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The Cayley graph summarizes the information listed above.

Figure 5.2: Cayley graph of S,(8) over (13 :4)
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Chapter 6

Double Coset Enumeration over a

Maximal Subgroup

In this chapter we will construct a double coset enumeration over a maximal

subgroup with a progenitor factor by additional relations.

6.1 Construction of 2 x PGLy(27) over M = 2°(13: 2)

Definition 6.1. Let G be a group and H < G. H is a maximal subgroup of G if
there is no normal subgroup N < G such that H < N < G. [Rot95]

6.1.1 Double Coset Enumeration of G

In order to construct a double coset enumeration we have to consider on obtain-
ing the homomorphic image by factoring the progenitor 2*'3 : (13 : 2) by the relations
((z*)tt*)3, and ((2%)tt*)? denoted by:

(2,9, tly? (27 )% 271,
t2

(ty2?), ((ah)#7)%, ((2°)tt7)?)
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and N = (13:2) =
(@, yly?, (a7 y)? a1
Then,
2¢13 (13 : 2)
((z)tr)?, ((x9)ttr)?
Let z ~ (1,2,3,4,5,6,7,8,9,10,11,12,13) and y ~ (1,12)(2, 11)(3, 10)(4,9)(5,8)(6,7),

where t ~ t; and 7 = z.

G = ~ 2 x PGLy(27).

The first relation, ((x*)tt%)3 or (wt1t2)3, is expand as follow:

(mtite)3 =1

T (t1ts)™ (trte)"tits =

T Tty =
7r3t§1’9’4"")t(21’9’4’12’7’2’10"')t(11’5’9’13"")tg1’5’9""2’6’10)t1t2 _
totiotstetits =

(1,13,12,11,10,9,8,7,6,5,4,3, 2)tot1otstt 1t = 1
(1,13,12,11,10,9,8,7,6,5,4, 3, 2)tot1ots = totite

Expand second relation (8t1t%)? where 3 = 25

(Btit?)* =e
(Btits)? =
52(t1t2)6t1t2 =
B2ttty = €
(1,13,12,11,10,9,8,7,6,5,4, 3, 2)trtst s = e
(1,13,12,11,10,9,8,7,6,5,4, 3, 2)t7ts = tot;

There is one more thing to consider, let M be the maximal subgroup generated
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by the control group N = (13 : 2) and ytztztyt = t7t11t12t; since

yta:4ta;tyt

ytm4ta:yy_ltyt

ytattaytVt

ytat (zy) (zy) ~Htaytit
ytadyt @y
y(@®y)(a°y) " (2 )
y(m‘r’y)t(ISy)t(xy)tyt

(1,9,4,12,7,2,10,5,13,8,3, 11, 6)t7t11t12t1.
Likewise, txtytaztytady = tototy. Thus,
M = <N, t7t11t12t1,t9t2t9> == 2‘(13 : 2) where|M| = 104.

Then M is the subgroup.
Now that we have obtain the homomorphic image and maximal subgroup we can start
constructing the a manual double coset enumeration of G over the maximal subgroup,

M and N. Let w be a word in t;s and [w] be the double coset, MwN.
MeN

The process on constructing a manual double coset, we begin with the first dou-
ble coset MeN = {Ne"|neN} denotes by [*]. In this double coset there is only one single
coset, namely M. The coset stabiliser of M is N and is transitive on {t1, t2, t3, t4, t5, tg, t7,
ts, to, t10,t11,t12,t13}. Thus, has a single orbit {1,2,3,4,5,6,7,8,9,10,11,12,13}. Take
a representative from the single orbit and do right multiplication to Me. Implies
Met; = Mt;N is a new double coset denoted as [1]. Since we have 13 elements on

the orbit, that means 13 things will go to the new double coset, [1].
Mt; N

Continuing with the double coset Mt; N, we find the point stabiliser N and

coset stabiliser N to determine the amount of single cosets that are in the new double
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coset [1]

N® > ((2,13)(3,12)(4,11)(5,10)(6,9)(7,8)).

Thus, the order of the coset stabiliser of N(1) denoted as [N)| = 2. So the number

of single cosets in N is Ul%‘)l = 2—26: 13. Now we find the orbits of N on the

transversals {1,2,3,4,5,6,7,8,9,10,11, 12,13} which are:

O ={1},{2,13},{3,12},{4, 11}, {5,10},{6,9}{7, 8}

Take a representative t; from each orbit to determine if any double cosets Mtit; are

new.

Mtity = Me, € [%](1 loop back)
Mttty € [12],
Mtyts € [13],
Mtity € [14],
tits = atyzytrtiitiatitsts
— Mtits = Mtgtg € [13]
(since {N(t1t3)"|n € N} and zyz ytrti1tiot; € M),
Mtits € [16],
tity = ya~'yPaytitiotintistintiotity
= Mtity = Mty € [1](2 loop back)

(since {N(tl)”|n € N} and yl’_1y21‘yt1t12t11t13t11t12t1 € M)

After multiplying on the right by an element from each orbit, we get new double cosets
with the following double cosets Mtito N, Mt1tsN, Mtit4N, and MtitgN single coset
representatives, Mtito, Mtits, Mtity, and Mtitg. We labeled each single coset repre-
sentative as [12], [13], [14], and [16], respectively. And we checked and proved for those

double cosets that are equal to other existing double cosets.
Mtito N

From the previous work we were able to determine our new double cosets with
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the single coset representatives [12], [13], [14], and [16]. Continuing with our work we
start with the first double coset Mt1toN and find the coset stabilizer. But Mt;ts is not
distinct, since t1to = xtgtg where Mtgotg € Mt ts. Now M(tltg)(1’9)(2’8)(3’7)(4’6)(10’13)(11’12)
— Mtgtg. Hence, (1,9)(2,8)(3,7)(4,6)(10,13)(11,12) ¢ NU?). Therefore:

NU2) > ((1,9)(2,8)(3,7)(4,6)(10, 13)(11, 12))

Thus the order of N2 = 2 therefore, the number of single cosets in MtitoN is

—N](\{Q) :% = 13. Now we find the orbits of N(12) on thirteen letters t1,to, t3, tg, ts, tg, t7, ts,

tg,t10,t11, t12, t13 which are:

O = {5},{1,9},{2,8},{3,7},{4,6},{10,13}, {11, 12}

Now we take a representative from each orbit and we do right multiply to the single

coset Mttty and check if we get new double cosets.

Mtitots € [125]
Mtitoty = 1d(G)titiatintistintiztitists
— Mtitaty = Mtists € [16]
(since {N(tit)"|n € N} and 1d(G)t1t1at11t13t11t12t1 € M),
Mtytoty = Mty € [1]
Mtytats € [123]
Mtytaty € [124]
Mtitatio € [1210]
Mtitaty, € [1211]

After right multiply by an element from each orbit, the new double cosets Mtitats N,
Mtltgth, Mt1t2t4N, MtltgtloN, MtltgtllN with Single coset representatives Mtltgtg),
Mt1t2t3, Mt1t2t4, Mtltgtlo, Mtltgtn, denoted as [125], [123], [124], [1210], and [1211].

Mtitats N

Following the same process from above, the double coset Mtitots N has coset
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stabilizer of N(125) = N125 But Mt,tots is not distinct, since titots = xtgtgts where
Mt9t8t5 € Mt1t2t5. Now M(t1t2t5)(1’9)(2’8)(3’7)(4’6)(10713)(11’12) = Mt9t8t5. Hence, (1, 9)
(2,8)(3,7)(4,6)(10,13)(11,12) € N(125) Therefore:

NU25) > ((1,9)(2,8)(3,7)(4,6)(10,13)(11,12))

The order of N(!25) = 2. Thus the number of single cosets in Mt tats N is %zﬁ =

2
13. Now that we know 13 single cosets exist in [125] so we find the orbits of N5 on

thirteen letters. The orbits of

O ={5},{1,9},{2,8},{3,7},{4,6},{10,13},{11,12}
Take a representative from each orbit and do right multiply of the single coset Mtitats.

Mtytatsts = Mtits € [12]
Mtitotsts = atyztyadtatiitatitots
— Mtitotst; = Mtytots € [125]
(since {N(titats)"|n € N} and ztyztyxdtst ity € M),
Mtytatsty = ya'y zytrtistiitistitstotio
—s Mtitotsts = Mtgtotrs € [125]
(since {N(titats)"|n € N} and yx4y2xyt7t13t11t12t1 e M),
Mttatsts = zyz*y aytrtistintistitatrty
= Mtitotsts = Mtytrts € [141]
(since {N(titst1)"|n € N} and zyzty?eytrtistiitioty € M),
Mtytotsts = zyaty’mytrtistintiotitstets
—s Mtitotsty = Mtgtet, € [138]

(since {N(t1tsts)"|n € N} and zyzty zcytrtistiitiot; € M),
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Mtitatstio = yr'y>wytrtistitiatitstety
— Mtitatstio = Mtsteto € [147]
(since {N(titst7)"|n € N} and yxty’zytitistiitiot, € M),
Mtitotstyy = zyatyzty*tiststistatits
— Mtytatsty, = Mot ts € [1211]

(since {N(titat11)"|n € N} and zyxtyrty®tiotstis € M)

After checking if there are any new cosets, the results listen above tells us there are no
new double cosets. Therefore, we must check and prove which single cosets are equal to

other existing double cosets.
Mtytots N

Continuing with the new double coset Mttots N, we find the point stabiliser
N123 and coset stabiliser N123) to determine the amount of single cosets that are in the
new double coset [123].
N(123) > (e).

Thus, the order of the coset stabiliser of N(123) denoted as [N(?3)| = 1. So the number

(123) 45 % = %: 26. Now we find the orbits of N(123) on the

transversals {1,2,3,4,5,6,7,8,9,10,11, 12,13} which are:

of single cosets in IV

O = {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}{12}, {13}

Take a representative ¢; from each orbit to determine if any double cosets Mt totst;

exist.

Mtitotsty = yz~ 'y aytitistitistintistititats
— Mtitotst; = Mtitats € [123]
(since {N(titotz)"|n € N} and yz~y?zytitioti1tistiitiot, € M),
Mtytatsty = atya'yatitatotatiotstio

— Mtltgtgtg = Mtl()tstlo S [131]
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(since {N(titst1)"|n € N} and sryxtyztitatots € M),
Mtytatsts = Mtits € [12]
Mtitatsty = x'yaya’tatiitatotnts
—s Mtitotsts = Mtoty1ts € [138]
(since {N(titstg)"|n € N} and xtyzyaztytiity € M)
Mttatsts = 'y’ zmyaytstistitistitstiols
— Mtitotsts = Mtstiots € [131]
(since {N(titst1)"|n € N} and sty ryzytstiatitisty € M),
Mtitatsts = 2y wy’tetistatitiatiatist
— Mtytatste = Mtiotists € [124]
(since {N(titats)"|n € N} and 2oy xyttetistatitio € M),
Mtytatsty = xtiotetstststiotisty
—s Mtitotst; = Mtstiotists € [13610)]
(since {N (t1tsteti0)"|n € N} and 2°tiotetsts € M),
Mtytotsts = ay?zyxytstiatitistiitststio
— Mtytatsts = Mtststio € [146]
(since {N(titstg)"|n € N} and xty zyzytstiatitisty € M),
Mitytotste = xtatio
—s Mtitotsty = Mtatyo € [16]
(since {N(tit)"|n € N} and x € M),
Mtqtotstip = atyztyztatiitatetats
— Mtitotstio = Mtgtrts € [1210]
(since {N(titati0)"|n € N} and ztyxtyaztyty ity € M),
Mtytatstiy = atyatytitstitatsti
— Mtytatsty, = Mtotrtis € [1611]

(since {N(t1tgt11)"|n € N} and z*yztytitst; € M),
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Mitqtotstia = xSy2a2totstst tstattatsts
— Mtitotstis = Miotsts € [147]
(since {N(titst7)"|n € N} and x5y>x totgtst tstot; € M),
Mtitatstis = yo~ ty?zytitistirtistirtiatititats
— Mtytotstis = Mtityts € [145]

(since {N(t1t4t5)"|n S N} and yac_1y23:yt1t12t11t13t11t12t1 S M)

After multiplying on the right by an element from each orbit, there are no new double
cosets. Thus we have checked and prove for those double cosets that are equal to other

existing double cosets.
Mttty N

Moving on with the new double coset Mtitot4N, we find the point stabiliser
N124 and coset stabiliser N12%) to determine the amount of single cosets that are in the
new double coset [124]. But Mt;taty is not distinct, since tytoty = tgtsts where Mtgtsts
€ Mtitoty. Now M (tytoty)(LOESETINEI)OM) — Nrggtsts.
Hence, (1,6)(2,5)(3,4)(7,13)(8,12)(9,11) ¢ N(124),

N2 >V(1,6)(2,5)(3,4)(7,13)(8,12)(9, 11){.

Hence, the order of the coset stabiliser of N(1?4) denoted as |[N12%| = 2. So the number

of single cosets in N(124) ig % = ?: 13. Now we find the orbits of N(124) on the

transversals {1,2,3,4,5,6,7,8,9,10,11, 12,13} which are:

O ={10},{1,6},{2,5},{3,4},{7,13}, {8,12}, {9, 11}

Take a representative ¢; from each orbit to determine if any double cosets Mt totyt;

exist.

Mtitotatry = atyatyzttstiotstistrtsts
= Mtitotstio = Mitrtgts € [1210]

(since {N(titat19)"|n € N} and shyatyzitstiatstis € M),
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Mtitataty = zya >y’ o~ ytstatitistatistiatstatio
— Mtitatst; = Mtstotys € [147]
(since {N(titst7)"|n € N} and xyz2y?x tytstatitiztotiztiy € M),
Mtitatsts = 2y wy tetistatitiotrtats
—s Mtitotsty = Mtrtsts € [145]
(since {N (titsts)"|n € N} and z5y*xy’tetiztatitin € M)
Mtytataty = Mttty € [12]
Mtitataty = ya'y*eytrtistitistitutoti
— Mtytatst; = Mtyitotys € [1313]
(since {N(titsti13)"|n € N} and yrtylrytrtistintioty € M),
Mitqtatats = 2Py2a3tgtotatstitstats
— Mtitatyts = Mtststs € [123]
(since {N(titot3)"|n € N} and x5y>x3tstotytsty € M),
Mtitotaty = atyrtyadtatiitatgtats
—s Mtitotsty = Mtgtsts € [1211]

(since {N(titat11)"|n € N} and sryatyadtatiits € M)

After multiplying on the right by an element from each orbit, there are no new double
cosets. Thus we have checked and prove for those double cosets that are equal to other

existing double cosets.
Mtltgtl()N

Following the same process from above, the double coset Mt tat10/N has coset
stabilizer of N(210) = N1210 — ((1,7)(2,6)(3,5)(8, 13)(9,12)(10,11)). Since t1tat1o =
Ttrtgt1y where Mtrtgt1r € Mtitatig. Now M(tltgtlo)(1’7)(2’6)(3’5)(8’13)(9’12)(10’11)
= Mtqtgty;. Hence, (1,7)(2,6)(3,5)(8,13)(9,12)(10,11) e NU210), The order of N(1210)
= 2. Thus the number of single cosets in Mtitot19N is %:% = 13. Now that we
know 13 single cosets exist in [1210] lets find the orbits of N(1210) on thirteen letters.

The orbits are
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O ={4},{1,7},{2,6},{3,5},{8,13},{9, 12}, {10, 11}

Take a representative from each orbit and do right multiply to the single coset Mt1totigt;.

Mtitotiots = xSy2atotststitstatitstotin
Mtytatigts = Mtgtstiy € [124]
(since {N(titots)"|n € N} and x5y a totgtst tstoty € M),
Mtytatigty = ya~ 'y aytstitiatiitistintiat tstists
Mtitatioty = Mtststs € [1611]
(since {N(titeti1)"|n € N} and yr Yyt aytstitiatiitistiitiot € M),
Mtytot oty = taty
Mtytatigts = Mtsty € [13]
(since {N(tit3)"|n € N} and tst; € M)
Mtytotiots = a*yatyatstiatstiztintio
Mtytatigts = Mtiotiitio € [123]
(since {N(titotz)"|n € N} and xtyxtyzitstiots € M),
Mtytotiots = xtyto
Mtytatigts = Mtstg € [16]
(since {N(tits)"|n € N} and x € M),
Mtytotioty = ztyatya®tstiotststiots
Mtytatigty = Mitgtiots € [138]
(since {N (t1tsts)"|n € N} and zyztyxtstiots € M)

Mtltztlotlo = Mtity € [12]

After multiplying on the right by an element from each orbit, there are no new double

cosets. Thus we check and prove for those double cosets that are equal to other existing

double cosets.

Mtitot11 N

Continuing with the new double coset Mt tat11 N, we find the point stabiliser
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N1211 and coset stabiliser N121D) to determine the amount of single cosets that are in
the new double coset [1211].
N(l?ll) > <€>

Thus, the order of the coset stabiliser of N1 denoted as |N(12')| = 1. So the number

1211) g % = ?: 26. Now we find the orbits of N(1211) on

the transversals {1,2,3,4,5,6,7,8,9,10,11,12,13} which are:

of single cosets in N

O = {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}{12}, {13}

Take a representative t; from each orbit to determine if any double cosets Mtitoti1t;

exist.

Mtitatint = zyztyaty*tiststistotets
— Mtytatit, = Mtgtgts € [147]
(since {N(titst7)"|n € N} and zyztyzty’tiotstis € M),
Mtitatiity = x’ya’ywtitistiotiatatitists
— Mtitotyits = Mtists € [16]
(since {N(titg)"|n € N} and w2yxdyxtitiatiotiatat: € M),
Mtytatits = *ya’yatitiatiotiatatititn
— Mtitatits = M1ty € [14]
(since {N(t1ts)"|n € N} and x>yz3yztitiotiotiotat; € M),
Mtitotiits = 2y yrty*tiststiatetiotio
— Mtitatiits = Mtotiotis € [124]
(since {N(titats)"|n € N} and 22yxtyzty®tiotstis € M),
Mtitotiits = zyztyzty*tiststistatitnn
— Mtitotyits = Mtotity, € [125]

(since {N(titats)"|n € N} and zyztyziy®tiststis € M),
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Mtitot11tg = xtyaty
— Mtitatiits = Mtsty € [14]
(since {N(ti1ts)"In € N} and v € M),
Mtytotiity = 'y tistiitististitiatitatatso
= Mtitot11t7 = Mtytotio € [136]
(since {N(titstg)"|n € N} and 7y ot tiatistitie € M),
Mtitatints = 20y totststitstatitststio
— Mtytotiits = Mtststio € [138]
(since {N(titsts)"|n € N} and x5y*x*totgtstitstats € M),
Mtytotinty = 2y’ zy’tetistatitiatintits
= Mtitati1tg = Mtitits € [146]
(since {N(titst)"|n € N} and zoy>xy’tetistatitis € M),
Mtitatiitio = a'y*a’tstatatstitiatats
= Mititat11t10 = Mtyatats € [145]
(since {N(titsts)"|n € N} and xty>a3tgtottst; € M),
Mitytatyytyy = Miity € [12]
Mtytotiitia = x~ " tiototiotiat tatitotrts
— Mtitatiitio = Mtotrty € [138]
(since {N(titstg)"|n € N} and x~totot1ot19t1taty € M),
Mtitatiitys = ya®ytrtirtiatitotsy
= Mtytaot11t13 = Mtgt11 € [13]

(since {N(t1t3)"|n € N} and yz ytrtiitiot; € M)

After multiplying on the right by an element from each orbit, there are no new double
cosets. Thus we have checked and prove for those double cosets that are equal to other

existing double cosets.
Mtits N

Following the same process from above, the double coset Mt1t3/N has coset
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stabilizer of N(13) = N3 = (¢). The order of N(!3) = 1. Thus the number of single

cosets in Mt tsN is %z? = 26. Now that we know 26 single cosets exist in [13] lets

find the orbits of N(3) on thirteen letters. The orbits are

O = {1},{2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}{12}, {13}
Take a representative from each orbit and do right multiply to the single coset Mttst;

Mtytsty € [131],
Mtytsty = ™ tiotite
— Mtitsts = Mtiotiits € [1210]
(since {N (titat10)"|n € N} and 2~ € M),
Mtytsts = Mty € [1],
Mtytsty = yz ytrtritiotls
= Mttty = Mtg € [1]
(since {N(t1)"|n € N} and z3yz’ytrti1tiot, € M),
Mtytsts = aPyx ytrtitiatitetts
— Mtytsts = Mtgtrts € [1211]
(since {N(titat11)"|n € N} and 2dyxPytrtintiaty € M),
Mtitsts € [136],
Mtytsty € [137],
Mtytsts € [138),
Mtitsty = atyxtytatintatints
— Mtitsty = Mtiits € [16]
(since {N(titg)"|n € N} and ztyz ytstiity € M),
Mtitstio = z'y?ay tetistatitiatets
—s Mtitstio = Mtgty € [13]

(since {N(tit3)"|n € N} and x4y2:cy2t6t13t2t1t12 eM),
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Mttty = x°y*wy’tetistatitiatrts
— Mtitsty; = Mtrt, € [14]
(since {N(t1t4)"|n € N} and 2oy xyPtetistatitio € M),
Mtytstis = 2 totetststistints
—s Mtitsts = Mtistiits € [136]

(Since {N(tltgtg)"]n S N} and $9t10t6t5t3 S M),Mtltgtlg S [1313]

After right multiply by an element from each orbit, the new double cosets Mt tst1 N,
Mtitstg N, Mtitst; N, Mtitsts N, Mtitst13 N with single coset representatives are
Mtytsty, Mtitste, Mtitsty, Mtitsts, Mtitstis, denoted as [131], [136],[137], [138], and
[1313].

Mt tstq: N

Using the process from above, new double coset Mttst1 N, we find the point
stabiliser N13! and coset stabiliser N(131) to determine the amount of single cosets that

are in the new double coset [131].
N(131) > <€>

Thus, the order of the coset stabiliser of N(!31) denoted as |[N(131)| = 1. So the number
of single cosets in N(131) ig % = 2—16: 26. Now we find the orbits of N(331) on the

transversals {1,2,3,4,5,6,7,8,9,10,11, 12,13} which are:

O = {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}{12}, {13}

Take a representative ¢; from each orbit to determine if any double cosets Mt tstit;

exist.

Mtytstit, = Mtits € [13]
Mtytstits = etotio
—s Mtitstits = Mtatyo € [16]
(since {N(titg)"|n € N} and e € M),
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Mtitstits = x'y*wyaytstistitistiitetotin
— Mtytstits = Migtot1; € [146]
(since {N(titstg)"|n € N} and x 'y zyzytstiatitistyy € M),
Mtitstits = yo~ 'y zytitiatintistintiatititats
= Mtitstity = Mtiitstg € [1611}
(since {N(titeti11)"|n € N} and yr~ Yy zytitiatiitistintiots € M),
Mttstits = yr’ytiototiotiatitatitstst
—> Mtytstits = Miststs € [147]
(since {N(titst7)"|n € N} and yzytiototiotiotitat, € M),
Mtytstite = 2 tstiotists
— Mtytstite = Mtstiotists € [13610]
(since {N (titsteti0)"|n € N} and 2° € M),
Mitytstit; = yr~ 'y oytitistintistintistitrtsty
—s Mtytstit; = Mtrtst; € [137]
(since {N(titst7)"|n € N} and yz Yyt eyt tiotiitistiitiaty € M),
Mitqtstits = atyztytitstitstet
— Mtitstits = Mtstet; € [138]
(since {N(titstg)"|n € N} and ziyztytitst; € M),
Mtytstity = atyzyz®tatiitatiotots
= Mtitstitg = Mtiotgts € [123]
(since {N(titotz)"|n € N} and xtyxtyzdtyty ity € M),
Mtitstitiy = 2y’ ytrtintiatitrtio
= Mtitstitg = Mtrtis € [16]
(since {N(t1tg)"|n € N} and x*yx’ytstiitiaty € M),
Mtytstityn = zyz'y’aytrtistitisti tristy
= Mtitstit1, = Mtqtste € [123]

(since {N(titot3)"|n € N} and zyzty’zytrtistiitiot, € M),
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Mtitstitis = x tstatstitotatstes
— Mtitstitis = Mtitatatrts € [13610]
(since {N(titstet1o)"|n € N} and z"tgtsts € M),
Mtitstitis = 2°y*a tstatatstitistats
—s Mtitstitis = Mtyststy € [145]

(since {N (titsts)"|n € N} and 5y*2>tgtotytst; € M)

After multiplying on the right by an element from each orbit, there are no new double
cosets. Thus we have checked and prove for those double cosets that are equal to other

existing double cosets.

Mtqtstg N

Moving on with the new double coset MtitstgN, we find the point stabiliser
N136 and coset stabiliser N136) to determine the amount of single cosets that are
in the new double coset [136]. But Mttstg is not distinct, since titstg = x Stgtyty
where Mtgtat; € Mtitsts. Now M (titste)HOEDENTINEI)O1) — Nregrty. Hence,
(1,6)(2,5)(3,4)(7,13)(8,12)(9,11) e N(136),

N6 > ((1,6)(2,5)(3,4)(7,13)(8,12)(9, 11)).

Hence, the order of the coset stabiliser of N(136) denoted as |[N(136)| = 2. So the number

of single cosets in N(136) ig % = ?: 13. Now we find the orbits of N(136) on the

transversals {1,2,3,4,5,6,7,8,9,10,11, 12,13} which are:

O ={10}{1,6},{2,5},{3,4},{7,13},{8,12},{9, 11}

Take a representative ¢; from each orbit to determine if any double cosets Mt tstst;

exist.

Mtitstetio € [13610]
Mtltgt(;tl = :L'_6t6t4

= Mtitstgts = Mtgty € [13]
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(since {N(t1t3)"|n € N} and =% € M),
Mtytstety = x*ya ytrtitiatitisti
— Mtytstgts = Mtisty; € [13]
(since {N(t1t3)"|n € N} and x*yx’ytstiitiat; € M),
Mtitstets = ya~ 'y zytitiatintistintiotititats
— Mtytstets = Mtitstr € [147]
(since {N(titst7)"|n € N} and yz~ y?zytitioti1tistiitiot, € M),
Mtytstety = atya'ya®tstiotstotists
—s Mtitstet; = Mtot sty € [1313]
(since {N(titsti13)"|n € N} and aryztyrttstiots € M),
Mitqtstets = xty?a3tgtotatstitatistio
— Mtitstgts = Mtotist1o € [136]
(since {N(titstg)"|n € N} and xty>a3tstotytsty € M),
Mtitstety = zyztyzty®tiotstiotstatss
— Mtytstete = Mtststys € [1211]

(since {N(titat11)"|n € N} and zyxtyrty?tiststis € M)

After checking if there are any new cosets, the results listen above tells us there are no
new double cosets. Therefore, we must have checked and prove which single cosets are

equal to other existing double cosets.
Mt tsty N

For the new double coset MtitstzN we find the point stabiliser N'37 and

coset stabiliser N(137)

to determine the amount of single cosets that are in the new
double coset [137]. But Mttty is not distinct, since tit3t; = x°tat 3ty where Mtatystg
€ Mtltgt'z. Now M(t1t3t7)(1’2)(3’13)(4’12)(5’11)(6’10)(7’9) = Mt2t13t9. Hence,

(1,2)(3,13)(4,12)(5, 11)(6,10)(7,9) € NI37),
N > ((1,2)(3,13)(4,12)(5,11)(6, 10)(7, 9)).

Hence, the order of the coset stabiliser of N137) denoted as |N137)| = 2. So the number
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of single cosets in N(137) ig % = ?: 13. Now we find the orbits of N(137) on the

transversals {1,2,3,4,5,6,7,8,9,10,11, 12,13} which are:

O = {8}{1,2},{3,13}, {4,12}, {5, 11}, {6, 10}, {7, 9}

Take a representative t; from each orbit to determine if any double cosets Mt tstrt;

exist.

Mtytstrts = ya'y’aytrtistintiatititats
— Mtytstrts = Mtytsts € [145]
(since {N(titsts)"|n € N} and yrtylrytrtistintiat, € M),
Mtytstrty = yz~ 'y aytitistitistintiatitrtsty
— Mtitstrt; = Mtrtsty € [131]
(since {N(titst1)"|n € N} and yr~tylzytitistiitistintiats € M),
Mtytstrts = a2y tiatiitiotistitiatitiotioty
—s Mtitststs = Mtigtiate € [1313]
(since {N(t1tst13)"|n € N} and 7 2y>t1ot11t19t13t 112t € M),
Mtitstrty = 2’y ytrtutistitsts
= Mtitstrty = Mistg € [14]
(since {N(t1ts)"|n € N} and z3yz ytrtiitioty € M),
Mtytstrts = ya*ytiototiotiatitatitetotra
— Mtitstrts = Mtgtotys € [147]
(since {N(titst7)"|n € N} and yz ytiototiotiatitat; € M),
Mtqtstrtg = xPy>a3tgtotatstitatsty
— Mtytstrtg = Mtgtst, € [146]
(since {N (titstg)"|n € N} and z5y*2z>tgtotytst; € M)

Mttstrty = Mtits € [13]

After multiplying on the right by an element from each orbit, there are no new double

cosets. Thus we have checked and prove for those double cosets if they are equal to
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other existing double cosets.
Mt tsts N

Continuing with the new double coset Mtt3tgN, we find the point stabiliser
N138 and coset stabiliser N3 to determine the amount of single cosets that are in the
new double coset [138].
N(138) > (e).

Thus, the order of the coset stabiliser of N(13%) denoted as [N(3%)| = 1. So the number

(138) ig u\['(]:gs)‘ = %: 26. Now we find the orbits of N(138) on the

transversals {1,2,3,4,5,6,7,8,9,10,11, 12,13} which are:

of single cosets in IV

O = {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}{12}, {13}

Take a representative t; from each orbit to determine if any double cosets Mt tstst;

exist.

Mtitstgty = x*yztytitstitstets
— Mtytstst, = Mtstgts € [131]
(since {N(titst1)"|n € N} and z'yz ytitst; € M),
Mtitstgte = atyztyztototatrtsts
—s Mtitststy = Mtrtgts € [1210]
(since {N(titat10)"|n € N} and ztyztyztatets € M),
Mtytststs = 2y’ zy’tetistatitiatol te
— Mtitststs = Mtotitg € [1611]
(since {N(titgt11)"|n € N} and 2oy xyttetistatitio € M),
Mtytststy = v trtetatotso
—s Mtitstgty = Mtotys € [14]

(since {N(t1ts)"|n € N} and % tstty € M),
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Mttstgts = ya'y’vytrtististiatitistity
— Mtitstgts = Mtistits € [125]
(since {N(titats)"|n € N} and yxty’zytrtistiitioty € M),
Mtitststs = atyaywtatotatiotisty
—s Mtitststs = Mtiotiste € [1211]
(since {N(titat11)"|n € N} and sryatytototy € M),
Mtitstst; = 7~ Yty
— Mttstgt; = Mtyty € [16]
(since {N(titg)"|n € N} and z~' € M),
Mtytststs = Mtits € [13]
Mitqtststy = atyztytitstitetats
— Mtitststy = Mtgtsts € [123]
(since {N(titat3)"|n € N} and ziyztytitst; € M),
Mtytststio = atyztyz tstiotstrtioty
— Mtitstgtip = Mtrtioty € [141]
(since {N(titst1)"|n € N} and ztyztyatstigts € M),
Mtytstgtiy = z~ " tototiotiats tatr totstio
— Mtitststis = Mtotsts € [1211]
(since {N(titat11)"|n € N} and x tigtotiotiatitat; € M),
Mtitststis = yratyzty*tiststiotintits
— Mtitststio = Mtiitity € [147]
(since {N(titst7)"|n € N} and yraxtyztytiststys € M),
Mtytstgtis = ya ytrtotiotitsts
= Mtitstgti3 = Migts € [16]
(since {N(tits)"|n € N} and yz ytstotiot € M)

After checking if there are any new cosets, the results listen above tells us there are no

new double cosets. Therefore, we must have checked and prove which single cosets are
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equal to other existing double cosets.
Mt1t3t13N

For the new double coset Mt tst13N we find the point stabiliser N'313 and
coset stabiliser N(3313) to determine the amount of single cosets that are in the new
double coset [1313]. But Mttsti3 is not distinct, since titst;3 = x 3t1t1ots where
Mtitioty € Mtitstis. Now M (titsty3)213GIDEINE0)6G.9TS) — Ntitiaty. Hence,
(2,13)(3,12)(4,11)(5,10)(6,9)(7,8) e N(1313),

NU313) > ((2,13)(3,12)(4,11)(5, 10)(6, 9)(7, 8)).

Hence, the order of the coset stabiliser of N1%13) denoted as [N(313)| = 2. So the

IN(‘+|13)\ = %: 13. Now we find the orbits of

NU313) on the transversals {1,2,3,4,5,6,7,8,9,10,11,12,13} which are:

number of single cosets in N(1313) ig

O = {1}{2,13}, {3, 12}, {4, 11}, {5, 10}, {6, 9}, {7, 8}

Take a representative t; from each orbit to determine if any double cosets Mt tsti3t;

exist.

Mtitstist = yr'y*wytistintiatitrtats
— Mtitgtist; = Mtstats € [146]
(since {N(titstg)"|n € N} and yz'y’zytistiitinty € M),
Mtitstistis = Miyts € [13],
Mttstists = 2 2y>tiatintiatistitiotititiots
— Mtytgtists = Mtitiaty € [1313]
(since {N(titst13)"|n € N} and 7 2y>t1ot11t10t13t 112t € M),
Mtitstists = a0y totststititatitetot o
= Mtitstisty = Mtgtotia € [147]

(since {N(t1t4t7)"|n S N} and x6y2m2t9t8t3t1t1t2t1 S M),
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Mtitstists = yo'y*zytrtistintiatitetrte
— Mtitgtists = Mtgtrty € [124]
(since {N(titots)"|n € N} and yz'y’zytortistiitiot, € M),
Mtitstists = o~ 'y tiatintiotistitiotitstatys
— Mtytstists = Mtststis € [136]
(since {N (t1tste)"|n € N} and z~ 'y t1at11t1ot13t1t10t1 € M),
Mtytstisty = 272y tiatitististitistitetatss
— Mtytstisty = Mtgtstis € [137]

(since {N(t1t3t7)"]n € N} and $72y2t12t11t12t13t1t12t1 € M)

After multiplying on the right by an element from each orbit, there are no new double
cosets. Thus we check and prove for those double cosets if they are equal to other

existing double cosets.
MtityN

Continuing with the new double coset Mt1t4N, we find the point stabiliser
N and coset stabiliser N4 to determine the amount of single cosets that are in the
new double coset [14].

NID > ().

Thus, the order of the coset stabiliser of N denoted as |[N¥)| = 1. So the number

(14) ig |]\|[](YL)| = %: 26. Now we find the orbits of N on the

transversals {1,2,3,4,5,6,7,8,9,10,11, 12,13} which are:

of single cosets in N

O = {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}{12}, {13}
Take a representative t; from each orbit to determine if any double cosets Mtit4t; exist.

Mttty € [141]
Mtytyts = 2% trtetatstints
=—> Mtityto = Mtgti1ts € [141]

(since {N(titst1)"|n € N} and x'0t 1 trtgty € M),
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Mtitsts =z~ ti1t10ts
— Mtytsts = Mtiitiats € [1211]
(since {N(titat11)"|n € N} and 2~ € M),
Mtitsty = Mty € [1]
Mtytyts € [145]
Mtqtyte € [146]
Mtqtyty € [147]
Mtityts = a*y*zy’tetistatitiatatia
—> Mtytyts = Mtstis € [14]
(since {N(tits)"|n € N} and z*y*xy’tetistatitis € M),
Mtitatg = x"tstststitetsts
— Mtitsty = Mtgtstis € [138]
(since {N(titstg)"|n € N} and x"tgtstst; € M),
Mtitstig = 2°y*xy*tetistatitiotrts
= Mtytat1o = Mtrts € [13]
(since {N(t1t3)"|n € N} and x5y xy’tetistatitz € M),
Mtitatyy = 2Pyatyaty*tiststiotits
— Mtitsty = Mtity € [14]
(since {N(t1t4)"|n € N} and z*yztyzy®tiatstis € M),
Mtitatis = 2?ya’ytrtitiatitista
— Mtitstio = Mtit 5ty € [1211]
(since {N(titat11)"|n € N} and 22yxPytrtitis € M),
Mtitytry = 2°yx’yatitiatiotiatati titots
—s Mtitst13 = Mtiitots € [137]

(S’mce {N(t1t3t7)n”n € N} and x2y3:3yxt1t12t10t12t2t1 € M)

After right multiplying by an element from each orbit, the new double cosets Mtit4t1 N,
Mtytats N, Mtitytg N, Mtitst7 N with single coset representatives are Mt it t1, Mtitats,
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Mtitats, Mtitaty, denoted as [141], [145], [146], and [147].

Mttt N

For the new double coset Mt t4t1 N we find the point stabiliser IV 141 and coset
stabiliser N1 to determine the amount of single cosets that are in the new double
coset [141]. But Mtitaty is not distinct, since t1t4t] = tstots where Mtstots € Mtitaty.
Now M (tytat;) 1D 613)(TA2)(E1D0.10) — Nrpopots.
Hence, (1,5)(2,4)(6,13)(7,12)(8,11)(9,10) e N(141),

N > ((1,5)(2,4)(6,13)(7,12)(8,11)(9, 10)).

Hence, the order of the coset stabiliser of N1 denoted as |[N4Y| = 2. So the number

of single cosets in N1 ig % = ?: 13. Now we find the orbits of N(141) on the

transversals {1,2,3,4,5,6,7,8,9,10,11, 12,13} which are:

O = {3},{1,5},{2,4},{6,13},{7,12}, {8,11}, {9, 10}

Take a representative ¢; from each orbit to determine if any double cosets Mtit4t1t;

exist.

Mitytytity = Mtity € [14]
Mtytatity = atya'yztstiststirtots
— Mtitstits = Mtytoty € [138]
(since {N(titstg)"|n € N} and x'yztyztstiots € M),
Mtitatits = aty?a3tstotatstititaty
—s Mtitytits = Mtytsty € [141]
(since {N(titst1)"|n € N} and zy*2>tgtotyts € M),
Mtitytrts = x'yaya’tatyy tatstiot
— Mtitstits = Mtgtipts € [1611]

(since {N(titgt11)"|n € N} and sryztytatiity € M),
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Mttt it = etsty
— Mtitstity = Mtsts € [14]
(since {N(ti1t4)"|n € N} and e € M),
Mtytatits = ya'y eytrtistintistitistity
—s Mtitstite = Mtistity € [125]
(since {N(titats)"|n € N} and yrty?rytitistintiaty € M),
Mtitstity = yz~ 'y aytitistiitistintiotitrtaty
—s Mtitatit; = Mtrtsty € [147]

(since {N(t1t4t7)”\n S N} and yaf1y2myt1t12t11t13t11t12t1 S M)

After multiplying on the right by an element from each orbit, there are no new double
cosets. Thus we have checked and prove for those double cosets that are equal to other

existing double cosets.
Mt tsts N

Moving on with the new double coset Mt t4t5N, we find the point stabiliser
N5 and coset stabiliser N(14%) to determine the amount of single cosets that are in
the new double coset [145]. But Mt;t4t5 is not distinct, since t1tqts = xtotiatiy where
Mtotiotyy € Mtytsts. Now M (ttyts)H2DEIEGI)GEANG100T) — Mtototy;. Hence,
(1,2)(3,13)(4,12)(5,11)(6,10)(7,9) € N(145),

N > ((1,2)(3,13)(4,12)(5,11)(6, 10)(7, 9)).

Hence, the order of the coset stabiliser of N(14%) denoted as |N14%)| = 2. So the number

145) js W'{XJE))‘ = %: 13. Now we find the orbits of N(145) on the

transversals {1,2,3,4,5,6,7,8,9,10,11, 12,13} which are:

of single cosets in N

O = {8}{1,2},{3,13},{4,12},{5, 11}, {6, 10}, {7,9}

Take a representative t; from each orbit to determine if any double cosets Mtit4tst; exist.
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Mtytatsts = 2y’ zy’tetistatitiotitsts
— Mtytststs = Mtytst; € [137]
(since {N(titst7)"|n € N} and zhyPaytetistatitis € M),
Mtitytsty = 2”y’zy’tetistatitintatats
— Mtitstst; = Mtotyts € [131]
(since {N(titst1)"|n € N} and xz°y*xytetistatitiz € M),
Mtitatsts = atyztyztototatotitis
— Mtytststs = Mtatitys € [123)]
(since {N(titat3)"|n € N} and xtyztyatotots € M),
Mtytatsty = x°y°x tstatatstitistiats
— Mtytytsty = Mtygtiats € [1211]
(since {N(titat11)"|n € N} and zPy2a3tstotytsty € M),
Mtytatsts = Mtyty € [14]
Mtitytsts = 2y’ my tetistatitiotatsts
— Mtytatsts = Mtatsts € [124]
(since {N(titats)"|n € N} and 2oy xytttistatitio € M),
Mtitatst; = 2Btotstatatrtotiats
— Mtytatst; = Mtgtotiats € [13610]

(since {N(titats)"|n € N} and zoy>zy’tetistatitis € M)

After checking if there are any new cosets, the results listen above tells us there are no
new double cosets. Therefore, we must check and prove which single cosets are equal to

other existing double cosets.
Mtitstg N
For the new double coset Mtitstg N we find the point stabiliser N146 and coset

stabiliser N(6) to determine the amount of single cosets that are in the new double

coset [146]. But Mt tstg is not distinct, since titatg = x_6t13t10t8 where Mtistiots €
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Mt1t4t6. Now M(t1t4t6)(1’13)(2’12)(3’11)(4’10)(5’9)(6’8) = Mtlgtl()tg.
Hence, (1,13)(2,12)(3,11)(4,10)(5,9)(6,8) ¢ N(146).

N6 > ((1,13)(2,12)(3,11)(4, 10)(5, 9)(6, 8)).

Hence, the order of the coset stabiliser of N(16) denoted as |[N146)| = 2. So the number

146) jg W'{YJG)‘ = %: 13. Now we find the orbits of N(146) on the

transversals {1,2,3,4,5,6,7,8,9,10,11, 12,13} which are:

of single cosets in N

O = {7}1,13},{2,12}, {3, 11}, {4, 10}, {5,9}, {6, 8}

Take a representative t; from each orbit to determine if any double cosets Mtitytet;

exist.

Mtytatsty = ya'y azytrtistitioti trtste
—s Mtitatets = Mtrtsts € [1313)
(since {N(titst13)"|n € N} and yrty?rytrtistintiaty € M),
Mtytatety = 2°y*z*tiototiotiats tatitiototss
= Mtitytets = Mtiptotis € [137]
(since {N(titst7)"|n € N} and z°y*x3tiototiotiatitaty € M),
Mtitstets = ya’ytiotetiotiatitatitiototss
= Mtytately = Mtyotgtis € [1211]
(since {N(titat11)"|n € N} and ya’ytiototiotiatitat, € M),
Mtitatgts = v~ tiototiot1at1tat 1 tststs
— Mtytstets = Mtststs € [131]
(since {N(titst1)"|n € N} and x~*tyotot1ot1ot1tats € M),
Mtytatts = zyx*y*zytrtistirtistitiotinti
— Mtitstets = Mtioti1tis € [123]

(since {N(titat3)"|n € N} and zyzty?aytrtistiitiaty € M),
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Mt1t4t6t5 = l‘_ltltg
= Mtitytgts = Mtitg € [16]
(since {N(titg)"|n € N} and x~* € M)

Mt1t4t6t6 = Mtty € [14]

After multiplying on the right by an element from each orbit, there are no new double
cosets. Thus we have checked and prove for those double cosets that are equal to other

existing double cosets.

Mtityty N

Continuing with the new double coset Mtit4t7 N, we find the point stabiliser
N7 and coset stabiliser N147) to determine the amount of single cosets that are in the

new double coset [147].
N(147) > < €>'

Thus, the order of the coset stabiliser of N(17) denoted as |[N147)| = 1. So the number

of single cosets in N147) ig % = 2—16: 26. Now we find the orbits of N(*7) on the

transversals {1,2,3,4,5,6,7,8,9,10,11, 12,13} which are:

O = {1},{2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}{12}, {13}

Take a representative t; from each orbit to determine if any double cosets Mt tyt7t;

exist.

Mtitytrty =y~ 'y oytitiatintistintiotitstets
— Mtitstrt; = Mtstgts € [141]
(since {N(titgt1)"|n € N} and yr Yy aytitiatiitistiitiats € M),
Mitqtatrts = 2 yzttitstitatetn
— Mtytstrts = Mttty € [138]
(since {N(t1tsts)"|n € N} and zyzttitst; € M),

Mtytytrty = yx~ 'y?wytitiatintistintintititsts
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— Mtytytrts = Mtitsts € [136]
(since {N(t1tsts)"|n € N} and yz~ y?zytitiotiitistiitiot, € M),
Mtytatrty = yz*ytiotetiotiztitatitstets
—s Mtitatsts = Mtstgts € [131]
(since {N(titst1)"|n € N} and yzytiototiotiatitat, € M),
Mtitatets = vyz~2y*a " ytstatitistatistiotistits
— Mtitatsts = Mtistits € [124]
(since {N(titats)"|n € N} and zyx 2y?x Lytstotitistatistis € M),
Mtitatrte = atyryattstiotstitaty
— Mtytytrte = Mtitstr € [147]
(since {N (titst7)"|n € N} and z'yztyxitstiosts € M),
Mtytytrt; = Mtity € [14],
Mtitatrts = 2y zy’tetistatitiotrtets
—s Mtitatsts = Mtrtgts € [125]
(since {N(titats)"|n € N} and x5y23:y2t6t13t2t1t12 e M),
Mitytytrty = ya'yaty*tiatstiatolstia
= Mtitatstg = Mtgtgtia € [1211]
(since {N(titat11)"|n € N} and yrtyzty?tiatstis € M),
Mtytatrtio = x tiatiotrts
= Mtitstrt19 = Mtiotiotrts € [13610]
(since {N(t1tstet1p)"|n € N} and z° € M),
Mtitytrtn = a'yatyz’tatintatistits
= Mtityt7t11 = Mtistits € [123]
(since {N (titat3)"|n € N} and zyztyx3tsti ity € M),
Mtytatrtry = ya'tyaty*tiatstiototits
= Mtitatstio = Mtot11ts € [1313]

(since {N(titst13)"|n € N} and yrtyztyPtiotstis € M),
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Mtitatrtis = 25y’ vy tetistatitiatiotsts
= Mtitytrt13 = Mtyotgty € [137]

(since {N(titst7)"|n € N} and zoy*zy’tetistatitis € M)

After multiplying on the right by an element from each orbit, there are no new double
cosets. Thus we have checked and prove for those double cosets that are equal to other

existing double cosets.
Mtite N

Using the process from above, new double coset Mt tgN, we find the point
stabiliser N6 and coset stabiliser N19) to determine the amount of single cosets that

are in the new double coset [16].

N6 > ().

Thus, the order of the coset stabiliser of N6 denoted as |[N1%)| = 1. So the number

(16) |]\|[i\1[“3)| = ?: 26. Now we find the orbits of N6 on the

transversals {1,2,3,4,5,6,7,8,9,10,11, 12,13} which are:

is

of single cosets in N

O = {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}{12}, {13}
Take a representative t; from each orbit to determine if any double cosets Mt1tgt; exist.

Mtytety = tatq3ts
= Mtitgt; = Mtstists € [131]
(since {N(titst1)"|n € N} and e € M),
Mtytgty = a°yay’tetistatitiatstin
= Mtitgty = Mtst1 € [16]
(since {N(titg)"|n € N} and x5y zy’tetistatitis € M),
Mtytts = x*ya’ytrtintiotitatstio
—s Mt tgts = Mtotstys € [1211]

(since {N(titat11)"|n € N} and sryxPytrtintiaty € M),
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Mtytety = zya’ytrtiitiatstiots
— Mtitgts = Mitgtiots € [131]
(since {N(titst1)"|n € N} and zyxzdytrtiitis € M),
Mtytts = ™ Ht11t1aty
— Mtitgts = Mtyitiaty € [1210]
(since {N(titati9)"|n € N} and 2~ € M),
Mtytgte = Mty € [1]
Mtytgts = wtotitis
— Mtitgt; = Mtsttis € [123]
(since {N(titat3)"|n € N} and x € M),
Mtitets = x~ ' tit1aty
— Mtitgts = Mtitiaty € [138]
(since {N(titstg)"|n € N} and ' € M),
Mtiteto = 2tiotstststststy
—s Mtitgty = Mtgtgt; € [138]
(since {N(titstg)"|n € N} and ztigtetsts € M),
Mtitetio = 2 totsty
— Mttty = Mtotsty € [146]
(since {N(titste)"|n € N} and x° € M),
Mtitgty € [1611],
Mtitgtin = 2*tiat11tiatistitiata tate
— Mtitgtio = Mtstg € [13]
(since {N(t1t3)"|n € N} and x*tiat11t19t13t1t10t, € M),
Mtitetiz = z7 2y tistiitististitiatitisti
= Mtytgt13 = Mtist12 € [12]

(since {N(tltg)”]n S N} and {L‘_2y2t12t11t12t13t1t12t1 S M)

After right multiply by an element from each orbit, the new double coset Mt tgt11V
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with single coset representatives is Mt tgt11, denoted as [1611].
Mtqtgt11IN

For the new double coset Mt tgt11N we find the point stabiliser N'61 and
coset stabiliser N(161D) to determine the amount of single cosets that are in the new
double coset [1611]. But Mtitgti; is not distinct, since t1tgti1 = xt0tetststitiotstia
where Mtigtstis € Mtitgtyr. Now M (titgty))(HIOEAGANGOALIS) — Nt otstys.
Hence, (1,10)(2,9)(3,8)(4,7)(5,6)(11,13) ¢ N1611),

N > ((1,10)(2,9)(3,8)(4,7)(5,6)(11,13)).

Hence, the order of the coset stabiliser of N146) denoted as |N149)| = 2. So the number

146) jg \J\)(]Y‘JG)\ = ?: 13. Now we find the orbits of N(146) on the

transversals {1,2,3,4,5,6,7,8,9,10,11, 12,13} which are:

of single cosets in N

O = {12}{1,10},{2,9}, {3,8}, {4,7}, {5, 6}, {11, 13}

Take a representative t; from each orbit to determine if any double cosets Mtityti1t;

exist.

Mtitstirtis = zyx'ya'y*tiststiatitetin
— Mtitgtiitio = Mttty € [1611]
(since {N(titgt11)"|n € N} and zyztyztytiststis € M),
Mtitetints = 2 tiototiotistitatitiitioto
—s Mtitgtiit, = Mtiitigty € [123]
(since {N(titat3)"|n € N} and x~t1gtot 1ot 3t ot € M),
Mtytgtinty = zyz'y’ytrtistintistitrtiots
= Mtitgtiits = Mtstioty € [141]

(since {N(titst1)"|n € N} and wym4y2xyt7t13t11t12t1 eM),
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Mtqttiits = atyztyxtatotatststiy
— Mtitgtits = Mtststiy € [138]
(since {N(titsts)"|n € N} and xtyztyatatots € M),
Mtytetints = a'y wyaytstiatitistintrtsty
— Mtytgtiits = Mtqtst; € [131]
(since {N(titst1)"|n € N} and eryPryzytstiatitistyy € M),
Mtytetiits = ya'tyzty*tiatstiatstaty
= Mtitet11ts = Mtstyty € [1210]
(since {N(titatio)"|n € N} and yx'yzty’tiststis € M),

Mt1t6t11t11 = Mtltﬁ S [16]

After checking if there are any new cosets, the results listen above tells us there are no
new double cosets. Therefore, we must check and prove which single cosets are equal to

other existing double cosets.
Mtqitstgt10IN

Using the process from above, new double coset Mtitstgt19/N, we find the point

N13610 and coset stabiliser N (13610)

stabiliser to determine the amount of single cosets
that are in the new double coset [13610]. But Mttststio is not distinct, since t1t3tgt1o =
x_6t6t4t1t10 where Mt6t4t1t10 € Mt1t3t6t10. Now M(t1t3t6t10)(1’6)(2’5)(3’4)(7’13)(8’12)(9’11)

= Mtgtytityo. Hence, (1,6)(2,5)(3,4)(7,13)(8,12)(9,11) ¢ N(13610),
NU3610) > (1 6)(2,5)(3,4)(7,13)(8, 12)(9, 11)).

Thus, the order of the coset stabiliser of N(13610) denoted as |[N(13610)| = 2. So the

number of Sing]e cosets in N(13610) is % = %Z 13. Now we find the orbits of

N(13610) on the transversals {1,2,3,4,5,6,7,8,9,10,11,12,13} which are:

O = {10}, {1,6},{2,5},{3,4},{7,13}, {8, 12}, {9, 11}

Take a representative t; from each orbit to determine if any double cosets Mt tstgtigt;

exist.
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Mtytstetiotio = Mtytsts € [136],
Mtitstetiot; = 2 01 trtetatotsts
—s Mtitstetiot; = Mtotgts € [145]
(since {N(titsts)"|n € N} and 1%y trtety € M),
Mtitgtetiots = zya'y*eytrtistitistititiststy
— Mtitstetiots = Mty tiststy € [13610]
(since {N(titsteti0)"|n € N} and zyztyPaytotistintiot; € M),
Mtitstetiots = 2tiatote
— Mttstetiots = Mtiatots € [147]
(since {N(titst7)"|In € N} and z° € M),
Mtytstetioty = a®totstatatistiatiy
— Mtitstetioty = Mtistiotiy € [123]
(since {N(titat3)"|n € N} and xBtotststs € M),
Mtytstetiots = x ‘tigtiitis
— Mttstetiots = Mtistirtis € [131]
(since {N(titzt1)"|In € N} and ' € M),
Mtitstetiotin = yx ytrtotiotitistatis
—s Mtitstetiotys = Mtistatys € [131]

(since {N(titst1)"|n € N} and yzSytrtotioty € M)

After multiplying on the right by an element from each orbit, there are no new double
cosets. Thus, we have checked and prove for those double cosets that are equal to other
existing double cosets.

We have completed the double coset enumeration of G, since the set of right cosets is
closed under right multiplication. Thus the index of N in G is 378. We have concluded
the following:
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G=MeN UMt ;N UMtitoN U MtitsN U Mt1t4N U MtitgN U Mt tots N
UMtitotsN U Mttty N U Mtitot10N U Mitqtot11 N U Mtitsti N
UMtitste N U Mittst7N U Mittgts N U Mititgt1aN U Mititat1 N

UMtitgts N U MtgtatgN U Mtitatz N U Mtitgt11 N U MtitstgtioN

where
2*13 . (13 : 2)
G= =2 x PGLy(27).
(@, (@~ 2 Per e
Therefore,

Gle e N INL NN NN NN
- |N(1)| |N(12)| |N(125)] ]N(123)| |N(124)] ]N(1210)| ]N(1211)| |N(13)|
LN NN N INL NN

(N3] T NA36)| T N7 T Na88)| T N8 TN T | N (4D
SN N INL N NN
(N(45)| T N6 T N7 T N6 T NasI)] T N (13610))|
and

G| < (14+13+13+13+26+ 13+ 13426426+ 26 + 13+ 13+ 26 + 13+ 26 + 13 +
13+ 13 + 26 + 26 + 13 + 13) x 104
G| < 39312.

The Cayley graph summarizes the information listed above.
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Figure 6.1: Cayley graph of 2 x PGL(27) over M = 2°: (13 : 2)
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6.2 Construct of PSL3(3) over M = (13 : 3)

6.2.1 Double Coset Enumeration of G

Before we apply the double coset enumeration over a maximal subgroup, we
are going to factor the progenitor 2*!3 : 13 by a special relations, (z~*t)3, (2%t)*, and
(x=1t)*, denoted by:

(z,t}z™ 12,

and

So we obtained the homomorphic image:

G 2713 ~ PSL3(3)
@R @) Tt T
where z ~ (1,2,3,4,5,6,7,8,9,10,11,12,13) and ¢ ~ t;.

Let 7 = 2% = (1,10,6,2,11,7,3,12,8,4,13,9, 5), then the relation (z=*#;)3 = 1 can be

written as

1 = (mt1)3, which it can be expand:
(7Tt1)3 =1
T = 1
(1,2,3,4,5,6,7,8,9,10, 11,12, 13)tst10t1 = 1

titio = (1,2,3,4,5,6,7,8,9,10, 11,12, 13)tg

The second relations is written as follow:
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Let = 272

(Bt1)* =1

B Py =1

(1,6,11,3,8,13,5,10,2,7,12, 4, O)tstigtiots = 1
titiy = (1,6,11,3,8,13,5,10,2,7, 12, 4, 9)tst1

And the third relation can be expand as follow:

Let @« = 271

(at))* =1

M0 = 1
(1,10,6,2,11,7,3,12,8,4,13,9,5)t11t1ot15t1 = 1
tit13 = (1,10,6,2,11,7,3,12,8,4,13,9, 5)t11t1

Let M be the maximal subgroup generated by the control group N = 13 and

tstiote = 1% 120 4%°

M = (N, *"°*"), = (13 : 3) where |M| = 39.

Then M is the maximal subgroup.
Let us start constructing a manual double coset enumeration of G over the

maximal subgroup, M and N. Denote [w] to be the double coset MwN, where w is a

word in t]s.
MeN

We begin with the double coset MeN, denote [x]. This double coset contains only one
single coset, namely M. The single coset stabilizer of M is N, which is transitive on

{tl, tQ, t3, ta, t5, t6, tr, tg, t9, th, t11, t12, t13} and therefore, has a single Ol"bit,
0 =1{{1,2,3,4,5,6,7,8,9,10,11,12,13}}.

Take an element from O say t; and multiply the single coset representative M by t;
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to obtain Mt;. This is a new double coset Mt N, denote it [1] so thirteen symmetric

generators will go to our new double coset, [1].
Mt{ N

Continuing with the double coset Mt; N, we find the point stabilizer N!. This is

N = {1},{2},{3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}.

The coset stabiliser:

N® >((1,2,3,4,5,6,7,8,9,10,11,12,13)).

7‘11[]2[1‘” = 13, since the ’N(l)‘:L The orbits

of N on {ty,to,t3,ta,ts5, te, t7, ts, to, tro, t11, t12, t13} are:

The number of single cosets in [1] is

O = {1},{2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}.

Now take an element from each orbit and do right multiplication by the single

coset representative Mt;. We get the following:

Mtity = M € [+,

Mttty € [12],

Mtqts € [13],

Mtity € [14],

tits = 2 'ty => Mtits = Mtg € [1],

(since {Nt)"|n € N} and ' € M),
tite = x tgtatytotits = Mtitg = Mtits € [13],
(since {N(tit3)"|n € N} and x"tgtststs € M)

Mty t7 € [17],

titg = x tgtiztiatitaty
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= Mtitg = Mtyty; € [14],

(since {N(t1ty)"|n € N} and z"tgt zt1ot; € M)
tity = 2 tstiatistiatitstio

— Mtty = Mtgtig € [13],

(since {N(tit3)"|n € N} and 3tstiatistiaty € M)
titio = xte

— Mtitio = Mtg € [1],

(since {N(t1)"|n € N} and x € M)

tit1y = x'tiitgtiotetistatio

= Mtit11 = Mtytqp € [17],

(since {N(tit7)"|n € N} and x'%t1tgt1otgt1s € M)
titio = ztst1o

= Mtit19 = Mtgtyp € [13],

(since {N(tit3)"|n € N} and z° € M)

titiz = o' Ot11tn

— Mtitis = Mtyitys € [12).

(since {N(tit2)"|n € N} and z*° € M)

After taking an element from each orbit and multiplying on the right, the new double
cosets MtitaN, Mt1tsN, Mtit4N and Mt,t;N with single coset representatives are
Mtqty, Mtits, Mtity and Mtit;. We represent them as [12], [13], [14], and [17], re-
spectively. And the other double cosets are equal to other existing double cosets, we

checked and proved which are equal.

Mtito N

Looking back to our new double cosets which are [12],[13], [14] and [17]. We
start first with the new double coset MttoN by finding the coset stabilizer of N(12) =

N'2 =)e(. The order of N(!2) = 1, therefore the number of single cosets in MtitoN is

7“\']](\1[‘2)' = 13. Lets find the orbits of N12) on {tl,tz,t3,t4,t5,t6,t7,tg,tg,tlo,tll,tlg,tlg}
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which are:

O = {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}.

Following the same procedure from above, take an element from each orbit and multiply

on the right of the single coset Mttty by the double coset Mt1toN to get the following:

titaty € [121],

titaty € [1],

titots = xity == Mtitats = Mty € [1],
(since {N(t;)"|n € N} and z* € M)

titoty = xltgtrite = Mtyitoty = Mtgtsts € [121],
(since {N(titat1)"|n € N} and z* € M)

titats € [125],

titote = xtsty = Mtitotg = Mtsty € [17],
(since {N(tit7)"|n € N} and z* € M)

titoty = 2tgtitatistiotis == Mtitaty = Mtiotis € [13],
(since {N(t1t3)"|n € N} and x5tgtitat1s € M)

titats € [128],

titoty = x trtstetitstoty = Mtitotg = Mtgtgty € [128],
(since {N(titats)"|n € N} and x"t7tstet, € M)

titatio = 2¥tatsty == Mtitatig = Mtotsty € [128],
(since {N(titats)"|n € N} and z° € M)

titoty) = aOtatiotytistaty => Mtitoty) = Mtoty € [13)],
(since {N(t1t3)"|n € N} and x5t;t1ot11t13 € M)

titoty = xtsty == Mtitatio = Mtstg € [14],

(since {N(t1t4)"|n € N} and x° € M)
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ti1tot13 = x7t6t7t10 = Mtitot13 = Mitgtrtio € [125].
(since {N(titats)"|In € N} and z* € M)

The new double coset representatives Mtytot;, Mtitats, and Mtitats denoted as [121],
[125], and [128]. We needed to check which double cosets are equal to other existing
double cosets. For example Mt1totsN = Mt; N, so one symmetric generator goes to [1].
Since t3 is the only element on the orbit {3}. This is how we check which double cosets
are equal to each other, and how many symmetric generators go to a different double
cosets or they go back to itself.

Mtytot; N

Continuing with the new double coset Mtitat1, we find the coset stabilizer
N2 — N121_1dentity. Only e will fix 1 and 2. Hence the number of single cosets in

[121] is % == % = 13. The orbits of N(121) on {tl,tg,t3,t4,t5,t6,t7,t8,t9,t10,t11,

t12, tlg} are:

O = {1},{2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}.

Take an element from each orbit and multiply on the right of the single coset represen-
tative Mtitot1 by the double coset Mtitot1 N to get the following double cosets, either

new double cosets or cosets that are equal to each other.

titotity € [12]

titotits = 20totiitiototits = Mtytatits = Mtyity € [17],
(since {N(t1t7)"|n € N} and x%tgt11t19ts € M)

titotits = 22tigtits = Mtitotits = Mtistity € [125),
(since {N(titats)"|n € N} and x> € M)

titatity = aBtotyits = Miytatity = Mtgtyits € [1313],
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(since {N (t1tst13)"|n € N} and 2® € M)

t1tat1ts = $8t1t2t8 = Mtitotits = Mititatg € {128],
(since {N (titatg)"|n € N} and x° € M)

titotite = x5t10t1t13t7 —> Mtitot1tg = Mtigtisty € [1411],
(since {N(titst11)"|n € N} and 2° € M)

titotity = $4t6t9t3 — Mt1t2t1t7 = Mt6t9t3 S [1411],
(since {N (titst11)"|n € N} and z* € M)

titotity = 210t gt11ty = Mtytot ity = Mtigtiity € [128],
(since {N(titats)"|n € N} and x'° € M)

t1totitg = .’E13t11t13t9 — Mtthtltg = Mtutlgtg S [138],
(since {N(t1tsts)"|n € N} and x> € M)

titot1t1g = xtatstsy =— Mtitat1t10 = Miotsts € [125],
(since {N(titats)"|n € N} and x € M)

titot1t11 = x3t5t8 — Mititot1t11 = Mistg € [14],
(since {N(tit4)"|n € N} and 2> € M)

t1tot1t10 = l‘gtgtl() = Mtitot1t10 = Mitgtig € [12],
(since {N(tit2)"|n € N} and z° € M)

t1tot1t13 = xgtlotlg = Mtitati1t13 = Mtipti12 € [13]

(since {N(t1t3)"|n € N} and z° € M)

From the work above there are no new double cosets, but we have to check and prove
where those double cosets belong to. Since each set from the orbit has only one element,

then there is only one symmetric generator go to different double cosets or back to itself.

Mtitats N
The double coset Mttots, we find the coset stabilizer N(125) = N125 — (),
So the number of single cosets in [125] is |N|(]¥2|5>| = % = 13 and the orbits of N(1%) on

{tl, tQ, t3, t4, t5, tﬁ, t7, tg, tg, th, tn, t12, t13} are the fOHOWing:

O = {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}
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Now take an element from each orbit and multiply on the right of the single coset

Mtytats by the double coset Mtitots N to get the following:

titotst, = xltetiototitotiots == Mtitatst; = Mtgtiots € [128],
titotsts = xtetiototitstioty = Mtitotsts = Mtgtigty € [1313],
(since {N(tit3t13)"|n € N} and x"tgtiotot; € M)
titotsts = xtstiotistiotitotsty = Mtitotsts = Miatyt; € [1313],

(since {N(titsti13)"|n € N} and 22 tstiatistiaty € M)
titotsty = xtltotsty = Mtitotsty = Mtytsty € [121],
(since {N(titat1)"|n € N} and z'! € M)
titotsts € [12]
titotste = xlltity = Mtitotsts = Mtity € [14],
(since {N(tits)"|n € N} and z*' € M)
titotsty = xltetiototitats = Mtytatst; = Mtytotg € [17],
(since {N(tit7)"|n € N} and x° € M)
titotsts = xOtgtig == Mt tatsty = Mtotig € [12],
(since {N(tit2)"|n € N} and x5 € M)
titotsty = x2tystit1s = Mtitotsty = Mtigtitis € [121],
(since {N(titat)"|n € N} and x'* € M)
titatstio = 2 tgtitotiststrtts = Mtytotstio = Mtstytis € [138],
(since {N(titstg)"|n € N} and x tgtitatiz € M)
titatstyy = o0ty itiotatintite = Mtytotstyy = Mtiotits € [138],
(since {N(t1tsts)"|n € N} and x'%tgt11t1oty € M)
titotstiy = xtgti1tiotatatsty = Mtytotstis = Mitgtsty € [128],
(since {N(titats)"|n € N} and x toty1t1ots € M)
titotstis = oitgtinty = Mtytotstis = Mitgtiits € [1411].

(since {N(titst11)"|n € N} and 2* € M)
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Mt tats N
The last double coset from [12] is Mtitotg and its coset stabilizer N128) =

N'28 = (¢). The number of single cosets in [128] is % = 13 = 13 and the orbits of

NU28) on {t1,ta, t3,ta, t5, te, tr, ts, to, t1o, t11, ti2, t13} are:

O = {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}.

Now take an element from each orbit and multiply on the right of the single coset

Mttatg by the double coset MtitotsN to get the following:

titotst) = Ttiotits = Mtitatst; = Mtiatits € [138],
(since {N(titstg)"|n € N} and x> € M)
titotsts = 3 tgtistiotitrts = Mtitotsts = Mtrts € [12],
(since {N(tit2)"|n € N} and x"tgt13t10t; € M)
titotsts = 210t ot ty1 == Mtytotsts = Mtiotityy € [1313],
(since {N(titst13)"|n € N} and z'° € M)
titotgty = aOtgtg = Mt totgty = Mtgtg € [14],
(since {N(tits)"|n € N} and z° € M)
titotsts = adtitat; = Mtitotsts = Mtitaty € [121],
(since {N(titat1)"|n € N} and z° € M)
titotsts = xStrtiotiitistetitiy = Mtitatste = Mtgtrtig € [125],
(since {N(titots)"|n € N} and x5tstioty1t13 € M)
titotsty = aBtotiitiotatatsats = Mtitatst; = Mtotsty € [1313],
(since {N(titst13)"|n € N} and x¥tgti1tiots € M)
titotsts € [12]
titotgty = xltyzty = Mtitotgty = Mtisty € [12],
(since {N(tit2)"|n € N} and z* € M)

titatstip = $6t6t4t5t13t9t11t3 —— Mtltgtgtlo = Mtgtlltg (S [138],
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(since {N(titsts)"|n € N} and 2Stgtytstis € M)

titotgtyy = xttstistitiotistity = Mtytotgtyy = Mtistity € [125)],
(since {N(titats)"|n € N} and x'tstistitio € M)

titotstiy = atstets = Mtitatstia = Mtstets € [121],
(since {N(titat1)"|n € N} and x> € M)

titotstis = 2tstiototitity = Mtitatstys = Mtity € [17).

(since {N(tit7)"|n € N} and x tstiotot; € M)

Mt ts N
Now the new double coset Mt tsN, we find the coset stabilizer N(13) = N13 —

(€). Only identity will fix 1 and 3. Hence the number of single cosets in [13] is % =

1*13 = 13 and the orbits of N(!3) on {tl,tg,tg,t4,t5,t6,t7,t8,t9,t10,t11,t12,t13} are:

O = {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}.

Now take an element from each orbit and multiply on the right of the single coset Mt;ts

by the double coset Mt1t3N to get the following:

titst; = xtgtiy = Mtitst; = Mtgtiy € [13],
(since {N(tit3)"|n € N} and z° € M)

titsto = 20t 1 tiotot; = Mtytsty = Mty € [1],
(since {N(t1)"|n € N} and x'tot11t10t2 € M)

titsts € [1]

titsty = xltstets = Mtitsty = Mtstgts € [121],
(since {N(titat1)"|n € N} and z* € M)

titsts = 2Bty = Mtitsts = Mty € [1],
(since {N(t1)"|n € N} and z® € M)

ti1lste = x6t8t10t9t1t1 — Mtitstg = Mt € [1],



189

(since {N(t1)"|n € N} and z5tstiotot; € M)
titsty = atrty = Mtitst; = Mgty € [13],
(since {N(t1t3)"|n € N} and z* € M)
titsts € [138]
titst = x tststatatotty = Mtitsty = Mtots € [13],
(since {N(t1t3)"|n € N} and x"tgtststs € M)
titstio = 2 tiatiotintiotitistt = Mtitstio = Mtizty € [12],
(since {N(tito)"|n € N} and z*'tioti0t11t10t1 € M)
titstiy = x tiotiotintiotitste = Mtitstyy = Mtsts € [12],
(since {N(tit2)"|n € N} and M tiatot11tiot] € M)
titstiy = wtats = Mtitstis = Mtotg € [17].
(since {N(tit7)"|n € N} and x € M)

t1tstis € [1313]

The new double coset representatives Mt tstg and Mtitst13 denoted as [138], [1313].
We need to check which double cosets are equal to other existing double cosets. For
example Mtitst;N = Mz%tt3N, so one symmetric generator goes to [13]. Since t; is
the only element on the orbit {1}. This is how we check which double cosets are equal
to each other, and how many symmetric generators go to a different double cosets or

they go back to itself.
Mtitgtgs N

Continuing with the new double coset Mt1t3tsN, we find the coset stabilizer
NU38) — N138 — (¢). Only identity will fix 1, 3, and 8.The number of single cosets in
[138] is % = % = 13 and the orbits of N(138) on {tl, to,t3,t4,15,t6,t7,t3,t9,t10, 111,

t12, tlg} are:

O = {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}.

Now take an element from each orbit and multiply on the right of the single coset

Mtqtstg by the double coset MtitstsN to get the following:
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titststs = 2otetatstiststints = Mtitstst; = Mtgtiits € [1411],
(since {N(titst11)"|n € N} and z’tgtytstis € M)

titststs = aStrtigtitistetrtis = Mtitststy = Mtgtrtys € [128],
(since {N(t1totg)"|n € N} and x5t7tiot1t13 € M)

titstgty = x10tstyty == Mtitstgts = Mtstytio € [128],
(since {N (t1tats)"|n € N} and z'° € M)

titstgty = xtsty = Mtytstgty = Mtsty € [17],
(since {N(tit7)"|n € N} and z* € M)

titststs = Identitytitits => Mtitststs = Mtiitits € [1411],
(since {N(titat11)"|n € N} and Identity € M)

titstste = x'Vtiitotiototistiotints = Mtitstste = Mtigtiity € [125],
(since {N (titats)"|n € N} and x'%;1tot otot1s € M)

titststy = x'Vt11tot1ototstiotintsa = Mtytststy = Mtigtiats € [138),
(since {N(t1tstg)"|n € N} and x'%11totigtotis € M)

titststs € [13]

t1tstgtg = x8t11t13t10 — Mtytststg = Mti1ti3tip € [1313],
(since {N(titzt;3)"|n € N} and 2® € M)

titststio = aStrtstetitotis = Mtytststiy = Mtotys € [14],
(since {N(tits)"|n € N} and z%tststet; € M)

ti1tstgtil = x5t6t1t2t13t5t7t12 = Mtitststin = Mtstrtio € [138],
(since {N(titstg)"|n € N} and x tgtitatiz € M)

titststio = atatsty = Mtitststia = Mtytsty € [121],
(since {N(titot1)"|n € N} and x> € M)

titststis = 22tgtiotistiatitstat; => Mtitststis = Mtstaty € [125)].

(Since {N(t1t2t5)"|n € N} and x2t3t12t13t12t1 S M)
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Mt1t3t13N

Now the double coset Mt;tsti3N, we find the coset stabilizer N(1313) = 1313

= (e). Only identity will fix 1, 3, and 13.The number of single cosets in [1313] is % =

= 13 and the orbits of N(1313) on {tl, to, 13,14, 5, te, 17, ts, to, t10, t11, t12, tlg} are:

=l

O = {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}.

Now take an element from each orbit and multiply on the right of the single coset

Mttst13 by the double coset Mt ts3t13N to get the following:

ti1tst13ty = l’7t8t10t9t1t5t7t4 = Mtitst13t1 = Mistyty € [1313],
(since {N(tltgtlg)n‘n S N} and 1‘7t8t10t9t1 S M)
t1tstiste = 1‘5t6t4t5t13t13t1t4 — Mt1t3t13t2 = Mt13t1t4 € [125],
(since {N(t1t2t5)”|n € N} and x5t6t4t5t13 S M)

t1t3t13t3 = $4t13t3t10 — Mtltgtlgtg = Mtlgtgtlo € [1411],
(since {N(titst11)"|n € N} and z* € M)

t1tst13ly = x6t7t2t3t1t8t11 = Mtitstisty = Migti1 € [14],
(since {N(tits)"|n € N} and x5ttatst, € M)

t1t3t13ls = £B3t3t4t10 =—> Mititst13ts = Mtststig € [128],
(since {N(titats)"|n € N} and x> € M)

t1tst13te = x5t6t1t2t13t13t1t7 = Mtitsti3te = Mtist 1ty € [128],
(since {N(tﬂfgtg)n’n € N} and a:5t6t1t2t13 € M)

t1tst13ty = 1‘7t7t5t6t1t3t6t13 = Mtitst13ty = Mtstgtis € [1411],
(since {N(titst11)"|n € N} and x"trtstet; € M)

ti1tst13ts = x7t8t3t4t2t7t8t11 =—> Mtitst13ts = Mtrtgtiq € [125]7
(since {N(tltgtg,)n’n S N} and x7t8t3t4t2 € M)

t1t3t13lg = x5t6t7t6 = Mtitstistg = Mitgtitg € [121},
(since {N(titat1)"|n € N} and x° € M)

titstistio = 2¥trtiatitistiotiaty = Mtitstistio = Mtigtiaty € [1313],
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(Since {N(tltgtlg)n|n S N} and $8t7t12t11t13 S M)
t1t3t13t11 = I6t7t2t3t1t2t8 — Mtltgtlgtll = Mtgtg € [17],
(since {N(tit7)"|n € N} and x5t;tatst; € M)

t1tstistio = $5t4t6t11 - Mt1t3t13t12 = Mt4t6t11 S [138].

(since {N(tltgtg)n’n S N} and $5 S M)t1t3t13t13 S [13]
Mttty N
Now the new double coset Mt ty, the coset stabilizer N 14) = N 14:Iden‘city.
Only e will fix 1 and 4. Hence the number of single cosets in [14] is |]\|[]<\1]L>| =1 =13.

The Ol“bitS Of N(14) on {tl, tQ, t3, t4, t5, tﬁ, t7, tg, tg, t107 t11, t12, t13} are:

O = {1},{2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}.

Take an element from each orbit and multiply on the right of the single coset represen-
tative Mttty by the double coset Mt1t4N to get the following double cosets, either new

double cosets or cosets that are equal to each other.

titaty = 2 tyotiotintiotitets = Mtitat, = Mtgtg € [13],
(since {N(t1t3)"|n € N} and z*'tiotiot11t10t; € M)
tityto = xBtgtistiotitetstis = Mtytyty = Migtgtis € [138],
(since {N(titsts)"|n € N} and x5tst3ti9t; € M)
titats = x tiotiot1itiotitstt = Mtitats = Migty € [17],
(since {N(t1t7)"|n € N} and z*'tiotiot11t10t; € M)
titaty € [1]
titats = a¥totiitiotatyy = Mtitsts = Mty € [1],
(since {N(t1)"|n € N} and 2toti1tiots € M)
tityte = x2titats = Mtityts = Mtitots € [125],
(since {N(titats)"|n € N} and x> € M)
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titaty = 210 gt11tig = Mtytaty = Mtyotiitio € [121],
(since {N(titat1)"|n € N} and '° € M)

tityty = 2Btiotyy = Mtitats = Mtigty; € [12],
(since {N(tit2)"|n € N} and x° € M)

t1tatg = x8t8t10t9t1t10t13 = Mtytatg = Mtipt13 € [14],
(since {N(tits)"|n € N} and xStstiotot; € M)

titatio = 2Ststiototitrtote = Mtitatio = Mtrtets € [1313],
(since {N(titst13)"|n € N} and z5tstotot; € M)

titstyy € [1411]

titatio = T tgtigts == Mtytstis = Mtgtigts € [128],
(since {N (titatsg)"|n € N} and z” € M)

titatis = 22tstiotistiotitsts —> Mt tats = Mtsts € [14)].

(Since {N(tltgtg)n’n S N} and x2t3t12t13t12t1 € M)

After taking an element from each orbit and multiplying on the right, the new double
cosets with single coset representatives is Mtitst11. We represent it as [1411], respec-
tively. And the other double cosets are equal to other existing double cosets, so we

checked and proved which are equal.
Mt1t4t11 N

Continuing with the new double coset Mtt4t11, the coset stabilizer N (1411) —
N =]dentity. Only e will fix 1, 4, and 11. Hence the number of single cosets in [1411]
. N .
1S W == % = 13. The orbits of N(1411) on {tl, tg, t3, t4, t5, t6, t7, tg, tg, tlo, tlla t12, tlg}
are:

O = {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}.

Take an element from each orbit and multiply on the right of the single coset represen-

tative Mtit4t11 by the double coset Mtit4t11N. We have:
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t1t4t11t1 = x9t9t11t10t2t1t7 = Mtytat11ty = Mtity € [17],
(since {N(tit7)"|n € N} and xtgt11t19ts € M)

titatinty = 2totioty = Mtitstiits = Mtgtiote € [121],
(since {N(titat1)"|n € N} and 2° € M)

t1tat11l3 = x8t7t12t11t13t5t8t2 = Mtitat11ts = Mtstgte € [1411],
(since {N(titst11)"|n € N} and 2Btrtiati1tys € M)

titatinty = 2¥tataty = Mtitstiits = Mtatat, € [1313],
(since {N (titst13)"|n € N} and 2° € M)

titat11ls = xstgtlgtlztltlgtltn = Mtitat11ts = Mt1otityy € [1313],
(since {N(titst13)"|n € N} and z¥tgti3tiot; € M)

titatiite = 2 Vtgtyy = Mtitytiite = Mtqtgtyy € [125],
(since {N(titats)"|n € N} and z'° € M)

titatinty = @tgtiotistiotitrtoty, = Mtytatyity = Mtrtoty € [138),
(since {N(t1tstg)"|n € N} and x3tstiotystiot; € M)

titatits = Identitytstots = Mtitatyits = Mtytgts € [138)],
(since {N(titsts)"|n € N} and Identity € M)

titatiite = 2 tstistiatitiotisty == Mtitstiite = Mityotisty € [1411],
(since {N(titat11)"|n € N} and tgtistioty € M)

titgtiitio = aStstets = Mtitatiitig = Mtstets € [121],
(since {N(titat1)"|In € N} and 2 € M)

titatiitin € [14]

t1tat11t12 = x6t7t5t6t1t10t13t7 = Mtytati1t1o = Mtiptisty € [1411],
(since {N(titst11)"n € N} and z%t7tstet; € M)

titatiitis = 20tgtiototitststs = Mtitsti1tyy = Mtststs € [1411].

(since {N(t1t4t11)"|n € N} and l’6t8t10t9t1 € M)
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Mttty N
Now the new double coset Mt t;, the coset stabilizer NV an = N 17—Identity.
Only e will fix 1 and 7. Hence the number of single cosets in [17] is % =1 =13

The orbits of N(17) on {tl, t2, t3, t4, t5, t6, t7, tg, tg, th, t11, tlg, tlg} are:

O = {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}.

Take an element from each orbit and multiply on the right of the single coset represen-
tative Mttty by the double coset Mt1t7 N to get the following double cosets, either new

double cosets or cosets that are equal to each other.

titrty = 2%tstistiotitatyy, = Mtitsty = Mtitatyy € [1411],
(since {N(titst11)"|n € N} and z%tgtistiot; € M)

titrty = Ml totits = Mttty = Mtiotite € [138)],
(since {N(t1tsts)"|n € N} and z*' € M)

titrts = ' tiatiotiitiotitstin => Mtitqts = Mtstyy € [17),
(since {N(ti1t7)"|n € N} and M tiatiot11ti0ts € M)

titrty = xtgtstatotiotis = Mtitrty = Mtyatys € [12],
(since {N(tit2)"|n € N} and x"tgtststy € M)

titrts = atgtistiotitatsts = Mtytsts = Mtgtsty € [121],
(since {N(titat1)"In € N} and ztgtist1aty € M)

titrts = o tgtstytotistity = Mtitste = Mtystity € [125],
(since {N (titats)"|n € N} and x"tgtststs € M)

titrtr € [1]

titrts = xStrtotstityy = Mtitstg = Mty € [1],
(since {N(t1)"|n € N} and z5tstatst; € M)

titrtg = x trtiotiitistrty = Mtitstg = Mtytig € [14],
(since {N(t1t)"|n € N} and x"t7tiot11t13 € M)

titrtio = x7t5t6t1t13t2t12 — Mtit7t10 = Mtigtatis € [1313],
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(since {N (titst13)"|n € N} and x"tstet; € M)

titrty = x'Ptisty = Mtitytyy = Mtysts € [13)],
(since {N(tit3)"|n € N} and z'? € M)

titrtrs = 2tgtitotistiots = Mtitstis = Mtiots € [17],
(since {N(tit7)"|n € N} and z°tgtitotis € M)

titrtis = a'tstigtitistitats = Mtitrtis = Mtitots € [128].

(since {N(tltgtg)n|n € N} and $4t5t13t1t12 € M)

We have completed the double coset enumeration since the set of right cosets is closed

under right multiplication, since the index of M in G is 144 . We conclude:

G =MeN UMt1N U Mt1toN U Mtitoti N U Mtytots N U Mtqtots N U Mit1ts N
UMttstgN U MtitgtisN U Mt1tgN U Mttat11N U M1ty N

where
o 241313
@R @)
V] V] V] V] [N [NV [NV
<
‘G| - |N‘ + ‘N(l)] + |N(12)] + |N(121)‘ + ]N(125)| + |N(128)| + |N(13)| + |N(138)\
V] V] [N V]
Jr|N(1313)‘ + INCD)| + |V (141D)] - IN(D)| x |M

G < (1413413 +13+ 13+ 13+ 13+ 13+ 13+ 13+ 13+ 13) x 39
|G| < 144 x 39
|G| < 5616.

The Cayley diagram summarizes the information listed above.



[1411]

Figure 6.2: Cayley graph of PSL3(3) over M = (13 : 3)

6.3 Double Coset Enumeration over a Maximal Subgroup

Using the process of maximal subgroup on a different example. In this example
we have to do a few changes to N. The control group of 212 : (S4 x 2) was of kernel
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2. Hence, to have a better image we changed the kernel to be 1. Thus we were able
to continue by constructing a double coset enumeration of PSLy(8) over a maximal

subgroup with the new progenitor 2*3 : Ss.

6.3.1 Construct of PSLy(8) over M = (9:2)

Before we apply double coset enumeration over maximal subgroup we are going

to start by factoring the progenitor, 2*3 : (S3), by the relations (zt)7, (zyt®)?, and (yt)?,

denoted as
(@, y, t]2*, 9%, (v 2)?,
42
(tay™h), (@), (wyt™)?, (yt)° >;
and N = S3 =

(z,yl2?, 3, (y1a)?).

So we obtain the following homomorphic image:

2%3 . (S3)
= = PSL
R AT
where x ~ (1,2), y ~ (1,2,3), and ¢ ~ t;.
Now expand the first relator (zt)” = 1 to:
(xt)7 = 1, which it can be expand:
(xt)" =1

g Tttty
(1,2)t1tatrtot taty = 1

titaty = (1,2)t1tat1to

After expanding the second relation (xyt®)? = e we noticed that this relation

simplifies to identity. Thus we continue with the third relation.
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And the third relation can be expand as follow:

(yt)” =1

8 7 .6 .65 4 .3 2
P =1
tatatitstatitstat; = 1

tatotits = titatstits

Let M be the maximal subgroup generated by the control group N = S5 and
tatotitatstoty = tY tTHTLY 171

M = (< 2,y >t "7t t°t), = (9 : 2) where |M| = 18.

Therefore, M is the maximal subgroup.
Let us start constructing a manual double coset enumeration of G over the
maximal subgroup, M and N. Denote [w] to be the double coset MwN, where w is a

word in t]s.
MeN

We begin with the double coset MeN, denote [x]. This double coset contains only one
single coset, namely M. The single coset stabilizer of M is N, which is transitive on

{t1,t2,t3} and therefore, has a single orbit,
O =1{1,2,3}.

Now take an element from O say t; and multiply the single coset representative M by
t1 to obtain Mt;. This is a new double coset M1 N, denote as [1], so three symmetric

generators will go to our new double coset, [1].
Mt; N

Continuing with the double coset Mt; N, we find the point stabilizer N'. This is

N' = {1},{2},{3}.
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But, the coset stabiliser of N is:

NW > (1,(2,3)).

Thus the number of single cosets in [1] is % = 3, since the [N(V|=2. The
orbits of N on {t1,ts,t3} are:

O ={1},{2,3}.

Now take an element from each orbit and right multiply to the single coset

representative Mty. We get the following:

Mtity =M € [*],

Mtqito € [12]

After taking an element from each orbit and right multiply to the single coset repre-
sentative, Mt; we get a new double coset Mt1to N with single coset representative is

Mtqto. We represent Mtito N as [12] respectively.

Mtito N
The new double coset Mt toN and the coset stabilizer of N2 is N2 = (e).
So the order of N(12)z’sl, therefore the number of single cosets in Mt1toN is % = 6.

Now find the orbits of N(12) on {t1,t2,t3} which are:

O = {1}, {2}, {3}.

Following the same process from above, take an element from each orbit and multiply
on the right of the single coset representative Mtits of the double coset Mt1taN to get
the following:
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Mtqitotq € [121],
Mtqitots € [1],
Mt1t2t3 S [123]

Hence, there are two new double coset Mt tot1 N and Mt tots N with the single coset
representatives Mtitat1 and Mtitats, denoted by [121] and [123]. Note, the third single
coset is equal to an existing double coset [1], since Mt tataN = Mty N where toto is
identity. Thus, one symmetric generator goes back to [1]. Throughout the process we
are going to use the same method to check and verify where does the single cosets equals
to or if they loop back to itself.

Mtytot; N

Continuing with the new double coset Mtitat1, we find the coset stabilizer
N2 — N121_1dentity. Only e will fix 1 and 2. Hence the number of single cosets in

[121] is % = % = 6. The orbits of NU2D on {t;,ty,t3} are:

O = {1}, {2}, {3}.

Take an element from each orbit and right multiply to the single coset representative
Mtytat1 of the double coset Mt tat1 N. We check and verify if there are any new double
cosets or if there are double cosets that are either equal to other existing double cosets

or if the double coset loops back to itself.

Mtytatit = Mtits € [12]
titotity = atitat; = Mtitatits = Mtitot, € [121],
(since {N(titat1)"|n € N} and x € M)
Mtytatits € [1213]

From above we have a new double coset Mt tot1t3 N with single coset representative
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Mtitatits, denoted as [1213]. The other two double cosets are equal to existing double
cosets Mtito N and Mtitat1N.

Mtqtats N
The double coset Mtitots, we find the coset stabilizer N (123) = N1 —c ¢ >.

So the number of single cosets in [123] is % = % = 6 and the orbits of N123) on
{t1,t2,t3} are the following:

O = {1},{2}, {3}.

Now take an element from each orbit and right multiply of the single coset Mtitot3 by
the double coset Mt tatsN to get the following:

t1totsts = l’y2$y2t1t2t3t1t3t2t1t1t2t3 — Mtltgtgtl = Mt1t2t3 € [123],
(since {N(titat3)"|n € N} and xy’zy*titatstitstat; € M)
titotsty = xy2t1t2t3t1t3t2t1t3t2t1 = Mtitotste = Mistot] € [123],

(since {N(tltztg)n‘n S N} and a;y2t1t2t3t1t3tgt1 S M)
Mt1t2t3t3 = Mtqty € [12}

Mtitat 1ts N

Continuing with the new double coset Mt tot1t3N, we find the coset stabilizer
NO213) — N1213 — (o) But Mttot1t3 is not distinct, since

Mtltztltg = .%'yilxyt3t2t1t2t3t2t1t3t2t3t1 where Mt3t2t3t1 S Mtltztltg. Now
M(t1t2t1t3)(1’3) = Mtstatst;. Hence (1,3) € NU213)  Therefore,

N2 > (e (1,3)).

The order of N(1213) — 2. Thus the number of single cosets in Mtitat1t3N is

|N]
6

] =
5 = 3. Since we know only 3 single cosets exist in the double coset [1213], now we find

the orbits of N(1213) on {t1, 5,3} are:

0 ={2},{1,3).

Now take an element from each orbit and multiply on the right of the single coset
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representative Mtitotits of the double coset Mtitot1t3N to get the following:

Mitqtatitsty € [12132] ,

Mitqtotitsts = Mtitot, € [121]

We get a new double coset Mtitotitsto N with single coset representative Mtytotitsts,
denoted by [12132].

Mtitat tsta N

Continuing with the new double coset Mt tot1tsto N, we find the coset sta-
bilizer N(12132) — N12132 — (o) But Mt tot tsty is not distinct, since titottsty =
xy‘aytstatitaotstot tstotst ity where Mtstotstito € Mtytotitsts. Now M (titotitsts)13)
= Mtstatstits. Hence (1,3) € NU2132)  Therefore,

NU22) > (e (1,3)).

The order of the coset stabiliser of N(12132);52  Thus the number of single cosets in

MtitotitstaoN is % = g = 3. Since we know only 3 single cosets exist in [12132],

now we find the orbits of N(12132) on {t;,t5,t3} which are:

O ={2},{1,3}.

Now take an element from each orbit and multiply on the right of the single coset

representative Mtitot1tsts of the double coset MtitotitstoN to get the following:

Mt tot1tgtato = Mtitat ity € [1213],
t1t2t1t3t2t1 = xyxy*1t2t3t1t3t2t3t1t2t3t2t1t3 — Mt1t2t1t3t2t1 = Mtgtg

tot1ts € [12132],(since {N(tltgtltth)nm S N} and xyxy_1t2t3t1t3t2t3t1 € M)

We have completed the double coset enumeration, since the set of right cosets

is closed under right multiplication then the index of M in G is 28 . We conclude:
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G =MeNUMt1NUMtitaoN U Mtitot1 N U MtytotsN U Mtitot1tsN U Mtqtot1tstoN

where
B 23 . G4
 (at)7, (xyt®)?, (yt)°

[N [N [N V] [N V]
<
’G| - |N‘ + |N(1)| + |N(12)| + |N(121)] + |N(123)| + |N(1213)] + |N(12132)] X ’M‘
Gl <(1+3+6+6+6+3+3) x 18
|G| <28 x 18
G| < 504.

The Cayley diagram summarizes the information listed above.

[12132]

1213

Figure 6.3: Cayley graph of PSL(2,8) over M = (9: 2)



205

Chapter 7

Monomial Representative

7.1 Lifting Linear Character Table of H

Definition 7.1. Kernel of x = {g € G|x(9) = x(1) }.[Rot95]

Theorem 7.2. Linear character of H are lifts of linear characters of H/H'. All ir-
reducible characters of H/H' is abelian group implies to the number of irreducible of

H/H' equals to the number of conjugacy classes of H/H' = |H|/|H'|. [Why06]

In this section, we are going to induce a linear character of a proper subgroup
up to G, to do so we need to investigate the subgroup H in group G. Let G = 6°(5 : 2)
with subgroup H, where H = (3 x 5) : 2. Note, from a subgroup H there exist a normal
subgroup, H'. Since H’ is to be the derived group of H we have the generators of H’,
H' =< (1,14,25,7,19)(2, 13,26, 8,20)(3, 16, 28,9, 22)(4, 15,27, 10, 21)
(5,17,29,11,24)(6, 18,30, 12,23) >= 5.

Now we are going to find the character table of H/H'. Note H/H' = 6. Since
H/H'is of order 6 then the character of H/H' = ZoxZ3 = {e, a,b, ab, ab®, b*}. Now that
we know what H/H' is composed of, we can obtained the generators of H/H'. Since
H/H' =< H'a,H'b > 7y x Z3. Thus the set is {H'e, H'a, H'b, H'ab, H'ab?, H'b?}.
Note that Zo = {0, 1} with primitive square root of unity is -1 and Zs = {0, 1,2} with
primitive third root of unity is w.

Now we simplify each column and row. Note for the first row is always

1. Moving on, for the second row, Y2, we get the following C; ((—1)!)°((w)")? =
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Table 7.1: Character Table of H/H’

a b (a(lb()) (alb()) <a0b1) (alle) (albl) ((lel)
Classes Cl Cz Cg 04 05 Cﬁ
Size 1 1 1 1 1 1
Order 1 2 3 6 3 6
D@ xa [(COY (@) | (0D (@) | (D@ | (D)D) | (D) (@) | (—)°) ((w)?)?
(D'w)’ xo (DY) | (DH((w))° [ (DH°((w))! [ (=DH°((w)*)? | (=D ((@))" | (=D} ((w)%)?
D) xs (DD (@) [ (D) @)D | (D@D | (CDD (@)D [ (DY) (@))T | (D" ((w))?
DM@ xa [ (DY (@)Y | (DY @))” | (DY) )" [ (DY) [ (DY (@))" [ (D) ()"
(=D°w)* xs (=D"°((w)*)° | (D) (w)%)° [ (=D°)°((w)*)" [ (=1°)°((w)*)? | (=D ((w)*)" | (=D ((w)*)?
CD'@? x| (DY@ [ (DO (@D | (DY (@) | (CDH (@)D | (DY (A" [ (D) ((w)?)?

LG (D))" = =1, Gy (D)D) = 1, €y (D)H°(@")? = 1, G
(=D)HY((w)")r = —1, and Cg ((—=1)})}((w)?)? = —1. Also, since w is of order three
we changed w* = w. Using the same procedure for the rest of y and its classes, we
completed table of H/H' where the conjugacy classes are listed below:

Let a=(1, 2)(3, 10)(4, 9)(5, 18)(6, 17)(7, 26)(8, 25)(11, 12)(13, 19)(14,20)
(15, 28)(16, 27)(21, 22)(23, 29)(24, 30),
b= (1, 21, 11)(2, 22, 12)(3, 23, 13)(4, 24, 14)(5, 25, 15)(6, 26, 16)(7,27, 17)(8, 28, 18)
(9, 30, 20)(10, 29, 19),
axb= (1,22, 11, 2, 21, 12)(3, 29, 13, 10, 23, 19)(4, 30, 14, 9, 24,20)(5, 8, 15, 18, 25, 28)
(6, 7, 16, 17, 26, 27),
b2 =(1, 11, 21)(2, 12, 22)(3, 13, 23)(4, 14, 24)(5, 15, 25)(6, 16, 26)(7,17, 27)(8, 18, 28)
(9, 20, 30)(10, 19, 29),
axb® = (1,12, 21, 2, 11, 22)(3, 19, 23, 10, 13, 29)(4, 20, 24, 9, 14,30)(5, 28, 25, 18, 15,
8)(6, 27, 26, 17, 16, 7)

Table 7.2: Simplified Character Table of H/H’

Classes Cl CQ 03 C4 C5 06
Rep. e b b2 ab ab®
Size 1 1 1 1 1

1 1 1 1 1 1

X.2 1 | -11]1 1 -1 -1

X.3 111 | w w? w w?

X.4 1| -1 w w? —w —w?
X5 1 1 | w? | w=w| w? wt = w
X.6 1| -1|w | w=w]|—w | —w'=-w

Since we have completed the linear character table of H/H', now we proceed
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by lifting from H/H' to H. By the definition of lift, H' << H where x? is a character of

H'’ and Yy; is a character of H then we have:
Xi(h) = x;(h), h € H.

Before we lift from H/H' to H we determine the conjugacy classes of H. We are going
to label every single conjugacy class in the following form listed below.
Let hy = (1,2)(3,10)(4,9)(5,18)(6,17)(7,26)(8,25)(11,12)(13,19)(14, 20)
(15,28)(16,27)(21,22)(23, 29) (24, 30),
ho = (1,21,11)(2,22,12)(3,23, 13)(4, 24, 14)(5, 25, 15)(6, 26, 16)(7, 27, 17)(8, 28, 18)(9,
30,20)(10,29,19),
hs = (1,7,14,19,25)(2,8,13,20,26)(3, 9, 16, 22, 28)(4, 10, 15, 21, 27)(5, 11, 17, 24, 29)
(6,12, 18,23, 30),
h3 = (1,11,21)(2,12,22)(3,13,23)(4, 14,24)(5, 15, 25)(6, 16, 26) (7,17, 27)(8, 18, 28)
(9,20,30)(10,19,29),
h2 = (1,14,25,7,19)(2, 13,26, 8, 20)(3, 16, 28,9, 22)(4, 15,27, 10, 21)(5, 17,29, 11,
24)(6,18,30,12,23), hy x hg = (1,22,11,2,21,12)(3,29, 13, 10, 23,19)(4, 30, 14, 9, 24, 20)
(5,8,15,18,25,28)(6,7,16,17, 26, 27),
hy * h2 = (1,12,21,2,11,22)(3,19, 23,10, 13,29)(4, 20, 24,9, 14, 30)(5, 28, 25, 18, 15,
8)(6,27,26,17,16,7),
he x hg = (1,27,24,19,15,11,7, 4,29, 25,21,17, 14, 10, 5)(2, 28, 23, 20, 16, 12, 8, 3, 30,
26,22,18,13,9,6),
h3 « h% = (1,24,15,7,29,21,14,5,27,19,11,4,25,17,10)(2, 23, 16, 8, 30, 22, 13, 6,
28,20,12,3,26,18,9),
h2 % hy = (1,4,5,7,10,11,14,15,17,19, 21, 24, 25,27, 29)(2, 3,6,8,9, 12, 13, 16, 18, 20,
22,23,26,28,30), and
h3 % hg = (1,17,4,19,5,21,7, 24,10, 25,11, 27, 14, 29, 15)(2, 18, 3, 20, 6, 22, 8, 23,9, 26,
12, 28,13, 30, 16).

Lift H/H' to H:
Note on the first row of x;(1) for each class x?(1) = 1. Thus, the value for the first row
and column of x;(1) in the character table of H is 1. Moving on, to calculate the lift x

of a character x* we have the following computations.
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Find x2(h) :

= Xa(thl) = _17
x2(h2) = x3(H'hs) = 1,
x2(h3) = x3(H'h3)

xz2(h1)

L,

1, (since hs € e)

(H'h3)
XS(H'h3) = 1, (since h3 € e)

°
2

=X

x2(h3)
x2(h3)

X5(H'hihg) = —1,
x2(h1h3) = x3(H'h1h3) = —1,

x2(h1h2)

X%(thghg) =1, (since hohs € b)

x2(h2h3)

xS(H'h3h%) = 1, (since h3h% € b?)

X5 (H'h3hs)

x2(h3h3)
x2(h3h2)

1, (since h3hg € b)

x2(h3h3) = xS(H'h3h3) = 1 (since h3hg € b?)

Find x3(h) :

=x3(H'h) =1,
X3(h’2) = X?&(H/hQ) = w,
x3(h3) = x5(H'h3)

x3(h1)

= w2’

1, (since h3 € e)

(H/hg) =
X3(h§) = X;)(H’hg) =1, (since h% €e)

.
3

=X

x3(h3)

Xg(H/hlhg) =w,

x3(hihs)

XS (H'h1h3) = w?,

x3(h1h3)

Xg(H/thg) =w, (since hohs € b)

X3(H'h3h

x3(h2h3)

3) = w?, (since h3h3 € V?)

X3(h%h§)

x3(h3h2) = x3(H'h3hs) = w, (since h3hs € b)

x3(h3hs3)

XS(H'h3h3) = w? (since h3hg € b?)

Find y4(h) :

xa(h1) = x3(H'h1) = —1,

xa(h2) = x1(H'h2) = w,
xa(h3) = x$(H'h3)

= w27

1, (since h3 € e)

(H'hs) =
xa(h3) = x$(H'h3) = 1, (since h3 € e)

.
4

=X

xa(h3)
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X1(H'hihg) = —w,

xa(h1h2)

XZ(H/hlh%) = —w2,

Xa(h1h3)

XZ(H/thg) =w, (since hohs € b)

xa(h3h3) = x$(H'h3h3) = w?, (since h3h3 € b?)

Xa(h2h3)

X4(h§h2) = XZ(H/hghz) =w, (since h%hg € b)

xa(h3hs3)

X3 (H'h3h3) = w? (since h3hg € b%)

Find x5(h) :

x5(h1) = x3(H'h1) = 1,

x5(ho) = X3 (H'ho) = w?,

x5(h3) = X5 (H'h3) = w,

L,

(H'hs)

X5(h3) = X5 (H'h3)

.
5

=X

xs5(h3)

L,

x5(hihe) = x2(H'hihs) = w?,
Xs5(h1h3) = x3(H'h1h3) = w,

= XE(H/th?)) = ,wQ’
X5(h3h3) = X5(H'h3h3) = w,

X5(h2hs)

xs(h3ha) = x8(H'h3hs) = w?,

x5 (h3hs3)

Xg(H’h%hg) =w

Find xg(h) :

x6(h1) = x§(H'h1) = —1,

x6(h2) = x&(H'ha) = w?,

x6(h3) = x§(H'h3) = w,

= X%(H/hg) = 1,
x6(h3) = x§(H'h3)

x6(hs3)

L,

x6(h1h2) = x$(H'h1hs) = —w?,

X6(h1h%) = X%(H/hlh%) = —w4 = —w,

X%(thghg) = ’11)2,
Xg(H'h3h

x6(h2h3)

) =wt=w,

2
3

x6(h3h3)

x6(h3he) = x§(H'h3hs) = w?,

Xe(H'h3h3) = w* = w.

x6(h3hs3)
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Hence the lift of x;(h) = x7(h), h € H and 2 < i < 6. In other words we can
lift all six linear characters of Zs ® Z3 to obtain x1, X2, ..., x¢ of G. The work is shown

on the following tables.

Table 7.3: Lifted Character Table of H

Classes Cl CQ 03 04 C5 Cﬁ 07 Cg
Rep. e hl h2 h% h3 hg h1 hQ h1 h%
Size 1 9 1 1 2 2 5) 5)

X1 1 1 1 1 1 1 1 1

X.2 1 [|—-1] 1 1 1 1 -1 -1

X.3 1 1 w | w? | 1 1 w w?

X.4 1 | =1] w w1 1 —w —w?
X.5 11 |w?]w | 1] 1] w w

X.6 1 [ 1w w | 1] 1] -w]-w=-w

Table 7.4: Continue Lifted Character Table of H

Classes | Cy Cho Cu | Ci2
Rep. hg h3 h% h% h% hQ h% ]’L3
Size 2 2 2 2
X1 1 1 1 1
Y2 1 1 1 1
X.3 w w? w w?
X.4 w w w w?
X5 w? w w? w
X.6 w? (wl=w]| w? w

Therefore we have build the character table of H by using the lifting method.
For the following sections of this chapter we used the same process, lifting, to build the

character tables of H of each monomial progenitor.

7.1.1 Monomial Progenitor 53*? :,, (13 : 4)

To construct a monomial presentation of 53*2 :,, (13 : 4), we must induce a linear
character from a subgroup H of G. We must choose a subgroup with index matching
the degree of an irreducible character of G by considering the character table of G in

Table 7.5. Note G has characters x.1, x.2,-.--, X.8.- We proceed using x 3 and look for a

subgroup of order 2 so that % = g% = 2.
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Since the index of the two groups is 2 and the matrix representation is faithful then

A(zx) and A(yy) will be represented by a 2 x 2 matrices.

Verifying the Induction

We produce a character table for x 3 in Table 7.5. First we will verify the
induction x4 of H to x.3 of G by considering the irreducible characters ¢ of H and
% of G. G is generated by x and y, where z = (1,2,3,4,5,6,7,8,9,10,11,12,13) and
y=(1,12)(2,11)(3,10)(4,9)(5,8)(6, 7).

The Conjugacy classes of group G are
C1l=I1d(G)
C2 = (1,3)(4,13)(5,12)(6,11)(7,10)(8,9), (1,12)(2,11)(3,10)(4, 9)(5,8)(6,7),... C3 =
(1,2,3,4,5,6,7,8,9,10,11,12,13), (1,13,12,11,10,9,8,7,6,5, 4, 3, 2)
C4=(1,3,5,7,9,11,13,2,4,6,8,10,12), (1,12, 10,8,6,4,2,13,11,9,7, 5, 3).
Cc5=(1,11,8,5,2,12,9,6,3,13,10,7,4),(1,4,7,10,13,3,6,9,12,2,5,8,11)
c6 = (1,10,6,2,11,7,3,12,8,4,13,9,5),(1,5,9,13,4,8,12,3,7,11, 2,6, 10)
c7=(1,9,4,12,7,2,10,5,13,8,3,11,6),(1,6,11,3,8,13,5,10,2,7,12,4,9)

( ( )

9

)

C8 = (1,8,2,9,3,10,4,11,5,12,6,13,7), (1,7,13,6,12,5,11,4,10, 3,9, 2, 8

~— ~— ~— ~—

Consider the subgroup H of G given below.
H = 1d(G),(1,12,10,8,6,4,2,13,11,9,7,5, 3)

The conjugacy classes of H are

D1 = Id(G)

D2 = (1,12,10,8,6,4,2,13,11,9,7,5,3)
D3 =(1,10,6,2,11,7,3,12,8,4,13,9,5)
D4=(1,8,2,9,3,10,4,11,5,12,6,13,7)
D5 =(1,6,11,3,8,13,5,10,2,7,12,4,9)
D6 = (1,4,7,10,13,3,6,9,12,2,5,8,11)
D7=(1,2,3,4,5,6,7,8,9,10,11,12,13)
D8 = (1,13,12,11,10,9,8,7,6,5,4,3,2)
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D9 = (1,11,8,5,2,12,9,6,3,13,10,7,4)
D10 = (1,9,4,12,7,2,10,5,13,8,3,11,6)
D11=(1,7,13,6,12,5,11,4,10,3,9,2,8)
D12 = (1,5,9,13,4,8,12,3,7,11,2,6, 10)
D13 =(1,3,5,7,9,11,13,2,4,6,8,10,12)
From the character tables of G and H we are going to use the information we

labeled as ¢ of H and ¢© of G. By the definition of induction we induce the character
¢ = x.4 of H up to ¢¢ = x.3 of G to obtain the character ¢¢ of G.

o1

65 = 1 S uennc, 9(w), where n = = 32 =2,

07 =3 Luwennc, o)

which implies ¢¢ = 2(¢(1)) = 2(1) = 2.

¢§ = % Xwennc, ¢w)

= 0§ = f Luennc, 9(w)=0 (since HN Cy = ¢)

0§ =3 X wennc, d(w)

= ¢ =1(1¢((1,2,3,4,5,...,13) + 1¢((1,13,12,11,...)) = Z1#5 + Z1#8
¢ =3 Luernc, $(w)

— ¢§ =1(1¢((1,3,5,7,9..) + 1¢((1,12,10,8,...)) = Z1#10 + Z1#3

¢5G = % ZweHmC5 p(w)

— ¢% = 1(16((1,11,8,5,2...) + 1¢((1,4,7,10,13...)) = Z1#11 + Z142
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%G = % ZweHmcﬁ ¢(w)

— ¢§ = 1(16((1,10,6,2,11...) + 1¢((1,5,9,13,4...)) = Z1#6 + Z1#7

¢7G = % ZwEHﬂC’7 P(w)

— % = 1(1¢((1,9,4,12,...) + 1¢((1,6,11,3,8,...)) = Z1 + Z1#12

O§ = 5 Y enncs P(w)
= ¢¢ = 1(1¢((1,8,2,9,3,...) + 16((1,7,13,6,...)) = Z1#9 + Z1#4

So ¢ 19= (2,0, Z1#8+ Z 145, Z1#10+ Z14£3, Z1#11+ Z14#2, Z14T+ Z 146, Z14£12+
Z1, Z1#9 + Z14#4) and we have verified that x4 of H induces x 3 of G.
Instead of writing zeta(13)]5 for r € 1 < r < 12, we are going to replace it

with Z1#r for r. So we have verified ¢ Tg is equivalent to x 3

> CGI[3];

(2, 0, zeta(1l3)_13"8 + zeta(1l3)_13"5, zeta(1l3)_13"10
+ zeta(13)_13"3, zeta(l3)_13"11 + zeta(13)_13"2,

zeta(13)_13"7 + zeta(1l3)_13"6,-zeta(13)_13"11
- zeta(13)_13710- zeta(l3)_13"9 - zeta(13)_13"8

- zeta(13)_13"7 - zeta(l3)_13"6 - zeta(l1l3)_13"5

- zeta(13)_13"4 - zeta(13)_13"3 - zeta(13)_13"2 - 1,
zeta(13)_13"9 + zeta(1l3)_1374 )

Note, since we are in Root Unity 13 we have the following:
Z113 =1,

Z1% -1 =0,
(Z1-1)(212 4+ 211 4+ 21094 2194+ 218+ 217+ 2154+ 215+ Z21* + 213212+ Z1+1) = 0.

Using the work from above we changed —zeta's to (Z1#12 + Z1) to rewrite CG[3] in
terms of Z1#r
Thus,
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CGJ3] = (2,0, Z1#8+ Z1#5, Z1#10+ Z14:3, Z14#11 + Z142, Z147 + Z146, Z1412 +
Z1, Z14#9 + Z1#4).

Now we print the Characters tables of G and H.

Table 7.5: Character Table of G

x Ci Co (s Cy Cs Cs Cr Cy

X1 1 1 1 1 1 1 1 1

xe2 1 -1 1 1 1 1 1 1

x3 2 0 71 Z1#2 Z1#3 Z1#4 Z14#5 Z1#6

Ya 2 0 ZI#5 ZI#3 Z1#2 Z1#6  Z1  Z1#4

X5 2 0 Z1#2 Z1#4 ZI1#6 Z14#5 Z1#3 71

X6 2 0 Z1#4 Z1#5 Z1 Z1#3  Z1#6 Z14#2

x7 2 0 Z1#6 Z1 Z1#5 Z1#2 Z1#4 Z1#3

X8 2 0 ZI1#3 Z1#6 Zi#4 71 Z1#2  Z1#5

# denotes algebraic conjugation.
Z1 is the primitive thirteen root of unity.
Table 7.6: Character Table of H

X Di Dy D3 Dy Ds Dg Dy Ds
X1 1 1 1 1 1 1 1 1
X2 1 71 Z1#2  Z1#3  Z1#4  Z1#5 Z1#6  Z1#7
vs 1 ZI#2  Z1#4  Z1#6  Z1#8  Z1#10 Z1#12 71
x4 1 ZI1#3  Z1#6 Z1#9 Z1#12 Z1#2  Z1#5  Z1#8
s 1 ZI#4  Z1#8  Z1#12  Z1#3  Z1#T  Z1#11  Z142
X6 1 Z1#5 Z1#10 Z1#2  Z1#7 Z1#12  Z1#4  Z1#9
vr 1 ZI1#6  Z1#12  Z1#5  Z1#11  Z1#4  Z1#10  Z143
vs 1 ZI#7T 71 Z1#8  Z1#2  Z1#9  Z1#3  Z1#10
Yo 1 ZI#8 ZI1#3  Z1#11 Z1#6  Z1  Z1#9  Z1#4
vio 1 ZI1#9  Z1#5  Z1  ZI1#10  Z1#6  Z1#2  Z1411
x11 1 Z1#10 Z1#7  Z14#4 71 Z1#11  Z1#8  Z1#5
x12 1 Z1#11  Z1#9  Z1#7T  Z1#5  Z14#3 71 Z1#12
X131 Z1#12 Z1#11 Z1#10 Z1#9  Z1#8  Z1#7T  Z1#6
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Table 7.7: Character Table of H Cont.

X Dy Do Dy D12 Dq3
Y1 1 1 1 1 1
X2 Z1#8  Z1#9  Z14#10 Z1#11 Z1#12
s  Z1#3  Z1#5  ZI#T  Z1#9  Z1#11
X4 Z1#11 Z1 Z1#4  Z1#7  Z1#10
Y5 Z1#6  Z1#10 71 Z14#5  Z1#9
X.6 71 Z14#6  Z1#11  Z14#3  Z1#8
X7 Z1#9  Z1#2  Z1#8 71 Z1#7
X8 Zl#H4  Z1#11  Z1#5  Z1#12  Z1#6
Yo Z1#12  Z1#7T  Z1#2  Z1#10  Z1#5
Yio Z1#T  Z1#3  Z1#12  Z1#8  Z144
Y1 Z1#2  Z1#12  Z1#9  Z1#6  Z1#3
Y12 Z1#10  Z1#8  Z1#6  Z1#4  Z142
X13 Z1#5  Z1#4  Z1#3  Z1#2 71

# denotes algebraic conjugation.
Z1 is the primitive thirteen root of unity.

Before we verify the monomial representation of the matrices we must find the

exact value of Z1. Noticed the order | < Z > | = 13, that means we must find the

GFq(field) > }71731 has a subgroup isomorphic to < Z > prime p > plfg’l. Then the prime

is 53. Since % = é—g Thus Zs3 — {0} =< 2 >, since 2°2 = 1 mod 53. We apply the
|al

% where a = 2. Since the generator of the cyclotomic

following formula: |a*| = Jedl

field 53 is 2 and [2] = 52.

Thus,
ged(k, 2])
52
= —=
= 1271 gcd(k, 52)
where |2F| = 13.

Hence, k = 4, 8,12, 16, 20,24, 28, 32, 36, 40, 44, 48.
16| = [2%| = 13

|44 = |28 = 13

15| = [2'%] = 13
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Take the first order Z = 16 where k% = 42 = 16 mod 53. Now we can replace Z1 with
16 to calculate every entry of CG[3] = x.3, CH[4] = x4, and the matrix.

Table 7.8: x5 of G

o¢ Class | Size Class Representative

2 Cq 1 Id(G)

0 Co 13 (1, 12)(2, 11)(3, 10)(4, 9)(5, 8)(6, 7)

Z1 Cs 2 [(1,2,3,4,5,6,7,8,9, 10, 11, 12, 13)
Z1#2 | Cy | 2 | (1,3,5,7,0,11, 13, 2, 4, 6, 8, 10, 12)
Z1#3 | Cs | 2 | (1,4,7,10,13,3,6,09, 12, 2, 5, 8, 11)
Z1#4 | Cg 2 [(1,5,9,13,4,8,12,3,7, 11, 2, 6, 10)
Z1#5 | C: | 2 | (1,6, 11, 3,8, 13, 5, 10, 2, 7, 12, 4, 9)
Z1#6 | Cs | 2 | (1,7, 13,6, 12,5, 11, 4, 10, 3, 9, 2, 8)

Table 7.9: x4 of H
1) Class | Size Class Representative
1 Dy 1 Id(H)
Z1#3 =15 Do 1 | (1,12, 10,8, 6,4,2,13,11,9,7, 5, 3)
Z1#6 =13 Ds 1 |(1,10,6,2,11,7,3,12,8,4, 13,9, 5)
Z1#9 = 36 Dy 1 ](1,8,2,9, 3,10,4, 11, 5,12, 6, 13, 7)
Z1#12=10 | Ds | 1 | (1,6, 11, 3, 8, 13, 5, 10, 2, 7, 12, 4, 9)
Z1#2 =44 Dg 1 (1,4, 7,10, 13,3,6,9, 12, 2, 5, 8, 11)
Z1#5 =24 Dy 1 1(1,2,3,4,5,6,7,8,9, 10, 11, 12, 13)
Z1#8=42 | Ds | 1 |(1,13,12,11,10,9,8,7,6, 5, 4, 3, 2)
Z1#11=47 | Dy | 1 | (1,11,8,5,2, 12,9, 6, 3, 13, 10, 7, 4)
Z1=16 Dig 1 |(1,9,4,12,7, 2,10, 5, 13, 8, 3, 11, 6)
Z1#4=28 | Dy | 1 | (1,7, 13,6, 12, 5, 11, 4, 10, 3, 9, 2, 8)
Z1#7=49 | Dz | 1 | (L, 5,09, 13, 4,38, 12, 3,7, 11, 2, 6, 10)
Z1#10 =46 | Ds3 1 | (1,3,5,7,9,11, 13, 2, 4, 6, 8, 10, 12)

Equivalencies from table to construct matrix: 1 = 1,

Zp = 16.
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Now prove the monomial representation has the following generators:

71° =24 0 0 1
A(zx) = ;and A(yy) =
0 718 = 42 10

Verifying the Monomial Representation

Since we have a linear character ¢ of the subgroup H of index 2 in G we let

G = Ht1 U Hty where the tgs are transversals of G acting on H.

That is G = He U H(1,12)(2,11)(3,10)(4,9)(5,8)(6, 7).

Continuing the process in a 2x2 matrix:

o(tizty!) o(tiaty ")

A(zz) = . .
¢(t2$t1 ) ¢(t2$t2 )

We will calculate all 2 elements of the matrix using the following calculation where
t1=e, to = (1,12)(2,11)(3,10)(4,9)(5,8)(6,7),

and z = (1,2,3,4,5,6,7,8,9,10, 11, 12, 13) with each ¢; corresponding to each transver-
sal respectively from the G listed before. We will start by calculating the multiplication
of t,-xtj_1 and list the resulting permutation rather than show the entire process. For
example:

<b(t1:vt1_1) =¢(e(1,2,3,4,5,6,7,8,9,10,11,12,13)e" 1) = ¢((1,2,3,4,5,6, 7,8,
9,10,11,12,13). We will go directly to what gb(tlxtl_l) is equal to. Since (1,2, 3,4,
5,6,7,8,9,10,11,12,13) € H. We look back to our Table 5.4 noticed
#((1,2,3,4,5,6,7,8,9,10,11,12,13)) is in class Dy=Z1#5 = 16° = 24 mod 53 where
Z1 = 16. Therefore, the nonzero entry for Row 1 is 24. We proceed as follows:

Rowl :

p(tixtyh) = 6((1,2,3,4,5,6,7,8,9,10,11,12,13)) = 24

P(tirty ) = ¢((1,11)(2,10)(3,9)(4,8)(5,7)(12,13)) = 0
Row2:
P(taxty") = #((1,2,3,4,5,6,7,8,9,10,11,12,13)) = 0

P(tarty ') = ¢((1,13,12,11,10,9,8,7,6,5,4,3,2)) = 42
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( since ¢((1,13,12,11,10,9,8,7,6,5,4,3,2)) € D)

FEach ¢ of H corresponded with a conjugacy class of either H or G. If the element is
in a conjugacy class from H (seen in Table 5.4) we write the value of ¢ for that class.
Since our matrix was produced in cyclotomic field 53, we needed to produce an order
13 element in Z53. In this case, 2 was chosen as the element of order 13. To complete

this process, the matrix for yy should also be verified by repeating the process above

where y = (1,12)(2,11)(3,10)(4,9)(5,8)(6, 7).

Rowl :
Sltiyty ') = ¢((1,12)(2,11)(3,10)(4,9)(5,8)(6,7)) = 0
ity ") = dle) = 1
Row?2 :
$(tayti ") = ¢e) = 0
d(tayty ') = ¢((1,12)(2,11)(3,10)(4,9)(5,8)(6,7)) = 0
Therefore,
A(zz) = 240 , and A(yy) =
0 42

To determine if we have a faithful representation we check if the order of each ma-
trix equals to the order of our generators. Since |A(zz)| = 13 and |A(yy)| = 2 with
|A(zx) - A(yy)| = 2 (the order of our index), we know that (A(xx) and A(yy)) is a

faithful representation of G. We proceed and produce a permutation representation.

Constructing a Permutation Representation

We worked in Z;3(number field 53) and on 2 x 2 matrices(dimension 2), thus we
produce a 53*2 :,,, (13 : 4) progenitor permutation representation based on the monomial
representation (13 : 4) = (A(xx), A(yy)). Consider the matrix entries for a; ; for A(xx)
and A(yy). We know there are 2 t’s, one for each column of our matrix and because
we have a semi-direct product in our progenitor then the elements of (13 : 4) act as
automorphisms of < t1 > * <ty > .

Now we find the permutations for our two matrices xx and yy, to do so we use

the following formula

a;; = 1 if the automorphism takes t; — ¢;
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a;; = n if the automorphism takes t; — t?.

Since 53*? is a free product of two cyclic groups of order 52 we will construct a table
with two t’s of order 52 labeled from 1...104 found in table 5.5. We are going to use

each non-zero entry for each matrix A(xx) and A(yy) to apply the formula listed above.
a1l = 24 and a9 — 42 & b12 =1 and b21 =1
Thus,
A(zz) Alyy)
t1 =3t >t

ty > 132ty =ty

Proceeding on finding a permutation representative we must describe Table 7.10. The
top number of the chart labels each element, the middle of the chart shows what the
automorphism produces, and the bottom number shows what that produced element is
numbered on the top of the chart. The same process is conducted for generators yy,

but for Table 7.11 we will only show part of the process.



Table 7.10: Automorphisms of A(xx)

1 2 3 4 5 6 7 8 9 10 11 12
t ot BB 82 3 3 t] 5 7 3 5 1
S T T e
A L A L . T S s A
47 83 95 61 37 40 8 18 27 102 75 80
13 14 15 16 17 18 19 20 21 22 23 24
O B B L L e S e o
I T T S
G M I A A . A o
17 58 65 36 7 14 55 98 103 76 45 54
25 26 27 28 29 30 31 32 33 34 35 36
g3 o3 gt ot o ot b 6t Tt g8
I T O L T T S R
G A L A N
93 32 35 10 8 94 25 72 73 50 15 28
37 38 39 40 41 42 43 44 45 46 47 48
A A A A
T L R
L A A L . A
63 6 5 90 53 68 101 46 43 24 91 2
49 50 51 52 53 54 55 56 57 58 59 60
37 135 3% 85T 3T P P P i P 0
O T 2 e S T SR
T A s . A A - o s
33 8 81 64 23 42 71 20 13 104 61 82
61 62 63 64 65 66 67 638 69 70 71 72
til’»l t%l tiliQ t%Q t:f3 t%i’) ti&‘l t%4 ti)5 t%5 t%ﬁ t%ﬁ
S T e
A A T O T
3 60 51 38 99 16 41 100 89 78 31 56
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73 74 75 76 77 78 79 80 81 82 83 84
A R L L L S e LT o
T T e T T
R G I A A . A A %
79 34 21 12 69 96 11 74 59 52 1 30
85 86 87 8 89 90 91 92 93 94 95 96
33t ot ot 11 6 gt " i P
O S T S
A i L a a
49 8 97 92 39 70 87 48 29 26 77 4

97 98 99 100 101 102 103 104

A A A A

N

e L A

19 8 67 66 9 44 57 22

Table 7.11: Automorphisms of A(yy)

1 2 3 4 101 102 103 104

t1 ta 13 Uy CUC

L T

tr i ta ty R

2 4 3 102 101 104 103
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From Table 7.10 and 7.11, we can construct permutations for A(zz) and A(yy)
by using our labels from each automorphism. Consider element #1 be denoted as t;
from Table 5.5. This produces the permutation (1,47,91,87,97,19,55,71, 31,
25,93,29,83). If we follow each element and its corresponding automorphism number

labeling and repeating the process for xx, we produce the following permutations:

A(zz) = (1,47,91,87,97,19,55, 71, 31,25, 93, 29, 83),
(3,95,77,69,89, 39,5, 37,63,51,81,59,61),
(7,85,49,33,73,79,11, 75,21, 103, 57, 13, 17),
(9,27,35,15,65,99, 67, 41,53, 23,45, 43, 101),
(2,84,30,94, 26, 32, 72, 56, 20, 98, 88, 92, 48),

(4,62, 60, 82,52, 64,38, 6,40, 90, 70, 78, 96),

(8,18, 14, 58,104, 22, 76, 12, 80, 74, 34, 50, 86),
(10,102, 44, 46, 24, 54, 42, 68, 100, 66, 16, 36, 28)

Likewise for yy.

Alyy) = (1,2)
17,18

(3,4)(5,6)(7,8)(9,10)(11, 12)(13, 14)
)(19,20)(21, 22)(23, 24)(25, 26)(27, 28)(29, 30
33,34)(35, 36)(37, 38)(39, 40) (41, 42) (43, 44) (45, 46
49,50)(51, 52)(53, 54) (55, 56) (57, 58) (59, 60) (61, 62
65,66)(67,68)(69, 70)(71,72)(73, 74) (75, 76)(77, 78
81,82)(83,84)(85, 86)(87,88)(89, 90)(91,92)(93, 94
97,98)(99,100)(101, 102)(103, 104).

—~

15,16),
(31,32)
(47, 48)
(63,64),
(79
(

)(23,24) 7
)(39,40) ,
)(55,56)

)(71,72) ,80),
95,96),

~— ~— ~— ~— ~—

(
(
(
(
(
(

Therefore, we have constructed a permutation representation from our matrices.

Creating a Presentation of the Progenitor

To construct a presentation for the progenitor we must choose a ¢ to normalize
from our two choices < t1 > % < t9 > . Let t ~ ¢;. Now we find permutations which
normalizes < t; > or fixes the following set
{t1, 12,63, 7, 15,15, 47, 45,49, 410 #1112 13 #1432}, This is a defining characteristic

of a monomial progenitors. Monomial progenitors fix a set of t's while permutation
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progenitors fix only one specific ¢;.

By using Magma we were able to find the stabiliser of .

> Sch:=SchreierSystem (G, sub<G|Id(G)>);
> ArrayP:=[Id(N): i1 in [1..#N]];

> for i in [2..#N] do

for> P:=[Id(N): 1 in [
for> for j in [1..#Sch

1..#Sch[il]]1;

[4
for|for> if Eltseq(Sch[

[4

[1

] do

)[J] egqg 1 then P[]j]:=xx; end 1if;
)[J] eq -1 then P[J]l:=xx"-1; end if;
)[J] eq 2 then P[j]:=yy; end if;

for|for> if Eltseqg(Sch
for|for> if Eltseg(Sch
for|for> end for;

for> PP:=Id(N);

for> for k in [1..#P] do

for|for> PP:=PP«P[k]; end for;

for> ArrayP[i] :=PP;

for> end for;

> Normaliser:=Stabiliser (N, {1,3,5,7,9,11,13,15,17,19,21,23,
>25,27,29,31,33,35,37,39,41,43,45,47,49,51,53,55,57,59,
>61,63,65,67,69,71,73,75,77,79,81,83,85,87,89,91,93, 95,
>97,99,101,103});

]
]
]
]

1
i
1
1

> Normaliser.l;

>Al:=N! (1, 55, 83, 19, 29, 97, 93, 87, 25, 91, 31, 47, 71)
>(2, 72, 48, 32, 92, 26, 88, 94, 98, 30, 20, 84, 56)

>(3, 5, 61, 39, 59, 89, 81, 69, 51, 77, 63, 95, 37)

4,38, 96, ¢4, 78, 52, 70, 82, 90, 60, 40, 62, 6)

, 11, 17, 79, 13, 73, 57,33, 103, 49, 21, 85, 175)

, 16, 86, 22, 50, 104, 34, 58, 74, 14, 80, 18,12)

, 67, 101, 99, 43, 65, 45, 15, 23, 35, 53, 27, 41)

0, 42, 28, 54, 36,24, 16, 46, 66, 44, 100, 102, 68);

> for i in [1..26] do if ArrayP[i] eq Al then Sch[i]; end if;
>end for;
x"6

To include permutation that fixes one to our presentation we must convert this

permutation into words. The code from above was used to find the following: Al = 6.

We look at the permutation z2® = (1,55,83,), 1 goes to 55, so we check the label in

our Table 7.10 where the element is 28, thus the automorphism is t%S
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Al — t%° = 38,

So, a presentation for the progenitor is 53*? :,, (13 : 4) = G < z,y,t >:= Group <
, y,t|y2, (x—l % y)2,x(_13),t53,t“’6 — 28 >

To check if our progenitor is correct we apply Grindstaff’'s Lemma. Our symmetric
generators are t1 and to. We want to add to the above presentation that all ti’s commute;
that is, (t1,t2). Now to = tY.

So we check if

53 ., (13 :4) = G < x,y,t >:= Group < x,y,t|y?, (z7  xy)%, z
factored by (t,tY) is the group 532 :, (13 : 4) of order 53% x (13 x 4).

(713)7t537tx6 — 28 5

G<x,y,t>:=Group<x,y,tly 2, (x"-1xy) "2, x"(-13),
t"53,

t " (x°6)=t"28, (t,t"y)>

print Index (G, sub<G|x,y>: CosetLimit:=9"10,
Hard:=true, Print:=2);

Next, we find finite homomorphic images of the progenitor 53*2 :,,, (13 : 4). Thus, we

factor the progenitor by additional relations. Here, we have factored by first order
relations.

for r,s,u,v,w,z,aa,bb,cc,dd,ee, £ff,gg,hh,ii, jj,
kk,11,mm,nn,o0,pp,9q,rr in [0..10] do
G<x,y,t>:=Group<x,vy,tl|ly 2, (x"-1xy) "2, x"(-13),

t°53,

E7(x76)=t"28, (y*x(£75) " (x72)) "r, (y*(t"3) (x = Y))ASI

(yx(£73) " (y *» x))"u, (y*x(t712) " (x"-2)) v, (yx(£"5) " (x"-2))"
(yx(£712) " (x*y)) "z, (y*t™(x * y —1))”aa, (yx(£74) " (x72)) "
(yx(£73) 7 (x"3)) "cc, (yx(£"12)"(x"-1))"dd, (y*(t"10)" (X))Aee,
(y*(£77) " (x"=1)) "ff, (yx(£"2) " (x"-2)) "gg, (y*x(t"2) " (x"-1))"
(y*(£73) 7 (x72 x y)) 11, (y*(t"8) " (x * y)) " JJ, (yx(t~ 34)A(y)) kk,
(y*(£72) " (x73)) 711, (yx(t£t"10) " (x"2)) mm, (y*x(t"6)" (x"-2)) "nn,
(y*(£76) " (y"-1 * x)) o0, (y*t" (x"2 » y"-1)) "pp,

(y* (£°6) " (x"-1)) "qq, (y*(£741)"(y"2)) rr>;

if #G gt 26 then
#G,r,s,u,v,w,z,aa,bb,cc,dd,ee, ff,gg,hh,ii, jj,
kk,11,mm,nn, 0o, pp,dd, rr;

end 1if;

end for;

Homomorphic Images of 53* :,,, (13 : 4) were found, please see Chapter 10.
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Chapter 8

Progenitors with no Images Due

to MAGMA Resources

8.1 Monomial Progenitor 7*° :,, (3% : 8)

To construct a monomial presentation of 7*2 :,, (32 : 8), we must induce a linear
character from a subgroup H of G. We must choose a subgroup with index matching
the degree of an irreducible character of G by considering the character table of G in
Table 5.1 and note G has characters x.1, x.2, ..., X.9- We proceed using .9 and look for
a subgroup of order 8 so that % = % = 8.

Since the index of the two groups is 8 this implies, if a matrix representation is faithful

then A(zx), A(yy), and A(zz) will be represented by a 8 x 8 matrices.

Verifying the Induction

We produce a character table for y ¢ in table 5.2. First we will verify the
induction x.o of H to x.9 of G by considering the irreducible characters ¢ of H and
¢ of G. G is generated by z, y, and z, where z = (1,2,9)(3,4,5)(6,7,8), y :=
(1,4,7)(2,5,8)(3,6,9), and z = (1,6,4,5,2,3,8,7). But one of the generators is redun-
dant, thus using 2 instead of 3 generators is efficient. Then the matrix representation

will be A(zx) and A(zz).

The Conjugacy classes of group G are
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C1 = Id(G)

C2 = (1,4)(2,3)(5,9)(6,8), (1,7)(2,6)(3,5)(8,9), (1,6)(2,8)(3,4)(7,9), ...

C3 = (1,2,9)(3,4,5)(6,7,8), (1,3,8)(2,4,6)(5,7,9), (1,9,2)(3,5,4)(6,8,7), ...

C4 = (1,4,2,8)(3,7,6,5),(1,2,3,5)(4,6,9,7), (1,3,6,4)(2,7,8,9), ...

C5=(1,7,5,8)(2,3,4,9), (1,5,3,2)(4,7,9,6), (2,6,9,5)(3,7,8,4), ..

C6 = (1,6,4,5,2,3,8,7),
(
(
(

(1,8,6,3,7,9,2,5),(1,5,7,6,9,8,3,4),
C7=(1,9,7,2,5,3,8,4),(1,2,4,9,6,8,3,7),(1,5,8,6,2,7,4,3), ...
C8 =(1,5,9,2,8,4,6,7),(1,6,2,9,3,7,5,4),(1,4,8,3,5,2,7,9), ...
C9 =(1,2,6,5,8,7,9,4),(2,8,6,4,9,3,5,7), (1,9,5,6,3,4,2,7), ...

Consider the subgroup H of G given below.
H =1d(G),(1,6,5)(2,7,3)(4,9,8),(1,3,8)(2,4,6)(5,7,9)

The conjugacy classes of H are

D1 = Id(G)

D2 = (1,6,5)(2,7,3)(4,9,8)
D3 = (1,5,6)(2,3,7)(4,8,9)
D4 = (1,3,8)(2,4,6)(5,7,9)
D5 = (1,8,3)(2,6,4)(5,9,7)
D6 = (1,2,9)(3,4,5)(6,7,8)
D7 = (1,9,2)(3,5,4)(6,8,7)
D8 = (1,4,7)(2,5,8)(3,6,9)
D9 = (1,7,4)(2,8,5)(3,9,6)

From the character tables of G and H we are going to use the information we
labeled as ¢ of H and ¢ of G. By the definition of induction we induce the character
¢ = x.2 of H up to ¢© = x.9 of G to obtain the character ¢ of G.
01G

(€]

S = % weHNC, ¢(w), where n = TH = % = 8 and h,, is the size of x.9 in Table 5.3.
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OF =1 Luennc, 9(w)
which implies ¢f = 8(¢(1)) = 8(1) = 8.
05 = § Luennc, 2(w)
= 05 = § Lwennc, $(w)=5(0) =0 (since HNCy = ¢)
0§ = § Luennc, $(w)
— 6§ = 1(1¢((1,2,9)(3,4,5)(6,7,8)) + 16((1,3,8)(2,4,6)(5,7,9))
+1¢((1,9,2)(3,5,4)(6,8,7) + 16((1,6,5)(2,7,3)(4,9,8)) + 1¢((1,7,4)
(2,8,5)(3,9,6)) + 16((1,4,7)(2,5,8)(3,6,9)) + 16((1,8,3)(2,6,4)(5,9,7))
+1¢((1,5,6)(2,3,7)(4,8,9))) = Z1 + (=21 = 1) + 1+ 1
+Z14+(-Z1-1)+Z1+(-Z1—-1)= -1
0f = § Luennc, 2(w)
= ¢ = § Luennc, $(w)=5(0) = 0 (since HNCy = ¢)
65 = § Lwennc; 9(w)
— 6§ =58> enne, #(w)=5(0) =0 (since H N C5 = ¢)
96 = 5 Luwennc, 2(w)
— ¢F = § X wenncs @(w)=5(0) = 0 (since H N Cg = ¢)
G _s

779 ZwEHﬁC7 P(w)

= 0f = § Tuennc, 9(w)=5(0) = 0 (since HNC7 = 9)
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¢ = § Lwenncs P(W)
= 0§ = § Cuennc, $(w)=5(0) = 0 (since HN Cs = ¢)
= ¢§ = § Lwennc, $(w)=5(0) =0 (since HNCy = ¢)

So ¢ Tg: (8,0,—1,0,0,0,0,0,0) and we have verified that y o of H induces x.g of

Table 8.1: Character Table of G

x C1 Cy C3 Cy Cs Cs Cr Cs Cy

x1 1 1 1 1 1 1 1 1 1

X2 1 -1 1 1 1 -1 -1 -1 -1

xs3 1 1 1 -1 -1 I —1I I -1

xa 1 1 1 -1 -1 —I I I I

xs 1 -1 1 1 —-I 271 Z1#3 71 —Z1#3

xe 1 -1 1 —I 1 Z1#3 Z1  —Z1#3 -Z1

xr 1 -1 1 I I —Z1#3 —Z1  Z1#3 Z1

xg 1 -1 1 I I —Z1 —Z1#3 Z1 Z1#3

x9 8 0 -1 0 0 0 0 0

# denotes algebraic conjugation.
Z1 is the primitive three root of unity. I is Root of Unity four.
Table 8.2: Character Table of H

X D Dy D3 Dy Ds Dy D~ Dy Dy
X.1 1 1 1 1 1 1 1 1 1
X2 1 J -1-J 1 1 J —-J-1 J -1-J
x3 1 -1-J J 1 1 -1-J J-1 -J J
x4 1 1 1 J -1-J J-1 —-J-1 —J J
X5 1 J -1-J J-1 -J-1 —-J J 1 1
xe 1 —-1—-J J J—1 —J 1 1 J—1 -J
x7 1 1 1 -1-J J-1 —J J J—-1 -J
xs 1 J—1 -J-1 —-J J 1 1 -1-J J
x9 1 —-1—-J J-1 —J J J-1 —J 1 1
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Before we verify the monomial representation of the matrices we must find

the exact value of Z1. Noticed the order | < Z > | = 3 that means we must find the

GFq(field) > p%l has a subgroup isomorphic to < Z > prime p > p% Implies p = 7.

T-
Since % = %. Thus Z7 — {0} =< 2 > since 26 = 1 mod 7. We apply the following

formula: |a*| = —_lal__ \here a = 2. Since the generator of the cyclotomic field 7 is 2
ged(k,|af)

and |2| = 6.

Thus,
|2k| _ ’2‘
ged(k, [2|)
6
o= ——
27 ged(k, 6)
where |2F| = 3.
Hence, k£ =2, 4.
4] = [2°] = 3
16] = 2] = 3

Take the first order Z = 4 where k% = 2* = 2 mod 7 Now we can replace Z1 with 2 to
calculate every entry of CG[9], CH|[2], and matrix.

Table 8.3: x .9 of G

% | Class | Size Class Representative
8 Cy 1 Id(G)

0 Cy 9 (1,9)(3, 7)(4, 6)(5, 8)
—-1] Cj 8 | (1,2,9)(3,4,5)6,17,8)
0 Cy 9 (1,7,9,3)(4, 5, 6, 8)
0 Cs 9 (1,3,9,7)(4, 8, 6,5)
0 Cs 9 (1,5,7,6,9,8,3,4)
0 Cy 9 (1,6,3,5,9,4,7,8)
0 Cs 9 (1,8,7,4,9, 5,3, 6)
0 Co 9 (1,4,3,8,9,6,7,5)
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Table 8.4: x2 of H

[0 Class | Size Class Representative
Dy 1 Id(H)

Z1 Do 1 (1,6,5)(2,7,3)(4, 9, 8)
—7Z1—-1| Ds 1 (1, 5,6)(2, 3, 7)(4, 8, 9)

1 Dy 1 (1, 3, 8)(2, 4, 6)(5, 7, 9)

1 D5 1 (1, 8, 3)(2,6,4)(5,9,7)

Z1 Dg 1 (1,2, 9)(3, 4, 5)(6, 7, 8)
—Z1-1| Dy 1 (1,9, 2)(3, 5, 4)(6, 8, 7)

Z1 Dg 1 (1,4, 7)(2, 5, 8)(3, 6, 9)
—7Z1—1| Dy 1 (1,7, 4)(2, 8,5)(3, 9, 6)

Equivalencies from table to construct matrix: 1 =1,
7y = 2.

Now prove the monomial representation has the following generators

(Z1 0 0 0 0 0 0 0
0 1 0 © 0 0 0 0
0 0 Z1 O 0 0 0 0
0 0 0 21 0 0 0 0
A(zx) = )
0 0 0 0 —Z1-10 0 0
0 0 0 O 0 1 0 0
00 0 0 0 0 —Z1-1 0
0 0 0 O 0 0 0 -Z1—1]
and ) )
01 000O0O00O0
001 0O0O0GO0O
00010O0O0TO
000O0T1QO0TO0O©O
Azz) =
0 00O0O0OT1TUO0FD O
000O0O0OOT1FP0
0 00O0O0O0OTCO0OT1
100000 0 0
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Verifying the Monomial Representation

Since we have a linear character ¢ of the subgroup H of index 8 in G we let
G = Ht; UHty U Htz3 U Hty U Hts U Htg U Hty U Htg where the t)s are transversals of
G acting on H.

That is G = He U H(1,6,4,5,2,3,8,7) U H(1,4,2,8)(3,7,6,5) U
H(1,5,8,6,2,7,4,3) U H(1,2)(3,6)(4,8)(5,7) U H(1,3,4,7,2,6,8,5)
U H(1,8,2,4)(3,5,6,7) U H(1,7,8,3,2,5,4,6).

Continuing the process in a 8x8 matrix:

[ o(tat!) o(haty!) @ttty d(thty') pltatg!) |
P(taaty ) Gltawty ') dltanty’) P(tawts')  Pltawts™)
P(taxth) o(tzxty') d(tswty™) P(taaty!)  o(tarty?)
A o P(tawtyt)  (taaty") o(tawts!)  p(tgatg?h)

(zx) =

d(tsaty ') (tsaty!) d(tsaty ') (tsaty’)
d(toxty ') dlteats") d(terty ") Pltoats’)
O(traty!)  o(traty')  o(traty') p(traty)  P(traty!)

| dltsaty!) oltsaty')  otsaty?!) Htsatz ) oltswts!) |

We will calculate all 8 elements of the matrix using the following calculation where
t1 = e, to = (1,6,4,5,2,3,8,7), ts = (1,4,2,8)(3,7,6,5), t4 = (1,5,8,6,2,7,4,3),
ts = (1,2)(3,6)(4,8)(5,7), ts = (1,3,4,7,2,6,8,5), tr = (1,8,2,4)(3,5,6,7), tg =
(1,7,8,3,2,5,4,6) and = = (1,2,9)(3,4,5)(6,7,8) with each t; corresponding to each
transversal respectively from the G listed above. We will start by calculating the mul-
tiplication of tixtj_l.

qb(tla:tl_l) = ¢(e(1,2,9)(3,4,5)(6,7,8)e"1) = ¢((1,2,9)(3,4,5)(6,7,8)). We will go di-
rectly to what qﬁ(tlxtfl) is equal to. Since (1,2,9)(3,4,5)(6,7,8) € H. We look back
to our Table 5.4 noticed

¢((1,2,9)(3,4,5)(6,7,8)) is in class Dg=Z1. Therefore, the nonzero entry for Row 1 is
Z1. We proceed as follows:



Row 1:
o(tity) = ¢((1,2,9)(3,4,5)(6,7,8)) = Z1 =2
( since ¢((1,2,9)(3,4,5)(6,7,8)) € Dg)
o(tiwty ) = ¢((1,5,2,9,7,3,6,8)) =0
d(tiaty") = ¢((1,4,6,3)(2,9,8,7)) =0
p(tixty ) = 6((1,6,2,9,3,7,5,4)) = 0
d(tiwts ") = ¢((2,9)(3,8)(4,7)(5, 6)) =0
p(tiwts ') = ¢((1,7,6,4,8,2,9,5)) =
¢(tat; ') = $((1,8,5,7)(2,9,4,3)) =
p(tixtgh) = 6((1,3,5,8,4,2,9,6)) =
Row 2:
p(taxt; ) = 6((1,7,2,4,3,6,5,9)) = 0
Btawty ") = ¢((1,8,3)(2,6,4)(5,9,7)) = 1
(' since ¢((1,8,3)(2,6,4)(5,9,7)) € Ds)
o(tawts') = ¢((1,3,7,4,5,9,8,2)) =0
d(tawty") = ¢((1,2,7,6)(3,8,5,9)) = 0
p(tarts ') = ¢((1,5,9,2,8,4,6,7)) =0
b(tants ") = 6((1,4)(2,3)(5,9)(6,8)) =
d(tawts ) = ((1,6,3,5,9,4,7,8)) =
b(tarts") = #((2,5,9, 6)(374,8,7»—0
Row 3:

¢(tzaty ') = $((1,5,4,9)(2,6,3,8)) = 0

d(tsxtyh) = ¢((1,4,9,7,8,5,6, )):0

¢(tzrts') = ¢((1,6,5)(2,7,3)(4,9,8)) = Z1 =2
( since ¢((1,6,5)(2,7,3)(4,9,8) € Dy)
p(taxty ) = 6((2,8,6,4,9,3,5,7)) =0
d(tsats ') = ¢((1,7,5,8)(2,3,4,9)) = 0
o(tzrtg') = ¢((1,8,7,4,9,5,3, 6)):0
d(tzrty ') = ¢((1,3)(2,5)(4,9)(6,7)) =
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P(tsrts) = ¢((1,2,4,9,6,8,3,7)) =0

o(taxty) = 6((1,3,2,8,7,5,6,9))
d(tawty ") = ¢((1,2,3,5)(4,6,9,7)) =
o(tawts') = $((1,5,7,6,9,8,3,4)) =0

0

taxty") = 6((1,4,7)(2,5,8)(3,6,9)) =
( since ¢((1,4,7)(2,5,8)(3,6,9) € Dg)
o(tawts ') = $((1,6,9,2,4,8,5,3)) =0
b(tamts") = 6((2,6,9,5)(3,7,8,4)) =0
P(taxt:') = ¢((1,7,3,8,6,9,4,2)) =0
d(tazts") = 6((1,8)(2,7)(4,5)(6,9)) =
Row 5:

d(tsty ") = ¢((1,9)(3,7)(4, x5&
o(tsaty ) = 6((1,9, 7,2,5 3,8,4)) =
$(tsaty') = ¢((1,9,8,6)(2,4,7,5)) =
o(tsxty ) = ¢((1,9,3,2,6,7,4, 8)) =0
d(tswts) = ¢((1,9,2)(3,5,4)(6,8,7)) = —Z1 — 1= —2 — 1 =4 mod 7
( since ¢((1,9,2)(3,5,4)(6,8,7) € D7)
o(tswty ') = ¢((1,9,5,6,3,4,2,7)) =0
$tsatr ) = ¢((1,9,4,5)(2,8,3,6)) =
$(tsatg') = ¢((1,9,6,5,7,8,2, »z
Row 6:

d(tert;) = ¢((1,4,8,3,5,2,7,9)) =
P(torty ') = ¢«L®@8M3®W9D=O
d(terts') = 6((2,3,6,7,9,8,5,4)) =
$(terty ") = ¢((1,7,9,3)(4,5,6,8)) =
S(terts ') = ¢((1,8,6,3,7,9,2,5)) =
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Htorts ') = ¢((1,3,8)(2,4,6)(5,7,9)) =
( since ¢((1,3,8)(2,4,6)(5,7, 9) Dy)

o(tertz ') = ¢((1,2,6,5,8,7,9,4)) =0

Htoxts ') = ¢((1,5,3,2)(4,7,9,6)) = 0
Row 7:
$(traty ) = ¢((1,6,8,9)(2,5,7,4)) =
(tratyh) = 6((2,4,5,8,9,7,6,3)) =
$(traty ') = ((1,7)(2,6)(3, 5)(8,9)) 0
o(tzaty ) = 6((1,8,9,3,4,6,5,2)) =
pltrats') = ¢((1,3,6,4)(2,7,8,9)) =
P(trrts ) = 6((1,2,8,9,5,4,7,3)) = 1
d(tzatz) = #((1,5,6)(2,3,7)(4,8,9)) = —Z1 — 1 = 4 mod 7
(since ¢((1,5,6)(2,3,7)(4,8,9) € D3)
P(trrts) = ¢((1,4,3,8,9,6,7,5)) =0
Row 8
d(tswty) = ((1,8,4,7,6,2,3,9)) =
Htswty ") = ¢((1,3,9,7)(4,8,6,5)) =
d(tswtz) = ((1,2,5,6,4,3,9,8)) =
Stswty ') = o((1,5)(2,4)(3,9)(7, 8)) 0
o(tswts) = ¢((1,4,5,7,3,9,2,6)) =
(tsatg") = ¢((1,6,7,2)(3,9,5,8)) =
d(tswt) = ¢((2,7,5,3,9,4,6, 8)) 0
o(tsaty ') = ¢((1,7,4)(2,8,5)(3,9,6)) = —Z1 — 1 =4 mod 7
( since ¢((1,7, 4)(2,8,5)(3 9,6) € Dy)

Each ¢ of H corresponded with a conjugacy class of either H or G. If the element is
in a conjugacy class from H (seen in table 5.4) we write the value of ¢ for that class.
Since our matrix was produced in cyclotomic field 7, we needed to produce an order 3
element in Z7. In this case, 2 was chosen as the element of order 3. To complete this

process, the matrix for zz should also be verified by repeating the process above where



235

zz =(1,6,4,5,2,3,8,7) and matrix

[ o(tzt7h) (tizty) o(tiztzt) ... d(tiztrh) @(tiztgh)
D(taztyh) B(taztyt) Gltazts') ... ¢(tazts!) oltaztg!)
d(tsztyh) Bltszty) dltsztz!) ... o(tazts!) o(tsztg?)

Azz) = D(taztyh) Btazty?) ... G(tazts!) @(taztgh)
Dtszty ) Btszty?) ... dltszts) o(tsztg!)

d(tezty ') Bltezty) ... dltezts!) o(tezty!)

ezt ) Bltratyt) Gltrztzt) o @(trztsl)  o(trztgh)

| Bltszty ') Pltszty ') o(tszty’) Htszt; ') o(tszts’)

Repeating the same process from above we get the following calculations for

each row of the matrix A(zz).

Row 1:

p(tizt; ) = ¢((1,6,4,5,2,3,8,7)) = 0
d(tr2ty ) = dle) =

o(tizts ") = ¢((1,7,8,3,2,5,4,6)) =
$(trzty") = ¢((1,8,2,4)(3,5,6,7)) =
o(tizts ) = ¢((1,3,4,7,2,6,8,5)) =
d(trztg ") = B((1,2)(3,6)(4,8)(5, 7)) =0
o(tiztz ') = ¢((1,5,8,6,2,7,4,3)) =
d(traty ') = ¢((1,4,2,8)(3,7,6,5)) =
Row 2:

d(tazt ') = ¢((1,4,2,8)(3,7,6,5)) = 0
P(tazty ') = ¢((1,6,4,5,2,3,8,7)) =0
P(tazty ") = dle) =

P(tazty') = ¢((1,7,8,3,2,5,4,6)) =
B(tazts ') = ¢((1,8,2,4)(3,5,6,7)) =
o(tazty') = ¢((1,3,4,7,2,6,8,5)) =
b(taztr ") = 6((1,2)(3,6)(4,8)(5, >
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P(taztg ) = ¢((1,5,8,6,2,7,4,3)) =0

Row 3:

o(t3zt; ) = ¢((1,5,8,6,2,7,4,3)) = 0
d(ts2ty ") = 6((1,4,2,8)(3,7,6,5)) = 0
d(tszts ') = ¢((1,6,4 5,2,3 8,7)=0
Htazty ') = dle) =

Htszty ") = ¢((1,7,8,3,2,5,4,6)) =
Htazts ') = 0((1,8,2,4)(3,5,6,7)) =
P(tsztz) = ¢((1,3,4,7,2,6,8,5)) =
d(tazts ) = ¢((1,2)(3,6)(4,8)(5, )
Row 4:

$(tazty ) = ¢((1,2)(3,6)(4,8)(5,7)) =
o(tazty!) = 6((1,5,8,6,2,7,4 3)):
d(tazts') = ¢((1,4,2,8)(3,7,6,5)) =
P(taztyl) = ¢((1,6,4 5,2,3 8,7)) =
P(tazts ') = dle) =

o(tazty') = ¢((1,7,8,3,2,5,4,6)) =0
$(tazt; ) = ¢((1,8,2,4)(3,5,6,7)) = 0
P(tazts’) = #((1,3,4,7,2,6,8,5)) = 0
Row 5:

P(ts2tyh) = ¢((1,3,4,7,2,6,8,5)) =0
d(tszty ) = ¢((1,2)(3,6)(4,8)(5, 7))
o(ts2t3h) = o((1,5,8 6,2,7 4 3)) =
B2ty ') = ¢((1,4,2,8)(3,7,6,5)) =
(tszts ) = ¢((1,6,4,5,2,3,8, >> =
P(ts2tg!) = o((e) =1

P(ts2t=1) = ¢((1,7,8,3,2,5,4,6)) =0
Btszts ') = 6((1,8,2,4)(3,5,6,7)) =



Row 6:

d(tezty ') = 6((1,8,2,4)(3,5,6,7)) =
P(tezty) = o((1,3,4, 7,2,6 8,5)) =
Bltozts ") = $((1,2)(3,6)(4,8)(5, 7)) =0
$tezt;') = ¢((1,5,8,6,2,7,4,3)) =
Bltozts ') = ¢((1,4,2,8)(3,7,6,5)) =
d(teztg ') = ¢((1,6,4,5,2,3,8,7)) =
d(tezt; ') = ple) =1

d(teztgs ) = ¢((1,7,8,3,2,5,4,6)) =0
Row T7:

P(trzth) = ¢((1,7,8,3,2,5,4,6)) =
B2ty ") = 6((1,8,2,4)(3,5,6,7)) =
o(tr2t3h) = ¢((1,3,4,7,2,6,8,5)) =
Bltraty ') = ¢((1,2)(3,6)(4,8)(5, >> =0
o(tr2ts') = ¢((1,5,8,6,2,7,4,3)) =
oltrzts") = 6((1,4,2,8)(3,7,6,5)) =
$(tr2t7') = ¢((1,6,4,5,2,3,8,7)) =
P(tratg ') = ple) =1

Row &:

d(tszty ') = d(e) =

P(tsztyt) = ¢((1,7,8,3,2,5,4,6)) =
Htszty ') = ¢((1,8,2,4)(3,5,6,7)) =
P(tsztyt) = ¢((1,3,4,7,2,6,8,5)) =
oltsats ') = ¢((1,2)(3,6)(4,8)(5, 7)) =0
H(tsztg') = 6((1,5,8,6,2,7,4,3)) =
olts=t7") = 6((1,4,2,8)(3,7,6,5)) =
B(tszty!) = 6((1,6,4,5,2,3,8,7)) =
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Therefore, we have proven the monomial representation has the generators
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[2 0 00 000 0]
01000000
00200000
00020000
A(zz) =
00004000
0000O0T1U00
00000O0O40
000000 0 4
and ) )
01 0000TO00O0
00100000
00010000
000O0T10UO00
A(zz) =
0000O0T1UO00
0000O0O0OT1O0
000O0GO0OO 1
100000 0 O

Since |A(zz)| = 3 and |A(zz)| = 8 with |A(zz) - A(zz)| = 8, the order of our in-
dex, we know that (A(zxx) and A(zz)) is a faithful representation of G. We proceed and

produce a permutation representation.

Constructing a Permutation Representation

We worked in Z7 on matrices of degree 8x8 thus we are produce a 7*% :,,
(3% : 8) progenitor permutation representation based on the monomial representation
(32 :8) = (A(xx), A(22)). Consider the matrix entries for a; ; for A(xx) and A(zz). We
know there are 8 t’s, one for each column of our matrix and because we have a semi-
direct product in our progenitor then the elements of (32 : 8) act as automorphisms of
<l >k<tlyg>k<lyg>k<ly>k<tlyg>k<tlg>k<tly>k<ilg>.

Now we find the permutations for our two matrices xz and zz, to do so we use

the following formula

a;; = 1 if the automorphism takes t; — ¢;

a;; = n if the automorphism takes t; — t;?.
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Since 7*8 is a free product of two cyclic groups of order 6 we will construct a table with
8 t’s of order 6 labeled from 1...48 found in table 5.5. Viewing the entries of A(xx)
a11 =2, a2 =1, asz3 =2, agqe = 2, as5 = 4, age = 1, ay7 = 4, and agg = 4.

Thus,

ty — 3,

ty — 13,

t3 — 13,

ty — 13,

ts — 3,

te — g,

tr — 1,

ty — ta

Proceeding on finding a permutation representative we must describe Table 5.5. The
top number of the chart labels each element, the middle of the chart shows what the
automorphism produces, and the bottom number shows what that produced element is
numbered on the top of the chart. The same process is conducted for generators zz,

but for Table 5.6 we will only show part of the process.



Table 8.5: Automorphisms of A(xx)

1 2 3 4 5 6 7 8
t1 te ty ti t5 tg tr ts
N
2ty 3 3t te 3t}
9 26 11 12 29 6 31 32
9 10 11 12 13 14 15 16
2 2 5 oty ty 15 7 1
N T e e A
th 8B ot ot oty 2 tl ts
25 10 27 28 5 14 7 8
17 18 19 20 21 22 23 24
ot B ot ot ot ot ot
N N
o 1S 8 8 8
41 18 43 44 37 22 39 40
25 26 27 28 29 30 31 32
th oty oty t; th oty 3t}
N
ty oty th o th tE ot 2t
1 26 3 4 13 30 15 16
33 34 35 36 37 38 39 40
oty oty oty 2ty 2t
N I
£ 3 5 ] 5 5 th
17 34 19 20 45 38 47 48
41 42 43 44 45 46 47 48
9§ 1y 8 2 8
N
8oty 5 o B oty 8
33 42 35 36 21 46 23 24
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Viewing the nonzero entries from the monomial representation, A(zz), and
using the formula listed above we have a1o0 = 1, ass = 1, ags = 1, as5 = 1, as¢ = 1,
agr =1, avg = 1, and ag; = 1.
Thus,
ty — td,
ty — i,
t3 — ti,
ty — ti
ts — t¢,
te — ti,
ty — t,

ty — ti.

Table 8.6: Automorphisms of A(zz)

1 2 3 4 5 6 7 8 .. 47 48
ty to t3 tyg ts tg tr tg .. tS 13
N
ta t3 ts ty tg tr ts t1 .. tS t§
1 2 3 4 5 6 7 8 .. 47 48

From Table 5.5 and 5.6, we can construct permutations for A(zx) and A(zz)
by using our labels from each automorphism. Consider element #1 be denoted as t;
from Table 5.5. This produces the permutation (1,9,25). If we follow each element and
its corresponding automorphism number labeling and repeating the process for zx, we

produce the following permutations:

A(zz) = (1,9,25), (17,41,33), (3,11,27), (19,43, 35), (4,12, 28), (20, 44, 36),
(5,29,13), (21,37,45) (7,31,15), (23,39,47), (8,32,16), (24,40, 48)

Likewise for zz.
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A(zz) = (1,2,3,4,5,6,7,8)(9,10, 11,12, 13,14, 15, 16),
(17,18,19,20, 21, 22, 23, 24)(25, 26, 27, 28, 29, 30, 31, 32),
(33,34, 35, 36, 37, 38, 39, 40) (41, 42, 43, 44, 45, 46, 47, 48)

Therefore, we have constructed a permutation representation from our matrices.

Creating a Presentation of the Progenitor

To construct a presentation for the progenitor we must choose a ¢ to normalize
from our eight choices < t1 > % <ty > x <t3 > % <ty >+ <t > *x < tg>* <ty >
x < tg > . Let t ~ t;. Now we find permutations which normalizes < t; > or fixes the
following set
{t1,t2,13,11,13,1$}. This is a defining characteristic of a monomial progenitors. Mono-
mial progenitors fix a set of 's while permutation progenitors fix only one specific t;.
Using MAGMA we were able to find
> Sch:=SchreierSystem (G, sub<G|Id(G)>);

> ArrayP:=[Id(N): 1 in [1..#N]];
> for i1 in [2..#N] do

for> P:=[Id(N): 1 in [1..#Sch[i]]1];

for> for j in [1..#Sch[i]] do

for|for> if Eltseqg(Sch[il])[]Jj] eqg 1 then P[]J]:=xx; end if;
for|for> if Eltseqg(Sch[i])[j] eg -1 then P[]j]l:=xx"-1; end if;
for|for> if Eltseqg(Sch[il])[]Jj] eq 2 then P[]j]l:=zz; end if;
for|for> if Eltseqg(Sch[i])[j] eqg -2 then P[j]l:=zz"-1; end if;

for|for> end for;

for> PP:=Id(N);

for> for k in [1..#P] do

for|for> PP:=PP«P[k]; end for;

for> ArrayP[i] :=PP;

for> end for;

> Normaliser:=Stabiliser (N, {1,9,17,25,33,41});

> Stabiliser (N, {1,9,17,25,33,41});

10, 26) (3, 11, 27) (4, 28, 12) (6, 30, 14) (7

16, 32) (18, 42,34) (19, 43, 35) (20, 36, 44)
9)

(2 )

(8 )

(22, 38, 46) (23, 39, 47) (24, 48, 40) (1, 25, (3, 27, 11)
(4, 28, 12) (5, 13, 29) (7, 15, 31)

(8, 16, 32) (17, 33,41) (19, 35, 43) (20, 36, 44) (21, 45, 37)
(23, 47, 39) (24, 48, 40)
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>Al:=N! (2, 10, 26) (3, 11, 27) (4, 28, 12) (6, 30, 14) (7, 31, 15)
>(8, 16, 32) (18, 42,34) (19, 43, 35) (20, 36, 44) (22, 38, 46)
>(23, 39, 47) (24, 48, 40);

Bl:=N! (1, 25, 9)(3, 27, 11) (4, 28, 12) (5, 13, 29) (7, 15, 31)
>(8, 16, 32) (17, 33,41) (19, 35, 43) (20, 36, 44) (21, 45, 37)
> (23, 47, 39) (24, 48, 40);

> for i in [1..72] do if ArrayP[i] eqgq Al
then Sch[i]; end if; end for;
x

>for i in [1..72] do if ArrayP[i] eqgq Bl
then Sch([i]; end if; end for;
X * (z274*xx*z " 2+x+xz2"2) -1

For a presentation we must convert these permutations into words which we
find to be: Al = x, z stabilises the ¢’s while Bl =z * (2% * x % 22 x x * 22) 7!
with the t's.
We look at the permutation zx = (1,9,25),(17,41, 33), (3,11,27), (19,43,35),... so =

stabilises 1 which is 9. We check the label in our Table 5.5. If the element is 2, then

commutes

the automorphism is 3
Al — % = 2.

So, a presentation for the progenitor of 7*® :,, (32 : 8) is G < =, z,t >:= Group <
z, 2, t|23, (z, 2422222?), (2Ae222?) el e,

2(Zw22w2?) ey (2t 2222?) T 28T (f (2t a2t 2?) T 1 = 12 >

Now we check if our progenitor is correct. We apply Grindstaff’s Lemma. Our symmet-
ric generators are t1, to, t3, t4, t5, and tg. We want to add to the above presentation
that all ti’s commute; that is, (t1,t2),(t1,t3),(t1,t4), (t1,t5), (t1,t6), (t1,t7), and (t1,ts).
Now tg = 1%, t3 =5, tg =7, t5 = t*, and tg = t* .

So we check if

780 (3%2:8) = G < x,2,t >:= Group < z, 2, t|23, (2*2x22222)3, (v, 2 w222 2?),
(zrw22x2?) e ez 2(2tw2?e2?) Tl e (w2 2w2?) T 2847, (8 w (2t ?) Y,

% =12 >: factored by to = t7, t3 = t7 , ty =t t5 = 7, tg = t° , t7 = t*°, and tg = t*
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is the group 78 =, (32 : 8) of order 78 x (32 x 8).

G<x,z,t>:=Group<x,z,t|x"3, (z 74xx*xz2"2xx%x2"2) "3,
(x,2 4%x*2 " 2+xx%x2"2),
(274xx*x2"2+xX*2"2) "=1l*z"=1+x"-1%*2z,
Zx (27 4*xxx2 " 2%X*2"2) "=1xx"=1*xz2"=1% (2 4*xx+z2 " 2+xx%x2"2)"-1,2"8,
t°7,
(t,x * (z274*xxxz2"2*xx%x272)"=1),t"x=t"2,
(t,t7z), (L, 7 (272)), (£, £7°(2"3)), (t,t7(z74)), (t,£7(z2z75)),
(£, £7°(z76)), (£,£7°(z77))>;
print Index (G, sub<G|x,z>: CosetLimit:=9710,
Hard:=true, Print:=2);

Grinstaff Lemma is verified, the index matches the order of 78 x (3% x 8)=415065672.
Next, we find finite homomorphic images of the progenitor 7*% :,, (3% : 8). Thus, we
factor the progenitor by additional relations. Here, we have factored by first order
relations.

for a,b,c,d,e,f,g,h in [0..10] do
G<xX,Vy,z,t>:=Group<x,vy,z,t|x"3,y"3, (x,y),y —1xz"-1+«x"-1x2z,

zxy —1lxx"=1xz"-1xy~-1,2"8,

t~7,

(t,x » y™°=1),t7(x)=t"2, (z"4%t) "a, (y*t) "b, (z"2xt) " c,
(z"=2%t)"d, (zxt) e, (z"3xt)"f, (z"-3xt) g, (z"-1xt) "h>;

if #G gt 72 then

#G, a,b,c,d,e, £,9,h;

end 1f;

end for;

Progenitors with no images due to MAGMA resources of 7*% :,,, (32 : 8) SInce we do not
get finite homomorphic images for this group, now we are going to show the isomorphism
type of the control group N. We used the following codes to prove the isomorphism
type 3% : 8. The CompositionFactor and the NormalLattice of the group G is listed as:

> G:=TransitiveGroup(9,15);
>CompositionFactors (G);

| Cyclic(2)
*
| Cyclic(2)
*
|

Cyclic(2)
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Cyclic (3)

Cyclic (3)

B — % — %

> NL:=NormallLattice (G);
> NL;

Normal subgroup lattice

[5] Order 72 Length 1 Maximal Subgroups: 4
[4] Order 36 Length 1 Maximal Subgroups: 3
[3] Order 18 ©Length 1 Maximal Subgroups: 2
[2] Order 9 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:

We continue by finding the largest abelian group. In this case the largest abelian group

is the subgroup N L[2] of order 9. We verify by asking MAGMA the following:

> IsAbelian(NL[2]);
true

Since NL[2] is the largest abelian group, then we verify if it is 3 x 3, 32, or 9.

> X:=AbelianGroup (GrpPerm, [3,3]);

> IsIsomorphic (NL[2],X);

true Mapping from: GrpPerm: $, Degree 9,
Order 372 to GrpPerm: X

By MAGMA, K is given in the form 3 x 3. Now we check what is Q. To do
so, we factor ) by the largest abelian group, N L[2] and labeled it g.

> g, ff:=quo<G|NL[2]>;

> q;

Permutation group g acting on a set of cardinality 8

Order = 8 = 273
Id(q)
d(q)
(1, 2, 3, 4, 5, 6, 7, 8)
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Note ¢ is of order 8.

Now we find the transversal of G and N L[2] and store the transversal as T'[2].

> T:=Transversal (G,NL[2]);
> ££(T[2]) eq gq!(1, 2, 3, 4, 5, 6, 7, 8);
true

Now find the permutations of NL[2] and store them as A and B.

> NL[2].1;

(1, 6, 5)(2, 7, 3) (4, 9, 8)

> A:=G! (1, 6, 5)(2, 7, 3) (4, 9, 8);
> NL[2].2;

(1, 3, 8)(2, 4, 6)(5, 7, 9)

> B:=G! (1, 3, 8)(2, 4, 6)(5, 7, 9);

Now we write a presentation with a® and 4% and since we have the semi-direct product,
we check the action of a® =7 and b° =7. We have the following presentation with the

unknown action of a® =7 and b¢ =7 of the monomial progenitor.
< a,b,cla’ b3, (a,b),,a¢ =2,b¢ =7 >

Now we use Magma to find the action of a® =7 and b° =7.

> for i,3 in [0..2] do if A"TI[2] eqg A"ixB"j
then i, j; end if; end for;

0 2

> for i,3 in [0..2] do if B T[2] eq A"i*xB"j

then i, J; end if; end for;

2 2

After we check the action of ¢ on a and b, we get the following presentation:
H < a,b,¢ >:= Group < a,b, cla®, b3, (a,b), 5, a® = b2, b° = a?b? >;

To verify if the presentation of the isomorphism type of N is correct, we ask M AGM A
the following:

> f1,Hl1,kl:=CosetAction (H, sub<H|Id(H)>);
> IsIsomorphic (G,H1);
true

Therefore, the isomorphism type of N =232 : 8.
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8.2 Monomial Progenitor 53* :,, (13 : 4)

To construct a monomial presentation of 53** :,, 13 : 4, first we must induce a linear
character from a subgroup H of G. To insure we get an irreducible character we must
choose a subgroup with index matching the degree of an irreducible character of G. We

consider the character table of G in Table 5.1 and note G has characters x.1, X2, ..., X.7-

1G] _ 52 _
|H|_13_4‘

Since the index of the two groups is 4. This implies, if a matrix representation is faithful

We proceed using x 5 and look for a subgroup of order 4 so that

then A(xzx) and A(yy) will be represented by a 4 x 4 matrices.

Verifying the Induction

We produce a character table for x5 in table 5.2. We will verify the induc-
tion x.3 of H to x.5 of G by considering the irreducible characters ¢ (of H) and ¢%
(of G). G is generated by x and y, where z = (1,2,3,4,5,6,7,8,9,10,11,12,13) and
y=(1,5,12,8)(2,10,11,3)(4,7,9,6).

The Conjugacy classes of group G are

C1=I1d(G)

C2 = (1,3)(4,13)(5,12)(6,11)(7,10)(8,9), (1,12)(2,11)(3,10)(4,9)(5, 8)(6,7),... C3 =
(1,3,13,11)(2,8,12,6)(4,5,10,9), (1,4, 6,3)(2,9,5,11)(7,8,13,12), ...
C4=(1,7,3,10)(4,5,13,12)(6,8,11,9), (1, 10,4, 8)(2,5,3,13)(6,11,12,7), ...
C5=1(1,2,3,4,5,6,7,8,9,10,11,12,13),(1,9,4,12,7,2,10,5,13,8,3,11,6), ...

c6 =(1,11,8,5,2,12,9,6,3,13,10,7,4), (1,4,7,10,13,3,6,9,12,2,5,8,11), ...
c7=(1,10,6,2,11,7,3,12,8,4,13,9,5),(1,8,2,9,3,10,4,11,5,12,6,13,7), ...
Consider the subgroup H of G given below.
H =1d(G),(1,5,9,13,4,8,12,3,7,11,2,6,10)

The conjugacy classes of H are
D1 = 1d(G)
D2 =(1,5,9,13,4,8,12,3,7,11,2,6, 10)



D7 =(1,12,10,8,6,4,2,13,11,9,7,5,3
D8 = (1,3,5,7,9,11,13,2,4,6,8, 10, 12
D9 = (1,7,13,6,12,5,11,4,10,3,9,2,8
D10 = (1,11,8,5,2,12,9,6,3,13,10,7,4)
D11 =(1,2,3,4,5,6,7,8,9,10,11,12,13)
D12 = (1,6,11,3,8,13,5,10,2,7,12,4,9)
D13 = (1,10,6,2,11,7,3,12,8,4,13,9,5)

D3 =(1,9,4,12,7,2,10,5,13,8,3,11,6)
D4 = (1,13,12,11,10,9,8,7,6,5,4,3,2)
D5 =(1,4,7,10,13,3,6,9,12,2,5,8,11)
D6 = (1,8,2,9,3,10,4,11,5,12,6,13,7
(
(

)
)
)
)
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From the character tables of G and H we are going to use only the information

we labeled as ¢ (of H) and ¢© (of G). Using our definition of induction we induce the

character ¢ = x.3 of H up to ¢ = x.5 of G to obtain the character ¢“ of G.

o1

¢ = 1= Ywennc, d(w), where n = g = 32 = 4.

07 =1 Lwennc, o)

which implies ¢¢ = 1(¢(1)) = 4(1) = 4.

5 = 15 Lwennc, ¢w)

= 95 = 15 Luwennc, (w)=0 (since HN Cy = ¢)
¢ = 15 Lwennc, Sw)

—> 65 = 15 D wennc, d(w) =0 (since HN Cy = ¢)

4
f = 13 ZwGHﬂCZ; ¢(w)
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— ¢4G = % EweHﬁC&; ¢(w) =0 (since HNCy = ¢)
(bg - % ZwGHﬂCg; ¢(w)
0§ = 12 wenncs 9((1,9,4,12,7,2,10,5,13,8,3,11,6))
= oY = 1% ¢((1,9,4,12,...)) + 1% ¢((1,13,12,11,...)) + 1 % #((1,2,3,...)) + 1 *

#((1,6,11,...)) = Z(13)}5 + Z(13)$5 + Z(13)]; + Z(13)}3 = 20 mod 53,
since Z(13)13 = 16.

(bg = % ZweHmC(; P(w)

o5 = gzwemcﬁ $((1,11,8,2,...)

—  ¢F = 1% ¢((1,4,7,10,...)) + 1 % ¢((1,12,10,8,...)) + 1 * ¢((1,3,5,7,...)) + 1 *
#((1,11,8,5,...)) = Z(13)$5 + Z(13)13 + Z(13)15 + Z(13)33 = 39 mod 53

¢F = 1 Lwennc, Sw)
¢ = 12 wennc, ¢((1,10,6,2,11,...))

— % = 1% ¢((1,10,6,2,11,...)) + 1 % ¢((1,8,2,9,3,...)) + 1% 6((1,7,13,6,12,...)) +
1x¢((1,5,9,13,...)) = Z(13)11 + Z(13)13 + Z(13)35 + Z(13)3; = 46 mod 53.

s0 ¢ 19=14,0,0,0,20,39,46 and we have verified that
x.3 of H induces x 5 of G.



Table 8.7: Character Table of G
X Cl Cg 03 04 05 06 07

x1 1 1 1 1 1 1 1
X2 1 1 -1 -1 1 1 1
ys 1 -1 I 1 1 1 1
Ya 1 -1 1 I 1 1 1
X.5 4 0 0 0 Zl Z1#2 21#4
Yo 4 0 0 0 L#2 Zi#4 4
X.7 4 0 0 0 21#4 Zl 21#2

# denotes algebraic conjugation.

Z is the primitive thirteen root of unity. I is the primitive fourth root of unity.

Table 8.8: Character Table of H

x Ci Co C3 Cf Cs Cé C7 Cs Cy
i 1 1 1 1 1 1 1 1 1
X.2 1 1 1 1 1 -1 -1 -1 -1
xs 1 1 1 -1 -1 I 1 I I
x4 1 1 1 -1 -1 -1 I -1 I
s 1 -1 1 1 1 Z  Z#3  —Z1  —Z1#3
e 1 -1 1 I 1 Zi#3  Zi —Zi#3  —Z1
X.7 1 -1 1 -1 I —Z1#3 —Zl Zl#g Z1
xs 1 -1 1 1 1 -z -Zi#3 2 7,43
X9 8 0 -1 0 0 0 0 0 0

# denotes algebraic conjugation.
Z1 is the primitive thirteen root of unity.

Table 8.9: x5 of G

o Class | Size Class Representative

4 Cq 1 Id(G)

0 Cy 13 | (1, 3)(4, 13)(5, 12)(6, 11)(7, 10)(8, 9)
0 Cs 13 (1, 10, 3, 7)(4, 12, 13, 5)(6, 9, 11, 8)

0 C, | 13 | (1,7, 3,10)(4, 5, 13, 12)(6, 8, 11, 9)
Z,=20 | C5 | 4 |(1,2,3,4,5,6,7,8,9, 10, 11, 12, 13)
Z1#2=39| Cs | 4 |(1,3,5, 7,9 11,13, 2,4, 6, 8, 10, 12)
Zi#4=46| C; | 4 | (1,50, 13, 4,8, 12, 3,7, 11, 2, 6, 10)

250



Table 8.10: x.3 of H

0} Class | Size Class Representative
1 Dy 1 Id(H)
Z\#2 =44 Dy 1 |(1,5,9,13,4,8,12,3, 7,11, 2, 6, 10)
Z1#4 = 28 Ds 1 |(1,9,4,12,7, 2,10, 5, 13, 8, 3, 11, 6)
Z1#6 =13 Dy 1 | (1,13,12,11,10,9,8, 7,6, 5, 4, 3, 2)
Z1#8 =42 Dy 1 | (1,4,7,10,13,3,6,9, 12, 2, 5, 8, 11)
Z1#10=46 | Dg 1 ](1,8,2,9, 3,10,4, 11, 5, 12, 6, 13, 7)
ZW#12=10 | Dy 1 | (1,12,10,8,6,4,2,13,11,9,7, 5, 3)
Z1 =16 Dy 1 | (1,3,5,7,9,11, 13, 2, 4, 6, 8, 10, 12)
Z1#3 =15 Dy 1 | (1,7,13,6,12, 5, 11, 4, 10, 3, 9, 2, 8)
Z1#5 =24 | Dy 1 | (1,11,8,5,2,12,9, 6, 3, 13, 10, 7, 4)
Z\#7=49 | Dy 1 1(1,2,3,4,5,6,7,8,9, 10, 11, 12, 13)
Z1#9 =36 | Do 1 | (1,6,11, 3,8, 13,5, 10, 2, 7, 12, 4, 9)
Z\#11 =47 | D13 1 |(1,10,6,2,11,7,3,12,8,4, 13,9, 5)

Equivalencies from table to construct matrix: 1 =1,

With induction taking place, now show the monomial representation has the

following generators:
Z{s
0
0
0

A(zxx)

0
z1,
0
0

0
0
2ty

0

0 0100

0 0010
, and A(yy) =

0 000 1

Z95 100 0

Z) = 16.

Verifying the Monomial Representation

Since we have a linear character ¢ of the subgroup H of index 4 in G we let

G = Ht; U Hty U Hty U Hty where the t.s are transversals of G acting on H.

That is G = He U H(1,5,12,8)(2,10,11,3)(4,7,9,6) U H(1,12)(2,11)(3,10)(4,9)(5,8)

(6,7) U H(1,8,12,5)(2,3,11,10)(4,6,9,7)

Continuing the process in a 4x4 matrix:
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o(tixty") o(haty') (taty') o(tiaty')
4 G(toxt ') dltanty ') dltawty’) Gltawty’)
(az) =

p(tsaty") oltswty') o(tsaty') S(tsaty)

P(taty) G(tawty') o(taxts’) G(taxty") |

We will calculate all 16 elements of the matrix using the following calculation where
t1 =e, ta =(1,5,12,8)(2,10,11,3)(4,7,9,6),

ts = (1,12)(2,11)(3,10)(4,9)(5,8)(6,7), t4 = (1,8,12,5)(2,3,11,10)(4,6,9,7), and = =
(1,2,3,4,5,6,7,8,9,10, 11, 12, 13) with each ¢; corresponding to each transversal respec-
tively from the G listed before. We will start by calculating the multiplication of tixtj_l
and list the resulting permutation rather than show the entire process. For example:
p(tixty ) = p(e(1,2,3,4,5,6,7,8,9,10,11,12,13)e!) = ¢((1,2,3,4,5,6,7,8,9,10, 11,
12,13). We will go directly to what <z5(t1xt1_1) is equal to. Since (1,2,3,4,5,6,7,8,9, 10,
11,12,13) € H. We look back to our Table 5.4 note ¢((1,2,3,4,5,6,7,8,9,10,11,12,13))
is in class D11=2Z1#7 = 49 mod 53 where Z; = 16. Therefore, the nonzero entry for
Row 1 is 49. We proceed as follows:

Row 1:

p(tixtyh) = #((1,2,3,4,5,6,7,8,9,10,11,12,13)) = 49
o(tiwty ') = ¢((1,3,6,4)(2,11,5,9)(7,12,13,8) = 0
¢(haty') = o((1,11)(2,10)(3,9)(4,8)(5,7)(12,13)) = 0
o(tixty ) = #((1,10,3,7)(4,12,13,5)(6,9,11,8)) = 0
Row 2
P(taxty ) = #((1,6,5,13)(2,11,4,8)(7,10,12,9)) = 0
P(tarty ') = ((1,9,4,12,7,2,10,5,13,8,3,11,6)) = 28
o(tawts ) = #((1,7,3,10)(4,5,13,12)(6,8,11,9)) = 0
d(taxty ') = $((1,4)(2,3)(5,13)(6,12)(7,11)(8,10)) = 0

o(tsxtyh) = ¢((1,13)(2,12)(3,11)(4, 10)(5,9)(6,8)) = 0
P(tsrty ') = ((1,13,8,9)(2,5,7,4)(3,10,6,12)) = 0
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P(tarts') = ¢((1,13,12,11,10,9,8,7,6,5,4,3,2)) = 13
d(tzrty ') = ¢((1,13,5,6)(2,8,4,11)(7,9,12,10)) = 0

Row 4:

p(taxtyh) = gb((l 9,8, 13)(2 4,7,5)(3,12,6,10)) =0
oltaaty") = o((1, 3,5)(8.13)(9, 12)(10,11)) = 0
P(taxts!) = qS((l 4,6, 3)(2 9,5,11)(7,8,13,12)) =0
o(taxty ) = #((1,6,11,3,8,13,5,10,2,7,12,4,9)) = 36

Each ¢ of H corresponded with a conjugacy class of either H or G. If the element is
in a conjugacy class from H (seen in table 5.4) we write the value of ¢ for that class.
Since our matrix was produced in cyclotomic field 53, we needed to produce an order
13 element in Z53. In this case, 2 was chosen as the element of order 13. To complete

this process, the matrix for yy should also be verified by repeating the process above.

Row 1

o(tiyty ) = o((1,5,12,8)(2,10,11,3)(4,7,9,6)) = 0
p(tiyty ) = ¢(e) =1

o(tiytsH) = o((1,8,12,5)(2,3,11,10)(4,6,9,7)) = 0
¢(t1yt4 1) = ¢((17 12)(2> 11)(37 10)(47 9)(57 8)(67 7)) =
Row 2

d(tayty ") = ¢((1,12)(2,11)(3,10)(4,9)(5,8)(6,7)) =
P(tayty ') = #((1,5,12,8)(2,10,11,3)(4,7,9,6)) = 0
(tayts") = ple) =

d(tayty ) = o((1,8,12,5)(2,3,11,10)(4,6,9,7)) = 0
Row 3

¢(t3yt1_1) = ¢((1,8,12,5)(2,3,11,10)(4,6,9,7))

d(tsyty ") = ¢((1,12)(2,11)(3,10)(4,9)(5,8)(6, 7)) =0
o(tsyty ) = o((1,5,12,8)(2,10,11,3)(4,7,9,6)) = 0
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Row 4
d(tayty ') = ¢(e) =
Stayty ") = ((1,8,12,5)(2,3,11,10)(4,6,9,7)) =
$(tayts ") = ¢((1,12)(2,11)(3,10)(4, 9)(5,8><6,7>) =0
$(tayty") = 6((1,5,12,8)(2,10,11,3)(4,7,9,6)) = 0
Therefore,_ i i
49 0 0 0 01 00
Alw) = 0 28 0 O Cand A(yy) = 0 01 0
0O 0 13 0 0 0 01
_O 0 0 36_ _1 0 0 0

Since |A(zz)| = 13 and |A(yy)| = 4 with |A(zz) - A(yy)| = 4, the order of our in-
dex, we know that (A(xx) and A(yy)) is a faithful representation of G. We proceed and

produce a permutation representation.

Constructing a Permutation Representation

We worked in Z13 on matrices of degree 4x4 which implies we are producing a
53*4 :,, 13 : 4 progenitor permutation representation based on the monomial represen-
tation 13 : 4 = (A(xx), A(yy)). We consider the matrix entries for a; ; for A(xx) and
A(yy). We know there are 4 t’s, one for each column of our matrix and because we have
a semi-direct product in our progenitor then the elements of 13 : 4 act as automorphisms
of <1 > % <itg>%<iyg>%<ity>.

Now we represent xx and yy as permutations. To do so we observe

a;; = 1 if the automorphism takes t; — ¢;

a;; = n if the automorphism takes t; — t;‘.

Since 53** is a free product of four cyclic groups of order 52 we will construct a table
with four t’s of order 52 labeled from 1...208 found in table 5.5. Viewing the entries of
A(xx)

a11 = 49, ase = 28, agz = 13, and aqy = 36.
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Thus,

t1 — tlllg,
ty — 13°,
t3 — 33,

ty — tiﬁ.

Proceeding on finding a permutation representative we must describe Table 5.5. The
top number of the chart labels each element, the middle of the chart shows what the
automorphism produces, and the bottom number shows what that produced element is
numbered on the top of the chart. The same process is conducted for generators yy,

but for Table 5.6 we will only show part of the process.



Table 8.11: Automorphisms of A(xx)

1 2 3 4 5 6 7 8 9 10 11 12
ty to  t3  tg 3 t3  t3  t] 5t 13t
N S S e T S R S
A A . T A A - .
193 110 51 144 177 10 103 76 161 122 155 8
13 14 15 16 17 18 19 20 21 22 23 24
T
e e e T S
G A A . 7 S A -
145 22 207 152 129 134 47 84 113 34 99 16
25 26 27 28 29 30 31 32 33 34 35 36
A O A T R T B B
N e e
G A . .
97 146 151 160 81 46 203 92 65 158 43 24
37 38 39 40 41 42 43 44 45 46 47 48
A A A s
e S L T T T R S
A A . T A
49 58 95 168 33 170 147 100 17 70 199 32
49 50 51 52 53 54 55 56 57 58 59 60
A A A A
e e e e
T U U S G T
1182 39 176 197 82 91 108 181 194 143 40
61 62 63 64 65 66 67 68 69 70 71 72
A A A A T A S
N S S e T R S
L A - T L . .
167 94 195 184 149 206 35 116 133 106 87 48
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73 74 75 76 77 78 79 80 81 82 83 84
A A A A S
N e e e R S
G R A A A M U . - R S
117 6 139 192 101 118 191 124 85 18 31 56
85 86 87 8 89 90 91 92 93 94 95 96
A A A A U A S o
N S e e T T T R A
A A B S A - R
69 130 83 200 53 30 135 132 37 142 187 64
97 98 99 100 101 102 103 104 105 106 107 108
A A A A A e
N S S e O S S e R S
S S o S G N S S
21 42 27 208 5 154 79 140 201 54 131 72
109 110 111 112 113 114 115 116 117 118 119 120
A A A A A L S
N S e T S
S T . D U A A - W 7 &
185 166 183 4 169 66 23 148 153 178 75 80
121 122 123 124 125 126 127 128 129 130 131 132
tii)l t%l tgl til tii)Q t%Q th tiQ ti{)3 t%3 t§3 ti3
N T e A
G A . T A - U L . A 7 &
137 78 127 12 121 190 179 156 105 90 19 88
133 134 135 136 137 138 139 140 141 142 143 144
gt et gt ot P i R P 8 3% 5
N e e
A A S
89 202 71 20 73 102 123 164 57 2 175 96
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145 146 147 148 149 150 151 52 153 154 155 156
G U U U S S L L S S S &
N 2 S e A S N O
I N R S N N T B
41 114 15 28 25 14 67 172 9 126 119 104
157 158 159 160 161 162 163 164 165 166 167 168
T A e
N 2 S O S e e
Gl T BTG N N T
205 26 171 36 189 138 11 180 173 38 63 112
169 170 171 172 173 174 175 176 177 178 179 180
A A A AR
N 2 N O N
RS CHNE 7 LR LR = LS 7 SR 7 SRS 7 G~ R 7 s~ S
157 150 115 44 141 50 167 188 125 162 7 120
181 182 183 184 185 186 187 188 189 190 191 192
10 30 35 b T T a7 m P e 8
N e L
28 416 4l g3 2 g 428 419 4300 419 gl g2
109 62 59 52 93 174 111 196 77 74 163 128
193 194 195 196 197 198 199 200 201 202 203 204
AR AR A A A A U U
N T N e e A e
a7 LA - B 7 LR 2 LS~ B 2 S 7 N A S > R~ U
61 186 3 60 45 86 55 204 29 198 107 136

258
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205 206 207 208
s

1 gy
13 98 159 68

Table 8.12: Automorphisms of A(yy)

1 2 3 ... .. .. 206 207 208
T 7 L
N e A

to ty tg e o .. 32 132 432
2 3 4 .. .. .. 207 208 205

From Table 8.11 and 8.12, we can construct permutations for A(xx) and A(yy)
by using our labels from each automorphism. Consider element #1 be denoted as t;
from Table 8.11. This produces the permutation (1,193,61,165,173,141,57,
181,109, 185,93, 37,49). If we follow each element and its corresponding automorphism
number labeling and repeating the process for xx, we produce the following permuta-

tions:

A(zz) = (1,193,61, 165,173,141, 57,181, 109, 185, 93, 37, 49),
(2,110, 166, 38, 58, 194, 186, 174, 50, 182, 62, 94, 142),
(3,51,39,95,187, 111, 183, 59, 143, 175, 167, 63, 195),

(4,144, 96,64, 184,52, 176, 188, 196, 60, 40, 168, 112),
(5,177,125,121,137,73,117,153,9, 161, 189, 77, 101),
(6,10,122,78,118,178,162, 138,102, 154, 126, 190, 74),
(7,103,79,191,163,11, 155,119, 75, 139, 123,127, 179),
(8,76,192, 128, 156, 104, 140, 164, 180, 120, 80, 124, 12),
(13,145,41, 33, 65,149, 25,97, 21,113, 169, 157, 205),
(14,22,34, 158, 26, 146, 114, 66, 206, 98, 42, 170, 150),
(15,207,159, 171,115, 23,99, 27, 151, 67, 35, 43, 147),
(16,152,172, 44,100,208, 68, 116, 148, 28, 160, 36, 24),



(17,129,105, 201,29, 81, 85, 69, 133, 89, 53, 197, 45),
(18,134,202, 198, 86, 130, 90, 30, 46, 70, 106, 54, 82),
(19,47,199, 55,91, 135, 71, 87, 83, 31, 203, 107, 131),
(20,84, 56,108, 72, 48, 32, 92, 132, 88, 200, 204, 136)

Likewise for yy.

A(yy) = (1,2,3,4),(5,6,7,8), (9,10,11,12), (13, 14, 15, 16),

17,18,19,20), (21, 22, 23, 24), (25, 26, 27, 28), (29, 30, 31, 32),
33,34, 35, 36), (37, 38,39, 40), (41,42, 43, 44), (45, 46, 47, 48),
49,50,51,52), (53,54, 55, 56), (57, 58, 59, 60), (61, 62, 63, 64),
65,66,67,68), (69,70, 71,72), (73,74, 75, 76), (77,78, 79, 80),
81,82,83,84), (85,86,87,88), (89,90, 91, 92), (93,94, 95, 96)

— — ~— ~—

129,130,131, 132), (133, 134, 135, 136), (137, 138, 139, 140),
145,146, 147, 148), (149, 150, 151, 152), (153, 154, 155, 156),
161,162, 163,164), (165,166, 167, 168), (169, 170,171, 172),
177,178,179, 180), (181, 182, 183, 184), (185, 186, 187, 188),

9

Y

e N e e N N e e e e o
—~~ ~~ —~~

therefore, we have constructed a permutation representation from our matrices.

Creating a Presentation of the Progenitor

97,98,99,100), (101, 102, 103, 104), (105, 106, 107, 108), (109, 110, 111, 112),

113,114, 115,116), (117,118,119, 120), (121, 122, 123, 124), (125, 126, 127, 128),
141,142, 143,144
157,158, 159, 160
173,174,175, 176),
189,190, 191, 192),
193,194, 195, 196), (197, 198, 199, 200), (201, 2012, 203, 204), (205, 206, 207, 208)
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To construct a presentation for the progenitor we must choose a t to normalize

from our four choices < t1 > * < tg > % <tz > % < t4 > Let t ~ t; and we must find

permutations which normalizes < t; >, or fixes the following set

{t1, 13,63, 1,45, 18, ¢ 7 45,40, 10 111 112 413 14 415 ¢16 17}, This is a defining character-

istic of a monomial progenitors. Monomial progenitors fix a set of t’s while permutation

progenitors fix only one specific ;.

Using Magma, we were able to find the normaliser stabiliser.
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Normaliser:=Stabiliser (N, (1,5,9,13,17,21,25,29,33,37,41,45,
49,53,57,61, 65,69,73,77,81,85,89,93,97,101,105,109,113,
117,121,125,129,133,137,141,145,149,153,157,161,165,169,
173,177,181,185,189,193,197,201,205));

norm = (1,37,185,181,141,165,193,49,93,109,57,173,61)
(2,94,182,174,194,38,110,142,62,50,186,58,166) (3, 63,175,59,
111,95,51,195,167,143,183,187, 39) (4,168,60,188,52,64,144,112,
40,196,176,184,96) (5,77,161,153,73,121,177,101,189,9,117,137,
125) (6,190,154,138,178,78,10,74,126,102,162,118,122) (7,127,
139,119,11,191,103,179,123,75,155,163,79) (8,124,120,164,104,
128,76,12,80,180,140,156,192) (13,157,113,97,149,33,145, 205,
169,21,25,65,41) (14,170,98,66,146,158,22,150,42,206,114, 26,
34) (15,43,67,27,23,171,207,147,35,151,99,115,159) (16,36, 28,
116,208,44,152,24,160,148,68,100,172) (17,197,89,69,81,201,
129,45,53,133,85,29,105) (18,54,70,30,130,198,134,82,106, 46,
90,86,202) (19,107,31,87,135,55,47,131,203,83,71,91,199) (20,
204,88,92,48,108,84,136,200,132,32,72,56)

For a presentation we must convert this permutation into words which we find
to be: norm = z 2.
We look at the permutation zz~2 = (1,37,185,...), 1 goes to 37 so we check the label

in our Table 5.5. If the element is 37, then the automorphism is #1°
norm — % = 10,

So, a presentation for the progenitor is 53" :,, 13 : 4 = G < =z,y,t >:= Group <
:c,y,t|y4,y_2x_1y2x_1,y_lx_3yx2,t53,t”"72 —¢10 5

Now we check if our progenitor is correct. We apply Grindstaff’s Lemma. Our symmet-
ric generators are t1, to, t3, and t4. We want to add to the above presentation that all
ti's commute; that is, (t1,%2), (t1,t3), and (t1,t4). Now to = t¥, t3 = t¥°, and t4 = t¥’.
So we check if

-1,2,.—1 1

53*4 ., 134 = G < x,y,t >:= Group < z,y, t|y*, y 2z~ 12z~ y~
7% = ¢10 > factored by (t,t¥), (t,¥°), and (t,t¥") is the group 53% i, (13 : 4) of order

$_3y$2, t53,

53*x (13x4). Next, we find finite homomorphic images of the progenitor 53*4 :,,, (13 : 4).

Thus, we factor the progenitor by additional relations.
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Chapter 9

Computing Large Finite

Homomorphic Images

9.1 Finding Homomorphic Image

The program M AGM A is used to compute large number of finite groups. But
if we have a group with a large number of permutations representation then we use two
different methods in MAGMA to calculate the order of G and its composition factor.
The loops that were used through this process are listed below. The following loops
helped to compute the order and composition factor of a large finite group.
Method(1)

One of the groups we used to compute the order and its composition factor is:
>G<v,wW,X,VY,2,t>:=Group<v,w,x,y,z,t|Iv'2,w'3,x"2,y°2,z2"2,

(W =1%Vv) "2, W —1l*X*xW*xy,WrxX+W —1%xz, VxX*Vxy, (X*xy) "2,

t°2,

(t,v. » X »y *x z x w—-1),(t,x), (vxt) 10, (v » w » y x zxt"v)"5,
(v » w x y * zxt) 6, (Wwryxt) "0, (Wwrxyxt"y) "4>;

Now we factor G by the element y and ¢, we could have used any of the generators. In
this case we used on two. With that being said, now we find the index of G and H.
>H:=sub<G|y, t>;

>Index (G, H) ;
153600
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The Index of G and H is 153600, which is a number that can be compute using Magma.
now we do the coset action of group G and H. Then we check the kernel. To get an

interesting Image we need to get kernel to be 1 otherwise is not helpful.

>f,Gl,k:=CosetAction (G, H);
>#k;
1

In this case kernel is 1 so we proceed by checking the composition factor of the group,

G.

>CompositionFactors (Gl);

Cyclic(2)
Alternating(5)
Alternating(5)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)

Cyclic(2)

Therefore, G =2 2% :* (A5 : (S5 : 2))

Method(2)

Examplel For the following group we used a different method to calculate the order
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of G and to find the composition factor. In this case we were able to used this method

since the index of the group did not exceed the order of the index, which is of order 719

G<xX,VY,z,w,t>:=Group<x,vy,z,w,t|x"2,y"3,z2"2,w 2, (y -1xx)"2,
y o =lxzxy*xw, (X+x2z) "2, (zxw) "2, yxzxy —1lxzxw,

t°2,
(t,x*xy), (x » y"—=1 » wxt) 6,

(y*t " (xxw™=1)) "4, (x+w*t) "4, (x+wxt"y) "10>;

V:=CosetSpace (G, sub<G|x,y, z,w>: CosetLimit:=7"10,
Hard:=true, Print:=1);

INDEX = 9360000

G:=CosetImage (V) ;

CompositionFactors (G);

Cyclic(2)
Alternating(5)
Alternating(5) .

Cyclic(2)

Therefore, G = 2 : (A5 X (S5 : PGL2(25)))

Example2

Since the order of G is 18720000 exceeding the number of permutation representation
that MAGMA can calculate. If we want to compute the order of the group and its

composition factor, the we must use the following loop in MAGMA:

G<x,y,t>:=Group<x,vy,t|y 4,y —2+xx"=1xy " 2%xx" -1,y " —1+x"-3xyx" -2,
t"2,

(t,x"=1 * y°=1 % x), (y » x"2 * y*xt) "4, (x"2xt) "5>;
V:=CosetSpace (G, sub<G|x,y>: CosetLimit:=7"10,

Hard:=true, Print:=1); G:=CosetImage(V); CompositionFactors (G);
INDEX = 360000 (a=360000 r=477 h=441134 n=441134; 1=886

c=1.19; m=360001 t=441133)
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Therefore G = 4°54(5).

9.2 Factoring 4°S(4,5) over (13 :4) by Z(G)

From a previous example we were able to obtained an important finite homo-
morphic image, 4°“/¢tS,(5), using the famous lemma. (More details and information
about this group will be found in Chapter 2.) In this section we are going to factor G
by the center, which is of order 4. To factor 4°S4(5) over (13 : 4 by the center or also
known as Z(G), we are going to use a similar process we used on the previous example.

*13. .
Let G = % = 4°54(5). Since we want G to be factored by the first order
relations (yx?yt1)?*, (z%t1)%, and the center we must run the following loops in M AGM A
so we can get our desired.
>G<x,y,t>:=Group<x,v,t |y 4,y —2+x"-1xy " 2xx -1,y =1xx"-3xy*x" -2,
t72,(t,x"-1 * y°=1 % x), (y » x"2 % y*t) "4, (x"2xt) "5>;
> £,Gl,k:=CosetAction (G, sub<G|x,y>);
> #G1;
18720000
> CompositionFactors (Gl);

B — % — % — @

C:=Center (Gl);
#C;

Order (C.1);

D:=C.1;
Order (D) ;

S VOV VO VOV
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Thus, the order of the center of G is 4.
Since we know the order of the center, we proceed by converting the Z(G) in terms of

words, to do so, we are going to use the WordGroup loop.

W, phi:=WordGroup (G1l) ;

rho:=InverseWordMap (Gl) ;

D@rho;

gg:=function (W)

wd = W.1l » W.2; w5 := wd « W.3; w6 := wb = W.1;
end function;

> gg9(G);

X *x y *x L x x x t x x"2 * t * y ok x -1 = t =% y * T *
yi-1 £t x y'-1 » £t % x72 *t x x x t

> #k;

1

vV V. V V

Hence, we have found the center of G and converted into words,

Z(G) =< zytatx*tyr~ tyty 'ty tx’taet > . As of now, we factor the finite presenta-

tion, G, by the relations and the center,Z(G). To verify that we have factored G by the

center we run the following loops in MAGMA:

> G<x,y,t>:=Croup<x,y,t|ly 4,y —2xx"-1xy " 2xx" -1,y " -1*xx"-3*xyx"-2,

t°2,

(£, x"=1 » y"=1 » x), (y » x72 x yxt)"4,

(x72+t)"5,x » v * £ X *x t x x"2 x t x y * xX"=1 « t * y x t *
y'=1 x t x y'=-1 x t x x72 x t x x x t>;

f,Gl,k:=CosetAction (G, sub<G|x,y>);
>CompositionFactors (Gl);

In Conclusion we have showed that G is factored by the relations (yz2yt;)*, (x?t1)® and

by the center Z(G) =< xytztz’tyxltyty ‘ty tattat > .

9.2.1 Construction of 5(4,5) over 13:4

Now that we know the center of G we proceed on factoring G by the relations
. ~ 2*13:(13:4) ~
and the center to obtained G = T R ey T e e A S4(5). Note

N = (13 : 4), where z ~ (1,2,3,4,5,6,7,8,9,10,11,12,13) and
y~1,8,12,5)(2,3,11,10)(4,6,9,7). Let t ~ 1.
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> G<x,y,t>:=Group<x,y,t|y 4,y —2+xx"-1xy " 2xx" -1,

v -1lxx"=3xyxx"-2,t72, (t,x -1 * y"-1 * x), (y » x"2 * y=*t) "4,
(x72%t)75,x * y L » X x t » x"2 € vy x x"=1 ~t vy x t x
vy’ -1 « t x y'-1 x £t x X2 x t * x * t>;

> Index (G, sub<G|x,y>);

90000

f,Gl,k:=CosetAction (G, sub<G|x,y>);

> #DoubleCosets (G, sub<G|x,y>, sub<G|x,y>);

1767

We want to find the index of N in G. To do so, we regularly perform a manual double
coset enumeration of G over N. But noticed from the information listed above, by cause

of a large number of double cosets of G we are going to stop here.



Chapter 10

Tables of Homomorphic Images

10.1 Homomorphic Images of 23 : 13

IN|=13

G<x,t>:=Group<x,t|x"-13,

t°2,

(x"—=1%*t) , (x*t*xt7x) T, (X7-2xt) °d, (xX72xtxt"x) "€,

"b o
x"=3xt) "f, (X" 3xt*xt"x) "g, (x"—4xt
"3 ) "k

“h, (x74xt+t"x) "1,
x"—-5%t) , (X75*xtxt"x) Tk, (x7-6xt) "1

( )
( ) "L, (RT6xtxtTx) Tm>;

Table 10.1: Some Finite Images of Progenitor 213 : 13

#G b | c t1J k| 1l | m]| Isomorphism Type
1092 010 010|072 PSLy(13)
2184 010 0/3|/0| 6|4 PSLy(25)
7800 010 216101010 2°PSLs(13)
11232 010 010 |8 8|2 PGL;3(3)
15600 010 210141010 PSL(25) :2
19656 010 014|002 PSLy(27):2
124800 010 0|6|0|10] 2 Us(4):2
246480 010 00|10 3| 4 PSLy(79)
492960 010 00120 4 2* PSL»(79)
4094064 | 0 | O 0/3|0| 813 2x PSLy(79)
12130560 | 10 | 2 | d=8,f=8... |0 | 0| 0]| O | O

268



269

10.2 Homomorphic Images of 213 : (13 : 2)

IN|=26
G<x,y,t>:=Group<x,y,tly”2, (x"-1*y) "2,x"-13,
t°2,
(t,b » x°2),
((x76)*t) "c, (y*xt " (x"-1)*t " (x"2))"d,
((x75)xt) e, (yxtxt" (x73)) "
((x74)*t) "g, (y*t"x+t" (x72)) "h,
((x73)xt) "1, (y*t"(x72)xt) "3,
((x72)xt) "k, (y*xt"(x73)*t) "1,
(x*t)“m, (yxt " (x74)xt) "
(y*xt™ (x75)) "o, (y*xt™ (x75) «t) "p,
(yxt” ( "4)) "g, (xxtxt"x) "I,
(y*t7(x73)) "s, ((X72) xt*xt"x) "u,
(y*£ " (x72)) "v, ((x"3) *t*xt"x) "w,

(y*t"x) "z, ((x74)*xt+t"x) "al,
(y*t) "a2, ((x"5)+txt"x) "a3,
(y*t " (x"=1)) "ad, ((x76)»txt"x) "ab>;

Table 10.2: Some Finite Images of Progenitor 2*!3 : (13 : 2)

#G c glu|v|w|z|al|a2|ad | ad | ab | Isomorphism Type
26 0 ojojojofoyojojo|1]0 Empty
985920 | 0 o(ojoj{ofolo0o|0]2|0]4 4: PSL(2,79)

52 0 o(oj{ojofoyo0}|2]0101]0 Cy
297648 | 0 0Ojojojojojo| 41 2|01]0 2° PG L4y (53)
31200 | 0 0/0{0|O0O|0O| 2]01] 4 10]0 2° PG Ly (25)
22464 | 0 413|14|10(0]0]0]0]O0]O0 2°PGL3(3)
39312 | 0 0/0{0|O0O|O| 3]0]0]| 0] 2 2: PG Ly (27)
19656 | O 013(3|0(0JO0]O0]O0}|0]0O0 PGLy(27)

2184 |0 0/0{0|O0O3, 0] 0] 2 /|10]| 6 2°PSLy(13)
11232 | 0 0o(0oj{oj{o0of0|3|3]0|0]4 2 x PSLy(13)




10.3 Homomorphic Images of 2*13 : (13 : 4)

IN|=52

270

G<x,V,t>:=CGroup<x,y,t|y 4,y —2+x =1y " 2+x" =1,y " =1xx"-3xy*xx"-2,

t°2,

(

(

(

(xxy) *t"x) "1, ((x*y)*t”
(y -1*x"-1)xt" (x"-4)) "k,
(

(

X

n,

Js

xxy) "2xt7 (x"—4)) "c, ((x*xy) "2%t) "d,

xxy) "2xt7x) "e, ((xxy) "2+t (x76)) " f,
x*y)*t" (x7=4)) "g, ((x*y)*t) "h,
(x76))"

yo=lsx"=1)xt) "1, ((y -1l*x"-1)*t"x) "
y =1xx"=-1)*t" (x76)) "
) P, (X74xt) Tg>;

m,

Table 10.3: Some Finite Images of Progenitor 2*13 : (13 : 4)

#G | c | d [lm|n|o|plq]| Isomorphism Type
104 |00 000 |0]|0]2 Cy
1352 [0 |0 0l0]j0[4]0]0 13%: (4 x 2)
58240 | 0 | O 0] 0|510]5]0 2x5,(8)
29120 |0 | O 0| 510|5]|0]7 S.(8)

10.4 Homomorphic Images of 2% : (13 : S3)

IN|=78

G<x,y,t>:=Group<x,y,t |y 6,y —1xx"3xy*x,x " —4*y " —1xxX*Yy,

t°2,

(
(
(
(
(
(

(y"—-1%x"-1)"2%t) "h,
x*xy*t) "k, (xxy*t " x)
vy =1lxx"=1xt) "n, (v -1xx"-1*xt"x)

t,x *y*x*y~2), (t,x"-1xy"—1%x),
v*x"2xy " 2xt) b, (y*x"2xy 2%t " x)
(xxy) "2%t) e, ((xxy) "2+t7x) £, ((y " -1xx"-1) "2xt" (x"2)) g,
((y"=-1xx"-1) "2+t "x)"
Tl, (v -1xxT=1%t 7 (x72)) "m,

"o, (x*t) "p, (x72%t) "g>;

(y*x"2xy " 2xt" (x72)) "a,

c, ((x*xy) " 2xt" (x72))"°d,

i, (xxy*t”™(x72)) "3,

Table 10.4: Some Finite Images of Progenitor 2*13 : (13 : S3)

#G alb Illm|n|o|p]|q]| Isomorphism Type
156 010 000 |0]|0]2 Cy
638976 | 0 | 0 0[0[0]0|0]4 213 (13 : S3)
26364 | 0|0 0/0|0|6|0]6 133 :* S3:2
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10.5 Homomorphic Images of 20 : (2°3 : 5)

IN|=30

G<x, t>:=Group<x,t|x"30,

t°3,

(x715*t) "a, (x~10*t) "b, (x"-10*t) "¢,
x"6xt) "d, (x712+t) "e, (x"-12xt) " f,
x"—-6%t) "g, (x"5%t) "h, (x"-5*t) "1,
x"3%t) "3, (x79+t) "k, (x"-9xt) "1,
Xx"=3*xt) "m, (x"2*t) "n, (x"4*t) "o,
x"8xt) "p, (x"14xt) "q, (x"-14xt) "r,
X =8*t) "s, (x"-4%*t) "u,
(x"=2%t) "v, (x*t) "w, (x"7*t) "y,
(x"11*t) "z, (x"13xt) "aa,
(x"=13%t) "bb, (x"-11*t) “cc,
(x"=7+t) "dd, (x"=1*t) "ee>;

(
(
(
(
(
(

Table 10.5: Some Finite Images of Progenitor 2*30 : (2°3 : 5)
b

#G a zlaa | bb|cc|dd]| ee| Isomorphism Type
180 00 0000|312 As

60 00 000 |2)|3]2 As

3960 [0 |0 0| 0|02 4] 2 3 x PGLo(11)
241920 | 0 | O 0012|3415 4:(PSL3(4) x 3)
14880 | 0| 0O 0] 31045 ]2 PSLy(31)
12180 |0 | O 0 3]0 |5 | 712 PSL(29)

10.6 Homomorphic Images of 2*12 : S,

IN|=24
G<x,VY,z,wW,t>:=Group<x,vy,z,w,t|x"2,y"3,z2°2,w 2, (y -1xx)"2,y -1
*Zxy*W, (xxz) "2, (z+xw) 2, y*zxy —l*zxw,

t°2,

(t,x*xy),

(x+y " =1xwxt) "ml, (z*xt"y) "a, (zxt) "b, (x+xt~(y~z)) "¢, (xxt"y) "d,
(xxt) e, (x+xt"w) " £, (y*t) "g, (y*xt) "h, (y*xt"w) "1, (y*t~ (x*xw"=1)) "3,
(x+wxt) "k, (x+wxt"y) "1, (xxwxt"w) "m>;
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Table 10.6: Some Finite Images of Progenitor 2*!2 : S,

#G a|b gkl |m|ml Isomorphism Type
1008 00 olofo|l3]0] 3 6 x PSLy(7)
24360 |00 olojol 7 ]o0] 2 PG Ly(29)
18579460 | 0 | 0 olofo|l3]0] 4 28"3: (Sg x PSLy(7))
720 00 olofol3[4]10 2° Ag
11520 [0 [0 olofo|l3[5] 8 2% Sg
336 00 olofo|3[7] 3 2: PSLy(7)
2688 00 olofo|l3[7] 4 21 PSLy(7)
11232 [0 [0 olofo| 48] 3 2°PSL3(3)
30720 [0 o0 olofo|l5[5] 3 28 1 (S5)
2016 00 olojo|l6]0] 2 6 : PGLy(7)
3326400 |0 |0 olofo|l6 5] 3 A7 :* PGLy(11)
4896 00 olofol9 4] 3 2°PSLy(17)
3960 00 ol2[/ol5]0] 6 3: PGLy(11)
672 00 o/s8fol2]o0] 8 2°PG Ly (7)
3420 00 olo9fol2]0] 9 PSLy(19)
2184 00 ol2[ol7]7] 6 PGLy(13)
40320 |00 0/3[o|5]5] 8 2 x PSL3(4)
1440 00 o/3[o|6]4] 4 4%(3: Ss)
178920 [0 [0 ol3[o| 7[5 4 PSLy(71)
21504 [0 0 ol4[/o0|3]7] 6 27 PSLy(7)
336 00 ol4[o|3][7] 9 2: PSLy(7)
1062720 [0 ] 0 ol4[o|8[4] 6 2: PG L (81)
7680 00 0[4[4]6 0] 6 201 (S5)
224640000 | 0 | 0 0[4]4]10] 0] 6 |2: (A5 x (A22: PGLy(25)))
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IN|=24

G<x,y,z,W,t>:=Group<x,y,z,w,t|x"2,y"3,z"°2,w" 2,

(v =1%x) "2, y —lxzxy*xw, (xX%x2z2) 2, (z*w) 2, y*xzxy —l*xzxw,
t°2,

(E,xxy), (x » y -1 % wxt) " J, (xxwxt) "pl,
(xxt"y) "p2, (x*t) "p3, (y*t) "p4d>;

Table 10.7: More Finite Images of Progenitor 2*12 : S,

#G pl | p2 | p3 | pd| j | Isomorphism Type
240 oloflo]2]14 2% S5
2184 oloflo]2]7 PGLy(13)
120 olo]l2]0]3 S
14400 olol2]01]5 2:* (A5 x Ss)
15360 0]0|6]8]2 27 :* S5
117600 [ 0|0 | 7] 8| 2 PGLo(49)
1344 olo]lo|3]3 23 . PSLo(7)
4896 41o0lolo]3 2:* PSLy(17)
28800 4100 4]6]2:°(A5x(S;5x2)
31457280 | 4 [ 0 | O | 4 | 8 218 . G
61440 5100 414 29 S5
11796480 | 4 |10 O | 5 | 5 215 .0 4
2520 5100513 A,
1920 510]0]61]3 21 S5
483840 [ 10| 0 [ 0 [10] 2 | 6:(2 x PGL3(4))
5040 51413015 2° A,
30720 5103018 28° S
302400 [ 5 | 0| 3] 010 Sy Az
80640 710 3]0]5 4: PSL3(4)




IN|=48

G<v,w,xX,V,2z,t>:=Group<v,w,x,y,z,t|v'2,w'3,x"2,y°2,2"2,

(Wi=1%v) "2, W —1lxxXxw*y, WxX*xW —1xz,V*xx*v*y, (xxy) 2,
t°2,

(t,v. » x »y x z » w-1),(t,x), (vxt) "1,

(wxt"y) "ml, (v*xt~ (x*w"2)) "m2,

(Vv » w x vy % zxt) 'm3>;

10.7 Homomorphic Images of 2*1? : (S; x 2)

Table 10.8: 212 : (S4 x 2)

#G | ml | m2 | m3 | m4d | Isomorphism Type
737280 | O 0 4 5 210 S
31200 | O 2 5 6 PGL(2,25)
80640 | O 3 4 7 PGL(3,4):2
46080 | 0 4 4 5 20 : S

IN|=48
GLvV,W,X,yY,2,t>:=Group<v,w,X,vy,z,t|v'2,w'3,x"2,v"2,
272, (W =1xv) "2, W —1l+xX*wxy, WrxX*xW —1xzZ,V*xxX*V*y,
(x*y) "2,
t°2,
(t,v. » x »y x z » w -1), (t,x),

(vxt) 'ml, ( x * v x zxt) "a, (x*t)

(x*xt7v) "c, (xxy*xt " (x*xw"2)) "d
(xxy*t) "e, (vxt™ (xxw"2)) " f,

(vxt™ (w™2xy)) "g, (vxt) "h,
(vxwxy*xt"v) "1, ( v * w * yxt) "]

(v » w x y*t) "k, (wxt) "1, (wxt"y) "m,
(vxx+t " (x*W™2)) "n, (vxx*xt) "0, (Vv » w x y x zxt"v) p,
(v » w x y * zxt) g, (Wwryxt) "1, (Wrxy*t"y) “s>;
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Table 10.9: 2*12: (S4 x 2)

#G al|b|c plqg |r| s |ml Isomorphism Type
28800 0]00 0] 01|0] 4 5 2:* (A5 : (S5 x 2))
2880 0/]0(0]|..]0]0]O0] 4 4 4: Sg
57600 0/]0[0]0O]0]0O0|4]0 4 4:* (As: (S5 x2))
1440 0]0[0]0O]0] 0O |4]5 6 2°S6

983040 0]0[0O]O]0]O0|5]5 5 214 S

14400 0j]0[0]0O]0]O0]|6]5 4 As 1 (S5 x 2)
368640 000|005 1|5]0 4 29 . S

23040 0/]0[0|O0O]0] 5 |5] 4 8 25 : S

30720 0]0[0]O0O]0] 5 |5]5 5 29 . A

14400 0/]0(0|O0O]0] 6 |0] 4 5 As :* (S5 x 2)
4769856 0j]0(0| OO 7 ]0] 4 7 | Lo(13) :* (PGL2(13) x 2)

240 0j(]0l0]0O]2]01]0] 5110 2°As

672 0jofojoj2j01]0]|7 8 PGLy(7)
1008 0jofojo0oj2}01]0]7 9 PSLy(8)
1344 0j]0f0j01]2]01]0]8 8 2°PGLy(7)
8640 0j]0f0]0O]2]01]0] 8110 6 :* Sg
6840 0j0f0j01]2]01]01]09 9 PSLs(19)
41040 0/]0f0]0O]2[01]0]9]10 S3: PSLy(19)

164160 0j0f0j0O|2[01]0]10]| 9 6: PSLy(19)
69120 0j]0f0]0O|3]01]0]O0 5 2°: (3:5)
93600 00|00 |3]0]|0|6G6 6 6 :* PGLy(25)
11520 0]0[0]0O|3]51|5]0 8 21 S
33592320 |0|0|0[0|3| 8 |6]| 6 | 10
61440 0[0[0]0[4]0[5]5 |5 210: A5
31457280 |0|0|0] 0|40 |5|10| 5
805306368 [0 |0 [0 | 0|44 |0]O0 8
30720 0/]0[0| 01|45 |5]5 5 29 . Ay
1006632960 | 0 {0 |0 | 0 |4]10|0]| 5 5
322560 0j]0[0|]O|B5]0|8]8 4 22 :* (PGL3(4) : 2)
3686400 000|056 0] 4]10 28 :* (A5 : (S5 :2))
80640 000|057 /|8]8 4 PGL3(4) : 2
1572864 0/]0(0|O0O|8] 6 |0] 4 6 215 .2 g,
47185920 |0|0|0[O0|6| 0 |5]| 8 4
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10.8 Homomorphic Images of 230 : (Sj5)

IN[=120

G<x,y,t>:=Group<x,vy,t| (x -1 » y~-2)

~2,

(x x y"=2)"2,

YV i=1laxx"4%xy*xxXx"2, X T=14xy " —1xx"=1xy 14 x" =1 xy*x*y,

y*xT-1xy " —-1xx"3xy 4,

t°2,

y*x—l*y)

(t
(t 5), (t,x*y*xX * y“—2),(x“5*t)Aa,(xA5*tAy)Ab,
(x 3 * y * x"=1lxy*t"x)"c, ( x"3 x y & x -1 % yx*t)"d,
(y*x"=1xy*t) "e, (y*x"=1xy*xt" (y"=4)) £, (y*x"=1xy*xt"x) "~ g,
(y » x"=1 % y*xt7y) "h, (v 4xt) 1, (y " 3*xt"x) "3, (y"3*t) "~
(y"=3%t"x) "1, (y"=3xt) "m, (xxy*t”~ (y"5)) "n, (xxy*t"y) “o,
(xxy*t " (y"2)) "p, (xxy*t) g, ( v -1 * x"=1xt"(y"5))"~
(y"-1 = x"=1xt7y) s, (( y'-1 x x"-1xt"(y"2)) u
(y"-1 » x"=1xt) v, (x"2*t) "w, (y"2*t"x) "z,
(y"2%t) "al, (x+xt) "bl, (xxt"y) "cl, (yxt"x)"dl,
(yxt)"el, (x"3 = y™-1 % xxt"x) " fl,
(x"3 % y"=1 % x*t) "gl, (x x y » x * y —1%t) "hl>;
Table 10.10: 2*39 : (S5)
#G albl|c cl | dl|el]| f1| gl | hl | Isomorphism Type
96 0(0/0 ojlolofo]o]3 22 : Sg
960 01010 01071 O 0 4 4 23 . S
1200 01010 010710 0 4 |10 5223
86400 01010 01071 O 0 ) 0 2°((As : Ag) : 2)
120 0[0]0 0] 01O 0 ) ) 2° As
1440 0[0]0 0] 01O 0 5 6 S
483840 0[0]0 0] 01O 0 6 4 6:(2(: Sg))
125829120 | 0 | 0 | O 0] 0|0 4 8 4
80640 01010 41010 0 710 2 x Sg
25804800 |0 [0 |0 4100 4 0 0 5:(4:Sg)
1612800 | 0|0 |0 4100 4 0 | 10 2x5:(4:85s)
60 01010 51 0] 0]10] 5 5) As

10.9 Homomorphic Images of 751 Z3

IN|=3000

G<x,vy,z,wW,t>:=Group<x,y,z,w,t|x"10,y"10,z"10,w"3,

(x,v), (x,2),
t"2,

(v,

z), X" =1xw =1xzxw,y —1lxw —1*xxw,
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(t,y), (t,2z), (wxt) "a, (w=1+t) "b, (x"2xt) "¢, (x+t) "d,

(x"=1xt) "e, (xxyxt) " £, (x+wxt) “g>;

Table 10.11: Zi1g1 Z3

#G alblc|d|e]| f |g| Isomorphism Type
2400 [o]of[ofo]0] O[3 2° 53
48000 [0 |O[0O|[0|O] O |4 2% 5,
96 ololofo]o] 23 2° 53
48 ololofofo] 2|4 S,
120 [ojofofo]o]2]5 As
648 [o0[o0]0]0|0] 3|6 33:%(S))
38 (000 [0][0] 4 |4 210 5,
3840 [o]of[o]o]0O]| 4 |5 25 S5
75000 [o0[o|o|lo|O] 5 |6 53: 5,
8232 |[0|0]o0]o[0| 76 73 % (Sy)
17496 [0][0[0[0[0] 9 |6 30 :* (Sy)
6000 [o0]of[o0[O]O[10]4 S,
1875000 [0 [0 0|00 [10]5 55 As
5040 [o0|ofo0fo0[3|0][7 Sy
117600 ([o0lo[o0]0[6] 3 [8 PGL(2,49)
3000 [o]of[o0[2]0]5 |6 52 S5

IN|=52
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G<x,V,t>:=CGroup<x,y,t|y 4,y —2+x =1y " 2+x" =1,y " =1xx"-3xy*xx"-2,

t°2,

(t,x"-1 » y°-1 % x),

((x x y) 2xt"(x"-1)) "d,
(x * y*t"(x * y°-1)) e, (x x yxt) £, (x » y*t"(y"-1)) "g,

(y » x"2 « y*t) "r,
((x * y) " 2+xt7(x x y"-1)) "a,
((x * y) "2xt) b, ((x * y) "2+t " (y"-1)) "c,

(x % y*xt"(x7-1)) "h, (y"-1 » x"-1xt"(x x y"-1)) "1,

(y"-1 » x"=1%t) "7,

(y"-1 » x =1t~ (y"-1)) "k,
(y"-1 » x"=1xt"(x"-1)) "1,
(x+xt) "m, (x"2*t) "n,

(x~4+t) "o>;

Table 10.12: Curtis Lemma 2*13 : (13 : 4)

4G

a

b

C

m

(¢

r

Isomorphism Type

18720000

0

0

5

0

4

2°5,(5)
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10.10 Homomorphic Images of 53*! :,, (13 :4)

IN|=52

G<x,vy,t>:=Group<x,y,t|y 2, (x"-1xy) "2, x"(-13),

t°53,

tA(XA6)—tA28, (y*(£75) " (x72)) "r, (y*x(£"3) " (x * Y))ASI
(y*(£°3) " (y * x))"u, (y*x(t712)"(x"-2)) v, (y*x(t"5) " (x"-2))"
(y*x(£712) " (xxy)) "z, (y*t™(x »* yA—l))Aaa, (y*(t"4) " (x72)) "
(y*x(£73) " (x73)) "cc, (y*x(t712)"(x"-1))" (yx(£~10) " (X))Aee,
(yx(t"7) " (x"-1)) "£f, (y*(t"2) " (x"-2)) "gg, (Y*(tA2) (x"-1))"
(y*(t73) " (x72 x y)) i1, (y*(t78) " (x * y)) " JJj, (yx(t"34) " (y )) kk,
(y*(£72) " (x"3)) 711, (y*(t~10) " (x"2)) mm, (yx(t~6) " (x"-2)) "nn,
(y*x(t76) " (y =1 % x)) 00, (y*t"(x"2 « y"=-1)) "pp,
(yx(£76) " (x"=1)) "gqg, (yx(t"41)"(y"2)) rr>;

Table 10.13: 53** :,, (13 : 4)

|G| r s u v oo pp qq rr Isomorphism Type
74412 0 0 0 O 0 o0 0 3 PSLy(53)
1934712 0 0 0 O 0O 0 0 4 (13 : PGLy(53))



Appendix A

MAGMA Code for First Order

Relations

NumberOfPrimitiveGroups (13);
N:=PrimitiveGroup (13,4);

#N;
N;
/ *
Here we have the generators of the group
Permutation group N acting on a set of cardinality 13
Order = 52 = 272 * 13
(, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13)
(r, 8, 12, 5)(2, 3, 11, 10) (4, 6, 9, 7)
*/

CompositionFactors (N);
/* G

The isomorphism type of my control group is congruent tol3:4

*/
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Generators (N) ;

/ *
(1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13),
(1, 8, 12, 5)(2, 3, 11, 10) (4, 6, 9, 7)

*/

N.1;

N.2;

/* now we store each generator as x and y=*/
S:=Sym(13);

xx:=S!(1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13);
yy:=s!'(1, 8, 12, 5) (2, 3, 11, 10) (4, 6, 9, 7);
N:=sub<S|aa, bb>;

#N;
/x52%/

IsAbelian (N);
/+falsex/
NL:=Normallattice (Gl);
NL;

/+*Normal subgroup lattice

[4] Order 52 Length 1 Maximal Subgroups: 3
[3] Order 26 Length 1 Maximal Subgroups: 2
[2] Order 13 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:

*/

Center (N);

/+*Permutation group acting on a set of cardinality 13
Order =1

the group doesn’t have a centerx/

FPGroup (N) ;
/+*Finitely presented group on 2 generators

Relations
$.274 = Id($)
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$.27-2 x $.17°-1  S$.
$.27-1 » $.1°-3 * S.
*/
/+We write a presentation for N in terms of the generatorsx/
NN<x, y>:=Group<x,y|y 4,y —-2x -1y " 2x"-1,y " -1x"-3yx"-2>;
#NN;
/*x52%/

/+the schreierSystem is used to convert permutations
into words.x/
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>);
ArrayP:=[Id(N): i in [1..52]1;
for i in [2..52] do
=[Id(N): 1 in
for j in [1..#S
if Eltseq(Sch[
if Eltseg(Sch[i
if Eltseqg(Sch[i
( [1

.#Sch[i]]];

i]] do

3] eg 1 then P[]j]:=aa; end if;

3] eqg -1 then P[j]l:=aa"-1; end if;
Jjl

j]

[1.
h{
) [
) [
) [ eq 2 then P[]j]:=bb; end if;
)L

c
i]
]
]
]

if Eltseq(Sch eq -2 then P[]j]:=bb" end 1f;
end for;
PP:=Id (N);

for k in [1..#P] do
PP:=PP«+P[k]; end for;
ArrayP[1i] :=PP;

end for;

/+*we stabilize and element from N, in this case

I stabilized 1, we could of stabilized a different numberx/
Nl:=Stabiliser (N, 1);

#N1;

/ x4/

N1;

/+*Permutation group N1 acting on a set of cardinality 13
Order = 4 = 272

(2, 9, 13, 6)(3, 4, 12, 11) (5, 7, 10, 8)
*/

/+ we used the following loop to convert the
permutation of the stabilizer of land we converted

them into words.x/

for i in [1..52] do if ArrayP[i] eq



N!'(2, 9, 13, 6) (3, 4, 12, 11) (5, 7, 10, 8) then Schlil];
end i1if; end for;

/*xy"x, add it to the presentation of G and make sure it
commutes with t=*/

G<x,y,t>:=CGroup<x,y,t|y 4,y —2xx"-1xy " 2xx" -1,
v -lax"-3%y*x"-2,t"2, (t,y"X)>;

#G;

?xnow we stabilize 1 and 2 and find the classes of Nx/
N12:=Stabiliser (N, [1,2]);

Cent:=Centraliser (N,N12);
Cent;
/+*Permutation group N acting on a set of cardinality 13
Order = 52 = 272 % 13
(1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13)
(1, 8, 12, 5)(2, 3, 11, 10) (4, 6, 9, 7)
*/

C:=Classes (N);
#C;

for i in [1..#C] do

i, Cl1][3];

end for;

/*1 Id(N)

2 (1, 6)(2, 5)(3, 4) (7, 13)(8, 12) (9, 11)

3 (1, 3, 6, 4)(2, 11, 5, 9 (7, 12, 13, 8)

4 (1, 4, 6, 3)(2, 9, 5, 11) (7, 8, 13, 12)

5 (., 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13)
6 (1, 3, 5, 7, 9, 11, 13, 2, 4, 6, 8, 10, 12)
7 (1, 5, 9, 13, 4, 8, 12, 3, 7, 11, 2, 6, 10)
*/

/+*the following loop computes the orbits of the centralizer
of N and the classes.
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for
end

/*2

*/

/+*and this loop converts the permutations(classes)

i in [2.

for;

[

GSet{@
GSet {@
GSet{@
GSet {@

GSet{@
GSet{@
GSet{@
GSet{@

GSet {@
GSet{@
GSet {@
GSet{@

GSet{@

GSet{@

GSet{@

.7] do 1,

@}l
6,
5’
13,

@}l
3’

11,
12,

4, 3 @},
9, 11 @},
8, 12 @}

6, 4 @},
5, 9 @€},
13, 8 @}

3, 4, 5, ¢, 7, 8, 9, 10, 11, 12,

Orbits (Centraliser (N,C[1][3]));

13 @}

12 @}

10 @}
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into words

since our presentations has be written in terms of the

generators x and yx/

for

Cl31([3]

end

end

end

i in [2.

if;

for;

for;

.71 do for i in [1..52] do if ArrayP[i] eq
then C[J]1[3],Sch[i];



(

X

(

y

(L, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13)
X

(1, 3, 5, 7, 9, 11, 13, 2, 4, 6, 8, 10, 12)
X

(

i, 5, 9, 13, 4, 8, 12, 3, 7, 11, 2, 6, 10)

*/
/+*Now we factor the presentation of G by all
first order relations and we run it on MAGMA =/
for 1,m,n,o,p,q9,c,d,e,f,9,h,i,3,k in [0..10] do
G<x,y,t>:=Group<x,vy,t|y 4,y —2+xx"-1xy " 2+x"-1,
Yy -1lxx"-3xy*x"-2,t"2, (t,vy %),
xX*xy) "2xt" (x"-4)) "
xxy) "2*t) ~d,
X*Y) 2*t“x)“e,

X*y) 2*tA( 6))"
xxy)*t" (x"-4)) g,
Xxy) * )Ah,

x*xy)*xt"x) "1,

((
((
((
((
((
((
((
((xxy) *t" (x A6))A
((y
((
((y
((
(x
(x~
(

T-1lwxT-1) % (xA—4))Ak,
y —1lxx"-1) % )
T-1xx” —1)* x) m,
vy =lsx"=1)xt" (x76)) "
*t) "o,
2xt) "p,
x"4xt) Tg>;

/*this is used to find second order relationsx*/
Orbits(Stabiliser (Centraliser (N, xx*yy),1));
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Appendix B

MAGMA Code for 5.(8) DCE

/+ This code guides a double coset enumeration
of G over NSz (8) DCE 27 {*}13:(13,4),
when n=5 and p=5 and factor by the centerx/
G<x,y,t>:=Group<x,vy,t |y 4,y —2+x"-1xy " 2+x" -1,
y o -1lxx"=-3xyxx"-2,t"2, (t,y"x),
((y"=1xx"=1)*t"(x"6)) "5,

(x"2xt) "5>;
#G;
f,Gl,k:=CosetAction (G, sub<G|x,y>);
IN:=sub<Gl|f (x),f(y)>;
CompositionFactors (Gl);

c:=Center (G1l) .1;
Order (c);

NN:=G;

N:=G1;
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>);
ArrayP:=[Id(N): i in [1..58240]1;

for 1 in [2..58240] do

P:=[Id(N): 1 in [1..#Sch[i]1]17];

for 7 in [1..#Sch[i]] do

if Eltseq(Sch[i])[]j] eq 1 then P[j]:=f(x); end if;
if Eltseqg(Sch[i])[j] eq -1 then P[]j]l:=f(x)"-1;

if Eltseqg(Sch[i]) [J] eq 2 then P[j]:=f(y); end if;
if Eltseqg(Sch[i])[]j] eq -2 then P[]j]l:=f(y) " -1;

if Eltseq(Sch[i]) [j] eq 3 then P[j]l:=f(t); end if;
end for;

PP:=Id (N);

for k in [1..#P] do
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PP:=PP«+P[k]; end for;
ArrayP[1i] :=PP;
end for;

for 1 in [1..58240] do if ArrayP[i] eq c then Sch[i];

end i1f; end for;

/+*Add relation to the progenitor so it is being
factored by the centerx/
G<x,y,t>:=Group<x,y,t |y 4,y —2xx"-1*xy " 2%x"-1,

Yy -1lxx"-3xy*xx"-2,t"2, (t,v %),
((y"=1xx"-1)*t" (x76)) "5,

(x72%t) "5, x"3xt*x"-2xtxy —Llxtxyxtxy 2xt>;

#G;

S:=Sym(13);

xx:=3!'(1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13);
yy:=s!(1, 8, 12, 5) (2, 3, 11, 10) (4, 6, 9, 7);
N:=sub<S|xx,yy>;
f,Gl,k:=CosetAction (G, sub<G|x,y>);
IN:=sub<Gl|f (x), f(y)>;

CompositionFactors (Gl);

\xnow label your t’s in terms of x and yx*/

ts:=[Id(Gl): i in [1..13]11];
ts[l]:=f(t); ts[2]:=f(t"x);
ts[3]:=f(t"(x"2));
ts[4]:=f(t"(x73));
ts[5]:=f(t"(x74));
ts[6]:=f£(t"(x"5));
ts[7]:=£(£t"(x76));
ts[8l:=£(t"(x"7));
ts[9]:=f(t"(x78));
ts[10]:=£(t" (x"9));
ts[ll]:=f(t"(x"(10)));
ts[1l2]:=£(t"(x"(11)));
ts[13]:=£(£"(x"(12)));

DoubleCosets (G, sub<G|x,y>, sub<G|x,y>);
#DoubleCosets (G, sub<G|x, y>, sub<G|x,y>);
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prodim := function(pt, Q, I)

/ *

Return the image of pt under permutations
Q[I] applied sequentially.

*/
v 1= pt;
for i in I do
v o= v (Q[i]);
end for;

return v;
end function;

cst := [null : 1 in [1 .. Index(G,sub<G|x,y>)]]
where null is [Integers() | 1;
for i := 1 to 13 do
cst[prodim(1l, ts, [i])] := [i];
end for;
:=0;
for i in [1..560] do if cst[i] ne [] then m:=m+1;

end i1f; end for; m;

Nl:=Stabiliser (N, [1]);
SsS:={[11};
5SS :=SSS"N;

SSS;
Seqq:=Setseq(SSS);
Seqq;

for 1 in [1..#SSS] do for n in IN do
if ts[1l] eq nxts[Rep(Seqqlil]) [1]1]
then print Rep (Seqqlil]);
end 1f;
end for;
end for;
N1; #N1;
Tl:=Transversal (N,N1);
for 1 in [1..#T1] do ss:=[1]1"T1[1i];

cst [prodim(l,ts,ss) ] :=ss;
end for;
m:=0; for 1 in [1..560] do if cst[i] ne [] then m:=m+1;

end i1if; end for; m;
Orbits (N1);
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N12:=Stabiliser (N, [1,2]);
SSS:={[1,2]1};
SSS:=SSS"Nj;

SSS;

Seqqg:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do for n in IN do
if ts[1l]+ts[2] eq nxts[Rep(Seqqli]) [1]]xts[Rep(Seqql[i]) [2]]
then print Rep (Seqqlil]);
end 1f;
end for;
end for;
N12; #N12;
Tl2:=Transversal (N,N12);
for i in [1..#T12] do ss:=[1,2]"T12[1i];
cst [prodim(1l,ts,ss) ] :=ss;
end for;
m:=0; for 1 in [1..560] do if cst[i] ne [] then m:=m+1;
end 1f; end for; m;
Orbits (N12);

N13:=Stabiliser (N, [1,31);
SSS:={[1,31};
55S:=SSS"N;

SSS;

Seqqg:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do for n in IN do
if ts[1l]*ts[3] eq nxts[Rep(Seqqli]) [1]]+ts[Rep(Seqqli]) [2]]
then print Rep(Seqqli]);
end 1if;
end for;
end for;
N13; #N13;
Tl3:=Transversal (N,N13);
for i in [1..#T13] do ss:=[1,3]1"T13[i];
cst[prodim(l,ts,ss)]:=ss;
end for;
m:=0; for i1 in [1..560] do if cst[i] ne [] then m:=m+1;
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end i1if; end for; m;
Orbits (N13);

N15:=Stabiliser (N, [1,5]1);
SSS:={[1,5]1};
SSS:=SSS"N;

SSS;

Seqqg:=Setseq(SSS);

Seqq;

for 1 in [1..#SSS] do for n in IN do
if ts[1]+ts[5] eq n*ts[Rep(Seqq[i]) [1]]*ts[Rep(Seqq[i]) [2]]
then print Rep(Seqqlil]);
end 1if;
end for;
end for;
N15; #N15;
Tl5:=Transversal (N,N15) ;
for i in [1..#T15] do ss:=[1,5]"T13[i];

cst[prodim(1l,ts,ss) ] :=ss;
end for;
m:=0; for i in [1..560] do if cst[i] ne [] then m:=m+1;

end 1f; end for; m;
Orbits (N15);

/+ Continue inserting the code from below

,1f m increases by a value, then we have a new

double coset. For single cosets the value of m tells us
the number of single cosets for every new double coset.

N124:=Stabiliser (N, [1,2,4]);
SSS:={I[1,2,41};
SS5S5:=SSS”N;

SSS;
Seqgg:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do for n in IN do

if ts[l]*ts[ ]xts[4] eq

nxts[Rep (Seqqli]) [1]1]1*ts[Rep(Seqqli]) [2]]
*»ts[Rep (Seqqli]) [3]]

then print Rep(Seqql[i]);
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end 1if;
end for;
end for;

N124s:=N124;
for n in N do if 1°n eq 2 and 2°n eq 1 and 4°n eq 12 then
N124s:=sub<N|N124s,n>;
end 1f; end for;
#N124s;
N124s;
[1,2,4] °N124s;

N124:=Stabiliser (N, [1,2,4]);

N124;

N124:=sub<N| (1, 2) (3, 13) (4, 12) (5, 11) (6, 10) (7, 9)>;
#N124;

[1,2,4]°N124;

T:=Transversal (N,N124);

for i in [1..#T] do {[1,2,4]1°N124}"T[1i];

end for;

for n in IN do if ts[2]xts[l]x*ts[l2] eq
nxts[l]*ts[2]*ts[4] then n; end if; end for;
for m,n in IN do if ts[2]xts[l]xts[l2] eq
m*(ts[1l]l+ts[2]*ts[4]) "n then A:=m; B:=n;
end if; end for;
W, phi:=WordGroup (G1) ;
rho:=InverseWordMap (G1l) ;
AQrho;
g:=function (W) ;
g(G);
ts[2]*ts[l]*ts[l2] eq £(x"2)*ts[l]lxts[2]*ts[4];

Tl24:=Transversal (N,N124);

for 1 in [1..#T124] do ss:=[1,2,4]1"T124[i];
cst[prodim(1l,ts,ss)]:=ss;

end for;

m:=0; for i in [1..560] do if cst[i] ne [] then m:=m+1;
end i1if; end for; m;

Orbits (N124);

/+*since there are equal coset names on the double coset
we check all elements in N that sends [2112] to [124] we
do the loop listen below to determine the relation.x/
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/+we continue using the loops until the number of m
increases to 560, since the index of |G|/|N|=560x%/

/* Since we have all new existing double cosets

now we check for those double cosets where m did

not increased. We verify if they are equal to other existing
double cosets. We use the following codex/

for m,n in IN do if ts[l]xts[2]*xts[8]*ts[l] eq
mx (ts[1l]+ts[2]*ts[3]) "n then m,n; end if; end for;

/+*since [1281] is not a new double coset we check if it is
equal to other existing double cosets. In this case is

equal to [123]. We use the loop listen below to test

every new double coset until MAGMA prints out permutations
so we know the coset [1281] lives in the double coset [123].
Lastly, we find by what relation [1281] lives in [123]x*/

for m,n in IN do if ts[l]xts[2]*xts[8]*ts[l] eq
m*(ts[1l]l*xts[2]*ts[3]) "n then A:=m;B:=n; end i1f; end for;
W, phi:=WordGroup (G1) ;
rho:=InverseWordMap (G1l) ;
A@Qrho;
g:=function (W) ;
wd := W.1l » W.2; return wi4;
end function;
g(G);
ts[l]l*ts[2]xts[8]*xts[l] eq f(x*xy)*xts[l0]xts[ll]xts[1l2];

/+0Once we have found all orbits and the order of m has

increased to 560 our group is closed under right
multiplication and a Cayley graph is given to
summarize the work.x*/



Appendix C

MAGMA Code for 2 x PGLy(27)
over M=(13:2) DCE

/+ To complete a DCE of G over a maximal subgroup M we
follow a similar procedure for a regular DCE of G. But in
this case for one of the loops we must replace M with N.

S:=Sym(13);

xx:=s!(1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13);
yy:=S! (1, 12) (2, 11) (3, 10) (4, 9) (5, 8) (6, 7);
N:=sub<S|xx,vyy>;

G<x,y,t>:=Group<x,y,t|y 2, (x"-1*y) "2,x"-13,t"2, (t,y * x°2),
((x74) »t+xt"x) "3,
((X76) L+t "x) "2>;

H:=sub<G|x,y,y » T * x4 » t » x » t vy » t,
L x x4 xy xt x x74 xy xt x x"3 % y>;
#H;
f,Gl,k:=CosetAction (G, sub<G|x,y>);
IN:=sub<Gl|f(x),f(y)>;
IM:=sub<Gl|f(x),f(y),f(y » t » x4 » t *xx t  y * t),
f(t » x74 x» v x t x x74 x yx t x x"3 % y)>;
#IN; #IM;

ts:=[Id(Gl): 1 in [1..1311;
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ts[1l]:=f(t); ts[2]:=f(t"x);
ts[3]:=£(t"(x72));
ts[4]:=f(t"(x"3));
ts[5]:=f(t"(x"4));
ts[6]:=£(t"(x"5));
ts[7]:=£(£t"(x76));
ts[8]:=f£(t"(x"7));
ts[9]:=£(t"(x78));
ts[10]:=£(t"(x"9));
ts[11l]:=£(t"(x"(10)));
ts[l2]:=£(t"(x"(11)));
ts[13]:=f(t"(x"(12)));

DoubleCosets (G, H, sub<G|x,y>);

Index (G, sub<G|x,y>);

prodim := function(pt, Q, I)
v = pt;
for i in I do
v o= v (Q[i]);
end for;

return v;
end function;

cst := [null : 1 in [1 .. Index(G,sub<G|x,y>)]]

where null is [Integers() |
for i =1 to 13 do
cst[prodim(1l, ts, [1])]
end for;
m:=0;

for i in [1..1512] do if cst[1i]

end 1f; end for; m;

Nl:=Stabiliser (N, [1]);
SSS:={[1]1}; SSS:=SSS"N;
SSS;

#(SSS);
Seqqg:=Setseq(SSS);
Seqq;

for i in [1..#SSS] do for n in

n*xts[Rep (Seqql[i]) [1]]
then print Rep(Seqqli]);

then m:=m+1;

IM do if ts[1]
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end i1if; end for; end for;

N1,; #N1;

Tl:=Transversal (N,N1);

for 1 in [1..#T1] do

ss:=[11"T1[i];

cst [prodim(l, ts, ss)]:=ss;

end for;

m:=0; for 1 in [1..378] do if cst[i] ne
then m:=m+1; end if; end for; m;

Orbits (N1);

N12:=Stabiliser (N, [1,2]);
SSS:={[1,21};
SS5S:=SSS"N;

SSS;

Seqgq:=Setseq(SSS) ;

Seqq;

for i in [1..#SSS] do for n in IM do

if ts[l]*ts[2] eq n*ts[Rep(Seqqli]) [1]]+*ts[Rep(Seqql[i]) [2]]

then print Rep(Seqqli]);
end 1if;
end for;
end for;
N12; #N12;

/+ Equal Coset Name [1,2]71[9,8]

in one of the following loops we have n in M not N=*/

N12s:=N12;

for n in M do if 1°n eq 9 and 2°n eqgq 8
N12s:=sub<N|N1l2s, n>;

end i1f; end for;

#N12s;
N12s;

[1,2] "N12s;
N12:=Stabiliser (N, [1,2]);
N12;

N12:=sub<N]| (1, 9) (2, 8) (3, 7) (4, 6) (10,
#N12;

[1,2]°N12;

then

13) (11,
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:=Transversal (N,N12);
for i in [1..#T] do {[1,2]°N12}"°TI[i];
end for;
for n in IM do if ts[l]x*ts[2] eqg
nxts[9]*ts[8] then n; end if; end for;

ts[l]l*ts[2] eq f£(x)*ts[9]xts[8];

/* Now we find the relation that sends [1,2] to [9,8]%*/

for n in IM do if ts[l]l#*ts[2]
eq nxts[9]*ts[8] then n; end if; end for;
for n in IM do if ts[l]lx*ts[2] eq
nxts[9]*ts[8] then A:=n; end if; end for;
W, phi:=WordGroup (Gl) ;
rho:=InverseWordMap (G1l) ;
A@rho;
g:=function (W) ;

return W.1;

end function;
g (G);
Tl2:=Transversal (N,N12);

for 1 in [1..#T12] do ss:=[1,2]"T12[i];

cst[prodim(l,ts,ss)]:=ss;
end for;
m:=0; for i in [1..1512] do if cst[i] ne [] then m:=m+1;

end i1if; end for; m;
Orbits (N12);

N13:=Stabiliser (N, [1,3]);
SSS:={[1,311};
SSS:=SSS"N;

SSS;

Seqqg:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do for n in IM do

if ts[1l]+ts[3] eq n+ts[Rep(Seqqli]) [1]]xts[Rep(Seqql[i]) [2]]

then print Rep (Seqqlil]);
end 1f;
end for;
end for;
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N13; #N13;

Tl3:=Transversal (N,N13);
for 1 in [1..#T13] do ss:=[1,3]"T13[1];
cst[prodim(l,ts,ss)]:=ss;
end for;

m:=0; for i in [1..1512] do if cst[i] ne [] then m:=m+1;
end if; end for; m;

Orbits (N13);

Nl4:=Stabiliser (N, [1,4]);
SSS:={[1,4]11};
SSS:=SSS"N;

SSS;

Seqqg:=Setseq(SSS);

Seqq;

for 1 in [1..#SSS] do for n in IM do
if ts[1l]+ts[4] eq nxts[Rep(Seqqli]) [1]]*ts[Rep(Seqql[i]) [2]]
then print Rep (Seqql[il]);
end 1f;
end for;
end for;
N14; #N14;
Tl4:=Transversal (N,N14);
for 1 in [1..#T14] do ss:=[1,4]"T14[1i];
cst [prodim(l,ts,ss) ] :=ss;
end for;
m:=0; for 1 in [1..1512] do 1f cst[i] ne [] then m:=m+1;
end if; end for; m;
Orbits (N14);

N1l6:=Stabiliser (N, [1,6]);
SSS:={[1,6]1};
SSS:=SSS"Nj;

SSS;

Seqqg:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do for n in IM do
if ts[1l]l+ts[6] eq nxts[Rep(Seqql[i]) [1]]+ts[Rep(Seqq[i]) [2]]
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then print Rep (Seqqlil]);
end 1f;
end for;
end for;
N16; #N1lo6;
Tl6:=Transversal (N,N16) ;
for 1 in [1..#T16] do ss:=[1,6] Tle6[i];

cst [prodim(1l,ts,ss)]:=ss;
end for;
m:=0; for 1 in [1..1512] do 1f cst[i] ne [] then m:=m+1;

end 1f; end for; m;
Orbits (N16) ;

/+xEvery time the value of m increases we have a new
double coset. But keep in mind that he value of m is
the number of single cosets found on each double coset.
We continue until the value of m increases to the number
of the index, 1512. Once we have found all 22 DC now we
check where the not existing double cosets live.x*/

/+*If the value of m does not increase

then is not a new double coset so

now we check for the the non existing double
coset using the following loops=*/

DoubleCosets (G, H, sub<G|x,y>);

/+*we use the loop above to label all 22 double

cosets including identity (loop below) . */
A:=[Id(Gl): i in [1..2111];

A:=[Id(Gl): 1 in [1..21]1;

All]:=f(t » y » £t x x"2 x £t x y % t);
Af2]:=f(t » X"2 x y » £ * x xy * t);
A[3]:=f(t * X"3 * £t * X x y *t);
Af4]:=f(t » x + t * x"=-1 « t * y * t);
A[5]:=f(t * x » t*x x » £t *x x * t);
Af6]l:=f(t » x"2 x y » t x y % t);
A[7]:=f(t » x"3  t * y * t);
A[8]:=f(t » y x t » x x y % t);
A[9]:=f(t » v » t * x x t);
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/+ once we have label all 22 double cosets we
continue and use the following loop. This loop

lets us know where the exactly the double cosets
live. To verify if [1,2] is new we use the loop shown
belowx/

for i in [1..21] do for m in IM do for n in IN do
if ts[l]*xts[2] eq mx(A[i]) "n then "true"; end if;
end for; end for; end for;

for 1 in [1..21] do for m in IM do for n in IN do
if ts[l]#*ts[2] eg mx(A[i]) "n then i; end if; end for;
end for; end for;

/*13%/

/+the loop tells us that is on 13, note 13 is a
double coset of two t’/s=*/

for i in [1..21] do for m in IM do for n in IN do

if ts[1l]*xts[3] eq mx(A[i]) "n then "true"; end if;

end for; end for; end for;

for 1 in [1..21] do for m in IM do for n in IN do

if ts[1l]*ts[3] eg mx(A[i]) "n then i; end if; end for;
end for; end for;

/*14%/

for i in [1..21] do for m in IM do for n in IN do
if ts[l]*xts[4] eq mx(A[i]) "n then "true"; end if;
end for; end for; end for;

for i in [1..21] do for m in IM do for n in IN do
if ts[l]l*ts[4] eq mx(A[i]) " n then i; end if; end for;
end for; end for;
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/*x15%/

for 1 in [1..21] do for m in IM do for n in IN do
if ts[1l]l*ts[5] eg mx(A[i]) "n then "true"; end if;
end for; end for; end for;

for i in [1..21] do for m in IM do for n in IN do

if ts[1l]*ts[5] eq mx(A[i]) ' n then i; end if; end for;
end for; end for;
/*14%/
/*Note, [1,5] is not a new double coset since
in 14 we have the double coset [1,3] so [1,5]
lives in [1,3] . Now we find by what relation

they are equal. We are going to use the
SchreierSystemx/

/* Since we have G over M we have aded on
the loop g in Mand h in Nx/

for g in IM do for h in IN do if
ts[1l]*ts[5] eq gx(ts[l]*ts[3]) h

then g,h; break; end if; end for; end for;
for g in IM do for h in IN do if
ts[1l]*ts[5] eq g*x(ts[l]l*ts[3])"h

then A:=g;B:=h; break; end if;

end for; end for;

N:=G1l; NN:=G;
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>);
ArrayP:=[Id(Gl): i in [1..#G1]];

for 1 in [2..#G1l] do
P:=[Id(Gl): 1 in [1..#Sch[il11;
for 7 in [1..#Sch[i]] do

if Eltseqg(Sch[i])[j] eqg 1 then P[j]l:=f(x); end if;

if Eltseq(Sch[i]) [j] eqg -1 then P[j]:=f(x"-1); end if;
if Eltseq(Sch[i])[]J] eq 2 then P[j]l:=f(y); end if;

if Eltseqg(Sch[i]) []j] eg 3 then P[]j]l:=f(t); end if;

end for;

PP:=Id(G1l);

for k in [1..#P] do PP:=PP%xP[k]; end for;
ArrayP[i] :=PP;
end for;
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for 1 in [1..#G1] do if ArrayP[i] eg A then Schl[i];
end if; end for;

/*xT4 %y x b ox xT4 %t ox x x £ ok Yy x Tx/

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

/xconjugate [1,3] by x"4xyx*/

ts[l]l*ts[5] eqg

f(x™4 vy » t *+ x4 x t » x x t xy % t)+ts[8]xts[6];

/x lets try one more using the label of each
double coset and SchreierSystem =/

for 1 in [1..21] do for m in IM do for n in IN do
if ts[1l]*ts[3]1*xts[9] eq m*x (A[i]) "n then i; end if;
end for; end for; end for;

/+*Note 10 is my new double coset name [1,6]x/

for g in IM do for h in IN do if ts[1l]*ts[3]*ts[9] eqg
gx(ts[l]*ts[6]) " h then g,h;
break; end if; end for; end for;
for g in IM do for h in IN do if ts[l]l*ts[3]xts[9] eg
gx(ts[1l]lxts[6]) "h then A:=g;B:=h; break; end if;
end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end if; end for;
for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;
/+*conjugate [1,6] by x"-3x%/
ts[1]*ts[3]*xts[9] eqg
f(t » x4 v x» €L * x4 xy *« t x x"3)*ts[11]*ts[3];

/+*0Once we have found all orbits and the order of m has

increased to 1512 our group is closed under right
multiplication and a Cayley graph is given to
summarize the work.



Appendix D

MAGMA Code for Monomial
Progenitor 53*° :, (13 : 4)

G:=TransitiveGroup (13, 2);
#G;

G;

G.1;

G.2;

G eq sub<G|G.1,G.2>;

xx:=G!(1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13);
yy:=G! (1, 12) (2, 11) (3, 10) (4, 9) (5, 8) (6, 7);

G eq sub<G|xx,yy>;

IsAbelian (G);

/+*False, Continue with the processx/
CG:=CharacterTable (G) ;

CG;

/*Now we find the classes of Gx/

C:=Classes (G);
C;

Class (G,C[1]1[31);
/+ find all 8 classes by changing C[i][3] for 1 in 1, ..

., 8%/
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/+*Now find the subgroup that is equal to the index, 2%/

:=Subgroups (G) ;
for 1 in [1..#S] do if Index(G,S[i] ‘subgroup) eq 2 then i;
end if; end for;
H:=S[3] ‘subgroup;
CH:=CharacterTable (H) ;
CH;

for i in [2..13] do if Induction(CH[i],G) eqg CG[3] then i;
end if; end for;

Induction(CH[4],G) eq CG[3];
I:=Induction(CH[4],G);
I eq CGI[3];

/+* we use the following code to find all classes of Hx/

Cprime:=Classes (H) ;
Class (H,Cprime[1][31]);

/+*change Cprime[i] [3]; for i in 1,...,8%/

CH[4];

/**Find the 2 x 2 Matrix for xx and yy*x/
C:=CyclotomicField(13);
GG:=GL(2,C);

:=Transversal (G, H) ;
#T;
/+* 1in here I have the index and the prime fieldx*/
N:=H;

A:=[[C.1,0]:1i in [1..211;
for i,3 in [1..2] do A[i,]j]l:=0; end for;
for 1,3 in [1..2] do if T[i]l#*xx*T[Jj] -1 in H then



A[i, J]1:=CH[4] (T[i]l»xx*xT[j]"-1); end if; end for;
GG!A;
Order (GG!A) ;

B:=[[C.1,0]:1 in [1..2]];

1..2] do B[i, Jj]l:=0; end for;

1..2] do if T[il*yy*T[j]"-1 in H then
] (T[i]*yy*T['] -1); end if; end for;

for i,J in [
for i,J in [
B[i,j]:=CH[4
GG!B;

Order (GG!B) ;

C:=CyclotomicField(13);

GG:=GL(2,53);

/* in here I have the index and the prime fieldx/
N:=H;

T:=Transversal (G, H) ;

#T;

mat := function(n,p,D,k)

for i,3 in [1..k] do if T[i]*xp*T[j] -1 in H then
if CH[n] (T[i]l*p*T[j]"-1) eq C.1°5 then D[i, j]:=24;
end 1if;

if CH[n] (T[i]*p*T[j]"-1) eq C.1°8 then D[i,]j]:=42;
end if;

if CH[n] (T[1i]l*p*T[j]"-1) eq 1 then D[i,Jl:=1;end if;

end i1if; end for;
return D;
end function;
=[[0,0]: 1 in [1..2]7;
mat (4, xx,A,2);
mat (4,yy,A,2);

AA:=GG!mat (4, xx,A,2);
BB:=GG!mat (4,vy,A,2);
HH:=sub<GG|AA, BB>;
IsIsomorphic (HH,G);

/*x*Find the permutation representation with #Field -1%/

C:=CyclotomicField(52);
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GG:=GL(2,C);
/* in here I have the index and the prime fieldx/
N:=H;

=[[C.1,0]:1 in [1..2]]; A: [[C.l,O]: i in [1..2]1];
for i,j in [1..2] do A[i,]j]: end for;
for i,j in [1..2] do if TI[i] XX*T[ ]”-1 in H then
A[i, j]1:=CH[4] (T[i]*xxx*T[]j]"-1); end if; end for;

GG!A;
Order (GG!A) ;

B:=[[C.1,0]:1 in [1..2]171;
for i,j in [1..2] do BI[i, ]
for i,j in [1..2] do if T[1i
B[i,]:=CH[4] (T[i]*yy*T[j

GG!B;

Order (GG!B) ;

B: [[C.l,O]: i in [1..21];
1: end for;
]*yy*T[j]A—l in H then
1°-1); end if; end for;

HH:=sub<GG|A, B>;
IsIsomorphic (HH, G) ;

perm := function(n, p, mat)
/* Return the matrix converted to permutation
of S_{n=*p}.x*/
C<u>:=CyclotomicField(p);
Z:=Integers ();
s:=[1;
for i in [1..n] do
s[i]:
end for;
z:=Matrix (C,1,n, s) *mat;
w:=[];
for 1 in [1..n] do
J:=0; done:=0;
repeat
if z[1,i]/u”j in Z then
if z!(z[1,i]1/u”]j) ge 0 then
wlil:=nxJ+2!(z[1,1]/u”j)

i

done:=1;
end i1f; end if;
j:=3+1;

until done eq 1 or J eq p;
end for;
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for i in [1..(p-1)] do
for a in [1l..n] do
wlatixn]:=(Z!w[a]l]+i*n-1) mod (p*n) + 1;
end for; end for;
S:=Sym(n~*p) ;
w:=S!w;
return w;
end function;
HH:=sub<Sym (2+x52) |perm (2, 52,GG!A),
perm(2,52,GG!B)>;
IsIsomorphic (HH,G);
perm(2,52,GG!A);

perm(2,52,GG!B);

FPGroup (G) ;
G<x,y>:=Group<x,yly 2, (x"=1xy) "2, x"(=-13)>;
S:=Sym(104);
xx:=S!(1,47,91,87,97,19,55,71,31,25,93,29,83)
3,95,77,69,89,39,5,37,63,51,81,59,61)
7,85,49,33,73,79,11,75,21,103,57,13,17)
9,27,35,15,65,99,67,41,53,23,45,43,101)
2,84,30,94,26,32,72,56,20,98,88,92,48)
4,62,60,82,52,64,38,6,40,90,70,78,96)
8,18,14,58,104,22,76,12,80,74,34,50,86)
(10,102,44,46,24,54,42,68,100,66,16,36,28);

(
(
(
(
(
(

yy:=S!(1, 2)(3, 4)(5, 6) (7, 8)(9, 10) (11, 12) (13, 14)
(15, 16) (17, 18) (19, 20) (21,22) (23, 24) (25, 26)

(27, 28) (29, 30) (31, 32) (33, 34) (35, 36) (37, 38) (39,
40) (41, 42) (43, 44) (45, 46) (47, 48) (49, 50) (51, 52)
(53, 54) (55, 56) (57, 58) (59, 60) (61, 62) (63, 64)

(65, 66) (67, 68) (69, 70) (71, 72) (73, 74) (75,

76) (77, 78) (79, 80) (81, 82) (83, 84) (85, 86) (87, 88)
(89, 90) (91, 92) (93,

94) (95, 96) (97, 98) (99, 100) (101, 102) (103, 104);

N:=sub<S|xx,yy>;
#N;

Sch:=SchreierSystem (G, sub<G|Id(G)>);
ArrayP:=[Id(N): 1 in [1..#N]1];



for 1 in [2..#N] do

P:=[Id(N): 1 in [1..#Sch[i]]];

for 7 in [1..#Sch[i]] do

if Eltseq(Sch[i]) [J] eq 1 then P[]j]:=xx; end 1if;

if Eltseqg(Sch[i])[]j] eq -1 then P[]j]l:=xx"-1; end if;
if Eltseqg(Sch[i])[]J] eg 2 then P[]J]:=yy; end if;

end for;

PP:=Id (N);

for k in [1..#P] do

PP:=PP«+P[k]; end for;

ArrayP[1i] :=PP;

end for;
Normaliser:=Stabiliser (N, {1,3,5,7,9,11,13,15,17,
19,21,23,25,27,29,31,33,35,37,39,41,43,45,47,49,
51,53,55,57,59,61,63,65,67,69,71,73,75,77,79,81,83,
85,87,89,91,93,95,97,99,101,103}) ;

Normaliser;
Normaliser.1l;

Al:=N'(1,47,91,87,97,19,55,71,31,25,93,29,83)
(2,84,30,94,26,32,72,56,20,98,88,92,48) (3, 95,
77,69,89,39,5,37,63,51,81,59,61) (4,62,60,82,52,
64,38,6,40,90,70,78,96) (7,85,49,33,73,79,11,75,
21,103,57,13,17) (8,18,14,58,104,22,76,12,80, 74,
34,50,86) (9,27,35,15,65,99,67,41,53,23,45,43,

101) (10,102,44,46,24,54,42,68,100,66,16,36,28);

for i in [1..26] do if ArrayP[i] eq Al then Sch[i];
end if; end for;

G<x,y,t>:=Group<x,vy,tly 2, (x"-1xy) "2, x~(-13),t"53,
tT(x"5)=t"3, (t,t7y)>;

§———— Find First Order Relation--—--/
:=Classes (N) ;

#C;

for i in [2..8] do i, Orbits(Centraliser(N,C[i][3]1));

end for;
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for j in [2..8] do for i in [1..26] do if ArrayP[i] eqg C[]J]I[3]

then C[J]1[3],Sch[i];
end 1if;
end for;
end for;
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Appendix E

MAGMA Code for Wreath
Product

o°

A———————— Producing a Wreath Product Progenitor-————————-——- /
N:=TransitiveGroup (30,437);
PP<x,Vv,z,w>:=Group<x,vy,z,w|x"10,y"10,z"10,w" 3, (x,V¥), (X,2),
X w=y,y w=z,z w=x>;
£f3,P1,k3:=CosetAction (PP, sub<PP|Id (PP)>);

IsIsomorphic (G,P1l);

/+true Mapping from: GrpPerm: G to GrpPerm: Pl
Composition of Mapping from: GrpPerm: G to GrpPC and
Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: Pl

*/

W:=WreathProduct (CyclicGroup (10),CyclicGroup(3));
PP<x,vy,z,w>:=Group<x,vy,z,w|x"10,y"10,z"10,w" 3, (x,Vv), (x,2),
X w=y,y w=z, z w=x>;
£f3,P1,k3:=CosetAction (PP, sub<PP|Id (PP)>);

S:=Sym(30) ;
xx:=5!(1,2,3,4,5,6,7,8,9,10);
yy:=S!(11,12,13,14,15,16,17,18,19,20);
zz:=S!(21,22,23,24,25,26,27,28,29,30);

ww:=S!(1,11,21) (2,12,22) (3,13,23) (4,14,24) (5,15, 25)
(6,16,26) (7,17,27) (8,18,28) (9,19,29) (10,20,30);
N:=sub<S|xx,Vyy, z2z, Ww>;

N eqg sub<N|xx,vy,zz,ww>;

CompositionFactors (N);
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FPGroup (N) ;

/*1st Presentationx/

NN<x, vy, z,w>:=Group<x, vy, z,w|x"10,y"10,z"10,w"3,
(x, V), (x,2), (y,2) , X" =1xw =1xzxw,y —1xw —1sxxw>;
#NN;

/*3000x/

Sch:=SchreierSystem (NN, sub<NN| Id (NN)>);
ArrayP:=[Id(N): i in [1..30001];
for i in [2..3000] do
=[Id(N): 1 in [1..#Sch[i]]];
for j in [1..#Sch[i]] do
if Eltseqg(Sch([i])[j] eqg 1 then P[]j]:=xx; end if;
if Eltseqg(Schli ] eg -1 then P[j]:=xx"-1; end if;

[
J
i]) [3
if Eltseqg(Sch([i])[]j] eq 2 then P[j]:=yy; end if;
if Eltseq(Sch(i]) [j] eq -2 then P[J]l:=yy~"-1; end if;
if Eltseg(Sch[i])[]J] eq 3 then P[j]l:=zz; end if;
if Eltseq(Sch([i]) [j] eq -3 then P[J]l:=zz"-1; end if;
if Eltseg(Sch[i])[]J] eq 4 then P[j]:=ww; end if;
if Eltseq(Sch([i]) [j] eq -4 then P[J]l:=ww -1; end if;
end for;
PP:=Id(N);

for k in [1..#P] do
PP:=PP+P[k]; end for;
ArrayP[1] :=PP;

end for;

Nl:=Stabiliser (N, 1);

#N1;
/*100x/
N1;
/*(11, 12, 13, 14, 15, 16, 17, 18, 19, 20)
(21, 22, 23, 24, 25, 26, 27, 28, 29, 30)«*/

for 1 in [1..3000] do if ArrayP[i] eg N! (11, 12, 13,
14, 15, 16, 17, 18, 19, 20)

then Sch[i]; end if; end for;
/xy*/

for i in [1..3000] do if ArrayP[i] eg N! (21, 22, 23,
24, 25, 26, 27, 28, 29, 30)
then Sch[i]; end if; end for;
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/xz*/

G<x,Vy,z,w,t>:=Group<x,y,z,w,t|x"10,y"10,z"10,w" 3,
(x,¥),(%,2), (y,2) y X =1xw  =1xz*w, YA—l*WA—l*X*W/tAZI (t,y),
(t,z)>;

C:=Classes (N);

#C;

/*360x/

for i in [1..#C] do
i, Cli][3];

end for;

for i in [2..360] do i, Orbits(Centraliser (N,C[i][3]));
end for;

for j in [2..360] do for i in [1..13] do if ArrayP[i] eqg
C[J]1[3] then C[Jj][3],Sch[i];

end 1if;

end for;

end for;



Appendix F

Finding Generators of PSL(2,7)

/xxxxkxxxxxFind Mapping for PSL(2,7)*********/
G<x,Vy,z,w,t>:=Group<x,vy,z,w,t|x"2,y"3,z"2,w 2,

(y " —1xx)

#

~2,

Y -lxzxysw,
tAZI (th*Y)r (X * YA—l * W*t>A3I (Y*t)A3, (W * t)A3I

(xxz)

"2, (zxw) "2,

yxzxy —1lxz*w,
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X * W xy *x t x 2 % w*x T, 2 €T *x X *xWx*x VY *x €t x w *x £>

G;

XX =

Yy:

VAVARES

WW

5) (3,
(21 8/
5) (3,
7) (3/

N:=sub<S|xx,Vyy, 22z, Ww>;

#N;

9) (10, 12);

9, 5) (10, 12,
11) (8, 10) (9,
10) (5, 11) (o,

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w>);
IN:=sub<Gl|f(x),f(y),f(z), f(w)>;
CompositionFactors (Gl);

/+we use the following loop to compute the

f

/
2

3
4
5

single cosets of the group=*/

or
*1
[

[
[
(

i in

[]
12

10
11
9

]

]
]
]

[1.

.71

do i,

cst[i];

end for;

11);
12);
12);
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/+Here we have the image of x,y,z,w, and t*/
f(x);

/*(2, 3) (5, 6)x/

£(y)i

/* (2, 4, 3)(5, 7, 6)=*/
£(z);

/*(2, 5) (3, 6)x/

£(w);

/* (2, 5) (4, 7))/

£(t);

/* (1, 2) (3, 4)*/

/+*this code prints out the twelve t’s we havex/
f(t) IN;
/*GSet {@
(11
(1,
(ll
(1,
(1,
(1,
(1,
(1,
(1,
(1,
(1,
(11
@yx/

~
~

~
~

~
~

~
~

~
~

~

~
~

~
~

~
~

~
~

N oON I W o0 oW N
N NN oYy W O O b Wb DD W
~ 0~
O N 0o Jd 0 d o0 Wb D
~

~

o~ o~ o~ o~~~ o~ o~~~ o~ —~

/+xrename f(t),f(x),f(y),f(z),f(w)=x/

ft:=f(t);
fx:=f(x);
fy:=f(y);
fz:=f(z);
fw:=£f (w);



/+* we must find all twelve t’s that satisfies
the twelve permutationslisted abovex/
ft:=f(t);

f2:=(ft) " ((fzxfy));

f3:=ft”" ((£x"fw));

f4:=(ft" (£x));

f5:=ft" (fw*fy);
fo:=ft" (fz);
£f7:=ft" (fy);
f8:=ft" (fw*£fx);
f9:=ft" (fw) ;

f10:=ft" (fx+xfw” (-1));
fll:=ft" ((fzxfxxfy~ (-1)) "3);
fl2:=ft" (fz+fw);

/+*check if we get all the 12 t’s match
to the ones in f(t) "IN;«*/
ft;

£2;

£3;

£f4;

f£5;

£6;

£7;

£8;

£9;

£10;

f11;

£f12;

/**xxFinding Generators of PSL(2,7) xx*xx*x/

G<x,y,z,W,t>:=Group<x,y,z,w,t|x"2,y"3,z"2,w" 2,
(v =1%x) "2, y =lxzxy*xw, (xXxz)7 2, (z*w) 2,

yxz*xy =lxzxw,t 2, (L,x*y), (x * y -1 x wxt) "3,
(y*t) "3, (w x» £)73, x » w x y x £t x z2 x w % t,
T x z2 x L « X *xwW Yy *x LT x w *x t>;

#G;
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S:=Sym(12) ;

xx:=S! (1, 4) (2, 5) (3, 6)(8, 9) (10, 12);

yy:=S! (1, 7, 4)(2, 8, 6)(3, 9, 5) (10, 12, 11);
zz:=S! (1, 6)(2, 5)(3, 4)(7, 11) (8, 10) (9, 12);
ww:=S! (1, 9) (2, 7)(3, 8) (4, 10) (5, 11) (6, 12);

N:=sub<S|xx,vyy,zz, Www>;

#N;
f,Gl,k:=CosetAction (G, sub<G|x,y,z,w>);
IN:=sub<Gl|f(x),f(y),f(z),f(w)>;

CompositionFactors (Gl);

/x we are now in symmetric 8, menacing we are working
with 8 letters.

Also store alpha, beta, and gamma after finding by hand*/
S:=Sym(8) ;

alpha:=s!(7,1,2,3,4,5,6);

beta:=S!'(1,4,2) (3,5,6);

gamma:=S! (7,8) (1,6) (2,3) (4,5);

psl:=sub<S|alpha, beta, gamma>;

IsIsomorphic (Gl,psl);

/+*true Homomorphism of GrpPerm: Gl, Degree 7,
Order 2°3 « 3 % 7 into GrpPerm: psl,

Degree 8, Order 273 % 3 * 7 induced by

(2, 3) (5, 6) |=——> (1, 7) (2, 4) (3, 8) (5, 6)
(2, 4, 3)(5, 7, 6) |-—> (1, 6, 2)(4, 5, 7)
(2, 5) (3, 6) I-——> (1, 8)(2, 6)(3, 7) (4, 5)
(2, 5)(4, 7) |-—> (1, 2)(3, 4)(5, 7) (6, 8)
(1, 2)(3, 4) |-—> (1, 3)(2, 6) (4, 8)(5, 7)

on the left hand side we have the image of x,y,z,w,t.

and on the right hand side we have the homomorphism.

We are going to use the homomorphism to find the map
for each one, this is done by hand.x/

f,G2,k:=CosetAction (S, sub<S|alpha,beta, gamma>) ;
IN:=sub<G2| f (alpha), f (beta), f (gamma) >;

/+* now we store the homomorphisms as follows:=*/
X:= St (1, 7)(2, 4)(3, 8) (5, 6);
Y:= S! (1, 6, 2) (4, 5, 7);
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Z:=3!'(1, 8) (2, 6) (3, 7)
W:=s! (1, 2) (3, 4) (5, 7)
T:=S! (1, 3) (2, 6) (4, 8)
T; /*(1, 3)(2, 6) (4, 8)
T4:=T" (X); /*x=t_4=(1
T2:=T" (ZxY); /*(1, 2) (3
T5:=T2"X; /~(1, 5) (2, 3
T3:=T"(X"W); /*(1, 3) (2
T6:=T3"°X; /*(1, 5) (2, 6
T7:=T°Y; /*(1, 2) (3, 6)
T8:=T" (W*X); /*(1, 6) (2
T9:=T8"°X; /=(1, 8) (2, 4
T10:=T " (XxW"-1); /*(1,

T11:=T" ((Z*X*xY"-=1)"3);

T12:=T10°X; /*(1, 8) (2,
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(4, 5);

(6, 8);

(5, 7);

(5, 7)*/

, 6) (2, 3) (4, 5) (7, 8),%/
, 5) (4, 8) (6, T)«/

) (4, 7) (6, 8)x/

. 8) (4, 5)(6, 7)*/

) (3, 4) (7, 8)«/

(4, 7) (5, 8)«/

, 4) (3, 7)(5, 8) */

) (3, 6) (5, T)«/

4) (2, 8)(3 7) (5, 6)=*/
/*(1, 4) (2, 7)(3, 5) (6, 8)x/
7) (3, 4) (5, 6)x/
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Appendix G

Maximal Subgroup of PSL(2,8)

over 5S4 X 2

/x/////1//////////////Change Ker=2 to kex=1//////////////////*/

:=Sym(12);
vv:=S! (1, 2)(3, 6) (4, 8) (5, 9) (7, 11);
ww:=3! (1, 3, 1) (2, 7, 6) (4, 8, 12) (5, 9, 10);
xx:=S! (2, )( , 9) (7, 10)( 12);
yy:=S! (1, 4) (5, 6) (7 2) (1 11);
zz:=S! (1, 5) (2, 9)(3 8)(4, 6);
N:=sub<S|vv, ww, XX,VY, 22>;
#N;
/*48x/

GLv,W,X,Y,2z,t>:=Group<v,w,X,vy,z,t|v'2,w'3,x"2,yv"2,2"2,
(Wo=1%Vv) "2, W —1lxX*xW*y, WxX*W —1xz,VsxX*V*xy, (X+xy) "2,
t72,(t, v » x x y x z x w —-1), (t,x), (vxt) "7,

(v » w x y * zxt"v)"2,
(v » w x v % zxt) "0, (wryxt) "0, (wrxy*xt y) ~9>;
#G;

/*1008x/
f,Gl,k:=CosetAction (G, sub<G|v,w, x,Vy,z>);
IN:=sub<Gl|f(v),f(w),f(x),f(y),f(z)>;
CompositionFactors (Gl);

#k;

/+the kernel is 2 to have a better image we want to change
kernel to be 1 since we want only identity to live in K
otherwise we would have one thing be mapping to two
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things which it wont be a one to this is the process to change
the kernel to 1%/

/+xfirst we want to find the order the mapping of
each generatorx/

£(x);
/*Id(G) x/
Order (£(y));
/*1x/

Order (f(z));
/*1x/

Order (f(v));
/*2%/

Order (f(w));
/*3%/

/+*Noticed that the the order of f(x)=f(y)=f(z)=1.

Thus we are going to construct a new progenitor using the
original progenitor but changing x,y, and z with identity.
so we use the old progenitor to get a new one as followx*/

/* since x,y,& z are identity then we only use v=2 and w=3x/

G<v,w, t>:=Group<v,w,t|v"2,w 3, (w -1xv)~"2,t"2, (t,vxw"-1),
(v*t) "7, (v » w * t7v) "2, (wst) "9>;

#G;

/*the new order of G is half of what was our old order of G,
1008since we have a new G we do coset action of the

new group call it Glx/

f,Gl,k:=CosetAction (G, sub<G|v,w>);

#k;

/+xyes, the order of k is 1 now we can construct a better
image for this groupx*/

CompositionFactors (Gl);

/+we stil have G
| A(1l, 8) = L(2, 8)
1

*/

#sub<G|v, w>;

/*6%/
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NN<v, w>:=Group<v,w|v"2,w 3, (w —-1*v) " 2>;
HH:=sub<NN|v*w —1>;
/*2%/

/+now we do the point stabilizer of 1%/
ff,N,kl:=CosetAction (NN, HH) ;

N;
/+*Now we get the generators of S_3
Symmetric group N acting on a set of cardinality 3
Order = 6 = 2 % 3

(1, 2)

(1, 2, 3)«/

ff(vxw™=1);
/x (2, 3)x/
Stabiliser (N, 1);

/*/////Now we start with the process of maximal subgroup///x/
S:=Sym(12);

xx:=S! (1, 2) (3, 6) (4, 8) (5, 9) (7, 11);

yy:=S!'(1, 3, 11)(2, 7, 6) (4, 8, 12) (5, 9, 10);
N:=sub<S|xx,yy>;

f,N1,k:=CosetAction (N, sub<N|Id(N)>);
G<x,y,t>:=Group<x,vy,t|x"2,y"3, (y ' -1xx)"2,t"2, (t,xxy"-1),
(x+xt) "7, (x x v x £t7°x)72, (y*xt) "9>;

#G;

f,Gl,k:=CosetAction (G, sub<G|x,y>);
CompositionFactors (Gl);
#DoubleCosets (G, sub<G|x, y>, sub<G|x,y>);
M:=MaximalSubgroups (G1l) ;

#M;

/*3%/

for 1 in [1..3] do #M[i]‘ subgroup; end for;

/*14

18«

56/

/* only 18 is the candidates for maximal subgroup
divisible by N (#N = 6) we will perform DCE using this
maximal subgroup. */
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:=Conjugates (G1,M[2] ‘subgroup) ;
#C;
/*28%/

M:=MaximalSubgroups (Gl) ;

#M;

/*x3%/

M;

C:=Conjugates (G1l,M[2] ‘subgroup); /* 28 =/

CC:=Setseg(C);

for 1 in [1..#CC] do if f(x) in CC[i] and f(y) in CC[i] then 1i;
end i1f; end for;

/*13%/

CC[28];

for g in G1 do if CC[13] eq sub<Gl|f(x),f(y),g> then A:=g;
break;

end if; end for;

Order (A) ;

for g in Gl do if Order(g) eq 2 and

CC[13] eq sub<Gl|f(x),f(y),g> then A:=g; break; end if;
end for;

W, phi:=WordGroup (G1l) ;
rho:=InverseWordMap (G1l) ;

A@rho;
/+function (W)
wd = W.3 » W.1l; wS = wd « W.3; w6 := wdh *
W.2; w7 := w6 » W.3; w8 := w7 =
W.1l; w9 = w8 » W.3; wl0 := w9 + W.2; wll := wlO =
W.3; wl2 := wll * W.1;
wl3 = wl2 * W.3; wld := wl3 * W.2; wlb5 := wld =

W.3; return wl5;
end functionx/

/+* now we run the loop to change the permutation
into words but shorter relationx/

N:=G1;
NN:=G;



Sch:=SchreierSystem (NN, sub<NN| Id (NN)>) ;
ArrayP:=[Id(N): i in [1..#G1]];

for 1 in [2..#G1l] do

=[Id(N): 1 in [1..#Sch[i]]];
for J in [1..#Sch[i]] do
if Eltseqg(Sch[i]) []j] eg 1 then P[]j]:=f(x); end
if Eltseqg(Sch[i]) []J] eq 2 then P[]j]:=f(y); end
if Eltseqg(Sch([i])[]j] eq -2 then P[J]l:=f(y) " —-1;
if Eltseqg(Sch[i])[J] eq 3 then P[j]:=f(t); end
end for;
PP:=Id(N);

for k in [1..#P] do PP:=PPxP[k]; end for;
ArrayP[1i] :=PP;
end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli

end i1if; end for;

/*t*x*t*y*t*x*t*y*t*x*t*y*t*/

if;
end 1if;

17

/+*H1=H we have the relation of H and the order of H 1is

18 which is what we have in M[2] %/
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Hl:=sub<Gl|f(x),f(y),f(t » x » £t * y * £ » X » t * y * £t » X

* L x y * t)>
#H1;
/*18x%/

/+now lets find out the composition factor of H=M[2]

CompositionFactors (M[2] ‘subgroup) ;
/* G

*/
NL:=NormalLattice (M[2] ‘subgroup) ;
NL;

/+*Normal subgroup lattice

[4] Order 18 Length 1 Maximal Subgroups:

[3] Order 9 Length 1 Maximal Subgroups:

3

2

*/



[2] Order 3 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:

*/

Center (M[2] ‘subgroup) ;

for i in [1..#NL] do if IsAbelian(NL[i]) then i;
end 1f; end for;

/*1

2

3

*/

NL[3];

/+*The largest abelian group of M is NL[3] of order
Now we factor by NL[3]=x/

X:=[3"2]1;

IsIsomorphic (NL[3],AbelianGroup (GrpPerm, X)) ;

/* 1somorphism type of M is 372:2x/

/*/////Maximal Subgroup Clean File with my new
control group Sym_3/////////*/

S:=Sym(3);

xx:=3! (1, 2);

yy:=S!(1, 2, 3);

/+we are working with the new generators of my
new control group S_3%/

N:=sub<S|xx,yy>;

#N;

Set (N) ;

G<x,y,t>:=Group<x,y,tx"2,y"3, (v -1l*xx)"2,t"2, (t,x+xy"-1),

(x+t) "7, (x * v x» £t7x)72, (y*t) "9>;

#G;

H:=sub<G|x,y,t » x » t *x y * t % x
* L * y x L * x xt %y x t>;

#H;

f,Gl,k:=CosetAction (G, H);

IN:=sub<Gl|f(x),f(y)>

IM:=sub<Gl|f(x),f(y),f(t *» x * £ * y * €L * X =%

t *»y xt x x x t xy *x t)>;

#IN; #IM;

/*6, 18x/

’

9.
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/*Now we construct a double coset enumeration=*/

ts:=[Id(Gl): 1 in [1..31];

ts[l]:=f(t); ts[2]:=f(t"(x));

ts[3]:=£(t"(y"2));
#DoubleCosets (G, H, sub<G|x,y>);

/*T*/

DoubleCosets (G, H, sub<G|x,y>);

/*{ <GrpFP: H, Id(G), GrpFP>,

<GrpFP: H, t » x * £t * X » €t « y  t vy *x t,
GrpFP>, <GrpFP: H, t » x x t » x x t, GrpFP>,
<GrpFP: H, t, GrpFP>, <GrpFP: H, t

* x x t, GrpFP>, <GrpFP: H, t » x *x t x y x t, GrpFP>,
<GrpFP: H, t » x » t » x  t * y % t, GrpFP> }x/

/+Expand relations

1) (X*t) 77= xX7TT+t X760+t XTExt TxT4Axt "X T3 X7 2+t Txt=1
1=(1, 2)t_1+t_2*t_1xt_2t_1+t_2t_1

ts[l]l*ts[2]xts[1l] eqg f(x)*ts[l]l*ts[2]xts[l]*xts[2];

2) 1=(x * y *» £7x)72 xyt xxyt x= xyxxyx(xy) -1t xxxyt’x
=(x*y) "2t "x"2xy*t"x

=t_2t_2

=1

3)1=(y*t) "9

=y Ot Ty T 8xt Ty T AL Ty T Okt Ty Ot Ty T Axt Ty T34t Ty T 24t Tyt

1=y " 9xL Ty "84t Ty T+t Ty TOxL Ty T4t Ty TAKt Ty T 3xL Ty T 24 Ty xt
t_3xt_2xt_Ixt_3+t_2+t_1xt_3t_ 2t _1=1
ts[3]*ts[2]xts[1l]*xts[3] eq ts[l]lxts[2]*ts[3]xts[l]l*ts[2];
H=9:2

N=S_3
G1l=PSL_2(8)
2°3:5_3 %/

Index (G, H) ;
prodim := function(pt, Q, I)

v = pt;
for i in I do
v o= v (Q[i]);



end for;
return v;
end function;

cst := [null : 1 in [1 .. Index(G,sub<G|x,y>)]] where
null is [Integers() | 1;
for i := 1 to 3 do
cst[prodim(1l, ts, [1]1)] := [i]l;
end for;
m:=0;

for i in [1..28] do 1f cst[i] ne [] then m:=m+1;
end 1f; end for; m;

/*3%/

Nl:=Stabiliser (N, [1]);
SSS:={[1]}; SSS:=SSS"N;
SSS;
#(SSS) ;
Seqqg:=Setseq(SSS);
Seqq;
for 1 in [1..#SSS] do for n in IM do if ts[l] eq
nxts[Rep (Seqqli]) [1]]
then print Rep(Seqqli]);
end i1f; end for; end for;
N1; #N1; /% #N1=2 and N1=(2, 3)x*/
Tl:=Transversal (N,N1);
for i in [1..#T1] do ss:=[1]1"T1[1i];
cst [prodim(l,ts,ss)]:=ss;
end for;
m:=0; for i in [1..28] do if cst[i] ne [] then m:=m+1;
end i1if; end for; m;
/*3%/
Orbits (N1);
/* GSet{@ 1 @},
GSet{Q@ 2, 3 @}~/

N12:=Stabiliser (N, [1,2]);
SSS:={[1,21};
SSS:=SSS"N;

SSS;

Seqqg:=Setseq(SSS);

Seqq;
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for 1 in [1..#SSS] do for n in IM do

if ts[1]xts[2] eq nxts[Rep(Seqq[il) [1]]*ts[Rep(Seqqlil]) [2]]

then print Rep(Seqqlil]);
end 1if;
end for;
end for;
N12; #N12;
Tl2:=Transversal (N,N12);
for i in [1..#T12] do ss:=[1,2]"T12[1i];
cst[prodim(1l,ts,ss)]:=ss;
end for;
m:=0; for i in [1..28] do if cst[i] ne [] then m:=m+1;
end i1f; end for; m;
/*9%/
Orbits (N12);
/*GSet{@ 1 @},
GSet{@ 2 @},
GSet{Q@ 3 @}~/

/************************ [1, 2] ***************************/
/*121 a new double coset, 122 one transversal goes back to
[1], and 123 a new double cosetx/
N121l:=Stabiliser (N, [1,2,11);
SSS:={[1,2,11};
SSS:=SSS"N;
SSS;
Seqqg:=Setseq(SSS);
Seqq;

for 1 in [1..#SSS] do for n in IM do
if ts[l]*xts[2]*ts[1l] eq n*xts[Rep(Seqqli]) [1]]~*
ts[Rep(Seqqlil]) [2]]1*ts[Rep (Seqqli]) [3]]
then print Rep(Seqql[il]);
end 1if;
end for;
end for;
N121; #N121;
Tl21l:=Transversal (N,N121);
for 1 in [1..#T121] do ss:=[1,2,1]1"T121[i];
cst[prodim(l,ts,ss)]:=ss;
end for;
m:=0; for i in [1..28] do if cst[i] ne [] then m:=m+1;
end if; end for; m;
/*15%/
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Orbits (N121);

/* GSet{Q@ 1 @},
GSet{@ 2 @},
GSet{@ 3 Q@}«/

N123:=Stabiliser (N, [1,2,3]);
SSS:={[1,2,31};
5SS :=SSS"N;

SSS;

Seqqg:=Setseq(SSS) ;
Seqq;

for i in [1..#SSS] do for n in IM do
if ts[1l]*ts[2]*ts[3
ts[Rep (Seqq[i]) [2]]
ts[Rep(Seqqli]) [3]]
then print Rep (Seqqglil]);
end 1f;
end for;
end for;
N123; #N123;

eq nxts[Rep(Seqqgli]) [1]11*

]
*

Tl23:=Transversal (N,N123);
for i in [1..#T123] do ss:=[1,2,3]1"T123[i];
cst[prodim(l,ts,ss)]:=ss;
end for;
m:=0; for i in [1..28] do if cst[i] ne [] then m:=m+1;
end i1f; end for; m;
/*21%/
Orbits (N123);
/x GSet{@ 1 @},
GSet{@ 2 @},
GSet{@ 3 @}
*/

/*******************[1,2,1]***************************/
/%1212 lives on a different double coset and 1211
lives in [12]%*/
N1213:=Stabiliser (N, [1,2,1,3]);
SSS:={[1,2,1,31};
SSS:=SSS”Nj;
SSS;
Seqqg:=Setseq(SSS);
Seqq;
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for i in [1..#SSS] do for n in IM do
if ts[l]xts[2]*ts[1l]xts[3] egq nxts[Rep(Seqqgli]) [1]]
*ts[Rep (Seqqli]) [2]]
xts[Rep(Seqq[i]) [3]]*ts[Rep(Seqqli]) [4]]
then print Rep (Seqqglil])
end 1f;
end for;
end for;
N1213; #N1213;
/=0 1, 2, 1, 31
[ 3, 2, 3, 1 ] #N1213=2%/

14

/* Equal Name =*/

N1213s:=N1213;

for n in N do if 1°"n eq 3 and 2°n eqg 2 and 1°n eqg
3 and 3"n eq 1 then

N1213s:=sub<N|N1213s,n>;

end 1f; end for;

#N1213s;

N1213s;

/* (1, 3)=*/

[1,2,1,3]°N1213s;

N1213:=Stabiliser (N, [1,2,1,3]);
N1213;

N1213:=sub<N]| (1, 3)>;

#N1213;

[1,2,1,3]1°N1213;

T:=Transversal (N,N1213);
for 1 in [1..#T] do {[1,2,1,3] °N1213}"T[i];
end for;
for n in IM do if ts[l]lxts[2]*ts[1l]xts[3] eqg
nxts[3]*ts[2]*ts[3]+xts[1l] then n; end if; end for;

ts[l]l*ts[2]xts[l]*ts[3] eqg
f(x » y'=1 « £t  x %€ xy *xtxx*xtxyxt -1y -1
* t7-1 % x"=1 % t -1)*ts[3]*xts[2]+ts[3]*ts[1];

/* Add Relation =/

for n in IM do 1f ts[l]l*xts[2]*ts[1l]*ts[3]

eq nxts[3]*ts[2]*ts[3]xts[1l] then n; end if; end for;
for n in IM do if ts[l]lxts[2]*ts[l]xts[3] eq
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nxts[3]*ts[2]*ts[3]+ts[1l] then A:=n; end if; end for;
W, phi:=WordGroup (Gl) ;

rho:=InverseWordMap (G1l) ;
A@Qrho;

g:=function (W) ;

return W.1;

end function;

g (G);

/*ax/

Tl1213:=Transversal (N,N1213);

for i in [1..#T71213] do ss:=[1,2,1,3]1"°T1213[1i];

cst[prodim(1l,ts,ss)]:=ss;

end for;
m:=0; for i in [1..28] do if cst[i] ne [] then m:=m+1;
end i1f; end for; m;

/*24%/
Orbits (N1213);

/*GSet{@ 2 @},

GSet{@ 1, 3 @}

*/
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