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ABSTRACT

In this thesis, we searched several monomial and permutation progenitors for symmet-
ric presentations of important images, nonabelian simple groups, their automorphism
groups, or groups that have these as their factor groups. Our target non-abelian sim-
ple groups included sporadic groups, linear groups, and alternating groups. In this
presentation, we have described our search for the homomorphic images through the
permutation progenitor 2*15 : (D5 x 3) and constuction of a monomial representation
through the group 23 : 3. We have constructed PGL(2,7) over 23 : 3 on 6 letters and
Ly(11) over 22 : 3 on 8 letters. We have also given our construction of S5 x 2 and L, (25) as
homomorphic images of the monomial progenitors 3*3 :,,, D, and $*®: S5. In addition,
we have described as to how to solve the extension problem for finite groups through
the example of the group (4 x 22) " Ay. We note that the symmetric presentations and
constructions given in this presentation are original, to the best of our knowledge.
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Introduction

In Chapter 1, we will discuss progenitors. We begin by listing definitions and
theorems relevant to progenitors. In this chapter, we construct permutation progeni-
tors of free products. We utilize the computing program MAGMA to very the success of
a built progenitor. We will also find the homomorphic images of progenitors factored
by given relations.

In Chapter 2, we will discuss a monomial progenitor. The monomial progen-
itor will be constructed using a process known as the "lifting process." This process
grants us the ability to produce a monomial matrix to obtain a new control group on
which our monomial progenitor will be constructed from.

In Chapter 3, we describe the process to solve the extension problem for fi-
nite groups through examples.

In Chapter 4, we construct the double coset enumeration of a group G over a

transitive group N of finite permutations and monomial progenitors.



Chapter 1

Preliminaries

1.1 Definitions and Theorems

Definition 1.1.1. (Permutation) If X is a nonempty set, a permutation is the bijective

mapping a : X — X. [Rot95]

Definition 1.1.2. (Disjoint) Two permutations «, 5 € Sx are disjoint if every x moved
by one is fixed by the other. In symbols, if a(a) # a, then B(a) = a, and if a(b) = b, then
B(b) #b. [Rot95]

Theorem 1.1.3. Every permutation a € Sy, is either a cycle or a product of disjoint cycles.

[Rot95]

Definition 1.1.4. (Semigroup) A semigroup (G, *) is a nonempty set G equipped with

an associative operation *. [Rot95]



Definition 1.1.5. (Symmetric Group) The symmetric group, denoted S,, is the set of all
permutations of the nonempty set X ={1,2,...,n}. Sy is a group of order n! on n letters.

[Rot95]

Definition 1.1.6. (Group). A group is a semigroup G containing an element e such that
(i)exa=a=axeforallacG

(ii) for every a € G, there is an element b€ G with a* b= e = b * a. [Rot95]

Definition 1.1.7. (Order) If G is a group, then the order of G, dentoted |G|, is the number

of elements in G. [Rot95]

Definition 1.1.8. (Free Group) If X is a subset of a group F, then F is a free group with
basis X if, for every group G and every function f : X — G, there exists a unique homo-

morphism ¢ : F — G extending f. [Rot95]

Definition 1.1.9. (Presentation) Let X be a set and let A be a family of words on X. A
group G has generators X and relations A if G = F/ R, where F is the free group with basis
X and R is the normal subgroup of F generated by A. The ordered pair (X|A) is called a

presentation of G. [Rot95]

Definition 1.1.10. (Progenitor) A progenitor is a semi-direct product of the following
form: P=2*":N={nw|n € N, and wis a word in the t;}, where2*" denotes a free product

of n copies of a cyclic group of order 2 generated by involutions t; for i=1,...,n; and N is



a transitive permutation group of degree n which acts on the free product by permuting

the involutory generators.[Curt96]

Lemma 1.1.11. (Factoring Lemma) (Know as the Grindstaff Lemma) Factoring the pro-

genitor m*":N by (t;, t;) for 1 < i< j < n gives the group m":N.[Grind15]

1.2 Permutation Progenitor 2*!° : (D5 x 3)

We will write the progenitor generated by x ~ (1,2,3,4,5,6,7,8,9,10,11,12,13,14,15)
and y ~ (1,4)(2,8)(3,12)(6,9)(7,13)(11,14). The presentation of Nis < x, y | y*, x *yxy >.
We use MAGMA to find the permutation that stabilizes 1 in N, denoted by N'. The per-
mutation that stabilizes 1 is (2,5)(3,9)(4,13)(7,10)(8,14)
(12,15). We use our Schreier System to find the word that corresponds to the permu-
tation (2,5)(3,9)(4,13)(7,10)(8,14)(12,15) which is y*. In order to complete our pro-
genitor of G, we add the stabilizer of 1 in N to the presentation. We also add t> to
the presentation since our tl’.s are of order 2. Thus the progenitor of G =< x, y,t |
y2, x *yxy, t2,(t, y*) >. In order to verify the progenitor, we must re-write our presen-
tation of N in terms of the stabiliser and orbits of the stabiliser of N'. The orbits of N
are {1}, {6}, {11}, 12,5}, {3,9}, {4,13}, {7,10}, {8,14}, and {12, 15}. We can verify our progen-
itor in MAGMA by applying the Grindstaff Lemma on the following code: G < x, y, t >:=
Group < x,y, tly?, x *xyxxxy, 2,6, y), (6, ), (£, ), (£, 19), (¢, ), (£, ), (£, ), (£, 1),
(£ 5) >;
#G;
Our progenitor G is infinite. In order to find a finite presentation, we must factor G by

relations.



1.2.1 Writing First Order Relations

We can compute all the possible relations of G by computing the orbits of the

centralizer. In order to achieve this, we must find identify the conjugacy classes of N.

Conjugacy Classes of N
Class Representative of Class ot
elements
in the class
C e
) xzyx =(1,13)(3,6)(4,10)(5,14)(8,11)(9,15)
Cs (xy)z =(1,6,11)(2,7,12)(3,8,13)(4,9,14)(5,10,15)
Cy (yx_l)2 =(1,11,6)(2,12,7)(3,13,8)(4,14,9)(5,15,10)
Cs x3=(1,4,7,10,13)(2,5,8,11,14)(3,6,9,12,15)
Cs xzyxy =(1,7,13,4,10)(2,8,14,5,11)(3,9,15,6,12)
Cy xy=(1,8,6,13,11,3)(2,12,7)(4,5,9,10,14,15)
Cs yx_1 =(1,3,11,13,6,8)(2,7,12)(4,15,14,10,9,5)
Co x=(1,2,3,4,5,6,7,8,9,10,11,12,13,14,15)
Cro x*=(1,3,5,7,9,11,13,15,2,4,6,8,10,12,14)
Cu yx%y=(1,8,15,7,14,6,13,5,12,4,11,3,10,2,9)
Cr2 yx_ly =(1,12,8,4,15,11,7,3,14,10,6,2,13,9,5)

Table 1.1: Conjugacy Classes 2*1°: (D5 x 3)



Now that we found the conjugacy classes and have identified the represen-
tative for each class, we proceed to find the centraliser and orbits of the centraliser of

each class.



Orbits of Centraliser (N, Rep)

Class Representative Centraliser(NN, Rep) Orbits of Centraliser(V, Rep)
{2,12,7}, {1,13,11,8,6,3}, 4,10,14,5,9,15}
Gy 2y <(1,13)3,6)4,10)
(5,14)(8,11)(9,15) >
Cs (xy)? <1,6,1D)@27,12) {1,2,4,3,8,5,12,9,6,13,10,7,14,11,15}
(3,8,13)(4,9, 14) (5,10, 15) >
Cy (yx~1H2 <1L11,8)(2,12,7) {1,2,4,3,8,5,12,9,6,13,10,7,14,11,15}
(3,13,8)(4,14,9)(5,15,10) >
Cs %3 <L4710,13)2,58,1L14) 1) 714 6,10,2,9,13,5,12,8, 15,3}
3,6,9,12,15) >
Ces 2yxy <(1,7,13,410)2,8,14,5,11) {1,7,11,13,2,6,4,8,12,10,14,3,5,9, 15}
(3,9,15,6,12) >
c, oy <(1,8,6,13,11,3)(2,12,7) 2,12,7},
4,5,9,10,14,15) > {1,13,8,11,6,3},
{4,10,5,14,9, 15}
G a1 <(1,3,11,13,6,8) {2,7,12},
2,7,12)(4,15,14,10,9,5) > {1,13,3,6,11,8},
{4,10,15,9, 14, 5}
Cy x <(1,234,56,78, {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15}
9,10,11,12,13,14,15) >
Cyo X2 <(1,3,57,9,11,13, 11,3,5,7,9,11,13,15,2,4,6,8,10, 12,14}
15,2,4,6,8,10,12,14) >
Ci yx 2y <(1,8,15,7,14,6,13,5, {1,8,15,7,14,6,13,5,12,4,11,3,10,2,9}
12,4,11,3,10,2,9) >
Cr2 yxly <(1,12,8,4,15,11, {1,12,8,4,15,11,7,3,14, 10,6,2,13,9, 5}

7,3,14,10,6,2,13,9,5) >

Table 1.2: Orbits of Centraliser 2*1° : (D5 x 3)



From the orbits of the centraliser, we obtain the following first order relations:

First Order Relation (N, Rep)

Class Relations

C, yxts, X yxt, x*yx ),
Cs (xy)*t,

Cy (yx~H%t,

Cs X3,

Cs ’yxyt,

C; xytx,xyt,xytxs,

o yx—ltx’yx—lt’yx—ltx3,
Co xt,

Cio x2 t,

Cn yx7yt,

Ci2 yx 7yt

Table 1.3: First Order Relations 2*1° : (D5 x 3)

Now we add the first order relations to the progenitor to obtain a
homomorphic image of G.
G=<x,y,t1y%, x4 yxy, 12,(t, y), (1, ), (1, ), (£, 15), (£, 1),
(t, 15, (£, ), (1, ), (£, ), (P yxt) 9, (P yxn)?, (P yxt®)e,
(xy? 04, (yxH20e, (B f, (Pyxyns, (eyth, (xyn), (xyr©)/,
x 1Nk, (px ! (e, ()™, (200, (yx 2y P, (yx Ly >

00000000000000000983040
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1.3 Permutation Progenitor 2*!°: (D3 x 5)

We will write the presentation for the progenitor of the Transitive Group 15.
Let N be the subgroup generated by x ~ (1,2,3,4,5,6,7,8,9,10,11,12,13,14,15) and y ~
(1,11)(2,7)(4,14)(5,10)(8,13). The presentation of the subgroup Nis < x, y | yz, x’4yx’1y >.
We will let ¢ ~ £, this means that ¢t commutes with the stabiliser of 1 in N. We use
MAGMA to find the permutation that stabilizes 1 in N. The permutation that stabi-
lizes 1 is (2,12)(3,8)(5,15)(6,11)(9,14). We apply the Schreier System in MAGMA. The
Schreier System will produce the word corresponding to its permutation representa-
tion. The word corresponding to the permutation (2,12)(3,8)(5,15)(6,11)(9, 14) is y*.
We add the y* to the presentation of N and obtain < x, y, t| yz, x4 yx_1 »yy 2 (t, ¥ >.
We proceed to find the orbits of the stabilizer of 1. The orbits of the stabilizer are
{1},{44,{7},{10},{13},{2,12}, {3, 8}, {5,15},{6,11}, and {9,14}. We make ¢ commute with
the orbits of the stabilizer. We add the each to the progenitor to obtain the presentation
G=<xy,11 Y2 x 4yx 1y, 12, (6, y5), (£, ), (£, £9), (£, £5'9), (£, ), (£, 19, (1, 1), (1, 1),
(t, ), (£, £°9) >,
The progenitor is infinite. In order to make it progenitor finite, we factor the progenitor

by relations.
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1.3.1 First Order Relations

We can compute all the possible first order relations by computing all the

orbits of the centralizes of the conjugacy classes of N. Let’s find the classes of N.

Class Representative of Class # of elements in the class
C e 1
C y*=1(2,12)(3,8)(5,15)(6,11)(9,14) 3
C; xyxly=(1,6,11)(2,7,12)(3,8,13)(4,9,14)(5,10,15) 2
Cy x3=(1,4,7,10,13)(2,5,8,11,14)(3,6,9,12,15) 1
Cs x3=(1,13,10,7,4)(2,14,11,8,5)(3,15,12,9,6) 1
Cs xyx~2y=(2,11,5,14,8)(3,12,6,15,9) 1
C;  xPyxly=(1,7,13,4,10)(2,8,14,5,11)(3,9,15,6,12) 1
Cs xy=1(2,3,14,15,11,12,8,9,5,6) 3
Cy x_zy: (1,4,7,10,13)(2,15,8,6,14,12,5,3,11,9) 3
Cyo yx2 =(1,13,10,7,4)(2,9,11,3,5,12,14,6,8,15) 3
Cn yx~1=(1,10,4,13,7)(2,6,5,9,8,12,11,15,14,3) 3
Cr2 x=0,2,3,4,56,7,8,9,10,11,12,13,14,15) 2
Ci3 x*=(1,3,5,7,9,11,13,15,2,4,6,8,10,12,14) 2
Cus yx'y=(1,5,913,2,6,10,14,3,7,11,15,4,8,12) 2
Cis x%2=(1,14,12,10,8,6,4,2,15,13,11,9,7,5,3) 2

Table 1.4: Conjugacy Classes 2*1°: (D3 x 5)
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Now that we have listed the conjugacy classes of N, we will find the cen-

traliser of each class. In addition, we wil find the orbits of each centraliser.
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Class Representative Centraliser(N, Rep) Orbits of Centraliser(V, Rep)
Cy - <(2,12)(3,8)(5,15)(6,11)(9, 14) > {1,13,10,7,43,
{2,12,14,9,11,6,8,3,5,15}
_ 1,6,11)(2,7,12)(3,8,13 1,6,13,11,3,10,8,
Cs xyx~ly <( )( )( ) {
(4,9,14)(5,10,15) > 15,7,5,12,4,2,9,14}
{1,2,11,3,7,12,4,8,13,5,14,9,6, 10, 15 }
C4 3 <(1,4,7,10,13)(2,5,8,11,14)
3,6,9,12,15) >
{1,2,11,3,7,12,4,8, 13,5, 14,9, 6, 10, 15}
Cs X3 <(1,13,10,7,4)(2,14,11,8,5)
3,15,12,9,6) >
{1,2,11,3,7,12,4,8,13,5, 14,9, 6, 10, 15 }
Cs xyx~2y <(2,11,5,14,8)(3,12,6,15,9) >
{1,2,11,3,7,12,4,8,13,5, 14,9, 6, 10, 15}
C 9 1 <(1,7,13,4,10)
7 x“yx'y
(2,8,14,5,11)(3,9,15,6,12) >
Cs Xy <(2,3,14,15,11,12,8,9,5,6) > {1,7,13, 4,101,
{2,12,3,8,14,9,15,5,11, 6}
— 1747 71)1 1’4’ v1>1 ’
Co X2y <(1,4,7,10,13) { 7,10,13}
(2,15,8,6,14,12,5,3,11,9) > {2,12,15,5,8,3,6,11,14,9}
Cio yx2 <(1,13,10,7,4) {1,13,10,7,4},
(2,9,11,3,5,12,14,6,8,15) > {2,12,9,14,11,6,3,8,5,15}
Cll yx_l <(1,10,4,13,7) {1,10,4,13,7},
(2,6,5,9,8,12,11,15,14,3) > {2,12,6,11,5,15,9,14,8,3}
Cio X <(,2,3,4,5,6,7,8, {1,2,3,4,5,6,7,8,
9,10,11,12,13,14,15) > 9,10,11,12,13, 14,15}
Cis %2 <(,3,5,7,9,11,13, {1,3,5,7,9,11,13,
15,2,4,6,8,10,12,14) > 15,2,4,6,8,10,12,14}
Ci4 yx_ly <(1,5,9,13,2,6,10, {1,5,9,13,2,6, 10,
14,3,7,11,15,4,8,12) > 14,3,7,11,15,4,8,12}
C15 x2 <(1,14,12,10,8,6,4,2, {1, 14, 12,10, 8, 6,4, 2,

15,13,11,9,7,5,3) >

15,13,11,9,7,5,3}

Table 1.5: Orbits of Centraliser 2*1° : (D3 x 5)
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From the orbits of the centraliser, we obtain the following first order relations:

First Order Relations (N, Rep)

Class Relations

G o

Cs (xyx~tyr)?
Cs (3 HY)e

Cs (x‘3 tyx’l)d
Cs (xyx~2yrcye
Cr (Pyx~tyrty/
Cs (xyt¥)8

Cy (x"2ye<)h
Co (yx? !
Cn (a1
Ci2 (xe* )k

Ci3 (x? txyx’l)l
Cua (yx~tyhm
Cis (27"

Table 1.6: First Order Relations 2*1° : (D3 x 5)

We add the first order relations to the progenitor to obtain a homomorphic
image of G,
G=<x3t1y%xtyx 7y, y5 22, (6, y9), (7507, (xyx Ly r)b, (B e, (3 e (xyx 2y h e,

@ yxly) S, eyt ®)8, (x 2y ), (ya Y (px L eV e DR 2 (yx Ly )™,
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(x~2p¥ Hyn >

1.4 Permutation Progenitor 2*%*: (4 x 2: S3)

In this section we will write the presentation for the progenitor 2*24 . (4 x2):
S3 Nis generated by x ~ (1,9)(2,10)(3,11)(4,12)(5,13)(6,14)(7,15)(8,16)(17,23)(18,21)(20,24),
y~(1,15,17)(2,13,18)(3,11,19)(4,16,20)(5,10,21)(6, 14,22)(7,9,23)(8,12,24), and
z~(1,2,4,5)(3,8,6,7)(9,16,12,15)(10,11,13,14)(17,22,20,19)(18, 24,21, 23). The presen-
tation of N =< x, y, z|x2, y3, z4, (y_lx)z, z‘zy_lzzy, (yz_lx)z, z_ly_lz_ly_lzy_l >

The notation 2*%4, tells us we have 24 t's of order 2. We will let ¢ ~ ¢, this
means that ¢ will commute with the stabilizer of 1 in N. We use MAGMA to find the per-
mutations that stabilize 1 in N. The permututation that stabilizes 1 is (2, 6)(3,5)(7,8)(9,21)
(10,17)(11,23)(12,18)(13,20)(14,24)(15,22)(16,19).
We use our Schreier System to determine the permutation is xz7'y~!. We add xz71y~!
to our presentation of N to get the presentation of 2*2%. Thus our progenitor is G =<

-2,-1,2

x 22, y3, 24 (v 10?272y 1 22y, (vt 2 by ety eyt 2

,(t, xz_ly_l) >. Our

progenitor G is infinite. In order to make it finite we factor by relations.

1.4.1 Writing the First Order Relations

First order relations are written in the form (n?)b =1,whereae Nand wisa
work in the ¢/s. We can compute all the possible relations by computing the orbits of

the centralizers of the Conjugacy Classes of N. Let’s find the classes of N.
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Conjugacy Classes of N
Class Representative of Class #of elements
in the class
C e )
C 22=(1,9(2,5,6)(7,8)(9,12)(10,13)(11,14)(15,16)(17,20)(18,21) (19, 22) (23, 24) 1
G zxz =(1,11)(2,15)(3,12)(4,14)(5,16)(6,9)(7,13)(8,10)(17,20)(18,19)(21,22) 12
Cy y=(1,15,17)(2,13,18)(3,11,19)(4, 16,20)(5,10,21)(6, 14,22)(7,9,23)(8,12,24) 8
Cs z2=0(1,2,4,5)(3,8,6,7)(9,16,12,15)(10,11,13,14)(17,22,20,19) (18,24,21,23) 6
Ce yz=1(1,9,18,4,12,21)(2,14,20,5,11,17)(3,13,24,6,10,23)(7,16,19,8, 15,22) 8
G zx = (1,10,3,16,4,13,6,15)(2,12,7,11,5,9,8,14)(17,22,24,18,20,19,23,21) 6
Cs z7lx=(1,13,3,15,4,10,6,16)(2,9,7,14,5,12,8,11)(17, 19,24, 21, 20,22, 23, 18) 6

Table 1.7: Conjugacy Classes of 2*2% : (4 x 2 : S3)

Next we must find the centraliser of each class representative. Once we have

found the centraliser of each class, we must then find the orbit of each centraliser.
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Orbits of Centraliser(/N,Rep)

Class Representative Centraliser(/N,Rep) Orbits of Centraliser(N,Rep)

Cl e 1

<(1,4)(2,5)3,6)(7,8)(9,12)(10, 13
(1,4)(2,5)(3, 6)(7, 8)(9, 12)( ) (1,9, 15,2, 23, 16,7, 17,

C2 2 11, 14)(15, 16)(17, 20)(18,21)(19, 22)(23, 24)>
(11, 14)(15, 16)(17, 20)(18,21)(19, 22)(23, 24) 10,13, 4,18, 8, 20, 12, 3,

22,21,11, 5, 14, 24, 6, 19}

{17,20},{23,24},
<(1,11)(2, 15)(3, 12)(4, 14)(5, 16)

G zxz (6,9)(7, 13)(8, 10)(17, 20)(18,19) (21, 22)> 1,11, 4,14},
{2,15,5,16},
{3,12,6,9},
{7,13,8,10},
{18, 19, 21,22}
<1, 15,17)(2, 13, 18)(3, 11, 19) (L, 15,4, 17, 16, 20},
Gy (4, 16,20)(5, 10, 21)(6, 14,22)(7,9,23)(8, 12, 24)> (2,13, 5,18, 10,21},
{3,11,6,19, 14,22},
{7,9,8,23,12,24}
<(1,2,4,5)3,8,6,7) {1,2,20,4,19,5,17,22},
C5 V4
9, 16, 12, 15)(10, 11, 13, 14) {3,8,18,6,24,7,21,23},
(17, 22, 20,19)(18, 24, 21, 23)> {9,16,13,12, 14, 15,10, 11}
<(1,9, 18, 4, 12, 21)(2, 14, 20, 5, 11, 17) (19,18 4,12, 21},
G yz (3,13, 24, 6, 10, 23)(7,16, 19, 8, 15, 22)> (2,14,20.5, 11, 17},

{3,13,24,6,10,23},

{7,16,19,8,15,22}

<(1,10, 3, 16, 4, 13, 6, 15)(2, 12,7,11,5, 9, 8, 14)
{1,10,3,16,4,13,6,15},

G zx (17, 22, 24,18, 20, 19, 23, 21)>
{2,12,7,11,5,9, 8,14},

{17, 22, 24, 18, 20, 19, 23, 21 }

<(1, 13, 3, 15,4, 10,6, 16)(2,9,7, 14,5, 12, 8, 11)
{1,13,3,15,4,10,6,16},

-1
G zx (17,19, 24,21, 20, 22, 23, 18)>
{2,9,7,14,5,12,8,11},

{17,19, 24, 21, 20, 22, 23,18 }

Table 1.8: Orbits of Centraliser 2*24 : (4 x 2: S3)
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From the orbits of the centraliser, we obtained the first order relations as

shown in the table above.

Relations (IV,Rep)

Class Relations

C, 2%t

Cs zxzt? ", zxztV¥, zxzt, zxzt?, zxzt™ , zxzt"* X, zxztV?,
Cy yt, yté, y <y 2y

Cs zt, 2t ' 7 V7,

Cs yzt?, yzt™V 2 yz

C; zxt, zxt?, zxt? ",

Cs 2l xt, 27 xt?, 2 xtY

Table 1.9: First Order Relations 2*%%: (4 x 2 : S3)

Now we add our first order relations to our progenitor to obtain a homomor-
phic image of G,
G=<x,y2t1x% %, 24 (7 102,272y 122y, (yz ' 02,2y La ty lzy L, (2209, (zxzt? )P,
(zxzt?¥)C, (zxz0)?, (zx2t7)¢, (zxzt Y &) (zxzt*% )8, (zxzt*VF)", (o), (yt?), (ytxy_lz)k,
YL )™, (2t A", (28Y9)°, (yzt)P, (yzt9)T, (yzt™) 27, (yzt™)s, (zx )’ (zxt9) ",

(zxtY Y,z lx D, (2 ' x )2, (2 x Y ) B >

if #G gt 48 then a,b,c,d,e,f,g,h,i,j,k,1,m,n,0,p,q,r,s,t,u,v,al,a2,a3, #G;
end if; end for;
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Chapter 2

Monomial Progenitors

2.1 Preliminary

Definition 2.1.1. (Formula for Induced Character)

n
PpS=— Y =¢w,a=123..,m
ha weCynH

. Definition 1.1.12. (Character) Let A(x) = (a;;(x)) be a matrix representation of G of

degree m. We consider the characteristic polynomial of A(x), namely

A—an(x) A-apx) .. A-amx)

A—az(x) A-axpx) .. A-amX)
det(Al - A(x)) =

_/1_ ami1(x) A-ama(x) .. A- amm(x)A

This is a polynomial of degree m in A, with the coefficient of —A™! is
P(x) = a1 (x) + azz (x) + .. + Apmm(x)
It is customary to call the right-hand side of this equation the trace of A(x), abbreviated

to tr A(x), so that @(x) = tr A(x)
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We regard ¢(x) as a function on G with values in field K, and we call it the character of

A(x).[Led77]

Theorem 2.1.2. The number of irreducible characters of G is equal to the number of con-

jugacy classes of G.[Led77]

Definition 2.1.3. (Degree of a Character) The sum of squares of the degrees of the dis-
tinct irreducible characters of G is equal to |G|. The degree of a character y is x(1). Note

that a character whose degree is 1 is called a linear character.[Led77]

Definition 2.1.4. (Lifting Process) Let N be a normal subgroup of G and suppose that
Ao(Nx) is a representation of degree m of the group G/ N. Then A(x) = Ayo(Nx) defines a
representation of G/ N lifted from G/ N. If ¢o(Nx) is a character of Ag(Nx), then @(x) =
@o(Nx) is the lifted character of A(x). Also, ifu € N, then A(u) = Im,p(u) = m=@(1).

The lifting process preserves irreducibility.[Led77]

Definition 2.1.5. (Induced Character) The character of A(x), which is called the in-
duced character of ¢, will be dentoted by €. Thus, p© =trA(x) =Y, 1 O(tixt;71).[Led77]

Definition 2.1.6. (Formula for Induced Character)

n
PS=— Y =p,a=123..,m
htl weCynH



2.2 A Monomial Progenitor for 2°: 3

G =23:3is generated by xx = (3,6) and yy = (1,3,5)(2,4,6)
The conjugacy classes of the group G are C;, = ID(G)
C,=(1,4)(2,5)(3,6)
C3=(1,4),(2,5),(3,6)
Cy=(1,4)(3,6),(2,5)(3,6),(1,4)(2,5)
Cs=(1,3,5)(2,6,4),(1,6,5)(2,4,3),(1,3,2)(4,6,5),(1,6,2)(3,5,4)
Cs=(1,5,3)(2,6,4),(1,5,6)(2,3,4),(1,2,6)(3,4,5)(1,2,3)(4,5,6)
c;=(,6,2,4,3,5),(1,3,5,4,6,2),(1,3,2,4,6,5),(1,6,5,4,3,2)

C8 = (1)573)4’2)6)’ (1)5) 6)472)3)(1’2’ 6)4)5)3)) (1!2)3)4’5)6)

Let us consider the subgroup H of G,

H=1d(G),(1,4)(2,5),(2,5)3,6),(1,4)(3,6),(2,5),(1,4),3,6),(1,4)(2,5)(3,6)

The conjugacy classes of H are
Dy = 1d(G)

D, =(1,4)(2,5)

D3 =(2,5)(3,6)

Dy =(1,4)(3,6)

D5 =(2,5)

Dg =(1,4)

D7 =(3,6)

Dg=(1,4)(2,5)(3,6)

20
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Class D1 D2 D3 D4 D5 D6 D7 D8
Size 1 1 1 1 1 1 1 1

Representative | Id(G) (1,4)(2,5) (2,5(3,6) (1,4(3,6) (2,5 (1,49 (3,6) (1,4)(2,5)(3,6)
é 1 -1 -1 1 11 1 -1

In the table below, we have the characters ¢ of G corresponding to the subgroup H.

Class C1 C2 C3 C4 C5 C6
Size 1 1 3 3 4 4
Representative | 1d(G)  (1,4)2,5)3,6) (1,4) (1,43,6) (1,3,5)(2,6,4) (1,53)(2,6,4)
¢S 3 -3 1 -1 0 0
Class Cc7 C8
Size 4 4
Representative | (1,6,2,4,3,5) (1,5,3,4,2,6)
¢S 0 0
a) We want to induce the ¢ of H up to G to obtain the character ¢©.
¢S = 7t LweHnc, $(w), where n = % =2 =3

(plG = hil ZweHnCl ¢(w)

So, p¥ =3(p(1)) =3(1) =3



¢F = £ wernc, pw)

So, ¢F = 3(¢(1,4)(2,5)(3,6)) =3(-1) = -3

¢3 = 7 Xwernc, p(w)

So, pS =3 (Pp(1,4) +p(2,5) +p(3,6) =1(1+-1+1) =1
6§ = - L wernc, pw)

So, ¢F = 3((1,4)(3,6) + ¢(2,5)(3,6) + p(1,4)(2,5) =11+ -1+ -1) = -1
OF = 7 L wernc, P(w)

S0, ¢§ = 2((0) = 3(0) =0

OF = 1 Lwernc, P(w)

S0, ¢ = 3($(0) =30 =0

¢7 = e LweHnc, P(W)

So, ¢S = 2(p(0) =3(0) =0

22
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b5 = 7 Lwernc, P(w)

So, ¢5 = §(@(0) =5(0)=0

b) Show the monomial representation has the generators

1 0 0 010
Axx)=10 1 o |andA(yy)=10 0 1

0 0 -1 1 00

G=HeUH(1,3,5)(2,4,6), H(1,5,3)(2,6,4).

Let h=e t2 = (1»3’5)(2’4)6)» I3 = (1)5)3)(2)6»4)

r(/)(tlxtl_l) pnxt;)) Pp(nxe;?)

AXX) = | pltoxty)) Pplaxt;))  ¢ltaxtyh)

L(/)(tgxtl_l) Pltsxty!)  Plzxeg!)

' P(exe) ¢(ex(1,5,3)(2,6,4)) $(ex(1,3,5)(2,4,6))

= |¢((1,3,5)(2,4,6)xe) ¢((1,3,5)(2,4,6)x(1,5,3)(2,6,4)) $((1,3,5)(2,4,6)x(1,3,5)(2,4,6))
|$((1,5,3)(2,6,9)xe)  $((1,5,3)(2,6,9)x(1,5,3)(2,6,4)  $((1,5,3)(2,6,4)x(1,3,5)(1,3,5)(2,4,6))
¢((3,6) $((1,5,3,4,2,6)) ¢((1,3,2,4,6,5))

= 19((1,6,2,4,3,5)) $((1,4,)) $((1,2,6,4,5,3))

¢((1,5,6,4,2,3)) ¢((1,3,5,4,6,2)) $((2,5))
1 0 0O
=10 1 O




Alyy) =
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Py plnyn) ¢layeh)
Py dloyy)) dloyh)
Pyl iy ¢yt
P(eye) ¢(ey(1,5,3)(2,6,4)) ¢(ey(1,3,5)(2,4,6))
$((1,3,5)(2,4,6)ye) ¢¢((1,3,5)(2,4,6)y(1,5,3)(2,6,4)) $((1,3,5)(2,4,6)y(1,3,5)(2,4,6))

¢((1,5,3)(2,6,4)ye) ¢((1,5,3)(2,6,4)y(1,5,3)(2,6,4)) ¢((1,5,3)(2,6,4)y(1,3,5)(1,3,5)(2,4,6))

$((1,3,5)(2,4,6)) ¢((e) $((1,5,3)(2,6,4))

$((1,5,3)(2,6,4)) $((1,3,5)(2,4,6)) ¢((e)
¢((e) ¢((1,5,3)(1,5,3)(2,6,4)) ¢((1,3,5)(2,4,6))

010

0 01

1 00

(c) Give a permutation representation of A(xx) and A(yy) of the monomial

representation of part (b).

Axx)=10 1 0

1 00

=10 1 0| whereaj; =1, axp =1, and az3 =2.

0 0 2



This give us,
tl - tl,
I — I,

and 3 — t§

1 2 3 4 5 6
not t3 ot
e
not 2 F 5
1 2 6 4 5 3

Therefore, A(xx) = (3,6).
010

Alyy)=10 0 1| wherea;»=1,ay3=1,and az; =1.

1 00
This gives us,

tl - th
h— I3

I3—0h

1 2 3 4 5 6
not t3 o
bbb
L oty 76 5 n
2 3 1 5 6 4

25
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Therefore, A(yy) = (1,2,3)(4,5,6).

(d) Give the presentation of the monomial progenitor 3*3 :,,, (23 : 3).
A presentation for Sy is < x, y | x2, y3, (xy)6 >. We need to find the Normaliser{t, £}.
The Stabiliser(V, {1,4}) = (3,6), (2,5), (1,4). This means that £ commutes with all 3.

Thus, our presentation is < x, ,t|x2, 3,(x )6,(x, )2,(t,x),(t, X _1),t(xy):t2 >,
p y y y y yxy
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Chapter 3

Ismorphism Types

3.1 Preliminaries

Definition 3.1.1. (Abelian) A pair of elements a and b in a group commutes if a*b=b*a.

A group is abelian if every pair of its elements commutes. [Rot95]

Definition 3.1.2. (Homomorphism) Let (G,*) and (H,o) be groups. A function f:G—H is

a homomorphism if, for all a, b € G, f(a*b) = fla) o f(b). [Rot95]

Definition 3.1.3. (Isomorphism) An isomorphism is a homomorphism that is also a bi-
jection. We say that G is isomorphic to H, denoted G=H, if there exists an isomorphism

f:G — H. [Rot95]

Theorem 3.1.4. Let p be a prime. A group G of order p" is cyclic if and only if it is an

abelian group having a unique subgroup of order p. [Rot95]
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Definition 3.1.5. (normal subgroup) A subgroup K<G is a normal subgroup, denoted

by k<G, ifgKg~'=K for every ge G. [Rot95]

Theorem 3.1.6. (First Isomorphism Theorem) Let f: G— H be a homomorphism with

kernal K. Then K is a normal subgroup of G and G/K=Zim(f). [Rot95]

Theorem 3.1.7. (Second Isomorphism Theorem) Let N and T be subgroups of G with

N normal. Then NN T is normal in T and T/(NNT)=NT/N. [Rot95]

Theorem 3.1.8. (Third Isomorphism Theorem) Let K< H<G, where both K and H are
normal subgroups of G. Then H/K is a normal subgroup of G/K and (G/K)(H/K)=G/H.

[Rot95]

Theorem 3.1.9. (Correspondence Theorem) Let K< G and let v:G— G/K be the natural
map. Then S — v(S)=S/K is a bi-jection from the family of all those subgroups S of G
which contain K to the family of all the subgroups of G/K. Moreover, if we denote S/K by
S*, then: (i) T<S ifand only if T* < S§*, and then [S:T]=[S*:T* |; and (ii) T<S if and only

if T* < 8*, and then S/IT= S*/T*. [Rot95]

Definition 3.1.10. (maximal normal subgroup) A subgroup H<G is a maximal normal

subgroup of G if there is no normal subgroup N of G with H<N<G. [Rot95]

Definition 3.1.11. (simple) A group G#1 is simple if it has no normal subgroups other
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than G and itself. [Rot95]

Definition 3.1.12. (direct product) If H and K are groups, then their direct product,
denoted by Hx K, is the group with elements all ordered pairs (h,k), where he H and ke K,
and with the operation (h,k)(h,k’)=(hh,kk’). [Rot95]

Theorem 3.1.13. (Jordan-Holder Theorem) Every two composition series of a group G
are equivalent.

Suppose that the finite group G has two composition series
G=By>B;>...>B,={1andG=Cy>C; >...>Cy, = {1}. Then n = m and the
lists of composition factors for the two series are identical in the sense that if |H| < |G|
and®(H)={i=1:B;_1/B;= Hland¥V(H)={i=1:C;_1/C; £ H} then ®(H) = VY (H).

[Rot95]

Definition 3.1.14. (semi-direct product) A group G is a semi-direct product of K by Q,
denoted by G=Kx Q, if K<1G and K has a complement Q, =Q. One also says that G splits

over K. [Rot95]

Definition 3.1.15. (Mixed-Extension) If G is an extension of an abelian group not equal

to the center of G, then this is called a mixed extension. [Rot95]

Definition 3.1.16.(normal subgroup in composition series) A normal subgroup N of
a group G is called a maximal normal subgroup of G if

(@N#G
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(b) whenever N < M <1 G then either M = N or M +G.
By the Correspondence Theorem, if N <1G and N # G then every normal subgroup of G/IN
corresponds to a normal subgroup of G containing N. So a normal subgroup N is maxi-

mal if and only if G/ N is simple.

Definition 3.1.17. (Composition series) Given a group G, a composition series for G of
length n is a sequence of subgroups G=By > By > ---> By, =1 such that

(i) B < Bj_ fori=1,... ,n.

(ii) B;—1/B; is simple for i=1,...,n. In particular, B; is a maximal normal subgroup of G
and B;_ is simple. The (isomorphism classes of the) quotient groups B;/B;_, are called

composition factors of G.

Example 3.1.18.

Sy has the following composition series of length 4, where K is the Klein group
{(1),(12)(34), (13)(24), (14)(23)}.

S4> Ay > K >{(12)(34)} > {1}

We know that Ay <1 S4; the composition factor Syl Ay = Co.

We have seen that K <1 A4; and A4/ K = Cs

All subgroups of K are normal in K, because K is abelian.

Both K1{(12)(34)} and {(12)(34)}/{1} are isomorphic to C,.

So the composition factors of Sy are C, (three times) and Cs (once).
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3.2 Isomorphism Type 4°:4

Our goal is to find the Isomorphism type of the transitive group N on 8 letters.
N is a group of order 64 and is generated by x ~ (2,6)(3,7) , y ~ (1,3)(4,8)(5,7), and
z~(1,2,3,8)(4,5,6,7). The Normal Lattice of N is given below.

NL[13]

/Cfderszl \

NL[10] NL[11] NL[12]

/ Order 32 w Order 32
NL[9] NL[8] NL[7) /

Order 16 Order 16 Order 16

i /NL[S] N

Order 8 Order 8 Order 8

~3

Order 4

NL[2]
Order 2

NL[1]
Order 1

Figure 3.1: Normal Lattice of 4> : 4

The largest normal abelian subgroup of N is NL[8], which is of order 16. From
this we can conclude that NL[8] is isomorphic to Zy x Zy x Zy x Zy, Zy x Zy x Zy, Z4 %
Z4 or Z16. We see that NL[8] has two generators of order 4, A ~ (2,8,6,4) and B ~
(1,3,5,7)(2,8,6,4). Thus, NL[8] = 4 x 4 = 4°.

A presentation for NL[8] is given by < A, B| A%, B*,(AB) >.

NLI8] is an abelian subgroup of order 16 and N is of order 64. If N has a normal sub-
group of order 4, then N is a direct-product. However, N does not have a normal sub-

group of order 4. Thus we can conclude that N is a semi-direct product of NL[8].
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By factoring N by NL[8] we obtain that N is an extension of NL[8] by N/NL[8].
N/NLI8] is generated by C ~ (1,2,3,8)(4,5,6,7). So N/NLI[8] =
< C > which is of order 4.

Now we conjugate the generators of NL[8] =< A, B> by C and compute A® and B°.
AC = (2,8,6,4)1238(4567)
=(1,7,5,3) 3.1

= AB3

B® =(1,3,5,7)(2,8,6,4)1 >3V ®567
= (1)7r5)3)(2;8)6)4) (32)
- 423
The presentation of N is < a, b, c | a*, b*, (ab), c*, a® = ab®, b® = a®b® >. Therefore, N is

the semi-direct product of 4% : 4.

3.3 Ismorphism Type (4 x 22) : S5

Our goal is to find the Isomorphism type of the transitive group N on 14
letters. N is a group of order 96 and is generated by w ~ (1,7)(3,9)(4,10)(6,12) x ~
(14,7,10)(2,5,8,11)(3,6,9,12) y ~ (1,5,9)(2,6,10)(3,7,11)(4,8,12) and z ~ (1,5)(2,10)(4,8) (7, 11).
The Normal Lattice of N is given by The largest normal abelian subgroup of N is NL[7]
which is of order 16. From this we can conclude that NL[7] is isomorphic to Z, x Z, x
Zy x Lo, Zyx Ly x Ly, Zy x Z4 Or Z15. We see that NL[7] has one generators of order
4 and three generators of order 2 A ~ (1,4,7,10)(2,5,8,11)(3,6,9,12), B ~ (3,9)(6,12),

C~(1,7(3,9(4,10)(6,12)and D ~ (1,7)(2,8)(4,10)(5,11). However, I need to determine
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NL[14]
/Order% \
NL[11] NL[13] NL[12]
/ Order 48 w Orde‘r 48
ML[8] NL[9] NL[10] / NL[7]
Order 24 Order 24 Ord7 Order 16
NL[B] /NL[S] NL[3]
Order 12 Order 8 Order 4
NL[4] NL[2] /
Oreler 4 Order 2
NL[1]
Order 1

Figure 3.2: Normal Lattice of (4 x 22) : S

if all four generator are needed to generator NL[7] which is of order 16. We conclude
that NL[7] is generated by ABC. Thus NL[7] = 4 x 22.

A presentation for NL[7] is given by < A, B,C | A% B?,C?(A, B)(A,C)(B,C)) >.
NL[7] is an abelian subgroup of order 16 and N is of order 96. If N has a normal sub-
group of order 6, then N is a direct-product. However, N does not have a normal sub-
group of order 6. Thus we can conclude that N is a semi-direct product of NL[7] by
Ss.

By factoring N by NL[7] we obtain that N is an extension of NL[7] by N/NL[7].
N/NLI7] is generated by D ~ (1,5,9)(42,6,10)(3,7,11)(4,8,12) which is of order 3 and
E ~ (1,5)(2,10)(4,8)(7,11) which is of order 2. So N/NL[7] =< D, E > which is of order

6.
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Now we conjugate the generators of NL[7] =< A,B,C > by D and E and compute

AP.BP, CP, AE, BE, and C*.
AP =(1,4,7,10)(2,5,8,11)(3,6,9,12) >V EH10GL1D4812)
=(1,4,7,10)(2,5,8,11)(3,6,9,12)

=A
BD =(3,9)(6 12)(1,5,9)(2,6,10)(3,7,11)(4,8,12)

=(7,1)(4,10)

=B=xC

CD — (1, 7) (3, 9) (4’ 10) (6, 12)(1,5,9) (2,6,10)(3,7,11)(4,8,12)
=(1,7)(2,8)(4,10)(5,11)
=A’«B
AE =(1,4,7,10)(2,5,8,11)(3,6,9, 12)(1,5)(2,10)(4,8)(7,11)
=(1,4,7,10)(2,5,8,11)(3,6,9,12)
=A
BE — (3,9) (6, 12)(1,5)(2,10)(4,8)(7,11)

=(3,9)(6,12)

=B

C* = (1,7)(3,9)(4,10)(6,12) 1Y &1VEITID
=(2,8)(3,9)(5,11)(6,12)

=A>xBxC

(3.3)

(3.4)

(3.5)

(3.6)

(3.7

(3.8)
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The presentation of N is < a, b,c,d, e | a*, b?,c?,(a,b), (a,c), (b,c),d>, e?, (d *
e a%=ab?=bxcc®=a’+ba®=ab’=b,c®=a®xbxc> Therefore, N is the

semi-direct product of 4 x 22 : S3.

3.4 Isomorphism Type (4 x 2%) : o A,

Our goal is to find the Isomorphism type of the transitive group N on 24 let-
ters. N is a group of order 192 and is generated by x ~ (1,3)(2,4)(5,23)(6,24)(11,12)
(13,14)(15,16)(17,18)(19,22)(20,21) and y ~ (1,7,22,24,10,19)(2,8,21,23,9,20)
(3,11,15,6,14,18)(4,12,16,5,13,17).

The Normal Lattice of N is

NL[9]
Order 192

NL(7] NL[8]
Order 64 Order 96

N/

NL[5] NL[6)
Order 16 Order 32

NL[4]
Order 8

NL[2] NL[3]
Order 2 Order 4

NL[1]
Order 1

Figure 3.3: Normal Lattice of 4 x 22
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The largest normal abelian subgroup of N is NL[5], which is of order 16. This
implies that NL[5] can be isomorphic to Zy x Zy x Zy x Z3, 01t Zy x Zy X Z2, 01 Z4 X Z4, OF
Z16. NL[5] is generated by three elements,
<AB,C>=<(1,5,24,4)(2,6,23,3)(7,11,10,14)(8,12,9,13)(15,22,18,19)(16, 21, 17,20),
(1,2)3,4)(5,6)(15,17)(16,18)(19,21)(20,22) (23, 24),
(1,23)(2,24)(3,5)(4,6)(7,8)(9,10)(11,12)(13,14) >. The presentation for NL[5] is given
by < a,b,c| a*,b?, c?,(a,b),(a,c),(b,c) >. Since NL[5] is an abelian subgroup of order
16 and N is of order 192, we are looking for a normal subgroup of order 12. However, N
does not have a normal subgroup of order 12.

Now we factor N by NL[5] and see that N is an extension of NL[5] by N/NLI5].
Thus, N/NL[5] 2 g =< NL[5]D, NL[5]E > and N/NLI[5] =< D, E > is of order 12.

D ~(1,3)(2,4)(5,23)(6,24)(11,12)(13,14)(15,16)(17,18)(19,22)(20,21) of order 2 and E ~
(1,7,22,24,10,19)(2,8,21,23,9,20)(3,11,15,6,14,18)(4,12,16,5,13,17) of order 6. Now

we conjugate every generator in NL[5] by D and E.

AP =(1,5,24,4)(2,6,23,3)(7,11,10,14)(8,12,9, 13)(15,22,18,19)(16,21,17,20)"
=(1,4,24,5)(2,3,23,6)(7,12,10,13)(8,11,9,14)(15,20,18,21)(16,19,17,22)  (3.9)

= ABC

BP =(1,2)(3,4)(5,6)(15,17)(16,18)(19,21) (20,22) (23,24)"
=(1,2)(3,4)(5,6)(15,17)(16,18)(19,21)(20,22) (23, 24) (3.10)

=B
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CP =(1,23)(2,24)(3,5)(4,6)(7,8)(9,10)(11,12)(13,14)"
=(1,23)(2,24)(3,5)(4,6)(7,8)(9,10)(11,12)(13,14) (3.11)

=C

AF =(1,5,24,4)(2,6,23,3)(7,11,10,14)(8,12,9,13)(15,22,18,19)(16,21,17,20) ¢
=(1,6,24,3)(2,5,23,4)(7,13,10,12)(8,14,9,11)(15,19,18,22)(16,20,17,21)  (3.12)

=A%C

BF =(1,2)(3,4)(5,6)(15,17)(16,18)(19,21)(20,22) (23,24) ¢
=(1,23)(2,24)(3,5)(4,6)(7,8)(9,10)(11,12)(13,14) (3.13)

=C

cf =(1,23)(2,24)(3,5)(4,6)(7,8)(9,10)(11,12)(13,14)F
=(7,9)(8,10)(11,13)(12,14)(15,16)(17,18)(19,20)(21,22) (3.14)
= A’BC

The presentation of N is < a,b,c,d, ela*, b*,c% (a,b),(a,c), (b c),d? e, (d x e)®,a% =

3=a’be>.

abe,b® =b,c? =c,a® =a’c,b®=c,c
However when we verify if the presentation is isomorphic to N, MAGMA tells us that it

is not.

MAGMA CODE:
> H<a,b,c,d,e>:=Group<a,b,c,d,ela~4,b"2,c~2,(a,b),(a,c),(b,c),d"2,
e~ 3, (d*e) ~3,a~d=a*b*c,b~d=b,c~d=c,a~e=a"3*c,b"e=c>;
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> H<a,b,c,d,e>:=Group<a,b,c,d,ela~4,b~2,c~2,(a,b), (a,c),(b,c),d"2,
e~3, (d*e) ~3,a~d=a*b*c,b~d=b,c"d=c,a"~e=a"3*c,b"e=c,c e=a"2*b*c>;

> #H;

192

> f H1,k:=CosetAction(H,sub<H|Id(H)>);
> IsIsomorphic(H1,N);
false

From this we can conclude that N is not a semi-direct product of NL[5], rather it is a
mixed extension. This means that some elements of N/NL[5] can be written in terms
of the elements in NL[5]. In order to proceed, we must check the order of the elements
of NL[5].

In MAGMA we compute:

> Order(q.1);

2

> Order(T2) eq Order(q.1);
true

> Order(q.2);

3

> Order(T3) eq Order(q.2);
false

> Order(T2xT3) eq Order(q.1xq.2);
false

> Order(T3);

6

> Order(q.2);

3

Given that there exists a homomorphism from N to N/NL[5], we know
T[2], T3] € N. However, we verified through MAGMA that D = T'[2] is of order 3,

and E = T3] is order of E is 6. This means that E3 € NL[5], and (D * E)3 = AB.

> H<a,b,c,d,e>:=Group<a,b,c,d,ela~4,b~2,c~2,(a,b), (a,c), (b,c),
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d~2,e"3=a"2, (d*e) ~3=ax*b,a"~d=ax*b*c,b~d=b,
c~d=c,a"e=a"3*c,b~e=c,c"e=a"2*b*xc>;

> #H;

192

> f,H1,k:=CosetAction(H,sub<H|Id(H)>);

> IsIsomorphic(H1,N);

true Mapping from: GrpPerm: H1 to GrpPerm: N
Composition of Mapping from: GrpPerm: H1 to GrpPC and
Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: N

Therefore, the presentationof Nis < a, b, ¢, d, ela*, b?,c?, (a,b),(a,c), (b c),d? e =a?, (dx
e)® = ab,a® = abc,b% = b,c% = ¢,a® = a’c, b® = ¢, c® = a’bc >. Thus N is the mixed ex-

tension of (4 x 22) 1 e Ay
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Chapter 4

Double Coset Enumeration

4.1 Preliminaries

Definition 4.1.1. (right coset) If S is a subgroup of Gand if t€ G, then a right coset of S €
G is the subset of G: St = {st:s € S} (a left coset is tS = {ts:s€S}). One calls t a representative

of St (and also tS). [Rot95]

Theorem 4.1.2. If S<G, then any two right (or any two left)cosets of S in G are either

identical or disjoint. [Rot95]

Theorem 4.1.3. If S<G, then the number right cosets of S in G is equal to the number of

left cosets of S in G. [Rot95]

Definition 4.1.4. (index) If S<G, then the index of S in G, denoted [G:S], is the number

of right cosets of S in G. [Rot95]
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Definition 4.1.5. (conjugate) If x € G, then a conjugate of x in G is an element of the

form axa™' for some a€ G. [Rot95]

Definition 4.1.6. (double coset) If S and T are subgroups of G, then a double coset is a

subset of G of the form SgT, where g€ G. [Rot95]

Definition 4.1.7. (G-set) If X is a set and G is a group, then X is a G-set if there is a func-
tion a: Gx X — X (called an action), denoted by a.: (g, x) — gx, such that:

(i) Ix=x for all x € X; and

(ii) g(hx) = (gh)x for all g, h € G and x € X. [Rot95]

Definition 4.1.8. (acts) G acts on X, if | X| = n, then n is called the degree of the G-set X.

[Rot95]

Definition 4.1.9. (G-orbit) If X is a G-set anf x € X, then the G-orbit of x is9(x) = {gx: g

€ G}c X, O (x) denoted Gx). [Rot95]

Definition 4.1.10. (stabilizer) If X is a G-set and x € X, then the stabilizer of x, denoted

by Gy, is the subgroup Gy =ge€ G:gx=x< G. [Rot95]

Theorem 4.1.11. If X is a G-set and x € X, then |9(x)| =[G : G]. [Rot95]

Corollary 4.1.12. If a finite group G acts on a set X, then the number of elements in any
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orbit is a divisor of |G|. [Rot95]

Corollary4.1.13. (i) If Gis a finite group and x € G, then the number of conjugates of x €
Gis[G: Cg(x)] (Cg, is centralizer). (ii) If G is a finite group and H < G, then the number

of conjugates of He Gis [G: Ng(H)] (Ng, is normalizer). [Rot95]

Definition 4.1.14. (transitive) A G-set X is transitive if it has only one orbit; that is for

every x, y € X, there exists 0 € G with y =ox. [Rot95]

Definition 4.1.15. (Point Stabilizer) A point stabilizer of w in N, denoted by NV, NV =
{ne N|w" = w} < N, where w is word of the tl’.s

Lemma 4.1.16. The point stabilizer NV is a subgroup of N. Apply the subgroup test to
NY,

L we=w=eeNY

2. Leta,be NV, we want to show that ab € N¥

wab — (wa)b

=>abe N¥

3. Letae NY. Showa™' € N¥. Given w® = w

1 w

_1 _ _ _ _
Then w* =wa . Sow=w"% Thusa ' =w,anda ' € N¥.

Definition 4.1.17. (Coset Stabilizing Group) The coset stabilizing group of the coset

Nuw is NW=meNINW'=Nw y,hore 1) is a word in the tlfs.
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Lemma 4.1.18. The coset stabilizer N is a subgroup of N. Apply the subgroup test to
NY,

1.ee N since Nw® = Nw

2. Leta,be N, we want to show that abe NV

Nw®=Nw and Nw? = Nw, Then Nw® = N(w*?

= (Nw®?

= N(w)?

=Nw=abe NW

3. Letae NW . Showa ' € NW. Given Nw® = Nw

= (Nw? =Nw

= (NwH®" = (Nw)®"

= Nw ' = Nw®'

=>Nw=Nw % Thusa ' e NW,

Lemma4.1.19. N¥ < NW)

Letae NV and N™ ={ne N| Nw" = Nw}

>wi=w

=>Nw*=Nw

=aeNW,

Lemma 4.1.20. The number of right cosets in the double cosets NwN is %, since

Na# Nb<= NWqg# NWp,

Lemma 4.1.21.(Equality of Right Cosets Nw; = Nw»,



44

<~ w; e Nwy

<~ dneN>3>w)=nw;

Lemma 4.1.22.(Equality of Double Cosets Let NwN = {Nw" |ne N} ={mw" |n,me
N} define a double coset. Let Nw N = {N w{l | n € N} be one double coset and w, €
NwiN and let Let Nw, N = {Nwy' | n € N} be a different double coset. Then NwiN =
NwyN

w1 € NwyN=NuwsN

— w; e Nwa,N

< w; = mwon wherem,n € N

— w;=mnw,n

= w) = mnwy

— w; = gwy whereg=mneN

Definition 4.1.23. (Double Coset Algorithm) Perform the double coset enumeration of
group G over transitive group N, where double cosets take the form NwN = {Nwn | n € N}
={Nw" | ne N}

(i) Compute the point-stabilizer N and coset stabilizer of each double coset.

(i) Compute the number of right cosets by using the formula \Ilm’l , where NW) = fne N

| Nw" = Nwj} is the coset stabilizer of the right coset.

(iii) For each double coset NwN, compute the orbits of N'W). It suffices to determine the
double coset of Nwt; for a single representative of each orbit. Note, NW) = N¥ is always
true.

(iv) Determine which double coset each coset representative Nwt; belongs to, (repeat the

process until closed by coset multiplication ) .
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4.2 Double Coset Enumeration of PGL(2,7) over 22 : 3

6.92.
G= 26:02:3

GO 8 7 Consider the group,

G<x,y,t>=Group<x,y, t|x3,y3, (xy)z, 2 (t, xy_lx) > factored by (xtY t¥)%2 and (xt? (17)%)3
where x = (1,3,5)(2,4,6), y=(1,2,6)(3,4,5) and ¢ = t;. Now we substitute the values of
x and y and expand our relation (x¢¥ t*)2 = e to obtain,
((135) (246) 1120349 /(135) (246’)2 = ((135)(246) 12 £3)*
= (135)(246) 12 13(135)(246) > 13
4.1)
= (135)(246)(135)(246) (1 t5) 13¥240) 1, 1,
= (153)(264)tat5t2 13
Our first relation (153)(264) t4 t5 > t3 = e can be written as (153)(264) t4t5 = 131>

Similarly, we expand our second relation to obtain,
((135)(246) tilZG)(346)(t{IZG)(345))(135)(246))3 — (135)(246) o 1)°
= (135)(246) 12 14(135)(246) 12 t4(135) (246) to 14
= (135)(246)° (12) 139 10 (1 1,) 13910 1, 1,
=elghllghl
(4.2)

Our second relation tgfy 45t t4 = e can be written as fglaty = 41 Ig.

We conjugate the first relation (153)(264)t4t5 = 3t by all the elements of N

to obtain twelve new relations.
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(153)(264) 14 {1V = 1199 = (153)(264) 1o 13 = 11 16
(153)(264) 15 1V = 11100 = (123)(456) 1, 16 = ta 83
(153)(264) 14 £513P165) = 1 {1321 5 (156) (234) t614 = o 1y
(153)(264) 15 1112964 = 1126059 = (156) (234) 513 = ta 16
(153)(264) 15 111093 = 11192005 =, (123) (456) 1314 = 1511
(153)(264) 15 1110V = 15 £ {12909 = (126)(345) 1311 = o1 (4.3)
(153)(264) 15 'Y = 1] = (156)(234) 18, = 135
(153)(264) 15 £ YC = 11]1Y0% = (123)(456) 11 85 = 161
(153)(264) ta 103V #10) = 1 {139C40) o (153) (264) t11 = 1514
(153)(264) ta 11120 = 13 {12914%6) = (126)(345) t516 = 11 13
(153)(264) ta 17709 = 1562909 = (126)(345) ta 1 = 1515

We conjugate the second relation g3 = 412t by all the elements of N to
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obtain twelve new relations.

(153)(264)

tglo t(153) (264) — lalp 1 = hlglh = bigly

4

t512 1703 = 11, (1VEY ot = 31y

ttp 109D = 1,1, (13900 o 4o gy 6 = to 11 15

t5tp 1200 = 11, (12000 o 1 s = 15161y

sty t£162)(354) - télez)(354) = bt =it b
sty ti165)(243) - té126) G4 oy o fata = Lalals (4.4)
tstrt\ V) = 1tV =t 151 = 151
tstr iV = 16tV = i =ttt

1o 1o t139I0) = 4, (B39O gy oty

t5tp 12V = 11, (120 o py s = 151314

lglo 12525)(36) =14l t((;ZS)(%) = I3l5l4 = 41513

We will use our technique of double coset enumeration to show that

|G| < 336.

1st Double Coset [*]

Let [*] represent the double coset which contains NeN = {N(e)" | n € N} = {N}. The
coset stabilizer of NeN = N. The number of single cosets in [*] is equal to % = % =1
The orbits of N on {1,2,3,4,5,6} are {1,2,3,4,5, 6}, that is, there is one single orbit. Now
select a representative from the single orbit, say 1, and find the double coset that con-
tains Nt;. We determine that Nt; belongs to a new double coset Nt; N denoted by [1].

There are 6 elements in the orbit {1,2,3,4,5, 6}, therefore, all 6 symmetric generators

will move forward.
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(e ()
[*] [1]

Figure 4.1: Cayley Graph PGL(2,7) over 22:3

2nd Double Coset

Let [1] represent the double coset that contains all the elements in N#; N.
NtuN={N(t;)" | ne N}
_ {Nl_iz,Nt{l,S,B)(Z,GA),Nt{1,5,6)(2,3,4)yNtil,S,Z)(4,6,5),
Nt{l,z,ﬁ)(3,4,5),Nt{l,G,Z)(S,SA),Nt{1,6,5)(2,4,3),Nt{1,4)(2,5), (4.5)

Nt{l,4)(3,6),Nt§1,3,5)(2,4,6),Nt{1,2,3)(4,5,6),Nt{2,5)(3,6)}
= {NtlvNtZrNt3)Nt4)Nt5»Nt6}

The point stabilizer of N'! is e, (25)(36), since these are the only two elements that sta-

bilize 1. The coset stabilizer of NV = {e, (25)(36)}. The number of single cosets in [1] is

equal to |1|VI\(]1|)| = 12 = 6. The orbits of N on {1,2,3,4,5,6} are {1}, {4}, {2, 5}, and {3,6}. Now

select a representative from each single orbit, 1 € {1},4 € {4}, 2 € {2,5},3 € {3,6} and de-
termine the double cosets that contains Nt t;, Nty ty, Nt; £, and Nt t3. We have four
possible new double cosets. We use our first relation to determine if we will have four

distinct double cosets.
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Nt = Nee€ [#], since there is one element in the orbit {1}, one symmetric generator

will return to [*].

Nt 1, belongs to a new double coset Nt; ;N denoted by [12], since there are two ele-

ments in the orbit {2, 5}, two symmetric generators will move forward.

Nt t3 denoted by [13]= [12]. If we conjugate our first relation (153)(264) 415 = t3f by

(123)(456) we get

(153)(264) 14 té123)(456) =13 té123)(456)

(126)(345) t51t6 = 11 I3

Now, #1135 = (126)(345) t5 s

So Nt 15 = Ntstg = N(t; 1) 12340 ¢ [12]

But Nt 13 ¢[12] so Nty t3 = [12]

Nt t4 belongs to a new double coset Nt £, N denoted by [14], since there is one ele-

ment in the orbit {4}, one symmetric generator will move forward.
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Figure 4.2: Cayley Graph PGL(2,7) over 22 : 3

3rd Double Coset [12]

Let [12] represent the double coset containing the elements,
Nt N={N( tg)n | ne N}
= (N(t11)%, N(t1 1) 120D N(1) £,) 15O@3D N (1) 13D A65)
N(l'l tz)(l’z’ﬁ)(3'4'5), N(t] tg)(1’6'2)(3'5’4), N(tl tg)(l's'S) (2,4,3), N(tl l'z)(l'4) (2,5)’
(4.6)
N(f l‘z)(l’4) (3,6) N(f tz)(1.3,5) (2,4,6) N(f tz)(1’2’3)(4'5'6) N(f tz)(2,5)(3y6)}
={Nt1tp, Ntst5, Nt5t3, Ntst1, Nto 15, Nlgt1,
Nitgts, Nigts, Nigtr, Ni3ty, Nto 13, N1 15, }

Lemma Ntifhty =Ntrish

Conjugate the original relation (153)(264) 4 t5 = t31» by (165)(243) to get,
(153)(264) 1, télGS) 243) _ ¢, t£14) (25)
(156)(234)t3t) = to s
Then 11 tp14 = 11(156)(234) 311 4.7)
=(126)(453) 131

> Nhbhty=Nbhizh
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Lemma Nt 6t = Ni3

Conjugate the original relation (153)(264) t4t5 = t31, by (14)(25) to get,

(153)(264) ta 13 V® = 1311V
(156)(234) 1t = 1315
= 1 =(165)(243) 1315
(4.8)
Then %lg = (165)(243) 131515
= (165)(243) 13

=> Nhbts=Nit3

Lemma Nt thtg = Niglsts

Conjugate the original relation (153)(264) 415 = t31, by (156)(234) to get,

(153)(264) £, 1159@39 _ 1, t2(156)(234)
5
(123)(456) to g = t4 13
= Ihitg = (132)(465)t4t3Then 1 tr 15
T 4.9)
=1 (132)(465) 1413
= (132)(465) 1314 13
=> Nhibrtg=Niststs

The point stabilizer of N 12 is {e}. The coset stabilizer of N1 = {¢}. The number of
single cosets in [12] is equal to % = % = 12. The orbits of N on {1,2,3,4,5,6} are
{1},{2},{3},{4},{5},and {6}. Now select a representative from each single orbit, 1 € {1},
2€{2},3€{3},4 € {4},5 € {5}, and 6 € {6} and determine the double cosets to which they

belong.
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Nt tt; € [121], which is a new double coset. Thus one symmetric generator moves

forward.

Ntttp €[1],since Nty 1o = Ntje = Nt;. Thus, one symmetric generator goes back.

Nt tt3 € [123], which is a new double coset. Thus one symmetric generator moves

forward.

Nt tpt4 € [123]. From the lemma, we know Nt trts = Nt t31) = N(t1 12 t5) 123 *56) Then

Nt trt4 € [123]. Thus, one symmetric generator goes to [123].

Nt ty15 € (1]. From the lemma Nt;tpt5 = Ntg = NP Then N t,5 € [1]. Thus,

one symmetric generator moves goes back to [1].

Nt totg € [121]. From thelemma Nt tatg = Nitstats = N(t; t217) 13246 Then Nt to 16 €

[121]. Thus, one symmetric generator moves forward.
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Figure 4.3: Cayley Graph PGL(2,7) over 22 : 3

4th Double Coset [14]

Let [14] represent the double coset containing the elements,

NttyN={N(t114)" | n€ N}
— (N(t; )¢, N(t; t) L5D26D N (4 £,) 15O Ny, 1) (132465
Nty £5) 12845 N(g 1,)LEDBED N(g L6 N7 1) IDRD  (4.10)
N(t, ) IYGO N (1, £,) 130246 N, 1,)L2DE5E) N(p, 1,1 (25B6)
={Nt1t4, Ntsto, Nt3t6, Nt 15, Ntgt3, Nts 11,

The point stabilizer of 14 is {e, (25)(36)}. In order to see the number of elements that are

in the coset stabilizer, we must identify the element that stabilizes the coset.
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If we conjugate our relation by (135)(246) to obtain,

(153)(264) fg1; = f514.
So 1,(153)(264) 1; = f514.
Thus (153)(264) t; ty t5 = t4.
Therefore, t; t4t5t> = (135)(246) € N. (4.11)
ThenNt tyt5to = N
Hence Nt1t4 = Nty 5.
N(t; £5) 120649 — 1, 1

= (126)(345) belongs to N4,

Therefore, the coset stabilizer of Nt;t, is < e, (25)(36), (126)(345) >= N. The number
of single cosets in [14] is equal to % = % = 1. The orbits of N on {1,2,3,4,5,6} are
{1,2,3,4,5,6}. Now select a representative from the single orbit, 4 € {1,2,3,4,5,6}, and

determine the double cosets to which it belongs.

Nttty €[1], since t4t4 = tf =eand Nt 1414 = Ntye € [1]. Thus all 6 symmetric genera-

tors go back to [1].
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Figure 4.4: Cayley Graph PGL(2,7) over 22 : 3

5th Double Coset [121]

Let [121] represent the double coset containing the elements,

NthtbnN={N(th,t1)" | n€ N}
= {N(t1t,11)°, N(t 1o 11) V>V N (11 1,1) 1203 N (1 117) 2246,
Nty 1) 20649 N(p 1, 1) IODESD N (1 1, 1) UEDRAD N (1, 1 1) D@D,
Nt 1) MY N5 1,1) 240 N (1 1, 1) V2D N (18, 17) @00
={Nthtt),Nistgls, Nt5t3t5, Nt3gt 1 13, Nto lgt2, Nilgt L5,
Nitgtyte, Ntgtsty, Ntgtoty, Nistyt3, Nto 132, Nt t511,}

(4.12)

The point stabilizer of 121 is {e}. However, since Nt t,t; = N3t t3, the coset stabilizer

of NU2D = (¢ (132)(465), (1,2,3)(4,5,6)}. The number of single cosets in [121] is equal

to lA}{YJUl = 13—2 = 4. The orbits of N on {1,2,3,4,5,6} are {1,2,3} and {4,5,6}. Now select

a representative from each single orbit, 1 € {1,2,3} and 4 € {4,5,6} and determine the

double cosets to which they belong.
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Ntuttity €[12]. Since 11 = tlz =e. Then Ntitat16y = Ntyiptf = Nyt € [12]. Thus 3

symmetric generators go back to [12].

Nttt t4 € [12]. If we conjugate our original relation (153)(264) t4 t5 = 131, by (132)(465)

we get

((153) (264) t t5) (132)(465) — (tS t?_) (132)(465)
(4.13)
(156)(234) tgty = t2 11

Also, if we conjugate our original relation (153)(264) t4 t5 = t3t» by (123)(456) we get

((153)(264) t4 15) (123)(456) _ (t312) (132)(465)

(4.14)
(126)(345) 5t = 11 13
We use both relations to show,
hitatits = 11(156)(234) fg L4ty
= (156)(234) 5 fge (4.15)

= (156)(234) 15 I

Nt tot1ts = Ntstg = N(1; 1) 1532689 ¢ [12]. Therefore, Nt;t2 1 t4 € [12] Thus 3

symmetric generators go back to [12].



57

Figure 4.5: Cayley Graph PGL(2,7) over 22 : 3

6th Double Coset [123]

Let [123] represent the double coset containing the elements,

NutizsN={N(f3)" | ne N}
= N(111213)¢, N(11 12 13) >V N (118, 15) O3 N (1 1, 1) 132 E6),
N(tl t l'3)(1'2'6) (3,4,5), N(l’l t tg)(l’ﬁ'z)(3'5’4), N(l’l t tg)(1’6’5)(2’4'3), N(l’l t tg)(1'4) (2,5)’
N(t1t213) YOO N (11 1 3) 130G N (1 1, £5) 123 A0 N (1 1, £3) B0
={Ntitot3, Ntstgty, Ntstzts, N3ty t2, Nto ts ts, Ntg 11 15,
Ntgtyto, Ntststs, Ntytate, Ntz tsts, Ntat3ty, Nty t5 15, }
(4.16)

The point stabilizer of N'?3 is {e}. However, since Nt;f,t3 = Nt5t3t4, the coset stabi-
lizer of NU?3) = {¢,(1,5,6)(2,3,4), (1,6,5)(2,4,3)}. The number of single cosets in [123]
is equal to % = % = 4. The orbits of N on {1,2,3,4,5,6} are {1,5,6} and {2,3,4}. Now

select a representative from each single orbit, 1 € {1,5,6} and 3 € {2, 3,4} and determine

the double cosets to which they belong.
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Nt tt3t € [12]. If we conjugate our original second relation t5t, t4 = t4t2 t5 by (14)(36)

we get

leto t§14) (36) _ fht tél4)(36)

(4.17)
> B3t =hHix3
Now we show,
ittt =31
=131
(4.18)
= (153)(264) 1415

=> Nhiitzti =Niyts = N(h tg)(14)(25) €[12]

Therefore, Nt to 131 € [12]. Thus, 3 symmetric generators go back to [12].

Ntitatzts € [12]. Since, t313 = l'32 =e. Then Ntithtst3 = Nt t2t32 = Nt1tp. Thus 3 sym-

metric generators go back to [12].
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Figure 4.6: Cayley Graph PGL(2,7) over 22 : 3

4.3 Double Coset Enumeration of PSL(2,11) over Dg

_ 26:N ; — 3,3
G= D Consider the group, G < x, y,t >:= Group < x, y, t|x>, y°, (x*
V2,82, (6 xxy Vex), rx Y« 5 1V = y2 15 % 17 > factored by (xy#”)3 and (xt”” 1)®
where x = (1,3,5)(2,4,6) , y = (1,2,6)(3,4,5), t's are of order 2 and ¢ = t;. Next we will

expand our relations.

Expanding the relation (x * y  t¥)3

Letn=xy=(1,4)(2,5)
n’=(xy)P’=e

and 73 = (xy)3 =(1,4)(2,5) Now we will expand our relation (x * y * 3 =e
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(5 y# 19)3 = (relP2OBA)3

= (1)
(4.19)
2
=73 5t
= (1,492,568,

=(1,4)(2,5) 2 t512
Ourrelationis (1,4)(2,5) t, t5t, = e which can also be written as (1,4)(2,5)t t5 =

f,. We use this relation to find other relation by conjugating by the elements in N.

(1,3,5)(2,4,6) (1,3,5)(2,4,6)

((1,9)2,5)t215) =1, = (1,493,641 = 1a (4.20)
((1’4)(2’5”2%)(126) (3,4,5) _ t(l 200345 -y (2. 5)(3,6) 1513 = lg 4.21)
((1,4)2,5)p15) P> = (LSDRED o 5 5)(3,6) 1515 = 1 (4.22)
((1,4)2,5)p15) P02 = (LEDCSD o (4 4y3,6)1110 = 11 (4.23)

((1,82,5)615) MV = (1YCD o (1, 4)2,5) 1515 = 15 (4.24)

((1,42,5)1215) >0 = (296G0 o (1 4)(2,5) 1515 = 15 (4.25)
((1,4)(2,5) o 15) VPO = (132E65 o (1 )3, 6) 1184 = 14 (4.26)
((1,4)2,5)1.15) >0 H0 = (2SO o (5 5)(3,6) 1306 = 13 (4.27)
((1,4)2,5)115) O = ((LORID o (5 5)(3,6) 136 = 13 (4.28)
((1,4)©2,5)185) MO0 = (1694 o 4 yy3,6)111= 11 (4.29)
((1,4)2,5) 1 15) VO EHD = (169CAY 5 (4 4)3,6) 1411 = 1 (4.30)

(4.31)
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Expanding our relation (x#¥" £)5

Lett =1, x=(1,3,5)(2,4,6), x* = (1,5,3)(2,6,4), x* = ¢, x* = (1,3,5)(2,4,6),
and x° = (1,5,3)(2,6,4). Also, let y = (1,2,6)(3,4,5) and y* = (1,6,2)(3,5,4).
We expand our relation as follows:
(xtlyZ 1)’ = (xt{l'B'Z)(3’5*4) m)°
= (xt611)°
=Xlgl - Xlgly - Xlgt] - Xlgly - Xlgh (4.32)
= xs(tal‘l)x4(tefl)x3(l‘stl)XZ(fsh)xteh
=(1,5,3)(2,6,4) a3l Ly ts Lr 3 15 1

Ourrelationis (1,5,3)(2,6,4) t t3tgt; 4 t5tr t3 tg 11 = e which can also be written as (1,5,3)(2,6,4) b (3t {4 =

higlslals

We will also use the relation (1,6,2)(3,5,4) t5tgt2 = t1 t2 4. We can also conju-
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gate this relation by all the elements of N to obtain eleven new elements.

(1,6,2)3,5,8) t5 163>V = 11 £, 1129@0Y o (13 9)(4,6,5) 1314 16 = 51612
(1,6,2)3,5,8) ts 163V = 11 1,1120@3Y o (13 5)(2,4,6) t511 13 = 151312
(1,6,2)3,5,8) t5 161324 = 11 £,132DE0 o (1,3 5)(2,4,6) ta 1511 = 1311 16
(1,6,2)3,5,8) t5 163 V) = 11,1200 5 (1,6,2)(3,5,4) 1311 16 = ta 1615
(1,6,2)3,5,8) ts 1615 0P = 11 1,110205Y . (1,6,2)(3,5, ) tato 11 = ts 11 13
(1,6,2)3,5,8) ts 1615 OV = 11 1,189V = (1,3,2)(4,6,5) t1 1514 = totat3 (4.33)
(1,6,2)3,54) t56 5"V = 11 6,17V = (1,3,2)4,6,5) o t6 15 = tats1y
(1,6,2)3,5,4) t56 Y% = 1 15,17V = (1,6,5)(2,4,3) 51312 = tato 1y
(1,6,2)(3,5,4) t5 613V CH0 = 1 113040 = (1 6,5)(2,4,3) 1 oty = t3 14 5
(1,6,2)(3,5,4) t5 613>V >0 = 11 112G = (1 6,5)(2,4,3) ts ta 83 = o135
(1,6,2)3,5,8) 15161570 = 111,677 = (1,3,5)(2,4,6) Lo t3 15 = 11 1514

First Double Coset[*]

Let [*] represent the double coset [*] = {NeN = N(e)" | n € N = N}. The coset stabilizer

of Ne = N. The number of single cosets in [*] is equal to % = % = 1. The orbits of N
on {1,2,3,4,5,6} is {1,2,3,4,5,6}, that is, there is one single orbit. Now select a repre-
sentative from the single orbit, say 1, and find the double coset that contains Nt;. We
determine that N#; belongs to a new double coset N#; N denoted by [1]. There are 6
elements in the orbit {1,2,3,4,5, 6}, therefore, all 6 symmetric generators will move for-

ward.
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(e ()

[*] [1]

Figure 4.7: Cayley Graph PSL(2,11) over Dg

Second Double Coset[1]

NuN={N()" | ne N}

— {Ntle,Nt{l,5,3)(2,6,4),Nt{l,5,6)(2,3,4)’Nt{l,S,Z)(4,6,5),Nt{l,2,6)(3,4,5),
N16DBY N 169243 N (1D N 1HEE £y 135246, (4.34)

Nt{1,2,3)(4,5,6),Nt{Z,S)(&G)}
= {Ntl;NIZ)Nt?):Nt47Nt5vNtﬁ}

The point stabilizer of N 1 = {2,5)(3,6)}. Similarly, the coset stabilizer N M =¢(2,5)(3,6)}.

The number of single right cosets in NV = | Ilvl\(]ll)l = 12—2 = 6.The orbits of NV on X =
{1,2,3,4,5,6} are {1}, {2, 5}, {3, 6} and {4}. Now we select a representative from each orbit,

say 1 € {1},2 € {2,5},3 € {3,6} and 4 € {4} and determine the double coset it belongs to.

Ntt €[*]since t11 = tf = e. Thus, one symmetric generator will move forward.

Nt 1, € [12] which is a new double coset. Thus, two symmetric generators will move

forward.
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Nt t3 € [13] which is a new double coset. Thus, two symmetric generators will move

forward.

Nt t4 € [1]. In order to prove that Nt £4 € [1], we conjugate our original relation (1,4)(2,5) t2#5 =

> by (1,6,5)(2,4,3) to obtain (1,4)(3,6)t1 4 = t;.

hig=ltiy
=(1,4)(3,6)t1 1414
=(1,4)3,6)t1 15
=(1,4)(3,6)1; since 15 = e

=>Nhity=Nt €[1]

Thus, one symmtric generator loops back to [1].

Figure 4.8: Cayley Graph PSL(2,11) over Dg
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Third Double Coset[12]

NtjtpN={N(t112)" | n€ N}
— {N(I,‘l tg)e, N(tl tz)(1'5’3) (2,6,4), N(tl tz)(1’5’6) (2,3,4), N(tl tg)(1’3’2)(4’6’5),
N(tl tz)(l’z’ﬁ)(3’4’5), N(tl Zz)(l’ﬁ’z)(3’5'4), N(tl tz)(1’6’5)(2'4’3), N(tl tz)(1’4)(2'5),
N(t1 tz)(1’4) (3,6)’ N(tl tz)(1,3,5) (2,4,6)’ N(tl tg)(1’2’3)(4’5'6), N(tl tz)(2,5)(3,6)}
={Ntft, Ntsts, Nt5t3, Nt3t;, Ntotg, Ntgt;, Ntgty, Ntgts, Ntsty, Ntzty, Ntr 13,
Nt ts}
(4.35)

12) _

The point stabilizer of N 12 = (e}, Similarly, the coset stabilizer V' ( {e}. The number

of single right cosets in N'!2) = ”\lf(\ﬂ)l = 12 = 12.The orbits of N"'? on X ={1,2,3,4,5,6}

are {1}, {2}, {3}, {4}, {5} and {6}. Now we select a representative from each orbit, say 1 €
{1},2 € {2},3 € {3}, 4 € {4},5 € {5} and 6 € {6} and determine the double coset it belongs

to.

Nt t,1; € [121], which is a new double coset. Thus one symmetric generator moves

forward.

Ntitaty € [1] since, oty = tg =eand Ntie = Nt € [1]. Thus one symmetric generator

goes back to [1].

Nt tpt3 € [123] which is a new double coset. Thus, one symmetric generator moves

forward.
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Nttty € [124] which is a new double coset. Thus, one symmetric generator moves

forward.
Nt tt5 € [12]. In order to prove that Nt £, 5 € [12], we use our original relation
(14)(25) 12 t5 = 1.

tl% =1 (14)(25) 1t
= (14)(25)t4 1o

=> Nhthts=Nitsgtr = N(f l'g)(M)(SG) € [12].

Nttt € [13] which is a new double coset.

Figure 4.9: Cayley Graph PSL(2,11) over Dg
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Fourth Double Coset [13]

NthizN={N(f tg)n | n e N}
={N(f t3)€, N(f tg)(1'5’3)(2’6'4), N(f tg)(l,S,G)(Z,SA), N(f tg)(1’3'2)(4'6’5),
N(f tg)(l’z’G) (3,4,5)’ N(f tg)(l,G,Z)(3,5,4)’ N(f tg)(1’6’5)(2’4’3), N(f tg)(1'4)(2’5),
(4.36)
N(f tg)(1y4)(3y6) N(t tg)(1'3’5)(2’4’6) N(f tg)(1’2’3)(4’5'6) N(f tg)(2y5)(3y6)}
={Nt1t3, Ntst1, Ntsty, Ntstz, Ntoty, Nlgts N1lgts, Ntyt3, Nty ts, N 1315,

Nitryt;, Nt tg}

The point stabilizer of N'3 = {e}. Similarly, the coset stabilizer N® = {e}. The number

of single right cosets in N3 = ”'V’(Vlg)l = % = 12. The orbits of N1 on X ={1,2,3,4,5,6}
are {1}, {2}, {3}, {4}, {5}, {5}. Now we select a representative from each orbit, say 1 € {1},2 €

{2},3 € {3} and 4 € {4}, 5 € {5} and 6 € {6} and determine the double coset it belongs to.

Nt t3t; € [131], which is a new double coset. Thus, one symmetric generator moves

forward.

Nt t3tp € [123]. In order to show this, we will use the relation (135)(462)tgt1 13 = t5131
obtained by conjugating the relation (162)(354) t5tgt2 = 1 24 by (156)(234). In addi-
tion, we will use the relation (135)(246) 4 t5t; = t3t) 6 obtained by conjugating the rela-

tion (162)(354) t5ts t2 = 1 t2 4 by (132)(465).
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izl = I5t5131
=1 15(135)(246) 15t 13
= (135)(246) 3t tgt1 I3
(4.37)
= (135)(246)(135)(246) t4t5t1 11 13
= (153)(264) t4 1513
=> Nhizth =Nistst3=N(h b l’3)u4)(25) € [123]

Nt 33 € [1]. Since t3t3 = t2 = e. Therefore Nt, 3¢5 = N1 t5 = Nt;. Thus, one symmet-

ric generator moves back.

We also determine

Nt t3ty € [121]. Thus one symmetric generator goes to [121].

Nt t3t5 € [12]. Thus, one symmetric generator goes to [12].

Nt t3tg € [13]. In order to show this, we conjugate our original relation (14) (25)tx 15 = £,

by (123)(456) to obtain,

(14) (25) £, {123)1496) = £ {129)(456)

(4.38)
(25)(36) 131 = 3.
Now we have,
hizte = 1(25)(36)13
=(25)(36)f1 I3 (4.39)

Nttgtg =Nt t3 € [13]
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Thus, one symmetric generator goes back to [13].

Figure 4.10: Cayley Graph PSL(2,11) over Dg

Fifth Double Coset[124]

NutotaN={N(t1t2ts)" | n€ N}
= {N(t11214)°, N (11 1 14) V>0 @O N (178 14) 5O @3Y N (17 8 14) B2 46,
N( ft t4)(1’2'6)(3'4’5), N(l’l f t4)(1’6’2)(3’5'4), N(tl t l'4)(1'6'5) (2,4,3), N( nt l'4)(1’4)(2'5),
N(t16t) PO N(1 1) PPD G N (11, 14) L2IE2O N (1 1, £,) BP0
={Ntitoty, Ntstgtr, Ntststo, Nty t, Nto tets, Ntgt t3, Ntglat3, Ntsts t, Ntsta b,
Nt3tyte, Ntotats, Ntstst}
(4.40)

The point stabilizer of N'?* = {e}. However, since Nt;ft; = N34, the coset sta-

bilizer N2% = {¢,(1,5,3)(2,6,4), (1,3,5)(2,4,6)}. The number of single right cosets in
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NU2D = Bl = 12 = 4. The orbits of N2 on X = {1,2,3,4,5,6} are {1,3,5},{2,4,6}.

Now we select a representative from each orbit, say 3 € {1,3,5},2 € {2,4,6} and deter-

mine the double coset it belongs to.

Nttrtyts € [121]. In order to show this, we will use our relation, (162)(354)t5t5t =
hity.
fiptyts = (162)(354) f5 L a1
= (162)(354) t5 1 12 (25) (36) 3 15
=(162)(354)(25)(36) 2 131513 15

=(132)(465) 131513 15

(4.41)
= (132)(465)(153)(264) 1 t5 4 13 fg

=(25)(36) 11 5t 1316
= (25)(36)(123)(456) ts 14 13 13 L
= (126)(345) 11415

Thus 3 symmetric generator go back to [121].

Nty tat4tp € [12]. Thus 3 symmetric generators go back to [12].
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Figure 4.11: Cayley Graph PSL(2,11) over Dg

Sixth Double Coset[123]

NithisN={N(t1t213)" | n€ N}
— {N(t1 t2 t3)e’ N(tl t2 tg)(1,5,3) (2,6,4), N( tl fz tg)(1’5'6)(2'3’4), N(tl t2 t3)(1’3’2)(4’6'5),
N( tl fz ts)(l’z's)(3'4’5), N(t1 l'2 t3)(1,6,2) (3,5,4), N(tl t2 tg)(l'G'S) (2,4,3), N( tl fz ts)(1,4)(2,5),
N(t1 213) VYO N (11 £, 85) V3V ED N (1) 1, £3) 123 G20 N (1 1, £5) BP0
={Ntit3, Ntstgty, Ntstaty, Nisti b2, Nbo tgta, Ntgti t5, Ntgtaty, Nty t5t3, Nts o Ig,
Niztyts, Ntot3ty, N1y t515)
(4.42)

The point stabilizer of N'?® = {e}. However, since Nt t3 = Nt31; t, the coset sta-

bilizer N!23 = {¢ (1,3,2)(4,6,5), (1,2,3)(4,5,6)}. The number of single right cosets in

NU2) = il = 12 = 4. The orbits of N on X = {1,2,3,4,5,6} are {1,2,3},{4,5,6}.

Now we select a representative from each orbit, say 1 € {1,2,3},4 € {4,5,6} and deter-



mine the double coset it belongs to.

Ntittst) €[12],

Ntittyty € [13].

Figure 4.12: Cayley Graph PSL(2,11) over Dg
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Seventh Double Coset[121]

NththnN={N(tt,t1)" | n€ N}
= {N(h 1) N(t1 1,0) >0 N (1 £, 1) V5V EID N (11, 17) 132 002)
Nt 1) P2OBA N1, 1) U8B N (1 1, 1) LBV N (11, 1) 1D,
Nt 1210 YC8 N 1,1)3DCAD N (118, 1) V2D N (11, 1) @GO
={Ntitbt;,Ntstgts, Nt5tsts, Ntgt1 13, Nt lgta, Ntgt lg,
Nitgtytg, Ntgtsty, Ntgtoty, Ntgtsts, Ntot3to, Nty t511}
(4.43)

The point stabilizer of N 121 — o1, Similarly, the coset stabilizer N (2D = fe}. The num-

ber of single right cosets in N2V = % =12 = 12.The orbits of N2V on X ={1,2,3,4, 5,6}
are {1}, {2}, {3}, {4}, {5} and {6}. Now we select a representative from each orbit, say 1 €
{1},2 € {2},3 € {3}, 4 € {4},5 € {5} and 6 € {6} and determine the double coset it belongs

to.

We determine that,

Nt 11 1 € [12], thus one symmetric generator goes to [121].

Nt 111 € [121], thus one symmetric generator goes back to [121].

Nttty t3 € [13], thus one symmetric generator goes to [13].

Nttt t4 € [124], thus one symmetric generator goes to [124].

Nttt t5 € [121], thus one symmtric generator goes to [121].
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Nttt 15 € [131], thus one symmetric generator goes to [131].

Figure 4.13: Cayley Graph PSL(2,11) over Dg

Eighth Double Coset [131]

NutzuN={N(t13t1)" | n€ N}
= {N(nt311)° N(t1131) >0 N(1y £31) BV EID N (1 1317) 132 1069)
N(tl t3 tl)(1,2,6)(3,4,5), N(tl tg tl)(1,6,2)(3,5,4)’ N(tl t3 tl)(1’6’5)(2’4'3), N(tl tg tl)(1,4) (2,5)’
N(t1t30) VYOO N(#1151) B3O N (1 £51) P2V GO N (1 £31) @230
={Ntit3t1], Ntst1t5, Ntgtsts, Ntgtolz, Ntolsto, NtgtstgNlgtate, Ntyl3ly,
Nitytgty, Ntgtsts, Ntat1 to, Nty tg 11}
(4.44)

The point stabilizer of N 131 = {e}. However, since Nt;t3t; = Ntatats, the coset sta-
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bilizer N3V = (e, (1,2,6)(2,3,5),(1,6,2)(3,5,4)}. The number of single right cosets in

NU3D = 5 = £ = 4. The orbits of NU3V on X = {1,2,3,4,5,6} are {1,2,6},{3,4,5}.
Now we select a representative from each orbit, say 1 € {1,2,6},3 € {3,4,5} and deter-
mine the double coset it belongs to.

We determine

Nt t3t1 1 € [13]. Thus, three symmetric generatos go back to [13].

Nt t3t1t3 € [121]. Thus, three symmetric generators go to [121].

Figure 4.14: Cayley Graph PSL(2,11) over Dg
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4.4 Double Coset Enumeration of 3*>:,, D,

_ 3Dy
G - (x2yttx)4

The elements of N are {e, (1432),(1234), (13)(24), (12)(34), (14)(23), (13), (24)}, and the
order of | N| = 8. Suppose x =(1,2,3,4) , y=(2,4) and t = 1.
Before we begin our double coset enumeration, lets expand our relation (x?ytt¥)*.
Pyt =((1,2,3,422,4) 123
= (1,392,400
=((1,3)n1)*
(4.45)
=(1,3)160,3)n01,3)n6(1,3) 01k
= 1,340 ()Y (1) Pt
=Rhhbhistrti b
After expanding our relation we see that it is t3fxt; 2 t352 11 1 = e. We can simplify our

relation to get t3tat1tr = t4t3141)

Relations

We conjugate our relation t3 £ 1 £ = t4f3t4 11, by the elements of N to find new relations.
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tst2t 8% = 131t = bt = Bttt

st 8% = 1t 1t > st =ttt b
ot VY = uau Y s hust = bhbt
31 80 = 1414000 s e = Bl (4.46)
ot VY = 46400 s haun=nhnt

n Y = st > hhtth =ttt
oty = utsut® = punt = bhbh

We will use our technique of double coset enumeration to show that |G| < 480

Labeling

1 2 3 4

n ot o6

First Double Coset

[*] = {NeN = N(e)" | n€ N = N}. The coset stabilizer of Ne = N. The number of single

cosets in [*] is equal to % = g = 1. The orbits of N on {1,2, 3,4} is {1, 2, 3,4}, that is, there
is one single orbit. Now select a representative from the single orbit, say 1, and find
the double coset that contains Nt;. We determine that Nt; belongs to a new double
coset N#; N denoted by [1]. There are 4 elements in the orbit {1,2, 3,4}, therefore, all 4

symmetric generators will move forward.
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[*] [1]

Figure 4.15: Cayley Graph of 3*2:,,, Dy

Second Double Coset[1]

NuN={N(#;)" | ne N} = {Nt;,Nt,, Nt3, Nt;}. The point stabilizer of N = {e, (2,4)}.
Similarly, the coset stabilizer N M = {¢,(2,4)}). The number of single right cosets in
N® = 5 = § = 4. The orbits of NI on X = {1,2,3,4} are {1}, 2,4}, {3}. Now we se-

lect a representative from each orbit, say 1 € {1},2 € {2,4}, and 3 € {3} and determine the

double coset it belongs to.

Nut = Ntf = Nt3 € [1], so one symmetric generator loops back to [1].

Nt 1, € [12], which is a new double coset. This tells us two symmetric generators move

forward.

Nttzs=Nnh tlz =N tf € [*], since N tf‘ = Ne. Therefore one symmetric generator goes

back to [*].
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1
[*] (1] [12]

Figure 4.16: Cayley Graph of 3*2 :,, Dy

Third Double Coset[12]

NutaN={N(titz)" | ne€ N}
= IN(115)%, N(£1 1) 432 N (1, 1) 1239 N (1, 1) V28D N (1 1,) DRI,
N0 )Y, N1 1), N1 1))
={Ntitr, Ntyto, Ntot3, Nto 11, Ntyt3, Nt3ty, Nt3to, Nty 14}
(4.47)
The point stabilizer of N'? = {e}. Similarly, the coset stabilizer N1? = {e}. The number
of single right cosets in NU2) = % = % = 8. The orbits of N2 on X = {1,2,3,4} are

{1}, {2}, {3}, {4}. Now we select a representative from each orbit, say 1 € {1},2 € {2},3 € {3}

and 4 € {4} and determine the double coset it belongs to.

Nty t,t; € [121], which is a new double coset. This tells us one symmetric generator

moves forward.

Nt tatp € [12]. This result is obtained by evaluating our t's. Ntyto = N tg. From our

labeling we know that N t22 = Nt;. We replace N1, 1, with N4 to get Nt; 4 which is in
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the double coset [12]. Therefore, one symmetric generator loops back to [12].

Nt tpt3 € [123], which is a new double coset. Thus one symmetric generator moves

forward.

Nt tt4 € [1]. Once again we must evaluate our t’s. From our labeling Nty = N t22. We
replace Nt, and obtain Nt 1, tg which can be simplified to Nt tg. Since our t’s are of

three, tg’ =e. Thus Nt; t» tg = N1 € [1] and one symmetric generator goes back to [1].

[123]

Figure 4.17: Cayley Graph of 3*?:,,, Dy

4th Double Coset[121]

Nttty N ={N(t12t;)" | n € N}
= (N(t1 to1)®, N(t1 t211) V432 N(t11,1) V23 N (11 11) 12D,
Nt tt)" 9 N1 1,00, N 00", N 210) )
={Nttot;,Ntat1t4, Ntatsto, Ntot1 1y, Ntststy, Ntgtyts, Ntgtots, Nty 1411}

(4.48)
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The point stabilizer of N'2! = {¢}. Similarly, the coset stabilizer N2V = {¢}. The num-

ber of single right cosets in N12D = “\',{Yz'nl = % = 8. The orbits of N2V on X = {1,2,3,4}
are {1}, {2}, {3}, {4}. Now we select a representative from each orbit, say 1 € {1},2 € {2},3 €

{3} and 4 € {4} and determine the double coset it belongs to.

Nthtohtij=Ntt L‘f. From our labeling we know tf = 13, sowe replace tf toget Nty lpt3 €

[123]. This tells us one symmetric generator goes to [123].

Nyt t1 1 € [1212], which is a new double coset. This tells us one symmetric generator

moves forward.

Nttt t3 € [12]. We obtain this by evaluating our t’s. From our labeling we know 3 = L‘f.
So we replace 73 to get Nty fx 1 tf =Nht tf, which simplifies to Nt; f,. Thus one sym-

metric generator goes back to [12].

Nty tr 11ty € [1214], which is a new double coset. This tells us one symmetric generator
moves forward.

5th Double Coset[123]

NtitrtsN={N(t11213)" | n€ N}
= {N(t1113)¢, N(11 12 13) V2 N (11 1, 13) V23V, N(1 1 £5) 12O,
N(t1t283) VY@ N (11 £, 13) VYD N(11 1 13) 1Y, N (81 12 £3) @)
= (Nt 213, Ntst o, Nty t3ts, Nto 11 13, Ntst3to, N3ty 11, Ntsto 11, Nt 413}

(4.49)
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[1212]

1
@4 1l 4 ) 2 2
[*1 [1]

Figure 4.18: Cayley Graph of 3*2 :,, Dy

The point stabilizer of N 123 — 11, Similarly, the coset stabilizer N (123) = {¢}. The num-

ber of single right cosets in N(12% = Il\llﬁgﬁl = 8 = 8. The orbits of N'*¥ on X ={1,2,3,4}
are {1}, {2}, {3}, {4}. Now we select a representative from each orbit, say 1 € {1},2 € {2},3 €

{3} and 4 € {4} and determine the double coset it belongs to.

Nt tt3t) € [12]. This result is obtained by using our labeling and evaluating our t’s.
From our labeling we know 3 = 2. If we replace f3 with #, we have Nn 8t =
Nttty tf’. This can be simplified to N, », since tf =e. So Ntjirt3t; = Nt t», and one

symmetric generator goes by to [12].

Nt trt3t, € [1214], which is a new double coset. If we conjugate our original relation
(1,3)t3t2t1 12 = tat3tst) by (13) we get (31) ty fo sty = taty tat3. And t4 1) 8413 € [1214] since

Ntth t£1432)

= Ntyty t4t3. Therefore Nt 2131 € [1214] and one symmetric generator

moves forward.
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Nt tpt3t3 € [121]. In order to prove this we will use our labeling.
Ntitrt3t3 = Nty b 212 since t3 = £
=Nthbhtin (4.50)
=Nttt since tf’ =e

so one symmetric generator goes back to [121]

Nt tpt3t4 € [1234], which is a new double coset. Thus, one symmetric generator moves

forward.

[1234]

Figure 4.19: Cayley Graph of 3*2:,,, D4
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6th Double Coset[1212]

NhhnhtoN={N(httit)" | ne N}
={N(htrt1 ), Nt 1 ) V2 N 211 1) V2 N5 111 1) DB,
=Nt )" N n )Y N ba6)Y, NGt )Y}
={Ntitbtitot],Ntgtitat1ty, Niptstotsta, Ntot1 bt o,
Nitgtgtytsty, Ntgtatstyts, Ntgtotstots, Nty tat1 411}

(4.51)

The point stabilizer of N 1212 — (o1, Similarly, the coset stabilizer N (1212) = fo}. The

number of single right cosets in N1?12) = i N|(11\2”12)‘ =% = 8. The orbits of N'?!? on
X =1{1,2,3,4} are {1},{2},{3},{4}. Now we select a representative from each orbit, say

1 €{1},2 €{2},3 € {3} and 4 € {4} and determine the double coset it belongs to.

Ntitrat1t2t € [12121] which is a new double coset. Thus, one symmetric generator

moves forward.

Nttt € [1214], since Ntitot1 b to = Nt t22 and l'22 = t4,. We substitute #; to ob-

tain Nt; 1 t4. Thus, one symmetric generator goes to [1214].
Nttty o 13 € [1212]. Thus, one symmetric generator goes to [1212].
Nttt tat4 € [121]. We use our labeling to establish Nty tat1tota = Nt1 o1 1o t22. We sim-

plify Ntytot1 6 tg to Ntithth tg = Nt 1. Thus, one symmetric generator goes back to

[121].



1 1w [1214]

[123]

[1234]

Figure 4.20: Cayley Graph of 3*2:,,, Dy

[12121)
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7th Double Coset[1214]

NuttytuN={N(titrt1ts)" | n€ N}
={N(tibh ta)°, N(t1 ot t) P32 N1 211 1) 23D, N(1 111 1) 28D,
Nttt t) PV Nttt PPV, N 1), Nty 121 1))
={Nthttity, Nigt1t4t3, Nio 3l t1, Nto 11 Ir I3,
Niytztaty, Nigtatzls, Ntztatzty, Nty 4 11 Lo}

(4.52)

The point stabilizer of N 1214 — (o1, Similarly, the coset stabilizer N (12149) — fo} The

number of single right cosets in N1214) = | Nl(]l\zlh)‘ =% = 8. The orbits of N'?'¥ on

X =1{1,2,3,4} are {1},{2},{3},{4}. Now we select a representative from each orbit, say

1 €{1},2 €{2},3 € {3} and 4 € {4} and determine the double coset it belongs to.

Nthttityty € [123]. If we conjugate our relation (13)t3tat 13 = t4 3t by (1,4,3,2) we

getipl1 14t = 13121314

hbthtath =hbhitalh
=hil3li3ly
=hRhizly (4.53)
= Bty 3ty since 13 = 7
= Iy 1314 Since tf =e

Nty 15t € [123] since N(t;t215)123% = N1, t5¢4. Therefore, Nty trt1tat) = Ntot3t4 € [123].

Ntitat1tatp € [121]. In order to prove this, we will use our labeling. Recall 74 = tzz and
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t3 = e. Therefore,
Ntitatitsty =Nt bty oty
=Nthbht (4.54)

=Nttt

Thus, one symmetric generator goes back to [121].

Nttty 1413 € [1234]. In order to prove this, we will use the relation obtained by conju-
gating the original relation t3txt1t, = t4t3t41) by (1,4,3,2) to obtain ) 141 = t3t2t314.

This relation can be rewritten as t 1 t3 1 = t362 3 13.
hbhhly=ttttats
= hitatitaty 1 since t3 = 7
=hbhtyhh
=nhiglhi3lish (4.55)
=Hhishishht
= £t t3taty since t3 = 12
= Iyt3t4 1 Since tf =e

Ntbtitsts = Nitgtat; = N(f1 1o 13 t4)(1'2'3'4) € [1234]. Thus, one symmetric generator

goes to [1234].

Nttatityty € [1212]. In order to prove this we will use our labeling. If #4 = tg then
tf =1. Therefore Nt1tot1taty = Nt b tj which can be rewritten as Nt; 2 f1 £ € [1212].

Thus, one symmetric generator goes to [1212].
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[12121]

[1234]

Figure 4.21: Cayley Graph of 3*2:,,, Dy

8th Double Coset[1234]

NtuttzstaN={N(ftrt3ts)" | n€ N}
= {N(h t2t310)%, N(t1 L2 t3 1) V2 N(1 12 131) V22 N (1 12851 PO,
Nt t2t3t) VVEY) Nt 1851V CY N 1 t310) 1Y, Nty 12 13£0) @)
={Nthttsty, Ntgt1tot3, Ntot3tst1, Ntot1 t413, Nt4l3tr 11,
Nistatyto, Niztpty tg, N1y 1y 136}
(4.56)

The point stabilizer of N'?3* = {e}. Similarly, the coset stabilizer N1?39 = {¢}. The

number of single right cosets in N1234 = | N'(ﬁ’;)‘ = % = 8. The orbits of N239 on

X =1{1,2,3,4} are {1},{2},{3},{4}. Now we select a representative from each orbit, say

1e€{1},2 €{2},3 € {3} and 4 € {4} and determine the double coset it belongs to.
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Nt trtstyt) € [12341], which is a new double coset. Thus, one symmetric generator

moves forward.

Nty trt3t4tp € [123]. From our labeling tf =ty sowe canrewrite Nty t3tatr as Nt 13 1,‘22 153
which is equal to Nt; f» t3 € [123] since tg =e. Thus Nt trt3t41» € [123]. Thus, one sym-

metric generator goes to [123].

Nt trtstyts € [1234]. In order to prove that Nt 2 31413 € [1234] we will conjugate our
original relation t3txt1t, = t4t3t41; by (14)(23) we obtain fyf3t4t3 = t1t 1 t4. Now we
can rewrite the relation as the following:
Li3lylz3 = L1l
Ll =ttt

3talz3 =la1tr 11y

We will use the relation to 32413 = t4t1 t2 11 14 to prove Nty a3ty t3 € [1234].
hiblstalz=hhhishhily

=higlht1 ity
(4.57)

=hhirt1ly

=13y

N(t1 b t3ty) S\ I3t 1114 50 N3ttty € [1234]. Thus, one symmetic generator goes to

[1234].

Nt trt3tyt4 € [1214]. In order to prove this, we conjugate our original relation 3t t1 £ =

tatstyt) by (13) to obtain f1 6138 = t41) tat3. We can rewrite the relation as #1316
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4 1g13.

Litatatyty = t1 a3l Since t = l‘f
(4.58)

=t lyl3

Ntitatstaty = Ntgtitat3 = N(t1 bt 1) V32 € [1214]. Thus, one symmetric generator

goes to [1214].

[12121]

[1234] [12341]

Figure 4.22: Cayley Graph of 3*2:,,, Dy
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9th Double Coset[12121]

Nuthtbht N={N(htthtat1)" | ne N}
={N(titrti b))’ N1 tat1 b)) V32 Nt a1 1) V23D N1 211 11) PO,
Nttbt) YY) Ntbn )WY Naban )", N bnbn) @)
={Ntibthtth,Ntgtitatity, Nlxtstot3ta, Ntot1 12 11 o,

Nitgtgtytaty, Ntgtytststs, Ntgtotztots, Nt1t4t1 t411}

(4.59)

The point stabilizer of N'?12! = {e}. However, since Ntitotit2t; = Ntot1 ot 1, then
(1,2)(3,4) € NU212D _ Additionally, Nt; o1 tot; = Ntgtztst3ty, then (1,4)(2,3) € NU212D,
The coset stabilizer N1!212D) > N12121 gince NU212D) = f¢ (1,2)(3,4),(1,4)(2,3),(1,3)(2,4)}.
The number of single right cosets in N1212D = % = % = 2. There is one single or-

bit for N1212D) which is {1,2,3,4}. Now we select a representative from each orbit, say

3€{l1,2,3,4} and determine the double coset it belongs to.

Nhuttitotits =Nttt tp € [1212] since t1 13 = tf = e. Thus all four symmetric genera-

tors go back to [1212].
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[1234] [12341]

Figure 4.23: Cayley Graph of 3*2:,,, Dy

10th Double Coset[12341]

Ntbtstati N ={N(f t2t3t4t1)n | ne N}
= N(n 12 131411)¢, N(t1 1 13 13 1) V%2, Nyt 1314.17) 2,
N(titat3t31)P?CY N(# tat3t4 1) VD@D,
(4.60)
N(titat3t311) V@Y N o t3ta1) VD) N(1 B2 t3 14 11) @Y}
={Nt1tot3t411, Ntgt1 ta 134, Nl 3401 12, Nla 1) 41312,
Nitytstotity, Ntztatitot3, Nt3to b1 1413, Nty 41382 11}

The point stabilizer of N'2341 = {e}. However, since Nty tat3t41) = Nt3ta 11 t4 13,
then (1,3) € NU1234D) Thus, NU234D) > £J12341 g e (12341 — {e,(13)}. The number of
single right cosets in NU1234D) — % = % = 4. The orbits N!234D) on X = {1,2,3,4} are

,3}, {2}, an . Now we select a representative from each orbit, say 3 € {1,3}, 2 € {2},
{1,3}, {2}, and {4}. N lect a representative i h orbit, say 3 € {1,3}, 2 € {2}

and 4 € {4} and determine the double coset it belongs.
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Nty trt3taty t3 € [1234]. In order to prove this, we use our labeling t3 = tf and tf’ =e

Ntibtstatits = Nt1t2t3t4t1§
= Nt1t2t3t4t1t12
(4.61)
= Nt1t2t3t4t:1)’

=Ntilhisily

Thus Nt 6 t3t4 1 t3 € [1234] and two symmetric generators go to [1234].

Nt trtstyt tr € [123412], which is a new double coset. Thus, one symmetric generator

moves forward.

Nty tptztaty £y € [12341]. Thus, one symmetric generator goes to [12341].

[12121]

[1234] [12341] [123412]

Figure 4.24: Cayley Graph of 3*2:,,, D4
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11th Double Coset[123412]

Nhbtstytib N={N(tihiztst1)" | n€ N}
= IN(h 231411 1)°, N(1 L2 3 111 1) V22 N (1 1o 813 1411 1) V25,
N(ttotststy 1) PPV N(ttatatyty 1) TIP3,
N(nttst3t1 )Y Nt i3 1011 1)), Nt o 131411 1)@V}
={Nhbhitstytito, Ntati bot3tat1, N tgtatitots, Nlot1t4 1310 11,
Niytstotytyt3, Ntgtat1tot3ty, Nisto t1tat3lr, Nt Ly 1312 11 14}
(4.62)
The point stabilizer of N'23412 = {e}. However, since Nty tat3tat1to = Ntz oty tal3to,
then (1,3) e NU#3412), Additionally, Nty tat3tat1 o = Nt t3 1311 1 13, then (1, 2,3,4) € NUZ3412),

Thus, N123412) > 123412 gince NU23412) — (5 (1 3) (1,2,3,4), (1,3)(2,4), (1,2)(3,4)}. The

(123412) _ [N 8 — 9 The orbit N123412) op

number of single right cosets in N = umm = g

X ={1,2,3,4} is {1,2,3,4}. Now we select a representative from the orbit, say 4 deter-
mine the double coset it belongs.
Nhitotgtatitrty € [12341].
hblz3tahlroty =130 1D t22
_ 3
=hhistyi 1)y
(4.63)

=hilztste

=hilzlstg
Ntuttstytitrts = Ntybatztatg € [12341]. Thus, four symmetric generators go back to

[12341].



[12121]

1 1 1
[123] X O R
3 D 1 2 U 1 a/,
[1234] [12341] (123412

Figure 4.25: Cayley Graph of 3*2:,,, Dy
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Appendix A

MAGMA CODE 2*15: (Dx,3)

N:=TransitiveGroup(15,3);

#N;

N;

Generators(N) ;

N.1;

N.2;

S:=Sym(15);

xx:=S1((1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15));
yy:=S1((1, 4)(2, 8)(3, 12)(6, 9)(7, 13)(11, 14));
N:=sub<S|xx,yy>;

#N;

FPGroup(N) ;

NN<x,y>:=Group<x,y|y~2,x"-4*y*x*y>;

#NN;

Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);
ArrayP:=[Id(N): i in [1..30]];
for i in [2..30] do
P:=[Id(N): 1 in [1..#Sch[ill]l;
for j in [1..#Sch[i]] do
if Eltseq(Sch[il) [j] eq 1 then P[j]:=xx; end if;
if Eltseq(Sch[i]) [j] eq -1 then P[j]:=xx"-1; end if;
if Eltseq(Sch[il) [j] eq 2 then P[jl:=yy; end if;



if Eltseq(Sch[il)[j] eq -2 then P[jl:=yy~-1; end if;
end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PP*P[k]; end for;

ArrayP[i] :=PP;

end for;

N1:=Stabiliser(N,1);
#N1;
N1;

Generators(N1);

for i in [1..30] do if ArrayP[i]

eq N!'((2, 5)(3, 94, 13)(7, 10)(8, 14)(12, 15))
then Sch[i]; end if; end for;

Orbits(Stabiliser(N,1));

G<x,y,t>:=Group<x,y,tly~2,x"-4d*y*x*xy, t~2, (t,y"x),(t,t"(x"5)),
(t,t~(x~10)), (t,t7x), (t,t~(x"2)), (t,t~(x"3)), (t, t~(x76)),
(t,t~(x"7), (t,t7(x"11))>;

C:=Classes(N);
C;

for i in [1..48] do 1~ArrayP[i], Sch[i]; end for;

for i in [2..12] do
i, Orbits(Centraliser(N,C[i][3]));
end for;

for a,b,c,d,e,f,g,h,i,j,k,1,m,n,0,p,q in [0..17] do
G<x,y,t>:=Group<x,y,tly~2,x"-4*y*x*xy, t~2, (t,y"x),(t,t~(x"5)),
(t,t~(x~10)), (t,t"x), (t,t~(x"2)), (t,t"(x"3)), (t, t~(x76)),
(t,t~(x"7)), (t,t~(x"11)),

(x"2 * y * x*¥t~x)"a,

(x~2 * y * x*t)"b,

(x~2 * y * xxt~(x"3))"c,
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((x * y)~2*xt)~d,

((y * x~-1)"2*t)"e,
(x~3*t)~f,

(x"2 * y * x *x yxt)~g,
(x * y*t~x)"h,

(x * y*t)~i,

(x * y*t~(x73))"],

(y * x~-1%t~x) "k,

(y * x~-1%t)"1,

(y * x~-1%t~(x73)) "m,
(x*t)"n,

(x~2%t) "o,

(y * x7-2 * y*t)~p,
(y * x~-1 * y*t)’“q>;

if #G gt 30 then a,b,c,d,e,f,g,h,i,j,k,1,m,n,0,p,q,
#G;
end if; end for;
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Appendix B

MAGMA CODE 2*P: (D3 x 5)

N:=TransitiveGroup(15,4);

#N;

N

Generators(N) ;

N.1;

N.2;

S:=Sym(15);

xx:=S1((1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15));
yy:=S1((1, 11)(2, 7)(4, 14)(5, 10)(8, 13));
N:=sub<S|xx,yy>;

FPGroup(N) ;

NN<x,y>:=Group<x,y|y~2, x~-4*y*x~-1xy>;
#NN;

Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);
ArrayP:=[Id(N): i in [1..30]];

for i in [2..30] do

P:=[Id(N): 1 in [1..#Sch[il]];

for j in [1..#Sch[i]] do

if Eltseq(Sch[i])[j] eq 1 then P[j]:=xx; end if;

if Eltseq(Sch[il) [j] eq -1 then P[j]l:=xx"-1; end if;
if Eltseq(Sch[i]) [j] eq 2 then P[jl:=yy; end if;

end for;



PP:=Id(N);

for k in [1..#P] do
PP:=PP*P[k]; end for;
ArrayP[i] :=PP;

end for;

N1:=Stabiliser(N,1);
#N1;
Generators(N1);

for i in [1..30] do if ArrayP[i]
eq N!((2, 12)(3, 8)(5, 15)(6, 11)(9, 14))
then Sch[i]; end if; end for;

G<x,y,t>:=Group<x,y,tly~2, x~-dxy*x~-1*y, t~2, (t,y"x)>;
Orbits(Stabiliser(N,1));

xx~3;
XX*yy;
(xx~4) *yy;
(xx~T)*yy;
XX;

XX"2;
xx"4;

Yy

(xx"~3) *yy;

G<x,y,t>:=Group<x,y,tly 2, x~-4xy*x~-1*y, t~2, (t,y"x),
(t,t~(x~3)),

(t,t~(x*y)),

(t, t~((x~4)*y)),

(t,t~((x"T)*y)),

(t,t°x),

(t,t~(x"2)),

(t,t"(x"4)),

(t,t7y),

(t,t~ ((x"3) *y))>;
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C:=Classes(N);
C;
Classes(N);

for i in [2..15] do
i, Orbits(Centraliser(N,C[i][3]));
end for;

for j in [2..15] do
Clj1031;

for i in [1..30] do

if ArrayP[i] eq C[j][3]
then Sch[i]; end if;
end for;

end for;

for a,b,c,d,e,f,g,h,i,j,k,1,m,n in [0..10] do

G<x,y,t>:=Group<x,y,t|y~2, x"-4xy*x~-1xy, y°x, t~2,

(y~x*t) ~a,

(x *x y * x~-1 % y*t~(x73)) "D,
(x~3xt~ (x*y)) ~c,

(x~-3*t~(y * x~-1))"d,

(x x y * x°-2 x yxt~(y * x°2))"e,
(x"2 * y * x~-1 * y*t~x)"f,

(x * yxt~(y*x))"g,

(x~-2 * y*t~(x~2))"h,

(y * x72%t~(x * y * x))"1i,

(y *» x7-1*%t~(x * y * x~-2))"],
(xxt~(x~-1)) "k,

(x~2%t~(x * y * x~-1))"1,

(y * x~-1 * y*t~y) “m,
(x~-2%t~(y * x~-2))"n>;

if #G gt 30 then a,b,c,d,e,f,g,h,i,j,k,1,m,n,
end if; end for;

(t,y"x),
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Appendix C

MAGMA CODE 2*%*: (4 x 2: S3)

2 x 24 : N
(1, 10)(2, 5)(3, 7)(4, 8)(6, 911, 12)

c
N =
Permutation group N acting on a set of cardinality 24
Order = 48 = 274 * 3
(1, 9(2, 10)(@3, 11) 4, 12)(5, 13)(6, 14)(7, 15)(8, 16)
(17, 23)(18,21) (20, 24)
(1, 15, 17)(2, 13, 18)(3, 11, 19)(4, 16, 20)(5, 10, 21)
(6, 14, 22)(7, 9,23)(8, 12, 24)
(1, 2, 4, 5)(3, 8, 6, 7)(9, 16, 12, 15)(10, 11, 13, 14)
(17, 22, 20,19) (18, 24, 21, 23)
(1, 3, 4, 6)(2, 7, 5, 8)(9, 14, 12, 11)(10, 16, 13, 15)
(17, 24, 20,23) (18, 19, 21, 22)
(1, 4)(2, 5)(3, 6)(7, 8)(9, 12)(10, 13)(11, 14) (15, 16)
(17, 20)(18,21) (19, 22) (23, 24)

Stabiliser of 1 in N
Permutation group acting on a set of cardinality 24
Order = 2
(2, 6)(3, 5 (7, 8)(9, 21)(10, 17)(11, 23)(12, 18)
(13, 20) (14, 24) (15,
22) (16, 19)
*/



S:=Sym(24);

xx:=81(1, 9)(2, 10)(3, 11)(4, 12)(5, 13)(6, 14)(7, 15)(8,
(17, 23)(18,21) (20, 24);

yy:=s!(1, 15, 17)(2, 13, 18)(3, 11, 19)(4, 16, 20)(5, 10,
(6, 14, 22)(7, 9,23)(8, 12, 24);

zz:=S!'(1, 2, 4, 5)(3, 8, 6, 7)(9, 16, 12, 15)(10, 11, 13,
(17, 22, 20,19) (18, 24, 21, 23);

ww:=S!(1, 3, 4, 6)(2, 7, 5, 8)(9, 14, 12, 11)(10, 16, 13,
(17, 24, 20,23)(18, 19, 21, 22);

pp:=S!(1, 4)(2, 5)(3, 6)(7, 8)(9, 12)(10, 13)(11, 14) (15,
(17, 20)(18,21) (19, 22)(23, 24);

N:=sub<S|xx,yy,zz,ww,pp>;
#N;

#sub<S|xx,yy,zz>;
/*48%/
#sub<S|xx,yy>;
/*6x/
#sub<S|xx,zz>;
/*16%/
#sub<S|yy,zz>;
/*24%/

N:=sub<S|xx,yy,zz>;

FPGroup(N) ;

NN<x,y,z>:=Group<x,y,z|x~2, y~3, z~4, (y~-1 *x)"2,
z~-2 *x y°-1 * 272 x y, (y*z~-1%x)"2,

z7-1 % y7-1 % z7-1 % y~-1 %z * y~-1>;

#NN ;

Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);
ArrayP:=[Id(N): i in [1..48]];

for i in [2..48] do

P:=[Id(N): 1 in [1..#Sch[ill];

for j in [1..#Sch[i]] do

if Eltseq(Sch[i])[j] eq 1 then P[j]:=xx; end if;

16)

21)

14)

15)

16)
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if Eltseq(Sch[il)[j] eq 2 then P[jl:=yy; end if;
if Eltseq(Sch[i]l)[j] eq -2 then P[jl:=yy~-1; end if;
if Eltseq(Sch[i]) [j] eq 3 then P[jl:=zz; end if;
if Eltseq(Sch[i])[j] eq -3 then P[jl:=zz"-1; end if;

end for;
PP:=Id(N);

for k in [1..#P] do
PP:=PP*P[k]; end for;

ArrayP[i] :=PP;

end for;

Orbits(Stabiliser(N,1));

N1:=Stabiliser(N,1);

N1i;

N12:=Stabiliser (N, [1,2]);
C12:=Centraliser(N,N12);

C12;

/* This was to check the famous lemma.
We found out that the lemma does not apply*/

W,phi:=WordGroup(N) ;
tho:=InverseWordMap(N) ;

A:=N!(2, 6)(3, 5)(7, 8)(9, 21)(10, 17)(11, 23)(12, 18) (13, 20)

(14, 24)(15,22) (16, 19);

A;
A@rho;

AA:=function (W)
w3 = W.37-1; w4

function> end function;

AANN) ;

Stabiliser(N,1) eq sub<N|xx * zz"-1 * yy~-1>;

G<x,y,z,t>:=Group<x,y,z,t|x"2, y~3, z74,(y"-1 * x)"2,

104

= W.1 x w3; w2 := W.2"-1; wb := w4 *x w2; return wb;
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z7-2 * y°-1 * 272 x y,(y * z°-1 % x)°2,
z7-1 % yo-1 % z°-1 * y°-1 * z x y~-1, t72, (t,x * z~-1 * y~-1)>;

Orbits(N12);

C:=Classes(N);

for j in [2..8] do
Clj1[31;

for i in [1..48] do

if ArrayP[i] eq C[j][3]
then Sch[i]; end if;
end for;

end for;

#C;

C;
for i in [2..8] do i,C[i][3], Orbits(Centraliser(N,C[i][3])); end for;

for i in [1..48] do 1~ArrayP[i], Sch[i]; end for;
/*The code above will print out the names :)*/

/* MAKE t COMMUTE WITH EVERYTHING

(z~2%t),
(z#xxz*xt~(y~-1)),
(zxxxz*xt™ (yxz*y)) ,
(zxx*z*xt) ,

(zxx*z*xt~z),

(z*x*z*t~(x * y°-1 * z)),
(z*x*zxt~(x * z°-1 * x)),
(zxxxzxt~( x * y * 2)),
(y*t),

(y*t~z),

(y*t~ (xxy~-1%z)),

(y*t~ (x*xy~-1)),

(z*t),
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(zxt~(x *x y~-1 * 2)),
(zxt~(y * z)),
(y*z*t),

(y*z*t~z),

(y*z*xt~(x * y~-1 * z)),
(y*zxt~(x * y~-1)),
(zxx*xt) ,

(zxx*t~z) ,
(zxx*t~(y~-1)),

(z~-1 * x*xt),

(z~-1 % xxt~z),

(z7-1 * xxt~(y~-1)),
*/

G<x,y,2z,t>:=Group<x,y,z,t|x"2, y~3, z74, (y~-1 *x)"2, z~-2 *
yo-1 % 272 * y, (y*z~-1%x)7"2, z~-1 * y~-1 % z"-1 * y~-1 xz %
y°-1,

(z~2%t)"a,
(zxx*xz*t~(y~-1))"b,
(zxx*z*t~ (yxz*y))~c,
(z*x*z*t)~d,

(zxx*z*t~z) e,

(zxx*z¥t~(x * y~-1 * z))"f,
(zxx*z¥t~(x * z~-1 * x))"g,
(zxx*z*t~( x * y * z))~h,
(y*t)~1i,

(y*¥t~z)~j,

(yxt~ (x*y~-1%z)) "k,

(yxt~ (x*xy~-1))"1,

(z*t) "m,

(zxt~(x * y~-1 * z))"n,
(zxt~(y * z)) "o,

(y*z*t) "p,

(y*z*t~z)"q,

(y*z*xt~(x * y~-1 * z))°r,
(y*z*xt~(x * y~-1))"s,
(z*x*t) "t

(zxx*xt~z)"u,
(zxx*xt~(y~-1)) v,
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(z7-1 * x*t)~a.l,
(z~-1 * x*t~z)"a.2,
(z~-1 * xxt~(y~-1))"a.3>;

if #G gt 48 then
a,b,c,d,e,f,g,h,i,j,k,1,m,n,o0,p,q,r,s,t,u,v,a.1,a.2,a.3,
#G;

end if; end for;
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Appendix D

MAGMA CODE 23:3

S:=Sym(6) ;

xx:=51(3, 6);

yy:=S!(1, 3, 5)(2, 4, 6);
G:=sub<S|xx,yy>;

Classes(G);
CT:=CharacterTable(G);
CT;

H:=sub<G| (2, 5),(2, 5)(3, 6),(1, 4)(2, 5)>;

Classes(H);

CH:=CharacterTable(H);

CH;

for i in [2..8] do for j in [7,8] do if Induction(CH[i],G) eq CT[j]
then i, j; end if; end for; end for;

T:=Transversal(G,H);

T;

G;

C:=Classes(G);

#C;

for i in[1..8] do C[i][3]; end for;
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H:=sub<G| (2, 5),(2, 5)(3, 6),(1, 4)(2, 5)>;
D:=Classes(H);

#D;

for i in[1..8] do D[i][3]; end for;

C:=CyclotomicField(2);

GG:=GL(3,C);

A:=[[C.1,0,0] : i in [1..31];

for i ,j in [1..3] do A[i,j]:=0; end for;

for i,j in [1..3] do if T[i]*xx*T[j]l~-1 in H then
Ali,j]:=CH[8] (T[i]l*xx*T[j]~-1); end if; end for;
B:=[[C.1,0,0] : i in [1..3]1];

for i ,j in [1..3] do B[i,j]:=0; end for;

for i,j in [1..3] do if T[i]l*yy*T[jl~-1 in H then
B[i,j]1:=CH[8] (T[i]l*yy*T[jl~-1); end if; end for;
GG!A; GG!B;

Order (GG!A) ;
Order (GG!B) ;
Order (GG!A*GG!B) ;

H:=sub<GG|A,B>;

#H,;
IsIsomorphic(H,G);

S:=Sym(6) ;
xx:=51(3,6);

yy=S' (1,2,3) (4’5’6)’
N:=sub<S|xx,yy>;

#N;

IsIsomorphic(N,G);

XXKYY;

N1:=Stabiliser(N,{1,4});
N1;



#N1;

NN<a,b>:=Group<a,bla~2,b"3, (a*b) "6, (a,b)"2>;
#NN;

(xx,yy);

NN<a,b>:=Group<a,bla~2,b"3, (axb) "6, (a,b) ~2>;
#NN ;

W:=WordGroup(N) ;
rho:=InverseWordMap (N) ;
a:=N!(3,6);
b:=N!(2,5);
c:=N1(1,4);
alrho;
function (W)
return W.1;
end function
XX;

b@rho;
function (W)

w2 = W.27-1; w3 :=W.1 *x w2; wd := W.2 * w3; return w4;
end function

B:=function (W)

function> w2 = W.27-1; w3 :=W.1 * w2; w4 := W.2 * w3;
return w4;

function> end function;

B(NN) ;
yy*xx*kyy~-1;

c@rho;
function (W)
w2 = W.27-1; w6 := w2 * W.1; w7 := w6 *x W.2; return w7;
end function
C:=function(W)
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function> w2 = W.27-1; w6 := w2 *x W.1; w7 := w6 *x W.2;
return w7;

function> end function;

C(NN) ;

xx"yy;

G<x,y,t>:=Group<x,y,t1x~2,y"3, (xxy) "6, (x,y) "2, (t,x),
(t,y*x*y~-1) ,t~(x"y)=t"2>;
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Appendix E

MAGMA CODE 4%:4

:=Sym(8) ;
:=TransitiveGroups(8);

A:=S1(2, 6)(3, 7);

B:=S!(1, 3)(4, 8)(5, 7);
Cc:=8'(1, 2, 3, 8)(4, 5, 6, 7);
N:=sub<S|A,B,C>;

N;

#N;

Center (N) ;
CompositionFactors(N) ;
NL:=NormalLattice(N);
NL;

for i in [1..13] do if IsAbelian(NL[i]) then i;end if;end for;
NL[8];

X:=AbelianGroup(GrpPerm, [4,4]);
IsIsomorphic (NL[8],X);
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q,ff:=quo<N|NL[8]>;

q;

#q;

q eq sub<qlq.1,q.2,9.3>;
A:=N!(2, 8, 6, 4);

B:=N!(1, 3, 5, 7)(2, 8, 6, 4);

T:=Transversal (N,NL[8]);

C:=N!(1, 2, 3, 8)(4, 5, 6, 7);

for i in [0..3] do for j in [0..3] do i,j, A”i*B~j; end for; end for;
A~T[3];

A*B~3;

B~T[3];

A~2%xB~3;
H<a,b,c>:=Group<a,b,cla~4,b"4,(a,b),c"4,a~c=a*b~3,b"c=a~2*b~3>;

f,H1,k:=CosetAction(H,sub<H|Id(H)>);
IsIsomorphic (H1,N);
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Appendix F

MAGMA CODE (4 x 2%) : S5

S:=Sym(12);

T:=TransitiveGroups(12);

T;

T[53];

A:=S1(1, 7)(3, 9)(4, 10)(6, 12);

B:=S!(1, 4, 7, 10)(2, 5, 8, 11)(3, 6, 9, 12);
C:=S!(1, 5, 9)(2, 6, 10)(3, 7, 11)(4, 8, 12);
D:=S!(1, 5)(2, 10)(4, 8)(7, 11);
N:=sub<S|A,B,C,D>;

N;

#N;

CompositionFactors(N);

NL:=NormalLattice(N);

NL;

for i in [1..14] do if IsAbelian(NL[i]) then i;end if;end for;
NL[7];

X:=AbelianGroup(GrpPerm, [4,2,2]);
IsIsomorphic(NL[7],X);

q,ff:=quo<N|NL[7]>;
q;
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ql:=q.3;
92:=q.4;
NL[7];
A:=N'(1, 4, 7, 10)(2, 5, 8, 11)(3, 6, 9, 12);
B:=N!'(3, 9)(6, 12);
C:=N!'(1, 7)(3, 9)(4, 10)(6, 12);
D:=N!'(1, 7)(2, 8)(4, 10)(5, 11);

/* I need to determine if I need all four, that is, A,B,C,D.*/

M:=sub<N|A,B,C>;
#M;

/*So I don’t need D since NL[7] is order 16x%/
A:=N'(1, 4, 7, 10)(2, 5, 8, 11)(3, 6, 9, 12);
B:=N!(3, 9)(6, 12);

C:=N'(1, 7)(3, 94, 10)(6, 12);

T:=Transversal (N,NL[7]);
T;

D:=N!(1, 5, 9)(2, 6, 10)(3, 7, 11)(4, 8, 12);
E:=N!(1, 5)(2, 10) (4, 8)(7, 11);

A~T[2];
B~T[2];

A"T[2] eq A"D;
> A~T[2] eq A;

for i in [0..3] do for j in [0..1] do for k in [0..1] do i,j.,k,
A~ixB~j*C7k;
end for; end for; end for;

/*A"T[] eq A;



(1, 4, 7, 10)(2, 5, 8, 11)(3, 6, 9, 12)
> B°D;
(1, 74, 10)

NOT NEEDED C~T[2];
(2, 8)(3, 9)(5, 11)(6, 12)

C~D;
(1, (2, 8)(4, 100(5, 11)
A"E;

A"T[3] eq A*B~2;
B~E;
B~T[3] eq B*C~2;;

C-T[3] eq C;
C~T[3];

(2, 8)(@3, 9, 11)(6, 12)
C"E eq C#*D;

H<a,b,c,d,e>:=Group<a,b,c,d,ela~4,b~2,c"2,(a,b), (a,c), (b,c),
d~3,e"2, (d*e)~2,a"d=a,b"~d=b*c,c~d=a~2*b,a"e=a,b"~e=b,c ~e=a"2xb*c>;

f,H1,k:=CosetAction(H,sub<H|Id(H)>);
IsIsomorphic(H1,N);
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Appendix G

MAGMA CODE (4 x 2%) " A,

S:=Sym(24) ;
T:=TransitiveGroups (24);
T[500];

/*Permutation group acting on a set of cardinality 24

Order = 192 = 276 * 3
(1, 3)(2, 4)(5, 23)(6, 24)(11, 12)(13, 14)(15, 16) (17, 18)(19, 22)
(20, 21)
(1, 7, 22, 24, 10, 19)(2, 8, 21, 23, 9, 20)(3, 11, 15, 6, 14, 18)
(4, 12, 16, 5, 13, 17)*/

xx:=S1(1, 3)(2, 4)(5, 23)(6, 24) (11, 12) (13, 14) (15, 16)

(17, 18) (19, 22)(20,21);

yy:=S!(1, 7, 22, 24, 10, 19)(2, 8, 21, 23, 9, 20)(3, 11, 15, 6, 14, 18)
(4, 12, 16, 5, 13, 17);

N:=sub<S|xx,yy>;

N;

#N;
CompositionFactors(N) ;

NL:=NormalLattice(N) ;
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NL;

for i in [1..9] do if IsAbelian(NL[i]) then i;end if;end for;

NL[5];
X:=AbelianGroup(GrpPerm, [4,2,2]);
IsIsomorphic (NL[5],X);

q,ff:=quo<N|NL[5]>;
q;

A:=N!(1, 5, 24, 4)(2, 6, 23, 3)(7, 11, 10, 14)(8, 12, 9, 13)
(15, 22, 18, 19)(16,21, 17, 20);

B:=N!(1, 2)(3, 4)(5, 6)(15, 17) (16, 18) (19, 21) (20, 22)(23, 24);
C:=N!(1, 23)(2, 24)(3, 5)(4, 6)(7, 8)(9, 10) (11, 12)(13, 14);
D:=N!(1, 24)(2, 23)(3, 6)(4, 5)(7, 10)(8, 9) (11, 14)(12, 13)
(15, 18) (16, 17)(19, 22)(20, 21);

/*BUT I need to determine if I need all four that is A,B,C,D.x/

A:=Nt(1, 5, 24, 4)(2, 6, 23, 3)(7, 11, 10, 14)(8, 12, 9, 13)
(15, 22, 18, 19)(16,21, 17, 20);
B:=N!(1, 2)(3, 4)(5, 6) (15, 17) (16, 18) (19, 21)(20, 22)(23, 24);
C:=N!(1, 23)(2, 24)(3, 5)(4, 6)(7, 8)(9, 10) (11, 12)(13, 14);
M:=sub<N|A,B,C>;
#M;

/* 16, so I do not need D, since NL[5] is order 16
So far the presentation NL[5] is

<a,b,cla~{4}, b {2}, c~{2},(a,b),(a,c),(b,c)> */

T:=Transversal(N,NL[5]);
T;

IsIsomorphic(q,Alt(4));

FPGroup(q) ;
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Generators (NL[5]);

A;
B;
C;

NL[5] eq sub<NL[5]|A,B,C>;

f£(T[2]) eq q.1;
f£(T[3]) eq q.2;

T2:=N!(1, 3)(2, 4)(5, 23)(6, 24) (11, 12)(13, 14) (15, 16) (17, 18)
(19, 22)(20,21);

T3:=N!(1, 7, 22, 24, 10, 19)(2, 8, 21, 23, 9, 20)
(3, 11, 15, 6, 14, 18)(4, 12,16, 5, 13,17);

for i in [0..3] do for j,k in [0..1] do
if A"T2 eq A"i*B~j*C"k then i,j,k;
end if; end for; end for;

for i in [0..3] do for j,k in [0..1] do

if B"T2 eq A~i*B~j*C~k then 1i,]j,k;
end if; end for; end for;

for i in [0..3] do for j,k in [0..1] do
if C°T2 eq A"i*B~j*C"k then i,j,k;end if;end for; end for;

for i in [0..3] do for j,k in [0..1] do
if C°T3 eq A"i*B~j*C"k then i,j,k;end if;end for; end for;

for i in [0..3] do for j,k in [0..1] do
if A"T3 eq A~i*B~j*C~k then i,j,k;end if;end for; end for;

for i in [0..3] do for j,k in [0..1] do
if B"T3 eq A"i*B~j*C"k then i,j,k;end if;end for; end for;

H<a,b,c,d,e>:=Group<a,b,c,d,ela~4,b"2,c~2,(a,b), (a,c), (b,c),d"2,
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e~3, (d*e) ~3,a~d=ax*b*c,b~d=b,c"d=c,a~e=a"3*c,b"e=c>;
H<a,b,c,d,e>:=Group<a,b,c,d,ela~4,b~2,c~2,(a,b), (a,c), (b,c),d"2,
e~3, (d*e)~3,a"~d=a*b*c,b~d=b,c"d=c,a"~e=a"3*c,b"e=c,c e=a"2xb*c>;
#H;

f,H1,k:=CosetAction(H,sub<H|Id(H)>);
IsIsomorphic (H1,N);

/xfalsex/

#N;

Order(T2) eq Order(q.1);

true

Order(T3) eq Order(q.2);

false

Order (T2*T3) eq Order(q.1*q.2);
/*falsex/

Order(T3);

Order(q.2);

for i in [0..3] do for j,k in [0..1] do
if T3"3 eq A"i*B~j*C"k then i,j,k;end if;end for; end for;

Order (T2+T3) ;
Order(q.1*q.2);

for i in [0..3] do for j,k in [0..1] do
if (T2*T3)~3 eq A~i*B~j*C~k then i,j,k;end if;end for; end for;

H<a,b,c,d,e>:=Group<a,b,c,d,ela~4,b~2,c~2,(a,b), (a,c), (b,c),d"2,
e~3=a"2, (d*e) ~3=ax*b,a~d=a*b*c,b~d=b,c~d=c,a~e=a"3*c,b"e=c,
c~e=a"2*b*c>;

#H,;

f,H1,k:=CosetAction(H,sub<H|Id(H)>);
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Appendix H

MAGMA CODE PSL(2,11)

G<x,y,t>:=Group<x,y,t1x~3,y"3, (xxy)~2, t~2,
(t,x*y~-1*x),

tHRL Tyt (xxy) ¥t Ty=y 2%t~ (x"2) ¥t~ (y~2) ,
(x*xy*t~y) ~3>;

#G;

f,G1,k:=CosetAction(G,sub<G|x,y>);
CompositionFactors(Gl);

Index (G, sub<G|x,y>);
#DoubleCosets (G, sub<G|x,y>,sub<G|x,y>);
DoubleCosets (G, sub<G|x,y>,sub<G|x,y>);
DoubleCosets (G, sub<G|x,y>,sub<Glx,y>);

DC:=[1d(G1),

(),

f(t * x * t),
f(t xy * t),

f(t*xx *txy*t),
f(t * x * t* y°-1 * t),
f(t * x *xt *x x°-1 % t),
f(t*xy*tx*xy-1xt)];

ts:=[Id(G1) : i in [1..6]];
ts[1]:=f(t);



ts[2]:=f(¢7y);

ts[3] :=f(t"x);
ts[4] :=f (£~ (x*y));
ts[6]:=f(t~(x"2));
ts[6]:=f(t~(y~2));
IN:=sub<G1|f(x),f(y)>;
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cst := [null : i in [1 .. 55]] where null is [Integers() |[];

prodim := function(pt, Q, I)
v = pt;
for i in I do
v = v~ (Q[il);
end for;
return v;
end function;
for i := 1 to 6 do
cstlprodim(1, ts, [i1)] := [i];
end for;
m:=0; for i in [1..55] do if cst[i] ne [] then m:=m+1;
if; end for; m;

/*6%/

S:=Sym(6) ;

xx:=S'(1, 3, 5)(2, 4, 6);
yy:=S!(1, 2, 6)(3, 4, 5);
N:=sub<S|xx,yy>;
N1:=Stabiliser(N,1);

#N1;

N1;

Orbits(N1);

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[2] eq g*x(DC[i])~h then i; end if; end for;
end for;/x 3 x/

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[4] eq g*(DC[i])~h then i; end if; end for;
end for;/*2x%/

for i in [1..8] do

end



for g,h in IN do
if ts[1]1*ts[3] eq g*x(DC[i])~h then i; break;break;
end if; end for; end for;/*4x/

/*Third Double Coset*/

S:={[1,21%};

SS:=S"N;

SSS:=Setseq(SS);

for i in [1..#SS] do

for g in IN do if ts[1]*ts[2]

eq gxts[Rep(SSS[i]) [1]1]xts[Rep(SSS[i]) [2]]
then print SSS[il;

end if; end for; end for;

N12:=Stabiliser(N, [1,2]);
N12s:=N12;
trl:=Transversal (N,N12s);
for i := 1 to #trl do
ss := [1,2]"tr1[il;
cst[prodim(1l, ts, ss)] := ss;
end for;
m:=0; for i in [1..55] do if cst[i] ne [] then m:=m+1;
if; end for; m;
/*18%/
Orbits(N12s);

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[2]*ts[1] eq g*(DC[i])~h then i; end if;
end for; end for;/*x7x/

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[2]*ts[2] eq g*x(DC[il)"h then i; end if;
end for; end for;/*2x/

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[2]*ts[3] eq g*x(DC[i])~h then i; end if;
end for; end for; /*6%/

end
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for i in [1..8] do

for g,h in IN do

if ts[1]*ts[2]*ts[4] eq g*(DC[i])~h then i; end if;
end for; end for; /*5%/

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[2]*ts[5] eq g*(DC[i])~h then i; end if;
end for; end for; /x3%/

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[2]*ts[6] eq g*x(DC[i])~h then i; end if;
end for; end for; /*4x*/

/*3:={[1,41};

SS:=S"N;

SSS:=Setseq(SS);

for i in [1..#SS] do

for g in IN do if ts[1]*ts[4]

eq g*ts[Rep(SSS[i]) [1]1]1*ts[Rep(SSS[i]) [2]]
then print SSS[i];

end if; end for; end for;

/{01, 4 1}*/

N14:=Stabiliser(N, [1,4]);
N14s:=N14;
#N14s;
/*2%/
tr2:=Transversal (N,N14s) ;
for i := 1 to #tr2 do
ss := [1,4]"tr2[i];
cst[prodim(1l, ts, ss)] := ss;
end for;
m:=0; for i in [1..55] do if cst[i] ne [] then m:=m+1;
end if; end for; m;
Orbits(N14s);
for i in [1..8] do for g,h in IN do
if ts[1]*ts[4]*ts[1] eq g*(DC[i])~h then i; end if;
end for; end for;/*1x/
for i in [1..8] do for g,h in IN do



if ts[1]*ts[4]*ts[4] eq gx(DC[i]l)~h then i; end if;
end for; end for;/*2x/

for i in [1..8] do for g,h in IN do

if ts[1]*ts[4]*ts[2] eq g*(DC[i])~h then i; end if;
end for; end for;/*3%/

for i in [1..8] do for g,h in IN do

if ts[1]*ts[4]*ts[3] eq g*x(DC[i])~h then i; end if;
end for; end for;/x4x/ x/

/*Fourth Double Coset*/

S:={[1,31};

SS:=S"N;

SSS:=Setseq(SS);

for i in [1..#SS] do

for g in IN do if ts[1]*ts[3]

eq g+ts[Rep(SSS[i]) [1]]1*ts[Rep(SSS[i]) [2]]
then print SSS[il;

end if; end for; end for;

N13:=Stabiliser(N, [1,3]);

N13s:=N13;

#N13s;

/*1x/

tr3:=Transversal (N,N13s);

for i := 1 to #tr3 do

[1,3]~tr3[i];
cst[prodim(1l, ts, ss)] := ss;

end for;

SS ¢

m:=0; for i in [1..55] do if cst[i] ne [] then m:=m+1;

end if; end for; m;
/*30%/
Orbits(N13s);

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[3]*ts[1] eq g*x(DC[i])~h then i; end if;
end for; end for;/*8x/

for i in [1..8] do

for g,h in IN do
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if ts[1]1*ts[3]*ts[2] eq gx(DC[i])~h then
end for; end for;/*6x/

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[3]*ts[3] eq gx(DC[i]l)~h then
end for; end for;/*2x/

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[3]*ts[4] eq g*(DC[i])~h then
end for; end for;/*7x/

for i in [1..8] do

for g,h in IN do

if ts[1]1*ts[3]*ts[5] eq gx(DC[i])~h then
end for; end for;/*3%/

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[3]1*ts[6] eq g*(DC[i])"h then
end for; end for;/*4x/

/*Fifth Double Coset*/
S:={[1,2,41%};

SS:=S"N;

SSS:=Setseq(SS);

for i in [1..#SS] do

for g in IN do if ts[1]lx*ts[2]*ts[4]

eq g*ts[Rep(SSS[i]) [1]]1*ts[Rep(SSS[i]) [2]]1*ts[Rep(SSS[i]) [3]]

then print SSS[i];
end if; end for; end for;

/*

*/

N124:=Stabiliser (N, [1,2,4]);
N124s:=N124;
tr5:=Transversal (N,N124s) ;
for i := 1 to #trb do
[1,2,4]"tr5[i];

SS ¢

i;

i;

; end

; end

; end

end

end

if;

if;

if;

if;

if;
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cstlprodim(1, ts, ss)] := ss;
end for;
m:=0; for i in [1..55] do if cst[i] ne [] then m:=m+1; end
if; end for; m;

for n in N do if [1,2,4]"n eq [3,4,6]
then N124s:=sub<N|N124s,n>;

end if; end for;

#N124s;

Generators(N124s) ;

[1,2,4]"N124s;

for n in N do if [1,2,4]"n eq [5,6,2]
then N124s:=sub<N|N124s,n>;

end if; end for;

#N124s;

Generators (N124s) ;

[1,2,4]"N124s;

/*34x/
Orbits(N124s);

for i in [1..8] do

for g,h in IN do

if ts[1]xts[2]*ts[4] *ts[1] eq g+x(DC[i])~h then i; end if;
end for; end for;/x7x/

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[2]*ts[4]*ts[2] eq g*(DC[i]l)~h then i; end if;
end for; end for;/*3x%/

/*Sixth Double Coset*/

S:={[1,2,31%};

SS:=S°N;

SSS:=Setseq(SS) ;

for i in [1..#SS] do

for g in IN do if ts[1]*ts[2]*ts[3]

eq gxts[Rep(SSS[i]) [1]1]1*ts[Rep(SSS[i]) [2]1]1*ts[Rep(SSS[il) [3]1]

127



128

then print SSS[il;
end if; end for; end for;

/%
[1, 2, 3]
[3,1, 2]
[ 2, 3, 1]
*/

N123:=Stabiliser(N, [1,2,3]);
N123s:=N123;
tr6:=Transversal (N,N123s);
for i := 1 to #tr6 do
ss := [1,2,3]"tr6[i];
cst[prodim(1l, ts, ss)] := ss;
end for;
m:=0; for i in [1..55] do if cst[i] ne [] then m:=m+1;
end if; end for; m;
/*38%/
for n in N do if [1,2,3]"n eq [3,1,2]
then N123s:=sub<N|N123s,n>;
end if; end for;
#N123s;
Generators(N123s) ;
[1,2,3]"N123s;

for n in N do if [1,2,3]"n eq [2,3,1]
then N123s:=sub<N|N123s,n>;

end if; end for;

#N123s;

Generators(N123s);

[1,2,3]"N123s;

Orbits(N123s);

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[2]*ts[3] *ts[1] eq g*(DC[i])~h then ij;

end if; end for; end for;/*3x/

for i in [1..8] do
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for g,h in IN do
if ts[1]*ts[2]*ts[3]*ts[4] eq g*(DC[i])~h then i;
end if; end for; end for;/*4x/

/*Seventh Double Coset*/

S:={[1,2,11};

SS:=S°N;

SSS:=Setseq(SS);

for i in [1..#SS] do

for g in IN do if ts[1]*ts[2]*ts[1]

eq gxts[Rep(SSS[i]) [1]11*ts[Rep(SSS[i]) [2]]1*ts[Rep(SSS[i]) [3]]
then print SSS[i];

end if; end for; end for;

N121:=Stabiliser (N, [1,2,1]);
N121s:=N121;
tr7:=Transversal(N,N121s);
for i := 1 to #tr7 do
ss := [1,2,1]"tr7[i];
cst[prodim(1, ts, ss)] := ss;
end for;
m:=0; for i in [1..55] do if cst[i] ne [] then m:=m+1;
end if; end for; m;
/*¥50%/
Orbits(N121s);

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[2]*ts[1] =*ts[1] eq g+x(DC[i])"h then i;
end if; end for; end for;/*3x/

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[2]*ts[1]*ts[2] eq g*(DC[i])~h then i;
end if; end for; end for;/x7x/

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[2]*ts[1]*ts[3] eq g*(DC[i])~h then i;
end if; end for; end for;/x4x/
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for i in [1..8] do

for g,h in IN do

if ts[1]*ts[2]*ts[1]*ts[4] eq g*(DC[i])~h then i;
end if; end for; end for;/*5%/

for i in [1..8] do

for g,h in IN do

if ts[1]1*ts[2]*ts[1]*ts[5] eq g*(DC[i])~h then i;
end if; end for; end for;/*7%x/

for i in [1..8] do

for g,h in IN do

if ts[1]*ts[2]*ts[1]*ts[6] eq g*(DC[i])"h then i;
end if; end for; end for;/*8x/

/*Eighth Double Coset*/

s:={[1,3,11};

SS:=S°N;

SSS:=Setseq(SS);

for i in [1..#SS] do

for g in IN do if ts[1]*ts[3]*ts[1]

eq gxts[Rep(SSS[i]) [1]11*ts[Rep(SSS[i]) [2]1*ts[Rep(SSS[il) [3]]
then print SSS[il;

end if; end for; end for;

N131:=Stabiliser(N,[1,3,1]);
N131s:=N131;
tr8:=Transversal (N,N131s);
for i := 1 to #tr8 do
ss := [1,3,1]"tr8[i];
cstlprodim(1, ts, ss)] := ss;
end for;
m:=0; for i in [1..55] do if cst[i] ne [] then m:=m+1; end
if; end for; m;
/*54x/

for n in N do if [1,3,1]"n eq [2,4,2]
then N131s:=sub<N|N131s,n>;

end if; end for;

#N131s;
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Generators(N131s);
[1,3,1]1°N131s;

Orbits(N131s);

for i in [1..8] do

for g,h in IN do

if ts[1]1*ts[3]*ts[1] =*ts[1] eq g+x(DC[i]l)"h then 1i;
end if; end for; end for;

/*4x/

for i in [1..8] do

for g,h in IN do

if ts[1]xts[3]*ts[1]*ts[3] eq gx(DC[i])~h then i;
end if; end for; end for;

/¥T%/
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Appendix I

MAGMA CODE of 3*?:,, D,

S:=Sym(4);

xx:=81(1,2,3,4);

yy:=51(2,4);

N:=sub<S|xx,yy>;
G<x,y,t>:=Group<x,y,tlx~4,y"2, (x*y)~2,t~3, (y,t) ,t~ (x"2)=t"2,
(x~2%y*t*t~x) ~4>;

#DoubleCosets (G,sub<G|x,y>, sub<G|x,y>);
f,G1,k:=CosetAction(G,sub<G|x,y>);

#G1;

CompositionFactors(Gl);

H:=sub<Gl|x,y,
y*x"Q*t*X*t*x*t*x*t*x*t*x*t>;
f,G1,k:=CosetAction(G,sub<G|x,y>);
CompositionFactors(Gl);

IN:=sub<G1l|f(x),f(y)>;

ts := [ Id(G1): i in [1 .. 4] ];

ts[1]:=f(t); ts[2]:=f(t"(x)); ts[3]:=ts[1]"-1;

ts[4] :=ts[2]~-1;

DoubleCosets (G, sub<G|x,y>, sub<G|x,y>);
#DoubleCosets(G,sub<Glx,y>, sub<Glx,y>);
#G1;



DC:=[ £( Id(Q)),

f(t),

f(t*x*1t),

f(t *x *xt *x x *x t~-1),
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f(t * x * txx*t),
f(t*x*xt*x*xt--1*x % t°-1),
f(t*xx *xt*xx*xt*x*x t--1),

f(t*x *xt*xx*xt*xx*t),

f(t*x *xt*x*xt -1 *%x % t°-1x%x *t),

f(t * x *xt *x *xt *x *xt*x*t),

f(t*x *xt*xx *xt*xx*xt*xx*xt*xx*xt)];

Index(G1,IN);

cst := [null : i in [1 .. 60]] where null is [Integers() | ];
prodim := function(pt, Q, I)
v = pt;
for i in I do
v := v~ (Q[iD);
end for;
return v;

end function;

for i := 1 to 4 do
cstprodim(1, ts, [i1)] := [i];
end for;

m:=0; for i in [1..60] do if cst[i] ne [] then m:=m+1; end if;

end for;m;

Orbits(N);

for i in [1..#DC] do for m,n in IN do
break;end if; end for;end for;

N1:=Stabiliser(N,1);
Generators(N1) ;
Orbits (N1);

for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;
for i in [1..#DC] do for m,n in IN do
eq m*(DC[i])"n then i; break; end if;
for i in [1..#DC] do for m,n in IN do

if ts[1] eq m*(DC[i])~n then ij;

if ts[1]l*ts[1]
end for;end for;
if ts[1]x*ts[2]
end for;end for;
if ts[1]*ts[3]
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eq m*(DC[i])"n then i; break; break;end if; end for;end for;

S:={[1,2]};

SS:=S"N;SS;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]

eq g*ts[Rep(SSS[i]) [1]11*ts[Rep(SSS[i]) [2]]

then print SSS[i];
end if; end for; end for;

N12:=Stabiliser (N, [1,2]);
Orbits(N12);

#N12;

N12s:=sub<N|N12>;
trl:=Transversal (N,N12s);
for i:=1 to #trl do
ss:=[1,2]"tr1[i];
cst[prodim(1,ts,ss)] :=ss;
end for;

m:=0; for i in [1..60] do if cst[i] ne []

then m:=m+1;
end if; end for;m;

for i in [1..#DC] do for m,n in IN do if
eq m*(DC[i])"n then i; break; break; end
for i in [1..#DC] do for m,n in IN do if
eq m*(DC[i])~"n then i; break; break; end
for i in [1..#DC] do for m,n in IN do if
eq m*(DC[i])~"n then i; break; break; end
for i in [1..#DC] do for m,n in IN do if
eq m*(DC[i])~"n then i; break; break; end

S:={[1,2,11};
SS:=S"N;SS;
S8SS:=Setseq(SS);

for i in [1..#SSS] do

ts[1]*ts[2] *ts[1]
if; end for;end for;
ts[1]*ts[2] *ts[2]
if; end for;end for;
ts[1]*ts[2] *ts [3]
if; end for;end for;
ts[1]*ts [2] *ts [4]
if; end for;end for;
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for g in IN do if ts[1]*ts[2]*ts[1]

eq gxts[Rep(SSS[i]) [1]1]*ts[Rep(SSS[il) [2]]1*ts[Rep(SSS[il) [1]1]
then print SSS[il];

end if; end for; end for;

N121:=Stabiliser (N, [1,2,1]);
Orbits(N121);

#N121;

N121s:=sub<N|N121>;
trl:=Transversal(N,N121s);
for i:=1 to #trl do
ss:=[1,2,1]"tr1[i];
cst[prodim(1,ts,ss)] :=ss;
end for;

m:=0; for i in [1..60] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

for i in [1..#DC] do for m,n in IN do if ts[1]#*ts[2]*ts[1]*ts[1]
eq m*(DC[i])~"n then i; break; break; end if; end for;end for;
for i in [1..#DC] do for m,n in IN do if ts[1]#*ts[2]*ts[1]*ts[2]
eq m*(DC[i])~n then i; break; break; end if; end for;end for;
for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[1]*ts[3]
eq m*(DC[i])~"n then i; break; break; end if; end for;end for;
for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[1]*ts[4]
eq m*(DC[i])~"n then i; break; break; end if; end for;end for;

S:={[1,2,3]};

SS:=S"N;SS;

S8S:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]*ts[3]

eq gxts[Rep(SSS[i]) [1]1]1*ts[Rep(SSS[il) [2]1]1*ts[Rep(SSS[il) [3]]
then print SSS[i];

end if; end for; end for;

N123:=Stabiliser (N, [1,2,3]);
Orbits(N123);
#N123;
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N123s:=sub<N|N123>;

trl:=Transversal (N,N123s);

for i:=1 to #trl do

ss:=[1,2,3]"tr1[i];
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..60] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[3]*ts[1]
eq m*(DC[i])~n then i; break; break; end if; end for;end for;
for i in [1..#DC] do for m,n in IN do if ts[1]x*ts[2]*ts[3]*ts[2]
eq m*(DC[i])~n then i; break; break; end if; end for;end for;
for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[3]*ts[3]
eq m*(DC[i])"n then i; break; break; end if; end for;end for;
for i in [1..#DC] do for m,n in IN do if ts[1]*ts[2]*ts[3]*ts[4]
eq m*(DC[i])~"n then i; break; break; end if; end for;end for;

S:={[1,2,1,2]};

SS:=S"N;SS;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]*ts[1]*ts[2]
eq gxts[Rep(SSS[i]) [1]1]xts[Rep(SSS[i]) [2]]
*ts[Rep(8SS[il) [1]11*ts[Rep(SSS[il) [2]]
then print SSS[il;

end if; end for; end for;

N1212:=Stabiliser(N, [1,2,1,2]);
Orbits(N1212);

#N1212;

N1212s:=sub<N|N1212>;
trl:=Transversal(N,N1212s);

for i:=1 to #trl do

ss:=[1,2,1,2]"tr1[i];
cst[prodim(l,ts,ss)]:=ss;

end for;

m:=0; for i in [1..60] do if cst[i] ne []
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then m:=m+1;
end if; end for;m;

for i in [1..#DC] do for m,n in IN do if
ts[1]*ts[2]*ts[1]*ts[2]*ts[1] eq m*(DC[i])"n then i; break;
break; end if; end for;end for;

for i in [1..#DC] do for m,n in IN do if
ts[1]*ts[2]*ts[1]*ts[2]*ts[2] eq m*(DC[i])"n then i; break;
break; end if; end for;end for;

for i in [1..#DC] do for m,n in IN do if
ts[1]*ts[2]*ts[1]*ts[2]*ts[3] eq m*(DC[i])"n then i; break;
break; end if; end for;end for;

for i in [1..#DC] do for m,n in IN do if

ts[1]*ts[2] *ts[1]*ts[2] *ts[4] eq m*(DC[i])"n then i; break;
break; end if; end for;end for;

S:={[1,2,1,41};

SS:=S"N;SS;

SSS:=Setseq(SS);

for i in [1..#S8SS] do

for g in IN do if ts[1]*ts[2]*ts[1]x*ts[4]
eq gxts[Rep(SSS[i]) [1]1]xts[Rep(SSS[i]) [2]]
*ts [Rep(8SS[i]) [1]]*ts[Rep(SSS[i]) [4]]
then print SSS[i];

end if; end for; end for;

N1214:=Stabiliser (N, [1,2,1,4]);
Orbits(N1214);

#N1214;

N1214s:=sub<N|N1214>;
trl:=Transversal(N,N1214s);

for i:=1 to #trl do
ss:=[1,2,1,4]"tr1[i];
cst[prodim(1,ts,ss)]:=ss;

end for;

m:=0; for i in [1..60] do if cst[i] ne []
then m:=m+1;

end if; end for;m;
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for i in [1..#DC] do for m,n in IN do if

ts[1]*ts[2] *ts[1]*ts[4]*ts[1] eq m*(DC[i])~n then i; break;
break; end if; end for;end for;

for i in [1..#DC] do for m,n in IN do if
ts[1]*ts[2]*ts[1]*ts[4]*ts[2] eq m*(DC[i])"n then i; break;
break; end if; end for;end for;

for i in [1..#DC] do for m,n in IN do if
ts[1]*ts[2]*ts[1]*ts[4]*ts[3] eq m*(DC[i])"n then i; break;
break; end if; end for;end for;

for i in [1..#DC] do for m,n in IN do if
ts[1]*ts[2]*ts[1]*ts[4]*ts[4] eq m*(DC[i])"n then i; break;
break; end if; end for;end for;

S:={[1,2,3,41};

SS:=S"N;SS;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]*ts[3]*ts[4]
eq g*xts[Rep(SSS[i]) [1]1]*ts[Rep(SSS[i]) [2]]
*ts [Rep(8SS[i]) [3]11*ts[Rep(SSS[il) [4]1]
then print SSS[i];

end if; end for; end for;

N1234:=Stabiliser (N, [1,2,3,4]);
Orbits(N1234);

#N1234;

N1234s:=sub<N|N1234>;
trl:=Transversal(N,N1234s);

for i:=1 to #trl do
ss:=[1,2,3,4]"tr1[i];
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..60] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

for i in [1..#DC] do for m,n in IN do if
ts[1]*ts[2] *ts[3] *ts[4]*ts[1] eq m*(DC[i])"n then i; break;
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break; end if; end for;end for;

for i in [1..#DC] do for m,n in IN do if
ts[1]*ts[2] *ts[3] *ts[4]*ts[2] eq m*(DC[i])"n then i; break;
break; end if; end for;end for;

for i in [1..#DC] do for m,n in IN do if
ts[1]*ts[2] *ts[3] *ts[4]*ts[3] eq m*(DC[i])"n then i; break;
break; end if; end for;end for;

for i in [1..#DC] do for m,n in IN do if
ts[1]*ts[2] *ts[3] *ts[4]*ts[4] eq m*(DC[i])"n then i; break;
break; end if; end for;end for;

S:={[1,2,1,2,11%};

SS:=S"N;SS;

SSS:=Setseq(SS);

for i in [1..#S8SS] do

for g in IN do if ts[1]*ts[2]*ts[1]*ts[2]*ts[1]

eq g*ts[Rep(SSS[i]) [1]1]*ts[Rep(SSS[il) [2]]
*ts[Rep(8SS[i]) [1]1]*ts[Rep(8SS[i]) [2]1]*ts[Rep(SSS[il) [11]
then print SSS[i];

end if; end for; end for;

N12121:=Stabiliser (N, [1,2,1,2,1]);
#N12121;
N12121s:=N12121;

for n in N do if [1,2,1,2,1]"n eq [2,1,2,1,2]
then N12121s:=sub<N|N12121s,n>;

end if; end for;

#N12121s;

Generators(N12121s);

[1,2,1,2,1]1"N12121s;

for n in N do

if [1,2,1,2,1]1"n eq [4,3,4,3,4]
then N12121s:=sub<N|N12121s,n>;
end if; end for;
Generators(N12121s);
[1,2,1,2,1]"N12121s;
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Orbits(N12121);

#N12121;
N12121s:=sub<N|N12121>;
trl:=Transversal (N,N12121s);
for i:=1 to #trl do
ss:=[1,2,1,2,1]1~tr1[i];
cst[prodim(1,ts,ss)]:=ss;
end for;

m:=0; for i in [1..60] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

for i in [1..#DC] do for m,n in IN do if
ts[1]*ts[2]*ts[1]*ts[2]*ts[1]*ts[1] eq m*(DC[i])"n then i;
break; break; end if; end for;end for;

for i in [1..#DC] do for m,n in IN do if

ts[1]*ts[2] *ts[1]*ts[2] *ts[1]*ts[2] eq m*(DC[i])~n then i;
break; break; end if; end for;end for;

for i in [1..#DC] do for m,n in IN do if
ts[1]*ts[2]*ts[1]*ts[2]*ts[1]*ts[3] eq m*(DC[i])~n then i;
break; break; end if; end for;end for;

for i in [1..#DC] do for m,n in IN do if
ts[1]*ts[2]*ts[1]*ts[2] *ts[1]*ts[4] eq m*(DC[i])~"n then i;
break; break; end if; end for;end for;

S:={[1,2,3,4,11};

SS:=S"N;SS;

SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]*ts[3]*ts[4]*ts[1]

eq gxts[Rep(SSS[i]) [1]11*ts[Rep(SSS[i]) [2]1*ts[Rep(SSS[i]) [3]]
*ts[Rep(SSS[i]) [4]]*ts[Rep(SSS[il) [1]]

then print SSS[il;

end if; end for; end for;

N12341:=Stabiliser(N, [1,2,3,4,1]);
#N12341;
N12341s:=N12341;



for n in N do if [1,2,3,4,1]1"n eq [3,2,1,4,3]
then N12341s:=sub<N|N12341s,n>;

end if; end for;

#N12341s;

Generators(N12341s);

[1,2,3,4,1]"N12341s;

Orbits(N12341);

#N12341;
N12341s:=sub<N|N12341>;
trl:=Transversal (N,N12341s);
for i:=1 to #trl do
ss:=[1,2,3,4,1]~tr1[i];
cst[prodim(1,ts,ss)] :=ss;
end for;

m:=0; for i in [1..60] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

for i in [1..#DC] do for m,n in IN do if

ts[1]*ts[2]*ts[3]*ts[4]*ts[1]*ts[1] eq m*x(DC[i])~"n then

break; break; end if; end for;end for;
for i in [1..#DC] do for m,n in IN do if

ts[1]*ts[2]*xts[3]*ts[4]*xts[1]1*ts[2] eq m*(DC[i])~n then

break; break; end if; end for;end for;
for i in [1..#DC] do for m,n in IN do if

ts[1]xts[2] *ts [3]*ts[4] *ts[1]*ts[3] eq m*(DC[i])~n then

break; break; end if; end for;end for;
for i in [1..#DC] do for m,n in IN do if

ts[1]*ts[2]*ts[3]*ts[4]*ts[1]*ts[4] eq m*(DC[i])~"n then

break; break; end if; end for;end for;

S:={[1,2,3,4,1,2]};
SS:=S"N;SS;
SSS:=Setseq(SS);

for i in [1..#SSS] do

for g in IN do if ts[1]*ts[2]*ts[3]*ts[4]*ts[1]*ts[2]
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eq gxts[Rep(SSS[i]) [1]11*ts[Rep(SSS[i]) [2]]1*ts[Rep(SSS[i]) [3]]
*ts[Rep(SSS[i]) [4]1]*ts[Rep(SSS[i]) [1]1]*ts[Rep(SSS[il) [2]]
then print SSS[il];

end if; end for; end for;

N123412:=Stabiliser(N,[1,2,3,4,1,2]);
#N123412;
N123412s:=N123412;

for n in N do if [1,2,3,4,1,2]"n eq [2,3,4,1,2,3]
then N123412s:=sub<N|N123412s,n>;

end if; end for;

#N123412s;

Generators(N123412s);

[1,2,3,4,1,2]"N123412s;

for n in N do if [1,2,3,4,1,2]1"°n eq [3,2,1,4,3,2]
then N123412s:=sub<N|N123412s,n>;

end if; end for;

#N123412s;

Generators(N123412s);

[1,2,3,4,1,2]"N123412s;

Orbits(N123412);

#N123412;
N123412s:=sub<N|N123412>;
trl:=Transversal (N,N123412s);
for i:=1 to #trl do
ss:=[1,2,3,4,1,2]"tr1[i];
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..60] do if cst[i] ne []
then m:=m+1;

end if; end for;m;

for i in [1..#DC] do for m,n in IN do if
ts[1]*ts[2] *ts[3] *ts[4] *xts[1]*ts[2] *ts[1]
eq m*(DC[i])"n then i; break; break;



end if; end for;end for;

for i in [1..#DC] do for m,n in IN do if
ts[1]*ts[2]*xts[3]*ts[4]*xts[1]*ts[2] *ts[2]
eq m*(DC[i])~n then i; break; break;

end if; end for;end for;

for i in [1..#DC] do for m,n in IN do if
ts[1]1*ts[2]*ts[3]*ts[4]*ts[1]*ts[2] *ts [3]
eq m*(DC[i])~n then i; break; break;

end if; end for;end for;

for i in [1..#DC] do for m,n in IN do if
ts[1]1*ts[2] *ts[3]*ts[4]*ts[1]*ts[2] *ts [4]
eq m¥(DC[i])~n then i; break; break;

end if; end for;end for;
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