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ABSTRACT

The purpose of this thesis is to develop original symmetric presentations of
finite non-abelian simple groups, particularly the sporadic simple groups. We have
found original symmetric presentations for the Janko group Ji, the Mathieu group Mjs,
the Symplectic groups S(3,4) and S(4,5), a Lie type group Suz(8), and the automor-
phism group of the Unitary group U(3,5) as homomorphic images of the progenitors
2% (2 x Ag), 2¢7 : A5, 270 (23 1 7), and 2°7° : (PGL(2,7) : 2), respectively. We
have also discovered the groups 2% : A5, 3* : S5, PSL(2,31), PSL(2,11), PSL(2,19),
PSL(2,41), Ag, 3% : S5, A2, 2: A2 2°AZ PSL(2,49),2° PSL(3,4), 2% : A5, PGL(2,19),
2°PSL(2,31), PSL(2,71), 2% : As, 2% : Ag, PSL(2,7), 3 x PSL(3,4), PSL(3,4),
2°(Myo = 2), 37 : S7, 3% : S5, S, 2° : Sg, 3° : Sg, 2° : S5, 2% : Sg, and Mg as ho-
momorphic images of the permutation progenitors 2+ (2x As), 2+ As, 2 (7:3)
25" (2 x A5), 277 ¢ S5, and 26"+ (32 : 24). We have given original proof of the
2*" Symmetric Presentation Theorem. In addition, we have also provided original proof
for the Extension of the Factoring Lemma (involutory and non-involutory progenitors).
We have constructed S5, PSL(2,7), and U(3,5) : 2 using the technique of double coset
enumeration and by way of linear fractional mappings. Furthermore, we have given

proofs of isomorphism types for 7 x 22, U(3,5) : 2, 2°(Mi2 : 2), and (4 x 2) :* 22.
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Introduction

Every finite simple group is known by the classification of simple groups. How-
ever, what is unknown are all the ways by which one can generate these simple groups,
particularly the sporadic simple group. Sporadic simple groups are among some of the
most intriguing mathematical objects found within the last half century. However, it
was not so easy for mathematicians to study these groups for several reasons. Due to the
many different ways these sporadic simple groups were discovered, one needs to study
a lot of different techniques in order to understand the construction of these groups
thoroughly. To much delight, there has been discovery of a standard way at lower levels

to construct these simple groups.

Fascinatingly enough, Robert T. Curtis proved that every finite non-abelian
simle group is a homomorphic image of an involutory progenitor, 2*" : N, where
N < S, [Cur07]. Utilizing this fact, we study the involutory progenitor. Through
the use of double coset enumeration we can find a permutation representation for any
symmetrically generated group. Additionally, we can also construct all of the orbits of
N on the right cosets of NV in G by double coset enumeration summarized efficiently in

a Cayley graph of G over N.

On the other hand, we have also studied the non-involutory progenitor, m*" :,,
N, where N < S for some k. To construct a non-involutory progenitor, we find an
irreducible monomial representation of N. The challenge is to determine some/all of
the irreducible monomial representations. We attack the subgroups H of N by manually
lifting the characters x of H up to N by way of induction, x% 1. We can determine if

the character x will be an irreducible monomial representation of N if it turns out to



be faithful. If so, we have another unique way to capture finitely presented groups.

Once we factor a progenitor by suitable relations and obtain a group G, we
need to determine what G is. This leads us to isomorphism types. Knowing that G
is finite enables us to determine the group’s isomorphism type. Every finite group G
has a composition series. That is, every finite group G has composition factors where
these composition factors are simple. Moreover, we are able to write G' as a product
of its composition factors provided we solve the extension problem(s). In addition,
these composition factors are unique up to isomorphism by way of the Jordan-Hdlder
theorem. Having solved G’s extension problem, we can immediately determine what G
is. Thus, we can determine if we have captured any sporadic simple groups. Therefore,

it is important we know how to solve the extension problem(s) of any finite group G.



Chapter 1

Preliminaries

1.1 Definitions

Definition 1.1. [Rot95] A group G (G, *) is a nonempty collection of elements with

an associative operation x, such that:

o there exists an identity element, e € G such that exa = a xe for all a € G;

e for every a € G, there exists an element b € G such that axb=e=bxa.

Definition 1.2. [Rot95] Let G be a set. A (binary) operation on G is a function that

assigns each ordered pair of elements of G an element on G.

Definition 1.3. [Rot95] For group G, a subgroup S of G is a nonempty subset where
s € G implies s~ € G and s,t € G imply st € G. We denote subgroup S of G as
S <G.

Definition 1.4. [Rot95] Let H be a subgroup of group G. H is a proper subgroup of
G if H# G. We denote this as H < G.

Definition 1.5. [Rot95] A symmetric group, Sy, is the group of all permutations of

X, where X € N. Sx is a group under compositions.

Definition 1.6. [Rot95] If X is a nonempty set, a permutation of X is a bijection
¢p: X — X.

Definition 1.7. [Rot95] A semigroup (G,x*) is a nonempty set G equipped with an

associative operation *.



Definition 1.8. [Rot95] If x € X and ¢ € Sx, then ¢ fixes x if ¢(x) = = and ¢ moves
z if p(x) # x.

Definition 1.9. [Rot95] For permutations o, € Sx, a and [ are disjoint if every

element moved by one permutation is fixed by the other. Precisely,

if a(z) # x, then B(a) = a and if a(y) =y, then B(y) # y.

Definition 1.10. [Rot95] A permutation which interchanges a pair of elements is a

transposition.
Definition 1.11. [Rot95] In group G, if a,b € G, a and b commute if axb = bx*a.

Definition 1.12. [Rot95] A group G is abelian if every pair of elements in G commutes

with one another.

Definition 1.13. [Rot95] Let X be a set and A be a family of words on X. A group
G has generators X and relations A if G = F/R, where F is a free group with
basis X and R is the normal subgroup of F generated by A. We say < X|A > is a

presentation of G.

Definition 1.14. [Rot95] Let G be a group. If H < G, the normalizer of H in G is
defined by No(H) = {a € GlaHa™! = H}

Definition 1.15. [Cur07] Let G be a group and T = {t1,to,...,t,} be a symmetric
generating set for G with |t;| = m. Then if N = Ng(T), then we define the progenitor
to be the semi direct product m*™ : N, where m*" is the free product of n copies of the

cyclic group Ch,.
Definition 1.16. [Rot95] Let G be a group. If H < G, the centralizer of H in G is:
Co(H)={x€G:[z,h] =1 forallh € H}.

Definition 1.17. [Rot95] Let p be prime. If G = Z, X Zy X - -+ X Ly, then we say G is

elementary abelian.

Definition 1.18. [Rot95] Let (G,*) and (H, o) be groups. The function ¢ : G — H is
a homomorphism if ¢(a xb) = ¢(a) o ¢(b), for all a,b € G. An isomorphism is a
bijective homomorphism. We say G is isomorphic to H, G = H, if there is exists an

isomorphism f: G — H.



Definition 1.19. [Rot95] Let f : G — H be a homomorphism. The kernel of a
homomorphism is the set {z € G|f(x) = 1}, where 1 is the identity in H. We denote
the kernel of f as ker f .

Definition 1.20. [Rot95] Let X be a nonempty subset of a group G. Let w € G where

€1 ,.€2

w=zx{'zy’ ... x50, with x; € X and e; = £1. We say that w is a word on X.

sy

Definition 1.21. [Rot95] Let G be a group. We say G is a direct product of two
subgroups K and @ denoted, G =2 K x Q if:

1. K2G,Q4G;
2. QNK =1,
3. G=KQ;

Definition 1.22. [Rot95] G is a semi-direct product of two subgroups K and Q
denoted, G = K : Q if:

1. K 4G;

2. K has the complement Q1 = Q;

Definition 1.23. [Rot95] Let G be a group and H, N < G such that |G| = |N||H|. G
is a central extension by H if N is the center of G. We denote this by G = N*H.

Definition 1.24. [Rot95] Let G be a group and H, N < G such that |G| = |N||H]|.
G is o mixed extension by H if it is a combination of both central extensions and

semi-direct products, where N is the normal subgroup of G but not central. We denote

this by G = N* : H.

Definition 1.25. [Rot95] Let a € G, where G is a group. The conjugacy class of a
is given by a¥ = {a%g € G} = {9~ 'ag|g € G}

Definition 1.26. [Rot95] Let G be a group. A normal series G is a sequence of

subgroups



with Gi+1 < G;. Furthermore, the factors groups of G are given by G;/Gi+1 for
1=0,1,...,n—1.

Definition 1.27. [Rot95] Let G be a group. A composition series of G given by:
G=Gy>2G1>-->2G,=1

is a normal series where, for all i, either G;11 is a mazimal normal subgroup of G; or

Gis1 = Gi.

Definition 1.28. [Rot95] If group G has a composition series, the factor groups of its

series are the composition factors of G.

Definition 1.29. [Rot95] The Dihedral Group D,,, n even and greater than 2, groups
are formed by two elements, one of order 5 and one of order 2. A presentation for a

Dihedral Group is given by < a,bla?,b?, (ab)? >.

Definition 1.30. [Rot95] A general linear group, GL(n,F) is the set of all n x n

matrices with nonzero determinant over field F.

Definition 1.31. [Rot95] A special linear group, SL(n,F) is the set of all n X n

matrices with determinant 1 over field F.

Definition 1.32. [Rot95] A projective special linear group, PSL(n,F) is the set

of all n X n matrices with determinant 1 over field F factored by its center:

PSL(n,F) = Ly (F) = m.

Definition 1.33. [Rot95] A projective general linear group, PGL(n,F) is the set

of all n x n matrices with nonzero determinant over field F factored by its center:

~ GL(n,F)
PGL(LT) = 5o

Definition 1.34. [Led77] (Monomial Character) Let G be a finite group and H < G.

The character X of G is monomial if X = A\, where X is a linear character of H.

Definition 1.35. [Led77] Suppose that with each element x of the group G there is

associated an m by m mon-singular matrix

A(x) = (aij(z)) (4,7=1,2,...,m),



with coefficients in the field K, in such a way that
A(x)A(y) = A(zy)  (z,y € G).

Then A(z) is called a matriz representation of G of degree (dimension) m over K.

Definition 1.36. [Led77](Character) Let A(z) = (A;j(x)) be a matriz representation

of G of degree m. We consider the character polynomial of A(x), namely

[ A — aii(x) —ae(z) - —aim(2) ]
detM - Aa)) = | T manle) e o)
| A= am1(®) —ama(®) - —amm(z) |

This is a polynomial of degree m in X, and inspection shows that the coefficient of —\™ 1

s equal to

¢ = a11(z) + ax(z) + ... + amm(z)

It is customary to call the right-hand side of this equation the trace of A(x), abbreviated
to trA(x), so that

¢(x) = trA(z)

We regard ¢(x) as a function on G with values in K, and we call it the character of
A(x).

Definition 1.37. [Led77] The sum of squares of the degrees of the s=distinct irreducible
characters of G is equal to |G|. The degree of a character x is x(1). Note that a

character whose degree is 1 is called a linear character.

Definition 1.38. [Led77] (Lifting Process) Let N be a normal subgroup of G and
suppose that Ayg(N;) is a representation of degree m of the group G/N. Then A(x) =
Ao(N(z)) defines a representation of G/N lifted from G/N. If ¢po(Nx) is a character
of Ao(Nz), then ¢(x) = ¢po(Nx) is the lifted character of A(z). Also, if u € N, then
A(u) = L, p(u) = m = ¢(1). The lifting process preserves irreducibility.



Definition 1.39. [Led77] (Induced Character) Let H < G and ¢(u) be a character
of H and defined ¢(x) =0 if x € H, then

o(x) ze€H

Gly) —
¢°(x) ) wen

is an induced character of G.

Definition 1.40. [Rot95] Let G be a group. The order of G is the number of elements
contained in G. We denote the order of G by |G|.

Definition 1.41. [Rot95] Let G be a group such that K < G. K is normal in G if
gKg™' = K, for every g € G. We will use K < G to denote K as being normal in G.

Definition 1.42. [Rot95] Let G be a group and S C G. Fort € G, a right coset of S
in G is the subset of G such that St = {st : s € G}. We say t is a representative of
the coset St.

Definition 1.43. [Rot95] Let G be a group. The index of H < G, denoted [G : H|, is
the number of right cosets of H in G.

Definition 1.44. [Rot95] Let G be a group and H and K be subgroups of G. A double
coset of H and K of the form HgK = {HgK|k € K} is determined by g € G.

Definition 1.45. [Rot95] Let N be a group. The point stabiliser of w in N is given
by:

N¥ ={n € Njw" = w}, where w is a word in the t;’s.

Definition 1.46. [Rot95] Let N be a group. The coset stabiliser of Nw in N is given
by:

NwW) = {n € N|[Nw" = Nw}, where w is a word of the t;’s.

Definition 1.47. [Rot95] Let G be a group. The center of G, Z(G), is the set of all

elements in G that commute with all elements of G.

Definition 1.48. [Led77] A symmetric presentation of a group G is a definition of G
of the form:



2*TL.N
TIW1,T2W2,...

1

G

where 2*™ denotes a free product of n copies of the cyclic group of order 2, N is transitive
permutation group of degree n which permutes the n generators of the cyclic group by
conjugation, thus defining semi-direct product, and the relators wiwi, Tows, ... have been

factored out.

Theorem 1.49. [Led77] The number of irreducible character of G is equal to the number

of conjugacy classes of G

Theorem 1.50. [Rot95] Let ¢ : G — H be a homomorphism with kernel K. Then K
is a normal subgroup of G and G/K = ima.

Theorem 1.51. [Rot95] Let N and T be subgroups of G with N normal. Then NNT
is normal in T and T/(NNT) = NT/N.

Theorem 1.52. [Rot95] Every permutation o € Sy, is either a cycle or a product of

disjoint cycles.

Theorem 1.53. [Rot95] Let f : (G,*) — (G',0) be a homomorphism. The following
hold true:

o f(e) =€, where € is the identity in G,
e Ifac @, then f(a™') = f(a)~!,

o Ifae G andn € Z, then f(a") = f(a)".

Theorem 1.54. [Rot95] The intersection of any family of subgroups of a group G is

again a subgroup of G.

Theorem 1.55. [Rot95] If S < G, then any two right (or left) cosets of S in G are

etther identical or disjoint.

Theorem 1.56. [Rot95] If G is a finite group and H < G, then |H| divides |G| and
(G- H] = |G|/|H].

Theorem 1.57. [Rot95] If S and T are subgroups of a finite group G, then
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|ST||SNT| = |S||T].

Theorem 1.58. [Rot95] If N <G, then the cosets of N in G form a group, denoted by
G/N, of order [G : NJ.

Theorem 1.59. [Rot95] The commutator subgroup G’ is a normal subgroup of G. More-
over, if H <G, then G/H is abelian if and only if G' < H.

Theorem 1.60. [Rot95] Let G be a group with normal subgroups H and K. If HK = G
and HNK =1, then G = H x K.

Theorem 1.61. [Rot95] If a € G, the number of conjugates of a is equal to the index

of its centeralizer:
|a =[G : Ca(a)],
and this number is a divisor of |G| when G is finite.

Theorem 1.62. [Rot95] If H < G, then the number ¢ of conjugates of H in G is equal
to the index of its normalizer: ¢ = [G : Ng(H)|, and ¢ divides |G| when G is finite.
Moreover, aHa™' = bHb™" if and only if b"'a € Ng(H).

Theorem 1.63. [Rot95] FEvery group G can be imbedded as a subgroup of Sg. In
particular, if |G| = n, then G can be imbedded in S,,.

Theorem 1.64. [Rot95] If H < G and |G : H| = n, then there is a homomorphism
p: G — S, with kerp < H. The homomorphism p is called the representation of G on
the cosets of H.

Theorem 1.65. [Rot95] If X is a G-set with action «, then there is a homomorphism
& : Sx given by & : x — gx = a(g,z). Conversely, every homomorphism ¢ : G — Sx

defines an action, namely, gr = p(g)x, which makes X into a G-set.

Theorem 1.66. [Rot95] Every two composition series of a group G are equivalent.

We will refer to this Theorem as the Jordan-Hoélder Theorem.

Theorem 1.67. [Rot95] Let X be a faithful primitive G-set of degree n > 2. If H<1 G
and if H # 1, then X is a transitive H-set. Also, n divides |H]|.



1.2 Lemmas
Lemma 1.68. [Rot95] Let X be a G-set, and let xzy € X.
e IfH <G, then Hx N Hy # () implies Hxr = Hy.

o If H <G, then the subsets Hx are blocks of X.

11
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Chapter 2

The Involutory Progenitor

2.1 Introduction

Robert T. Curtis proved that every finite non-abelian group is a homomorphic
image of an involutory progenitor, 2*" : N, where N < S,, . Utilizing this fact, we study
the involutory progenitor. The definition of a progenitor is that it is a semi-direct
product of the following form: P = 2*" : N = {rw|r € N,w a reduced word in the ¢;},
where 2" denotes a free product of n copies of the cyclic group of order 2 generated
by involutions t; for s = 1,...,n; and N is a transitive permutation group of degree n
which acts on the free product by permuting the involutary generators. We refer to NV
as the control group and the involutions as symmetric generators.

It should be noted that a progenitor is an infinite group. Therefore, we must
find relations to factor a progenitor by in order to capture homomorphic images of
finitely presented groups (relations are of the form 7w). There are various ways to ob-
tain relations to factor a progenitor by. Although, which ever approach is taken, none
can gaurantee a particular group. Therefore, we try all methods of finding relations
to factor a progenitor by. We will now illustrate the process by which a progenitor is
constructed through the use of MAGMA. In addition, we will show how to factor a

progenitor by various relations.

Our desire is to write the progenitor 2+ . Ag, where 2*° denotes the free prod-

uct of involutions and Ag is our control group. We start with the representation of Ag.
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A = Alt(6);
Generators(A);
(1,2,3),(1,2)(3,4,5,6)

We define our generators and save the group N generated by these elements for later
use.

yy = Al(1,2,3);

xx = Al(1,2)(3,4,5,6);

N = sub < Alzzx,yy >;

#N;

360

Next, we execute the finitely presented group command on Ag to garner a pre-
sentation for Ag, F PGroup(Alt(6)). We translate the given presentation from MAGMA
in terms of z’s and y's (MAGMA will yield presentations in terms of numerical values
such as .1, .2, .3, etc. therefore we translate them into words). Having done so, the

presentation for Ag is as follows:

NN < z,y >= Group < z,y|z*, 3>, (7, y ™ )2, 27y a2y a2y ey ta=t (y Lz ) > .
We can check the #NN to make sure we are on the right track (no errors were made).
Or, we can utilize Cayley’s Theorem [Rot 95] in conjunction with Theorem 3.14 [Rot 95]
which allows us to check if NN is isomorphic to Ag. That is, NN can be imbedded as
a subgroup of Ssgo. Moreover, if we choose Id(NN) = H < NN, then we obtain a
faithful representation of NN. Furthermore, we are now able to see if our presentation

is correct on Ag. This is how we perform the check in magma.

fyNN1,k := Coset Action(NN, sub < NN|Id(NN) >);
s := Islsomorphic(NN1, Alt(6));
53

true
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Hence, our presentation of Ag is correct.

We now need to add in the free product of involutions 2*¢ described by t;,
where 1 < i < 6. Note: |t;| = 2. That is, we must make ¢ ~ ¢; commute with the one
point stabilizer of Ag, denoted A}. That is, (¢, A}) = 1 means 1° = 1 forall s € A}. By
doing so, we are saying ¢ has six conjugates or in other words, there are six symmetric
generators. IV acts on the family of all its subgroups by conjugation. We will show that
there is a homorphism from N to the family of all the conjugates of < (¢) > in N, thus

inducing an action.

Lemma 2.1. [Rot95] Let < (t) >< m*" : N and X be the family of all the conjugates
of < (t) > in N. There is a homomorphism ¢ : N — Sx with ker¢ < Ny(< (t) >).
(Note: Ny(< (t) >) is the normalizer in N of < (t) >).

Proof: Let a € N, define ¢q: X — X, by pa(n™! < (t) >n) =a"'n"! < (t) > na. Let
b e N, and consider the following:

badp(n ™t < (1) > n) = ¢ (b7t < (t) > nb)
= ¢ap(a™ 07 It < (t) > nba)

= Pap(n~' < (t) >n).

Thus, ¢ is a homomorphism. Moreover, since a € N, then a~' € N. Hence, ¢, has

inverse ¢, -1 and thus ¢, € Sx. Furthermore, if a € ker¢, then

pa(nt< () >n)=a"n"t < (t) > na

=nt<(t)>n, foralln€N.

Choose n = e, then ¢q(e™t < (t) >e) =ale ! < (t) >ea=a"t < (t) > a.
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Therefore, a € Nn(< (t) >) and ker¢ < Nn(< (t) >) as desired. O

Continuing, our group Ag acts on the indices of the ¢s by conjugation. More-
over, we can conclude if Ag acts on the indices by conjugation, then for t € m*", O(t)
is the conjugacy class of ¢t and Ag, = C4,(t). That is, the stabilizer of t is equal to the

centralizer of t in Ag.

Corollary 2.2. [Rot95] Let G = m*" : N, if N acts on m*" by conjugation and t € m*",
then O(t) is the conjugacy class of t and Ny = Cn(t).

Proof: Let t ~t1, and N' be the one point stabilizer in N. Then

Ny = Nt
={neN'|nt=t}
={neN'|t"=t}, since N acts by conjugation on m*
={neN'|nttn=t}
={ne N |nt=tn}

= Cn(t).

Thus, Ny = Cn(t) as desired.

Furthermore,

O(t) ={nt In € N}

= {t" |n€ N}, since N acts by conjugation on m*"

= {n"'tn |n € N}

=N
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Thus, O(t) =tV as desired. O

Theorem 2.3. [Rot95] Show that the number of conjugates of t in N < Sy, is equal to
the index of the centralizer of t in N, denoted |tN| = [N : Cn(t)].

Proof: (Note: For the purpose of this proof, we shall use left cosets as demonstrated in
[Rot 95].) Let tV = {ntn~'n € N}, and let C = Cy(t) and N/C = {nC|n € N}.
Define f : tN — N/C by f(ntn™') = nC. We need to show that f is well defined
and onto, thus we have our desired result. (Well defined) Suppose ntn=! = hth~!
< tn=n"thth ™! < tn"'h=n"'ht, hencen 'h € C. This implies, n 1hC = C
<= nC = hC. Hence, f is well defined. (Onto) Let nC € N/C, then ntn=' € tV
such that f(ntn=') = nC, hence f is onto. O

We now conclude the index of the centralizer of ¢; in N is equal to the number
of conjugates of t; in N which is equal to the index of the one point stabilizer in N.
That is, [tV = [N : Cn(t)] = [N : N]. But O(t) =tV hence |O(t)| = [tV| = [N : Ny).
Since Ag is a transitive G-set, |O(t)| = 6, hence t; has six conjugates. Moreover, we can
compute the conjugates of t; explicitly by the right coset representatives of N over N1,

the control group and the one point stabilizer respectively.

We will now describe how to present 2*" in a symmetric presentation of the

progenitor 2*" : N.

2.2 2* Symmetric Presentation Theorem

Theorem 2.4. (2*" Symmetric Presentation Theorem) Let N < S,, be transitive and
(t, NY) =1, thent®* =t* <= N'a= N' for alla,bc N.

Proof: Since N is transitive, |O(t)| = n, for all t € m*". By previous proof, this im-
plies N has n conjugacy classes. Moreover, this means that [N : N'] = n. Now let
N = N'zy UN'zyU---UN'z,, we will show that the conjugates of t are obtained by

the right coset representatives of N'. In doing so, we are saying there are n-many ty
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and no more. Suppose t* =t°, then

t*=t°
— a ‘ta=b"ttb
<~ ba lta=tb
— ba Yabl =t
— (ab"H)Hab =t

— @ ¢

Thus, ab—' € N'. That is, N'ab~' = N! <= N'a= N'. O

By viewing the statement of the theorem, if it were the case that two t's were
equal under conjugation, then the right cosets must be equal. Looking at the negation
of the statement, t® # t* <= N'a # N'b, we are saying there are as many t's as

there are right cosets.

That is, we can write N as a decomposition of right cosets in terms of the
one point stabilizer and the representatives of the n conjugacy classes, denoted by N =
N'zyUN'zoU---UN'z,. Thus, when we conjugate t by N = Nz UN'zoU---UN'z,,

we get n t,.

Currently, our progenitor is given by:

1 1

However, we still need to convert the generators of Aé into words. So, we
utilize the Schreier System to convert A}’s permutations into words. Upon completion,

we will have succesfully created a progenitor for 2 . Ag.

N1 := Stabilizer(N,1);
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Generators(N1);
(4,5,6)
(2,3,4)
(3,4,5)

Sch:=SchreierSystem(NN,sub< NN | Id(NN)>);
ArrayP:=[Id(N): i in [ # N]J;

for iin [2.. # N] do P:=[Id(N): 1in [1.. # Sch[i]]];
for j in [1.. # Schli]] do

if Eltseq(Schl[i])[j] eq 1 then P[j]:=xx; end if;

if Eltseq(Sch[i])[j] eq 2 then P[j]:=yy; end if;

if Eltseq(Sch[i])[j] eq -1 then P[j]:=xx"!; end if;
if Eltseq(Schli])[j] eq -2 then P[j]:=yy~!; end if;
end for;

PP:=Id(N);

for k in [1.. # P] do
PP:=PP*P[k]|; end for;
ArrayPli]:=PP;

end for;

for iin [1.. #N] do if ArrayP[i] eq N! (4, 5, 6) then Schli];
end if; end for;

zyz”yzy
for i in [1..#N] do if ArrayP[i] eq N! (2, 3, 4) then Sch[i]; end if; end for;

yr~tyx
for i in [1..#N] do if ArrayPli] eq N! (3, 4, 5) then Sch[i];end if;end for;

ryzyzrly

A simple check to see if we converted the generators properly is done by the following,

N1 eq sub < N|:v:vyymm_1yym:nyy, yy:n:r_lyy:n:v, :vm;ymmyyma:_lyy >3

true
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Therefore, our progenitor for 2*6 : Ag is,

G < ,y,t >:= Group < z,y, tlz*, o, (a7 y )2, oy ta 2y ety ey !

(y a5, 82, (¢, zyztyzy), (t, yz~tyx), (¢, zyzyz~ty) > .

Again, when we make t commute with the generators of the one point stabi-
lizer in the presentation, we are saying t has 6 conjugates. This follows from the one
point stabilizer being a subgroup of N with index 6. Moreover, we can write N as a
decomposition of right cosets in terms of the one point stabilizer and the representatives
of the six conjugacy classes, denoted N = N'zy U N'zy U --- U Nlzg. Therefore, when

we conjugate t by N = Nlzy UN'zo U--- U Nlzg, we get six .

2.3 Applying the Factoring Lemma

We can perform a check utilizing Lemma 2.13 (Factoring Lemma) [Gri 15].
This lemma states that when you factor the progenitor m*™* : N by (t;,t;), for 1 <
i < j < n, you obtain a homomorphic image of the group m™ : N. In other words,
to show that our progenitor is correct, we have to show how ¢; commutes with all
the other t/s, where 2 < i < 6. By taking the order of m"™ : N, it should be
|m™| - [N| = |25] - |360] = 23040. We execute this by taking the orbits of the one

point stabilizer.

Orbits(N1);

{1}
{2,3,4,5,6}

We add the relation (¢,t*) = 1 and take the order of G.

G < z,y,t >:= Group < z,y, tlz*, o2, (a7 y )2, oy ta 2y ety ety

(y~ta=)2, 82, (t, zyaz~yay), (¢, ya~yx), (6, zyzye~ty), (8, 17) >;

7=

1
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#G;,
23040

Therefore, the presentation for the progenitor 2*6 : Ag is correct.

2.4 Extension of Factoring Lemma

Corollary 2.5. : Let G = %, then Z(G) =< (tptn—1---t1) > and |Z(G)| = m.

Proof: Let wr € G, where w is the product of tys, 1 < i < n in m* and 7 is a
permutation in N. It suffices to show that (tptn—1---t1) commutes with 7. Since <
t1 > X <ty >x ---xX <t,>1is a direct product, then tit; = t;t;, for all 1 <i,7, < n.

Consider:

= m(tatn 1 t1)"

= m(tptn 1 t1)

= m(tgty - - ts) where 1 < q,r,5s <n
= 7(tptn—1 t1)

= Tw

Therefore, (tptn—1---t1) commutes with w. We must show that Z(G) =< (tptp—1---t1) >
is a product of tys all of the same power, has length n, and that |Z(G)| = m.

Since N is transitive, N has only one orbit. That is, given (tgt,---ts), 1 <
q,7,s < n with length less than n, then there is some t; not in (tgt,---ts). We can
choose a f € N that sends any other t;, 1 < j < n in (t4t,---ts) to t; by conjugation
of B, t]@ = t;. Similarly, if there was a ¢, 1 < p < m that so happened to be raised

to a different power than some other t;, 1 < j < n, we could choose some o € N
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that sends ! — t? by conjugation of a, (t7)* = t?. Hence, Z(G) must be of length n
and all tys must be raised to the same power. We will now prove that |Z(G)| = m.
If m is composite, then suppose | < t; > X < tg > X --+X < t, > | = k, where
1 <k <m. This implies th = t;kt;]fl-"t;k. Since < t1 > X <ty > X - X <t, >,
then <t >N <ty >x ---x <t, >={e}. Buttb¥ =t % ...t;F c<t; >n<

ty > X ---x < t, >= {e}. This implies |t*| = e, a contradiction. If m is prime,
then < t] > X <t9g > X -+ X < t, > is elementary abelian of order m”™, this implies
|Z(G)| =] <t1 > %X <ty>X X <t,>|=m, since all non-trivial elements of an

elementary group have order m. Hence, |Z(G)| =m. O

2.5 Factoring 2% : A; By First Order Relations

Given our infinite progenitor 26 : Ag, we would now like to factor by suitable
first order relations to obtain finite homomorphic images of simple groups. That is,
we factor by the smallest normal subgroups to obtain these images. Since the conju-
gacy classes are normal, we compute the conjugacy classes of our control group. Next,
we compute the centralizer of each class representative. Then, find the orbits of the
corresponding centralizers. By taking the orbits of the respective conjugacy classes, it
will allow us to determine which t;;; are in the same orbits. This is a short cut or a
way to cut down on listing the respective first order relations as it can be taxing when
the groups get much larger in size. That is, the t;;; in the same orbits will be repeats
of each other since they commute with one another by conjugation of their respective
class representative. For example, class [3] has orbit {1,2,3}. This means t1,t2, and 3

commute with each other by conjugation of (1,2,3)(4,5,6).

A:=Alt(6);
C:=Classes(A);
#C;

7

G;



The conjugacy classes are as follows:

Conjugacy Classes of group A

[1] Order 1 Length 1
Rep Id(A)

[2] Order 2 Length 45
Rep (1, 2)(3, 4)

[3] Order 3 Length 40
Rep (1, 2, 3)(4, 5, 6)

[4] Order 3 Length 40
Rep (1, 2, 3)

[5] Order 4 Length 90
Rep (1, 2, 3, 4)(5, 6)

[6] Order 5 Length 72
Rep (1, 2, 3, 4, 5)

[7] Order 5 Length 72
Rep (1, 3, 4, 5, 2)

for i in [2..#C] do i, Orbits(Centraliser(A,C[i][3])); end for;

{56}
{1,2,3,4}

22



{1,2,3)}
{4,5,6)

4

{1,2,3)}
{4,5,6)

5

{5,6}
{1,2,3,4}
6

{6}
{1,2,3,4,5)}
7

{6}
{1,3,4,5,2}

for j in [2..#C] do

for iin [1..#A] do

if ArrayP[i] eq C[j][3] then Schli]; end if; end for;
J;

end for;

yxx lxyxzxy

2

cxy lxzx 1lxy lxzx
3

Y

4

Ty Lxa? sy’

5

cxy lxzxy 1xz1
6

THrY*TRkY*T 1

23
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We now right multiply the above words by ¢t and we have the following first order rela-

tions:

(yxao txyxzxyxt)
VE¥ *y*:p*y*t(y*$2))
(:L‘*y Ly lsxylsaxt)
(zxy Lea1sy Lz tW)
(y*1)

(y » t05))
(:c*y Lxa?xyxa?xt)

(xxy txa?xyxo *t(y*$2))
(
(
(
(

x *x*yl*aj_ * 1)

rxy txxxy 1*x*1*t(y2*””3))
THYKTHY*T L% 1)

TRYRTRY*T 1*t(yz*13))

We raise the relations to powers through the use of a loop in MAGMA. MAGMA will
return numbers which are the powers we should use for corresponding relations based

on the homomorphic images our progenitor captures. Below is our infinite progenitor

of 2*6 : Ag:

G < z,y,t >:= Group < z,y,t|z*, 93, (x71,y71)2, 2

iy Ixa 2%y 1xa? sy 1xa?xy 1271, (y 127 1)>,
12,

trxyxx  lxy*xxy),

tyxz 1*xyx*x),

texyxxxyxx 1xy),

t,1%),

yrxr txyxzryxt)

(
(
(
(
(
(

yxax *y*m*y*t(y *xz))’"Q,
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(m*y‘l *x2>(<y*:c2*t)r3
(xxy P xa?xyxa®x t(yQ*xz))M,
(y = t)

(y % t(y *X )7‘6

(:L'*y_l x 22 xy*x a2 xt)"7

(:t: Lya?xyxa?x t(yz*xz))r87

(z * *x*y‘l xxlxt)?

(xxy txrsxy el t(y2*x3))rlo,

(:c*y*x*y*a; Lygyrtd,
(zxyxx*y*xx *t(y2*”3))T12

>

2.6 Factoring 2 1 Ag By Second Order Relations

Second order relations are of the form =t;t;, where 7 € N. We will use our
first order relations in order to obtain these relations. We need to right multiply our
first order relations by a t; such that ¢; is not in the same orbit of ¢;. Therefore, we find

the orbits of the one point stabilizer.

Stabilizer(Alt(6),1);
Permutation group acting on a set of cardinality 6
Order = 60 =22 %3 x5
(2,3, 4)
(3,4,5)
(4, 5, 6)

Orbits(Stabilizer(Alt(6),1));
{1}

{2,3,4,5,6}

Our relations are as follows,



(yxatxyxaxyxt)

(yxx~ *y*x*y*t(y*x2))
(az*y Ly txylsaxt)
(xxy txa lxy 1*x*t(92*x))
(y*t)

(y % t0))

(:L‘*y Lxa?xyxa?xt)

(:c Lyxa?xyxa *t(y*“’))
(xxy txxxy tralxt)

(x*xy txzxy 1*33_1*15(1/2*””3))
(:C*y*x*y*a; * 1)

(

THRYRTHY*T *t(y2*x3))
Our infinite progenitor 2*6 : Ag factored by second order relations

G < z,y,t >:= Group < z,y,t|z*, 3>, (x71,y71)2, 2,

iy lra 25y 1xa? sy 1xa?xy 1271, (y 12" 1)°,
2,

(tyxxyxaz  lsxyxxz*xy),
(tyyxx~ 1xy*a),
(t,rxyszxyxx~1xy),
(t, %),

(yxao txyraxyxtxty)
(yxx~ *y*x*y*t(y*m)*t)ﬂ
(:U*y Vxa?syra? st tY)rs,
(

(

(

(

(

(

xoky Lk 2 *y*x 2 4 W) g ),

rry txa?ryxa?xtxtY)7,

zxy txaxysxa *t(y*x)*t)rs

T *xy 1*x*y Lxa=bat s t9))

26



27

(xxy txosxy tralx ty?a®) )10,
(xxysx*rysxaxtxt*ty)1h
(x*xy*xx*ry*axlx* #ly*xz®) o t)ri2

)

2.7 Factoring Progenitors Using the Famous Lemma

The motivation behind the Famous Lemma came quite natural. Robert T.
Curtis understood that every element of a progenitor, m*" : N had the form ww, where
m € N and w is a word in the symmetric generators. Then, by factoring by 7w (first or-
der relations), we are saying mw = 1. As a result, we are writing permutations in terms
of symmetric generators. Curtis noticed this was switching the outer automorphisms
of the free product of t;;; into inner automorphisms of its homomorphic image. This
lead to the question of whether it was possible to write permutations in N in terms of
two symmetriic generators. It turns out you can because of the lemma. Here is the

statement of the lemma.

Lemma 2.6. : (The Famous Lemma) [Cur07] NN < t;,t; > < Cn(Nj;), where Nyj

denotes the two point stbilizer in N of i and j.

That is, if you want to write permutations in terms of symmetric generators,
then for each two point stabilizer in IV, calculate its centralizer in N and write the
elements of the centralizer in terms of ¢; and ¢;. First, we explore the case where the
centralizer is not equal to N, then show the case where it unrestricted (equaling N).
The Dihedral group of order 2k is given by the following presentation, Doy =< t;,t; >=
{t? = 1,t? = 1, (t;t;)® = 1}. The center of Dy is trivial if k is odd or (titj)g, if k is
even. After calculating the two point stabilizer in N, find its centralizer in N and write

the elements of the centralizer in terms of ¢; and ¢; in following manner: (xt;)™ = 1,

when 2 {m and 1% = 2 or (;t;)™ = «, when 2 | m and 1¥ = 1 and 2% = 2.
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2.7.1 Example

Using our progentitor 2*6 : Ag, we calculate the point-stabilizer of 1 and 2.

Stabilizer(Alt(6),[1,2]);

Permutation group acting on a set of cardinality 6
Order =12 =2%2%3

(3,4,5)

(4,5, 6)

S:=Stabilizer(Alt(6),[1,2]);

We now calculate the centralizer of the point-stabilizer of two points.

Centralizer(Alt(6),S);

Permutation group acting on a set of cardinality 6 Order = 1
Therefore, the relation will be, (t1t2)¥ = 1, where k is even.
Our progenitor factored by Curtis’ Lemma is given below.

G < x,y,t >:= Group < x,y,t!az4,y3, (m‘l,y‘l)z,tz,x_l xy lxa 2%y 1xa?sxy 1x
xz*y_l*x_l,(y_l*:L“_l)5,t2,(t,x*y*x_l*y*x*y),(t,y*x_l*y*x),(t,x*y*x*
yxx1xy), (4,1%), (t1ta)F =1 >;

On the other hand, a natural question that arises is, what happens if the
centralizer is N7 That is, NN < ¢;,t; > is unrestricted. Consider the progeni-
tor 2% Ay =< z,y,t|23, 3, (zy)?, (t,2) >, where t ~ t1, x ~ (2,3,4), and y ~
(1,2,3). Let N =< x,y >. Since S := Stabilizer(Alt(4),[1,2]) = 1, this implies
Centralizer(Alt(4),S) = N. Thus, NN < t1,ts > < Cny(N12) = N = Ay. NN <
t1,to > is a subgroup of A4 that is normalized by the permutation (1,2)(3,4). The sub-
groups of A4 that are normalized by (1,2)(3,4) aree, < (1,2)(3,4) >, < (1,2)(3,4),(1,3)
(2,4) >, and Ay. We desire G =< t1,t9,t3,t4 > (simple groups are generated by in-
volutions). Now, if < t1,t9 >> NN < t1,ty >= Ay, then < t1,ty >>< t1,t, Ay >=<
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t1,ta, t3, ty >= G since ti'* = {t1, 9, 13,t4}. Thus, G =< t,t >. Hence, G is dihedral.
In order to find ‘interesting’ groups (simple groups, quotient groups that are simple,
etc.), it must be the case that NN < ¢1,ta >= e, NN < t1,ta >=< (1,2)(3,4) >, or
NN < ty,t2 >=< (1,2)(3,4),(1,3)(2,4) > . A corollary that follows from the Famous

Lemma tells us which relation we should factor our progenitor by to find ‘interesting’ G.

Corollary 2.7. [Cur07] (i) If g belongs to N and i9 =i and j9 = j, then we should
factor the progenitor by the relation (titj)k = g, for any positive integer k.
(ii) If g belongs to N and 19 = j and j9 = i, then we should factor the progenitor by the

relation (gt;)* = 1, for any odd positive integer k.

Proof: (i) Now < t;,t; > is dihedral (since |t;| = 2 and |t;| = 2). Thus, if k is even,
Center(< ti,t; >) =< (t;it;)(3) > . Then (titj)(titj)(g) = titj. Also, (ti,t;)™ = (t;, 1)),
where m € N fixed i and j. Thus, if g belongs to N and i9 = i and j9 = j, then we
should factor the progenitor by the relation (titj)k = g, for any positive integer k.

(ii) titjt;, titjtitits, titjtitititts, ... interchange t; and t; (note: (t;t;)''i'i =t;t;,

(titj)lititititi = ¢t;, (t;t;)htttititite = ¢.¢, ...). Thus, if g belongs to N and i9 = j and
j9 =1, then we should factor the progenitor by the relation g = t;t;t;, g = titjtit;t;, g =
titjtitjtitjts, ... Equivalently, we should factor by the relation (gt))* = 1, for any odd

positive integer k. [

Therefore, based on the above corollary, in the event that NN < t1,t0 >=1
we should factor by the relation ((1,2)t1)™ = 1, where m is a positive odd inte-
ger. Or, if it were the case NN < t1,t2 >=< (1,2)(3,4) > or NN < t1,ty >=<
(1,2)(3,4),(1,3)(2,4) > we should factor by (t1t2)", (t1t2t1)®, ... where r and s are posi-
tive integers. In summary, first, we find a permutation P in N that interchanges ¢; and
tj. Then, find all subgroups of N that are normalized by P. Take all of these subgroups
normalized by P, excluding N, then apply the above corollary.
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Chapter 3

The Monomial Progenitor

3.1 Introduction

We have been working with involutory progenitors where the symetric genera-
tors are of order 2. The complement of the semidirect product permutes the symmetric
generators by acting on the indices of the generators of the free product. However, if
the symmetric generators had an order higher than 2, say 3, there would be additional
automorphisms of the symmetric generators. For example, if we were to fix all the
symmetric generators of 3*" except one, then by sending the one unfixed generator to

itself raised to the power of 2, we have created a new automorphism.

Definition 3.1. [Cur07] Automorphisms which permute the symmetric generators and

raise them to such coprime powers are called monomial progenitors.

A generalized monomial progenitor has the form m* :,, N where N < 5, acts
transitively on the n cyclic subgroups and the subscripted m on the colon indicates the
action of the control group is monomial. [Cur(7]

This is great news. A monomial progenitor is richer (more automorphisms of
the symmetric generators) than an involutory progenitor. It can permute the symmetric
generators, but also with the added bonus of mapping them to different powers (t; —
t;n,m < n). As a result, this gives a monomial progenitor more avenues to search for
homomorphic images of finite non-abelian simple groups. This leads us to the thought

of how it is we are able to contruct monomial progenitors. It is practical to think that
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in order to have a monomial progenitor we must first have a monomial representation

of our control group.

Definition 3.2. [Cur07] A monomial representation of a group G is a homomorphism
from G into GL(n, F) in which the image of every element of G is an n x n monomial

matriz over F'.

Robert T. Curtis notes that every monomial representation of a group G where
G acts transitively on the 1-dimensional subspaces generated by the basis vectors is given
by inducing a linear representation of a subgroup H of G. It is the famous mathematician
Ferdinand Frobenius that proved this important result. We shall examine this discovery
before moving on.

We will now define an induced representation of H up to G (see [Led77] for
more details). Frobenious knew that given a finite group G, he could obtain a matrix
representation of G. However, he wanted to know if you could take an arbitrary subgroup
H of G and some how represent GG in terms of H. That is, come up with a matrix
representation for a group G by way of an arbitrary subgroup H of G.

Let G be a group where |G| = ¢, and let H be a subgroup of G where |[H| = h
and [G : H] = n. We let ¢(u), u € H be a representation of H with degree ¢q. This

implies

¢(ho)p(h1) = ¢(hoh1), ho,h1 € H

We now extend our matrix representation to our group G carefully. We note

d(ho) =0, if = ¢ H.

Let G = Ht{ UHto U---U Hty, be a decomposition of G into right cosets of H
where t;, 1 <1 < n are the right transversals of H in G. Then for all z € G we denote

A(z) as an n x n matrix of degree gn with an array of blocks, each of degree ¢ given by
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ozt ') Ghawty) - o(tixt,t)
Alr) = ¢(t29.6t1_1) ¢(t29.6t2_1) ¢(t2ﬂf?tﬁl)
o(tnaty!) Stpaty') o d(tpat,t)

We want to show that given z,y € G, A(x)A(y) = A(zy). That is, we need to
make sure all the blocks are equal. We take an arbitrary block, say, the (i, j)th block
and we fix 4, j, x, and y. We see that

S (it oty ) = S otiaty oyt = S0 d(tayty V) = dltieyt )

Naturally, we have two cases that we must analyze, t,;xytj_l ¢ H and tZ-:L‘ytj_l €

H, foralll <r <n.

i) Suppose tixytj_l ¢ H. This implies that qﬁ(tixytj_l) = 0. However, this
implies that t;2t, ! ¢ H or tryt;1 ¢ H, for all 1 < r < n. Otherwise, we would have
a contradiction to our supposition of twyt;l ¢ H. Without loss of generality, suppose

tixt ¢ H, for all 1 <r < n. This implies

tiwt, ¢ H

< tix ¢ Ht,, for all 1 <r <n.

This is impossible, therefore t;zt, L' e H and trytj_l € H for some 1 < r < n. Hence,
tixytj_l € H.

ii) Suppose v = ltgcytj_1 € H. Then t;x € Ht,, for some 1 < s < n. Let
u = tixt;t € H, if r # s, we have t;xt, ! ¢ H. Moreover, the sum on the left,
Sy gb(timtr_l)gb(tsyt;l) reduces to just the case where r = s. The term tsyt;1 #0

since

toyt; ' = tex Mt iyt =y € H.
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As a result, this implies

$(u)p(u™'v) = d(v)

We have shown for the fixed values i and j, there is one and only one block
that is nonzero. Hence, A(x) is a representation of our group G. We say that the
representation of G has been induced from the representation ¢(u) of H. This leads us

to the idea of monomial representations.

Theorem 3.3. : (Monomial Character) [Isa T6] Let x be a character of G. Then x is
monomial if x = A\®, where X\ is a linear character of some subgroup (not necessarily
proper) of G. If x is monomial then x is afforded by a monomial representation X of
G; that is, each row and columnn of X (g) has exactly one nonzero entry for each g € G.

th

Moreover, the nonzero entries of X(g), for any g € G, are n'"* roots of unity for some,

since G is finite.

Hence, to achieve a monomial representation, induce a linear character ¢
(phi of H), from a subgroup H of our group G up to G. (Note: sometimes we will write
just ¢ in place of ¢! but with the same intention. If ¢ is used outside of being a linear
character of a subgroup H, it will be made explicit.) Continuing, the way in which
you define how it is you induce your linear character from your subgroup H up to G is

important. This leads us to the following.

Definition 3.4. [Led77] (Induced Character) Let G be a group and let H < G be a
subgroup. Let x be a character of H and let x : G — C be defined by the following

formula

x(9), geH
0 g¢ H
Definition 3.5. [Led77] (Formula for Induced Character) Let G be a finite group and

H be a subgroup such that |G : H| = % =n. Let Co,aa=1,2,--- ;m be the conjugacy
classes of G with |Cy| = he,a = 1,2,--- ,m. Let x be a character of H and ¢ be the
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character of G induced from the character ¢ of H up to G. The values of ¢ on the m

classes of G are given by

d)g:ﬁ Z pw),a=1,2,--- ,m.

h
Y Ccun H

In other words, it is important that ¢ = ¢©. This is accomplished by making
sure ¢ yields all the same values as ¢© on the m classes of G. Given that ¢ is faithful,
we can find the monomial matrix representation afforded by the formula introduced

previously.

Definition 3.6. [Led77] (Formula for Monomial Representation) Let ¢ be a linear
character of the subgroup H of indexn in G and let G = H U Hty U Hta U --- U Ht,,.

Let x € G, then the monomial representation of G has the formula.

o(tizty!) Ghawty') - o(tixt,t)
Als) = Oltanty ) Bltawty?) -+ ¢<t27:t;1>
o(tnaty!) Stpaty) o P(tpat,t)

After computing our monomial matrices on the generators of a group G, we
then convert our monomial matrix representation into a permutation representation.
The goal is to see where the symmetric generators (< t; > X <ty > -+ < t, >) are
being sent. That is, we are figuring out the automorphism of the symmetric generators.
To do this, take the place values a; ; within the monomial matrix where 7 stands for the
it" row and j stands for the j** column. Therefore, the automorphisms of the symmetric

generators are given by

a;; = 1 if the automorphism takes t; — t;

a; ; = n if the automorphism takes t; — t;‘

After finding out what the permutation representation is, a presentation can be
generated in the regular fashion. Although, there is a slight difference when construct-
ing a monomial progenitor. Typically, one of the symmetric generators is stabilized,

then note that the symmetric generator commutes with the generators of the stabilizer.
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Depending on the number of conjugates the fixed symmetric generator has lets us know
the total number of symmetric generators. However, for a monomial presentation one
of the sets of symmetric generators must be fixed, say, < t; >, and be normalized. In
doing so, this will explicitly say within the presentation where all the members of the set
< t; > are being sent. This is an important part of the presentation; it is the defining
part of the presentation that makes it monomial. Lastly, factoring the monomial pro-
genitor by relations will give way to finite non-abelian simple groups as homomorphic
images. By way of example, we will go through this process given an actual group N

as our starting point.

3.2 Constructing a Monomial Progenitor Using M

Construct the monomial progenitor of 3! :m Mi1. Notice that our control

1xy*2xy*2

x ok, ($y_1)11 > .

group N is My;. A presentation for My is given by < x, y|z?, y*, y~ xylryryloy

zyzyzy oy teyzy eytryey T oy ley loyay 2oy leyayPoy T

We must choose a subgroup H of N such that the index of H in N has the same degree

1

as the irreducible character ¢ (phi of N). This will ensure that the linear character
¢ induced up to N is irreducible. By analyzing the character table of Mj; in Table
5.1, notice that N has characters x.1,%.2,---,x.10. We will select x° = ¢~ from the
character table of N. Note that the degree of ¢ is 11. Therefore the subgroup H of N
will be such that [N : H] = % = % = 11. That is, our subgroup H must be of order
720. My is a proper subgroup of Mj; and has index 11 since [My; : Mig] = 779—22(? =11.
Hence, our monomial matrix representation will be represented by 11 x 11 matrices.
We will select x.2 = ¢ from Table 5.2 and induce up to N. We must make sure we

have a faithful monomial representation. In order to do so, we invoke the formula for

an induced character.



Table 3.1: Character Table of N

x Ci C C3 Cy C5 Cg C; Cg  C C1o
X.1 1 1 1 1 1 1 1 1 1 1
x2 10 2 1 2 0 -1 0 0 -1 -1
x3 10 -2 1 0 0 1 71 -7q -1 -1
xa 10 -2 1 0 0 1 -Z Z -1 1
x5 11 3 2 -1 1 0 -1 -1 0 0
xe 16 0 -2 0 1 0 0 0 Zo Zo#2
X7 16 0 =2 0 1 0 0 0 Zo#2 Zy
Xs 4 4 -1 0 -1 1 0 0 0 0
Xo 45 3 0 1 0 0 -1 -1 1 1
X100 95 -1 1 -1 0 -1 1 1 0 0

36

Z1 is the primitive fifth root of unity, Zs is the primitive eighth root of unity, and #
denotes algebraic conjugation.

Table 3.2: Character Table of N

x Ci C C3 Cy Cs5 Cg C; Cg
X.1 1 1 1 1 1 1 1 1
xo 1 1 1 1 -1 1 -1 -1
x3 9 1 0 1 -1 -1 1 1
Xa 9 1 0 1 1 -1 -1 -1
x5 10 2 1 -2 0 0 0 0
xe 10 -2 1 0 0 0 VAR
x7 10 -2 1 0 0 0 -Z1 7y
xg 16 0 -2 0 0 1 0 0

We now omit the information from Tables 3.1 and 3.2 that we will not need

for induction. Tables 3.3 and 3.4 will be the refined tables for N and H, respectively.
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Table 3.3: x5 of N

¢ | Class| Size | Class Representative

11 | 4y 1 Id(N)

3 Co 165 | (3,6)(4,50)(5,38)(7,10)(8,9)(11, 53)(12, 19)(13, 21)(14, 39)(15, 17)(16,
32)(20, 45)(22, 27)(23, 37)(24, 43)(25, 31)(26, 34)(28, 44)(29, 46)(33,
48)(35, 51)(36, 40)(41, 47)(54, 55)

2 Cs 440 | (2, 4, 50)(3, 19, 46)(5, 39, 9)(6, 29, 12)(7, 52, 10)(8, 14, 38)(11, 51,
21)(13, 35, 53)(15, 55, 48)(16, 40, 45)(17, 33, 54)(18, 23, 37)(20, 36,
32)(22, 30, 27)(24, 43, 42)(25, 41, 34)(26, 47, 31)(28, 44, 49)

-1 | Cy 990 | (2, 49)(3, 35, 6, 51)(4, 17, 50, 15)(5, 33, 38, 48)(7, 13, 10, 21)(8, 44, 9,
28)(11, 29, 53, 46)(12, 43, 19, 24)(14, 54, 39, 55)(16, 36, 32, 40)(20, 22,
45, 27)(23, 47, 37, 41)(25, 34, 31, 26)(42, 52)

1 Cs 1584/ (1, 40, 45, 30, 27)(2, 33, 13, 11, 26)(3, 55, 35, 37, 28)(4, 39, 52, 47, 19)(5,
50, 49, 12, 15)(6, 24, 53, 29, 8)(7, 23, 25, 46, 21)(9, 31, 51, 42, 54)(10,
48, 34, 43, 44)(14, 38, 18, 17, 41)(16, 32, 36, 22, 20)

0 Ce 1320] (2, 44, 4, 49, 50, 28)(3, 6, 19, 29, 46, 12)(5, 17, 39, 33, 9, 54)(7, 10, 52)(8,
48, 14, 15, 38, 55)(11, 13, 51, 35, 21, 53)(16, 47, 40, 31, 45, 26)(18, 22,
23, 30, 37, 27)(20, 25, 36, 41, 32, 34)(24, 42, 43)

-1 | Cr 990 | (2, 42, 49, 52)(3, 8, 51, 28, 6, 9, 35, 44)(4, 11, 15, 46, 50, 53, 17, 29)(5,
43, 48, 12, 38, 24, 33, 19)(7, 39, 21, 54, 10, 14, 13, 55)(16, 37, 40, 47,
32, 23, 36, 41)(18, 30)(20, 26, 27, 31, 45, 34, 22, 25)

-1 | Cs 990 | (2, 42, 49, 52)(3, 9, 51, 44, 6, 8, 35, 28)(4, 53, 15, 29, 50, 11, 17, 46)(5,
24, 48, 19, 38, 43, 33, 12)(7, 14, 21, 55, 10, 39, 13, 54)(16, 23, 40, 41,
32, 37, 36, 47)(18, 30)(20, 34, 27, 25, 45, 26, 22, 31)

0 Cy 720 | (1, 12, 13, 38, 22, 2, 50, 41, 53, 14, 11)(3, 37, 43, 54, 23, 32, 39, 48, 45,
15, 28)(4, 10, 17, 16, 31, 6, 21, 52, 40, 24, 47)(5, 46, 8, 25, 49, 18, 9, 30,
35, 20, 44)(7, 27, 36, 29, 42, 33, 51, 19, 34, 26, 55)

0 Cyo | 720 | (1, 13, 22, 50, 53, 11, 12, 38, 2, 41, 14)(3, 43, 23, 39, 45, 28, 37, 54, 32,

48, 15)(4, 17, 31, 21, 40, 47, 10, 16, 6, 52, 24)(5, 8, 49, 9, 35, 44, 46, 25,
18, 30, 20)(7, 36, 42, 51, 34, 55, 27, 29, 33, 19, 26)




38

Table 3.4: x2 of H

#M | Class| Size | Class Representative

1 Dy 1 Id(H)

1 Doy 45 | (1, 16)(2, 33)(3, 25)(4, 43)(5, 35 )( 9)(7, 13)(8, 31)(10, 39)(11, 47)(12
53)(14, 21)(17, 42)(18, 54)(19, )(20 27)(22, 36)(23, 50)(24, 37)(26
49)(28, 38)(29, 52)(40, 45)(44, 51)

1 Dy 80 | (1,44,50)(2,6,23)(3, 16, 45)(4, 11, 40)(5, 37, 15)(7, 14, 55)(8, 22, 33)(9,
17, 43)(12, 48, 25)(13, 18, 39)(19, 32, 38)(20, 41, 24)(21, 54, 30)(26, 35,
28)(27, 46, 49)(29, 47, 31)(34, 36, 42)(51, 53, 52)

11 | Dy 90 | (1,19, 44, 48)(2, 42, 27, 34)(3, 35, 47, 40)(4, 9, 26, 43)(5, 22, 8, 15)(6, 32,
49, 12)(7, 18, 14, 21)(11, 31, 28, 45)(13, 30, 54, 39)(16, 24, 29, 20)(17,
41)(23, 25, 46, 38)(33, 52, 37, 51)(36, 50)

-1 | Ds 180 | (1, 25, 28, 20)(2, 6, 22, 41)(3, 24, 49, 8)(4, 15)(5, 45, 31, 43)(9, 52, 38,
35)(10, 21, 39, 55)(12, 53, 33, 44)(13, 30, 18, 14)(16, 34, 19, 50)(17, 48,
27, 23)(26, 51, 42, 36)(29, 32, 37, 46)(40, 47)

1 Dg 144 | (1, 17, 12, 33, 50)(2, 53, 42, 16, 23)(3, 34, 25, 43, 4)(5, 20, 27, 35, 15)(6,
45, 11, 31, 51)(7, 39, 10, 13, 30)(8, 47, 40, 9, 44)(14, 55, 21, 54, 18)(19,
26, 46, 49, 41)(22, 48, 36, 52, 29)(24, 37, 28, 32, 38)

-1 | Dy |90 | (1, 34,19, 2,44, 42, 48, 27)(3, 28, 35, 45, 47, 11, 40, 31)(4, 5, 9, 22, 26,
8, 43, 15)(6, 52, 32, 37, 49, 51, 12, 33)(7, 30, 18, 54, 14, 39, 21, 13)(10,
55)(16, 25, 24, 46, 29, 38, 20, 23)(17, 36, 41, 50)

-1 | Dg 90 | (1,42, 19, 27, 44, 34, 48, 2)(3, 11, 35, 31, 47, 28, 40, 45)(4, 8, 9, 15, 26,

5, 43, 22)(6, 51, 32, 33, 49, 52, 12, 37)(7, 39, 18, 13, 14, 30, 21, 54)(10,
55)(16, 38, 24, 23, 29, 25, 20, 46)(17, 36, 41, 50)




39

3.3 Inducing Linear Character ¢

We will now use the induced character formula given by ¢ = e > wennc, P(w),
where n = % = % = 11 and h, is the order of G’s conjugacy class with repect to a.
If we HNC,, then ¢(w) is assigned the value with respect to the conjugacy classes of
H’s character table. If w ¢ H N Cy, then ¢(w) = 0. We will now verify that we get the

same values of G’s character table with respect to ¢@.

F=1 Y ow)

weHNCq

=11 ) (1)
weHNC,

= 11(¢(1))

=11(1)

=11

11
0§ = 165 we;@ P(w)
= £ Z ((b(l, 16)(2,33)(3, 25)(4, 43)(5,35)(6,9)(7, 13)(8,31)(10,39)(11,47)
weHNCy

(12,53)(14,21)(17,42)(18, 54)(19, 41)(20, 27) (22, 36) (23, 50) (24, 37)(26, 49) (28, 38)

(29, 52) (40, 45) (44, 51))
11

= 1g5 (45(1))

495

165
=3
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11
¢3G:ﬁ > dw)

weHNC3

11
= 0 > (4(1,19,44,48)(2,42,27,34)(3, 35,47,40)(4,9, 26, 43)(5, 22,8, 15)
weHNC3

(6,32,49,12)(7,18, 14, 21)(11, 31, 28, 45)(13, 30, 54, 39)(16, 24, 29, 20) (17, 41)

(23,25, 46, 38)(33, 52, 37, 51)(36, 50))

11
= o (80(1)
880

T 440
=2

¢_ 11
¢Of = 165 weHZmC4 d(w)

11
= 500 > (6(1,19,44,48)(2,42, 27, 34)(3, 35,47, 40)(4, 9,26, 43) (5, 22, 8, 15)
weHNCy

(6,32,49,12)(7,18,14,21)(11, 31, 28, 45)(13, 30, 54, 39)(16, 24, 29, 20) (17, 41)
(23,25,46, 38)(33, 52, 37,51)(36, 50) + ¢((1,25,28,20)(2,6,22,41)(3,24,49,8)(4, 15)
(5,45,31,43)(9, 52, 38, 35)(10, 21, 39, 55) (12, 53, 33, 44)(13, 30, 18, 14)(16, 34, 19, 50)
( )

17,48,27,23)(26, 51,42, 36)(29, 32, 37, 46)(40, 47)))

11
= @(90(1) 4 180(—1))
— £ —90)

N 990(

=990

990
=1
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11
¢§=@ Z P(w)

weHNCs

11
= Tr51 jg: (6(1,17,12,33,50)(2, 53,42, 16, 23)(3, 34, 25, 43, 4)(5, 20, 27, 35, 15)
weHNCy

(6,45,11,31,51)(7,39, 10, 13, 30)(8, 47, 40,9, 44)(14, 55, 21, 54, 18)(19, 26, 46, 49, 41)

(22,48, 36,52, 29)(24, 37, 28, 32, 38))
11
= (14
T5aq (144(1))
1584

~ 1584
-1

11
¢g:ﬁ > dw)

weHNCg
11
1320 Z $(0)
weHNCg
11
_’1320(0)
=0
Since H N Cg = 0.
11
07 = go0 D o)
990 weHNC7
11
= 590 > ($(1,42,19,27,44,34,48,2)(3,11,35, 31,47, 28,40, 45) (4, 8,9, 15,26, 5, 43, 22)
weHNCr

(6,51,32,33,49, 52,12, 37)(7, 39, 18, 13, 14, 30, 21, 54)(10, 55)(16, 38, 24, 23, 29, 25, 20, 46)

(17, 36,41, 50))
11

:@(

=1

90(-1))
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11
¢8G:@ > dw)

weHNCyg
11
990

> (6(1,34,19,2,44,42,48,27)(3,28, 35,45, 47, 11,40, 31)(4, 5,9, 22, 26, 8, 43, 15)
weHNCg

(6,52,32,37,49, 51,12, 33)(7, 30, 18, 54, 14, 39, 21, 13)(10, 55)(16, 25, 24, 46, 29, 38, 20, 23)

(17, 36,41, 50))
11
= @(90(—1))

=1

11
¢§;:ﬁ > dw)

11
=05 2 90

11
= ﬁo(o)

Since H N Cy = 0.

11
¢%:ﬁ Z P(w)
weHNCho

11
=05 2 90

weHNCho
11

T 720

Since H N C10 = 0.
Hence, the induction from H up to G is ¢ Tg: 11,3,2,-1,1,0,—-1,—1,0,0.

We see that we get the same values for .5 of M;’s character by inducing ™1 up to G.
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3.4 Verifying the Monomial Matrix Representation

Moving forward, we need to obtain a monomial matrix representation for M.
Let G = Ht; U Hto U Ht3 U Htg U Hts U Htg U Ht7 U Hts U Htg U Htjg U Htyp be
a decomposition of right cosets of H, where the ¢;’s, 1 < ¢ < 11 are the transversals
of H in G. We then take the generators of G and compute the formula for mono-
mial representation. Mj; has two generators; this means we will have two matrices
A(z) and A(y). We now define our generators of G and our transversals. Let z =
(2,3,5,7)(4,6,9,12)(8,10,14,19)(11, 15,21, 28)(13, 17,24, 33) (16, 22, 30,40) (18, 25, 34,
37)(20,27,36,45)(23,31,41,47)(29, 38)(35, 44,42, 48)(39, 46, 50, 52) (43, 49, 53, 55)
(51,54) and y = (1,2)(3,4)(6,8)(9,11)(10, 13)(12,16)(14, 18)(15,20)(17,23)(19, 26)(22,
29)(24,32)(27,35)(28,37)(30,39)(31,40)(33,42)(34,43)(41,46)(44,45)(47,51)(48, 52)
(50,53)(54,55). Now let t; = e, ta = (2,3,5,7)(4,6,9,12)(8,10,14,19)(11, 15, 21, 28)
(13,17,24,33)(16, 22, 30,40)(18, 25, 34, 37)(20, 27, 36, 45)(23, 31, 41, 47)(29, 38)(35, 44,
42,48)(39, 46,50, 52)(43,49,53,55)(51,54), t3 = (1,2,4,8,13,23,40,12,3,5,7)(6,
11,20, 35,45, 15,21, 37, 14, 26, 19)(9, 16, 29, 38, 22, 39,41, 51, 55, 34, 28)(10, 18, 25, 43,
49,50, 48,27, 36,44, 33)(17, 32, 24,42, 52, 30, 31, 46, 53, 54, 47), t4 = (2,5)(3,7)(4,9)
(6,12)(8,14)(10,19)(11,21)(13,24)(15,28)(16,30)(17,33)(18, 34)(20, 36)(22, 40)
(23,41)(25,37)(27,45)(31,47)(35,42)(39, 50) (43, 53) (44, 48)(46, 52) (49, 55), t5 = (1,2,
5)(3,7,4,11,21,9)(6, 16, 39, 53, 34,14)(8, 18, 43, 50, 30, 12)(10, 26, 19, 13, 32, 24) (15,
37,25,28,20,36)(17,42,27,44,52,41)(22, 31,51, 47, 40, 29)(23, 46, 48, 45, 35, 33) (49,
54,55), te = (2,7,5,3)(4,12,9,6)(8,19, 14, 10)(11, 28,21, 15)(13, 33,24, 17)(16, 40, 30,
22)(18,37,34,25)(20,45,36,27)(23,47, 41, 31)(29, 38)(35, 48, 42, 44)(39, 52, 50, 46)
(43,55,53,49)(51,54), t7 = (1,2,7,5,4,16,31,17, 10,6, 3)(8, 26, 19, 18,28, 21, 20, 44,
27,15,9)(11, 37,43, 54,47, 46, 30, 29, 38, 22, 12)(13, 42,45, 36, 35, 52, 53, 49, 34, 25, 14)
(23,51,55,50,41, 40, 39,48, 33,32, 24), ts = (1,3)(4,22)(5,6)(8,26)(9,10)(11, 18)(12,
15)(13,48)(14,17)(16,41)(19, 25)(20,42)(21,27)(23, 54)(24, 31)(30, 38)(32, 33)(35, 39)
(36,44)(37,49)(40,46)(43,51)(47,50)(52,55), tg = (1,5,9,14,24,41,22,6,7,2,3)(4,
30,29, 38, 40, 50, 23,51, 49, 18, 15)(8, 26, 10, 12, 21, 36,42, 27,28, 11, 25)(13, 35, 46, 16,
47,52,43,54,31,33,32)(17,19, 34, 37,53,55, 39, 44, 45, 20,48), t190 = (1,14,22,2,5,24,
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6,3,9,41,7)(4, 38,23, 18, 30,40, 51, 15, 29, 50, 49)(8, 12, 42, 11, 26, 21, 27, 25, 10, 36, 28)
(13,16, 43, 33, 35,47, 54, 32, 46, 52, 31)(17, 37, 39, 20, 19, 53, 44, 48, 34, 55,45), and t1; =
(1,7,3)(2,5,12,28,15,6)(4, 40, 52, 49, 25, 10)(8, 26, 14, 33, 32, 17)(9, 19, 37, 55, 46, 22)
(11,34, 18, 21,45, 27)(13, 44, 20, 35, 50, 31)(16, 23, 54, 41, 30, 38)(24, 47, 39, 42, 36, 48)
(43,51,53).

The monomial matrices obtained are given below. We shall prove the nonzero

entries for both A(x) and A(y), but we leave out the zero entries.

0100 O O0OO0OOO O O
0001 0 0O0O0OO0 O O
0010 0 O0OO0O0OO0O O O
0000 O 10O0O0 O O
0000 -100O0O0 0 O
Ax)=1 10 00 0 0000 0 O
0000 O OO0OT1TO0O O O
0000 O OCOOT1 O O
0000 O OO0OO0OO0O O 1
0000 O O0OO0OOO0O-10
0000 O OC1TO0OO0O O O
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For A(x) we have the following

o(tiaty ) = ¢(e(2,3,5,7)(4,6,9,12)(8, 10, 14,19)(11, 15, 21, 28)(13, 17, 24, 33)
(16,22, 30, 40)(18, 25, 34, 37)(20, 27, 36, 45)(23, 31, 41, 47) (29, 38) (35, 44, 42, 48) (39,
46,50, 52)(43,49,53,55)(51,54)(2,7,5,3)(4, 12,9, 6)(8, 19, 14, 10)(11, 28, 21, 15)(13,
33,24, 17)(16, 40, 30, 22)(18, 37, 34, 25)(20, 45, 36, 27) (23, 47, 41, 31)(29, 38) (35, 48,
42, 44)(39, 52,50, 46)(43, 55, 53, 49) (51, 54)) = ¢(e) = 1

d(taaty) = ¢((2,3,5,7)(4,6,9,12)(8,10, 14,19)(11, 15,21, 28)(13,17, 24, 33)
(16,22,30, 40)(18, 25, 34, 37)(20, 27, 36, 45)(23, 31, 41, 47) (29, 38) (35, 44, 42, 48) (39,
46,50, 52)(43, 49, 53,55)(51, 54)(2, 3,5, 7)(4, 6,9, 12)(8, 10, 14, 19)(11, 15, 21, 28)
(13,17, 24, 33)(16, 22, 30, 40)(18, 25, 34, 37)(20, 27, 36, 45)(23, 31, 41, 47)(29, 38) (35,
44,42, 48)(39, 46, 50, 52) (43, 49, 53, 55) (51, 54) (2, 5)(3, 7) (4, 9)(6, 12)(8, 14)(10, 19) (11,
21)(13, 24)(15, 28)(16, 30)(17, 33) (18, 34)(20, 36) (22, 40)(23, 41)(25, 37) (27, 45) (31, 47)
(35,42)(39, 50) (43, 53)(44, 48) (46, 52) (49, 55)) = d(e) = 1

d(tszts ') = ¢((1,2,4,8,13,23,40,12,3,5,7)(6, 11, 20, 35,45, 15, 21, 37, 14, 26,
19)(9, 16, 29, 38,22, 39, 41, 51, 55, 34, 28) (10, 18, 25, 43, 49, 50, 48, 27, 36, 44, 33)
(17,32,24, 42,52, 30,31, 46, 53,54, 47)(2,3,5,7)(4, 6,9,12)(8, 10, 14, 19)(11, 15, 21,
28)(13,17, 24, 33)(16, 22, 30, 40) (18, 25, 34, 37)(20, 27, 36, 45) (23, 31, 41, 47) (29, 38)
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(35,44, 42, 48)(39, 46, 50, 52) (43, 49, 53, 55) (51, 54)(1, 7,5, 3,12, 40,23, 13,8, 4, 2)
(6,19,26,14, 37,21, 15,45, 35,20, 11)(9, 28, 34, 55, 51, 41, 39, 22, 38, 29, 16)(10, 33,
44,36,27,48,50,49, 43,25, 18)(17, 47, 54, 53, 46, 31, 30, 52, 42, 24, 32)) = ¢(e) = 1

dtaxty") = ((2,5)(3,7)(4,9)(6,12)(8, 14)(10, 19)(11, 21)(13, 24) (15, 28)(16, 30)
(17,33)(18, 34)(20, 36)(22, 40) (23, 41)(25, 37) (27, 45) (31, 47) (35, 42) (39, 50) (43, 53)
(44, 48)(46,52)(49, 55)(2, 3,5, 7)(4, 6,9, 12)(8, 10, 14, 19)(11, 15, 21, 28)(13, 17, 24,
33)(16,22, 30, 40)(18, 25, 34, 37)(20, 27, 36, 45)(23, 31, 41, 47) (29, 38) (35, 44, 42, 43)
(39,46, 50, 52)(43, 49, 53,55)(51,54)(2, 3,5, 7)(4, 6,9, 12)(8, 10, 14, 19)(11, 15, 21, 28)
(13,17, 24, 33)(16, 22, 30, 40)(18, 25, 34, 37)(20, 27, 36, 45)(23, 31, 41, 47)(29, 38) (35,
44,42, 48)(39, 46, 50, 52)(43, 49, 53, 55) (51, 54)) = ¢(e) = 1

d(tsats V) = ¢((1,2,5)(3,7,4,11,21,9)(6, 16, 39, 53, 34, 14)(8, 18, 43, 50, 30, 12)
(10,26, 19, 13, 32, 24)(15, 37, 25, 28, 20, 36)(17, 42, 27, 44, 52, 41)(22, 31, 51, 47, 40,
29)(23,46,48, 45, 35, 33)(49, 54,55)(2, 3,5, 7)(4,6,9, 12)(8, 10, 14, 19)(11, 15, 21, 28)
(13,17, 24, 33)(16, 22, 30, 40) (18, 25, 34, 37)(20, 27, 36, 45) (23, 31, 41, 47) (29, 38) (35,
44,42, 48)(39, 46, 50, 52) (43,49, 53, 55)(51,54)(1, 5, 2)(3,9, 21, 11,4, 7)(6, 14, 34, 53,
39,16)(8, 12,30, 50, 43, 18)(10, 24, 32, 13, 19, 26)(15, 36, 20, 28, 25, 37) (17, 41, 52, 44,
27,42)(22,29, 40, 47,51, 31)(23, 33, 35, 45, 48, 46)(49, 55,54)) = ¢(e) = —1

oltexty") = ((2,7,5,3)(4,12,9,6)(8,19, 14, 10)(11, 28,21, 15)(13, 33, 24, 17)
(16,40, 30, 22)(18, 37, 34, 25)(20, 45, 36, 27)(23, 47, 41, 31)(29, 38) (35, 48, 42, 44) (39,
52,50, 46)(43, 55, 53,49)(51,54)(2, 3,5, 7)(4,6,9, 12)(8, 10, 14, 19)(11, 15, 21, 28)(13,
17,24,33)(16,22, 30, 40)(18, 25, 34, 37)(20, 27, 36, 45)(23, 31,41, 47)(29, 38)(35, 44, 42,
48)(39, 46, 50, 52) (43, 49, 53, 55) (51, 54)e) = ¢(e) = 1

o(tratst) = ¢((1,2,7,5,4,16,31,17,10,6,3)(8, 26, 19, 18, 28,21, 20, 44, 27, 15, 9)
(11,37,43, 54, 47,46, 30,29, 38, 22, 12)(13, 42, 45, 36, 35, 52, 53, 49, 34, 25, 14)(23, 51,
55,50, 41,40, 39, 48, 33, 32, 24)(2,3,5,7)(4, 6,9, 12)(8, 10, 14, 19)(11, 15, 21, 28
)(13,17, 24, 33)(16, 22, 30, 40)(18, 25, 34, 37)(20, 27, 36, 45)(23, 31, 41, 47)(29, 38) (35,
44,42, 48)(39, 46, 50, 52)(43, 49, 53, 55) (51, 54) (1, 3)(4, 22) (5, 6)(8, 26) (9, 10)(11, 18)
(12,15)(13,48)(14, 17)(16,41)(19, 25)(20, 42)(21, 27) (23, 54) (24, 31)(30, 38)(32, 33)
(35,39)(36, 44) (37, 49)(40, 46) (43, 51)(47, 50)(52, 55)) = p(e) = 1

o(tsrty') = o((1,3)(4,22)(5,6)(8,26)(9,10)(11, 18)(12,15)(13, 48)(14, 17)
(16,41)(19,25)(20, 42)(21, 27)(23, 54) (24, 31)(30, 38) (32, 33) (35, 39) (36, 44) (37, 49)
(40, 46)(43,51)(47,50)(52,55)(2, 3,5, 7)(4, 6,9, 12)(8, 10, 14, 19)(11, 15, 21, 28) (13,
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17,24, 33)(16,22, 30, 40)(18, 25, 34, 37)(20, 27, 36, 45)(23, 31, 41, 47)(29, 38) (35, 44,
42, 48)(39, 46,50, 52)(43, 49, 53, 55)(51, 54)(1, 3,2, 7,6, 22,41, 24, 14,9, 5)(4, 15, 18,
49,51,23, 50,40, 38,29, 30)(8, 25, 11, 28, 27, 42, 36, 21, 12, 10, 26) (13, 32, 33, 31, 54,
43,52, 47,16, 46,35)(17,48, 20,45, 44, 39, 55,53, 37, 34, 19)) = ¢(e) = 1

d(toxty) = ((1,5,9,14,24,41,22,6,7,2,3)(4, 30,29, 38,40, 50, 23, 51, 49,
18,15)(8,26, 10, 12,21, 36,42, 27, 28, 11, 25)(13, 35, 46, 16, 47, 52, 43, 54, 31, 33, 32)
(17,19,34, 37,53, 55, 39, 44,45, 20, 48)(2, 3,5, 7)(4, 6,9, 12)(8, 10, 14, 19)(11, 15, 21,
28)(13,17, 24, 33)(16, 22, 30, 40) (18, 25, 34, 37)(20, 27, 36, 45) (23, 31, 41, 47) (29, 38)
(35,44, 42, 48)(39, 46, 50, 52)(43, 49, 53, 55) (51, 54)(1, 3, 7)(2, 6, 15, 28, 12, 5) (4, 10, 25,
49,52, 40)(8,17, 32, 33,14, 26)(9, 22, 46, 55, 37, 19)(11, 27, 45, 21, 18, 34)(13, 31, 50,
35,20, 44)(16, 38, 30, 41, 54, 23)(24, 48, 36, 42, 39, 47) (43, 53,51)) = ¢(e) = 1

d(tioatsy) = o((1,14,22,2,5,24,6,3,9,41,7)(4, 38,23, 18, 30,40, 51, 15, 29,
50,49)(8, 12,42, 11, 26, 21, 27, 25, 10, 36, 28)(13, 16, 43, 33, 35, 47, 54, 32, 46, 52, 31) (17,
37,39,20,19, 53, 44, 48, 34, 55, 45)(2, 3,5, 7)(4, 6,9, 12)(8, 10, 14, 19)(11, 15, 21, 28) (13,
17,24, 33)(16, 22, 30, 40)(18, 25, 34, 37)(20, 27, 36, 45)(23, 31, 41, 47) (29, 38)(35, 44, 42,
48)(39, 46,50, 52) (43, 49, 53, 55)(51, 54)(1,7,41,9, 3,6, 24, 5, 2, 22, 14)(4, 49, 50, 29, 15,
51,40, 30, 18, 23, 38)(8, 28, 36, 10, 25, 27, 21, 26, 11, 42, 12)(13, 31, 52, 46, 32, 54, 47, 35,
33,43, 16)(17, 45,55, 34, 48,44, 53,19, 20, 39, 37)) = ¢(e) = —1

o(tnatsh) = o((1,7,3)(2,5,12,28,15,6)(4, 40, 52, 49, 25, 10)(8, 26, 14, 33, 32, 17)
(9,19,37, 55,46, 22)(11, 34, 18, 21, 45, 27)(13, 44, 20, 35, 50, 31) (16, 23, 54, 41, 30, 38) (24,
47,39, 42, 36,48)(43,51,53)(2,3,5,7)(4,6,9,12)(8, 10, 14, 19)(11, 15, 21, 28)(13, 17, 24,
33)(16,22, 30, 40)(18, 25, 34, 37)(20, 27, 36, 45)(23, 31, 41, 47) (29, 38) (35, 44, 42, 48)(39,
46,50, 52)(43, 49, 53,55)(51, 54)(1, 3,6, 10,17, 31, 16,4, 5,7, 2)(8,9, 15, 27, 44, 20, 21, 28,
18,19,26)(11, 12,22, 38,29, 30, 46, 47, 54,43, 37)(13, 14, 25, 34, 49, 53, 52, 35, 36, 45, 42)
(23,24,32, 33,48, 39, 40, 41,50, 55, 51)) = ¢(e) = 1

For A(y) we have the following

d(traty") = o((e(1,2)(3,4)(6,8)(9,11)(10, 13)(12, 16)(14, 18)(15, 20)(17, 23)
(19,26)(22, 29)(24, 32)(27, 35)(28, 37)(30, 39 )(31,40)(33,42)(34,43)(41,46)(44,45)
(47,51)(48, 52) (50, 53) (54, 55)¢)) = ¢(e) =
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d(taxtsh) = ¢((2,3,5,7)(4,6,9,12)(8,10, 14,19)(11, 15,21, 28)(13, 17, 24, 33)
(16,22,30,40)(18, 25, 34, 37)(20, 27, 36, 45)(23, 31, 41, 47)(29, 38) (35, 44, 42, 43)
(39, 46, 50, 52) (43,49, 53, 55) (51, 54) (1, 2)(3,4)(6,8)(9, 11)(10, 13)(12, 16)(14, 18)
(15,20)(17,23)(19, 26)(22, 29)(24, 32)(27, 35)(28, 37)(30, 39) (31, 40)(33, 42) (34, 43)
(41,46)(44, 45) (47, 51)(48, 52) (50, 53) (54, 55) (1, 7, 5, 3, 12, 40, 23, 13, 8, 4, 2) (6, 19,
26,14, 37,21, 15,45, 35,20, 11)(9, 28, 34, 55, 51, 41, 39, 22, 38, 29, 16)(10, 33, 44,
36,27, 48, 50,49, 43, 25, 18) (17, 47, 54, 53, 46, 31, 30, 52, 42, 24, 32)) = é(e) = 1

o(tswt; ") = ¢((1,2,4,8,13,23,40,12,3,5,7)(6, 11,20, 35,45, 15,21, 37, 14,
26,19)(9, 16,29, 38,22, 39,41, 51,55, 34, 28)(10, 18, 25, 43, 49, 50, 48, 27, 36, 44, 33)
(17,32,24, 42,52, 30,31, 46,53, 54, 47)(1, 2)(3,4)(6,8)(9, 11)(10, 13)(12, 16)(14, 18)
(15,20)(17, 23)(19, 26)(22, 29) (24, 32)(27, 35)(28, 37)(30, 39) (31, 40)(33, 42) (34, 43)
(41,46) (44, 45)(47,51)(48,52) (50, 53) (54, 55)(2, 7, 5,3)(4, 12,9, 6)(8, 19, 14, 10)
(11,28,21,15)(13, 33,24, 17)(16, 40, 30, 22) (18, 37, 34, 25)(20, 45, 36, 27) (23, 47, 41, 31)
(29, 38)(35, 48, 42, 44)(39, 52, 50, 46) (43, 55, 53, 49) (51, 54)) = ¢(e) = 1

d(taztsh) = $((2,5)(3,7)(4,9)(6,12)(8,14)(10,19)(11,21)(13, 24) (15, 28)
(16, 30)(17,33)(18, 34)(20, 36)(22, 40) (23, 41)(25, 37)(27, 45) (31, 47) (35, 42) (39, 50)
(43, 53) (44, 48) (46, 52)(49, 55)(1, 2)(3,4)(6, 8)(9, 11)(10, 13)(12, 16) (14, 18)(15, 20)
(17, 23)(19, 26)(22, 29)(24, 32)(27, 35)(28 37)(30,39)(31, 40)(33, 42) (34, 43) (41, 46)
(44, 45)(47,51)(48,52)(50, 53) (54, 55) (1, 5,2)(3,9, 21, 11,4, 7)(6, 14, 34, 53, 39, 16)
(8,12,30,50,43,18)(10,24,32,13,19,26)(15,36,20,28,25,37)(17,41,52,44,27,42)
(22,29,40,47,51,31)(23, 33, 35, 45, 48, 46)(49, 55, 54)) = é(e) = 1

dtsrty") = ¢((1,2,5)(3,7,4,11,21,9)(6, 16, 39, 53, 34, 14)(8, 18, 43, 50, 30, 12)
(10,26, 19, 13, 32, 24)(15, 37, 25, 28,20, 36)(17, 42, 27, 44, 52, 41)(22, 31, 51, 47, 40, 29)
(23,46, 48, 45, 35,33)(49, 54, 55) (1, 2)(3,4)(6, 8)(9, 11)(10, 13)(12, 16) (14, 18)(15, 20)
(17,23)(19, 26)(22, 29)(24, 32)(27, 35)(28, 37)(30, 39) (31, 40) (33, 42) (34, 43) (41, 46)
(44, 45)(47,51)(48, 52)(50, 53) (54, 55)(2, 5)(3, 7) (4, 9) (6, 12)(8, 14)(10, 19)(11, 21)
(13,24)(15,28)(16,30)(17, 33)(18, 34)(20, 36) (22, 40)(23, 41)(25, 37) (27, 45)(31, 47)
(35,42)(39, 50)(43, 53) (44, 48) (46, 52) (49, 55)) = ¢(e) = 1
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otext=") = ((2,7,5,3)(4,12,9,6)(8,19, 14, 10)(11, 28,21, 15)(13, 33, 24, 17)
(16,40, 30, 22)(18, 37, 34, 25)(20, 45, 36, 27)(23, 47, 41, 31)(29, 38) (35, 48, 42, 44) (39,
52,50,46)(43,55,53,49)(51, 54)(1, 2)(3,4)(6,8)(9, 11)(10, 13)(12, 16)(14, 18)(15, 20)
(17,23)(19,26)(22,29)(24, 32)(27, 35)(28, 37) (30, 39) (31, 40) (33, 42) (34, 43) (41, 46)
(44,45)(47,51)(48, 52)(50, 53) (54, 55)(1, 3,6, 10, 17, 31, 16, 4, 5, 7, 2)(8, 9, 15, 27,
44,20,21,28,18,19,26)(11, 12, 22, 38, 29, 30, 46, 47, 54, 43, 37)(13, 14, 25, 34, 49,
53,52, 35, 36,45, 42)(23, 24, 32, 33, 48, 39, 40, 41,50, 55, 51)) = ¢(e) = 1

o(tratst) = ¢((1,2,7,5,4,16,31,17,10,6, 3)(8, 26, 19, 18, 28,21, 20, 44, 27,
15,9)(11,37,43, 54,47, 46, 30, 29, 38, 22, 12)(13, 42, 45, 36, 35, 52, 53,49, 34, 25, 14)
(23,51, 55,50, 41,40, 39, 48, 33, 32, 24)(1, 2)(3,4)(6,8)(9, 11)(10, 13)(12, 16)(14,
18)(15,20)(17,23)(19, 26)(22, 29)(24, 32)(27, 35)(28, 37)(30, 39) (31, 40) (33, 42)(34, 43)
(41,46) (44, 45)(47,51)(48, 52)(50, 53) (54, 55)(2, 3,5, 7)(4, 6,9, 12)(8, 10, 14, 19) (11
15,21, 28)(13, 17, 24, 33)(16, 22, 30, 40) (18, 25, 34, 37)(20, 27, 36, 45) (23, 31, 41, 47)(29
38)(35, 44, 42, 48)(39, 46, 50, 52) (43, 49, 53, 55) (51, 54)) = ¢(e) = 1

otsrtgh) = o((1,3)(4,22)(5,6)(8,26)(9,10)(11, 18)(12,15)(13, 48)(14, 17)
(19,25)(20,42)(21,27)(23, 54) (24, 31)(30, 38) (32, 33) (35, 39) (36, 44) (37, 49)
(43,51)(47,50)(52,55)(1,2)(3,4)(6,8)(9, 11)(10, 13)(12, 16)(14, 18)(15, 20)
(19,26)(22,29)(24, 32)(27, 35)(28, 37) (30, 39) (31, 40) (33, 42) (34, 43) (41, 46)
(47,51)(48,52)(50, 53) (54, 55) (1, 3)(4, 22) (5, 6)(8, 26) (9, 10) (11, 18)(12, 15)
( ) ) ( ) ) )

( )( ) ( )

(16,41
(40,46
(17,23
(44,45
(13,48
(36, 44

14,17)(16,41)(19, 25)(20, 42)(21, 27)(23, 54) (24, 31)(30, 38)(32, 33) (35, 39)
37,49)(40, 46) (43, 51)(47,50)(52,55)) = ¢(e) = 1

—_— — — — — —
~— — ~— ~— — —

d(toxt'0) = ¢((1,5,9,14,24,41,22,6,7,2,3)(4, 30,29, 38, 40, 50, 23, 51, 49,
18,15)(8, 26, 10, 12, 21, 36, 42, 27, 28, 11, 25)(13, 35, 46, 16, 47, 52, 43, 54, 31, 33, 32)(17,
19, 34,37,53, 55, 39, 44, 45, 20, 48)(1, 2)(3, 4)(6, 8)(9, 11)(10, 13)(12, 16) (14, 18)
(15,20)(17,23)(19, 26)(22, 29)(24, 32)(27, 35)(28, 37)(30, 39) (31, 40)(33, 42) (34, 43)
(41,46) (44, 45)(47,51)(48, 52) (50, 53) (54, 55)(1, 7, 41,9, 3,6, 24, 5, 2, 22, 14)(4, 49,
50,29, 15,51, 40, 30, 18, 23, 38)(8, 28, 36, 10, 25, 27, 21, 26, 11,42, 12)(13, 31, 52, 46,
32,54,47,35,33,43,16)(17, 45, 55, 34, 48, 44, 53, 19, 20, 39, 37)) = ¢(e) = 1
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d(tioty ') = ¢((1,14,22,2,5,24,6,3,9,41,7)(4, 38,23, 18, 30,40, 51, 15, 29,
50,49)(8, 12,42, 11, 26, 21, 27, 25, 10, 36, 28)(13, 16, 43, 33, 35, 47, 54, 32, 46, 52, 31)
(17,37,39,20, 19, 53, 44, 48, 34,55, 45)(1, 2)(3, 4)(6, 8)(9, 11)(10, 13)(12, 16)(14,
18)(15,20)(17,23)(19, 26)(22, 29)(24, 32)(27, 35)(28, 37)(30, 39) (31, 40) (33, 42) (34,
43)(41, 46) (44, 45)(47, 51)(48, 52) (50, 53) (54, 55)(1, 3, 2, 7, 6, 22, 41, 24, 14,9, 5) (4,
15,18, 49,51, 23, 50, 40, 38, 29, 30)(8, 25, 11, 28, 27, 42, 36, 21, 12, 10, 26)(13, 32, 33,
31,54,43,52,47, 16, 46, 35) (17, 48, 20, 45, 44, 39, 55, 53, 37, 34, 19)) = é(e) = 1

G(tnmty 1) = ¢((1,7,3)(2,5,12,28,15,6)(4, 40, 52, 49, 25, 10)(8, 26, 14, 33, 32,
17)(9,19, 37, 55,46, 22)(11, 34, 18, 21, 45, 27) (13, 44, 20, 35, 50, 31)(16, 23, 54, 41, 30,
38)(24, 47, 39, 42, 36, 48) (43, 51, 53)(1, 2)(3, 4)(6, 8)(9, 11)(10, 13)(12, 16) (14, 18)
(15,20)(17, 23)(19, 26)(22, 29) (24, 32)(27, 35)(28, 37)(30, 39) (31, 40)(33, 42) (34, 43)
(41,46)(44, 45) (47, 51)(48, 52) (50, 53) (54, 55)(1, 3, 7)(2, 6, 15, 28, 12, 5)(4, 10, 25,

49,52, 40)(8, 17, 32, 33, 14, 26)(9, 22, 46, 55, 37, 19)(11, 27, 45, 21, 18, 34)(13, 31, 50,
35,20, 44)(16, 38, 30, 41, 54, 23)(24, 48, 36, 42, 39, 47) (43, 53,51)) = ¢(e) = 1

Our matrices were derived from the cyclotomic field 2. However, we need
to extend to the field Zs in order to obtain all the automorphisms of the symetric
generators. In doing so, instead of writing —1 in the fifth column, fifth row, of A(x), we

can write 2 in its place. For ass, instead of writing t5 — t5_1, we can now write t5 — t%.

3.5 Converting Matrix Representation into Permutation

Representation

We will now convert our monomial matrix representation into a permutation
representation. This will allow us to create a presentation for our desired progenitor.
There are eleven columns in both matrices A(xz) and A(y). This implies that we will have
eleven t’s (symmetric generators). Moreover, the symmetric generators will be of order
3. We shall label all the symmetric generators in an ascending order. For example,
ti, 1 < ¢ < 11 are assigned the numbers 1-11, respectively. Next, t? , 1 <4 <11
are assigned the numbers 12-22, respectively. As a reminder, we find use of a;; =

1 if the automorphism takes t; — t; and a; ; = n if the automorphism takes t; — t}l to



determine where our ¢,/ are being sent.

Table 3.5: Automorphisms of A(x)

1 2 3 4 5 6 7 8 9 10 11
t1 ta tg tga ls tg tr tg to tio tnn
s
ty ty t3 tg t: t1 ts to tn t tr
2 4 3 6 16 1 8 9 11 21 7

12 13 14 15 16 17 18 19 20 21 22
O 5t 8 7 5 15t th
N 2 e N O
3 13 t3 2 oty 5 2 3 13, ti t3
13 15 14 17 5 12 19 20 22 10 18

We get the permutation (1,2,4,6)(5,16)(7,8,9,11)(10,21)(12,13,15,17)
(18,19, 20, 22).

Table 3.6: Automorphisms of A(y)

1 2 3 4 5 6 7 8 9 10 11
tp to t3 ts ts te t7 tsg tg tip t11
N
t1 t3 ta t5 ts tr te ts tio 1§ tu

3 2 5 4 7 6 8 10 9 11

12 13 14 15 16 17 18 19 20 21 22
O3 5t 8 5 7 5 15ty th
N T 2 e
t 5 3 3 1 7§ 5 th to th
12 14 13 16 15 18 17 19 21 20 22

We get the permutation (2,3)(4,5)(6,7)(9,10)(13,14)(15,16)(17, 18)
(20,21).

We must check if our permutations generate a group isomorphic M.

S = Sym(22);
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aa := S1(1,2,4,6)(5,16)(7,8,9,11)(10,21)(12,13,15,17)(18, 19, 20, 22);
bb := S1(2,3)(4,5)(6,7)(9,10)(13,14)(15,16)(17, 18)(20, 21);

N :=sub< S | aa, bb >;

IsIsomorphic(G,N);

true

We have our presentation for our group N given by < x, y|22, y*, y~ Loy 2oy 22y?
wytry’ry "t wyzyey ey eyey T eyt eyey T wy ey eyey ey ayaytay T e vy,
(zy™)1 > .

3.6 Inserting Symmetric Generators

Fix symmetric generator ¢ ~ ¢;. This implies we fix the set < ¢; >; that is,
we stabilize the set {1,12}. In a similar fashion to the involutory progenitor, N acts
on the family of all its subgroups by conjugation. We will show that there is a homor-

phism from N to the family of all the conjugates of < (¢) > in N, thus inducing an action.

Theorem 3.7. [Rot95] Let < (t) >< N and X be the family of all the conjugates of
< (t) > in N. There is a homomorphism ¢ : N — Sx with ker¢ < Ny(< (t) >).

Proof: Let a € N, define ¢ : X — X, by pa(n < (t) >n) =an < (t) >n"ta"l. Let
b € N, and consider the following:

batp(n < (1) >n7Y) = pa(bn < (t) >n "7 1)
=abn < (t) >n" o ta?

= Gap(n < (t) >n7").

Thus, ¢ is a homomorphism. Moreover, since a € N, then a~* € N. Hence, ¢, has

inverse ¢,-1 and thus ¢, € Sx. Furthermore, if a € ker¢, then
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dan < () >n H=an< () >nta!

=n<({t)>n"', forallnecN.

Choose n = e, then ¢o(e < (t) > e 1) =ae < (t) >ea™! =a < (t) >a L.
Therefore, a € Ny(< (t) >) and ker¢ < Ny(< (t) >) as desired. O

Theorem 3.8. [Rot95] Let G = m*" ., N, if N acts by conjugation on the family of
all subgroups of m*" and if < (t) >< G, then O(< (t) >) = {all conjugates of < (t) >}
and G <> = Na(< (t) >).

Proof: We will first show that O(< (t) >) = {all conjugates of < (t) >}.

Consider:

O<(t)>)={neN|n<(t) >}
={neN| <(t)>"}
={nheN|n<({t)>n1}

=< (t) >V

We will now show Gy~ = Ng(< (t) >). Consider the following:

Geps> ={neN | n<(t)>=<(t) >}
={neN| <(t)>"=<(t) >}, since N acts by conjugation on m*"
={neN|n<{t)>nt=<(t)>}

= Ng(< (1) >).

Thus, the coset stabilizer of < (t) > is equal to the normalizer of < (t) > in G. O
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Moreover, the number of conjugates of H in G is [G : Ng(H)] (Corollary
3.21 [Rot 95]). Since N < S, is a transitive G-set, this implies N has one orbit.
As a result, < t; > has 22 conjugates. Continuing, we convert the generators of
Ng(< t1 >) into words. Next, we make ¢t commute with these words and add them
into the presentation. However, there is one generator of the stabilizer namely, z =
(1,12)(2,8,10,11)(3,4,9,5)(7,18)(13,19, 21, 22)(14, 15,20, 16) that sends 1 — 12. In
the presentation, raise ¢ to z, but z must be converted into a word. In doing so, we
get t®*=v~'2v®) — 2 That is, we have two t's in < (t) >. Furthermore, when we
make ¢t commute with the generators of the coset stabilizer in the presentation, we
are saying t has 22 conjugates. This follows from the coset stabilizer being a sub-
group of N with index 11. Moreover, we can write N as a decomposition of right
cosets in terms of the coset stabilizer and the representatives of the 11 conjugacy
classes, denoted N = N'zy U Nlzy U--- U N'zy;. Therefore, when we conjugate t

byN:Nl.TlUNll‘QU---UNlﬂZH,We get 22 t;,.

3.7 Checking the Monomial Progenitor

1$y—2xy—2
1

.’Z‘yQ
ryzy zy e * vy,

lxyflxyfl

Our monomial presentation of 3'! :,,, My is, < z,y, t|2%, y*, 13,y

1 1 1xyxy_1 1 2 1 2

1

Ty
1

, LYYy~ zy’aryry !, vy~ 2oy wyry 2oy~
(zy DM, (¢, y tayay ™ Leyzy), (¢, ), (t, zyzyzyzyzyzy
zyPay), (tyoyPoy ™), (W0 = £2) >,

:Ey%y%y_

ry?ry toytay

We will now perform a check to make sure our monomial progenitor is correct.
By applying the Factoring Lemma we should obtain a homomorphic image of the group

3., Mg, where |31, Myq| = 3 x 7920 = 1403004240.

N1 := Stabilizer(N,{1,12});
Orbits(N1);
GSet{1,12}



GSet{2,3,8,11,7,4,6,22,10,19,9,5,18,21,20,16,14,13,15,17}

GG < z,y,t >:= Group < z,y, t|z%, y*, 3,y Loy ey 2oy’ayey’oy ™, zyzysy o
y~layaytayteyry oy ey eyry T Pey T eyaytey e vy, (oy~ MY,

(t,y twyay layPey wyPey~taoyay), (¢ o), (8 vyzyayryaeyry oy ey ayPey), (¢
yryPay =), (V) = 42 (1Y) >

#GG;

1403004240

95

Thus, we have successfully constructed the monomial progentor 3+ m Mi1.

3.8 Extension of Factoring Lemma (Monomial)

Corollary 3.9. The center Z(G) of G = ‘iZ:T"gf\{, a monomial progenitor factored

the relation (t,t;), 1 <i <n, is the trivial subgroup {e}.

by

Proof: Since N is transitive on n letters, this implies Z(G) must have length n. More-

over, if Z(G) has its product of ty s raised to different powers, we get a similar contradic-

tion to Extension of Factoring Lemma. Suppose Z(G) =< (tptp—1---tat1) >. Since G

s a monomial representation, there exists € € N such that (tj)5 =17, wherel1 <r <m

r

and 1 < j,1 < n. Without loss of generality, suppose (t,)¢ = ty 1, where 1 <r < m.

Consider,

(tntn—t - tat1)€ = EE€ Htntnoy -+ - tat1)€
— f(tntn—l .. .t2t1)§
= E(thty 151
=&(t,_1ts- - titp), where 1 < s, t,p<m
= ¢(

bt |- taty)

But (tntn—l e ‘tQtl) 7é (tntr . -tgtl), thus Z(G) 7é< (tntn—l i 'tQtl) >.

n—1

Hence, Z(G) = {e}. O
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3.9 Lifting All Linear Characters From H/H' up to H

Let G be a group such that G = 2 x S4. You can obtain a faithful and irre-
ducible monomial representation of G by inducing the linear character x’.3 from the

proper subgroup H = 3 : 22 of G up to G.

The task at hand is to find all irreducible linear characters of H. In other
words, we need to find all normal subgroups N of H. In doing so, we can associate
each character of H/N with its lift to H. Finding characters of H/N is easier than
finding characters of H since H/N is smaller in size than H. By finding the characters
of H/N, we then utilize the fact that there is a bijective correspndence between the set
of characters of H/N and the characters y of H that satisfy N < Kery. Moreover,
irreducible characters of H/N correspond to irreducible characters of H that have N in
their kernel. However, the big question at hand is, is there a way to obtain all linear
chracters from a normal subgroup N of H? Quite simply, the answer is yes. It turns
out that all the linear characters of H are the lifts to H of the irreducible characters of
H/H', where H' denotes the derived subgroup of H. In addition, the number of distinct

linear characters of H is equal to |%|

Therefore, given any group H, we can find all linear irreducible characters of

H by lifting all irreducible characters of H/H'.

Utilizing the facts from above, we turn our attention back to our group H =
3 : 22. We want to find all irreducible linear characters of H. This is accomplished by
finding the derived subgroup of H, H’, and the character table of H/H'. Next, lift all
characters of H/H' to H.
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The derived subgroup of H is

H' =< (2,6,10)(3,7,5)(4,11,9) >
= {Id(dH), (2,6,10)(3,7,5)(4,11,9), (2,10,6)(3,5,7)(4,9, 11)}

We must now find H/H' and its character table. We obtain H/H' by right
multiplication of H to H’. In other words, we are taking the transversal of H' in H and

right multiplying them with H’.

That is to say

H/H' = {H' ,H'(2,5)(3,10)(6,7)(9,11), H'(1,8)(2,5)(3,6)(7, 10), H'(1,8)(3,7)(6,10)(9, 11)}
=< H'(2,5)(3,10)(6,7)(9,11), H'(1,8)(2,5)(3,6)(7,10) >

We find a character table of H/H’' as follows. Note Zs x Zy = {c,d|c?
d> = (cd)?> = 1}. Now H/H' = Zy x 7o, where ¢ = H'(2,5)(3,10)(6,7)(9,11) and
d=H'(1,8)(2,5)(3,6)(7,10).

Let a = (2,5)(3,10)(6,7)(9,11) and b = (1,8)(2,5)(3,6)(7,10), we construct

the character table of H/H' in the following manner.

Rep al * b0 al 0 a x bl al !
D2 (=0 xS (D)7 (D)7 (DY) (DY) (DD (D) (D)) (=D0)!
(D' (=1 x% (DY (=19 (DY *((=1)° (=D *((=1)" (DY = ((=D))*
D%+ (=18 xS ((FDN2+ (DD (DO (DD (D22 (DD (D)= ((=DH?
DM DD X (CDHP (DD (DD (DD (DD (=D (DD = ((=DH!

This is equivalent to

Character Table of H/H’

Rep H' H'(2,5)(3,10)(6,7)(9,11) H'(1,8)(2,5)(3,6)(7,10) H'(1,8)(3,7)(6,10)(9, 11)
Xq 1 1 1 1
X, 1 -1 1 -1
Xy 1 1 -1 -1
Xy 1 -1 -1 1
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Given the character table of H/H', we see that H will have four irreducible
linear characters. We will now lift the characters of H/H' to H. Using the definition of
lift, H < H, with x*® being a character of H', then the character of x of H is given by
x(h) = x*(h), h € H. The representatives for the conjugacy classes of H are:

Id (H),

(1, 8) (2, 5)(3, ©6) (7, 10),

(2, 5) (3, 10) (6, 7) (9, 11),

(1, 8) (3, 7) (6, 10) (9, 11),

(2, 10, 6) (3, 5, 7) (4, 9, 11),

(1, 8)(2, 7, 6, 5, 10, 3) (4, 9, 11)

Now we lift all of the characters of H/H' up to H, evaluated at h € H. We
assign a numerical value within the character table of H based on the character x*® of
H/H' evaluated at the conjugacy class representatives. Depending where the conjugacy

class representative belongs evaluated by x°®, we assign the respective value.

To help with assigning numerical values to the character table of H, we will list the

elements within the sets contained in H/H'.

< H' >={Id(H),(2,6,10)(3,7,5)(4,11,9),(2,10,6)(3,5,7)(4,9,11)}

< H'(2,5)(3,10)(6,7)(9,11) >= {(2,3)(4,11)(5,6)(7,10),(2,7)(3,6)(4,9)
(5,10),(2,5)(3,10)(6,7)(9,11)}

< H'(1,8)(2,5)(3,6)(7,10) >= {(1,8)(2, 3,10,5,6,7)(4,11,9), (1,8)

(2,7,6,5,10,3)(4,9,11), (1,8)(2,5)(3,6)(7,10)}

< H'(1,8)(3,7)(6,10)(9,11) >= {(1,8)(3,7)(6,10)(9,11), (1,8)(2,10)(4,9)
(5,7),(1,8)(2,6)(3,5)(4,11)}

Note x;(1) = x?(H') =1, for 1 < i < 4, this implies we can fill the first row and first
column with value 1 on the character table of H. We will repeat this process on the

remaining characters of H/H'.
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E(H/(L 8)(27 5)(37 6)(7? 10)) =1,

x2((2,5)(3,10)(6,7)(9,11)) = x3(H'(2,5)(3,10)(6,7)(9,11)) = —1,

X2((17 8)(27 5)(37 6)(77 10))

X2<(17 8)(37 7)(67 10)(97 11)) = E(H/(lv 8)(37 7)(67 10)(97 11)) =-1,

1, and

x5(H'(2,10,6)(3,5,7)(4,9,11))
x2((1,8)(2,7,6,5,10,3)(4,9,11)) = x3(H'(1,8)(2,7,6,5,10,3)(4,9,11)) = 1,

x2((2,10,6)(3,5,7)(4,9,11))

g(H/(L 8)(27 5)(37 6)(7’ 10)) =1,

x3((2,5)(3,10)(6,7)(9,11)) = x3(H'(2,5)(3,10)(6,7)(9,11)) = 1,

X3((17 8)(27 5)(37 6)(77 10))

x3((1,8)(3,7)(6,10)(9,11)) = x5(H'(1,8)(3,7)(6,10)(9, 11)) = —1,

1, and

x3(H'(2,10,6)(3,5,7)(4,9,11))
x3((1,8)(2,7,6,5,10,3)(4,9,11)) = x3(H'(1,8)(2,7,6,5,10,3)(4,9,11)) = —1,

x3(2,10,6)(3,5,7)(4,9,11)()

X4((1’ 8)(27 5)(376)(77 10)) = XZ(H/(178)(27 5)(376)(77 10)) =—1,

XZ(H/(27 5)(37 10)(67 7)(97 11)) =-1,

X4((17 8)(37 7)(67 10)(97 11)) - XZL(H,(L 8)(37 7)(67 10)(97 11))

X4((2a 5)(37 10)(67 7) (97 11))

L,

1, and

x((2,10,6)(3,5,7)(4,9,11)) = v3(H'(2,10,6)(3,5,7)(4,9,11))

x4((1,8)(2,7,6,5,10,3)(4,9,11)) = x5(H'(1,8)(2,7,6,5,10,3)(4,9,11)) = —1,

Having lifted all of the irreducible linear characters of H/H' up to H, we have

successfully found all linear characters of H.

Table 3.7: Character Table of H

(2,5)(3,10)(6,7)(9,11)

(1,8)(2,7,6,5,10,3)(4,9, 11)

(2,10,6)(3,5,7)(4,9, 11)

(1,8)(3,7)(6,10)(9, 11)

(1,8)(2,5)(3,6)(7, 10)

Rep 1d(H)

—

— T =
D

— 7=

— = T
[
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Chapter 4

Double Coset Enumeration and

Related Topics

4.1 Manual Double Coset Enumeration of S; over Ay

*4,

Our group is given by S5 = ﬁ, we will begin constructing the Cayley
graph of S5 over Ay. Let t; ~t, x ~ (1,3,4), and y ~ (2,3,4), where x and y are the
generators of A4 and t represents a symmetric generator. Lastly, let A4 ~ N. We will
now expand our relation.

Consider:

(v 'wtr)! = (y "aty) (y  aty) (v at) (y~ at)

-1
1,324 w)tl

= y_lxtly_lsctl(y_ x)°ty

—1 2 —1
:y’lxtl(yfla:)gw’tgy x) tgy w)tl

_ (yflx)4t§y’1%)3t§y*1w)2t(y*1$)tl

1
= (1a 37 2)t1t2t3t1

=€
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Therefore, our relation is given by (1,3, 2)t1totst; = e. That is to say, (1, 3,2)t1ty = tit3.
First Double Coset

We consider our first double coset NeN, denoted by [*]. This double coset
contains one single coset, namely N. Since N is transitive on {1,2,3,4}, this implies
the double coset has a single orbit, {¢;.te,ts3,t4}. Next, we select a representative from
the orbit, say ;. We wish to see which double coset Nt; belongs to. Nt; belongs to the
double coset Nt;N. Thus, all four t;; will be moving forward to the new double coset

Nt; N, denoted by [1].

Second Double Coset

We are now at our second double coset, Nt; N, which 4 ¢;;; moved to. Needing
to determine how many unique single cosets [1] contains, we will find the one point
stabilizer of 1 in N, denoted N(). These will be the elements of A4 that fix 1. The one
point stabilizer, N1 >< (2,3,4) >. Therefore, the number of unique single cosets in
Nt N is given by % = % = 4. We can now determine the orbits of Nt; by observing
which numbers are in the same permutation. This will imply the corresponding ¢/, will
be in the same orbit. For example, given the permutation (2,3,4), we notice {2,3,4}
are in the same 3-cycle. This implies {ta,t3,t4} will also be in the same orbit. Hence
the orbits of Nt; on {1,2,3,4} are {t1} and {t2,t3,%4}. We will select a member of
each orbit to determine which double coset the respective coset belongs to. Notice that
Ntit; = Ne= N and N € [x]. Hence, one symmetric generator goes back. There does
not exist a relation having Nto, Nt3, or Nt4 equaling Nt;, for some i € {1,2,3,4}. As

a result, we get a new double coset which we denote [1 2]. Additionally, there will be

three symmetric generators moving forward to this new double coset [1 2].

Third Double Coset

At the third double coset, [1 2], we find the number of unique single cosets by
finding the coset stabilizer of 1 and 2, denoted N 2. The coset stabilizer of 1 and 2
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is given by N1 2 =< e > since nothing stabilizes 1 and 2. However, we must accout
for equal cosets. That is, using our relation, we must see which cosets are equal. Using
our relation (1,3, 2)t1ty = t1t3 and left multiplying by N, we have Ntito = Nt;ts, since
(1,3,2) e N

Consider (1,3, 2)t1ty = t1t3 conjugated by (2,3,4).

s (1,3, 2)t1t0) 23D = (1)23Y)
— (174a 3)t1t3 = {1l4

<= Ntit3 = Nttty

Hence, Ntitos = Ntits = Ntit4. Going back to our coset stabilizer, we see that the
permutation (2,3, 4) stabilizes 1 and 2. Reason being, (2,3,4) fixes 1 and permutes the
last symmetric generator, t;, i € {2,3,4}. We deduced that this was satisfactory since

Ntity = Ntyts = Ntyts. Hence our coset stabilizer N 2) >< (2,3,4) >. As a result,
Nl _ 12y

INOD] — 3
We now wish to find the single cosets in [1 2]. In order to do so, we will conjugate

Ntits = Ntits = Ntyty by all of N. That is, we obtain the transversals of [1 2] by

the number of single cosets in Nt1 N is given by

finding all of the right cosets of N 2 in N. Then, we will conjugate our relation from

above by the transversals to find the distinct cosets.

12)( N

1,3,4),(1,3)(2,4),(1,3,2)}

{(
{(1,4,3),(1,4,2),(1,4)(2,3)}
{(1,2,4),(1,2,3),(1,2)(3,4)}

N 2((1,4,3)

)=
N1 2((1,3,4))
)
)

N1 2)((1,2,4)

We have all of the right cosets of N(! 2) in N. We will take a representative from the
given right cosets and define them as the set of transversals. That is, our transversals

are T = {e,(1,3,4),(1,4,3),(1,2,4)}. We now conjugate our relations above by the
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transversals of [1 2].

N(t1t2)© = N(t1t3)'®) = N(t1t4) <= Ntits = Ntits = Ntyty
N (t1t2) B3 = N(t183) 13 = N(#124) 034 <= Ntsgty = Ntsty = Nist;
N (t1t9) 343 = N (t1t3) 143 = N (t184) 343 &= Ntyty = Ntyt; = Niyts
N (t1t2) 12 = N(#143) 120 = N(414) (128 = Nitoty = Ntgts = Nigty

We now have the four distinct right cosets in [1 2].

Analyzing the permutations of the coset stabilizer, we see that the orbits of
N2 on {1,2,3,4} are {t;} and {ty,t3,t4}. We select a member of each orbit to deter-
mine which double coset the respective coset belongs to. Notice that Nt toto = Nt and
Nty € [1]. Hence, three symmetric generators go back. There does not exist a relation
having Ntitot1 equaling Ntqt; for some i € {1,2,3,4}. As a result, we get a new double
coset which we denote [1 2 1]. Moreover, there will be one symmetric generator moving

forward to this new double coset [1 2 1].
Fourth Double Coset

At the fourth double coset, [1 2 1], we find the number of unique single

(121) " Using our relations obtained from

cosets by finding the coset stabilizer of N
the third double coset, Ntito = Ntits = Ntity, we right multiply by ¢;. We obtain

Ntytoty = Ntitsty = Nitqtgt;. We see the permutation (2,3,4) is in the coset stabilizer

N1 21D This would imply we have % = % = 4 distinct right cosets, but the
total number of distinct right cosets is given by ‘i—j = % = 10. That is, we have three

more right cosets than what we should have (Our total number of distinct right cosets
is currently 9). Therefore, we must account for additional equal right cosets. Using
Ntytoty = Ntitst; = Ntytat1, and conjugating it by the transversals in [1 2 1] in the

same fashion as in the third double coset, we get:
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Ntitot; = Ntqtst; = Ntitst;
Ntstots = Niststs = Nitgtits
Ntytots = Ntgtits = Nigtsty

Niotyto = Nt2t3t2 = Niotito

Using our relation, we must show that these four right cosets are in fact equal.
For the sake of notation, let t1tot1 ~ t1t3t1 ~ t1t4t1 imply Ntqtot; = Niitgty = Nitqtaty.

Using our relation (1, 3,2)t1totst; = e, we will show that all four right cosets are equal.

Consider the following:

titsty = titsty
= t1(3,1,4)tsts, since ((1,3,2)t182) DY = (4115) DY) — (3,1, 4)t5ty = 3ty
= (3,1,4)(3,4,1)t1(3,1,4)t3t4
= (3,1, )t tgt,

= (3,1, 4)tytsty

Hence, Ntitst; = Ntytsty since (3,1,4) € N.

t3tqts = tatyls
= t3(4,3, 1)t3tg, since ((1,3,2)t1t2) 142 = (1£3) W42 = (4,3, 1)t4t) = tyts
= (4,3,1)(4,1,3)t3(4,3,1)t4t;
= (4,3, )t Vet

= (4,3, 1)ttt
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Hence, Ntstyts = Ntqitytq since (4,3,1) € N.

tatits = tatity
= t4(1,4,2)t1ty, since ((1,3,2)t1t2) 343 = (4113) 24 = 1ty = (1,4, 2)t11,
= (1,4,2)(1,2,4)t4(1,4,2)t 1t
= (1,4,2)t" 11,

= (1,4, 2)tat1ts

Hence, Ntytits = Niotits since (1,4, 2) e N.

We have shown that Ntitst; = Ntytsts and Nitgtyts = Ntitatq, therefore
Ntitsty = Ntatsts = Ntstats = Ntitat;. Additionally, we showed Ntstits = Nitotito,
but Ntstits = Ntststs, hence Ntstity = Ntotits = Ntgtits = Ntststy. That is to
say, we have showed Ntitot; = Nititsty = Ntytyty = Nistaots = Nistyts = Nttty =
Ntytoty = Nigtity = Ntytsty = Niotgto = Nitotsto = Niotits.
The coset stabilizer N1 21 = N. Therefore, we see that the orbits of N 21 on
{1,2,3,4} are {t1,to,t3,t4}. We select a member of each orbit to determine which double
coset the respective coset belongs to. Notice that Ntitot1t1 = Nt1ty and Niqte € [1 2].
Hence, all four symmetric generators go back. Thus, our double coset enumeration of

S5 over Ay is complete. Furthermore, we have shown that |G| = (m + % + % +

Bl
%)IN\ <(1+22 41241219 = (10)12 = 120.
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Figure 4.1: Cayley graph of S5 over Ay

*4,
4.2 Proof of 55 = ﬁ

*4.
ﬁ. We will prove that S5 =2 G. We will obtain a permuta-

Let G =
tion representation of G by computing the action of G on the ten right cosets of IV in
G that we have found. As a result, we will show |G| > 120. We label our right cosets
N, Nt Nto, Nt3, Nty, Ntita, Ntsto, Ntste, Ntats, and Ntitat; by the numbers 1,2,3,...,9,
and 10, respectively. Let t; ~t, z ~ (1,3,4), and y ~ (2,3,4), where z and y are the
generators of A4 and t represents a symmetric generator. We will now compute the

action of the generators of G on the right cosets.

Note: We make use of the relations when computing the action on the right

cosets.

Ntits = Ntqts = Ntity
Ntsts = Ntsty = Ntsty
Ntyto = Ntgt, = Ntgts

Nioty = Niots = Nioty
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Ntitot1 = Ntitsty = Nijtat: = Nigtots = Nisgtats = Nistits = Nigtoty = Nigtity =
Ntytsty = Ntotyto = Nitotgto = Niotqts

Table 4.1: Action of x ~ (1,3,4)

1 2 3 4 5 6 7 8 9 10
N Ntp Nty Nty Nty Ntits Nigto Ntgto Nitoty Ntitoty
14 1 A \: \: A 1 1 \:
N Nts Nty Nty Nt;y Ntgty Ntgto Ntito Ntoty Ntgtots
1 4 3 ) 2 7 8 6 9 10

We obtain the permutation f, = (2,4,5)(6,7,8).

Table 4.2: Action of y ~ (2,3,4)

1 2 3 4 5} 6 7 8 9 10
N Nt1 Nty Nty Nty Ntitg Nitgto Ntgto Ntoty Ntitotq
4 \: 2 A \ \: 2 2 A
N Nty Nts Nty Nty Ntitg Nigts Niots Ntsta Ntitsty
1 2 4 5 3 6 8 9 7 10

We obtain the permutation f, = (3,4,5)(7,8,9).

Table 4.3: Action of t ~ #1

1 2 3 4 9 6 7 8 9 10
N Nty Nty Nts Nty Ntity Ntsto Ntyto Ntoty Ntytotq
\: \ \ \: 3 A \ \: \ 3

Nty N  Nioty Ntgta Nigto Ntjtoty Ntg Nty Nto Ntito
2 1 9 7 8 10 4 ) 3 6

We obtain the permutation f; = (1,2)(3,9)(4,7)(5, 8)(6,10).

Now < fz, fy, ft >< Sio. This implies there is a homomorphism f from G
to Sig, f: G Hom S10. It is easily checked that the order of < fz, fy, fi > is 120.
Since the orders of f;, fy, and f;, are 3,3, and 2, respectively, Im(N) =< fz, fy >= Ay4.
We ask the question, is < fg, fy, ft > a homomorphic image of G7 f; must have
four conjugates under conjugation by Im(N) =< fz, f, >. Consider the following:
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F(E) = fa ) = Fa ) f ) f) = f2)" F(t)f(@) = f(t)@. Thus, the four
conjugates are given by, f(t1), f(t1)f@), f(t1)7® *) and f(t)/®. That is, Im(N) =<
fas fy > acts on {fi,, fo, frs, fra} by conjugation as Ay, denoted fo : (fi,, fis, fry) and
fy i (ftas ftss fra). Furthermore, if our additional relation (1,3, 2)t1t2 = t1t3 holds in Sy,
then < fz, fy, ft > is a homomorphic image of G. But, our relation can be expressed as
F((1,3,2) F(t1) f(t) T2 = f(1y) f(t1) /O3 thus, < fo, fy, fr > is a homomorphic
image of G. f is a homomorphism from G to Sy, then by the First Isomorphism Theo-
rem we have, G/ker(f) = Im(f) =< fa, fy, fr >. Thus, |G/ker(f)| = | < fa, fy, fr > |.
So, % = | < fa, fy, Jt > |, but this implies |G| = |ker(f)|| < fz, fy, ft > |. There-
fore, |G| > 120, but from our Cayley diagram, |G| < 120. Hence, |G| = 120 and

ker(f) =1. As aresult, G =< fu, fy, fi >
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4.3 Canonical Symmetric Representation Form

The presentation of G is G =< z,y,t|z3, 43, (x=1xy~1)%, 2, (t,y), (y 1 * = *
t)* >, where z, y, and t correspond to the permutations f, fy, and f3,, repectively.
G1 =< fz, fy, [t >=< Sio is a faithful permutation representation of G. Thus, every
element of G is a unique permutation in G; on 10 letters. We wish to convert p € G1 to
its canonical symmetric representation form. That is, write p as a permutation of A4 on
four letters followed by a word of length of at most three in the symmetric generators.
We want to see where p sends N. So, 1P = Np = Nw this implies Np = Nw if and
only if pw~™' € N. pw™ € N is a permutation in N identified by its action on the four
cosets whose representatives are of length one (Nt1, Nto, Nt3, Nts). Then, pwlw is
the permutation p in its canonical symmetric representation form. We will convert the
permutation (2,4)(3,5)(6,7)(8,9) into canonical symmetric representation form. Then
(2,4)(3,5)(6,7)(8,9) is of the form (2,4)(3,5)(6,7)(8,9) = nw where n € N and w is a

word in the symmetric generators. Observe:

1CHBHEDED — 1 = N = N(2,4)(3,5)(6,7)(8,9)

Thus, (2,4)(3,5)(6,7)(8,9) € N. We now calculate the action on the right cosets.

Table 4.4: Action of (2,4)(3,5)(6,7)(8,9)

1 2 3 4 )
N Nty Nty Nty Nty
14 \: 1 A
N Nts Nty Nt1 Nty
1 4 5 2 3

We obtain the permutation (1, 3)(2,4). Hence, our permutation (2,4)(3,5)(6,7)

2*4:A4
(y~tat)t”

(8,9) € G1 has the canonical representation form of (1,3)(2,4) in

Next, we take the permutation (1,4)(2,8,3,6,5,9)(7,10) € G; and convert it
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into its canonical form.

1(IDE83E59(TI0 — 4 — Nty = N(1,4)(2,8,3,6,5,9)(7,10)

Thus, (1,4)(2,8,3,6,5,9)(7,10)t4 € N and (1,4)(2,8,3,6,5,9)(7,10)t4ts = (1,4)(2,8, 3,
6,5,9)(7,10) in its canonical symmetric representation form. ¢4 is the permutation f;, =
(1,4)(2,6)(3,9)(5,8)(7,10). Then, (1,4)(2,8,3,6,5,9)(7,10)(1,3)(2,6)(4,7)(5,8)(9,10) =
(2,5,3)(6,8,9). We now calculate the action of (2,5,3)(6,8,9) on the right cosets.

Table 4.5: Action of (2,5,3)(6,8,9)

1 2 3 4 )
N Nt; Nty Nty Nty
AN \J \J 3
N Nt4 Ntl th Nt?
1 ) 2 4 3

We obtain the permutation (1,4,2). Hence, our permutation (1,4)(2,8,3,6,5,9)(7,10)

*4.
€ G has the canonical representation form of (1,4, 2)¢4 in (5,17';;‘;4.

4.4 Representation Form

*4. . .
“A4s we now wish to convert (12)(34)t,tot ts into

Given (12)(34)t1t2t1t3 S Tzt

2
(y
its permutation form in G;. By illustrating this example, we can find the class that

*4,
(12)(34)t1tat t3 belongs to in (5_1'£‘)‘4. That is, we can find the permutation represen-
tation form of (12)(34)t1tat1ts in G1, compute its respective class, then convert all the
permutations of the class in G; back into its canonical form. Since f is a faithful per-
*4,

mutation representation of ﬁ, we can find t1,%2, and t3 by conjugation of f;, by
N under the map f. Thus, it suffices to calculate the action of (12)(34) on the right
2*4:A4

(y~lat)d-

We obtain the permutation (3,2)(4,5)(6,9)(7,8).

cosets in
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Table 4.6: Action of (12)(34)

1 2 3 4 b} 6 7 8 9 10
N Nty Nty Nty Nty Ntits Nisto Nitgto Ntoty Ntitoty
A 1 \ A \: A \ 1 A
N Nty Nt; Nty Nts3 Ntoty Ntyto Nitsto Ntsgto Ntotits
1 3 2 ) 4 9 8 7 6 10

Lastly, we find t1, t2, and t3 by conjugation of f;; by N under the map f. There-
fore, t1,t2, and t3 are given by f,, f,a.2,4), and f,a,5.4), respectively. We now compose the
1 1
the permutations in G, (3,2)(4,5)(6,9)(7, 8)ft1ftwy2 w = (3,2)(4,5)(6,9)(7,8)(1,2)(3,9)
1

(4,7)(5,8)(6,10)(1,4)(2, 6)(3,9)(5,8)(7,10)(1,2)(3,9)(4,7)(5,8)(6,10)(1, 3)(2, 6)(4,7)
(5,8)(9,10) = (1,9,7,8,6)(2,10,3,4,5). Thus, (12)(34)t1tst1ts = (1,9,7,8,6)(2,10,3,4, 5).
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4.5 Manual Double Coset Enumeration of PSL(2,7) over
(7:3)

21
— ~ 2¢7:(7:3) . . )
Our group is given by PSL(2,7) = e e D) we will begin construct

ing the Cayley graph of PSL(2,7) over (7 : 3). Let t; ~ t, z ~ (1,2,4)(3,8,10)(5, 13, 14)
(6,16,9)(7,18,15)(11, 21, 17)(12, 20, 19), and y ~ (1, 3,9, 20,21, 15,5)(2,6,17, 13,8, 19, 7)
(4,11,10,18,16,14,12), where x and y are the generators of (7 : 3) and ¢ represents a
symmetric generator. Lastly, let (7 : 3) ~ N. We will now expand our relations.

Consider:

(1) = @) @)
= (27 'tg) (7 1tg)

= (@)t to

= xtglg

=€

Therefore, our relation is given by xtgtg = e. That is to say, xtg = tg.

) = e e )
= (yt7)(yt7)(yt7)
= St
= y’totsty

=€

Therefore, our relation is given by y3totst; = e. That is to say, y>tets = tr.
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First Double Coset

We consider our first double coset NeN, denoted by [+]. This double coset
contains one single coset, namely N. Since N is transitive on {1,2,---,21}, this implies
the double coset has a single orbit, {t1ta,- - ,t21}. Next, we select a representative from
the orbit, say t;. We wish to see which double coset Nt; belongs to. Nt; belongs to
the double coset Nt1N. Thus, all 21 t;5, 1 < i < 21 will be moving forward to the new
double coset Nt N, denoted by [1].

Second Double Coset

We are now at our second double coset, Nt; N, which 21 symmetric generators
moved to. Needing to determine how many unique single cosets [1] contains, we will
find the coset stabilizer of 1 in N, denoted N, These will be the elements of 7 : 3

that fix 1. The coset stabilizer of 1 is given by, N() >< ¢ >. Therefore, the number
Nl _ 21

of unique single cosets in Nt N is, NU] = 1T = 21. But, we know the number of
distinct right cosets is given by % = % = 8. This implies we have too many

right cosets in the double coset [1]. Thus, we must account for equal cosets. That is,
using our relation, we must see which cosets are equal. Using the relation xtg = tg and
left multiplying by N we have Ntg = Ntg, since x € N. We wish to find all equal right

cosets, therefore we conjugate our relation by all of V. Let tg ~ tg denote Ntg = Ntg.

Consider the following:
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(1,17,18)(2,10,20)(3,7,14)(4,9,13)(5,19,11)(6,12,15)(8,16,21) tis ~ t1o

1,2,4) 1 13,14 1 18,15)(11,21,17)(12,20,1
( 38 O)(57 37 )(67 679)(77 87 5)( 34Ly 7)( ) 07 9) = t6 ~ t16

(1,21,3,15,9,5,20)(2,8,6,19,17,7,13)(4,16,11,14,10,12,18) ts ~ t1o

~
©
2

~
D

(1,20,5,9,15,3,21)(2,13,7,17,19,6,8)(4,18,12,10,14,11,16) tis ~ L

(1,10,7)(2,9,12)(3,16,13)(4,17,5)(6,21,18)(8,20,11)(14,19,15) t1y ~ to1

(1,5,15,21,20,9,3)(2,7,19,8,13,17,6)(4,12,14,16,18,10,11) ty ~ o

(1,6,14)(2,11,15)(3,19,4)(5,8,18)(7,16,20)(9,17,10)(12,21,13) t17 ~ tia

(1,4,2)(3,10,8)(5,14,13)(6,9,16)(7,15,18)(11,17,21)(12,19,20) t16 ~ to

~
Ne)
2

~
[=2]

(1,8,12)(2,16,5)(3,6,11)(4,21,7)(9,19,18)(10,15,13)(14,20,17) t1o ~ 11

(1,15,20,3,5,21,9)(2,19,13,6,7,8,17)(4,14,18,11,12,16,10) t ~ tr

~
e
2

~
(=2

(1,19,16)(2,14,21)(3,17,12)(4,15,8)(5,6,10)(7,11,9)(13,18,20) tr ~ b1

(1,16,19)(2,21,14)(3,12,17)(4,8,15)(5,10,6)(7,9,11)(13,20,18) ty ~ b

~
Nej
2

~
(=]

(1,14,6)(2,15,11)(3,4,19)(5,18,8)(7,20,16)(9,10,17)(12,13,21) to ~ 1

(1,7,10)(2,12,9)(3,13,16)(4,5,17)(6,18,21)(8,11,20)(14,15,19) ty ~ tig

(1,11,13)(2,3,18)(4,6,20)(5,12,7)(8,9,14)(10,19,21)(15,16,17) t1a ~ ton

~
e
2

~
(=2

(1,3,9,20,21,15,5)(2,6,17,13,8,19,7)(4,11,10,18,16,14,12) foo ~ t17

(1,13,11)(2,18,3)(4,20,6)(5,7,12)(8,14,9)(10,21,19) (15,17,16) ,_ ts ~ 1y

~
Nej
2

~
D

(1,9,21,5,3,20,15)(2,17,8,7,6,13,19)(4,10,16,12,11,18,14) for ~ t13

~
Ne)
2

~
(=]

(1,12,8)(2,5,16)(3,11,6)(4,7,21)(9,18,19)(10,13,15)(14,17,20) t1g ~ t3

~
©
2

~
=2

Id(N

<> g ~ tg
(1,18,17)(2,20,10)(3,14,7)(4,13,9)(5,11,19)(6,15,12)(8,21,16)

(to ~ t6)"
(tg ~ o)
( )
( )
( )
( )
( )
( )
( )
( )
(to ~ t6)"
( )
( )&
( )
( )
( )
( )
( )
( )
( )1
(to ~ t6)"

< g ~ 115

We can now determine the orbits of the right cosets of Nt¢; N by observing
which cosets have equal names. This will imply the corresponding t¢;;s will be in the
same orbit. By conjugation of our relation shown above, we have the following equal

right cosets:
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ty ~ 1o~ 17
lg ~ 19 ~ 112
l3 ~ ti6 ~ 113
ty ~ti7 ~ 15
te ~ ta1 ~ t13
lg ~ 120 ~ t11

t14 ~ t1g ~ t15

We can now determine that the coset stabilizer is given by N =< (1,10,7)
(2,9,12)(3,16,13)(4,17,5)(6, 21, 18)(8, 20, 11)(14, 19,15) >. Thus, the number of right
cosets in [1] is given by %1‘)' = 21 = 7. Moreover, the orbits of NWon {1,2,---,21} are
{t1, 0, 7}, {t2, to, tr2}, {ts, t16, tas}, {ta, t17, s}, {6, t21, t1s}, {ts, t20, t11}, and {t1a, trg, t15}.
We will select a member of each orbit to determine which double coset the respective
coset belongs to. Notice that Nt;t; = Ne = N and N € [*]. Hence, 3 symmetric
generators go back to the double coset [%]. We now use our relations to show the rest

of the right cosets loop back to the double coset [1].

Ntits € [1] since

-2
(y3tots = t?)y

-2 2 2 -2
3Y Y Y _+Y
— ¥ t9 t3 = t7

—2
— ¥ ity =tg € [1].

Hence, three more symmetric generators loop back to the double coset [1].
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Ntqty € [1] since

tltig = tlygytgotg, since (y3t9t3 = t7)y < ygytgotg =19
3Y
=t} taotg
= taol20t9

= tg € [1].

Hence, 3 more symmetric generators loop back to the double coset [1].

Ntit1e € [1] since

:c2y2

2242 . 2242
tit1s = y>" " tiatigtie, since (y3tots = t7) — ¥ tatis =t

2. 2

357y
=y t12t16t16

2, 2

= y3z Y t12 € [1]

Hence, three more symmetric generators loop back to the double coset [1].

Ntitg € [1] since

titg = t1xty, since xtg = tg
= xtity
= Ttaolg
= xtatg
= xyYtaototy, since (yPtots = t7)? = yYtagte = to

= .ryytgo S [1]

Hence, three more symmetric generators loop back to the double coset [1].



Ntit1y € [1] since

tlm = t1$1y4t19, since (:Iitg = tG):z:y

4
= tlxxy tlg

4 zy4
i a

19

=z yxy)_lymytntm

Il

S
8
Qﬁ

<
B
<

I
8
<

Yyttt

— xacy yxy 1t16 c [ ]

)~
y”y) L1, since (y tots = t7) o
)"

4 4
— ™ tig = t11

= y"tirtig = tis

Hence, three more symmetric generators loop back to the double coset [1].

Ntiti5 € [1] since

titis = t12™ V' ty, since (wty = tg)" ¥

2,3
tla:x y t4

2,3 z2y3
2TV gy

2,3
7 Y tgty

2,3
™Y tigly

2,3 ,4 . 4
Y xY t5ty, since (xtg = tg)Y

2,3 4
Y aY tsty

2.3 4 3 .
™Y a¥ 5™ tg, since (xtg = tg)”

a? Y Y’ gy’ tg‘””’g tg
:crznyy4xmy3t6t8

eV () (0 et
2V () (P st
2207 gyt oy (y?’z)
2V ¥ g (213%) t1s € [1].

4
— Y t5

tis, since (y’tots = t7)"

2,3
< xmyt4:t15

=119

3 3
— g™ ts =14

R y3zt6t8 =118

7



78

Hence, three more symmetric generators loop back to the double coset [1].

Therefore, the remaining symmetric generators loop back to the double coset

[1]. As a result, we have shown that |G| = (% %)H\U < (1+188)21 = (8)21 = 168.

Figure 4.2: Cayley graph of PSL(2,7) over (7 : 3)
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4.6 G = PSL(2,7) By Way of Linear Fractional Map

W21
Consider G = 2 2'(7’3) ——, where (7 : 3) is generated by = ~ (1,2,4)
(= 1t@V))" (yt(zy™ )
(3,8,10)(5, 13, 14)(6, 16,9)(7, 18,15)(11, 21,17)(12,20,19) and y ~ (1,3,9,20,21,15,5)
(2,6,17,13,8,19,7)(4,11,10, 18,16, 14,12). We will show that G = PSL(2,7). Dickson

showed that every PSL(n,q) can be represented in the following manner: PSL(n,q) =

{z — g;fig, xz € FyU{oo},a,b,c,d € Fylad — bc = 1 or equivalently a nonzero square}.
Thus, PSL(2,7) = {z — g;fis,x € FrU{0},a,b,c,d € Frlad — be = 1 or equivalently

a nonzero square }. Moreover, Conway proved that PSL(n,q) =< «, 3,7y >, where
a:x—x+1, 8:x— kr, where k is a nonzero square that generates all nonzero
squares, and v : x — }x Hence, PSL(2,7) =< a, 3,7 > . As a result, we need to find
a, 3, and + in order to obtain a representation of PSL(2,7).

Table 4.7: a:x—z+1
01 2 3 4 5 6 o~
N
1 2 3 4 5 6 0 o

Thus, we obtain the permutation « := (00)(0,1,2,3,4,5,6).

In order to find 3, we need to know all the nonzero squares of F7. The squares
of Fy are: 12,2232 42 52 62. After taking modulo 7 into account, we end up with
the following nonzero squares: 1,2,4. It is easily checked that 2 generates the nonzero

squares. Thus, §: z — 2.

Table 4.8: 8 : x +— 2z
0 1 2 3 4 5 6 o
N
0 2 4 6 1 3 5 o

Thus, we obtain the permutation S := (00)(0)(1,2,4)(3,6,5).
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Table 4.9: ~v:x —

= —| o %L‘H

9:
0 3
I I
00 2

| |~

2
1
3

ol |
A | o

00
1
0

Thus, we obtain the permutation v := (0,00)(1,6)(2, 3)(4, 5).

Furthermore, we can define the homomorphism ¢ : G — PSL(2,7) on the

generators of G by Dickson’s method given by: ¢(z) = 35’;171, P(y) == —7, and

o(t) = 59;__11. Now < ¢z, ¢y, ¢ >< Sg. This implies there is a homomorphism ¢ from
G toSs, ¢ : G Hom Ss. It is easily checked that the order of < ¢, ¢y, ¢y > is

168. Since the orders of ¢z, ¢y, and ¢y, —1,-1,2 are 3,7, and 1, respectively, this implies
Im(N) =< ¢z, ¢y >= (7 : 3). We ask the question, is < ¢, ¢y, ¢ > a homomorphic
image of G? Now, if G is a homomorphic image of PSL(2,7), then it must be the
case that ¢(t) has 21 conjugates under conjugation by Im(N) =< ¢4, ¢, >. How-
ever, the 21 conjugates are given by, QS(t)‘b(xiyj), where 1 < i< 3and 1< j <7
Thus, Im(N) =< ¢z, ¢y > acts on {¢¢,, dr,, - -+, 1o, } by conjugation as (7 : 3) acts on
{t1,ta, -+ ,t21} by conjugation. Furthermore, it is easily checked that our additional re-
lations (z~'¢(*¥))2 and (yt(xyil))3 hold in Sg. Thus < ¢z, ¢y, ¢ > is a homomorphic im-
age of G. This implies ¢ is a homomorphism from G to Sg and by the First Isomorphism
Theorem we have, % = Im(¢) =< ¢y, ¢y, ¢ >. Thus, |&| = | < g, by, Pt > | So,
|kleGT|¢| = | < ¢z, ¢y, ¢ > |, but this implies |G| = |ker¢|| < ¢z, ¢y, ¢+ > |. Therefore,
|G| > 168, but from our Cayley diagram, |G| < 168. Hence, |G| = 168 and ker¢ = 1.
As a result, G =< ¢y, ¢y, oy >= PSL(2,7).




81

4.7 Construction of U3(5) : 2 over PGLs(7) : 2

Us(5) : 2 is a homomorphic image of a semi-direct product between a free
product of twenty eight copies of a cyclic group of order 2 and PGL4(7) : 2 factored by
the relations (z %22 %y * 22 %y * t(y*z5))3, and (z* 2% xy* 2% %y * t($2))5. In other words,

2*28: (PG L2(7):2)
(z*xQ*y*xQ*y*t(y*I5>)37(z*x2*y*x2*y*t(12) )5

I

Us(5) : 2
We will begin constructing the Cayley graph of Us(5) : 2 over PGL2(7) : 2 by
double coset enumeration. Let t ~ t1, z = (1,8, 14,19, 23,26,6)(2, 9, 15, 20, 24,5, 12)
(3,10,16,21,4,11,17)(7, 13,18, 22, 25,27, 28), y = (1, 28)(2, 22)(3, 18)(4, 27)(5, 25)
(6,13)(8,21)(9,17)(10, 26)(11, 24)(15, 20)(16, 19), and = = (1, 6)(2,5)(3,4)(8, 26)(9, 24)
(10,21)(11,17)(13,28)(14,23)(15,20)(18,27)(22,25), where z, y, and z are the genera-
tors of N = PGLy(7) : 2. We will now expand our relations.

Let 7 = z*x? xy* 22 xy and note (y *x2°) = (1,25,20,2,13,23,14)(3,7,27,16,8, 10, 19)
(4,22,5,18,11,15,9)(6, 28,26, 17, 12,24, 21). Therefore,

5
(z*x2*y*x2*y*tgy*z))3

= (7 * tg5)3

=7 % tg; * 155 * Lo

= (1,28,3,24,20,15,11,18)(2,12, 22,4, 26, 14, 10, 27)
(5,17,9,25)(6,21,19, 23,16, 8, 13, 7)t17tot2s

Since m = (1,24, 11, 28,20, 18,3,15)(2, 4, 10, 12, 26, 27, 22, 14) (5, 25,9, 17)(6, 23, 13, 21,
16,7,19,8)

72 = (1,11,20, 3)(2, 10, 26, 22)(4, 12, 27,14)(5,9)(6, 13, 16, 19)(7, 8, 23, 21) (15, 24, 28, 18)
(17,25),

™ = (1,28,3,24,20,15,11,18)(2,12,22,4,26, 14, 10, 27)(5, 17,9, 25)(6, 21, 19, 23, 16,
8,13,7)
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Therefore Nti7tgtos = N for our first relation.

2
For our second relation, (z*q:%y*ﬁ*y*t&x ))5, we still have 7 = zxa?sy*x?*y and note

2% = (1,14,23,6,8,19,26)(2,15,24,12,9,20,5)(3,16,4,17,10,21,11)(7, 18, 25, 28, 13,
22,27). Then,

2
(z*x2*y*x2*y*t§x ))5

= (m* t14)5

=7 % t’fi * t’lTZ * tfi * 174 * t1a

= (1,18,11, 15,20, 24, 3, 28)(2, 27, 10, 14, 26, 4, 22, 12)
(5,25,9,17)(6,7,13,8,16, 23,19, 21)t12t10tatot14

Since,

= (1,20)(2,26)(3,11)(4,27)(6,16)(7, 23)(8, 21)(10, 22)(12, 14)(13,19)(15, 28) (18, 24),

7 = (1,18,11,15, 20,24, 3, 28)(2, 27, 10, 14, 26, 4, 22, 12)(5, 25,9, 17)(6, 7, 13,8, 16, 23,
19,21)

Therefore, Nt12t10t4t27f14 =N

To determine the number of unique cosets of PGL2(7) : 2 in U3(5) : 2, we must cal-

culate the index of PGLy(7) : 2 in Us(5) : 2. The index of PGLy(7) : 2 in Us(5) : 2

is given by I Jlgg};(f()glm = 25§é%00 = 750. Hence, we have a total of 750 unique single cosets.

First Double Coset

We consider the first double coset NeN, denoted by []. This double coset con-
tains one single coset, namely, N. Since N is transitive on {1,2,3,...,28} this implies
the double coset has a single orbit, {t1,t2,ts,...,t28}. Next, we select a representative
from the orbit, say ¢;. We wish to see which double coset Nt; N = {Nt}jn € N} =
{N, Nty, Nty ..., Ntog}. That is, all 28 ;5 will be moving foward to the new double
coset Nt;N, denoted by [1].
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Second Double Coset

We are now at our second double coset Nt; N which 28 ¢, moved to. Needing
to determine how many unique single cosets [1] contains, we will find the coset stabilizer
of 1, denoted by N(1) in PG Ls(7) : 2. These will be the elements of PG Lo(7) : 2 which
fix 1. N = < (2,3)(4,7)(5,6)(8,9)(10,13)(11,12)(15, 22)(16, 21)(17, 20)(18, 19)
(23,28)(24,27),(2,8)(3,9)(4,11)(5,10)(6,13)(7,12)(15,16)(17, 18)(19, 20) (21, 22)
(24,27)(25,26),(2,6,7)(3,5,4)(8,12,13)(9,11,10)(14, 26, 25)(15, 21, 27) (16, 24, 22)

(17,28,18)(19,20,23) > therefore, the number of single cosets in Nt;N is given by,

IN| _ 336
IND| T 12

= 28. We can now determine the orbits of Nt; by observing the numbers in
the permutations. This will imply the corresponding ¢, will be in the same orbit. For
example, the permutation (2, 6, 7)(3, 5, 4)(8, 12, 13)(9, 11, 10)(14, 26, 25)(15, 21, 27)(16,
24, 22)(17, 28, 18)(19, 20, 23), we can see that {2,6,7} are in a 3-cycle together, this im-
plies {t2, t¢, t7} will be in the same orbit. Moving on to the next 3-cycle, (3, 5, 4), we can
conclude {ts,t5,t4} will be in another orbit. If we keep repeating this process through-
out the entire permutation and the rest of the generators of NV, we can see the orbits of
NWon {1,2,...,28} are {1}, {t14, t26, tas }, {t15, taz, t16, t21, t2a, tar }, {t17, t20, t1s, t2s, 1o,
tos}, and {t9, ts, ts, te, to, s, t12, t13, t7, t11, t10, t4 }. We now choose a member of each or-
bit to determine which double coset the respective coset belongs. Nt1t; = Ne = N € [¥],
since the ty s are involutions. Moving forward, Ntite4d € [1]. By using our relation
Ntirtg = to5 if we conjugate it by (1, 23, 22, 17)(2, 5, 27, 18)(3, 26, 13, 15)(4, 20,
28, 8) (6, 11, 25, 14)(7, 16)(9, 24)(10, 19, 21, 12) € N. We get Ntytoy = Nt14, but
Nt14 € [1], therefore Ntq1to4 € [1] implying six symmetric generators loop back to [1].
There does not exist a relation having Ntqt17, Ntit14, or Ntite equaling Nt; for some
i€{1,2,...,28}. As a result we see that we get three new double cosets [1 17], [1 14],
and [1 2]. Moreover, there will be 6, 3, and 12 symmetric generators moving forward,

respectively.

Third Double Coset
At the third double coset, [1 17], we find the number of unique single cosets by
finding the coset stabilizer of 1 and 17. N(M7) = < (2,12)(3,11)(4,10)(5,9)(6,8)(7,13)
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(14,26)(15,24)(16,21)(18,28)(19, 23)(22,27) >, therefore, the number of unique single

% = % = 168. After calculating the right cosets

of N7 in MAGMA (also known as the transversals of the double coset [1 17]), we see

cosets in [1 17] will be at most,

that there are in fact 168 single cosets in the double coset [1 17]. We can now determine
the orbits of N117) by analyzing the permutations of the coset stabilizer N7 The
orbits on {1,2,...,28} are {t1}, {ti7}, {t20}, {tos}, {t2, ti2}, {t3, t11}, {ta, t10}, {t5, o},
{te, ts}, {t7, t1z}, {t1a, tos }, {t15, taa}, {t16, 21}, {t18, tag}, {t19, tas}, and {ta2, ta7}. We se-
lect a member of each orbit to determine which double coset the repective coset belongs.
Using MAGMA, we see that, tyt17t; € [1,17], titirtir € [1], trtirtao € [1,17), titarts €
[1,2], tit17te € [1,2], trt1rtr € [1,17), trtr7tis € [1,17], t1tyrtis € [1,17], trt1rtrg € [1, 2],
titirtie € [1,17,2], titi7t1s € [1,17,2], and t1t17t22 € [1,17]. By looking at the orbits
of the respective representatives, we see 1 symmetric generator goes back to [1], 6 sym-
metric generators move to [1 2], 1 symmetric generator moves to [1 17 25], 2 symmetric
generators move to [1 17 2], 2 symmetric generators move to [1 17 4], 6 symmetric gen-
erators move to [1 17 3] and the remaining 10 symmetric generators loop back to the

double coset [1 17].

Fourth Double Coset
At the fourth double coset, [1 2], we find the number of unique single cosets by

finding the coset stabilizer of 1 and 2. N 2 =< ¢ >, therefore the number of unique

single cosets in [1 2] are at most % = 3% = 336. However, we have to account for

equal right cosets using our relations. Using MAGMA, we find out that we have two

equal names. We have that t1ty = (y * x 2% Y * x3)t16t11, therefore we must also include

(12) ‘]\‘[ﬁg)l = 335 = 168, hence the most number of

single cosets in [1 2] is 168. After calculating the right cosets of N(!2) in MAGMA, we

permutations g € N2, This implies
see that there are in fact 168 single cosets in the double coset [1 2]. We now deter-
mine the orbits of N2 on {1,2,...,28} are {t5}, {ts}, {t10}, {t2s}, {t1,t16}, {t2,t11},
{ts,tas}, {ta,t20}, {te,tor}, {t7,t26}, {to,t15}, {t10,t1a}, {t12,t1s}, {t13, 17}, {to1,t25},
and {teg,t24}. We select a member of each orbit to determine which double coset the
respective coset belongs. Using MAGMA, we see that, t1tots € [1 17 3], titatg € [1 17 4],
titatig € [1 14], trtates € [1 2], trtaty € [1 17 28], titaty € [1], trtats € [1 17 3], titaty €
[117 3], titats € [1 17 3 t1totr € [1 17], titaty € [1 2], titatio € [1 17], titato € [1 17
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2], titatiz € [1 17 25], t1tate; € [1 17], and titatay € [1 2]. Analyzing the orbits of the
respective representatives, we see that 2 symmetric generators go back to [1], 6 move to
[1 17], 1 moves to [1 14], 2 move to [1 17 2], 1 moves to [1 17 4], 7 move to [1 17 3], 4
move to [1 17 25], and 5 loop back to [1 2].

Fifth Double Coset

At the fifth double coset, [1 14], we find the number of unique single cosets by
finding the coset stabilizer of 1 and 14. N %) = <(2,8)(3,9)(4,11)(5,10)(6,13)(7,12)
(15,16)(17,18)(19,20)(21,22)(24,27)(25, 26), (2,3)(4,7)(5,6)(8,9)(10,13)(11,12)
(15,22)(16,21)(17,20)(18,19)(23, 28)(24,27) >, therefore, the number of unique single
cosets in [1 14] will be at most, % = 336 — 84. Additionally, we still must account
for equal right cosets using our relation. Using MAGMA, we determine that we have
four equal names. We have tit1q = (y* 272 %y * 23)tigtyn = (y * 22 % y * 23)toator =
(27 2%y *2?*y*2)tartay, therefore we must also include the permutations g € N (119 such
that (t1t4)9 = ((y*xx " 25y*23)t16t11)7 = ((yxaxyxa®)tastar)d = (2 25yxa? 5y )tartos)?
implies t1ty = (y*x 2 xy* 23)t1gt11 = (y* 22 x y* 23)togtor = (x 2 x y* 2% %y * 2 )tortos
or any permutation that sends 1 — 14 and 14 - 1 or 1 — 24 and 14 — 27 or 1 — 27
and 14 — 24. Upon further inspection, we find that sixteen permutations satisfy the
given criterion.
1d(N),
(2,8)(3,9)(4, 11)(5,10)(6, 13)(7, 12)(15, 16) (17, 18)(19, 20) (21, 22) (24, 27)(25, 26)

(2,3)(4,7)(5,6)(8,9)(10, 13)(11, 12)(15, 22)(16, 21)(17, 20)(18, 19) (23, 28)(24, 27)
(1,14)(2,9)(4, 21)(5,20)(6,19)(7,22)(10, 17)(11, 16)(12, 15)(13, 18)(23, 26)(25, 28)
(1,14)(2,3,9,8)(4,22,12,16)(5, 19, 13,17)(6, 20, 10, 18)(7, 21, 11, 15)(23, 25, 28, 26) (24, 27)
(1,14)(2,8,9,3)(4, 16,12, 22)(5,17,13,19)(6, 18, 10, 20)(7, 15, 11, 21)(23, 26, 28, 25)(24, 27)
(1,14)(3,8)(4, 15)(5, 18)(6, 17)(7,16)(10, 19)(11, 22) (12, 21)(13, 20)(23, 25)(26, 28)
(1,24,14,27)(2,23,8,26,9,28,3,25)(4, 15, 16, 11, 12, 21, 22, 7)(5, 10, 17, 20, 13, 6, 19, 18)

(1,24)(2,26)(3,28)(4,12)(5,17)(7,21)(8,23)(9, 25)(11, 15)(13, 19)(14, 27)(18, 20)
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(1,24,14,27)(2,28,8,25,9,23,3,26)(4,21,16,7,12,15,22,11)(5, 6,17, 18,13, 10, 19, 20)
(1,24)(2,25)(3,23)(5,19)(6, 10)(7, 15)(8, 28)(9, 26)(11, 21)(13, 17) (14, 27)(16, 22)
(1,27)(2,28)(3,25) (4, 22)(5, 13)(6, 18)(8, 26) (9, 23) (10, 20) (12, 16) (14, 24)(15, 21)
(1,27,14,24)(2,25,3,28,9,26,8,23)(4,7,22,21,12,11, 16, 15)(5, 18, 19, 6, 13, 20, 17, 10)
(1,27)(2,23)(3,26) (4, 16)(6, 20)(7, 11)(8, 25)(9, 28)(10, 18) (12, 22) (14, 24)(17, 19)

(1,27,14,24)(2,26,3,23,9,25,8,28)(4,11,22, 15,12, 7,16, 21)(5, 20, 19, 10,13, 18, 17, 6)

Therefore, we also include these permutations in N 2). This implies % =
336 = 21, hence the most number of single cosets in [1 14] is 21. After calculating

the right cosets of N1 14 in MAGMA, we see that there are in fact 21 single cosets
in the double coset [1 14]. We now determine the orbits of N ) we see that the
orbits of N1 1) on {1,2,...,28} are {t1,t14,t24,t27}, {t2,t3,to,ts, Loz, t2s, tas, Loz}, and
{ts, ts, t13, t20, t19, t17, t18, t10}. We select a member of each orbit and determine which
double coset the respective coset belongs. Using MAGMA, we see that tit14t14 € [1],
titiaty € [1 17 25], tit14ty € [1 2] and tyt14t5 € [1 17 3]. By evaluating the orbits of the
respective representatives, we see that 4 symmetric generators move to [1], 8 move to

[1 17 25], 8 move to [1 2] and the remaining 8 move to [1 17 3].

Sixth Double Coset

At the sixth double coset, [1 17 25], we find the number of unique single cosets
by finding the coset stabilizer of 1, 17, and 25. N(1 17 25) = < (2,12)(3,11)(4,10)(5,9)(6,8)
(7,13)(14,26)(15,24)(16,21)(18,28)(19,23)(22,27)>, therefore, the number of unique sin-
gle cosets in [1 17 25] will be at most, % = % = 168. Keeping in mind, we
still must account for equal right cosets using our relations. Using MAGMA, we find
out that we have three equal names. We have that t1t17tes = (y * x % y * x_l)t7t15t12 =
(y * m3)t13t24t27 therefore we must also include permutations g € N (11725) gyuch that
(titirtes)? = ((y x @ x y * 27 Vtrtist12)? = ((y * 2%)tistoater)? implying titirtes =
(y * o %y * 2~ )trtistio = (y * 23)t13taator or any permutation that sends 1 — 7, 17
— 15, and 25 — 12 or 1 — 13, 17 — 24, and 25 — 2. Upon further inspection, we find

that six permutations satisfy the given criterion.
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Id(N)
(2,12)(3,11)(4,10)(5,9)(6, 8)(7, 13)(14, 26)(15, 24)(16, 21)(18, 28)(19, 23)(22, 27)
(1,7,13)(2,25,12)(3, 22, 9)(4, 28, 8)(5,27, 11)(6, 18,10) (14, 19, 21)(15, 24, 17)(16, 23, 26)

(1,7)(3,5)(4,6)(8,18)(9, 27)(10, 28)(11, 22)(12, 25)(14, 16)(15, 17)(19, 26)(21, 23)
(1,13,7)(2,12,25)(3,9,22)(4, 8, 28)(5, 11, 27)(6, 10, 18)(14, 21, 19)(15, 17, 24)(16, 26, 23)

(1,13)(2,25)(3,27)(4, 18)(5, 22)(6, 28)(8, 10)(9, 11)(14, 23)(16, 19)(17, 24)(21, 26)

1,17,25)

Therefore, we also include these permutations in N . This implies

IN(‘I’#%) = % = 56, hence the most number of single cosets in [1 17 25] is 56. After cal-
culating the right cosets of N(1:17:25) in MAGMA, we see that there are in fact 56 single
cosets in the double coset [1 17 25]. We now determine the orbits of N(1:17:25) by ana-

lyzing the permutations of the coset stabilizer N(1:1725) we see the orbits of N(1:17:25)

on {1, 2, ..., 28} are {tao}, {t1, t7, t13}, {ta, t12, tas}, {t15, toa, t17}, {t3, t11, ba2, t5, tg, tar ),
{t4, t10, t2s, L, ts, t1s }, and {t14, tog, t19, t16, t21, tag}. We select a member of each orbit to
determine which double coset the representative coset belongs. Using MAGMA, we see
that, t1t17tastag € [1 17 25], t1ty7tasts € [1 17 25], t1tirtasts € [1 17), t1tirtastis € [1 14],
titi7tasts € [1 2], titi7tests € [1 2], and tit17tast14 € [1 17 3]. By evaluating the orbits
of the respective representatives, we see that we see 4symmetric generators loop back
to [1 17 25], 3 symmetric generators move to [1 17|, 3 symmetric generators move to

[1 14], 6 symmetric generators move to [1 2], and 6 symmetric generators move to [1 17 3].

Seventh Double Coset

At the seventh double coset, [1 17 3|, we find the number of unique single
cosets by finding the coset stabilizer of 1, 17, and 3. NLIT3) — < Id(N) >, therefore,
the number of unique single cosets in [1 17 3] will be at most, % = 336 — 336.
Not forgetting, we still must account for equal right cosets using our relations. Using
MAGMA, we find out that we have two equal names. We have that t1t17t3 = (y * 2% *
Y * x2)t16t13t23, therefore we must also include permutations g € NWIT3) guch that
(tit17t3)9 = ((y * 2 % y * 22)t16t13t23)9 implies tit17ts = ((y * 22 % y * 22))9t16t13ta3 or

any permutation which sends 1 — 16, 17 — 13, and 3 — 23. Upon further inspection,
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we find that two permutations satisfy the given criterion.
Id(N)
(1,16)(2,11)(3,23)(4,20)(6,27)(7,26)(9,15)(10,14)(12,18)(13,17)(21, 25)(22, 24)

Therefore, we also include these permutations to N(1,17, 3). This implies
% = % = 168, hence the most number of single cosets in [1 17 3] is 168. Af-
ter calculating the right cosets of N(1,17, 3) in MAGMA, we see that there are in
fact 168 single cosets in the double coset [1 17 3]. We now determine the orbits of
N(1,17,3) by analyzing the permutations of the coset stabilizer N(1,17,3), we see
the orbits of N(1,17,3) on {1,2,...,28} are {t5}, {ts}, {tio}, {tas}, {t1,t16}, {t2.t11},
{t3,t23}, {ta,t20}, {te,t2r}, {tr,t26}, {to,t15}, {t10,t1a}, {t12, t1s}, {t13,t17}, {t21,%25},
and {ta2,t24}. We select a member from each orbit to determine which double coset the
respective coset belongs. Using MAGMA, we see that, t1t17t5ts € [1 17 3], t1ti7tsts €
[114], titirtstiy € [1 17 4], titirtstas € [1 2], titartsts € [1 17 2], tityrtsts € [1 17],
tityrtsts € [L 17), titirtsts € [1 17 25], titi7tsts € [1 17), titirtsty € [L 17 3], titirtste €
[117 2], titirtstio € [1 6], titirtstia € [1 17), titirtstis € [1 2], trtirtstor € [1 17 3], and
titi7tston € [1 17 2]. By evaluating the orbits of the respective representatives we see
that 5 symmetric generators loop back to [1 17 3], 6 symmetric generators go back to
[1 17], 1 symmetric generators goes back to [1 14], 7 symmetric generators go back to
[1 2], 2 symmetric generators go back to [1 17 25], 6 symmetric generators go back to

[1 17 2], and 1 symmetric generators goes back to [1 17 4].

Eighth Double Coset

At the eighth double coset, [1 17 2], we find the number of unique single cosets
by finding the coset stabilizer of 1, 17, and 2. N1172) = < Id(N) >, therefore, the
number of unique single cosets in [1 17 2] will be at most, M% = 336 — 336. We
still must account for equal right cosets using our relations. Using MAGMA, we find
out that we have equal names. We have that t1t17t2 = (y * x x y * x2 % Y)tstoatiy =
(y * 22 sy * x_g)t9t26t11, therefore we must also include permutations g € N®OIT2) guch
that (t1ti7t2)? = ((y * x * y * 272 % y)tataat10)? = ((y * 22 % y * 173 )tgtegt11)? implies
titi7ta = ((yxz*y* x 2% y))9tstaatig = ((y * x2 %y * x_3))9t9t26t11 or any permutation

that sends 1 — 3, 17 — 24, and 2 - 19 or 1 — 9, 17 — 26, and 2 — 11. Upon further
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inspection, we find that two permutations satisfy the given criterion.

Id(N)

(1,3,9)(2,19,11)(4, 20, 8)(5,14,10)(6,21,12)(7, 22, 13)(15,23,16)(17, 24, 26)(18, 25, 27)
(1,9,3)(2,11,19)(4, 8,20)(5, 10, 14)(6,12,21)(7,13,22)(15, 16, 23)(17, 26, 24)(18, 27, 25)

V]
IN(LI7.2)

= %’6 = 112. After calculating the right cosets of NW@I7.2) i MAGMA, we see that there

(171772)

Therefore, we also include these permutations in IV . This implies

are in fact 112 single cosets in the double coset [1 17 2]. We now determine the orbits of

L17.2) “and see the or-

NW@IT2) by analyzing the permutations of the coset stabilzer N
bits of N(117:2) on {1,2,...,28} are {tog}, {t1,t3,to}, {t2, t19, t11}, {ta, t20, ts}, {t5, t14, t10},
{te, ta1,t12}, {t7, to2, t13}, {t15, tas, t16 }, {t17, t2a, tos }, and {tig, tos, tar }. We select a mem-
ber of each orbit to determine which double coset the respective coset belongs. Using
MAGMA, we see that titi7tates € [L 17 4], titiztaty € [L 17 3], titiztats € [1 17],
titirtoty € [1 17 2], titirtats € [1 17 3], titirtate € [1 17 2], titirtaty € [1 17 3],
titirtotis € [1 17], t1ti7tatiy € [1 2], and t1ti7tatig € [1 17 2]. By evaluating the orbits
of the respective representatives, we see that 12 symmetric generators loop back to [1 17

2], 9 symmetric generators go back to [1 17 3], 3 symmetric generators go back to [1 17], 3

symmetric generators go back to [1 2], and 1 symmetric generators goes back to [1 17 4].

Ninth Double Coset

At the ninth double coset, [1 17 4], we find the number of unique single cosets
by finding the coset stabilizer of 1, 17, and 4. N®1TH —< Id(N) >, therefore, the
number of unique single cosets in [1 17 4] will be at most, % = % = 336. Again,
we still must account for equal right cosets using our relations. Using MAGMA, we find
out that we have twelve equal names. We have that t1t17t4 = (:UQ*y*a:_3*y*a:)t7t15t28 =

3

(23 %y x 273 % y)t13tots = (22 xyx a3 xy*2)titi9t1o = (Id(N))t13t1atos = (22 xyx 2~
Y)trtarts = (Id(N))t1itartes = (23 % yx 273 x y)tartiotis = (22 * yx 273 % y* x)tstiatos =
(23 % y * 2)tstogts = (23 * y * 2)tartirtas = (z3 * y * 2)t11t15te, therefore we must also
include permutations g € N4 guch that (trti7ts)9 = (2 xyxx 3% y*x)trtistag)? =
(23 * y * 273 % y)tistoats)? = (2% x y * 273 % y x 2)t1t19t12)? = ((Id(N))t13t14tes)? =
(23 xy*x 73 xy)trtarts)d = (Id(N))tirtartas)? = (23 xyx 273 xy)tartiotis)? = ((x®*y*

x_3*y*x)t5t14t26)9 == (($3*y*£€)t5t24t3)g == ((ﬂ?g*y*fﬂ)t27t17t22)g = ((LU?’*y*fL‘)tlltlg)tg)g
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implies titi7ty = ($2 * Y * 33_3 * Y * x)gt7t15t28 = (xg * Y *x x_3 * y)gt13t24t8 = (x2 * Y * .75_3

y * x)titigtis = (Id(N))Itiztiates = (2 x y x 273 % y)Itrtarts = (Id(N))9ti1tortas =

*

(23 %y * 273 % y)9tartiotie = (22 % y x 273 % y x 2)9t5t1ates = (23 % y * x)9tstoats =
(23 % y * x)tortirtoy = (23 %y * 2)9t11t15t9 Or any permutation that sends 1 — 7, 17 —
15,and 4 — 28,1 — 13,17 -+ 24, and 4 —+ 8,1 — 13,17 —+ 24, and 4 — 8,1 — 1, 17
—~19,and 4 — 12,1 — 7,17 — 21, and 4 — 2, 1 — 11, 17 — 21, and 4 — 23, 1 — 27,
17— 19,and4 — 16,1 — 5,17 = 14, and 4 — 26,1 — 5,17 - 24, and 4 — 3, 1 —
27,17 - 17,4 — 22, or 1 — 11, 17 — 15, and 4 — 9. Upon further inspectation, we

find that twelve permutations satisfy the given criterion.
Id(N)
(1,7,13)(2,25,12)(3, 22,9)(4, 28, 8)(5, 27, 11)(6, 18, 10) (14, 19, 21)(15, 24, 17) (16, 23, 26)

(1,13,7)(2,12,25)(3,9,22)(4, 8, 28)(5, 11, 27)(6, 10, 18) (14, 21,19)(15, 17, 24) (16, 26, 23)
(2,9)(3,8)(4, 12)(5, 13)(6, 10)(7, 11)(15, 21)(16, 22)(17, 19)(18, 20)(23, 28)(25, 26)
(1,13,11)(2,22,26)(3,28,16)(4, 25, 23)(5, 7, 27)(6, 18,20)(8, 9, 12)(14, 21, 17)(15, 19, 24)
(1,7,5)(2,3,4)(8,22,23)(9,25,16)(10, 18, 20) (11, 13, 27)(12, 28, 26) (14, 19, 15)(17, 21, 24)
(1,11,13)(2,26,22)(3, 16, 28)(4, 23, 25)(5, 27, 7)(6, 20, 18)(8, 12, 9)(14, 17, 21)(15, 24, 19)
(1,27)(2,23)(3,26)(4, 16)(6,20)(7,11)(8,25)(9, 28)(10, 18)(12, 22)(14, 24)(17, 19)
(1,5,11)(2, 16, 8)(3,23,12)(4, 26,9)(6, 20, 10)(7, 27, 13)(14, 15, 17)(19, 24, 21)(22, 25, 28)
(1,5,7)(2,4,3)(8,23,22)(9, 16, 25)(10, 20, 18) (11, 27, 13)(12, 26, 28)(14, 15, 19) (17, 24, 21)
(1,27)(2,28)(3,25)(4, 22)(5, 13)(6, 18)(8, 26)(9, 23)(10, 20)(12, 16)(14, 24)(15, 21)
(1,11,5)(2,8,16) (3,12, 23)(4, 9, 26)(6, 10, 20)(7, 13, 27)(14, 17,15)(19, 21, 24)(22, 28, 25)

Therefore, we also include these permutations in N 1174

% = % = 28. After calculating the right cosets of N(:174) in MAGMA, we see

. This implies

that there are in fact 28 single cosets in the double coset [1 17 4]. We now determine
the orbits of N:174) by analyzing the permutations of the coset stabilizer N(1:174) we
see the orbits of N(W174) on {1,2,...,28} are {tg, t18,t10,t20}, {t1. t7, t13, t11, tor, ts )},

{ta,tos, tia}, {t1a, tig, tarti7, toa, tis}, and {tg, 122,13, 126, t23, t16, ta, tog, tg}. We select a
member of each orbit to determine which double coset the respective coset belongs.

Using MAGMA, we see that, t1t17t4tg € [1 17 2], t1t17t4t1 € [1 2], t1t17tat14 € [1 17 3],
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titi7taty € [1 17]. By evaluating the orbits of the respective representatives, we see that
4 symmetric generators go back to [1 17 2], 6 symmetric generators go back to [1 2], 6

symmetric generators go back to [1 17 2], and 12 symmetric generators go back to [1 17].

We discover that we have no new double cosets. Therefore, this completes the

double coset enumeration of Us(5) : 2 over PGL4y(7) : 2.

O,

)
/ [1174]
1

+
1 [11725] *t2 [1173] [117 2] 3+3+3

N
N'
+w

Figure 4.3: Cayley graph of Us(5) : 2 over PGL4(7) : 2
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Chapter 5

Isomorphism Types

5.1 Introduction

Every finite group G is a subgroup of S,,. Suppose G < S, how is it that we
describe G or by what means do we identify G by? Given that G is any finite group of
Sy, identifying G can be rather challenging if we do not have any familiarity with G.
For example, if you had the permutation representation and presentation of say, Moy,
it might not be so obvious that they were the same group. However, if you had a way
to identify a group regardless if it were in permutation representation or in its finitely
presented form, you could quickly determine that both groups were Ms,. This notion
of how we define a finite group led to isomorphism tyes. Simply, the isomorphism type

of a group G, is a particular name we identify G by.

We will now discuss how we find a group’s isomorphism type. To have a bet-
ter forsight, the analog of isomorphism types is prime factorization of some natural
number. Mathematicians searched for ways to uniquely define these finite groups. Ev-
ery finite group has a composition series, we can start off by calling a group by its
respective composition series. For example, S3 has the following composition series:
S3 > < (1,2,3) > > < e >. The very question that comes to mind is, is defining a
group by its composition series good enough? The answer is no. Here is an example of

why.
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Example: The composition series of S3 and Zg are the following: S3 > < (1,2,3) >
> <e>and Zg > {0,2,4}¢ > {e}s. We see that noth < (1,2,3) > and {e}g are
isomorphic to a cyclic group of order 3, dnoted C3. Also, < e > and {e}¢ are isomorphic
to a cyclic group of order 1, denoted C'j. Therefore, the composition series of S3 and
Zg become S3 > C3 > Cq and Zg > C3 > Cy. It appears that Ss and Zg have the
same composition series. However, we cannot name these groups by their respective
composition series since S3 and Zg are not isomorphic. The reason, S3 is non-abelian

yet Zg is abelian.

Hence, it is not enough to determine a groups isomorphism type by its com-
position series. Using a correspondence theorem we will show that composition factors

are simple.

Theorem 5.1. : (Correspondence Theorem) Let K <G and let v : G — G/K be the
natural map. Then S — v(S) = S/K is a bijection from the family of all those subgroups
S of G which contain K to the family of all the subgroups of G/K. [Rot95]

Moreover, if we denote S/K by S*, then :

(1)) T<S < T*<S5* and then [S:T|=[S*:T* and
(i) T<S < T*<S*, and then S/T = S*/T*.

Theorem 5.2. : Let G be a group, then H is mazximal normal in G <= G/H is
simple. [Rot95]

Proof: (=) Assume H is mazimal normal in G. Suppose there exvists K/H G /H (w.t.s.
K/H =1or K/H =G/H). Since K/H<G/H, this imlies K <G. Moreover, H < K
by definition of a factor set. However, H is mazimal normal in G. Hence, H = K or
H = G. From either of the two cases we see we get K/H =1 or K/H =G/H.

(<) Assume G/H is simple (w.t.s. H is mazimal normal in G). Let K <G such that
H < K < G. Then K/H<G/H, but G/H 1is simple. This implies K/H = 1 or
K/H=G/H. If K/H =1, then K=H or if K/H=G/H, then K = G. Hence, H is

mazimal normal in G. O
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Therefore, given a groups composition series, we can derive its composition
factors. More importantly, these composition factors are simple. This is nemeficial
sinve we know everuthing there is to know about simple groups. By the classification of
finite simple groups theorem, it states that if a group G is simple, then it belongs to one
of the four classes of simple groups. These four classes include the cyclic groups of prime
order, alternating groups of at least degree 5, groups of Lie type, or a sporadic group.
In addition, the Jordan-Holder theorem states, every two composition series of a group
G are equivalent. In other words, given a finite group G with two composition series,
these two series will be of the same length and have the same compositiion factors. We

will illustrate this idea by way of an example.

Example: We list three composition series of C9, a cyclic group of order 12.

1) 0121>06l>021>01
2) Clgl>C4l>Czl>C1
3) Clgl>CGI>Cgl>Cl

The composition factors are as follow:
1) Co,C3,Cy
2) Cs3,C4,Co
3) Cy,C4, Cs

Notice that the composition factors are the same.

We will now illustrate how we can write a group G by its composition factors.
Let G be a group with corresponding factor groups Ko/K1 = Q1,...,Kn—2/Kp_1 =
Qn-1,Kn-1/K, = Q. Notice K,, = 1, this implies K,,_1 = Q. Moreover, K,,_o/K,_1
= @QQn-2, we get K, o from @, and @,_1 provided we solve the extension problem,
K, 2= Qn- Qn_1. Continuing, we can recapture K,_3 given K,,_3/K,,_o = K,,_3/Qp -
Qn-1 = Qn—_3 provided we solve the extension problem, K, 3 = @, - Qn_1 - @n—2.

It is clear, if we keep repeating this process up to G = Ky we can recapture G by
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the following Ko/QnQn-1---- - Q2 = @1 provided we solve the extension problem |,
Ko=(Qn -Qn-1---- Q2) - Q1. To great avail, we can now write our finite group G as

a product of simple groups provided we solve the extension problems of G.

We now turn our attention back to S3 and Zg. We are familiar with the com-
position series and composition factors of S3 and Zg. We write S3 and Zg as a product
of their composition factors: S3 = Cy-C5 and Zg = Cs-C'3. We now solve their extension
types. C3<S3 and Co N C3 = 0, thus S3 = Cy : C3. Furthermore, C3 < Zg and Cs < Zg,
thus Zg = Co x (5. Just as suspected, S3 and Zg have different isomorphism types.
Ss is a semi-direct product which implies a non-abelian group. Also, a direct product

implies an abelian group. As a result, we now have a means to identify any finite group

G.

5.2 Direct Product

5.2.1 G=7x2?

Let G =< (1,2)(3,4)(5,6)(7,8)(9,10)(11,12)(13, 14)(15, 16)(17, 18)(19, 20)(21,
22)(23,24)(25, 26)(27, 28), (1,19,9, 28,17, 8, 25, 15, 6,23, 14, 4, 22, 12)(2, 20, 10, 27, 18, 7,
26,16,5,24,13,3,21,11) >, a permutation group acting on a set of cardinality 28 of
order 28, then G has the isomorphism type G = 7 x 22. We begin by analyzing the
composition factors and the normal lattice of G2.

CompositionFactors(Q)

G

|  Cyclic(7)

*

| Cyclic(2)

*

| Cyclic(2)

1
NormalLattice(Q)
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[10] Order 28 Length 1 MazimalSubgroups : 6 7 8 9

Order 14 Length 1 Maximal Subgroups : 45
Order 14 Length 1 Maximal Subgroups :2 5
Order 14 Length 1 Mazximal Subgroups : 3 5
Order 4 Length 1 Maximal Subgroups :2 3 4

Order 7 Length 1 Maximal Subgroups :
Order 2 Length 1 Maximal Subgroups :
Order 2 Length 1 Maximal Subgroups :

—_ = = =

[
[
[
[2

S S =

Order 2 Length 1 Maximal Subgroups :

[1] Order 1 Length 1 Maximal Subgroups :

We find that the largest abelian subgroup of G is G. That is, all subgroups of
G are normal in G. Therefore, we need to find two disjoint subgroups K and @ such that
G = K -Q. From the normal lattice of G, we see that NL[5]NNL[6] = () and we suspect
G = NL[5] x NL[6]. NL[5] is a cyclic group of order 7, its presentation is < ala” >.
Furthermore, NL[6] is a group of order 4. Its isomorphism type is either NL[6] = 4 or
NL[6] = 22. Looking at the normal lattice of N L[6] we suspect NL[6] = 2.

Normal Lattice(N L[5])

[5] Order 4 Length 1 Maximal Subgroups : 2 3 4
[4] Order 2 Length 1 Maximal Subgroups : 1
[3] Order 2 Length 1 Maximal Subgroups : 1
[2] Order 2 Length 1 Mazximal Subgroups : 1

[1] Order 1 Length 1 Maximal Subgroups :

To check, we combine the presentation of [2] and [3], normal subgroups of

NLI5], both of order 2. In addition, we make make the generators commute. We run
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the following check:

HH < b,c>:= Group < b, c|b?,c%, (b*c)? >;

f,H, k := CosetAction(HH, sub < HH|Id(HH) >);
s := IsIsomorphic(H, N L[6]);

true

Hence, NL[6] = 22.

Now, we need to combine the presentation of NL[5] and N L[6]. We have the
presentation of 7 x 2 as being < a,b,cla’”,b?,c2, (b * ¢)?, (a,b), (a,c) >. We run the
following check to see if G is isomorphic to a representation of our finitely presented
group 7 x 22,

HH < a,b,c >:= Group < a,b,cla”,b? c2, (bxc)?, (a,b), (a,c) >;
f,H, k := CosetAction(HH, sub < HH|Id(HH) >);

s := Islsomorphic(H,G1);

Hence, G = 7 x 22.
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5.3 Semi-Direct Product

5.3.1 G=Us(5):2

Let G = 2% (PGL(2,7):2)

(zxx2xyxax2 e )3, (zxx2xy*x? *y*t(w2>)5 ’

type G = Us(5) : 2. A representation of G is given by G1, where G1 is a per-

then G has the isomorphism

mutation group acting on a set of cardinality 750 and |G1| = 252000. G1 is cur-
rently represented on 750 letters after we performed the coset action command on G,
f1,G1,k1 := Coset Action(G, sub < G|x,y, z >);. We would like to find the minimum
degree that G can be represented on.

We find G can be represented by G2 =< (1,2,6,13,3,8,12)(4,5,11,9,18,14,7)
(10,20, 32, 24, 22,29, 42)(15, 23, 16, 25, 35, 34, 27) (17, 19, 26, 21, 33, 38, 31)(28, 40, 44, 45,
36,30, 43)(37,46,39,41,48,49,47), (1,3)(2,6)(4,9)(7,14)(10,21)(15,24)(16,26)(17, 28)
(19, 30)(20, 23)(22, 33)(25, 36) (27, 38) (29, 42) (31, 44) (34, 45)(37, 47)(39, 46) (41, 49) (48, 50),
(1,4)(2,7)(3,9)(5,12)(6, 14)(8,11)(10, 22)(13, 18)(15, 23)(16, 27)(19, 31)(20, 24) (21, 33)
(25,34)(26,38)(29,42)(30,44)(36,45)(37,46)(39,47)(40,43) (41, 49), (1,5)(3,10)(6, 15)
(7,16)(8,17)(9, 19)(11, 13)(12, 14)(18, 29)(20, 22)(21, 26)(24, 34) (25, 37) (27, 39) (28, 41)
(30,45)(31, 38)(32,35)(33,46)(40,47)(42,50)(48,49) >, a permutation group acting on
a set of cardinality 50 and where |G2| = 252000. We run a check to show that G2 = G1.
IsIsomorphic(G1, G2);
true
We begin by analyzing the composition factors and the normal lattice of G2.
CompositionFactors(G2)

G

| Cyclic(2)

*

| 2A(2,5) =U(3,5)

1
We see that G2 = Us(5) - 2. NormalLattice(G2)

[3] Order 252000 Length 1 Maximal Subgroups : 2

[2] Order 126000 Length 1 Mazimal Subgroups : 1
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[1] Order 1 Length 1 Maximal Subgroups :

We find that the largest abelian group or the smallest normal subgroup of G2

is NLG2[2] = Us(5) =< (1,16,7,5)(2, 13,23, 11)(3, 19, 14, 50)(4, 37, 44, 25)(6, 15, 28, 41)
(8,22,39,31)(9, 10,42, 12)(17, 38, 27, 20) (18, 21, 46, 32)(26, 29, 35, 33) (30, 45) (36, 43) (40, 49)
(47,48), (1,5, 15,6)(2, 39, 43, 27)(3, 38, 46, 24) (4, 14, 23, 12)(7, 16, 40, 47)(8, 29, 42, 11)(9, 20,
37,26)(10, 34, 33, 31)(13, 50, 18, 17)(19, 21, 25, 22) (28, 48) (30, 45) (36, 44) (41, 49), (2, 25)
(3,26)(4, 27)(6, 7)(10, 47)(13, 30) (14, 45) (15, 44) (16, 43) (17, 22) (18, 31) (19, 20) (21, 28) (29, 41)
(33,46)(34, 48) (35, 49) (36, 50) (37, 39)(38, 40), (1, 26, 12, 16, 3)(2, 34,9, 19, 24)(4, 45, 6, 15, 30)
(5,10, 7,14, 21)(8, 41, 42, 20, 49)(17, 48, 18, 50, 28) (20, 22, 27, 44, 39)(23, 46, 31, 38, 33)
(25,37, 47,36,40), (1,8,13,2,12,3,6)(4, 14,9, 5,7, 18, 11)(10, 20, 24, 20, 42, 22, 32)
(15,34,25,23,27,35,16)(17, 38,21, 19, 31, 33, 26)(28, 30, 45, 40, 43, 36, 44)(37, 49, 41, 46,
47,48,39), (1,7, 17,45, 31)(2, 47, 15, 46, 14) (3, 39, 48, 25, 22) (4, 40, 38, 9, 27) (6, 18, 33, 21,
6)(10, 34, 16, 24, 50) (11, 42, 35, 41, 49) (12, 23, 13, 19, 30)(28, 44, 36, 43, 37), (1, 3)(2, 8, 6,
(4,14,7,9)(5,18)(10, 29, 27, 25)(15, 44, 31, 24) (16, 32, 26, 43) (17, 34, 45, 28)(19, 40, 30,
(20,22)(21, 36, 38, 42)(23, 33) (37, 39, 49, 48) (41, 46, 47, 50), (1, 6, 22, 14, 18)(2, 17, 26, 37,
(3,7,31, 46, 28)(4, 27, 38,40, 9)(10, 44, 33, 45, 25)(11, 42, 49, 29, 35)(12, 23, 30, 20, 13)
,50,16,39,21)(24, 36,47, 48,43) >, a permutation group of order 126000.

We factor G2 by Us(5), in doing so, G2/U3(5) = Q = {Us3(5), Us(5)(1,4)(2,7)(3,9)
(5,12)(6, 14)(8, 11)(10, 22)(13, 18)(15, 23) (16, 27) (19, 31)(20, 24) (21, 33) (25, 34) (26, 38)(29, 42)
(30,44)(36,45)(37,46)(39,47)(40,43)(41,49) }, where ) is a permutation group acting

)
13)
35)
34)
(15

on a set of cardinality 2 and |Q| = 2.

To fulfill the semi-direct product requirement, we must calculate the action @
on the generators of Us(5). As a result, we will need the transversals of Us(5) in G2 in
order to see which right coset representative corresponds to the generator of the cyclic
group of order 2 . However, we can see there is only one nontrivial right coset representa-
tive. Hence, k ~ (1,4)(2,7)(3,9)(5,12)(6,14)(8,11)(10,22)(13,18)(15,23)(16,27)(19, 31)
(20,24)(21, 33)(25, 34)(26, 38)(29,42)(30, 44)(36,45)(37,46)(39,47)(40, 43)(41,49). We
now calculate the action of a on the generators of Us(5). Let a ~ (1,16,7,5)(2,13,23,11)
(3,19,14,50)(4, 37,44, 25)(6, 15,28,41)(8, 22, 39, 31)(9, 10,42, 12)(17, 38,27,20)(18, 21, 46,
32)(26, 29, 35, 33)(30,45)(36, 43)(40,49)(47,48),b ~ (1,5,15,6)(2, 39, 43, 27)(3, 38,46, 24)
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(4,14,23,12)(7,16,40, 47)(8, 29, 42, 11)(9, 20, 37, 26)(10, 34, 33, 31)(13, 50, 18, 17)(19, 21,
25,22)(28, 48)(30, 45)(36, 44) (41, 49), ¢ ~ (2, 25)(3, 26) (4, 27)(6, 7)(10, 47)(13, 30)(14, 45)
(15,44)(16,43)(17,22)(18, 31)(19, 20)(21, 28)(29, 41)(33, 46)(34, 48)(35, 49) (36, 50)(37, 39)
(38,40),d ~ (1,26,12,16,3)(2,34,9, 19, 24)(4, 45, 6,15, 30)(5, 10, 7, 14, 21)(8, 41, 42, 29, 49)
(17,48, 18,50, 28)(20, 22, 27, 44, 39)(23, 46, 31, 38, 33) (25, 37, 47, 36, 40), e ~ (1,8,13,2, 12,
3,6)(4,14,9,5,7,18,11)(10,29, 24, 20, 42, 22, 32)(15, 34, 25, 23, 27, 35, 16)(17, 38, 21, 19, 31,
33,26)(28, 30, 45, 40, 43, 36, 44)(37,49, 41, 46, 47, 48, 39), f ~ (1,7,17,45,31)(2, 47, 15, 46,
14)(3, 39, 48, 25, 22)(4, 40, 38,9, 27)(6, 18, 33, 21, 26)(10, 34, 16, 24, 50) (11, 42, 35, 41, 49)(12,
23,13,19,30)(28, 44, 36,43, 37),i ~ (1,3)(2,8,6,13)(4, 14,7,9)(5, 18)(10, 29, 27, 25) (15, 44,
31,24)(16,32, 26, 43)(17, 34, 45, 28)(19, 40, 30, 35)(20, 22)(21, 36, 38, 42) (23, 33) (37, 39, 49, 48)
(41,46,47,50), and j ~ (1, 6,22, 14, 18)(2, 17,26, 37, 34)(3, 7, 31, 46, 28) (4, 27, 38, 40, 9)(10,
44,33,45,25)(11, 42, 49, 29, 35)(12, 23, 30, 20, 13)(15, 50, 16, 39, 21)(24, 36,47, 48, 43), de-

note the generators of Us(5).



101

Consider the following:

a¥ = (1,46,30,34)(2,12,4,27)(3,22,29,5)(6,50,9,31)(7, 18, 15,8)(10,47, 19, 11)(13, 33,
37,32)(14, 23, 28,49)(16, 24, 17, 26)(21, 38, 42, 35)(36, 44)(39, 48) (40, 45) (41, 43)

¥ = (1,6,15,5)(2, 27,43, 39)(3, 24, 46, 38) (4, 12, 23, 14)(7, 47, 40, 16) (8, 11, 42, 29)(9, 26,
37,20)(10, 31, 33,34)(13, 17, 18, 50)(19, 22, 25, 21)(28, 48)(30, 45) (36, 44) (41, 49)

& = (1,16)(2,14)(6, 36)(7, 34)(9, 38)(10, 17) (13, 19) (18, 44) (21, 37)(22, 39) (23, 30)(24, 31)
(25,48)(26, 43)(27,40)(28, 33) (35, 41) (42, 49) (45, 50) (46, 47)

d* = (1,36,14,23,44)(2, 6,33, 12, 22)(3, 31, 20,7, 25)(4, 38, 5, 27, 9)(10, 16, 30, 47, 24) (11,
49,29,42,41)(13,50, 28, 17, 48)(15, 37, 19, 26, 21)(34, 46, 39, 45, 43)

" =(1,6,3,12,2,13,8)(4,11,18,7,5,9, 14)(10, 32, 22, 42, 20, 24, 29)(15, 16, 35, 27, 23,
25,34)(17, 26, 33,31, 19, 21, 38)(28, 44, 36, 43, 40, 45, 30) (37, 39, 48, 47, 46, 41, 49)

F5 = (1,43,26,3,16)(2,17,36,19,4)(5, 15, 18, 31, 44)(6, 7, 39, 23, 37)(8, 29, 35, 49, 41) (9,
47,48,34,10)(13, 21, 33, 38, 14)(20, 50, 22, 25, 27)(28, 30, 45, 40, 46)

i* = (1,6,2,3)(4,9)(7, 11, 14, 18)(10, 24)(12, 13) (15, 21)(16, 34, 22, 42) (17, 25, 36, 28)(19,
20,23,30)(26, 29, 33, 45)(27, 32, 38, 40)(31, 43, 44, 35)(37, 39, 50, 49) (41, 48, 46, 47)

7% = (1,16,26,43,3)(2,19,37,28,9)(4, 14,10, 6,13)(5, 15,44, 24, 18)(7, 17, 38, 46, 25)(8, 29,
41,42,35)(20, 45, 39, 48, 40)(21, 36, 34, 22, 30)(23, 50, 27, 47, 33).

A presentation for Us(5) is is given by < a,b,c,d, e, f,i,j|a*, b*, c2,d>, €7, f2,i%, 5%, c x
Flheexg, i Y ftxex 7L (b7 xa )3 axj tab txa txive ™ flxe Labratx f %
e, f T xjrcxaxi?xa " ixjrexbxilxe, fxb b xd  xex f xd, (b7 xd72)2, jxd? ek b x
Goexb2xdx bl x 2 F b 2xdxbxj T, f2xd?x fTlxb, (cxiT xd)?, jri b edraT x5 %
i,(e71xa)3 exa 2xe Lxaxb®xaL, (e xb71)3 axe Zxd Lxa® 5 fbx f ke L xb T x 1

e,e b Zxexbxax bl fab 2 xexd T riva™l, (exive)?, jT i xwexanitxi L (i

Ly
d71)3, (7 xd)3, jxb L xindxa?xe ™ (ixe )3 i i b w jrbriZx f T ki 2 xR exix
e, b il xa 2w b xdra 2 xb L xa b wd P xax fbxa P xbxa  1xexixe >. We
now add the presentation < k|k? > of G2/U3(5) = Q to the presentation of Us(5) along

with the action just calculated. However, we must convert the permutation obtained
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from the action of () on the generators of Us(5) into words in terms of the generators
of U3(5). We run a Schreier system that converts the aforementioned action into words

in terms of generators of Us(5). We get the following:

a =e€ *a *e
o =b""
Ck:Cb

Therefore, we have the following presentation: < a,b, c,d, e, f,i,j, k|la*,b*, %, d°, €7, f5,i,
G2 exflxexg, i f o e fL (0T ka3 ax i T b ke ke f xe T ba
flxe, flxjxexaxi2xa™1 ixjrexbrilxe, fxb Lxd ™ xex f i xd, (b7 xd72)2, jrd?xcxb?
G, exb2xkdxb 1k f2) Frb2xdxbi T xb, fExd?x f kb, (cxi T Hd)?, jri T bedra L gxi, (e
a),exa”?xe Lxaxb®xa™t, (e 1xb71)3 axe Zxd L ka?x £, bx f Tl xe T xb T x fre, el xb 2k
L(exixe)?, = xi7txexaxi®+j 7L, (i71xd™1)3, (i71*d)3, j*

D)3 i i b wbxi?x f, T wi 2 rexine, bl xi ka4 " Lxdx

exbxa’xb~ !, fxb~2xexd ' xixa~
b~ lxixdxa®se !, (ixe”
a b e2xb T xa T xd P rax fbxa P xbra " 1xexixe k2, aF = e T xa T ke, bF = b7 F =
Adbh = flxdxjrdleF =e fF = wd  xgiF =e 2 xive P =cx frb. >,
We need to see if G2 is isomorphic to a representation of our finitely presented group
Us(5) : 2.

HH < a,b,c,d,e, f,i,5,k >:= Group < a,b,c,d,e, f,i,7, k|

a,

b,

e,

>,

e,
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2,
i,
3°
cx flxcex,
Vs f=lxex 74
(b=t xa™1)3,
axj lxb lxalxixe !
flexe tabxalsf!

flxjxcxaxi?xa™l,

)

ixjrcxbxi’xc,
Frblxd lxex f~lxd,
(bt d™2)?,
Jrd®xcxb? ],
cxbZxdxb % f2
Frb2xdxbxj 1t xb,
FPrd?x f~lxb,
(c*xi~t*d)?,
jritxdxal *j i,
(et % a)?,
exa 2xe lxaxb®*xal,
(7t #0713,
axe 2xdlxa®xf
bx flxe bxblx fxe,
Lxb2xexbraxb !,
fxb2xexd P xixal,
—1, -1 -1

xi txexaxiZxjl,

(

j

(it xd 1),
(it d),
j

(i

i

-1

kb lxixdxa®xe

ixe )3,

xi Lk jxbxiZx f,
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T ki 2 xjxexixe,

2 1

x il xdxat,

exbtxalxd xaxf,

b lxi lxa~

bxa lxbxa lxexixe,

k2,

adb =elxalxe,

bk = b1,

= cb,

d¥ = flxdxjsd?,
ek :e_l,
fF=j" wd ™+,
i*=e2xixe ],

P =cx fxrb>;

fyH, k := Coset Action(HH, sub < HH|Id(HH) >);

IsIsomorphic(H,G2);

true

Hence, G2 = Us(5) : 2. We say, G is a semi-direct product of Us(5) by a cyclic group of
order 2. Or, G is isomorphic to the automorphism group of Us(5).
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5.4 Central Extension

5.4.1 G = 2.<M12 . 2)

*60. —
Let G = o I e =< aytla® 00 (g w g7 15 2)?, (a5

Y1282, (¢, (yx 2+ y)?), (yx ty® x 2)), (y x t2))2, (y s tle vy 2% 2%y~ 1)) >, then G

has the isomorphism type G = 2° M5 : 2. A representation of GG is given by G1, where
G1 is a permutation group acting on a set of cardinality 3168 and |G1| = 380160. G1 is
currently represented on 3168 letters after we performed the coset action command on
G, f1,G1,k1 := Coset Action(G, sub < G|x,y >);. We would like to find the minimum
degree that G can be represented on.

We find G can be represented by G2 =< (1,2)(3,6)(4,5)(7,12)(8,15)(9,16)(10, 19)
(11,21)(13,24)(14,27)(17,31)(18,34)(20, 36)(22, 37)(23, 32) (25, 30)(26, 40)(28, 29)
(33,42)(35,41)(38,44)(39,43)(45,47)(46,48)(1,3,7,13,25,2)(4,5,9,17,32,21)

(6,10, 18,34, 41, 30)(8, 15, 20, 11, 16, 20) (12, 22, 37, 24, 39, 42) (14, 28, 36, 44, 46, 48)
(19,35,43,45,47,33)(23, 38,27, 31,26,40)(1,4)(2,5)(3,8)(6,11)(7,14)(9, 18)
(10,20)(12,23)(13,26)(15,19)(16,30)(17,33)(21, 35)(22, 32)(24, 31)(25, 36)(27, 39)
(28,34)(29,41)(37,44)(38,42)(40,43)(45, 48)(46,47) >, a permutation group acting on
a set of cardinality 48 and where |G2| = 380160. We run a check to show that G2 = G1.
IsIsomorphic(G1, G2);

true

We begin by analyzing the composition factors and the normal lattice of G2.
CompositionFactors(G2)

G

| Cyclic(2)

*

| M12

*

| Cyclic(2)

1
We see that G2 = 2 - My - 2.

Normal Lattice(G2)
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[7] Order 380160 Length 1 Maximal Subgroups : 45 6
[6] Order 190080 Length 1 Maximal Subgroups : 3

[5] Order 190080 Length 1 Maximal Subgroups : 2 3
[4] Order190080 Length 1 Mazimal Subgroups : 3

[3] Order 95040 Length 1 Maximal Subgroups : 1

[2] Order 2 Lengthl Maximal Subgroups : 1

[1] Order 1 Length 1 Maximal Subgroups :

We find that the largest abelian group or the smallest normal subgroup of G2
is NLG2[2] =< (1,5)(2,4)(3,9)(6,16)(7,17)(8,18)(10,29)(11,30)(12,31)(13,32)(14, 33)
(15,34)(19,28)(20,41)(21, 25)(22,26)(23,24)(27,42)(35, 36)(37,40)(38, 39) (43, 44)(45, 46)
(47,48) >, a group of order 2. It turns out that NLG2[2] = Z(G2). This implies we will
have a central extension in our isomorphism type. We factor G2 by Z(G2), in doing so,
G2/Z(G2) = @1, where Q)1 is a permutation group acting on a set of cardinality 144 and
|Q1] = 190080. Q) is currently represented on 144 letters. We would like to find the min-
imum degree that ()1 can be represented by. We find ()1 can be represented by G3 =<
(1,2)(3,6)(4,8)(5,9)(7,12)(10,13)(11,16)(14,21)(15,22)(17,23)(18,20)(19,24), (1, 3,7, 9,
8,2)(4,6,11,17,23,15)(5, 10, 14, 12, 19, 24)(13, 20, 18, 21, 16, 22), (1,4)(2, 5)(3, 8)(6, 12)
(7,9)(10,15)(11,18)(13,21)(14,20)(16,22)(17,23)(19,24) >, a permutation group act-
ing on a set of cardinality 24 and |G2| = 190080. We run a check to show that G3 = Q.
IsIsomorphic(Q1, G3);
true
We continue by analyzing the composition factors and the normal lattice of G3.
CompositionFactors(G3)

G

| Cyclic(2)

*

| M12
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1
We see that G3 = My, - 2.
Normal Lattice(G3)

[3] Order 190080 Length 1 Maximal Subgroups : 2

[2] Order 95040 Length 1 Maximal Subgroups : 1

[1] Order 1 Length 1 Maximal Subgroups :

We see that NLG3[2] = M2 =< (1,17)(2,9)(3,10)(4,24)(5,16)(6,8)(7,18)(11,22)
(12,21)(13,15)(14, 19)(20, 23), (3, 10, 12) (4,9, 11)(5, 13, 17)(6, 19, 15)(7, 18, 14)(21, 23, 22) >
is normal in G3. There is not another normal subgroup of order 2. Hence, we will have a
semi-direct product with a cyclic group of order 2. When we factor G3 by Mi2, we have
G3/Myy = { M2, M12(1,2)(3,6)(4,8)(5,9)(7,12)(10,13)(11,16)(14, 21)(15,22)(17, 23)
(18,20)(19,24)}, a cyclic group of order 2 whose presentation is given by < ala? >. To
fulfill the semi-direct product, we must calculate the action of the aforementioned cyclic
group on the generators of Mis. As a result, we will need the transversals of Mis in G3
in order to see which right coset representative corresponds to the generator of the cyclic
group of order 2 . However, we can see there is only one nontrivial right coset representa-
tive. Hence, a ~ (1,2)(3,6)(4,8)(5,9)(7,12)(10,13)(11,16)(14, 21)(15,22)(17,23)(18, 20)
(19,24). We now calculate the action of a on the generators of Mja. Let b ~ (1,17)(2,9)(3,10)
(4,24)(5,16)(6,8)(7, 18)(11, 22)(12, 21)(13, 15)(14, 19)(20, 23) and ¢ ~ (3,10, 12)(4,9,11)
(5,13,17)(6,19,15)(7,18,14)(21,23,22), the two generators of Mjs. Consider the fol-

lowing:

b* = (1,5)(2,23)(3,4)(6,13)(7,14)(8,19)(9, 11)(10, 22)(12, 20)(15, 16)(17, 18)(21, 24)
@ = (3,24,22)(5,16,8)(6,13,7)(9, 10, 23)(12, 20, 21)(14, 17, 15).

We now convert these permutations into words in terms of the generators of Mis. A



108

presentation for M is given by < b, c|[b?, ¢, (bxc )1 (cxbxc™ L xb)0, (cxbxc P xbx
cxbxcxkbxckbrc Lxbxcrbrc L xbsrc b abrc L xb)2 (e xbxc b xbrcxbrcxb)d >.
We run a Schreier system that converts the aforementioned action, b* and ¢* into words

in terms of generators of Mj2. We get the following:

b*=cxbkcxbsc xbrckbrc Lxbrxc txbsxc Pxbxce L b

xcxbrxckbsxcxbrcxbrc L xbscxbrc Lxbxc !

@ =cxbxckbsxc Lxbxcxbsc Lxbrce Lxbsxc Lxbrcxbxce

xbxc Lxbrexbrxe Pxbre Paxbkc Lxbkcxb

We now add the presentation < ala? > to the presentation of Mis along with the action
just calculated. We get, M1s : 2 =< a, b, c[b?, ¢, (bxc M, (cxbxc 1 xb)6, (cxbrc™ I xbx
c*b*c*b*c*b*cfl*b*c*b*cfl*b*cfl*b*cfl*b)Q, (cfl*b*cfl*b*c*b*c*b)f’, a?,c® = cxbxex
b Lsxbkcxbkc Lxbkc™ Lxbskc™ Lxbkexbkesbsc™ Lxbxexbre™ Lxbskc™ Lxbxc™ Lxbxexb, b® = cx
bxcsbkc™ Lxbkexbre™ Lxbskc ™ Lxbxe™ Lxbke™ Lxbscxbxexbscxbxexbsrc™ bk exbke™ bxbse™! > |

We check to see if Q1 = Mo : 2.

HH < a,b,c >:= Group < a,b, |
62
3

c’

(bx e,

(cxbxc txb)S,

cxbxc Pxbxcxbscxbsxcxbxc L«
bxcxbxc lxbxc lxbrc ! xb)?
clxbxclxbxcxbxcxb)’,

a?,

=

cxbxcxbsc lxbsxcxbsxc I xbxc P xbrxc P xbxcxbxc
xbxc txbxcxbrc lxbrclxbsxc b xbrcxb,

b =

cxbxckbxc txbxexbrce Lxbse txbxe txbxe b
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sxcxbxcxbsxckbscxbkc Lxbscxbrc Pxbxc ! >
f2,H, k2 := CosetAction(HH, sub < HH|Id(HH) >);
IsIsomorphic(ql, H);

true

Hence, Ql = Mlg 2.

Now that we have shown Q)1 = M3 : 2, we need to show G2 = 2° M1, : 2. The
presentation of Q1 is given < a,b,cla®,0%,c2 (bxaxb txa)?, (bl xa*cxa)? (b~!x
) (axb1)? (cxa)® b lxcxb2xaxb?>+xcxb?xaxb~! >. We need to know if we can
write the central element in terms of permutations in (J1. So, we find the transversals
T, of Z(G2) in G2 and select the transversals that correspond to the generators of Q1.
When we compute the factor group G2/Z(G2), we use q1, f f1 := quo < G2|NLG2[2] >.
From this we know: ff1(7T[2])eqql.1;
true
JIUT[3])eqq 2;
true
JIUT[4]))eqql.3;
true
A= TP B = TJ3);C o= T(4);

A;

(1,2)(3,6)(4,5)(7,12)(8,15)(9, 16)(10, 19)(11, 21)(13, 24) (14, 27)(17,
31)(18,34)(20,36)(22,37)(23, 32)(25, 30)(26,40)(28,29)(33, 42)(35,
41)(38,44)(39,43)(45,47)(46, 48)

B;

(1,3,7,13,25,2)(4,5,9,17,32,21)(6, 10, 18, 34,41, 30)(8, 15, 20,
11,16,29)(12, 22,37, 24, 39,42)(14, 28, 36, 44, 46, 48)(19, 35, 43,
45,47, 33)(23, 38,27, 31, 26, 40)

Ok
(1,4)(2,5)(3,8)(6,11)(7,14)(9,18)(10,20)(12,23)(13,26)(15,19)(16,
30)(17,33)(21,35)(22, 32)(24, 31)(25, 36)(27,39)(28, 34)(29,41)(37,
44)(38,42)(40, 43) (45, 48)(46, 47).
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That is, ff1(T[2]) eq q1.1, ff1(T[3]) eq q1.2, and ff1(T[4]) eq q1.3 implies a ~ A :=
T[2] = (1,2)(3,6)(4,5)(7,12)(8,15)(9, 16)(10, 19) (11, 21)(13, 24) (14, 27)(17, 31)(18, 34)
(20, 36)(22,37)(23,32)(25,30)(26,40)(28,29)(33,42)(35,41)(38,44)(39,43)(45,47)(46, 48),
b~B:=T[3] =(1,3,7,13,25,2)(4,5,9,17,32,21)(6, 10, 18, 34,41, 30)(8, 15, 20, 11, 16, 29)
(12,22,37,24,39,42)(14, 28, 36, 44, 46, 48) (19, 35, 43, 45,47, 33)(23, 38, 27, 31, 26, 40), and
¢~ C:=TM] = (1,4)(2,5)(3,8)(6, 11)(7,14)(9, 18)(10, 20)(12, 23)(13, 26) (15, 19)(16, 30)
(17,33)(21,35)(22,32)(24,31)(25,36)(27,39)(28, 34)(29,41)(37,44)(38, 42)(40, 43)(45, 48)
(46,47), the transversals that correspond with each generator of Q1.

We now write the presentation of ()1 in terms of A, B, and C' and check if the
order of the relations change. If so, this implies the central element can be written in
terms of that relation, where Z(G2) has the presentation of < d|d? >. We perform the
check: Order(A);

2

Order(B);

6

Order(C);

2

Order(B x A B~! x A);
2

Order(B * Ax B~ x A);
2

Order(B~' % A% C x A);
2

Order(B~! % O);

4

Order(A x B™1);

5

Order(C x A);

10

Order(B™'+C* B 2%+ A+« B?>xC x B?>+ Ax B™!);
1

(C x A)® eq NLG2[2].2;
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true

N LG2[2].2 is the permutation (1,5)(2,4)(3,9)(6,16)(7,17)(8,18)(10,29)(11,30)(12,31)
(13,32)(14, 33)(15,34)(19, 28)(20,41)(21, 25)(22, 26)(23, 24)(27,42)(35, 36)(37,40)(38, 39)
(43,44)(45,46)(47,48), the generator of Z(G2). Therefore, we can write the central el-
ement in terms of the relation (C' % A)°. That is, (c * a)® = d. We now combine the
presentation of 1 and Z(G2). We now have the presentation of 2°Mjy : 2 given by
< a,b,c,d|a®,b%,c2 d* (bxaxb "t xa)? (b xaxcxa)?, (b7 xc)*, (axb 1) (cxa)® =
d,b "l xcxb2xaxb?xcxb?xaxb~1, (a,d), (b,d), (c,d) >. We need to see if G2 is isomor-
phic to a representation of our finitely presented group 2°Mis : 2. GG < a,b,c,d >:=
Group < a,b,c,d|

a?,

bo,

2,

d?,
(bxaxb"1xa)?
(b~'xaxcx*a)?
(b~ x o),
(axb71)°,

(c+ >

Lxexb™ 2*a*b2*c*b2*a*b L

b
(a,d), (b, d), (¢, d)
>,

14, GG, k4 := Coset Action(GG, sub < GG|Id(GG) >);

IsIsomorphic(G2,GG);

true

Hence, G2 = 2° M5 : 2. We say, G is centrally extended of a cyclic group of order two
by the automorphism group of M.
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5.5 Mixed Extension

5.5.1 G2 (4x2):*22

Let G =< (2,6)(3,7),(1,2,3,4,5,6,7,8) >, where G is a permutation group
acting on a set of cardinality 8 and |G| = 32, then G has the isomorphism type
(4x2) :* 22, We begin by analyzing the composition factors and the normal lattice of G.

CompositionFactors(Q)
G
| Cyclic(2)
*

| Cyclic(2)
| Cyclic(2)

| Cyclic(2)
*
| Cyclic(2)
1

Normal Lattice(G)

[12] Order 32 Length 1 Maximal Subgroups:9 10 11
[11] Order 16 Length 1 Mazimal Subgroups : 7

[10] Order 16 Length 1 MaximalSubgroups : 7

[9] Order 16 Length 1 MazximalSubgroups : 6 7 8

[8] Order 8 Length 1 Maximal Subgroups : 3

[7] Order 8 Length 1 Maximal Subgroups :3 45

[6] Order 8 Length 1 Maximal Subgroups : 3

[5] Order 4 Length 1 Maximal Subgroups : 2
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[4] Order 4 Length 1 Maximal Subgroups : 2
[3] Order 4 Length 1 Maximal Subgroups : 2

[2] Order 2 Length 1 Maximal Subgroups : 1

[1] Order 1 Length 1 Maximal Subgroups :

By the look of the composition factors of G, it isn’t so clear as to what the iso-
morphism type may be. Therefore, we begin by taking the largest abelian subgroup from
the normal lattice. We see that NL[7] =< (1,3,5,7)(2,4,6,8),(2,6)(4,8),(1,5)(3,7) >
is the largest abelian group from the normal lattice of G. Now we look at the normal

lattice of NL[7] to determine its isomorphism type.

Normal Lattice(NLT)

[8] Order 8 Length 1 Maximal Subgroups :5 6 7
[7] Order 4 Length 1 Maximal Subgroups : 2
[6] Order 4 Length 1 Maximal Subgroups : 2
[5] Order 4 Length 1 Maximal Subgroups : 2 3 4
[4] Order 2 Length 1 Maximal Subgroups : 1
[3] Order 2 Length 1 Maximal Subgroups : 1
[2] Order 2 Length 1 Mazximal Subgroups : 1

[1] Order 1 Length 1 Maximal Subgroups :

Notice NL7[7] < NL[7] and NL7[3] < NL[7] with NL7[7) N NL7[3] = { thus,
NL[7) 2 NL7[7] x NL7[3]. But NL7[7] = 4 and NL7[3] = 2, a cyclic group of order
4 and 2, respectively. Therefore, NL[7] = (4 x 2). We now factor G by NL[7] =<
(1,3,5,7)(2,4,6,8), (2,6)(4,8), (1,5)(3,7) >, then G/NL[7] = Q =< (1,2)(3,4), (1, 3)
(2,4) >, where @ is a permutation group acting on a set of cardinality 4 and |Q| = 4.



We look at the normal lattice of Q.

Normal Lattice(Q)

[5] Order 4 Length 1 Maximal Subgroups :

[4] Order 2 Length 1 Maximal Subgroups :
[3] Order 2 Length 1 Maximal Subgroups :
[2] Order 2 Length 1 Maximal Subgroups :

[1] Order 1 Length 1 Maximal Subgroups :
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We see from the normal lattice that @) has two disjoint normal subgroups of

order 2. This implies Q = 22. We suspect G is a semi-direct product of (4 x 2) by 22.

So, we continue and calculate the action of ) on the generators of (4 x 2). We take the

transversals of (4 x 2) in G. So, we find the transversals T, of (4 x 2) in G and select

the transversals that correspond to the generators of (. When we compute the factor

group G/NL[7], we use q, f f := quo < G|NL[7] >. From this we know:

F1(T[2])eqq.1;
true
fF(T[3])eqq.2;
true

A:=T[2];

A;

(2,6)(3,7)
B:=T3];

B;
(1,2,3,4,5,6,7,8)

We begin by labeling the generators of NL[7] = (4x2). Let ¢ ~ (1,3,5,7)(2,4,6,8), d ~
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(2,6)(4,8), and e ~ (1,5)(3,7) denote the generators of (4 x 2). Consider the following:

¢ =(1,7,5,3)(2,8,6,4)

¢ =(1,3,5,7)(2,4,6,8)

Il
)

Now that we have calculated the action of () on the generators of (4 x 2), we com-
bine the presentation of NL[7] and @ along with the action just calculated. A pre-
sentation for (4 x 2) is < ¢,d,e|ld?,e?,¢*,d * c®> x e,c” ' x d x c x d > and a presenta-
tion for 22 is < a,bla?,b?, (a * b)?> >. With everything together, the presentation is
< a,b,c,d,ela®,b?, (axb)? d? e, ct dxc?xe,c xdxcxd,c® =c ', =c,d* =d,d’" =
e,e* = e,e’ = d >. However, when we try and construct a representation of our finitely
presented group, we find that our group is not isomorphic to G. That is, we don’t have
a semi-direct product between (4 x 2) and 22. Instead, we will have a mixed extension.
Now, we must determine the central elemnt of (4 x 2) that can be written in terms of
a permutation in (). So, we now write the presentation of () in terms of A and B and
check if the order of the relations change. If so, this implies a central element can be
written in terms of that relation. We perform the check:

Order(A);

2
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Order(B);

8

Order(A x B);

8

true

This implies that our relations b? and (a * b)? are equal to a central element in (4 x 2).

We need to find which central elements our relations are equal to.

for i,k in [0..1] do for j in [0..7] do if B? eq C? x D7 x E* then 1, j, k;
break; end if; end for;end for;

100

for 4,k in [0..1] do for j in [0..7] do if (A * B)? eq C* x D7 x E* then
i, 7, k; break; end if; end for;end for;

101

The above lets us know that b?> = c and (a * b)?> = c* e. We now add the
extra relations to our presentation from above, < a,b,c,d,e|a?,b> = ¢, (a * b)? = c *
e,d?,e?, tdxPxe,c lxdxexd,c®=c 1, =c,d*=d,d’ =e, e =¢,¢’ =d >. We
now check to see if G is isomorphic to a representation of our finitely presented group.

HH < a,b,c,d,e >:= Group < a,b,c,d,ela®, b*> = c, (a*b)?> =cx*e,

d?,

e2,

A,
d+c®xe,
c 1xdx*cxd,
@ chlv
& =g,
d* =d,
d’ =e,
e’ =e,
eb =d >;

f1,H, k1 := CosetAction(HH, sub < HH|Id(HH) >);
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IsIsomorphic(G, H);
true

Hence, G = (4 X 2) :* 22,
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Chapter 6

Progenitor Charts

6.1 Introduction

For given progenitor charts below, we let ¢ ~ t;. Therefore, we make the

symmetric generator commute with the one point stabilizer (or coset stabilizer).
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6.1.1 2 : (2 x A;)

Table 6.1: 2*° : (2 x A5)

a b c d e G

3 o Jo e [3 [N

4 5 2 |8 [ 11 [ M

0 0 2 5 6 24 . A5

0 [0 2 [[6 [[4 |3%:8;

0 o 3 Jo [3 [ PSL(2,31)
0 [[3 o o [3 [ PSL11)
0 [[5 9 o [2 [ PSLE219)
0 o o |7 [2 [ PSL(2,41)

G<x,Vy,z,t>:=Group<x,y,z,t|x"2,y"6,z2"2,y 3%z, (x*z) "2, (xxy"=1)"5,
t°2,

(L, xxy*xx*xy " —1xxxyxx*y —1xx),

(y * xxt) "a,

(y » x)72%t) b,

y*t) "¢,

vy -1 % x x vy * x x y —1lxt) "e>;

Generators of our control group are given by:

x:=(1, 2)(3, 9) (4, 7) (5, 12) (6, 13) (8, 16) (10, 20) (11, 18) (14,
26) (15, 24) (17, 29) (19, 32) (21, 35) (22, 36) (23, 37) (27, 42)
(28, 43) (30, 46) (31, 44) (33, 49) (34, 50) (39, 54) (40, 53) (41,
55) (45, 52) (48, 59) (51, 58) (56, 60),

y:=(1, 3, 10, 4, 11, 5) (2, o6, 14, 7, 15, 8)(9, 17, 30, 18, 31,
19) (12, 21, 34, 20, 33, 22) (13, 23, 38, 24, 39, 25)(le, 27,
41, 26, 40, 28) (29, 43, 56, 44, 55, 45) (32, 47, 58, 46, 57,
48) (35, 51, 60, 49, 59, 52) (36, 53, 54, 50, 42, 37),

z:=(1, 4) (2, 7)((3, 11) (5, 10) (6, 15) (8, 14) (9, 18) (12, 20) (13,
24) (16, 26) (17, 31) (19, 30) (21, 33) (22, 34) (23, 39) (25, 38)
(27, 40) (28, 41) (29, 44) (32, 46) (35, 49) (36, 50) (37, 54) (42,
53) (43, 55) (45, 56) (47, 57) (48, 58) (51, 59) (52, 60)



6.1.2 27" : A

Table 6.2: 2** : As

a b ¢ d e f g h i G
3 4 3 0 0 0 0 0 0 S(3,4
0 2 6 5 0 0 0 0 0 S(4,5
3 3 0 4 0 0 0 0 0 Ag
0o [[o [[o [Jo 4 Jo 2 |6 |6 |3*:Ss
0 0 0 0 0 0 2 9 3 A%
o [[o o JJo o [o [4 [5 [[2 |2:A2
0 0 0 0 0 0 0 2 3 Qng
0 0 0 0 0 0 2 2 7 PSL(2,49)
0 0 0 0 ) 0 4 2 3 2°PSL(3,4)
o [[o o o [5 [o [3 [3 [[2 |[2%:4;

G<x,y,t>:=Group<x,y,t|x"2,y 3, (xxy"-1)"5,

tAZI (trX*yA_l*X*Y*X)r

(yxt"(x7y)) "a,

(y*L " (y *# X * vy * X » y' =1 « x » y"=1)) Db,

(y*t" (x = y * %)) ¢,

(y*xt " (y"=1 » x » y « x « y =1))"°d,

(y*t " (y"-1 * x » y'=-1 % x x y * x)) e,

(y *t T (x * y * X * Yy -1 x X * y * x)) " £,

(y*t"(x * y » x » y'=-1 » x « y x» X)) g,

(yx£” ((y » x = y"=1 » x)72)) "h,

(y*xt7(x » vy *» x * y' -1 x x » y * x x y -1 % x))"1>;

Generators of our control group are given by:

16) (12, 17) (13,

27) (28, 30),
13) (9, 14, 15) (16,

:=(1, 2)(3, 7)(4, 8)(5, 9) (10, 15) (11,
, 19) (20, 25) (21, 22) (23, 26) (24,
(1, 3, 4)(2, 5, 6)(7, 10, 11) (8, 12,
21) (17, 22, 23) (18, 24, 19) (25, 27,

28) (26, 29, 30)

18)

120



121

Table 6.3: 2*° : Ag

a b ¢ d e f g h k G

o [[5 |5 2 Jo [Jo [Jo JJo [Jo | PSL(219)

0 [[4 e |2 Jo [[o [[o [[o [J[o | PSLE219):2
0 |2 |8 4 o [[o [[o [Jo [Jo | 2°PSL(2,31)
2 o |7 [[4 o [[o [J[o JJo [fo | PSL271)

0o o |[o o |3 |3 6 0 |2 21 Ay

0 0 0 0 3 4 5 0 2 2% Ag

G<x,y,t>:=Group<x,vy,t|x"2,y" 3, (xxy~-1) "5,

t72, (t,xxy " —1lxx*xy*xx),

X *x y) 2%t (y ¥ X x ¥y x x x y' -1)) "a,

X % y) 2xL7 (X x ¥y x X & V-1 x x Yy x x & vy -1 % x)) b,

((

(( ) (

((x * y) " 2+«t"(y » X vy » X *+ y' -1 » x » y"=-1)) "¢,
((x » y) "2+xt"(y"-1  x * y * x » y' =1 » x » y"=1))"°d,
(y*xt™ (x7y)) "e,

(yxt™ ((x ~ y)"2)) £,

(yxt™(x » y"-1 = x x y)) g,

(y*t"(y * x vy » x % y~ =1))"h,

(y*xt " (y *» x * y * x * y —=1))"1i>;

Generators of our control group are given by:

x:=(1, 2)(3, 7) (4, 8) (5, 9) (10, 15) (11, 16) (12, 17) (13, 18) (14,
19) (20, 25) (21, 22) (23, 26) (24, 27) (28, 30),

y:=(1, 3, 4)(2, 5, e6) (7, 10, 11)«(8, 12, 13) (9, 14, 15) (16, 20,
21) (17, 22, 23) (18, 24, 19) (25, 27, 28) (26, 29, 30)
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6.1.3 2°°:(23:7)
Table 6.4: 2*°° : (23 :7)

a b c d G
2 7 7 5 Suz(8)

G<W, X,VY,z,t>:=Group<w,x,Vv,z,t|w’7,x"2,y"2,2"2,w" (=1) xx*xw*y,
(x*xy) "2, (xx2z) "2, (y*z) "2,
WA W™ (—1) *x*z, wWxz*xw —lxyxz,

t°2,

(W =1+t" (z » w'=2)) "a,
(Wi=1xt"(w x y * w'2)) b,
(Wi=1xt (W =2 » y » w =1))"~
(Ww'=1xt" (y)) "d>;

Generators of our control group are given by:

w:e=(1, 2, 7, 22, 42, 21, 6) (3, 9, 27, 48, 50, 33, 13) (4, 14,
34, 45, 51, 35,16) (5, 17, 36, 43, 52, 37, 18) (8, 24, 46, 56,
41, 31,12) (10, 29, 49, 55, 40, 32, 15) (11, 26, 23, 44, 54,

39, 20) (19,30, 28, 25, 47, 53, 38),

x:=(1, 3)(2, 8) (4, 11) (5, 12) (6, 16) (7, 23) (9, 17) (10, 26) (13,
20) (14, 28) (15, 30) (18, 32) (19, 31) (21, 38) (22, 43) (24, 29)
(25, 36) (27, 34) (33, 40) (35, 41) (37, 39) (42, 55) (44, 47) (45,
49) (46, 48) (50, 53) (51, 52) (54, 56),

y:=(1, 4) (2, 9) (3, 11) (5, 15) (e, 19) (7, 24) (8, 17) (10, 28) (12,
30) (13, 32) (14, 26) (16, 31) (18, 20) (21, 40) (22, 44) (23, 29)
(25, 34) (27, 36) (33, 38) (35, 37) (39, 41) (42, 52) (43, 47) (45,
48) (46, 49) (50, 56) (51, 55) (53, 54),

z:=(1, 5) (2, 10) (3, 12) (4, 15) (6, 20) (7, 25) (8, 26) (9, 28) (11
30) (13, 16) (14, 17) (18, 19) (21, 41) (22, 45) (23, 36) (24, 34)
(27, 29) (31, 32) (33, 37) (35, 38) (39, 40) (42, 50) (43, 49) (44
48) (46, 47) (51,54) (52, 56) (53, 55)
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6.1.4 277 :(7:3)

Table 6.5: 2*°" : (7 : 3)

a b ¢ d e G

0 2 0 0 3 PSL(2,7)

3 3 0 5 0 3 x PSL(3,4)
0 3 3 7 5 PSL(3,4)

G<x,Vy,t>:=Group<x,y,t|x"3,xxy " —1*xx"=-1xy~ 2,
t°2,

(x"=1*t"(x * y°=2)) "a,

(x"=1xt" (x * y)) b,

(y*t) “c,

(yxt" (y = x"-1))"d,

(yxt™(x ~ y"=1)) "e>;

Generators of our control group are given by:

=(1, 2, 4)(3, 8, 10)(5, 13, 14) (6, 16, 9)(7, 18, 15)(11, 21,
7) (12, 20, 19),

-(1, 3, 9, 20, 21, 15, 5)(2, 6, 17, 13, 8, 19, 7)(4, 11, 10,
8, 16, 14, 12)



6.1.5 2 : (2 x A;)

Table 6.6: 2*™ : (2 x As)

a b C d G

8 6 2 [8 [2°Mpy

5 2 |8 |11 [ PSL(2,41)
0 [[2 [|[5 |6 | PSL(2,19)
0 |2 6 |4 [37:5;

0 3 0 3 3°:S;

124

G<x,Vy,z,t>:=Group<x,vy,z,t|x"2,y"3,z2"2,y " —1l*zxy*z, (xxz) "2,

(xxy"=1) "5,
t°2,

(t,y *» x » 2 » yv'=1 » x + y x X x y -1 x x xVy),

(xxy*z*t™ ((x * y"=1)72)) "a,

(zxy " =1lxxxy " —1lxxxt) "b,

(zxy " =1lxxxy " =1xx*xt” (y)) "c,

(zxy " =1lxxxy " =1lxxxt " (y"-1 * X x y x x * y)) d>;
Generators of our control group are given by:

x:=(1, 2)(3, 9)(4, 7)(5, 12) (6,
24) (15, 26) (17, 29) (19, 32) (21,
(27, 43) (28, 44) (30, 45) (31,
54) (41, 55) (42, 57) (46,
v:=(1, 3, 5)(2, 6,
22) (13, 23, 25) (16,
39) (26, 41, 42) (29,

13) (8, 16) (10,
35) (22, 36) (23,
47) (33, 48) (34,
60) (49, 51) (52, 59) (56,
8) (4, 10, 11)(7, 14, 15) (9,
27, 28) (18, 30, 31) (20, 33,
44, 46) (32, 48, 49) (35, 51,
37) (40, 55, 56) (43, 58, 54) (45, 57, 59) (50, 60,
z:=(1, 4) (2, 7)(3, 10)(5, 11) (6, 14)(8, 15) (9,
24) (16, 26) (17, 30) (19, 31) (21, 33) (22, 34) (23,
(27, 41) (28, 42) (29, 45) (32, 47) (35, 48) (36,
54) (43, 55) (44, 57) (46, 59) (49, 51) (52, 60) (56,

50) (38,

50) (37,

18) (11, 20) (14,
37) (25, 40)

53) (39,
58),
17, 19) (12,
(24, 38,
52,

21,

20) (13,
25, 39)
53) (40,

38

58)
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6.1.6 2 : 5

Table 6.7: 2*” : Ss

a b c d e f g h k 1 G
3 2 2 Jo o JJo JJo JJo o Jo [ Ss
3 2 4 0 0 0 0 0 0 0 29 : Sq
0 o 3 2 [6 [[o o JJo o [0 [3:8Ss
0 0 0 0 0 0 3 0 0 3 2 : S
o [[o o [o JJo [[o [[o [3 |3 [4 [2*:8

G<x,y,t>:=Group<x,y,t|x"2,y76, (y*x*xy —-1*x) "2, (xxy~=1)"5,
t"2,

(t, (y » x » y)"2),

(xxt" (y *» x *x y)) a,

(x+t” (y)) "b,

( (v'-1 % x)) "¢,

((x = y™2) "2+t (y » x x y)) d,

((x *» y72)"2xt7 (y"3 * x)) "e>;

Generators of our control group are given by:

x:=(1, 2)(3, 7) (4, 9) (5, 11) (6, 13) (8, 17) (10, 20) (12, 23) (14,
27) (15, 28) (16, 22) (18, 31) (19, 25) (21, 33) (24, 37) (26, 39)
(29, 42) (30, 43) (32, 406) (34, 48) (35, 49) (36, 47) (38, 50) (40,
54) (41, 56) (44,51) (45, 55) ( 52, 59) (53, 58) (57, 60),

y:=(, 3, 8, 18, 10, 4) (2, 5, 12, 24, 14, e6) (7, 15, 9, 19, 29,
le) (11, 21, 17, 30, 34, 22) (13, 25, 38, 32, 20, 26) (23, 35,

50, 46, 51, 36) (27, 40, 55, 43, 48, 41) (28, 39, 54, 57, 47,
33) (31, 44, 53, 37, 52, 45) (42, 56, 59, 60, 58, 49)



6.1.7 3.9
Table 6.8: 3*° : S;
a b C G
7 [0 [0 [ 2°4;
13 [6 |[0 |[PGL(2,25)
G<x,y,t>:

LT(XT2)=t72, (X*y*xX*y " 2%X*xy*X*xy  —1xx*xy —1xx*y —1*x*y

*x*xL7(y"-1 x» x x ¥y'2 % X x Yy *x X)) a,

(y + x » y'=1 % x %

V2 * X * Y * X * Yy * X x Yy =1 x x xy * x x y -1 %

x+xt " (y -1 * x)) "b>;

126

=Group<x,vy,t|x"4,yv 2, (x+xy) "3,t"3, (t,y), (t,x"2xy*xx"2),
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6.1.8 27" : (PGL(2,7):2)
Table 6.9: 2+ : (PGL(2,7) : 2)

a b G
3 5 [|U®3,5):2

G<x,vy,z,t>:=Group<x,vy,z,t|x"7,y"2,z2"2, (x"-1xz) "2,
(y*z) "2, (y*x"=1) "3, (xxy*x"2) "4,

t°2,

(t,x v *x z » x"2 x y *« x"=-1),

(t,x"2 »y * z x x°3),

(b, x"=2 » y » x"2 »y x x°-1),

(z » x™2 » y » x"2 % yxt" (y*x"5)) "a

(z x X772 x v * x"2 *« y*xt"(x72)) "b>;

Generators of our control group are given by:

x:=(1, 2, 5,
22, 19, 14,
y:=(1, 3)(2,

11, 12, 7, 4) (3, 8, 9, 1le, 20, 17, 10) (6, 13, 18,

) (2

6
(18, 23) (20, 24

7

4

25, 24, 26, 28, 27, 23),

9) (7, 14) (10, 13) (11, 15) (16, 19) (17, 21)
26) (27, 28),

9)(5, 12) (6, 14) (10, 16) (13, 19) (17, 20)
26) (27, 28)

z:=(1, 4) (2,

)
)
)
(18, 22) (21, 24)

(
(2
(3
(2
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6.1.9 27" :(32:29

Table 6.10: 2" : (32 : 24)
a b ¢ G

3 8 3 Mo

G<u,v,w,%x,y,2z,t>:=Group<u,v,w,X,y,z,tlu"2,v4,w4,x"2,y°3,2"3,
VT =2xx, W =1*xv 2xw =1,v =lxw —lxvxw -1,

(usw™=1) "2, (xxy~—=1) "2, uxz"—1l*ux*z, (xxz"-1) "2,
(v,2z),vi=1lxuxv =1lxusxw =1, vsxy —1xv —1lxyx*z,

uxy —lxuxy " -1xz,

t°2,

(y * uxt) "a,

(v = uxt) "b,

(v =1 + u=xt) "c>;

Generators of our control group are given by:

u:=(1, 2)(3, 21) (4, 18) (5, 14) (6, 36) (7, 16) (8, 48) (9, 13) (10,
57) (11,20) (12, 25) (15, 47) (17, 22) (19, 42) (23, 113) (24, 106)
(26, 124) (27,108) (28, 99) (29, 93) (30, 83) (31, 95) (32, 131)

(33, 76) (34, 132)(35,78) (37, 133) (38, 92) (39, 100) (40, 134)
(41, 73) (43, 105) (44, 87) (45,135) (46, 85) (49, 139) (50, 137)
(51, 140) (52, 138) (53, 80) (54, 72) (55, 97) (56, 74) (58, 141)
(59, 94) (60, 142) (61, 71) (62, 81) (63, 107) (64, 104) (65, 136)
(66, 102) (67, 127) (68, 121) (69, 116) (70, 123) (75,117) (77,

128) (79, 130) (82, 129) (84, 120) (86, 111) (88, 115) (89, 110)

(90, 126) (91, 112) (96, 119) (98, 118) (101, 122) (103, 109)
(114,144) (125, 143),

x:=(1, 5)(2, 14) (3, 8) (4, 9) (6, 34) (7, 35) (10, 32) (11, 33) (12,
17) (13, 18) (15, 77) (16, 78) (19, 75) (20, 76) (21, 48) (22, 25)
(23, 51) (24, 52) (26, 49) (27, 50) (28, 55) (29, 56) (30, 53) (31,
54) (36, 132) (37, 40) (38, 41) (39, 114) (42, 117) (43, 45) (44,

46) (47, 128) (57, 131) (58, 60) (59, 61) (62, 125) (63, 65) (64,

66) (67, 90) (68, 91) (69, 88) (70, 89) (71, 94) (72, 95) (73, 92)
(74, 93) (79, 82) (80, 83) (81, 143) (84, 86) (85, 87) (96, 98) (97,
99) (100, 144) (101, 103) (102, 104) (105,135) (106, 138) (107,

136) (108, 137) (109, 122) (110, 123) (111, 120) (112,121)

(113, 140) (115, 116) (118, 119) (124, 139) (126, 127) (129,

130) (133, 134) (141, 142),

y:=(1, 6, 10)(2, 15, 19) (3, 23, 26) (4, 28, 30) (5, 32, 34) (7,
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39,47) (8, 49,51) (9, 53, 55) (11, 42, 62) (12, 67, 69) (13, 71, 73)
(14, 75, 77) (16, 81, 36) (17, 88, 90) (18, 92, 94) (20, 57, 100)
(21, 105, 107) (22, 109, 111) (24, 58, 43) (25, 120, 122) (27, 63,
37) (29, 44, 38) (31, 59, 64) (33, 125, 117) (35, 128, 114) (40, 65,
50) (41, 46, 56) (45, 60, 52) (48, 136, 135) (54, 66, 61) (68, 96,
84) (70, 101, 79) (72, 85, 80) (74, 97, 102) (76, 144, 131) (78,
132, 143) (82, 103, 89) (83, 87, 95) (86, 98, 91) (93, 104, 99)
(106, 133, 113) (108, 124, 141) (110, 118, 115) (112, 126, 129)
(116, 119, 123) (121, 130, 127) (134, 138, 140) (137,142, 139),
vi=(1, 4, 5, 9)(2, 13, 14, 18)(3, 22, 8, 25)(6, 38, 34, 41) (7,
44, 5, 46) (10, 59, 32, 61) (11, 64, 33, 66) (12, 48, 17, 21) (15,
80, 77,83) (16, 85, 78, 87) (19, 97, 75, 99) (20, 102, 76, 104)
(23, 115, 51, 116) (24, 118, 52, 119) (26, 126, 49, 127) (27,
129, 50, 130) (28, 117, 55, 42) (29, 125, 56, 62) (30, 128, 53,
47) (31, 114, 54, 39) (36, 73, 132, 92) (37, 110, 40, 123) (43,
111, 45, 120) (57, 71, 131, 94) (58, 112, 60, 121) (63, 109, 65,
122) (67, 139, 90, 124) (68, 142, 91, 141) (69, 140, 88, 113) (70,
134, 89, 133) (72, 144, 95, 100) (74, 143, 93, 81) (79, 137, 82,
108) (84, 135, 86, 105) (96, 138, 98, 106) (101, 136, 103, 107),
w:=(1, 3, 5, 8)(2, 12, 14, 17)(4, 25, 9, 22)(6, 37, 34, 40) (7,
43,35, 45) (10, 58, 32, 60) (11, 63, 33, 65) (13, 21, 18, 48) (15,
79, 77, 82) (16, 84, 78, 86) (19, 96, 75, 98) (20, 101, 76, 103)
(23, 114, 51, 39) (24, 117, 52, 42) (26, 125, 49, 62) (27, 128,
50,47) (28, 119, 55, 118) (29, 127, 56, 126) (30, 130, 53, 129)
(31, 116, 54, 115) (36, 70, 132, 89) (38, 123, 41, 110) (44, 120,
46,111) (57, 68, 131, 91) (59, 121, 61, 112) (64, 122, 66, 109)
(67,143, 90, 81) (69, 144, 88, 100) (71, 141, 94, 142) (72, 113,
95,140) (73, 133, 92, 134) (74, 124, 93, 139) (80, 108, 83, 137)
(85, 105, 87, 135) (97, 106, 99, 138) (102, 107, 104, 136),
z:=(1, 7, 11)(2, 16, 20) (3, 24, 27) (4, 29, 31) (5, 33, 35) (6,
39, 42) (8, 50, 52) (9, 54, 56) (10, 47, 62) (12, 68, 70) (13, 72,
74) (14,76, 78) (15, 81, 57) (17, 89, 91) (18, 93, 95) (19, 36,
100) (21, 106, 108) (22, 110, 112) (23, 58, 63) (25, 121, 123)
(26, 43, 37) (28, 44, 59) (30, 38, 64) (32, 125, 128) (34, 117,
114) (40, 45, 49) (41, 53, 66) (46, 55, 61) (48, 137, 138) (51,
65, 60) (67, 96, 101) (69, 84, 79) (71, 85, 97) (73, 80, 102) (75,
144, 132) (77, 131, 143) (82, 86, 88) (83, 92, 104) (87, 94, 99)
(90, 103, 98) (105, 133, 124) (107, 113, 141) (109, 118, 126)
(111, 115, 129) (116,120, 130) (119, 122, 127) (134, 135,
139) (136, 142, 140)
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Appendix A

MAGMA Code for Monomial

Representation of M| and

Monomial Presentation of

11

/+*Note: Permutations and transversals change every time one
signs in or out of MAGMA«*/

G:=PrimitiveGroup (55,4);

/*M11x/

S:=Subgroups (G) ;
CG:=CharacterTable (G);

for i in [1..#CG] do i, CG[i][1l]; end for;
/%
11
10
10
10
11
16
16
44
45
0 55

N

R O 0 J o U b W



*/

S:=Subgroups (G) ;

for 1 in [1..#S] do i, Index(G,S[i] ‘subgroup); end for;

/ *

36 55
37 22
38 11
39 1

*/

H:=S[38] ‘subgroup;
Generators (H) ;

/ *

(1, 16) (2, 33) (3, 25) (4, 43) (5, 35) (6, 9) (7, 13) (8, 31)
(10, 39) (11, 47) (12, 53) (14, 21) (17, 42) (18, 54) (19, 41)
(20, 27) (22, 36) (23, 50) (24, 37) (26, 49) (28, 38) (29, 52)
(40, 45) (44, 51), (1, 25, 28, 20) (2, 6, 22, 41) (3, 24, 49,
8) (4, 15) (5, 45, 31, 43) (9, 52, 38, 35) (10, 21, 39, 55) (12,
53, 33, 44) (13, 30, 18, 14) (1le, 34, 19, 50) (17, 48, 27,

23) (26, 51, 42, 36) (29, 32, 37, 46) (40, 47)
*/

m:=H! (1, 16) (2, 33)(3, 25) (4, 43) (
31) (10, 39) (11, 47) (12, 53) (14, 21
41) (20, 27) (22, 36) (23, 50) (24, 37
52) (40, 45) (44, 51)

4

n:=H! (1, 25, 28, 20) (2, 6, 22, 41) (3, 24, 49, 8) (4,

42) (18, 54) (19,

5, 35) (6, 9) (7, 13) (8,
) (17
) (26, 49) (28, 38) (29,

5) (5,

45, 31, 43) (9, 52, 38, 35) (10, 21, 39, 55) (12, 53, 33, 44)

(13, 30, 18, 14) (16, 34, 19, 50) (17, 48, 27, 23) (26,
42, 36) (29, 32, 37, 46) (40, 47);

K:=sub<G|m, n>;

CH:=CharacterTable (H);

CG;
/ *
Character Table of Group G

Class | 1 2 3 4 5 6 7 8 9 10
Size | 1 165 440 990 1584 1320 990 990 720 720
Order | 1 2 3 4 5 6 8 8 11 11

51,
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p = 2 1 1 3 2 5 34 4 10 9
p = 3 1 2 1 4 5 2 7 8 9 10
p = 5 1 2 3 4 1 6 8 7 9 10
p =11 1 2 3 4 5 6 7 8 1 1
X.1 + 101 1 1 1 101 1 1 1
X.2 + 10 2 1 2 o -1 o 0 -1 -1
X.3 0 10 -2 1 0 0 1 271 -z1 -1 -1
X.4 0 10 -2 1 0 0 1 -z1 z1 -1 -1
X.5 + 11 3 2 -1 1 0 -1 -1 0 0
X.6 0 16 0 -2 0 1 0 0 0 22 z2#2
X.7 0 16 0 -2 0 1 0 0 0 z2#2 22
X.8 + 44 4 -1 0 -1 1 0 0 0 0
X.9 + 45 -3 0 1 0 0 -1 -1 1 1
X.10 + 55 -1 1 -1 o -1 1 1 0 0

# denotes algebraic conjugation, that is,
#k indicates replacing the root of unity w by w'k

zZ1 = (CyclotomicField(8: Sparse := true)) !
[ RationalField() | 0, 1, 0, 1 ]
72 = (CyclotomicField(1ll: Sparse := true)) !

[ RationalField() | 0, 1, O, 21, 1, 1, 0, 0, 0, 1 1
*/

CH;

/*Character Table of Group H

Class | 1 2 3 4 5 6 7 8
Size | 1 45 80 90 180 144 90 90
Order | 1 2 3 4 4 5 8 8
p = 2 1 1 3 2 2 6 4 4
o) 3 1 2 1 4 5 6 7 8
p = 5 1 2 3 4 5 1 8 7
X.1 + 1 1 1 1 1 1 1 1



X.3 + 5 1 0 1 -1 -1 1 1
X.4 + 9 1 0 1 1 -1 -1 -1
X.5 + 10 2 1 -2 0 0 0 0
X.6 0 10 -2 1 O 0 0 z1 -z1
X.7 0 10 -2 1 O 0 0 -z1 z1
X.8 + 16 0 -2 O 0 1 0 0

Explanation of Character Value Symbols

# denotes algebraic conjugation, that is,
#k indicates replacing the root of unity w by w’k

z1 = (CyclotomicField(8: Sparse := true)) !
[ RationalField() | 0, 1, 0, 1 1%/

for 1 in [1..#CH] do if Induction(CH[1i],G) eq CGI[5]
then i; end if; end for;

/*x2%/

I:=Induction(CH[2],G);
I eqg CGI[5];
/*truex/

CH[2];

/%

(21, 1, 1, 1, -1, 1, -1, -1
*/

/*0Our base field is Z3 but we need to extend to Z7x/
PrimitiveRoot (7);

/*3%/
/*By calculation our elt of order 3 in Z7 is 3%/

:=Transversal (G, H) ;
#T;
/*11

(2, 3, 5, 7)(¢4, 6, 9, 12) (8, 10, 14, 19) (11, 15, 21, 28) (13,
17, 24, 33) (16, 22, 30, 40) (18, 25, 34, 37) (20, 27, 36, 45)
(23, 31, 41, 47) (29, 38) (35, 44, 42, 48) (39, 46, 50, 52)
(43, 49, 53, 55) (51, 54), (1, 2, 4, 8, 13, 23, 40, 12, 3, 5,
7) (6, 11, 20, 35, 45, 15, 21, 37, 14, 26, 19) (9, 16, 29, 38,

133



22,
36,

(2,
28)
37)

2)

(1,
43,
20,

(23,

(2,

(13,

36,
50,

(lr
20,
12)
55,

23,

39,
44,

5) (3
(le,
(27
(49,

2,
50,
36)

7y

27)
46)

2,

44,
(13,

50,

oY
51,

5) (13,

37,

(1,
51,
28)
20,

(1,
14,
27)
39,
*/

53,

14,
15,
(13,
19,

7,

33,
(13,

42,

46,

33,

41,

51, 55, 34, 28) (10, 18, 25, 43, 49, 50, 48, 27,

33) (17, 32, 24, 42, 52, 30, 31, 46, 53, 54, 47),

14

5) (

30,

(17
4

o)
2

(23,
(43,

7,

27,
42,
41,

(1
(3
(

9,

49,

35,

55,

22,
29,
16,
53,

7)(4 9) (6, 12) (
0) (1 33)(18 34) (2 36) (22, 40) (23, 41) (25,
5) (3 42
)

8, 14)(10, 19) (11, 21) (13, 24) (15,
)
) (39, 50) (43, 53) (44, 48) (4¢0,

7) (35,

4

3, 7, 4, 11, 21, 9)(6, 16, 39, 53, 34, 14) (8, 18,
12) (10, 26, 19, 13, 32, 24) (15, 37, 25, 28,

42, 27, 44, 52, 41) (22, 31, 51, 47, 40, 29)

8, 45, 35, 33) (49, 54, 55),

3) (4, 12, 9, 6)(8, 19, 14, 10) (11, 28, 21, 15)
4, 17) (16, 40, 30, 22) (18, 37, 34, 25) (20, 45,
47, 41, 31) (29, 38) (35, 48, 42, 44) (39, 52,
55, 53, 49) (51, 54),

5, 4, 16, 31, 17, 10, 6, 3)(8, 26, 19, 18, 28, 21,
15, 9) (11, 37, 43, 54, 47, 46, 30, 29, 38, 22,
45, 36, 35, 52, 53, 49, 34, 25, 14) (23, 51,

40, 39, 48, 33, 32, 24),

22) (5, 6) (8, 26) (9, 10) (11, 18) (12, 15) (13, 48)
6, 41) (19, 25) (20, 42) (21, 27) (23, 54) (24, 31)
2, 33) (35, 39) (36, 44) (37, 49) (40, 46) (43, 51)

52, 55),

14, 24, 41, 22, 6, 7, 2, 3) (4, 30, 29, 38, 40, 50,
18, 15) (8, 26, 10, 12, 21, 36, 42, 27, 28, 11, 2

46, 16, 47, 52, 43, 54, 31, 33, 32) (17, 19, 34,
39, 44, 45, 20, 48),

2, 5, 24, o6, 3, 9, 41, 7) (4, 38, 23, 18, 30, 40,
50, 49)«(8, 12, 42, 11, 26, 21, 27, 25, 10, 36,
43, 33, 35, 47, 54, 32, 46, 52, 31) (17, 37, 39,
44, 48, 34, 55, 45),

3) (2, 5, 12, 28, 15, o) (4, 40, 52, 49, 25, 10) (8, 26,

32,
44,
36,

17) (9, 19, 37, 55, 46, 22) (11, 34, 18, 21, 45,
20, 35, 50, 31)(le, 23, 54, 41, 30, 38) (24, 47,
48) (43, 51, 53)
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Generators (G) ;

C:=CyclotomicField(2);
GG:=GL(11,C);

A:=[[C.1,0,0,0,0,0,0,0,0,0,0]: i in [1..1117;

for i,j in [1..11] do A[i,j]:=0; end for;

for i,J in [1..11] do if T[i]#*xxxT[Jj] -1 in H then
A[i, J]:=CH[2](T[i]l*xx*xT[]J] " -1); end if; end for;

GG!A;
/ *
[

o O O o

O OO O O FrHr O oo o o
O O O O O O o o o o
O O O O O O O o oo
O O O O O O o o o+ o
|
[y
O O O O O oo+ o o o
P O O O O O O o o o o
O O O O FH OO O o o o
O O O OO O oo o o
|

P O O O O O o o o o

O O OO O oo o o o
L e e e b e e e e

O O O O o o

(@)

[
[
[
[
[
[
[
[
[
[
*

B:=[[C.1,0,0,0,0,0,0,0,0,0,0]: 1 in [1..1171;

for i,j in [1..11] do BI[i,j]:=0; end for;

for i,3 in [1..11] do if T[i]l*yy*T[Jj] -1 in H then
Bli,J]:=CH[2](T[1i]»*xyy*T[J]"-1); end if; end for;

GG!B;

/ *

[1 00 0O0O0O0O0O0OO0 0]
[0O0O1 000O0O0O0O0 0]
[01 00 0O0O0O0OO0OO0 0]
[000OO0O10O0O0O0O0 0]
[0O00O100O0O0O0O0 0]
[00OO0OO0OO0O1O0O0O0 0]
[0O0O0OO0OO0O1O0O0O0O0 0]
[00OO0OO0OO0OO0O1IO0O0 0]
[0O0O0OO0OO0OO0OO0O0O0T1 0]
[00OO0OO0OO0OO0O0O1O0 0]
[0OOOO0OO0OO0O0OO0OO0O0 1]
*/
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HH:=sub<GG|A, B>;

#HH;

7920
/+*IsIsomorphic (G, HH) ; =/
/ *

true

*/

S:=Sym(22);

aa:=S!(2,3) (4,5) (6,7) (9,10) (13,14) (15,16) (17,18) (20,21);
bb:=sS!(1,2,4,6) (5,16) (7,8,9,11) (10,21) (12,13,15,17) (18,19, 20,
22);

Order (aa) ;
Order (bb) ;
Order (aax*bb) ;

N:=sub<S|aa, bb>;
/+*IsIsomorphic (G, N); */

NN<x, y>:=Group<x,y|x"2,yv 4,y —1xxxy " =2xxxy " —24x*xy " 24x*y" 2
*X*yAZ*X*yA—l,X*y*x*y*x*yA—l*x*yA—l*X*y*x*yA—l*x*yAZ*x*y*x*
V=1, xxy =24 x4y T LaXayaxxxy T —2xxxy T —laxAyAxKy T 2xxxy T —1xx*y,
(xxy~=1)"11>;

Nl:=Stabilizer (N, {1,12});

Generators (N1);

/ *
(3, 7) (4, 20) (6, 8) (9, 15) (10, 11) (14, 18) (17, 19) (21, 22),

2, 3)((4, 5)(6, 7)(9, 10) (13, 14) (15, 16) (17, 18) (20, 21),

4, 6) (5, 7)(8, 22) (9, 10) (11, 19) (15, 17) (16, 18) (20, 21),

3, 11) (4, 21) (5, 17) (6, 16) (7, 9) (10, 15) (14, 22) (18, 20)

1, 12) (2, 8, 10, 11)«(3, 4, 9, 5) (7, 18) (13, 19, 21, 22)

(14, 15, 20, 16)

*/

’

(
(
(
(

Sch:=SchreierSystem (NN, sub<NN| Id (NN)>);
ArrayP:=[Id(N): i in [#N]];

for i in [2..#N] do P:=[Id(N): 1 in [1..#Sch([i]]1];
for j in [1..#Sch[i]] do

if Eltseg(Sch[i])[]J] eg 1 then P[j]:=aa; end if;



if Eltseqg(Sch([i])[]j] eq 2 then P[j]:=bb; end if;

if Eltseq(Sch[i])[j] eqg -2 then P[j]l:=bb"-1; end if;
end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PPxP[k]; end for;

ArrayP[1i] :=PP;

end for;

for 1 in [1..#N] do if ArrayP[i] eqg N! (3, 7) (4, 20) (6, 8)

(9, 15) (10, 11) (14, 18) (17, 19) (21, 22) then Sch[i]; end if;
end for;

/ *

yA—l*x*y*x*yA—l*x*yA2*x*yA—l*x*yA2*x*y“—1*x*y*x*y

x/

for 1 in [1..#N] do if ArrayP[i] eg N! (2, 3) (4, 5) (6, 7)

(9, 10) (13, 14) (15, 16) (17, 18) (20, 21) then Sch[i]; end if;
end for;

/ *

X

*/

for 1 in [1..#N] do if ArrayP[i] eqg N! (4, 6) (5, 7) (8, 22)

(9, 10) (11, 19) (15, 17) (16, 18) (20, 21) then Sch[i]; end if;
end for;

/%

RAYHARAYHRAYARAYHRAYARAY —1aXdy =1xxxy —1xxxy " 24xX*y

*/

for i in [1..#N] do if ArrayP[i] eq N! (3, 11) (4, 21) (5, 17)
(6, 16) (7, 9) (10, 15) (14, 22) (18, 20) then Sch[i]; end if;
end for;

/ *

y*x*yAZ*x*yA—l

*/

for 1 in [1..#N] do if ArrayP[i] eg N! (1, 12) (2, 8, 10, 11)
(3, 4, 9, 5)(7, 18) (13, 19, 21, 22) (14, 15, 20, 16) then
Sch[i]; end if; end for;

/ *

YV O2xxxy T =1xx*y "2

*/

/+*We have the monomial presentation of 3x11:m MI11x/

G<x,y,t>:=Group<x,vy,t|x"2,v 4,y —1xxxy =24x*xy " —2%Xx
*Y " 2xXxy T 2xXxy T 2xxxy =1, XAyxXxyxXxy —laxxy —1axx*
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YARAY T = Laxay T 2aRAYHARHAY =L, Xay T 2a Ay T laxayrxay T -2
*XHAY T LAk yHRRAY T 24xx4y T —1lxxxy, (xxy~-1)"11,t"3,

(L, Yy " 1axxyxxxy —1ax*y " 2xxXxy " —1xxxy " 2xxxy —1*X*y*X*Yy),
(t,X) 4

(b, Xy ¥ Xxy*xry*xxyxxxyxxxy ~Laxxy” ~Lexry —Llexry 2%x+y) ,
(try*x*yAZ*X*yA_l) ’

(L7 (Y " 2xxxy " =1xx*xy"2)=t"2)>;



Appendix B

MAGMA Code for DCE of Ay

over Sy

S:=Sym(4);

xx:=S! (1, 3, 4);
yy:=S!(2, 3, 4);
N:=sub<S|xx,yy>;

G<x,y,t>:=Group<x,y,t|Ix"3,y 3, (x"-1xy~-1) "2,

tAzl (tIY) r (yA_l*X*t) A4>;

f,Gl,k:=CosetAction (G, sub<G|x,y>);
CompositionFactors (G1l);

#DoubleCosets (G, sub<G|x, y>, sub<G|x,y>);
=[Id(Gl): i in [1..311;

1]:=£(t);

[2]:=f(t » X * t);

31:=f( t » x » t » x"=1 * t);

/+Image of N "IN"x/
IN:=sub<Gl|f(x),f(y)>;

#G/#IN;

ts := [ Id(Gl): i in [1 .. 4] 1;
ts[l]:=f(t);
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ts[2]:=f(t"(x » v -1 x x));
ts[3]:=f(t7 (y -1 % x));
ts[4]:=f(t"(x * y));

prodim := function(pt, Q, I)
v = pt;
for i in I do
v o= v (Q[i]);
end for;
return v;
end function;

cst := [null : 1 in [1 .. Index(G,sub<G|x,y>)]]
where null is [Integers() | 1;

for i := 1 to 4 do

cst[prodim(l, ts, [1]1)] := [i];

end for;
m:=0;
for i in [1..10] do if cst[i] ne [] then m:=m+1;
end 1if;

end for; m;

Orbits (N);

Nl:=Stabiliser (N, 1);
SSS:={[1]1}; SSS:=SSS"N;
#(SSS) ;
Seqqg:=Setseq(SSS) ;

for i in [1..#SSS] do
for n in IN do

if ts[l] eqg

nxts[Rep (Seqq[i]) [1]]
then print Rep(Seqqlil]);
end i1if; end for; end for;
Nls:=N1;

Tl:=Transversal (N,Nls);
for i in [1..#T1] do
ss:=[1]1"T1[i];
cst[prodim(l, ts, ss)] := ss;
end for;
:=0; for i in [1..10] do if cst[i] ne []



141

then m:=m+1; end if; end for; m;

Orbits (N1ls);

/ *

GSet{@ 1 @},

GSet{@ 2, 3, 4 @}

*/

for i in [1..3] do for m,n in IN do

if ts[1l]l#*ts[2] eg mx(A[i]) "n then i; end if; end for;
end for;

/*x2%/

N12:=Stabiliser (N1, 2);

SSS:={[1,2]}; SSS:=SSS"N;

#(SSS);

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in IN do

if ts[l]l+ts[2] eq

nxts[Rep(Seqqli]) [1]]*ts[Rep(Seqq[i]) [2]]
then print Rep(Seqqli]);

end i1f; end for; end for;

N12s:=N12;
/ *

[ 1, 2]

[ 1, 31

[ 1, 4]
x/

for g in N do if 1"g eq 1 and 2°g eg 3
then N12s:=sub<N|N12s,g>; end if; end for;

for g in N do if 1°g egq 1 and 2°g eq 4
then N12s:=sub<N|N1l2s,g>; end if; end for;

Tl2:=Transversal (N,N12s);

for i in [1..#T12] do

ss:=[1,2]"T12[i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..10] do if cst[i] ne []
then m:=m+1; end if; end for; m;



Orbits (N12s);

/ *
GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4 @}
*/

for i in [1..3] do for m,n in IN do

if ts[l]lxts[2]*ts[1l] eq m*(A[i]) " n then i; end if; end for;
end for;

/*3%/

for i in [1..3] do for m,n in IN do

if ts[l]l*xts[2]*ts[2] eq m*(A[i]) " n then i; end if; end for;
end for;

/*1x/

for i in [1..3] do for m,n in IN do

if ts[1l]l*ts[2]#*ts[3] eq m*(A[i]) "n then i; end if; end for;
end for;

/*1x%/

for i in [1..3] do for m,n in IN do

if ts[l]l*ts[2]*ts[4] eq m* (A[i]) "n then i; end if; end for;
end for;

/x1x/

N121:=Stabiliser (N12,1);
5SS:={[1,2,11}; SSS:=SSS"N;
#(SSS) ;

Seqqg:=Setseq(SSS);

for i in [1..#SSS] do

for n in IN do

if ts[l]lxts[2]*ts[1l] eq
nxts[Rep (Seqqli]) [1]]+ts[Rep(Seqqli]) [2]]*ts[Rep (Seqq[i]) [3]]
then print Rep(Seqqli]);

end i1f; end for; end for;

N121s:=N121;

/ *

~
~

~
~

~
~

SO W e
N

W N W NN
<

NN

~
~
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[ 3, 4, 3 ]
[ 1, 4, 1 ]
[ 2, 3, 2]
[ 2, 4, 2 ]
[ 4, 1, 4 ]
[ 3, 1, 3]
[ 2, 1, 2 ]
*/

for g in N
then N121s:

for g in N
then N121s:

for g in N
then N121s:

for g in N
then N121s:

for g in N
then Nl1l21s:

for g in N
then N121s:

for g in N
then N121s:

for g in N
then Nl21ls:

for g in N
then N121s:

for g in N
then N121ls:

for g in N
then Nl1l21s:

do if 1"g eq 3 and 2°g eq 2 and 17g

=sub<N|N121ls,g>; end

do if 1"g eqg 1 and 2°g eg 3 and 1°g

=sub<N|N121ls,g>; end

do 1if 1°"g eqg 4 and 2°g eq 2 and 17g

=sub<N|N121s,g>; end

do if 1"g eq 4 and 2°g eq 3 and 17g

=sub<N|N121ls,g>; end

do if 1"g eq 3 and 2°g eqg 4 and 1°g

=sub<N|N1l21s,g>; end

do if 1"g eg 1 and 2°g eq 4 and 17°g

=sub<N|N121ls,g>; end

do if 1"g eq 2 and 2°g eq 3 and 17g

=sub<N|N121ls,g>; end

do if 1"g eq 2 and 2°g eqg 4 and 1°g

=sub<N|N121s,g>; end

do if 1°"g eqg 4 and 2°g eq 1 and 17°g

=sub<N|N121ls,g>; end

do if 1"g eq 3 and 2°g eg 1 and 1°g

=sub<N|N121ls,g>; end

do if 1"g eq 2 and 2°g eg 1 and 1°g

=sub<N|N121s,g>; end

Tl21:=Transversal (N,N121s);

for i in [1

..#T121] do

if; end for;

if; end for;

if; end for;

if; end for;

if; end for;

if; end for;

if; end for;

if; end for;

if; end for;

if; end for;

if; end for;

~

~

~

~

~

~

eq

€q

eq

eq

eq

eq

eq

eq

€q

eq

eq
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ss:=[1,2,11"T121[i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..10] do if cst[i] ne
then m:=m+1; end if; end for; m;

Orbits (N121s);
/ *

GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @},
GSet{@ 4 @}

*/

for i in [1..3] do for m,n in IN do

if ts[l]lxts[2]*ts[1l]xts[1l] eq mx (A[i]) "n then

end for;
end for;
/*2%/

for i in [1..3] do for m,n in IN do

if ts[l]lxts[2]*ts[1l]xts[2] eqg mx (A[i]) "n then

end for;
end for;
/*2%/

for i in [1..3] do for m,n in IN do

if ts[l]l*ts[2]*ts[l]*ts[3] eq mx(A[i]) "n then

end for;
end for;
/*2%/

for i in [1..3] do for m,n in IN do

if ts[l]lxts[2]*ts[l]xts[4] eq mx (A[i]) "n then

end for;
end for;

/x2%/

ij;

ij;

end

end

end

end

if;

if;

if;

if;
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Appendix C

MAGMA Code for DCE of
U(3,5):2 over PGL(2,7) : 2

/%
CompositionFactors (Gl);

G

| Cyclic(2)

*

|  2A(2, 5) = U(3, 5)
*/

G<x,Vy,z,t>:=Group<x,vy,z,t|x" 7,y 2,272, (x"-1*z) "2,
(yxz) "2, (yxx"=1) "3, (xxy*x"2) "4,

t°2,

(t,x » vy » z » x"2 x y % x°-1),

(t,x"2 » y x z x x°3),

(t,x"=2 » y » x"2 » y *« x"-1),

(z » x™2 » y x» x"2 *« y*xt”~ (y*x"5)) "3,
(z » X772 x v * x"2 % y*xt™(x72)) "5>;

f,Gl,k:=CosetAction (G, sub<G|x,y, z>);
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#DoubleCosets (G, sub<G|x, vy, z>, sub<G|x,y, z>);
/*9%/

DoubleCosets (G, sub<G|x,y, z>, sub<G|x,y, z>);

/ *

<GrpFP, Id(G), GrpFP>, <GrpFP, t * x » £t *x y x t » x -1 * t,
GrpEP>,<GrpFP, t » X2 * t x x * t, GrpFP>, <GrpFP, t x y
* t x x * t, GrpFP>,<GrpFP, t x y x t, GrpFP>, <GrpfFP, t,

GrpFP>, <GrpfFP, t * x x t, GrpFP>,<GrpFP, t » x"2 * t,

GrpFP>, <GrpFP, t x x » t x x"-1 % t, GrpfFP>

N:=PrimitiveGroup (28,1);
Generators (N) ;
PSL(2,7) :2

*/

S:=Sym(28);

xx:=S!(1, 8, 14, 19, 23, 26, 6)(2, 9, 15, 20, 24, 5, 12)

(3, 10, 16, 21, 4, 11,17)(7, 13, 18, 22, 25, 27, 28);

yy:=S! (1, 28) (2, 22)(3, 18) (4, 27) (5, 25) (6, 13)(8, 21) (9, 17)
(10, 26) (11,24) (15, 20) (16, 19);

zz:=S'(1, 6)(2, 5)(3, 4) (8, 26) (9, 24) (10, 21) (11, 17) (13, 28)
(14, 23)(15,20) (18, 27) (22, 25);

N:=sub<S|xx,yy,zz>;

FPGroup (N) ;

/ *
Finitely presented group on 3 generators
Relations

$.1°7 = 1d(S)

$.27°2 = 1d($)

$.372 = Id($)

($.17-1 % $.3)72 = Id(S)

($.2 = $.3)72 = Id($)

($.2 » $.17°-1) "3 = Id($)

($.1 » $.2 « $.172)"°4 Id($)
*/

Nl:=Stabilizer (N,1);
Generators (N1) ;
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/ %

(2, 13) (3, 10) (4, 9) (5, 11) (6, 12) (7, 8) (14, 25) (15, 22)

(16, 27) (17, 28) (20, 23) (21, )

(2, 11) (3, 12) (4, 13) (5, 8) (6, 9) (7, 10) (14, 26) (15, 27)

(17, 20) (18, 23) (19, 28) (22, 24),

(2, 12) (3, 11) (4, 10) (5, 9) (6, 8) (7, 13) (14, 26) (15, 24)
)

(16, 21) (18, 28) (19, 23) (22

*/

A:=[Id(Gl): i in [1..8]];

Afl]l:=f(t » x » t » yv » t * x -1 % t);
A[2]:=f(t » x"2 * t x x * t);

A[3]:=f(t » v = £t * x * t);

Af4]1:=f(t ~ y * t);

A[5]:=f(t);

A[6]:=f(t » x = t);

Al[7]:=f(t » x"2 * t);

A[8]:=f(t » X » t » x"=1 = t);

/*Image of N "IN"x/
IN:=sub<Gl|f(x),f(y),f(z)>;

#IN;
/*336%/
#G;
#G/#IN;
/*750%/
ts := [ Id(Gl): i in [1 .. 28] 1;
ts[l]:=f(t);
ts[2]:=f (L7 (X" —1*y*xx"3xy*x"2));
ts[3]:=f (L7 (X" —-1xyxx*y));
ts[4] :=f(t7 (x"3*xy*x"2));
Ls[5]:=f (L7 (X"=1xy*x"2xy*xx"=2));
ts[6]:=f(t" (x"-1));
[7]:=£(

LT (XT-3xy*x"2xyxx"=1));



ts[8]:=f(t"(x));
ts[9]:=f (L7 (X" 3*y*x"=3%xy));
ts[10]:=f (L™ (x"-2%y));
ts[1ll]:=f(t" (z*x"2xy*x"2));
ts[l2]:=f (L7 (x"T=1xy*x"2%yxx"=1));
ts[13]:=f(t" (x -1 * y));
ts[l4]:=£(£t"(x72));
ts[15] :=f (7 (xxy*x"2%y*xx"=2));
ts[l6]:=f(t” (xxyxx"-1));
ts[17]:=£(t" (x 3 xy * x"=3));
ts[18]:=f£(t" (y"x));
ts[19]:=£(t" (x"3));
ts[20] :=f£ (L7 (X*y*X"2xy*xxX"=2xy));
ts[21]:=f£(t"(x * y));

ts[22] :=f£ (L7 (x"=1xy*xx"2));
ts[23]:=f(t" (x"-3));

ts[24] :=f(t" (X" 3*y*z*xxXx"3xy));
ts[25] :=f (L7 (zxxxy*x"=2));
ts[26]:=f(t " (x"-2));
ts[27]:=f(t"(z » x * y x» x"=1));
ts[28]:=f(t"(z * x * Vy));
prodim := function(pt, Q, I)

v 1= pt;

for i in I do
v o= v (Q[i]);
end for;
return v;
end function;

cst := [null : 1 in [1 .. Index(G,sub<G|x,y,z>)]1]
where null is [Integers() | 1;
for i := 1 to 28 do
cst[prodim(1l, ts, [1]1)] := [i];
end for;
m:=0;

for i in [1..750] do if c¢cst[i] ne [] then m:=m+1;
end for; m;

Orbits (N);

end 1if;
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Nl:=Stabiliser (N, 1);
SSS:={[1]}; SSS:=SSS"N;
#(SSS);
Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do
for n in IN do

if ts[l] egq

nxts[Rep (Seqqli]) [1]]
then print Rep(Seqqli]);
end i1f; end for; end for;
Nls:=N1;

Tl:=Transversal (N,Nls);
for i in [1..#T1] do
ss:=[1]1"T1[i];
cst[prodim(l, ts, ss)] := ss;
end for;
:=0; for i in [1..750] do if cst[i] ne []
then m:=m+1; end i1if; end for; m;

Orbits (N1ls);

/ *

GSet{@ 1 @},

GSet{@ 14, 25, 26 @},

GSet{@ 15, 16, 22, 21, 27, 24 @},

GSet{@ 17, 18, 28, 19, 20, 23 @},

GSet{@ 2, 8, 13, 9, 7, 3, 6, 5, 4, 12, 11, 10 @}
*/

for i in [1..8] do for m,n in IN do

if ts[1l]l*xts[1l] eq mx(A[i]) "n then i; end if; end for; end for;
[/

for i in [1..8] do for m,n in IN do

if ts[l]*xts[14] eqg mx (A[i]) "n then i; end if; end for; end for;
/*T*/

for i in [1..8] do for m,n in IN do

if ts[1l]*xts[15] eq mx(A[i]) "n then i; end if; end for; end for;
/*5%/

for i in [1..8] do for m,n in IN do
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if ts[1l]l*xts[17] eq mx (A[i]) "n then i; end if; end for; end for;
/ x4/

for i in [1..8] do for m,n in IN do

if ts[l]l*ts[2] eqg mx(A[i]) "n then i; end if; end for; end for;
/*6%/

N114:=Stabiliser (N1,14);
SSS:={[1,14]}; SSS:=SSS"N;
#(SSS) ;

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in IN do

if ts[l]xts[1l4] eq
nxts[Rep(Seqqg[i]) [1]]*ts[Rep(Seqqli]) [2]]
then print Rep(Seqql[i]);
end i1if; end for; end for;
N114s:=N114;

/ *

[ 1, 14 ]

[ 14, 1 ]

[ 24, 27 ]

[ 27, 24 ]

*/

for g in N do if 1°g eq 14 and 14°g eq 1
then N114s:=sub<N|N11l4s,g>; end if; end for;

for g in N do if 1°g eq 24 and 14°g eqgq 27
then N114s:=sub<N|Nl1ll4s,g>; end if; end for;

for g in N do if 1°g eq 27 and 14°g eqg 24
then N114s:=sub<N|N1l4s,g>; end if; end for;

Tll4:=Transversal (N,N114s);
for i in [1..#T114] do
ss:=[1,14]"T1141[4i];
cst[prodim(l, ts, ss)] := ss;
end for;
:=0; for i in [1..750] do if cst[i] ne []



then m:=m+1; end if; end for; m;

Orbits (N114s) ;

/ *

GSet{@ 1, 14, 24, 27 @},
GSet{@ 2, 3, 9, 8, 23, 26, 28, 25 @},
GSet{@ 4, 7, 12, 21, 22, 16, 15, 11 @},
GSet{@ 5, o6, 13, 20, 19, 17, 18, 10 @}

*/

for i in [1..8] do for m,n in IN do

if ts[1l]*ts[1l4]+ts[1l4]
end for;

/*5%/

for i in [1..8] do for m,n in IN do

if ts[1l]lxts[1l4]*ts[2] eq mx(A[i]) "n then i;
end for;

/*8x%/

for i in [1..8] do for m,n in IN do

if ts[1l]l*ts[14]+ts[4] eq mx (A[i]) "n then i;
end for;

/*6%/

for i in [1..8] do for m,n in IN do

if ts[1l]l*ts[1l4]+ts[5] eq mx(A[i]) "n then i;
end for;

/*x2%/

eq mx (A[i]) "n then i;

end 1if;

end 1if;

end 1if;

N117:=Stabiliser (N1,17);
SSS:={[1,17]}; SSS:=SSS"N;
#(SSS) ;
Seqqg:=Setseq(SSS);
[1..#SSS]
for n in IN do

if ts[l]xts[17] eq
nxts[Rep(Seqqli]) [1]]*ts[Rep(Seqq[i]) [2]]
then print Rep(Seqqgli]);

end i1if; end for; end for;

N117s:=N117;

for i in do

end 1if;

end for;

end for;

end for;

end for;
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Tl1l7:=Transversal (N,N117s);

for i in [1..#T117] do

ss:=[1,17]"T117[4i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..750] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N117s);

/ *

GSet{@ 1 @},
GSet{@ 17 @},
GSet{@ 20 @},
GSet{@ 25 @},
GSet{@ 2, 12 @},

GSet{@ 3, 11 @},
GSet{@ 4, 10 @},
GSet{@ 5, 9 @},
GSet{@ 6, 8 @},
GSet{@ 7, 13 @},
GSet{@ 14, 26 @},
GSet{@ 15, 24 @},
GSet{@ 16, 21 @},
GSet{@ 18, 28 @},
GSet{@ 19, 23 @},
GSet {@ 22, 27 @}
x/

for i in [1..8] do for m,n in IN do

if ts[1l]l*ts[17]1*ts[l] eqg m* (A[i]) "n then i; end if;

end for;

/ x4/

for i in [1..8] do for m,n in IN do

if ts[1l]l*ts[17]1xts[1l7] eq mx(A[i]) "n then i; end if;
end for;

/*5%/

for i in [1..8] do for m,n in IN do

if ts[1l]*xts[17]*ts[20] eg mx (A[i]) "n then i; end if;
end for;

/ x4/

for i in [1..8] do for m,n in IN do

end for;

end for;

end for;
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if ts[1l]*ts[1l7]xts[25]
end for;

/*8x%/

for 1 in [1..8] do for
if ts[1l]*ts[1l7]*ts[2]
end for;

/*3%/

for i in [1..8] do for
if ts[l]l*ts[17]xts[3]
end for;

/*2%/

for 1 in [1..8] do for
if ts[1l]l+ts[17]x*ts[4]
end for;

/*1%/

for 1 in [1..8] do for
if ts[1l]*ts[1l7]*ts[5]
end for;

/*x6%/

for 1 in [1..8] do for
if ts[1l]l*ts[1l7]xts[6]
end for;

/*6%/

for 1 in [1..8] do for
if ts[1l]*ts[17]*ts[7]
end for;

/*4x%/

for i in [1..8] do for
if ts[l]*xts[17]*ts[14]
end for;

[/ x4/

for i in [1..8] do for
if ts[1l]*xts[17]*ts[15]
end for;

/ x4/

for 1 in [1..8] do for
if ts[1l]*xts[17]*ts[16]
end for;

/*2%/

for 1 in [1..8] do for
if ts[l]*ts[17]*ts[18]
end for;
/*2%/
for i in . 8]

[1. do for

eq mx (A[i]) "n then

m,n in IN do

eq mx (A[i]) "n then
m,n in IN do

eq mx (A[1]) "n then
m,n in IN do

eq mx (A[1i]) "n then
m,n in IN do

eqg mx (A[i]) "n then
m,n in IN do

eq mx (A[i]) "n then
m,n in IN do

eq mx (A[i]) "n then
m,n in IN do

eq mx (A[i]) "n then

m,n in IN do
eq m* (A[i]) "n then

m,n in IN do
eq m* (A[i]) "n then

m,n in IN do
eq mx (A[i]) "n then

m,n in IN do

i;

i;

i;

i;

i;

i;

ij;

ij;

ij;

end

end

end

end

end

end

end

end

end

end

end

if;

if;

if;

if;

if;

if;

if;

if;

if;

if;

if;

end for;

end

for;

end

for;

end

for;

end

for;

for;

end

end

for;

end for;

end for;

end for;

end for;
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if ts[1l]l*xts[17]*ts[19] eq mx(A[i]) "n then i;
end for;

/*6%/

for i in [1..8] do for m,n in IN do

if ts[1l]l*xts[17]*ts[22] eq mx(A[i]) "n then i;
end for;

[/ x4/

[1 2]

N12:=Stabiliser (N1, 2);

SSS:={[1,2]}; SSS:=SSS"N;

#(SSS) ;

Seqqg:=Setseq(SSS);

for i in [1..#SSS] do

for n in IN do

if ts[l]l*xts[2] eq

nxts[Rep(Seqqg(i]) [1]]1*ts[Rep(Seqqli]) [2]]
then print Rep(Seqqli]);

end i1if; end for; end for;

N12s:=N12;
/ *

[ 1, 21

[ 16, 11 ]
*/

for g in N do if 1°g eq 16 and 2°g eq 11
then N12s:=sub<N|N12s,g>; end if; end for;

Tl2:=Transversal (N,N12s);

for i in [1..#T12] do

ss:=[1,2]"T12[i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..750] do if cst[i] ne []
then m:=m+1; end if; end for; m;

end 1if;

end 1if;

end for;

end for;
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Orbits (N12s);

/ *

GSet{@ 5 @},
GSet{@ 8 @},
GSet{@ 19 @},
GSet{@ 28 @},
GSet{@ 1, 16 @},

GSet{@ 2, 11 @},
Gset{@ 3, 23 @},
GSet{@ 4, 20 @},
Gset{@ 6, 27 @},
GSet{@ 7, 26 @},

GSet{@ 9, 15 @},

GSet{@ 10, 14 @},

GSet{@ 12, 18 @},

GSet{@ 13, 17 @},

GSet{@ 21, 25 @},

GSet{@ 22, 24 @}
*/

for i in [1..8] do for m,n in IN do

if ts[l]l*ts[2]*ts[5] eq m*x(A[i]) "n then i; end if; end for;
end for;

/*2%/

for i in [1..8] do for m,n in IN do

if ts[l]*xts[2]*ts([8] eq m*(A[i1]) "n then i; end if; end for;
end for;

/*1x/

for i in [1..8] do for m,n in IN do

if ts[l]l*xts[2]*ts[19] eq mx(A[i]) " n then i; end if; end for;

end for;
/*Tx/

for i in [1..8] do for m,n in IN do

if ts[1l]l*xts[2]*ts[28] eqg mx(A[i]) " n then i; end if; end for;

end for;

/*6%/

for i in [1..8] do for m,n in IN do

if ts[l]lxts[2]*ts[l] eq m*(A[i]) " n then i; end if; end for;
end for;

/*8x%/

for i in [1..8] do for m,n in IN do

if ts[l]l*ts[2]*ts[2] eq m* (A[i]) "n then i; end if; end for;
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end for;
/*5%/

for i in [1..8] do for m,n in IN do

if ts[l]l*ts[2]*ts[3] eqg mx(A[i]) "n then

end for;
/*2%/

for i in [1..8] do for m,n in IN do

if ts[l]l*xts[2]*ts[4] eq m*(A[i1]) " n then

end for;
/*2%/

for i in [1..8] do for m,n in IN do

if ts[l]l*xts[2]*ts[6] eq m*x(A[i]) " n then

end for;
/*2%/

for i in [1..8] do for m,n in IN do

if ts[l]lxts[2]*ts[7] eq m*x(A[i]) " n then

end for;
/*4x%/

for i in [1..8] do for m,n in IN do

if ts[1l]l*ts[2]*ts[9] eq mx (A[i]) "n then

end for;

/*6%/

for i in [1..8] do for m,n in IN do
if ts[l]l*ts[2]*ts[10] eq m* (A[i]) n
end for;

/*4x%/

for i in [1..8] do for m,n in IN do
if ts[l]*xts[2]*ts[12] eq mx(A[i]) n
end for;

/*x3%/

for i in [1..8] do for m,n in IN do
if ts[l]*xts[2]*ts[13] eq mx(A[i]) ' n
end for;

/*8x%/

for i in [1..8] do for m,n in IN do
if ts[l]*xts[2]*ts[21] eqg mx(A[i]) n
end for;

/*4x%/

for i in [1..8] do for m,n in IN do
if ts[l]lxts[2]*ts[22] eqg mx(A[i]) n
end for;

/x6%/

then

then

then

then

then

i

i

i

i;

i;

i;

i;

i;

end

end

end

end

end

end

end

end

end

end

if;

if;

if;

if;

if;

if;

if;

if;

if;

if;

end

end

end

end

end

end

end

end

end

end

for;

for;

for;

for;

for;

for;

for;

for;

for;

for;
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[1 14 2]

N1142:=Stabiliser (N114,2);
SSS:={[1,14,2]1}; SSS:=SSS"N;
#(SSS) ;
Seqqg:=Setseq(SSS);
[1..#SSS]
for n in IN do

if ts[l]xts[l4]*ts[2]

for i in do

€q

nxts[Rep (Seqqli]) [1]]*ts[Rep(Seqq[i]) [2]]*ts[Rep(Seqq[i]) [3]]

then print Rep (Seqqglil]);
end i1f; end for; end for;
N1142s:=N1142;

/ *

[ 1, 14, 2 ]

[ 14, 1, 2]

[ 4, 21, 6 ]

[ 12, 15, 17 ]

[ 21, 4, 6]

[ 15, 12, 17 ]

*/

for g in N do if 1°g eq 14 and 14°g egq 1

and 2°g eq 2 then N1142s:=sub<N|N1142s,g>; end if; end for;
for g in N do if 1°g eq 4 and 147g eqgq 21

and 2°g eq 6 then N1142s:=sub<N|N1142s,g>; end if; end for;
for g in N do if 1°g eq 12 and 147°g eq 15

and 2°g eq 17 then N1142s:=sub<N|N1142s,g>; end if; end for;
for g in N do if 1°g eq 21 and 14°g eqgq 4

and 2°g eq 6 then N1142s:=sub<N|N1142s,g>; end if; end for;
for g in N do if 1°g eq 15 and 147g eqg 12

and 2°g eq 17 then N1142s:=sub<N|N1142s,g>; end if; end for;
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T1142:=Transversal (N,N1142s);

for i in [1..#T1142] do
ss:=[1,14,2]1"T1142[1];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..750] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N1142s);

/ *
GSet{@ 27 @},
GSet{@ 2, 6, 17 @},

GSet{@ 3, 8, 24 @},

GSet{@ 9, 19, 10 @},

GSet{@ 1, 14, 4, 12, 21, 15 @},
GSet{@ 5, 18, 7, 28, 26, 16 @},
GSet{@ 11, 22, 25, 13, 20, 23 @}

for i in [1..8] do for m,n in IN do

if ts[1l]l*ts[1l4]+ts[2]xts[27] eq m*x (A[i]) "n then i; end if;
end for;

end for;

/*8x%/

for i in [1..8] do for m,n in IN do

if ts[l]xts[l4]*ts[2]*ts[2] eq m*x(A[1i]) " n then i; end if;
end for;

end for;

/*Tx/

for i in [1..8] do for m,n in IN do

if ts[l]*xts[1l4]*ts[2]*ts[3] eq m*(A[i]) "n then i; end if;
end for;

end for;

/ %4/

for i in [1..8] do for m,n in IN do

if ts[l]*xts[14]*ts[2]*ts[9] eq m*(A[i1]) "n then i; end if;
end for;

end for;

/*8x%/

for i in [1..8] do for m,n in IN do

if ts[1l]l*ts[1l4]+ts[2]xts[l] eqg mx(A[i]) "n then i; end if;



159

end for;

end for;

/*6%/

for i in [1..8] do for m,n in IN do

if ts[1l]*xts[1l4]*ts[2]*ts[5] eq mx(A[i]) "n then i; end if;
end for;

end for;

/*2%/

for i in [1..8] do for m,n in IN do

if ts[l]lxts[14]*ts[2]*ts[1l1l] eq m*(A[i]) " n then i; end if;
end for;

end for;

/x6%/

[1 14 5]

N1145:=Stabiliser (N114,5);
SSS:={[1,14,5]}; SSS:=SSS"N;
#(SSS) ;

Seqgq:=Setseq(SSS) ;

for i in [1..#SSS] do

for n in IN do

if ts[1l]l+ts[l4]*ts[5] eq
nxts[Rep(Seqq[i]) [1]]*ts[Rep(Seqqli]) [2]]*ts[Rep(Seqqli]) [3]]
then print Rep(Seqqli]);

end i1if; end for; end for;
N1145s:=N1145;

/ *
[ 1, 14, 5 ]
[ 27, 24, 5 ]
*/

for g in N do if 1°g eq 27 and 14°g eqg 24
and 5°g eqg 5 then N1145s:=sub<N|N1145s,g>; end if;
end for;



T1145:=Transversal (N,N1145s);

for 1 in [1..#T1145] do
ss:=[1,14,5]1"T1145[1];

cst [prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..750] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N1145s);

/ *

GSet{@ 5 @},
GSet{@ 13 @},
GSet{@ 15 @},
GSet{@ 21 @},
GSet{@ 1, 27 @},

GSet{@ 2, 23 @},
GSet{@ 3, 26 @},
GSet{@ 4, 16 @},
GSet{@ 6, 20 @},
GSet{@ 7, 11 @},
GSet{@ 8, 25 @},

GSet{@ 9, 28 @},

GSet{@ 10, 18 @},

GSet{@ 12, 22 @},

GSet{@ 14, 24 @},

GSet{@ 17, 19 @}
*/

for i in [1..8] do for m,n in IN do

if ts[1l]l*ts[14]*ts[5]xts[5] eq mx(A[i1]) "n then i;
end for; end for;

/*T*/

for i in [1..8] do for m,n in IN do

if ts[1l]l*ts[1l4]xts[5]xts[13] eqg mx (A[i]) "n then i;
end for; end for;

/*6%/

for i in [1..8] do for m,n in IN do

if ts[1l]*xts[14]*ts[5]*ts[15] eq mx(A[i]) "n then i;
end for; end for;

/*1x/

for i in [1..8] do for m,n in IN do

end 1if;

end 1if;

end 1if;
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if ts[1l]xts[14]*ts[5]*ts[21] eq mx(A[i]) "n then i;
end for; end for;

/*2%/

for i in [1..8] do for m,n in IN do

if ts[1l]xts[1l4]*ts[5]*ts[l] eq mx(A[i]) "n then i;
end for; end for;

/*6%/

for i in [1..8] do for m,n in IN do

if ts[1l]l*ts[14]+ts[5]*ts[2] eq mx (A[1]) "n then i;
end for; end for;

/*6%/

for i in [1..8] do for m,n in IN do

if ts[1l]l*ts[14]xts[5]xts[3] eq mx (A[i]) "n then i;
end for; end for;

/ %4/

for i in [1..8] do for m,n in IN do

if ts[1l]*xts[14]*ts[5]*ts[4] eq mx(A[i]) "n then i;
end for; end for;

/*x3%/

for i in [1..8] do for m,n in IN do

if ts[1l]*xts[14]*ts[5]*ts[6] eq mx(A[i]) "n then i;
end for; end for;

/*3%/

for i in [1..8] do for m,n in IN do

if ts[1l]*xts[14]*ts[5]*ts[7] eq mx(A[i]) "n then i;
end for; end for;

/ x4/

for i in [1..8] do for m,n in IN do

if ts[1l]*xts[1l4]+ts[5]*ts[8] eq mx(A[i]) "n then i;
end for; end for;

/*2%/

for i in [1..8] do for m,n in IN do

if ts[1l]1*ts[14]1*ts[5]xts[9] eq mx (A[i]) "n then i;
end for; end for;

/*6%/

for i in [1..8] do for m,n in IN do

if ts[1l]l*ts[14]xts[5]xts[10] eqg mx (A[i]) "n then i;
end for; end for;

/*3%/

for i in [1..8] do for m,n in IN do

if ts[1l]*xts[14]*ts[5]*ts[12] eq mx(A[i]) " n then i;
end for; end for;

/*2%/

for i in [1..8] do for m,n in IN do

end if;

end

end

end

end

end

end

end

end

end 1if;

end 1if;

if;

if;

if;

if;

if;

if;

if;

if;
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if ts[1l]*xts[14]*ts[5]*ts[14] eq mx(A[i]) " n then i; end if;
end for; end for;

/ x4/

for i in [1..8] do for m,n in IN do

if ts[1l]*xts[14]*ts[5]*ts[17] eq mx(A[i]) " n then i; end if;
end for; end for;

/*8x/

[1 17 2]

N1172:=Stabiliser (N117,2);
SSS:={[1,17,2]}; SSS:=SSS"N;
#(SSS) ;

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in IN do

if ts[l]lxts[l7]*ts[2] eq
nxts[Rep (Seqqli]) [1]]*ts[Rep(Seqq[i]) [2]]*ts[Rep(Seqq[i]) [3]]
then print Rep(Seqqli]);

end i1if; end for; end for;
N1172s:=N1172;

1, 17, 2 1
[ 3, 24, 19 ]
9, 26, 11 ]

for g in N do if 1°g eq 3 and 17°g eqgq 24
and 2°g eq 19 then N1172s:=sub<N|N1172s,g>; end if; end for;

for g in N do if 1°g eq 9 and 17°g eq 26
and 2°g eqg 11 then N1172s:=sub<N|N1172s,g>; end if; end for;



T1172:=Transversal (N,N1172s);
for 1 in [1..#T1172] do
ss:=[1,17,2]1"T1172[1i];
cst[prodim(l, ts, ss)] := ss;
end for;

:=0; for i in [1..750] do if cst[i] ne
then m:=m+1; end if; end for; m;

Orbits (N1172s);

/ *

GSet {@ 28
GSet {Q@
GSet {@
GSet {@

ty

3, 9 @},
19, 11 @3},
20, 8 @},
GSet{@ 5, 14, 10 @},
Gset{@ o6, 21, 12 @},
GSet{@ 7, 22, 13 @},
GSet{@ 15, 23, 16 @},
GSet{@ 17, 24, 26 @},
GSet{@ 18, 25, 27 @}

~

~

o U1 b NP @
~

*/

for i in [1..8] do for m,n in IN do

if ts[l]l*ts[17]*ts[2]*ts[28] eqg mx (A[i]) "n then ij;

end for; end for;
/*1x/

for i in [1..8] do for m,n in IN do

if ts[l]l*xts[17]*ts[2]*ts[1l] eq m*x(A[i]) "n then

end for; end for;
/*2%/

for i in [1..8] do for m,n in IN do

if ts[1l]lxts[17]*ts[2]*ts[2] eq m*x(A[i]) "n then

end for; end for;
/ x4/

for i in [1..8] do for m,n in IN do

if ts[1l]xts[17]*ts[2]*ts[4] eq m*x(A[i]) "n then

end for; end for;
/*3%/

for i in [1..8] do for m,n in IN do

if ts[1l]1*ts[17]1*ts[2]xts[5] eq mx (A[i1]) "n then

end for; end for;

/*x2%/

i

i

i;

end 1if;

end

end

end

end

if;

if;

if;

if;
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for i in [1..8] do for m,n in IN do

if ts[1l]l*ts[17]*ts[2]xts[6] eq mx (A[i]) "n then i; end if;
end for; end for;

/*3%/

for i in [1..8] do for m,n in IN do

if ts[1l]*xts[17]*ts[2]*ts[7] eq m*(A[i1]) "n then i; end if;
end for; end for;

/*2%/

for i in [1..8] do for m,n in IN do

if ts[1l]*xts[17]*ts[2]*ts[15] eq mx(A[i]) " n then i; end if;
end for; end for;

/*3%/

for i in [1..8] do for m,n in IN do

if ts[1l]*xts[17]*ts[2]*ts[17] eq mx(A[i]) " n then i; end if;
end for; end for;

/*6%/

for i in [1..8] do for m,n in IN do

if ts[1l]1#ts[17]1*ts[2]*ts[18] eq m*(A[i]) "n then i; end if;
end for; end for;

/*3%/

[1 2 8]

N128:=Stabiliser (N12, 8);
SS8S:={[1,2,8]}; SSS:=SSS"N;
#(SSS) ;

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in IN do

if ts[l]*xts[2]*ts[8] eqg
nxts[Rep (Seqqli]) [1]]*ts[Rep(Seqq[i]) [2]]*ts[Rep(Seqq[i]) [3]]
then print Rep (Seqqglil);

end i1f; end for; end for;

N128s:=N128;
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¥ —m M/ o/ o/ o/ o/ o/ e

for g in N do if 1°g eq 16 and 2°g eq 11
and 8°g eq 8 then N128s:=sub<N|N128s,g>; end if; end for;

for g in N do if 1°g eg 1 and 2°g eqg 11
and 8°g eq 5 then N128s:=sub<N|N128s,g>; end if; end for;

for g in N do if 1°g eq 11 and 2°g egq 5
and 8°g eq 1 then N128s:=sub<N|N128s,g>; end if; end for;

for g in N do if 1°g eq 16 and 2°g eqg 2
and 8°g eq 5 then N128s:=sub<N|N128s,g>; end if; end for;

for g in N do if 1°g eq 2 and 2°g eq 8
and 8°g eq 1 then N128s:=sub<N|N128s,g>; end if; end for;

for g in N do if 1°g eq 8 and 2°g eqgq 1
and 8°g eq 2 then N128s:=sub<N|N128s,g>; end if; end for;

for g in N do if 1°g eq 8 and 2°g egq 16
and 8°g egq 11 then N128s:=sub<N|N128s,g>; end if; end for;

for g in N do if 1°g egqg 5 and 2°g eq 16
and 8°g eqg 2 then N128s:=sub<N|N128s,g>; end if; end for;

for g in N do if 1°g eq 5 and 2°g eqgq 1
and 8°g egq 11 then N128s:=sub<N|N128s,g>; end if; end for;

for g in N do if 1°g eq 2 and 2°g eg 5
and 8°g eq 16 then N128s:=sub<N|N128s,g>; end if; end for;



for g in N do if 1°g eq 11 and 2°g eqg 8

and 8°g eq 16 then N128s:=sub<N|N128s,g>; end if; end for;

T1l28:=Transversal (N,N128s) ;

for 1 in [1..#T128] do
ss:=[1,2,8]"T128[1];

cst[prodim(1l, ts, ss)] := ss;

end for;

m:=0; for 1 in [1..750] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N128s) ;

/ *
GSet{@ 3, 23, 12, 18 @},

GSet{@ 1, 16, 11, 2, 8, 5 @},

GSet{@ 19, 28, 25, 24, 22, 21 @},

GSet{@ 4, 20, 13, 27, 17, 15, 10, 14, 26, 7, 6, 9 @}
*/

for i in [1..8] do for m,n in IN do

if ts[l]lxts[2]*ts[8]xts[3] eq mx (A[i]) "n then i; end if;
end for; end for;

/*3%/

for i in [1..8] do for m,n in IN do

if ts[1l]*xts[2]*ts[8]xts[8] eq mx(A[i]) "n then i; end if;
end for; end for;

/*6%/

for i in [1..8] do for m,n in IN do

if ts[1l]l*ts[2]*ts[8]*xts[19] eq mx(A[i]) "n then i; end if;
end for; end for;

/*2%/

for i in [1..8] do for m,n in IN do

if ts[l]l*ts[2]*ts[8]*xts[4] eq mx (A[i]) "n then i; end if;
end for; end for;

[ x4/
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Appendix D

MAGMA Code for Isomorphism

Type of G =2 7 x 22

Gl:=TransitiveGroup(28,2);
Gl;
/ *
Permutation group acting on a set of cardinality 28
Order = 28 = 272 x 7
(L, 2)(3, 4) (5, 6) (7, 8)(9, 10) (11, 12) (13, 14) (15, 106)
(17, 18) (19, 20) (21, 22) (23, 24) (25, 26) (27, 28),
(x, 19, 9, 28, 17, 8, 25, 15, 6, 23, 14, 4, 22, 12) (2,
20, 10, 27, 18, 7, 26, 16, 5, 24, 13, 3, 21, 11)
*/
CompositionFactors (Gl);
NL:=NormallLattice (Gl);
for i in [1..#NL] do if IsAbelian(NL[i]) then 1i; end 1if;
end for;
NL;

/ *
Normal subgroup lattice

[10] Order 28 Length 1 Maximal Subgroups: 6 7 8 9

[ 9] Order 14 Length 1 Maximal Subgroups:

45
[ 8] Order 14 Length 1 Maximal Subgroups: 2 5
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[ 71 Order 14 Length 1 Maximal Subgroups: 3
[ 6] Order 4 Length 1 Maximal Subgroups: 2
[ 5] Order 7 Length 1 Maximal Subgroups: 1
[ 4] Order 2 Length 1 Maximal Subgroups: 1
[ 3] Order 2 Length 1 Maximal Subgroups: 1
[ 2] Order 2 Length 1 Maximal Subgroups: 1

[ 1] Order 1 Length 1 Maximal Subgroups:

IsAbelian (TransitiveGroup (28,2));
X:=DirectProduct (NL[5],NL[6]);
s:=IsIsomorphic (X, G);

NL6:=NormalLattice (NL[6]);
X:=AbelianGroup (GrpPerm, [2,2]);
s:=IsIsomorphic (X,NL[6]);

HH<b, c>:=Group<b,c|b”2,c"2, (b*xc) "2>;
f,H,k:=CosetAction (HH, sub<HH|Id (HH) >) ;
s:=IsIsomorphic (H,NL[6]);

HH<a, b, c>:=Group<a,b,cla"7,b"2,c"2, (bxc) "2, (a,b), (a,c)>;

f,H,k:=CosetAction (HH, sub<HH|Id (HH) >);
s:=IsIsomorphic (H,G1l);
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Appendix E

MAGMA Code for Isomorphism

Type of
2 (PGL(2,7):2)

(Z*$2*y*$2*y*t(y*x5))3a(z*x2*y*x2*y*t(ﬂi‘2))5
Us(5) : 2

12

G<x,vy,z,t>:=Group<x,vy,z,t|x"7,y"2,2"2, (x"-1xz) "2,
(y*z) "2, (yxx"=1) "3, (xxy*x"2) "4,

t°2,

(t,x v *x z » X2 x y *« x"=-1),

(t,x"2 xy « z x x°3),

(L, x"=2 * y * xX"2 x y *x x°=-1),

(z » X772 » v * x"2 % y*xt" (y*xx"5)) "3,

(z » X772 x y *» x72 % yxt"(x72)) "5>;

f,Gl,k:=CosetAction (G, sub<G|x,y, z>);

G1l;

Permutation group Gl acting on a set of cardinality 750
Order = 252000 = 275 + 372 * 573 % 7

SL:=Subgroups (G1l) ;

/*This is the set of subgroups.sx/
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T:={x‘'subgroup : x in SL};

/+These are all the subgroups that give faithful permutation
representation.*/

TrivCore:={H:H in T |#Core(Gl,H) eqg 1};
/+*Now we want minimal degreex/
mdeg := Min({Index(Gl,H):H in TrivCore});

/+*We want all the subgroups that give way to minimum degree.x/

Good := {H: H in TrivCore| Index(Gl,H) eq mdeg};
#Good;

H := Rep(Good);

#H;

f,G2,K := CosetAction (Gl,H);

G2;

Permutation group G2 acting on a set of cardinality 50
Order = 252000 = 275 % 372 x 573 * 7
(1, 2, 6, 13, 3, 8, 12) (4, 5, 11, 9, 18, 14, 7) (10, 20, 32,
24, 22, 29, 42) (15, 23, 16, 25, 35, 34, 27)(17, 19, 26, 21,
33, 38, 31) (28, 40, 44, 45, 36, 30, 43) (37, 46, 39, 41, 48,
49, 47),
(1, 3) (2,

6 9) (7, 14) (10, 21) (15, 24) (16, 26) (17, 28)
(19, 30) (20, 23 42)

7

7

2 33) (25, 36) (27, 38) (29, (31, 44)
9, 46) (41, 49) (48, 50),

(4
(2
(34, 45) (37, 47) (3
(3, 9) (5, 12) (6, 14) (8, 11) (10, 22) (13, 18) (15,
31
(3

(1, 4) (2,

—_ — — ~—

23) (16, 27) (19, )(20 24)(21, 33) (25, 34) (26, 38) (29, 42)

(30, 44) (36, 45) (37,
(L, 5) (3, 10) (e,

(18, 29) (20, 22) (21,

(30, 45) (31, 38) (32,

CompositionFactors(GZ),
G

6) (3 47) (40, 43) (41, 49),

5) (7 16)(8, 17) (9, 19) (11, 13) (12, 14)
6) (2 34) (25, 37) (27, 39) (28, 41)

5) (3 46) (40, 47) (42, 50) (48, 49)

| Cyclic(2)

*

| 2A(2, 5) = U(3, 5)
1

NL:=NormalLattice (G2);



Normal subgroup lattice

[3] Order 252000 Length 1 Maximal Subgroups: 2
[2] Order 126000 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:
for i in [1..#NL] do if IsAbelian(NL[i]) then i; end 1if;
end for;

NL[2];
Permutation group acting on a set of cardinality 50
Order = 126000 = 274 % 372 * 573 % 7

S:=Sym(50) ;

A:=8!(1, 16, 7, 5) (2, 13, 23, 11) (3, 19, 14, 50) (4, 37,
44, 25) (6, 15, 28, 41) (8, 22, 39, 31) (9, 10, 42, 12) (17, 38,
27, 20) (18, 21, 46, 32) (26, 29, 35, 33) (30, 45) (36, 43)
(40, 49) (47, 48);

B:=s! (1, 5, 15, 6) (2, 39, 43, 27) (3, 38, 46, 24) (4, 14,
23, 12) (7, 16, 40, 47) (8, 29, 42, 11) (9, 20, 37, 26) (10, 34,

33, 31) (13, 50, 18, 17) (19, 21, 25, 22) (28, 48) (30, 45)
(36, 44) (41, 49);

C:=S!(2, 25)(3, 26) (4, 27) (6, 7) (10, 47) (13, 30) (14, 45)
(15, 44) (16, 43) (17, 22) (18, 31) (19, 20) (21, 28) (29, 41)
(33, 46) (34, 48) (35, 49) (36, 50) (37, 39) (38, 40);

D:=S! (1, 26, 12, 16, 3)(2, 34, 9, 19, 24) (4, 45, 6, 15,
30) (5, 10, 7, 14, 21) (8, 41, 42, 29, 49) (17, 48, 18, 50,

28) (20, 22, 27, 44, 39) (23, 46, 31, 38, 33) (25, 37, 47,

E:=S!(1, 8, 13, 2, 12, 3, 6) (4, 14, 9, 5, 7, 18, 11) (10,
29, 24, 20, 42, 22, 32)(15, 34, 25, 23, 27, 35, 16) (17,
38, 21, 19, 31, 33, 26) (28, 30, 45, 40, 43, 36, 44) (37,
49, 41, 46, 47, 48, 39);

F:=S!(1, 7, 17, 45, 31) (2, 47, 15, 46, 14) (3, 39, 48,
25, 22) (4, 40, 38, 9, 27)(6, 18, 33, 21, 26) (10, 34, 16,
24, 50) (11, 42, 35, 41, 49) (12, 23, 13, 19, 30) (28, 44,
36, 43, 37);

T:=s!(1, 3)(2, 8, 6, 13) (4, 14, 7, 9) (5, 18) (10, 29, 27,

25) (15, 44, 31, 24) (16, 32, 26, 43) (17, 34, 45, 28) (19,
40, 30, 35) (20, 22) (21, 36, 38, 42) (23, 33) (37, 39, 49,
48) (41, 46, 47, 50);

J:=S! (1, 6, 22, 14, 18)(2, 17, 26, 37, 34)(3, 7, 31, 4,
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28) (4,
35) (12,
48, 43);

27, 38, 40,
23, 30, 20,

9) (10, 44, 33, 45,

13) (15, 50, 1e,

N:=sub<S|A,B,C,D,E,F,I,J>;

FPGroup (NL[2]);
NN<a,b,c,d,e, f,1i, j>:=Group<a,b,c,d,e, f,i,jla"4 ,

b~ 4

o
q-
o
£
P
5
c

J

4
4
4
4
14
4

’

£f°-1 x ¢ * J

-1 x £7-1 % c

(b"-1 = a”=1)"3

a *

9°-1 % b -1

f°-1 » e"-1 « b
f°-1 » J ¢ xa x 12 » a°-1 ,

*

14

*

*

4

£°-1 ,

a’™—1 x i » e"~-1
a’-1 = £7-1 % e

i % jJxcxbxi"2 x c,

f « b"-1 « d°-1 « ¢ « £°-1 « d ,
(b"=1 % d"-2) "2
7+ d"2 x cx b2 x J,

c * b™-2 xd x b1 « £72 ,
f*b'-2 «dxDb*x j°-1 b,
£72 « d"2 x« £°-1 x b,

(c » 17-1 % d) "2

jox 11 «d~*x a"-1 % 3« 1,
(e”=1 % a)”"3 ,

e x a’ -2 » e -1
(e”™=1 » b™=1)"3

a *

e”™-2 x d°-1

b x £f7-1 » e™-1
e’™=1 x b"-2 % e
f xb™"-2 xe »d -1 1 a -1,
(e » 1 « e)”2 ,

[EPN

4

14

*x a * b™2 x a"-1

4
*
*

*

a2 « £,
b -1 » £ » e ,
b+ a2 » b™-1

77-1 %« 1"-2 x e x a x i"2 x 3°-1
(1"-1 = d°-1) "3
(1"-1 = d) "3,

I+ b1 x i+« dx*x a’2 « e”"-1,
(1 » e”=1)"3 ,

14

J7°-1 » 1i°-1 « J » b » 172 = £ ,

25) (11, 42,

39, 21) (24,

4

4

’

14

4

36,

49, 29,

47,
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> .

r

f,H,k:=CosetAction (NN, sub<NN|Id (NN)

J7-1 x 1i7-2 » J x e x 1 x e,
b1 x i"-2 » a"=2 * j°-1 » d x a"-1

e”2 « b~

-1 x a’™-1 » d°

-1 « a ~ £

b+ a™-1 = b x a"™-1 « e » i » e

s:=IsIsomorphic (H,NL[2]);

a, f
d7

Permutation group g acting on a set of cardinality 2

f:=quo<G2|NL[2]>

Order = 2

Id(q)
Id(q)
(1, 2)
(1, 2)

NLg:=NormalLattice (q) ;
X:=AbelianGroup (GrpPerm, [2]);

S:i=

IsIsomorphic (X, q);

=Transversal (G2,NL[2]);

ff(T[2]) eq g.3;
K:=T[2];

/%

(1, )(2 7)(3, 9) (5,
(15, 23) (1 27) (19,
(26, 38) (2 42) (30,
(40, 43) (4 49)

*/

Arr
for
for
if
if
if
if
if
if
if
if

12) (6, 14) (8,
31) (20, )(21
44) (36, 45)(

Sch:=SchreierSystem (NN, sub<NN | Id (NN)
ayP:=[Id(N): i in [#N]];
i in [2..#N] do P:=[Id(N): 1 in
j in [1..#Sch[i]] do
Eltseq(Sch[ 1)[3] eg 1 then P[J]:
Eltseqg(Sch[i]) [J] egq 2 then P[]j]:
Eltseq(Sch[i]) [J] egq 3 then P[]j]:
Eltseq(Sch[i]) [J] eq 4 then P[]]:
Eltseq(Sch[i]) [Jj] egq 5 then P[]j]:
Eltseq(Sch[i]) [Jj] eg 6 then P[]j]:
Eltseq(Sch[i]) [Jj] eg 7 then P[]j]:
Eltseq(Sch[i]) [Jj] eg 8 then P[]j]:
Eltseqg(Sch[i]) [Jj] egq -1 then P[]

if

4

>);

11) (1

33)
46)

>);

[1.

14

4

(25,
(39,

.#Sch[1i

end
end
end
end
end
end
end
end

22) (13,

34)
47)

1117

if;

if;
if;
if;
if;
if;
if;
if;

end 1f;

18)

173



if Eltseqg(Sch([i])[]j] eq -2 then
if Eltseg(Sch[i])[]J] eq —4 then
if Eltseqg(Sch[i])[]j] eq -5 then
if Eltseg(Sch[i])[]J] eq -6 then
if Eltseqg(Sch[i])[]j] eq -7 then
if Eltseqg(Sch[i]) []j] eg -8 then
end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PPxP[k]; end for;

ArrayP[1i] :=PP;

end for;

for 1 in [1..#N] do if ArrayP[i]
end if; end for;

/ *

a“k=e"-1 x a™-1 * e

*/

for i in [1..#N] do if ArrayP[i]
end if; end for;

/ *

b "k=b"-1

*/

for 1 in [1..#N] do if ArrayP[i]
end if; end for;

/ *

c"k=c’b

*/

for 1 in [1..#N] do if ArrayP[i]
end 1f; end for;

/ *

d’k=f"-1 » d » 7 » d"°-1

*/

for 1 in [1..#N] do if ArrayP[i]
end i1f; end for;

/%

e k=e"-1

*/

for i in [1..#N] do if ArrayP[i]
end if; end for;

/ *

f°k=9"-1 » d"-1 *« j
*/

for i in [1..#N] do

if ArrayP[i]

eq

eq

€q

eq

eq

eq

eq

=E"-1
=F"-1
:=I"-1
:=J"°-1

NIA"K

N!B K

N!C"K

N!D K

N!'E"K

N!F"K

N!I"K

; end
; end
; end
; end
; end
; end

then

then

then

then

then

then

then

if;
if;
if;
if;
if;
if;

Schli];

Schlil;

Schlil;

Schlil;

Schli];

Schlil];

Schlil;
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end 1if;
/ *
i"k=e"-2
x/

for i in
end 1if;
/ *

J k=c «*
*/

HH<a,b,c,d,e, f,1, j,k>:=Group<a,b,c,d,e, f,1,J,kla" 4

b"4

~
~
~

c
d
e
f
i
]
c
]

“=1
(b~
a *

£f7-1

end for;

* 1 x e"-1

[1..#N] do if ArrayP[i]

end for;

f Db

4

4

4

£f°-1 x ¢ * 7
* £7°=-1 * cC

1 » a™-1)"3

3°-1 % b -1
* e"-1 Db

14

* £°-1 ,

r

* a’-1 » 1 x e™—-1

* a’-1 « £7-1 x e

£f°-1 » J x cx ax 172 x a”-1 ,

i % 3% c*xb*x1i"2 x ¢,
f xb™-1 » d°-1 » ¢ » £°-1 « d ,

(b~ -
J
Cc x
f %
£f°2
(c =
]
(

eA_

1 » d°-2)7°2

14

* d"2 x ¢ * b2 x 3,
b™-2 » d » b™=-1 « £7°2 ,
b2 » d x b x 37-1 « b,

* d72 » £7-1 x b ,

i"=1 » d) "2

1 x a)™3,

e x a’ -2 * e -1

(e”—

1 » b"-1)"3

a x e -2 % d°-1

b *
e" -1

£f°-1 * e"-1
* b™"=2 * e

4

*x 1°-1 » d » a"-1 » j = 1 ,

a * b"2 » a’™-1

a~2 £,
b™-1 » £ x e ,
b + a2 » b™-1

f »b"-2 e « d'-1 1 » a"-1,

(e =

i xe)”2,

14

’

J°-1 « 1"-2 x e x a x i"2 » 3°-1 ,

(i°-
(i°-

1 » d°-1)"3
1 = d)"3,

14

4

14

eq N!J"K then Sch[i];

4
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J o b"-1 « 1 xdx a2 x e -1,

(i » e”=1)"3 ,

37=-1 x 1i°=-1 * 3 x b x 172 » £ ,

J7=1 % 1"-2 x J x e x 1 *x e ,

b™-1 » i"-2 » a2 » j°-1 » d » a"-1 ,
e”2 x b"-1 » a"-1 » d°"-1 » a » £ ,

b« a™-1 « b x a™ -1 xe x 1 *x e,

k~2,

a’k=e"-1 x a"-1 x e,

b k=b"-1,

c"k=c"b,

d k=f"-1 « d * j « d°-1,
e " k=e"-1,

f°k=93"-1 » d°-1 x 7,
i"k=e"-2 x 1 *x e"-1,
J°k=c « £ * Db

>

f,H,k:=CosetAction (HH, sub<HH|Id (HH) >);
IsIsomorphic (H,G2);
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Appendix F

MAGMA Code for Isomorphism
Type of

2*60155
(92 ) (yt7)2 (ytoy 2oy~ 1S

>~ 2°Myo : 2

G<x,y,t>:=Group<x,y,t|x"2,y76, (y*x*xy " —1%x) "2, (xxy~-1) "5,
t~2,
(t, (y » x x y)~2),

(y*t"(y"3 * x)) "4,
(yxt™(x)) "2,

(y*t™(x » yv"-2 « x x y"—=1))"8
> .

f1,G1l,kl:=CosetAction (G, sub<G|x,y>);

G1l;

Permutation group Gl acting on a set of cardinality 3168
Order = 380160 = 278 %« 373 = 5 % 11

SL:=Subgroups (G1l) ;

/*This is the set of subgroups.x/

T:={x‘subgroup : x in SL};

/+*These are all the subgroups that give faithful permutation



representation.*/

TrivCore:={H:H in T

| #Core (G1, H)

eq 1};

/+*Now we want minimal degreex/

mdeg := Min ({Index (Gl,H)

:H in TrivCore}l);
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/+*We want all the subgroups that give way to minimum degree.x/

Good := {H: H in TrivCore|
#Good;

H := Rep(Good);

#H;

£f,G2,K := CosetAction (Gl,H);

IsIsomorphic (G1l,G2);

G2;

Permutation group G2 acting on

Order = 380160 = 2°8 » 373 * 5 * 11

(1, 2)(3 6) (4, 5) (7, 12) (8, 15) (9, 16) (10, 19) (11, 21)
(13, 24) (1 27) (17, 31) (18, 34) (20, 36) (22, 37) (23, 32)
(25, 30) (2 40) (28, 29) (33, 42) (35, 41) (38, 44) (39, 43)
(45, 47) (4 48)

(l, 3, 7, 13, 25, 2) (4, 5, 9, 17, 32, 21) (6, 10, 18, 34,
41, 30) (8, 15, 20, 11, 16, 29) (12, 22, 37, 24, 39, 42) (14
28, 36, 44, 460, 48) (19, 35, 43, 45, 47, 33) (23, 38, 27,
31, 26, 40)

(1, 4) (2, 5)(3, 8) (6, 11) (7, 14) (9, 18) (10, 20) (12, 23)
(13, 26) (15, 19) (16, 30) (17, 33) (21, 35) (22, 32) (24, 31)
(25, 36) (27, 39) (28, 34) (29 1) (37, 44) (38, 42) (40, 43)
(45, 48) (46, 47)

CompositionFactors (G2);
G

Cyclic(2)

M12

Cyclic(2)

Index (G1l, H)

eq mdeg};

a set of cardinality 48
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NLG2 :=Normallattice (G2);
Center (G2) ;
Center (G2) eqg NLG2[2];

Permutation group acting on a set of cardinality 48
Order = 2

(1, 5) (2, 4) (3, 9) (6, 16) (7, 17)(8, 18) (10, 29) (11, 30)
(12, l)(13 32) (14, 33) (15, 34) (19, 28) (20, 41) (21, 25)
(22, 26) (2 ) (27 2) (35, 36) (37, 40) (38, 39) (43, 44)

)

(45, 46)(47,
Normal subgroup lattice

[7] Order 380160 Length 1 Maximal Subgroups: 4 5 6
[6] Order 190080 Length 1 Maximal Subgroups: 3

[5] Order 190080 Length 1 Maximal Subgroups: 2 3
[4] Order 190080 Length 1 Maximal Subgroups: 3

[3] Order 95040 Length 1 Maximal Subgroups: 1

[2] Order 2 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:

gl, f£f1:=quo<G2|NLG2[2]>

Permutation group gl acting on a set of cardinality 144
Order = 190080 = 2"7 = 373 » 5 « 11
SL:=Subgroups (gl) ;

/*This is the set of subgroups.sx/

={x‘subgroup : x in SL};

/+*These are all the subgroups that give faithful permutation
representation.*/

TrivCore:={H:H in T |#Core(gql,H) eq 1};
/+*Now we want minimal degreex/

mdeg := Min({Index(gl,H):H in TrivCore});



/+*We want all the subgroups that give way to minimum
degree. x/

Good := {H: H in TrivCore| Index(gl,H) eq mdeg};
#Good;

H := Rep(Good);

#H;

f,G3,K := CosetAction(gl,H);

s,t:=IsIsomorphic(G3,q9l);

G3;
Permutation group G3 acting on a set of cardinality 24
Order = 190080 = 27 = 373 » 5 « 11

(1, 2)(3, 6) (4, 8)(5, 9)(7, 12) (10, 13) (11, 1le) (14, 21)
(15, 22) (17, 23) (18, 20) (19, 24)

(, 3, 7, 9, 8, 2) (4, 6, 11, 17, 23, 15) (5, 10, 14, 12,
19, 24) (13, 20, 18, 21, 16, 22)

(1, 4) (2, 5)(3, 8) (6, 12) (7, 9) (10, 15) (11, 18) (13, 21)
(14, 20) (16, 22) (17, 23) (19, 24)

CompositionFactors (G3);

G
| Cyclic(2)
*

| Ml12

1

NLG3:=NormallLattice (G3);
Normal subgroup lattice

[3] Order 190080 Length 1 Maximal Subgroups: 2
[2] Order 95040 Length 1 Maximal Subgroups: 1
[1] Order 1 Length 1 Maximal Subgroups:
Generators (NLG3[2]) ;
(1, 17) (2, 9) (3, 10) (4, 24) (5, 16) (6, 8) (7, 18) (11, 22)

(12, 21) (13, 15) (14, 19) (20, 23),
(3, 10, 12) (4, 9, 11) (5, 13, 17) (6, 19, 15) (7, 18, 14)
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(21, 23, 22)

BB:=G3!NLG3[2].1;
CC:=G3!NLG3[2].2;
N:=sub<G3|BB, CC>;
N eqg NLG3[2];

G4, ff2:=quo<G3 |NLG3[2]>;

TG3:=Transversal (G3,NLG3[2]);

ff2(TG3[2]) eqg G4.1;

TG3[2];

(L, 2)(3, 6) (4, 8)(5, 9) (7, 12) (10, 13) (11, 16) (14,
(15, 22) (17, 23) (18, 20) (19, 24)

AA:=TG3[2];

NN<b, c>:=Group<b,c|b”2 ,

c™3,

(b » ¢™=1)"11 ,

(c » b » ¢c™=1 « b)) 6 ,

(c b xc™-1 b xc b *c*b*xc*+b*c'-1 %
b xc*bc’™-1 b *c’-1 b xc’-1 * Db)"2,
(c™1 » b » c™1 « b c *= b x c *x b) 5>

Sch:=SchreierSystem (NN, sub<NN| Id (NN)>) ;
ArrayP:=[Id(N): i in [#N]];
for i in [2..#N] do P:=[Id(N): 1 in [1..#Sch([i]]1];

for 7 in [1..#Sch[i]] do

if Eltseqg(Sch[i]) []j] eg 1 then P[]j]:=BB; end if;

if Eltseg(Sch[i])[]J] eq 2 then P[]j]:=CC; end if;

if Eltseqg(Sch([i]) [j] eq -2 then P[]J]:=CC"-1; end if;
end for;

PP:=Id(N);

for k in [1..#P] do
PP:=PPxP[k]; end for;
ArrayP[1i] :=PP;

end for;

for 1 in [1..#N] do if ArrayP[i] eg N!CC"AA then Schl[i];

end i1if; end for;
/ *

c a=

c b xc*xb*xc’-1 xDb+c’-1 Db *c*bxc*+b*+c' -1
* b x ¢c™=1 b » ¢"-1 * b * ¢c™-1 * b * ¢ * b x c * b *x c™-1

* b x c * b *x c™-1

21)

181



*/

for 1 in [1..#N] do if ArrayP[i] eg N!BB"AA then Sch[i];
end if; end for;

/ *

b a=

c*b*xc*+bxc’™-1 xb+cx*xbxc’-1xb*c’-1 % Db *

c’™-1 x b xc’™-1 b *c*b+xc*Db*c*b+xc*rDb*c' -1

* b xc x b * c’-1 xb » ¢c™-1

*/

HH<a, b, c>:=Group<a, b, c|

b"2 ,

c"3 ,

(b = ¢”=1)"11 ,

(c » b + ¢c"™=1 » b)"6 ,

(c b xc’-1 b xcxDbxc*xbxcx*bxc'-1x

b xcxb*xc' -1 xb *xc’-1 b *xc’-1 % Db)"2,

(c™1 b « ¢c™1 b xc b+ c * b)~5,

a2,

c"a=

cC * b *xc*Db*c’-1 «Db*c*bx*xc’-1 b *xc’-1*Db *
c’™=1 x b x c *x bx cx b xc’-1 xb xc*xDbxc'-1 x Db %
c’™=1 x b x c™=-1 » b x c % b,

b a=

cxbxcxbxc’™-1 xb*xcxbxcxbxcx*xbxc'-1
* b xc*b*xcx*xbxc'-1 xbxc'-1 xbxcx*xbxc' -1
* b * c’=1 « b * c’-1 b * c *b x c™=-1 x b x c™=-1>;

f2,H,k2:=CosetAction (HH, sub<HH| Id (HH)>);
IsIsomorphic(gl, H);

T:=Transversal (G2, sub<G2 |NLG2[2]1>) ;

f£f1(T[2]) eq gl.1;
f£f1(T[3]) eq gl.2;
ffl(T[4]) eq gl.3;

=T[2]; B:=T[3]; C:=T[4];
A;

(1, 2)(3, ©6) (4, 5) (7, 12)(8, 15)(9, 1o6) (10, 19) (11, 21)
(13, 24) (14, 27) (17, 31) (18, 34) (20, 36) (22, 37) (23,
32) (25, 30) (26, 40) (28, 29) (33, 42) (35, 41) (38, 44)
(39, 43) (45, 47) (46, 48)

B;
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(x, 3, 7, 13, 25, 2) (4, 5, 9, 17, 32, 21) (6, 10,
39, 42)

41, 30) (8, 15, 20, 11, 16, 29) (12, 22, 37, 24,

18, 34,

(14, 28, 36, 44, 46, 48) (19, 35, 43, 45, 47, 33) (23,

38, 27, 31, 26, 40)

C;

(1, 4) (2, 5)(3, 8)(6, 11) (7, 14) (9, 18) (10,
(13, 26) (15,

31) (25, 36) (27, 39) (28, 34) (29, 41) (37, 44) (38,

(40, 43) (45, 48) (46, 47)
Order (A) ;

Order (B) ;

Order (C) ;

Order (B » A « B™=1 * A);
Order (B = A » B"=1 * A);
Order(B"-1 « A x Cx A);
Order (B"-1 =*C);

Order (A *B"-1);

Order (C =*A);

20) (12, 23)
19) (16, 30) (17, 33) (21, 35) (22, 32) (24,

42)

Order (B"-1 = C « B"-2 » A * B2 » C = B"2 » A « B™"-1);

(CxA) "5 eq NLG2[2].2;

GG<a, b, c,d>:=Group<a, b, c,d|
a2,

6/
2,

2/

b a*b'-1 a2,
(b™-1 » a » ¢ * a)’2
(b*=1 * c) 4 ,

(a » b°™=1)"5 ,

(c = a)”~b5=d ,

~
~

b
c
d

(

4

b1 ¢ * b™-2 * a x b2 « ¢ » b2  a » b™-1,

(a,d), (b,d), (c,d)
>;

f4,GG, k4 :=CosetAction (GG, sub<GG|Id (GG)>);
IsIsomorphic (G2, GG);
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Appendix G

MAGMA Code for Isomorphism
Type of G = (4 x 2) :* 22

G:=TransitiveGroup(8,16);

/%

Permutation group N acting on a set of cardinality 8
Order = 32 = 275

x/
CompositionFactors (G);
G
| Cyclic(2)
*
| Cyclic(2)
*
| Cyclic(2)
*
| Cyclic(2)
*
| Cyclic(2)
1

NL:=Normallattice (G);

Normal subgroup lattice

[12] Order 32 Length 1 Maximal Subgroups: 9 10 11

[11] Order 16 Length 1 Maximal Subgroups: 7



[10] Order 16
[ 9] Order 16
[ 8] Order 8
[ 71 Order 8
[ 6] Order 8

[ 5] Order 4
[ 4] Order 4
[ 3] Order 4
[ 2] Order 2

[ 1] Order 1

for i in [1..#NL]

end for;

Length
Length

Length

Length 1

Length

Length

Length 1

Length

Length

Length

NL7:=NormallLattice (NL[7]);
X:=AbelianGroup (GrpPerm, [4,2]);
X:=DirectProduct (NL7[3],NL7[7]1);

s:=IsIsomorphic (X,NL[7])

(NL[7]);

4

Maximal
Maximal

Maximal
Maximal
Maximal
Maximal
Maximal
Maximal

Maximal

Maximal

Subgroups: 7
Subgroups: 6 7
Subgroups: 3
Subgroups: 3 4
Subgroups: 3
Subgroups: 2
Subgroups: 2
Subgroups: 2

Subgroups: 1

Subgroups:

do if IsAbelian(NL[i]) then 1i;

end 1f;

Permutation group acting on a set of cardinality 8

Order = 8 = 273

(1, 3, 5, 7)
(2, 6) (4, 8)
(1, 5) (3, 7)

(1

(1

C:
D:
E:
N:=sub<G|C,D,E>;

g, ff:=quo<G|NL[7

d7

(2, 4,

G!(1, 3, 5, 7)(2, 4,
G! (2, 6) (4, 8);
G!' (1, 5)(3, 7);

1>;

6,

6,

8);

Permutation group g acting on a set of cardinality 4

Order = 4 = 272
(1, 2) (3, 4)
(1, 3) (2, 4)

NLg:=NormalLattice (q);

Normal subgroup lattice
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[5] Order 4 Length 1 Maximal Subgroups: 2
[4] Order 2 Length 1 Maximal Subgroups: 1
[3] Order 2 Length 1 Maximal Subgroups: 1
[2] Order 2 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:

X:=AbelianGroup (GrpPerm, [2,2]);
s:=IsIsomorphic (X, q);

HH<a, b>:=Group<a,bla”2,b"2, (axb) "2>;
f1,H,kl:=CosetAction (HH, sub<HH|Id (HH)>);
IsIsomorphic (X, H);

T:=Transversal (N,NL[7]);

f£(T[2]) eq g.1;
f£(T[3]) eq g.2;

A:=T[2];

/ *

(2, 6) (3, 7)

*/

B:=T[3];

/ *

(1, 2, 3, 4, 5, 6, 7, 8)
x/

FPGroup (NL[7]);

NN<c, d, e>:=Group<c, d, e|
da~2,

e” 2,

c™4,

d * c”2 xe,

c”=1 x dx c*d>;

f1,H,kl:=CosetAction (NN, sub<NN|Id (NN)>);
IsIsomorphic (NL[7],H);

Sch:=SchreierSystem (NN, sub<NN|Id (NN)>) ;
ArrayP:=[Id(N): i in [#N]];

for 1 in [2..#N] do P:=[Id(N): 1 in [1..#Sch[1]]1];

for 7 in [1..#Sch[i]] do

3
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if Eltseq
if Eltseq
if Eltseq
if Eltseq
end for;
PP:=Id (N);
for k in [1..#P] do
PP:=PPxP [k
ArrayP[1] :=PP;

end for;

1
]

.#N] do

for;

for 1 in [1.
end i1if; end
/ *

cta=c”-1

*/

for i in [1.
end 1if;
/ *
c"b=c
*/

for 1 in [1.
end 1if;
/ *
d"a=d
x/

for 1 in [1.
end if; end
/ *

d"b=e

*/

for i in [1.
end 1if;
/ *
e"a=e
*/

for 1 in [1.
end if;
/ *

e " b=d
*/

. #N]

for;

do
end

. #N]

for;

do
end

.#N] do

for;

.#N] do

end for;

.#N] do

end for;

Order (A) ;
2

eq 1 then P
eq 2 then P
eq 3 then P
eqg -1 then

; end for;

if ArrayP[i]

if

ArrayP[1i]

if

ArrayP[1i]

if

ArrayP[i]

if

ArrayP [i]

if ArrayP[i]

[
[
[
P

j]
J]
j]
[J
eq
eq
eq
eq
eq

€q

:=C
:=D;
:=E

N!C"A
N!C"B
NI!D A
N!D"B
N!E"A

N!E"B

; end
end
; end
]:=C"-1;

if;
if;
if;
end

then

then

then

then

then

then

if;

Schli];

Schlil];

Schlil;

Schli];

Schli];

Schlil];
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Order (B) ;

8

Order (AxB) ;
8

for i,k in [0..1] do for j in [0..7] do if
T[3]"2 eq C"i«D"j*E"k then i, j, k;

break; end if; end for;end for;

/*1 0 0x/

for i,k in [0..1] do for j in [0..7] do if
(T[2]*T[3]) "2 eq C"i«D"J*E"k then i, j, k;
break; end if; end for;end for;

/*1 0 1x/

HH<a, b, c,d,e>:=Group<a,b,c,d,ela”2,b"2=c, (axb) "2=cxe,
d~2,

e” 2,

c™4,

d = c”2 *e,
c”=1 x dx c%*d,
c"a=c”" -1,
c"b=c,

d"a=d,

d " b=e,

e a=e,

e "b=d >;

fl1,H,kl:=CosetAction (HH, sub<HH|Id (HH)>);
IsIsomorphic (G, H);
true
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