77\

CALIFORNIA STATE UNIVERSITY California State University, San Bernardino
SAN BERNARDINO
CSUSB ScholarWorks
Electronic Theses, Projects, and Dissertations Office of Graduate Studies
12-2018

Symmetric Presentations and Double Coset Enumeration

Charles Seager

Follow this and additional works at: https://scholarworks.lib.csusb.edu/etd

b Part of the Other Mathematics Commons

Recommended Citation

Seager, Charles, "Symmetric Presentations and Double Coset Enumeration" (2018). Electronic Theses,
Projects, and Dissertations. 783.

https://scholarworks.lib.csusb.edu/etd/783

This Thesis is brought to you for free and open access by the Office of Graduate Studies at CSUSB ScholarWorks. It
has been accepted for inclusion in Electronic Theses, Projects, and Dissertations by an authorized administrator of
CSUSB ScholarWorks. For more information, please contact scholarworks@csusb.edu.


http://www.csusb.edu/
http://www.csusb.edu/
https://scholarworks.lib.csusb.edu/
https://scholarworks.lib.csusb.edu/etd
https://scholarworks.lib.csusb.edu/grad-studies
https://scholarworks.lib.csusb.edu/etd?utm_source=scholarworks.lib.csusb.edu%2Fetd%2F783&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/185?utm_source=scholarworks.lib.csusb.edu%2Fetd%2F783&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarworks.lib.csusb.edu/etd/783?utm_source=scholarworks.lib.csusb.edu%2Fetd%2F783&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:scholarworks@csusb.edu

SYMMETRIC PRESENTATIONS AND DOUBLE COSET ENUMERATION

A Thesis
Presented to the
Faculty of
California State University,

San Bernardino

In Partial Fulfillment
of the Requirements for the Degree
Master of Arts
in

Mathematics

by
Charles Seager

December 2018



SYMMETRIC PRESENTATIONS AND DOUBLE COSET ENUMERATION

A Thesis
Presented to the
Faculty of
California State University,

San Bernardino

by
Charles Seager
December 2018
Approved by:
Dr. Zahid Hasan, Committee Chair
Dr. Hajrudin Fejzic, Committee Member
Dr. Jeremy Aikin, Committee Member
Dr. Shawn McMurran, Chair, Department of Mathematics

Dr. Corey Dunn, Graduate Coordinator



iii
ABSTRACT

In this project, we demonstrate our discovery of original symmetric presentations
and constructions of important groups, including nonabelian simple groups, and groups
that have these as factor groups. The target nonabelian simple groups include alternating,
linear, and sporadic groups. We give isomorphism types for each finite homomorphic
image that has been found. We present original symmetric presentations of Mo, Mo :
(2 x 2), L3(4) : 22, 2 + L3(4) : 2, S(4,3), and S7 as homomorphism images of the
progenitors 2*20 : A5, 219 PGL(2,9), 219 . Aut(Ag), 2*1° : Ag, 2°10 : A5, and 224 : S5,
respectively. We also construct Mo, Moy : (2 x 2), L3(4) : 22, L3(4) : 22,2 L3(4) : 2,
S(4,3), and S7 over A;, PGL(2,9), Aut(Ag), Ag, As, and Ss, respectively, using our
technique of double coset enumeration. All of the symmetric presentations given are

original to the best of our knowledge.
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Chapter 1

Introduction

In the following chapters we will discuss how we went about obtaining homo-
morphic images, their isomorphism types, and their Cayley diagrams. We will begin our
discussion of how a progenitor of infinite order is constructed from a control group N.
We used the computer based program MAGMA to help expedite the construction of such
progenitors to obtain homomorphic images of various interesting groups, and to research
these groups in more detail. We perform double coset enumeration (DCE) on groups
such as Moy over the control group PGL(2,9). We also proved the isomorphism types for

these groups.

We begin by defining the progenitor. A progenitor is a semi-direct product of
the form: P = 2*": N = {nw | m € N }, where w is a reduced word in the ¢;, 2*" denotes
the free product of n copies of the cyclic group of order 2 generated by involutions ¢;
fori =1, ---, n. N is a transitive permutation group of degree n which acts on the
free product by permuting the involutory generators. We refer to the subgroup IV as the
control subgroup and to the involutory generators of the free product as the symmetric
generators. The unique progenitor is then factored by the relations that produce finite

homomorphic images.

The progenitor m*™ : N, where m is the order of the ¢;'s, n is the number of
t;'s, and N is the control group, has infinite order. Thus we need to write a permutation
progenitor where we take N to be transitive on n letters, with the general form of a

permutation progenitor given by:



<z,y,t| <z,y>= N, t™ (t, N)>, where N’ is the stabiliser of i in NV

Since t commutes with the stabiliser of 7 in NV, (¢, N*), we can obtain the number
of conjugates of t. We have [G : Cy(a)] the number of conjugates of H in G. So to find
the index of the centraliser of N and ¢ also denoted as Centraliser[N,t], we are going
to compute [G : Cy4(a)]. The index of the Centraliser [N,t] is equal to the number of
conjugates of ¢ and also equal to the stabiliser of a single point in N. Using this, we will

find the permutation progenitor of the following example, 210 : A5.
EXAMPLE

For this example, we will illustrate how to write a symmetric presentation for the
infinite progenitor 2*24 : S5. Our control group N = S5 is transitive on 24 letters and the
generators for N are x ~ (3,17,11,7,5)(4,18,12,8,6)(9,14,22,20,15)(10,13,21,19,16) and y
~ (1,3)(2,4)(5,9)(6,10)(7,13)(8,14)(11,19)(12,20)(15,17)(16,18)(21,23)(22,24). A presen-
tation is given by

<2® % (et xy)t (e ryraZry*a)® >

Now we let ¢t be a symmetric generator where ¢t ~ t; and is of order 2. Since ¢
~ t1, we must compute the stabiliser of the single point 1 in N, denoted N'. So N =
<(3,5,7,11,17)(4,6,8,12,18)(9,15,20,22,14)(10,16,19,21,13);, = Zs. Notice that all powers
of the generator fix 1. Then we write (t1, N!) = (1, Zs) to denote that t; commutes with

our point stabiliser. Thus, our permutation progenitor 2*24 : S5 is given as follows:
<2® (et xy)t (e ryr a2 xyxa)? 12 () >

From here we ask MAGMA for orbits, find first order relations, and run the
program a background job. Periodically checking the composition factors, we are looking
for faithful groups, that is, groups having |ker f| = 1. When performing DCE on a specific
group, we use MAGMA. We create a Cayley Diagram for the group, which summarizes
the DCE information.

We then find relations, by observing patterns and by trial and error. Once
relations have been found and simplified, the Lemmas will be proved. Then we can

perform manual DCE, followed by proving isomorphism types.



1.1 Definitions

Definition 1. A symmetric presentation of a group G is a definition of G of the form:

2*" N
T1W1,T2W2, "

G

12

where 2™ denotes a free product of n copies of the cyclic group of order 2, N is
transitive permutation group of degree n which permutes the n generators of the cyclic
group by conjugation, thus defining semi-direct product, and the relations miwy, Tiwi, - -

have been factored out.

Definition 2. A group G (G, %) is a nonempty collection of elements with an associative

operation *, such that:

o there exists an identity element, e € G such that exa =axe for alla € G;

o for every a € G, there exists an element b € G such that axb=e =bxa. [Rot95]

Definition 3. Let G be a set. A (binary) operation on G is a function that assigns

each ordered pair of elements of G an element on G. [Rot95]

Definition 4. For group G, a subgroup S of G is a nonempty subset where s € G
implies s™' € G and s,t € G imply st € G. We denote subgroup S of G as S < G.
[Rot95]

Definition 5. Let H be a subgroup of group G. H is a proper subgroup of G if H # G.
We denote this as H < G. [Rot95]

Definition 6. A symmetric group, Sx, is the group of all permutations of X, where

X € N. Sx is a group under compositions. [Rot95]

Definition 7. If X is a nonempty set, a permutation of X is a bijection ¢ : X — X.
[Rot95]

Definition 8. A semigroup (G, *) is a nonempty set G equipped with an associative

operation. [Rot95]



Definition 9. If z € X and ¢ € Sx, then ¢ fixes z if ¢(x) = x and ¢ moves z if
() # x. [Rot95]

Definition 10. For permutations o, € Sx, a and B are disjoint if every element

moved by one permutation is fixed by the other. Precisely,

if a(x) # x, then B(a) = a and if a(y) =y, then B(y) # y. [Rot95]

Definition 11. A permutation which interchanges a pair of elements is a transposition.

[Rot95]
Definition 12. In group G, if a,b € G, a and b commute if a xb="bx a. [Rot95]

Definition 13. A group G is abelian if every pair of elements in G commutes with one

another. [Rot95]

Definition 14. Let X be a set and A by a family of words on X. A group G has
generators X and relations A if G = F/R, where F is a free group with basis X and

R is the normal subgroup of F' generated by A. We say < X|A > is a presentation of
G. [Rot95]

Definition 15. Let G be a group and T = tq,to, ..., t, be a symmetric generating set for
G with |t;| = m. Then if N = Ng(T), then we define the progenitor to be the semi
direct product m*" : N, where m*™ is the free product of n copies of the cyclic group Cy,.

[Cur07]

Definition 16. Let G be a group. If H < G, the normalizer of H in G is defined by
Ng(H) ={a € GlaHa™' = H}. [Rot95]

Definition 17. Let G be a group. If H < G, the centralizer of H in G is:
Co(H)={x€G:[z,h] =1 for allh € H}. [Rot95]

Definition 18. Let p be prime. If G = Zy X Zy X - - - X Ly, then we say G is elementary
abelian. [Rot95]

Definition 19. Let (G,*) and (H,o) be groups. The function ¢ : G — H is a homo-
morphism if ¢(a *b) = ¢(a) o ¢(b), for all a,b € G. An isomorphism is a bijective
homomorphism. We say G is isomorphic to H, G = H, if there is exists an isomorphism

f:G— H. [Rot95]



Definition 20. Let f : G — H be a homomorphism. The kernel of a homomorphism
is the set {x € G|f(x) = 1}, where 1 is the identity in H. We denote the kernel of f as
ker f . [Rot95]

Definition 21. Let X be a nonempty subset of a group G. Let w € G where w =
x{ta? . oxlr, with z; € X and e; = £1. We say that w is a word on X. [Rot95]

Definition 22. Let a € G, where G is a group. The conjugacy class of a is given by
a® ={a%g € G} = {9 taglg € G}. [Rot95]

Definition 23. The Dihedral Group D,,, n even and greater than 2, groups are formed
by two elements, one of order 5 and one of order 2. A presentation for a Dihedral Group

is given by < a,bla?,b?, (ab)? >. [Rot95]

Definition 24. A general linear group, GL(n,F) is the set of all n x n matrices with

nonzero determinant over field F. [Rot95]

Definition 25. A special linear group, SL(n,F) is the set of all n x n matrices with

determinant 1 over field F. [Rot95]

Definition 26. A projective special linear group, PSL(n,F) is the set of alln xn
matrices with determinant 1 over field F factored by its center:

PSL(n,F) = L, (F) = m. [Rot95]

Definition 27. A projective general linear group, PGL(n,F) is the set of alln xn
matrices with nonzero determinant over field F factored by its center:

_ GL(n,F)
POL(T) = 5o - [Rot93]

Definition 28. (Monomial Character) Let G be a finite group and H < G. The
character X of G is monomial if X = \®, where X is a linear character of H. [Led77]

Definition 29. (Character) Let A(z) = (Ai;j(x)) be a matriz representation of G of

degree m. We consider the character polynomial of A(x), namely

A—ai(x) —ap(z) - —aip(x)

det(\ — A(z)) = A—an(z)  —an() - —am(z)

| A—ami(z) —ama(x) - —amm()



This is a polynomial of degree m in X, and inspection shows that the coefficient of —A™ !

s equal to

¢ = a11(x) + agn(x) + ... + amm ()

It is customary to call the right-hand side of this equation the trace of A(x), abbreviated
to trA(x), so that

o(x) = trA(x)

We regard ¢(x) as a function on G with values in K, and we call it the character of
A(z). [7]
Definition 30. The sum of squares of the degrees of the s=distinct irreducible characters

of G is equal to |G|. The degree of a character x is x(1). Note that a character whose

degree is 1 is called a linear character. [?]

Definition 31. (Lifting Process) Let N be a normal subgroup of G and suppose that
Ao(Ny) is a representation of degree m of the group G/N. Then A(x) = Ao(N(x) defines
a representation of G/N lifted from G/N. If ¢o(Nzx) is a character of Ag(Nz), then
o(x) = ¢po(Nx) is the lifted character of A(x). Also, if u € N, then A(u) = Iy, ¢p(u) =
m = ¢(1). Then lifting process preserves irreducibility. [?]

Definition 32. (Induced Character) Let H < G and ¢(u) be a character of H and
defined ¢(x) =0 if x € H, then

¢(z) x€H

Gly) —
6% (x) ) eon

is an induced character of G. [?]

Definition 33. Let G be a finite group and H be a subgroup such that [G : H] = n. Let
Co, a=1,2,...;m be the conjugacy classes of G with |Cy| = hq,a = 1,2,3,...,m. Let ¢
be a character of H and ¢© be the character of G induced from the character ¢ of H up

to G. The values of ¢ on the m classes of G are given by:

0 =1 > dw)a=123..m[

@ weHNCq



Definition 34. Let G be a group. The order of G is the number of elements contained
in G. We denote the order of G by |G|. [Rot95]

Definition 35. Let G be a group such that K < G. K is normal in G if gKg~! = K,
for every g € G. We will use K < G to denote K as being normal in G. [Rot95]

Definition 36. Let G be a group and S C G. Fort € G, a right coset of S in G is the
subset of G such that St = {st: s € G}. We say t is a representative of the coset St.
[Rot95]

Definition 37. Let G be a group. The index of H < G, denoted |G : H], is the number
of right cosets of H in G. [Rot95]

Definition 38. Let G be a group and H and K be subgroups of G. A double coset of
H and K of the form HgK = {HgK |k € K} is determined by g € G. [Rot95]

Definition 39. Let N be a group. The point stabilizer of w in N is given by:
N* ={n € N|w"™ = w}, where w is a word in the t;’s. [Rot95]
Definition 40. Let N be a group. The coset stabilizer of Nw in N is given by:
N = {n € N|Nw" = Nw}, where w is a word of the t;’s. [Rot95]

Definition 41. Let G be a group. The center of G, Z(G), is the set of all elements in
G that commute with all elements of G. [Rot95]

Definition 42. A symmetric presentation of a group G is a definition of G of the form:

2*7L.N
LWL, T2W2,...

G

12

where 2*™ denotes a free product of n copies of the cyclic group of order 2, N is transitive
permutation group of degree n which permutes the m generators of the cyclic group by
conjugation, thus defining semi-direct product, and the relators mwi, mows, ... have been

factored out. [?]

Definition 43. We define

Nt = Cn(t:); N = Crr({ti, 1)) ete,



single point and two point stabilizer in N respectively. The coset stabilizing subgroup,
N of N is given by
N =7 e N Nwr = Nw,

for w a word in the symmetric generators. Clearly N < N and the number of cosets
in the double coset [w] = NwN is given by |N'|/IN®)|, since Nwr, # Nwmy

— Nwmmy ! # Nw

= mmy ¢ N (W)

<— N(w)ﬂ'lﬂ'Z_l #* N @)

= N £ Ny,

DoubleCosetEnumerationArithmetic In order to obtain the index of N in G we shall
perform a manual double coset enumeration of G over N; thus we must find all double
cosets [w] and work out how many single cosets each of them contains. We shall know
that we have completed the double coset enumeration when the set of right cosets obtained
18 closed under right multiplication. Moreover, the completion test above is best performed
by obtaining the orbits of N on the symmetric generators. We need only identify, for
each [w], the double coset to which Nwt; belongs for one symmetric generator t; from

each orbit. [Cur07]

Definition 44. First Isomorphism Theorem(F.I1.T). Let ¢ : G — H is a homomor-
phism with Ker¢. Then,

eKerp 4G
oG /Kerp = imgp [Rot95]

1.2 Theorems

Theorem 1. The number of irreducible character of G is equal to the number of conjugacy

classes of G. [Cur07]

Theorem 2. Let ¢ : G — H be a homomorphism with kernel K. Then K is a normal
subgroup of G and G/K = im¢. [Rot95]

Theorem 3. Let N and T be subgroups of G with N normal. Then N N'T is normal in
T and T/(NNT)= NT/N. [Rot95]



Theorem 4. Fvery permutation o € Sy, is either a cycle or a product of disjoint cycles.

[Rot95]

Theorem 5. Let f: (G,x) = (G',0) be a homomorphism. The following hold true:
o f(e) =€, where ¢ is the identity in G',
o Ifa €@, then f(a™') = f(a)™ 1,
o Ifae G andn € Z, then f(a") = f(a)". [Rot95]

Theorem 6. The intersection of any family of subgroups of a group G is again a subgroup

of G. [Rot95]

Theorem 7. If S < G, then any two right (or left) cosets of S in G are either identical
or disjoint. [Rot95]

Theorem 8. If G is a finite group and H < G, then |H| divides |G| and [G : H] =
|G|/|H|. [Rot95]

Theorem 9. If S and T are subgroups of a finite group G, then
|ST||SNT| = |S||T|. [Rot95]

Theorem 10. If N < G, then the cosets of N in G form a group, denoted by G/N, of
order [G : N|. [Rot95]

Theorem 11. The commutator subgroup G’ is a normal subgroup of G. Moreover, if

H < G, then G/H s abelian if and only if G' < H. [Rot95]

Theorem 12. Let G be a group with normal subgroups H and K. If HK = G and
HNK =1, then G=H x K. [Rot95]

Theorem 13. If a € G, the number of conjugates of a is equal to the index of its

centeralizer:
a%| =[G : Ca(a)),

and this number is a divisor of |G| when G is finite. [Rot95]
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Theorem 14. If H < G, then the number ¢ of conjugates of H in G is equal to the
index of its normalizer: ¢ = [G : Ng(H)], and ¢ divides |G| when G s finite. Moreover,
aHa=' = bHb™ ! if and only if b~ a € Ng(H). [Rot95]

Theorem 15. FEvery group G can be imbedded as a subgroup of Sq. In particular, if
|G| =n, then G can be imbedded in S,. [Rot95]

Theorem 16. If H < G and [G : H] = n, then there is a homomorphism p : G — Sy,
with kerp < H. The homomorphism p is called the representation of G on the cosets of
H. [Rot95]

Theorem 17. If X is a G-set with action «, then there is a homomorphism & : Sx
given by & : x — gr = a(g,x). Conversely, every homomorphism ¢ : G — Sx defines an

action, namely, gx = ¢(g)x, which makes X into a G-set. [Rot95]

Theorem 18. Every two composition series of a group G are equivalent.

We will refer to this Theorem as the Jordan-Holder Theorem. [Rot95]

Theorem 19. Let X be a faithful primitive G-set of degree n > 2. If H < G and if
H # 1, then X is a transitive H-set. Also, n divides |H|. [Rot95]
1.3 Lemmas
Lemma 20. Let X be a G-set, and let xy € X.
e If H<G, then Hxr N Hy # () implies Hx = Hy.

e If H <G, then the subsets Hx are blocks of X. [Rot95]
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Chapter 2

A Symmetric Presentation of the

Mathieu Sporadic Group Mjs

Consider N = < zz,yy > = As, where xx=(1,6,10,13,17)(2,5,9,14,18)(3,8,12,15,20)
(4,7,11,16,19) and yy=(1,17)(2,18)(3,4)(5,7)(6,8)(9,20)(10,19)(11,14)(12,13)(15,16)

A symmetric presentation for the progenitor 2*?0: N is given by
G < z,y,t >:=Group< z,y, t|2°,y%, (y 2~ 13,2, (t,y x ) >
where x ~ xx, y ~ yy, and t ~ t;. We factor this progenitor by the three
relations
(y*t)*, (y * t(m*y*‘”z))Q, (y = t(z3y))5 and prove that G < z,y,t >:=
Group< z,y, t|z5, y2, (y * 273,12, (t,y * ), (y * t)*, (y % t@V2))2 (4 5 t@*0))5 5 = pppy.

In order to do this, we need to perform manual double coset enumeration of G
over N. However, the number of NwlN - double cosets of N in G is 47. Thus, we select

the maximal subgroup

M=<zyx?stsosxystxx?systrxastysortsxrsrystxa?sxystrxa?stxax 2>

and perform double coset enumeration of MwN - double cosets.



2.1 Relations, Expansions, and Their Conjugation
Our relations are (y *t)* = ¢ =
g R — e —
(1,17)(2,18)(3,4)(5,7)(6,8)(9,20)(10,19)(11,14)(12,13) (15,16) _

exty

*t§1,17)(2,18)(3,4)(5,7)(6,8)(9,20)(10,19)(11,14)(12,13)(15,16)t1 e —

31
tirtitizts = e (1)

(y*tx*y*x2)2 — e —

1,15,18,5,8)(2,16,17,6,7)(3,13,10,20,11)(4,14,9,19,12) \ 9
(y*ty )¢ =

= =
(y*t15)? =e =
yQ*tﬁ’E)*tlg, = =
o x t%l?)(2,18)(3,4)(5,7)(6,8)(9,20)(10,19)(11,14)(12,13)(15,16) e o —
tigtis = e (2)
(y * t(ms*y))f’ =e =
(y % t§1,1274,15,6)(2711,3,16,5)(7,10,17,19,14)(8,9718,20,13))5 e —
(y*t2)’ =e =
y5>f<t‘11/; *tﬁ*ti’;*tlﬁ*tlg e —
§ 5 16 tgl2,17)(2,18)(3,4)(5,7)(6,8)(9,20)(10,19)(11,14)(12,13)(15,16) -
tgl2,17)(2,18)(3,4)(5,7)(6,8)(9,20)(10,19)(11,14)(12,13)(15,16) ity = e —>

Yy tigtiztiztiztiz = e (3)

(2 stxoxystxa?sxystra’st) e M —

12



22 xtyxxry sty xaxxy s tixaiity € M —
w2 rtykxkyxtpxrlxyxxlxtigrty € M =

w2 xtpxrxy sl xyxalxtyxtiot) € M =

w2xxxyxalrysaistyxtyxtioh € M =

Mtgt; = Mtitio (4)
(yxxxtsxrystxa?syxtxax?*xtxr2)e M =
y*x*tl*x*y*tl*xQ*y*tl*xQ*tl*ﬁeM —
y*x*tl*x*y*tl*xQ*y*tl*xQ*x*Q*tlgeM =

yxrxtyxxkyxtpxarlkyxexty xti3 € M —
y*x*tl*x*y*x2*y*t19*t1*tlgEM —

Yk xRy x x>k ystigrtigrty ktis € M =

Mtigtig = Mtysty (5)
Additionally,
cxykr Lt waZ et rxryxa xtwar ey tx ) 5 Ty
t(w*y*x_l*y*x*y*z*y) x 1Y % t(z*y*f_l) ¥t =e —

rrysx Pty rartyxxryralxty xa? xy rtyx

#(1,8,13)(2,7,14)(3,6,19)(4,5,20)(9,11,15)(10,12,16) _
1
£(1,6,10,13,17)(2,5,9,14,18)(3,8,12,15,20) (4,7,11,16,19) x
1
£(1,20,16)(2,19,15)(3,17,10)(4,18,9) (5,12,7)(6,11,8)
1

117)(2,18)(3,4)(5,7)(6,8)(9,20)(10,19) (11,14)(12,13)(15,16) _
1

13
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t§1,3)(2,4)(5,15)(6,16)(7,9)(8,10)(11,12)(13,17)(14,18)(19,20) it = e —>

Zlf*y*l‘_l*tl*$2*t1*x*y*[[‘_l*t1*$2*y*t1*tg*tﬁ*tgo*t17*t3*t1:(3 -
x*y*l‘_l*tl*IZ*tl*Cl?*y*x*y*tlg*tl*tg*tG*tQO*tl7*t3*t1:(3 —
l‘*y*l'_l*tl*a?g*y*x*y*tlg*tlg*tl*tg*tﬁ*tgo*t17*t3*t1:6 —

l’*y*l‘2*y*l‘*y*tlﬁ*tlg*tlg*tl*tg*t6*t20*t17*t3*t1 =6 —

(1,10,11,5,19)(2,9, 12, 6,20)(3, 16,8, 17, 13)(4, 15, 7, 18, 14)t1t15t10t1 tstetaot17tsts = e (6)
Yxxstxasystra ey rtxaxtwa 2w @) ploryen)y
pa2ey)  plosyra1) o plawgsa™ Iagsany) 4 p — o s
(1,16, 14)(2,15,13)(3, 18, 6)(4, 17, 5)(7, 10, 11)(8, 9, 12)t16t10t1 t1stiot1atiotststs = e (7)
skt 2ty a Zataysxa Latxaky plaxysa™ Deysasyea®) g (zeysa™rysa?)
(@) plasyrasyrany) o plargra) g — o
(1,11)(2,12)(3,6)(4,5)(7, 8)(9, 14)(10, 13)(15, 16)(17, 20)(18, 19)t3t10t1 tst1at11 tiotststs = e (8)
tra 2utrysxa 2utxykatutwabwy kg @ ) (o)
faryraey) o p(oxyra=Lsysanysa) o posyse~prony) g — o
(1,20, 14)(2, 19, 13)(3, 5, 8)(4, 6, 7)(9, 17, 11)(10, 18, 12)taot1statstrtstistotsts = e (9)
Era otk kystamstxm st oy ktsa 2ntx @V ) g ploryra™byrony)
plowyra?) o plasyral) | paey) o plosyrelagna) — p
(1,18,8,15,5)(2, 17,7, 16,6)(3, 10, 11, 13,20)(4, 9, 12, 14, 19)t1st7t11t20t 10t 5t E3tstiststiots = e (10)
y*xfz*t*xz*t*x*y*:fl*t*x*Q*t*x*Q*t*t(x*y*x_l)*

plaxyra™ bysany) gy g p(@25y) 4 41 (2%) = o —
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(1,17,8,19,12)(2,18,7,20,11)(3, 5,14, 15,10)(4, 6, 13, 16, 9)t12tststist1tstst17t19t13 = e (11)
txrsxyxa’ktrrrystcrxysr t *t*y*t*t(z*y*m_l) s t@ryxa biyra®) o
plasyea Legaryrany) o p(osyreVayan) o p(oryea Dgrreger) _
(1,5)(2,6)(3,4)(7,20)(8,19)(9,17)(10, 18)(11,15)(12,16)(13, 14)t5t19tat17t1t3t11t20t7tg = € (12)
rzxysxx xtxr?stxrxysr Ixtxalryste M =
Mtigt1s = Mtytig (13)
yxxxtrrryxtrr?ryxtrr’rxtxr 2 e M —
Mtgtig = Mtisty (14)
sl xtxr2xtxysar Pxtxysa Lty e M =
Mtstio = Mtgty (15)
txx 2xtxysa 2xtxysr Ttk lxysr e M =
Mtaot1g = Mtets (16)
txrxtxxxystrxxxtsrstrxysxtrxr2c M —
Mtigtrtin = Mtistiotao (17)
yxx Zxtxalxtrrryxar I xtxar lxtxr i e M =
Mtiots = Mtiste (18)
txxxy*sastxrrystrrryrz lxtryc M =
Mtstig = Mtirty (19)
Mtitstst; = Mtstirtigtao (20)

Mtitstrtig = Mtgtgtirty (21)
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Mtitstitiy = Mtirttstiy (22)
Mtitststrt, = Mtiotiots (23)
Mtitststis = Mtrtiots (24)
Mtitstrts = Mtigtiate (25)
Mtitstis = Mtotrtao (26)
Mtitstyn = Mtigtiatas (27)
Mtitsts = Mtistigtir (28)
Mtitstis = Mtirtstg (29)
Mtitstis = Mtaotatrs (30)
Mtytsts = Mtiotiatie (31)
Mtitst: = Mtstisto (32)
Mtitststs = Mtistatig (33)
Mtitstintis = Mtgtiatys (34)
Mtitstints = Mtitrtistis (35)
Mtitstits = Mtrtitintie (36)
Mtitstst: = Mtatirtigtao (37)
Mtitstigty = Mtirtatrts (38)
Mtitsts = Mtitstistn (39)
Mtitsty = Mtrtsti (40)

are consequences of the additional relations.



Conjugating (2) by N gives us the following relations:

tite = e (41)
tsty = e (42)
tste = e (43)
trtg = e (44)

tot1o = e (45)
t11t12 = e (46)
tistia = e (47)
ti7t1s = e (48)
tigtao = e (49)
Conjugating (1) by N gives us the following relations:
titetits = e (50)
titistitis = e (51)
tstirtstyy = e (52)
Conjugating (3) by N gives us the following relations:
(zyx™1) totatotsts = e (53)
(y) tstrtstyts = e (54)

(ymzyx) t6t19t6t19t6 =€ (55)

Conjugating (14) by N gives us the following relation:

Mtots = Mtrtqg (56)

17
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Conjugating (15) by N gives us the following relations:
Mtstig = Mtigts (57)
Mty7ts = Mtgtao (58)
Conjugating (18) by N gives us the following relation:

Mtigti3 = Mtitig (59)

2.2 Lemmas
Useful Lemmas: Based on the above relations, we prove the following lemmas.
Lemma 1: Mt; = Mty
Proof: M t; = M ty = Mty (by (41)).
Lemma 2: Mt t; € [¥]

” are of order two, t1t] = e.

Proof: Since our “t’s
Therefore Mtit; = Me € [*].

Lemma 3: Mtite € [¥]

Proof: Mty to = Mty t1 = Mtity (by (41))
Mtit, € [*] (by Lemma 2).

Lemma 4: Mtts € [1,3]

Proof: (Mtit3)¢ = Mtits € [1,3]

since e € N

Therefore Mtits € [1,3].

Lemma 5: Mtity € [1,3]
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Proof: Mty t4 = Mty t3 = Mtitz (by (42))
Mtqts € [1,3] by Lemma 4.

Lemma 6: Mt;t5 € [1,5]

Proof: (Mtits)® = Mtts € [1,5]

since e € N

Therefore Mtqts € [1,5].

Lemma 7: Mtitg = Mtrtg

Proof: M ti t3 = M ty t3 = Mtots (by (41))
Now Mty tg = Mtr tig = Mtztyp (by (45))
Mtots = Mtrtig (by (42)).

Lemma 8: Mtitst; € [1,3]

Proof: Mty t3 t1 = M ty t3 to = Mtatsts (by (41))
Mty ts ty = Mty ty ty = Mtotyty (by (42))

M (zyxYtatsts = M taty = Mtoty (by (53))
Mty ty = Mt ty = Mtity (by (41))

Mty ty = Mty ts = Mtits (by (42))

Mty € [1,3].

Lemma 9: Mtytsty € [1,3]

Proof: Mtits to = Mtits t1 = Mtitsty (by (41))

Mtltgtl S [1,3] (by Lemma 8).



Lemma 10: Mt tsts € [1].

Proof: Since our “t’s” are of order two, Mty tst3 = Mt e = Mty € [1]

Therefore Mttsts € [1].

Lemma 11: Mt tsty € [1]

Proof: Mtits ty = Mtits t3 = Mttsts (by (42))
Mtqtsts € [1] (by Lemma 10).

Lemma 12: Mt;tst; € [1,3,5]

Proof: (Mtitsts)® = Mtitsts € [1,3,5]

since e € N

Therefore Mtytsts € [1,3,5].

Lemma 13: Mt tsts € [1,3,5]

Proof: Mtits te = Mtits ts = Mtitsts (by (43))
Mtytsts € [1,3,5].

Lemma 14: Mt tst;; € [1,3,11]

Proof: (Mtytst11)¢ = Mtitstiy € [1,3,11]

since e € N

Therefore Mtqtst;; € [1,3,11].

Lemma 15: Mtytsti2 € [1,3,11]

Proof: Mtits tig = Mtits t11 = Mtitstiy (by (46))

Mtltgtu € [1,3,11].

20
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Lemma 16: Mt tst;3 € [1,3,13]

Proof: (Mtitsti13)¢ = Mtitstis € [1,3,13]
since e € N

Therefore Mtitstis € [1,3,13].

Lemma 17: Mttsti7 € [1,3,5].

Proof: M t1t3t17 =M (y:czyx)t16t13t19t1t8t6t20 =

Mtigtistigtitstetao (by (6))

Mtygtistio titstetoo = Mty titstetoo = Mtgtstog (by (59))
Mtstgtop € [1,3,5] since

(Mitgttag) 1382 147)(3,19,6)(4,20,5)(9,15,11)(10,16,12) — 74, ot
where (1,13,8)(2,14,7)(3,19,6)(4,20,5)(9,15,11)(10,16,12) € N.
Lemma 18: (1) Mt t5s = Mtst; and (2) Mt ts = Mtats
(1) Proof: Mty ts = Mty t¢ = Mtits (by (43))

M tits = M tgty = Mgty (by (50))

Mitgty = M ts t) = Mtsty (by (43)).

(2) Proof: M ti ts = M ty ts = Mtats (by (41))

Mty t5 = Mty ts = Mtotg (by (43)).

Lemma 19: Mt tst; € [1]

Proof: Mty ts t1 = Mty tg t1 = Mtitet: (by (43))

M titgty = M t1 = Mty (by (50))
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Mty € [1]
Lemma 20: Mt tsts € [1,3,11].

Proof: Mt1t5t3: Mtlotlgtlg = Mt10t12t19 (by (31))

Mtyotiatig € [1,3,11] since
(Mtigtiatrg)(H136:1710)(2,14,5,18,0)(3,15,8,20,12)(416,719,11) — Arp gaty,
where (1,13,6,17,10)(2,14,5,18,9)(3,15,8,20,12)(4,16,7,19,11) € N.
Lemma 21: Mt tst; € [1,5,7]

Proof: (Mtitstr)® = Mtitsty € [1,5,7]

since e € N

Therefore Mtytsty € [1,5,7].

Lemma 22: Mt tstg € [1,3,11]

Proof: Mty ts tog = Mty t tg = Mtitgty (by (43))

Mtitg tg = Mtyte tig = Mtitgtio (by (45))

Mttgtip € [1,3,11] since

M (t1t6t10) (1420021319 (3.8 5)(AT6)O1LIT(101218) — N1t 441,
where (1,14,20)(2,13,19)(3.8,5)(4,7,6)(9,11,17)(10,12,18) € N
Mty t4 t19 = Mty t3 t1o = Mtitgtia (by (42))

Mtytg ty = Mtyts tyy = Mtytsty; (by (46)).

Lemma 23: Mttstiy € [1,3,11]

Proof: Mtqts tio = Mtqts tg = Mtqtstg (by (45))



Mtitstyg € [1,3,11] (by Lemma 22).

Lemma 24: Mt tsts = Mtiat11t10
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Proof: M titsts = M (zyx=2)tstiotitstiatintio = Mtstiotitstiatiitio (by (8))

Mtstioty tstiatiitio = Mtg tgtiatiitio = Mtiatiitio (by (15)).
Lemma 25: Mtytstst; € [1,3,5]

Proof: Mt ty ts t1 = Mtyts tg t; = Mtytstety (by (43))
Mtits tety = Mtyts tite = Mtitstits (by (50))

Mtitsty ts = Mtytsty t5 = Mtitstits (by (43))

Mty ts ty ts = M ty ts to t5 = Miststats (by (41))
Mty ts tots = Mty ty tots = Migtytsts (by (42))

M (xyxYtatsts ts = M toty t5 = Mtatyts (by (53))
M ty tats = M ty tats = Mtityts (by (41))

Mty tq ts = Mty t3 ts = Mtytsts (by (42))

Mtitsts € [1,3,5].

Lemma 26: Mt tstste € [1,3,5]

Proof: Mtytsts ty = Mtytsts t = Mtitstst; (by (41))
Mtytststy € [1,3,5] (by Lemma 25).

Lemma 27: Mt tststs € [1,3,11]

Proof: Mtitststs = Mtigtatis = Mtistatis (by (33))

Mtistotis € [1,3,11] since
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(Mty3totys) HHISILIB)(2317,12,14)(5,16,8,19,9)(6,15,7,20,10) — Nft faty,
where (1,4,18,11,13)(2,3,17,12,14)(5,16,8,19,9)(6,15,7,20,10) € N.
Lemma 28: Mt tststy € [1,3,11]
Proof: Mtytsts ty = Mtytsts ts = Mtytststs (by (42))
Mt tststs € [1,3,11] (by Lemma 27).
Lemma 29: Mttststs € [1,3]

”

Proof: Since our “t’s” are of order two, t5t5 = e.
Therefore Mtits tsts = Mtits e = Mtits € [1,3].
Lemma 30: Mt tststs € [1,3]

Proof: Mtitsts to = Mtitsts ts = Mt tststs (by (43))
Mtts tsts = Mtits e = Mtits € [1,3].

Lemma 31: Mtitststy € [1,3,5,7]

Proof: (Mtytststr)® = Mtitstst; € [1,3,5,7]

since e = N

Therefore Mt tststy € [1,3,5,7].

Lemma 32: Mt tgtsti5 € [1,5,7]

Proof: Mt1t3t5t15 = Mt7t19t3 = Mt7t19t3 (by (24))

Mtrti9ts € [1,5,7] since

(Mtrtigty) (L3 D 2A8)(5,14,19)(6,13,20) 111511 (12,16,18) — Nrp¢oty

where (1,3,7)(2,4,8)(5,14,19)(6,13,20)(11,15,17)(12,16,18) € N.
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Lemma 33: Mt;tststis € [1,5,7]

Proof: Mtytsts tig = Mtytsts t15 = Mtitststys (by (2))
Mttststis € [1,5,7] (by Lemma 32).

Lemma 34: Mtytststi7 € [1,3]

Proof: Mt1t3t5t17 = Mt13t19 = Mtlgtlg (by (28))

Mtyistig € [1,3] since
(Mt13t19)(1’8’13)(2’7’14)(3’6’19)(4’5’20)(9’11’15)(10’12’16) — Mtltg
where (1,8,13)(2,7,14)(3,6,19)(4,5,20)(9,11,15)(10,12,16) € N.
Lemma 35: Mt1t3t11 = Mt9t7t2[)

Proof: Mtltgtll = Mt9t7t20 = Mt9t7t20 (by (26))

Lemma 36: Mt tsti1t; € [1,3,11]

Proof: Mtits ti1 t1 = Mtits tig t1 = Mtitstiat: (by (46))
Mtits tigts = Mitits titia = Mtitgtitiz (by (51))

Mty t3ty tig = M tg t3 ty tig = Migtstata (by (41))
Mty t3 tit1a = Mty ty tat1a = Miatstatiy (by (42))

M (zyxz~Ytatsts t1a = M toty t1a = Mtatst1z (by (53))
M tg tatio = M ty tatio = Mtitstio (by (41))

Mty ty tig = Mty t3 tig = Mtytstia (by (42))

Mtaty tiz = Mtity tyn = Mtitstyy (by (46))

Mtltgtu € [1,3,11].
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Lemma 37: Mttstiite € [1,3,11]

Proof: Mtytstyy ty = Mtytstyy £ = Mtytstyyty (by (24))
Mtytstiity € [1,3,11] (by Lemma 36).

Lemma 38: Mtytstiits € [1,5]

Proof: Mtit3 tiits = Mtits tstiy (by (34)) = Mttty € [1,5]
since (Mtity1)@ON(4108)(5,18,11)(6,17,12)(13,19,15)(14,20,16) — Ary, 4.
where (3,9,7)(4,10,8)(5,18,11)(6,17,12)(13,19,15)(14,20,16) € N.
Lemma 39: Mt tstiity € [1,5]

Proof: Mtitstyy ty = Mtytstyy ts = Mtytstiits (by (42))
Mtytstiits € [1,5] (by Lemma 38).

Lemma 40: Mt tst11ts € [1,3,11,5]

Proof: (Mtytsty1ts)¢ = Mtqtstiits € [1,3,11,5]

since e € N.

Therefore Mtytsti1ts € [1,3,11,5].

Lemma 41: Mttstiiti; € [1,3]

Proof: Mtltg t11t11 = Mtltg e = Mtltg S [1,3].

Lemma 42: Mtytstiitie € [1,3]
Proof: Mtltgtll tﬁ == Mtltgtll m - Mtltg (by (46))
Mtits € [1,3].

Lemma 43: Mt1t3t11t13 S [1,3,5]
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Proof: Mtltgtutlg = Mt8t14t15 = Mt8t14t15 (by (34))

Mtstiat1s € [1,3,5] since
(Mtgtiatys)(1L1917:128)(22018,1L7)(3,15,5,10,14)(4,16.6.9.13) — N1t 4415
where (1,19,17,12,8)(2,20,18,11,7)(3,15,5,10,14)(4,16,6,9,13) € N
Lemma 44: Mtytstiitis € [1,3,5]

Proof: Mtitstyy tiy = Mtitstyy tiy = Mtytstyitiz (by (47))
Mtytstiitis € [1,3,5] (by Lemma 43).

Lemma 45: Mttstiitis € [1,5]

Proof: Mt1t3t11t15 = Mt17t14 = Mt17t14 (by (27))

Mti7t14 € [1,5] since

(Mt yrt)(L12198,17)(211,20.7,18)(3,10,15,14,5)(4.9.16,13.6) — Ny

where (1,12,19,8,17)(2,11,20,7,18)(3,10,15,14,5)(4,9,16,13,6) € N.
Lemma 46: (1) Mtitstis = Mti7tst16 and (2) Mtitstis = Mtogtatis

(1) Proof: Mtitsti3 = Mti7tst1s = Mti7tstig (by (29)).

(2) Proof: Mt1t3t13 = Mt20t4t15 = Mt20t4t15 (by (30)).

Lemma 47: Mt tsti3t € [1,3,5,7]

Mtitstigts = Mtigtatrts = Mtirtatsts (by (38))

Mit7tat7ts € [1,3,5,7] since

(Mt17t4t7t5)(1’17)(2718)(3’4)(5’7)(6’8)(9’20)(10’19)(11’14)(12’13)(15716) = Mtqtststy

where (1,17)(2,18)(3,4)(5,7)(6,8)(9,20)(10,19)(11,14)(12,13)(15,16) € N



Mtitststy € [1,3,5,7].
Lemma 48: Mt tsti3t13 € [1,3]

Proof: Mt1t3 tistiz = Mtltg e = Mtltg S [1,3].

Lemma 49: (1) Mt1t5t7 = Mt3t15t9 and (2) Mt1t5t7 = Mtﬁtgtg

(1) Proof: Mt1t5t7 = Mtgtlg,tg == Mt3t15t9 (by (32))

(2) Proof: Mty ts t7 = Mty tg t7 = Mtitety (by (43))
M tytg tr = M tgty t7 = Mtgtitr (by (50))

Mt ty tr = Mtg ty t7 = Mtgtatr (by (41))

Mtgty t7 = Mtgty ts = Mtgtats (by (44)).

Lemma 50: Mt tst7ti9 € [1,5,7,19]

Proof: (Mtytstrtie)® = Mtitstrtig

since e € N

Therefore Mt tst7ti9 € [1,5,7,19].

Lemma 51: Mt tst7t; € [1,3,5]

Proof: Mtitstzty = Mtigtiote = Mtigtiots (by (25))

Mtygtiats € [1,3,5] since

(Mt1gtiate) 1162 15)(B12)(A11)(5,6)(7,18)(8,17)(9,10) (13,19)(14.20) — \f¢, ¢4
where (1,16)(2,15)(3,12)(4,11)(5,6)(7,18)(8,17)(9,10)(13,19)(14,20) €
Lemma 52: Mttst7te € [1,3,5]

Proof: Mt1t5t7 tfg = Mt1t5t7 ﬁ = Mt1t5t7t1 (by (41))

N.
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Mtitstrt, € [1,3,5] by (Lemma 51).

Lemma 53: Mt tstrt; € [1,5]

b

Proof: Since our “t’s” are of order two, t7t7 = e

Mtyts trt; = Mtits e = Mtqts.
Lemma 54: (1) Mt1t3t5t7 = Mt17t4t7t5 and (2) Mt1t3t5t7 = Mt47f17t16t20

(1) Proof: Mtit3(y) (y)tsty = Mtits(y) tstrts (by (54))

Mtytz (y) tstrts =

Mtyts (1,17)(2,18)(3,4)(5,7)(6,8)(9,20)(10,19)(11, 14)(12, 13)(15, 16) *

tstrts = Mtirtatstrts
Mtq7 ty tst7ts = Mtq7 tg tst7ts = Mitq7tststrts (by (42))

Mty7ts tstrts = Mtgtog tstrts = Mtgtaotstrts (by (58))

Mtetag ts trts = Mtgtagls t7ts = Mtgtaotstrts (by (43))
Mtg tag tetrts = Mt tig tetrts = Mtgtigtetsts (by (49))

M tgtigts trts = M (yz’yx)tetio trts = Mtgtigtrts (by (55))
M tg tigtrts = M t5 tigtyts = Mtstigtqts (by (43))

Mtstg trts = Mtigty trts = Mtigtatqts (by (57))

M tig tatrts = M tig tatyts = Mtirtatts (by (48)).

(2) Proof: Mt1t3t5t7 == Mt4t17t16t20 == Mt4t17t16t20 (by (37))

Lemma 55: Mt tststst] € [1,3,13]

Mtitststrt; = Mtiotiote = Mtiatiots (by (23))




Mtlgtlotﬁ (S [1,3,13] since
(Mtlgtl()tﬁ)(1’17’8’19’12)(2’18’7’20’11)(3’5’14’15’10)(4’6’13’16’9) — Mt1t3t13
where (1,17,8,19,12)(2,18,7,20,11)(3,5,14,15,10)(4,6,13,16,9) € N.
Lemma 56: Mt tststrty € [1,3,5]

” are of order two, t7t7 = e

Proof: Since our “t’s
Mtqtsts % = Mtitsts e = Mtitsts € [1,3,5]
Therefore Mt tstst7ty € [1,3,5].

Lemma 57: (1) Mt1t3t11t5 = Mt1t7t18t11 and (2) Mt1t3t11t5 = Mt7t1t17t19

(1) Proof: Mt1t3t11t5 = Mt1t7t18t11 = Mt1t7t18t11 (by (35))

(2) Proof: Mt1t3t11t5 = Mt7t1t17t19 = Mt7t1t17t19 (by (36))

Lemma 58: Mt tst11t5t; € [1,3,11,5]

Mtytgtyy ts ty = Mitytstyy te t = Mtytstitet; (by (43))
Mtyts tiy tety = Mtyts tiy tets = Mtytstiatet, (by (46))
Mtytstia tety = Mtytstia titg = Miytstiatits (by (50))
Mityts tigty te = Mtyts tithy ts = Mtytstitiote (by (51))
Mty t3 ty tiote = M ty ts to tiote = Miststatiats (by (41))
Mty tg tatiote = Mty ty tatiats = Mtotstatiote (by (42))

M t2t4t2 t12t6 = M (xym_l)t2t4 t12t6 = Mt2t4t12t6 (by (53))

M t72 t4t12t6 =M L;l t4t12t6 = Mt1t4t12t6 (by (41))

Mty t74 tiotg = Mty tfg tiote = Mtitstiats (by (42))
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Mtyty tig te = Mtits ti1 te = Mtitstite (by (46))

Mtytstyy tg = Mtytsty ts = Mtitgtiits (by (43))

Mtitstiits € [1,3,11,5].

Lemma 59: Mt tstiitste € [1,3,11,5]

Proof: Mtytstiits tg = Mtytstiits t = Mtytstitst, (by (41))

Mtitstiitsty € [1,3,11,5] (by Lemma 58).

Lemma 60: Mt tstiitsts € [1,3,11]

Proof: Since our “t’s” are of order two, t5t5 = e

Mtitstyy tsts = Mtitstyy e = Mtytsty € [1,3,11].

Lemma 61: (1) Mtitstrtig = Mtgtotiits and (2) Mtytstrtig = Mtirtrtstio

(1) Proof: Mt1t5t7t19 = Mt6t9t11t4 = Mt6t9t11t4 (by (21)).

(2) Proof: Mtitstrtig = Mtirtrtstio = Mtirtrtstio (by (22)).

Lemma 62: Mt tst7tigtig € [1,5,7]

7

Proof: Since our “t’s” are of order two, t19t19 = €
Mtitstrtigtig = Mt1t5t7(€) = Mtitst7 € [1,5,7]

Therefore Mtitstrti9tig € [1,5,7].

2.3 Double Coset Enumeration of GG over M and N

MeN = {M}. Since N is transitive on Q = {1,2,...,20} and Mt; € Mt N, 20
“t;s” extend the coset representative N to the double coset Mt1 N = [1]. Now

N > < (3,7,9)(4,8,10)(5, 11, 18)(6, 12, 17)(13, 15, 19)(14, 16, 20) > = Zs.
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Since Mt; = Mty (Lemma 1),

A7(1:2)(3.13)(4,14)(5,6)(7,19)(8,20)(9,15) (10,16)(11,17)(12,18)
1

= Mty where
(1,2)(3,13)(4,14)(5,6)(7,19)(8,20)(9,15)(10,16)(11,17)(12,18) ¢ N =
ND > < (3,7,9)(4,8,10)(5,11,18)(6,12,17)(13, 15,19)(14, 16, 20),

(1,2)(3,13)(4, 14)(5,6)(7,19)(8,20)(9, 15)(10, 16)(11,17)(12, 18) > = S.

Nl _ 60 = 10.

The number of right cosets in [1] is VO] = 6

N has orbits {1,2}, {3,7,13,9,19,15}, {4,8,14,10,20,16}, and {5, 11,6, 18,17, 12}
on Q. We note that Mtit, € [*], Mtits € [1,3] (Lemma 4), Mt1t4 € [1,3] (Lemma 5) and
Mtits € [1,5] (Lemma 6)

We now consider the double coset [1,3].
NU3) > N13 >
However, since Mt ts = Mtr;tg (Lemma 7),
< (1,7)(2,8)(3,9)(4,10)(5,16)(6,15)(11,19)(12,20)(13,14)(17,18) > € N1 —
N3 > < (1,7)(2,8)(3,9)(4,10)(5,16)(6,15)(11,19)(12,20)(13, 14)(17, 18) > = Z,.
Thus, [1,3] contains % = 30 double cosets.

The orbits of NU3) on Q are {1,7}, {2,8}, {3,9}, {4,10}, {5,16}, {6,15},
{11,19}, {12, 20}, {13,14}, {17,18}. We note that Mt;t3t; € [1,3] (Lemma 8), Mt tsts €
[1,3] (Lemma 9), Mt tsts € [1] (Lemma 10), Mt tsts € [1] (Lemma 11), Mt tsts € [1,3,5]
(Lemma 12), Mtqtste € [1,3,5] (Lemma 13), Mt tst;; € [1,3,11] (Lemma 14), Mtitstio
€ [1,3,11] (Lemma 15), Mt tstis € [1,3,13] (Lemma 16) and Mt tsti7 € [1,3,5] (Lemma
17).

Next, we consider the double coset [1,5].

Note N1® = 1.
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Now Mtits = Mtst; (Lemma 18), so
(1,5)(2,6)(3,4)(7,20)(8,19)(9,17)(10,18)(11,15)(12,16)(13,14) € N5 and

Mtits = Mtotg (Lemma 18) so
(1,2)(3,13)(4,14)(5,6)(7,19)(8,20)(9,15)(10,16)(11,17)(12,18) € N1:5),

Thus, N5 > < (1,5)(2,6)(3,4)(7,20)(8,19)(9, 17)(10, 18) (11, 15)(12, 16) (13, 14),
(1,2)(3,13)(4,14)(5,6)(7,19)(8,20)(9,15)(10,16)(11,17)(12,18) > = Zy x Zs.
So [1,5] contains & = 15 right cosets.

The orbits of N(1%) on Q are {1,6,5,2}, {3,14,4, 13}, {7,8,20,19}, {9,11, 17,15}
and {10,12,18,16}. Mtitst; € [1] (Lemma 19), Mt t5ts € [1,3,11] (Lemma 20), Mt;t5ty
€ [1,5,7] (Lemma 21), Mtytstg € [1,3,11] (Lemma 22) and Mtytstig € [1,3,11] (Lemma
23).

We look at the double coset [1,3,5].
Note N135 = 1.
Now Mtitsts = Mti4t11t10 (Lemma 24).

Therefore, (1,14)(2,13)(3,11)(4,12)(5,10)(6,9)(7,8)(15,19)(16,20)(17,18) € N(1:35),
So N:39) > < (1,14)(2,13)(3,11)(4,12)(5,10)(6,9)(7,8)(15,19)(16,20)(17, 18) > = Zs.

Thus [1,3,5] contains & = 30 double cosets.

The orbits of N(135) on Q are {1,14}, {2,13}, {3,11}, {4,12}, {5,10}, {6,9},
{7,8}, {15,19}, {16,20} and {17,18}.

Mtytstst; € [1,3,5] (Lemma 25), Mt tststs € [1,3,5] (Lemma 26), Mt tststs €
[1,3,11] (Lemma 27), Mtitststy € [1,3,11] (Lemma 28), Mtitststs € [1,3] (Lemma 29),
Mtitiststs € [1,3] (Lemma 30), Mtitiststy € [1,3,5,7] (Lemma 31), Mtytststis € [1,5,7]
(Lemma 32), Mtitststie € [1,5,7] (Lemma 33) and Mtit1ststi7 € [1,3] (Lemma 34).

The next double coset to be considered is [1,3,11].
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Now N@L3:11) = 1,

But Mtitstiy = Mtotrtay (Lemma 35).

Then (1,9)(2,10)(3,7)(4,8)(5,6)(11,20)(12,19)(13,18)(14,17)(15,16) € N(13:11),
Thus [1,3,11] contains & = 30 double cosets.

The orbits of N34 on Q are {1,9}, {2,10}, {3,7}, {4,8}, {5,6}, {11,20},
{12,19}, {13,18}, {14,17} and {15, 16}.

We have Mtitstiity € [1,3,11] (Lemma 36), Mtitstiite € [1,3,11] (Lemma
37), Mtitstits € [1,5] (Lemma 38), Mtitstints € [1,5] (Lemma 39), Mtitistiits €
[1,3,11,5] (Lemma 40), Mtytsti1t11 € [1,3] (Lemma 41), Mtqtstiiti2 € [1,3] (Lemma 42),
Mtqtstiitis € [1,3,5] (Lemma 43), Mtitistiitis € [1,3,5] (Lemma 44) and Mtitistiitis €
[1,5] (Lemma 45).

The next double coset we consider now is [1,3,13].

Now N1313 = 1,

However, Mtytsti3 = Mti7tst16 (Lemma 46) —

(1,17,8,19,12)(2,18,7,20,11)(3,5,14,15,10)(4,6,13,16,9) € N(1:313)

and Mtitstis = Mtootst1s (Lemma 46) —

(1,20)(2,19)(3,4)(5,9)(6,10)(7,17)(8,18)(11,12)(13,15)(14,16) € N(1:3:13),
Thus, N&313) > < (1,17,8,19,12)(2,18,7,20,11)(3, 5,14, 15,10)(4, 6, 13, 16,9),

(1,20)(2,19)(3,4)(5,9)(6,10)(7,17)(8,18)(11, 12)(13,15)(14, 16) > = Dyq.

IN| _ 60 _
[Dro] — 10 — 6.

The number of right cosets in [1,3,13] is
The orbits of N3 on Q are {1,12,20,19,11,7,8,2,18,17} and

{3,10,4,15,6,9,14,13,16,5}.
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We have Mtitstisty € [1,3,5,7] (Lemma 47) and Mt tstistis € [1,3] (Lemma 48).
The next double coset to be considered is [1,5,7].
Now N157 = 1.
But Mtytst7; = Mtstistg (Lemma 49). Then
(1,3)(2,4)(5,15)(6,16)(7,9)(8,10)(11,12)(13,17)(14,18)(19,20) € N1-57_ Also,
Mtitst; = Mtgtots (Lemma 49) —>
(1,6)(2,5)(3,14)(4,13)(7,8)(9,11)(10,12)(15,17)(16,18)(19,20) € N 157,
So, N57T > < (1,3)(2,4)(5,15)(6,16)(7,9)(8,10) (11, 12)(13,17)(14, 18)(19, 20),
(1,6)(2,5)(3,14)(4, 13)(7,8)(9, 11)(10, 12)(15, 17)(16, 18)(19, 20) > = Ss.
Then, the number of right cosets in the double coset [1,5,7] are %' = 50 — 0.

ISs] = 6

The orbits of N:>7) on Q are {19,20}, {1,3,6,14, 16,18}, {2,4,5,13,15,17}
and {7,9,8,11,10,12}.

We have: Mtitstrtig € [1,5,7,19] (Lemma 50), Mttstrt) € [1,3,5] (Lemma 51),
Mtqtstrty € [1,3,5] (Lemma 52) and Mtitstrty € [1,5] (Lemma 53)

The next double coset we consider is [1,3,5,7].

Now N13:57 = 1.

Mtytstst; = Mtyrtatrts (Lemma 54). Then
(1,17)(2,18)(3,4)(5,7)(6,8)(9,20)(10,19)(11,14)(12,13)(15,16) € N 1357,
Also, Mtytstst; = Mtgti7tigtey (Lemma 54) —
(1,4,18,11,13)(2,3,17,12,14)(5,16,8,19,9)(6,15,7,20,10) € N(1:3:5.7),

Thus, N(1357) > < (1,17)(2,18)(3,4)(5,7)(6,8)(9, 20)(10,19)(11, 14)(12, 13)(15, 16),
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(1,4,18,11,13)(2,3,17,12,14)(5, 16, 8,19, 9)(6, 15,7,20,10) > = Dy,.

N
|V] 60 _ g

Therefore, the number of right cosets in [1,3,5,7] is Dol = 10 =

The orbits of N(1357 on Q are {1,17,4,12,3,18,13,14,2,11} and
{5,7,16,20,15,8,9,10,6,19}.

We have: Mtytststzt; € [1,3,13] (Lemma 55)

and Mtitststrt7 € [1,3,5] (Lemma 56).

The next double coset we consider is [1,3,11,5].

Now NL3LS — 1,

But Mtitstiits = Mtitrtistrn (Lemma 57). Then
(3,7,9)(4,8,10)(5,11,18)(6,12,17)(13,15,19)(14,16,20) € N(13115)  Also,
Mtytsti1ts = Mitrtiti7t19 (Lemma 57) —
(1,7,3)(2,8,4)(5,19,14)(6,20,13)(11,17,15)(12,18,16) € N(1L:3:11.5),

Thus, N&31L5) > < (3,7,9)(4,8,10) (5,11, 18)(6,12,17)(13, 15, 19)(14, 16, 20),
(1,7,3)(2,8,4)(5,19,14)(6,20,13)(11,17,15)(12, 18, 16) > = A,.
Therefore, the number of right cosets in [1,3,11,5] is % =8 — 5,

The orbits of N(1:3115) on Q are {1,7,9,3}, {2,8,10,4} and

{5,11,19,18,17,13, 14, 16,6, 15, 20, 12}.

We have: Mtqtsti1tst] € [1,3,11,5] (Lemma 58), Mtitsti1tste € [1,3,11,5] (Lemma
59) and Mtqtsti1tsts € [1,3,11] (Lemma 60).

Finally, we consider the double coset [1,5,7,19].

Now N1A7T19 — 1,
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But Mtytstrtig = Mtgtot11ts4 (Lemma 61). Then
(1,6,10,13,17)(2,5,9,14,18)(3,8,12,15,20)(4,7,11,16,19) € N15719) " Also,
Mtytstrtig = Mtigtrtstyy (Lemma 61) —>
(1,17)(2,18)(3,4)(5,7)(6,8)(9,20)(10,19)(11,14)(12,13)(15,16) € N15719) Thus,
NG9 > < (1,6,10,13,17)(2,5,9, 14, 18)(3, 8,12, 15, 20)(4, 7, 11, 16, 19),
(1,17)(2,18)(3,4)(5,7)(6,8)(9,20)(10,19)(11,14)(12,13)(15,16) > = Aj
Therefore, the number of right cosets in [1,5,7,19] is % = % = 1.

NL5719) o () has a single orbit

{1,16,11,5,9,4,15,13,10,8,3, 14, 7,19, 18,2, 20,17,6,12}. We have:

Mtitstrtiotig € [1,5,7] (Lemma 62), the set of right cosets of G' over M is closed
under right multiplication by ¢;'s. Therefore we must have found all of the MwN double

cosets of G.

2.4 Proof of Isomorphism of GGy

Our argument shows that |G| > (1+10+30+15+30+30+6+10+6+5+1) x | V|
= 144 x 60 = 8640. Now we show that |G| < 8640.

Since G acts on the set of 112 cosets

([¢], [1], 1, 3], [1, 5], [1, 3, 5], [1, 3, 11], [1, 3, 13], [1, 5, 7], [1, 3,5, 7], [1, 3, 11, 5], [1, 5,7, 19]},
the mapping f : G — S112 is @ homomorphism. Thus G / kerf = f(G) = G,

= |G| / |kerf| = |G1| = 8640 = |G| = 8640 x |kerf| < 8640, since

|kerf| > 1.

Now we have |G| > 8640 and |G| < 8640, therefore |G| = 8640, so kerf = 1 and
G = (G1. We see that a composition series for G is

G Mo <1l = G = M.



Figure 2.1: Cayley Diagram for Mo
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Chapter 3

A Symmetric Presentation of

M21 : (2 X 2)

Consider N = < zz,yy,zz > = PGL(2,9) where zz = (1,2,10)(3,4,5)(6,7,8),
yy = (1,7,3,4,2,5,6,8), and zz = (1,2)(4,7)(5,8)(9,10). A symmetric presentation for the
progenitor 2*'0 : N is given by

G < x,y,2,t >= Group< z,y, z, t|z3, 4%, 22, (y L% 2)2, (y Lxa txy Ll xy? x2),

2 1

(z*x_1)3,(:c>ky_ xxlxyxp! *y),tQ, (tyy " *xxxz >i<y2),(t,y_2 *x*y‘l) >

where z~xx, y~yy, z~zz, and t~t;.

We prove that this progenitor factored by the relations (z * t)* = (y* * 2) and

(z %z xy )% gives My; : (2x2). as a true homomorphic image. Thus, we prove that

G < x,y, 2t >= Group< m,y, z, t|z3, 18, 22, (y ! ytrr T bryTlx a2 k),

2 1 2

(z*x_l)S,(:v*y_ * X *y*x_l*y),tQ,(t,y_l*x*z*gﬂ),(t,y‘ *:c*y_l),

(zrxxy*t)S (Yt x2) x (z2xt)*> = My : (2x2).

In order to do this, we need to perform manual double coset enumeration of G over N.



3.1 Relations, Expansion, and Their Conjugation
Our two relations are (z* x * y x )% = e (1)
(zxt)t = (y*x2) (2)
(zxrxy*t)l =e =

(Z . y)ﬁ*tgz*z*yﬁ*tgz*x*yﬂ*tgz*z*y)?B*tgz*m*y)?*tgz*a:*y) *tl — e —

(2% % y)G*tgl,?))(2,10)(4,6)(5,9)(7,8)>,<t51,6,8,9,2)(3,4,7,5,10)>,<1tg1,7,2,4,9,3,8,10,6,5)>k
t§179,672,8)(375,471077)*t§1,10,9,7,6,3,275,8,4)*tl e
(zxy)Ststetrtotiots = e (1)
(y4*z)*(z*t)4 —e —
y4*z*z4*tf3*tf2*tf’*t1 =e —
Yhx e t51,2)(4,7)(5,8)(9,10) 1 tg1,2)(4,7)(5,8)(9,10) it = —>
(y*2)tatitat; = ¢ =
(3,6)(4,5)(7,8)(9,10)t1tatita = e (2)
Conjugating (1) by N gives us the following relation:
(1,6,8,9,2)(3,4,7,5,10)tgtstatststs = e (3)
Conjugating (2) by N gives us the following relations:
(2,6)(4,10)(5,7)(8,9)t1tst1ts = e (4)
(2,5)(3,10)(6,8)(7,9)t1tat1t4 = e (5)

(2,10)(3,8)(4,7)(5,6)t1t9t1t9 =€ (6)

(2,9)(3,4)(5,8)(6,7)t1t10t1t10 =€ (7)
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(1,6)(4,8)(5,10)(7,9)tatstats = e (8)
(1,5)(3,8)(6,9)(7,10)tatstats = € (9)
(1,9)(3,5)(4,7) (6,8)tat10tat10 = € (10)
(1,9)(2,4)(5,6)(7,10)tstststs = e (11)
(1,2)(3,9)(6,10)(7.8)tat5tats = e (12)
(1,6)(2,3)(5,7)(9,10)t4tststs = e (13)
(1,3)(2,5)(4,10)(6,7)tstotsto = e (14)

(172)(3’6)(478)(577)t9t10t9t10 =e (15)

3.2 Lemmas
Useful Lemmas: Based on the above relations, we prove the following lemmas.
Lemma 1: Ntltg = thtl

Proof: N (3,6)(4,5)(7,8)(9,10)t1ty = N toty = Niaty (by (2)).

Lemma 2: Ntltgtg = thtltg
Proof: N tity t3 = N tat1 t3 = Ntotits (by Lemma (1)).
Lemma 3: Ntltgtg = Nt7t5t4

Proof: Nt;(1,6)(4,8)(5,10)(7,9) (1,6)(4,8)(5,10)(7,9)tats =

Ntl(la 6) (43 8)(53 10)(77 9) @ = Nt6t3t2 (by (8))

N (1,6,8,9,2)(3,4,7,5,10)tststs = N tytsts = Ntststs (by (3))

N (1,6)(2,3)(5, 7)(9, 10)t4t8 t5 =N @ t5 = Nt8t4t5 (by (13))

Ntg(1,2)(3,9)(6,10)(7,8) (1,2)(3,9)(6,10)(7,8)tst5 =
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Ntg(1,2)(3,9)(6,10)(7,8) tsta = Ntrtsts (by (12)).
Lemma 4: Ntitotstg = Nitqtstyte

Proof: Ntltgtg t9 = Nt7t5t4 tg = Nt7t5t4t9 (by Lemma 3)

Lemma 5: Nt1t2t3t9 = thtgtgtl
Proof: Ntytotstg = Ntytatsty titstotatototst; = Ntytotstotitstotatatotsty

Ntitat3(2,10)(3,8)(4, 7)(5,6) (2,10)(3,8)(4,7)(5,6)tet: tstotatatotst; =

Ntytat3(2,10)(3,8)(4,7)(5,6) titg tstotatotolst; =
Ntytiots titg tstotatatotsty = Ntitiotstitotstotatatotsts (by (6))

Ntltlotgtl (1, 3)(2, 5)(4, 10)(6, 7)t9t8t9 tototglsgts =

Ntytiotsty ts totatotsts = Nitstytstststotatotst: (by (14))

Ntsta(1,9)(2,4)(5,6)(7,10) (1,9)(2,4)(5,6)(7, 10)tststs tatatotst: =

Nt3ta(1,9)(2,4)(5,6)(7,10) t3 tatatotsts = Nitstatstatatotsty (by (11))

N (17 6) (47 8)(57 10)(77 9)t3t2t3t2 totgtgts =

N € tgtgtgtl = thtgtgtl (by (8))
Lemma 6: Ntthtgtgtlo = Nt2t10t4t9t1

Proof: Ntltgtgtgtlo = Ntltgtgtgtlo t1t9t4t10t2t2t10t4t9t1 =

Ntqtotatotiotitotatiotatatiotalots

Ntitats(1,2)(3,6)(4,8)(5,7) (1,2)(3,6)(4,8)(5, T)totio titotatiptatatiptatots =

Ntotitstiototitotatiotatatiotatets (by (15))
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Nt2t1t6t10(2,10)(3,8)(4,7)(5,6) h tatiotatotiotatot: =
Ntiotitstatitatiotatatiotatets (by (6))

Ntiotit5(3,6)(4,5)(7,8)(9,10) (3,6)(4,5)(7,8)(9, 10)tat: tatrototatiotatot; =

Ntiot1t5(3,6)(4,5)(7,8)(9,10) ity tatiotatatiotalet; =
Ntgtitatitatatiotatatiotatety (by (2))

Nt9(2,5)(3,10)(6,8)(7,9) (2,5)(3,10)(6,8)(7,9)t1tat1 tatatiptatatiotatots =

Nt9(2,5)(3,10)(6,8)(7,9) ta tatatiotatatiotatots =
Nitqtytotatiotatatiotatots (by (5))

Nt:(1,5)(3,8)(6,9)(7,10) (1,5)(3,8)(6,9)(7, 10)tatats trototatiotatots =

Nt7(1,5)(3,8)(6,9)(7,10) 7;2 t10t2t2t10t4t9t1 = Nt10t2t10t2t2t10t4t9t1 (by (9))

Ntatiotatots (by (10)).
Lemma 7: Ntltgtgtgtlo = Nt7t5t4t9t10

Proof: N t1t2t3t9 tl() =N t7t5t4t9 th = Nt7t5t4t9t10 (by Lemma 4).

Lemma 8: Ntltgtgtgtlo = thtltgtlotg

Proof: Nt1t2t3t9t10 = Ntltgtgtgtlo t9t10t3t1t2t2t1t3t10t9 =

Ntqtotatotiototiotstitatatitstioty

Nt1t2t3(1,2)(3,6)(4,8)(5,7) € t3t1t2t2t1t3t10t9 5
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Ntotitetstitatatitstioty (by (15))

Ntot1t6(2,6)(4,10)(5,7)(8,9) (2,6)(4,10)(5,7)(8,9)tsts tatatitstioty =

Nt2t1t6(2,6)(4,10)(5,7)(8,9) t1t3 tototitstiply =
Nt6t1t2t1t3t2t2t1t3t1ot9 (by (4))

Nt(3,6)(4,5)(7,8)(9,10) (3,6)(4,5)(7,8)(9, 10)t1taty tatatatitstipty =

N e tatitstioty = Ntaotitstioty (by (8)).

3.3 Double Coset Enumeration of GG over N

NeN = {N}. Since N is transitive on Q@ = {1,2,...,10} and Nt; € Nt; N, 10
ti's extend the coset representative N to the double coset Nt1 N = [1].

Now N > < (2,5,9,8)(3,7,4,6),(2,8,4,5,10,3,7,6) > = 7Z2:Zg.

=720 = 10,

The number of right cosets in [1] is N = 72

N has orbits {1} and {2,5,8,9,10,4,3,6,7} on Q. We note that Nt,t; € [¥],
and Ntite € [1,2].

We now consider the double coset [1,2].
We note that N%? = 1.

N@G2) > N2 = < (3,7,10,5,6,8,9,4) > = Zg. However, since Nt ty = Ntoty
(Lemma 1), (1,2)(4,7)(5,8)(9,10) € N2 Thus,

N12) > < (3,7,10,5,6,8,9,4), (1,2)(4,7)(5,8)(9,10) > = Zg:Zs

Therefore, [1,2] contains % = 45 right cosets.
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The orbits of N(1?) on Q are {1,2} and {3,6,7,4,9,10,5,8}. We pick represen-
tatives 2 and 3 from the 1-orbit and 3-orbit, respectively, and determine the double cosets

to which Ntjtote and Ntytats belong. It is clear that Ntitote = Nty € [1].
Now consider the double coset [1,2,3].
We note that N123 = 1.

We have Nt1tots = Ntotits (Lemma 2). So < (1,2)(4,7)(5,8)(9,10) > € N(1:23),
Also, Ntitots = Ntytsty (Lemma 3). So (1,7,3,4,2,5,6,8) € N3, Thus, N(123) >
< (1,2)(4,7)(5,8)(9,10),(1,7,3,4,2,5,6,8) > = D1g. Therefore [1,2,3] contains % —
|l|)]\1[€|;| = %0 = 45 right cosets.

N(23) has orbits {9,10} and {1,7,2,3,4,5,6,8} on Q. We pick representatives 9
and 3 from the 9-orbit and 1-orbit, respectively, and determine the double cosets that con-
tain the right cosets Ntitotstg and Ntjtotsts. SiNtitatsts = Ntqty € [1,2], and Ntqtotstg
€ [1,2,3,9].

Now we consider the double coset [1,2,3,9].
We note that N1239 = 1,

From Lemma 4, Ntitotstg = Niqtststy. So (1,7,3,4,2,5,6,8) € N(1:239  From
Lemma 5, Nt totsty = Ntgtgtst;. So (1,2,9)(3,8,7)(4,6,5) € N(1239)  Thus, N(1:23.9) >
~ . N
< (1,7,3,4,2,5,6,8),(1,2,9)(3,8,7)(4,6,5) > = 7Z2:Zs. Thus, [1,2,3,9] contains ‘N(l'f‘”)'
[N _ 720

= e T 2 = 10 right cosets.
2.

The orbits of N(1:23) on Q are {10} and {1,7,2,3,5,9,4,8,6}. We pick repre-
sentatives 10 and 9 from the 10-orbit and 1-orbit, respectively, and determine the double
cosets that contain the right cosets Ntitotstgt1g and Ntitotstotg. Since Ntytotstgtyg =
Ntytots € [1,2,3] and Ntqtatstotip € [1,2,3,9,10], we need only consider the double coset
[1,2,3,9,10).

We note that N1,2:3:910 — 1,

Now Ntqtotstgtig = Ntotiotatety (Lemma 6) SO (1,2,10)(3,4,5)(6,7,8) S N(1’2’3’9’10),
Ntltgtgtgtlo = Nt7t5t4t9t10 (Lemma 7) SO (1,7,3,4,2,5,6,8) S N(1’2’3’9’10), and Ntltgtgtgtlo
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= Ntytitstioty (Lemma 8) so (1,2)(4,7)(5,8)(9,10) € N1:23910)  Then N(123.9,10) >
< (1,2,10)(3,4,5)(6,7,8),(1,7,3,4,2,5,6,8), (1,2)(4,7)(5,8)(9,10) > = N. Therefore,

the number of right cosets in [1,2,3,9,10] is % = % =1.

N(1:2:39.10) on O has a single orbit {1,2,3,4,5,6,7,8,9,10} We have: Nt totstotiotio
= Ntitotsty € [1,2,3,9], the set of right cosets of G over N is closed under right multipli-

cation by t;'s. Therefore we must have found all of the NwN double cosets of G.

3.4 Proof of Isomorphism of G}

Our argument shows that |G| > (1+10+45+45+10+1) x |N| = 112 x 720 =
80,640. Now we show that |G| < 80,640.

Since G acts on the set of 112 cosets {[*], [1], [1, 2], [1, 2, 3], [1,2,3,9],[1,2,3,9,10]},
the mapping f : G — Si12 is a homomorphism. Thus G / kerf = f(G) = G; = |G|
/ |kerf| = |G1] = 80,640 = |G| = 80,640 x |kerf| < 80,640, since |kerf| > 1.

Now we have |G| > 80,640 and |G| < 80,640, therefore |G| = 80,640, so kerf =

1 and G = G;. We see that a composition series for G is

My:(2x2 ~ Map:(2x2
G 4 PgL((Qx,g)) 41l = G = P2GlL((2>,<9))’



Figure 3.1: Cayley Diagram for Ms; (2 x 2)

[1,2] [1,2,3] [1,2,3,9] [1,2,3,9,10]
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Chapter 4

Construction of L3(4) : 2° over

PGL(2,9)

Consider N = < zx,yy,zz > = PGL(2,9) where zz = (1,2,10)(3,4,5)(6,7,8),
yy ~ (1,7,3,4,2,5,6,8), and zz = (1,2)(4,7)(5,8)(9,10). A symmetric presentation of the
progenitor 2*10 : N is given by

1 -1 1 1 -1

G < x,y, 2t >= Group< m,y, z, t|z3, 4%, 22, (y~ ytrrbry x5 ),

1

(z *x_1)3, (z sy Zxx laysa! *y),tQ, (75,@/_1 % Xk 2k y2), (1E,y_2

xxxyl) >
When we factor the above progenitor by the relation
(t*t")2 =yt sz

we obtain L3(4) : 22 as a homomorphic image.

> G<x,y,z,t>:=Group<x,y,z,t1x"3,y"8,z72, (y"-1*z) "2,

>

> (zxx"-1) "3,y —1*x"—1xy —-1*x"-1%y~2%x),

>

> (xxy -2*%x"-1*y*x"-1%y) ,t72, (t,y —1*x*z*xy~2), (t,y -2*x*xy~-1),
>



(t*t7x) "2=y 4%*z>;
Index(G,sub<G|x,y,z>);
224
f,G1,k:=CosetAction(G,sub<Glx,y,z>);
CompositionFactors(Gl);

G

|  Cyclic(2)

|  Cyclic(2)

| A(2, 4) = L(@3, 4)

| Cyclic(2)

YV VVVVVVVVVVVVVVVVV VYV VYV VYVVYVYV

The center of the image is of order 2 and is generated by (z * z % y * t)°

> NL:=NormalLattice(G1);
>

> NL;

>

>

> Normal subgroup lattice
>

> _______________________

vV Vv
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[7] Order 161280 Length 1 Maximal Subgroups: 4 5 6

[6] Order 80640 Length 1 Maximal Subgroups: 3

[5] Order 80640 Length 1 Maximal Subgroups: 3

[4] Order 80640 Length 1 Maximal Subgroups: 3

[3] Order 40320 Length 1 Maximal Subgroups: 2

[2] Order 2 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:

NL[2] eq sub<G1l|f((z*x*y*t) 6)>;

VVVVVVVVV VYV VYV VYV VYV YV VYV VYVVYVVYV

true

We factor by the center and obtain L3z(4) : 22. The relation (z*z *y*t)® implies
the relation (¢ * t%)? = y* x 2. Hence, G = L3(4) : 22.

> G<x,y,z,t>:=Group<x,y,z,t|x"3,y78,272, (y " -1%z) "2,

> (zxx7-1)73, (y7-1xx"-1xy —1xx"-1xy~2%x), (xxy -2%xx"-1xy*x"-1%y),t"2, (t,y -1%\
x*z*xy~2), (t,y -2xx*ky~-1), (Z¥x*y*t) “6>;

> f,G1,k:=CosetAction(G,sub<Glx,y,z>);

> CompositionFactors(Gl);

G

| Cyclic(2)

*

| Cyclic(2)

*

|  A(2, 4) = L(3, 4)
1
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In order to do this, we need to perform manual double coset enumeration of G over V.

4.1 Relations, Expansions, and Their Conjugations

2 over N.

We will use (2 * z *y * )% as well as (¢ * t%)? = y* % 2 to construct L3(4) : 2

Our relation is (z * z xy )¢ (1).
Additionally, (t % t*)? = y* % 2 (2) is a consequence of the above relation.
(zxzxyxt)l =e =
(zsm4 y)ﬁtgz*x*y)f’t(lzm*y)4tgzm*yﬁtgzm*yﬁtgz*x*y)tl e

(Z * T % y)Gtglzg)(Qvlo)(476)(579)(778)tg1a6787972)(3747775710)t§177727479’3787107675) *

t§1,9,6,2,8)(3,5,4,10,7)tgl,10,9,7,6,3,2,5,8,4)t1 e
(vzayz~ly) tatetrtotiot; = e =
(1,2,9,8,6)(3,10,5,7,4) tststrtotiot; = e (1)
(t*t*)? =ytxz =
(vt x2) (txt*)? = e =

(y* * 2) (tit2)? = e =
(y*2) titotity = e —>
(3,6)(4,5)(7,8)(9,10) tytatita = € (2)
Conjugating (2) by N gives us the following relations:

(2,4)(3,7)(6,9)(8,10) t1tst1ts = € (3)
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(2,10)(3,8)(4,7)(5.6) titot1te = e (4)
(1,6)(4,8)(5,10)(7,9) tatstats = € (5)
(1,5)(3,8)(6,9)(7,10) tatatats = e (6)
(1,10)(3,7)(4,6)(5,8) tatgtaty = e (7)
(1,9)(3,5)(4,7)(6,8) tatiotatin = € (8)
(1,2)(4,7)(5,8)(9,10) t3tststs = e (9)
(1,9)(2,4)(5,6)(7,10) t3tststs = e (10)
(1,8)(2,7)(4,5)(6,10) tstotsteg = e (11)
(1,3)(2,5)(4,10)(6,7) tstotsto = e (12)
(1,2)(3,6)(4,8)(5,7) totiototio = e (13)
Conjugating (1) by N gives us the following relation:

(1,7,8,4,10)(2,5,9,3,6) tot1tstalsty = € (14)

4.2 Lemmas
Useful Lemmas: Based on the above relations, we prove the following lemmas.
Lemma 1: Ntity = Ntoty

Proof: N (3,6)(4, 5)(7, 8)(9, 10)t1t2 =N % = thtl (by (2))

Lemma 2: Ntqtotsty € [1,2]
Proof: Ntth t3t4 = thtl t3t4 = Nt2t1t3t4 (by Lemma 1)

N (1,7,8,4,10)(2,5,9,3,6)tat 1 t5ts = N trts = Nizts (by (3))

and Ntyts € [1,2] since (Nt7t5)(1’3’6’9’7)(2’10’8’4’5) = Ntits,
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where (1,3,6,9,7)(2,10,8,4,5) € N.
Lemma 3: Nt1t2t3 = Nt3t6t2
Proof: Ntltgtg = Ntltgtg t2t6t3t3t6t2 = Nt1t2t3t2t6t3t3t6t2

Nty totsts tetststeta = Nty (1,6)(4,8)(5,10)(7,9)ts tetststeta =

Nigtstetststeta (by (5))

N (1,2)(4, 7)(5,8)(9, 10)t6t3t6t3 t3t6t2 =N € t3t6t2 = Nt3t6t2 (by (9))

Lemma 4: Ntitots = Niotqts
Proof: Ntltg t3 = NtQtl t3 = Nt2t1t3 (by Lemma 1).
Lemma 5: Ntltgtgtg = Nt3t6t2t9

Proof: Ntltgtg tg = Nt3t6t2 tg = Nt3t6t2t9 (by Lemma 3)

Lemma 6: Nt1t2t3t9 = thtgtgtl
Proof: Ntltztgtg = Ntltgtgtg t1t8t9t2t2t9t8t1

Nt1t2t3t9t1(1> 3)(27 5)(47 10)(6a 7) (17 3)(27 5)(47 10)(67 7)t8t9 totatotsts =

Ntytotstot1(1,3)(2,5)(4,10)(6,7) tots totatotst; =
Nitststitotstotstatatotst; (by (12))

Nitststi(1,8)(2,7)(4,5)(6,10) (1,8)(2,7)(4,5)(6, 10)totsty tstatatotst; =

Ntstytg ts tatotototsts = Ntstatstatstatatotst: (by (11))

Ntsta(1,9)(2,4)(5,6)(7,10) (1,9)(2,4)(5,6)(7, 10)tststs tatatotst: =

Ntsty ty totototsty = Nitstatstatatotst; (by (10))

N(1,6)(4,8)(5,10)(7,9) (1,6)(4,8)(5,10)(7, 9)tstatsts tatotsts =
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N € tgtgtgtl = thtgtgtl (by (5))
Lemma 7: Ntthtgtgtl() = Nt2t10t4t9t1

Ntitatatotiop = Ntitatstotio titotatiotatatiotatots =

Ntqtotstotiotitotatiotatatiotalots

Ntytatstotin(2,10)(3,8)(4,7)(5,6) (2,10)(3,8)(4,7)(5,6)t1ty *

tatiotatatiotatols = titiolstola Lot tatiotatatiotatoty =
Ntitiotstotatotitatiotatatiotatoty (by (14))

Nitytiots(1,10)(3,7)(4,6)(5,8) (1,10)(3,7)(4,6)(5,8)totaty *

titatiotatatintatols = Ntiotits ta titatiotatatintatets =
Ntiotitstatitatiotatatiotatets (by (7))

Nt10(2,4)(3,7)(6,9)(8,10) (2,4)(3,7)(6,9)(8,10)t1t5 totitatiotatatiotatot; =

Ntg tsty totitatiotatatiotatots = Nitgtstitatitatiotatatiotatots (by (4))

Ntgts(3,6)(4,5)(7,8)(9,10) (3,6)(4,5)(7,8)(9,10)t1tat1 tatiotatatiotatets =

Ntrty ta tatiotatatiotatots = Ntgtatatstiotatatiotatots (by (2))

Nt7(1,5)(3,8)(6,9)(7,10) (1,5)(3,8)(6,9)(7, 10)tatats tiotatatiotstot; =

Ntyg ta tiotatatiotatots = Ntiotatiotatatiotatots (by (6))

N (1,9)(3,5)(4,7)(6, 8)t1otatiota tatiotatots =

N € t2t10t4t9t1 = Nt2t10t4t9t1 (by (8))
Lemma 8: Ntitotstgt19 = Ntistgtatotio

Proof: Ntqtotstgtig = Ntqtatstot1g tiototatetststetatetin =
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Ntitats totiotioty tatetstatetatotin = Ntitatstatetststetatotio

Nt1(1,6)(4,8)(5,10)(7,9) (1,6)(4,8)(5,10)(7,9)tatsts tetatstetatotin =

Ntg t3 tetststetatotio = Ntststetststetatotio (by (5))

N(1,2)(4,7)(5,8)(9,10) (1,2)(4,7)(5,8)(9, 10)tstststs tsttatotro =

N e tstetatotio = Nistetatotio (by (9)).
Lemma 9: Ntqtotstgt1o = Ntitatetioty

Proof: Ntltgtgtgtlo = Ntltgtgtgtlo t9t10t6t2t1t1t2t6t10t9 =

Ntqtotstotiototiotetatititatstioty

Niatite € totatititatetioty = Niath tele totit1tatelioty =
Ntotitatititatetiote (by (13))

N (3,6)(4,5)(7,8)(9,10)tat taty titatstioty = N e titatstipty =

Ntitotstioty (by (2)).

4.3 Double Coset Enumeration of GG over N

NeN = {N}. Since N is transitive on Q@ = {1,2,...,10} and Nt; € Nt; N, 10
ti's extend the coset representative N to the double coset Nt; N = [1].

Now NI > < (2,4,5)(3,9,8)(6,7,10), (2,3,6)(4,9,7)(5,8,10), (2,8,4,5,10,3,7,6) >
= Z% ZZg.

=120 = 19,

The number of right cosets in [1] is N = 2

N has orbits {1} and {2,10,8,5,7,6,3,4,9} on Q. We note that Nt;t; € [*],
and Ntity € [1,2].
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We now consider the double coset [1,2].

N1 > NL2 — < (3,8,10,4,6,7,9,5) > = Zg. However, since Nt ty = Ntoty
(Lemma 1), (1,2)(3,9)(6,10)(7,8) € N2 Thus,

N2 > < (3,8,10,4,6,7,9,5), (1,2)(3,9)(6,10)(7,8) > = Zg:Zs
Therefore, [1,2] contains 222 = 45 right cosets.

The orbits of N(1?) on Q are {1,2} and {3,8,7,4,9,10,5,6}. We pick represen-
tatives 2 and 3 from the 1-orbit and 3-orbit, respectively, and determine the double cosets
to which Ntjtoty and Ntjtots belong. It is clear that Ntqtote = Nty € [1] and Nitqtots €
[1,2,3].

Now consider the double coset [1,2,3].
We note that N123 = 1.

We have Nt tots = Ntstgty (Lemma 3), then (1,3,2,6)(4,5,8,7) € N(1:23) Also
Ntitots = Ntotits (Lemma 4), then (1,2)(4,7)(5,8)(9,10) € N(123) Thus, N(1.23) >
N
<(1,3.2,6)(4,5,8,7),(1,2)(4.7)(5,8)(9,10)> = Dys. Therefore [1,2,3] contains | N‘(u,'3>| o
= %50 = 45 right cosets.

N(U23) has orbits {9,10}, {1,3,2,6}, and {4,5,7,8} on Q. We pick representa-
tives 9 from the 2-orbit, and 3 and 4 from the 4-orbits, and determine the double cosets
that contain the right cosets Ntitotste, Ntitotsts, and Ntitotsty. We have Nitjtotsts =
Ntity € [1,2], Ntitatsty € [1,2] (Lemma 2), and Ntjtotsty € [1,2,3,9].

We consider the double coset [1,2,3,9].
We note that N1239 = 1.

From Lemma 4, Ntitotstg = Nigtststy. So (1,7,3,4,2,5,6,8) € N(1:239)  From
Lemma 6, Ntitotsty = Ntototst;. So (1,2,9)(3,8,7)(4,6,5) € N(1:239)  Thus, N(1:2:39)
> NL239 = <(1,7,3,4,2,5,6,8),(1,2,9)(3,8,7)(4,6,5)> = Z3:Zg. Thus, [1,2,3,9] contains

V] N 0 _
INO239] — [RZs] = 10 right cosets.
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The orbits of N(1239) on Q are {10} and {1,7,2,3,5,9,4,8,6}. We pick repre-
sentatives 10 and 9 from the 10-orbit and 1-orbit, respectively, and determine the double
cosets that contain the right cosets Ntitotstgt1g and Ntitotstotg. Since Ntytotstgty =
Ntitots € [1,2,3] and Ntqtatstetip € [1,2,3,9,10], we need only consider the double coset
[1,2,3,9,10].

We note that N1,2:3:910 — 1,

Now Ntitatstotip = Ntatiotatet; (Lemma 7) — (1,2,10)(3,4,5)(6,7,8) €
NG239.10) " Nt totatgtig = Ntstgtototio (Lemma 8) = (1,3,2,6)(4,5,8,7) € N(1:2:3.9,10)
and Ntitotstotig = Ntitatetioty (Lemma 9) = (3,6)(4,5)(7,8)(9,10) € N(1:23910)
Then N(1:23:910) > <(1,2,10)(3,4,5)(6,7,8),(1,3,2,6)(4,5,8,7),(3,6)(4,5)(7,8)(9,10)> == S.

Therefore, the number of right cosets in [1,2,3,9,10] is % = % =1.

N(1:2:39.10) on O has a single orbit {1,2,7,10,5,8,3,4,9,6} We have: Nt totstotigtio
= Ntjtotste € [1,2,3,9], the set of right cosets of G over N is closed under right multipli-

cation by t;'s. Therefore we must have found all of the NwN double cosets of G.

4.4 Proof of Isomorphism of G,

Our argument shows that |G| > (14+10+454+45+10+1) x |[N| = 112 x 720 =
80,640. Now we show that |G| < 80,640.

Since G acts on the set of 112 cosets {[*], [1], [1, 2], [1, 2, 3], [1, 2, 3, 9], [1, 2, 3,9, 10] },
the mapping f : G — Sii2 is a homomorphism. Thus G / kerf = f(G) = G = |G|
/ |kerf| = |Gi| = 80,640 = |G| = 80,640 x |kerf| < 80,640, since |kerf| > 1.

Now we have |G| > 80,640 and |G| < 80,640, therefore |G| = 80,640, so kerf =

1 and G =2 G1. We see that a composition series for G is

G A PSL(3,4) 41 = G = L3(4):22



Figure 4.1: Cayley Diagram for L3(4) : 22 over PGL(2,9)
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Chapter 5

Construction of L3(4) : 2° over

Aut(Ag)

Consider N = < zx,yy, zz, ww > = Aut(Ag) where zz = (1,2,10)(3,4,5)(6,7,8),
yy = (1,7,3,4,2,5,6,8), zz = (1,2)(4,7)(5,8)(9,10), and ww = (3,6)(4,7)(5,8). A symmetric

presentation for the progenitor is given by

-1

G < x,y,z,w,t > = Group < z,y, z,w, t|x®,y%, 22, w? (y~ ' x 2)?, (7P x w2 xw),

2 3 ,—1 -1 -1

(zxw)? (wxy? xwry™ ), (zxa™)? y taea™lwy Tt xamxyPaa), 82

(tz lxytxx), (tyxszxwxy™ ) >

where x ~ xx, y ~ yy, z ~ 2z, w ~ ww, and t ~ t;. We factor this progenitor

1 1

by the two relations (¢t *t%)2 = y* xzand (zxy* zxwHtxy P xtxwxtxy Lxtxzxt)

and prove that G < x,y, z,w,t >:= Group < z,y, z,w, t|z3,y8, 22, w?, (y= 1 * 2)%, (z7! *

wrzxw),(zxw)?, (wxyPxwxy ), (zx27 )3 (yhxr b xy v g2 x ), 82, (G
1

ylxx), (Lyxzxwry ), (txt7)2 =yt sz, (xryrzrwrtxy !

1

ktkTktky "~ xtxzxt) >

& [3(4) : 22. In order to do this, we need to perform manual double coset enumeration

of G over N.

5.1 Relations, Expansions, and Their Conjugations

Our relations are (¢ * %)% = y* x z (1)
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1

(Tryszxwrtxy Lxtxmxtxy Lxtxzxt) =e (2)

(t*t")? = (ytx2) =

(y4*z)>k(t1>kt‘f)2:e =

1,2,10)(3,4,5)(6,7,8))2 _

(y4*z)*(t1*t§ e =

(Y x2) % (t1 1) = e =
(y4z) titot1to = e —

(3,6)(4,5)(7,8)(9,10)t1t2t1t2 =€ (1)

1 1

(xxykzxwxtky T xtkrktky Txtxzkt) =e —>

1 1

TxY* Wk xyY " *xL1 kT k1 xy “*xL1k2*xl] = e =

x*y*z*w*tl*y_l*tl*x*tl*y‘l* zx 21 1 x2xt] = e —

1

Trykzxwkty kY Lxtyxraty k(YT x2)xtixt) = =

wryxzrwrty xy Lrtyx (xy Tl 2) k(YT x2) 7wty
k2 t§1,2)(4,7)(5,8)(9,10) it = e —
x*y*z*w*tl*y*1*tl*(x*yfl*z)*tgyil*z) xtyxt)) = e —
wryxzrwrtyx (Y lxxry tx2)k (wryr2) T xtyx
TRyl tgl"r’)(2’7)(3’4)(6’8)(9’10) xtyxly = e =

-1
x*y*z*w*tl*y‘l*x*y_l*z*tg‘r*y *Z)*t5*t2*t1:e —

1 1

rryszrwry xxry Txzx (i xrxyx2) T styx

1 1 tgl,7,6,2,9,10,5,4)

YU RT kY Kz ok *¥lgxtogxl] = e —

—1 ~1
x*y*z*w*yfl*x*yfl*z*tgy YD) okt kg k= € —>
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(1,8,2)(3,6,4)(5,9,10)

1 * 2 % 1) xlrxtyxtg*xt; = e =

1

TXYkZXWkY ~ kT kY

lw) tgtristoly = e —

(x 2wy~
(1,9,5,3,8,2,10,7)(4,6) tstrtstat; = € (2)
Conjugating (2) by N gives us the following relation.

(1,9,5,3,8,2,10,7)(4,6) tot1tstioly = € =

(xflzxyflw) tot1tstipto = € (3)

5.2 Lemmas
Useful Lemmas: Based on the above relations, we prove the following lemmas.
Lemma 1: Ntityg = Nisty

Proof: N (3,6)(4,5)(7,8)(9,10)t1ty = N toty = Ntaty (by (1)).

Lemma 2: Ntytots € [1,2]
Proof: Ntltg t3 = thtl t3 = thtltg (by Lemma 1)

N (1, 9, 5, 3, 8, 2, 10, 7)(4, 6)t2t1t3 =N t9t10 = Nt9t10 (by (3))

(1,6,9)(2,3,10)(4,8,7) € N —>

since (1,6,9)(2,3,10)(4,8,7) € N.
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5.3 Double Coset Enumeration of GG over N

NeN = {N}. Since N is transitive on = {1,2,...,10} and Nt; € N3N, 10
ti's extend the coset representative N to the double coset Nt N = [1].

NO > N = < (2,9,5,10,6,8,7,4),(2,9,10)(3,4,5,6,7,8) >

The number of right cosets in [1] is % = % - 10

N has orbits {1} and {2,5,8,9,10,4,3,6,7} on Q. We note that Nt,t; € [*],
and Ntitg € [1,2]
We now consider the double coset [1,2].

Since Ntity = Ntot; (Lemma 2),

N12) > NL2 = < (3,7,10,5,6,8,9,4), (3,5,6,4)(7,9,8,10) >.

Thus [1,2] contains 13# = 45 right cosets.

The orbits of N(1?) on Q are {1,2} and {3,6,7,4,9,10,5,8}. We pick represen-
tatives 2 and 3 from the 1-orbit and 3-orbit, respectively, and determine the double cosets
to which Ntitote and Ntjtots belong. It is clear that Ntitoteo = Nty € [1] and Ntjtots €
[1,2] (Lemma 2), the set of right cosets of G over N is closed under right multiplication
by t;'s. Therefore we must have found all of the NwN double cosets of G.

5.4 Proof of Isomorphism of GGy

Our argument shows that |G| > (1+10+45) x |N| = 56 x 1440 = 80,640. Now
we show that |G| < 80,640.

Since G acts on the set of 56 cosets {[*],[1],[1,2]}, the mapping

f: G — Ss6 is a homomorphism. Thus G / kerf = f(G) = G, = |G|/
|kerf| = |G1| = 80,640 — |G| = 81,640 x |kerf| < 81,640, since |kerf| > 1.
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Now we have |G| > 81,640 and |G| < 81,640, therefore |G| = 81,640, so kerf =

1 and G =2 G;. We see that a composition series for G is

G<AL(3,4) 91 = G=L(3,4): 73



Figure 5.1: Cayley Diagram for L3(4) : 22 over Aut(Ag)
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Chapter 6

Construction of 2'L3(4):2

We first note that L3(4) = Mo, the one point stabilizer of the Mathieu sporadic
simple group Mpy;. Consider N = < zz,yy, zz > = Ag, where zx = (1,2,10)(3,4,5)(6,7,8),
yy = (1,3,2,6)(4,5,8,7), and zz = (1,2)(4,7)(5,8)(9,10).

A symmetric presentation for the progenitor 2*10 : N is given by

-1y Z)Q,y_2 1L % y2 szl

G < z,y, 2t >:=Group < z,y, z, t|z®,y*, 2%, (y

1 3

1 * T % 2)3,

(zrz D3 o txy texatay b s xyroxy (et xy

2o (tyxx P xzraxy), (Lzrzryrzlx2), (8 y"), (Lo *y?) >,
where x~zx, y~yy, and t~t;. We factor this progenitor by the 3 relations

(1% % 2) % (t %)%, (zxzxyx 2+ t@*)0 and ((z %z xy)? *t*)® and prove that

G < z,y,z,t >=Group < z,y, z, t|23,y*, 22, (y L x 2)2 y 2 s sy w7l

(zra ) o7 lbxy txa oyt txyroxy (27 vy L rax2)3,

2 (tyxr P xzraxy), (Lzrzryrazx2), (8 y"%), (¢, x*y?),
(Y2 % 2) % (t % t7)2, (zxz sy sz xtW2)0 ((zxxxy)?*t%)8 > = 2Lsw@.2,

In order to do this, we need to perform manual double coset enumeration of G

over N. The number of NwNN - double cosets of N in G is 12. A maximal subgroup of
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G containing N is isomorphic to S;y. However, G does not have a faithful permutation
representation on the right cosets of S7 in G. Thus, we select the subgroup M:= sub<
Glo,y,zxtxysxx stz xt*xy !

MwN - double cosets.

xt % x*xt > and perform double coset enumeration of

6.1 Relations, Expansions, and Their Conjugation
Our relations are (y2 * 2) * (t x %)% = e (1)
(zxxxyxx*tW2) = ¢ (2)
(%2 )2 %47)8 = ¢ (3)

(2r2)x(tr ") = ¢ =

(1,2,10)(3,4,5)(6,7,8) )2

(yQ*z)*(tl*tl = —

Yk gkt ktg okt kit = e —>
(3, 6)(4, 5)(7, 8)(9, 10)t1t2t1t2 =€ (1)

(zxxxysxxtW®)) = —

1,4,3,10)(2
(Z*x*y*x*tg’ 135 0)( 777576))6:6 —

(zxzxy*xzty)’ = =

(z*x*y*w)5tflz*x*y*m)4tz(lz*x*y*x)?’tz(lz*az*y*z)ztflz*x*y*m)t4

((z %z *y*x)%, —e —

((Z e x)ﬁti2,7,6,5)(4,8,10,9)titi2,5,6,7)(4,9,10,8)ti2,6)(4,10)(5,7)(8,9)t512,7,6,5)(4,8,10,9)t4 — ¢

—
(2 %z xy * x)0tglytotiolsts = ¢ =
(2,6)(4,10)(5,7)(8,9)tstatot10tsts = € (2)
(zxx*y)?*t*)® =e =



(z % * y)ﬁ”‘t2 ts
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(zxx*xy)?*t)d =e =

(zxz*y)t 4, (zx23y)? *tS*tgz*:c*y)S *t(z*z*y)6 *tgz*:c*y)4 *t(z*w*y)2 ) — ¢ —>

2 2

)6 >‘<tél,5,3,9,10) (2,8,7,4,6) %,(1,9,5,10,3)(2,4,8,6,7) *tZ >ktél,S,lO,E),Q) (2,7,6,8,4) %

(zxxxy *té

t(1,10,9,3,5)(2,6,4,7,8) >,<t(1,5,3,9,10)(2,8,7,4,6) >kt(1,9,5,10,3)(2,4,8,6,7) *
2 2 2

to = e —
(2 % = % ) tg ™t Mt tr ¥ s F g ¥ty = ¢ =
(2 % = % ) g™ t Mot ¥ e F g Mty = ¢ —>
(1,10,9,3,5)(2,6,4,7,8)tstatotrtstststo = € (3)
Moreover, (z*t*y*xxtxx*t*xy ‘xt*xx*t) € M =
Zxtixyscxtixxxtyxy Lxtpxxxt, € M =
Zkty kY *x Kkt kT Kkt M*tg*tl eEM —
Lygstrstoxt; € M —

ZHtpxYy* TRk TRY

FESAE: y*m*:p*y‘l*x*t4*t7*t2*t1 eEM —

Zxys Py Lk ktyktyktrrtoxt; € M =
Mtstat; = Mtity (4)
Conjugating (4) by N gives us the following relation:
Mtytoty = Mtgty (5)
Conjugating (1) by N gives us the following relations:
(2,4)(3,7)(6,9)(8,10)t1t5t1t5 = e (6)
(2,10)(3,8)(4,7)(5,6)t1tgt1tg = e (7)

(1, 6)(4, 8)(5, 10)(7, 9)t2t3t2t3 =€ (8)
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(1,5)(3,8)(6,9)(7, 10)tatatats = € (9)
(1,10)(3,7)(4, 6)(5, 8)tatotaty = e (10)
(1,9)(3,5)(4, 7)(6, 8)tatrotatso = e (11)
(1,10)(2,8)(5,9)(6, 7)tstststs = e (12)
(1,2)(4,7)(5,8)(9, 10)tstststs = e (13)
(1,9)(2,4)(5,6)(7, 10)tstststs = e (14)
(1,3)(2,5)(4,10)(6, 7)tgtotsty = e (15)

(1,2)(3,6)(4,8)(5,7)tot10tot10 = € (16)

6.2 Lemmas
Useful Lemmas: Based on the above relations, we prove the following lemmas.
Lemma 1: Mtltg = Mtgtl

Proof: M (3,6)(4,5)(7,8)(9, 10)t1ts = M taty = Mtsty (by (1)).

Lemma 2: Mtitoty € [1,2]

Proof: Mtytoty = Mtgt; = Mtgty (by (5))

Mtgty € [1,2] since

(Mtgty)(LA825.7DG310.9) — Nty ty where (1,4,8)(2,5,7)(3,10,9) € N.
Lemma 3: Mttots = Mtstgto

Proof: Mtitats = Mtitats tatgtststets = Mtitatstatstststets

Mt1t(1,6)(4,8)(5,10)(7,9) (1,6)(4,8)(5,10)(7, 9)tatsts tetststets =

Mt1t5(1,6)(4,8)(5,10)(7,9) t5 tetststets =



69

Mtgtstetststeta (by (8))

M (1, 2)(4, 7)(5, 8)(9, 10)t3t6t3t6 t3t6t2 =M e t3t6t2 =

Mtstgts (by (13)).
Lemma 4: Mtltgtg = Mtgtltg

Proof: Mtltg t3 = MtQtl t3 = Mtgtltg (by Lemma 1)

Lemma 5: Mt totsty € [1,2,3]

Mtity tsty = Mtgtrty tsty =

Mtgtrtatsts (by (5))

Mtstz(1,10)(2,8)(5,9)(6,7) (1,10)(2,8)(5,9)(6, 7)tatsts =

Mtgtz(1,10)(2,8)(5,9)(6,7) t3 = Mtatts (by (12))

Mtotgts € [1,2,3] since (Mtytgts) L6 ET108) — Nt tots,

where (1,6,2)(4,5,9)(7,10,8) € N.

Lemma 6: Mttotstg = Mtstgtaty

Mtytots to = Mistgty to = Mtstgtaty (by Lemma 3).

Lemma 7: Mtytotstg = Mtotgtsty

Proof: Mtytotsto = Mtytotsty titstotatatotst; = Mtitatstetitstotatatotsts

Mt1t2t3(2,10)(3,8)(4,7)(5,6) (2,10)(3,8)(4, 7)(5,6)tot1 tstolatatotsts =

Mtytot3(2,10)(3,8)(4,7)(5,6) taty tstotatatotst, =
Mtitiotstitotstotatatotsts (by (7))

Mtytrotsts (1,3)(2,5)(4,10)(6,7) (1,3)(2,5)(4, 10)(6, T)totsty tatatotst =




Mtytiotst:(1,3)(2,5)(4,10)(6,7) tg tatatotst, =
Mitstytgtststotatotst: (by (15))

Mtsts(1,9)(2,4)(5,6)(7,10) (1,9)(2,4)(5,6)(7,10)tststs tatatotst; =

Mt3t4(1,9)(2,4)(5,6)(7,10) t3 tatatotsts =
Mt3t2t3t2t2t9t8t1 (by (14))

M (1,6)(4,8)(5,10)(7,9)tstatsts tatotsts = M e tatgtst; =

Mtatgtsts (by (8)).
Lemma 8: Mt1t2t3t9t10 = Mt2t10t4t9t1

Proof: Mt1t2t3t9t10 = Mt1t2t3t9t10 t1t9t4t10t2t2t10t4t9t1 =

Mtqtotstotiotitotatiotatatiotatots

Mtytatstetio(2,10)(3,8)(4,7)(5,6) (2,10)(3,8)(4,7)(5, 6)t1te *

t4tiotatatiotatots =
Mt1t2t3t9t10(2, 10)(3, 8)(4, 7)(5, 6) @ tatiotototiotatots =
Mtitiotstotatotitatiotatatiotatots (by (7))

Mtytiots(1,10)(3,7)(4,6)(5,8) (1,10)(3,7)(4,6)(5, 8)totaty *

t1tatiotatotiotatots =
Mtltlotg(l, 10)(3, 7) (4, 6)(5, 8) ILQ t1tatiotatotiotatots =
Mtotitstatitatiotatatiotatots (by (10))

Mt10(2,4)(3,7)(6,9)(8,10) (2,4)(3,7)(6,9)(8, 10)t1t5 tat1tatiotatatiotatols =

Mt10(2,4)(3,7)(6,9)(8,10) @ tot1tatiotototiotalots =
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Mt8t5t1t2t1t4t10t2t2t10t4t9t1 (by (6))

Mtsts(3,6)(4,5)(7,8)(9,10) (3,6)(4,5)(7,8)(9, 10)t1taty tatiotatatiotatots =

Mt8t5(3,6)(4,5)(7,8)(9,10) Q tatiotatotiotatots =
Mtrtatatatiotatatiotatets (by (1))

Mt7(1,5)(3,8)(6,9)(7,10) (1,5)(3,8)(6,9)(7,10)tataty tiotatatiotatots =

Mt7(1,5)(3,8)(6,9)(7,10) tfz t1otatatiotatot =
Mtiotatiotatatiotatots (by (9))

M (1,9)(3, 5)(4, 7)(6, 8)t10t2t10t2 tot1otatgts = M e totiotatgt; =

Mt2t10t4t9t1 (by (11)).
Lemma 9: Mtltgtgtgtlo = Mtgtg;tgtgtlo

Proof: Mtltgtgtgtlo = Mtltgtgtgtlo t10t9t2t6t3t3t6t2t9t10 =

Mttots totiotiote totetststetatolio = Mtitatstatetstatetatotio

Mt1(1,6)(4,8)(5,10)(7,9) (1,6)(4,8)(5,10)(7,9)tatsts tetstatetatotin =

Mt1(1,6)(4,8)(5,10)(7,9) t3 tetststetatotio =
Mt6t3t6t3t3t6t2t9t10 (by (8))

M (1, 2)(4, 7)(5, 8)(9, 10)t6t3t6t3 tatgtatolin =

M e tstgtatotin = Mtstgtatotio (by (13)).
Lemma 10: Mt1t2t3t9t10 = Mt1t2t6t10t9

Proof: Mtltztgtgtlo = Mtltztgtgtlo t9t10t6t2t1t1t2t6t10t9 =

Mtqtatstotiototiotetatititatetioty
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Mt1t2t3(1, 2)(3, 6) (4, 8)(5, 7) (1, 2)(3, 6)(4, 8)(5, 7)t9t10t9t10 tetot1t1totetinty =

Mtytats(1,2)(3,6)(4,8)(5,7) e tetatitritatetiote = Mtaty tets tatrtitatstioty =
Mtatitatititatstioty (by (16))

M (3,6)(4,5)(7,8)(9,10)tat1lot1 titaletioty =

M e titatetioty = Mtitatstioty (by (1)).

6.3 Double Coset Enumeration of (G over M and N:

MeN = M. Since N is transitive on Q = {1,2,...,10} and Mt; € Mt; N, 10
ti's extend the coset representative N to the double coset Mt; N = [1].

Now N > < (2,4,5)(3,9,8)(6,7,10), (2,7, 6,5)(4,8,10,9), (2, 7,10, 4)(3, 5, 8, 6) >
~ ZQ.Z
— 3 4.

IN|_ 360 _
INO| T 36 10.

The number of right cosets in [1] is

N has orbits {1} and {2,4,10,7,6,5,8,9,3} on Q. We take the representative
1 from the 1-orbit and 2 from the 2-orbit and determine the double cosets that contain

Mtit; and Mtits. Now Mtity = Mt = Me = M € [¥] and Mtit, € [1,2].
We now consider the double coset [1,2].
We note that N1 = 1.

N2 > NL2 = < (3,10,6,9)(4,7,5,8) > = Zy. Now Mtity = Mtat; (Lemma
1). Then (1,2)(4,7)(5,8)(9,10) € N(12).

Thus N > < (3,10,6,9)(4,7,5,8), (1,2)(4,7)(5,8)(9,10) > = Dg. Therefore,
the number of right cosets in the double coset [1,2] is % = 30 — 45.

The orbits of N('2) on Q are {1,2}, {3,10,9,6} and {4,7,5,8}. We select the
representatives 1, 3, and 4 from the 1-orbit, 3-orbit, and 4-orbit, respectively, and de-
termine the double cosets that contain Mt tots, Mtitots, and Mt taty. Now Mtqtoty =
Mtt3 = Mti(e) = Mty € [1], Mtitaty € [1,2] (Lemma 2), and Mtitots € [1,2,3].
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We consider the double coset [1,2,3] next.
We see that N123 = 1.

But we note that Ntjtots = Nitstgta (Lemma 3). Thus (1,3,2,6)(4,5,8,7) €
N123) - Also Mt tots = Mtytits. Then (1,2)(4,7)(5,8)(9,10) € N(1:23) Therefore N(12:3)
> < (1,3,2,6)(4,5,8,7),(1,2)(4,7)(5,8)(9,10) > = Dg. So the number of right cosets in

the double coset [1,2,3] is W(\f\’%g)' = % — 45,

The orbits of N(1:23) on Q are {9,10}, {1,3,2,6} and {4,5,7,8}. We choose the
representatives 9, 3, and 4 from the 1-orbit, 3-orbit, and 4-orbit, respectively, and deter-
mine the double cosets that contain Mtitatatsty, Mtitotsts, and Mtitotsty. Mt tatsty €
[1,2,3,9], Mtytatsts € [1,2,3], and Mtitatsty € [1,2,3] (Lemma 5).

Thus we must consider the new double coset Mtitatatste = [1,2,3,9].
We note that N1.239 = 1.

But Mtitotstg = Mtstetaty (Lemma 6). Then (1,3,2,6)(4,5,8,7) € N(1239)  We
also have Mttatstg = Mtatotgt; (Lemma 7). So (1,2,9)(3,8,7)(4,6,5) € N(1,239),

Thus N1:239) > < (1,3,2,6)(4,5,8,7), (1,2,9)(3,8,7)(4,6,5) > = Z2:Z,.

Nl _ 360 _ 10,

The number of right cosets in the double coset [1,2,3,9] is NOZ30] = 36

The orbits of N(1239) on Q are {10} and {1,3,2,8,6,9,7,5,4}. We choose
representatives 10 and 9 from the two orbits and determine the double cosets to which
Mtitatstotip and Mtitatstety belong. We have Mtitatstoty = Mtytatstd = Mtitats(e) =
Mtqtots € [1,2,3]. Mtitatstotip belongs to the new double coset [1,2,3,9,10].

We now consider the double coset [1,2,3,9,10].
Now N1’2’3’9’10 = 1.

But Mtitotstotig = Mtatiptatety (Lemma 8) This gives (1,2,10)(3,4,5)(6,7,8) S
N1:23.910) We have Mt totstot1g = Mtstetatotio (Lemma 9). Therefore (1,3,2,6)(4,5,8,7)
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S N(1’2’3’9’10). We also have Mtltgtgtgtlo = Mtltgtﬁtlotg (Lemma 10). Then (3,6) (4,5)(7,8)(9,10)
e N(1:23.9.10)  Therefore

N(1’2’3’9’10) > < (1; 2; 10)(37 47 5)(67 77 8)5 (17 37 27 6) (47 57 8’ 7)5 (37 6) (47 5)(77 8)(97 10) > = A6’

N1:239,10) o A is transitive on Q = {1,2,...,10}. Since Mtqtatstotiotip =
Mtitatstgts, = Mtytatste(e) = Mtytatsty € [1,2,3,9], the set of right cosets of G over
M is closed under right multiplication by #;'s. Therefore we must have found all of the

MwN double cosets of G.

6.4 Proof of Isomorphism of Gy

Our argument shows that |G| > (1+10+45+45+10+1) x |N| = 112 x 360 =
40,320. Now we show that |G| < 40,320.

Since G acts on the set of 112 cosets {[*], [1], [1, 2], [1, 2, 3], [1, 2, 3, 9], [1, 2, 3,9, 10] },
the mapping f : G — Sy12 is a homomorphism. Thus G / kerf = f(G) = G; = |G|
/ |kerf| = |G1] = 40,320 = |G| = 40,320 x |kerf| < 40,320, since |kerf| > 1.

Now we have |G| > 40,320 and |G| < 40,320, therefore |G| = 40,320, so kerf =

1 and G = G;. We see that a composition series for G is



Figure 6.1: Cayley Diagram for 2 L3(4):2

[1,2] [1,2,3] [1,2,3,9] [1,2,3,9,10]
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Chapter 7

Construction of S(4, 3)

Consider N = < zx,yy > = As, where
z2=(1,9)(3,4)(5,10)(6,7) and yy=(1,3,5,7,9)(2,4,6,8,10).

A symmetric presentation for the progenitor is 2*'° : N is given by

1

G < z,y,t >:=Group< z,y, t|z%,y°, (z xy 1), 2, (t,y ' * z),

(t, 2 xxxy~ 2 *x*y?), (t, t(y*m*y4)), (t % t(y*z*y_l))Q >
where x ~ zx, y ~ yy, and ¢t ~ t;. We factor this progenitor by the three

relations (y * z *y~ ! x )4, (y*x % ty2)6, (y * t¥)® and prove that

2

G < z,y,t >:=CGroup< z,y, t|z?, v, (xxy~ )%, 12, (t,y ' xz), (t,y? x z xy 25 w5 y?),

(£, @) (@02 (yazny Lat) (yxaxt9)0, (y + 19)8 > = §(4,3),

In order to do this, we need to perform manual double coset enumeration of G

over N. However, the number of NwN - double cosets of N in G is 40. Thus, we select

the maximal subgroup M = < (yxxxtsxysxaxxt*xy)> (yxtxcxy P xtxy 2 st xz*

1 1

y latky 2 xt), (txaxy Ixtxrrtry Lxtrystkxxtxyxa*t) > and perform double

coset enumeration of MwN - double cosets.



7.1 Relations Expansions and Their Conjugations
Our relations are (yxzxy~ 1 xt)* = e (1)
(yraxtV')0 =e (2)

(y=t¥)° =e (3)
(yxxxtxysxx*xtxy)? € M (4)

(yxtxosxy txtxyZrtxaxy txtxy2xt) € M (5)

1

(txxxy Latsartxy Lxtrystxoxtry*xaxt) € M (6)

(yrxxxy txt) =e =

(yxmry—1)3 1)2

(y * % y_1)4t1 tgy*x*y_

-1
T — e —

e 7551,2)(3,8)(4,5)(7,9) t? 7551,2)(3,8)(4,5)(7,9) t=e —

t2t1t2t1 =€ (1)
(yraxtV')b = =

(y 2 5932610486 — o —

(yxx+t5)0 =e =

5 4 3 2
(,y * 117)6 téy*x) téy*f) téy*x) téy*f) téy*x) t5 — e —

(1,7,4)(2,10,3)(5,8,6) t(1,4,7)(2,3,10)(5,6,8)
5

(1,7,4)(2,10,3)(5,8,6) ,(1,4,7)(2,3,10)(5,6,8)
ets 5 ty

te t
t8t6t5t8t6t5 =€ (2)
(y*xtV)® =e =

(y % t13HTNRAEIINE — o —

(y*tg)sze —

ts =

7

-
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S 7 6 5 4 3 2 .
Yot ]ty oty t ] thity=e =

yg * t(1,5,9,3,7)(2,6,10,4,8) 1,3,5,7,9)(2,4,6,8,10) 1,9,7,5,3)(2,10,8,6,4) «
3

*tZ(S *tg*t;(}

(1,7,3,9,5)(2,8,4,10,6)

" (1,5,9,3,7)(2,6,10,4,8) t(1,3,5,7,9) (2,4,6,8,10)
3 3

*tg ¥tz =€ —
yBtrtststitotrtsts = e (3)
(yxxxtxysxx*xtxy)? e M —
(yroxtixysaxxtyxy)(yxoxtyxy*xzrtixy) € M —
t1*y*x*tl*yz*x*tl*y*x*g*tgGM =
tixysxxtyxy’srcxtpxyscxysts € M =

tyxyxwxtyxy?xaxx yxrxyxtgrts € M —

tixyxax g’ s xxyxrky*styktgrts € M —

Yk Tyl Rk THRyk TRy sty rtyxtgrts € M =

Mtrtstg = Mts (4)

(yxtxaxxy tatsy Zatxaxxy Latxy 2xt)e M —

1

yrtikzxy Tatyxy Pty krxy Tatixy 2uty € M =

1 2

Yyxtyxxxy " xtpky” *tl*M*h*tlEM -
yrtixxry Lxtixy Zrrxyiatyktrnt; € M =

TERAE: x*y_l*y‘Q*x*yz*tlo*tg*h*h eEM =

yr cxylrxxylxtgxtigntyxtyxt; € M =

Mtgtipts = Mtity (5)

1

(txaxsxy Tatsaxrtsxy Lxtrystsxostrysast) € M =
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trrxy txtrrxtry Lxtxysxtrratryrrxt € M =

1

ti*xxy” *t1*x*tl*yfl*tl*y*tl*x*tl*y*ix*tlEM =
tixzxy Txtyxaxtyxy Laxtxystixxxysrxtygxty € M =
tl*x*y_l*tl*x*tl*y_l*tl*y*x*y*x*tg*t4*t1EM =
tl*x*y_l*tl*x*tl*y_l*y*x*y*x*t7*t9*t4*t1GM =

tixzsy LatixrxrxysTrtgstyxtoxtyxty € M =

tixr sy L xx? xyxxxtyxtgrtyxtgrtgxty € M —

extyxtygxtgxtrxtgxilyxt; € M —
Mtytytot; = Mtytaty (6)
Conjugating (1) by N gives us the following relations:
titstits = e (7)
tstetsts = e (8)
tatstats = e (9)
tatgtate = e (10)
tstetsts = e (11)
totstots = e (12)
tstotsty = e (13)
Conjugating (4) by N gives us the following relations:
Mtity = Mtyts (14)

Mtyte = Mtstr (15)



Mtgts = Mtots (16)
Mtiots = Mtst; (17)
Conjugating (5) by N gives us the following relations:
Mtytots = Mtsty = (18)
Mtitsts = Mtigtr (19)
Conjugating (6) by N gives us the following relation:

Mtqtotgtin = Mtitatg (20)

7.2 Lemmas
Lemma 1: Mtitg € [1]

Proof: Mt tg = Mty tgtgts = Mtitgtgts (by (12))

Mt1t8t6 tg = Mt10t7 tg = Mtl[)t'ﬂfg (by (19))

Mtyoty ts = Mtgty tg = Mtstitg (by (17))

M tgtits = M t, = Mty (by (7)) € [1].
Lemma 2: Mtjtots € [1,2]

Proof: Mtltgtg = Mt5t4 = Mt5t4 (by (18))

Mtsty € [1,2] since
(Mt5t4)(1’5)(2’4)(6’10)(7’9) = Mtito,
where (1,5)(2,4)(6,10)(7,9) € N.
Lemma 3: Mtitatetio € [1,2,6]

Proof: Mtthtﬁtlo = Mt1t2t6 = Mtthtﬁ (by (16)) S [1,2,6].
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Lemma 4: Mtitatets € [1,2,6]
Proof: Mtits tgts = Mtqts t3ts = Mtqitotsts (by (8))

Mititots tg = Misty to = Mtstats (by (18))

M tsty te = M tyts tc = Mtgtsts (by (9))

M tyts ts = M tity ts = Mtytats (by (14)) € [1,2,6].
Lemma 5: Mtity = Mitotq

Proof: M tity = M taoty = Mtoty (by (1)).

Lemma 6: Mtity = Mityts

Proof: Mtltg = Mt4t5 = Mt4t5 (by (14)).

Lemma 7: Mttotg = Mtotits

Proof: M tity ts = M taty ts = Mtatits (by (1)).
Lemma 8: Mt totg = Mtstrts

Proof: Mtity te = Mtats te = Mtatsts (by (14))
Mty tste = Mty tots = Mtatsts (by (11))

Migtg ts = Mtsty ts = Mtstrts (by (15)).

Lemma 9: Mtqtotg = Mtgtoty

Proof: Mtity te = Mtats te = Mtatste (by (14))
M tats te = M tsty ts = Mtstats (by (9))

Mts tyte = Mts toty = Mitstets (by (10)

M tste t4 = M tets T4 = Mtgtsty (by (11))
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Migts ty = Mtgts t4 = Mtgtgty (by (16))

M totg tg = M tgtg t4 = Mitgtoty (by (13)).
Lemma 10: Mt tot; € [1,2]

Mt1t2t7 = Mtgtl = Mtgtl (by (17))

M tyty = M titg = Mtyts (by (1)) € [1,2].

7.3 Double Coset Enumeration of G over M and N

MeN = {M?}. Since N is transitive on Q@ = {1,2,...,10} and Nt; € N{;N, 10
ti's extend the coset representative N to the double coset Mt; N = [1].

N > < (2,10)(3,9)(4,8)(5,7),(2,5,4)(3,9,6)(7,10,8) > = Zy:Z.

IN|  _ 60 = 10.

The number of right cosets in [1] is NG = 6

N has orbits {1}, {3,6,9}, and {2,8,5,7,10,4} on Q. We note that Mt,t, €
[*], Mtitg € [1] (Lemma 1), and Mttty € [1,2].

We now consider the double coset [1,2].

NL2) > Ny1.2 >

However, since Mtity = Mtot; (Lemma 5), (1,2)(3,8)(4,5)(7,9) € N2 and
Mttty = Mtyts (Lemma 6), (1,4)(2,5)(3,8)(6,10),(1,2)(3,8)(4,5)(7,9) € N2, Thus,

N2 > < (1,4)(2,5)(3,8)(6,10), (1,2)(3,8)(4,5)(7,9) > = ZyxZs.

|V ] 60 __ 15.

The number of right cosets in [1,2] is NI~ 4 =

The orbits of NU2) on Q are {3,8}, {6,10}, {7,9}, and {1,2,4,5}. We pick
representatives 3, 6, and 7 from the 2-orbits, respectively, and 2 from the 4-orbit and

determine the double cosets to which Ntitots, Ntitotg, Ntitot7 and Ntitots belong.
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Ntjtots € [1,2] (Lemma 2), Ntytotg € [1,2,6], and Ntitot7 € [1,2] (Lemma 10).
It is clear that Ntjtota = Nty € [1].
Now consider the double coset [1,2,6].

We note that N126 = 1.

We have Ntitote = Niatite (Lemma 7), then < (1,2)(3,8)(4,5)(7,9) > €
N2 Nty tyts = Ntgtrts (Lemma 8) so < (1,3)(2,7)(5,6)(8,9) > € N6 and Nt totg
= Ntgtgty (Lemma 9), so (1,8,7)(2,9,3)(4,5,6) € N(:26), Thus

NL26) > < (1,2)(3,8)(4,5)(7,9), (1,8,7)(2,9,3)(4,5,6) >.

The number of right cosets in [1,2,6] is % = % = 10.

N@26) has orbits {10}, {4,5,6}, and {1,2,3,8,7,9} on Q. We pick represen-
tatives 10 from the 1-orbit, 6 from the 3-orbit, and 1 from the 6-orbit. We note that
Ntitotgts € [1,2], Ntqtatstio € [1,2,6] (Lemma 3), Ntjtotsts € [1,2,6] (Lemma 4), the set
of right cosets of G over M is closed under right multiplication by ¢;'s. Therefore we

must have found all of the MwN double cosets of G.

7.4 Proof of Isomorphism of Gy

Our argument shows that |G| > (14+10+15+10) x |N| = 36 x 60 = 2160. Now
we show that |G| < 2160.

Since G acts on the set of 36 cosets {[*],[1],[1,2],[1,2, 6]}, the mapping

f: G — Ssg is a homomorphism. Thus G / kerf = f(G) = Gi = |G|/
|[kerf| = |G1| = 2160 = |G| = 2160 x |kerf| < 2160, since |kerf| > 1.

Now we have |G| > 2160 and |G| < 2160, therefore |G| = 2160, so kerf = 1 and

G = (G71. We see that a composition series for G is

G<84,3) 91 = G=S(43).



Figure 7.1: Cayley Diagram for S(4, 3)
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Chapter 8

Construction of S7 over Ss

Consider N = < zx,yy > =2 S5, where
zx = (3,17,11,7,5)(4,18,12,8,6)(9,14,22,20,15)(10,13,21,19,16) and
yy = (1,3)(2,4)(5,9)(6,10)(7,13)(8,14)(11,19)(12,20)(15,17)(16,18)(21,23)(22,24).
A symmetric presentation for the progenitor 2*?4: N is given by

4

G < z,y,t >:= Group < z,y,t|z°, y%, (x 7 s y)d (zxyxa 2 xy*2)? >

where x ~ zx, y ~ yy, and t ~ t;. We factor this progenitor by the three

2

relations and prove that G < x,y,t >:= Group < z,y,t|z®,v* (7 x y)*, (xxy x 272 %

Y *l‘)z,tQ, (t,z), (y * x2 *t)7, (y * x * t)5, (z *t(y*x))ﬁ >~ G,

In order to do this, we need to perform manual double coset enumeration of G over NNV.

8.1 Relations, Expansions, and Their Conjugation
Our relations are ((y x )2 x tW )2 = ¢ (1)
yralxy sz sy sz« tx t@T) s t0T) st = e (2)

(x7 Ly *tx 1) 1 r®) g gy gt = ¢ (3)



22wy ok kg x 2w tWT) s plyraey=a®) ooy (e®) gy at = e (4)
(t*tY)2 = e (5)
(t % twsasy=a~"5) — ¢ (6)
Additionally,
(x = t(y*x))G =e (7)
(y*xzxt)> =e (8)
(yxz?xt)" = e (9)
are consequences of the additional relations.

((y * 2)2 % tW=))2 = ¢ —

1,5,15,3)(2,6,16,4)(7,10,8,9)(11,21,23,13)(12,22,24,14)(17,20,18,19
((y * )2 s $(15:15.3)( )( ) ) ) ))2 e —

1
(y*z)2*t5)2 =e =
(yxx)?sts* (yxx) sty =e =

(y*xx)?* (y*x)? *tgxty = e =

e xtgxty = e —
t5t6:€(1)

(y*a;_l*y*x*y*x2)*t*t(y*x3)*t(y*’”4)*ty*t:e =

1 (1,7,16,6,19,3)(2,8,15,5,20,4)(9,11,13,17,22,24)(10,12,14,18,21,23)

(yxa tryxzxyxa? sty xt) *

4(1,5,15,3)(2,6,16,4)(7,10,8,9)(11,21,23,13)(12,22,24,14)(17,20,18,19) _
1

tg1,3)(2,4)(5,9)(6,10)(7,13)(8,14)(11,19)(12,20)(15,17)(16,18)(21,23)(22,24) it — e —>

(yz~tyzya® titrtststy = e (2)



xil*y*t*t(y*x)*t(y*x3)*t1’*t:e =

_ 1,17,9,3)(2,18,10,4)(5,14,6,13)(7,21,23,19)(8,22,24,20)(11,16,12,15
x1*y*t1*t§7,,)(77,)(,7,)(,,,)( )( )y
S(1.7.16,6,19,3)(2,8,15,5,20,4)(9,11,13,17,22,24) (10,12,14,18,21,23) _

1

t§1,3)(2,4)(5,9)(6,10)(7,13)(8,14)(11,19)(12,20)(15,17)(16,18)(21,23)(22,24) it — e —>

(x7 )t tirtrtsty = e (3)
2xysar L xysax tsa?) g pluxa®syxa?) o 4 Wa®) yp x5t = ¢ =
2ryxalxyxa?x tgy*xz) * tgy*IQ*me) * tgy*gCQ) xtyxt! xt; = e =
22wy xzlwyxa? x t§1711,10,18,13,3)(2,12,9,17,14,4)(5,22,24,15,7719)(6,21,23,16,8,20)*

£(1,10,13)(2,9,14)(3,11,18)(4,12,17)(5,24,7)(6,23,8)(15,19,22) (16,20, 21)
1

1,11,10,18,13,3)(2,12,9,17,14,4)(5,22,24,15,7,19)(6,21,23,16,8,20) _

tg tl*

tgl,B)(QA)(5,9)(6,10)(7,13)(8,14)(11,19)(12,20)(15,17)(16,18)(21,23)(22,24) it = e —>
(z7lyzyz =)t tiotintitsts = e (4)
(t*xtY)3 = e =
(t1*t!) =e =
(t1 % tgl73)(2,4)(579)(6,10)(7,13)(8714)(11,19)(12,20)(15,17)(16,18)(21723)(22,24))3 e
(t1 *t3)° = e =
titstitstits = e (5)
(t % tlosasysa™ley) — o —

t1t23 =€ (6)

(%t = ¢ —

87



88

1,17,9,3)(2,18,10,4)(5,14,6,13)(7,21,23,19)(8,22,24,20)(11,16,12,15
(x*tgv77)(777)(777)(777)(777)(777))626 s

(xxt17)0 = e =

6 sx° gat jad ja? sz _
x” tyy ty ty tig Uiy tir = e =

(3,7,17,5,11)(4,8,18,6,12)(9,20,14,15,22)(10,19,13,16,21) 4

6 ge_ 4(3,5711,17)(4,6,8,12,18)(9,15,20,22,14)(10,16,19,21,13) 4
17 l17 17

t(3,11,5,17,7)(4,12,6,18,8)(9,22,15,14,20)(10,21,16,13,19) (3,17,11,7,5)(4,18,12,8,6)(9,14,22,20,15)(10,13,21,19,16) tr —
17 17 —

() tir t3 t5 t7 t1y ti7 = e (7)
(yrxx*t)’ =e =
(y * x)5*t§y*x)4*t§y*z)3*tgy*x)Q*tgy*x)*tl e
(y * x)5*t§*tgl,3,9,17)(2,4,10,18)(5,13,6,14)(7,19,23,21)(8,20,24,22)(11,15,12,16)*
tg1,9)(2,10)(3,17)(4,18)(5,6)(7,23)(8,24)(11,12)(13,14)(15,16)(19,21)(20,22)*

1,17,9,3)(2,18,10,4)(5,14,6,13)(7,21,23,19)(8,22,24,20)(11,16,12,15) 5, _
1= =

f
(yx) tatstotirts = e (8)
(yxa?xt) = e =
(y * x2)7*t§y*x2)6*tgy*x2)5*tgy*x2)4*t§y*x2)3*tgy*f)?*tgy*x?)*tl —e —
(% 22) 75 *t§1,3,13,18,10,11)(2,4,14,17,9,12)(5,19,7,15,24,22)(6,20,8,16,23,21)*

#(1,13,10)(2,14,9)(3,18,11)(4,17,12)(5,7,24) (6,8,23)(15,22,19) (16,21,20)
1
(1,18)(2,17)(3,10)(4,9)(5,15)(6,16)(7,22) (8,21)(11,13)(12,14)(19,24)(20,23) 4

ty

£(1,10,13)(2,9,14)(3,11,18)(4,12,17)(5,24,7)(6,23,8) (15,19,22)(16,20,21)
1

1,11,10,18,13,3)(2,12,9,17,14,4)(5,22,24,15,7,19)(6,21,23,16,8,20
tg ) ’ ’ ’ )( )( )( )*tl = e :>

(yz?) titstististiotiits = e (9)
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Conjugating (1) by N gives us the following relations:

tita = e (11)
tsty = e (12)
t7tg = e (13)
trtg = e (14)

tot1o = e (15)

tortes = e (16)
Conjugating (6) by N gives us the following relations:

tsta; = e (17)

t23t24 =€ (18)

8.2 Lemmas
Useful Lemmas: Based on the above relations, we prove the following lemmas:
Lemma 1: Nt; = Nty
Proof: N t; = N ty = Nty = Nty (by (11)).
Lemma 2: Nt; = Ntog
Proof: N t; = N ta3 = Ntas (by (6)).
Lemma 3: Nt; = Nitoy
Proof: N t; = N ta3 = Nto3 (by Lemma 2)
and N to3 = N tog = Ntoa (by (18)).

Lemma 4: Nt t3 € [1,3]
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Proof: e e N =

(Ntit3)¢ = Ntytz € [1,3].

Lemma 5: Ntjty € [1,3]

Proof: Nt; t4 = Nty t3 (by (12)) = Ntits € [1,3] (by Lemma 4).
Lemma 6: Ntitg € [1,3]

Proof: Nt; tg = Nty t7 = Ntity (by (14))

and Nt t7 € [1,3] since

(Nt1t7)B 110171 (4,12,6,18,8)(9,22,15,14,20)(1021,16,13,19) — N'p 45
where (3,11,5,17,7)(4,12,6,18,8)(9,22,15,14,20)(10,21,16,13,19) € N.
Lemma 7: Ntyty € [1,3]

Nty tip = Nty tg = Ntitg (by (15)) € [1,3] (by Lemma 6).
Lemma 8: Nt tg = Ntogtoo

Nty t3 = N to3 t3 = Ntagts (by (6))

Ntog t3 = Nta3 ta1 = Ntogtar (by (17))

Ntog ty) = Ntyg tyy = Ntastas (by (16)).

Lemma 9: Ntjtst; € [1,3,1]

Proof: (Ntytst1)® = Ntytst; € [1,3,1] since e € N.

Lemma 10: Ntytsts € [1]

9

Proof: Since our “t’s” are of order two, t3t3 = e.

Therefore Nt tst3 = Nt; e = Nty € [1].
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Lemma 11: Ntytsts € [1,3]

Proof: N titsts = N (ymflyny:Q)tlw = Ntity (by (2))

(Nt1t7)B1LO1TT)(A,12,6,18,8)(9,22,15,14,20)(1021,16,13.19) — Nt 45 € [1,3]
since (3,11,5,17,7)(4,12,6,18,8)(9,22,15,14,20)(10,21,16,13,19) € N.
Lemma 12: Nt;tsts € [1,3]

Proof: Ntits tg = Ntits t5 = Ntitsts (by (1))

Ntitsts € [1,3] (by Lemma 11).

Lemma 13: Ntytst; € [1,3]

Proof: N titst; = N (x7Yy)t1t17 = Ntit7 (by (3))
(Nt1t17)@5TILIT(A,6,8,12,18)(9,15,20,22,14)(10,16,19.2113) — N1 14 € [1,3]
since (3,5,7,11,17)(4,6,8,12,18)(9,15,20,22,14)(10,16,19,21,13) € N.
Lemma 14: Ntytsts € [1,3]

Proof: Ntits tg = Ntit3 tr = Ntitsty (by (13))

Ntitstze€ [1,3] (by Lemma 13).

Lemma 15: Nt tst1 = Nistqts

Proof: N titst; = N tstits = Ntstits (by (5)).

Lemma 16: Ntltgtl = Ntutl()tn

Proof: N t1t3t1 =N (1‘2y$71y$2)t11t10t11 = Ntntlotu (by (4))

Lemma 17: Ntitst1t € [1,3]

”

Proof: Since our “t’s” are of order two, t1t1 = e.

Therefore Ntit3 t1t1 = Ntits e = Ntits € [1,3].



8.3 Double Coset Enumeration of GG over N

NeN = {N}. Since N is transitive on Q = {1,2,...,24} and Nt; € Nt;N, 24

ti's extend the coset representative N to the double coset Nt N = [1].
N > < (3,5,7,11,17)(4,6,8,12,18)(9, 15, 20, 22, 14)(10, 16,19, 21, 13) > = Z;
Since Nt; = Nty (Lemma 1),
N > < (3,5,7,11,17)(4,6,8,12,18)(9, 15, 20, 22, 14)(10, 16, 19, 21, 13),
(1,2)(3,8)(4,7)(5,6)(9,21)(10,22)(11,18)(12,17)(13,14)(15,19)(16,20)(23,24) >

The number of right cosets in [1] is IJLTJ??)I = % = 6.

N has orbits {1,2}, {23,24}, {3,17,12,18,8,4,6,11,5,7}, and

{9,14,13,10, 21,16, 19,22, 15,20} on Q.

We note that Nt1t1 € [*] and Ntites € [*¥] (Lemma 2), so four elements return

to [*]. Ntits € [1,3] (Lemma 4) and Nttg € [1,3] (Lemma 6) so twenty elements go to

[1,3].
Next, we consider the double coset [1,3].
Note N13 = 1.

Now Ntltg = Nt23t22 (Lemma 8).

So (1,23,2,24)(3,22,4,21)(5,15,18,10)(6,16,17,9)(7,14,12,13,11,20) € N1:3) and

(1,2)(3,4)(5,18)(6,17)(7,12)(8,11)(9,16)(10,15)(13,20)(14,19)(21,22)(23,24) € N(13),

Thus, N(13) >



< (1,23,2,24)(3,22,4,21)(5,15,18,10)(6, 16, 17,9)(7,14,12,13, 11, 20),
(1,2)(3,4)(5,18)(6,17)(7,12)(8,11)(9,16)(10,15)(13,20)(14,19)(21,22)(23,24) >

The number of right cosets in [1,3] is % = % = 30.
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The orbits of N(1:3) on Q are {1,23,2,24}, {3,22,4, 21}, {5,15,18,10}, {6,16,17,9},

{7,14,12,19}, and {8,13,11,20}.

Ntitsty € [1,3,1] (Lemma 9), Ntitsts € [1] (Lemma 10), Ntitsts € [1,3] (Lemma
11), Ntytste € [1,3] (Lemma 12), Nt1t3t7 € [1,3] (Lemma 13), and Nt tsts € [1,3] (Lemma

14).
We look at the double coset [1,3,1].
Note N13:1 =1,

Now Ntitst; = Ntstits (Lemma 15) so

(1,3)(2,4)(5,9)(6,10)(7,13)(8,14)(11,19)(12,20)(15,17)(16,18)(21,23)(22,24) € N(L3:1)
and Ntitsty = Ntjitiot1; (Lemma 16) —
(1,11,22,7)(2,12,21,8)(3,10,23,16)(4,9,24,15)(5,14,6,13)(17,19,18,20) € NL3:1),

Thus N3 >

< (1,3)(2,4)(5,9)(6,10)(7, 13)(8, 14)(11, 19)(12, 20)(15, 17)(16, 18)(21, 23)(22, 24),
(1,11,22,7)(2,12,21,8)(3,10,23,16)(4, 9, 24, 15)(5, 14,6, 13)(17, 19, 18, 20) > .
|V] 120 _

The number of right cosets in [1,3,1] is W] = 54 =

N3 on O has a single orbit

{1,3,19,6,11,16,10,7,24,18,21,13,22,17,12,23,14,9,15,20,8,5,2,4}.

We have Nttstit; € [1,3] (Lemma 17), so twenty four elements return to [1,3],

the set of right cosets of G over N is closed under right multiplication by ¢;'s. Therefore

we must have found all of the NwN double cosets of G.



94

8.4 Proof of Isomorphism of GGy

Our argument shows that |G| > (14+6+30+5) x |[N| = 42 x 120 = 5040. Now
we show that |G| < 5040.

Since G acts on the set of 42 cosets {[*], [1],[1, 3], [1,3, 1]}, the mapping

f: G — Sy2 is a homomorphism. Thus G / kerf = f(G) = Gi = |G|/
|kerf| = |G1| = 5040 = |G| = 5040 x |kerf| < 5040, since |kerf| > 1.

Now we have |G| > 5040 and |G| < 5040, therefore |G| = 5040, so kerf = 1 and

G = (G1. We see that a composition series for G is

G541 = G=657.



Figure 8.1: Cayley Diagram for S; over Sj
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Chapter 9

Isomorphism Tables

9.1 Transitive Groups (10,3) = Doy
G < z,y,t >:= Group < x,y,t|z?, (y~ 1+ 2)%, y10 42, (t,z x y3),
(£, @), (£, 19), (£, t@D), (£, 1), (¢, 6@, (2 %y = t@))a,
(Y2 + t9)", (v 4 1), (y 2+ 1), (y = 89)°, (y° * t9)) >,

where z ~ zz = (1,8)(2,7)(3,6)(4,5)(9,10) and
y ~yy = (1,2,3,4,5,6,7,8,9,10).

Table 9.1: Some Finite Images of 210 : Dyq

#G a| b |c| d|e]| f | Isomorphism Type
5120 |0 O |O| 5|0 O Dy

10,240 |[O| O |O| O | O] 10 Dy

20,480 (8 |10 |0 |10|0| O Dy




9.2 Transitive Groups (10,7) = A;

G < z,y,t >:= Group < z,y,t|z%, %, (x xy~1)3, 2,

(t,:UQ*y*x2*y*x_l),(t,x*y*x_2*y*xQ*y),

(yxaxxt") (yxxxy L xt) (yraxxy L tW))e,
(y * % y_l * t(y*”’*y))d, (y * x y—l * t(yg))e >:

where x ~ zz = (1,3,5,7,9)(2,4,6,8,10) and

Yy~yy = (179)(374)(5710)(677)'

Table 9.2: Some Finite Images of 2*10 : Aj

660 5/0[0[0]5 PSLy(11)

960 3lolofolo Z3: As

6840 ojojo]o]4 PGL5(19)

7680 4/0l0]0]6 Z§ : S5
1,267,200 [0 [0 | 0| 0[5 | (Z4:7Z3): (A5 x La(11))




9.3 Transitive Groups (10,26) = Ag
G < x,y, 2t >= Group < z,y, 2, t||x3, y*, 22, (y~! x 2)?,
(y2xz ey xa ), (zxa )3, (z7xy™!
1

* T 2)3,

1

(e sy trxatxy Lo txyxaxy), 2, (txxy?),

1

(tysax txzxaxy),(t,zxrxyxatx2), (tvy%), (2 * t(y*z))a’

(zxaxyx i), (zx 2% 7)°, (2 x 1), (2 ¥ )°, (z 2 2 ) >,

where x ~ zz = (1,2,10)(3,4,5)(6,7,8),
y ~yy = (1,3,2,6)(4,5,8,7), and
z ~ zz = (1,2)(4,7)(5,8)(9,10).

Table 9.3: Some Finite Images of 2*10 : A4

#G al| b |c|d]|el f|Isomorphism Type
368, 640 olofol4]0]0 Zo : Ag
14,171,760 [0 0 (0|6 |2 |6 73 (Za x Ag)
188,743,680 [ 8 [10 |0 |0 0] 6| Z¥:PGL(209)
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9.4 Transitive Groups (10,30) = Ag

G < J:, y7 Z7t >i= GTOUp < x’/y’z7t x37y8722, —1 %z 27 . [L‘_l 37
Yy

1 2

*x_l*y2*x),(1:*y_ *x_l*y*x_l*y),tz,

2

(ylxalxy™
(ty txaxzxy?), Ly 2roxy L), (xsxzxa*xy*x*2zxt)?

(25 t@N (zxaxyxt)e, (zxz*xtD) (zxzxt)e, (25 t) >,

where x ~ zz = (1,2,10)(3,4,5)(6,7,8),
y~yy=(1,7342568), and
z ~ zz = (1,2)(4,7)(5,8)(9,10).

Table 9.4: Some Finite Images of 2*10 : A4

#G alb| c|d]|el| f|Isomorphism Type
80, 640 0j]0| 6 0|00 L3(4): Z%
368,640 0j]0l10]01]0| 4 Zg : PGL(2,9)
737,280 0j]0| 0 ]0]0|4 Z%O : PGL(2,9)
28,343,520 |0 | 2| 0 |0O|6]|6 PSL(3,4)
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9.5 Transitive Groups (10,35) = Aut(Ag)

G <x,y,z,w,t >= Group < x,y,z,w,t|x3,y8,22,w2,

(7 22 @ wwr o w), (wry? xwsy L),

-1 1

s lxy bxa syt xn) 12,

2
e txy lxa), (Ly*xzxwxy ), (2 xw)?,

(yxwxt)?, (zxxx )], (2 xtWD)e (2% )0 >;

where x ~ zz = (1,2,10)(3,4,5)(6,7,8),
y ~yy = (1,7,3,4,2,5,6,8),
z ~ zz = (1,2)(4,7)(5,8)(9,10), and
w ~ ww = (3,6)(4,7)(5,8).

Table 9.5: Some Finite Images of 219 : Aut(Ag)

#G al|b|lc|d| Isomorphism Type
80, 640 7101010 L3(4) : 75
1,474,560 | 0 [ 0 | 0 | 4 | 23+ (PGL(2,9) : Zs)
2,949,120 [ 8 [0 [0 | 0| Z4: (Z3 : Aut(Ap))




9.6 Transitive Groups (15,5) = Aj

G < z,y,t >= Group < z,y,t|x°, 3, (x x y * 1),
2 (trxy b b xyxa), (K22 *y),

(1‘71 ” t(y*x*yQ))a’ ({L‘*l " ty)b >,

where z ~ 2z = (1,9,10,3,14)(2,15,7,12,6)(4,5,11,13,8) and
y ~ yy = (1,4,10)(2,5,8)(3,7,11)(6,9,15)(12,14,13).

Table 9.6: Some Finite Images of 2*15 : Aj

#G a | b | Isomorphism Type

1920 315 73 : As

3840 |4 |3 78 : As
245,760 | 8 | 3 75 . As
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9.7 Transitive Groups (20,15) = A;
G < x,y,t >:= Group < z,y,t|z5 y2, (y x 271)3
t27 (tv Y * CL'), (y * t(xz*y))a’ (y * tx)b,
(y ” t(;ﬁ*y))c, (y ” t(z*y*ﬁ))d, (y * t)e >,

Y

where © ~ zx =

(1,6,10,13,17)(2,5,9,14,18)(3,8,12,15,20)(4,7,11,16,19) and

y ~yy = (1,17)(2,18)(3,4)(5,7)(6,8)(9,20)(10,19)(11,14)(12,13)(15,16).

Table 9.7: Some Finite Images of 2*20 : Aj

#G al|b|lc|d|el| Isomorphism Type
1920 0(0]2]4]0 73 : As
7560 3/0[{0|0]3 Zg x Az
61,440 0|0 |4]2]4 73 : Ss
95,040 010[5]2]4 Mo
160,380 |0 [0 |5|10]3 Zg ' Lo(11)
3,870,720 |0 | 0| 6| 0| 3| (Z5 x Z3) + (Z3 : As)
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9.8 Transitive Groups (24,202) = S;

G < z,y,t >:= Group < z,y,t|z%, 3%, (z7! x y)4,

(xxyxx2xyxx)2 12, (t,2), (y* 22 % 1)%,
(y %z x )b, (@ + t2)ye >
where x ~ zx =
(3,17,11,7,5)(4,18,12,8,6)(9,14,22,20,15)(10,13,21,19,16) and
Yy~yy =
(1,3)(2,4)(5,9)(6,10)(7,13)(8,14)(11,19)
(12,20)(15,17)(16,18)(21,23)(22,24).

Table 9.8: Some Finite Images of 2*24 : Sy

#G a | b | c| Isomorphism Type
5040 715|6 S7
30,000 61410 73 : (S5 X Zs)
31,200 41610 PGL(2,25) X Zs
62,400 [4]0]4] PGL(2,25) x Z3
46,800,000 | O | 5| 4 | Zs x (S(4,5):Z3)
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Appendix A

MAGMA Code for Mo

S:=Sym(20) ;
xx:=8!(1,6,10,13,17)(2,5,9,14,18) (3,8,12,15,20) (4,7,11,16,19) ;

yy:=8!(1,17)(2,18)(3,4)(5,7)(6,8) (9,20) (10,19) (11,14) (12,13) (15,16) ;
N:=sub<S|xx,yy>;

#N;

G<x,y,t>:=Group<x,y,t|x"5,y"2, (y*x"-1)"3,t"2, (t,y*x),

(y*t) "4,

(x*y*x " —1FEHX T2 LK y*X - 1h L7 2 ykE*t ™ (X*y) ¥t "x*
t“(x*y*x“—l*y*x*y*x*y)*t‘y*t’(X*y*x’—l)*t),

(FHRATHRKYHRERX 2K YR TR " 2% E*X " —-2%1 7 (X72) ¥t 7 (xxy*x) *
t7(x72xy) *t 7 (x*y*x T 1) k¥t 7 (x*y*x " -1ky*x*y) ¥t ),

(X7 -1kE*X T2k Lxy*kR ™ - 2% bk y*X - Lk LARy*E T (XK y*X -1k y*xKy*KX"2) *
7 (XFy*RxT-1ky*xT2) kE 7 (X72) k7 (¥ y*x T - Lkykxoky) ¥t 7 (XkykxT-1) *t) ,

(L*X7=2% L y*xX " -2k bhy*kx - Lxtkx - Lxykxxt ™ (ky*x"-1ky*x) *t 7 (xxy*x"-1) *
t“(x*y*x“Q*y)*t”(x*y*x”—l*y*x*y*x)*t”(x*y*x“—i*y*x*y)*t),

(THRIATHRKYHRTRRHERXKTHFYHTRR T -2k L L™ (Xxy*x"—1) %t~ (Xky*x "= Lkyxx*y) *
7 (x*ky*x"2) *t 7 (x*y*x"-1) %t 7 (X72%y) #t 7 (x*y*x"-1%y*x) ),
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(y*X™-2% L X "2k LRk YRR - LR RR -2 LARX T -2k L kLT (kYRR T-1) *
t7 (x*y*x T -Lky*kxky) ¥t Ty*t T (x72xy) ¥t 7 (x73))

(TRRKYRK 2R ERXAYHERRK YRR ™ - LRtk yHRERt ™ (xxy*x™—1) %t~ (Xky*kx"-1xy*x"2) *
t“(x*y*x”—l*y*x*y*x*y)*t”(x*y*x”—l*y*x)*t”(x*y*x”—l*y*x*y*x)),

(y*t~ (xxy*x~2)) "2,

(y*t~ (x"3%y)) "5>;
NN<a,b>:=Group<a,bla~5,b"2, (b*a~-1) "3>;

#NN;

Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);
ArrayP:=[Id(N): i in [1..#N]];

for i in [2..#N] do

P:=[Id(N): 1 in [1..#Sch[illl;

for j in [1..#Sch[i]] do

if Eltseq(Sch[i]) [j] eq 1 then P[j]:=xx; end if;
if Eltseq(Sch[i]l) [j] eq 2 then P[j]:=yy; end if;
if Eltseq(Sch[i]l) [j] eq -1 then P[j]:=xx"-1; end if;
end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PP*P[k]; end for;

ArrayP[i] :=PP;

end for;

N1:=Stabiliser(N,1);
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N1 eq sub<N|yy*xx>;

f,G1,k:=CosetAction(G,sub<Glx,y,

XT2 %t kx xy kTt okxT2xy kt ok x"2 % t,
XYk T -1k ERx T2k bRk yRX T - Lk ERx T2k y*E,
VRXKREARORYRERX T2k yRTRX T 2K E XX -2,

X7 1RERX T -2k bky Rk T -2k LRy T - LkLkxKY,

tRx T2k Lk ykx T 2% bk ykx T -1kt T -1y,
troktrokyrtkoktkoktkyrtxx"-2,

YRXT -2k ERX T2k Rk YRR T - IR ERX T -2kt kT2,
THRKYHX T 2R TR XK YR TRXFYHX T —1kTRy>) ;

Index(G,sub<Glx,y>);
IN:=sub<G1l|f (x),f(y)>;

M:=sub<G|lx,y,(Xx"2 * t * x * y * t * X"2 * y * t * x"2 % t),
(X*y*x " —1#E*X "2k Lk y*X "= 1k L*x"2xy*t) |
(FHx*LHRKyHRERR™22K YR LR 2% E*KX"-2) ,

(X7 =1Hb*X =2k bxy*x " - 2% Lk y*x " - LkExx*y) |
(L*X™-2%t*ykx -2k Lry*x -1k t*kx " -1ky*x) ,
(THxHTHRKYHRTRRKTRIKTFYHERXT-2) |
(y*xX™-2%L*x "2k LxXK YRR -1k RKXT-2KL*x"-2)

(THx*y*X "2 LR RKYHRTRXFYRX "= 1kE*xy) >;

IM:=sub<G1l|f(x),f(y),f(X"2 * t * X * y * t * X"2 * y * t * x"2 * t),
£ (xxy*x -1k tkX " 2xLkX*ky*X - 1HL*x " 2%y*t) ,

f (yhxrt*xxy*rtrx "2k yxt*x"2%t*x"-2) ,

T (X7 -1kt*x "2k b*y*kx " —2%ky*x " -1kt *x*Y) ,
f(E*x™-2%tky*xx " -2k t*y*kx - 1Htkx"-1%y*x) ,

T (E*rxrtrxry* trxrtrxktRy*t*x"-2),

£ (y*x™-2%t*x "2k LRk YRR - 1kERKXT-2KL*X"-2)

T (L*xry*x ™ 2¥LAXAPREFRKY*X "= 1kE*y) >;

#IM;

CompositionFactors(IM);

#DoubleCosets(G,sub<G|x,y,x"2 * t * X * y * t * X"2 * y *x t *x"2 * t>,
sub<G|lx,y>);

DoubleCosets(G,sub<Glx,y,x"2 * t * x * y * t * Xx"2 *x y * t * x"2 % t>,
Sub<Glx,y>);



A:=[Id(G1): i in [1..11]1];
Al1] :=f(t);
A[2] :=f (t*x*t);

A[3]:=f(t * x~2

*

t);

Af4]:=f(t * x * £t * x * t);

A[B]:=f(t * x"2 * t * x *x t);

A[B]:=f(t * x * t x y *x x"-1 % t);

A[7]:=f(t * x *x y * t *x x"-1 * t);

A[8]:=f(t * x * t * x *x y * t * x"-1 * t);
A[9]:=f(t * x * t * y * x™-1 x t *x x"-1 * t);
AT10]:=f(t * X2 *x y * t * x”-1 * t * x"-1 % t);
prodim:=function(pt, Q, I)

v := pt;

for i in I do

v = v (Q[iD);

end for;

return v;

end function;

17 (xx*yy*xx "~ 3*yy*xx~3) ;

17 (xx*yy*xx~-1) ;

17 (xx"2*%yy*xx) ;

17 (xX*yy*xxX ™ - 1*yy*xX*yy) ;
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17 (xx);

17 (RX*AYY*XX - 1*yy*xX) ;

17 (xx*yy) ;

17 (RXHAYYHXX "~ LY Y*XXKYYHXX) ;
17 (xx"2);

17 (xx*yy*xx " -1*yy*xx~2) ;

17 (xx*yy*xx) ;

17 (xx"3);

17 (RXKYY*XX "Ly Y*XXKYY*KX " 2) 5
17 (xx*yy*xx~2) ;

17 (XX*yy*xx " 2%yy) ;

17 (yy);

17 (XX*yy*xX " 3*yy*xx"2) ;

17 (xx"2%yy) ;

17 (XX*YY*FXX "= LRy Y*XXKYY*XX*YY) ;
ts := [Id(G1): i in [1 .. 20] 1;
ts[1]:=£f(t);

ts[2] :=f (£~ (xky*x"3*y*x"3)) ;
ts[3] :=f (£t~ (xxy*x~-1));

ts[4] :=f (£~ (x"2*y*x)) ;

ts [6] :=f (£~ (x*y*x~—1xy*x*y) ) ;

ts[6] :=f(t"x);
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ts[7] :=f (£~ (xky*x"-1*y*x)) ;
ts[8] :=f (t~ (x*y)) ;

ts[9] :=f (£~ (xky*x"—1*y*x*y*x) ) ;
ts[10] :=f (£~ (x72));

ts[11] :=f (£~ (x*ky*x"-1*xy*x"2)) ;
ts[12] :=f (£~ (xxy*x) ) ;
ts[13]:=f (£~ (x"3));

ts[14] :=f (£~ (xky*x"-1ky*x*y*x"2) ) ;
ts[15] :=f (£~ (x*y*x~2)) ;

ts[16] :=f (™ (xxy*x"2%y)) ;

ts[17] :=£(t"y);

ts[18] :=f (£~ (x*y*x"3*y*x"2)) ;
ts[19] :=f (£~ (x"2%y));

ts[20] :=f (£~ (xxy*x "= 1ky*rx*y*x*y)) ;
cst := [null : i in [1 .. 144]] where null is [Integers() | 1;
for i := 1 to 20 do

cst[prodim(1, ts, [i])] := [i];
end for;

m:=0;

for i in [1..144] do if cst[i] ne [] then m:=m+1; end if; end for; m;
N1:=Stabiliser (N,1);

#N;
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Sss:={[11};

SSS:=SSS”N;

SSS;

Seqq:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do for n in IM do
if ts[1] eq n*ts[Rep(Seqql[il) [1]]
then print Rep(Seqqlil);

end if;

end for;

end for;

Ni1s:=N1;

for n in N do if 1"°n eq 2 then Nils:=sub<N|Nils,n>;
end if; end for;

Orbits(Nis);

T1:=Transversal (N,Nis);

T1;

for i in [1..#T1] do

ss:=[1]"T1[i];

cst[prodim(1, ts, ss)] := ss;end for;
m:=0; for i in [1..144] do if cst[i] ne []

then m:=m+1; end if; end for; m;
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CompositionFactors(Gl) ;
Orbits(Nis);
#k;

#G;

/* Break */

N13:=Stabiliser (N1,3);

88s:={[1,3]}; S5SS:=SSS"N;

#(SSS) ;

Seqq:=Setseq(SSS) ;

Seqq;

for i in [1..#SSS] do

for n in IM do

if ts[1]1*ts[3] eq

nxts[Rep(Seqqlil) [1]11*ts[Rep(Seqqlil) [2]]

then print Rep(Seqqlil);

end if; end for; end for;
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N13s:=N13;

N13; #N13;

for g in N do if [1,3]1°g eq [7,9] then N13s:=sub<N|N13s,g>;

end if; end for;

T13:=Transversal(N,N13s);

#N13s;

for i in [1..#T13] do ss:=[1,3]1"T13[i];

cstprodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..144] do if cst[i] ne [] then m:=m+1; end if;

end for; m;

Orbits(N13s);

#T13;

N15:=Stabiliser(N1,5);

S8s:={[1,5]}; SSS:=SSS°N;
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#(SSS);

Seqq:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IM do

if ts[1]*ts[5] eq

n*ts[Rep(Seqq[i]) [1]]1*ts[Rep(Seqqlil) [2]]

then print Rep(Seqqlil);

end if; end for; end for;

N15s:=N15;

N15; #N15;

for g in N do if [1,5]"g eq [6,2] then N15s:=sub<N|N15s,g>;

end if; end for;

for g in N do if [1,5]"g eq [5,1] then N15s:=sub<N|N15s,g>;

end if; end for;
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for g in N do if [1,5]°g eq [2,6] then N15s:=sub<N|N15s,g>;

end if; end for;

#N15s;

T15:=Transversal (N,N15s);

for i in [1..#T15] do ss:=[1,5]"T15[il;

cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..144] do if cst[i] ne [] then m:=m+1; end if;

end for; m;

Orbits(N15s);

#T15;

N135:=Stabiliser(N13,5);

Sss:={[1,3,5]}; SSS:=SSS"N;

#(SSS);

Seqq:=Setseq(SSS);
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Seqq;

for i in [1..#SSS] do

for n in IM do

if ts[1]*ts[3]*ts[5] eq

n*ts [Rep(Seqq[il) [1]1*ts[Rep(Seqqlil) [2]]*ts[Rep(Seqqlil) [31]

then print Rep(Seqqlil);

end if; end for; end for;

N135s:=N135;

N135; #N135;

for g in N do if [1,3,5]"g eq [14,11,10] then N135s:=
Sub<N|N135s,g>;

end if; end for;

T135:=Transversal (N,N135s);

#N135s;

for i in [1..#T135] do ss:=[1,3,5] T135[i];

cstprodim(l,ts,ss)] :=ss;
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end for;

m:=0; for i in [1..144] do if cst[i] ne [] then m:=m+1; end if;

end for; m;

Orbits(N135s);

#T135;

N1311:=Stabiliser(N13,11);

SsS:={[1,3,11]1}; SSS:=SSS°N;

#(SSS);

Seqq:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IM do

if ts[1]*ts[3]*ts[11] eq

n*xts[Rep(Seqq[il) [1]1]1*ts[Rep(Seqqlil) [2]]*ts[Rep(Seqql[i]l) [3]]
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then print Rep(Seqqlil);

end if; end for; end for;

N1311s:=N1311;

N1311; #N1311;

for g in N do if [1,3,11]1"°g eq [9,7,20] then N131ls:=
sub<N|N1311s,g>;

end if; end for;

T1311:=Transversal (N,N1311s);

#N1311s;

for i in [1..#T1311] do ss:=[1,3,11]1°T1311[i];
cstlprodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..144] do if cst[i] ne [] then m:=m+1; end if;
end for; m;

Orbits(N1311s);

#T1311;

N1313:=Stabiliser(N13,13);

SsS:={[1,3,13]}; SSS:=SSS°N;

#(SSS);

Seqq:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do
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for n in IM do

if ts[1]1*ts[3]1*ts[13] eq

nxts[Rep(Seqqlil) [1]11*ts[Rep(Seqqlil) [2]1]*ts[Rep(Seqqlil) [3]1]
then print Rep(Seqqlil);

end if; end for; end for;

N1313s:=N1313;

N1313; #N1313;

/* Break */

for g in N do if [1,3,13]"°g eq [12,10,6] then N1313s:
sub<N|N1313s,g>;
end if; end for;

for g in N do if [1,3,13]1"°g eq [17,5,16] then N1313s:
Sub<N|N1313s,g>;
end if; end for;

for g in N do if [1,3,13]1"°g eq [8,14,9] then N1313s:=
Sub<N|N1313s,g>;
end if; end for;

for g in N do if [1,3,13]"°g eq [19,15,4] then N1313s:
Sub<N|N1313s,g>;
end if; end for;

for g in N do if [1,3,13]"g eq [20,4,15] then N1313s:
Sub<N|N1313s,g>;
end if; end for;

for g in N do if [1,3,13]"°g eq [11,6,10] then N1313s:
sub<N|N1313s,g>;
end if; end for;

for g in N do if [1,3,13]1"°g eq [7,9,14] then N1313s:=
Sub<N|N1313s,g>;
end if; end for;
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for g in N do if [1,3,13]1"°g eq [2,13,3] then N1313s:=
Sub<N|N1313s,g>;

end if; end for;

for g in N do if [1,3,13]"°g eq [18,16,5] then N1313s:=
Sub<N|N1313s,g>;

end if; end for;

T1313:=Transversal (N,N1313s);

#N1313s;

for i in [1..#T1313] do ss:=[1,3,13]"T1313[il;
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..144] do if cst[i] ne [] then m:=m+1; end if;
end for; m;

Orbits(N1313s);

#T1313;

N157:=Stabiliser (N15,7);

8sS:={[1,5,7]1}; SSS:=SSS"N;

#(SSS);

Seqq:=Setseq(SSS) ;

Seqq;

for i in [1..#SSS] do

for n in IM do

if ts[1]*ts[5]*ts[7] eq

n*xts[Rep(Seqq[il) [1]1]1*ts[Rep(Seqqlil) [2]]*ts[Rep(Seqql[i]l) [3]]

then print Rep(Seqqlil);



end if; end for; end for;

N157s:=N157;
N157; #N157;

for g in N do if
Sub<N|N157s,g>;
end if; end for;

for g in N do if
Sub<N|N157s,g>;
end if; end for;

for g in N do if
Sub<N|N157s,g>;
end if; end for;

for g in N do if
Sub<N|N157s,g>;
end if; end for;

for g in N do if
Sub<N|N157s,g>;
end if; end for;

[1,5,7]1°g eq [3,15,9] then N157s:=

[1,56,71°g eq [6,2,8] then N157s:=

[1,5,7]1°g eq [14,17,11] then N157s:=

[1,5,7]"°g eq [16,4,10] then N157s:=

[1,5,7]"°g eq [18,13,12] then N157s:=

T157 :=Transversal (N,N157s) ;

#N157s;

for i in [1..#T157] do ss:=[1,5,7]"T157[i];

cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..144] do if cst[i] ne [] then m:=m+1; end if;

end for; m;
Orbits(N157s);

#T157;
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/* Break */
N1357:=Stabiliser(N135,7);
Sss:={[1,3,5,7]}; SSS:=SSS"N;
#(SSS);

Seqq:=Setseq(8SS) ;

Seqq;

for i in [1..#SSS] do

for n in IM do

if ts[1]*ts[3]*ts[5]*ts[7] eq

n*xts[Rep(Seqq[il) [1]1]1*ts[Rep(Seqqlil) [2]]*ts[Rep(Seqql[i]l) [3]]
*ts [Rep(Seqq[il) [4]1]

then print Rep(Seqqlil);
end if; end for; end for;
N1357s:=N1357;
N1357; #N1357;

for g in N do if [1,3,5,7]°g eq [17,4,7,5] then N1357s:=
Sub<N|N1357s,g>;
end if; end for;

for g in N do if [1,3,5,7]1°g eq [4,17,16,20] then N1357s:=
Sub<N|N1357s,g>;
end if; end for;

for g in N do if [1,3,5,7]1°g eq [3,1,15,9] then N1357s:=
Sub<N|N1357s,g>;
end if; end for;

for g in N do if [1,3,5,7]1°g eq [12,18,20,16] then N1357s:=
Sub<N|N1357s,g>;



end if; end for;

for g in N do if
Sub<N|N1357s,g>;
end if; end for;

for g in N do if
Sub<N|N1357s,g>;
end if; end for;

for g in N do if
Sub<N|N1357s,g>;
end if; end for;

for g in N do if
Sub<N|N1357s,g>;
end if; end for;

for g in N do if
Sub<N|N1357s,g>;
end if; end for;

T1357:=Transversal (N,N1357s) ;

#N1357s;

[1,3,5,7]"¢g

[1,3,5,7]1"g

[1,3’5’7] Ag

[1,3,5,7] g

[1,3,5,7]1 g

eq

eq

eq

eq

[13,2,9,15] then N1357s:=

[18,12,8,10] then N1357s:

[2,13,6,19] then N1357s:=

[14,11,10,8] then N1357s:

[11,14,19,6] then N1357s:

for i in [1..#T1357] do ss:=[1,3,5,7]"T1357[1i];

cst[prodim(1l,ts,ss)]:=ss;end for;

m:=0; for i in [1..144] do if cst[i] ne [] then m:=m+1; end if;

end for; m;
Orbits(N1357s);

#T1357;

N13115:=Stabiliser (N1311,5);

Sss:={[1,3,11,5]}; SSS:=SSS"N;

#(SSS);
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Seqq:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IM do

if ts[1]*ts[3]*ts[11]1*ts[5] eq

nxts[Rep(Seqql[i]) [1]1]*ts[Rep(Seqql[il) [2]1*ts[Rep(Seqqlil) [3]]
*ts[Rep(Seqqlil) [4]]

then print Rep(Seqqlil);
end if; end for; end for;
N13115s:=N13115;
N13115; #N13115;

for g in N do if [1,3,11,5]°g eq [1,7,18,11] then N13115s:
=sub<N|N13115s,g>;
end if; end for;

for g in N do if [1,3,11,5]°g eq [1,9,5,18] then N13115s:
=sub<N|N13115s,g>;
end if; end for;

for g in N do if [1,3,11,5]"g eq [7,1,17,19] then N13115s:
=sub<N|N13115s,g>;
end if; end for;

for g in N do if [1,3,11,5]1°g eq [3,1,12,15] then N13115s:=
Sub<N|N13115s,g>;
end if; end for;

for g in N do if [1,3,11,5]°g eq [9,1,6,13] then N13115s:=
Sub<N|N13115s,g>;
end if; end for;

for g in N do if [1,3,11,5]"g eq [3,7,15,14] then N13115s:=
Sub<N|N13115s,g>;
end if; end for;
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for g in N do if [1,3,11,5]"g eq [9,3,13,20] then N13115s:
Sub<N|N13115s,g>;
end if; end for;

for g in N do if [1,3,11,5]"g eq [7,3,16,17] then N13115s:
Sub<N|N13115s,g>;
end if; end for;

for g in N do if [1,3,11,5]"g eq [3,9,14,12] then N13115s:
Sub<N|N13115s,g>;

end if; end for;

for g in N do if [1,3,11,5]"g eq [9,7,20,6] then N13115s:=
Sub<N|N13115s,g>;

end if; end for;

for g in N do if [1,3,11,5]"g eq [7,9,19,16] then N13115s:=
Sub<N|N13115s,g>;

end if; end for;

T13115:=Transversal (N,N13115s);

#N13115s;

for i in [1..#T13115] do ss:=[1,3,11,5]"T13115[i];
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..144] do if cst[i] ne [] then m:=m+1; end if;
end for; m;

Orbits(N13115s);

#T13115;

/* Break *x/

N15719:=Stabiliser(N157,19);

Sss:={[1,5,7,19]}; SSS:=SSS"N;
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#(SSS) ;

Seqq:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IM do

if ts[1]*ts[5]*ts[7]*ts[19] eq

n*ts[Rep(Seqql[il) [1]]*ts[Rep(Seqqlil) [2]]*ts[Rep(Seqqlil) [3]]
*ts [Rep(Seqq[il) [4]1]

then print Rep(Seqqlil);

end if; end for; end for;

N15719s:=N15719;

N15719; #N15719;

for g in N do if [1,5,7,19]1°g eq [6,9,11,4]

then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1°g eq [17,7,5,10]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1"°g eq [10,14,16,7]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [8,20,14,3]
then N15719s:=sub<N|N15719s,g>;end if; end for;
for g in N do if [1,5,7,19]1"°g eq [1,11,9,13]

then N15719s:=sub<N|N15719s,g>; end if; end for;
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for g in N do if [1,5,7,19]1°g eq [13,18,19,11]
16719s:=sub<N|N15719s,g>; end if; end for;

for g in N do if [1,5,7,19]°g eq [19,11,15,5]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [12,3,18,8]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1"°g eq [6,16,14,17]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [17,14,20,12]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1°g eq [17,2,4,16]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]°g eq [12,2,10,14]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [4,16,20,9]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [15,8,2,12]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [13,4,2,6]

then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [10,19,18,1]

then N15719s:=sub<N|N15719s,g>; end if; end for;



for g in N do if [1,5,7,19]1°g eq [8,15,11,1]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [1,18,3,15]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1°g eq [15,5,13,18]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1"g eq [7,19,3,14]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1"g eq [3,15,9,20]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1°g eq [20,12,5,15]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]"g eq [16,6,18,13]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1°g eq [19,10,2,17]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1"°g eq [12,20,16,6]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [6,2,8,20]

then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [20,9,17,2]

then N15719s:=sub<N|N15719s,g>; end if; end for;
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for g in N do if [1,5,7,19]1 g eq [16,7,12,2]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [11,4,8,18]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [5,10,4,11]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1"g eq [9,13,7,16]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [4,13,5,1]

then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1"g eq [15,3,19,10]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [13,9,15,8]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1"g eq [10,5,12,3]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1"°g eq [8,18,6,9]

then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [3,14,1,5]

then N15719s:=sub<N|N15719s,g>;

end if; end for;

for g in N do if [1,5,7,19]1 g eq [9,20,1,18]

then N15719s:=sub<N|N15719s,g>; end if; end for;
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for g in N do if [1,5,7,19]1°g eq [14,3,6,2]

then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19] g eq [14,17,11,19]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1"°g eq [7,17,9,6]

then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1"g eq [3,12,7,17]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [20,8,4,13]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1°g eq [16,4,10,19]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1"°g eq [19,7,13,4]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1"g eq [4,11,17,7]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [18,8,10,5]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [18,1,16,4]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [11,1,14,10]

then N15719s:=sub<N|N15719s,g>; end if; end for;

129



for g in N do if [1,5,7,19]1°g eq [5,1,20,8]

then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1°g eq [9,6,3,12]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1"g eq [7,16,1,11]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1"g eq [2,12,13,9]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [2,6,19,7]

then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1°g eq [2,17,15,3]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]°g eq [14,10,8,15]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1°g eq [11,19,6,16]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1"°g eq [5,15,17,14]
then N15719s:=sub<N|N15719s,g>; end if; end for;
for g in N do if [1,5,7,19]1 g eq [18,13,12,20]
then N15719s:=sub<N|N15719s,g>; end if; end for;
T15719:=Transversal (N,N15719s);

#N15719s;
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for i in [1..#T15719] do ss:=[1,5,7,19]"T15719[i];
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..144] do if cst[i] ne [] then m:=m+1; end if;
end for; m;

Orbits(N15719s) ;

#T15719;
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Appendix B

MAGMA Code for My : (2 x 2)

N:=TransitiveGroup(10,30);
S:=Sym(10);

xx:=81(1,2,10)(3,4,5)(6,7,8);
yy:=8!(1,7,3,4,2,5,6,8);
zz:=S1(1,2)(4,7)(5,8)(9,10);

N:=sub<S|xx,yy,zz>;
G<x,y,z,t>:=Group<x,y,z,t|x"3,y78,272, (y"-1*z) "2,
(z*x"-1) 73, (y7-1*x"-1*y —1*x"-1*y~2*x) ,

(x*y~=2%xx"—1*ky*xx"=1*y) ,£t72, (t,y " —1*xxz*xy~2) , (t,y -2xx*xy~-1),
(z*x*y*t) "6>;

NN<a,b,c>:=Group<a,b,cla”3,b"8,c"2,(b"-1*c) "2,
(c*a~-1)"3,(b~-1*a"-1*%b~-1xa"~-1xb~2%*a) ,
(a*b~-2%a~-1*bxa~-1xb)>;

#NN;

Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);
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ArrayP:=[Id(N): i in [1..#N]];

for i in [2..#N] do

P:=[Id(N): 1 in [1..#Sch[i]l]];

for j in [1..#Sch[i]] do

if Eltseq(Sch[i]) [j] eq 1 then P[j]:=xx; end if;

if Eltseq(Sch([i]) [j] eq -1 then P[j]l:=xx"-1; end if;
if Eltseq(Sch[i]) [j] eq 2 then P[j]l:=yy; end if;

if Eltseq(Sch[i]) [j] eq -2 then P[jl:=yy~-1; end if;
if Eltseq(Sch[i]) [j] eq 3 then P[j]l:=zz; end if;

end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PPxP[k]; end for;

ArrayP[i] :=PP;

end for;

N1:=Stabiliser(N,1);

N1 eq sub<N|yy -lxxx*zz*yy~2,yy —2*xx*yy -1>;
f,G1,k:=CosetAction(G,sub<G|x,y,z>);
IN:=sub<G1l|f(x),f(y), £(=2)>;
Sub<N|yy~-1*xxx*zz*yy~2,yy -2*xx*xyy -1> eq Stabiliser(N,1);
CompositionFactors(G1);

#DoubleCosets (G, sub<G|x,y,z>,sub<G|x,y,z>) ;
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DoubleCosets (G, sub<G|x,y,z>,sub<G|x,y,z>);
A:=[Id(G1): i in [1..6]];

A[1]:=£(%);

A[2] :=f (t*x*t) ;

A[B]:=f(t * x *x t * x * t);

Af4]:=f(t *» x *x t * x * t * y™ -1 * t);
ABl:=f(t * x x t *xy * t * x"-1 x t * y * t);

prodim:=function(pt, Q, I)
v := pt;

for i in I do
v = v (Q[iD);
end for;
return v;

end function;
17°xx;
1°(yy~2);

17 (yy~3);
1°(yy~5);

1 (yy~6);
17yy;

17y~ 7);

17 (xx"2%zz) ;

17 (xx"2);
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ts := [Id(G1): i in [1 .. 10] 1;
ts[1]:=£f(t);

ts[2] :=f(t"x);
ts[3]:=f(t"(y~2));
ts[4] :=f(t"(y~3));
ts[B6]:=f(t"(y~5));
ts[6]:=£(t"(y76));
ts[7]:=£(t"y);
ts[8]:=f (£~ (y"7));
ts[9]:=f (£t~ (x72%2));
ts[10]:=f (£~ (x72));

cst := [null : i in [1 .. Index(G,sub<G|x,y>)]] where null is
[Integers() | 1;

for i := 1 to 10 do

cstlprodim(1l, ts, [i]1)] := [i];

end for;

m:=0;

m;

for i in [1..112] do if cst[i] ne [] then m:=m+1; end if; end for; m;
N1:=Stabiliser (N,1);

Orbits(N1);

Ni1s:=N1;
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T1:=Transversal (N,Nis);
T1;

N12:=Stabiliser (N1,2);
Sss:={[1,2]}; SSS:=SSS"N;
#(SSS) ;
Seqq:=Setseq(SSS);

Seqq;

for i in [1..#S8S] do
for n in IN do

if ts[1]l*ts[2] eq
n*ts[Rep(Seqq[il) [1]1]1*ts[Rep(Seqqlil) [2]]
then print Rep(Seqqlil);
end if; end for; end for;
N12s:=N12;

N12; #N12;

for g in N do if [1,2]"°g eq [2,1] then N12s:=sub<N|N12s,g>;
end if; end for;

T12:=Transversal (N,N12s);

#N12s;

for i in [1..#T12] do ss:=[1,2]"T12[i];
cst[prodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..112] do if cst[i] ne [] then m:=m+1; end if;



137

end for; m;

Orbits(N12s);

#T12;
N123:=Stabiliser(N12,3);
5Ss:={[1,2,3]}; SSS:=SSS"N;
#(SSS);

Seqq:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IN do

if ts[1]*ts[2]1*ts[3] eq
n*ts [Rep(Seqq[il) [1]1*ts[Rep(Seqqlil) [2]]*ts[Rep(Seqqlil) [31]
then print Rep(Seqqlil);
end if; end for; end for;
N123s:=N123;

N123; #N123;

for g in N do if [1,2,3]1°g eq [7,5,4] then N123s:=sub<N|N123s,g>;
end if; end for;

for g in N do if [1,2,3]"g eq [2,1,3] then N123s:=sub<N|N123s,g>;
end if; end for;

T123:=Transversal (N,N123s);
#N123s;

for i in [1..#T123] do ss:=[1,2,3]1"T123[i];
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cstprodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..112] do if cst[i] ne [] then m:=m+1; end if;
end for; m;

Orbits(N123s);

#T123;
N1239:=Stabiliser(N123,9);
Sss:={[1,2,3,9]}; SSS:=SSS"N;
#(SSS) ;

Seqq:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IN do

if ts[1]*ts[2]*ts[3]*ts[9] eq

n*ts [Rep(Seqql[il) [1]1]*ts[Rep(Seqqlil) [2]1]*ts[Rep(Seqqlil) [3]1]
*ts[Rep(Seqqli]) [4]]

then print Rep(Seqqlil);

end if; end for; end for;

N1239s:=N1239;
N1239; #N1239;

for g in N do if [1,2,3,9]1°g eq [7,5,4,9] then N1239s:=sub<N|N1239s,g>;
end if; end for;
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for g in N do if [1,2,3,91°g eq [3,6,2,9] then N1239s:=sub<N|N1239s,g>;
end if; end for;

for g in N do if [1,2,3,9]°g eq [2,9,8,1] then N1239s:=sub<N|N1239s,g>;
end if; end for;

T1239:=Transversal(N,N1239s);

#N1239s;

for i in [1..#T1239] do ss:=[1,2,3,9]1"T1239[il;
cst[prodim(l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..112] do if cst[i] ne [] then m:=m+1; end if;
end for; m;

Orbits(N1239s) ;

#T1239;

N123910:=Stabiliser(N1239,10);
Sss:={[1,2,3,9,10]}; SSS:=SSS"N;

#(SSS) ;

Seqq:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IN do

if ts[1]*ts[2]*ts[3]*ts[9]*ts[10] eq

n*ts [Rep(Seqql[il) [1]1]*ts[Rep(Seqqlil) [2]1]*ts[Rep(Seqqlil) [3]1]
*ts [Rep(Seqq[i]) [4]]*ts[Rep(Seqql[il) [5]1]

then print Rep(Seqqlil);
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end if; end for; end for;

N123910s:=N123910;

N123910; #N123910;

for g in N do if [1,2,3,9,10]"°g eq [2,10,4,9,1] then N123910s:
Sub<N|N123910s,g>;
end if; end for;

for g in N do if [1,2,3,9,101°g eq [7,5,4,9,10] then N123910s:
Sub<N|N123910s,g>;
end if; end for;

for g in N do if [1,2,3,9,10]"g eq [2,1,3,10,9] then N123910s:
sub<N|N123910s,g>;
end if; end for;

T123910:=Transversal (N,N123910s) ;

#N1239s;

for i in [1..#T123910] do ss:=[1,2,3,9,10]"T123910[i];
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..112] do if cst[i] ne [] then m:=m+1; end if;
end for; m;

Orbits(N123910s);
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Appendix C

MAGMA Code for L3(4) : 2

N:=TransitiveGroup(10,30);
S:=Sym(10);
xx:=5!(1,2,10)(3,4,5)(6,7,8);
yy:=8!(1,7,3,4,2,5,6,8);
zz:=S!(1,2)(4,7)(5,8)(9,10);
N:=sub<S|xx,yy,zz>;

#N;

G<x,y,z,t>:=Group<x,y,z,t|x"3,y"8,272, (y"-1*z) "2,

(z¥x"-1) "3, (y"-1%x"-1%y —1%x" - 1%y 2%x) ,
(xky~=2%x"—-1xy*x"-1%xy) ,£72, (t,y —1*x*zxy~2), (t,y"-2%x*y~-1),
(zxx*y*t) "6, (z*t) "8, (t*t"x) "2=y " 4*z>;

NN<a,b,c>:=Group<a,b,cla~3,b"8,c"2,(b"-1*c) "2,
(c*a~-1)"3, (b -1*%a"-1xb"-1*a"-1*b"2*a) ,
(a*b~-2%a~-1*b*xa~-1xb)>;

#NN;

Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);
ArrayP:=[Id(N): i in [1..#N]];

for i in [2..#N] do

P:=[Id(N): 1 in [1..#Sch[i]l]];

for j in [1..#Sch[i]] do

if Eltseq(Sch[i]) [j] eq 1 then P[j]:=xx; end if;

if Eltseq(Sch[il) [j] eq -1 then P[j]l:=xx"-1; end if;
if Eltseq(Sch[i]) [j] eq 2 then P[j]:=yy; end if;
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if Eltseq(Sch[i]) [j] eq -2 then P[jl:=yy~-1; end if;

if Eltseq(Sch[il) [j] eq 3 then P[j]:=2zz; end if;

end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PP*P[k]; end for;

ArrayP[i] :=PP;

end for;

for i in [1..#N] do if ArrayP[i] eq N!(3, 6) (4, 5)(7, 8)(9, 10)
then Schl[i];

end if; end for;

f,G1,k:=CosetAction(G,sub<Glx,y,z>);
CompositionFactors(G1);

#DoubleCosets (G, sub<G|x,y,z>,sub<G|x,y,z>);
Index (G,sub<Glx,y,z>);
IN:=sub<Gl|f(x),f(y),f(z)>;

DoubleCosets(G,sub<Glx,y,z>,sub<G|x,y,z>);

A:=[Id(G1): i in [1..11]11;

Al1] :=f(t);

A[2] :=f(t * x * t);

A[3]:=f(t * x * t* x * t);

Af4]:=f( t * x * t * x * t * y™-1 * t);
A[B]:=f(t * x * t * y x t * x"-1 x t * y * t);

prodim:=function(pt, Q, I)
v := pt;
for i in I do
v = v (Q[i]);
end for;
return v;
end function;

17xx;
17 (yy~2);
17 (yy~3);
1~ (yy~5);
17 (yy~6);
7yy;
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1°(yy~7);
17 (xx"2%zz) ;
17 (xx"2);

ts := [Id(G1): i in [1 .. 10] ];
ts[1]:=£(t);

ts[2] :=f(t"x);
ts[3]:=f(t"(y~2));
ts[4] :=£ (£t~ (y~3));
ts[6] :=f(t"(y~5));
ts[6]:=£(t"(y"6));
ts[7]:=£(t"y);
ts[8]:=£(t"(y~7));
ts[9]:=f (£~ (x"2%2)) ;
ts[10]:=f (£t~ (x"2));

f(y~4*z)*ts[1]*ts[2]*xts[1]*ts[2];
cst := [null : i in [1 .. 112]] where null is [Integers() | ];
N1:=Stabiliser (N,1);

#N1;

SsS:={[11};

SSS:=SSS”N;

SSS;

Seqq:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do for n in IN do
if ts[1] eq n*ts[Rep(Seqql[il) [1]]
then print Rep(Seqqlil);

end if;

end for;



end for;

Ni1s:=N1;

Orbits(Nis);

T1:=Transversal (N,Nis);

T1;

for i in [1..#T1] do

ss:=[1]"T1[i];

cstprodim(1l, ts, ss)] := ss;

end for;

m:=0; for i in [1..112] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits(Nis);

N12:=Stabiliser (N1,2);

S88S:={[1,2]}; SSS:=SSS"N;
#(SSS) ;

Seqq:=Setseq(SSS) ;

Seqq;
for i in [1..#SSS] do
for n in IN do

if ts[1]l*ts[2] eq

nxts[Rep(Seqqlil) [1]11*ts[Rep(Seqqlil) [2]]
then print Rep(Seqqlil);

end if; end for; end for;

N12s:=N12;

N12; #N12;

for g in N do if [1,2]"g eq [2,1] then N12s:=sub<N|N12s,g>;
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end if; end for;

T12:=Transversal(N,N12s);
#N12s;

for i in [1..#T12] do ss:=[1,2]"T12[i];
cst[prodim(1,ts,ss)]:=ss;

end for;

m:=0; for i in [1..112] do if cst[i] ne [] then m:=m+1; end if;
end for; m;
Orbits(N12s);

#T12;
T12:=Transversal (N,N12s);

#N12s;
for i in [1..#T12] do ss:=[1,2]"T12[i];
cst[prodim(1l,ts,ss)]:=ss;

end for;

m:=0; for i in [1..112] do if cst[i] ne [] then m:=m+1; end if;
end for; m;
Orbits(N12s);

#T12;

N123:=Stabiliser(N12,3);

88S:={[1,2,3]}; SSS:=SSS"N;
#(SSS) ;

Seqq:=Setseq(SSS);

Seqq;
for i in [1..#SSS] do
for n in IN do

if ts[1]l*ts[2]*ts[3] eq

nxts[Rep(Seqqli]l) [1]1]*ts[Rep(Seqqli]l) [2]1]*ts[Rep(Seqql[il) [31]
then print Rep(Seqqlil);

end if; end for; end for;

N123s:=N123;

N123; #N123;

for g in N do if [1,2,3]"°g eq [3,6,2] then N123s:=sub<N|N123s,g>;

end if; end for;
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for g in N do if [1,2,3]1°g eq [2,1,3] then N123s:=sub<N|N123s,g>;
end if; end for;

T123:=Transversal (N,N123s);

#N123s;
for i in [1..#T123] do ss:=[1,2,3]"T123[i];
cst[prodim(1l,ts,ss)]:=ss;

end for;

m:=0; for i in [1..112] do if cst[i] ne [] then m:=m+1; end if;
end for; m;
Orbits(N123s);

#T123;

N1239:=Stabiliser(N123,9);

$8S:={[1,2,3,9]1}; SSS:=SSS"N;
#(SSS);

Seqq:=Setseq(SSS);
Seqq;
for i in [1..#SSS] do
for n in IN do
if ts[1]*ts[2]*ts[3]*ts[9] eq
n*ts[Rep(Seqqlil) [1]]*ts[Rep(Seqqli]) [2]]*ts[Rep(Seqqlil) [3]]
*ts [Rep(Seqql[il) [4]1]
then print Rep(Seqqlil);
end if; end for; end for;
N1239s:=N1239;
N1239; #N1239;

for g in N do if [1,2,3,9]1°g eq [3,6,2,9] then N1239s:=sub<N|N1239s,g>;
end if; end for;
for g in N do if [1,2,3,91°g eq [2,9,8,1] then N1239s:=sub<N|N1239s,g>;
end if; end for;
T1239:=Transversal (N,N1239s);
#N1239s;
for i in [1..#T1239] do ss:=[1,2,3,9]°T1239[i];
cst[prodim(1,ts,ss)]:=ss;

end for;

m:=0; for i in [1..112] do if cst[i] ne [] then m:=m+1; end if;
end for; m;
Orbits(N1239s);
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#T1239;

N123910:=Stabiliser(N1239,10);

88s:={[1,2,3,9,10]}; SSS:=SSS"N;
#(SSS);

Seqq:=Setseq(SSS);
Seqq;
for i in [1..#SSS] do
for n in IN do
if ts[1]*ts[2]*ts[3]*ts[9]*ts[10] eq
n*ts[Rep(Seqqlil) [1]]*ts[Rep(Seqqli]) [2]]*ts[Rep(Seqqlil) [3]]
*ts [Rep(Seqq[il) [4]]*ts[Rep(Seqqlil) [5]]
then print Rep(Seqqlil);
end if; end for; end for;
N123910s:=N123910;
N123910; #N123910;

for g in N do if [1,2,3,9,10]"°g eq [2,10,4,9,1] then N123910s:
sub<N|N123910s,g>; end if; end for;
for g in N do if [1,2,3,9,10]°g eq [3,6,2,9,10] then N123910s:
Sub<N|N123910s,g>; end if; end for;

for g in N do if [1,2,3,9,10]"°g eq [1,2,6,10,9] then N123910s:
Sub<N|N123910s,g>; end if; end for;

T123910:=Transversal (N,N123910s) ;

#N1239s;
for i in [1..#T123910] do ss:=[1,2,3,9,10]"T123910[il;
cst[prodim(1,ts,ss)]:=ss;

end for;

m:=0; for i in [1..112] do if cst[i] ne [] then m:=m+1; end if;
end for; m;

Orbits(N123910s);
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Appendix D

MAGMA Code for L3(4) : 2° over
Aut(Ag)

N:=TransitiveGroup(10,35);
#N;

Generators(N) ;

S:=Sym(10);
xx:=8!(1,2,10)(3,4,5)(6,7,8);
yy:=S1(1,7,3,4,2,5,6,8);
zz:=S1(1,2)(4,7)(5,8)(9,10);
ww:=5!(3,6)(4,7)(5,8);
N:=sub<S|xx,yy,zz,ww>;

#N;
G<x,y,z,w,t>:=Group<x,y,z,w,t|x"3,y78,272,w"2, (y"-1%z) "2,
(x~-1*wkxx*w) ,

(z#w) "2, (wxy~3xwxy~-1), (z*xx"-1) "3, (y " -1*x"-1xy " -1*x"-1%y~2%x), t~2,
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(t,x" (D) *y~ (-1)*x), (t,y*xz*uxy”~-1), (t*t"x) "2=y~4*z,

Xk ykzZ*uwxtxy-1l*xt*xxt*xy-1%xt*xzx*xt>
NN<a,b,c,d>:=Group<a,b,c,dla"3,b78,c"2,d"2, (b -1*c) "2, (a"-1*d*ax*d) ,
(c*xd) "2, (d*b"3*d*b"-1), (cxa"-1) "3, (b"-1*a"-1%b"-1*a"-1xb"2*a)>;
#NN ;

Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);

ArrayP:=[Id(N): i in [1..#N]];

for i in [2..#N] do

P:=[Id(N): 1 in [1..#Sch[ill]l;

for j in [1..#Sch[i]] do

if Eltseq(Sch[i]) [j] eq 1 then P[j]:=xx; end if;

if Eltseq(Sch[il) [j] eq -1 then P[j]l:=xx"-1; end if;

if Eltseq(Sch[i]) [j] eq 2 then P[j]l:=yy; end if;

if Eltseq(Sch[i]) [j] eq -2 then P[jl:=yy~-1; end if;

if Eltseq(Sch[i]) [j] eq 3 then P[j]l:=zz; end if;

if Eltseq(Sch[i]l) [j] eq 4 then P[j]:=ww; end if;

end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PP*P[k]; end for;

ArrayP[i] :=PP;

end for;



N1:=Stabiliser(N,1);
N1 eq sub<N|xx~ (-1)*yy~ (-1)*xx,yy*zz*wwxyy -1>;

#sub<Glx,y,z,w>;

f,G1,k:=CosetAction(G,sub<G|x,y,z,w,X*¥y*z¥wktxy —Lkt*xkt*xy —1kt*z*t>) ;
Index(G,sub<Glx,y,z,w>);

IN:=sub<G1l|f(x),f(y),f(z),f(w)>;
IM:=sub<G1|f(x),f(y),f(2),f(w),f (x*ky*zrxukt*y —Lrt*x*txy —1xt*z*t)>;
#IM;

CompositionFactors(IM);

#DoubleCosets (G, sub<G|x,y,z,w,x*xy*zxwxt*xy -1 txx*xtxy —1*t*xz*t>,
Sub<Glx,y,z,w>);

DoubleCosets(G,sub<Glx,y,x"2 * t * x * y * t * Xx"2 *x y * t * x"2 % t>,
sub<Glx,y,z,w>);

A:=[1d(G1): i in [1..11]1];

A[1]:=£(%);

A[2] :=f (zxx*t);

prodim:=function(pt, Q, I)

v := pt;

for i in I do

v = v (QLiD);

end for;

return v;

end function;
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17 (zz);

1°(yy~2);

17 (yy~3);

17 (yy~2%xx"2) ;

1~ (yy~2%ww) ;

17 (yy);

1°(yy~7);

17 (xx"2%2zz) ;

17 (xx72);

ts := [Id(G1): i in [1 .. 10] ];
ts[1]:=£(t);
ts[2]:=f(t"(2));
ts[3]:=£(t"(y~2));
ts[4] :=£(t"(y~3));
ts[B]:=f(t~(y~2%x"2));
ts[6]:=f(t"(y~2*w));
ts[7]:=£(t"y);
ts[8]:=£(t"(y"7));
ts[9] :=f (£t~ (x72%2)) ;
ts[10] :=f (£ (x72));
cst := [null : i in [1 .. 56]] where null is [Integers() | 1;

for i := 1 to 10 do
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cstlprodim(1, ts, [i1)] := [i];

end for;

m:=0;

for i in [1..56] do if cst[i] ne [] then m:=m+1; end if; end for; m;
Ni:=Stabiliser (N,1);

#N;

SsSS:={[11};

SSS:=SSS”N;

SSS;

Seqq:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do for n in IM do
if ts[1] eq n*ts[Rep(Seqql[il) [1]]
then print Rep(Seqqlil);

end if;

end for;

end for;

Ni1s:=N1;

Orbits(Nis);
T1:=Transversal (N,Nis);

T1;
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for i in [1..#T1] do

ss:=[1]1"T1[i];

cst[prodim(1, ts, ss)] := ss;end for;
m:=0; for i in [1..56] do if cst[i] ne []

then m:=m+1; end if; end for; m;

N12:=Stabiliser(N1,2);
88S:={[1,2]}; SSS:=SSS"N;
#(SSS) ;
Seqq:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do
for n in IM do

if ts[1]1*ts[2] eq
n*ts[Rep(Seqq[il) [1]1]1*ts[Rep(Seqqlil) [2]]
then print Rep(Seqqlil);
end if; end for; end for;
N12s:=N12;

N12; #N12;

for g in N do if [1,2]°g eq [2,1] then N12s:=sub<N|N12s,g>;
end if; end for;

T12:=Transversal (N,N12s);

#N12s;
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for i in [1..#T12] do ss:=[1,2]"T12[i];
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..56] do if cst[i] ne [] then m:=m+1; end if;
end for; m;

Orbits(N12s);

#T12;
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Appendix E

MAGMA Code for 2 L3(4):2

TransitiveGroup(10,26);

S:=Sym(10);

xx:=8!(1, 2, 10)(8, 4, 5)(6, 7, 8);

yy:=S!(1, 3, 2, 6)(4, 5, 8, 7);

zz:=S! (1, 2)(4, 7)(5, 8)(9, 10);

N:=sub<S|xx,yy,zz>;
G<x,y,z,t>:=Group<x,y,z,t|1x"3,y74,272, (y"-1%2) "2,y -2%x"-1*y~2*x"-1,
(z*x"=1)"3,x = 1*y =1*x "= 1ky = 1xx " —Lky*xky, (X" -1*ky -1%x%2) "3,t"2,
(t,y*x"-1*z*xx*xy) , (t,zxx*xy*x"-1%z) , (t,y %), (t,x*xy"2),

((t*t~x) "2=y~2%z),

(z*x*y*x*t” (y*x)) "6,

((zxx*xy) "2%t"x) ~8>;

NN<a,b,c>:=Group<a,b,cla”3,b"4,c"2, (b "-1xc) "2,b"-2%a"-1%¥b"2*a"-1,
(c*a~-1)"3,a"-1*b"-1*a"-1*b~-1*%a"-1xb*axb, (a~-1%b~-1*a*xc) ~3>;
#NN ;
Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);

ArrayP:=[Id(N): i in [1..#N]];

for i in [2..#N] do
P:=[Id(N): 1 in [1..#Sch[i]]];

for j in [1..#Sch[i]] do

if Eltseq(Sch[i]) [j] eq 1 then P[j]:=xx; end if;

if Eltseq(Sch[i]) [j] eq -1 then P[jl:=xx"-1; end if;

if Eltseq(Sch[il) [j] eq 2 then P[jl:=yy; end if;

if Eltseq(Sch[i]l) [j] eq -2 then P[jl:=yy~-1; end if;

if Eltseq(Schl[il) [j] eq 3 then P[jl:=zz; end if;

end for;

PP:=Id(N);
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for k in [1..#P] do

PP:=PP%*P[k]; end for;

ArrayP[i] :=PP;
end for;
f,G1,k:=CosetAction(G,sub<Glx,y,z>);
CompositionFactors(G1);
#DoubleCosets (G, sub<G|x,y,z>,sub<G|x,y,z>);
/* 6 x/
M:=sub<Glx,y,z * t * y * X * t * X * t *x y* -1 *x t * x * t>;
f,G1l,k:=CosetAction(G,sub<G|x,y,z,zxt*y*kx*xt*kxxt*y —1xt*rxxt>) ;
Index(G,sub<Glx,y,z>);
IN:=sub<G1|f(x),f(y),f(2)>;
IM:=sub<G1l|f(x),f(y),f(2),f(zrt*ry*rx*rt*rx*rt*y —1xt*x*t)>;
#DoubleCosets(G,M,sub<Glx,y,z>);
DoubleCosets(G,M,sub<G|x,y,z>);

A:=[Id(G1): i in [1..11]1];

A[1]:=f(%);

A[2] :=f(t * x * t);

A[3]:=f(t * x * tx x * t);

Af4]:=f(t * x * t * y * t * x * t);

A[Bl:=f(t * x x t * x * t * x"-1 xy *x t *x 2z * t);

prodim:=function(pt, Q, I)

v = pt;
for i in I do
v := v (Q[i]);
end for;
return v;

end function;

17°xx;

17yy;

17 (yy*xx) ;

17 (yy*xx~2);

1 (yy~-1);

17 (yy*xx*22) ;
17 (xx*yy*xx~2) ;
17 (xx"2*zz) ;

17 (xx"2);

ts := [Id(G1): i in [1 .. 10] 1];
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ts[1]:=£f(t);

ts[2] :=f(t"x);
ts[3]:=£(t"y);
ts[4] :=£f (t" (y*x));
ts[5] :=f (£t~ (y*x~2));
ts[6]:=f(t"(y~-1));
ts[7] :=£ (£t~ (y*x*z)) ;
ts[8] :=f (£t~ (xxy*x"2));
ts[9] :=£f(t~ (x"2%2)) ;
ts[10] :=f (£~ (x72));
cst := [null : i in [1 .. 112]] where null is [Integers() | J;
N1:=Stabiliser (N,1);
#N1;

SSS:={[11};
SSS:=SSS”N;

SSS;

Seqq:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do for n in IM do
if ts[1] eq n*ts[Rep(Seqql[il) [1]]
then print Rep(Seqqlil);

end if;

end for;

end for;

Ni1s:=N1;

Orbits(Nis);
T1:=Transversal(N,N1is);

T1;

for i in [1..#T1] do



ss:=[1]"T1[i];

cst[prodim(1, ts, ss)] := ss;

end for;

m:=0; for i in [1..112] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits(Nis);

N12:=Stabiliser (N1,2);

88S:={[1,2]}; SSS:=SSS"N;
#(SSS) ;

Seqq:=Setseq(SSS) ;

Seqq;
for i in [1..#SSS] do
for n in IM do

if ts[1]l*ts[2] eq

nxts[Rep(Seqq[il) [11]*ts[Rep(Seqqlil) [2]]
then print Rep(Seqqlil);

end if; end for; end for;

N12s:=N12;

N12; #N12;

for g in N do if [1,2]°g eq [2,1] then N12s:=sub<N|N12s,g>;
end if; end for;

T12:=Transversal (N,N12s);

#N12s;
for i in [1..#T12] do ss:=[1,2]"T12[i];
cst[prodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..112] do if cst[i] ne [] then m:=m+1; end if;

end for; m;
Orbits(N12s);
#T12;
T12:=Transversal(N,N12s);
#N12s;
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for i in [1..#T12] do ss:=[1,2]"T12[i];
cstprodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..112] do if cst[i] ne [] then m:=m+1; end if;
end for; m;
Orbits(N12s);

#T12;

N123:=Stabiliser (N12,3);

S8S:={[1,2,3]}; SSS:=SSS"N;
#(SSS) ;

Seqq:=Setseq(SSS);

Seqq;
for i in [1..#SSS] do
for n in IM do

if ts[1]*ts[2]*ts[3] eq

n*ts [Rep(Seqq[i]) [1]1*ts[Rep(Seqqli]) [2]]*ts[Rep(Seqqlil) [3]]
then print Rep(Seqqlil);

end if; end for; end for;

N123s:=N123;

N123; #N123;

for g in N do if [1,2,3]"g eq [3,6,2] then N123s:=sub<N|N123s,g>;
end if; end for;

for g in N do if [1,2,3]°g eq [2,1,3] then N123s:=sub<N|N123s,g>;
end if; end for;

T123:=Transversal (N,N123s);

#N123s;
for i in [1..#T123] do ss:=[1,2,3]"T123[i];
cst[prodim(1,ts,ss)]:=ss;

end for;

m:=0; for i in [1..112] do if cst[i] ne [] then m:=m+1; end if;
end for; m;
Orbits(N123s);

#T123;

N1239:=Stabiliser(N123,9);
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888:={[1,2,3,9]}; SSS:=SSS"N;
#(SSS) ;

Seqq:=Setseq(SSS);
Seqq;
for i in [1..#SSS] do
for n in IM do
if ts[1]*ts[2]*ts[3]*ts[9] eq
n*ts[Rep(Seqql[il) [1]1]*ts[Rep(Seqq[il) [2]I1*ts[Rep(Seqqlil) [3]1]
*ts[Rep(Seqqlil) [4]]
then print Rep(Seqql[il);
end if; end for; end for;
N1239s:=N1239;
N1239; #N1239;

for g in N do if [1,2,3,9]1°g eq [3,6,2,9] then N1239s:
Sub<N|N1239s,g>; end if; end for;
for g in N do if [1,2,3,9]1°g eq [2,9,8,1] then N1239s:
sub<N|N1239s,g>; end if; end for;
T1239:=Transversal (N,N1239s) ;
#N1239s;
for i in [1..#T1239] do ss:=[1,2,3,9]°T1239[i];
cst[prodim(l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..112] do if cst[i] ne [] then m:=m+1; end if;
end for; m;
Orbits(N1239s);

#T1239;

N123910:=Stabiliser(N1239,10);

S88s:={[1,2,3,9,10]}; SSS:=SSS"N;
#(883) ;

Seqq:=Setseq(SSS) ;

Seqq;

for i in [1..#SSS] do

for n in IM do

if ts[1]*ts[2]*ts[3]*ts[9]*ts[10] eq

nxts[Rep(Seqqlil) [1]1]*ts[Rep(Seqqlil) [2]]*ts[Rep(Seqqlil) [3]]
*ts [Rep(Seqq[il) [4]]*ts[Rep(Seqqlil) [5]]
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then print Rep(Seqqlil);

end if; end for; end for;

N123910s:=N123910;

N123910; #N123910;
for g in N do if [1,2,3,9,10]"g eq [2,10,4,9,1] then N123910s:
Sub<N|N123910s,g>;
end if; end for;
for g in N do if [1,2,3,9,10]"°g eq [3,6,2,9,10] then N123910s:
Sub<N|N123910
s,g>; end if; end for;

for g in N do if [1,2,3,9,101°g eq [1,2,6,10,9] then N123910s:
sub<N|N123910s,g>;
end if; end for;
T123910:=Transversal (N,N123910s) ;
#N1239s;
for i in [1..#T123910] do ss:=[1,2,3,9,10]1°T123910[i];
cst[prodim(1,ts,ss)]:=ss;

end for;

m:=0; for i in [1..112] do if cst[i] ne [] then m:=m+1; end if;
end for; m;
Orbits(N123910s);
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Appendix F

MAGMA Code for 5(4,3)

N:=TransitiveGroup(10,7);

#N;

Generators(N);

S:=Sym(10);

xx:=S1(1, 9(3, 4)(5, 10)(6, 7);
yy:=S!(1, 3, 5, 7, 9)(2, 4, 6, 8, 10);

G<x,y,t>:=Group<x,y,t|x"2,y"5, (xxy~-1)"3,t"2, (t,y"-1*x),
(t,y 2%x*xy~-2*x*xy~2) , (t,t”~ (y*x*y~4)),

(txt~ (y*x*xy~-1)) "2,
(yxx*xy~-1%t) "4,

(y*x*t~(y~2)) "6, (y*t~y) "8>;

NN<a,b>:=Group<a,bla”2,b"5, (a*xb™-1) "3>;
#NN ;

Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);
ArrayP:=[Id(N): i in [1..#N]];
for i in [2..#N] do
P:=[Id(N): 1 in [1..#Sch[ill]l;
for j in [1..#Sch[i]] do
if Eltseq(Schl[il) [j] eq 1 then P[j]:=xx; end if;
if Eltseq(Sch[i]l) [j] eq 2 then P[j]:=yy; end if;
if Eltseq(Sch[il) [j] eq -2 then P[jl:=yy~-1; end if;
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end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PP*P[k]; end for;

ArrayP[i] :=PP;
end for;
f,G1l,k:=CosetAction(G,sub<Glx,y>);
CompositionFactors(Gl);
#DoubleCosets (G, sub<G|x,y>,sub<G|x,y>);
M:=sub<Glx,y,(y * x * t * y * x *x t * y)~2,
yxt kxky -1kt ky -2 %t okx*xy -1kt *xy -2 %t

f,G1,k:=CosetAction(G,sub<G|x,y,(y * x * t * y * x * t * y) 2,
Yokt ok xky -1l xt ky -2kt xx*ky -1kt *xy-2*t>);

Index(G,sub<G|x,y>);
IN:=sub<G1|f (x),f(y)>;

IM:=sub<G1|f(x),f(y),

f(ly * x *xt *xy*x *xt % y)2),

f(y *t*xx*xy -1 xtxy =2 xt*xx*xy -1x*xtx*xy -2x%1t)>
#DoubleCosets(G,M, sub<Glx,y>);

DoubleCosets(G,M, sub<G|x,y>);

A:=[Id(G1): i in [1..4]1];
Al1]:=£(%);

A[2]:=f(t * x * y™-1 * t);
A[3]:=f(t * x *x y°-1 *x t *x x * t);

prodim:=function(pt, Q, I)

v := pt;
for i in I do
v = v~ (Q[il);
end for;
return v;

end function;

17 (yy*xxxyy~-1) ;
17 (yy);
17 (yy*xx) ;
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17 (yy~2);

17 (yy~3*xx) ;

17 (yy~3);

17 (yy*xx*yy~2) ;
17 (xx);

17 (yy~2*xx) ;

ts := [Id(G1): i in [1 .. 10] 1;
ts[1]:=f (t);

ts[2] :=f (t~ (y*xx*y~-1));
ts[3] :=f (t"y);
ts[4] :=f (£t~ (y*x));
ts[B]:=f(t"(y~2));
ts[6]:=f(t"(y~3*x));
ts[7]:=£(t"(y~3));
ts[8] :=f (t~ (y*xx*y~2));
ts[9] :=f (t"x);
ts[10] :=f (£~ (y~2*x));

cst := [null : i in [1 .. 36]] where null is [Integers() | 1;
N1i:=Stabiliser (N,1);

#N1;

S8S:={[11};

SSS:=SSS°N;

SSS;

Seqq:=Setseq(SSS) ;

Seqq;

for i in [1..#SSS] do for n in IM do
if ts[1] eq n*ts[Rep(Seqqlil) [1]]
then print Rep(Seqqlil);

end if;

end for;

end for;
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Ni1s:=N1;

Orbits(Nis);

T1:=Transversal(N,N1s);

T1;

for i in [1..#T1] do

ss:=[1]"T1[i];

cstlprodim(1l, ts, ss)] := ss;

end for;

m:=0; for i in [1..36] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits(Nis);

N12:=Stabiliser (N1,2);

SsS:={[1,2]}; SSS:=SSS"N;

#(SSS) ;

Seqq:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IM do

if ts[11*ts[2] eq

nxts[Rep(Seqq[il) [1]1]1*ts[Rep(Seqqlil) [2]]

then print Rep(Seqqlil);



166

end if; end for; end for;
N12s:=N12;
N12; #N12;

for g in N do if [1,2]"g eq [2,1] then N12s:=sub<N|N12s,g>;
end if; end for;

for g in N do if [1,2] g eq [4,5] then N12s:=sub<N|N12s,g>;
end if; end for;

T12:=Transversal (N,N12s);

#N12s;

for i in [1..#T12] do ss:=[1,2]1"T12[i];
cst[prodim(1,ts,ss)] :=ss;

end for;

m:=0; for i in [1..36] do if cst[i] ne [] then m:=m+1; end if;
end for; m;

Orbits(N12s);

#T12;

N126:=Stabiliser (N12,6);
5ss:={[1,2,6]}; SSS:=SSS"N;
#(SSS) ;

Seqq:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IM do
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if ts[1]*ts[2]*ts[6] eq

n*ts [Rep(Seqql[il) [1]1]*ts[Rep(Seqqlil) [2]1]*ts[Rep(Seqqlil) [3]1]
then print Rep(Seqqlil);

end if; end for; end for;

N126s:=N126;

N126; #N126;

for g in N do if [1,2,6]"g eq [2,1,6] then N126s:=sub<N|N126s,g>;
end if; end for;

for g in N do if [1,2,6]"g eq [3,7,5] then N126s:=sub<N|N126s,g>;
end if; end for;

for g in N do if [1,2,6] g eq [8,9,4] then N126s:=sub<N|N126s,g>;
end if; end for;

T126:=Transversal (N,N126s) ;

#N126s;

for i in [1..#T126] do ss:=[1,2,6]"T126[i];
cst[prodim(1l,ts,ss)] :=ss;

end for;

m:=0; for i in [1..36] do if cst[i] ne [] then m:=m+1; end if;
end for; m;

Orbits(N126s);

#T126;

for m in IM do for n in IN do if ts[1]*ts[3] eq m*(ts[1])"n then "true";
break;end if; end for; end for;

for m in IM do for n in IN do if ts[1]*ts[2]*ts[3] eq m*(ts[1]*ts[2])"n
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then "true";break;end if; end for; end for;

for m in IM do for n in IN do if ts[1]*ts[2]*ts[7] eq m*(ts[1]l*ts[2])"n
then "true";break;end if; end for; end for;

for m in IM do for n in IN do if ts[1]*ts[2]*ts[6]*ts[10]
eq m*(ts[1]*ts[2]*ts[6]) "n then "true";break;
end if; end for;end for;

for m in IM do for n in IN do if ts[1]l*ts[2]*ts[6]*ts[1]
eq m*(ts[1]*ts[2]*ts[6]) "n then "true";break;
end if; end for;end for;
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Appendix G

MAGMA Code for S7 over S;

N:=TransitiveGroup(24,202);

#N;

Generators(N) ;

S:=Sym(24);

xx:=8!'(3,17,11,7,5) (4,18,12,8,6)(9,14,22,20,15) (10,13,21,19,16) ;
yy:=51(1,3)(2,4)(5,9)(6,10) (7,13)(8,14) (11,19) (12,20) (15,17) (16,18)
(21,23)(22,24);

N:=sub<S|xx,yy>;

#N;

FPGroup (N) ;
G<x,y,t>:=Group<x,y,t|x"5,y"2, (x"-1*y) "4, (x*y*x~-2*y*x) "2,t"2, (t,x),
(y*x~2%t) "7,

((y*x) "2*%t~ (y*x~4)) "2,
(y*x™-1xy*xxy*x " 2%t kL~ (y*x73) *t ™ (y*x"4) *t"y*t) ,
(x7=1xy*t*xt”™ (y*x) *t~ (y*x"3) *t"y*t),

(X7 2xy*x "= 1xy*x " 2%t " (y*x"2) ¥t~ (y*x"2xy*x"2) ¥t~ (y*x"2) ¥t*t y*t),

(t*t"y) "3,

(t*t~ (yxx"2xy*x"-1%xy)),
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(y*x*xt) "5, (x*t~ (y*x) ) "6>;
NN<a,b>:=Group<a,bla~5,b"2, (a"-1*b) "4, (a*b*a”-2*b*xa) “2>;
#NN;

Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);
ArrayP:=[Id(N): i in [1..#N]];
for i in [2..#N] do
P:=[Id(N): 1 in [1..#Sch[i]]];
for j in [1..#Sch[i]] do
if Eltseq(Sch[il)[j] eq 1 then P[jl:=xx; end if;
if Eltseq(Sch[i]) [j] eq 2 then P[j]:=yy; end if;
if Eltseq(Sch[i]) [j] eq -1 then P[jl:=xx"-1; end if;

end for;

PP:=Id(N);

for k in [1..#P] do
PP:=PPx*P[k]; end for;
ArrayP[i] :=PP;

end for;

for i in [1..#Sch] do if ArrayP[i] eq N!(3,17,11,7,5)(4,18,12,8,6)
(9,14,22,20,15)(10,13,21,19,16)

then Sch[i];

end if; end for;

N1:=Stabiliser(N,1);
N1 eq sub<N|xx>;

DoubleCosets (G, sub<G|x,y>,sub<G|x,y>);
#DoubleCosets (G, sub<G|x,y>,sub<G|x,y>);
f,G1,k:=CosetAction(G,sub<Glx,y>);

CompositionFactors(G1);

IN:=sub<G1|f(x),f(y)>;
sub<N|xx> eq Stabiliser(N,1);
f,G1,k:=CosetAction(G,sub<Glx,y>);

A:=[Id(G1): i in [1..4]1];
A[1]:=f(%); /*x 1 x*/
A[2] :=f (txy*t); /*2x/
A[3] :=f (txy*xt*y*t); /*3x/
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prodim:=function(pt, Q, I)

v = pt;
for i in I do
v := v (Q[i]);
end for;
return v;

end function;
17 (Jy*xxkyy*xx " 2% yy*xX " 2%yYy) ;
7yy;
17 (Jy*xx*yy*xx " 2*yy*xx"2) ;
17 (yy*xx~4) ;
17 (Jy*XX*AYy*XK " 2¥YY*XX) ;
17 (yy*xx~3) ;
17 (yy*xxkyy*xx " 2%yy) ;
17 (yy*xx*yy*xx) ;
17 (yy*xx"2%yy*xx"2) ;
17 (yy*xx~2);
17 (yy*xx*yy*xx " 2%yy*xx~-1) ;
17 (yy*xx~3*yy) ;
17 (yy*xxxyy*xx~2) ;
17 (yy*xx*yy) ;
17 (yy*xx“2*yy*xx) ;
17 (yy*xx) ;
17 (yy*xx*yy*xx " 2%yy*xx~3) ;

17 (yy*xx"2%yy) ;



17 (yy*xx*yy*xx~-1) ;
17 (yy*xx"2*yy*xx~-1) ;

17 (yy*xx*yy*xx~3) ;

17 (yy*xx"2*yy*xx"-1%yy) ;

17 (yy*xx*yy*xx~3*yy) ;

ts:=[Id(G1): i in [1..24]1];

ts[1]:=£(t); ts[2]:=f(t~ (y*x*y*x"2%y*x"2%y)) ;

ts[3]:=£(t7y); ts[4] :=f(t~ (yxx*y*x"2%y*x~2));

ts[5]:=f(t"(y*x~4)); ts[6]:=f (¢t~ (y*x*y*x"2xy*x));

ts[7]:=£ (£~ (y*x~3)); ts[8]:=f (¢t~ (y*x*y*x~2%y));

ts[9] :=f (£t~ (yxx*y*x)); ts[10] :=f (" (y*x"2*y*x"2));

ts[11]:=f (£~ (y*x~2)); ts[12]:=f (¢t~ (yrx*y*x"2xy*x~-1));

ts[13] :=f (£t~ (y*x~3*y)); ts[14]:=f (¢t~ (y*x*y*x~2));

ts[15] :=f (£~ (y*x*y)); ts[16] :=f (£t~ (y*x"2%y*x));

ts[17] :=£ (7 (y*x)); ts[18]:=f (£~ (ykx*y*x"2%y*x~3));

ts[19] :=f (£t~ (y*x~2*y)); ts[20]:=f (¢t~ (y*x*y*x"-1));

ts[21] :=f (£~ (y*x"2*%y*x"-1)); ts[22] :=f (t~ (y*x*y*x~3));

ts[23] :=f (£t~ (y*x"2%y*xx"-1*y)); ts[24]:=f (¢t~ (y*x*y*x"3*y)) ;

cst := [null : i in [1 ..

N1:=Stabiliser (N,1);
#N1;
SSS:={[11%};

SSS:=SSS°N;

42]] where null is [Integers() | 1;
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SSS;

Seqq:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do for n in IN do

if ts[1] eq nxts[Rep(Seqqlil) [1]]

then print Rep(Seqqlil);

end if;

end for;

end for;

Ni1s:=N1;

for n in N do if 1°n eq 2 then Nis:=sub<N|Nls,n>;
end if; end for;

Orbits(Nis);

T1:=Transversal (N,N1s);

T1;

for i in [1..#T1] do

ss:=[1]"T1[i];

cst[prodim(1l, ts, ss)] := ss;

end for;

m:=0; for i in [1..42] do if cst[i] ne []

then m:=m+1; end if; end for; m;
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Orbits(Nis);

#G;
#k;
N13:=Stabiliser (N1,3);

SSS:={[1,3]}; SSS:=SSS°N;
#(SSS) ;

Seqq:=Setseq(SSS);

Seqq;
for i in [1..#SSS] do
for n in IN do

if ts[1]*ts[3] eq

n*ts[Rep(Seqq[il) [1]]*ts[Rep(Seqqlil) [2]]
then print Rep(Seqqlil);

end if; end for; end for;

N13s:=N13;

N13; #N13;

for g in N do if [1,3]"g eq [23,22] then N13s:=sub<N|N13s,g>;
end if; end for;
T13:=Transversal (N,N13s);
#N13s;
for i in [1..#T13] do ss:=[1,3]"T13[i];
cst[prodim(1,ts,ss)]:=ss;

end for;

m:=0; for i in [1..42] do if cst[i] ne [] then m:=m+1; end if;
end for; m;
Orbits(N13s);

#T13;

N131:=Stabiliser(N13,1);

S88S:={[1,3,1]}; SSS:=SSS"N;
#(SSS);

Seqq:=Setseq(SSS);

Seqq;
for i in [1..#SSS] do
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for n in IN do

if ts[1]*ts[3]*ts[1] eq

n*ts[Rep(Seqqlil) [1]]*ts[Rep(Seqqlil) [2]]*ts[Rep(Seqqlil) [3]]
then print Rep(Seqqlil);

end if; end for; end for;

N131s:=N131;

N131; #N131;

for g in N do if [1,3,1]1°g eq [3,1,3] then N131s:=sub<N|N131s,g>;
end if; end for;

for g in N do if [1,3,1]1°g eq [19,6,19] then N131s:=sub<N|N131s,g>;
end if; end for;

T131:=Transversal(N,N131s);

#N131s;
for i in [1..#T131] do ss:=[1,3,1]1"T131[i];
cst[prodim(1,ts,ss)]:=ss;

end for;

m:=0; for i in [1..42] do if cst[i] ne [] then m:=m+1; end if;
end for; m;
Orbits(N131s);

#T131;
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Appendix H

MAGMA Codes = Types
Transitive Groups (10,3)

TransitiveGroup(10,3);

rl1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=5;
r11:=0; r12:=0;

G<x,y,t>:=Group<x,y,t|x"2, (y"-1*x)~2,y"10,t"2, (t,x*y~3),(t,t"(y"5)),
(t,t7y), (t,t7(y"2)), (t,t"(y"3)), (t,t" (y74)),
(y"5*t~y)"ri,

(x*t~ (y~2))"r2,

(x*t"y)"r3,

(x*t~ (y~4)) "r4,

(xxy*t~(y~5))"r5,

(x*xy*t~y) "r6,

(xxy*t~(y~2)) "7,

(y~"2*%t~y) "r8,

(y~-4%t"y) "9,

(y~-2*t~y)"r10,

(y*t~y)"rit,

(y~3*%t~y) "ri12>;
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#G;
f,G1,k:=CosetAction(G,sub<Glx,y>);
#k;

CompositionFactors(G1l);

NL:=NormalLattice(G1);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[4];

IsIsomorphic(NL[4],AbelianGroup (GrpPerm,[2,2,2,2,2,2]));
q,ff:=quo<G1|NL[4]>;
q;

IsIsomorphic(q,DihedralGroup(10));

TransitiveGroup(10,3);

rl:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=8; r8:=0;
r9:=0; r10:=0;
r11:=0; r12:=10;

G<x,y,t>:=Group<x,y,t|x"2, (y -1*x)~2,y"10,t"2, (t,x*y"3), (t,t"(y"5)),
t,t7y), (£,t7(y"2)), (£, (y°3)), (t,t"(y74)),

(y5*t~y)"ri,

(x*xt~(y~2))"r2,

(x*t"y)"r3,



178

(x*xt~(y~4))"r4,
(x*xy*t~(y~5)) "rb,
(x*xy*t~y) "r6,
(x*xy*t~(y~2)) "r7,
(y"2%t~y) "r8,
(y~-4%t"y)"r9,
(y~-2*t~y) "r10,
(y*t~y) "rii,
(y~3*t"y) "ri12>;

#G;
f,G1,k:=CosetAction(G,sub<Glx,y>);
#k;

CompositionFactors(G1l);
NL:=NormalLattice(G1);

NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;
NL[9];

IsIsomorphic(NL[9],AbelianGroup (GrpPerm,[2,2,2,2,2,2,2,2,2]));
q,ff:=quo<G1|NL[9]>;

q;

IsIsomorphic(q,DihedralGroup(10));

TransitiveGroup(10,3);

rl1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=8; r8:=10;
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r9:=0; r10:=10;
r11:=0; r12:=0;

G<x,y,t>:=Group<x,y,t|x"2, (y"-1*x)"2,y"10,t"2, (t,x*y"3), (t,t"(y"5)),
t,t7y), (5,87 (y"2)), (£, (y°3)), (t,t"(y74)),
(y~5*t~y)"ri,

(xxt~(y~"2))"r2,

(x*t"y)"r3,

(x*xt~(y~4))"r4,

(xxy*t~(y~5))"r5,

(x*xy*t~y) "r6,

(x*xy*t~(y~2)) "r7,

(y~2%t"y)"r8,

(y~-4%t"y)"r9,

(y~-2%t"y)"r10,

(y*t~y) "rii,

(y™3%t7y) "ri2>;

#G;
f,G1,k:=CosetAction(G,sub<Glx,y>);
#k;

CompositionFactors(Gl);
NL:=NormalLattice(G1);

NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;
NL[13];
IsIsomorphic(NL[13],AbelianGroup (GrpPerm,[2,2,2,2,2,2,2,2,2,2]));
q,ff:=quo<G1INL[13]>;

q;

IsIsomorphic(q,DihedralGroup(10));
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Appendix I

MAGMA Codes = Types
Transitive Groups (10,7)

TransitiveGroup(10,7);

rl1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=5;
r9:=0; r10:=0;
r11:=0; r12:=5;

G<x,y,t>:=Group<x,y,t|x"5,y 2, (xxy~-1)"3,t"2,
(t,x72 * y * x72 *xy *x x°-1),(t,x *x y *x x7-2 *x y *x x72 % y),
(y*xx*xy~-1%t~(y~2))"ri2,

(y*x*y~-1%t~ (y*x*y)) “ril,
(y*x*y~-1%t~(y~3))"r10,

(y*x*y~-1%t) 19,

(y*x*t"x) "r8,

(y*x*t) "r7,

(y*x*t”~ (y"2*x*y)) "r6,

(y*xxt~(y~2))"r5,

(y*t) "r4,

(y*t~y) "r3,

(y~2*t)"r2,

(y"2%t~y) "ri>;
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#G;

f,G1,k:=CosetAction(G,sub<Glx,y>);
#k;

CompositionFactors(G1l);

NL:=NormalLattice(G1);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[1];

IsIsomorphic(NL[1],AbelianGroup (GrpPerm, [1]));
q,ff:=quo<G1|NL[1]>;
q;

IsIsomorphic(q,PSL(2,11));

TransitiveGroup(10,7);

rl:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=3;
r9:=0; r10:=0;
r11:=0; r12:=0;

G<x,y,t>:=Group<x,y,t|x"5,y 2, (x*y~-1)"3,t"2,

(t,x72 x y *x x72 x y *x x7-1),(t,x *y * x"-2 * y * x"2 % y),
(y*xxy~-1%t~(y~2)) "ri2,

(y*x*y~-1%t~ (y*x*xy)) "ril,

(y*x*y~-1%t~(y~3)) "r10,



(y*x*xy~-1%t) "r9,

(y*x*t"x)"r8,
(y*x*t) "7,

(y*x*t~ (y~2%x*y)) "r6,
(y*x*t~(y~2)) "r5,

(y*t) "r4,
(y*t~y) "r3,
(y~"2%t)"r2,

(y~2%t"y) "ri>;

#G;

f,G1,k:=CosetAction(G,sub<Glx,y>);

#k;

CompositionFactors(G1);

NL:=NormalLattice(G1);

NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[2];

IsIsomorphic(NL[2],AbelianGroup (GrpPerm,[2,2,2,2]));
q,ff:=quo<G1|NL[2]>;

q;

IsIsomorphic(q,Alt(5));

TransitiveGroup(10,7);

rl:
r3:
rb5:
r7:

; r2:=
; rd:=
; r6:=
; r8:=
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r9:=0; r10:=0;
r11:=0; r12:=4;

G<x,y,t>:=Group<x,y,t|x"5,y 2, (x*xy~-1)"3,t"2,
(£,x72 *x y *x x72 * y *x x7-1),(t,x *y * x"-2 * y * x"2 % y),
(y*xxy~-1%t~(y~2)) "ri2,

(y*x*y~-1%t~ (y*x*y)) “ril,
(y*x*xy~-1%t~(y~3))"ri0,

(y*x*xy~-1%t) "r9,

(y*x*t~x) "r8,

(y*x*t) "r7,

(y*x*t~ (y~2%x*y)) "r6,

(y*x*t~(y~2)) "r5,

(y*t) "r4,

(y*t~y)"r3,

(y~2*t)"r2,

(y"2*t~y) “ri1>;

#G;

f,G1l,k:=CosetAction(G,sub<Glx,y>);
#k;

CompositionFactors(Gl);
NL:=NormalLattice(G1);

NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[1];

IsIsomorphic(NL[1],AbelianGroup (GrpPerm, [1]));
q,ff:=quo<G1|NL[1]>;
q;

IsIsomorphic(q,PGL(2,19));
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TransitiveGroup(10,7);

r1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=4;
r9:=0; r10:=0;
rl11:=0; rl12:=6;

G<x,y,t>:=Group<x,y,t|x"5,y 2, (xxy~-1)"3,t"2,
(t,x"2 x y * x72 % 5y % x7°-1),(t,x *y *x XxX"-2 x y * xX"2 % y),
(y*xx*xy~-1%t~(y~2)) "ri2,

(y*xxy~-1%t~ (yxx*y)) "ril,
(y*x*y~-1%t~(y~3)) "r10,

(y*xxy~-1%t) 19,

(y*x*t~x) "r8,

(y*x*t) "r7,

(y*x*xt~ (y~2*x*y)) "r6,

(y*x*t~(y~2)) "rb,

(y*t)"r4,

(y*t~y)"r3,

(y~2%t)"r2,

(y~2%t"y) "ri>;

#G;

f,G1l,k:=CosetAction(G,sub<Glx,y>);
#k;
CompositionFactors(Gl);
NL:=NormalLattice(G1);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;



NL[3];

IsIsomorphic(NL[3],AbelianGroup

q,ff:=quo<G1|NL[3]>;
95

IsIsomorphic(q,Alt(5));

TransitiveGroup(10,7);

r1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=0;
r11:=0; r12:=5;

G<x,y,t>:=Group<x,y,t|x"5,y 2, (x*y~-1)"3,t"2,
(£,x72 * y * x"2 *x y * x7-1),(t,x ¥y *x Xx"-2 x y * x"2 x y),

(y*xx*xy~-1%t~(y~2))"ri2,
(y*x*xy~-1%t~ (y*x*y)) “ril,
(y*x*xy~-1%t~(y~3)) "r10,
(y*x*y~-1%t) 19,
(y*x*t"x) "r8,

(y*x*t) "r7,

(y*x*t”~ (y"2*x*y)) "r6,
(y*xxt~(y~2))"r5,

(y*t) "r4,

(y*t~y) "r3,

(y~2*t)"r2,

(y"2%t~y) "ri>;

#G;

f,G1l,k:=CosetAction(G,sub<Glx,y>);

(GrpPerm, [41));
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#k;

CompositionFactors(Gl);
NL:=NormalLattice(G1);

NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[2];

IsIsomorphic(NL[2],AbelianGroup (GrpPerm, [2]));
q,ff:=quo<G1|NL[2]>;
q;

IsIsomorphic(q,PSL(2,11));
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Appendix J

MAGMA Codes = Types
Transitive Groups (10,26)

TransitiveGroup(10,26);

rl1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=0;
r11:=0; r12:=0;
r13:=4; r14:=0;
r15:=0;

G<X,¥,Z,t>:=Group<x,y,z,t1x"3,y74,2z72, (y -1%2) "2,y -2*x"-1*y 2*x" -1,
(z*x7-1) "3,x" - 1xy " —1*x"-1xy - 1*xx"-1*y*xx*y, (x"-1xy~-1*xx*z) "3,t"2,
(t,y*x"-1*z¥x*y) , (t,z¥x*y*x"-1%2) , (t,y"x), (t,x*y"2),
(z*xxy*x"-1xt" (y*x*2z)) "rl,

(zxxxy*x*t~ (y*x)) "r2,

(zxxxy*xx*t~ (y*x)) "r3,

((z*x*y) "2*t°x) "r4,

(z*x*y*x*t"x) "rb,

(zxx*y*x*t"y) 16,

(z*x*y*x"-1%t) "r7,

((z*xx*xy) "2%t) "r8,

(z*x*y*x*t) "r9,

(zxt~ (y*x))"ri10,
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(zxx*y*t) "ril,
(z*x*t~x)"r12,
(zxt"x)"ri13,
(z*xt"y)"ri4,
(zxx*t) "r15>;

#G;

f,G1l,k:=CosetAction(G,sub<Glx,y,z>);
#k;

CompositionFactors(G1l);

NL:=NormalLattice(G1);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[6];

IsIsomorphic(NL[6],AbelianGroup (GrpPerm,[2,2,2,2,2,2,2,2,2,2]));
q,ff:=quo<G1|NL[6]>;
q;

IsIsomorphic(q,Alt(6));

TransitiveGroup(10,26);

r1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=0;
r11:=0; r12:=0;
r13:=6; r14:=2;
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r15:=6;

G<x,y,z,t>:=Group<x,y,z,t|1x"3,y74,272, (y"-1%2) "2,y -2%x"-1*y~2%x"-1,
(z*x"=1) "3,x " —1*y =1xx " =1xy —1xx " -1xy*rx*y, (x"-1*y -1*x*z) “3,t"2,
(t,y*x~—1*z*x*xy) , (t,z*x*y*xx"-1%z), (t,y"x), (t,x*y"2),
(z*xxy*x"-1xt" (y*x*z)) "rl,

(zxxxy*x*t~ (y*x)) "r2,

(z*xxxy*x*t~ (y*x)) "r3,

((zxx*xy) ~2*%t"x) “r4,

(zxx*y*x*t~x) "r5,

(z*x*y*x*t"y) "r6,

(zxx*y*x~-1%t) "r7,

((zxx*xy) "2%t) "r8,

(zxx*y*x*t) “r9,

(zxt~ (y*x))"r10,

(zxx*y*t) "ril,

(z*x*t~x)"r12,

(z*t"x)"r13,

(zxt"y)"ri4,

(z*x*t) “r15>;

#G;

f,G1,k:=CosetAction(G,sub<Glx,y,z>);

#k;

CompositionFactors(Gl);
NL:=NormalLattice(G1);

NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[2];

IsIsomorphic(NL[2],AbelianGroup (GrpPerm,[3,3,3,3,3,3,3,3,3]));
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q,ff:=quo<G1|NL[2]>;
qs;

IsIsomorphic(q,PGL(2,9));
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Appendix K

MAGMA Codes = Types
Transitive Groups (10,30)

TransitiveGroup(10,30);

r1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=0;
r11:=0; r12:=6;
r13:=0; r14:=0;
r15:=0;

G<x,y,z,t>:=Group<x,y,z,t|x"3,y78,z72, (y"-1%z) "2,

(z¥x"-1) "3, (y7-1%x" 1%y —1%x" - 1%y~ 2%x) ,
(x*y~=2%x"—1*ky*xx"=1*y) ,t72, (t,y " —1*xxz*xy~2) , (t,y -2*x*xy~-1),
(y-2*x"-1xy*zxx"-1xt~ (y~2))°ril,
(y™2*x"-1*y*z*x"-1*t" (y°5)) "r2,

(x"=1xy*z*x*y*t~ (y~2)) "r3,

(x"-1*y*z*x*y*t~(y~5)) "r4,

(y~2%x"-1*y*z*x"-1*%t) "5,

(y*x*z*x"-1%y~-2%t) 16,

(x"-1*ky*z*x*y*t) “r7,
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((zxx*y) "2%t) "r8,
(z*x*y~-1%t) 19,
(xxz*x*ky*rx*z*t) "r10,
(zxt~(y~2))°ri1,
(zxx*y*t) "ri2,
(z*x*t~x)"r13,
(z*xx*t) “ri4,

(z*t) "r15>;

#G;
f,G1l,k:=CosetAction(G,sub<Glx,y,z>);
#k;

CompositionFactors(G1l);

NL:=NormalLattice(G1l);
NL;

for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;

NL[1];

IsIsomorphic(NL[1],AbelianGroup (GrpPerm, [1]));
q,ff:=quo<G1|NL[1]>;

q;

TransitiveGroup(10,30);

r1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=0;
r11:=0; r12:=10;
r13:=0; r14:=0;
ri5:=4;
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G<x,y,z,t>:=Group<x,y,z,t|x"3,y78,2z72, (y"-1*z) "2,
(zxx"-1) "3, (y -1*x"-1xy —1xx"-1xy~2*x),
(xxy~=-2%x"-1xy*x"-1%y) ,t72, (t,y " -1xxxzxy~2), (t,y -2*x*y~-1),
(y2%x"-1*y*z*xx"-1xt" (y~2)) "rl,
(y~2*x~-1*y*z*x"-1%t"~ (y~5)) "r2,
(x~-1xy*z*x*y*t~ (y~2)) "r3,
(x"-1xy*z*xxy*t~(y~5)) "r4,
(y™2*x"-1*y*z*x"-1*t) "rb,

(y*x*z*x~-1*%y~-2%t) "r6,

(x"-1*y*xz*x*y*t) “r7,

((z*x*y) "2%t) "r8,

(z*x*y~-1%t) 19,

(xxz*x*y*rx*z*t) "r10,

(zxt~(y~2))°ri1,

(zxx*y*t) "ri2,

(z*x*t~x)"r13,

(z*xx*t) “ri4,

(z*t) "r15>;

#G;
f,G1,k:=CosetAction(G,sub<Glx,y,z>);
#k;

CompositionFactors(G1);

NL:=NormalLattice(G1l);
NL;

for i in [1..#NL] do if IsAbelian(NL[i]) then i; end if; end for;

NL[3];

IsIsomorphic(NL[3],AbelianGroup (GrpPerm,[2,2,2,2,2,2,2,2,2]));
q,ff:=quo<G1|NL[3]>;
q;



TransitiveGroup(10,30);

r1:=0; r2:=0;
r3:=0; rd4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;

r9:=0; r10:=0;
r11:=0; r12:=0;
r13:=0; r14:=0;
ri5:=4;

G<x,y,z,t>:=Group<x,y,z,t|x"3,y78,2z72, (y"-1*z) "2,
(z*xx"-1) "3, (y -1*x"-1xy " —1xx"-1xy~2*x),
(x*y~=2%x"—1*ky*xx"=1*y) ,t72, (t,y " —1*xxz*xy~2) , (t,y -2*x*xy~-1),

(y2%x"-1*y*z*xx"-1xt" (y~2)) "rl,
(y-2*x~-1*y*z*x"-1%t"~ (y~5)) "r2,
(x"-1xy*z*x*y*t~ (y~2)) "r3,
(x"-1xy*z*xxy*t~(y~5)) "r4d,
(y72*x"-1%y*z*x"-1%t) "rb,
(y*x*z*x~—-1*%y~-2%t) "r6,
(x"-1*yxz*x*y*t) “r7,

((zxx*y) "2%t) "r8,
(zxx*y~-1%t) "r9,
(x*z*x*y*rx*z*t) "r10,
(zxt~(y~2))"ri1,

(zxx*y*t) "ri2,

(z*x*t~x)"r13,

(zxx*t) "ri4,

(zxt) "r15>;

#G;
f,G1l,k:=CosetAction(G,sub<Glx,y,z>);
#k;

CompositionFactors(G1);

NL:=NormalLattice(G1l);
NL;

194
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for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[4];

IsIsomorphic(NL[4],AbelianGroup (GrpPerm,[2,2,2,2,2,2,2,2,2,2]));
q,ff:=quo<G1|NL[4]>;

q;

TransitiveGroup(10,30);

rl1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=0;
rll1:=2; r12:=0;
r13:=0; r14:=6;
r15:=6;

G<x,y,z,t>:=Group<x,y,z,t|x"3,y"8,272, (y"-1*z) "2,
(z¥x7-1) "3, (y7-1%x"-1%y —1%x" - 1%y 2*x) ,
(xky~=2%xx"—1xy*x"-1%xy) ,£72, (t,y —1*kx*zxy~2), (t,y"-2%xx*y~-1),
(y-2*x"-1*y*z*x"-1%t"~(y~2))"ri,

(y 2xx~-1*y*z*x"-1*t~ (y~5)) "r2,
(x"-1xy*z*xxy*t~(y~2)) "r3,
(x"-1*y*z*x*y*t~ (y~5)) "r4,
(y~2%x"-1*y*z*xx"—-1%t) "5,

(y*x*z*x~-1%y~-2%t) "r6,

(x™-1*ky*z*x*y*t) “r7,

((zxx*xy) "2%t) "r8,

(zxx*y~-1%t) "r9,

(x*z*x*y*x*z*t) “T10,

(z+t~ (y~2))"ril,

(z*¥x*y*t) "ri2,

(z*x*t"x) " "ri3,

(z*x*t)"ri4,

(zxt) "r1b>;

#G;
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f,G1,k:=CosetAction(G,sub<G|x,y,z>);
#k;
CompositionFactors(G1);
NL:=NormalLattice(G1);
NL;
for i in [1..#NL] do if IsAbelian

(NL[i]) then i; end if; end for;

NL[2];

IsIsomorphic(NL[2],AbelianGroup (GrpPerm, [3,3,3,3,3,3,3,3,3]));
q,ff:=quo<G1|NL[2]>;
q;
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Appendix L

MAGMA Codes = Types
Transitive Groups (10,35)

TransitiveGroup(10,35);

rl1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=0;
r11:=0; r12:=0;
r13:=0; r14:=0;
r15:=0; r16:=0;
rl17:=0; r18:=0;
r19:=0; r20:=7;
r21:=0; r22:=0;
r23:=0;

G<X,y,Z,Ww,t>:=Group<x,y,z,w,t|x"3,y°8,z"2,w 2, (y -1xz) "2,
(x~—1*wkx*w) ,

(z*xw) "2, (wxy " 3xwkxy~-1), (z*xx"-1) "3, (y " -1*x"-1xy " -1*x"-1%y~2*x), t72,
(t,x" (D) *y~ (-D)*x), (t,y*z*wxy”(-1)),

(xxzxyrxxyrzruxx”~ (-1)*t) "rl,
(xxz*yrxryrzewkx™ (1) *t~ (y~2)) "r2,
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(x~ (1) xy*zxx*xy*t~ (y~2)) "r3,
(%7 (1) xy*z*x*xy*t) "rd,
(y*x*xz*xwxy~ (-1)*x*t~(y~6))"r5,
(y*x*z*uxy~ (-1) *x*t) "r6,
(x*z*xx*y*x*2%t) "7,
(((z*x*y) "2) *t) "r8,
(yxz*x*wky*t) "r9,
(y*zxx*wxy*t~x) "r10,
(y*zxx*xuwxy*t~ (y~2)) "ril,
(zxx*xy~ (-1)*t~(y~2)) "ri2,
(z*x*y~ (-1)*t~(y~5)) "ri13,
(zxxxy~ (-1)*t) "ri4,
(y*xz*wkt~ (x72)) "ri5,
(y*z*w*t) "ri6,

(z*x*y*t) "ri7,
(yrwxt~(x°2))"ri8,
(z*x*t~x)"r19,

(y*w*t) "r20,

(z*x*t) "r21,
(zxt~(y°2))"r22,

(zxt) "r23>;

#G;

f,G1,k:=CosetAction(G,sub<Glx,y,z>);
#k;

CompositionFactors(G1l);

NL:=NormalLattice(G1);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[1];
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IsIsomorphic(NL[1],AbelianGroup (GrpPerm, [1]));
q,ff:=quo<G1|NL[1]>;
q;

TransitiveGroup(10,35);

r1:=0; r2:=0;

G<x,y,z,w,t>:=Group<x,y,z,w,t|x"3,y78,z72,w"2, (y"-1%z) "2,
(x~-1*wkxx*w) ,

(zxw) "2, (wxy~3xwxy~-1) , (z%x"-1) "3, (y -1*x"-1xy " -1*x"-1xy~2%x), t°2,
(t,x" (D) *y~ (-1)*x), (t,y*xz*xwxy~(-1)),

(x*zxy*rxxy*zruxx” (-1) *t) “rl,
(xxzxy*xxy*kzruxx” (-1)*t~ (y~2)) "r2,
(x~ (—1) *y*z¥x*y*t~ (y~2)) "r3,
(x~ (1) *y*zxx*y*t) "r4d,
(yrxxzruwxy~ (-1)*x*t~ (y~6)) "5,
(y*x*xz*xwxy~ (-1)*x*t) “r6,
(x*kzZ*x*y*x*Z*tL) "7,

(((zxx*xy) "2)*t) "r8,
(y*zxx*wxy*t) "r9,
(y*zxx*wxy*t~x) "rl0,
(y*zxx*xwxy*xt~ (y~2)) “ril,
(zxxxy~ (-1)*t~(y~2)) "rl12,
(z#xxy~ (-1)*t~ (y~5)) "ri3,
(zxx*y~ (-1)*t) "ri4,

(y*z*w*t~ (x72)) "r1b,

(y*z*w*t) "ri6,



200

(zxx*y*t) “ri7,
(y*xw*t~ (x72))"r18,
(z*x*t"x)"ri19,
(y*w*t) "r20,
(z*x*t) "r21,

(zxt~ (y~2))"r22,
(z*t) "r23>;

#G;

f,G1,k:=CosetAction(G,sub<G|x,y,z>);
#k;

CompositionFactors(G1);

NL:=NormalLattice(G1);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[4];

IsIsomorphic(NL[4],AbelianGroup (GrpPerm,[2,2,2,2,2,2,2,2,2,2]));
q,ff:=quo<G1|NL[4]>;

q;

TransitiveGroup(10,35);

rl1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=0;
rl11:=0; r12:=0;
r13:=0; r14:=0;
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r15:=0; r16:=0;
r17:=0; r18:=0;
r19:=0; r20:=8;
r21:=0; r22:=0;
r23:=0;

G<x,y,z,w,t>:=Group<x,y,z,w,t|x"3,y78,z72,w"2, (y"-1%z) "2,
(x"—1xwkx*w) ,

(zxw) "2, (wxy " 3*wky~-1), (z%x"-1) "3, (y -1*x"-1xy -1*x"-1xy~2*x), t~2,
(t,x" (D) *y~ (-1)*x), (t,y*xz*wxy~(-1)),

(x*z*xy*xxy*zrw*x” (-1)*t) "rl,
(xxzxy*xxy*zruxx” (-1)*t~ (y~2)) "r2,
(x” (=1) *y*z*x*y*t~ (y~2)) "r3,
(x7 (1) *y*z*xx*y*t) "r4d,
(yxx*z*wxy~ (-1)*x*t~ (y"6)) "rb5,
(y*x*z*kwxy~ (-1) *x*t) "r6,
(X*zZ*X*y*X*Z*L) "r7,
(((zxx*xy) "2)*t)"r8,
(y*zxx*wxy*t) "r9,
(y*z*x*wxy*t~x) "r10,
(y*kz*x*xwxy*xt~ (y~2))"ril,
(zxxxy~ (-1)*t~(y~2))"ri2,
(z*xxxy~ (-1)*t~(y~5)) "r13,
(zxx*xy~ (-1)*t) "rl4,
(y*zxw*t~ (x72)) "r1b,
(y*z*w*t) "ri6,

(z*xx*xy*t) "rl7,
(y*wxt~(x72))"ri18,
(z*x*t"x)"r19,

(y*w*t) "r20,

(z*x*t) "r21,

(zxt~ (y~2))"r22,

(zxt) "r23>;

#G;

f,G1l,k:=CosetAction(G,sub<Glx,y,z>);

#k;
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CompositionFactors(G1);

NL:=NormalLattice(G1);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[3];

IsIsomorphic(NL[3],AbelianGroup (GrpPerm, [4]));
q,ff:=quo<G1|NL[3]>;
q;
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Appendix M

MAGMA Codes = Types
Transitive Groups (15,5)

G<x,y,t>:=Group<x,y,t|x"5,y"3,
(x*y*x) 72,172, (t,x*xy " —1%x"-1*y*x) ,
(t,x"2%y),

(x*y*x*t” (yxx*xy~2))°rl,
(x*y*x*t"y) "r2,
(x*y*x*t~"x) "r3,

(xxy*xx*t~ (y~2)) "r4,

(x*y*x*t~ (x73)) "r5,

(x*y*xx*t” (x*y)) "6,
(x*t7y)"r7,

(x*t~ (y*x*y)) “r8,

(x*t” (xxy*x*y)) "r9,
(x*t~x)"ri10,
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(x*xt~(x"4))"ri1,
(x*t"x)°r12,

(xxt~ (x*y))"r13,
(xxt"y)"ri4,
(x"-1%t"(x72)) "r15,
(x"-1*t~ (y*x*y~2)) "ri6,
(x7=1%t"y) "r17>;

#G;

f,G1l,k:=CosetAction(G,sub<G|x,y>);

#k;

CompositionFactors(Gl);

NL:=NormalLattice(G1l);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[3];
IsIsomorphic(NL[3],AbelianGroup
(GrpPern, [2,2,2,2,2]));
q,ff:=quo<G1|NL[3]>;

q;

IsIsomorphic(q,Alt(5));

r1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=0;
r11:=0; r12:=0;
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r13:=0; r14:=0;
r15:=0; r16:=4;
rl7:=3;

G<x,y,t>:=Group<x,y,t|x"5,y"3,
(x*y*x)"2,t72, (t,x*y —1*x"-1xy*x),
(t,x"2%y),

(xxy*x*xt” (y*x*y~2))°ri,
(xxy*x*t”y) "r2,
(x*y*x*t~x) "r3,

(x*xy*xxt~ (y~2)) "r4,

(x*y*x*t~ (x73)) "5,

(x*xy*x*t~ (x*y)) "r6,
(x*t"y)"r7,

(x*xt” (y*x*y)) "r8,

(x*t” (xxy*x*y)) "r9,
(x*t"x)"r10,

(xxt~(x"4))"ri1,

(x*t"x)"r12,

(xxt~ (x*y))"ri3,

(xxt"y) "ri4,
(x"-1%t~(x"2))"r15,

(x"-1*xt~ (y*x*y~2)) "rl6,
(x"-1*%t"y) “ri7>;

#G;

f,G1l,k:=CosetAction(G,sub<Glx,y>);

#k;

CompositionFactors(G1);

NL:=NormalLattice(G1);
NL;

for i in [1..#NL] do if IsAbelian
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(NL[i]) then i; end if; end for;

NL[6];
IsIsomorphic(NL[6],AbelianGroup
(GrpPernm, [2,2,2,2,2,2]));
q,ff:=quo<G1|NL[6]>;
q;

IsIsomorphic(q,Alt(5));

r11:=0; r12:=0;
r13:=0; r14:=0;
r15:=0; r16:=8;
ri17:=3;

G<x,y,t>:=Group<x,y,t|x"5,y"3,
(x*y*x)"2,t72, (t,x*xy " —1%x"-1*y*x) ,
(t,x"2%y),

(x*y*x*t” (yxx*xy~2))°rl,
(x*y*x*t"y) "r2,
(x*y*x*t~x)"r3,

(xxy*x*t~ (y~2)) "r4,
(x*y*x*t~(x73))"r5,

(x*xy*xx*t” (x*y)) "6,

(x*t"y) "r7,

(x*t~ (y*x*y)) “r8,

(¥t~ (x*ky*x*y)) "19,
(x*t~x)"ri10,

(xxt~(x"4))"ri1,

(x*t~"x)"r12,

(x*xt~ (x*y)) "rl3,

(x*t7y)"ri4,
(x"-1*t~(x"2))"r15,

(x"-1*t" (y*x*y~2)) "rl6,
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(x"-1%t"y) "ri17>;

#G;

f,G1,k:=CosetAction(G,sub<G|x,y>);
#k;

CompositionFactors(G1);

NL:=NormalLattice(G1);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[9];

IsIsomorphic(NL[9],AbelianGroup (GrpPerm,[2,2,2,2,2,2,2]));
q,ff:=quo<G1|NL[9]>;

q;

IsIsomorphic(q,Alt(5));



Appendix N

MAGMA Codes = Types
Transitive Groups (20,15)

TransitiveGroup(20,15);

rl1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=0;
r11:=0; r12:=0;
r13:=0; r14:=0;
r15:=0; r16:=0;
r17:=0; r18:=0;
r19:=2; r20:=4;
r21:=0;

G<x,y,t>:=Group<x,y,t|x"5,y"2, (y*x"-1)"3,t"2, (t,y*x),
(x"2%t ™ (x*ky*x"-1%y)) “rl,

(x"2*%t~ (x*y)) "r2,

(x72*%t~ (X" 2%y*x"2%y) ) "r3,

(x"2%t)"r4,

(x*t~ (x"2%y)) "rb,

(x*t~ (x"3%y)) "r6,

(x*t” (xxy*x~3%y)) "r7,

(x*t~"x)"r8,

208
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(x*xy*t~(x72))"r9,
(x*y*t~ (x*y*x~2))"r10,
(x*xy*t~ (x"3*%y*x~2)) "ril,
(x*y*t~x) "rl2,

(x*xy*t~ (x"2%y*x72) ) "rl3,
(x*xy*t) “ri4,

(xxy*t~ (x"2%y*x"2%y*x"-1)) "r1b,
(x*y*t~(x74))"rl6,

(y*t~ (x"2%y)) "rl7,
(y*t~x)"ri8,

(yxt~ (x"3%y)) "r19,

(y*t~ (xxy*x~2)) "r20,
(y*t) “r21>;

#G;

f,G1,k:=CosetAction (G, sub<Glx,y>);
#k;
CompositionFactors(Gl);
NL:=NormalLattice(G1);

NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[4];

IsIsomorphic(NL[4],AbelianGroup (GrpPerm,[2,2,2,2,2]));
q,ff:=quo<G1|NL[4]>;

q;

IsIsomorphic(q,Alt(5));

TransitiveGroup(20,15);



rl1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=0;
rl11:=0; r12:=0;
r13:=0; r14:=0;
r15:=0; r16:=0;
rl7:=3; ri18:=0;
r19:=0; r20:=0;
r21:=3;

G<x,y,t>:=Group<x,y,t|x"5,y"2, (y*x~-1)"3,t"2, (t,y*x),

(x72*%t "~ (x*y*x"-1*y)) "rl,
(x"2%t~ (x*y) ) "r2,
(x72*%t~ (x"2%y*x"2%y)) "r3,
(x"2*%t)"r4,

(x*t~ (x"2%y))"r5,

(x*t~ (x"3%y)) "r6,

(xxt”~ (x*xy*x"3*y)) "r7,
(x*t~"x)"r8,
(x*xy*t~(x72))"r9,
(xxy*t~ (x*y*x°2))"r10,
(xxy*t~ (x"3%y*x~2)) "ril,
(x*y*t~x)"ri2,

(xxy*t~ (x"2%y*x°2)) "ri13,
(xxy*t) "ri4,

(x*ky*t~ (x"2%y*x " 2%y*x~-1)) "r15,
(xxy*t~(x"4))"ri6,

(y*t~ (x"2%y)) "rl7,
(y*t~"x)"ri8,

(y*t~ (x"3*y)) "r19,

(y*t~ (xxy*x~2)) "r20,
(y*t) "r21>;

#G;

f,G1l,k:=CosetAction(G,sub<Glx,y>);

#k;
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CompositionFactors(Gl) ;

NL:=NormallLattice(G1);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[2];

IsIsomorphic(NL[2],AbelianGroup (GrpPerm, [3]1));
q,ff:=quo<G1|NL[2]>;

q9;

IsIsomorphic(q,A1t(7));

TransitiveGroup(20,15);

r1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=0;
r11:=0; r12:=0;
r13:=0; r14:=0;
r15:=0; r16:=0;
rl17:=0; r18:=0;
r19:=4; r20:=2;
r21:=4;

G<x,y,t>:=Group<x,y,t|x"5,y 2, (y*x~-1)"3,t"2, (t,y*x),
(x72%t~ (x*y*x"-1%y)) "rl,

(x"2%t~ (x*y)) "r2,

(x"2*%t”~ (X" 2*y*x"2%y) ) "r3,

(x"2%t) "r4,

(x*t~ (x"2%y)) "15,

(x*t~ (x"3%y)) "r6,

(x*t~ (x*y*x"3%y)) "r7,
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(x*t~x)"r8,
(x*y*t~(x"2)) 19,
(xxy*t~ (x*¢y*x~2)) "ri0,
(x*y*t~ (x"3%y*x"2))"ril,
(x*y*t~x)"ri2,

(x*y*t~ (x"2%y*x"~2)) "r13,
(x*xy*t) "ri4,

(x*y*t~ (x"2%y*x"2%y*x"-1)) "r15,
(x*y*t~(x74))"r16,

(y*t~ (x"2%y)) "ri7,
(y*t~x)"r18,
(y*t~(x"3%y))"r19,

(y*t~ (x*y*x~2)) "r20,
(y*t) "r21>;

#G;

f,G1,k:=CosetAction(G,sub<Glx,y>);
#k;

CompositionFactors(G1);

NL:=NormalLattice(G1);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[8];

IsIsomorphic(NL[8],AbelianGroup (GrpPerm,[2,2,2,2,2,2,2,2,2,2]));
q,ff:=quo<G1|NL[8]>;
q;

IsIsomorphic(q,Alt(5));
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TransitiveGroup(20,15);

rl1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;

G<x,y,t>:=Group<x,y,t|x"5,y 2, (y*x~-1)"3,t"2, (t,y*x),
(x"2%t"~ (x*y*x"-1%y)) °rl,
(x"2*%t~ (x*y)) "r2,
(x72*%t~ (X" 2%y*x"2%y)) "r3,
(x~2*%t)"r4,

(x*t~ (x"2%y)) "rb,

(x*t~ (x"3%y)) "r6,

(xxt”~ (x*xy*x"3*y)) "r7,
(x*t"x)"r8,
(x*xy*t~(x72))"r9,

(xxy*t~ (x*y*x°2))"r10,
(xxy*t~ (x"3*y*x~2))"ril,
(x*y*t~x)"ri2,

(x*xy*t~ (x"2xy*x7~2) ) "r13,
(x*xy*t) “ri4,

(x*y*t”~ (x"2%y*x"2%y*x~-1) ) "r1b,
(x*xy*t~(x74))"ri6,

(yxt~ (x"2%y)) "rl7,
(y*t~x)"ri8,

(yxt~ (x"3*y))"r19,

(y*t~ (x*y*x~2)) 120,
(y*t) "r21>;

#G;

f,G1l,k:=CosetAction(G,sub<Glx,y>);



214

#k;

CompositionFactors(G1);

NL:=NormalLattice(G1l);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

TransitiveGroup(20,15);

r1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=0;
r11:=0; r12:=0;
r13:=0; r14:=0;
r15:=0; r16:=0;
r17:=0; r18:=0;
r19:=5; r20:=0;
r21:=3;

G<x,y,t>:=Group<x,y,t|x"5,y 2, (y*x~-1)"3,t"2, (t,y*x),
(x"2%t" (x*y*x"-1%y)) °rl,
(x"2%t~ (x*y)) "r2,

(x72*%t ™ (X" 2%y*x"2%y) ) "r3,
(x~2*xt)"r4,

(x*xt~ (x"2%y)) "rb,

(x*t~ (x"3*y)) "r6,

(x*t~ (x*y*x"3%y)) "r7,
(x*t"x)"r8,

(x*xy*t~(x72))"r9,

(x*xy*t~ (xxy*x~2)) "r10,

(xxy*t~ (x"3*y*x~2))"ril,
(xxy*t~x)"ri2,

(x*y*t~ (x"2%y*x"2)) "r13,
(xxy*t) "ri4,

(x*y*t”~ (X" 2%y*x"2*y*x~-1) ) "r1h,
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(xxy*t~(x"4))"rl6,
(y*t~ (x"2%y)) "rl7,
(y*t~x)"ri8,

(y*t~ (x"3%y))"r19,
(y*t~ (xxy*x~2)) 120,
(y*t) "r21>;

#G;

f,G1,k:=CosetAction(G,sub<Glx,y>);
#k;

CompositionFactors(G1l);

NL:=NormalLattice(G1l);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[2];

IsIsomorphic(NL[2],AbelianGroup (GrpPerm,[3,3,3,3,3]1));
q,ff:=quo<G1|NL[2]>;

q;

IsIsomorphic(q,PSL(2,11));

TransitiveGroup(20,15);

r1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=0;



r11:=0; r12:=0;
r13:=0; r14:=0;
r15:=0; r16:=0;
r17:=0; r18:=0;
r19:=6; r20:=0;
r21:=3;

G<x,y,t>:=Group<x,y,t|x"5,y"2, (y*x"-1)"3,t"2, (t,y*x),

(x72*%t~ (x*y*x~-1%y)) "rl,
(x72%t" (x*y)) "r2,

(x72%t ™ (X7 2%y*x"2%y) ) "r3,
(x"2%t) "r4,

(x*xt~ (x"2%y)) "rb,

(x*t~ (x"3%y)) "r6,

(x*t”~ (x*y*x"~3%y)) "r7,
(x*t"x)"r8,
(xxy*t~(x72)) "9,
(x*xy*t~ (x*¥y*x~2)) "rl0,
(x*y*t~ (x"3*y*x"2)) "ril,
(xxy*t~x)"ri2,
(X*y*t*(XAQ*y*XAQ))Ar13,
(xxy*t) "ri4,

(x*y*t~ (x"2%y*x"2%y*x"-1)) "rl5,
(x*xy*t~(x74))"°ri6,

(y*t~ (x"2%y)) "rl7,
(y*t~x)"r18,

(y*t~ (x"3%y))"r19,

(y*t~ (xxy*x~2)) "r20,
(y*t) "r21>;

#G;

f,G1,k:=CosetAction(G,sub<Glx,y>);

#k;

CompositionFactors(G1l);

NL:=NormalLattice(G1l);
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NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[8];

IsIsomorphic(NL[8],AbelianGroup (GrpPerm,[2,2,2,2,2,3]));
q,ff:=quo<G1|NL[8]>;
q;
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Appendix O

MAGMA Codes = Types
Transitive Groups (24,202)

TransitiveGroup(24,202);

rl1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=0;
r11:=0; r12:=0;
r13:=0; r14:=0;
r15:=0; r16:=0;
rl17:=0; r18:=0;
r19:=0; r20:=0;
r21:=0; r22:=0;
r23:=0; r24:=7;
r25:=5b; r26:=6;

G<x,y,t>:=Group<x,y,t|x"5,y72, (x"-1*y) ~4, (x*y*x~-2%y*x) "2,t"2, (t,x),
(y*xxy*t”~ (y*x"2%y*x"2xy*x)) "rl,
( (y*x”Q) ~2%xt” (y*x*y*x”4) )°r2,

((y*x) ~2*%t~ (y*x~4))"r3,



((y*x) "2xt~ (y*x~3)) "r4,
((y*x~2) 2%t~ (y*x))"r5,
((y*x~2) "2%t~ (y*x~3)) 16,
(yxxxt” (y*x"2%y*x*y) ) "r7,
(y*x*t” (y*x"4*y*x~2)) "8,
(y*x*y*t~ (y*x"3*y*x)) 19,
(y*x*y*t~ (y*x*y*x~3)) "rl0,
(yrxxy*t~ (y*x"4*y*x)) "ril,
(y*x~ 2%t~ (y*x*y*x~4)) "ri2,
(y*x*y*t~ (y*x~4)) "r13,
(y*x*y*t~ (y*x~3)) "ri4,
(y*x~ 2%t~ (y*x)) "r1h,

(y*x~ 2%t~ (y*x~4)) "ri6,
((y*x~2)"2%t) "rl7,

(y*x*t~ (y*x~4)) "ri8,
((y*x)~2*xt)"r19,

(y*x*t~ (y*x~2%y)) "r20,
(y*x*t~ (y*x~2)) "r21,
(yxx*y*t~y) "r22,

(y*x*y*t) "r23,

(y*x~2%t) "r24,

(y*x*t) "r25,
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(x*t~ (y*x)) "r26>;

#G;
f,G1l,k:=CosetAction(G,sub<Glx,y>);
#k;

CompositionFactors(Gl);

NL:=NormallLattice(G1);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[1];

IsIsomorphic(NL[1],AbelianGroup (GrpPerm, [1]));
q,ff:=quo<G1INL[1]>;

q;

TransitiveGroup(24,202);

r1:=0; r2:=0;
r3:=0; r4:=0;
r5:=0; r6:=0;
r7:=0; r8:=0;
r9:=0; r10:=0;
r11:=0; r12:=0;
r13:=0; r14:=0;
r15:=0; r16:=0;
rl17:=0; r18:=0;
r19:=0; r20:=0;
r21:=0; r22:=0;
r23:=0; r24:=6;



r25:=4; r26:=0;

G<x,y,t>:=Group<x,y,t|x"5,y"2, (x"-1*y) "4, (x*y*x"-2*%y*x) "2,t"2, (t,x),

(y*xxy*t”~ (y*x"2%y*x"2xy*x)) “rl,
((y*x72) "2%t~ (y*x*y*x~4)) "r2,
((y*x) "2%t~ (y*x~4))"r3,
((y*x) "2xt~ (y*x~3)) "r4,
((y*x~2) "2xt~ (y*x)) "rb,
((y*x~2) "2xt~ (y*x~3)) "6,
(y*x*t”~ (y*x~2%y*x*y)) "r7,
(y*x*t~ (y*x"4*y*x~2)) "r8,
(y*x*y*t~ (y*x"3*y*x)) "r9,
(yxxxy*t~ (y*x*y*x~3))"ri10,
(yrxxy*t~ (y*x"4*y*x)) "ril,
(y*x~ 2%t~ (y*x*y*x~4)) "ri2,
(y*x*y*t~ (y*x~4)) "ril3,
(y*x*xy*t~ (y*xx~3)) "ri4,
(y*x~2%t~ (y*x)) "rl5,

(y*x~ 2%t~ (y*x~4)) "r16,
((y*x~2)"2%t) "rl7,

(y*x*t~ (y*x~4)) "r18,
((y*x)~2*%t)"r19,

(y*x*t ™ (y*x~2%y)) "r20,
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(y*xx*t~ (y*x~2)) "r21,
(yxx*y*t~y) "r22,
(yxx*y*t) "r23,
(y*x"2xt) "r24,
(y*x*t) "r25,

(x*t~ (y*x)) "r26>;

#G;
f,G1,k:=CosetAction(G,sub<G|x,y>);
#k;

CompositionFactors(G1);

NL:=NormalLattice(G1);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[2];

IsIsomorphic(NL[2],AbelianGroup (GrpPerm, [5,5,5]));
q,ff:=quo<G1|NL[2]>;
q;

TransitiveGroup(24,202);

r1:=0; r2:=0;



G<x,y,t>:=Group<x,y,t|x"5,y"2, (x"-1*xy) "4, (x*y*x"-2*%y*x) "2,t"2, (t,x),

(yrxxy*t ™ (y*x"2%y*x"2%y*x)) “ri,
((y*x72) "2%t~ (y*x*y*x~4)) "r2,
((y*x) "2%t~ (y*x~4))"r3,
((y*xx) "2*t~ (y*x~3)) "r4,
((y*x~2) "2xt"~ (y*x) ) "rb,
((y*x~2) 2%t~ (y*x~3)) "6,
(y*x*t”™ (y*x”~2%y*x*y) ) "r7,
(y*x*t~ (y*x~4*y*x~2)) "r8,
(y*x*y*t~ (y*x"3*y*x)) "r9,
(yxxxy*t~ (y*x*y*x~3)) "ri10,
(yrxxy*t~ (y*x"4*y*x)) "ril,
(y*x~ 2%t~ (y*x*y*x~4))"ri2,
(y*x*y*t~ (y*x~4)) "ril3,

(y*x*xy*t~ (y*xx~3)) "ri4,
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(y*x~2%t~ (y*x)) "r1b,
(y*x~ 2%t~ (y*x~4)) "r16,
((y*x~2)~2%t) “r17,
(y*x*t~ (y*x~4)) "r18,
((y*x)~2*t)"r19,
(y*x*t” (y*x~2%y)) "r20,
(y*x*t~ (y*x~2)) "r21,
(y*x*y*t~y) "r22,
(yxx*y*t) "r23,
(y*x~2%t) "r24,

(y*x*t) "r25,

(x*t~ (y*x)) "r26>;

#G;
f,G1,k:=CosetAction(G,sub<Glx,y>);
#k;

CompositionFactors(G1);

NL:=NormalLattice(G1);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[2];
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IsIsomorphic(NL[2],AbelianGroup (GrpPerm,[2]));
q,ff:=quo<G1|NL[2]>;

q;

TransitiveGroup(24,202);
rl1:=0; r2:=0;

r3:=0; r4:=0;

r5:=0; r6:=0;

r7:=0; r8:=0;

r9:=0; r10:=0;

r11:=0; r12:=0;

r13:=0; r14:=0;

r15:=0; r16:=0;

rl17:=0; r18:=0;

r19:=0; r20:=0;

r21:=0; r22:=0;

r23:=0; r24:=4;

r25:=0; r26:=4;
G<x,y,t>:=Group<x,y,t|x"5,y72, (x"-1*xy) "4, (x*y*x"-2%y*x) "2,t"2, (t,x),
(yrxky*t ™ (yrx " 2ky*x"2%y*x)) “rl,
((y*x72) "2t~ (y*x*y*x~4)) "r2,
((y*x) "2*t~ (y*x~4))"r3,
((y*x) "2xt~ (y*x~3)) "r4,
((y*x~2) 2%t~ (y*x)) "r5,
((y*x"2) "2*%t"~ (y*x~3)) "r6,
(y*xxt ™ (y*x~2%y*x*y) ) "r7,

(yxx*t~ (y*x"4*y*x"2)) "r8,

(y*xxy*t~ (y*x~3*%y*x)) "r9,



226

(y*x*y*t~ (y*x*y*x~3)) "rl0,
(y*x*y*t~ (y*x"4*xy*x)) "ril,
(yxx" 2%t~ (y*x*y*x~4)) "ri2,
(y*x*y*t~ (y*x~4)) "r13,
(y*x*y*t~ (y*x~3)) "ri4,
(y*x~2%t~ (y*x)) "r15,
(y*x~2*t~ (y*x~4)) "ri6,
((y*x~2)"2%t) "rl7,

(y*x*t~ (y*x~4)) "ri8,
((y*x)"2*t)"r19,

(y*x*t~ (y*x~2%y)) "r20,
(y*x*t~ (y*x~2))"r21,
(y*x*y*t~y) "r22,

(yxx*y*t) "r23,

(y*x~2%t) "r24,

(y*x*t) "r25,

(x*t~ (y*x)) "r26>;

#G;
f,G1l,k:=CosetAction(G,sub<Glx,y>);
#k;

CompositionFactors(G1l);
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NL:=NormallLattice(G1);
NL;

for i in [1..#NL] do if IsAbelian
(NL[i]) then i; end if; end for;

NL[3];

IsIsomorphic(NL[3],AbelianGroup (GrpPerm, [2,2]));
q,ff:=quo<G1|NL[3]>;
q;
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