or in (c,b).
Suppose d < c. Since g(a) = g(d) = g(c) = g(b) = 0 and g is continuous on the interval
[a,b] and differentiable at every point in (a,b), where a < d < ¢ < b, then by Rolle’s
Theorem, there exists points, (1 € (a,d), (2 € (d,¢), and (3 € (¢,b) such that ¢’(¢1) = 0,
¢'(¢2) = 0, and ¢'(Cs) = 0. And since /(1) = ¢'(C2) = ¢'(c) = ¢/(C3) = 0, then by Rolle’s
Theorem again, there exists points p1 € ((1,(2), p2 € ((2,¢), and p3 € (¢, (3) such that
9"(p1) =0, ¢"(p2) = 0, and ¢"(p3) = 0. Since ¢g"(p1) = g"(p2) = ¢"(p3) = 0, then we
know from Rolle’s Theorem, there exists points & € (p1, p2) and & € (p2, p3) such that
g" (&) =0 and ¢"”"(&2) = 0. Since ¢"”'(&1) = ¢"”'(&2) = 0, then by Rolle’s Theorem one last
time, we know that there exists a point ¢ € (€1, &) such that g(%) (1) = 0. If (™) () = 0,

then we can solve for E:

24F

(iv) ¥) = f(iv) V) —
7W) ®) f;(w—a)(x—b)(x—c)Q dx

2UE
0=71w) - fab(ac —a)(z —b)(x —c)? dx
@) [°

E= 52 /a(a:—a)(:z—b)(x—c)de

g "MW —(b-a’

24 120
AU C)
~5ss0 0

Suppose d > ¢. Since g(a) = g(c) = g(d) = g(b) = 0 and g is continuous on the interval
[a,b] and differentiable at every point in (a,b), where a < ¢ < d < b, then by Rolle’s
Theorem, there exists points, (1 € (a,c), (2 € (¢,d), and (3 € (d,b) such that ¢'({;) =0,
9'(¢2) = 0, and ¢'(¢3) = 0. And since ¢'(¢1) = ¢'(c) = ¢'(¢2) = ¢'(¢3) = 0, then by Rolle’s
Theorem again, there exists points p1 € ((1,¢), p2 € (¢,(2), and p3 € ((2,(3) such that
9"(p1) = 0, ¢"(p2) = 0, and g"(p3) = 0. Since g"(p1) = g"(p2) = ¢"(p3) = 0, then we
know from Rolle’s Theorem, there exists points &1 € (p1, p2) and & € (po, p3) such that
g" (&) =0 and ¢ (&) = 0. Since ¢"”"(&1) = ¢’ (&) = 0, then by Rolle’s Theorem one last
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time, we know that there exists a point ¢ € (€1, &) such that g(®) (1) = 0. If g™ () = 0,

then we can solve for E:

24F

(iv) Y) = f(iv) W) —
7w) ®) ff(w—a)(:v—b)(x—c)zdx

24F
f:(ac —a)(x —b)(x —c)? dz

0=f"() -

rw) [
52 /a (z —a)(xz —b)(z — ¢)? dx

@) (- a)

E =

E
24 120
FW) s
_ — b —
az0
From these three possible cases, we can see that no matter if ¢”’(c) = 0, ¢"(¢) > 0 or
g"(¢) < 0, the error term came out the same way: F = —%(b —a)®. And this
concludes the proof. O

4.4 Remarks on the three proofs of Simpson’s Rule

We explored three proofs on the error term for the Simpson’s Rule. The first
proof was Gordon’s which was similar to his approach on the Trapezoid Rule’s error term,
he began by proving a symmetric domain. It is important to note that in this paper I did
provide thorough explanations and steps that was not explicitly provided in his proof.
I did find that his proof was easy to follow, but just like with his other proofs, I didn’t
like that his proof relied on a specific situation, being symmetric, in order to formulate
the proof for the generalized case. The second proof we followed was Dr. Fejzié¢’s first
method. Dr. Fejzié’s first method is similar to how the proof of the Midpoint Rule’s
error term went with the inclusion of the k£ value that we had to find in order to make
[Y g(x) dz = 0 and fcbg(:c) dzx = 0. Unlike the Midpoint Rule’s proof, we had to apply
the Rolle’s Theorem multiple times in order to get our necessary result, g(®) (v) = 0.
Nonetheless, the skills needed to understand and complete this proof are the basics of
analysis, relying on algebra, basic differentiation rules, basic integration rules, Riemann
integral theorems, Lemma 1.16, and Rolle’s Theorem. This was a very straightforward

proof that an entry-level analysis student would have little to no problems understanding
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and following. The last proof was Dr. Fejzi¢’s second method. This proof follows the exact
same methods as the second method for his Midpoint Rule’s error term. I appreciated
the consistency the second method provided when comparing it to the Midpoint Rule’s

proof. It was the most simple and direct method that is ideal for undergraduate students.
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Chapter 5

ool

Error Term for the Simpson’s

Rule

The last rule we will analyze is the Simpson’s % Rule. We will follow two proofs

by Dr. Fejzi¢ and analyze each method.

5.1 Dr. Fejzié’s first proof of Simpson’s % Rule

Theorem 5.1. Let f be fourth differentiable on an open interval (a,b) and continuous
on [a,b]. Then fff(af;) dx = @(f(a) +3f(c) +3f(d) + f(b)) + E, where the error

B L0~ of forsome v (),

Proof. Since this rule involves four points, we will first split the function into two separate
pieces. For this rule, points a and b are the z-values for the endpoints of this function’s
interval. We will set ¢ = 2‘IT+Z’ and d = L;'“.

The first interval we will evaluate is [a,d]. Let

9(z) = f(z) — p(z) — k(z — a)(z — ¢)(z — d)—
Ei(x —a)(x —c)(x — d)(z — b)
[ (@ —a)(@ —¢)(x — d)(z —b) do

i (&= b)(x — )& — d)
z—b)(x—c)x—d

(x —a)(x—b)(x—d)

c—a)c—tc—a

(r —a)(x—c)(x—d)
EEAR (R R T
(x —a)(x —b)(x—c)
(d—a)(d—0b)(d-rc)

+/(c)
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and .
Bi= [ (f@) (@) da
We will show that g(a) =0, g(c) = 0 and g(d) = 0.

Ei(a—a)(a—c)(a—d)(a—0D)

a) = f(a) —pla) — k(a—a)(la—c)(la—d) —
o) = Jla) = ple) = Ma—a)la == d) = e e —b) do

Ei(c—a)(c—c)(c—d)(c—Db)

c) = f(c) —plc) —k(c—a)(c—c)(c—d) —
9(c) (c) = ple) = k( I ) ) fad(a:—a)(ac—c)(x—d)(l’—b)dx

Ei(d —a)(d — )(d — d)(d — )
d) = f(d) —p(d) — k(d —a)(d —¢)(d —d) —
o) = JUd) = pld) =M =)l =l =) = g e~ e —b) da

= f(d) = f(d)=0-0
=0

Next, we will show that g is fourth differentiable. Indeed

24F;
JH @ —a)(@ — o) (z — d)(z — b) da
Thus, g is fourth differentiable. We will also show that fj g(x) dx = 0.

d —a)(r —c)(r — T — T
/adg(x)de/ad(f(w)—p(x))dx_o_ElfadEfE )(z — )@ — d)(z —b) d

x—a)(x—c)(x—d)(z—Db)drx

9" (@) = f(x) =00~

a

:/ad (F@) = p@)) da—0 - By

[ (1) -pw) ao— [ () piw)) aa

0

Using the additive properties for integrals we get

/adg(x) da::/acg(:v) da:+/cdg(m) dx



and we will find k such that [ g(z) dz =0 and fcdg(a:) dx = 0.

¢ ¢ Ei(x —a)(x —c)(x —d)(z —b)
x)dr = x) —p(x) — _
/ag() / (#@) = pta) [ @ —a)(z — o)z —d)(z b) da

k(z — a)(z — o) (@ d)) dz

Integrating this function gives us the following result:

/ dx_/f ) da —

(38a+7b) (b a)*
" 16(b — a) 324

= (of(a) +197(6) ~ 51(d) + 1) +

Let

( f(@) +19f(c) = 5/(d) + f(b)) + Ex (368(6;9+ZI;)

Ry = /f

Then we have: A
¢ _ (b—a)
/a g(z)der =Ry — k 394
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This means that in order for [7g(z) dz = 0 to be true, k = 32481 Now let’s check the

(b—a)

other interval:

d d Ei(z—a)(x —c)(z —d)(z —b)
z)dr = flx) —p(z)— _
/cg() / (() p() [Ha = a)(@ — ¢)(x — d)(z — b) da

k(z — a)(z — o) (@ d)) dz

Integrating this function gives us the following result:

[ o= [ s

(b 72“) ( — f(a) + 13f(c) + 13f(d) — f(b)>_

(22a 4+ 23b)  (b—a)®
. 16(b — a) M
Let
d a )
Ry _/ f(x) (572 )<_ f(a) +13f(c) + 13f(d) —f(b)) _Elm

Then we have: 4 A
B (b—a)
/Cg(:c)dx—RQ—}—k: 391
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This means that in order for fcbg(x) dx =0 to be true, k = — 5’5_4531.
Since fad g(x) dx = 0 for all possible values of k, then let k = (?;)2—45%1' Applying the basic

property of definite integrals we can rewrite fad g(z) dz as the following:

/adg(a:) dx:/acg(:c) d:t:—i—/cdg(x) dx

And when k = (?})2:151, we have:

d
O:0+/ g(x) dx

Which could only mean that fcd g(z) de =0 when k = (31)2_46]3{1 also. This results with the

conclusion that:

Ry =—-Ry

Thus, [ g(z) dz =0 and fcdg(az) dx =0 when k = (3b2_4€1314_ From Lemma 1.16, we know
that there is an e; with a < e; < ¢ such that g(e;) = 0 and there is a es with ¢ < ey < d
such that g(e2) = 0. That leaves us with showing that there is a ¢ with ¢ € (a,b) such

that ¢(™)(¢)) = 0. To do this, we will prove the following lemma:

Lemma 5.2. If g is continuous on [a,b], where a < e; < ¢ < ez < d < b and g(a) =
gler) = g(c) = g(e2) = g(d) = 0, and if g is fourth differentiable on (a,b), then there is a
¥ with 1 € (a,b) such that g™ () =0

Proof. Since g is continuous on the interval [a,b] and differentiable at every point in
(a,b), where a < e; < ¢ < ey <d<band g(a) = g(e;) = g(c) = g(ea) = g(d), then g
is continuous on the intervals [a, e1], [e1, ], [c, 2], and [eq, d], and differentiable at every
point in (a,ey), (e1,c), (¢, e2), and (eg, d).

By Rolle’s Theorem, since g is continuous on the interval [a, e;] and differentiable at every

point in (a,e;) such that g(a) = g(e1) then
g(&)=0

for some & with a < & <ej.

Similarly, using Rolle’s Theorem, we also find that ¢'(£2) = 0, ¢'(£3) = 0, and ¢'(£4) = 0
for some & with e; < & < ¢, &3 with ¢ < &3 < eq, and &4 with es < &4 < d. Thus, we get
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g(&) =4 (&) =4(&) =4¢' (&) =0.

Let h(z) = ¢'(x). We know from the given that h(x) is differentiable on (a,b) and if
a function is differentiable on (a,b), then the function must also be continuous on the
interval [a, b]. Since &1,&2,&3,&4 € [a,b], then h(z) is differentiable on (&1, £2), (§2,&3), and
(&3,&4) and continuous on [£1, &2, [€2, &3], and [€3,&4]. It has also been found above that
h(&1) = h(&) = h(&3) = h(&4) and by the Rolle’s Theorem, h'(p1) = h/(p2) = h/(p3) =0
for some py with {1 < p1 < &2, a py with {2 < py < &3, and a p3 with {3 < p3 < 4. Thus,
we have h'(p1) = h/(p2) = W (p3) = 0.

Let j(z) = h'(z) = ¢"(x). We know from the given that j(x) is differentiable on (a,b)
and if a function is differentiable on (a,b), then the function must also be continuous
on the interval [a,b]. Since p1,p2,ps € [a,b], then j(z) is differentiable on (p1,p2) and
(p2, p3) as well as being continuous on [p1, p2] and [p2, p3]. It has also been found above
that j(p1) = j(p2) = j(p3) and by the Rolle’s Theorem, j'(¢1) = j/({2) = 0 for some (3
with p1 < (i < p2 and a { with ps < ¢ < p3. Thus, we have j'(¢1) = j/(¢2) = 0.

Now let k(z) = j'(z) = h"(z) = ¢"(x). We know from the given that k(z) is differ-
entiable on (a,b) and if a function is differentiable on (a,b), then the function must also
be continuous on the interval [a,b]. Since (i,(s € [a,b], then k(z) is differentiable on
(C1,¢2) and continuous on [(1,(2]. It has also been found above that k((;) = k((2) and
by the Rolle’s Theorem, /(1)) = 0 for some ¢ with {; < ¢ < (o.

Thus, if g is continuous on [a,b], where a < e; < ¢ < ea3 < d < b and g(a) = g(e1) =
g(c) = g(e2) = g(d) = 0, and if g is fourth differntiable on (a,b), then there is a ¢ with
¥ € (a,b) such that () () = 0. O

Now we have the following result: g(a) = 0, g(c) = 0, g(d) = 0, g is fourth
differentiable, fadg(:c) de =0, [7g(x) dze = 0, and fcdg(x) dxr = 0. We also found that
there is a 1) with ¢ € (a,d) such that g(®) () = 0.

We will now combine all of this to find the first section’s error term:

@) (z) = f)(z) —0—0— Z .24
ge) (@) [z —a)@— )@ —d)z—b) da
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Substituting x with 1 gives us:
24F;
[Ha —a)(@ —¢)(x — d)(z — b) da

0= (w)w _ 24F,
Fw) [H @ = a)(@ - ¢)(x — d)(z — b) da

Solving for the first section’s error term results in:

) [
52 /a (x —a)(x —c)(x —d)(x —b) dx

) 4 - a)f

g™ (@) = f)(y) -

By =

24 3645
£ () 5
51570 0

Now we will evaluate the second interval [d, b]. Let
Ey(x —a)(x —c)(x —d)(z —b)
[2@ —a)(x — ¢)(x — d)(z — b) da

/

We will first show that g(a) = 0, g(c¢) =0, g(d) =0, and g(b) = 0.
E< —a)(a —¢)(a —d)(a—b)
i - a)@— o — )@~ b) do

g(x) = f(x) = p(x) -

with

B Ey(c—a)(c—c)(c—d)(c—Db)
Ji@ = a)(@ = )(@ — d)(w — b) du

~ Ey(d—a)(d—c)(d—d)(d—b)
f;(m‘ —a)(z —c)(x —d)(x —b) dz
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_ Ex(b—a)(b—c)(b—d)(b-1D)
[2 (@ = a)(x — ¢)(z — d)(x — b) dx

Next, we will show that ¢ is fourth differentiable.

24F,
[2z - a)(z — ¢)(z — d)(x — b) dz
Thus, g is fourth differentiable. We will also show that f; g(x) dx = 0.

b N i@ —a)@ =)@ = d) (@ b) da
/dg(x)dw—/d (f(f”) p(x)) Eij(x_a)(x—c)(a:—d)(x—b)dx

= [ (1) -») - B2
[ (@ -p@) - [ (560 -pt)

0

) = f@) gy — 0 -

We know from Lemma 1.16 that there is a e with d < e < b such that g(e) = 0. We will
now show that there is a 1 with ¥ € (a,b) such that ¢ (y)) = 0. To do this, we will

prove the following lemma:

Lemma 5.3. If g is continuous on [a,b], where a < ¢ < d < e < b and g(a) = g(c) =
g(d) = g(e) = g(b) =0, and if g is fourth differentiable on (a,b), then there is a ¥ with
Y € (a,b) such that gt () =0

Proof. Since g is continuous on the interval [a, b] and differentiable at every point in (a, b),
where a < ¢ < d < e < band g(a) = g(c) = g(d) = g(e) = g(b) = 0, then g is continuous
on the intervals [a, ], [c,d], [d,e], and [e, b], and differentiable at every point in (a,c),
(c,d), (d,e), and (e, b).

By Rolle’s Theorem, since ¢ is continuous on the interval [a, ¢|] and differentiable at every

point in (a, c¢) such that g(a) = g(c) then

g'(&)=0

for some & with a < & <ec.
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Similarly, using Rolle’s Theorem, we also find that ¢'(£2) = 0, ¢'(£3) = 0, and ¢'(£4) = 0
for some & with ¢ < & < d, &3 with d < &3 < e, and & with e < & < b. Thus, we get

J(&)=9"(&) =4 (&) =9¢'(&)=0.

Let h(z) = ¢'(x). We know from the given that h(z) is differentiable on (a,b) and if
a function is differentiable on (a,b), then the function must also be continuous on the
interval [a, b]. Since £1,&2,&3,&4 € [a,b], then h(z) is differentiable on (£1,£2), (€2,&3), and
(&3,&4) and continuous on [£1, &2, [€2, &3], and [€3,&4]. It has also been found above that
h(&1) = h(&) = h(&3) = h(&4) and by the Rolle’s Theorem, h'(p1) = W' (p2) = h'(p3) =0
for some p; with &1 < p1 < &a, a p2 with & < pa < &3, and a p3 with {3 < p3 < &. Thus,
we have h/(p1) = W' (p2) = K/ (p3) = 0.

Let j(z) = h/(z) = ¢"(x). We know from the given that j(x) is differentiable on (a,b)
and if a function is differentiable on (a,b), then the function must also be continuous
on the interval [a,b]. Since pi,p2, ps € [a,b], then j(x) is differentiable on (p1, p2) and
(p2, p3) as well as being continuous on [p1, p2] and [p2, p3]. It has also been found above
that j(p1) = j(p2) = j(p3) and by the Rolle’s Theorem, j'(¢1) = j7'(¢2) = 0 for some (;
with p; < (1 < p2 and a (& with pa < (» < p3. Thus, we have j'((1) = j'({&2) = 0.

Now let k(z) = j'(x) = h'(x) = ¢”(x). We know from the given that k(z) is differ-
entiable on (a,b) and if a function is differentiable on (a,d), then the function must also
be continuous on the interval [a,d]. Since (1,{2 € [a,b], then k(z) is differentiable on
(¢1,¢2) and continuous on [(1,(2]. It has also been found above that k(1) = k({2) and
by the Rolle’s Theorem, k'(¢)) = 0 for some 1 with ¢(; < ¢ < (s.

Thus, if g is continuous on [a,b], where a < ¢ < d < e < b and g(a) = g(c) = g(d) =
g(e) = g(b) =0, and if g is fourth differntiable on (a, b), then there is a ¢ with ¢ € (a,b)
such that g(®) () = 0. O

Now we have the following result: g(a) = 0, g(c) = 0, g(d) = 0, g(b) = 0, g is
fourth differentiable, and f; g(x) dez = 0. We also found that there is a ¢ with ¢ € (a,b)
such that g(*) () = 0.
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We will now combine all of this to find the second section’s error term:

(@) () = fl0) (z) — 0 — £ - 24
g (@) [2(z — a)(@ — ¢)(z — d)(z — b) da

Substituting z with ¢ gives us:
24E,
[P —a)(w — c)(x — d)(z — b) da
B 24F,
[2@ - a)(z — )(x — d)(z — b) da

Solving for the second section’s error term results in:

F )
. -/d(x—a)(x—c)(x—d)(x—b)dx

) y) 190 - a)f

g () = f) (h) —

0= f()

2 =

24 7290
1950 (y) 5
=~ irage0 Y

Combining the error terms from the two sections gives us the following:

E=F + F
F) () 5 190 (y) 5
~ im0 P9 rage0 P
£ () ;
~“eas0 P~

This concludes the first proof.

5.2 Dr. Fejzi¢’s second proof of Simpson’s % Rule

Theorem 5.4. Let f be fourth differentiable on an open interval (a,b) and continuous
on [a,b]. Then f:f(x) dr = @(f(a) +3f(c) +3f(d) + f(b)) + E, where the error
E = —f(élg(ow)(b —a)® for some ¢ € (a,b).
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Proof. Similar to the first method, we will split the function apart into two pieces, [a, d]
and [d, b].

The first interval we will evaluate is [a, d|. Let

where 4
B = / (F@) ~ @) de
and we define I(z), p(z), and ¢1(z) as:

(x =b)(z —¢)(z —d) (z —a)(z—b)(z —d)
@ =1 e —oe—a e

(x —a)(z —b)(x —c) (v —a)(z —c)(x —d)
M —oa—na—o Yoo -—0n=-a
2a+b

pe) = (2~ a)(w — ¢)(x — d), and q1(x) = (# — a) (& — ) (& — d)(z ~ b) with ¢ = 252 and

_ 2b+a
d=2ta,

We will show that g(a) =0, g(c) =0, and g(d) = 0.

Eq
a) = f(a) —l(a) — — a
g(a) = f(a) —l(a) — kp(a) faql(x)dx(h()
= f(a) — f(a) — — &)
= f(a) — f(a) — k(0) T a(e) do
= f(a) — f(a)
=0
Ey
c) = f(e)=1I(c)—k - c
g(c) = f(c) —l(c) — kp(c) faql($)d$q1()
= f(c) — f(c) — — £
= f(c) = f(e) — k(0) o) de
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o(d) = F(d) = 1(d) ~ kp(d) — ————gu(d)
Ja 01(2)
By

= f(d) — f(d) — k(0) — 0

f(d) = f(d) — k(0) o) (0)
= f(d) — f(d)

Next, we will show that g is fourth differentiable.
24F,

9" (@) = F) () = 0= k(0) -

24 F;
fj q1(x) dx

Thus, g is fourth differentiable. We will then show that fad g(x) dx = 0.

/adg(x) dx:/d (f( ) —1(z) — kp(x)—delql(x)> "

fad q(z) dx
= ") -

7o (2) do
/ (f )dm—k/adp(m) dx—fj(:?;)cm/adql(x) dz

= [ (1@ - 1) @ k0 -

:/d(f dx—/ad(f(a;)—ux)) do

~0

Thus, fadg(x) dx = 0. We will now pick k such that ¢’(¢) = 0. Recall that g(z) =

flx) —U(z) — kp(x) — mql(a}) so that

B

fad q1(x) dx

Since p'(c) # 0 we can solve the last equality for k to obtain

g(e) = f(e) + () + gt i (©)
p'(e)

For the rest of the paper we will work with this value of k; so that in addition

g'(x) = f'(x) = I'(x) — kp'(x) - a0 ().

k:

to the previous properties of g(x) that we have established and that were true for any

value of k, we also have that ¢’(c) = 0 for this value of k.
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Case 1: ¢"(c) = 0. We will explore the case when ¢”(¢) = 0, which makes ¢ an inflection
point, where the function changes from concave up/down or vice versa. Since g(a) =
g(c) = g(d) = 0 and ¢ is continuous on the interval [a, b] and differentiable at every point
in (a,b), where a < ¢ < d < b, then by Rolle’s Theorem, there exists points (; € (a,c) and
G2 € (¢, d) such that ¢'(¢1) = 0 and ¢'(¢2) = 0. And since ¢'(¢1) = ¢'(c) = 0= ¢'(¢2) =0,
then by Rolle’s Theorem again, there exists points p; € ((1,¢) and p € (¢, (2) such that
g"(p1) = 0 and ¢”"(p2) = 0. But since ¢"(p1) = ¢"(¢) = ¢"(p2) = 0, then by Rolle’s
Theorem, there exists points & € (p1,¢) and & € (¢, p2) such that ¢”’(&) = 0 and
g" (&) = 0. Since ¢"' (&) == ¢""(&2) = 0, then by Rolle’s Theorem one last time, we
know that there exists a point ¢ € (£, &) such that ¢ (y) = 0. If g (¢)) = 0, then
we can solve for Fq:

24Fn

@) () = £V () —
7w) @) fad(x—a)(:v—d)(x—c)Q dx

N 24E
0= ) - fad(:v —a)(x — dl)(x —c)2dx

(iv) d
E, = / 24(1@ /a (z —a)(x —b)(z —c)? dx

g 1) 40— ay

24 3645
(iv)
B = _f218(71(b)) (b= a)”

Case 2: ¢”(c) > 0. We will explore the case when ¢g”(¢) > 0, which makes ¢ a minimum and
the function doesn’t cross the x-axis at c¢. Since fad g(x) dz = 0 then by the Intermediate
Value Theorem, there must be another point, e such that g(e) = 0. Point e can either
exist within the interval (a,c) or in (¢, d).

Suppose e < ¢. Since g(a) = g(d) = g(c) = g(e) = 0 and ¢ is continuous on the interval
[a,b] and differentiable at every point in (a,b), where a < e < ¢ < d < b, then by Rolle’s
Theorem, there exists points, (1 € (a,€e), (2 € (e,¢), and (3 € (¢,d) such that ¢’(¢1) = 0,
¢/(C2) = 0, and ¢/(G3) = 0. And since ¢'(C1) = ¢/(Cz) = () = g'(C3) = 0, then by Rolle’s
Theorem again, there exists points p1 € ((1,¢2), p2 € (C2,¢), and p3 € (¢, (3) such that
9"(p1) =0, ¢"(p2) = 0, and g"(p3) = 0. Since ¢g"(p1) = g"(p2) = ¢"(p3) = 0, then we
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know from Rolle’s Theorem, there exists points &1 € (p1, p2) and & € (p2, p3) such that
g" (&) =0 and ¢"(£2) = 0. Since ¢"”"(&1) = ¢ (&2) = 0, then by Rolle’s Theorem one last
time, we know that there exists a point ¢ € (&1, &) such that g(%) (1) = 0. If (™) () = 0,

then we can solve for Fj:

@) (3p) = £0) (3p) — 24E,
g) @) fad(x—a)(;v—al)(fn—c)2 dx
0= £ ) 24E,
®) fad(:c—a)(x—d)(a;—c)2 dx
F ()

B =

d
51 /a (z —a)(z —b)(z — ) dz
fW() —ap-a)’

24 3645
() 5
By=—"gg 09

Suppose e > ¢. Since g(a) = g(c) = g(d) = g(e) = 0 and g is continuous on the interval
[a,b] and differentiable at every point in (a,b), where a < ¢ < e < d < b, then by Rolle’s
Theorem, there exists points, (1 € (a,c¢), (2 € (¢,¢e), and (3 € (e,d) such that ¢'({;) =0,
¢/(¢2) = 0, and ¢'(Cs) = 0. And since (1) = /() = ¢/(C2) = ¢/(C3) = 0, then by Rolle’s
Theorem again, there exists points p1 € ((1,¢), p2 € (¢,(2), and p3 € ((2,(3) such that
9"(p1) =0, ¢"(p2) = 0, and ¢"(p3) = 0. Since g"(p1) = ¢"(p2) = ¢"(p3) = 0, then we
know from Rolle’s Theorem, there exists points &; € (p1, p2) and & € (p2, p3) such that
g" (&) =0 and ¢"(&2) = 0. Since ¢"”"(&1) = ¢ (&2) = 0, then by Rolle’s Theorem one last
time, we know that there exists a point ¢ € (&1, &) such that g(%) (1) = 0. If (™) () = 0,

then we can solve for Fjy:

g (V) = i) (¥) — fd(x - a)(;iEdl)(x —c)?2dx
. 24F
0= f( )(1/1) - fj(a: —a)(z — dl)(:c —c)? dx
(iv) d
E, = ! 24(1/]) /a (x —a)(z = b)(x - ¢)? da
- FO () —4(b — a)®
by = 20 3645
B _f(“’)(w (b— a)5

21870
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Case 3: ¢”(c) < 0. We will explore the case when ¢g”(c) < 0, which makes ¢ a maximum and
the function doesn’t cross the z-axis at ¢. Since fad g(x) dx = 0, then by the Intermediate
Value Theorem there must be another point, e such that g(e) = 0. Point e can either
exist within the interval (a,c) or in (¢, d).

Suppose e < ¢. Since g(a) = g(d) = g(c) = g(e) = 0 and g is continuous on the interval
[a, b] and differentiable at every point in (a,b), where a < e < ¢ < d < b, then by Rolle’s
Theorem, there exists points, (1 € (a,€e), (2 € (e,¢), and (3 € (¢,d) such that ¢'({;) =0,
¢'(G2) = 0, and ¢'(Cs) = 0. And since ¢'(G1) = ¢'(G2) = ¢/(€) = ¢/(Cs) = 0, then by Rolle’s
Theorem again, there exists points p1 € ((1,(2), p2 € ((2,¢), and p3 € (¢, (3) such that
(o) = 0, ¢(p2) = 0, and ¢ (ps) = 0. Since g (p1) = ¢"(pa) = ¢"(ps) = 0, then we
know from Rolle’s Theorem, there exists points &1 € (p1, p2) and & € (p2, p3) such that
" (&) =0 and ¢"(&2) = 0. Since ¢"”"(&1) = ¢ (&2) = 0, then by Rolle’s Theorem one last
time, we know that there exists a point ¢ € (&1, &) such that g(%) (¢) = 0. If g(™) () = 0,

then we can solve for Fq:

g (V) = i) (¥) — fd(x - a)(;i%)(x — )2 dx

. 24F

Ozf( )(¢)_ fj(gj—a)(ﬂ?_dl)(x_c)Q dx
Fa) () 4

Ey = 24 /a (z—a)(z —b)(z — ) dz

@) —4(b—a)®
b = 24 ' 3645
By = ~31grg (0 a)

Suppose e > ¢. Since g(a) = g(¢) = g(d) = g(e) = 0 and g is continuous on the interval
[a, b] and differentiable at every point in (a,b), where a < ¢ < e < d < b, then by Rolle’s
Theorem, there exists points, (1 € (a,c¢), (2 € (¢,e), and (3 € (e,d) such that ¢'({;) =0,
g (¢2) =0, and ¢'(¢3) = 0. And since ¢'(¢1) = ¢'(¢) = ¢'(¢2) = ¢'({3) = 0, then by Rolle’s
Theorem again, there exists points p1 € ((1,¢), p2 € (¢, (2), and p3 € ({2,(3) such that
9"(p1) = 0, ¢"(p2) = 0, and ¢"(p3) = 0. Since g"(p1) = g"(p2) = ¢"(p3) = 0, then we
know from Rolle’s Theorem, there exists points &1 € (p1, p2) and & € (po, p3) such that
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g" (&) =0 and ¢"" (&) = 0. Since ¢"”"(&1) = ¢’ (&2) = 0, then by Rolle’s Theorem one last
time, we know that there exists a point ¢ € (£1, &) such that g(%) (1) = 0. If (™) () = 0,
then we can solve for Ej:

24Fn
fad(:c —a)(x —d)(x —c)? dz

g () = F (y) —

, 24F
0= ") - :
(@ —a)(z—d)(z—c)?dz
(iv) d
E, = ) / (z —a)(x —b)(z — c)? dx
2%/,
_ ™) A —a)
24 3645
Fi) () 5
Ei=— b—
R TE I
From these three possible cases, we can see that no matter if ¢”’(c) = 0, ¢"(¢) > 0 or
g"(c) <0, the error term came out the same way: E; = —%(b — a)® for the interval

[a, d].
We will now evaluate the interval [d, b]. For this interval, we will let

Eyqa(x)

z)= f(z) —l(x) — ————
g9(z) = f(z) — (=) 7 o) do

with Ey = [* (f(ac) - l(m)) dz and ¢o(z) = (z — a)(z — b)(z — ¢)(z — d).
We will begin by showing g(a) = 0, g(b) =0, g(c) =0, and g(d) = 0.

Esqa(a)
a)= f(a) —l(a) — ————
g(a) = f(a) —l(a) 7 () do

= f(a) = f(a) =0
=0

Eaq2(b)
b) = f(b) —1(b) - ——"—
g(b) = f(b) = 1(b) 7 ola) do

= f(b) = f(b) =0

=0
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Esq(c)
90 = 100~ 1) = 2
— F()— f(e)— 0
=0
g(d) = F(d) — 1(d) — 2202
fd q2()
— f(d) — f(d) — 0

Next, we will show that ¢ is fourth time differentiable.

24F,

fd 2(x) dx
24F5

f; q2(x) dz

Thus, g is fourth differentiable. We will then show that f; g(x) dz = 0.

/dbg(x) dx = /db (f(a:) —(z) — m> dx

q2

) -

(1@
/db(f da:—Eg
(1)

’ f(x d:L‘—/j(f(m)—l(:U)) dx

g = i) () — 0 —

= f"(z) -

d
0

Since f;g(w) dx = 0 and we know that g(d) = g(b) = 0, then by the Intermediate Value
Theorem, there exists a point e € (d,b) such that g(e) = 0. This means that we have
g(a) = g(c) = g(d) = g(e) = g(b) = 0. Since g is continuous on the interval [a,b] and
differentiable at every point in (a, b), where a < ¢ < d < e < b, then by Rolle’s Theorem,
there exists points (1 € (a,c¢), 2 € (¢,d), (3 € (d,e), and {4 € (e,b) such that ¢'(¢1) =0,
§(G) = 0, ¢(C) = 0, and ¢/(Ca) = 0. Since ¢'(G1) = ¢(G2) = ¢'(Gs) = (Ca) = O,
then by Rolle’s Theorem, there exists & € ((1,(2), & € ((2,(3), and &3 € ({3,(4) such
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that ¢”(£1) = 0, ¢"(&2) = 0, and ¢”(&3) = 0. Since ¢"(&1) = ¢"(&2) = ¢"(€3) = 0, then
by Rolle’s Theorem, there exists p; € (£1,&2) and py € (€2,&3) such that ¢"’(p1) = 0
and ¢"”(p2) = 0. Since ¢"(p1) = ¢"(p2) = 0, then by Rolle’s Theorem, there exists
¥ € (p1, p2) such that () (1) = 0. If g™ (¢)) = 0, then we can find Fy:

() () = £ (3p) — | 24By
g ) ( f; QQ(QS) dx
. UFE
0= fi)(y)y— 72
®) f; q2(x) dx
195 () 5
=~ 71060 7Y

Combining the error terms from the two sections gives us the following:

E=F + Es
£ () 5 19f)(y) 5
~Sisr0 ¢~ 7age0 Y
() 5
= ~"e10 079

5.3 Remarks on the two proofs of Simpson’s % Rule

We explored two proofs on the error term for the Simpson’s % Rule. Unfortu-
nately, Gordon and Kincaid did not provide a proof for the error term of Simpson’s %
Rule. The first proof we followed was Dr. Fejzié’s first method. Dr. Fejzi¢’s first method
is similar to how the proofs of the Simpson’s Rule and Trapezoid Rule were conducted.
Since the Simpson’s % Rule requires an additional point, we had to split the domain’s
interval into two parts, [a,d] and [d,b]. This resulted with two error terms that needed
to be added together to get the final result. Nonetheless, the skills needed to understand
and complete this proof are the basics of analysis, relying on algebra, basic differentiation
rules, basic integration rules, Riemann integral theorems, Lemma 1.16, and Rolle’s The-

orem. This was a very straightforward proof that an entry-level analysis student would

have little to no problems understanding and following. The second proof was Dr. Fejzi¢’s
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second method. This proof follows the exact same methods as the second methods for
his Simpson’s Rule and Midpoint Rule’s error terms. Similar to the first method, we had
to split the domain interval into the two parts, [a,d] and [d,b]. Again, I appreciated the
consistency the second method provided when comparing it to the Midpoint Rule’s and
Simpson’s Rule’s proof of the error term. The repetitive, straightforward, and elementary
approach the second method provides for the proofs of the error terms for the Midpoint,
Simpson’s and Simpson’s % Rules makes it the most ideal candidate for being adopted

into elementary analysis books.
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Chapter 6

Conclusion

After replicating the available proofs of the Trapezoid Rule, Midpoint Rule,
Simpson’s Rule and Simpson’s % Rule provided by Kincaid and Cheney, Gordon and
Dr. Fejzi¢, one can see that there is an elementary proof for these rules that should be
published in introductory books on Numerical Integration. Dr. Fejzi¢’s proofs were the
most elementary and simple to follow, requiring only the basic properties of continuous,
differentiable and integrable functions. Not only that, he was able to produce a proof
for Simpson’s % Rule, which is uncommon. Hence, Dr. Fejzi¢’s proofs are the most ideal
candidates for finally introducing the proofs of the Midpoint and Simpson’s Rules into

introductory Numerical Analysis books.
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