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I thls th681s new art 1flclal neural netWOrk e
’f'methods that combute all eréenpairs‘of a‘matrlx.w1th.real‘ ff'
J:Veigehvalues'arezlntroducediand evaluated vThe“ba81cu B
ﬂ¢€learn1ng“ruie oresehtednrs used to frnd elgenpalrs f:h
?assoc1ated w1th both pos1t1ue and neoatrve elgenvalues
‘The above rulebrs‘extended to flndlhg all elgenpalrs‘r

7wemploy1ng as much parallellsm as poss1ble The algorlthms rt~‘

\jpresented_ape Serlal Deflatlon, Serlal plpellned deflatlong S

tuanddPafalleltpipeline The three algorlthms extract all“'m

of;elgenpalrs 1n order, and Parallel plpellne performs betterhh57"h'“

'hthan the other two It computes results faster and has theifﬁ

’yhlghest degree of parallellsm
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CHAPTER ONE Introduction

Computing the eigenvalnes and associated eigentectors
of a given-real matriivisjneeessatylin many sCientific
,disciplines,‘Tnis eemputation is impertant‘fer scientific
and engineering nroblens sucn.aSASignal proeessing, eontiol
| theory,‘and geephysics'[Zl].’fThe general~solutions>0f:v
differential equation sYstems often require‘knoniedée:ofsl’

the spectral quantities, i.e. the eigenvectors and

eigenvalues. Also, the meaning of the covariance matrix in S

statistics is most clear wnen‘the‘eigenpairS’afe knOWn;‘
Besides the standard-metnodstforscomputing‘eigenvaiues.andv'v ”
their_eigenvectors;;thete‘is'afgreat_interest in eomputingiln‘
eigenpairs using neural techniques [9]e[101;f[i7j;[21]} |
Thé’word'eigennaine:derives from the,ée:manewerd:
eigenwert; eigen”meénsipeCuliar;charaeteristie and wert
means value,’An ei§enValné-is one‘of tnose speciai values
of a parameter.inta:particular equation for-whichfthe
equation has a sQlution. Specifically,ithe'nentriviai‘

solutions of the'equation Ax = XxiWere intredupedabyt‘

Lagrance in 1762 to solve systems Qf differentiaifequationSif_‘d

with constantQCoefficients.v The nonzero solutions are the

eigenvalues, and the term was introduced by Hilbert in 1904



to denote a property of integral»equations.' Later on,
eigenvalues became attached to matrices [11]. In the case
of a differential equation, a single-valued, finite, andv
continuous solution is found only for particular values of
a parameter and these are the proper-values orveigenvalﬁes
of the differential equation. Detailed mathematical

definitions are given in section 1.1.

1;1 Computing eigenpairs: hackground'

Findingvthe’eigenvalues of a square matrix is a
difficult problem.that arises in a wide variety of
scientific applications. The solution of many physical
problems requires the calculation, or at least estimation
of the eigehvalues andxcorrespondihg eigenﬁectors'of a
matrix associated with a linear System of equations. A few
definitions are necessary to‘better understand the problem.

Definition 1vanonzero vector x € R” is an eigenvector
(or characteristic~vector) of a square matrix A € 9f’x" ifl
there exists a scalar A such that Ax = XxilTheh_X is an
eigenvalue(cr characteristic value) of A [1]..

In other words, a number X is'an eigenﬁalue cf the

nxn matrix A if and only if the homogeneous system



(A - AD)x =‘O

has nontrivial~solutions; Furthermore, the nont:iﬁial'
solutions of the above equation ére the eigenQeCths?of'A"
associated with eigenvalue A. So, ih ordef fobéompute'the
eigenvalues and eigenvectors of a given n‘xll mattix A,:we
must solve the systeﬁ_Ax ;‘kx = 0. The matfix‘fbrﬁ of this
véquation is in Définition 1!

Definitioﬁ 2 If A is a real n x n matrix, the-

polynomial defined by

p(d) = det (A — AI)

is called the characteristic polynomial of A [8].
Definition 3 If A is a real n xn matrix, the equation
defined by

det (AT — A) =0

is called the characteristic equation of A [3].
It is known that p is an nth-degree polynomial with
real coefficients and, consequently, has at most n distinct

roots; some of these roots may be complex [8].



~ zero eigenvector 1

- an eigenpair..

© denotes the inner product operator.
. Definition 6 The distance between vectors -

| asfined tobe

g, v) = Ju - vl = o, - v @ -

. Definition 7 The largest in magnitud







x+y =0
Thisvgivés:phe\rélatibn"y'= -x which‘in’turn_shbws’fhat'
[1 -1]" is an eigenvector for A = 2.

We’can}summariZe Qur'fihdings by writing that A = cpc !

ol o1l
Qhere'therdiégonél_entries ofiD‘are the eigenvélueS of>A,'
‘ and the cdluﬁn VeCtbrS of C ére their ¢orreSponding  
eigenvectors.,Thisvexamble Was takeﬁ,from [8];

The thfee:typesof;matrices are mentioned or uSed in
this thesis‘aré_syﬁmetric; pdsitiVé—definite, and positive
semidéfiﬁit§,  |

‘Defini£ion 9: Abéquare matfix isrsaid:tQ bé.éymmetric
if its elements ére éymmetric about the diagbnalL'That isr
to SayvAn;é'Aﬁ_fof all i and 3.

DefinitiénvloiaA matrix A i$‘§05itive definiteiiﬁ»_"

v (A§)o;v'>-o  . :
~ for all.véétoréLQ ¢‘O.;Alf’ﬁigenValuesvOf é pqsiﬁivé
definite maf:ix_éré;pbéitive..’ |

Definition 11: A matrix A is positive semidefinite if



(Av) e v > 0
for all v # 0.
The eigenvalues from-theseithree kinds of matrices arev.

real numbers.

1.2 Using neural networks to compute eigenpairs

Artifrcial neural networks.(ANN) are aegrowing part of
the study of artificial intelligence and are intended to.be-
a link to true biological maohines [161.‘In order=to‘bﬁild
vlntelllgent machlnee, the naturally occurrlng model is the
human brain. For that purpose, one of the flrst thlngs
that,comes to_mind is simulating the function_of the brain
directly on a computer. " Computers today have’remarkable
abilities including the.ability to store‘vast quantities of
information and perform exteneive arithmetic;caloulatiohs-
without error.‘ Their c1rcu1ts operate very fast, .ahd
humans cannot approach such capabllltles [16] ' On the other
hand, computers cannot efflclently perform simple everyday
tasks like walking, talking, natural language processing,
and common . sense reasoning;‘_Current artificialx
intelligence systems cannot do any of these tasks better

than humans.



The‘need for a pﬁocessor that hés the fﬁnctiéhélit?ldf
the human bréin and the speed of a Computer attracted ana |
still attracts many'reseércheﬁé to ANNS [;9].'An artificial -
neﬁral network is a machine or algorithm modeled after>ﬁhe'
design and:function of the braiﬁ;'For thekmost'paft,.neuial
network architéctures‘are hot meant to‘duplicate the
_operation of the human brain, buﬁ to receive iﬁspiratién

from known facts about how the brain works [16].

Figure 1. Simple feedforward neural network

Output layer —»

weights

Optional
Hidden Layers

Input Layer —p

ST S



ln general, a network conslsts of manyvslﬁple
proceeeors, also known as nodes or neurons,‘that are. llnked:f
' together in layers.fThere are input andvontput layers,‘eachlf
contalning any‘number'of nodesl As.illuetrated in Figure l;
there can be a number of:hiddenrlayere separating'the_lnputr
from.thebontput, also’containinc'antarbitrary’number of 
- nodes. Each node“containe eome emall'amount'of.data andVﬁ
each link between the nodes haS'a»raluef(weightf assoclatedqu
‘with it,'ae shown}in.Figure‘l, The’conceot of tne'”ﬁ
biologicalAmachine Stems fron'the‘idea that tne input.nodee
are equiralent to neurons, and the‘linke are equivalent to.
tne synapses plus‘aXons. |

The network is trained in a way that the neights are
modifled until the ANN, for‘a given inout,rproddceslthe:
correct or most,correct‘output. This‘training can be_done
using either supervieed‘or unsnpervisedvlearning,.An'ANN
- ~undergoes supervisedvlearning'wnen the input Vectore‘and'
- the corresponding:ontput'vectors are uSed.‘In”é‘WaY; there
is a teacher to guide the'network:to,the correct output.

Learnlng in snperV1sed networks is often times
achieved by a method called back propagatlon‘ The\
"dlfference ‘between the de81red and actual network outputs-

is ObServed, then the.network is}modlfled,vand_the



"7:5uﬁput;fUpfofﬁuﬁételypﬁbédk prpagéplQngha F

;Firéfjit:is}SIéw;réeCQﬁdly itaLSﬂdiffic 1t to




approach for'solving,fealhtime.computafional:problems [9lf ,

[21].

1.3‘Review offprevious work

vin unsupervis¢d learning, a neuralxnetwork must
discoVerbfof ;téelf'patterns, regularities, féatures;
Cofrelations;’or categorieé éf the input data and céde'for
them in the Qutput flg]. While discovering these, the
nétwotk Chéngés its pa£ameters, a process calléd>self—
organizatibn‘{iO].. |

Assqming we have an input vector wifh componentslgi;fand ‘f‘
~“each Comﬁonent has a‘weight.wi-assoéiated withvit; \If we 
considér tﬁevsiﬁplest case of a single linear unit, its

scalar output V is
V=Ywé =wE=Ew (D)

where w is the weight Vector; The network architecture is
' shown in Figure 2. Hebbian learning, a fundamental learning

mechanism [10], is represented'by’this-learning rule}."

Aw, = Ve, (@)

11



'”’hWhere:ﬂ is.the.1earning"rate)*a'small”positivefconstant;[ R

j“The product Vf 1s the standard Hebb rule and E *ﬁreéén“°

' form.or;another'ln

vpresented 1n thlS the51s (sectlon-zrl).

‘Y;Flgure 2 Archltecture for 51mple hebblan learnlng

any learnlng rules, 1nclud1ng the oneff'fw‘7

"Tfh The problem here 1s that the welghts keep on grow1ng ihda 2

,,anthout bound and learnlng never stOps [10] To av01d thls;p‘“'”

‘Oja [13] added welght decay proportlonal to the square of ,f;' -

i pethe output V’ to the plaln Hebblan rule

 0ja's rule above causes its weight vector to converge to

 the eigenvector that corresponds to the largest eigenvalue =

Kmaxof matrlx C, theCOVarlance matrlxofthe data set [13] o




Several researchers have extended Oja's.

.f[lo],[18]—[19] Sanger s rule [18],.for ex‘mp

‘-M‘principaleOmpéﬁents;: The updated rule 1sQl7:

_fhis rule:is;mésgroften'used;inrapplioationél
dievrobuStﬂand3also7extractsfthe principai'oompone"g
f[lnd1V1dually in~ order [10]

Georglou and Tsal approached the problem of;‘l

hthe elgenvectors of a symmetrlc p031t1ve deflnltezma-rlxd

d_v(w1th neural;netWOIks)xinﬁa'n0vel,

‘hmatr;x}{»s5randomly generated and then the_APEX,

5”Jneuralﬁarou.“ecture and algorlthm 1s used to extra'

. cigenvectors [20]. i

ﬂInlthe,aboVeLStudies; learning*rﬁies*are}apdlied'ton

'f”ﬂthe5o0ﬁariancefmatrixuOfftheidétég(P‘4%“

 eigenvalues and eigenvectors extrac



’ covariance‘matrix.iiﬁ this theéis, thé'direét problemiis
| investigatedf given a matrix A,'find;ail eigenvalues:and
éséociaﬁed eigenvectors”of.A,_ |
In [17],‘a dynamidai‘méthodbthat ﬁroducés_estimateg of

real_eigeﬁvectors and»eigehvaiues waébpreseﬁted.vThé
technique proposed is applied'to eétimate eigenspéCtra'of
 reai>n—dimensional k-forms. Their‘approach'waé based on a
spectral splicing property of the line manifolds often
found in solutions of polynomiéL differentiél‘equations'
[177. | | |

. In [21], é dynamiéal syStém for computing the  
eigenvéctorsfaséoéiated with‘fhekhmx of a positi&e definite
matrix A 1is describéd. They ﬁéed'the fule::

dx

—— = Ax - f(x)x (5)

dt
where x = (X, X, ..., x,)" € R" and function f(x) satisfies
certain assumptions [21]. As‘it-is‘mentionéd,in the same

paper, the.first’term on the“right—hand side in equation 5
- can be considered as theMStandardeebb‘rule term. (equation
1); and the second term acts to bound the length ofvvector

x [21].

14



Also},in:f21] i$’mentiQnéd ﬁhqtffégga;¢her$.héﬁéii}
© looked at the cases where fix) - x*Ax and £(x) = x'x, using
positive definiﬁe natrices as inpuﬁf :

Samardizija and Watériand}ih:;iji pr§poSé $igﬁ5;  l_*v
reversal,to obtain négatiﬁe”eigéﬁQéiﬁés:}use |

‘ggz = Ax — (x"x)x for positive eigenvalues and:

ax ‘ Lo e
— = -Ax ~ (x x)x for negative. -

In this thésis;}we find_negativé‘eigénvaluésvéﬁd\fheir
- associated eigenvectors‘wi£h¢ut §i§ﬁ £é§erSal; " ‘
Statement of the piobleﬁ:USe é'newneﬁréi.netw§rk'
algorithmvtO compute alleigenpaifé,of a éYmmétriCimatrix
(i.e., with real eigenvaluesj;' |
1. Introdﬁée a new léarning rﬁie to find_éiggnpairS'
‘ associatea‘wifh both posiﬁiyéand-negativé1 '
éigenvalues. |
2. Ihtroduce algorithﬁs that extéﬁd thé newzrﬁle above
to'be able tb find all éigehpaiESaémplpyiﬁg éé much
‘pérallelism as pOSsible;‘ The a1gdrithmsHto‘be
explored are:
a. Serial Deflatiqn 

b. Serial—pipelined'deflation

15
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1 4 The31s prev;ew 5?

Chapter Two of the the51s presents the theory of thef7hi

“ 1f7p;, newsruleslandgthe;newyneural]algorrthmsfthat solye the;é

[T eigenvalue—eigenvector,problemfgiVehfa”matrix;A.:gThej§rgf

"‘mathematlcal foundatlons, theorems'Qandfprébefaref7'

| presented and discussed.

- To be more specific, equation (5) is used in [21] to

compute the eigenvector corresponding to the largest

| eigenvalue of a positive definite matrix A, i.e. all

"“éigthaiues ef”AYareepositive;fihrthis theéiS;'equatienj(Syifxf

'Vls modlfled to compute elgenpalrs of a real symmetr;c

i':Hfmatrlx; The,onlyillmrtat;onghowﬂ‘s that matrlx A sho Id.

'fT"jfhave real elgenvalues ‘Al ~b s;desﬁegmpgt;hg~ther*




iS’introduCed'to extract all eigenpairs in paréllel—like
fashion. Léstly;,a thifd; even more efficient algorithm
‘(Parallelépibeline) is used tQ extract all eigenpairs in
parallel fashion.

In Cha?ter Thrée the specifics of the‘impleﬁentation
method and the software simulation aspects are presented.
In Chapter Four the computer simulation results are
presented and discussed. In Chaptef Five Conclusiqns are

drawn, and in Chapter Six future studies possibilities are

outlined.

17



CHAPTER TWO The new learning rules and'algorithms_' v'

‘This chapter containsvthe-hew learning rules and ,TJ;'

algorithms of this thesis. The proposed leafﬁing‘rule and
its derivation are presented in section 2.1. Inithe &’
derivation, Lagrange multipliefs:are used [2]} Thié methoav;
is suitable for solving optimization problems»like.the Qﬁe ‘
in section 2.1. y

Next, in section 2.2,>the three new méthéds (Seriéi
Deflation, Serial-Pipelined deflation, and Parallel—_ 
Pipeline) for extracting all’eigenpairs and theif7
derivations are presented and discussed. The deflation”"
theorem from numerical analysis in 2.2.1 was taken from j»T‘ 
[6].

In the Parallel-pipenine pipeline section (2;2;3),vwe
extend Ax = 7(Ax — (x'Ax)x) | to a riule that extracts .all’ -
eigenpairs. Sanger [18] extended Oja's‘rule (equation74)'_
~to extract all eigenpairs of the covariance matrix (Whiéh
is‘always positive semi—definite) of thé'given data
vectors, whéreas we extend Ax = mAx‘—(xTAth to compuﬁe_ail'
eigenpairs of a symmetric matrix; A
Sanger's rule kequation 55 uses the Gram—Séhmidt

orthogonalization procedure (well known in linear algebra

18
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'E,[11;[31)jto expahd;Qjafs§rg1§g*ij i

uses only local_cémputatiéhs, a ¢h§faEﬁ¢ti tF*

* technique [6] of finding successive

i‘ééch'gigenvéctorfdeﬁendéfonﬂthé 
'ffthét computétioﬁ‘iSfﬁotjddﬁe;in

fl<Qeflation; but in;a_mbre paréLle

2.1 The modified learning rule
A square matrix A is the input to the new learning

" rule. The only restriction on A for this rule is that A is

' a square matrix with real eigen

" computes the largest positive o lest ‘negative

eigenvalue and associated eigenvec

1f initial}valde Ofithe'p£Qduct k?Ax\

. let A e ®"*"Dbe a square ma ith real eigenvalues. -

 The scalars Aminneg 2Nd. Amaxpos denote st negative and

‘,7thé largéstjpositive_eigéﬁvélue of” 4eépe§tivelyﬂiif;éuqh




' values exist). In the case that A does not have any

ol

 and the learning rulée






V,E = —2x"Ax (Ax — 1x)
The gradient abové'can'be written in dynamical system form

as:

t

Vv * = x"Ax (Ax f(xTAx)x)
or ‘as the learﬁing rule;
Ax = n(x"Ax) (Ax - (x"Ax) x).

,252 Fiﬁding all eigenpairs

An'n x n matrix A.has precisely n, not necessarily
distinct,'éigeﬁvalueé that are roots of the polynomial
p(k)‘=.det(A - AI). In theofy the eigenvalués are obtained
by finding the n rooté éf.the characteristic polynomial
p(A) . Afﬁer‘thié, the‘assbciated linear. system must be
solVed tQ]find the‘correSponding eigenvectors. 1In
 prac£ice, finding eilgenpairs is not that simple. vThé
‘characteristié polynomial is diffiéult to obtain, énd
findingbthe roots‘of an nth4degree'p01ynomial can be
'difficulﬁ uniessiwe deal with small values of n. This
leads‘fo the necéséity of cdnstructing approximation
téchniquesvand algorithﬁs to fihd eigénvalues and the
associated with them'eigenvectors. Many éuéh matrix

algebra iterative methods exist. One of the approximation
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techniques that will be used here is the deflation

technique.

2.2.1 serial deflation
In general, deflation'techﬁiqueé involve forming-é‘

new matrix B from the original mat:ix A whose_eigeﬁvalues,
are the same as those of A with the exception that thé
dominant.eigenvalué of'A is replaced by the.eigenvalue O.in
matrix B. | |

Deflation theoreﬁ from”nume:ical analysis: Suppose
that A, A2, ... , Ay are eigenvalués of‘A with aséociated

eigenvectors vy, V2, ... , Vg, and that A; has multiplicity -

one. If x is any vector with the property that x'v,, then

B =A - Av,x" (12)
is the matrix with eigenvalues 0, Az, Az, ..., Ay and
associated eigenvectors vi, W, Wi, ... , W, where vi and w;

are related by the equation
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for each i = 2;‘3,-.;.,”n.

The idee is to firstvfind'k;and iﬁs aeeeciafed
~eigenvector wv; using the learning rUleVOf eqeatioﬁ‘7; Then,
deflate matrix A using equation 12‘s£ore the’resﬁlt back to
A, and iterate the rule again to find the A, - v2eigenpair :
and continue like that until we extraef all»eigehpairspiIf
the matrix has negative eigenvalues (?u_mi,meg exiets); we can
also work backwards starting from Kn=‘kmM% and by deflating

A and iterating the rule extract the eigenpairs in reverse

order, from A, to A;.

S 2.2.2 Serial—pipelined deflation

Next step of this research is to cast the.seriai
deflation process as a neural network. To do that, we need
to construct an algorithm that eXtracts ail-eigehpai;s in

parallel fashion.
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Table-l.‘The Seria;fpipeliﬁed deflatibn‘algbrithﬁ —

Declare- ) ,
Ay,BAy, ... A, 1 n X n matrlces . : ,
X0, X1,.-. sXy D 31ze vectors randomly 1n1t1allzedg
2h,ng.Q. 7 real learnlng rates ‘

| While not all have converge

'Begln
Aon = ﬂo(on'onAo-) (onao = (xiovonbAp,_ Ao)' '.
A, = A, - (xivoxA"o.),on‘xi ’ '

AxAl"— nl(x A x, )(‘lflé{Al'—. (x Ax )xAl)
A, = 1-\.1 - G{ A.x ):: x

_ T ; . . 2! T : . ’
AxAn—l - 771"‘—1(xAn—lA_n_l}:An—l) (An'_len—l - (x]_\n—lAn_lgAn—l %An—‘l) X

_ LT . R T
A, =A _, - (xAn_l_An—len_bl)xAn_le’

n-1

axy = A x, ) @x, - (xLax, k)

End

To introduce parallelism to seriel defiétion, instead
of deflating‘matrix‘A wheﬁ oee‘ef_the eigenpairs has been
completely computed, we deflete by a small”quantity.after
each iteration. We need to iferate as many leerniﬁg rules

as the number of eigenpairs (n) that we are extracting.

25



For each itération: aftér‘a rule has beén ﬁpdated,
-"parfial; deflation takes plaCe. Table’l contains‘thé
algorithm;ﬂeeded to iﬁplementserial—pipélined.defl;tion in
pseudo code. 'ACcdrding tothe»siZejofiﬁhe maffix used, ‘the
correspondinq humber~0f'lea£ning.rules is used>toiextract‘

the eigenvalues and eigenvectors.

2;2.3 Parallel—pipéiine rulé |
In this éection wé propése a‘new fulé:thatvéxtehds the
~,ba§ic rule: - |
- Ax = n(Ax - (x” Ax)x) | o ’j_(i3>,, ‘
'that is used for extractign:of only'oﬁe; the.dominant,
éigenpair; |
The new'rﬁle is:

ax, = Ak, - Y Ak R, (14)

! . k=0 : . o

where“ﬁ > O?iéifhe leérning.réte (atsméil‘positije'
cdnstanti; A is_a’giVenvﬁ x11‘positive semifdefinite matrix?
ana»k;fi S i < ﬁ}bare fhé eigenvecfoﬁé/ és column vectors,
ordefed'by aécreasing'imporﬁaﬁce;NOtiégthét for i = 1 the

new rule collapses to the‘basicvfulé~Qf'equaticnr(13).
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| The parallel pipeline rule uses only local

B coﬁiput‘-a‘fioﬁs’; a ceharaic't*effis‘ti_c{i* that makes it attractive for
afneural networks appllcatlons Anothérﬂcharaoteristic'isf"
'T*that computes all elgenvectors at roughly the same tlme

A;correctrOnyto“the;elgenVeCtors;1s;made-at:eaoh 1terat;onﬁ,"

1f'fiuntil“allfoonvergé‘toftheir truefvalues;*‘fVJ'*V'“'

Stlll each elgenvector depends on the prev1ous one,‘
'”ffibut now the computatlon 1s done 1n a. way more parallel than

u'serlal plpellned deflatlon

T 2 2 3 1 Der:.vat:l.on of parallel-p:l.pelzl.ne rule v

The new rule 1s derlved us1ng Lagrange multlpllers and'
"fmathematical,1nduction~ ThlS rule and the ldea to use v

~.Lagrange multlpllers 1n the derlvatlon are due to Dr -

- ;tGeorgloub Supposed that the flrst 1 1 (most-domlnant);:a

"¥;fnormallzed elgenvector'x""V-nb-

:i;elgenvectors of A have been obtalned and are normallzed

xl, ;:,2,», =,' x‘i_;l Th‘e:;p_rob,lém;f now ‘;zs to Find “the -ne'xt-‘ R

fh]{optlmlzatlon one and solve 1t w1th the method of Lagrange

'fmultlpllers;f The objectlve functlon we would llke to

maximize is

fwefoaStgthe*problemﬁaS}ah*Qg"



and the constraints are:

x;x, =0,1< k<1 - (17)
Equation (16) ensures thét x is normalized‘aﬁdiequation
(17) that‘x is orthogonal to all previbus éigenvedtofé.
’:Using.Lagrange'muitipliers A, 1 £k £1i for the
constraints, we form a new fuﬁction‘that‘we

would like to maximize:

’ : i-1 - '
G, Ay Ay o on s Ay) = XTAX, + 2 ) A xix, + A (xix, — 1)  (18)

k=1 :
The gradient of function G with respect to all variables

must equal zero at the extremum:

i-1 .
V.G =Ax, + > Ax, + ALx, =0 (19

= k=1
Left multiplying Equation (19) with x!, and using |
constrains (16) and (17), we obtain |
2, = —x'Ax, (20) -
Left mﬁltiplying Equation (19)7successively by
‘ xf,xg,...,xid, and agaiﬁ using constraints (16),N(17) the7
following results:

1

A, = —x;BAx,, 1 < k <1 21)
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Substituting the A's back’to eqﬁatiéh‘(19),,the]§radient now
becomes:

V.G = Bx, + ) (x,Ax)x, — (x{Ax,)x, (22
. k=1 - ) Lo

Which can be written more compactIY;as

‘ inG' = Ax, + 2 (:Ef{‘Axi)x;(. .. ‘j~j'(23)
k=1 R i S
Thus, using gradient asdeht, we wriﬁeifhé new’iearﬁingl
rule: |
Ax, = niAx, - ‘Z(xiAxk)xk),, @ R
: k=1 E o L
which the same as Equation (i4);*,vi
- We note that for i = 1‘equation (24)i#éduées‘toithé basié
rule of equation (13), which will,con&érgé'to‘the>mo$t
significant eigenvector, and thus the‘maghematical
induction is complete.
vSince less significaﬁt‘eigeﬁvectbréidéﬁeﬁd on the mdfé
significant dnés, it is égpeéted thaﬁi#he:ﬁérefsignificant
ones will converge faster. Iﬁ pracﬁiceiwe_noti¢ed that the
more sigﬁificaﬁf ones converge.alméét at the'Séme‘time~erb
square symmetriélmatrices of dimension thréé‘aﬁdufguiﬁéﬁd

faster for higher dimension matrices.
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o ?' ‘ 2.2.3.2 Relatlng par vlzlvé".l“ﬁ'PJ‘#P%

. 'The new rule is analogous

By applying the expe

~ its relationship to



esults with ideal

 generate the graph

 gnuplot was used. It should be noted that implementations

iables that

- implementation of -

usual problem is




. random symmetric to avoid:

o to;bnunneg- If )\’m » neg doesnot eXiSt ,4 y

. Depending on the variable

 should be computed are

~eigenvalues.

% = xIAx, must be

. automatically £inds: Amspos: ALSO, 1f Anagpes does not exist -

 _thenlweffih§2%ﬁﬂﬁafinété3dr;

a- b'fhe;aig tiﬁhmfﬁsed éeruCes;:ésleg,; 5 f

;4Sidf mé£ri¢éSrwithTQbmbléxfi3? ,:gi?w

. If we want to £ind Amswes <

e@ativé;if;WégWéﬁt théfruleitbféoﬁvefgéﬂ@ﬂ =



The implementation.has three steps. First the
declaration of all needed variables andbcbnstants-(vectOré,k
- matrices, learning rate), second the initialization of;the‘
variables; and third_the iteratioh‘of the learningvrulei‘
until convergence'is achieved, i.e., ﬁntil it converges to
vector x with the square of its.lehgth x|~ 1. For step
two the random number generator that comes with C‘language’
was‘used to initialize A and xg. The learning ratevwas‘set
to 0.01. Afterva certain number of:itefétidns, the |
learning rate is divided by a’constant;‘the default is 500
iterations, and that Wéy the learhing ratelbécdmes smalLer 
and smaller but not less than 0.001!‘>fhis teéhnique,is‘
often used in Neural Networks to make‘similar ruiés
convefge faster [10]. When iterafion_of‘the rulesvétartsf
division én predefined intervals graduéliy decreases £h§  ?f'
rélatively large learning‘rate (0.01), i.e., thé rate,iS 
divided by 1.01 after e?ery SOO iterations.v Thé‘rat¢ '
“should not be decreased too much becau;é leafningfis sloWéd‘
den proportionally to the decreaée bf the iearning-ratég
For thét reason; tﬁe smallestvrate qsed:is:very cloée f§  3

0.001.
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‘either Amaxpos O Aninneg, - fUncCtion

' getneginitval() must be used dur




mentioned eaflie;}fif'ﬁmisﬁnééétivéjthen théfiearning rule
converges t§ the“éigénvect§r asgééiéfed with_thésﬁalleét‘
negative eigénvalﬁe({whergéé[if £;i§ pQ§itiVe it finds
Amaxpos - It should béinoted é£%Eﬁi§‘§9in£ that Kmmgm and ‘
Nuﬁmg dd ﬁOt'have t§ be a]domiﬁaﬁt eigenvalué té make-sérial
~deflation .vWOrk. | |

The acﬁual eigenpairs are daléulated using tﬁe
included with the c++ilibrary_méﬁber function eig() of thé
matrix class. Because this function works onlycwith
symmetric'matrices,‘Maple'was‘uséd to éompuﬁe.the ideal
eigenpairs in some early‘éxﬁeriments (Appéndix_A).

The segment of the’program that impleméﬁté“Serial
deflation extracts the n‘eigenpairé of an n x n matrix
serially and in order.

We can either start from M@mms and‘conﬁinue deflating A
and iterating equation (7) until we‘find Amin and its
associated eigenvector, or we can étart from Aminneg and
continue until all eigenpairs ére found (in reverée ofder).

If NO Amaxpos €xists then we find Apinneq first and vice-versa.
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 3,3 éeriai-pipelinedvdeflatiOn impléméntation
‘  Since§£he'éigén§airs in this-qasé are computed”after‘
éaCh‘iteraﬁion; we hAVe to initialiée all,eigenvalue and
eigenvector VafiableS‘before tﬁe iterations Qf>the rules
start. For example, if we chb&gébA to‘be é 4><4 matrix;,
fouf‘eigenpéirsvshoﬁld be extracted. Eérséééh eigenpair to
be bomputed;‘iteratinggrule (7) is_ﬁéed. The:fourvruléé
willvbe itéfated, each ié depending on the previoﬁs onef
until all,chvergé. Thﬁs, all Kis.(Ki_; fo£i)1nﬁst 5é;
'initiaiized'before we‘staft iterating.b
As it was méntioned earliér,:if ﬁhe eigenvalﬁe;bf anf
>eigenpair‘to»be:cdmputéd is poéitiVe,fthé iniﬁiai‘valué'for
that eigénvalue'(Ki) before We'start'itérating $hoﬁld:aiso>_
be‘positiVe. Cdnversely, When:the eigenvalue of thevf
eigenpair to be'extracted is‘negative,.its sfarting:Value :
should also be negative. If»a’raﬁdbm stmetric mat;ig‘i$ 
. used, it isvimpossible”to know beforéhand thimany -
éigénvaluesfwill be negative:andvhdw;many‘wili'be,positiyé,»1‘
in dfder to iﬁitialize them”aééqrdingly. To‘overcéme th;spjv
’ initiaiiZation pfoblém,métricés'withjpositivé eigehvai@eé'

are used‘for the serial—pipelined deflétion aigorithm; ;FOr
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the resf Qf the implementation, the»serial—pipelined
deflation algorithm of tabie 1 (sectioh‘2.2.2)‘is ﬁsed.

The pipeline ﬁatﬁre of the:algorithm is‘illustrated in
figure 3. At.eachvstage; we deflate the matrix aﬁd pass it
to the next stage. For example, in the sécond pipeline
stage matrix A; is needed, so we deflate Ay using xq
(équation 12 in 2.2.1) and then we iterate the learning

rule.

Figure 3. Simplified hardware implementation of serial-

pipelined deflation

A, | ' A, , A,

Xo
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3.4 Parallel—pipeiine*implementation

For the same reason as with the Sériéi—pipelinedf“
i_deflation algorithm( X;S are initializéd to values that ﬁake
KiS positive,‘i.e. the symmetric‘matriceé uséd hévevppsitive
eigenvalues.

For'an n x11‘sizé maﬁrik, nJléérnihg‘rﬁléS afevﬁsed)'ﬁé;
compute n eigenpairs. The rulesiéfe iteratéd‘untii they ali:j
cdnverge. Equation (14)»on section 2.2.3'ié‘usedv£0‘computeb
each eigenvector. Thé.first rule extracts théblargest
eigenvector, the secoﬁd computes:thelsecond,lafgest} and so
on. Thus, the éigenpairs are extractéd‘in pafallel»and'in ‘
order. | H

Figure 4 illustrates what we get if‘WQ”viéw thé
‘parallel-pipeline algorithm as a pipeline. Matrix A:is the
same for all stagés since no deflationftakes'plabe.  Eachv
stage is én iteratihg rule. Sd,»all préceding:vectofs (%1 to
Xi-1) are‘needed to update the rulevthaf'computes Xi. For
example, in the thirdfstagevwe‘ﬁeedvxl‘and #ztobiterate‘the-

rule associated with =xs.
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' Figure 4. Simplified hardware

~ pipelined method .




CHAPTER FOUR Computer ;imulation'?eSultéuand discuéSioﬁ‘
Symmetric matricgs of different dimensions werévuséd.;7
as input to the simulation}prOgrams. When:teétiﬁg fhé
proposed rule‘and theithréé different algoritth}  ‘  
eiéenpairsfroﬁ:ZQ 2vtd‘10§<10 siz¢'syﬁmetric maﬁgiéeé”weré
suqcessfﬁlly’computedg Fbr‘the resultsbpresented‘iﬁ.this
chapter,_symmétric>and»symﬁeftic'positivé—definiteLmaﬁriges‘
of size>3x 3and'4xu4>Weré used.  Tovcalculate théacfuaiu*
eigenvalues and éiggnveétbxsn the bﬁildéin\to_thé ¢++',
'libraryiﬁémber futhiOnbeig() is’ﬁsed sinée;éll ﬁétriées
afe.symmétric.(functioﬁ.éig() works bnly Wi£h symﬁéﬁric
’matriceé"uSing theiJaéqbi.algbri£hm;£o:find"eigeﬁpai#s)i
The computedveigenpairs‘are almostvequal‘to thé}acéual
eigenpairs (calcuiated Ey functioﬁ'eig()) within a .
tolerance of O.OOOOOOi._7Theﬁé exist_éasés where.the
eigenvectorvWiﬁh‘oppésite éign ischmpﬁted?’This iéfL'
aéceptablé éin§eié Vector‘With §pp05ite sign}is‘éiﬁply én   

eigenvector in the opposite directidﬁ-

4.1 Sample runs

Graph 1 shows how the rule convergés for matrix
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8.4 1.4 -1.8]
A= 1.4 -6 -4.8|.
-1.8 -4.8 - 5

" Graph 1. The square of the norm of x vs. ep§Chs

]/

1 1 ] B L ) ] ] :
a8 588 laea 1508 cepa - 2588 3088 350808 4008

epochs

- For this particular‘run, theYCOmputed}@NWOSWas 7.10624
with'associated:eigenvector x.T = [—0.139299 -0.353633
0.924954],‘The Qalue,ovaOQas‘pqsiﬁéve, éo the learning'rule.‘
converged to Anaxpos- The number‘éfbiterations needed for
convérgence was 3616.

The compﬁted x was equal to the acthal‘(xa) returned froﬁ

function eig() withiﬁ a tolerance of 0.0000001.
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_ Graph 2 depicts how the rule converged for

A but with different initial x.

._'Grapﬁ 2;'The $qpaféfpf £h§’ﬁormVOf xivs

T v T oo T

l?

| L ) " 1 - '|"(  |‘ 1 . "I. T
‘e Seee - 100@@ ' 15000 20900 . 25000 = 30000 35000 40000

o eochs

| The learning rate is the same for both runs. The omly

fparaméter that{Chéhgéd‘Waé'tﬁ§ initia1;xQ;“ Thé r§sﬁlthfg?N.

_this was to need 37,289 iterations to converge, almost ten
_ times more than the number required during the first run.
" Also, xo.: —xathi¢h;isf£hé'éigthecforQWiﬁh:opposifé-L:ff?  ks

- .. direction.
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~ Graphs 3 and 4 show how the rule converged
: flndll’lg Q\Imlnneg aI'ld :LtS aSSOClated elgenvector

| G;:'aph 3 Thesquareof ‘the norm of

SRR S

W

 ieee  1see . 20

o - epoch s
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‘»|1‘ Gl
4000 .

seae.

4. 2 Comparlng results

When the ”xw

in space

1mply that x chverged td@an
dlstance of two vectors is a measure

aCtual

The dlstance between the fore
(Qr ;dea_
Qflthe resu

a ppoyldes
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the learnlng rule sometlmes

As mentloned earller,

-ﬁ%fnxn e

‘Anothergway_to}evalﬁateiresaltg}ig_to-1§ok;at#thQV

 cosine Qf’the‘aggleebetweeﬂ”fhéicbﬁpﬁted}eigeﬁ?eeteryaddjiﬂ*f

‘the actual. The value of cos() is used as a measure of how = . .

'»Close'the'tWO vectOrsvareleji’”

For matrix A = | =0.4 . 2. the learning -

:rule converged to kmum; 16 8988 and 1ts assoc1ated5
‘,e:eigenvectOr x: [O 486797 O 461649 —O 741555] The;ac

'~1ee1genvector 1n thlS case 1s ;;:'f‘

'e{{[ij [ o 486797 -o 461649 0'74155“]

5T'Tﬁus,Mthe{di§taﬁce:convérgesatosz:"“‘f”““’

. exactly that.



Graph 5. Distance between x-and‘xa;VS, epochs

: . : - . — i r ' T
1.5 E
- |
x .
' 1 F .
~
E
et
8.5 -
a‘ e R R IR T —
1 | 1 1 1
8 10606 2088 3000 4088 56888 60008
epochs

On the other,hand, graph 6 shows how the squaretqf the norm

of x converges to 1.
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Graph 6. The square of the

norm of x vs.
1

epochs
I

1

1 ] 1 I
a laea 2888 . 3808 4880 Sape -

6000
epochs

For the same A as above when the program found the
extreme negative eigenvalue and associated eigenvector.

The results were,‘kmmmg= -8.37147,

T

=_xT

X =_[O.444881 -0.585649 -0.677566] - ',’
where the éorresponding}actual eigehpair was k‘% ;8.37147
and |

x? — [0.444881 -0.585649 0. 677566]
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Since we have sign agreement betweénvthe actual and
computed eigenvectors, this timebthe‘diStanqe,ébnvergedito'

zero. Graph 7 demonstrates‘exabtly that.

‘Graph 7. Distance between x and x, vs. epochs

1 I I I 1 1
1.4 F .
1.2 -
1+ -
" 8.8 | -
u o ‘
%’ 8.6 | -
8.4 | .
8.2 | -
TUBL e e e .
v 1 . 1 1 1 1 1
B ‘ 508 1860 1580 2eBe 2500 - 3000 - 3588

epochs

Graph 8 again shows how the HxW2COnVerges to 1, in the

same experiment as above. .
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R

.aj:4 3 Slmulatlon runs of the three algOrlthms (3><3 matrlx)iyl__

The next run prov1des a representatlve collectlon of]f;w”f”

Q.graphs that shows how the three algorlthms perform The”:f3.1h

,_[symmetrlc matrlx used for the all algorlthmS Was
Lo.746157  0.356260 a.on1t08]

11 show how the squares of the norms of the eigenvectors




converged for the Paralleljpipeliné, Seriélfpipelined;"'.”‘
deflation, and Serial DeflatiOn:angritth; respectiveiy.

Graph 9 shows how the square of the norms of the

three rules converged, when the Parallel—pipelinebalgorithm:i7'

was used.

‘Graph 9. The square of the norm of x vs. epochs

I I I AL I c
) ‘ N B —
1 F YR - A
B2 -
@.8 | .
8.6 .
o
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= @.4 | .
@.2 | -
9“_ .............................................................. .
] 1 1 B 1 i |
@ L ~ ipee . 15ee = 2008 ese@ 3000 -
epochs

As it can be seen from the graph'the rule associated with
the largest eigenvalue converged first (cﬁrve N O),'thé”
rule computing the eigenpair. of second the second largeSt'

eigenvalue converged second (curve N 1), the rule
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“associated with the smallest eigenvalue converged third

" Graph 10. The square of the norm of x vs. epochs

. 8
[ i
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L. @ - 1eee  2epp . 300@. 4960 . 5000 . 606D 700 80e@

Graph lO=s ows" hésébhvergeﬁEé%cf,mqﬁfoffthé;;_:,_“

‘ calculated elgenvectors when the Serlal plpellned deflatlon”cgihh;

‘:,z; algorlthm was used

We can readlly see that 1n thlS case serlal plpellned

lfuw’deflatlon was 5 OOO 1teratlons slower than Parallel—'"f

”les a83001ated w1th the largest and |

~ pipeline. Also,



,5second larges converged'

igenvalues (curves N 0 and Nf'

ub‘durlng;the flrst one thousand 4but 1t took

:fanother'6'000 1teratlons for the rule assoc1ated w1th thefdff R

'smallestfeigenvalue‘(cUrve‘N.2)yto%converge.ﬁhﬂ"ihh“

Theinext graph corresponds to the same matrlx w1thi

:fserlal deflatlon calculatlng the elgenpalrS |

Graph 11 The square of the norm of x vs epsehé,-**”**' -

._.
1
1
'_z'-’zz' ‘
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P

. zees . 4880 coee . Sepe . ' 10@se . 12008

‘ f,gepoChsh;tf'

L This*algbrithm‘isVserial so flrst 1t extracts the
domlnant elgenpalr and deflates the matrlx Then the

deflated matrlx is- used to get the second domlnant



eigenpair, and the_matrix is defléted?again‘fb éxtraéﬁvthé
last eigenpair. ‘Theinumbervof iferaﬁiOQS'forffhié‘method
for this particﬁlar run approximately_was‘lé,OOb, i.e,)
4,000 more than Serial—pipelined:deflatioﬁmand;g,boo more
than parallel4pipelinéf v'

The next 3 gréphé‘show.the éoSiné of;angle‘theta.

between the ideal and computed_eigenvectors.converges to 1.

or -1.
Graph 12. The cos(0) vs. epochs
I I 1 T I
1 F e Cos-8-— -
Cog 1 e
Cos 2 -
B.5 | T -
> B oo i
= .
o)
0
-8.5 | .
_1 = -
1 | . 1 1 ‘ 1 :
@ 560 1680 1560 - 2eee 2500 3000
epochs
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brfialgorlthm)

" If cos(0) approaches

eigenvectcrj!eﬁﬁthefcthe :

the c081ne?assoc1ated w1thvthe largest E

‘elgenvaluexccnvergedfto;41:'”TheiCo;ineSvofuthe‘chera

R rules converged to 1 ‘ Also,v81nce we have convergence

ﬂthe c051ne to l or —1 that 1m'l1esvthat the co”pnted'
"fgvelgenvectors are‘correct,g ]

Graph 13. cos(0) vs. epochs

cos(0)
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Graph 13 shows how 0051ne_theta fer the 31

converged to 1 when serlal plpellned deflatlon was'useh

eAgaln, the c031nes for the flrst and See i

73;¢raph*14;fcoskayf_}j%*=“=“

2f¢oé<ew,*;f;“.*u'[j';f,fjJ.

[T S

Graph 14

;,the Serlal

'5'(Cosel)(Wasfthefdnejthatureqﬁiredeﬁhe mHost



k. when parallel-pipeline was used.
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f&" It'I$ iﬁﬁefestihg:inftﬁiéjCaseftdﬂnotéLtojﬁhétgéllf f,;

"ﬁ::ru¥éslstart toiconVéfdetﬁ¢ 01orf2 fdughlyftﬁetééme_timé; Q_f{f*f‘ 

“Q Thé“same3wéSmWitheSSéd”iﬁlmoSt rqns With]tﬁéfPafallél— ’

~ pipeline rule. On the other hand, in Parallel and Serial

© Deflation the first two rules converge faster, and they

‘  ,fhave'£6 fWaitﬂ’foﬁ]fhéfiéstféﬁéﬂtovConﬁeféé; ‘G£épﬁ i6  ;,f -

fJillustratesﬁjustftﬁatgt_Sefialgpipeliﬁéd"déflatiéﬁ.was7jﬂfla:'

' ﬁéed[?aﬁd ruIé$gbne"aﬁ&;twdf(p Onaﬁd Df1,;résbédfiVély)f: Q*“.x o

 converged much sooner than rule 3 (D 2).

 Graph 16. Distances between x and %, vs. epochs
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‘In the next graph, 17, Serial Deflation is used and again

" one df:#He;ruleém(fhéﬁsecondfohe;fD‘1)Epébkulbngéf £ﬁathhéff ﬂ1 '

Cother 2 rules. Overall, this algorithm takes the biggest

number of iterations. . -

Graph 17. Distances betueen x and ¥, vs. cpochs

| way the cos(8) converged to 1 and




| 4.4 Simulation runs of the three algorithms (4 x 4 matrix)

u*¥fThé al@drithmégperfdrm the~saméﬁwéyjfbff

‘» dimenSioh.matriCes];butgit ﬁaké$:ibﬁgé"7Q‘§ﬁ6adce té$uitsyfﬂ

. There exist cases where the eigenvalues closer to zero take

_ fa§ofé'the:cbn%érgéﬁbéi§? £géﬁigﬁgég;éige§§aiﬁé%“7
o e o e s 4 o A

six graphs are used to demonstrate how the three algoritms

Qaf?iédféqt thé5e§mpg£atioﬁ:éhiSiEiﬁél;T' RIS :

. IR . Co :
o
T

i
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}The symmetrlc matrlx used W
| 3 23268 _‘ :‘ o 293662
- o 293662 2 4143 =000
|- 0.411963 J— 0. 07574371 4 56274 |
— 0. 480726 | 0533 1.592.23 :

fiine 1 0) ¢

“*,asseciated{withfthef1a?§est;eigenValﬁef

and then the elgenve

"” Qf‘thenseeondflafgest@eigenvai efyandbsogong*ﬂ@h;;n_yw

"FVﬂn approx1mately at the same tlme at“about 1700 1teratlons

vﬁfaThe squared norm of x for the rule extractlng the smallest
ﬂ}f(elgenvalue and assoc1ated elgenvector_(Curve N 3) rema ned
f‘below Og4“fdr;almest”550011terat;QnS’(out of 6500) and: :1 g

.fthen;startedito:enge?detfaSten;f_ff}




‘norm of x vs. epochs . =

The square of -
1 The: sguare

-
. -
i
—— :

- 3ee0 - 4see - . Seee . 6@e0 . 7@@@ -

2008 .

. Serial-pipelined deflation in graph 19 produced =

ar to Parallel-pipeline, but with almost twice

© Graph 20 draws the norms of the computed eigenvectors .

- when serial deflation was used. We can easily see the four .

omputations taking place. =




@ - Seoe  lpeee . 1Seee 20009 25008 30000 35000 “4poRR

"epoehsff
'_Similarmte:the‘result;we”thvWhenfthe,3%:3'matrix”was.used
“fWith serialzdeflationp_one'of.the~rﬂlest(intthis"daselthe .

wflast) tOok longerftO'compute its‘correspondingieigenVector;‘J

~ Graph 20. The square of the norm of x vs. epochs R

The thlrd rule (llne N 2)'toek'elose’to”5‘000eiteratiohs'toa'%‘f“

;ffproduce results whereas the last took almost 40 OOO B

g“literatieﬁs,ﬁ

'Fer‘the"samelthreenruhs;'ndw'weetake-a look-at?howfthe PR

'hcomputatlon of the elgenvectors progresses when observ1ng

the 0081ne theta between the calculated elgenvector and the’iﬂ'



ideal ohe.»Graph,Ql is the cOsine,calculatiOh-fOLfparallel—
pipeline.

‘Graph 21. The cos (0) vs} epbch$
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epochs

It is noted that all rules cOnvefgéat élmoét"fhe'samé,‘
‘time, threé out of the four cdnverged to ;1 orjéne‘
approximately afﬁer two thousand iterations (linestoé O,f
Cos 1, Cos 2). |

Graph 22 shows how serial—pipelinéd deflation behaves.
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http:Graph.21

cos (0)

I i 1 L ] ‘ 1 1 .
a 1080 = 20680 3080 4pEE . S@88 . 6000 7008
epochs '

Again,.thé computation takes a iittle ionge¥] but stiiiiit*
performs better than the‘éerial deflatioh‘aigofithmbcos(e)
computation that foliows (Graph 23). As ex?ected,‘seriél‘
deflation took longerw(mqre than five times longer),v |
approximately 7000 iterations for Serial—pipelinedg_
deflation compared to-the'4QOOO iterations of serial

deflation in graph 23.
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Group results in the nextVSection portray the
characteristics or the three algorithms using a sample of
250 different matrices.

| Graph 23. Thé\Cos(O) vs. epochs'
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4.5 Simulation resﬁlts'using 256diffé¥éﬂ# matrices,;
- To better.underétand héw‘the;thrée algorithms‘behavéng'

250 different random symmetricﬁpritive definite matriceéfj'

(dimensions 3 x 3 and 4? 4) wéré used/ and table 2 |

summarizes the results:
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Table 2. Results A
' SD SPD PP
st 0 52 198
ond 16 185 49
. 3rd 234 13 3

Rowsbénd-cOluﬁﬁéy‘horizoﬁtqlly and Verticaliy‘add.up.'
to buffSampié siZé;fi}e. 250{.Each entry shows hbw;many .
vtimés tﬁe}cd:résponding algorithm cQﬁvérged; first_(firét
row);.séCQﬁd (sécond row), or third (thifd row) . 5Eirst;
means thé algorithm.héeded the least number.of_iteratibﬂé
for Convergéncev(S?Ction 3.1), "seqond" is used‘fOr tﬁe'v» 
second_smallerﬂénd fhifd_for»the algorithm that,takeélthe
most iterétiohs fdlqonverge andbprOduce‘results.For
examplévafter a ceftain run, sérial deflation requires 2000
itérati0n$>t§ pfbduce‘results whén for thé‘same run.Serial—
pipelined déflétién’tékés 1000 and’Parallel;pipeline‘
vrequires>506 ﬁélérOducé results. In this casé; we say fhat-
Parallel-bipeline is;first for this.partiqﬁlar run, Serial—'
pipelinéd'deflation Second,iand‘Serial Deflation_third.

The column number indicates whiéh algorithm WaS‘uéed;
The first bplﬁmn is forESerialideflation (SD),.the second

for serial¥pipélined deflation (SPD) and the third for the

cc



;gParallel plpellne algorlthm ( )wl Matrlx Rl below dlsplaYS,,h fl'l
:‘the results on matrlx 1nstead of tabular format

o s2 198]
~RL *;16 185 49 . ‘
o231z 3]

ngste can see:fromfabQVe, Parallel plpellne (PP) came1firstﬁffg;

sl(took the least 1teratlons to converge) 198 out of 250

v;tlmes whereas serlal deflatlon never came flrst

"Vexpected

If each number 1n R1 1s translated to a percentage
'then;we,Obtaln'a dOublyjstochastlcgmatrlx;[5]»;rfﬁ:“

0 2o 8 79. 2'jﬂfflg;_ﬂ_fr o
6.4 74 19.6| and table 3 below:
1. ol e

S
R 93 6 5 2

'jjffSerlal Deflatlon gets 1ts hlghesvjjercentagelonhththhfrdgf5{‘

iplace,‘lvevblt came last: took the most rations-tolgt‘tfiuVJI”f*

’-converge) 93 6 of the\tlme“g} Serlal plpellnedideflatlon _lv

v”reCeivesrlts§hlghestjpercentagel(745) in: second place, and:ﬂf:3




Parallel-pipeline gets its highest pércehtage (79.2%) in
first place. We also note that for the 250.matrices used

in this experiment, serial deflation never came first.

68



CHAPTER FIVE Conclusions

o dx , ,
The original 5E~=,Ax — f(x)x was extended to a new one

»Ax = MxTAx)LAx — (x"Ax)x) that‘finds eigenpairs associated
with both positive‘and negative}éigenvalues.

As mentioned in chapter three, the learning rate was
originélly set to 0.01 and‘division on predefined‘interﬁéls
gradually decreasediit to a number not lower than‘0.001.lb
The exit conditioh was that we iterate the rule until the

square of the length of the extracted eigenvector x
converges to one (|x|° ~ 1). The computer simulation showed

- that the new rule computed the desired eigenpairs.

The original rule was extended to find all eigenpairs.
The first algorithm explqred was a lineaf, serial deflation
algorithm; Using the same leafningvrate and exit condition
as above, the simuiatiohs shéwed thét’the‘algorithm
successfully extracted all. The angrithm was equally
succeséful in first computing the smallest negative |
eigenvalue and‘associated eigenvector or in\cOmputing'first
the largest positive eigenvalue‘and associatedfeigehvecﬁor.i

The first attempt to introduce pafallelism Via 

extension of serial deflation was successful. A new
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‘serlaleplbellned deflatlon algorrthm‘wasvlntroducedlt
1extractdall,elgenpalrs Wlth serlal deflatron;hff'
Eextract an: elgenpalr we needed the‘prev1ousbone
”Tgplpellned deflatlon deflates‘the‘matrlx andvcalculates:
partlal results‘after.each 1teratloniofﬂthevrules‘ ‘
fﬁfSlmulationvresultS“Showed'an;improvementsover-Serl
lldeflatiOn.d Wlth serlal plnellned deflatlon‘the.ru eS“
;:converged much faster,vdue to the plpellned nature‘of’\

'Q.algorlthm (Flgure 3 shows the hardware 1mplementatlon)gijnf

Even though thlS algorlthm converged faster,:ltfwas:_ﬁffli}u#“

.“Stlll taklng more tlme to extract the smaller elgenvalues
and assoc1ated elgenvectors, than the tlme;
extract the elgenpalrs assoc1ated w1th the larger :

'jeigenvalues.

A new Parallel Plpellned rule was derlved us1ng
gradlent descent and the Lagrance multlpllers method Thatugfhlf"

Was the_final attempt,to aCh;eVQ1athlgb§rﬁleVel‘of i

r.parallelism;nand.as‘theﬂresults»showfthissmetthVWaéfthff;‘k

best of the three presented in. thlS the51s } Figure‘4 éhowgyghtf,fﬁ

a s1mpllf1ed flgure of the Parallel Plpellned method
As we conclude from all results and espe01ally from o

,table 3 of the prev1ous sectlon,_Parallel—prpellnewrule~_y,ﬁfffff“

'performs the‘best The reason for that 1s 1ts plpellnevﬁ"“
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structure and fhe wéy-each term isﬂupdated.-Juétbas
‘pipelining‘is>the»key.technique'used to make fééter'CPUs
[15], pipéiining thé»iteréting rulés‘ofvthe Parallel-
pipeline aigOrithm speeded up thé domputation considerably.
In thié éase, partial results_f§r_a ruie'extracting a -
specific eigeﬁpair¢are compuféd by using partial fesults‘of‘
all prévioué,eigenpairs. jAnbther advantége of the
Parallel—Pipeliﬁed methodvis that the eigenvectors
cénvérgéd aimost at the Same time} ~In other words, during
each iterétibn alcorréétioh tdbtﬁeveigenvectors is made
until all converge to their'true values.'"Ih this case, we
did notvwitneéévwhéthappened with the serial-deflation
algorithm, i.e. the last eigenvéctO£ reduiring'a larger
number of‘iteratiohs‘to converge'Witch slowed down‘the

whole process.
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' '“'».CHAPTER s:x Future work

The derlvatlon 1n Sectlon 2 l states that matrlx A }>H~ﬁ

[fmust be symmetrlc for the proposed learnlng rule (equatlon,fju*

'r7lmtowark» Some early experlments show cases where the

ruléthrkédJeven:whenﬁnoﬂrestrlctlons were lmposed.to Ar L

f_For Table 5 in Appendlx A ten random 4><4 matrlces were

,used er?Aﬁfand;Xo}WasnalsOgrande, In other words,’there}x7q5"”

‘were nofrestrictionSjto/thepvalue'of‘r@;7IffK0waSlhegativ¢7:f"

o1but"Afdidhnotrhavéiany.negativeieigenvalues,thenfthe!ruleff,

fpfdlverged Also,’lf Nmmm Or Kmumswere complex, the rule alsozpb'w

l’dlverged To aV01d 1nf1n1te loops, a llmlt to the number offphf .

,literatlons was 1mposed. If>afterﬁthat numbervof 1teratlons,fﬂ;.b

n‘we Stlll do not have convergence of the square of the norm p-'"

‘,Of x to;l w1thln O OOOOOl ,then.the_program 1n1t1allzed,: “pJg”.>"

f thetvariables againﬂto:values that*producefa,k@'With'an

",topp031te to the 1n1t1al 31gn After 1n1t1allzlng, 1teratlonff3“vt

»';Eof the rule started agaln :”Whenvconvergence wasvnot
rlvlachleved‘ the'extremeielgenvalues“of A were complex‘ Table f,‘
5‘1n Appendlx 1vconta1ns>some runs’that compnted an extreme; -
= elgenvalue‘of the glven A successfullv VAQaln,lthelnumher
-‘of 1terat1ons needed‘for convergencevvarred 1n each.case

V:;The problem here as mentloned above 1s the unpredlctablllty”



http:still.dp

,Qf ;he‘éxisténcé55ff§5m§iégﬁei§é@§§;ﬁe
- hecausevno‘restrlctlonshare7lmoo;edﬂmﬁ:vf”ﬁlf
| _The‘actual eloenpalrs‘ln thlsvcaﬁeﬁhh

:;Maple mathematlcal package L
' 'Slnce'thereneXLSt.caseSﬂmhe_eTthe

‘even 1f the matrlx was not symmetrlc, maybe there

v;another class of matrlces that we can apply the rules and

walgorlthms presentedlhere to;comphte-e;genpalrs;fﬂﬂc{ﬂfff

Researchers inofuturefstndiesgshoulh? ook"intonhoWd;ﬁ?:f

Parallelfpipeline.Can:be,expandedftogworkfﬁith”dlfﬁerentc“'

',kinds ofhmatrices, andiin}the‘complexfdomain;raaa-~77**77

Also, researchers 1n the future should look how that o

-can overcome the 1n1t1allzatlon problem When thls 1s

solved matrlces w1th negatlve elgenvalues can befused asfojvf

_=1nput for Serlal plpellned deflatlon and Parallel plpellne;'
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APPENDIX A The First experiments

Table 4. Explanation of stbols for table 5

A: The matrix of whlch we try to compute partlcular
eigenpairs using equatlon (7) :

Xo: The random initial vaer for vector x
Kos * The initial sign of xg
K. The eigenvalue of A that was computed by the

1teratlon of equation (7)

The corresponding to k actual eigenvalue of A

A: computed with the build-in functions of the matrix
library or with the Maple mathematical software
package -

X: The computed by our dynamic system eigenvector_of‘

A corresponding to eigenvalue K :
The corresponding to x actual elgenvector of A
X,:  computed with the build-in functions of the matrix
library or with the Maple mathematical software
package

i: The number of time the rule was iterated in order
to converge.
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A
-8 -8 2 4
1 -4 -7 2
1 -5 -9 9
2 3 6 1]
r-3.6 -8 3 7.2
8.2 -3.6 7.4 9.8
9 -9.8 5.2 7.6
9.6 .2 1.2 9.4

-3 '8 -1.4
4 3.2 4.11 .711
11 7.9 .711 —6 03
.8 -9.
-9.6 -6.6 —4.4
-9.2 -2.4 -7.6 -2.8
6 -8.8 4 8

-7.8 '
8.2 7 .6
-4, -7.2 -0.4
7. 6 -6.6
-1.6
S -1.6 .
—-5.6 -9.4
—8 6 —.4

.8 -4.4 —8 2
-8
9.6
-2.8 3.2 4.6

4.2 -4.6 2 6 6]
9.2 -9.2 3.6 5.2
—4.4 2.4 -8.6 §4

| -4 -1.6 4.4 1 |

[-2.4 4.4 _.8. -6.6]
-2.6 2.6 -9.4 -.6
-8 -8 5.2 -7.8]

| 2.4 -2.2 8 -9.2

-3 -7 6.01 11
-3 8 .03 -1.4
2.8 1.4 9.1 4.11

1.3 5.3 5 6

.045

.013
—-.0237]

.042
-.046

.013
- 033

..045
-.027

| -.019 |
[-.027

-.001
-.001
| -.006

[—.0167

.045
-.02

| 006
[-.01
L011
{-.01

.012
-.027

| =-.032

-.021
.036

9.92293

-8.24791

"=14.8039

13.459

—6.74578

-6.6099

4.21029

-13.5984

.10.4693

~6.65163

9.92293

-8.24790

~14.8038 .

13:458

'—6f7g§78f
fa.eéés'
,4~é?523

~13.5983
10:46§3?"

-6.65142

Table 5. Early resﬁlts

M=:9121647
[ =.009030

~.212447
—.350344

r-.8362817. [

028951
.336815

431685
—.4280177

~:336892.

116297
.83053"

F.910939 7

.081901:

| -.403091
[=.031615] |
274427 7
303267

1 =.659299

—-.630907

F.437648 7

~.093078

~.786702

425324

[—-.8970797 [
- -.249703

~364059
.018952

5364217
813112
50644442
| 216676
- .3305747]
.65256
~.619567
|.-.284645 |

~:962885']
—.186521
.157811

| .114711 |

[—-.9187757
-.009095
1-.213986

- 352883
818576

028339
-.329684
-.422545

©.449168 7|

.353539
-.122043

| -.871571 ]
[=-9056207

| -.814236

.400737

.031430
- 265896

~.293839'
.638803

.611293
- 433472
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[-:8922217
.248351
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[—.9611647
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1897 . .
15158"
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APPENDIX 3'Conver§énce,d3ta for 250 mafricés

Thé first‘itefétion c§iqmn for eéch'algorithm shows
the number”of iterafions éériél déflatioﬁ téok £o converge,
the second the.numberaserialépipelinéd deflation required,
and the ﬁhird‘the,number that'parallél—pipelined took. The
rénk colﬁmﬁ demonsfrates the saﬁe as above,vbut accordihgv
to the number of‘iterations‘a number’is aséigned{ So,‘for
the method thét takes:the‘mOSt iteratioﬁs a "3" is
éssigned, the one thét takésithe léast is assigned a'"l",

and the middle one is assigned a "2".

Table 6.»Convergehce data

'sorted by

parallel-pipeline, serial-pipelined deflation, serial deflation

iterations rank iterations rank iterations rank

27178 2300 866
30869 3048 929
15646 3654 944
13834 1564 951
5098 2303 986
8632 17718 994
23680 2637 1017
37394 2202 1027
48213960 1028
10838 6889 1060
7333 4351 1073
11335 10010 1084
15986 1736 1127
8528 2338 1134
8352 2412 1145
8352 2413 1145
17564 9858 1146
16265 1857 1196
6572 1947 1240
4550 3781 1259
22415 3001 1282
6417 1993 1341
52397 3276 1346
27412 3828 1346
33949 8587 1357
7538 2775 1358
29248 1320 1363
11978 1933 1380
17598 3153 1382
10782 3789 1387
33898 9525 1393

16155 1310 1763
29248 1320 1363
8097 1428 1716
18132 1429 7912

8579 1470 1884
17895 1521 1577
21191 1533 1495
11971 1543 2086
13834 1564 951
23340 1567 1601
17856 1598 1555
13045 1655 1476
9297 1655 5481
14422 1702 1699
15986 1736 1127
37450 1767 1942
16442 1772 1573
16754 1811 2891
30547 1823 1607
5362 1830 1752
9664 1845 1544
16265 1857 1196
8366 1894 1512 -
11978 1933 1380
33850 1947 2454
6572 1947 1240
11316 1950 2812
20228 1991 11678
6417 1993 1341
4068 1996 1619

. 4068 1996 1619

3416 2511 1840
3815 2846 1982
4059 2552. 4213
4068 1996 1619
4068 1996 1619
4550.3781 1259
4821 3960 1028
4866 4394 3716
5098 2303 986
5362 1830 1752
5516 2265 1421
5875 3862 2138
5963 -2501 2083
5990 3163 1793
6165 5169 5377
6334 5294 4808
6417 1993 1341
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