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ABSTRACT

The main objective of this project is to find the original symmetric presen-
tations of some very important finite groups and to give our constructions of some of
these groups. We have found the Mathieu sporadic group M1, HS X Ds, where HS
is the sporadic group Higman-Sim group, the projective special unitary group U(3,5)
and the projective special linear group L2(149) as homomorphic images of the mono-
mial progenitors 11** :,, (5 : 4), 5*% 1, S5 and 149*2 :,, D3;. We have also discovered
24 0 83 x Oy, 2% 1 A5, (2° 1 Sy), 25 1 S3 x S3, 3% 1 Sy x Oy, Se, 2° : PGL(2,7),
22 o (S5 : Sg), PGL(2,19), ((A5 : A5 x As) : Dg), 6 e (Uy(3) : 2), 2 ¢ PGL(2,13), Sy,
PGL(2,8), PSL(2,19), 2 x PGL(2,81), 25 : (Sg x As), 20 : Sy x D3, U(4,3), 3% : Sy,
32: Dg, 20 (PGL(2,7) : PSL(2,7)), 22 : (S5 : S5) and 23 : (PSL3(4) : 2) as homomor-
phic images of the permutation progenitors 28 : (2 x 4 : 2), 2*16 . (2 x 4 : Cy x Cy),
249 1 (S3 x S3), 2*9 1 (S3 x Aj3), 29 : (32 : 23) and 2% : (3% : A3). We have also con-
structed 2% : S3x Cy, 2% : A5, (25 : Sy), 2° : S3x S3, 33 : Sy x Cy, Sg, M1; and U(3,5) by
using the technique of double coset enumeration. We have determined the isomorphism
types of the most of the images mentioned in this thesis. We demonstrate our work for
the following examples: 3% : (32 % 23) x 2, 29 : PGL(2,7), 2°Ss, (5% : (D4 x S3)), and
3:* PSL(2,19) x 2.
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Introduction

Group theory is the significant topic in mathematics and abstract algebra.
Group theory allows to study the algebraic structures known as group. In this thesis,
we show symmetric presentations of finite groups. Also, we are interested to show
some of groups which we could get them from our progenitors through our research
for example Mathieu groups, alternating groups, linear groups, symmetric groups and
Unitary groups. We show shortly in the following some of the concepts which we will
discuss them in this thesis. In chapter 1, we give some important definitions and
theorem which are used in this thesis. In chapter 2, we provide some of relations
lemma which help us to find relations to factor our progenitors m™ : N by them. Thus,
we apply the factoring lemma, the famous lemma, or the first order relation lemma to
factor our progenitors. In chapter 3, we describe character table construction. So,
we build table of Dy, and we will induce a linear character of a proper subgroups. In
chapter 4, we will see how we can compute an extension problem to find isomorphic
type of our group by looking to the composition factor of group. In chapter 5, we
will show progenitors and their homomorphic images. In chapter 6, we give transitive
group on 9 letters with some of their homomorphic images. In chapter 7, we clarify
how we can induce and verify a linear character of the monomial progenitors. Also,
we verify the monomial representation and construct a permutation representation by
hand. Moreover, we find a representation of the monomial progenitor. In chapter 8,
we will demonstrate the technique of double coset enumeration and we will construct
Caylay diagram of double coset enumeration. In chapter 9, we apply the technique
of double coset enumeration over maximal subgroup. So, we will show double coset
enumeration of Mj; over maximal subgroup S5 and double coset enumeration of U(3,5)

over maximal subgroup As.



Chapter 1

Group Theory Preliminaries

1.1 Definitions

Definition 1.1. A group G (G, *) is a nonempty collection of elements with an asso-

ciative operation *, such that:
e there exists an identity element, e € G such that exa =axe for all a € G;
e for every a € G, there exists an element b € G such that axb=e =bxa. [Rot95]

Definition 1.2. For group G, a subgroup S of G is a nonempty subset where s € G
implies s~' € G and s,t € G imply st € G. We denote subgroup S of G as S < G.
[Rot95]

Definition 1.3. Let H be a subgroup of group G. H is a proper subgroup of G if
H # G. We denote this as H < G. [Rot95]

Definition 1.4. Let G be a group and H < G. H is a maximal subgroup of G if
there is no normal subgroup N < G such that H < N < G. [Rot95]

Definition 1.5. A symmetric group, Sx, is the group of all permutations of X,
where X € N. Sx is a group under compositions. [Rot95]

Definition 1.6. If X is a nonempty set, a permutation of X is a bijection ¢ : X —
X. [Rot95]



Definition 1.7. If x € X and ¢ € Sx, then ¢ fixes x if ¢(x) = = and ¢ moves z if
o(x) # x. [Rot95]

Definition 1.8. For permutations o, 5 € Sx, a and 3 are disjoint if every element

moved by one permutation is fixed by the other. Precisely,

if a(x) # x, then B(a) = a and if a(y) =y, then B(y) #y. [Rot95]

Definition 1.9. A permutation which interchanges a pair of elements is a transposi-

tion. [Rot95]
Definition 1.10. In group G, if a,b € G, a and b commute if a xb =bx*a. [Rot95]

Definition 1.11. A group G is abelian if every pair of elements in G commutes with

one another. [Rot95]

Definition 1.12. Let G be a group. The order of G is the number of elements contained
in G. We denote the order of G by |G|. [Rot95]

Definition 1.13. Let G be a group. G is simple if the only normal subgroups of G are
1 and G. [Rot95]

Definition 1.14. Let p be prime. If G = Zy,XZpX- - - XLy, then we say G is elementary
abelian. [Rot95]

Definition 1.15. Let (G,*) and (H,o) be groups. The function ¢ : G — H is a
homomorphism if ¢(a xb) = ¢(a) o ¢p(b), for all a,b € G. An isomorphism is a
bijective homomorphism. We say G is isomorphic to H, G = H, if there is exists an

isomorphism f : G — H. [Rot95]

Definition 1.16. Let f : G — H be a homomorphism. The kernel of a homomor-
phism is the set {x € G|f(x) = 1}, where 1 is the identity in H. We denote the kernel
of f as ker f . [Rot95]

Definition 1.17. Let X be a nonempty subset of a group G. Let w € G where w =
xta? . xlr, with z; € X and e; = £1. We say that w is « word on X. [Rot95]

s

Definition 1.18. Let G be a group such that K < G. K isnormal in G if gKg~! = K,
for every g € G. We will use K << G to denote K as being normal in G. [Rot95]



Definition 1.19. Let a, b € G. We denote the commutator of a and b by [a,b], where
[a,b] = aba~'b~'. [Rot95]

Definition 1.20. Let G be a group. The Derived Group of G, denoted G’, is the
subgroup of G formed by all the commutators of G. [Rot95]

Definition 1.21. Let G be a group. The index of H < G, denoted |G : H], is the
number of right cosets of H in G. [Rot95]

Definition 1.22. Let X be a set and G be a group. We say X is a G-set if there exists
a function ¢ : G x X — X (which we call an action) and the following hold for ¢:

e lx ==z, forallx € X.
o g(hz) = (gh)z, for g,h € G and x € X. [Rot95]

Definition 1.23. Let G be a group. The center of G, Z(G), is the set of all elements
in G that commute with all elements of G. [Rot95]

Definition 1.24. Let G be a group. If H < G, the normalizer of H in G is defined
by No(H) = {a € GlaHa™' = H}. [Rot95]

Definition 1.25. Let G be a group. If H < G, the centralizer of H in G is:
Ca(H)={x€G:[z,h] =1 for allh € H}. [Rot95]

Definition 1.26. Let G be a group and X be a G-set. For x € X, the set x% = {29|g €
G} is a G-Orbit. [Rot95]

Definition 1.27. Let X be a G-set. Let o be an action of G on X. If & : G — Sx is
injective, we say X is faithful. [Rot95]

Definition 1.28. Let G be a group and X be a G-set. X is transitive if for allz,y € X
there exists a g € G such that y = gx. [Rot95]

Definition 1.29. Let G be a group. A normal series G is a sequence of subgroups
G=Gy>2G>-->Gp=1

with Git1 < G;. Furthermore, the factor groups of G are given by G;/G;q1 for i =
0,1,...,n—1. [Rot95]



Definition 1.30. Let X be a set and A by a family of words on X. A group G has
generators X and relations A if G = F/R, where F is a free group with basis X and

R is the normal subgroup of F generated by A. We say < X|A > is a presentation
of G. [Rot95]

Definition 1.31. Let X be a G-set. Then for B C X, B is a block if for every g € G,
either gB = B or gBN B ={. [Rot95]

Definition 1.32. Let X and Y be G-sets. The function f : X = Y is a G-map if
flgz) = gf(x), for allz € X and g € G. [Rot95]

Definition 1.33. Let X be a G-set. X is primitive if X has no nontrivial blocks. If
X is primitive, the only blocks of X are B =X and B = (. [Rot95]

1.2 Theorems

Theorem 1.34. FEvery permutation o € S, is either a cycle or a product of disjoint

cycles. [Rot95]

Theorem 1.35. Let f: (G,*) — (G',0) be a homomorphism. The following hold true:
o f(e) =€, where € is the identity in G’,
e Ifac G, then f(a™') = f(a)~t,
e Ifae G andn € Z, then f(a™) = f(a)™. [Rot95]

Theorem 1.36. The intersection of any family of subgroups of a group G is again a

subgroup of G. [Rot95]

Theorem 1.37. If S < G, then any two right (or left) cosets of S in G are either
identical or disjoint. [Rot95]

Theorem 1.38. If G is a finite group and H < G, then |H| divides |G| and |G : H] =
|G|/|H|. [Rot95]

Theorem 1.39. If S and T are subgroups of a finite group G, then

IST||S NT| = |S||T]. [Rot95]



Theorem 1.40. If N < G, then the cosets of N in G form a group, denoted by G/N,
of order |G : N|. [Rot95]

Theorem 1.41. The commutator subgroup G’ is a normal subgroup of G. Moreover,

if H< G, then G/H is abelian if and only if G' < H. [Rot95]

Theorem 1.42. Let ¢ : G — H be a homomorphism with kernel K. Then K is a
normal subgroup of G and G/K = im¢. [Rot95]

Theorem 1.43. Let N and T be subgroups of G with N normal. Then NNT is normal
inT and T/(NNT)= NT/N. [Rot95]

Theorem 1.44. Let G be a group with normal subgroups H and K. If HK = G and
HNK =1, then G= H x K. [Rot95]

Theorem 1.45. If a € G, the number of conjugates of a is equal to the index of its

centralizer:
|a% =[G : Ca(a)],
and this number is a divisor of |G| when G is finite. [Rot95]

Theorem 1.46. If H < G, then the number ¢ of conjugates of H in G is equal to the
index of its normalizer: ¢ =[G : Ng(H)], and ¢ divides |G| when G is finite. Moreover,
aHa=' = bHb™ ! if and only if b~ a € Ng(H). [Rot95]

Theorem 1.47. If H < G and |G : H| = n, then there is a homomorphism p: G — S,
with kerp < H. The homomorphism p is called the representation of G on the cosets of
H. [Rot95]

Theorem 1.48. If X is a G-set with action «, then there is a homomorphism & : Sx
given by & : x — gr = a(g,x). Conversely, every homomorphism ¢ : G — Sx defines

an action, namely, gr = ¢(g)x, which makes X into a G-set. [Rot95]

Theorem 1.49. FEvery two composition series of a group G are equivalent. We will

refer to this Theorem as the Jordan-Holder Theorem. [Rot95]

Theorem 1.50. Let X be a faithful primitive G-set of degree n > 2. If H < G and if
H # 1, then X is a transitive H-set. Also, n divides |[H|. [Rot95]



Chapter 2

Writing Relations

Now we give important lemmas which assist us to find appropriate relations

to factor our progenitors.

2.1 The Factoring Lemma

Factoring the progenitor m*" : N by (;,t;) for 1 <14 < j < n gives the group
m™ : N. [Gril5]

This factoring lemma is used to check if the progenitor was written correctly or not.

2.1.1 Factoring Lemma Preformed on the Progenitor 11*2 : D;

Consider the progenitor 11*? : D5. Now, if we factor the progenitor 11*? : Ds

by the relation t1to = tot1, we must get |éi*:% =112 x 10 = 1210. Where t; ~ t and

to ~ tY, the progenitor must generate our group 11*2 : D5. We will show this by using
MAGMA.

.

S:=Sym(20) ;
xx:=8!(1,9,5,7,17) (2,18,8,6,10) (3,19,11,15,13) (4,14,16,12,20);
yy:=S!(1, 2) (3, 4) (5, 6) (7, 8) (9, 10) (11, 12) (13, 14) (15, 1le6)
(17, 18) (19, 20);

Nm:=sub<S|xx, yy>;

#Nm;

10

FPGroup (Nm) ;



Finitely presented group on 2 generators

Relations

$.272 = Id(9)

($.17-1 » $.2)72 = Id($)
$.17°-5 = 1d(9)

NN<x, y>:=Group<x,y|ly 2, (x"=1xy) "2,x"=5>;

#NN;
10

Stabiliser (Nm, {1,3,5,7,9,11,13,15,17,19});
Permutation group acting on a set of cardinality 20

Order = 5

(1, 9, 5, 7, 17)(2, 18, 8, 6, 10) (3,

(4, 14, 16, 12, 20)

G<x,y,t>:=Group<x,vy,tly”2, (x"-1 * y)~2,x"-5,t"11,

t x=t"5, (t,t7y)>;
#G;
1210

Index (G, sub<G|x, y>);
121

f,Gl,k:=CosetAction (G, sub<G|x,y>);
IN:=sub<Gl|f (x), f(y)>;
CompositionFactors (Gl);

Cyclic(2)

Cyclic (5)

Cyclic(11)

Cyclic(11)

B o— o — % — s — Q)

#Conjugates (G1l, sub<Gl|f (t)>);
2

Therefore, our progenitor is written correctly.

19,

11,

15,

13)



2.2 The Famous Lemma

Theorem 2.1. (Famous Lemma). NN < t;,t; >< Cn(Nj;), where N;j denotes the
stabilizer in N of the two points i and j. [Cur07]

2.2.1 The Famous Lemma Performed on the Progenitor 2% : (2 x 4 : 2)

We have given another way to produce important relations by a lemma is
called the famous lemma. Through the following example, we will describe steps to
apply the famous lemma. First, we need to store these generators of the permutation
group N =< ww,zx,yy,zz > in Magma. We will look for the highest digit in the

permutations. Since 8 is the highest number, we will use sym(8).

S:=Sym(8);

ww:=S!(2, 5)(3, 7);
xx:=3!(1,2) (3, 6) (4, 5) (7, 8);
yy:=S!'(1, 3, 4, 7)(2, 6, 5, 8);
zz:=S!'(1, 4) (2, 5) (3, 7) (6, 8);

N:=sub<S|ww, xxX,Vyy, 22>
We check the order of N, so it is equal 16. Next, we want to ask Magma for a presentation

for N.

FPGroup (N) ;
Finitely presented group on 4 generators

Relations

$.17°2 = Id(S)

$.272 = Id(9)

$.37°4 Id($9)

$.472 = Id(S)

($.1 * $.37-1)7"2 = Id($S)

$.2 % $.37-1 x $.2 * $.3 = Id(9)
$.37-2 x $.4 = Id($)

S.1 x $.2 *x $.1 x $.2 x $.4 = Id(9)

This will be our presentation for N, where .1 = w, .2 =z, .3 = y, and .4 = z type in
NN=Group < w,z,y, z|w?, 22, y* 22 (wxy 1), oxy 1z *y, y 2% 2, Wk THWHT*2 >.
Now, let us check the order of NN. This should be equal to the order of N, which was
16.

#NN;
16
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We have 16, then we can move on to the next step. We now have a presentation for

NN, now we will add a t;s and make them commute with the stabilizer.
Nl:=Stabiliser (N,1);

Generators (N1);

(2, 5)(3, 7)

So, we will need to add (t,(25)(37)) to our presentation which means that t commutes
with (25)(37). Also, we know that t is of order 2, since the progenitor given is 2*®, so
we will add t? to our presentation as well. To write (25)(37) in the presentation, we
need to convert it into terms of w, x, y, and z. So, we will add this to our presentation
that (t,w) since (2, 5)(3, 7) is equal w. Therefore, our presentation will look like this so
far G = Group < w,z,y, 2, tlw?, 22, y*, 22 (wxy D)2 o sy 1 xxy,y 2% 2,w* T * w *
x* 2,12, (t,w) >. We will now factor this presentation by the famous lemma. Famous
lemma states that relations will look like as follow:

(xt;)™ = 1 where m is odd and x sends 1 to 2 and (¢;¢;)" = x where m is even and x
fixes 1 and 2. [Cur07]

Now, we need to find the centralizer of the point stabilizer of 1,2.

N12:=Stabiliser (N, [1,2]);

C:=Centraliser (N,N12);

C;

Permutation group N acting on a set of cardinality 8

Order = 16 = 274

(2, 5)(3, 7)

(1, 2)(3, ©6) (4, 5) (7, 8)
(1, 3, 4, 7)(2, 6, 5, 8)
(1, 4) (2, 5)(3, 7) (6, 8)

We consider permutation (2,5)(3,7). The lemma tells us that if 1 and 2 are fixed then
we use the following relation ,(t; * t2)™ = (¢ * t*)™ = w, where m is even. We also see
that the permutation (1, 2)(3, 6)(4, 5)(7, 8), so we have this relation
((1,2)(3,6)(4,5)(7,8) xt1)™ = (xt)* = 1 since 1 send to 2 and k is odd. Finally, we will
add these relations to our presentation.

for k in [0..10] do for m in [0,1,3,5,7,9] do;

G<w, X,VY,z,t>:=Group<w, x,y,z,t|w'2,x"2,y"4,z2"2, (wrxy"=1) "2,

X*xy =1lxxxy,y =2*xz, Wrkx* Wxxxz,t 2, (t,w), (txx) k=1, (t*xt"x) "m=w>;

if #G gt 16 then k,m, #G;
end i1f; end for; end for;
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2.3 The First Order Relation

A relation of the form (z xt;)*, where z € N, and t; € {t1,t2,t3,...} and a > 2.
To apply the first order relation, we need to do these steps which are:
e We need to find a presentation of the progenitor G = m*” : N.
e We need to find classes of N and factor our progenitor by these classes.
e We have to compute the centralizer of all classes and orbits of all classes. Then, we
can develop the first order relation from those orbits.[Why06] In the following example,
we apply those steps to factor our progenitor by the first order relation to find the

homomorphism images.

2.3.1 The Progenitor 2*'¢: (2 x 4 : Cy x Cy) Factored by the First Order

Relation
S:=Sym(1l6);
xx:=S!(2, 8) (3, 7) (4, 14) (6, 10)(9, 3) (11, 1e)
yy:=S! (1, 2) (3, 9) (4, 8) (5, 10) (6, )(7, 11) (12, 16) (13, 15);
zz:=S' (1, 3)(2, 9) (4, 12)(5, 7)(6, 13)(8, 16) (10, 11) (14, 15);
ww:= S!(1, 4, 5, 14)(2, 6, 10, 8)(3, 12, 7, 15) (9, 13, 11, 16);
hh:=S! (1, 5) (2, 10) (3, 7) (4, 14) (6, 8) (9, 11) (12, 15) (13, 16);

N:=sub<S|xx,vyy, zz,ww, hh>;
#N;
32
NN<x,vy, z,w, h>:=Group<x,vy,z,w,h|x"2,y"2,z2"2,w"4,h"2,
(yxz) "2, (xxw"=1) "2,
(y*w™=1) "2,z w —1xz+w, W —2+xh, X*y*Xxy*W -1, Xxz2+xxX*z+xh>;
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>);
ArrayP:=[Id(N): 1 in [1..32]1];
for 1 in [2..32] do

=[Id(N): 1 in .#Sch[i]11;
] do
eq 1 then P[]J]:=xx; end if;
eq -1 then P[]j]l:=xx"-1; end 1if;
eq 2 then P[]j]l:=yy; end if;
eq -2 then P[jl:=yy"-1; end if;
eq 3 then P[]J]l:=zz; end if;
eq -3 then P[j]l:=zz"-1; end if;
eq 4 then P[]J]:=ww; end if;
eq -4 then P[]j]l:=ww"-1; end 1if;
eq 5 then P[]j]:=hh; end if;

for 7 in [1

if Eltseq(Sch[
if Eltseqg(Schli
if Eltseqg(Schli
if Eltseqg(Schli
if Eltseqg(Schli
if Eltseqg(Schli
if Eltseqg(Schli
if Eltseqg(Schli
if Eltseqg(Schli



if Eltseqg(Sch([i])[j] eq -5 then P[Jj]l:=hh"-1; end if;
end for;
PP:=Id(N);
for k in [1..#P] do
PP:=PPxP[k]; end for;
ArrayP[i] :=PP;
end for;
G<x,Vy,z,W,h,t>:=Group<x,y,z,w,h,t|x"2,y"2,z"°2,w 4,h"2, (yxz) "2,
(x+w™=1) "2, (y*w™=1) "2, zxw —1*z*xW, W —2+h, xxy*x*y*w -1,
X*xzZxX*xz+*h,t" 2, (t,x)>;

:=Classes (N) ;
C;

Conjugacy Classes of group N

[1] Order 1 Length 1
Rep Id(N)
[2] Order 2 Length 1

Rep (1, 5)(z, 10) (3, 7) (4, 14) (6, 8) (9, 11) (12, 15) (13, 16)

[3] Order 2 Length 2
Rep (1, 3) (2, 9) (4, 12) (5, 7) (6, 13) (8, 16) (10, 11) (14, 15)

(4] Order 2 Length 4
Rep (1, 2) (3, 9) (4, 8) (5, 10) (6, 14) (7, 11) (12, 16) (13, 15)

[5] Order 2 Length 4
Rep (1, 9) (2, 3) (4, 16) (5, 11) (6, 15) (7, 10) (8, 12) (13, 14)

[6] Order 2 Length 4
Rep (2, 8) (3, 7) (4, 14) (6, 10) (9, 13) (11, 106)

[7] Order 4 Length 2
Rep (1, 4, 5, 14) (2, 6, 10, 8) (3, 12, 7, 15) (9, 13, 11, 16)

[8] Order 4 Length 2
Rep (1, 12, 5, 15) (2, 13, 10, 16) (3, 4, 7, 14) (6, 11, 8, 9)

[9] Order 4 Length 4
Rep (1, 7, 5, 3) (2, 13, 10, 16) (4, 12, 14, 15) (6, 9, 8, 11)

[10] Order 8 Length 4
Rep (1, 8, 14, 10, 5, 6, 4, 2)(3, 13, 15, 9, 7, le, 12, 11)
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[11] Order 8 Length 4

Rep (1, 16, 4, 9, 5, 13, 14, 11)«(2, 3, 6, 12, 10, 7, 8, 15)
for i in [2..#C] do

i, Orbits(Centraliser (N,C[1][3]));

end for;

[2]

GSet{@ 1, 2, 3, 4, 5, 8, 9, 6, 10, 7, 12, 14, 16, 13, 11, 15 @}
[3]

GSet{@ 1, 3, 16, 2, 8, 9, 12, 15, 4, 14, 10, 13, 11, 6, 5, 7 @}
(4]

GSet{@ 1, 2, 3, 11, 9, 7, 10, 5 @},

GSet{@ 4, g8, 12, 13, 16, 15, 6, 14 @}

[5]

GSet{@ 1, 9, 2, 11, 3, 5, 7, 10 @},

GSet{@ 4, 16, 8, 13, 12, 14, 15, 6 @}

[6]

GSet{@ 1, 15, 5, 12 @},

GSet{@ 3, 7, 14, 4 @},

GSet{@ 2, 8, 16, 11, 10, 6, 13, 9 @}

[7]

GSet{@ 1, 4, 16, 2, 5, 9, 6, 7, 3, 14, 13, 10, 15, 12, 8, 11 @}
[8]

GSet{@ 1, 12, 14, 5, 3, 4, 15, 7 @},

GSet{@ 2, 8, 13, 9, 10, 6, 16, 11 @}

[9]

GSet{@ 2, 13, 16, 10 @},

GSet{@ 6, 9, 8, 11 @},

GSet{@ 1, 7, 15, 5, 4, 3, 12, 14 @}

[10]

GSet{@ 1, 8, 14, 10, 5, 6, 4, 2 @},

GSet{@ 3, 13, 15, 9, 7, 16, 12, 11 @}

[11]

GSet{@ 1, 16, 4, 9, 5, 13, 14, 11 @3},

GSet{@ 2, 3, 6, 12, 10, 7, 8, 15 @}

for j in [2..#C] do

Cl31[31;

for i in [1..32] do if ArrayP[i] eq C[J][3] then Schlil;
end i1f; end for;

(1, 5)(2, 10) (3, 7) (4, 14) (6, 8) (9, 11) (12, 15) (13, 16)
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(1, 3)(2, 9)(4, 12)(5, 7) (6, 13) (8, 16) (10, 11) (14, 15)
(1, 2)(3, 9)(4, 8)(5, 10) (6, 14) (7, 11) (12, 16) (13, 15)
(1, 9)(2, 3)(4, 16) (5, 11) (6, 15) (7, 10) (8, 12) (13, 14)
(2, 8)(3, 7)(4, 14) (6, 10) (9, 13) (11, 16)

(1, 4, 5, 14)(2, 6, 10, 8)(3, 12, 7, 15)(9, 13, 11, 16)
(1, 12, 5, 15)(2, 13, 10, 16) (3, 4, 7, 14)(6, 11, 8, 9)
(1, 7, 5, 3)(2, 13, 10, 16) (4, 12, 14, 15)(6, 9, 8, 11)
(1, 8, 14, 10, 5, 6, 4, 2)(3, 13, 15, 9, 7, 16, 12, 11)
(1, 16, 4, 9, 5, 13, 14, 11)(2, 3, 6, 12, 10, 7, 8, 15)
h

Z

y

y * z

X

Y

Z * W

zZ * X

y * X

y*X*Z

Now, we multiply each word in above by t. (hxt),(z*t), (y*t), (y*t"), (y *
zxt), (yxt?), (xxt),(xxt?), (xxtY), (wxt),(zxwxt), (zxw*xtY), (zxx*xtY),(z%x *
tW ) (zxxxt), (yxxt), (yxxxt?), (yxzrzxt), (y*xxzxtY), where t| =t, to = 1Y,
ty = t%, ty = t¥, t5 = t", ts = t@**) and we can raise this to some power such as a, b,
¢, d, f, ff, g, i, ii, j, jj, e, u, r. Then, we add these relations to our presentation and run

it in the background on Magma to find some homomorphic images.

[0..10] do
G<x,y,z,w,h,t>:=Group<x,vy,z,w,h,t|x"2,y"2,z"°2,w 4,h"2,
(y*z) "2, (xxw™=1) "2, (yxw" =1) "2, zxw™ —1xzx*w,

W =2+h, x*y*xx*xy*w —1,xxzxx*xz*xh,t"2, (t,x), (hxt) "a,

(z*t) "b, (y*t) "c, (y*z*t) °d, (x+t) “f, (x+t"y) "ff, (wxt) "qg,
(zxwxt) "1, (zxwxt"y) "1i, (zxx*t7y) "3, (z+xxt ™ (y*xw)) " 37,
(y*x*t) "e, (y*x*xzxt) "u, (yxx*xz+t"x) "r>;
a,b,c,d,ft,£ff,q9,1i,1ii, 3,33, e,u, r, #G;

end for;

for a,b,c,d,£f,£ff,q9,1,1ii,3,3j,e,u,r in

Some homomorphic images are obtained by factoring our presentation by the
first order relation lemma:
000000004 38141557760
00000000034 2211840



0000000386 4196608
000000031055 1920
00000003106 4 30000
0000000446 4 36864
00000004644 5184
00000004844 2097152

0000000489 339191040

00000004104 4 40000
00000005454 327680
00000006444 2304
00000008389672
000000083109 4320
00000008444 32768
0000002055 81440
00000020559 6840
0000002855 1010240
00000030054 368640
00000030404 3072

15
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Chapter 3

Character Table Construction

3.1 Definitions and Theorem

Definition 3.1. Let x1,..., xx be the irreducible characters and conjugacy classes of G
and let g1, ..., gr. be representatives of the conjugacy classes of G. The k x k matriz whose
ij-entry is xi(g:) (for all i, j with 1 <i <k,1 < j < k) is called the character table
of G.

Definition 3.2. The degree of a character x is x(1). Note that a character whose degree

is 1 is called a linear character. [Led87]

Theorem 3.3. Let G be a finite group having the distinct irreducible x', %2, ....., x".
Let1<i,j<k. Then Zle Xg)xg) :‘%Iéag

e In a character table, the dot product of any column with conjugate of any other column
s 0.

e In a character table, the dot product of the column o with its own conjugate is %

[GL93]

Definition 3.4. In a character table the sum of squares of the degrees of the distinct

irreducible characters of G is equal to |G|. The degree of a character x is xV).[GL93]

Definition 3.5. The number of irreducible character of G is equal to the number

of conjugacy classes of G.[Led87]
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Definition 3.6. Character table of a cyclic group
Let G be a cyclic group of order n. Then G = < z >,and |z| =n. Lete, = e = , where
r =0,1,2,...,n, be the n nth roots of unity. For any z° € G, s=0,1,2,...,n, the values

2mir

n , where r=0,1,2,...,n

of the n irreducible characters X" are given by X(”)(zs) =e

[GL93]

Definition 3.7. Let a € G, where G is a group. The conjugacy class of a is given by
“ ={a%g € G} = {g"aglg € G}. [Rot95]

Definition 3.8. Character table of an abelian group: Let G be a finite abelian

group say G=< z1 > X < 29 > X < 23 > X...X < zp >, where each z,is order of

— __ a1 a2 a .
order n,, and |G| = ning...np,. Let x = 21" 25%..2%m  where 0 < a, < ny be an arbitrary

2mir
element of G.Now let, for each pi, ¢, = e o , wherer, =0,1,2,...,n,, be the n, th roots

of unity. Here p = 1,2,..,m. Then correspondmg to each m-tuple r = [r1,7r2, ..., "m],

X" are given by x\") (z) = 2 0= i s an irreducible character of G. [GL93]

Definition 3.9. Lifting process: Let N be a normal subgroup of G and suppose that
Ao(Nzx) is a representation of degree m of the group G/N. Then A(x) = Ao(Nx)
defines a representation of G/N LIFTED from G/N. If ¢o(Nz) is the character of
Ao(Nzx), then ¢(x) = ¢o(Nx) is the lifted character of A(x). Also, if u € N,then
A(u) = L, ¢p(u) = m = ¢(1). The lifting process preserves irreducibility. [Led87]

Definition 3.10. The group from a character table of the finite group:

(a) All normal subgroups of a finite group G can be obtained from its character table as
follows:

i. ker x\9 is the union of conjugacy classes Cy, for which X(l) —xg)( 1).

ii.a collection of conjugacy classes from a normal subgroup <= it is an intersection of
kernels of its characters.

(b) |G|’: the number of linear characters of G.

(c) G is simple if the kernel of each character is 1.

(d) The center is cyclic if the table contains a faithful character. [Led87]

Theorem 3.11. Let x1,..., X% be the irreducible characters of G, and let g1,...,gr be
representatives of the conjugacy classes of G. Then the following relations hold for any

r,s€el, .. k.
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(1) The row orthogonality relations:
25:1 XT(gl)XS(gl) — 57“8-
[Ca(gi)

(2) The column orthogonality relations:

S Xi(9r)Xi(9s) = 6r5|C(gi)]-[LedS7T]

Definition 3.12. The inner product of characters of G, say ¢ and 1 can be found
as follows:

< @, 0 >:ﬁha¢a¢7“, where hy, is the number of elements in the class a, ¢, is the value
of @ in the class a, Y, is the value of ¢ in the class . Also, note that x© is the value

of x at class a. [Led87]

3.2 Building the Character Table of D,

In this example, we will show how we can use the lifting process to find the
character table of the dihedral group D4. In order to build character table of the dihedral
group Dy of order 8. We will use the conjugacy classes.[Has17]

Let G=D4 = {e,a,a?, a®b,a’b, ab, ab}
Let a = (1,2,3,4), b = (1,4)(2,3), a®> = (1,3)(2,4), a® = (1,4,3,2), ab = (1, 3),
a®b = (2,4), and a?b = (1,2)(3,4).

Conjugacy Classes of group G

[1] Order 1 Length 1
Rep Id(G)
[2] Order 2 Length 1

Rep (1, 3) (2, 4)

[3] Order 2 Length 2
Rep (1, 4) (2, 3)

[4] Order 2 Length 2
Rep (2, 4)
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[5]
Rep

Order 4
2, 3, 4)

Length 2
(1,

Next, we will find a normal subgroup of G. Now a? lies in the center of G, as it commutes
with every elements of Dy. Therefore, N = {1,a?} the center of D4. Thus, the conjugacy
classes being {1,a?%},{a,a}, {b,a®b}, and{ab,a®b}. As a result, D, has 5 irreducible

representations and N = {1} U {a?} is normal in Dj.
Dyl 8
“]\;l“ =5 = 4 and it is isomorphic to Z/2@& Z/2. The group Z/26&7/2
has four classes {Id,a,b,ab}.

The quotient group

Table 3.1: Character Table of Z/2 & Z/2

Classes |1 | 2 | 3 | 4
size 11111 1
Rep 1]a|b|ab
x.1 1717171
x.2 1]-1]-11]1
x.3 1]-1]11]-1
x.4 1)1 ]-1]-1

Now, we will start to fill character table of Dy.

Table 3.2: Initial Character Table of Dy

Classes | 1 2 3 4 5
Length | 1 1 2 2 2
Rep 1| (1,3)(24) | (1,4)(2,3) | (2,4) | (1,2,3,4)
Xl

XQ

X3

X2

X0 f° « I53 y )

We know that the trivial representation is a representation that takes every
element in Dy to the identity, so the first row will be the trivial character X! which is

the identity character.
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1) First, we now lift X' to Dy:
e X! is identity character. So,the elements of the first row will be 1, 1, 1, 1, and 1.

2) Next, we lift X2 to Dy:
o X?(e)=x.2(Ne)=

o X2((1,3)(2.4))= x.2(N(1,3)(2,4))= 1.

(since (1,3)(2,4)€ N)

o X2((1,4)(2,3))= x.2(N(1,4)(2,3)= -

o X2((2,4))= x.2(N(2,4))= 1 (since ab=(1,3) and x.2(N(2,4))=x.2(N(1,3)).

o X2(1,2,34)= x.2(N(1,2,3,4))= -1
Thus, the elements of the second row will be 1, 1, -1, 1,and -1.

3) Also, we lift X3 to Dy:

o X3(e)= x.3(Ne) = 1.

o X3((1,3)(2,4))= x.3(N(1,3)(2,4)) =1.

o X3((1,4)(2,3))= x.3(N(1,4)(2,3) = 1.

o X3((2,4))=x.3(N(2,4)) = -1.

o X3(1,2,3,4)= x.3(N(1,2,3,4)) = -1.

So, the elements of the third row will be 1, 1, 1,-1, and -1.

4) Finally, we lift X4 to Dy:

o X*(e)= x.4(Ne)= 1.

o X4((1,3)(2,4))= xA(N(1,3)(2.4))= 1.

o X4((1,4)(2,3))= xAN(1,4)(2,3))= -1.

e X4((2,4))= x.4(N(2,4))= -1

o X4(1,2,3,4)= x.4(N(1,2,3,4))=

So, the elements of the fourth row will be 1, 1, 1, -1, and -1.

We could lift the four characters of Z/2 @ Z/2 to obtain four characters X1,
X2, X3, X4 of Dy it remains to find X°. Then, we use the fact that the sum of squares
of the degrees of the distinct irreducible characters of G which is equal to |Dy| to find

the first element of X°, it will be as follows:
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2+ (P2 (2 + (D2 +(P)P=12+ 12+ 12+ 12 + (f°)%=|G|=8. So, f>=2.

For the moment denote the values of X® for C2, C3, C4, and C5 by a, 3,7, § respectively.
To find last row values we will use the orthogonality relations. By theorem, in a character
table, the dot product of any column with the conjugate of any other column is 0.
The column 1 and column 2 of character table of Dy:

o (1).(1) + (1)-(1) + (1)-(1) + (1).(1) + (2).(a) =0 = & = 5* = —2. Thus, a =-2.
The column 1 and column 3:

o (1).(1)+ (1).(=1) + (1).(1) + (1).(-1) + (2).(B) =0 = =0 So, 3 = 0.

The column 1 and column 4:

o(1).(D)+ (1).(1)+ (1).(-1) + (1).(-=1) + (2).(}) =0 = 5 = 0. So, v=0.

The column 1 and column 5:

o(1).(1) 4+ (1).(=1) + (1).(=1) + (1).(1) + (2).(6) = 0. = 6 = 0. Thus, 6=0.
Therefore, the elements of the last row will be 2,-2, 0, 0, and 0. Then, character table
of Dy will be.

Table 3.3: Final Character Table of Dy

Classes 1 2 3 4 5

Length 1 1 2 2 2
Rep 1 (1,3)(2,4) | (1,4)(2,3) | (2,4) | (1,2,3,4)
X! 1 1 1 1
X2 1 1 -1 1 -1
X3 1 1 -1 -1
x4 1 1 -1 -1 1
X0 =2 a=-2 =0 |y=0| =0

3.3 Inducing a Linear Character of a Proper Subgroup up
H=5:2% of S5

Let G be a group such that G =2 S5. We want to give a faithful and irreducible
monomial representation of G of degree n. Thus, we must induce a linear character of
a proper subgroup up H = 5 : 22 of S5. In order to induce up to a character of G
of degree n the subgroup H must be of index n. In the following example, G has the

following character table:
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The character table of G

Class | 1 2 3 4 5 6 7
Size | 1 10 15 20 30 24 20
Order | 1 2 2 3 4 5 6
p = 2 1 1 1 4 3 o6 4
p = 3 1 2 3 1 5 6 2
p = 5 1 2 3 4 5 1 7
X.1 + 1 1 1 1 1 1 1
X.2 + 1 -1 1 1-1 1 -1
X.3 + 4 -2 0 1 0 -1 1
X.4 + 4 2 0 1 0 -1 -1
X.5 + 5 1 1-1-1 0 1
X.6 + 5-1 1-1 1 0 -1
X.7 + 6 0-2 0 0 1 0

Now, we want to induce a linear character of H up to a character of G of degree 6. So,

we have taken a subgroup H of index 6 in G.

Index (G, H);
6

Now, the proper subgroup H 225 : 22 of S5 all the linear of H are lift to H of irreducible
characters H/H' where H' denotes the derived subgroup of H.

G:=PrimitiveGroup (5,5);

IsAbelian (G) ;

xx:=G.1;

yy:=G.2;

S:=Subgroups (G) ;

for i in [1..#S] do if Index(G,S[i] ‘subgroup) eq 6 then i;
end if; end for;

H:=S[16] ‘subgroup;

dH:=DerivedGroup (H) ;

dH;

Thus, H =< (1,4,5,3,2) >~ 5. The number of distinct linear characters of H is equal

to H/H' = % =4, so we will have 4 transversals.

Thus, H/H' = {H'e, H'(1,5,3,4), H'(1,3)(4,5), H'(1,4,3,5)}.
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:=Set (dH) ;gq:=[{Id(H)},{},{},{}1;

for 1 in [1..#T] do for g in S do
gli]:=ql[i] Jjoin {gxT[i]}; end for; end for;
a7
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So, the conjugacy classes of H/H' are {Id(H)}, {H'(1,4,2,3)}, {H'(1,2)(3,4)}, and
{H'(1,2,5,3)}. Now, we will construct the character table of H/H'. The character

table of cyclic group has primitive 4 the root of unity =i as follows:



Table 3.4: Initial Character Table of Cyclic Group Z4

Classes | e | a a’ a’
x*1 [1]1] 1 1
X2 | 1]1i] 42 i3
xe3 | 1|42 (%2 ] (%)
x4 |13 ]@3)?] 63
Where i? = —1, i* = —i, and (i*)3 = ¥ = (i")?% =i

Table 3.5: Final Character Table of Cyclic Group Z4

equivalent to character table of H/H' = Z,.

Classes | e | a [ a® | a®
Xe1 |11 ]1]1
X*.2 1)1 |-1|-4
X3 |1]-1]1]-1
X*4 1] -4]-11 1

Table 3.6: Character Table of H/H' = Z,
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Therefore, this is

Classes | 1 2 3 4
size 1 1 1 1
Rep H | H'(1,2)(3,4) | H'(1,4,2,3) | H(1,2,5,3)

Order | 1 2 4 4
X°.1 1 1 1 1
X*.2 1 i -1 -1
X*.3 1 -1 1 -1
X*.4 1 -i -1 i

Thus, we could build the character table of H/H’'. Now, we can construct the
character table of H by lifting the character table of H/H' to H.
To build the character table of H, we first need to figure out the conjugacy classes of H.
The following set are the conjugacy classes of H are {e}, {(1,2)(3,4)}, {(1,4,2,3)},
{(1,2,5,3)}, and {(1,4,5,3,2)}. So, we will construct the character table of H with
five rows and column since there are five conjugacy classes in H. Then, we will use the
definition of lifting character, we will lift each irreducible character from H/H' to H.

We note that, X'(h) = X*(h) for h € H.
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First, the first row will be identity character.
Next, we find the second row by lifting X'*.2 to H.
(X.2e)=X"*.2(He)=1
(X.2(1,2)(3,4))=x*.2(H(1,2)(3,4))=1
(X.2(1,4,2,3))=X*2(H(1,4,2,3))= -1
(X.2(1,2,5,3))=X*2(H(1,2,5,3))= -i
(X.2(1,4,5,3,2))=X*.2(H(1,4,5,3,2))= 1
(since=X"*.2(H’(1,4,5,3,2))=Xx"*.2(H’e)).

Now, we find the third row by lifting X'*.3 to H.
(X.3e)=X*.3(He)=1

(X.3(1,2)(3, )):X'.3(H’(1,2)(3,4)): -1.
(X.3(1,4,2,3))=x*.3(H(1,4,2,3))=
(X.3(1,2,5,3))=X"*.3(H(1,2,5,3))= -1
(X.3(1,4,5,3,2))=x*.3(H(1,4,5,3,2))= 1
(since=X"*.3(H’(1,4,5,3,2))=X"*.3(H’e)).

We will now find the fourth row by lifting X®.4 to H.
(X.de)=X*4(He)=1

(X.4(1,2)(3,4))=X*4(H(1,2)(3,4))= -i

(X.4(1,4,2,3))=X*4(H(1,4,2,3))= -1

(X.4(1,2,5,3))=X*.4(H"(1,2,5,3))= i

(X.4(1,4,5,3,2))=X*4(H(1,4,5,3,2))= 1

(since=X*.4(H’(1,4,5,3,2))=X"*.4(H’e)).

Lastly, we will fill the last row by using the orthogonality relations. We will
suppose in the last row, we will have a, b, ¢, d, and f, respectively. So, we need to
compute these values. We use the fact that the sum of squares of the degrees of the
distinct irreducible characters of H which is equal to |H| to find the first element of X°,
it will be as follows:

o 12+ 12+ 12 + 12 + a®=|H|=20. So, a®> = 16 then a = 4.
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We first have to note that if we collect different columns, they will equal zero by using
this definition:
i=1 yvi yvJ
A XQX%:0
e The column 1 and column 2 of the character table of H:
o (1).(1) + (1).(3) + (1).(=1) + (1).(=4) + (4).(b) =0 = b= 0. So, b = 0.

e The column 1 and column 3 of the character table of H:

e (H)H+M).-H)+(M).(H+()(-1)+4).(6)=0=1¢=0. So, c=0.
e The column 1 and column 4 of the character table of H:

e (1).(1) + (1).(=i) + (1).(=1) + (1).(5) + (4).(d) =0 = d =0 . So, d = 0.
e The column 1 and column 5 of the character table of H:

o (D.(D+ 1)+ M)+ ). +4).(f)=0= f=~-1. So, f =-1.
Finally, we could fill our character table of H by lifting H/H’ to H.

Table 3.7: Character Table of H

Classes 1 2 3 4 5
Size 1 5 5 5 4
Rep 1 (1,2)(3,4) | (1,4,2,3) | (1,2,5,3) | (1,4,5,3,2)
X! 1 1 1 1 1
X2 1 i -1 - 1
X3 1 -1 1 -1 1
x4 1 - -1 i 1
X° a=4 b=0 c=0 d=0 f=-1
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Chapter 4

Isomorphism Type of Groups

4.1 Extensions and Related Definitions

Definition 4.1. [Rot95] G is a semi-direct product of two subgroups H and K if:
1. K<Q4G, Q<a.
2. G=KQ.
9. KNQ=1.

Definition 4.2. [Rot95] Let G be a group. We say G is a direct product of two
subgroups H and K if:

1. H4G, K<G.
2. G=HK.

3. HNK =1.

Definition 4.3. [Rot95] Let G be a group and H, N < G such that |G| = |N||H|. G is
a central extension by H if N is the center of G. We denote this by G = N*H.

Definition 4.4. [Rot95] Let G be a group and H, N < G such that |G| = |N||H]|.
G is a mixed extension by H if it is a combination of both central extensions and

semi-direct products, where N is the normal subgroup of G but not central. We denote

this by G = N*®: H.
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Definition 4.5. [Rot95]/Let G be a group. A composition series of G given by:
G=Gp>2G1 > >2G,=1

is a normal series where, for all i, either G;11 is a mazximal normal subgroup of G; or

Gi+1 = G;.

Definition 4.6. [Rot95] If group G has a composition series, the factor groups of its

series are the composition factors of G.

Definition 4.7. [Rot95] The Dihedral Group D,,, n even and greater than 2, groups
are formed by two elements, one of order 5 and one of order 2. A presentation for a

Dihedral Group is given by < a,blaz,b?, (ab)? >.

Definition 4.8. [Rot95] A general linear group, GL(n,F) is the set of all n x n

matrices with nonzero determinant over field IF.

Definition 4.9. [Rot95] A special linear group, SL(n,F) is the set of all n X n

matrices with determinant 1 over field F.

Definition 4.10. [Rot95] A projective special linear group, PSL(n,F) is the set

of all n X n matrices with determinant 1 over field F factored by its center:

PSL(n,F) = Ly,(F) = m.

Definition 4.11. [Rot95] A projective general linear group, PGL(n,F) is the set

of all n X n matrices with nonzero determinant over field F factored by its center:

_ GL(n,F)
PGL(n,F) = oo
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4.2 Extensions Examples:

We can find the isomorphism types of the progenitors by solving the extension
problem. To solve the extension problem we need to know the composition factors
of groups. We will recognize in the following on four types of extensions which are
direct product, a semi direct, central extension ,and mixed extension. Moreover, we will

provide an example of each one.

4.3 Semi Direct Product:

4.3.1 Verifications of 3*: ((3% x 23) x 2)

We found the following finite homomorphic image from the symmetric group

86 364 0 11664 which produces the following group:

G<xX,V,z,W,h,t>:=Group<x,y,z,w,h,t|x"2,y"2,z2"°2,w 4,h"2, (yxz) "2,
(x+w™=1) "2, (y*w™=1) "2, zxw —1*zx*w,

w =2+h, x*xy*xx*xy*xw —1,xxzxx*xzxh,t"2, (t,x), (y*xt) "6,

(z+wxt) "3, (zxx*xt) "6, (yxxxt) "4, (yxx*xz+t) "0>;

Our order group is equal 11664, and this group has the following composition factors:

Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic (3)
Cyclic (3)
Cyclic(2)
Cyclic (3)
Cyclic (3)

Cyclic (3)

 — o — X — % — * — X — % — * — *x — ()
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| Cyclic (3)
1

Now, we will prove the isomorphism type of G.

The composition series for G is:
G=G)2G12G22G32G, 2 G52 G2 Gy 2 Gg DGy 2 G where Gig = 1.

The composition factors are:

G = (Go\G1)(G1\G2)(G2\G3)(G3\G4) (G4 \G5)(G5\G6) (Ge\G7) (G7\Gs) (Gs\Go) (Go\Gro)
=(Go\G1)(G1\G2)(G2\G3)(G3\G4)(Ga\G5)(G5\G6) (G \G7) (G7\Gs) (Gs\G9) (Go\1)
=(Go\G1)(G1\G2)(G2\G3)(G3\G4)(G4\G5) (G5 \G6 ) (G6 \G7) (G7\Gs) (Gs\Gy) Gy
=C305030302C3C50202C

The normal lattice of G is as follows:

Normal subgroup lattice

[30] Order 11664 Length 1 Maximal Subgroups: 23 24 25
26 27 28 29

[29] Order 5832 Length 1 Maximal Subgroups: 16 17 20
[28] Order 5832 Length 1 Maximal Subgroups: 17 18 21
[27] Order 5832 Length 1 Maximal Subgroups: 16 19 21
[26] Order 5832 Length 1 Maximal Subgroups: 18 19 20
[25] Order 5832 Length 1 Maximal Subgroups: 20 21 22
[24] Order 5832 Length 1 Maximal Subgroups: 16 18 22
[23] Order 5832 Length 1 Maximal Subgroups: 15 17 19 22
[22] Order 2916 Length 1 Maximal Subgroups: 11 13
[21] Order 2916 Length 1 Maximal Subgroups: 13

[20] Order 2916 Length 1 Maximal Subgroups: 13

[19] Order 2916 Length 1 Maximal Subgroups: 9 13
[18] Order 2916 Length 1 Maximal Subgroups: 12 13 14
[17] Order 2916 Length 1 Maximal Subgroups: 10 13
[16] Order 2916 Length 1 Maximal Subgroups: 13

[15] Order 1944 Length 1 Maximal Subgroups: 9 10 11
[14] Order 1458 Length 1 Maximal Subgroups: 8

[13] Order 1458 Length 1 Maximal Subgroups: 7 8

[12] Order 1458 Length 1 Maximal Subgroups: 5 8

[11] Order 972 Length 1 Maximal Subgroups: 7

[10] Order 972 Length 1 Maximal Subgroups: 7

[ 9] Order 972 Length 1 Maximal Subgroups: 7
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[ 8] Order 729 Length 1 Maximal Subgroups: 4 6
[ 71 Order 486 Length 1 Maximal Subgroups: 6

[ 6] Order 243 Length 1 Maximal Subgroups: 3

[ 5] Order 162 Length 1 Maximal Subgroups: 4

[ 4] Order 81 Length 1 Maximal Subgroups: 3

[ 31 Order 27 Length 1 Maximal Subgroups: 2

[ 2] Order 3 Length 1 Maximal Subgroups: 1

[ 1] Order 1 Length 1 Maximal Subgroups:

Next, we will ask Magma about the largest abelian group by this loop:

for i in [1..#NL]do if IsAbelian(NL[i]) then i;end if;end for;
1

2
3
4

So, we see that the largest abelian group is NL[4] of order 81 from our normal lattice
of G1. We first need to find the isomorphism type of NL[4], which has 3 possibilities,
such as 3 x 3 x 3 x 3, 3% and 33 x 3.

We check and find the following:

Permutation group acting on a set of cardinality 729
Order = 81 = 374

X:=[3,3,3,31;

IsIsomorphic (NL[4],AbelianGroup (GrpPerm, (X)));

true

As a result, we found that NL[4] = 3*. Now, we can produce a presentation for NL[4]

as follows:

FPGroup (NL[4]);
Finitely presented group on 4 generators

Relations

$.17°3 = Id(9)
$.273 = Id($)
$.373 = Id(9)
$.473 = Id($)



($.1, $.2) = Id($)
($.1, $.3) = Id(9)
($.2, $.3) = Id($)
($.1, $.4) = Id($)
($.2, $.4) = Id($)
($.3, $.4) = Id($)

S<a,b,c,d>:=Group<a,b,c,dla”3,b"3,c"3,d"3, (a,b), (a,c),

(a,d), (b,d), (c,d)>;
ff,ss,kk:=CosetAction (S, sub<S|Id(S)>);
s,t:=IsIsomorphic(ss,NL[4]);

Sy

true

Now, we will factor G1 by NL[4] resulting q which is the quotient group.

H:=NL[4];

d, ff:=quo<Gl|NL[4]>;q;

Permutation group g acting on a set of cardinality 12
Order = 144 = 274 % 372

Consider the composition factor of q as follows:

CompositionFactors(q);
Cyclic (2)
Cyclic(2)
Cyclic (3)
Cyclic(2)
Cyclic(2)

Cyclic (3)

P o— ok — ok — % — ok — ok — Q)

We will now find the normal lattice for q by this Magma loop:

nl:=NormallLattice (q);
nl;
Normal subgroup lattice of g

[21] Order 144 Length 1 Maximal Subgroups: 14 15 16

17 18 19 20

(b, c),

32
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[20] Order 72 Length 1 Maximal Subgroups: 7 9 12
[19] Order 72 Length 1 Maximal Subgroups: 9 10 13
[18] Order 72 Length 1 Maximal Subgroups: 7 8 13
[17] Order 72 Length 1 Maximal Subgroups: 8 10 12
[16] Order 72 Length 1 Maximal Subgroups: 11 12 13
[15] Order 72 Length 1 Maximal Subgroups: 7 10 11
[14] Order 72 Length 1 Maximal Subgroups: 8 9 11
[13] Order 36 Length 1 Maximal Subgroups: 5

[12] Order 36 Length 1 Maximal Subgroups: 5

[11] Order 36 Length 1 Maximal Subgroups: 4 5 6
[10] Order 36 Length 1 Maximal Subgroups: 5

[ 91 Order 36 Length 1 Maximal Subgroups: 5

[ 8] Order 36 Length 1 Maximal Subgroups: 5

[ 71 Order 36 Length 1 Maximal Subgroups: 5

[ 6] Order 18 Length 1 Maximal Subgroups: 3

[ 5] Order 18 Length 1 Maximal Subgroups: 3

[ 4] Order 18 Length 1 Maximal Subgroups: 2 3

[ 3] Order 9 Length 1 Maximal Subgroups: 1
[ 2] Order 2 Length 1 Maximal Subgroups: 1
[ 1] Order 1 Length 1 Maximal Subgroups:

We now check if we have a direct product or not, so we want to see if q is collected
of a direct product. As a result, we could find the direct product between two normal
subgroups which are nl[17] and nl[2]. The product of their order give me the order of
q=144. To make sure by this Magma code:

:=DirectProduct (nl[17],nl[2]);

IsIsomorphic (E, q);
true

We find that q is isomorphic to nl[17] and nl[2], where ni[17] = 3% % 23 and nl[2] = 2.
The presentation of ¢ = nl[17] x nl[2] which is obtained from FPGroup(q):
H<e, f,g,h,o0>:=Group<e, f,g,h,0le”2,f72,9"2,h"2,0"2, (exg) "2,

(fxg) "2, (exh) "2, (£ = h)"2, (g » h) "2, (ex o) 2,
(g x0) "2,exfxexfxh, hxoxhxgxoxh*o, (fxoxfxo*x h) "2>;
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ff,ss,kk:=CosetAction (H, sub<H|Id (H)>);

s,t:=IsIsomorphic(qg, ss);

Sy

true

Now, we will check the relation between NL[4] and q. Since our q is not the center of
G, so we do not have a central extension. Also, we do not have direct product between
NL[4] and q, so we do not have direct product. Then, we only have two options which
are a semi direct product or mixed extension.

We will label our generators of q as follows:

EE:=q! (2, 4) (5, 6) (7, 11) (8, 10) (9, 12);
FF:=q! (1, 2) (3, 4) (5, 7)(6, 9) (8, 12) (10, 11);
GG:=qg! (1, 3) (2, 4) (5, 6) (7, 9) (8, 10) (11, 12);
DD:=q! (1, 3) (2, 4) (5, 8) (6, 10) (7, 12) (9, 11);
KK:=q! (2, 5) (4, 6) (7, 11) (9, 12);

Also, we will label our generators of NL[4] as follows:

A:=G1!NL[4].1;
B:=G1!NL[4].2;
C:=G1l!NL[4].3;
D:=G1!NL[4].4;
H:=G1!T[2];
J:=G1l!T[3];
I:=G1!T[4];
M:=G1l!T[5];
0:=G1!T[6];

Here a, b, ¢, and d represent elements of NL[4], and e, f, g, h, and o represent elements
of . Where A, B, C, and D & a, b, ¢, and d, respectively and H, J, I, M, and O Z e, f,
g, h, and o, respectively. Now, we need to check the action q on NL[4] by the following

Magma code:

for i,3J,k,1 in [1..3] do if A"H eq A"ixB"jxC"kxD"1 then
i,3,k,1;

end if; end for;

1 333 —-—-> a"e=a

for i,3,%,1 in [1..3] do if A"J eq A"i*B"j*xC"k*D"1 then
i,3,k,1;

end if; end for;

1 313 —-—> a“f=axc



for i, 7,
i,3,k,1;
if;
33
i, 3,
i,3,k,1;
if;
33
i,9,
i,3,k,1;
if;
33
i, 3,
i,3,k,1;
end 1if;
3133
for i, Jj,
i,3,k,1;
end 1f;
3113
for i, 7,
i,3,k,1;
if;
33
i, 3,
i,3,k,1;
if;
33
i, 3,
i,3,k,1;
if;
33
i,9,
i,3,k,1;
end 1if;
3123
for i, 7,
i,3,k,1;
end 1if;
3323
for i, 7,
i,3,k,1;
end 1f;
332 3

end
2 3
for

end
11
for

end
2 3
for

end
32
for

end
3 2
for

end
31
for

k,1 in [1..3]

end for;
-——>a"g=a’"2
k,1 in [1..3]

end for;
-——> a"h=ax+b
k,1 in [1..3]

end for;
-———> a’"o=a’2

k,1 in [1..3]
end for;
—-——>b"e=b

k,1 in [1..3]
end for;

-——> b " f=bx*c
k,1 in [1..3]
end for;
-———=> b g=b"2
k,1 in [1..3]
end for;
————=> b "h=b"2
k,1 in [1..3]
end for;
-——-> b o=b

k,1 in [1..3]

end for;

do

do

do

do

do

do

do

do

do

————> c e=b*xc"2

k,1 in [1..3]

end for;
———=> c"f=c"2
k,1 in [1..3]

end for;
—-—=>c"g=c”2

do

do

if

if

if

if

if

if

if

if

if

if

if

eq

eq

eq

€q

€q

eq

eq

eq

eq

eq

eq

ATi*B " J*C kD" 1

ATi*B " J*C kD" 1

A"ixB"Jj*xC"k*D"1

A"ixB"j*xC"k*D"1

A"i*B"J*C kD" 1

ATi*B " J*C kD" 1

ATi*B " J*C kD" 1

A"ixB"Jj*xC"k*D"1

A"ixB"j*xC"k*D"1

A"ixB"jxC"k*D"1

ATixB " jxC kxD"1

then

then

then

then

then

then

then

then

then

then

then

35



for i, 3J,k,1 in [1..3] do if C'M eq A"i*B"jxC"kxD"1 then
i,3,k,1;

end i1if; end for;

3323 —-—->c"h=c"2

for i,3J,k,1 in [1..3] do if C°0 eq A"ixB"jxC"kxD"1 then
i,3,k,1;

end if; end for;

3312 -———-> clo=c*xd"2

for i,3,%,1 in [1..3] do if D"H eq A"i*B"j*xC"k*D"1 then
i,3,k,1;

end i1f; end for;

3332 ——> d"e=d"2

for i,3,%,1 in [1..3] do if D"J eq A"i*B"jxC"k*D"1 then
i,3,k,1;

end if; end for;

3331 -——->d °f=d

for i,3,k,1 in [1..3] do if D"I eq A"i*B"jxC"kxD"1 then
i,3,k,1;

end i1if; end for;

3332 —-> d"g=d"2

for i,3J,k,1 in [1..3] do if DM eq A"i*B"jxC"kxD"1 then
i,3,k,1;

end i1if; end for;

3331 —-—->d"h=d

for i,3J,k,1 in [1..3] do if D0 eq A"ixB"jxC"kxD"1 then
i,3,k,1;

end i1if; end for;

3332 —->d"0=d"2

Finally, we put presentations of q and NL[4] together with a® = a,a/ = a * ¢,

ad =a?,a" =axb,a® =a?b° =b,bf =bxc, b9 =020 =%, 1° =
cE=bxt =2 I=c2c=cc=cxd? d=d%d =d,d = &2,

dh = d,d° = d2.

Thus,
M<a,b,c,d,e, f,g,h,0>:=Group<a,b,c,d,e,f,g,h,0la”3,b"3,
c"3,d"3, (a,b), (a ) c)y (a,d),(b,d),(c,d),
e”2,f°2,9°2,h"2, e*g) , (fxg) "2, (exh) "2,

<f x h) "2, (g * h> ex 0)" 2, (g *0)"2,

exfxexfxh,hrxoxhxgx* *0, (f o » £ *o* h) "2,

b e=b,b " f=bx*c,b " g=

(b
,
(
h
2,a " h=axb,a"o=a"2,
2
b o=b,c"e=b*xc"2,c " f=c

o

a
;b h=b"2,
2

2/
O *
a“e=a,a " f=axc,a’"g=a’
b
f ,c"g=c”2,c"h=c"2,c o=c*xd" 2,

36
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d"e=d"2,d"f=d,d"g=d"2,d "h=d,d o=d"2>;

We will now check if M is given above and G1 are isomorphic ?

#M;

11664

#G1;

11664
f1,M1,kl:=CosetAction (M, sub<M|Id (M) >);
s:=IsIsomorphic (Gl,M1);

Sy

true

Therefore, M and G1 are isomorphic. The isomorphism type of our group G is

31 (32 %23%) x 2.
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4.4 Verification of 2° : PGL(2,7)

We begin the process with the presentation of G given as follows:

G<w, X,VY,z,t>:=Group<w, x,y,z,t|w'2,x"2,y"4,z2"2, (wrxy"=1) "2,
xry -~ Laxxy,

Yy =2%xz,WkxxwWkxxz,t 2, (t,w), (x+xt) "8, (yxt) "3, (x+wxt) "0,
(Wrx*xyxt) "0, (Wrxxxyxt) "7>;

The order of our group is equal 172032. We will now prove the isomorphism type of G.

To prove that we have to know the compositions factors of G1.

CompositionFactors (Gl);
Cyclic(2)

A(l, 7) = L(2, 7)
Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

P o— ok — ok — % — ok — ok — ok —  — ok — ok — K —

The composition series for G is:
G=Gp2G12G22G32G42G52Gs2G7r DGy 2D Gy 2 Gy 2Gn
where G11 = 1.

The composition factors are:

G = (Go\G1)(G1\G2)(G2\G3)(G3\G4)(G4\G5)(G5\Ge ) (Ge\G7) (G7\Gs)
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(Gs\G9)(G9\G10)(G10\G11)
=(Go\G1)(G1\G2)(G2\G3)(G3\G4)(G4\G5)(G5\Ge)
(G6\G7)(G7\Gs)(Gs\G)(Go\G10)(G1o\1)
=(Go\G1)(G1\G2)(G2\G3)(G3\G4)(G4\G5)(G5\Ge ) (G \G7) (G7\Gs)
(Gs\G9)(Go\G10)G1o

=C9CyC5C5CyCCyCoCo PGL(2,7)Cs.

The normal lattice of G1 is as follows:

Normal subgroup lattice

[9] Order 172032 Length 1 Maximal Subgroups: 6 7 8
[8] Order 86016 Length 1 Maximal Subgroups: 5

[7] Order 86016 Length 1 Maximal Subgroups: 5

[6] Order 86016 Length 1 Maximal Subgroups: 4 5

[5] Order 43008 Length 1 Maximal Subgroups: 3

[4] Order 512 Length 1 Maximal Subgroups: 2 3
_[;]_ Order 256 Length 1 Maximal Subgroups: 1
_[;]_ Order 2 Length 1 Maximal Subgroups: 1
_[1]_ Order 1 Length 1 Maximal Subgroups:

Looking at the normal lattice of G we note the largest abelian group NL[4] of order 512.

NL[4];
Permutation group acting on a set of cardinality 10752
Order = 512 = 279

We can write the isomorphism type of NL[4] such as 2°. We will use this loop to make
sure NL[4] = 2°.

X:=[2,2,2,2,2,2,2,2,2];
IsIsomorphic (NL[4],AbelianGroup (GrpPerm, (X)));
true

Now, we will write the presentation of NL[4] by FPGroup(NL[4]).

S<w,x,y,z,h,0,p,u,r>:=Group<w, %x,v,z,h,0,p,u, r|
w'2,x"2,y°2,z"°2,h"2,072,0p"2,u"2,r"2, (w » x)"2,
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(w x v) 2,(x » y) 2, (w * z2)°2,(x = z2)°2,(y » z)°2,

(w » h)"2,(x * h)"2,(yx h)"2,(z » h)"2,(w x o) "2,

(xx 0) "2, (y » 0)"2,(z x 0)"2,(h » 0)"2,(w * p) 2,

(x » ) 2,(y » p)"2,(z* p)"2,(h * p)"2,(0 * p) "2, (w x u) 2,
(x = u)"2,(y » u)"2,(z «u)"2,(h xu)"2,(c » u) "2, (p ~ u) 2,
(w x )72, (x*% r)"2,(y * vr)"2,(z » r)"2,(h  r)"2,

(o * r)"2,(p* r) 2, (u » 1) 2>;

ff,ss,kk:=CosetAction (S, sub<S|Id(S)>);
s,t:=IsIsomorphic(ss,NL[4]);

Sy

true

Next, we will factor G1 by NL[4] resulting q which is the quotient group.

H:=NL[4];
g, ff:=quo<Gl|NL[4]>;
ds

Permutation group g acting on a set of cardinality 8
Order = 336 = $274 % 3 *x 7§

So, we found the order of q=336 and the composition factors of q as follows:

CompositionFactors (q);
G
| Cyclic(2)

*

| A1, 7) = L2, 7)
1

IsIsomorphic (PGL(2,7),9);
true

We can see that q is isomorphic to PGL(2,7).

Now, we will find our presentation for q by using FPGroup(q). It gives us the following
presentation for q:

H<a, b, c>:=Group<a,b,cla"2,b"2,c"2, (axb) "2, (cxb) "3,

(axc) "8, brxaxcrxbraxc+b*axcrbraxcrxaxb*xcraxbrcrxaxbxc>;
ff,ss,kk:=CosetAction (H, sub<H|Id (H)>);

s,t:=IsIsomorphic(qg, ss);

Sy

true

From previous steps, we could know NL[4] and q what are. Now, we want to figure

out what the isomorphic types between them since our g is not the center of G, so we
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do not have a central extension. Also, there is no normal subgroup of order 336 in G
that intersects with NL[4] of order 512. Therefore, we do not have a direct product
extension. So, it remains two possibilities which are a semi direct or mixed extension.
If we can write a presentation with the action of the generators of H on the generators

of NL[4], so G is a semi-direct product.

T:=Transversal (G1,NL[4]);
EE:=qg! (1, 2) (3, 4) (5, 6) (7, 8);
FF:=g! (1, 2) (5, 7) (6, 8);
GG:=q! (2, 3) (4, 5) (6, 8)
ff(T[2]) eqg EE;

r

true

ff(T[3]) eq FF;
true

f£(T[4]) eqg GG;
true

g eq sub<gl|EE,FF,GG>;
true
A:=G1!NL[4].1;
B:=G1!NL[4].2;
C:=G1l!NL[4].3;
D:=G1!NL[4].4;
F:=Gl!NL[4].5;
H:=G1!NL[4].6;
P:=Gl!NL[4].7;
0:=G1l!NL[4].8;
V:=Gl!NL[4].9;
J:=G1l!TI[2];
I:=G1l!T[3];
M:=G1!T[4];

Next, we need to store the generators of NL[4]. We will indicate to the generators of
NL[4] as A, B, C, D, F, H, P, O and V and the generators of q as EE, FF, and GG.

Now, we can use the following code to determine the action of q on NL[4].

for i,3J,k,1,m,mm,ii, 3j,kk in [1..2] do if A"J eq
ATi*B T J*C k+«D " 1#F " m+H mm+xP"1i+x0"jj*V kk then
i,3,k,1,m,mm,ii, jj,kk; end if; end for;
121222222

for i,3j,%k,1,m,mm,ii, jj, kk in [1..2] do if A"I eq
ATixB " J*«C k*D " 1+F " m+xH mm+«P"1i+x0" jj*«V " "kk then
i,3,k,1,m,mm,ii, jj,kk; end if; end for;
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121222222

for i,3,%,1,m,mm,ii, jj, kk in [1..2] do 1if A"M eq
ATi*B T J*C k*D " 1xF mxH mm*xP " 1iix0"jj»xV kk

then i, 3j,k,1,m,mm,ii, jj,kk; end if; end for;
122222222

We indicated here only the generator A of NL[4] which be raised by J, I and M. All
the elements in NL[4] are order 2. We will repeat this process for each of remaining

generators of NL[4] (B,C,...,V) which can be found in the appendix. Now, we can find

b

the action of q on NL[4] which are w® = w * y, w® = w * y,w® = w, 2% = x * y,2* = 2,

xc:x*y*z,ya:y,yb:y,yczz,z“:y*z*u,zb:y*z,zczy,h“:h,

b:x*o*upc:y*um“:p,

b

R =yxh,h® =yxhsxoxu,0* =y*xhxoxpxu,o0

P’ =p,p¢ = yxhxoxpsr,u® = u,ub = u,u = zx0,r* = pxr,r® = pruxr,r¢ = yxzxr .
Lastly, we will collect the presentation NL[4] and q with the action of q on NL[4] words

into one presentation as follows.

H<w,x,vy,z,h,0,p,u,r,a,b,c>:=Group<w, X,y,2z,h,0,p,u,r,a,b,c| w2,
x"2,vy"2,z"°2,h"2,0"2,p"2,u"2,r"2, (w x x)"2,

(w x v) 2,(x » y) 2, (W * z2)°2,(x = z2)°2,(y » z)"°2,

(w » h)"2,(x » h)"2, (y» h)"2,(z » h)"2,(w x 0) "2,

(xx 0) "2, (y » 0)"2,(z » 0)"2,(h x 0)"2,(w x p) 2, (x * p) 2,

( “2,(h * p)°2, (0 * p)~2,(w x u) "2,

( "2, - -

y * p) "2, (zx p)
X

(0 » u)"2,(p » v "2,(w » r)°2,(xx r)"2,(y » r)"2,(z x r) 2,
(h *r) "2, (0o*r) "2, (p*r) "2, (u*r) "2, W a=w*y,w b=w*y,w Cc=w,
x"a=x*y,x"b=x,x"c=xxy*z,y a=y,y b=y,y c=z,

z a=yxz+*Uu, z b=yxz,z c=y,h"a=h,h"b=y+h, h"c=y+h*ox*u,

o a=y+hxoxpxu, 0 b=xx0oxu, o0 c=y*u,p a=p,p b=p,p c=y*+hxoxpxr,
u"a=u,u’"b=u,u"c=zx0,r a=pxr,r b=pxuxr,r c=yxzxr,a’"2,b" 2,
c”2, (a*b) "2, (c*b) "3, (a*c) "8, b*rarcrxbrxaxc braxcxb*xa*c*a
*bxcrxaxbxcxaxbxc>;

#H; #G1;

172032

f1,H1,k1:=CosetAction (H, sub<H|Id(H)>);
s:=IsIsomorphic(Gl,H1);s;

true

Therefore, we have semi direct G = 2 : PGL(2,7)
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4.5 Central Extension

To investigate an extension is a central extension, or not we first need to
compute the center of our group. If it is larger more than one and equal the largest

abelian group, so we will have a central extension.

4.5.1 Verification of 2°S5;

We begin the process with the presentation of G given as follows:

G<w, X,VY,2z,t>:=Group<w, xX,y,zZ,tIw ' 2,x"2,y 4,272, (wxy " =1) "2, xxy " —1xxx*y,
yV =2%z,WkxxWkxxZ,t 2, (L,w), (x+xt) "8, (xxy " —1*t) "5, (y*t) "4, (xxw*t) "0,
(Wax*y*t) "5, (Wwrxxxyxt) “0>;

The order of our group is equal 1440. We will now find the compositions factors of our

group to recognize if we have a central extension or not.

CompositionFactors (Gl);
Cyclic (2)
Alternating(6)

Cyclic(2)

P — s — o — @

The composition series for G is:

G =Gy DG DGy D G5 where Gy = 1.
The composition factors are:

G = (Go\G1)(G1\G2)(G2\G3)
=(Go\G1)(G1\G2)(G2\1)
=(Go\G1)(G1\G2)G2

=C2A6Co



Normal subgroup lattice

[7] Order
[6] Order
[5] Order
[4] Order
[3] Order
[2] Order
[1] Order

1440
720
720
720

360

Length
Length
Length
Length
Length

Length

Length

Maximal
Maximal
Maximal
Maximal
Maximal

Maximal

Maximal

Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:

Subgroups:

Subgroups:

5
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Now, Magma will help us to determine if G1 has a center. If we have a center then, we

are looking for which element in the normal lattice is the center.

Center (Gl);

Permutation group acting on a set of cardinality 360

Order = 2
Center (G1)
true

The presentation of NL[2]

eq NL[2];

S<e>:=Group<e|e”2>;
ff,ss,kk:=CosetAction (S, sub<S|Id(S)>);
s,t:=IsIsomorphic(ss,NL[2]);

Sy
true

is

Next, we can factor G1 by the center and define the isomorphism type of the resulting

factor group q. We can see the compositions factors of q and normal lattice as follows:

CompositionFactors (q);

G
|

*
|

1

Cyclic(2)

Alternating(6)

nl:=NormalLattice (q);

nl;

Normal subgroup lattice
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[3] Order 720 Length 1 Maximal Subgroups: 2
[2] Order 360 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:

We could figure out from the compositions factors of q that ¢ = Sg where the order of
Sg is equal 720.

IsIsomorphic (SymmetricGroup (6),d);
true

We find a presentation of Sg by [WB99] as a reference, then we use Magma to make

sure if our presentation is correct or not as follows:

H<a, b, c>:=Group<a,b,cla”2,b"2,c"2, (a*xb) "2,

(b *c) "4, b*a*cxbrxa*xc+braxcrxa*brxcrxaxb+*c,

(axc) "8, crxarxcrbrcra*c+ b*rcrxbraxcxbrxcxa*cxbxcrxaxcxb>;
ff,ss,kk:=CosetAction (H, sub<H|Id(H)>);
s,t:=IsIsomorphic (g, ss);

Sy

true

Thus, our presentation of Sg is correct. Then, we have to write the generators of Sg in

terms of the generators of the center. Now, we need to find transversals.

:=Transversal (G1,NL[2]);

EE:=q!g.2;
FF:=g!qg.3;
GG:=g!qg.5;

q, ff:=quo<Gl|NL[2]>;
ff(T[3]) eq FF;

true

f£f(T[2]) eq EE;

true

f£(T[4]) eqg GG;

true

g eq sub<gl|EE,FF,GG>;

true

A:=Gl!'NL[2].2;

J:=G1l!T[2];
:=G1!T[3];

M:=G1!T[4];
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J, I, and M represent the generators of Sg and A represents NL[2] which is the center.

Now, we can use the following code to determine the action of q on the center.

for i in [1..2] do if A"J eq A"i then 1i; end if; end for;
1 ——> e"J=e
for i in [1..2] do if A"I eq A"i1i then 1i; end if; end for;
1 ——> e’ I=e
for i in [1..2] do if A"M eq A"i then i; end if; end for;
1 ——> e"M=e

Now, we add these relations e’/ = e, e/ = e, and eM = e with the presentation of center

to the presentation of q and check if it is isomorphic to G.

H<a, Db, c,e>:=Group<a,b,c,ela”2,b"2,c"2, (axb) "2, (bxc) "4,

brxaxcxbxaxcxbxaxcxa\xbxcxa*xbxc, (a * c) "8,

C * a *x C * b *x c*a *x c b x cx b x ax c*x bx c x ax c

*b * ¢ * a x ¢ x b,e”2,e"a=e,e"b=e,e " c=e>;

#H;

1440

#G1;

1440

f1,H1,k1:=CosetAction (H, sub<H|Id (H)>);
:=IsIsomorphic(Gl,H1);

Sy

true

Therefor, we have a central extension 2°*S.

4.6 Isomorphism Type of G = 216 : (5% : (D, x S3))

Our presentation is given by:

2 zrw kzxw, w2kh, ox

G=< z,y, z,w, h, t|x%, 92, 22, w*, h?, (y*2)2, (zxw™ )2, (yxw™!)
yrrxyxw "L wrzxzrzah, 12 (¢ x), (yxt)t, (zxw*t)0 (zxaxt)3, (yro*t)0, (yrorzxt)d >.
Now, we will use a few Magma commands to find a minimal faithful permutation rep-
resentation of G1. To Create an image of G, we will use this code.
f,Gl,k:=CosetAction (G, sub<G|x,y>);Gl;

30000

To find all subgroups of G, and gather all subgroups which are found in SL, we will use

the following codes.
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SL:=Subgroups (G1l) ;

T :={X‘subgroup: X in SL};
#T;

724

To determines faithful permutation representations of G.

TrivCore := {H:H in T| #Core(Gl,H) eq 1};
#TrivCore;
670

This code gives us permutation representations of the smallest degree.

mdeg := Min({Index(Gl,H):H in TrivCore});

To determines how many faithful permutation representations have a minimal number

of letters by the following code.

Good := {H: H in TrivCore| Index(Gl,H) eq mdeg};
#Good;
6

To picks a representative from Good.

H := Rep(Good);
#H;
1000

To create a permutation representation of the chosen representative from Good.

f,G1,K := CosetAction (Gl,H);

G1l;

Originally Permutation group Gl acting on a set of

cardinality 3750

Order = 30000 = 274 « 3 x 574

now, our Permutation group Gl acting on a set of
cardinality 30

Order = 30000 = 274 %« 3 x 574

Now, we will take the permutation representation of G1 which is found above and find

its isomorphism type. Our composition factors of our group as follows:



CompositionFactors (Gl);

P o— ok — ok — % — ok — ok — ok —  — ok — Q)

Cyclic(2)

Cyclic (3)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic (5)

Cyclic (5)

Cyclic (5)

Cyclic (5)

Now, we will prove the isomorphism type of G1.

The composition series for G1 is:
G=Gyp2G12G22G32 Gy 2G5 2 Ge 2 G7 2 Gy 2 Gy where Gg = 1.
The composition factors are:
G = (Go\G1)(G1\G2)(G2\G3)(G3\G4)(G4\G5)(G5\G6) (Ge\G7)(G7\Gs ) (Gs\Gy)
=(G0o\G1)(G1\G2)(G2\G3)(G3\Ga)(G4\G5)(G5\Ge ) (Gs \G7) (G7\Gs) (Gs\1)

=(Go\G1)(G1\G2)(G2\G3)(G3\G4)(G4\G5)(G5\G6) (G \G7) (G7\Gs)Gs

=C5C5C5C5C2C2C2C3C
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Next, we have to find the normal lattice of G and ask Magma about the largest abelian

subgroup in the normal lattice.

NL:=Normallattice (Gl);
[26]
24 25

Order

Order
Order
Order
Order

30000

15000
15000
15000
15000

Length

Length
Length
Length
Length

NL;

1

O R

Maximal

Maximal
Maximal
Maximal
Maximal

Subgroups:

Subgroups:
Subgroups:
Subgroups:
Subgroups:

19

14
12
15
12

20

15
14
17
16

21 22 23

16
17
18
18



1] Order
0] Order
9] Order

Order
Order
Order
Order
Order
Order
Order
Order

i g T
=N WS 0oy -

Order
Order
Order
Order
Order
Order

U oy 1 0w O

Order
Order

Order

Order

15000
15000
15000

7500
7500
7500
7500
7500
7500
7500
5000

3750
3750
3750
2500
2500
2500

1875
1250

625

Length
Length
Length

Length
Length
Length
Length
Length
Length
Length
Length

Length
Length
Length
Length
Length
Length

Length
Length

Length

Length

[

I J = SR G R G g

I = N = W SRt

=

Maximal
Maximal
Maximal

Maximal
Maximal
Maximal
Maximal
Maximal
Maximal
Maximal
Maximal

Maximal
Maximal
Maximal
Maximal
Maximal
Maximal

Maximal
Maximal

Maximal

Maximal

Subgroups:
Subgroups:
Subgroups:

Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:

Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:

Subgroups:
Subgroups:

Subgroups:

Subgroups:

13 16 17
12 13 15

11 13 14 18

7 10
10

10

10

6 10
10

9 10
6 7

U1 o U

w W W > W

N
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So, we see that the largest abelian group NL[2] of order 625 by the normal lattice of

G1. Now, we check if NL[2] isomorphic to 5* by the following Magma code.

X:=[5,5,5,5];
IsIsomorphic (NL[2],AbelianGroup (GrpPerm, (X)));

true

Therefore, we could see that NL[2] = 5%.

Next, we have to create a presentation for NL[2] as follows:

S =< wa9573/,2|w57355ay5725, (w,:v), (way)7 (l‘,y), (’LU,Z), ($,Z), (y7z) >



nl:=NormalLattice(q);

[

25]
23 24

e i E T Y
O R N WD Ul oy

S 01 oY 1 00 W0

Order 48

Order
Order
Order
Order
Order
Order
Order

24
24
24
24
24
24
24

12
12
12
12
12

Order
Order
Order
Order
Order
Order 12
Order 12
Order 8

Order
Order
Order
Order
Order
Order

SO oYy O O

Order
Order 2

w

Order 1

Length

Length
Length
Length
Length
Length
Length
Length

Length
Length
Length
Length
Length
Length
Length
Length

Length
Length
Length
Length
Length
Length

Length
Length

Length

e e Y

I =t

o

Maximal

Maximal
Maximal
Maximal
Maximal
Maximal
Maximal
Maximal

Maximal
Maximal
Maximal
Maximal
Maximal
Maximal
Maximal
Maximal

Maximal
Maximal
Maximal
Maximal
Maximal
Maximal

Maximal
Maximal

Maximal

Subgroups:

Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:

Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:

Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:

Subgroups:
Subgroups:

Subgroups:

We could create a presentation for q as follows:

V)2 ex frexfrhvrex frexvs fLgrv*gre*xvsg v >,

18

11
12
11
10
13
15

S 00 U1 D 00 Oy 0

DD DN WDND W

(o0}

19

14
14
13
12
14
16

e

20 21 22

15
16
16
13
17
17
17

15
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Now, we want to check if q which has order of 144 is gathered of a direct product or

not. Thus, we could see that the direct product between two normal subgroups which

are nl[10] and nl[7].

E:=DirectProduct (n1[10],
IsIsomorphic (E, q);

1071)7



true

Note, we found that nl[10] is isomorphic to dihedral group which is D4 and nl[7] is

isomorphic to symmetric group which is S3 by this Magma loop.

nl[10];
Permutation group acting on a set of cardinality 12
Order = 8 2°3

(2, 5) (6, 8) (10, 12)

(1, 2) (3, 5) (4, 8)(6, 7)(9, 12) (10, 11)
(1, 3)(2, 5)(4, 7) (6, 8) (9, 11) (10, 12)
IsIsomorphic (DihedralGroup (4),nl1[10]);
true

nl(7];

Permutation group acting on a set of cardinality 12
Order = 6 = 2 % 3

(1, 3)(2, 5) (4, 11) (6, 12) (7, 9) (8, 10)

(1, 4, 9)(2, 8, 12)(3, 7, 11) (5, 6, 10)
IsIsomorphic(nl[7],SymmetricGroup(3));

true

From the previous steps, we find q= Dy x S3 and NL[2]=5% We do not have a central

extension between N1[2] and q because the center of this group equal 1, so we have only

two options to explain the relation between NL[2] and q which are a semi direct or

mixed extension. Now, we will label our generators of q as the follows:

EE=qg'qg.1l
FF=qg!qg.
GG=q'!qg.
DD=q!q.
CC=q!

o w N

Also, we will label our generators of NL[2] as follows:

A=Gl!NL[2].1
B=G1!NL[2].2
C=G1l!NL[2].3
D=G1!NL[2] .4
Also,



52

Here w, x, y, and z represent elements of NL[2], and e, f, g, h, and v represent elements
of q. Where A, B, C,and D = w, x, y, and z, respectively and J, I, M, O, and Q = e,
f, g, h, and v, respectively. Now, we need to check the action q on NL[2]. T will write

here only action q on A, but B, C, and D will be in appendix. The Magma code:

for i,3,%k,1 in [1..5] do if A"J eq A"i*B"jxC"k*D"1 then

i,3,k,1;
end i1if; end for;
4 555 ——> wie=w"4
for i,73,%,1 in [1..5] do if A"I eq A"i*B"jxC"k*D"1 then
i,3,k,1;
end 1f; end for;
4 4 5 5 ——> wif=w"4xx"4
for i,3J,k,1 in [1..5] do if A"M eq A"i*B"jxC"kxD"1 then
i,3,k,1;
end i1if; end for;
52 31 ——> wig=x"2xy 3%z
for i,3J,k,1 in [1..5] do if A"0O eq A"i*B"jxC"kxD"1 then
i,3,k,1;
end i1f; end for;
4 555 —> w'h=w"4

for i,3J,k,1 in [1..5] do if A"Q eq A"ixB"jxC"kxD"1 then
j—ljlkl l;

end if; end for;

1555 —> wv=w

Finally, the presentation of G = 2*16 : (5% : (D4 x S3)) as follows:

M<w,x,vy,z,e,f,9,h,v|w'5,x"5,y"5,z , (x,v)
(w,z),(x,2),(y,2),e"2,£72,9"2,h"2,v"2, (e*xqg) "2, (£xg) "2,
(exh) "2, (f » h)"2,(g » h)"2,(e » v)"2,(h x v)~2,
exfrxexfxh, vrexfxexvxf, grvrxgre*xvxg*v,

5/ (WIX)I(W y)l 4
v
)

we=w"4,w f=w"4xx"4,w g=x"2%xy 3%z,

w h=w"4,w v=w, X e=w"2xx,x f=x,x"g=x"3%xy" 2,

X h=x"4,x"v=w"3xx"4,y e=w"2xx"2xy " 4dxz,y" f=y,
vy g=x+xy 2,y " h=y"4,y v=w"2xx"2xy " 4dxz,
z e=z,z " f=x"3xy"2%xz2"4,z"g=w+x,z " h=z2"4,z " v=w"4d*x"4xz>
#M;
30000
#G1;
30000
f1,M1,k1l:=CosetAction (M, sub<M|Id (M) >);
:=IsIsomorphic(Gl,M1);s;
true
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4.7 Mixed Extensions

A mixed extension is an incorporation of a semi-direct product and a central
extension. When we have a center which is not the largest group, so we will have a
mixed extension denoted :°.

4.7.1 Verification of G = 3:* PSL(2,19) x 2

Our presentation is given by:
G =<y, w,tly?,w?, (yxw 1)% 8, (), (y % 1), (w )", (y x w1 )7 >

Also, the composition factors of this group is as follows:

CompositionFactors (Gl);
A(l, 19) = L(2, 19)
Cyclic(2)

Cyclic (3)

P — o — o — @

The composition series for G is:

G =Gy 2D G DGy D G5 where Gz = 1.
The composition factors are:

G = (Go\G1)(G1\G2)(G2\G3)
=(Go\G1)(G1\G2)(G2\1)
=(Go\G1)(G1\G2)G>
=C3CyPSL(2,19).

Now, we can see from the normal lattice of G that NL[2] is the largest abelian subgroup.

Normal subgroup lattice
[6] Order 20520 Length 1 Maximal Subgroups: 3 5
[5] Order 10260 Length 1 Maximal Subgroups: 2 4

[4] Order 3420 Length 1 Maximal Subgroups: 1

[3] Order 6 Length 1 Maximal Subgroups: 2
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[2] Order 3 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:

We find that NL[2] = 3 and has the given presentation: S < d >=< ¢|d™3 >.

Now, we use Magma code to find the quotient q and the normal lattice of q.

H:=NL[2];
q, ff:=quo<Gl|NL[2]>;
a7

Permutation group g acting on a set of cardinality 40
Order = 6840 = 273 %« 372 » 5 % 19

Normal subgroup lattice

[4] Order 6840 Length 1 Maximal Subgroups: 2 3
[3] Order 3420 Length 1 Maximal Subgroups: 1
[2] Order 2 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:

Now, we will find the composition factors of q.

CompositionFactors (q);
A(l, 19) = L(2, 19)

G

|
*
| Cyclic(2)
1

We will now check if q isomorphic to PSL(2,19) x 2 or not.

s:=IsIsomorphic (g,DirectProduct (PSL(2,19),CyclicGroup(2)));

Sy

true

As a result, we can say that q is isomorphic to PSL(2,19) x 2.

Now, we will write our presentation of q by applying the FPGroup command in Magma.
It gives us the following presentation:

H=Group < a,b,cla®,b3,c2, (b~ xa)?, (a*xc)®,bxcxb L xcxbrcxb lxcraxb L xcx
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bxcxb trcxbxcxb lxc, (b1 xe)0 cxb L xckbrcxbrexb Lxckb Lacxbrerb L«
cxb lxexb lxcxbraxcxb Lxcxb Lxcxbsrcxbrexbrcexb Lacxbrcxbrexb™! >
Now, we will check the relation between NL[2] and ¢. Since NL[2] is not the center of
G, there is no normal subgroup of order q which is 6840 so that is not direct product
between q and NL[2]. Then, we only have two options which are a semi direct product
or mixed extension. So, we must determine the transversals of NL[2].

T:=Transversal (G1,NL[2]);
f£f(T[2]) eq g.1;

true
f£(T[3]) eq g.2;
true
££(T[4]) eq g.3;
true

Now, we will label our generators of NL[2] which is A. Also, we have these elements d
represents an element of NL[2], and a, b, and ¢ represent elements of ¢ = PSL(2,19) x 2.

Where J, I, and M represent a, b, and ¢ respectively.

A:=NL[2].2;

J:=G1l!T[2];
I1:=G1!T[3];
M:=G1!T[4];

Next, we will investigate the semi-direct product part of our extension, so we need to

check the action of the generators of q on the generators of NL[2].

for i in [1..3] do if A"J eq A"1i then i;
end if; end for;

2

for 1 in [1..3] do if A"I eq A"i then i;
end i1if; end for;

1

for i in [1..3] do if A"™™M eq A"1 then i;
end if; end for;

2

So, we could get these relations d* = d?, d’ = d, and d° = d? from the code above
and add them to our presentation. Now, we have completed the semi-direct part of our
presentation, so we will check a mixed extension part of our presentation. We have to

check the presentation of q.
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FPGroup (qd) ;

Finitely presented group on 3 generators
Relations
$.1"2 = 1d
$.2°3 = 1d
$.372 d
) "2 = Id($)

Id(s)

-1 x $.3 x $.2 % $.3 %

S.1 *x$.27-1 x $.3 *$.2 x $.3 =
$.27-1 » $.3 * $.2 «

3 %

27
*

. $.27-1 x $.3 = Id(9)
$.27-1 % $.3)710 = Id (%)
3% $.27-1 % $.3 x $.2 ¥ $.3 x $.2 * S.

$

(

S $.27-1 x $.3 =
$.27-1 x $.3 x$.2 * $.3 «

$

$

3 %
$.2°-1 x $.3

S.2°-1 % $.3
$.27-1 x $.3 % $.2 *$.1 x $.3 #$.27-1 % $.3 % $.27-1 «
3 % 5.2 % $.3 % $.2 x $.3 % $.2 % $.3 % $.27-1
L3 0% $.2 % $.3 x $.2 % $.3 % $.2°-1 = I4d(9)

Recall that T[2]=.1, T[3]=.2, and T[4]=.3. We use the following Magma code to inves-
tigate which the order of elements of q changed. We found that.

for 1 in [1..3] do

if T[2]"2 eqg A"i then i;

end if; end for;

3

for 1 in [1..3] do

if T[3]1"3 eq A"1i then i;

end i1if; end for;

3

for i in [1..3] do

if T[4]72 eq A1 then i;

end i1f; end for;

3

for i in [1..3] do

if (T[3]1°-1 = T[2]) 2 eq A1 then ij;
end i1f; end for;

3

for 1 in [1..3] do

if (T[2] * T[4]) 2 eq A1 then i;
end if; end for;

3

for 1 in [1..3] do

if T[3] * T[4] = T[3]°-1 % T[4] = TI[3] ~ T[4]
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*T[3]7-1 *xT[4] * T[2] % T[3] -1 = T[4] *TI[3]

*T[4] = T[3]"-1x T[4] = T[3]+T[4] = T[3] -1 % T[4] eq A"1

then i;end if; end for;

3

for 1 in [1..3] do

if (T[3] -1 = T[4] )"10 eqg A"i then i;

end if; end for;

3

for 1 in [1..3] do

if T[4]1% T[3] "—-1+xT[4]1+T[3]+T[4]~* [3]*T[4]

* T[3] "=1 «T[4] » T[3] "-1 =T[4] »TI[3]+T[4]

*T[3] -1 = T[4] * T[3] =1 «T[4] *T[3] "-1 =

T[4] » T[3] »T[2] » T[4] *T[3] -1 *T[4] *

TI3] "1 %= T[4] * T[3]x T[4]*T[3]*T[4]* T[3]xT[4]
*T[3] "—-1 *T[4] = T[3] *T[4] = T[3] * T[4] «T[3] -1
eq A1 then 1i;

end i1if; end for;

1

From above, we can see cxb s cxbxcxbsxcxb L xcxb Lxcxbxcexb Lxcxb L xex
b lxcxbsxaxcxb lsxcxb txcxbsxcxbrcxbxcxb Lxcxbxcxbscxb!is the only
one that changed, where T[2]=a, T[3]=b, and T[4]=

We can check by using Magma.

c * b"-1 x ¢ b x c x b %
c * b"=1x ¢ * b"-1 x c «*
b« c *Db'-1 x c » b’-1 xc » b=l c b+ a * c =*

b™-1 ¢ = b~ -1 %
c * b *xc+*Db*c* b'-1eqd;

true

-1 * ¢c b xc*xbxc*x Db *xc*Db

Now, we collect our generators of q and NL[2] with relations to our presentation, then

we can check our presentation in Magma.

H<a,b,c,d>:=
Group<d, a, b, c|

a2 ,b"3 ,c”2 , (b -1 % a)”"2

(a » c)”2 ,bxc »b’-1 xc b *c * Db’-1 ca+* Db -1 c *
b xc *b’-1 xc b *cDb’'-1 xc ,BOB -1 c)10,

c * b1 cx b *cxb+cxb’-1 c*x b'-1 xc *

b xcxxb'-1 xc*xDb'-1 xc *Db’-1 xc Db xax*c x*

b1 x ¢ * b"-1 x ¢ b xc b xc *Dbx*xc* b'-1 %

c b *c b *c x b'-1=d,d"3,d"a=d"2,d"b=d,d " c=d" 2>



#H;

20520

#G1;

20520

f1,H1,k1l:=CosetAction (H, sub<H|Id(H)>);
:=IsIsomorphic(G1l,H1);

Sy

true

Therefore, G is a mixed extension of 3 by PSL(2,19) x 2. G = 3:* PSL(2,19) x 2.

o8



Chapter 5

Progenitors and Their

Homomorphic Images

5.1 Homomorphic Images of Progenitor 2*3: (2 x 4 : 2)

S:=Sym(8) ;

ww:=3!(2, 5) (3, 7);
xx:=38!1(1,2) (3, 6) (4, 5) (7, 8);
yy:=3!'(1, 3, 4, 7)(2, 6, 5, 8);
zz:=S!'(1, 4) (2, 5) (3, 7) (6, 8);

N:=sub<S|ww, XX, Vyy, 22>;

G<w, X,VY,z,t>:=Group<w, x,v,z,t|w’ 2,x"2,y"4,z"2, (wsy~-1) "2,
xry —lexxy,

Yy =24z, Wwxx*xwkx*z,t 2, (t,w), (x+t) "a, (y*t) b, (xxw*t) "¢,
(wrx*xy*t) "d, (Wwrxx*xyxt) "e, (zxt) " f, (x+y " —=1*t) "m>
f,Gl,k:=CosetAction (G, sub<G|w,x,vy,z>);

#k;

IN:=sub<Gl|f(w),f(x),f(y),f(z)>;

CompositionFactors (G1l);
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Table 5.1: 2*8: (2 x 4 : 2)

a|blc|d|]e|f]|m G = #G
8|3 (0[0]7]0]O0 29 PGL(2,7) 172032
93 ]oflo[7]0]oO 28 Lg 129024
w3 [5/0][5]0]0 25 Ag 1920
103 [s5]0][10[0]0 25 S5 3840
103[8]o[8]0]o0 22 e (S : Sg) 2073600
713[7]0o[9]0]0 PGL(2,8) 504
713 [7]0[8]0]0 PSL(2,7):2 336
514 [5[0]9]0]0 PGL(2,19) 6840
5/ 5[5[5]0]0]0 PSL(2,11) 660
6 | 7[3][9]0]0]O 27: PSL(2,8) 64512
318 [3[o]10]0]0 2x3:85 4320
71 5[0[0[4]0[0][2x4:(PSL(3,4):2) | 322560
100/3[0/0|51]0]0 20 . S5 7680
gl 4]0[5]0]0]5 2e S5 1440
9 [10]/9][6]9 0] 3 3: PGL(2,19) 20520
31 9]3[0o]9]0]9 PSL(2,19) 3420
3[3]olofo]o]oO 2% : 53 x 2 192
5/6[6[4][]0]0]0 22 : (S5 : S5) 57600
6 [10]9][0] 6 |0] 3] (A5: (A5 x 45)): Dg | 2592000

60
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5.2 Homomorphic Images of Progenitor 210 : (2x4 : Cyx(5)

(16);
xx:=S! (2, 8) (3, 7) (4, 14) (6, 10) (9, 13) (11, 16);
yy:=S! (1, 2)(3, 9) (4, 8)(5, 10) (6, 14) (7, 11) (12, 16) (13, 15);
zz:=S! (1, 3)(2, 9) (4, 12)(5, 7) (6, 13)(8, 16) (10, 11) (14, 15);
ww:= S! (1, 4, 5, 14) (2, 6, 10, 8)(3, 12, 7, 15)(9, 13, 11, 16);
hh:=S! (1, 5) (2, 10) (3, 7) (4, 14) (6, 8) (9, 11) (12, 15) (13, 16);

N:=sub<S|xx,vyy, zz,ww, hh>;
G<x,y,z,wW,h,t>:=Group<x,v,z,w,h,t|x"2,y"2,z2"2,w"4,h"2, (y*xz) "2,
(x+w™=1) "2, (y*w™ =1) "2, z+«w —1xz*w,

w o =2xh, xxy*x*xy*w -1, x*xzxxxzxh,t"2, (t,x),

(yxt) "a,

(z+w*t) "b,

(zxx*t) "¢,

(yxx*t) ~°d,

(yxx*xzxt) "e,

(yxx*xzxt"x) " f,

(

h*t) "m>;

#G;
f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,h>);
#k;

IN:=sub<Gl|f(x),f(y),f£(z),f(w),f(h)>;
CompositionFactors (Gl);



Table 5.2: 2*16: (2 x 4 : Cy x Oy)
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a|blc|d|e|f|m G= #G
9lols8|3]8]o]o0 2e PGL(2,7) 672
5(3l0o]5[5][0]0 24 Ay 960
8145 [0 [3/0]0 22 o (PSL(3,4) : 2) 161280
35470 ]0f0]0 3x2:(S6: Ag) 1555200
316[10]6 [7]0]0 257 10080
4 [o]3]10[6]0]0 5% (Dy x S3) 30000
8 [8[ 0|3 [4]0]0 8:(PSL(3,4):2):2 645120
310418900 6e(Us(3):2) 39191040
6 ({36 4[0[0]0 3. (32 x2%) x 2 11664
6 [3]10] 4 ]0]0]0 51 (23 x 3?%) x 2 90000
(4] 5]0]6[0]0 27: S5 15360
g l4[ 0|3 [5]0]0 2:(PSL(3,4):2) e2 161280
7100 4]3[0]0 (PSL(3,4):2):2 80640
4 loflol6[3]0]0 3: (S x2) x2 8640
6 o027 ]7]0]0 2 e PGL(2,13) 4368
3/o0[5]6[7[0]0 Sy 5040
3lo[of10[4]0]0 20 (Ss:2) 2880
3/0[4]18[6[0]0]2%2e(PGL(2,7): PSL(2,7)) | 225792
371 4l0]6]0]0] 2e(PGL(2,7): PSL(2,7)) | 112896
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5.3 Homomorphic Images of Progenitor 11*! :,, (5: 4)

G<x,y,t>:=Group<x,vy,t|x"5,v 4,y " 3*x"3xyxx,t"11,t " x=t"5,
(y*(t76)) "m, (yx(£"7)) "a, (yx(t"8)) s, (yx(£"9))"d, (yx(t"10)) £,
(x*t) "g, (x+xt7y) "h, (xxt"2) "j, (x+t " (y"2)) "k, (x"2%t) "1, (x"2+t"y) "q,
(x72*t72) "w, (X72+xt7(V72)) "e>;

Table 5.3: 11 :,, (5 : 4)
m|a|s|d|f|lg|h|G=Z| #G

010[0[3[6]0]|0]| M | 7920

5.4 Homomorphic Images of Progenitor 5 :,, Ss

primitivegroup (5,5);

xx:=G.1;

yy:=G.2;
G<x,y,t>:=Group<x,vy,t|x"5,y"2, (x"=1xy) "4, (xxy*xx"=2*xy*xx) "2,
t75, (L, y*x"=1xy),t" (xxy*x"=2)=t "4, ((y*xx*xy)*t" (x"4+x"-1)"2) "a,
(y*x"2*xt) "b, (y*x" 2+t (x"=1)) "¢, (y*xx"2+t" (yxx"2)) "d, (y*x"2%xt"2) " £>;
#G;

f,Gl,k:=CosetAction (G, sub<G|x,y>);

#k;

IN:=sub<Gl|f (x), f(y)>;

CompositionFactors (Gl);

Table 5.4: 5*6 ., S

d|f G #G
0|6 | HS x D5 | 443520000
410| 2eU3(5) 252000
4|7 Us(5) 126000

o N O @
S| O =~ T
S| ol oo O
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5.5 Homomorphic Images of Progenitor 149* :,, Ds;

primitivegroup (37, 2);

xx:=G.1;

yy:=G.2;
G<x,y,t>:=Group<x,y,t|y 2, (x"=1*y) "2,x"-37,t7149,t" (x"13)=t"33,
(y*t) "m>;

f,Gl,k:=CosetAction (G, sub<G|x,y>);

#k;

IN:=sub<Gl|f (x),f(y)>;

CompositionFactors (Gl);

Table 5.5: 149*2 :,, D3y
#k | m G #G

1 | 3 | Ly(149) | 1653900
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Chapter 6

Transitive Groups on 9 Letters

6.1 Transitive Group (9, 4)

We will write a progenitor on a transitive group on 9 letters. We investigate

the number of transitive groups that exist on 9 letters by the following Magma code:

NumberOfTransitiveGroups (9) ;
34

Now, we will take the fourth group in the sequence.

N:=TransitiveGroup(9,4);

S:=Sym(9) ;

xx:= S!' (1, 2, 9)(3, 4, 5) (6, 7, 8);

yy:=S! (1, 2) (4, 5) (7, 8);

zz:=S!'(1, 4, 7)(2, 5, 8) (3, 6, 9);
N:=sub<S|xx,yy,zz>;

#N;

for ¢,v,b,n,m,a,s in [0..10] do
G<x,VY,z,t>:=Group<x,vy,z,t|x"3,y"°2,z2"3, (x"-1*y) "2, (x,2),
yxz =l*y*xz,t"2, (t,xxy), (t,xxyxz"-1),

(y*t) "c, ((y * z"=1)+t) " v,

(z+xt) b, (x*t) "n,

((x » z"=1)t) "m, ((x » z)*t)"a, ((y x z)*t) "s>;
if #G gt 10 then c¢,v,b,n,m, a, s, #G;

end 1if;

end for;



Table 6.1: 2*Y : (S3 x A3)

c|v|b|n|m/ |a| s G=x #G
0[0| 4|66 [6]10]5%:59x2 | 300
0[0| 4|6 |6 6] 6] 3:95x2] 108
0lol4][9]0]9]7]| PGL(2,8) | 504
ojlol10][10[10]0] 5 oS5 120
9lol10] 9] 0]9] 0| PSL(219) |3420
ololo[o]o]|8]7]| PGLE27) | 336
olojlo[8[]o0]|8]38 Ly x 2 672
0[0|2|6|0|6]6 32 : Dg 108

6.2 Transitive Group (9, 8)

N:=TransitiveGroup (9, 8);

S:=Sym(9);

xx:=3! (1, 2, 9)(3, 4, 5)(6, 7, 8);

yy:=S! (3, 6) (4, 7)(5, 8);

zz:=S! (1, 2) (4, 5) (7, 8);

ww:=S!(1, 4, 7)(2, 5, 8)(3, 6, 9);
N:=sub<S|xx,vy,zz,ww>;

#N;

for ¢,v,b,n,m,a,s,d,f,g,h,j,o in [0..10] do
G<x,y,z,W,t>:=Group<x,y,z,w,t|x"3,v"2,z272,w" 3,
XT=1xy*xxX*y, (x"=1*xz) "2, (y*xz) "2,

(x,w), (y*xw™=1) "2, z+xw =1xzxw,t "2, (t,y), (t,x *x z),
c, ((z » w'=1)+t) "v, (y*t) "b,
w'=1)*t) "n, ((y * z)+*t) m,

)
(y *
* z x» w —=1)+*t) "a, (xxt) "s,
*
*
*

(
(
((y
((x w'—1)*t) " d, (wxt) £,

((x w)*t) "g, ((z = w)=*t) "h,

((x y)*t) "J, ((x *» y = w'—1)xt) "o>;

if #G gt 10 then c¢,v,b,n,m,a,s,d,f,g,h,Jj, o ,#G;
end 1f; end for;
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Table 6.2: 2*9 : (S5 x S3)

c|viblnimja|s|d|f|g|h|j]|o G = #G
ojo[o[o[ofo[o]lolo[o]4]4]6] 2%:(2x3:S 34560
ojo[o[o[o]o[o]lolo[4]6]4]0 27: (S3 x S3) 4608
0(0[0|0[O0O[0[0][0O[0]|4]6]|4]|6 25 : (S3 x S3) 1152
ofo[o[o[ofof[ololo[s]olo]5] 3%:(S5x As) 583200
ojofo[o[ofo[o]lo]lo][o|5]|4]5 25 : (Sg x As) 1382400
ojo[o[o[o]o[o]lo]lo[6]6]|4]8 29 (S3 x Sy) 73728
ofo[o[o[ofof[olo|5]o]6]0][4] 2xPGL(2,81) | 1062720
ofo[o[o[o]of[o]lo|5][5][8]0]8]2%:(PSL(3,4):2) | 322560
ofo[o[o[o]o[o]lo]o[8]5]5]5]22:(PSL(3,4):2) | 161280
ojo[o[o[ofo[olol4]0o]5]4]5 25 Sp 23040
ojo[o[o[o]o[o]lo|4]0]8]|3]6 268, x D3 9216

6.3 Transitive Group (9, 14)

N:=TransitiveGroup (9,14);

S:=Sym(9) ;

xx:=3!'(1, 2, 9)(3, 4, 5) (6, 7, 8);
yy:=S!'(1, 8, 2, 4)(3, 5, 6, 7);

zz:=S! (1, 6, 2, 3)(4, 7, 8, 5);

hh:=s! (1, 4, 7)(2, 5, 8)(3, 6, 9);
N:=sub<S|xx,vyy, zz,hh>;

#N;

for ¢,v,b,n,m,a,s,d,f,g in [0..10] do
G<x,V¥,z,h,t>:=Group<x,vy,z,h,t|x"3,y"4,2z74,h"3,
z"=-1 x» y"2 % z"-1,y"-1 »xz"-1 x y % z -1,

h -1 * z"-1 » x"=1 » z,h"=1 * z » X * z"-1,
(x, h),x"=1 % y"=1 «x"-1 » yx h™=1,t"2, (t,h *x vy),
(xxt) "c, ((x » y =1)=*t) v,

((x » z"=1)*t) "b, ((x * h™=1)+*t) "n,

((y"-1 x x)xt) 'm, ((z"-1 % x)=t) " "a,

((x » y)*t) s, ((x » y » z"=-1)*t) " d,

(zxt) "f, ((z » x * y)*t) "g>;

if #G gt 10 then c¢,v,b,n,m,a,s,d, f,qg, #G;
end 1if;

end for;
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Table 6.3: 2*9 : (3% : 23)

c|v|binim|a|s|d|f]|g G #G
olo[o[o[o|o[7]0]5]5 ( 3) 3265920
ojo[o[o[o|o[6]4]0]S (86 :2) 5760
ojlojojo[o]o|l0|O[4]4 (2><34:( 1 2)) 2592
ojo[o[o[4]0of[4]6]6]0 25509168 25509168
olojolo]4]0[4][8]0]4](2x3%:(22x3%2:2) 7776

6.4 Transitive Group (9, 17)

for s,d,f,9,h,3,%k,1,9,w in [0..10] do
G<x,y,t>:=Group<x,y,tx"3,y"3,x -1 x y % x =1 *x y"=1 % xx
y * xx vy -1,t72,(t,y » x°-1 %« y~-1),

(t,y » x"=1 « y «» x"=1 % vy),

((x"-1, y)=*t) s

(x, y)*t)~ d,

(x * Yy % X x y x x"=1 % y)*xt) " f,

(y * x"-1 » y » x « y » x"=-1)xt) g,
y*t) "h,

(y"=1)«t) "3,

(y"'-1 * x)*t) "k,

((y"-1 = x)7"2)+*t) "1,

(y'-1 = x"-1)~*t) "q,

((y"=1 » x"=1)"2)*t) "w>

if #G gt 10 then s,d,f,qg,h,J,k,1,q9,w, #G;
end 1if;

end for;

(
(
(
(
(
(
(
(
(
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Table 6.4: 2*9: (33 : A3)

hljlk|[1]qlw ~ #G
olololo]4]3%:59,| 1944
ololo[0|0] 5 |3°: A5 | 14580

69



70

Chapter 7

Monomial Progenitors

7.1 Definitions

Definition 7.1. We denote monomial progenitors as p*™ @, N.

Definition 7.2. Monomial Matrix is A square matriz that has exactly one non-zero

entry in each row and each column. [HK06]

Definition 7.3. Monomial Representations [HK06] Let G be a group. A monomial
representation is a map A — GL(n : F), since G is homomorphism which provided
that A(z) and A(y) are monomial matrices. Then, the monomial representation of G

1s given by this formula :

gb(tlilitfl) (b(tlwt; 1) - gzb(tlmt;l)
Aoy | P BT ottt
_Qb(tnxt;l) Qs(tnxt;l) T d’(tnl‘t;l)

Definition 7.4. Monomial Character A character ¢ of G is monomial if ¢ is induced

by a linear character of a subgroup H (not necessarily proper) of G.[HK06]

Definition 7.5. Induced Character
Let H < G and ¢ be a character of G. The formula for induced character is

¢(§: % we CoNH ¢(w)
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Where
QSg is the value of ¢Cat each element of the class C,.
n=[G : HJ.

he s the number of elements in the class Cy, of G.[HK06]

7.2 The Monomial Progenitors 11* :,, D;

We will construct a monomial presentation of 11*2 :,, Ds. Let G be gener-
ated by xx and yy where xz = (1,2,3,4,5) and yy = (1,4)(2,3). Also, Consider the
subgroup H = {Id,(1,4,2,5,3),(1,2,3,4,5),(1,5,4,3,2),(1,3,5,2,4)}. To achieve a
monomial presentation we must induce a linear character from a subgroup H of G. We
choose a subgroup with index matching the degree of an irreducible character of G.
Note, G has characters X.1, X.2, X.3, and X.4. We proceed using x.3 and look for a
subgroup of order 5. So that “IC;" =1 =2 and [G : H] = 2. Since the index of the two

groups is 2. If a matrix representation exists it will be represented by a 2 x 2 matrices.

Conjugacy Classes Representative of The Group G are:
Cy = Id(G)

Cy = (1,4)(2,3)

C3=(1,2,3,4,5)

Cy=(1,3,5,2,4)

Conjugacy Classes Representative of The Group H are:

Dy, =1d(H)

Dy = (1,4,2,5,3)

Ds = (1,2,3,4,5)

Dy =(1,5,4,3,2)
=(1,3,5,2,4)



Consider the irreducible characters of H and G given below:

Table 7.1: Character Table of G

Class Cq Cy C3 Cy
Size 1 ) 2 2
Representative | Id(G) | (1,4)(2,3) | (1,2,3,4,5) | (1,3,5,2,4)
X.3 2 0 Z1=14 | Z1#2 =7
X.4 2 0 Z1#2=7| Z1=14

72

Before we move to next step, let us to explain how we can compute Z1, and Z1#2 of

the character table of G. We will depend on Magma to do that.

Z1 :=(CyclotomicField(5: Sparse := true)) !
[ RationalField() | 0, O, 1, 1 1;
z1;

zeta(5)_57"3 + zeta(b5)_5"2
PrimitiveRoot (11);

2
|G|/ 1H|=10/5;
2
272;
so, zeta(5)=4
Zl=zeta(5)_5"3 + zeta(5)_572=4"3 mod 11 +4°2 mod 11; 14
Z1#2=((zeta(5)_b5)"2) "3 +((zeta(b)_5)"2)"2
=46 mod 11 + 474 mod 11; 7
Table 7.2: Character Table of H
Class D1 D2 D3 D4 D5
Size 1 1 1 1 1
Representative | Id(H) | (1,4,2,5,3) | (1,2,3,4,5) | (1,5,4,3,2) | (1,3,5,2,4)
X.2 1 Z1=4 Z1#2=5 | Z1#3 =9 | Z1#4 =3

We can compute Z1, Z1#2, Z1#3 and Z1#4 of the character table of H by Magma

program:

Z1l:=(CyclotomicField(5:
|

Sparse := true))
RationalField() | 0, 1, 0, O I;
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z1;

zeta(5)_5

Zl=zeta (5)_5=4
Z1#2=(zeta(5)_5) 2= 472 mod 11; 5
Z1#3=(zeta(5)_5)"3= 4°3 mod 11; 9
Z1#4=(zeta(5)_5) 4= 474 mod 11; 3

7.2.1 The Induction Process

Now, we will induce the character X.2 of H up to X.3 of G to obtain the

character of G by using the tables above and using our definition of induction as follows:
66= 1t Luecunn HW)

* Py = hz%l ZweOZHH p(e) =2
hd ¢2G = % ZwECgﬁH ¢(0):O

S = 125 Y weosnn ¢((1,2,3,4,5)(1,5,4,3,2))
= ¢((1,2,3,4,5)) + ¢((1,5,4,3,2)) = Z1 = 14

o (154G = }ijZMGC/}mH ¢((1)37 57274)(174727 5)3))
= ¢((1’3a57274) + ¢((174’2’573) =T.

Therefore, we have verified that ¢g:2, 0, 14, and 7. So, the character X.2 of H induces
the character X.3 of G.

7.2.2 Verifying the Monomial Representation

We have a linear character of the subgroup H of index n in G .
Thus, we will let G = HtjUHty = HeUH (1,4)(2,3). Where, t; = e and t2 = (1,4)(2, 3).
We are now in a position to give the monomial representation of the progenitor

11*2 :,, Ds.

p(tiaty’)  o(tiaty!)

A(zz)= . .
¢(t2$t1 ) ¢(t2$t2 )
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We now investigate the monomial representation has the following generators:

5 0 0
A(zz)= and A(yy)=
09 1

Alxx]: Row 1
b (b(tlxtl_l) = ¢((17273747 5)>:5
O¢(t1xt2_l) = ¢(6(1,2,374, 5)((174)(273))_1):0

Alxx]: Row 2
.¢(t2xt1_1) = ¢((174)(273)(1727374’ 5)):0
od(tawty ) = ¢((1,4)(2,3)(1,2,3,4,5)((1,4)(2,3))"1)=9

Alyy]: Row 1
o d(tiyty") = ¢((1,4)(2,3)) =0
o p(tyty ") = ole(1,4)(2,3)((1,4)(2,3))"1)=1

Alyy]: Row 2
o d(tayty ) = 6((1,4)(2,3)(1,4)(
b (tayty ) = H((1,4)(2,3)((L,4)(

(&) \_[\’J
(98] w0

N— N—

N— N—
Lo

~—r —
I

(@n)

Therefore, we could verify the monomial representation has the following generators:

5 0 0
A(zz)= and A(yy)=
09 1

7.2.3 Construction a Permutation Representation:

We worked in Z11 on matrices of degree 2 x 2 which implies we are producing
a 11*? :,, D5 progenitor permutation representation. We want to represent x and y as
permutation to do so we see that a; ; = n if the automorphism takes t; = &y
There are 11*2 is a free product of 2 cyclic groups of order 11. Thus, we will construct

a table with 2 t/s of order 11 labeled from 1.....20.
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A(zz)= 2 (9) (where a11=5, and ae=9).Therefore, t; — t7,and ty — .
Ayy)= (1) (1) (where a19=1, and ag;=1).Therefore, t; — tg,and ty —> 1.
Table 7.3: Automorphism of A (xx)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
th te t7 t3 13 t3 tT oty 7 t3 8 4§ ] th 4 5 t]
VAR = L 7 G S 7SS 7 SN 2 SRS - SN 2o 7 G = 3-SR 1 S 21
9 18 19 14 7 10 17 6 5 2 15 20 3 16 13 12 1
18 19 20

ty 0ty

ty 18 13

8§ 11 4

Table 7.4: Automorphism of A(yy)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

tt ty 22 13 3 tf 5 o 5 8 1§ ] 1 i 5t

ty 1 t3 B2t ot ot 5 7 5 &8 T T & 1)

2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 18

18 19 20

5 0 t0

g

17 20 19
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Therefore, consider the automorphism of xx and automorphism of yy as fol-

lows:

A(xx)=(1,9, 5, 7, 17)(2, 18, 8, 6, 10)(3, 19, 11, 15, 13)(4, 14, 16, 12, 20).

Alyy)=(1, 2)(3, 4)(5, 6)(7, 8)(9, 10)(11, 12)(13, 14)(15, 16)(17, 18)(19, 20).

7.2.4 Creating a Representation of the Progenitor:

Now, we need to find a presentation for our progenitor.
We must choose at t to normalizer from our two choices(t1)*(t2) .
Let t~t; and we must find permutations which normalize (t1) fix the following set
{t1, 82,63, 45,69, 28, 4T 48,49 110 4o, 12,43 45, 45,15, 42, 45, 19, 30}
Therefore, we need to compute the set stabilizer of the set {t, t%, t:{’, t‘li, t?, t?, t{, t?,
={1,3,5,7,9,11,13,15,17,19}.

Sym(20)

:=G.1;
yy:=G.2;

x:=s5!'(1,9,5,7,17) (2,18,8,6,10) (3,19,11,15,13) (4,14,16,12,20);
yy:=S! (1, 2) (3, 4) (5, 6) (7, 8) (9, 10) (11, 12) (13, 14) (15, 1le6)

(17, 18) (19, 20);

Nm:=sub<S|xx, yy>;

FPGroup (N) ;

Finitely presented group on 2 generators
Relations

$.272 = Id(9)

($.17-1 » $.2)72 = Id(S)

$.1°-5 = Id(S)

Now, we will convert FPGroup(N) to our presentation.

G < z,y >=Group < z,yly?, (71 xy)%, 27> >;

Next, we will find the stabilizer of < t1 >.

Stabilizer$ (Nm,{1,3,5,7,9,11,13,15,17,19});

(x, 9, 5, 7, 17) (2, 18, 8, 6, 10) (3, 19, 11, 15, 13)
(4, 14, 16, 12, 20)

1,1}
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Thus, we discover the stabilizer of < ¢; > in Djy is generated by one element which we
will label A.

A=(1,9,5,7,17)(2, 18, 8, 6, 10)(3, 19, 11, 15, 13)(4, 14, 16, 12, 20). For a presentation
we must convert this permutation into words which we find to be:

(1,9,5,7,17)(2, 18, 8, 6, 10)(3, 19, 11, 15, 13)(4, 14, 16, 12, 20)=x.

As a result, we find that A sends 1 to 9 or ¢; to t;. We will add this t* = > to our

presentation. Therefore, we obtain the monomial progenitor as follows:

112 2, Dy =< @y, tly?, (7 1w y)?, 272t 17 =17, (8, 1Y) > .

7.2.5 The Monomial Progenitors 59*2 :,, Dy

We first establish a monomial presentation of 59*2 :,,, Dag.

G has order 58 and it is generated by xx and yy where xx=(1, 2, 3, 4, 5, 6, 7, 8, 9, 10,
11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21,22, 23, 24, 25, 26, 27, 28, 29)

yy=(1, 28)(2, 27)(3, 26)(4, 25)(5, 24)(6, 23)(7, 22)(8, 21)(9, 20)(10, 19)(11,18)(12,
17)(13, 16)(14, 15).

We must induce a linear character from a subgroup H of G to create a monomial pre-
sentation. To insure we get an irreducible character, we must choose a subgroup with
index matching the degree of an irreducible character of G. The characters of G are

x-1,x.2, x.3, x-4, x-5, x.6, x.7, x-8, x.9, x.10, ...... andy.16.

We have a subgroup H of order 29, where
H ={1,28,26,24,22,20,18,16,14, 12,10, 8,6, 4, 2,29, 27, 25,23,21,19,17,15,13,11, 9,
7,5,3}. So that % = 38 =2 and [G : H] = 2. Since the index of the group is 2. If a
matrix representation exists, it will be represented by a 2 x 2 matrices.

Conjugacy Classes Representative of The Group G are:

Cy = 1d(Q)

Cy = (1,20)(2,19)(3,18)(4,17)(5,16)(6,15)(7,14)(8,13)(9,12)(10,11)(21,29)(22, 28)
(23,27)(24, 26)

C3=(1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16, 17,18, 19, 20, 21, 22, 23, 24, 25, 26, 27,
28,29)
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1,3,5,7,9,11,13,15,17,19, 21, 23, 25,27, 29,2, 4, 6,8, 10, 12, 14, 16, 18, 20, 22, 24,
26,

[\

8
1,4,7,10,13,16, 19, 22,25, 28,2, 5,8, 11, 14, 17, 20, 23, 26, 29, 3,6, 9, 12, 15, 18, 21,
27
ck;__ 1,5,9,13,17,21,25,29, 4, 8,12, 16,20, 24, 28, 3,7, 11,15, 19, 23, 27, 2,6, 10, 14, 18,
22,26
1,6,11,16,21,26,2,7,12,17,22,27,3,8,13, 18,23, 28,4, 9, 14, 19, 24, 29, 5, 10, 15,
25
1,7,13,19,25,2,8, 14, 20,26, 3,9, 15, 21, 27, 4, 10, 16, 22, 28, 5, 11, 17, 23, 29, 6, 12,
18,24
Cy = (1,8,15,22,29,7, 14, 21,28, 6, 13, 20, 27, 5,12, 19, 26, 4, 11, 18, 25, 3, 10, 17, 24, 2. 9,
16,23
Cio = (1,9,17,25,4,12,20,28,7,15,23,2, 10, 18,26, 5,13, 21,29, 8, 16, 24, 3, 11, 19, 27, 6,
14,22)
Ci1 = (1,10,19,28,8,17,26,6,15,24,4, 13,22, 2, 11,20, 29,9, 18,27, 7,16, 25,5, 14, 23, 3,
12,21)
Cio = (1,11,21,2,12,22,3,13, 23,4, 14,24, 5,15, 25,6, 16, 26,7, 17, 27, 8, 18, 28,9, 19, 29,
10, 20)
Cis = (1,12,23,5,16,27,9,20,2,13,24,6,17, 28,10, 21, 3,14, 25, 7, 18,29, 11, 22, 4, 15, 26,
8,19)
Cia = (1,13,25,8,20,3,15,27,10,22,5,17, 29,12, 24, 7,19, 2,14, 26,9, 21, 4, 16, 28, 11, 23,
6,18)
Ci5 = (1,14,27,11,24,8,21,5,18,2,15, 28,12, 25,9, 22, 6, 19, 3, 16, 29, 13, 26, 10, 23, 7, 20,
4,17)
Ci6 = (1,15,29,14, 28,13, 27,12, 26, 11, 25, 10, 24,9, 23,8, 22, 7, 21,6, 20,5, 19, 4, 18, 3,17,
2,16)

= (
)
= (
)
(1,
)
= (
)
=1
)
(
)

Conjugacy Classes Representative of The Group H are:

D, =1d(H)

Dy = (1,28,26,24,22,20,18,16,14,12, 10,8, 6,4, 2,29, 27,25,23,21,19,17,15,13,11, 9,
7,5,3)

D3 =(1,26,22,18,14,10,6,2,27,23,19,15,11,7, 3,28, 24,20, 16, 12, 8,4, 29, 25,21, 17,



13,9,5)

Dy = (1,24,18,12,6,29,23,17,11, 5,28, 22, 16, 10,4, 27, 21, 15,9, 3, 26, 20, 14, 8, 2, 25,
19,13,7)

Ds = (1,22,14,6,27,19,11,3,24, 16, 8,29, 21,13, 5,26, 18,10, 2,23, 15, 7, 28, 20, 12, 4,
25,17,9)

Dg = (1,20,10,29,19,9,28,18,8,27,17,7,26,16,6,25, 15,5, 24, 14, 4, 23,13, 3,22, 12,
2,21,11)

D7 = (1,18,6,23,11,28,16,4,21,9, 26, 14, 2,19, 7,24, 12, 29,17, 5, 22, 10, 27, 15, 3, 20,
8,25,13)

Dg = (1,16,2,17,3,18,4,19,5,20,6,21,7,22,8,23,9, 24,10, 25,11, 26, 12, 27, 13, 28,
14,29, 15)

Do = (1,14,27,11,24,8,21,5,18,2,15,28,12,25,9,22,6, 19, 3, 16, 29, 13, 26, 10, 23, 7,
20,4,17)

Dyo = (1,12,23,5,16,27,9,20,2,13,24,6,17, 28,10, 21, 3,14, 25, 7,18, 29, 11, 22, 4, 15,
26,8,19)

D11 = (1,10,19,28,8,17,26,6,15,24,4,13,22,2, 11,20, 29,9, 18, 27, 7,16, 25, 5, 14, 23,
3,12,21)

Diy = (1,8,15,22,29,7,14,21,28,6,13,20,27,5,12, 19, 26,4, 11, 18, 25,3, 10, 17, 24, 2,
9,16,23)

Dis = (1,6,11,16,21,26,2,7,12,17,22,27,3,8,13, 18, 23,28, 4,9, 14, 19, 24, 29, 5, 10,
15,20, 25)

Dig = (1,4,7,10,13,16,19, 22,25, 28,2, 5,8, 11,14, 17, 20, 23, 26, 29, 3,6, 9, 12, 15, 18,
21,24, 27)

Dis = (1,2,3,4,5,6,7,8,9,10,11,12, 13,14, 15, 16,17, 18, 19, 20, 21, 22, 23, 24, 25, 26,
27,28, 29)

D16 = (1,29,28,27, 26,25, 24, 23,22, 21, 20, 19, 18,17, 16, 15, 14, 13, 12, 11, 10,9, 8, 7, 6,
5,4,3,2)

D17 = (1,27,24,21,18,15,12,9, 6, 3,29, 26, 23,20, 17, 14,11, 8,5, 2, 28, 25, 22, 19, 16,
13,10,7,4)

Dis = (1,25,20,15,10,5,29, 24,19, 14,9, 4, 28,23, 18,13, 8,3,27,22,17,12, 7,2, 26, 21,
16,11,6)

Dig = (1,23,16,9,2,24,17,10, 3, 25, 18, 11, 4, 26, 19, 12, 5, 27, 20, 13, 6, 28, 21, 14, 7, 29,

79
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22,15, 8)

Dao = (1,21,12,3,23,14,5,25,16, 7,27, 18,9, 29,20, 11, 2,22, 13, 4, 24, 15, 6, 26, 17, 8,
28,19, 10)

Da1 = (1,19,8,26,15,4,22,11,29,18,7, 25,14, 3,21, 10, 28, 17,6, 24, 13,2, 20,9, 27, 16,

5,23,12)

Doy = (1,17,4,20,7,23,10,26,13,29,16,3,19,6,22,9, 25,12, 28, 15, 2, 18,5, 21, 8, 24,
11,27,14)

Das = (1,15,29,14,28,13,27,12,26, 11, 25,10, 24,9, 23,8,22,7,21,6, 20,5, 19,4, 18,3,
17,2,16)

Doy = (1,13,25,8,20,3,15,27,10,22,5,17, 29,12, 24, 7,19, 2,14, 26,9, 21, 4, 16, 28, 11,
23,6,18)

Dos = (1,11,21,2,12,22,3,13,23,4,14,24,5,15,25,6, 16,26, 7,17, 27, 8, 18, 28,9, 19,

29,10, 20)

Do = (1,9,17,25,4,12,20,28,7,15,23,2, 10, 18,26, 5,13, 21,29, 8, 16, 24, 3, 11, 19, 27,
6,14,22)

Da7 = (1,7,13,19, 25,2, 8,14, 20, 26, 3,9, 15,21, 27,4, 10, 16, 22, 28, 5, 11,17, 23, 29, 6,

12,18, 24)

Das = (1,5,9,13,17,21,25,29,4,8,12,16, 20, 24,28, 3, 7,11, 15, 19, 23, 27,2, 6, 10, 14,

18,22, 26)

Doy = (1,3,5,7,9,11,13,15,17,19, 21, 23, 25, 27,29, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22,

24,26, 28)

7.2.6 The Induction Process

Now, we will induce the character x.2 of H up to x.5 of G to obtain the
character of G by using the tables x.5 of G and .2 of H using our definition of induction

as follows:
d)g: % weCoNH (b(w)

¢1G = % ZwEC1ﬂH ¢(e) =2.

05 = 17239 2oweconn $(0)=0.
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0§ = 1253 Yweosnm $(1,2,3,4,5,6,7,8,9,10,11,12, 13,

14,15,16,17, 18, 19,

20,21, 22,23, 24, 25, 26, 27,28, 29) + ¢(1, 29, 28, 27, 26, 25, 24, 23, 22, 21, 20, 19, 18, 17, 16,
15,14,13,12,11,10,9,8,7,6,5,4,3, 2)=(Z1#14 + Z14#15)=29+57=86=Z1#7.

§ = ML:Q > wec,nm ®(1,3,5,7,9,11,13,15,17,19,21,23,25,27,29,2,4,6,8,
10,12, 14, 16, 18, 20, 22, 24, 26, 28)+¢(1, 28, 26, 24, 22, 20, 18, 16, 14, 12, 10, 8,6, 4, 2, 29, 27,
25,23,21,19,17,15,13,11,9,7,5,3))=(Z1#28+7Z1)=15+4=19=Z1414.

¢S = 25 Y weosnn #(1,4,7,10,13,16,19,22,25,28,2,5,8, 11, 14,17, 20,23, 26,
29,3,6,9,12,15,18,21, 24, 27) + ¢(1,27,24,21,18,15,12,9, 6, 3,29, 26, 23, 20,17, 14,
11,8,5,2,28,25,22,19,16,13,10, 7, 4)=(Z1#13 + Z1#16)=22+51=73=Z148.

O¢ = 125 S wecynn (1,29, 28,27,26,25,24,23,22,21,20,19,18,17, 16,15, 14,
13,12,11,10,9,8,7,6,5,4,3,2)=Z1.

6f = 125 Y weoynn #(1,6,11,16,21,26,2,7,12,17,22,27,3,8,13,18,23, 28,
4,9,14,1924, 29, 5,10, 15, 20, 25) + (1, 25,20, 15,10, 5,29, 24, 19, 14,9, 4, 28, 23, 18, 13,
8,3,27,22,17,12,7,2,26,21,16,11,6) =Z1#12+ Z1#17=35+27=62=Z146.

¢ = hg%g > wecsnn (1,7,13,19,25,2,8,14,20,26,3,9, 15,21, 27,4,10, 16, 22,
28,5,11,17,23,29,6,12,18,24) + ¢(1,24,18,12,6,29, 23,17, 11, 5, 28, 22, 16, 10, 4, 27,
21,15,9,3,26,20, 14, 8,2,25,19,13, 7)=Z1#26+ Z1#3=12+5=17=Z1413.

0§ = 125 Y weconn #(1,8,15,22,29,7,14,21,28,6,13,20,27,5,12, 19,26, 4,
11,18,25,3,10,17,24,2,9,16,23) + ¢(1,23,16,9, 2, 24,17, 10, 3,25, 18, 11, 4, 26, 19, 12,
5,27,20,13,6,28,21,14,7,29, 22,15, 8)=Z 1411+ Z1418=53-+49=102=Z149.

O = =5 Dowecyonn $(1,9,17,25,4,12,20,28,7,15,23,2, 10,18, 26, 5,
13,21,29,8,16,24,3,11,19,27,6,14,22) + ¢(1,22, 14, 6,27,19, 11, 3,24, 16, 8, 29,
21,13,5,26,18,10,2,23,15,7,28,20,12, 4,25, 17,9)=Z 1425+ Z14#4=3+20=23=



Z14£2.

#6 = 25 Y uec,nn (1,10,19,28,8,17,26,6,15,24,4,13,22,2, 11,20, 29,9,
18,27,7,16,25,5,14,23,3,12,21) + ¢(1, 21,12, 3,23, 14,5, 25,16, 7,27, 18,9, 29, 20, 11,
2,22,13,4,24,15,6,26,17,8,28,19,10)=Z1410+ Z14#19=28+19=47=Z1#5.

0% = 25 Suecynn (1,11,21,2,12,22,3,13,23,4,14,24,5,15, 25,6, 16, 26,
7,17,27,8,18,28,9, 19,29, 10, 20) + $(1, 20, 10, 29, 19,9, 28, 18,8, 27, 17, 7, 26, 16, 6, 25,
15,5,24,14,4,23,13,3,22,12, 2,21, 11)=Z1#424+ Z1#5=45+21=66=Z1#12.

0% = 125 Y uec,,nm (1,12,23,5,16,27,9,20,2,13,24,6,17,28, 10,21, 3, 14,
25,7,18,29,11,22,4,15,26,8,19) + ¢(1,19,8,26,15,4,22, 11,29, 18,7, 25,14, 3,21, 10,
28,17,6,24,13,2,20,9,27,16,5, 23, 12)=Z 149+ Z1#20=T+17=24=Z1#10.

6t = 125 Cweoy,nm @(1,13,25,8,20,3,15,27,10,22,5,17,29, 12,24, 7,19, 2,
14,26,9,21,4,16,28,11,23,6,18) + ¢(1,18,6,23, 11, 28,16, 4, 21,9, 26, 14, 2,19, 7, 24,
12,29,17,5,22,10,27, 15, 3,20, 8, 25, 13)=Z1#23+ Z1#6=26+25=51=Z143.

$G% = 725 Sweon,nm #(1,14,27,11,24,8,21,5,18,2, 15, 28,12,25,9, 22,6, 19,
3,16,29,13,26,10,23,7,20,4,17) + ¢(1,17,4, 20, 7,23,10, 26, 13,29, 16, 3, 19, 6, 22, 9,
25,12,28,15,2,18,5,21,8,24,11, 27, 14):21#8+Zl#21:46+9:55:Z1#4.

0% = 25 Y wecranm @(1,15,29,14,28,13,27,12, 26,11, 25,10, 24,9, 23,8, 22,7,
21,6,20,5,19,4,18,3,17,2,16) + ¢(1, 16,2,17,3,18,4,19, 5, 20,6, 21,7, 22,8, 23,9,
24, 10,25, 11,26, 12,27, 13, 28, 14, 29, 15)=Z 1422+ Z1#7=36+41=T7=Z1#11.
Therefore, we have verified that ¢IG{:2, 0, Z1#7, Z1#14, Z14#8,Z1, Z1#6,
Z1#13, Z1#9, Z1#2, Z14#5, Z1#12, Z1#10, Z1#3, Z1#4, and Z1#11.

So, x.2 of H induces x.5 of G.
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Table 7.5: X.2 of H

Class | Size | Order ot

D.1 1 1 1

D.2 1 29 Z1=4
D.3 1 29 Z1#2 =16
D4 1 29 Z1#3 =5
D.5 1 29 Z1#4 =20
D.6 1 29 Z1#5 =21
D.7 1 29 Z1#6 =25
D.8 1 29 Z1#7 =41
D.9 1 29 Z1#8 = 46
D.10 1 29 Z1#9 =17
D.11 1 29 Z1#10 = 28
D.12 1 29 Z1#11 =53
D.13 1 29 Z1#12 = 35
D.14 1 29 Z1#13 = 22
D.15 1 29 Z1#14 =29
D.16 1 29 Z1415 = 57
D.17 1 29 Z1#16 = 51
D.18 1 29 Z1#17 =27
D.19 1 29 Z1#18 =49
D.20 1 29 Z1#19 =19
D.21 1 29 Z1#20 = 17
D.22 1 29 Z1#21 =9
D.23 1 29 Z1#22 = 36
D.24 1 29 Z1#23 = 26
D.25 1 29 Z1#24 = 45
D.26 1 29 Z1#25=3
D.27 1 29 Z1#26 = 12
D.28 1 29 Z1#27 = 48
D.29 1 29 Z1#28 =15

7.2.7 Verifying the Monomial Representation

We have a linear character of the subgroup H of index n in G .
Thus, we will let G = Ht; U Hta, Where, t; = e and t2 = (1, 28)(2,27)(3, 26)(4, 25)
(5,24)(6,23)(7,22)(8,21)(9,20)(10,19)(11,18)(12,17)(13,16)(14,15). We are now in a

position to give the monomial representation of the progenitor 59*2 :,, Dag.



Table 7.5: X.5 of G

Class | Size | Order o“

C.1 1 1 2

C.2 29 2 0

C.3 2 29 Z1#7 = 86
C4 2 29 Z1#14 =19
C.5 2 29 Z1#8 =173
C.6 2 29 Z1 =57
C.7 2 29 Z1#6 = 62
C.8 2 29 Z1#13 =17
C.9 2 29 Z1#9 =102
C.10 2 29 Z1#2 =23
C.11 2 29 Z14#5 =47
C.12 2 29 Z14#12 = 66
C.13 2 29 Z1#10 = 24
C.14 2 29 Z1#3 =51
C.15 2 29 Z1#4 =55
C.16 2 29 Z1#11 =177
Aaz)= o(taty!) d(traty")

p(tawt")  o(tawty")

We now investigate the monomial representation has the following generators:

29 0 0
A(zx)= and A(yy)=
0 57 1
A[xx]: Row 1
od(tiatyl) = ¢((1,2,3,4,5,6,7,8,9,10, 11,12, 13, 14,15,16,17, 18, 19, 20, 21, 22,
23,24, 25, 26, 27, 28, 29))=29.

o ¢(tiaty ") = o((1,27)(2,26)(3,25)(4, 24)(5,23)(6,22)(7, 21)(8, 20)
(9,19)(10, 18)(11, 17)(12, 16)(13, 15)(28, 29))=0.

Afxx]: Row 2
od(taxtyh) = p((1,29)(2,28)(3,27)(4, 26) (5, 25)(6,24)(7, 23)(8, 22)(9, 21)(10, 20)
(11,19)(12,18)(13, 17)(14, 16))=0.

84



85

od(tamty ) = B((1,28)(2,27)(3,26)(4, 25)(5, 24)(6, 23)(7, 22)(8, 21)(9, 20)(10, 19)(11, 18)
(12,17)(13,16)(14,15)(1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15,16, 17, 18,19, 20, 21, 22,
23, 24,25, 26,27, 28, 29)((1, 28)(2, 27)(3, 26) (4, 25) (5, 24) (6, 23)(7, 22)(8, 21)(9, 20)(10, 19)
(11,18)(12,17)(13, 16)(14, 15))~1)=57.

29 0
= A(zx)=

0 57
Alyy]: Row 1

et (tiyty ) = B((1,28)(2,27)(3,26)(4, 25)(5, 24)(6, 23)(7, 22)(8, 21)(9, 20)(10, 19)
(11,18)(12,17)(13,16)(14, 15))=0.
o $(tiyty") = p(e)=L.

Alyy]: Row 2

o P(tayt!) = ple) = 1.

o Htayts ) = B((1,28)(2,27)(3,26)(4, 25)(5,24)(6,23)(7,22)(8,21)(9, 20)
(10,19)(11,18)(12,17)

(13,16)(14, 15))=

0 1
= A(yy)=

7.2.8 Construction a Permutation Representation:

We worked in Z59 on matrices of degree 2 x 2 which implies we are producing
a 59*2 :,, Dy progenitor permutation representation. We want to represent x and y as
permutation to do so we see that a; ; = n if the automorphism takes t; = t?. There
are 59*2 is a free product of 2 cyclic groups of order 59. Thus, we will construct a table

with 2 t/s of order 59 labeled from 1.....116.

29 0
A(zx)=
0 b7

(Where a11=29, and az=>57). Therefore, t; — t2 and to — t37.



Table 7.7: Automorphism of A (xx)

86

1 2 3 4 5 6 7 8 9 10 11 12 13 14
o ottt 3ttty 6 3 5 1§ ] 4
G LR & LN I - LA LA LS S = AR 7 SO S - L & S 7 2
57 114 115 110 55 106 113 102 53 98 111 94 51 90
15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
B ) 0 60 gt gt oa? r 7 2 oyt gt P
R = - S & e S &+ N U L - L S G S SO - S S
109 8 49 82 107 78 47 74 105 70 45 66 103 62 43
30 31 32 33 34 35 36 37 38 39 40 41 42 43 44
S AT D A
32t T 1P 10 3 30 3 4 4 ] T it i)
58 101 54 41 50 99 46 39 42 97 38 37 34 95 30
45 46 47 48 49 50 51 52 53 54 55 56 57 58 59
A A A A A A A A
R - S U7 2 L R = e S 7 L R = L £ S N S
35 26 93 22 33 18 91 14 31 10 89 6 29 2 87
60 61 62 63 64 65 66 67 68 69 70 71 72 73
A A A A A L S
658t 30 B 3t 3 37 e 650 tfF 4 et b !
116 27 112 85 108 25 104 83 100 23 96 81 92 21
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7TA 75 76 77 78 79 80 81 82 83 84 85 86 87 8 89
A A A A A R A A
t3t {0 432 40 30 139 38 ) 136 3t 4 32 43T 430 4]
88 79 8 19 80 77 76 17 72 75 68 15 64 73 60 13
90 91 92 93 94 95 96 97 98 99 100 101 102 103 104
A A A
R S S S - Al & L S R - S - © LS SR 7 A GO ©
56 71 52 11 48 69 44 9 40 67 36 7 32 65 28

105 106 107 108 109 110 111 112 113 114 115 116

A A LS L S L D L U L

R T

5 24 63 16 61 12 1 8 59 4

A(xx)=(1,57,29,43,95,69,23,105,5,55,89,13,51,91,71,81,17,49,33,41,37,39,97,
9,53,31,101,7,113) (2,114,8,102,32,54,10,98,40,38,42,34,50,18,82,72,92,52,14,90,56,6,
106,24,70,96 ,44,30,58) (3,115,59,87,73,21,47,93,11,111,61,27,103,65,25,45,35,99,67,83,
75,79,77,19,107,63,85,15,109) (4,110,16,86,64,108,20,78,80,76,84,68,100,36,46,26,66,104,
28,62,112,12,94,48,22,74,88,60,116).

0 1
A(yy)= .

(Where aj2=1, and a1=1). Therefore, t; — t9,and to — t;.



Table 7.8: Automorphism of A(yy)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
oty 22 13 3 tf 5 o1 5 5 5 ] T 5t
to 1 2 2 3 13 o o o o 8 T ] 5 1)
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 18
18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
ty 110 0 gt ot 7 7t ottt 6yt 4 b 8
A B A
17 20 19 22 21 24 23 26 25 28 27 30 29 32 31
33 34 35 36 37 38 39 40 41 42 43 44 45 46 47
G L U L L S S ol LI L
ty 7t ® oty ) 30 40 gt gt 32 6 P P
34 33 36 35 38 37 40 39 42 41 44 43 46 45 48
48 49 50 51 52 53 54 55 56 57 58 59 60 61 62
A A A A A A
3 P 30 435 3T a7 o 3% 4 i 0 30 3
A7 50 49 52 51 54 53 56 55 58 57 60 59 62 61
63 64 65 66 67 68 69 70 71 72 73 74 75 76 77
CElE S L L s S LI S LR SR L U S A
O O O
64 63 66 65 68 67 70 69 72 71 74 73 76 T5 T8
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8 79 8 81 82 83 8 8 86 87 8 89 90 91 92 93

30 A0 A0 AT AT A2 A2 A3 A3 A AT A5 45 A6 A6 A7
S I 5 R S R © S T & R SR S M S R 5 S S R 5 M £ R & M1

39 440 440 A1 41 442 442 43 43 44 A4 45 445 446 446 44T
LSS M S R 5 R S R S R S R M S R 5 R S SR - S T R 5 M G R 2

77T 8 79 82 81 84 8 8 8 8 87 90 89 92 91 94

94 95 96 97 98 99 100 101 102 103 104 105 106 107

47 48 48 49 49 50 50 51 51 52 52 53 53 54
t2 tl t2 tl t2 tl t2 tl t2 tl t2 tl t2 tl

A7 48 448 449 449 450 450 451 451 452 452 453 453 454
RS R S R 5 N S R > W S G - S 4 G 5 R S A S M S

93 96 9 98 97 100 99 102 101 104 103 106 105 108

108 109 110 111 112 113 114 115 116

51555 55 156 356 57 157 58 758
(2R S & S & AR 2 A S R & SR & A %)

54 55 55 56 56 57 57 58 58
tl t2 tl t2 tl t2 tl t2 tl

107 110 109 112 111 114 113 116 115

A(yy)=(1, 2)(3, 4)(5, 6)(7, 8)(9, 10)(11, 12)(13, 14)(15, 16)(17, 18)(19, 20)
(21,22)(23, 24)(25, 26)(27, 28)(29, 30)(31, 32)(33, 34)(35, 36)(37, 38)(39,40)
(41, 42)(43, 44)(45, 46)(47, 48)(49, 50)(51, 52)(53, 54)(55, 56)(57,58)

(59, 60)(61, 62)(63, 64)(65, 66)(67, 68)(69, 70)(71, 72)(73, 74)(75, 76)(77, 78)
(79, 80)(81, 82)(83, 84)(85, 86)(87, 88)(89, 90)(91, 92)(93, 94)(95, 96)

(
(

~— ~— ~~—

97, 98)(99, 100)(101, 102)(103, 104)(105, 106)(107, 108)(109, 110)(111, 112)
113, 114)(115, 116).

~—

Now, we can create permutations by using our labels for each automorphism.

We will Consider t1 by element 1 from the table.

This produces the permutation (1,57,29,43,95,69,23,105,5,55,89,13,51,91,71,81,
17,49,33,41,37,39,97,9,53,31,101,7,113) if we follow each element and its corresponding
automorphism number labeling. We can construct our automorphism by repeating the
process for x, and y we produce the following permutations:

A(xx)=(1,57,29,43,95,69,23,105,5,55,89,13,51,91,71,81,17,49,33,41,37,39,97,
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9,53,31,101,7,113) (2,114,8,102,32,54,10,98,40,38,42,34,50,18,82,72,92,52,14,90,56,6,
106,24,70,96 ,44,30,58) (3,115,59,87,73,21,47,93,11,111,61,27,103,65,25,45,35,99,67,83,
75,79,77,19,107,63,85,15,109) (4,110,16,86,64,108,20,78,80,76,84,68,100,36,46,26,66,104,
28,62,112,12,94,48,22,74,88,60,116).

A(yy)=(1, 2)(3, 4)(5, 6)(7, 8)(9, 10)(11, 12)(13, 14)(15, 16)(17, 18)(19, 20)
21,22)(23, 24)(25, 26)(27, 28)(29, 30)(31, 32)(33, 34)(35, 36)(37, 38)(39,40)

41, 42)(43, 44)(45, 46)(47, 48)(49, 50)(51, 52)(53, 54)(55, 56)(57,58)

59, 60)(61, 62)(63, 64)(65, 66)(67, 68)(69, 70)(71, 72)(73, 74)(75, 76)(77, 78)

79, 80)(81, 82)(83, 84)(85, 86)(87, 88)(89, 90)(91, 92)(93, 94)(95, 96)

97, 98)(99, 100)(101, 102)(103, 104)(105, 106)(107, 108)(109, 110)(111, 112)

113, 114)(115, 116).

(
)
)
)

~~ I~ /N N

So, we have completed the process of construction a permutation representation from

our matrices.

7.2.9 Creating a Representation of the Progenitor:

Now, we need to find a presentation for our progenitor. We must choose at t
to normalizer from our two choices(t1)*(t2) . Let t~t; and we must find permutations
which normalize (t1) fix the following set
{tr, 62,63, ¢4, 69,28, 47 48,49, 110 11t 4424316 4o 42 43 43 45,45, 47 45, 19, 130
it 2 16,

Therefore, we need to compute the set stabilizer of the set
{t1, 13,63, 1,45, 15,47 45,9, 110 el 412 4316},
nl:=Stabiliser(Nm,{ 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21,
23, 25, 27, 29,31, 33, 35,37, 39, 41, 43, 45, 47, 49,
51, 53, 55,57, 59, 61, 63, 65,67, 69, 71, 73, 75, 77,

79, 81, 83, 85, 87, 89, 91, 93, 95, 97, 99, 101, 103,
105, 107, 109, 111, 113, 115 });

Generators (nl);

(1, 95, 5, 51, 17, 37, 53, 113, 43, 105, 13, 81, 41,
9, 7, 29, 23,89, 71, 33, 97, 101, 57, 69, 55, 91,
49, 39, 31) (2, 32, 40, 50, 92,56, 70, 58, 102, 98,
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34, 72, 90, 24,30, 8, 10, 42, 82, 14, 106, 44,114, 54,

38, 18, 52, 6, 9%6) (3, 73, 11, 103, 35, 75,107, 109, 87,
93, 27, 45, 83, 19, 15, 59, 47, 1, 25, 67, 77, 85, 115,

21, 111, 65,99, 79, 63) (4, 64, 80, 100, 66, 112, 22,
116, 86, 78, 68, 26, 62, 48, 60, 16, 20,84, 46, 28, 94,
88, 110, 108, 76, 36, 104, 12, 74)

FPGroup (N) ;

Finitely presented group on 2 generators
Relations

$.2°2 = 1d(%)

($.17-1 » $.2)72 = Id($)

$.17-29 = Id($)

So we will convert FPGroup(N) to our presentation where .2=y and .1=x . Also, we

discover the Stabilizer of < t; > in Dag is generated by one element which we will label A.

A=(1, 95, 5, 51, 17, 37, 53, 113, 43, 105, 13, 81, 41, 9, 7, 29, 23, 89, 71, 33,

97, 101, 57, 69, 55, 91, 49, 39, 31)(2, 32, 40, 50, 92, 56, 70, 58, 102, 98, 34,

72,90, 24, 30, 8, 10, 42, 82, 14, 106, 44, 114, 54, 38, 18, 52, 6, 96)

(3, 73, 11, 103, 35, 75, 107, 109, 87, 93, 27, 45, 83, 19, 15, 59, 47, 61, 25, 67,

77, 85, 115, 21, 111, 65, 99, 79, 63)(4, 64, 80, 100, 66, 112, 22, 116, 86,

78, 68, 26, 62, 48, 60, 16, 20, 84, 46, 28, 94, 88, 110, 108, 76, 36, 104, 12, 74).

For a presentation we must convert these permutations into words which we find to be:
r*=(1, 95, 5, 51, 17, 37, 53, 113, 43, 105, 13, 81, 41, 9, 7, 29, 23, 89, 71, 33,

97, 101, 57, 69, 55, 91, 49, 39, 31)(2, 32, 40, 50, 92, 56, 70, 58, 102, 98, 34, 72, 90, 24,
30, 8, 10, 42, 82, 14, 106, 44, 114, 54, 38, 18, 52, 6, 96)

(3, 73, 11, 103, 35, 75, 107, 109, 87, 93, 27, 45, 83, 19, 15, 59, 47, 61, 25, 67, 77, 85,
115, 21, 111, 65, 99, 79, 63)(4, 64, 80, 100, 66, 112, 22, 116, 86, 78, 68, 26, 62, 48, 60,
16, 20, 84, 46, 28, 94, 88, 110, 108, 76, 36, 104, 12, 74).

As a result, we find that A sends 1 to 95 or #; to t{°. We will add this = = 48 to our

presentation. Therefore, we obtain the monomial progenitor as follows:

592 i Dag =< ,y, t|y?, (271 )%, 272,49 17" = 18, (£,1) >.
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Chapter 8

Double Coset Enumeration

8.1 Definition for Double Coset Enumeration

Definition 8.1. Let G be a group and H and K be subgroups of G. A double coset
of H and K of the form HgK = {HgK|k € K} is determined by g € G.[Rot95]

Definition 8.2. Let G be a group and S C G. Fort € G, a right coset of S in G is
the subset of G such that St = {st : s € G}. We say t is a representative of the coset
St. [Rot95]

Definition 8.3. Let G be a group. The index of H < G, denoted |G : H], is the
number of right cosets of H in G. [Rot95]

Definition 8.4. Let N be a group. The point stabilizer of w in N is given by:
N* ={n € N|w"™ = w}, where w is a word in the t;’s. [Rot95]
Definition 8.5. Let N be a group. The coset stabiliser of Nw in N is given by:
N®) = {n € N|Nw" = Nw}, where w is a word of the t;’s. [Rot95]

Theorem 8.6. The Number of single cosets in NwN The above definition gives,
N* ={n € N|Nwn = Nw} ={n € N|(Nw)” = Nw} = NN N". The number of single
cosets in NwN is given by [N : N)]. [Rot95]

Definition 8.7. Let G be a group and X be a G-set. For x € X, the set % = {29|g €
G} is a G-Orbit. [Rot95]
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Definition 8.8. Let G be a group and X be a G-set. X is transitive if for allz,y € X
there exists a g € G such that y = gx. [Rot95]

Definition 8.9. Let a € G, where G is a group. The conjugacy class of a is given by
a® = {a%g € G} = {9 'ag|g € G}. [Rot95]

8.2 Double Coset Enumeration of 2% : S5 x Cy over (2x4 : 2)

Consider the group G= Mig‘gie >~ (24 : 93 x Co) where N=(2 x 4 : 2).

A symmetric presentation of G is G = Group < w, x,y, z, tjw?, 22, y*, 22, (w * y~1)?
y lxrry,y?

Where w ~ (2,5)(3,7), x ~ (1,2)(3,6)(4,5)(7,8), y ~ (1,3,4,7)(2,6,5,8)
and z ~ (1,4)(2,5)(3,7)(6,8)

First, we are going to expand our relations.

, X%

xz,wrkxrwHkx k2, 12 (Hw), ()3 (wrxzxyxt)d >,

The first relation is

(xxt)d=e
(r*t1)® = e since t ~ t;
x3>l<t“f2*t5f*t1:e
x3*t§*t2*t1:e

x3*t1*t2:t1

So, we have t1ty ~ t7.

The second relation is

(wrxzxyxt)d=e

(wxzxyxt))d=e
(w*x*y)?’*tgw*x*y)z #1775ty =€
(wrxxy)Sxtyxtgxty =e

(wxz*y) styxtg =11

So, we have t4tg ~ t7.
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Moreover, if we conjugate the previous relations by all elements in
N={e, (2,5)(3,7),(1,7)(2,6)(3,4)(5,8),(1,6,4,8)(2,3,5,7),
(1,7,4,3)(2,8,5,6),(1,5)(2,4)(3,8)(6,7),
(1,8,4,6)(2,3,5,7),(1,5,4,2)(3,6,7,8),(1,2,4,5)(3,8,7,6),
(1,6,4,8)(2,7,5,3),(1,4)(2,5)(3,7)(6,8),(1,3,4,7)(2,6,5,8),
(1,8,4,6)(2,7,5,3),(1,2)(3,6)(4,5)(7,8),(1,3)(2,8)(4,7)(5,6), (1,4)(6,8) }.

So, we get theses relations by conjugate the first relation by all elements of N

121,151, 76 27,6326, 7827, 545 8328 51 =5 242 676, 45 4,
363,878, 21 22 38223, 424,

Also, we will get theses relations by conjugate the second relation by all elements of N

We have to find the total number of cosets of N in G. This is the index of N in G. The

G| 192
index will be the order of G divided by the order of N. ||N‘|:16:12 single cosets and

we have 4 Double cosets.

#DoubleCosets (G, sub<G|x,y>, sub<G|w, x,y, 2>);
4

Double Cosets

Double Coset [*] : We start with the double coset NeN, where e is the word of
length zero denote by [*]. We have NeN = {n € N|Nen}={Ne}={N}. So, the dou-
ble coset NeN consist of single coset N. Thus, the number of right cosets in [*] is
equal to m:£:1' Since N is transitive on {1,2,3,4,5,6,7,8} and the orbit of N on
{1,2,3,4,5,6,7,8} is {1,2,3,4,5,6,7,8}. Now, we will determine the double coset to
which Nt; belongs, where ¢ € {1,2,3,4,5,6,7,8}. We consider i=1, so Nt; is a repre-

sentative coset, and hence we have a new double coset Nt; N which is denote by [1].

Double Coset [1] : We consider the double coset NwN, where w is a word of length
one. Nt1N = {n € N|Nt1n}:{Nt1, Nto, Ntg, Nty, Nts, Ntg, Ntr, th}.
We consider the coset stabilizer N note that the coset stabilizer of Nt; is equal to

the point stabilizer N'. N = {n € N[Nt} =t;} > < (2,5)(3,7) >.
16

Since |[N(|=2 then the number of single cosets in [1] is \N(l)]:?:&
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Now, the orbits of N(1) on {1,2,3,4,5,6,7,8} are {1},{4},{6},{8},{2,5}, and {3,7}.
We choose a representative from each orbit.

If we select ¢1 from the orbit {1}, t4 from the orbit {4}, t from the orbit {6}, tg from the
orbit {8}, t2 from the orbit {2,5}, and t7 from the orbit {3, 7}, we notice the following:
o Nt1jt;=Nt2=N € [*]

This will collapse and hence it goes back to the double coset[*] since t3=e.

o Ntita=Ntts € [14]

This is a new double coset, which will extend the Cayley diagram from [1] to [14]. Since
there is one element in this orbit, there is one ¢; that extend [1] to [14].

e Ntite=Nty € [1]

By the second relation (w * x * y)3 * t4 * tg = t1 if we add tg to both sides, we will get
that

(wrx*y)3 xty*xtgxteg =11 xtg
(wxz*y) xtyxe =1t *tg
(w* zxy)> *ty =ty * tg.

SO, titg ~ t1 € [1]

Since there is one element in the orbit {6}, so one element will loop back into the double
coset [1].

o Ntits=Nty € [1]

Because if we conjugate the second relation t4 * tg = t1 by (1,4)(2,5)(3,7)(6,8)€ N, we
will get on ¢ x tg = t4.

Since there is one element in the orbit {8}, so one element will loop back into the double
coset [1].

o Ntity=Nt; € [1]

By the first relation tito=x3t;. Since there are two elements in the orbit {2,5}, so two
elements will loop back into the double coset [1].

o Ntit;=Ntit; € [17]

This is a new double coset, which will extend the Cayley diagram from [1] to [17]. Since
there is two elements in this orbit {3, 7}, there are two ¢;s that extend [1] to [17].
Thus, ¢; takes [1] to [*] and tg, ts, t¢, t5 take [1] to itself.
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Double Coset [14] : We are a new double coset [14]. Nt;t4N = {n € N|N(tits)n}.
Now, we will determine the coset stabilizer N (14), so the coset stabilizer of Ntity4 is
given by: N = {n € N|N(t1t4)” = Ntity} > < (2,5)(3,7),(1,3,4,7)(2,6,5,3) >.

If we conjugate t1t4 by all elements of N, we notice that we have these single cosets are
equal to each other 14 ~ 73 ~ 68 |7\7|52 ~1§6 ~ 25 ~ 41 ~ 37. The number of single

\N(M)\_ﬁ:l a single coset in [14].

We can see that the orbits of N() on {1,2,3,4,5,6,7,8}is {1,2,3,4,5,6,7,8}. We now
take the representative 4 of the orbit {1,2,3,4,5,6,7,8} and determine that Nt tsty =
Nty € [1]. As a result, all of eight ¢; take [14] to 1.

cosets in the double coset [14] is

Double Coset [17] : We are a new double coset [17]. Nt1tyN = {n € N|N(tit7)n}.

(17)

Now, we will determine the coset stabilizer N\*"), so the coset stabilizer of Ntit7 is

given by: N7 = {n € N|N(t1t7)" = Ntitz} > < (1,4)(2,5)(3,7)(6,8) >.

When we conjugate t1t; by all elements of N, It gives us a list of 8 single cosets, they

have equal names 17 ~ 43 ~ 26 ~ 34 ~ 58 ~ 62 ~ 71 ~ 85. The number of single
IN| 16

cosets in the double coset [17] is N (17)|_§:2 a single coset in [17]. Next, we can see

that the orbits of NU7) on {1,2,3,4,5,6,7,8} is {1,2,3,4,5,6,7,8}. We now take the
representative 7 of the orbit {1,2,3,4,5,6,7,8} and determine that Ntit7ty = Nt; €
[1]. As a result, all of eight ¢; take [17] to 1.

Finally, we can construct the Cayley diagram. Since the set of right cosets are closed
under right multiplication by t; where i=1,2,3,4,5,6,7,8. We can find the index of N in
G. We conclude that

NN, I
1= NI voy * fvam) + fvam]
Gl < (1+8+1+2)x16

G| < (12 x 16) < 192

) x [N



14142

8 1 1 8
1 \\\-8 1
[*] A 2 [14]
8
2
[17]

Figure 8.1: Cayley Graph of 2* : S3 x Cy over (2 x 4 : 2)

8.2.1 Verification of 2% : S5 x Cy

Consider the progenitor 2*8 : (2 x 4 : 2) where N is given by :

S:=Sym(8) ;

ww:=3S! (2, 5)(3, 7);
xx:=S!(1,2) (3, 6) (4, 5) (7, 8);
yy:=S!(1, 3, 4, 7)(2, 6, 5, 8);
zz:=S!' (1, 4) (2, 5) (3, 7) (6, 8);

N:=sub<S|ww, XX, Vyy, z22>;
G<w, X,VY,z,t>:=Group<w, x,v,z,t|w’ 2,x"2,y"4,z2"2, (wsy~-1) "2,
XAy =1 xX*y, Y —2%Z, WkX*xWkxX*xZ,t 2, (L, W), (x+xt) "3, (Wxxxyxt) "3>;

We will prove the isomorphism type of G. The composition factors of G are:

Cyclic(2)
Cyclic (3)

Cyclic(2)

— o — 3 — * — @

Cyclic(2)
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Cyclic (2)
Cyclic(2)

Cyclic(2)

P o— o — % — ¥

The composition series for G is:

G=Gyp2G;1 2G22G32 Gy OG5 2 Gg 2 Gy where Gr = 1.
The composition factors are:

G = (Go\G1)(G1\G2)(G2\G3)(G3\G4)(Ga\G5)(G5\G6) (Ge \G7)
=(Go\G1)(G1\G2)(G2\G3)(G3\G4)(G4\G5)(G5\Ge) (Ge\1)
=(Go\G1)(G1\G2)(G2\G3)(G3\Ga) (G4 \Gs5) (G5 \Ge ) G7
=G2G2G2G2GaG3Gy.

The normal lattice of G is as follows:

Normal subgroup lattice

[10] Order 192 Length 1 Maximal Subgroups: 7 8 9
[ 9] Order 96 Length 1 Maximal Subgroups: 6

[ 8] Order 96 Length 1 Maximal Subgroups: 6

[ 71 Order 96 Length 1 Maximal Subgroups: 5 6

[ 6] Order 48 Length 1 Maximal Subgroups: 4
[ 5] Order 32 Length 1 Maximal Subgroups: 3 4

[ 4] Order 16 Length 1 Maximal Subgroups: 2

[ 3] Order 8 Length 1 Maximal Subgroups: 2
[ 2] Order 4 Length 1 Maximal Subgroups: 1
[ 1] Order 1 Length 1 Maximal Subgroups:

We are looking for the largest abelian group if possible or the center which factor G.
In this case, G does not have a center, so we will find the largest abelian group by the

following loop.
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for 1 in [1..#NL]Jdo if IsAbelian(NL[i1i]) then i;end if;end for;

IsAbelian(NL[4]);
true

As we see NL[4] is the largest abelian group. Now, we have to verify if NL[4] = 2% by
this Magma code.

X:=[2,2,2,2];
IsIsomorphic (NL[4],AbelianGroup (GrpPerm, (X)));
true

So, Magma tells us that NL[4] isomorphic to the abelian group 2*. Therefore, we have
that G = 2*. Next, we will factor G1 by NL[4] resulting q which is the quotient group.

H:=NL[4];
q, ff:=quo<Gl |NL[4]>;
d7

Permutation group g acting on a set of cardinality 6
Order = 12 = 272 x 3

We will find the normal lattice for q by this Magma loop.

nl:=NormalLattice(q);
nl;
Normal subgroup lattice

[7] Order 12 Length 1 Maximal Subgroups: 4 5 6

[6] Order 6 Length 1 Maximal Subgroups: 3
[5] Order 6 Length 1 Maximal Subgroups: 2 3
[4] Order 6 Length 1 Maximal Subgroups: 3

[3] Order 3 Length 1 Maximal Subgroups: 1
[2] Order 2 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:

First, we will fulfill if we have a direct product or not, so we want to see if q is collected
of a direct product. Since we posses a normal subgroup of order 6 which is nl[4], and

a subgroup of order 2 which is nl[2]. So, the product of two a normal subgroups orders
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give us the order of q=12. We will check if q is direct product between nl[4] and nl[2]
by this loop:

E:=DirectProduct (nl1l[4],nl[2]);
IsIsomorphic (E,q);

\ *

true

*\

IsIsomorphic(nl[4], SymmetricGroup(3));
\ *

true

*\
IsIsomorphic(nl[2],CyclicGroup(2));
\ *

true

*\

As a result, we find that ¢ = S35 x Co where S5 = nL[4] and Cy = nL[2]. Now, we have

to write a presentation of q. We will write a presentation for NL[4].

FPGroup (NL[4]);
Finitely presented group on 4 generators

Relations

$.172 = Id($)

$.2°2 = Id($)

$.372 = Id($)

$.4°2 = Id($9)

($.1 % $.2)72 = Id($9)
($.1 * $.3)7°2 = Id(S)
($.2 x $.3)72 = Id($)
($.1 % $.4)°2 = Id(9)
($.2 x $.4)72 = Id($)
($.3 % $.4)"2 = Id(9)

Our presentation is NL[4]=< w, z, y, z|w?, 22,92, 22, (wx)?, (wxy)?, (x*y)?, (w*z)?, (v*
2)% (y * 2)? >. Now, we have to find the action S3 x 2 on 2*. We determine the
isomorphism type of this group since we had no center in G, so it is not a central
extension. Also, we did not find a direct product as well since we have no normal
subgroup of order 12. Therefore, the isomorphism type of this group must be a semi-
direct product or a mixed extension. We will find transversal because it will help us to

find a form to connect q to NL[4] to make an isomorphic representation of G.
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:=Transversal (G1,NL[4]);
f£(T[2]) eq g.1;

true
f£(T[3]) eq g.2;
true
f£(T[4]) eq g.5;
true

We will label our generators of q, where T[2] is q.1, T[3] is q.2, and T[4] is q.5.

Generators (NL[4]);

A:=G1l! (2, ©6) (3, 8) (4, 5) (7, 9);
B:=G1! (1, 11) (3, 7) (8, 9) (10, 12);
C:=G1l! (2, 5) (3, 7) (4, 6) (8, 9);
D:=G1! (1, 10) (3, 8) (7, 9) (11, 12);
H:=G1!T[2];

I:=G1!T[3];

J:=G1!'T[4];

The following Magma code gives us the action of the transversals on the generators

NL[4] are of order 2. A, B, C, D are represented by w, x, y, z and H, I, J are e, f, g.

for i,3,%,1 in [1..2] do if A"H eq A"ixB"jxC"k*D"1
then i, J,k,1; end if; end for;

1 212 —> wie=swsxy

for i,J,k,1 in [1..2] do if A"I eg A"ixB"j*C"k*D"1
then i, 3j,k,1;end if; end for;

1212 ——> w o f=wxy

for i,3J,k,1 in [1..2] do if A"J eq A"ixB"jxC"kxD"1
then i, j,k,1l;end if; end for;

21 2 1 ..> w g=x+*z

for i,j,k,1 in [1..2] do if B"H eg A"ixB"j*C"k*D"1
then i, 3j,k,1;end if; end for;

21 2 2 —> x"e=x

for i,3,%,1 in [1..2] do if B"I eq A"ixB " jxC"k«D"1
then i, J,k,1; end if; end for;

21 1 2 ——> x"f=x*y

for i,3,%,1 in [1..2] do if B"J eq A"ixB " jxC"k*D"1
then i, j,k,1; end if; end for;

221 2 ——> x"g=y

for i,3,k,1 in [1..2] do if C"H eg A"ixB"j*C"k«D"1
then i, j,k,1; end if; end for;

2 21 2 ——> ye=y

for i,3J,k,1 in [1..2] do if C"I eq A"ixB"jxC"kxD"1



then i, Jj,k,1;end if;
221 2 ——> y f=y
for i,J,k,1 in [1..2]
then i, 3j,k,1; end if;
212 2 —> y'g=x
for i,3J,k,1 in [1..2]
then i, j,k,1l;end if;
21 2 1 ——> z e=x*z
for i,3j,k,1 in [1..2]
then i, 3j,k,1;end if;

end for;

do 1if C°J eqg ATi*xB " j*xC kD" 1
end for;

do if D"H eqg A"1+B " Jj*xC "k*«D"1
end for;

do if D"I eq A"ixB jxC kxD"1

1 111 ——> z f=wsrx*y*2z
do 1if D"J eqg A"i*xB " j*xC kD" 1
end for;

for i,3J,k,1 in [1..2]
then i, 3j,k,1; end if;
1 21 2 ——> z g=wxy
FPGroup (q) ;

end for;

Finitely presented group on 5 generators

Relations

$.17°2 Id($S)

$.2°2 = 1d($)

$.57°2 = 1Id(S)

($.1 = $.2)72 = Id($)
($.1 x $.5)72 = Id($)
($.5 * $.2)73 = Id(9)
$ =

$ —
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We will suppose T[2]=e, T[3]=f and T[4]=g. Now, we will test the elements of q and

their relations. If we write the elements of q as the transversals of G\ NN L[4] we might

observe the order of the relations changes.

Order (T[2]);

2 doesnt change
Order (T[3]1);

2 doesnt change
Order (T[4]);

2 doesnt change
(T[2]1*T[3])"2;

(2, 5)(3, 7) (4, 6)(8,
(T[2]1*T[4])"2;

Id(G
(T[4]*T[3])"3;
Id(G1)

Finally, we have the complete presentation of GG, which we verify by using Magma:

9)

the same order does not change

1) is equal id so leave alone
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H<w,x,vy,z,e, f,g>:=Group<w, x,vy,z,e,f,glw 2,x"2,yv"°2,2"2,
(Wax) "2, (Wwxy) "2, (xX%y) "2, (Wwxz) "2, (x%x2) "2,
(yxz) " 2,e"2,£f7°2,9°2, (exf) "2, (exg) "2, (gxf) "3,
wie=wxy,w f=w*y,w g=xx*z,x e=x,x" f=x*xy,x g=y,
y'e=y,y =y, y 9=,z e=xx*z,

z f=wxx*xy*z, 2 g=wxy>;

#H;

192

#G1;

192

f1,H1,k1l:=CosetAction (H, sub<H|Id(H)>);
s:=IsIsomorphic (G1l,H1);

Sy

true

We solved the extension for G, so we could obtain that G =2 2% : S3 x Cs.
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8.3 Double Coset Enumeration of (2° : S)) over (2 x 4 :
02 X 02)

Consider the group G = [y*i*::;i]zf[;;gﬁ,s%iﬂ3 =~ (2% : Sy) where N=(2 x 4 :

Cy x C9). The presentation of G is given by:

G<x,y,z,W,h,t>:=Group<x,v,z,w,h,t|x"2,y"2,2"2,w"4,h"2, (y*xz) "2,
(x+w™=1) "2, (y*Ww =1) "2, z+Ww —1*xz+w, W —2+xh, Xxy*X+y*xw -1,
x*xz*+x*xzxh,t"2, (t,x), (y*t) "3, (zxwxt) "0, (zxxxt) "0,

(yxx*t) "6, (y*xxz*xt) "3>;

Where
x~(2,8)(3,7)(4,14)(6,10
Y~ (1,2)(3,9)(4,8)(5, >
z~(1,3)(2,9)(4,12)(5, 8,16)(10,11)(14, 15)
w~ (1,4,5,14)(2,6, 10,8) 2,7,15)(9,13,11,16)
h~(1,5)(2,10)(3,7)(4,14)(6,8)(9,11)(12,15)(13, 16)

Now, we check the number of single cosets that will appear in our Cayley diagram.
@ 768
|N| 32
diagram. Next, we will figure out the number of double cosets of our group by helping

~—

(9,13)(11, 16)
6,14)(7,11)(12,16)(13, 15)
)(6,13)(

3,1

AA/_\

=24, this means the sum of all single cosets should equal 24 in our Cayley

this Magma code.

#DoubleCosets (G, sub<G|x,y, z,w,h>, sub<G|x,y, z,w,h>);
5

This means that our Cayley diagram has 5 circles. The next step is that we are going
to expand our relations.

The first relation is

(yxxxzxt)d=e
(y*zx2%t)% = e since t ~ t
(y>&<:c>l<z)3>f<t§y*”"j*z)2 1kt = e
(yxxx2)3*tyxtigrt; =e

(y*2*2)>xtyxtig =ty

So, we have tyt1g ~ t1.
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The second relation is

(yxxxt)s =e
(y*xx+t1)8 = e since t ~ t;
(y*x)5 « t(ly*m)5 * tgy*xyl * tgym)?' * tgy*x)Q 17kt =e
(y*x)0 stgstyxtigrtigrtgxt; =e

(y* )0 %t xts*t1g* tig *tg =t

SO, we have t6t5t10t14t8 ~ 1.

The last relation is

(yxt)’=e
(y*t1)3 =esince t ~ 1y

Yoty

2
xt xtp =e
Yty xtaxt; =e

yg*tl*tgztl

So, we have t1ty ~ t7.

Constructing the Cayley Diagram:

Circle One: First Double Coset :

We will use this definition of a double coset NwN = {n € N|Nw"}. We consider our
first double coset NeN = {n € N|Nen}={Ne}={N} which we denote by [*]. Our con-
trol group N is transitive on {1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15,16}, so it has a sin-
gle orbit {1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15,16}. The number of right cosets in [*]
is equal to m:%:L So, we will put 1 into the first circle. Next, we will determine the
double coset to which Nt; belongs, wherei € {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15, 16}.
We consider i=1, so Nt; is a representative coset, and hence we have a new double coset

Nt N.

Circle two: Second Double Coset:

We consider the double coset NwN, where w is a word of length one.

Nt;N = {n € N|Nt;n}. We consider the coset stabilizer N} note that the coset
stabilizer of Nt; is equal to the point stabilizer N*. N = {n € N|Nt} = t;} >
< (2,8)(3,7)(4,14)(6,10)(9,13)(11,16) >. Since |N)|=2 then the number of single
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s in [1] is 4ol —32_1g
cosets 1n 1S |N(1)|_ B) = .
Now, the orbits of N on {1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16} are {1}, {5},

{12}, {15}, {2,8}, {3,7}, {4,14}, {6,10}, {9,13} and {11,16}.

We take representative from each orbit and determine to which double coset

Ntiti, Ntits, Ntit1a, Ntitis, Ntita, Ntits, Ntits, Ntite, Ntite, and Nt1t1; belongs.
We notice the following:

o Nt1jtu=Nt3=N € [*].

This will collapse and hence it goes back to the double coset [*] since t3=e.

o Ntit1o=Ntt1y € [112].

This is a new double coset, which will extend the Cayley diagram from [1] to [112].

o Nt1ts=Ntyts € [15].

This is a new double coset, which will extend the Cayley diagram from [1] to [15]. Since
there is one element in this orbit, there is one symmetric generator which will extend
to the double coset [15].

o Ntiti5=Ntt15 € [115].

This is a new double coset, which will extend the Cayley diagram from [1] to [115].
Since there is one element in this orbit, there is one t; that extend [1] to [115].

o Nt t;=Ntit3 € [13].

This is a new double coset, which will extend the Cayley diagram from [1] to [13]. Since
there is two elements in this orbit {3, 7}, there is two t; that extend [1] to [13].

o Ntity=Ntity € [14].

This is a new double coset, which will extend the Cayley diagram from [1] to [14]. Since
there is two elements in this orbit {4, 14}, there is two t; that extend [1] to [14].

o Ntit,=Nt; € [1].

By the last relation y3 * t; * to = t1, there are two elements in the orbit {2,8}, so two
elements will loop back into the double coset [1].

o Ntitg=Nt; € [1].

From this relation ¢ * tg = y %  * w x t1, there are two elements in the orbit {6, 10}, so
two elements will loop back into the double coset [1].

o Ntity=Ntyy € [1].

By this relation ¢1 xtg = y % x % z * t14, there are two elements in the orbit {9, 13}, so
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two elements will loop back into the double coset [1].

e Ntit11=Ntyy € [1].

By this relation ¢; * t17 = y * z % x * t14, there are two elements in the orbit {11,16}, so
two elements will loop back into the double coset [1].

As a result, we observe that from the previous steps eight elements loop back into the
double coset [1] and 5 new double cosets which are [15], [112], [115], [13], and [14]. Now,
we will check by this Magma code if some of these new double cosets are equal.

for n in IN do if ts[1l]l*ts[15] eqg nxts[l]lxts[l2]then n;

end i1f; end for;

for n in IN do if ts[1l]*ts[15] eq nxts[l]l*ts[3]then n;

end i1if; end for;

for n in IN do if ts[l]*ts[3] eq n*xts[l]lxts[1l2]then n;
end if; end for;

So, [112] = [115] = [13] the same double cosets. Therefore, we have 3 new double cosets
[115], [15], and [14].

Circle Three: Third Double Coset :

We are a new double coset [15]. Nt1ts N = {n € N|Ntitsn}. The coset stabilizer of
NtitsN is given by NU%) = {n € N|Nt1t2 = t1t5} > < (2,8)(3,7)(4,14)(6,10)(9, 13)
(11,16),(1,2)(3,9)(4,8)(5,10)(6,14)(7,11)(12,16)(13, 15) >.

When we conjugate t1t5 by all elements of N, we will observe that there are cosets have
equal names and the relation increases our |N(1%)|. The cosets have equal names as
follows: 15 ~ 210 ~ 37 ~ 414 ~ 51 ~ 86 ~ 911 ~ 68 ~ 102 ~ 73 ~ 1215 ~ 144 ~

1613 ~ 1316 ~ 119 ~ 1512.

_IN] 32
IN(5)| 32
in [15]. Now, we can see the orbits of NU5) on {1,2,3,4,5,6,7,8,9,10,11, 12,13, 14,15, 16}

are {1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15, 16}.
We take 5 representative from the orbit and determine that Ntit5ts = Nty € [1].
As a result, all sixteen t; take [15] to [1].

Since |N1%)|=32 then the number of single cosets in [15] is =1 a single coset

Circle four: Fourth Double Coset:
We are a new double coset [112]. Ntit12N = {n € N|Ntit;an}. The coset stabilizer of
Ntit1oN is given by NU12) = {n € N|Nt ], = tit1a} > < (2,8)(3,7)(4,14)(6, 10)
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(9,13)(11,16),(1,3)(2,9)(4,12)(5,7)(6,13)(8,16)(10,11)(14, 15) >. When we conjugate
t1t12 by all elements of N, we can find these cosets have equal names 112 ~ 34 ~ 515 ~

N 2
714. Since |[N(M2)|=8 then the number of single cosets in [112] is [N :3—:4 a
IN(12)[ 8

single coset in [112].

Now, we can see the orbits of N(112) on {1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15,16} are
{1,3,5,7}, {4,14,12,15}, and {2,8,9, 16, 10,6, 13,11}. We choose a representative from
each orbit. If we select t3 from the orbit {1,3,5,7}, t12 from the orbit {4,14,12,15}
and ty from the orbit {2,8,9,16,10,6,13,11}.

Then, we notice that.

o Niityots € [1].

From this relation:

titis = h * 3ty

titiats = hoxty € [1].

Therefore, 4 symmetric generators will send to the double coset [1].

o Ntytiotio=Nt; € [1].

Therefore, 4 symmetric generators will send to the double coset [1].

o Niitiato=Nty € [1].

From this relation:

tit1g = 2 x x x tat1y

titiaty = 2z x x x 11 € [1].

Therefore, 8 symmetric generators will extend to the double coset [1].

Finally, all of sixteen ¢; take [112] to [1].

Circle five: Fifth Double Coset:

We label the fifth double coset [14] and compute the coset stabilizer N('4). The coset sta-
bilizer of Nt1t4N is given by N = {n € N|Nt1t} = tit4} > < (1,2)(3,9)(4,8)(5, 10)
(6, 1‘4])\7(‘7, 11)(12,16)(13,15) >. Since |N%)|=16 then the number of single cosets in [14]

is |N(14)]:T6:2 a single coset in [14].

Now, we can see the orbits of N4 on {1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15,16} are
{1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16}.

We choose a representative 4 from the orbit {1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16}

and determine that Ntit4ty = Nty € [1].
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As aresult, all sixteen ¢; take [14] to [1]. Finally, we could construct our Cayley diagram.

Nl NN N
N0 [NG0] T INT] [N
G <(1+16+2+4+1) x 32

IG| < (24 x 32) < 768

Gl < (INT+ ) < |N|

2424242

[14] [112]

Figure 8.2: Cayley Graph of (2°: ;) over (2 x 4 : Cy x C3)

8.3.1 Verification of (2°:S))

Consider the progenitor 2*16 : N where N is given by:

S:=Sym(16);

xx:=S! (2, 8) (3, 7)(4, 14) (6, 10) (9, 13) (11, 16);

yy:=S!(1, 2)(3, 9)(4, 8) (5, 10) (6, 14) (7, 11) (12, 16) (13, 15);
zz:=S'(1, 3)(2, 9) (4, 12)(5, 7)(6, 13)(8, 16) (10, 11) (14, 15);
ww:= S!'(1, 4, 5, 14) (2, 6, 10, 8) (3, 12, 7, 15)(9, 13, 11, 16);
hh:=S! (1, 5) (2, 10) (3, 7) (4, 14) (6, 8) (9, 11) (12, 15) (13, 16);

N:=sub<S|xx,vyy, zz,ww, hh>;

#N;
G<X,VY,z,W,h,t>:=Group<x,vy,z,w,h,t|x"2,y"2,z"°2,w™ 4,
h™2, (y*xz) "2, (xxw"=1) "2, (yxw" =1) "2, zxw™ —1xz*w,

W =2+h, xxyxx*xy*xw -1, xxzxxxzxh,t"2, (t,x), (y*xt) "3,
(zxwxt) "0, (z*xxt) "0, (y*x*t) "6, (yxx*zxt) "3>;

We will prove the isomorphism type of G. The composition factors of G is given by:



Cyclic (2)
Cyclic (3)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)

Cyclic(2)

P o— ok — % — ok — ok — ok — * — ok — ok — Q)

The composition series for G is:
G=Gy2G12G22G32G42 G52 G 2G7 DGy 2 Gy where Gg =1

The composition factors are:

G = (Go\G1)(G1\G2)(G2\G3)(G3\G4)(Ga\G5)(G5\G6) (Ge\G7) (G7\Gs ) (Gs\Go)
=(Go\G1)(G1\G2)(G2\G3)(G3\Ga) (G4 \G5) (G5\Ge6 ) (G6\G7) (G7\Gs) (Gs\1)
=(G0o\G1)(G1\G2)(G2\G3)(G3\G4)(G4\G5)(G5\G6) (G6\G7)(G7\Gs) G
=G2G2G2G2GaGaGaG3Ga.

The normal lattice of G is as follows:

NL:=NormalLattice (Gl);
NL;
Normal subgroup lattice

[16] Order 768 Length 1 Maximal Subgroups: 13 14 15

[15] Order 384 Length 1 Maximal Subgroups: 12
[14] Order 384 Length 1 Maximal Subgroups: 12
[13] Order 384 Length 1 Maximal Subgroups: 11 12

[12] Order 192 Length 1 Maximal Subgroups: 10
[11] Order 128 Length 1 Maximal Subgroups: 7 8 9 10

110
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[10] Order 64 Length 1 Maximal Subgroups: 4 5 6

[ 9] Order 32 Length 1 Maximal Subgroups: 3 5
[ 8] Order 32 Length 1 Maximal Subgroups: 3
[ 7] Order 32 Length 1 Maximal Subgroups: 3 6

N

[ 6] Order 16 Length 1 Maximal Subgroups: 2
[ 5] Order 16 Length 1 Maximal Subgroups: 2
[ 4] Order 16 Length 1 Maximal Subgroups: 2

[ 3] Order 8 Length 1 Maximal Subgroups: 2
[ 2] Order 4 Length 1 Maximal Subgroups: 1
[ 1] Order 1 Length 1 Maximal Subgroups:

We are looking for the largest abelian group if possible or the center which factor G.
In this case, G does not have a center, so we will find the largest abelian group by the

following loop.

for 1 in [1..#NL]Jdo if IsAbelian(NL[1i]) then i;end if;end for;
\ *
1

o U1 b W N

9

*\

IsAbelian (NL[9]);
\ *

true

As we see NL[9] is the largest abelian group. Now, we check NL[9] = 2° by Magma

code.

X:=[2,2,2,2,2];
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IsIsomorphic (NL[9],AbelianGroup (GrpPerm, (X)));
true

So, Magma tells us that NL[9] isomorphic to the abelian group 2°. Therefore, we have

that Go = 2°. Now, we can produce a presentation for NL[9] as:

S<w,x,y,z,v>:=Group<w,x,y,z,v|w 2,x"2,y"2,z2"°2,v"2,
(Wwxx) "2, (Wwxy) "2, (xxy) "2, (Wxz) "2, (x*xz2) "2, (y*xz) "2,
(Wxv) "2, (xxv) "2, (y*xv) "2, (z*xv) "2>;
ff,ss,kk:=CosetAction (S, sub<S|Id(S)>);
s,t:=IsIsomorphic(ss,NL[9]);

Sy

true

Next, we will factor G1 by NL[9] resulting q which is the quotient group.

H:=NL[9];
g, ff:=quo<G1l |NL[9]>;
g7

Permutation group g acting on a set of cardinality 4
Order = 24 = 273 x 3

(1, 2)(3, 4)

(2, 4)

Id(q)

(1, 3) (2, 4)

Id(q)

(3, 4)

We will now find the normal lattice for q by this Magma loop.

nl:=NormallLattice(q);
nl;
Normal subgroup lattice

[4] Order 24 Length 1 Maximal Subgroups: 3
[3] Order 12 Length 1 Maximal Subgroups: 2
[2] Order 4 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:

We could figure out q isomorphic to Sy as follows:



IsIsomorphic (SymmetricGroup (4),d);

true

FPGroup (qd) ;

Finitely presented group on 6 generators

Relations

$.1°2 = 1d(S)

$.272 Id($S)

$.47°2 = 1d($)

$.67°2 = Id(S)

($.1 = $.4)7°2 = Id($)

($.2 x $.4)72 = Id($)

($.1 * $.6)72 = Id(S)

S.1 * $.2 % $.1 % $.2 % $.4 = Id(9)
S.6 x $.4 x $.1 x $.6 x $.4 = Id(9)
($.6  $.2)7°3 = Id($S)

$.3 = Id(s)

$.5 = Id(S)

The presentation of ¢ =2 Sy as follows:

H<e, f,g,h>:=Group<e, f,g,hl|le”2,£7°2,972,h"2, (exqg) "2, (f*xg) "2,
(exh) "2, exfxexfxg, hxgrxexhxg, (hxf) "3>;
ff,ss,kk:=CosetAction (H, sub<H|Id (H)>);
s,t:=IsIsomorphic (g, ss);

Sy

true

113

Now, we begin the approach of defining the action of Q on K by labeling the generators

of NL[9] and the generators of q as follows:

H:=NL[9];
g, ff:=quo<Gl|NL[9]>;
CF

Permutation group g acting on a set of cardinality 4
Order = 24 = 273 x 3

(1, 2) (3, 4)

(2, 4)

Id(q)

(1, 3)(2, 4)

Id(q)

(3, 4)
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DD:=q! (3, 4);
:=Transversal (G1,NL[9]);
£E(T[2]);

g eq sub<gl|EE,FF,GG,DD>;
true

We will label our generators of q, where T|[2], T[3], T[4], and T[5] are represented by
q.2, 9.3, q.4, and q.6, respectively.

Generators (NL[9]);

A:=G1! (1, 24) (2, 7)(3, 9) (4, 15) (5, 6)(8, 19) (10, 20)
(11, 21) (12, 13) (14, 18) (16, 22) (17, 23);
B:=G1! (1, 16) (2, 15) (3, 19) (4, 7)(5, 12)(6, 13)(8, 9)
(10, 21) (11, 20) (14, 23) (17, 18) (22, 24);
C:=G1! (1, 17)(2, 6) (4, 12) (5, 7) (13, 15) (14, 22)
(16, 18) (23, 24);
D:=G1! (2, 6)(3, 11) (4, 12) (5, 7)(8, 10) (9, 21)
(13, 15) (19, 20);
F:=Gl! (2, 4)(3, 9)(5, 13)(6, 12) (7, 15)(8, 19)
(10, 20) (11, 21);
J:=G1l!T[2];
=G1!T[3];
M:=G1!T[4];
0:=G1!T[5];

Now, the following Magma code gives us the action of the transversal on the generators
NL[9] which are of order 2. A, B, C, D, and F are represented by w, x, y, z, and v and
J, I, M, and O are represented by e, f, g, and h.

for i,3J,k,1,m in [1..2] do 1if A"J eq A"i*B " j*C " k*D"1*F"m

then i, j,k,1,m;end if; end for;

12212 —> we=wxz
for i,3,%k,1,m in [1..2] do if A"I eq A"i*B " jJ*xC k*D"1xF"m
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then i, j,k,1,m; end if; end for;

1 1112 ——> wif=wsx*y*z

for i,3J,k,1,m in [1..2] do 1if A"™M eq A"i*B " j*C " k*D"1*F"m
then i, j,k,1,m;end if; end for;

1 212 2 —> w g=ws*y

for i,3,%k,1,m in [1..2] do if A"O egq A"i*B " J*xC k*D"1xF"m
then i, j,k,1,m; end if; end for;

211 1 2 ——> w h=xxy*z

for i,3,%k,1,m in [1..2] do if B"J egq A"i*B " J*C kD" 1xF"m
then i, 3j,k,1,m; end if; end for;

2111 2 —> x"e=xxy*z

for i,3J,k,1,m in [1..2] do 1if B"I eq A"i*B " Jj*C " k*D"1%F"m
then i, j,k,1,m;end if; end for;

21 2 1 2 ——> x"f=xxz

for i,3,%k,1,m in [1..2] do if B™M egq A"i*B " j*xC k*D"1xF"m
then i, j,k,1,m; end if; end for;

21 2 1 2 —> x"g=x*z

for i,3,%k,1,m in [1..2] do if B"0 egq A"1i*B " J*C kD" 1xF"m
then i, 3j,k,1,m; end if; end for;

1 2212 —> x"h=w*z

for i,3J,k,1,m in [1..2] do 1if C°J eq A"i*B " Jj*C " k*D"1%F"m
then i, j,k,1,m; end if; end for;

2212 2 —> yTe=y

for i,3,%k,1,m in [1..2] do if C"I egq A"i*B " J*xC kD" 1xF"m

then i, j,k,1,m;end if; end for;

22112 —> yf=y*z

for i,3J,k,1,m in [1..2] do 1f C™M eq A"i*B " j*C " k*D " 1*F"m

then i, j,%k,1,m; end if; end for;

2212 2 —> y g=y

for i,3J,k,1,m in [1..2] do 1if C"0O eq A"i*B " Jj*C " k*D"1%F"m

then i, J,k,1,m;end if; end for;

2212 2 —> y“ h=y

for i,3,%k,1,m in [1..2] do if D"J egq A"i*B " J*C kD" 1xF"m

then i, j,k,1,m; end if; end for;

22 21 2 —> z"e=z

for i,3J,k,1,m in [1..2] do 1f DI eq A"i*xB " Jj*C " k*D"1%F"m

then i, j,k,1,m;end if; end for;

22212 —> z f=z

for i,3,%k,1,m in [1..2] do if DM egq A"i*B " j*xC k*D"1xF"m

then i, J,k,1,m;end if; end for;

22 21 2 —> z"g=z

for i,3,%k,1,m in [1..2] do if D"0O egq A"i*B " J*C kD" 1xF"m

then i, j,k,1,m; end if; end for;

2211 2 ——> z h=yxz
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for i,3J,k,1,m in [1..2] do 1if F°J eq A"i*B " Jj*C " k*«D"1%F"m
then i, j,k,1,m;end if; end for;

22 211 ——> vie=zxv

for i,3,%k,1,m in [1..2] do if F"I eq A"i*B " j*xC k*D"1xF"m
then i, J,k,1,m;end if; end for;

22221 —> vif=v

for i,3,%k,1,m in [1..2] do if F'M eqg A"1i*B " J*C k*D"1+F"m
then i, J,k,1,m;end if; end for;

22221 —-—>vig=v

for i,3,k,1,m in [1..2] do 1if F"0O eq A"i*B " Jj*C " k*D"1%F"m
then i, j,k,1,m;end if; end for;

1 1111 ——> vV h=w+xX*xy*2z2+*V

Now, we put together presentations of NL[9] and q with words are given above. Thus,

2

M:GTO’LLP < w,xr,Y,z,v,¢€, f7gu h|w27$2)y2722>v ’ (w*x)2, (w*y)27 (ﬂl‘*y)2, (’U)*Z)2, (fL‘*

2 e

:w*z,wf:w*:x*y*z,wgz
h

2)2, (y * 2)%, (w * )2, (x * )2, (y x v)%, (2 *v)%,w

wrxy,wh =rxyxzat =cxyxzaf =rxz09 =z

h

=wx*2,y° =y,y =

h _

y*z,yg:y,yh:y,ze:z,zf:z,zgzz,z :y*z,ve:z*v,vf:v,vgzv,v =

w*x*y*z*vﬂﬁ,f2df,h%(e*gy,(f*gfﬁ(e*hy,e*f*e*f*g,h*g*e*h*g&h*ffg>.
#M; #G1;

768

f1,M1,k1l:=CosetAction (M, sub<M|Id (M) >) ;

s:=IsIsomorphic (G1l,M1);

Sy

true

As we see by asking Magma if this is isomorphic to G1, we determine this is true, so we

have a semi direct extension. We solved the extension for G, so we could obtain that

G=2°:8,.

8.4 The Double Coset Enumeration of 2** : A5 over 22

We take the progenitor 2*4 : A5 where 2** is the free product of 4 copies of
cyclic groups of order 2 and we will factor our group by these relations (y *t)3, (z *t)®,
and (z *y xt)°. let G =2 2" : Ay be a symmetric presentation of G given by:

G<x,y,t>:=Group<x,vy,t|x72,y 2, x+y " —1xxxy,t" 2, (x+xt) "10, (y*t) "3,
(x*xt) "5, (xxy*t) "5>;
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Where = = (1,2)(3,4) and y = (1, 3)(2,4).

Using computer-based program-MAGMA:

1. The order of our group is equal 60.

2. There are 6 double coset in this double coset enumeration of G over N.

3. the number of single cosets that will appear in our Cayley diagram,it is “](\;f’: 64—0:15,
this means the sum of all single cosets should equal 15 in our Cayley diagram.
Relations:

The next step is that we are going to expand our relations.

The first relation is:

(y*t)® =
(y*t1)3 =esince t ~ 1y
2
Pt «t]xt; =e
y3*t1*t3*t1:e

yg*tl*tgztl

So, we have tit3 ~ ty.

Moreover, if we conjugate the previous relation by all elements of
N={Id(N), (1,2)(3,4),(1,3)(2,4),(1,4)(2,3)}. We have
(1,3)(2,4)t1t3 = t1)¢ = (1 3)(2,4)t1ts = 1.

(1,3)(2,4)t1t5 = t,)* = (2,4)(1,3)taty = t.
(1,3)(2,4)t1t3 = t1)1HCY = (3,1)(4, 2)tst;, = ts.
(1,3)(2,4)t1t3 =t = (4,2)(3, 1)tate = ty4.

The second relation is:

(xxt)d =e
(x *t1)° = e since t ~ t;
x5*t‘f4*tf3*tf2*tf*t1:e
x5*t1*t2*t1*t2*t1:e

x5*t1*t2*t1:t1*t2

SO, we have tltgtl ~ t1t2.

Moreover, if we conjugate the previous relation by all elements of N, we have
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o ((1,2)(3,4)t1toty = titn)® = (1,2)(3, 4)t1taty = tits

o ((1,2)(3,4)t1toty = t1to)(LDBA = (2,1)(4, 3)tat 1ty = tot
o ((1,2)(3,4)t1toty = titn) 34 = (3, 4)(1,2)tstats = t3ty
o ((1,2)(3,4)t1toty = t1tn)BDE3) = (4, 3)(2, 1)tatsty = tats.

The last relation is:

(xxy*t)’ =e

(r*yxt1)® =esince t ~ t;

(z*y)® * tgx*y)4 * tgz*y)g * tgx*y)z 17V sty =e
(xxy)d sty styxtyxtyxt; =e

(zxy)® xtyxty*t1 = tity

So, we have t1t4t1 ~ t1t4.

Also, if we conjugate the previous relation by all elements of N, we have
o ((1,4)(2,3)t1taty = t1t4)® = (1,4)(2,3)t1tat; = tity

(2,3)t1taty = t1ts) TG = (2 3)(1, 4)tatsts = tats

(2,3)t1taty = t1t4)LDEA = (3)2)(4, 1)tstats = taty

(2, 3)t1taty = t1ty) BHE3) = (4,1)(3, 2)t4t 1ty = tat;.

9

4)
((1,4)
o ((1,4)
((1,4)

8.4.1 Constructing the Cayley Diagram:

We will begin the manual double coset enumeration by looking at our first
double coset.
Double Coset [*] :
We will use this definition of a double coset NwN = {n € N|Nw"}. We consider our
first double coset NeN = {n € N|Nen}={Ne}={N} which we denote by [*]. Our con-
trol group N is transitive on {1, 2, 3,4} so, it has a single orbit {1,2,3,4}. The number
of right cosets in [*] is equal to \N\_j_l Now, we will determine the double coset to
which Nt; belongs, where i € {1,2,3,4}. We consider i=1, so Nt; is a representative
coset, and hence we have a new double coset Nt; N which is denote by [1].

Double Coset [1] :
We consider the double coset NwN, where w is a word of length one. NwN = {n €
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N|an} NtiN = {n S N|Nt1n} :{Nt1, Nta, Nts, Nt4}.
We consider the coset stabilizer N(1), note that the coset stabilizer of Nt; is equal to the
point stabilizer N'. N = {n € N[Nt} =t;} > < Id(N) >. Since |[N(V|=1 then the
N| 4
|N] —=_=4. Now, the orbits of N on {1,2,3,4} are
IND| 1
{1}.{2},{3}, and {4}. We take representative from each orbit and determine to which

double coset Ntit1, Ntito, Ntits, Ntit4 belong.

number of single cosets in [1] is

We observe as follows:

o Ntity=Nt3=N € [*]

This will collapse and hence it goes back to the double coset [*] since t3=e.

o Ntito=Nt ity € [12].

One element will move forward to a new double coset represented as [12].

o Nt1t3=Nty € [1].

By this relation t;t3 = yt1, there is one element in the orbit so one element will loop
back into the double coset [1].

o Ntity=Nt ity € [14].

One element will move forward to a new double coset represented as [14].

Double Coset [12] :

We are a new double coset [12]. Nt1taN = {n € N|Ntitan}. The coset stabilizer of
NtitaN is given by NU2) = {n € N|Nt 1t} = tita} > < e >.

Since |[N(12)|=1 then the number of single cosets in [12] is ]\LJZL)‘:?:ZL a single coset
in [12].

Next, we conjugate Ntita by all elements of N={Id(N), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)}.
We have

o (t1t2)¢ = t1to.

o (titg) 1B = oty

o (t1tg) LAY — ¢t

o (titn)HE3) =14t

Now, the orbits of N2 on {1,2,3,4} are {1}, {2}, {3}, and {4}. We take representa-
tive from each orbit and determine to which double coset

{Ntitat1, Ntitata, Ntitats, Ntitats} belong. We notice the following:

o titot] = z % tyty € [12].

so,one element will loop back into the double coset [12].
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o titata = t1 € [1]. So, one element will extend from [12] to the double coset [1].

o titots = titats € [123].

This is a new double coset, which will extend the Cayley diagram from [12] to [123].
Since there is one element in this orbit, there is one t; that extend [12] to [123].

o titoty = tity € [14].

So, one element will extend from [12] to the double coset [14].

Double Coset [14] :

We are a new double coset [14]. Nt1t4N = {n € N|Ntityn}. The coset stabilizer of
NtityN is given by NOY = {n € N|Nt1t} = t1t4} > < Id(N) >.

Since |N(™)|=1 then the number of single cosets in [12] is %:1:4 a single coset
in [14]. Now, the orbits of N4 on {1,2,3,4} are {1}, {2}, {3}, and {4}. We take
representative from each orbit and determine to which double coset

{Ntitat1, Ntitata, Ntitats, Ntitsts} belong. We notice the following:

o titgt; = xxyxtity € [14].

So, one element will loop back into the double coset [14].

o {1tyty = t1 € [1]. So, one element will extend from [12] to the double coset [1].

o tityty = titsts € [143].

This is a new double coset, which will extend the Cayley diagram from [14] to [143].

Since there is one element in this orbit, there is one t; that extends [14] to [143].

® titaty = t1te € [12]. So, one element will extend from [14] to the double coset [12].

Double Coset [123] :

We are a new double coset [123]. NttatsN = {n € N|Ntitatsn}. The coset stabilizer
of NtitatzN is given by NU23) = {n € N|Ntitoth = titats} > < (1,2)(3,4), (1,3)(2,4),
(1,4)(2,3) >. When we conjugate t1tats by all elements of N, we observed that there
are cosets have equal names 123 ~ 214 ~ 341 ~ 432 and the relation increases our

N 4
IN(23)| Since |N123)|=4 then the number of single cosets in [123] is [N] =—=la

IN(23)| 4
single coset in [123]. Now, the orbits of N(?3) on {1,2,3,4} are {1,2,3,4}. We take

representative from the orbit and determine to which double coset belongs. We will

pick 3 from the orbit {1,2,3,4}. As a result, four symmetric generators are going to
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the double coset [12] because t1totsts = tity € [12].

Double Coset [143] :

We are a new double coset [143]. Nt1t4tsN = {n € N|Ntitstsn}. The coset stabilizer
of NtitstsN is given by NU43) = {n € N|Nt 5 = titsts} > < (1,2)(3,4), (1,3)(2,4),

N
(1,4)(2,3) >. Since |N(143)|=4 then the number of single cosets in [143] is |N‘(1 4‘3)’=4:1

a single coset in [143]. Now, the orbits of N(43) on {1,2,3,4} are{1,2,3,4}. We take

representative from the orbit and determine to which double coset belong. We will pick
3 from the orbit {1,2,3,4}. As a result, 4 symmetric generators are going from the
double coset [143] to [14] because t1t4tsts = t1t4 € [14].

Conclusion:

The double coset enumeration gives that:

N, INL o, INL L INL N
|N(1)| |N(12)| ‘N(123)| |N(14)| |N(143)|

G < (INT+ ) < [N

G| <(14+4+4+1+4+1)x4
|G| < (15 x 4) < 60.

[123]

[143] [14]

Figure 8.3: Cayley Graph of 2*4 : Ay over 22
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8.5 Manual Double Coset Enumeration of S5 over (2x4 : 2)

In the beginning, we can do some steps which help us to figure out our Cayley

G| 720
diagram how it will be. First, we have to calculate that ‘N’]: 1—6:45. This means the

sum of all single cosets should equal 45 in our Cayley diagram. Then, we need to know
how many double cosets we will have, we can check that by Magma code as follows:

#DoubleCosets (G, sub<G|w, x,vy, z>, sub<G|w, x,vy, z>);
8

So, our Cayley diagram has 8 double cosets. Now, our group has this presentation

2 -1
JEXWT TR ZHRW, THRYKFTKY *

G =< z,y,z,w,t|lz?,y% 22, w, (y*2)%, (xxw™ )2, (yxw™)
w2, (¢, @), (yxt)d, (zxwxt)3, (yrz*t)8, (yrzxzxt)d, oxtxw ™ xtrw Letrw ™!, (25)? >,
Where x=(2, 5)(6, 8), y=(1, 2)(3, 6)(4, 5)(7, 8), z=(1, 3)(2, 6)(4, 7)(5, 8), and

w=(1, 4)(2, 5)(3, 7)(6, 8).

*8. .
Next, we factor our progenitor 0 2°:(2x4:2) s

y#t) L (zxwsnt)3 (y*ant)8 (yxzrz*t) (z%1)2

Se by these relations:
The first relation is:

(yxt)t =e.

(y *t1)* = e since t ~ t;.

y4*t31’3 *tglﬁ xt] 1 = e.

toxty xto xt; = e.

toxt1 =11 x ta.

So, we have tot1 ~ t1ts.

The second relation is:

(
(zxw#t1)® = e since t ~ t1.

(z % w)3 * tgz*w)Q * 55 % ) = e.

(zxw)3*ty xty xt) = e.

(zxw)3 %t = t1 *tr.

So, we have t; ~ tqt7.

The third relation is:

(yxxxt)s =e.

(y*x+t1)% = e since t ~ t1.
A O

(y*z xt] = e.
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(y*x)0 stg sty xtoxtyxtyxt; =e
(y*2)0 s tg %ty %ty =ty * t5 % Ly,
SO7 we have t5t1t2 ~ t1t5t4.

The forth relation is:

y*x*2*xt1)° =esince t ~t;
)5 « tgywc*z)‘1 « tgy*z*z)3 « tgy*:p*z)z « tglJ*:r:*z xt = e

(

(
(y*x*z
(yxx*2)d %ty xtgrty*xtg*ty =e
(ysm*2)0 %ty xtg =11 *tg*ty
So, we have titg ~ titgty.

The last relation is:

(zxt)t=e

(zxt1)* =esince t ~ 1y
z4*t§3*t‘f2*tf*t1:e
24*t3*t1*t3*t1:e

2 xtyxt; =t xt3

SO, we have taty ~ t1t3.
Constructing the Cayley Diagram:

NeN :

We will use this definition of a double coset NwN = {n € N|Nw"}.

We consider our first double coset NeN = {n € N|Nen}={Ne}={N} which we denote
by [*]. Our control group N is transitive on {1,2,3,4,5,6,7,8}, so it has a single orbit
{1,2,3,4,5,6,7,8}. The number of right cosets in [*] is equal to m:£:1' So, we
have one single double coset in a circle [*]. We take a representative from the orbit
and determine to which double coset it belongs. Therefore, we get a new double coset
Nt;N.

Nt1IN:

We consider the double coset NwN, where w is a word of length one. NtyN = {n €
N|Ntin} ={Nty, Nty, Nt3, Nty, Nt5, Ntg, Nt7, Ntg}. The coset stabilizer is N, and

the coset stabilizer of Nt; is equal to the point stabilizer N'.
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NO = {n e N|Nt} =t} > < (2,5)(6,8) >.

We compute that m:?:8 single cosets in [1]. Now, the orbits of N1 on
{1,2,3,4,5,6,7,8} are {1}, {3}, {4}, {7}, {2,5}, and {6,8}. We take a representative
from each orbit and determine to which double coset belong.

We observe that Ntit;=Nt3=N € [*], so it goes to the double coset [*] since t}=e.
Ntit3=Ntits € [13], so this is a new double coset, which will extend the Cayley dia-
gram from [1] to [13]. Nt;t4=Nt; € [1], so one symmetric generator loops back into
[1]. Ntity=Nt; € [1], so one symmetric generator loops back into [1]. Ntito=Ntits €
[12]. This is a new double coset, which will extend the Cayley diagram from [1] to [12].
Since there is two elements in this orbit {2,5}, there is two ¢; that extend from [1] to
[12]. Ntite=Ntits € [16]. This is a new double coset, which will extend the Cayley
diagram from [1] to [16]. Since there is two elements in this orbit {6, 8}, there is two ¢;
that extend from [1] to [16].

Nt1toN :

We have a new double coset which is called by [12]. We use this definition Nt to N =
{n € N|Ntitan}. The coset stabilizer of Nt1toN is given by N12) = {n € N|Nt;t} =
tita} > < e, (1,2)(3,6)(4,5)(7,8) >.

When we conjugate t1to by all elements of N, we have these cosets which have equal
name 12 ~ 21. Since |N1?)|=2 then the number of single cosets in [12] is |]\‘TZX‘2)’:126:
single coset in [12]. Now, we can see the orbits of N2 on {1,2,3,4,5,6,7,8} are {1,2},
{3,6}, {4,5}, and {7,8}. We take a representative from each orbit and determine which
are belong. We notice that Ntjtato=Nt; € [1], so two elements send from [12] to [1].

Ntitots=Ntitats € [123], so it is a new double coset. Ntitaty=Ntita € [12], so two

symmetric generators loop back into [12]. Ntjtat7=Ntts € [16], so two symmetric gen-
erators send from the double coset [12] to [16].

Nt1tsN :

We have a new double coset which is denoted by [13]. Nt1tsN = {n € N|Ntitsn}
and the coset stabilizer of Nt1t3N is given by N3 = {n ¢ NNttty = tits} >
< (2,5)(6,8)(1,3)(2,6)(4,7)(5,8) >. Since |[N13)|=8 then the number of single cosets
in [13] is m:§:2 single coset in [13]. Now, we can see the orbits of N(13) on
{1,2,3,4,5,6,7,8} are {1,3,4,7}, and {2,5,6,8}. We take a representative from each
orbit and determine which are belong. We notice that Nt t3ts=Nt; € [1], so 4 sym-
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metric generators send from the double coset [13] to [1]. Ntitsta=Nt1tsta € [132], so it
is a new double coset.

Nt1tgN:

We label the fifth double coset [16] and compute the coset stabilizer N(16). The coset
stabilizer of NtitgN is given by N(16) — {n € N|Ntit§ = t1te} > < e >. Since
|N(6)|=1 then the number of single cosets in [16] is |]\‘r](\i6) | :T:IG single coset in [16].
Now, we can see the orbits of N9 on {1,2,3,4,5,6,7,8} are {1}, {2}, {3}, {4},
{5}, {6}, {7}, and {8}. We take a representative from each orbit and determine
which are belong. We observe that Ntitgti=Ntitgt1 € [161], so this is new double
coset. Ntitgta=Ntitots € [123]. Ntitgts=Ntitsts € [132]. Ntitetas=Ntits € [16].
Ntitgts=Ntits € [12]. Ntitgte=Nt; € [1]. Ntitgt;=Ntitg € [16]. Ntitsts=Ntitg €
[16].

NtitatgIN:

Now, we label the new double coset [123] and compute the coset stabilizer N123),
The coset stabilizer of Nt taotsN is given by N(123) = {n € N|Ntitath = titats} > <
(1,2)(3,6)(4,5)(7,8),(1,7)(2,8)(3,4)(5,6) >. When we conjugate t1tat3 by all elements
of N, we could investigate that these cosets have equal name’}\%’?) ~ 21%6 ~ 786 ~ 875.

Since | N |=4 then the number of single cosets in [123] is N~ 4 4 single coset

in [123]. Now, the orbits of N(1?3) on {1,2,3,4,5,6,7,8} are {1,2,7,8}, and {3,6,4,5}.
We take a representative from each orbit and determine which are belong. We could
see that Ntitotsti=Ntits € [16]. Ntitotsts=Ntits € [12].

NtitgtaIN:

We label the new double coset [132] and calculate the coset stabilizer N(132). The
coset stabilizer of NtitstoN is given by N132) = {n ¢ N|Ntitsth = titsta} > <
(1,3)(2,6)(4,7)(5,8),(1,4)(3,7) >. Also, we find that these cosets 132 ~ 316 ~ 472 ~
746 have equal name after we conjugate Ntitsty by all elements of N. Since |N (132)]:4
then the number of single cosets in [132] is W(]1;’2)|:14624 single coset in [132]. Now,
the orbits of N(132) on {1,2,3,4,5,6,7,8} are {2,6}, {5,8}, and {1,3,4,7}. We take
a representative from each orbit and determine which are belong. We could see that
Ntitstoto=Ntits € [13]. Ntitstots=Ntitsty € [132]. Ntitstati=Nt1ts € [16].
Nttt N:
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We label the last double coset [161] and calculate the coset stabilizer N(161)  The
coset stabilizer of Ntitgt1 N is given by N6l — {n € N|Ntitst] = titst1} > <
(1,2)(3,6)(4,5)(7,8), (1,3)(2,6)(4,7)(5,8) >. Since N1 |=8 then the number of

single cosets in [161] is

16 . .
|N(161)\_§_2 single coset in [161].

Now, the orbits of N6 on {1,2,3,4,5,6,7,8} are {1,2,3,4,5,6,7,8}. We take a rep-
resentative from the orbit and determine which is belongs. So, we take 1 from the orbit
{1,2,3,4,5,6,7,8}. Ntitgtit1=Ntits € [16], so 8 symmetric generators go to [16].
Finally , we could build our Cayley diagram.

[V [V [V [V [V [V [V

|N(1)‘ + ‘N(12)‘ + ’N(13)’ + |N(16)] + |N(123)’ + |N(132)‘ ++ |N(161)’

|G| <(1+8+8+2++16+4+4+2) x 16
|G| < (45 x 16) < 720

Gl < (IN|+ ) % |N|

Figure 8.4: Cayley Graph of Sg over (2 x 4) : 2
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8.6 Double Coset Enumeration of 2° : S5 x S5 over S5 x 3

2%9:53%xS3
zxw)xt)E((zxw)xt)0 ((zxy)*t) T ((x*y*w—1)*t)6

Consider the group «

where z ~ (1,2,9)(3,4,5)(6,7,8), y ~ (3,6)(4,7)(5,8), z ~ (1,2)(4,

(1,4,7)(2,5,8)(3,6,9).

First, we are going to expand our relations.

The first relation is
(rxw)xt)t =e
(z*w) xt1)* = e since t ~ t;

)4 % tg”w)s * t(lgc*w)2 * tgx*w) ¥ty =e
rrw)txtyxtgrtsxt) =e
rxw)t xty xtg =ty * t5

So, we have t1tg ~ t1ts.

The second relation is

(z*xw)xt)s =e

((z*w) %)% = e since t ~ t;

(z % w)b % tgz*w)f) * tgz*w)4 * *tgz*w)3 * tgz*w)2 * tgz*w) xt] =e
(zxw)S sty xtysxtoxtyxts*xty =e
(zxw)0 s tgxty sty =1t *t5*t7

So, we have tgtyto ~ titsty.

The third relation is
(xxy)xt)i=e
(z*y)*t1)* =esince t ~ t;

Y T ) @) g e
x*w)4*t§x*y)3 xtg*xloxty = e
zxw)t x(3,6)(4,7)(5,8) * tg = t1 * ta.

So, we have N (3,6)(4,7)(5,8)tg = Ntits.

The last relation is
(zxyxw ) xt)0 =e

((z*yx* w_l) * t1)6 = e since t ~ t;

1)6 % tgx*y*w’1)5 % tgx*y*wfl) (zryxw—1)3 (zry*xw 1)

4 2
(xxy*xw™ * skt * 1y * £y

tg xtloxty xtgxtgxt] =e€

(zxyxw™1)

%25253><53,

5)(7,8), and w ~

xt1 =e€
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So, we have Ntgtoty = Ntqtgty.

First, NeN = {n € N|Nen}={Ne}={N} which we denote by [*]. Our control group
N is transitive on {1,2,3,4,5,6,7,8,9} so, it has a single orbit {1,2,3,4,5,6,7,8,9}.
The number of right cosets in [*] is equal to m:igzl. So, we have one single double
coset in a circle [*]. Now, we right multiply our coset representative N by ¢; and find
to which double coset Nt; belongs. Therefore, we get a new double coset N1 V.

Next, we consider Nt; be the coset representative of the new double coset Nt;N.
Nt;N = {n € N|Ntin} ={Nty, Nty, Nt3, Nty, Nt5, Ntg, Nt7, Ntg, Ntg}. The coset
stabilizer is NV, and the coset stabilizer of Nt; is equal to the point stabilizer N!.
NO = {n € N|Nt? =t;} > < e >. We compute that V] —@:9 single cosets in
[1].

N~ 4
Now, the orbits of N on {1,2,3,4,5,6,7,8,9} are {1},{2,9},{4,7},and{3,6,5,8}.

We take a representative from each orbit and determine to which double coset be-

longs. We observe that Nt;tj=Nt?=N € [*], so it goes to the double coset [*] since
t?=e. Ntita=Ntits €[14], so this is a new double coset, 4 symmetric generators ex-
tend from [1] to the new double coset [14]. Nt1t3=Nt1t3 €[13], so this is a new double
coset, 4 symmetric generators extend from [1] to the new double coset [13]. Now, we
have a new double coset which is called by [14]. We use this definition Nt;t4N = {n €
N|Ntityn}. The coset stabilizer of Nt1t4N is given by N4 = {n € N|Ntit} = t1ts} >
< (2,9)(3,5)(6,8),(3,6)(4,7)(5,8) >. Since |[N()|=4 then the number of single cosets
in [14] is |N|(]\Ql)|:%46:9 single coset in [14]. The orbits of N on {1,2,3,4,5,6,7,8,9}
are {1},{2,9},{4,7},and{3,6,5,8}. Now, we choose a representative from each orbit.
Ntitytiy=Ntitst1 € [141], so this is a new double coset, one symmetric generators ex-
tends from [1] to the new double coset [141]. Ntitsta=Nt; €[1], so 2 symmetric gen-
erators go from [14] to [1]. Ntitst4=Nt; €[1], so 2 symmetric generators extend from
[14] to [1]. Ntitsts=Ntytst; €[1], so 4 symmetric generators extend from [14] to the
new double coset [131]. Now, we consider Ntit4t1 N. Ntitgt; N = {n € N|Ntitstin}.
The coset stabilizer of Ntit4t; N is given by N4 — {n € N|Ntit4t} = titat;} >
< (2,9)(3,5)(6,8),(1,2,9)(3,4,5)(6,7,8), (’}\,”2)(4,5)(7, 8) >. Since |[NU4)|=36 then

the number of single cosets in [141] is \N(141)|:%:1 single coset in [141]. The or-

bit of N4 on {1,2,3,4,5,6,7,8,9} is {1,2,3,4,5,6,7,8,9}. We pick a representative

from the orbit, we select ¢, and determine to which double coset Ntit4t1t; belongs.
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Therefore, Ntitytit; = Ntitge = Nttty € [14], so 9 symmetric generators go from
[141] to [14]. Now, we have a new double coset which is called by [13]. We use this
definition Nt1t3sN = {n € N|Ntitsn}. The coset stabilizer of Nt tsN is given by
NU3) = {n € N|Ntit§ = tit3} > < (1,5,6)(2,3,7)(4,8,9), (2,9)(3,8)(4,7)(5,6) >.

Since | N13)|=6 then the number of single cosets in [13] is NG| :€:6 single coset in

[13]. The orbits of N(13) on {1,2,3,4,5,6,7,8,9} are {1,5,6},and{2,3,9,4,7,8}. We
take a representative from the orbit, so we select t3, and ¢; and determine to which

double coset Ntjtsts and Ntjtst; belongs. Therefore, Ntitsts = Ntje = Nty € [1],s0 6

symmetric generators are going to the double coset [1]. Ntitst; = Ntitst; € [131] this
is new double coset denoted by [131]. Thus, 3 symmetric generators are going to the
new double coset [131].

We consider Ntjtst;N. NtjtstiN = {n € N|Ntitstin}. The coset stabilizer of
Ntitst; N is given by NU3) = {n € N| Nttt} = titzt;} >

< (1,3,8)(2,4,6)(5,7,9), (2‘}\?‘)(3, 8)(4,7)(5,6) >. Since [N(3)|=6 then the number of

36
single cosets in [131] is ‘N(131)’:E:6 single coset in [131]. The orbits of N(31) on

{1,2,3,4,5,6,7,8,9} are {1,3,8},and{2,4,9,6,7,5}. We take a representative from

the orbit, so we select to, and ¢; and determine to which double coset Ntitstit; and
Ntitstits belongs. Ntitstity = Ntitse = Ntjts € [13], so 3 symmetric generators are
going to the double coset [13]. Ntjtstite = Ntity € [14]. Thus, 6 symmetric generators
send from [131] to the double coset [14].

Finally , we could build our Cayley diagram.

[V V] V] [V [N

]N(l)‘ + ‘N(M)‘ + ‘N(B)‘ + ‘N(141)| + ‘N(131)’
GI<(1+9+9+6+1+6)x36

1G] < (32 x 36) < 1152.

Gl < (IN|+ ) X [N|
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[141]

[131]

Figure 8.5: Cayley Graph of 2° : S3 x S3 over S3 x S3

8.7 Double Coset Enumeration of 33 : S, x C, over S; x S5

We factor our group G = Group < z,y, z,w, t|z3,y?, 22, w3,z Lxyxz*y, (x7 1
2)2, (y*2)%, (z,w), (yxw N2, zxw L xzxw, 12, (t,y), (t,xx2), (w*t)3, ((xxy) x1)8, ((z*
yrxw ) xt)r > by (w*t)3, (zxy)*1)% and ((z+xy*w™t) 1)L
Note, = ~ (1,2,9)(3,4,5)(6,7,8), y ~ (3,6)(4,7)(5,8), z ~ (1,2)(4,5)(7,8), and w ~
(1,4,7)(2,5,8)(3,6,9).
Now, we compute the number of single cosets, so % = % = 36 this means the sum of
all single cosets should equal 36 in our Caylay diagram. We will now check the number
of double cosets of our group by using Magma.

#DoubleCosets (G, sub<G|x,vy, z,w>, sub<G|x,vy, z,w>) ;
5
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This indicates that our Cayley diagram has 5 circles.

Now, we will begin to construct our Cayley diagram. We will start with double coset
NeN, where e is the word of length zero denote by [*]. NeN = {n € N|Nen}={Ne}={N}
which we denote by [*]. Our control group N is transitive on {1,2,3,4,5,6,7,8,9} so,
it has a single orbit {1,2,3,4,5,6,7,8,9}. The number of right cosets in [*] is equal to
nggzl. So, we have one single double coset in a circle [*]. Now, we right multiply
our coset representative N by ¢; and find to which double coset Nt; belongs. Therefore,

we get a new double coset Nt V.

Next, we are a new double coset which is labeled by [1]. Nt;N = {n € N|Ntin}
—={Nty, Nty, Nt3, Nty, Nt5, Ntg, Nt7, Ntg, Ntg}. The coset stabilizer is N, and the
coset stabilizer of Nt; is equal to the point stabilizer N

N
ND — {n € N|Nt} = t1} > < e >. We determine that [N __36

N 7129 single cosets

in [1]. The orbits of N on {1,2,3,4,5,6,7,8,9} are {1},{2,9}, {4,7},and{3,6,5,8}.

We pick a representative from each orbit and determine to which double coset belongs.
We see that Nti1t1=Nt3=N € [*], so it goes to the double coset [*] since t2=e.

Ntita=Ntits €[12]. This is a new double coset, so 2 symmetric generators extend from
[1] to the new double coset [12]. Nt1t4=Nt; €[1], so 2 symmetric generators loop back
into [1]. Nt;t3 €[13]. This is a new double coset, so 4 symmetric generators extend from
[1] to the new double coset [13]. Now, we have a new double coset which is called by [12].
We use this definition Nt1toN = {n € N|Ntiton}. The coset stabilizer of NtitaN is
given by N12) = {n € N|Nt 8 = t1t2} > < (3,6)(4,7)(5,8),(1,2,9)(3,4,5)(6,7,8) >.
Since [N(1?)|=6 then the number of single cosets in [12] is m:€:6 single coset in
[12]. The orbits of N2 on {1,2,3,4,5,6,7,8,9} are {1,2,9},and{3,6,4,7,5,8}. We
take a representative from each orbit, so we select to, and t3 and determine to which
double coset Ntitaots and Ntitots belongs. Therefore, Nt tato = Ntije = Nty € [1], 50 3
symmetric generators are going to the double coset [1]. Ntjtaots = Ntits € [13]. Thus,
6 symmetric generators are going to the new double coset [13]. We have a new double
coset which is called by [13]. NtitsN = {n € N|Ntitsn}. The coset stabilizer of Nt;ts N
is given by N(3) = {n € N|Nt;t% = tit3} > < (1,4)(2,3)(5,9)(6,8) >. Since [N13)|=2

then the number of single cosets in [13] is |N(13)|:?:18 single coset in [13]. The or-

bits of N3 on {1,2,3,4,5,6,7,8,9} are {7}, {1,4},{2,3},{5,9}and{6,8}. We take a
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representative from each orbit, and determine to which double coset belongs. Therefore,
Ntytst; = Ntytsty € [137] this is a new double coset. Ntitst; = Ntyts € [13]. Thus, 2
symmetric generators loop back into the double coset [13]. Ntitsts = Ntie = Nty € [1]
since t% = e, so 2 symmetric generators send to the double coset [1]. Ntjtsts = Ntyts
€ [13], so 2 symmetric generators loop back into [13]. Ntitsts = Ntite € [12], so 2
symmetric generators send to [12]. We have a new double coset which is called by [137].
NtitstyN = {n € N|Ntitstyn}. The coset stabilizer of Ntitst; N is given by NI3T) —
{n € N|Ntitst? = t1tst7} > < (1,2,9)(3,4,5)(6,7,8),(1,4,7)(2,5,8)(3,6,9) >. Since

(137) _ . . . _29_ . .
|NU2D]=18 then the number of single cosets in [137] is TN 18 2 single coset in

[137]. The orbit of NU37) on {1,2,3,4,5,6,7,8,9} is {1,2,4,9,5,7,3,8,6}. We take a
representative from the orbit, and determine to which double coset belongs. Therefore,

Ntitstst; = Ntits € [13], so 9 symmetric generators are going to the double coset [13].

Finally , we could create our Cayley diagram.
[N V] V] V]

|N(137)|

IGI<(1+9+6+18+2)x36

|G| < (36 x 36) < 1296.

N3]

Figure 8.6: Cayley Graph of 32 : Sy x Cy over S3 x S3



133

Chapter 9

Double Coset Enumeration over a

Maximal Subgroup

Before we will start to find the double coset enumeration over maximal sub-
group for My over S5, we have to know why we need to find the coset enumeration over
maximal subgroup. Typically, double coset enumeration is performed over the control N
as the previous examples. At the time this process can be very complicated and boring.
As a result, to make this process is a much easier process, we can achieve the same what
we want by doing the process of double coset enumeration over a maximal subgroup of
our progenitor. Therefore, to create the double coset enumeration of M over N, we will

take N < M < GG and accomplish the single coset enumeration of G = UM t;sN .

9.1 Double Coset Enumeration of M;; over Maximal Sub-
group Ss

Consider the group G:M%, where N 25 :4. A symmetric presen-

tation of G is G=Group < =, y, t|z°, y*, P x 23 xyxx, 11 1* =15 (y*(12))3, (y* (t19))6 >.
When we computed how many double coset of our group over N , so we get 25 double
coset of M7q over N. Also, we could fulfill from that, we have a suitable maximal sub-
group in our case that gives opartanity to apply double coset enumeration over M. First

of all, we ask Magma for maximal subgroups of M as follows:
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> M:=MaximalSubgroups (Gl) ;
> M;
Conjugacy classes of subgroups

[1] Order 48 Length 165

Permutation group acting on a set of cardinality 396
Order = 48 = 274 x 3

[2] Order 120 Length 66

Permutation group acting on a set of cardinality 396
Order = 120 = 273 = 3 = 5

[3] Order 660 Length 12

Permutation group acting on a set of cardinality 396
Order = 660 = 272 x 3 x 5 »x 11

[4] Order 144 Length 55

Permutation group acting on a set of cardinality 396
Order = 144 = 274 x 372

[5] Order 720 Length 11

Permutation group acting on a set of cardinality 396
Order = 720 = 274 % 372 % 5

Now, we ask Magma to find how many suitable candidates which are divisible by N.

>for i in [1..5] do #M[i] ‘subgroup; end for;
48

120

660

144

720

Then, we will conjugate and determine M[2]‘subgroup of order 120 is the maximal

subgroup which contains N.

> D:=Conjugates (G1,M[2] ‘subgroup) ;

> DD:=Setseq(D);

> for i in [1..#DD] do if f(x) in DD[i] and f(y) in DD[i]
then i;end if; end for;

61

> for g in DD[61] do if Order(g) eqg 2 and

sub<DD[61] |f(x),f(y),g> eq DD[61] then g@rho;

end i1f; end for;
g:=WordGroup (G1) ;
rho:=InverseWordMap

(G1)
g2:=function w9 := g.3

’
* g.l; wl0 := w9 x g.2;
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wl8 := wl0 * g.2; w3 := g.3"-1; wl9 := wl8x w3;
return wl9;end function;

> g2(G);

t %X *x y 2 x t°-1

> H:=sub<G|x,y,t * x * y°2 % t7=1>;

> #H;

120

> #DoubleCosets (G, sub<G|x,y>,H);

~

f, Gl, k:=CosetAction (G, sub<G|x,y>);
CompositionFactors (£ (H));

Cyclic(2)

>
>
G
|
*
| Alternating(5)
1

Now, we can begin our process to find our double coset of M;; over M =< f(z), f(y), f(t=
x % y? *t~1) > which is isomorphic to Ss.
We need to find the total number of unique cosets of M in G. This is the index of G in

M. The index will be the order of G divided by the order of M.
ﬁ - 7920

M| _WZGG single cosets and we have 7 Double cosets.

9.1.1 Construction Cayley Graph

Circle[*]: First, we look for the first circle which is celled by [*] of our Cay-
ley diagram. We note that our double coset definition changes to we have MwN =
{n € N|Mw"™}. Thus, our first double coset we have, MeN = {n € N|Me"} = {e €
N|Me} = {M}. The number of right cosets in [*] is equal to 1, where |G| = 7920 ,and
|N| = 20. Since N is transitive on
{1,2,3,4,5,6,7,8,9,10,11,12, 13,14, 15, 16, 17, 18, 19, 20,

21,22,23, 24,25, 26,27, 28,29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39,40}, so N has two orbits
which are {9,4,17,12, 20, 3,25,28,11, 36,19, 35, 2, 33,27, 10, 18, 34, 26}, and
{5,13,8,21,16,24,7,29,32,15,40, 23, 39, 6, 37, 31, 14, 22, 38, 30}.

Now, we will pick element from each orbit, so we take the representative 1 of the orbit

{9,4,17,12,20, 3,25, 28,11, 36, 19, 35,2, 33,27, 10, 18, 34, 26}, and the representative 5 of
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the orbit {5,13,8,21,16,24,7,29,32, 15,40, 23, 39, 6, 37, 31, 14, 22, 38,30}.

Therefore, we will have two new double cosets which are Mt1N and MtsN.

Circle[1]: We get a new double coset Mt; N, so we have the second circle which is called
by [1]. We note that Mt; N = {n € N|Mt}}. Now we consider the coset stabilizer M1,
which is equal to the point stabilizer M*.

MM = {e (1,19)(2,12)(3,25)(4, 34)(5,23)(6,16)(7,29)(8, 38)(9, 27)(10,20)(11, 33)(13, 31)
(14,24)(15,37)(17, 35?](\%8, 28%(21, 39)(22,32)(26,36)(30,40)}, then the number of single

cosets of Mt1N is ’M(I)‘:?:m a single coset in [1]. Now, we are looking at the

generator M),

So, we can figure out the orbits on {1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17, 18,
19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38,39, 40} are
{1,19},{2,12}, {3,25}, {4, 34},

{5,23},{6,16},{7,29}, {8, 38},

{9,27},{10,20}, {11, 33}, {13, 31},

{14,24},{15,37},{17,35}, {18, 28},

{21,39}, {22, 32}, {26, 36}, {30, 40}

Next, we will take a representative from each orbit. Then, we will determine

{Mtyty, Mt tyg, Mtyts, Mtyty, Mtyts, Mtyte, Mtyty, Mtits, Mtite, Mtytig, Mtytiq,
Mtytyg, Mtityg, Mtytys, Mtitiz, Mtytys, Mtytey, Mtitas, Mtyteg, Mtitsy} which double
coset belong. As a result, eMtity, Mtits, Mtity, Mtit7, Mtit1s, Mtit17 belong to the
double coset [5], so the double coset [1] sends 12 elements to [5] since each orbit contains
two elements.

oMt t1o is new double coset. Also, since Mtitio is equal Mt 95, so we will consider
them as one new double coset which we will denote by [112]. Thus, the double coset [1]
sends 4 symmetric generators to [112] , since {Mtito, Mtit12}, and {Mtiteg, Mtitsa}
contain two elements. Note, we could know that Mt t12 is equal Mtqtoo by using Magma
code as follows:

for g in IM do for h in IN do if ts[l]xts[l2] eq
gx(ts[1l]*xts[22]) "h then "true"; Dbreak;

end i1f; end for; end for;
true
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o Mtits, Mtitg, Mtityy, Mtit13 are back to [1], so 8 elements will loop back into the
double coset [1].

oMt ts is a new double coset which is called [16]. Also, since Mt1tg is equal Mtitig,
so we will consider them as one new double coset which we will denote by [16]. Thus, the
double coset [1] sends 4 symmetric generators to [16], since { Mt1tg, Mt1t16}, and{ Mtitio,
Mtqta} contain two elements.

for g in IM do for h in IN do if ts[l]xts[6] eqg

gx (ts[1]xts[10]) "h then "true"; Dbreak;

end i1f; end for; end for;
true

e Mt tg is a new double coset which is called [18]. Since Mttg is equal Mt1t14, Mt1tog, and
Mtyts0, so we will consider them as one new double coset which we will denote by [18].
Thus, the double coset [1] sends 8 elements to [18].

eMt1t1s is a new double coset which is called [118]. Then, the double coset [1] sends 2
symmetric generators to [118].

e Mt1to1 will go to the double coset M=[*] Then, the double coset [1] sends 2 symmetric
generators to the double coset [*].

Circle [5] : Now taking a new double coset Mt5N, so we have the second circle which
we call it by [5]. We note that MtsN = {n € N|Mt?}. Now we consider the coset
stabilizer M), which is equal to the point stabilizer M.

M®) = {e, (1,27)(2,36)(3, 17)(4, 10)(5, 31) (6, 40)(7, 21)(8, 14)(9, 35)(11, 25)(12, 18) (13, 39)
(15,29)(16,22)(19, 33)(20,26)(23,37)(24, 30)(28, 34)(32, 38) }, then the number of single
cosets of MtsN is u\’4]\([5|)|:2:10 a single coset in [5]. Now, we are looking at the genera-
tor M®). So, we can figure out the orbits on {1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15, 16,
17,18,19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39,40} are
(1,27}, {2,36},{3,17},{4,10},

{5,311}, { 6,40}, {7, 21}, { 8, 14},

{9,35 }, {11, 25 }, { 12, 18}, { 13, 39},

{15,291}, { 16, 22}, {19, 33 }, { 20, 26 },

23,37}, {24, 30 }, { 28, 34}, { 32, 38 ).

Now, we choose a representative from each orbit.

If we select{Mt5t1, Mt5t2, Mt5t3, Mt5t4, Mt5t5, Mt5t6, Mt5t7, Mt5t8, Mt5t9, Mt5t12,
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Mtstiy, Mtstis, Mtstig, Mtstys, Mtstig, Mtstag, Mtstas, Mtstos, Mtstos, Mtstss} belong.
Therefore, we could know that.

o Mtsty, Mtsts, Mtsty, Mtstg, Mtst1s, Mtstig belong to the double coset [1].

So, the double coset [5] sends 12 symmetric generators to [1] since each orbit contains
two elements.

e Mtsto and Mtstis € the double coset [16].

So, the double coset [5] sends 4 symmetric generators to the double coset [16].

o Mtsts, Mtstg,Mtsty3, and Mtstes € the double coset [5].

So, 8 elements loop back into the double coset [5].

o Mtsty ,Mtstia, Mtsteg, and Mtstsy € the double coset [18].

So, the double coset [5] sends 8 symmetric generators to the double coset [18].

eMtsts € the double coset [118].

So, the double coset [5] sends 2 symmetric generators to the double coset [118].
eMtst11 € the double coset [*].

So, the double coset [5] sends 2 symmetric generators to the double coset [¥]=M.

e Mtstog and Mtstay € the double coset [112].

So, the double coset [5] sends 4 symmetric generators to the double coset [112].
Circle [16] : Next, we continue the same our previous processes in the new dou-
ble coset which is denote by [16]. We use the definition MtitcN = {n € N|Mtity}.
Now we consider the coset stabilizer M (6| which is equal to the point stabilizer M'6.
so the coset stabilizer of Mt tg is given by: M6 = {n € N|M(tits)” = Mtite} > <
e, (1,19)(2,12)(3,25)(4, 34)(5, 23)(6, 16)(7, 29)(8, 38)(9, 27)(10, 20) (11, 33) (13, 31) (14, 24)
(15,37)(17, 35)(18, 28) (21, 39) (22, 32)(26, 36)(30, 40) >.

The number of single cosets in the double coset [16] is Al :@:10 a single coset

|MQA6)| 2
So, we can see the orbits on

in [16]. Now, we are looking at the generator M19).

{1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15, 16, 17, 18, 19, 20,
21,22,23,24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40} are
{1,19},{2,12}, {3,251, {4, 34},

{5,23}, {6,161}, {7,29}, {8, 38},

{9,27}, {10,20}, {11,33},{13,31}

{14,24}, {15,37},{17, 35}, {18, 28},

{21,39}, {22, 32}, {26, 36}, {30, 40}
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Next, we will take a representative from each orbit.Then,we will determine
{Mtitety, Mtitetio, Mtitets, Mtitets, Mtitets, Mtitets, Mtitety, Mtitets, Mtitgto,
Mtitetio, Mtitet11, Mtitetis, Mtitetia, Mtitetis, Mititet17, Mtitet1g, Mtitetar, Mtitetao,
Mtytetas, Mtitstsp which double coset belong.
As aresult, e Mtqtgty, Mtits, Mtitets belong to the double coset [16], so 4 elements loop
back into the double coset[16].
oMttty and Mtitgt1; € the double coset [118].
So, the double coset [16] sends 4 elements to the double coset [118].
o Mtitgts, Mtitgts, Mtiteto, Mt1tatio, Mtitetin, Mtrttis, Mtitgtar, Mtitgtso belong to
the double coset [18], the double coset [16] sends 16 elements to the double coset [18].
o Mtytety, Mtitetis, Mtitetia, Mtitstao belong to the double coset [112], the double coset
[16] sends 8 elements to the double coset [112].
Circle[18]: The fifth circle which is represented by a new double coset Mt;gN. We
note that Mt1gN = {n € N|Mt}}. Now we consider the coset stabilizer M%) which
is equal to the point stabilizer M8,

IN| 20

M8 = [e}, then the number of single cosets of MtigN is W_TZQO a single

(18) " So, we can find the orbits on

coset in [18]. Now, we will see at the generator M
{1,2,3,4,5,6,7,8,9,10,11,12, 13,14, 15, 16, 17, 18, 19, 20,

21,22,23, 24,25, 26,27, 28,29, 30,31, 32,33, 34, 35, 36, 37, 38, 39,40} are

{1}, {2}, {3}, {4}, {5}, {6},{7}, {8},{9},{10},....,{40}. Next, we will determinate ev-
ery orbit which double coset is belong. Then, we found that by helping Magma.
o Mtitsty, Mtitsts, Mtitstis, Mtitstiz, Mtitstio, Mtitstao, Mtitstag, Mtitstss belong to
the double coset [112], so 8 symmetric generators extend from the double coset [18] to
[112].

o Mtytsty, Mtitstar, Mtitstar, Mtitstso, Mtitstse, Mtitstie, Mtitstse, Mtitsts belong to
the double coset [16], so 8 symmetric generators extend from the double coset [18] to
[16].

o Mtytgty, Mtitsts, Mtitste, Mtitgtir, Mtitgtio, Mtitstia, Mtitstis, Mtitstis, Mtitstas,
Mtytgtag, Mtitgtsy, Mtitstss € [18] , so 12 symmetric generators loop back into the
double coset [18].

o Mtqtsts, Mtitgtog, Mit1tstss, Mtitgtss € [1] , so 4 symmetric generators send from the
double coset [18] to the double coset [1].
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o Mtitgty, Mtytstio, Mtitstis, Mtitgtas € [5], so 4 symmetric generators send from the
double coset [18] to the double coset [5].

o Mtytgty, Mtitgtos, Mtitstas, Mtitgtse € [118], so 4 symmetric generators send from the
double coset [18] to the double coset [118].

Circle[112]: The sixth double coset which labels by [112]. Mt;t19N = {n € N|M (t1t12)n}.

(112), so the coset stabilizer of Mtit1o is

Now, we will determine the coset stabilizer M
given by:

M™M2) =y € N|M(tit12)" = Mtitn} > < e, (1,11)(2,28)(3,33)(4, 18)(5,15)(6, 32)
(7,37)(8,22)(9,19)(10, 36)(12, 26)(13, 23) (14, 40)(16, 30) (17, 27) (20, 34) (21, 31)(24, 38)
(25,35)(29, 39) >.

e The number of single cosets in the double coset [112] is W’(]\ﬁz)’:;:lo a single coset
in [112].

We can see that the orbits of M (M%) on {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16,17, 18,
19,20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38,39, 40} are

{1,111, {2, 28}, {3,33}, {4, 18}, {5, 15},

(6,32}, {7,37}, {8, 22}, {9,19}, {10, 361,

(12,26}, {13,23}, {14, 40}, {16, 30}, {17, 27},

(20,34}, {21, 31}, {24, 38}, {25, 35}, {29, 39},

We now take the representative from each orbit and we see where it goes. Therefore,
we could know that.

o Mtitioty, Mtytioty, Mt1tiot12, Mtitiatas belong to the double coset [16].

So, the double coset [112] sends 8 elements to [16] since each orbit contains two elements.
o Mtytiote, Mtitiots, Mtitiaty, Mtitiots, Mtitiot1a, Mtitiotor, Mtitiotog, Mtitiatog belong
to the double coset [18].

So, the double coset [112] sends 16 symmetric generators to [18] since each orbit contains
two elements.

e Mtitiats, Mtitiateg belong to the double coset [118].

So, the double coset [112] sends 4 symmetric generators to [118] since each orbit contains
two elements.

e Mtitiots, Mtit1otg belong to the double coset [1].

So, the double coset [112] sends 4 symmetric generators to [1] since each orbit

contains two elements.
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o Mtitioti, Mtit1ot17 belong to the double coset [5].

So, the double coset [112] sends 4 symmetric generators to [5] since each orbit contains
two elements.

o Mtitiotig, Mtit1at13 € [112] So, 4 symmetric generators loop back into [112].
Circle[118]: The last double coset which labels by [118]. Mt1t1sN = {n € N|M (t1t18)n}.

(118) "so the coset stabilizer of Mtitg is

Now, we will determine the coset stabilizer M

given by:

MWM8) = fn € N|M(t1t1g)" = Mtitig} > < e, (1,34,11,20)(2,19,28,9)(3,12, 33, 26)

(4,25,18,35)(5, 38, 15, 24) (6, 23, 32, 13)(7, 16, 37, 30)(8, 29, 22, 39)(10, 27, 36, 17) (14, 31,

40,21) >.

e The number of single cosets in the double coset [118] is ﬂ:—0:5 a single coset
|MA18)| 4

in [118].

We can see that the orbits of M(M8) on {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16, 17, 18,

19,20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39,40} are

{1,34,11,20}, {2,19, 28,9}, {3, 12, 33,26, {4, 25, 18, 35},

(5,38, 15,24}, {6,23,32,13}, {7, 16, 37, 301}, {8, 29, 22, 39},

{10,27,36,17}, {14, 31,40, 21}.

We now take the representative from each orbit and we see where it goes. Therefore,

we could know that.

o Mtqtigte, Mtitigta, Mtit1sts, Mtitigtip belong to the double coset [18].

So, the double coset [118] sends 16 symmetric generators to [18] since each orbit contains

4 elements.

e Mtitigts belong to the double coset [5].

So, the double coset [118] sends 4 symmetric generators to the double coset [5] since

each orbit contains 4 elements.

e Mtqt1sts belong to the double coset [1].

So, the double coset [118] sends 4 symmetric generators to [1] since each orbit contains

4 elements.

oMty t1sts, Mtitigtis belong to the double coset [16].

So, the double coset [118] sends 8 symmetric generators to [16] since each orbit contains

4 elements.

o Mtitigty, Mtiti1st7 belong to the double coset [112].
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So, the double coset [118] sends 8 symmetric generators to [112] since each orbit contains
4 elements.
Finally, we could complete our Caylay diagram of Mi; over Maximal Subgroup Ss.

N IN| N[N, N, N
\M(1)| \M(5)| \M(16)| |M(18)| |M(112)| |M(118)|

|G| < (|M]|+ ) x 120

IG| < (1+10+10+ 10+ 20 + 10 + 5) x 120
IG| < (66 x 120) < 7920

Figure 9.1: Cayley Graph of Mj; over Maximal Subgroup Sy
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9.2 Double Coset Enumeration of U(3,5) over Maximal

Subgroup A;

We will apply manual double coset enumeration of U(3,5) over M = Az.

5*6:m55
(y*x2 *t(y*CCQ))4,(y*zQ*t2)7 ’

G =< a,y,t" " (@27 Lxy)' (@ xyx 2725y x 2)° 00, (Ly x a7 Lxy), w2 =
4, (yxa2et @ N4 (yxa?%12)7 >. Where the order of the group |G| 2 |U(3,5)| = 126000
and |N = S5|=120.

Consider the group G = A symmetric presentation of G is

We now find a suitable maximal subgroup that contains N for performing the maximal
double coset enumeration of U(3,5) over M and N. First, we have to find the maximal
subgroup as follows:

M:=MaximalSubgroups (Gl) ;
M;
Conjugacy classes of subgroups

[1] Order 240 Length 525

Permutation group acting on a set of cardinality 1050
Order = 240 = 274 % 3 « 5

[2] Order 1000 Length 126

Permutation group acting on a set of cardinality 1050
Order = 1000 = 2°3 % 573

[3] Order 720 Length 175

Permutation group acting on a set of cardinality 1050
Order = 720 = 274 % 372 % 5

[4] Order 720 Length 175

Permutation group acting on a set of cardinality 1050
Order = 720 = 274 % 372 % 5

[5] Order 720 Length 175

Permutation group acting on a set of cardinality 1050
Order = 720 = 274 % 372 x5

[6] Order 2520 Length 50

Permutation group acting on a set of cardinality 1050
Order = 2520 = 273 % 372 x 5 % 7

[7] Order 2520 Length 50

Permutation group acting on a set of cardinality 1050
Order = 2520 = 273 % 372 » 5 % 7

[8] Order 2520 Length 50

Permutation group acting on a set of cardinality 1050

Order = 2520 = 273 = 372 = 5 = 7
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M
To find all maximal subgroup of G by ||N|| In order to determine which subgroup
contains N, we will use this following Magma code:
C:=Conjugates (G1,M[8] ‘subgroup) ;
CC:=Setseqg(C);
for 1 in [1..#CC] do if f(x) in CC[i] and f(y) in CC[i] then 1i;
end i1if; end for;
28

So, we will use this M[8]’subgroup. In appendix, we can see how we could find the
relation which will create M.

Thus, our M = A7 and its order is 2520. Also, we have 5 double cosets and 50 single
cosets.

M:=sub<G|x,y,t * x * £t -1>;

#M;

2520

#DoubleCosets (G, M, sub<G|x,y>);

5

IM:=sub<Gl|f(x),f(y),f(t » x x t°=-1)>;

CompositionFactors (IM);

G

| Alternating(7)

1

#G/#M;
50

Now, we can begin our method to find the double coset enumeration of U(3,5) over the
maximal subgroup A7 as our previous example.

The first double coset which is labeling by [*] in our Cayley diagram. We have that
our double coset definition is MwN = {n € N|Mw"}.Thus, our first double coset we
have, MeN = {n € N|Me"} = {e € N|Me} = {M}=[*].

The number of right cosets in [*] is equal to 1, where |G| = 126000, and |N| = 120.
Since N is transitive on {1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15,16, 17, 18, 19, 20,
21,22,23,24}. So, N has one orbit which is

{1,6,3,11,5,4,12,22,2,8,17,20,7, 10, 18,19, 16,9, 14, 23, 24, 21, 13, 15}.

We now take element from the orbit, so we take the representative 1 of the orbit

{1,6,3,11,5,4,12,22,2,8,17, 20,7, 10, 18,19, 16,9, 14, 23, 24, 21,13, 15} Therefore, we will
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have one new double coset which is Mt N.

The second double coset which is labeling by [1] in our Cayley diagram. We note
that Mt; N = {n € N|Mt}}. Now we consider the coset stabilizer M1 which is equal
to the point stabilizer M.

MW = {e,(2,21,6,16,23)(3,12,22,5,8)(4, 11, 14,9, 18)(10, 17, 20, 15, 24),
(1,6,16)(2,11,9)(3, 20, 5)(4, 13, 18)(7, 12, 22)(8, 17, 15)(10, 19, 24)(14, 23, 21)}. Then, the
number of single cosets of Mt N is %:&)22 a single coset in [1].

Now, we are looking at the generator M),

So, we can see the orbits on{1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16, 17,

18,19, 20, 21,22, 23,24} are {1,6,11,4,2,18,16,9, 14,23,21,13} and {3, 12, 20,
17,22,7,19,10, 24,8, 5,15}

Next, we will take a representative from each orbit. We could determine that.

eMtqty € [11] is the new double coset.

So, the double coset [1] sends 12 symmetric generators to the new double coset [11].
oMtits € [*].

So, the double coset [1] sends 12 symmetric generators to the double coset [*].

The third double coset which is labeling by [11] in our Cayley diagram. We want to
indicate that M1t N = {n € N|Mt1t;"} and the coset stabilizer MY which is equal
to the point stabilizer M.

MY = {e,(2,16,21,23,6)(3,5,12,8,22)(4, 9, 11, 18, 14)(10, 15,17, 24, 20)}, then the num-
ber of single cosets of Mt1t1 N is ]\’JZ(\ZWZIOZH a single coset in [11].

Now, we can see the orbits on{1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15,16, 17,18, 19, 20,
21,22,23,24} are {1,13}, {7,19}, {2,6,4,14, 18,9, 11,23,16, 21} ,and {3, 22, 24, 17, 15, 20,
10,8,5,12}

Next, we will take a representative from each orbit, so we will pick 13 from the orbit
{1,13}, 7 from the orbit {7,19}, 2 from the orbit{2,6,4,14,18,9,11,23,16,21}, and 3
from {3,22,24,17,15,20,10,8,5,12}. Then, we can determine that.

oMtytitys € [11].

So, 2 symmetric generators loop back into the double coset [11]. We could figure this
out by the following Magma code:

for g in IM do for h in IN do if ts[l]xts[l]*ts[13]
eq gx (ts[1l]*xts[1]) "h then "true"; break;
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end i1if; end for; end for;
true

o Mtitity € [11]

So, 2 symmetric generators go to the double coset [1].

for g in IM do for h in IN do if ts[1l]*ts[1l]xts[7]
eq g+ (ts[1l]) "h then "true"; break;

end i1if; end for; end for;
true

oMttty € [112] this is a new double coset.

So, 10 symmetric generators send from the double coset [11] to the new double coset
[112].

oMttty € [113] this is a new double coset.

So, 10 symmetric generators send from the double coset [11] to the new double coset
[113].

The forth double coset which is labeling by [112] in our Cayley diagram. We can
see that Mt1t1taN = {n € N|Mtit1t5} and the coset stabilizer M2) which is equal
to the point stabilizer M2, M2 ={e (1,20)(2,7)(3,6)(4,17)(5,16)(8,13)(9,12)
(10,23)(11,22)(14,19)(15, 18)(21,24)}, then the number of single cosets of Mt1t1taN is
‘]\4‘](\[112)‘:4:30 a single coset in [112].

Now, we can see the orbits on{1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15,16, 17,18, 19, 20,
21,22,23,24} are {1,20,8,13},{2,7,19, 14}, {3,6,4,17},{5,16, 18,15}, {9, 12, 10, 23},
{11,22,24,21}. We will pick a representative from each orbit, so we determine that.
oMtytitaty € [11].

So, 4 symmetric generators send from the double coset [112] to the double coset [11].
for g in IM do for h in IN do if ts[l]xts[l]xts[2]xts[1l]

eq gx(ts[1l]xts[1l]) "h then "true";

break; end if; end for; end for;
true

o Mitititote, Mitititots, Mtititats, Mtit1taty, and Mtititat € [112}.
So, 20 symmetric generators loop back into the double coset [112].
for g in IM do for h in IN do if ts[l]xts[l]x*ts[2]*xts[2]

eq gx(ts[1l]xts[l]l*ts[2]) "h then "true";
break; end if; end for; end for;
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for g in IM do for h in IN do if ts[l]l*ts[l]xts[2]*xts[3]
eq gx (ts[l]lxts[1l]*ts[2]) "h then "true";
true

The last double coset which is labeling by [113] in our Cayley diagram. We can see
that Mtit1tsN = {n € N|Mtit1t5} and the coset stabilizer M®3) which is equal to
the point stabilizer M3,

M13) = £(1,3)(2,22)(4,8)(5,6)(7,9)(10,14)(11,12)(13, 15)(16, 20) (17, 18) (19, 21)(23,
24),(1,20)(2,7)(3,6)(4,17)(5,16)(8,13)(9,12)(10,23)(11,22)(14, 19)(15, 18)(21,24)},
|]W|](\1r1|3) | :%:5 a single coset in [113].
Now, the orbit on{1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15,16, 17,18, 19, 20, 21, 22, 23,24}
is {1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15,16, 17, 18,19, 20, 21, 22, 23, 24}.

then the number of single cosets of Mt1t1t3N is

We will pick a representative from the orbit, so we determine that.

e Mtititsty € [11]. So, 24 symmetric generators send from the double coset [113] to the
double coset [11].

for g in IM do for h in IN do if ts[1l]*ts[1l]*ts[3]xts[1]

eq g* (ts[1l]l+*ts[1]) "h then "true"; break;

end 1f; end for; end for;
true

Finally, we conclude that our Caylay diagram of U(3,5) over maximal subgroup Az.

N, NI, N, IN|
|M(1)| |M(11)‘ ]M(112)| |M(113)|
|G| < (1+2+ 12430+ 5) x 2520

G| < (50 x 2520) < 126000.

|Gl < (IM] +

) x 2520
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[112] [113]

Figure 9.2: Cayley Graph of U(3,5) over Maximal Subgroup Ay
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Appendix A

MAGMA Code for Extension
Types

Al G2:PGL(2,7)

G<w, X,V,z,t>:=Group<w, xX,vy,z,tIw 2,x"2,y 4,272, (wxy"—=1) "2, xxy”
—lxxxy,

y =2%z,WkxxWkxxzZ,t 2, (t,w), (x+xt) "8, (y*xt) "3, (x+wxt) "0,
(Wwaxxy*xt) "0, (Wrxxyxt) "7>;

#G;

f,Gl,k:=CosetAction (G, sub<G|w,x,vy,z>);

#k;

N:=sub<Gl|f(w), f(x),f(y),£(z)>;

CompositionFactors (Gl);

NL:=Normallattice (Gl);

NL;

for 1 in [1..#NL]do if IsAbelian(NL[i]) then i;end if;end for;
NL[4];

X:=[2,2,2,2,2,2,2,2,21;

IsIsomorphic (NL[4],AbelianGroup (GrpPerm, (X)));

FPGroup (NL[4]);

S<w,x,y,z,h,0,p,u, r>:=Group<w, x,vy,z,h,o0,p,u,r| w'2,x°2,vy°2,2°2,
h™2,072,p"2,u”2,r" 2, (w * X)72,(w x y) " 2,(x » y) 2, (w *x z) 2,
(x * z)"2,(y » z)°2,(w x» h)"2,

(x » h)"2,(yx h)"2,(z » h) 2, (w » 0)72,(x%x 0) 2, (y * o) 2,



(z x 0) "2, (
(y = p)"2,(
(y » u)~2,
(w x )72, (
(z = r)"2,
ff,ss,kk:=
s, t:=Is

Sy
H:=NL[4];

0) "2, (w *

) "2, (h = p
u) "2, (h *
) "2, (y * r)

g, ff:=quo<Gl |NL[4]>;

CF;
FPGroup (qd) ;

(h x r)"2,(0 » r)"2,(px r) 2, (u » r)
CosetAction (S, sub<S|Id(S)>);
Isomorphic(ss,NL[4]);

"2>;

H<a, b, c>:=Group<a,b,cla’"2,b"2,c"2, (axb) "2, (cxb) "3, (axc) "8,
brxaxcxbraxcxbrxaxcxbraxcraxbxcrxaxbrxcrxaxbxc>;
ff,ss,kk:=CosetAction (H, sub<H|Id(H)>);
s,t:=IsIsomorphic(qg, ss);

Sy

CompositionFactors (q);
NL1:=NormalLattice (q);

NL1;

#PGL (2, 7) ;

EE:=g! (1, 2) (3, 4) (5,
FF:=q! (1, 2) (5, 7) (6,
GG:=qg! (2, 3) (4, 5) (6,
TE(T[2]);

TE(TI3]);

fE(T14]);

TE(TIS]);

fE(T[6]);

f£f(T[2]) eqg EE;
ff(T[3]) eq FF;
f£(T[4]) eqg GG;

g eq sub<gl|EE,FF,GG>;
A:=G1'NL[4].1;
B:=G1l!NL[4].2;
C:=G1l!NL[4].3;
D:=G1l!NL[4].4;
F:=G1!NL[4].5;
H:=G1!NL[4].6;
P:=Gl!NL[4].7;
O:=G1l!NL[4].8;
V:=G1l!NL[4].9;
J:=G1l!T[2];
I:=G1l!T[3];
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M:=G1!T[4];

for i,3,%,1,m,mm,ii, jj, kk in [1..2] do 1if A"J eq

ATi* B T J*C k*D " 1xF " mxH mm+xP " ii«0"jjxV kk then i, 3j,k,1l,m,mm,ii,
JJrkk;

end i1if; end for;

for i,3,k,1,m,mm,ii, 3j,kk in [1..2] do if A"I eqg

A"ixB " J*#C k*D " 1+F " m+xH mm+«P"11i+x0~jj*V"kk then 1i,7j,k,1l,m,mm,ii,
JJ,kk;

end if; end for;

for i,3J,k,1,m,mm,ii, 3j,kk in [1..2] do if A"M eqg

ATixB " j*«C k*D " 1+F " m+xH mm+«P"11i+x0~jj*«V"kk then i, 3j,k,1l,m,mm,ii,
JJ,kk;

end i1f; end for;

for i,3j,k,1,m,mm,ii, jj,kk in [1..2] do if B"J eq

ATixB " JxC k*D " 1+F " m*H " mm*«P"1ix0"jjxV"kk then i, 3J,k,1,m,mm,ii,
JJrkk;

end i1if; end for;

for i,3j,%k,1,m,mm,ii, jj, kk in [1..2] do if B I eq

ATi*B " J*xC k*«D " 14F " m+H mm+xP"1i+x0"jj*V"kk then 1i,3j,k,1,m,mm,ii,
JJj,kk;

end i1f; end for;

for i,3j,%k,1,m,mm,ii, jj, kk in [1..2] do if B"M eq

ATi*B " J*C k*D " 1xF " mxH mm*P"ii«0"~jjxV "kk then i, j,k,1l,m,mm,ii,
JJrkk;

end i1if; end for;

for i,3,%,1,m,mm,ii, jj, kk in [1..2] do 1if C"J eq

ATi*B " JxC k*D " 1xF " mxH mm*xP"1ii«0"~jjxV kk then i, 3j,k,1l,m,mm,ii,
JJj,kk;

end if; end for;

for i,3,k,1,m,mm,ii, 3j,kk in [1..2] do if C"I eqg

ATixB " j*«C k*D " 1+F " m+xH mm+«P"11ix0~jj*«V"kk then i, J,k,1,m,mm,ii,
JJ,kk;

end i1if; end for;

for i,3j,k,1,m,mm,ii, 3j,kk in [1..2] do if C™M eq

A"ixB " j*«C "k*D " 1+F "m+xH mm+«P"1ix0~jj*«V"kk then 1i,3j,k,1l,m,mm,ii,
JJ,kk;

end if; end for;

for i,3j,k,1,m,mm,ii, jj,kk in [1..2] do if D"J eq

AT1+B " J*xC k*D"1+F " m+H " mm+xP" 11«0~ Jj*V"kk then i, 3J,k,1l,m,mm,ii,
JJrkk;

end 1f; end for;

for i,3j,%k,1,m,mm,ii, jj, kk in [1..2] do if D"I eq

ATi*B " J*C k*D " 1xF " mxH mm+«P"ii«0"~jjxV "kk then i, j,k,1,m,mm,ii,
JJj,kk;
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end i1if; end for;

for i,3,%,1,m,mm,ii, jj, kk in [1..2] do if DM eq

ATi* B T J*C k*D " 1xF " mxH mm+xP " ii«0"jjxV kk then i, 3j,k,1l,m,mm,ii,
JJrkk;

end i1if; end for;

for i,3,k,1,m,mm,ii, 3j,kk in [1..2] do if F"J eqg

A"ixB " J*#C k*D " 1+F " m+xH mm+«P"11i+x0~jj*V"kk then 1i,7j,k,1l,m,mm,ii,
JJ,kk;

end if; end for;

for i,3J,k,1,m,mm,ii, 3j,kk in [1..2] do if F"I eq

ATixB " j*«C k*D " 1+F " m+xH mm+«P"11i+x0~jj*«V"kk then i, 3j,k,1l,m,mm,ii,
JJ,kk;

end if; end for;

for i,3j,k,1,m,mm,ii, jj,kk in [1..2] do if F"™M eq

ATixB " J*xC k*D " 1+F " m+H mm+xP"1i+x0"jj*xV"kk then i, J,k,1l,m,mm,ii,
JJrkk;

end if; end for;

for i,3j,%k,1,m,mm,ii, jj, kk in [1..2] do if H"J eq

ATi*B " J*xC k*«D " 14F " m+H mm+xP"1i+x0"jj*V"kk then 1i,3j,k,1,m,mm,ii,
JJrkk;

end i1f; end for;

for i,3j,%k,1,m,mm,ii, jj, kk in [1..2] do if H"I eq

ATi*B " J*C k*D " 1xF " mxH mm*P"ii«0"~jjxV "kk then i, j,k,1l,m,mm,ii,
JJrkk;

end i1if; end for;

for i,3,%,1,m,mm,ii, jj, kk in [1..2] do if H"M eq

ATi*B " JxC k*D " 1xF " mxH mm*xP"1ii«0"~jjxV kk then i, 3j,k,1l,m,mm,ii,
JJj,kk;

end if; end for;

for i,3,k,1,m,mm,ii, 3j,kk in [1..2] do if P"J eqg

ATixB " j*«C k*D " 1+F " m+xH mm+«P"11ix0~jj*«V"kk then i, J,k,1,m,mm,ii,
JJ,kk;

end i1if; end for;

for i,3j,k,1,m,mm,ii, 3j,kk in [1..2] do if P"I eq

A"ixB " j*«C "k*D " 1+F "m+xH mm+«P"1ix0~jj*«V"kk then 1i,3j,k,1l,m,mm,ii,
JJ,kk;

end if; end for;

for i,3j,k,1,m,mm,ii, 3j,kk in [1..2] do if P"M eq

AT1+B " J*xC k*D"1+F " m+H " mm+xP" 11«0~ Jj*V"kk then i, 3J,k,1l,m,mm,ii,
JJrkk;

end 1f; end for;

for i,3j,%k,1,m,mm,ii, jj, kk in [1..2] do 1if O"J eq

ATi*B " J*C k*D " 1xF " mxH mm+«P"ii«0"~jjxV "kk then i, j,k,1,m,mm,ii,
JJj,kk;
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end i1if; end for;
for i,3,%,1,m,mm,ii, jj, kk in [1..2] do 1if O"I eqg

ATi* B T J*C k*D " 1xF " mxH mm+xP " ii«0"jjxV kk then i, 3j,k,1l,m,mm,ii,

JJ,kk;
end i1if; end for;
for i,3,k,1,m,mm,ii, 3j,kk in [1..2] do if O"™M eqg

A"ixB " J*#C k*D " 1+F " m+xH mm+«P"11i+x0~jj*V"kk then 1i,7j,k,1l,m,mm,ii,

Ji,kk;
end if; end for;
for i,3j,k,1,m,mm,ii, 3j,kk in [1..2] do if V"J eqg

ATixB " j*«C k*D " 1+F " m+xH mm+«P"11i+x0~jj*«V"kk then i, 3j,k,1l,m,mm,ii,

jjrkk;
end i1f; end for;
for i,3j,k,1,m,mm,ii, 3j,kk in [1..2] do if V I eq

ATixB " J*xC k*D " 1+F " m+H mm+xP"1i+x0"jj*xV"kk then i, J,k,1l,m,mm,ii,

JJrkk;
end i1if; end for;
for i,3j,%k,1,m,mm,ii, jj, kk in [1..2] do 1if V"M eq

ATi*B " J*xC k*«D " 14F " m+H mm+xP"1i+x0"jj*V"kk then 1i,3j,k,1,m,mm,ii,

JJ,kk;

end i1f; end for;

H<w, x,vy,z,h,0,p,u,r,a,b,c>:=Group<w, x,y,z,h,0,p,u,r,a,b, cl|
w'2,x"2,y°2,

z"2,h"2,072,p"2,u"2,r"2,(w * x)"2,(w * y) 2, (x  vy) 2,

(w x 2z)72,(x x z)"2,(y » z)"2,(w x h) 2,(x = h)"2, (y*x h)" 2,
(z = h)~2,

(w x 0)72,(x* 0)72,(y » 0)"2,(z » 0)"2,(h x 0) "2, (w * p) 2,
(x x p) 2,

(y » p) 2, (z* p) "2, (h = p)"2,(0 = p)"2,(w x u) 2, (x * u) 2,
(y » u)~2,

(z = u) 2,

(h ~ u)"2, (0 » u)"2,(p » u)"2,(w x r) 2, (xx r) 2,(y  r) 2,
(z » )2,

(h » r)"2,

(o » r)"2, (p* r) "2, (uxr) "2, w a=wxy,w b=wxy,w c=w, X" a=x+*y,
X"b=x,x"Cc=x*xy*z,

vy a=y,y b=y,y c=z,z a=y*z*xu, z b=y*xz, z c=y,

h"a=h,h"b=yxh, h"c=yxhxo*u, o0 a=y+xhxoxpx*u, o "b=x*0oxu, o0 c=y*u,
p a=p,p b=p,p c=yxhxo*p*r,
u"a=u,u"b=u,u"c=z+x0,r a=p*xr,r b=p*ruxr,r c=yxz*r,a’"2,b" 2,
c”2, (a*b) "2, (c*b) "3, (a*xc) "8, brarcxbrxa*xcxbrxaxcxbrarxcrxaxb*cx*
axb*xcxaxbxc>;

#H;

#G1;
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f1,H1,k1:=CosetAction (H, sub<H|Id (H)>);
:=IsIsomorphic(Gl,H1);s;

A2 G3:(F*2%)x2

G<x,Vy,z,W,h,t>:=Group<x,vy,z,w,h,t|x"2,y"2,z"°2,w 4,h"2,
(y*2z) "2, (x+w™=1) "2, (y*w™—=1) "2, zxw —1*z*w,

W =2+h, x*xy*x*xy*w —1,x*xzxxX*xzxh,t 2, (t,x), (y*xt) "6, (zxwxt) "3,
(z+x*t) "6, (y*x*t) "4, (yxxxzxt) "0>;

#G;

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,h>);

#k;

IN:=sub<Gl|f(x),f(y),f(z),£(w),f(h)>;
NL:=NormallLattice (Gl);

NL;

for i in [1..#NL]do if IsAbelian(NL[i1i]) then

i;end if;end for;

NL[4];

X:=[3,3,3,31;

IsIsomorphic (NL[4],AbelianGroup (GrpPerm, (X)));

H:=NL[4];
g, ff:=quo<Gl|NL[4]>;
g7

CompositionFactors(q);
Center (Gl);
nl:=Normallattice(q);
nl;
:=DirectProduct (nl1[17],nl[2]);
IsIsomorphic (E,q);
FPGroup (q) ;
H<e, f,g,h,0>:=Group<e, f,g,h,0le”2,£7°2,9g72,h"2,072, (exqg) "2,
(f*g) "2,
(exh) "2, (£ * h) "2, (g * h)"2, (ex 0)"2, (g *0) "2,
e x fx e x £ » h,h x o x h g * o * h x o, (f o » £ xox h)
"2>;
ff,ss,kk:=CosetAction (H, sub<H|Id (H)>);
s,t:=IsIsomorphic(qg, ss);
Sy
FPGroup (NL[4]);
S<a,b,c,d>:=Group<a,b,c,dla"3,b"3,c"3,d"3, (a,b), (a,c), (b,c),
(a,d), (b,d),
(c,d)>;



ff,ss,kk:=CosetAction (S, sub<S|Id(S)>);
s,t:=IsIsomorphic(ss,NL[4]);

Sy
H:=NL[4];

g, ff:=quo<Gl|NL[4]>

dq;

EE:=q!
FF:=q!
GG:=q!
DD:=q!
KK: =q'

ff( [6]) eq
Generators (N
A:=G1lI!NL[4].
B:=G1!NL[4]
C:=G1!NL[4]
D:=G1!NL[4]
H:=G1!T[2];
J 3]/
I 41;
M 515
¢ 61;
for 1,j,k,l
Jrk,1;

end if; end
for i, 3j,k,1
Ik, 1;

end if; end
for i, 3j,k,1
Jrk,1;

end 1f; end
for 1i,73,%k,1
Jrk,1;

end i1if; end
for i, 3j,k,1
Jrk,1;

end if; end
for i, 3J,k,1
Jrk,1;

L
1
.23
3
4

7, 11) (8, 10) (9, 12);

5, 7) (6, 9)(8, 12) (10, 11);
5, 6) (7, 9) (8, 10) (11, 12);
5, 8) (6, 10) (7, 12) (9, 11);
(7, 11) (9, 12);

sal (G1,NL[4]);

EE;
FF;
GG;
DD;
KK;
[41);

4

in [1..3] do if A"H eq A i*B"j*C k«D"1

for;
in [1..3] do if A"J eqg A"ixB"j*C"k«D"1

for;
in [1..3] do if A"I eq A"i*B"jxC kxD"1

for;
in [1..3] do if A"™M eq A"i%xB " j*xC"kxD"1

for;
in [1..3] do if A"0 eq A"ixB " j*xC"k*D"1

for;
in [1..3] do if B"H eqg A"i*B " jxC kD" 1

then

then

then

then

then

then

i,

i,

i,

i,

155



end 1f; end
for 1i,3,%k,1
Jrk,1;
end i1if; end
for i, 3j,k,1
ok, 1;
end if; end
for i, 3J,k,1
Jrk,1;
end if; end
for i, 3j,k,1
Jrk,1;
end i1if; end
for i, 3j,k,1
Jrk,1;
end 1f; end
for i, 3j,k,1
Jrk,1;
end if; end
for i, 3j,k,1
Jrk,1;
end if; end
for i, 3j,k,1
Jrk,1;
end i1f; end
for 1i,3,%k,1
Jrk,1;
end if; end
for i, 3j,k,1

j,k,1; end if;

for i, 3j,k,1
J, k,1;
end if; end
for i, 3j,k,1
Jrk,1;
end 1f; end
for 1i,73,%k,1
Jrk,1;
end if; end
for i, 3j,k,1
Jrk,1;
end i1f; end

for;

in [1..

for;

in [1..

for;

in [1..

for;

in [1..

for;

in [1..

for;

in [1..

for;

in [1..

for;

in [1..

for;

in [1..

for;

in [1.
end
in [1.

for;

in [1..

for;

in [1..

for;

in [1.

for;

.31

3] do
3] do
3] do
3] do
3] do
3] do
3] do
31 do
3] do
.3] do
for;
.3] do
3] do
3] do
do

if

if

if

if

if

if

if

if

if

if

if

if

if

if

€q

eq

€q

eq

eq

€q

eq

€q

eq

eq

eq

eq

eq

eq

A"ixB"j*xC"k*xD"1

ATi*B " J*C kD" 1

ATi*B"J*C kD" 1

A"ixB"J*xC"k*D"1

ATi*B " J*C kD" 1

ATi*B"J*C kD" 1

A"ixB"j*xC"k*D"1

ATi*B " J*C kD" 1

A"ixB"jxC"k*D"1

A"ixB"Jj*xC"k*D"1

A"ixB"J*xC"k*D"1

ATi*B " J*C kD" 1

A"ixB"jxC"k*D"1

A"ixB"Jj*xC"k*D"1

then

then

then

then

then

then

then

then

then

then

then

then

then

then

i,

i,

i,

i,

i,

i,

i,

i,

i,

M<a,b,c,d,e, f,g,h,0>:=Group<a,b,c,d,e,f,g,h,0la”3,b"3,c"3,

d"3,
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(a,b), (a,c), (b,c), (a ),( d), (c, d),eAZ,fAZ,gAZ,h‘Z,o“Z,
(exg) "2, (fxg) "2, (e*h) (f * h)"2,(g » h)"2, (ex 0)"2, (g *0) "2,
exfxexfxh, h*o*h*g*o*h*o (f o » £ %xo0* h) "2,
a“e=a,a"f=axc,a"g=a"2,a"h=axb,a"0=a"2,b"e=b,b " f=b*c,b " g=b" 2,
b h=b"2,

b o=b,c"e=b*xc"2,c " f=c"2,c"g=c"2,c"h=c”2,c"o=c*d" 2,
d"e=d"2,d " f=d,d"g=d"2,d"h=d,d " o=d"2>;

#M;

#G1;

f1,M1,k1l:=CosetAction (M, sub<M|Id (M) >);
s:=IsIsomorphic(Gl,M1);s

A.3 54 l)4 X E%

G<X,VY,z,W,h,t>:=Group<x,vy,z,w,h,t|x"2,y"2,z2"°2,w"4,h"2, (yxz) "2,
(x+w™=1) "2, (y*w™=1) "2, z+«w —1*z*w,
W =2+xh, X*xy*x*xy*xw —1,x*xzxxX*xz+h,t 2, (t,x), (y*xt) "4, (zxwxt) "0,
(zxx*t) "3, (y*xxt) 10, (y*x*xz*t) " 6>;
#G;
f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,h>);
#k;
IN:=sub<Gl|f(x),f(y),f(z),f(w),f(h)>;
CompositionFactors (Gl);
NL:=NormallLattice (Gl);
NL;
NL[2];
Center (Gl);
=[5,5,5,5];
IsIsomorphic (NL[2],AbelianGroup (GrpPerm, (X)));

H:=NL[2];
d, ff:=quo<Gl|NL[2]>
g7

IsAbelian(q);

FPGroup (NL[2]);

S<w, x,y,z>:=Group<w, xX,y,z|w"5,x"5,y"5,2"5, (w,x), (Ww,y), (X,¥),
(W, z),(x,2),(y,2)>;

ff,ss,kk:=CosetAction (S, sub<S|Id(S)>);
s,t:=IsIsomorphic(ss,NL[2]);

Sy

FPGroup (qd) ;

H<e, f,g,h,v>:=Group<e, f,g,h,v|e”2,£7°2,972,h"2,v"2, (exqg) "2,
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(f*g) "2, (exh) "2, (f = h)"2, (g * h)" 2,

(e » v) "2, (h » v)"2,e » £ x e » £ %« h,

V*e*f*e*v*f,g*v*g*e*v*g*v>;

ff,ss,kk:=CosetAction (H, sub<H|Id (H)>);

s,t:=IsIsomorphic(qg, ss);

Sy

nl:=NormalLattice(q);

nl;

E:=DirectProduct (nl1l[10],nl[7]);

IsIsomorphic (E, q);

IsIsomorphic(nl[7],SymmetricGroup(3));

nl[7];

nl[10];

IsIsomorphic (DihedralGroup (4),nl1[10]);
:=DirectProduct (DihedralGroup (4), SymmetricGroup(3));

IsIsomorphic (E, q);

T:=Transversal (G1,NL[2]);

A:=G1l!NL[2].1;
B:=Gl!NL[2].2;
C:=Gl!NL[2].3;
D:=G1l!NL[2].4;
qa;

££(T[2]) eq q.1;
f£(T[3]) eq g.2;
££(T[4]) eq q.3;
f£(T[5]) eqg g.4;
££(T[6]) eq g.6;
EE:=g!qg.1l;
FF:=q!qg.2;
GG:=g'!qg.3;
DD:=q!g.4;
CC:=g'!g.6;
ff(T[3]) eq FF;
ff(T[2]) eqg EE;
f£(T[4]) eqg GG;
f£f(T[5]) eqg DD;
ff(T[6]) eqg CC;
g eq sub<gl|EE,FF,GG,DD,CC>;
J:=G1l!T[2];
I:=G1!'T[3];
M:=G1!'T[4];
0:=G1!T[5];
Q:=G1!T[6];

for i,3,%,1 in [1..5] do if A"J eq



A"i*B"jxC"k«D"1 then i, Jj,k,1l; end if;
for i,3,k,1 in [1..5] do if A"I eq
A"i*B"jxC"k«D"1 then i, Jj,k,1; end if;
for i,3j,k,1 in [1..5] do if A"M eq
A"i*B"jxC"k«D"1 then i, Jj,k,1; end if;
A™M eq AT4%xB"2xC"3;

for i,3j,k,1 in [1..5] do if A"O eq
A"i*xB"Jj*xC"k*«D"1 then i, Jj,k,1l; end 1if;
A0 eq A"4;

for i,3J,k,1 in [1..5] do if A"Q eq
A"ixB"j*«C"kxD"1 then i, j,k,1; end if;
A"Q eq AxB"3xD"3;

for i,3j,k,1 in [1..5] do if B"J eq
A"i*B"jxC"k«D"1 then i, Jj,k,1; end if;
B"J eq B;

for i,3J,k,1 in [1..5] do if B "I eqg
A"i*xB"j*xC"k+«D"1 then i, j,k,1l; end 1if;
B"I eq A"4+xB*C"3;

for i,3J,k,1 in [1..5] do if B"M eqg
A"ixB"j*C"kxD"1 then i, j,k,1; end if;
B"M eq BxD;

for i,3,%,1 in [1..5] do if B0 eq
A"i*B"jxC"k«D"1 then i, Jj,k,1; end if;
B0 eq B"4;

for i, 3J,k,1 in [1..5] do if B"Q eqg
A"ixB"jxC"k«D"1 then 1i,7j,k,1; end if;
B"Q eq D"4;

for i,3,%,1 in [1..5] do if C"J eq
A"i*B"jxC"k«D"1 then i, ]j,k,1l; end if;
C"J eqg C"4%D"4;

for i,3,%,1 in [1..5] do if C"I eq
A"i*B"jxC"k«D"1 then i, Jj,k,1; end if;
C"I eq A™4%C"4;

for i, 3J,k,1 in [1..5] do if C™M eqg
A"ixB"j*«C"kxD"1 then i, j,k,1; end if;
C™M eqg CxD;

for i,3,%,1 in [1..5] do if C"0O eq
A"i*B"jxC"k«D"1 then i, Jj,k,1; end if;
C"0 eg C"4;

for i,3,%,1 in [1..5] do if C"Q eq
ATi*xB"Jj*xC"k*«D"1 then i, Jj,k,1l; end 1if;
C"Q eq A*B"2xC"4xD;

for i,3J,k,1 in [1..5] do if D" J eq
A"ixB"j*«C"kxD"1 then i, j,k,1; end if;

end

end

end

end

end

end

end

end

end

end

end

end

end

end

end

end

for;

for;

for;

for;

for;

for;

for;

for;

for;

for;

for;

for;

for;

for;

for;

for;
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D"J eq D;

for i,3,%,1 in [1..5] do if DI eq

A"i*B"jxC"k«D"1 then i, Jj,k,1; end if; end for;

D"I eq A"2%xB"3%C"2%D"4;

for i,3J,k,1 in [1..5] do if DM eqg

ATixB"J*xC"k+«D"1 then i, j,k,1l; end if; end for;

D°M eq D" 4;

for i,3,k,1 in [1..5] do if D"0O eqg

A"ixB"j*C"kxD"1 then i, j,k,1; end if; end for;

D"0 eq D" 4;

for i,3,%,1 in [1..5] do if D"Q eq

A"i*B"jxC"k«D"1 then i, Jj,k,1; end if; end for;

D"Q eq B"4;

S<w,x,vy,z,e,f,9,h,v>:=Group<w, x,vy,z,e,f,9,h,v|w'5,x"5,y"5,
z°5, (w,x), (w,y), (X,y), (Ww,2), (x,2), (y,z),e"2,£f°2,9°2,h"2,v"2,
(exqg) "2, (£fxg) "2, (exh) "2, (f » h) "2, (g *x h)"2,

(e x v)"2,(h » v)"2,e x £ x e « £ % h,

v« ex I xexva*x f,gx v g *rex Vv x grk v,
wie=w"4xx" 2%z 2, w f=w,w g=w"4xx"2+y"3,w h=w"4,

W v=wxx"3%z273,x"e=x,x " f=w"4d+x+xy"3,x"g=x*z,x"h=x"4,x"v=z"4,
yie=y dxz 4,y f=wTdxy 4,y g=y*z,y h=y 4,y v=wxx" 2%y " 4xz,

z e=z,z " f=w"2xx"3xy " 2%xz"4,

z"g=z"4,z"h=z"4,z " v=x"4>;

#S;

f,g,k:=CosetAction (S, sub<S|Id(S)>);

s:=IsIsomorphic (Gl,qg);

Sy

A4 265

G<w, X,VY,z,t>:=Group<w, x,y,z,t|w 2,x"2,y"4,z2"2, (wxy~-1) "2,
X*xy =1l xxxy,y =2*xz, Wkx*WxxXxz,t" 2, (t,w), (xxt) "8, (xxy"—1xt) "5,
(y*t) "4, (xxw*t) "0, (wrx*xy*t) "5, (Wwrxx*xyxt) "~0>;

#G;

f,Gl,k:=CosetAction (G, sub<G|w,x,vy,z>);

#k;

CompositionFactors (Gl);

NL:=NormallLattice (Gl);

NL;

NL[2];

H:=NL[2];
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g, ff:=quo<Gl |NL[2]>;
a7
CompositionFactors (q);
Center (Gl) eq NL[2];
nl:=NormalLattice(q);
nl;

H<a, Db, c>:=Group<a,b,cla”2,b"2,c"2, (a » b) "2, (b *c) "4,
bxaxcxbxaxcxbxaxcxaxbxcxaxbxc,

(a x ¢c)™8, ¢cac b xc *xa ~ c *xb x cx b x a  c *
bx ¢ x a x c xb * ¢ x a x c x b>;
ff,ss,kk:=CosetAction (H, sub<H|Id (H)>);
s,t:=IsIsomorphic(qg, ss);

Sy

S<e>:=Group<el|e”2>;
ff,ss,kk:=CosetAction (S, sub<S|Id(S)>);
s,t:=IsIsomorphic(ss,NL[2]);

Sy

T:=Transversal (G1,NL[2]);
EE:=q!g.2;

FF:=qgq!qg.3;

GG:=g!qg.5;

g, ff:=quo<Gl |NL[2]>;

f£f(T[3]) eqgq FF;

ff(T[2]) eqg EE;

f£(T[4]) eqg GG;

gq eq sub<gl|EE, FF,GG>;

J:=G1!T[2];

I:=G1l!T[3];

M:=G1!T[4];

A:=G1!NL[2].2;

for i in [1..2] do if A"J eq A"i1i then 1i; end if; end for;
for 1 in [1..2] do if A"I eqg A"i then i; end if; end for;
for i in [1..2] do if A"M eq A"i then i; end if; end for;
H<a, b, c,e>:=Group<a,b,c,ela”2,b"2,c"2, (a » b) "2, (b *xc) "4,
brxa*c+bxaxc*xb*arxcrxaxb*cxaxbxc, (a ~ ¢c) "8, ¢ » a * ¢ * b *
C *a *x C *b x cx b x a » ¢ » bx ¢ x ax ¢ *b x ¢ x a * cC
*b,e"2,e"a=e,e " b=e, e " c=e>;

#H;

#G1;

f1,H1,k1l:=CosetAction (H, sub<H|Id (H)>);

s:=IsIsomorphic (Gl,H1);

Sy



A5 G=2"10x=51:((23x3%) x2)

G<x,y,z,w,h,t>:=Group<x,vy,z,w,h,t|x"2,y"2,z"°2,w 4,h"2,

(y*z) "2, (xxw™=1) "2, (yxw" =1) "2, zxw™ —1xzx*w,

W =2+h, x*xy*x*xy*w —1,x*xzxxX*xzxh,t 2, (t,x), (y*xt) "6, (zxwxt) "3,

(z+x*t) 710, (y*x*xt) "4, (yxx*xz+t) “0>;

#G;
f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,h>);
#k;
IN:=sub<Gl|f(x),f(y),f(z),£(w),f(h)>;
CompositionFactors (G1l);
NL:=NormallLattice (Gl);

NL;

for i in [1..#NL]do if IsAbelian(NL[i]) then
i;end if;end for;

NL[2];

Center (Gl);

X:=[5,5,5,5];

H:=NL[2];
g, ff:=quo<Gl |NL[2]>;
d7

IsIsomorphic (DihedralGroup (72),d);
N:=NormalLattice(q);

N;

E:=DirectProduct (N[17],N[2]);

IsIsomorphic (E, q);

N[17];

FPGroup (q) ;

H<e, f,g,h,0>:=Group<e, f,g,h,0le"2,f"2,9g"2,h"2,0"2,
(exg) "2, (fxg) "2, (e*h) "2, (f * h)"2, (g * h)"2, (ex 0)"2
;, (g x0)"2,e *+ fx e x £ « h,h x o x h x g *x o * h * o,
(f o £ *xo* h) "2>;
ff,ss,kk:=CosetAction (H, sub<H|Id (H)>);
s,t:=IsIsomorphic(qg, ss);

Sy

FPGroup (NL[2]);

S<a,b,c,d>:=Group<a,b,c,dla”5,b"5,c"5,d"5, (a,b), (a,c),

(b,c), (a,d), (b,d), (c,d)>;
ff,ss,kk:=CosetAction (S, sub<S|Id(S)>);
s,t:=IsIsomorphic(ss,NL[2]);

Sy
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EE:=g'!qg.1;
FF:=q!g.2;
GG:=q!q.3;
DD:=q!g.4;
NN:=q!qg.6;

=Transversal (G1,NL[2]);
q,ff'=quo<G1|NL[2]>

£(T[2]) eq EE;

£(T[3]) eq FF;

f(T[4]) eq GG;

£(T[5]) eq DD;

f(T[6]) eg NN;
A.—Gl!NL[Z].l;
B:=G1l!NL[2].2;
C:=Gl!NL[2].3;
D:=G1!NL[2].4;
H:=G1!T[2];
J:=G1l!TI[3];
I1:=G1!T[4];
M:=G1!T[5];
O0:=G1l!T[6];
for i,3,%,1 in [1..5] do if A™M
then i, Jj,k,1;end if; end for;
for i,3,%,1 in [1..5] do if A"O
then i, J,k,1; end if; end for;
for i,3,%,1 in [1..5] do if B"H
then i, J,k,1; end if; end for;
for i,3,k,1 in [1..5] do if B"J
then i, j,k,1l;end if; end for;
for i,3,k,1 in [1..5] do if B"I
then i, J,k,1; end if; end for;
for i,3J,k,1 in [1..5] do if B™M
then i, j,k,1; end if; end for;
for i,3J,k,1 in [1..5] do if B"O
then i, 3j,k,1l;end if; end for;
for i,3J,k,1 in [1..5] do if C"H

then i, j,k,1l;end 1if; end
for i,3j,k,1 in [1..5] do
then i, j,%k,1l;end if; end
for i,3j,k,1 in [1..5] do

for;
if C°J
for;
if C°I

then i, 3j,k,1;end if; end for;
for i,3,%,1 in [1..5] do if C™M
then i, J,k,1; end if; end for;
for i,3,%,1 in [1..5] do if C"O
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eq

eq

eq

eq

eq

eq

eq

eq

eq
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ATi*B"JxC"k*D"1
ATi*B"JxC"k*D"1
ATi*B"JxC"k+D"1
AT1ixB " JxC kxD"1
ATi*B"J*C kD" 1
ATixB " jxC"kxD"1
ATixB " jxC"kxD"1
ATixB " jxC"kxD"1
ATixB " jxC"kxD"1
ATixB " J*xC kxD"1
ATi*B"JxC"k*D"1

A"ixB"j*xC"k*D"1
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then i, J,k,1; end if; end for;

for i,J,k,1 in [1..5] do if D"H eg A"ixB"j*C"k«D"1
then i, Jj,k,1;end if; end for;

for i,j,k,1 in [1..5] do if D"J eg A"ixB"j*C"k*D"1
then i, j,k,1;end if; end for;

for i,3,%,1 in [1..5] do if D"I eq A"ixB"jxC"k*D"1
then i, j,k,1; end if; end for;

for i,3,k,1 in [1..5] do if DM eq A"ixB"jxC"kxD"1
then i, j,k,1l;end if; end for;

for i,3,%,1 in [1..5] do if D0 eq A"ixB"jxC"k*D"1
then i, j,k,1; end if; end for;

S<a,b,c,d,e,f,g,h,0>:=Group<a,b,c,d,e,f,g,h,0la”5,b"5,c"5,
d~s,
(a,b), (a,c), (b,c), (a,d), (b,d), (c,d),e”2,£f72,g"2,h"2,072,
(e*g) "2,
(fxg) "2, (exh) "2, (f * h) "2,
(g » h)"2, (ex 0)"2, (g »0)"2,e » fx e £ x h,
h o hxgxoxh % o, (f xo x £f xox h) 2,a"e=a"4«xb"4,
a"f=a"4xc"4,
a“g=a"4,a"h=a"4xc"4,a"o=a"4
;b 7e=b,b " f=a"2+bxc,b"g=b"4,b"h=b"4xd"4,b"0=b"4,c"e=c"4xd" 4,
c " f=c,c"g=c”4,c"h=c,c”o=ax*xc,d"e=d,d" f=d,
d"g=d"4,d "h=d,d"o=bxd>;
#S;
#G1;
£1,S81,k1l:=CosetAction (S, sub<S|Id(S)>);

=IsIsomorphic (G1l,S1);
Sy

A6 G=2%:21:(S3x ()

=Sym(8) ;
ww:=3S!(2, 5) (3, 7);
xx:=3!(1,2) (3, 6) (4, 5) (7, 8);
yy:=S!(1, 3, 4, 7)(2, 6, 5, 8);
zz:=S!(1, 4) (2, 5) (3, 7)(6, 8);

N:=sub<S|ww, XX, Vyy, z22>;
#N;
Set (N) ;
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, (wxy™=1) "2,

G<w, X,V,z,t>:=Group<w, xX,vy,z,t|w'2,x"2,y"4,z"2
W), ( ) "3, (Wwxxxyxt) "3>;

X*xy =1lxxxy,y -2xz, Wwrkx*swxxxz,t" 2, (t, X+t
#G;

f, Gl, k:=CosetAction (G, sub<G|w,x,y,2z>);
#k;

CompositionFactors (Gl);
NL:=NormalLattice (Gl);
NL;
for i in [1..#NL]do if IsAbelian(NL[i]) then
i;end if;end for;
IsAbelian (NL[4]);
=[2,2,2,2]1;
IsIsomorphic (NL[4],AbelianGroup (GrpPerm, (X)));

H:=NL[4];

g, ff:=quo<Gl|NL[4]>;

a7

EE:=qg! (1, 2) (3, 4) (5, 6);

1
FF:=qg! (3, 5) (4, 6);
GG:=qg! (1, 3) (2, 4);
T:=Transversal (G1,NL[4]);
ff(T[3]) eqg FF;
ff(T[2]) eq EE;
f£f(T[4]) eqg GG;
g eq sub<gl|EE,FF,GG>;
FPGroup (SymmetricGroup (3));
FPGroup(nl[2]);
S<a,b>:=Group<a,b|b”2,a" -3, (a"-1%b) "2>
C<c>:=Group<c|c”2>;
ff,ss,kk:=CosetAction (S, sub<S|Id(S)>);
s,t:=IsIsomorphic(ss,nl[4]);
Sy
ffl,cc,kkl:=CosetAction(C, sub<C|Id(C)>);
s,t:=IsIsomorphic(nl[2],cc);
Sy
Generators (NL[4]);
A:=G1l! (2, ©6) (3, 8) (4, 5) (7, 9);
B:=G1! (1, 11) (3, 7)(8 9) (10, 12);
C:=G1l!(2, 5) (3, 7) (4, 6) (8, 9);
D:=G1! (1, 10) (3, 8)( 9) (11, 12);
nl:=NormalLattice(q);
nl;
E:=DirectProduct (nl1[4],nl[2]);
IsIsomorphic (E, q);
IsIsomorphic(nl[4], SymmetricGroup(3));
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:=Transversal (G1,NL[4]);

f£(T[2]) eq g.1;

f£(T[3]) eq g.2;

££(T[4]) eq g.5;

A:=G1l! (2, 6) (3, 8) (4, 5 (7, 9);

B:=G1! (1, 11) (3, 7) (8, 9) (10, 12);
C:=Gl! (2, 5)(3, 7)((4, 6) (8, 9;

D:=G1! (1, 10) (3, 8) (7, 9) (11, 12);
H:=G1! (3, 7) (4, 6) (10, 12);

I:=G1!(2, 3) (4, 8) (5, 7) (6, 9) (10, 12);
J:=G1!' (1, 2) (4, 10) (5, 11) (6, 12) (8, 9);
IsIsomorphic(nl[2],CyclicGroup(2));
T[2];

H:=G1! (3, 7) (4, 6) (10, 12);

T[3];

I:=G1!'(2, 3) (4, 8) (5, 7) (6, 9) (10, 12);
T[4];

J:=G1l! (1, 2) (4, 10) (5, 11) (6, 12) (8, 9);
Generators (q) ;

FPGroup (NL[4]);

for i,73,%,1 in [1..2] do if A"H eq A"ixB " jxC"k*D"1
then i, 3j,k,1;

end i1if; end for;

for i,J,k,1 in [1..2] do if A"I eg A"ixB"j*C"k«D"1
then i, 3j,k,1;

end if; end for;

for i,3,k,1 in [1..2] do if A"J eq A"ixB"jxC"kxD"1
then i, 3j,k,1;

end if; end for;

for i,3,k,1 in [1..2] do if B"H eq A"ixB"jxC"kxD"1
then i, Jj,k,1;

end i1f; end for;

for i,J,k,1 in [1..2] do if B"I eg A"ixB"j*C"k*D"1
then i, 3j,k,1;

end i1if; end for;

for i,3J,k,1 in [1..2] do if B"J eq A"ixB"jxC"kxD"1
then i, 3j,k,1;

end if; end for;

for i,3,%,1 in [1..2] do if C"H eq A"ixB"jxC"k*D"1
then i, Jj,k,1;

end 1f; end for;

for i,J,k,1 in [1..2] do if C"I eg A"ixB"j*C"k*D"1
then i, 3J,k,1;

end i1if; end for;



for i,7j,k,1 in [1.

then 1, 3j,k,1;
end i1if; end for;

for i,3j,k,1 in [1.

then i, 3j,k,1;
end i1if; end for;

for i,j,k,1 in [1.

then j—r jlkl l;
end if; end for;

for i,7j,k,1 in [1.

then 1, 3j,k,1;
end i1if; end for;

for i,7j,k,1 in [1
if (T[2]"-1%T[3])
end i1if; end for;

for i,3,k,1 in [1.

if (T[2]7-1%T[4])
end if; end for;

for i,3J,k,1 in [1.

if (T[4]7-1+T[3])
end if; end for;

for i,3J,k,1 in [1.
if ATi*B"jxC"k*xD"1 eq G1! (1, 2, 3) (4, 9, 12) (5, 7, 11)

(6, 8, 10) then i
end i1if; end for;

H<w,x,vy,z,e, f,g>:=Group<w, x,vy,z,e,f,9lw 2,x"2,yv"°2,2"2, (Wwxx)
(wxy) "2, (x*y) "2, (wxz) "2, (x*xz) "2, (y*z) "2,e"2,£7°2,972, (exf) "2,
(exqg) "2, (gxf) "3, w e=wxy,w f=wxy,w g=x+xz,x"e=x,x" f=xxy, x"g=

v,y e=y,y f=y,

.2] do if C°J eq ATi*B " j*C kD" 1

.2] do if D"H egq A"ixB " jxC kD" 1

.2] do i1if D"I egq A"ixB " JxC kxD"1

.2] do i1f D"J eq ATi*xB"jxC kxD"1

..2] do
"2 eq ATix*B"J*xC"k«D"1 then i, 7, k,1;

.2] do
"2 eq ATixB"jxC"kxD"1 then i, j,k,1;

.2] do
"3 eq ATi*B " JjxC"kxD"1 then 1,3, k,1;

.2] do

ljlkll;

v g=x,z"e=xxz,z f=wxxxy*z,z2 g=w*xy>;

#H;

f1,H1,k1l:=CosetAction (H, sub<H|Id(H)>);
s:=IsIsomorphic (G1l,H1);

Sy
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AT G=210.(25. )

S:=Sym(16) ;

xx:=S!(2, 8) (3, 7) (4, 14) (6, 10) (9, 13) (11, 16);

yy:=3!'(1, 2) (3, 9) (4, 8) (5, 10) (6, 14) (7, 11) (12, 16) (13,

zz:=S! (1, 3)(2, 9)(4, 12) (5, 7)(6, 13) (8, 16) (10, 11) (14,

ww:= S!(1, 4, 5, 14) (2, 6, 10, 8) (3, 12, 7, 15) (9, 13, 11,
hh:=S! (1, 5) (2, 10) (3, 7) (4, 14) (6, 8) (9, 11) (12, 15) (13,

N:=sub<S|xx,vyy, zz,ww, hh>;
#N;
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15);

15);
16);

16);

G<xX,VY,z,W,h,t>:=Group<x,y,z,w,h,t|x"2,y"2,z2"°2,w"4,h"2, (yxz) "2,

(x+w™=1) "2, (y*w =1) "2, zxw " —1l*zx*w,

W =2+h, xxy*xx*xy*xw —1,x*xzxx*xzxh,t 2, (t,x), (y*xt) "3, (zxwxt) "0,

(zxx*xt) "0, (y*xxt) "6, (yxx*xz*xt) "3>;

#G;

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,h>);

#k;

#sub<Gl|f(x),f(y),f(z),f(w),f(h)>;

IN:=sub<Gl|f(x), f(y),£(z),f(w),f(h)>;
CompositionFactors (G1l);

#DoubleCosets (G, sub<G|w, x, vy, z, h>, sub<G|w, x,vy,z,h>);
NL:=NormallLattice (Gl);

NL;

for i in [1..#NL]do if IsAbelian(NL[i]) then i;end if;end
IsAbelian (NL[9]);

NL[9];

X:=[2,2,2,2,2];

IsIsomorphic (NL[9],AbelianGroup (GrpPerm, (X)));
H:=NL[9];

q, £f:=quo<Gl|NL[9]>;

a;

EE:=q! (1, 2) (3, 4);
FF:=q! (2, 4);
GG:=q! (1, 3) (2, 4);

DD:=qg! (3, 4);
:=Transversal (G1,NL[9]);

fE(T(2]);
fE(T[3]1);
££(T(4])
fE(T[51);
ff(T[3]) eq FF;
ff(T[2]) eqg EE;
f£f(T[4]) eqg GG;
f£f(T[5]) eqgq DD;

for;



g eq sub<gl|EE,FF,GG,DD>;
Center (Gl);

Center (Gl) eq NLI[9];
nl:=Normallattice(q);
nl;

FPGroup (q) ;

H<e, f,g,h>:=Group<e, f,g,hle”2,£72,972,h"2, (exqg) "2, (fxqg) "2,

(exh) "2,exfxexfxg, hxgrxexhxg, (hxf) "3>;
ff,ss,kk:=CosetAction (H, sub<H|Id (H)>);
s,t:=IsIsomorphic (g, ss);

Sy

FPGroup (NL[9]);
S<w,xX,y,z,v>:=Group<w,X,vy,z,v|w 2,x"2,y"2,z2"°2,v"2,
(Wwxx) "2, (Wwxy) "2, (xxy) "2, (Wxz) "2, (x*z) "2, (y*xz) "~ (
(x%Vv) "2, (y*xVv) "2, (zxv) "2>;
ff,ss,kk:=CosetAction (S, sub<S|Id(S)>);
s,t:=IsIsomorphic(ss,NL[9]);

Sy

Generators (NL[9]);

A:=G1!' (1, 24) (2, 7) (3, 9) (4, 15
(12, 13) (14, 18) (16, 22) (17, 23

(11, 20) (14, 23) (17, 18) (22, 24);

C:=G1! (1, 17)(2, 6) (4, 12)(5, 7) (13, 15) (14, 22) (16, 18)
(23, 24);

D:=G1l! (2, 6) (3, 11) (4, 12)(5, 7) (8, 10) (9, 21) (13, 15)
(19, 20);

F:=G1! (2, 4)(3, 9) (5, 13)(6, 12) (7, 15)(8, 19) (10, 20)
(11, 21);

T[2]; TI[3];T[4]; TI[5];

J:=G1! (3, 8) (4, 12) (5, 7) (9, 20) (10, 11) (14, 22) (16, 18)
(19, 21);

I:=G1l!'(2, 3) (4, 9) (5, 8) (6, 11) (7, 10) (12, 21) (13, 19) (14,

(15, 20) (22, 23);

M:=G1l!(2, 5, 6, 7) (3, 10, 11, 8) (4, 13, 12, 15) (9, 20, 21,

(14, 22) (23, 24);
O:=G1l! (1, 2) (4, 14) (5, 1e6) (6, 17) (7, 18) (9, 20) (12, 22)
(13, 23) (15, 24) (19, 21);

for i,3,%k,1,m in [1..2] do if A"J eq A"i*B " j*xC k*D"1xF"m

then i, Jj,k,1,m;
end 1f; end for;

for i,3,%k,1,m in [1..2] do if A"I egq A"i*B " J*C k*D"1xF"m

then i, 3J,k,1,m;
end i1if; end for;

)
)i
B:=G1! (1, 16) (2, 15) (3, 19) (4, 7) (5, 12) (6, 13) (8, 9) (10, 21)
)
)
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for i,3J,k,1,m in
then i, 3j,k,1,m;
end i1if; end for;
for i,3j,k,1,m in
then i, 7j,k,1,m;
end i1f; end for;
for i,3j,k,1,m in
then i, 3J,k,1,m;
end 1if;
for i,3J,k,1,m in
then i, j,k,1,m;
end i1if; end for;
for i,3j,k,1,m in
then i, J,k,1,m;
end i1if; end for;
for i,3J,k,1,m in
then i, 3j,%k,1,m;
end 1if;
for i,3J,k,1,m in
then i, j,k,1,m;
end i1if; end for;
for i,3j,k,1,m in
then i, Jj,k,1,m;
end i1f; end for;
for i,3J,k,1,m in
then i, 3j,k,1,m;
end i1if; end for;
for i, 3j,k,1,m in
then i, j,k,1,m;
end 1f; end for;
for i,3j,k,1,m in
then i, 3J,k,1,m;
end 1if;
for i, 3J,k,1,m in
then i, j,k,1,m;
end if; end for;
for i,3j,k,1,m in
then i, J,k,1,m;
end i1if; end for;
for i,3j,k,1,m in
then i, 3J,k,1,m;
end 1if;
for i, 3J,k,1,m in
then i, 3j,k,1,m;

end for;

end for;

end for;

end for;
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do

do

do

do

do

do

do

do

do

do

do

do

do

do

if

if

if

if

if
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if

if

if

if

if
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if
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ATi*xBTJ*xC " k*D"1*F "m

ATixB " JxC kxD"1+F"m

ATi%B " J*xC k*D"1xF™m

ATixB " JxC k*D"1xF"m

ATixB " JxC "kxD"1+F "m

ATi*B " jxC k*D " 1xF"m

ATixB " JxC k*D"1xF"m

ATixB " JxC "k*D"1+F "m

ATi*B " jxC k*D " 1xF m

ATixB " JxC k*D"1xF"m

ATi%B " J*xC "kxD"1xF™m
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end i1if; end for;

for i,3,%k,1,m in [1..2] do if F"I eq A"i*B " j*xC kD" 1xF"m
then i, J,k,1,m;

end i1if; end for;

for i,3J,k,1,m in [1..2] do 1if F'M eq A"i*B " j*C " k*D " 1*F"m
then i, j,%k,1,m;

end if; end for;

for i,3J,k,1,m in [1..2] do 1if F"0O eq A"i*B " Jj*C " k*D"1*F"m
then i, ]j,k,1,m;

end i1f; end for;

S<w,x,vy,z,v,e,f,g,h>:=Group<w, x,vy,z,v,e,f,g,h|w’2,x"2,yv"2,2z"
v 2, (Wxx) "2, (Wxy) "2, (x*y) "2, (wxz) "2, (xxz) "2, (yxz) "2, (Wwxv) "2,
(x%V) "2, (y*V) "2, (z*xV) "2, W e=w*z, W f=wtxX*y*xZ, W g=w*y

2,

, W h=x*xy*xz,x " e=x+y*xz,x f=xxz,x"g=x+xz,x " h=w*z,y e=y,y f=yxz,y g=y,
vy h=y,z"e=z,z"f=2z,2z2"g=z,z " h=y+*z,v e=zxv,v £=v, v g=v, v h=w*x*xy*xz*Vv,
e”2,f°2,972,h"2, (exg) "2, (f*g) "2, (exh) "2,
exfxexfxg,hxgxexhxg, (hxf) "3>;

#3; #G1;

£f1,81,k1:=CosetAction (S, sub<S|Id(S)>);

s:=IsIsomorphic(Gl,S1);

Sy

A8 220 (S3x (y)

S:=Sym(8);

ww:=S! (2, 5)(3, 7);
xx:=3!(1,2) (3, 6) (4, 5) (7, 8);
yy:=S!(1, 3, 4, 7)(2, 6, 5, 8);
zz:=S!(1, 4) (2, 5) (3, 7)(6, 8);

N:=sub<S|ww, XX, Vyy, z22>;

#N;

G<w, X,VY,z,t>:=Group<w,x,v,z,t|w’ 2,x"2,y"4,272, (wsy~=1) "2, x*y"
—lsxxy,y 2%z, WxX*Wxx*z,t 2, (t,w), (xxt) "3, (Wwrx*y*xt) "3>;
#G;

f, Gl, k:=CosetAction (G, sub<G|w,x,Vy,z>);

#k;

CompositionFactors (G1l);

IN:=sub<Gl|f(w),f(x),£f(y),£(z)>;

NN<w, X,y, 2> :=Group<w,X,Vv,z|w 2,x" 2,y 4,272, (wxy =1) "2, x*xy"
—1l*xxxy, Y —2%Z, WxXAWxX*Z>;
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>);

ArrayP:=[Id(N): 1 in [1..16]1];

for 1 in [2..16] do
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=[Id(N): 1 in

[1

for j in [1..#Sch[i]] do

if Eltseq(Sch[ 1)[J] eg 1 then P[j]:=ww; end if;

if Eltseq(Sch[i])[j] eqg -1 then P[j]l:=ww"-1; end if;
if Eltseqg(Sch[i])[]j] eq 2 then P[j]:=xx; end if;

if Eltseqg(Sch([i]) [Jj] eq -2 then P[J]:=xx"-1; end if;
if Eltseqg(Sch[i])[]J] eq 3 then P[j]:=yy; end if;

if Eltseqg(Sch([i]) [j] eq -3 then P[J]l:=yy " -1; end if;
if Eltseg(Sch[i])[]J] eq 4 then P[j]:=zz; end if;

if Eltseqg(Sch[i])[j] eq -4 then P[]J]l:=zz"-1; end if;

end for;

PP:=Id(N);

for k in [1..#P] do
PP:=PPxP[k]; end for;
ArrayP[1i] :=PP;

end for;

G<w, X,VY,z,t>:=Group<w, x,y,z,t|w'2,x"2,y"4,z2"2, (wxy~—-1)"
X*xy T =1xxxy, Y —2*xz, WX WAx*xZ, L 2, (t,w), (x+t) "3, (Wwix*xyxt) "3>;
f,Gl,k:=CosetAction (G, sub<G|w,x,y,z>);
#DoubleCosets (G, sub<G|x, y>, sub<G|w, x,y, z>);

prodim := function(pt, Q, I)

/ *

Return the image of pt under permutations QI[I]

applied sequentially.

*/

v:i=pt;

for i in I do
:=v"(Q[1]);

end for;

return v;

end function;

W, phi:=WordGroup (G1) ;
rho:=InverseWordMap (G1l) ;
IN:=sub<Gl|f(w),f(x),£f(y),f(z)>;

ts := [ Id(Gl): i in [1 .. 8] 1;
ts[1l]:=£(t);

ts[2]:=f£(t"(x"3));

ts[3]:=£(t" (wxy));
ts[4]:=£(t"(z"3));

Es[5]:=f£ (L7 (x*w));

ts[6]:=f(t” (wxx*y));

ts[7]:=£(t" (zxy));

ts[8]:=f(t" (x*xy"-1));



cst:= [null : i 1

where null is[Integers|()

for i := 1 to 8 do

cst[prodim(l, ts,
end for;

:=0; for i in [1.

end if; end for;
Orbits (N);
Nl:=Stabiliser (N,
Nls:=N1;

Orbits (N1ls);

for m,n in IN do
end if;end for;
for m,n in IN do
end if;end for;
for m,n in IN do
end if;end for;
for m,n in IN do
end if;end for;
for m,n in IN do
end if;end for;
#N/#N1;

#N/#N1ls;

#N1ls;

Nls;
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n [1 1277
17

[(1]1)]:=[1];

.12] do if cst[i] [] then m:=m+1;
m;
1)
if ts[l]lxts[4] eq mx(ts[1l]) "n then m,n;
if ts[1l]lxts[7] eq mx(ts[1l]) "n then m,n;
if ts[l]l*ts[2] eq mx(ts[1l]) "n then m,n;
if ts[l]*ts[8] eqg mx(ts[l]) "n then m,n;

if

ts[l]*ts[6] eq mx(ts[l]) "n then m,n;

N14:=Stabiliser (N, [1,4]);

N1l4s:=N14;
:={[1,4]};
SS:=S"N;
SSS:=Setseqg(SS);
for i in [1..#SS]

do

for g in IN do if ts[l]l*ts[4]leq gxts[Rep(SSS[i])[1]]*ts
print SSS[i];
for;

[Rep (SSS[i]) [2]]t
end i1if; end for;
for g in N do if
end i1if; end for;
for g in N do if
end if; end for;
for g in N do if
end if; end for;
for g in N do if
end if; end for;
for g in N do if
end i1if; end for;

hen
end

17°g

€q

eq

eq

eq

€q

2 and 4°g eq
3 and 4°g eq
4 and 47g eq
5 and 47g eqg

6 and 4°g eq

then

then

then

then

then

Nl4s:=sub<N|Nl4ds, g>;

Nl4s:=sub<N|Nl4ds, g>;

N14s:=sub<N|N1l4ds, g>;

N14s:=sub<N|N1l4ds, g>;

Nl4s:=sub<N|Nl4s,g>;
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for g in N do if 1°g eq 7 and 4°g eq 3 then Nl4s:=sub<N|N1l4s,g>;
end i1if; end for;
for g in N do if 1°g eq 8 and 4°g eq 6 then Nl4s:=sub<N|N1l4ds,g>;
end i1if; end for;

#N14s;

Nl1l4s;

#N/#N14s;

T:=Transversal (N,N14s);

for 1 := 1 to #T do

ss := [1,4]°T[1i];
cst[prodim(l, ts, ss)] := ss;
end for;

:=0; for i in [1..12] do if cst[i] ne [] then m:=m+1;
end if; end for;m;
Orbits (N1l4s);
for n in IN do if ts[l]*ts[4] eq n*xts[2]xts[5] then n;
end i1if; end for;
for n in IN do if ts[l]*ts[4] eq n*xts[3]xts[7] then n;
end 1f; end for;
for n in IN do if ts[l]*ts[4] eq n*xts[4]xts[l] then n;
end i1f; end for;
for n in IN do if ts[l]*ts[4] eqg n*xts[5]xts[2] then n;
end i1if; end for;
for n in IN do if ts[l]*ts[4] eqg n*xts[6]xts[8] then n;
end i1if; end for;
for n in IN do if ts[l]*ts[4] eqg n*xts[7]xts[3] then n;
end if; end for;
for n in IN do if ts[l]*ts[4] eqg n*xts[8]xts[6] then n;
end if; end for;
N17:=Stabiliser (N, [1,7]);

N17s:=N17;
S:={[1,71};
SS:=S"Nj;

SSS:=Setseq(SS);

for 1 in [1..#SS] do

for g in IN do

if ts[l]xts[7] eq gxts[Rep(SSS[i]) [1l]]*ts[Rep(SSS[i])[2]]
then print SSS[i];

end i1f; end for; end for;

for g in N do if [1,7]1 g eq [4,3] then N17s:=sub<N|N1l7s,
g>; end if; end for;

for g in N do if [1,7]" g eg [2,6] then N1l7s:=sub<N|Nl7s,
g>; end if; end for;

for g in N do if [1,7]"g eg [3,4] then N17s:=sub<N|Nl7s,



g>; end if; end for;
for g in N do if [1,7]"g egq [5,8] then
g>; end if; end for;
for g in N do if [1,7]"g egq [6,2] then
g>; end if; end for;
for g in N do if [1,7]"g eq [7,1] then
g>; end if; end for;
for g in N do if [1,7]1"g eq [8,5] then
g>; end if; end for;
#N17s;
N17s;
#N/#N17s;
:=Transversal (N,N17s);
for i := 1 to #T do
ss := [1,7]°T[4i];
cst[prodim(l, ts, ss)] = Ss;
end for;
m:=0; for i in [1..12] do if cst[i] ne [] then
end i1if; end for;m;

Orbits (N17s) ;

for n in IN
if;
n in IN
if; end
n in IN
if; end
n in IN
if; end
n in IN
if; end
n in IN
if; end
n in IN
if;

end end
for
end
for
end
for
end
for
end
for
end
for

end end

do if ts[1l]*ts[7]
for;
do if
for;
do if
for;
do if
for;
do if
for;
do if
for;
do if
for;

ts[1l]*ts[7]

ts[1l]*ts[7]

ts[1l]*ts[7]

ts[1l]*ts[7]

ts[1l]*ts[7]

ts[1l]*ts[7]

A9 3:° PSL(2,19) x 2

:=Sym(3) ;

yy:=S!t(2, 3);

ww:=S! (1, 2,
N:=sub<S|yy,
#N;

G<y,w,t>:=Group<y,w,t|y " 2,w" 3,

14
3);
WW>;

nxts[4]*ts[3]

n+xts[2]*«ts[6]

nxts[3]+xts[4]

nxts[5]xts[8]

nxts[6]xts[2]

n+xts[7]*ts[1]

nxts[8]xts[5]

N17s:=sub<N|N17s,

N17s:=sub<N|N17s,

N17s:=sub<N|N17s,

N17s:=sub<N|N17s,

m:=m+1;

then

then

then

then

then

then

then

n;

ny

n;

n;

n;

ny
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(y*w™=1)"2,t72, (t,y), (y*t) "2,

(wxt) "10, (y*w" =1xt) " 9>;
f,Gl,k:=CosetAction (G, sub<G|y,w>);
CompositionFactors (Gl);
NL:=NormallLattice (Gl);

NL;

S<d>:=Group<d|d”-3>;
ff,ss,kk:=CosetAction (S, sub<S|Id(S)>);
s,t:=IsIsomorphic(ss,NL[2]);

Sy

H:=NL[2];

g, ff:=quo<Gl|NL[2]>
d7

T:=Transversal (G1,NL[2]);
g, ff:=quo<Gl|NL[2]>;
s:=IsIsomorphic(g,DirectProduct (PSL(2,19),CyclicGroup(2)));

FPGroup (qd) ;

H<a,b, c>:=Group<a,b,cla”2 ,b"3 ,c"2 ,(b"-1 x a)~2 ,
(a »c)”2 ,bxc »Db’-1 xc Db rc * Db -1 c » a *
b1 » ¢ x b x ¢c x b"™-1 x ¢c x b x c *x b"-1 x c,
(b1 x ¢)"10 ,c » b1 x ¢c * b x ¢ x b x ¢  b™=1 =
c x b"’-1 x cxb *cxb’-1 xc*xDb'-1 xc * b -1 %
cxbxa*xcx*xb'-1 xc*Db'-1%xc*Dbxc*bxc #

b xc * b’-1 xc b *c b *c+ b "=-1>;

#H;

f1,H1,k1:=CosetAction (H, sub<H|Id (H)>);
=IsIsomorphic(g,DirectProduct (PSL(2,19),CyclicGroup(2)));

Sy

A:=NL[2].2;
J:=G1!T[2];
T:=G1!T[3];
M:=G1!T[4

for i in do if A"J eq A"i then i; end if; end for;
do if A"I eq A"1 then i; end if; end for;
do if A"M eq A"i then i; end if; end for;

do

for in

w W w W

i
for i in
i

for in
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if T[2]72 eq A"i then i;end if; end for;

for 1 in [1..3] do

if T[3]1"3 eq A"1 then i;end if; end for;

for i in [1..3] do

if T[4]72 eq A1 then i;end if; end for;

for i in [1..3] do

if (T[3]°-1 » T[2]) "2 eq A"i then i;end if; end for;
for i in [1..3] do

if (T[2] = T[4]) 2 eq A"i then i;end if; end for;
for i in [1..3] do

if T[3] * T[4] % T[3]"-1 % T[4] = TI[3] = T[4]

* T[3]°=1 = T[4] = T[2] = T[3]1 -1 % T[4] =

T[3] » T[4] = T[3] -1 T[4] » T[3]*T[4] =
T[3]"-1 = T[4] eq A"i then i;end if; end for;

for i in [1..3] do
if ( T[3] =1 = T[4] )10 eqg A"i then i;end if; end for;
for i in [1..3] do
if T[4] * T[3] "-1 = T[4] = T[3] *T[4] «*T[3]
* T[4] * T[3] "-1 % TI[4] * TI[3] "-1  T[4]
T[3] =+ T[4] = T[3] -1 = T[4] = T[3] "—-1 = T[4]
* T[3] "—=1 « T[4] * T[3] * T[2] % T[4] «*
T[3] -1 = T[4] * T[3] "-1 = T[4] * T[3] =+ TI[4]
* T[3] * T[4]x T[3] =+ T[4] » T[3] "-1 =
T[4] * T[3] =+ T[4] = T[3] = T[4] *T[3] -1 eq

A1 then i;end if; end for;

H<a,b,c,d>:=Group<d,a,b,cla”2 ,b"3 ,c"2 , (b"-1 % a)"2 ,

(a » c)”2 ,bxc »b’-1 xc b +c * b"-1 = c

*a * b1 « ¢ xb xc*xDb’-1 xcxb*cx*xb'-1 *c
(b1 = ¢)”10 , ¢ * b"-1 * ¢ * b x c » b x ¢ »x b"-1
cx b"-1 xcx b *xc*xb'-1 xc *Db'-1 xc b -1 %
* b xaxc*b’-1 xc x»b’-1 cxb *+cx*xb+xc x*
* ¢ x b1 x ¢c b xc b +xc * b"'-1=d,d"3,d7a=d"2,
d"b=d,d " c=d"2>;

#H;

#G1;

f1,H1,k1:=CosetAction (H, sub<H|Id(H)>);
:=IsIsomorphic(Gl,H1);

o Q * ~

Sy
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Appendix B

MAGMA Code for DCE

B.1 2%:S53xCy over (2 x4:2)

S:=Sym(8)

ww:=S! (2, 5)(3, 7);
xx:=3!(1,2) (3, 6) (4, 5) (7, 8);
yy:=S!'(1, 3, 4, 7)(2, 6, 5, 8);
zz:=S!'(1, 4) (2, 5) (3, 7) (6, 8);

N:=sub<S|ww, xx, vy, z2>;
#N;
G<wW, X,VY,z,t>:=Group<w,x,v,z,t|w’2,x"2,y"4,z2"2, (wsy~-1) "2,
xxy —laxxy,
YV =24z, WxX*xWHkx*Z, L 2, (t,w), (x+t) "3, (Wwkxxy*xt) " 3>;
#G;
f, Gl, k:=CosetAction (G, sub<G|w,x,Vy,z>);
#k;
CompositionFactors (Gl);
IN:=sub<Gl|f(w), £(x),f(y),£(z)>;
NN<w, X, y, z>:=Group<w, X,v,z|w 2,x 2,y 4,z2"2, (wxy~=1) "2,
XAy =1 xXxY, Y 2% Z, WAXKWHX*Z>;
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>) ;
ArrayP:=[Id(N): i in [1..16]11];
for 1 in [2..16] do

=[Id(N): 1 in
for j in [1..#Sc
if Eltseq(Sch['
if Eltseqg(Schl
if Eltseqg(Sch|
if Eltseqg(Schl

.#Sch([i]1]1]1;

i]] do

3] eg 1 then P[J]:=ww; end if;

jl eq -1 then P[]jl:=ww"-1; end if;
3] eqg 2 then P[J]:=xx; end if;

J]

[1.
hi
) [
) [
) [
) [ eq -2 then P[]j]l:=xx"-1; end if;

1]
1]
i]
1]



if Eltseqg(Sch([i])[j] eq 3 then P[j]l:=yy; end if;

if Eltseq(Sch[i])[j] eqg -3 then P[jl:=yy~-1; end if;
if Eltseqg(Sch([i])[]j] eq 4 then P[j]l:=zz; end if;

if Eltseq(Sch[i])[j] eqg -4 then P[j]l:=zz"-1; end if;
end for;

PP:=Id (N);

for k in [1..#P] do

PP:=PPxP[k]; end for;

ArrayP[1] :=PP;

end for;

, (Wwry™=1) "2,
; (Wrx*yxt) "3>;

G<w, X,Y,z,t>:=Group<w,x,v,z,t|lw'2,x"2,y"4,z"2
XAy —=1xkX*y,y —2%z, WkX*xWkx*xZ,t 2, (t,w), (x+xt) "3
f,Gl,k:=CosetAction (G, sub<G|w,x,vy,z>);
#DoubleCosets (G, sub<G|x, y>, sub<G|w, X,y, z>) ;
prodim := function(pt, Q, I)
/%
Return the image of pt under permutations Q[I]
applied sequentially.
*/
v:=pt;
for i in I do

:=v"(Q[1]);
end for;
return v;
end function;
W, phi:=WordGroup (Gl) ;
rho:=InverseWordMap (G1l) ;

IN:=sub<Gl|f(w),f(x),f(y),f(z)>;

ts := [ Id(Gl): i in [1 .. 8] 1;

ts[l]l:=f(t); ts[2]:=£(t"(x"3)); ts[3]:=£(t" (wxy)); ts[4]:=
f(t"(z73));

ts[5]:=f(t" (x*xw)); ts[6]:=f(t" (wxx*y)); ts[7]:=f(t" (z*y));
ts[8]:=f(t" (x*xy"—1));

ts;

cst:= [null : i in [1 .. 127]

where null is[Integers () |];

for 1 := 1 to 8 do

cst[prodim(1l, ts, [i]1)]1:=[1];

end for;

m:=0; for i in [1..12] do if cst[i] ne [] then m:=m+1;
end if; end for; m;

Orbits (N);

Nl:=Stabiliser (N, 1);

Nls:=N1;
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Orbits (N1ls);
for m,n in IN do
end if;end for;
for m,n in IN do
end if;end for;
for m,n in IN do
end if;end for;
for m,n in IN do
end if;end for;
for m,n in IN do
end if;end for;
#N/#N1;

if

if

if

if

if

ts[l]l*ts[4] eqg
ts[l]l*ts[7] eq
ts[l]*ts[2] eq
ts[1l]*ts[8] eq
ts[l]lxts[6] eq

N1l4:=Stabiliser (N, [1,4]);

N1l4s:=N14;
S:={I[1,4]1};
SS:=S"N;

SSS:=Setseqg(SS);
for i in [1..#SS]

do

mx (ts[1l]) "n then m,n;
mx (ts[1l]) "n then m,n;
mx (ts[1l]) "n then m,n;
m*(ts[1l]) "n then m,n;
m*(ts[1l]) "n then m,n;

for g in IN do if ts[l]l*ts[4]eq gxts[Rep(SSS[i])[1]1]+*
ts[Rep(SSS[i]) [2]]then print SSS[i];
end for;
for g in N do if 1°g eq 2 and 4°g eq

end i1f; end for;

g>; end if;
g>; end if;
,g9>; end if;

g>; end if;

for g in N do if 1°g eqg

g>; end if;

for g in N do if 1°g eq

g>; end if;

for g in N do if 1°g eqg
end for;

g>; end if;
#N14s;
Nl14s;
#N/#N14s;

end for;

for g in N do if 1°g eq 3 and 4~
end for;
for g in N do if 1°g eq
end for;
for g in N do if 1°g eqg
end for;

end for;

end for;

4 and

5 and

6 and

7 and

8 and 4°

T:=Transversal (N,N1l4s);

for i 1 to #T
Ss
cst[prodim (1,
end for;

:=0;

ts,

for i in

(1,4]°T[i];

[1.

do

ss) ]

.12]

Ss;

do if cst[i

€q

€q

eq

eq

eq

eq

]

ne

then Nl4s:=sub<N|Nl4s,
then N14s:=sub<N|Nl4s,
then N1l4s:=sub<N|Nl4s
then N14s:=sub<N|Nl4s,
then Nl4s:=sub<N|Nl4s,
then Nl4s:=sub<N|Nl4s,
then N1l4s:=sub<N|Nlis,
[] then m:=m+1;
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end if; end for;m;

Orbits (N1l4s);

for n in IN do if ts[l]*ts[4] eq n*xts[2]xts[5] then n;
end i1if; end for;

for n in IN do if ts[l]*ts[4] eq n*xts[3]xts[7] then n;
end i1if; end for;

for n in IN do if ts[l]*ts[4] eq n*xts[4]xts[l] then n;
end 1f; end for;

for n in IN do if ts[l]*ts[4] eqg n*xts[5]xts[2] then n;
end i1f; end for;

for n in IN do if ts[l]*ts[4] eqg n*xts[6]xts[8] then n;
end i1if; end for;

for n in IN do if ts[l]*ts[4] eqg n*xts[7]xts[3] then n;
end i1if; end for;

for n in IN do if ts[l]*ts[4] eqg n*xts[8]xts[6] then n;
end i1if; end for;

N17:=Stabiliser (N, [1,7]);

N17s:=N17;
S:={[1,71};
SS:=S"Nj;

SSS:=Setseq(SS);
for 1 in [1..#SS] do
for g in IN do
if ts[l]*xts[7] eq gxts[Rep(SSS[i]) [1]]*ts[Rep(SSS[i])[2]]
then print SSS[i];end if; end for; end for;
for g in N do if [1,7] g eg [4,3] then N17s:=sub<N|Nl7s,
g>; end if; end for;
for g in N do if [1,7]"g eq [2,6] then Nl17s:=sub<N|N17s,
g>; end if; end for;
for g in N do if [1,7]1"g eq [3,4] then Nl17s:=sub<N|N17s,
g>; end if; end for;
for g in N do if [1,7]1"g eq [5,8] then Nl17s:=sub<N|N17s,
g>; end if; end for;
for g in N do if [1,7]"g eq [6,2] then N17s:=sub<N|N17s,
g>; end if; end for;
for g in N do if [1,7]1"g eq [7,1] then N17s:=sub<N|N17s,
g>; end if; end for;
for g in N do if [1,7]1"g eq [8,5] then Nl17s:=sub<N|N17s,
g>; end if; end for;
#N17s;
N17s;
#N/#N17s;

:=Transversal (N,N17s);
for 1 := 1 to #T do
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ss := [1,7]°TI[i];
cst[prodim(l, ts, ss)] := ss;
end for;

m:=0; for i1 in [1..12] do if cst[i] ne [] then m:=m+1;
end if; end for;m;

Orbits (N17s);

for n in IN do if ts[l]*ts[7] eq n*xts[4]xts[3] then n;
end 1f; end for;

for n in IN do if ts[l]*ts[7] eqg n*xts[2]xts[6] then n;
end i1f; end for;

for n in IN do if ts[l]*ts[7] eq n*xts[3]xts[4] then n;
end i1if; end for;

for n in IN do if ts[l]*ts[7] eq n*xts[5]xts[8] then n;
end i1if; end for;

for n in IN do if ts[l]*ts[7] eq n*xts[6]xts[2] then n;
end i1if; end for;

for n in IN do if ts[1l]*ts[7] eq n*xts[7]xts[1] then n;
end if; end for;

for n in IN do if ts[l]l*ts[7] eq n*ts[8]xts[5] then n;
end if; end for;

B.2 2*16:(2°: S))over (2 x 4:Cy x Cy)

=Sym (16) ;

xx:=S!(2, 8) (3, 7)(4, 14) (6, 10) (9, 13) (11, 16);
yy:=S! (1, 2)(3, 9) (4, 8)(5, 10) (6, 14) (7, 11) (12, 16)
(13, 15);

zz:=S! (1, 3)(2, 9) (4, 12) (5, 7) (6, 13) (8, 16) (10, 11)

(9, 13, 11, 16);

hh:=S! (1, 5) (2, 10) (3, 7) (4, 14) (6, 8) (9, 11) (12, 15)
(13, 16);

N:=sub<S|xx,vy, zz,ww, hh>;

#N;

FPGroup (N) ;
G<xX,VY,z,W,h,t>:=Group<x,y,z,w,h,t|x"2,y"2,z"°2,w 4,h"2,
(y*z) "2, (x+w"=1) "2, (y*w =1) "2, zxw" —1l*zx*w,

W =2+h, xxy*xx*xy*xw —1,xxzxxxzxh,t"2, (t,x), (y*xt) "3,
(zxwxt) "0, (z*x*xt) "0, (y*x*t) "6, (yxx*zxt) "3>;
f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,h>);
#DoubleCosets (G, sub<G|x,y, z,w,h>, sub<G|x,y, z,w,h>);
#G;



183

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,h>);

#k;

IN:=sub<Gl|f(x),f(y),f(z),f(w),f(h)>;

CompositionFactors (Gl);

Set (N) ;

NN<x,vy, z,w, h>:=Group<x,vy,z,w,h|x"2,y"2,z2z"2,w 4,h"2,

(y*2z) "2, (x+w"=1) "2, (y*w =1) "2, z+w —1lxz*w,w —2%h,

XAy RAYrW =1, xxzZxX*xz+h>;

Sch:=SchreierSystem (NN, sub<NN| Id (NN)>);

ArrayP:=[Id(N): i in [1..3211;

for 1 in [2..32] do

=[Id(N): 1 in

[1..#S

if Eltseq(Sch[

if Eltseqg(Sch[i

if Eltseqg(Sch[i

if Eltseg(Schli

if Eltseqg(Sch[i

if Eltseqg(Sch[i
( [i
( [1
( [i
( [1

.#Sch[il]];
for j in i]] do

3] eqg 1 then P[J]:=xx; end if;

j] eq -1 then P[j]:=xx"-1; end if;

3] eqg 2 then P[J]l:=yy; end if;

3] eq -2 then P[j]l:=yy -1; end if;

3] eqg 3 then P[]j]l:=zz; end if;

3] eq -3 then P[j]l:=zz"-1; end if;

if Eltseqg(Sch 3] eq 4 then P[]j]:=ww; end 1if;
if Eltseqg(Sch J1]
J]
j]

if Eltseqg(Sch

eq -4 then P[j]:=ww"-1; end if;

[1.
hi
) [
) [
) [
) [
) [
) [
) [
) [
) [ eq 5 then P[]j]:=hh; end if;
) [

c
]
]
]
]
]
]
]
]
]
]

if Eltseqg(Sch eq -5 then P[j]:=hh"-1; end if;
end for;
PP:=Id(N);

for k in [1..#P] do

PP:=PPxP[k]; end for;

ArrayP[i] :=PP;

end for;

for i in [1..#N] do 1 ArrayP[i],Sch[i];end for;
G<x,y,z,wW,h,t>:=Group<x,vy,z,w,h,t|x"2,y"2,z2°2,w"4,h"2,
(y*z) "2, (xxw™=1) "2, (yxw" =1) "2, zxw" —1xz*w,

W =2xh, x*xy*x*xy*xw =1, x*xzxxX*xz*h,t"2, (t,x), (y*t) "3,
(zxwxt) "0, (z*xxt) "0, (y*xx*xt) "6, (yxx*zxt) "3>;
f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,h>);
#DoubleCosets (G, sub<G|x,vy, z,w, h>, sub<G|x,y,z,w,h>);
prodim := function(pt, Q, I)

/%

Return the image of pt under permutations Q[I]
applied sequentially.

*/

v:i=pt;

for i in I do

vi=v_(Q[i]);



end for;

return v;

end function;

W, phi:=WordGroup (Gl) ;

rho:=InverseWordMap (G1l) ;

IN:=sub<Gl|f(x),f(y),f(z),f(w),f(h)>;
]

ts := [ Id(Gl): i in [1 .. 16] ;
ts[1l]:=f(t);

ts[2]:=£(t"y);

ts[3]:=f(t"z);

ts[4]:=f(t"w);

ts[5]:=f(t"h);

ts[6]l:=f(t " (y * w));
ts[7]:=f(t" (z * x));
ts[8]:=f(t"(y * x));
ts[9]:=£(t " (y » 2));
ts[l0]:=£(t"(y = h));
ts[1l]:=£(t"(y * z * h));
ts[12]:=f(t" (z*w));
ts[13]:=£(t" (y*z*x));
ts[l4]:=f(t" (x+xw™=1));
ts[15]:=£(t" (z*xw"=1));
ts[l6]:=f(t" (yxzrxw™=1));

ts;

cst:= [null : i in [1 .. 247]]
where null is[Integers() |1];
for i := 1 to 16 do
cst[prodim(1l, ts, [i])1:=[i];
end for;

m:=0; for 1 in [1..24] do if cst[i] ne [] then m:=m+1;

end i1if; end for; m;
for i in [1..24] do 1, cst[i]; end for;
Nl:=Stabiliser (N, 1);

Nls:=N1;
SSS:={[1]1}; SSS:=SSS"N;
#(SSS) ;

Seqgg:=Setseq(SSS);
for i in [1..#SSS] do
for n in IN do

if ts[1l] eq nxts[Rep(Seqgqgli]) [1l]]lthen print Rep(Seqqli]);

end i1f; end for; end for;
Tl:=Transversal (N,Nls);
for 1 in [1..#T1] do
Ss:=[1]1"T1[i];
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cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..24] do if cst[i] ne []lthen m:=m+1;

end i1f; end for; m;

Orbits (N1ls);

for m,n in IN do if ts[1l]*ts[5] eq mx(ts[1l]) "n then m,n;
end if;end for;

for m,n in IN do if ts[1l]*ts[1l2] eq m*(ts[1l]) " n then m,n;
end if;end for;

for m,n in IN do if ts[1l]xts[15] eq m*(ts[1l]) " n then m,n;
end if;end for;

for m,n in IN do if ts[1l]x*ts[2] eq mx(ts[1l]) "n then m,n;
end if;end for;

for m,n in IN do if ts[1l]xts[3] eq mx(ts[1l]) "n then m,n;
end if;end for;

for m,n in IN do if ts[1l]xts[4] eq mx(ts[1l]) " n then m,n;
end if;end for;

for m,n in IN do if ts[1l]#*ts[6] eq m*(ts[1l]) "n then m,n;
end if;end for;

for m,n in IN do if ts[1l]#*ts[9] eq m*(ts[1l]) "n then m,n;
end if;end for;

for m,n in IN do if ts[1l]x*ts[1l1l] eqg m*(ts[1l]) "n then m,n;
end if;end for;

#N/#N1;

#N/#N1ls;

#N1s;

Nls;

Orbits (N1ls);

m:=N! (1, 2) (3, 9) (4, 8) (5, 10) (14, 6) (7, 11) (12, 16) (15, 13);
n:=N! (2, 8)(3, 7) (4, 14) (9, 13) (6, 10) (16, 11);

[1]°n;

for i in [1 .. 32] do if ArrayP[i] eg m then Schlil];

end i1if; end for;

tsl[llxts[2] eq f£(y)~*ts[l];

for m,n in IN do if ts[l]x*ts[6] eq m*(ts[1l]) "n then m,n;
end if;end for;

m:=N! (1, 6) (2, 4) (3, 13) (5, 8) (14, 10) (9, 12) (7, 16) (15, 11);
n:=N! (2, 8) (3, 7) (4, 14) (9, 13) (6, 10) (16, 11);

(1] °n;

for i in [1 .. 32] do if ArrayP[i] eg m then Schlil];

end 1f; end for;

ts[l]l*ts[6] eq f(yxw)*ts[l];

for m,n in IN do if ts[1l]*ts[9] eq mx(ts[1l]) "n then m,n;
end if;end for;
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m:=N!(1, 16, 4, 9, 5, 13, 14, 11) (2, 3, 6, 12, 10, 7, 8, 15);
n:=N! (1, 14) (2, 10) (3, 12) (4, 5) (7, 15) (16, 13);

[1]"n;

for i in [1 .. 32] do if ArrayP[i] eg m then Schli];

end i1if; end for;

ts[1]*ts[9] eq f(yxxxz)x*xts[1l4];

for m,n in IN do if ts[l]xts[ll] eq m*x(ts[l]) " n then m,n;
end if;end for;

m:=N!(1, 13, 4, 11, 5, 16, 14, 9) (2, 7, 6, 15, 10, 3, 8, 12);
n:=N! (1, 14) (2, 10) (3, 12) (4, 5) (7, 15) (16, 13);

[1]7°n;

for i in [1 .. 32] do if ArrayP[i] eg m then Schlil];

end i1f; end for;

ts[1l]l*ts[ll] eq f(y*z*x)*ts[l4];

for n in IN do if ts[l]xts[1l5] eq nxts[l]xts[l2]then n;

end i1if; end for;

for n in IN do if ts[1l]*ts[15] eq nxts[l]*ts[3]then n;

end if; end for;

for n in IN do if ts[1l]*ts[3] eq n*ts[l]*ts[l2]then n;

end if; end for;

N15:=Stabiliser (N, [1,5]);

N15s:=N15;

S:={[1,5]1};

SS:=S"N;

SSS:=Setseq(SS);

for 1 in [1..#SS] do

for g in IN do

if ts[l]xts[5]leq gxts[Rep(SSS[i]) [1]]lxts[Rep(SSS[i]) [2]]
then print SSS[i];

end 1f; end for; end for;

for g in N do if [1,5]"g eg [2,10] then N15s:=sub<N|N1l5s,g>;
end i1f; end for;

for g in N do if [1,5]"g eg [3,7] then N1l5s:=sub<N|Nl5s,g>;
end if; end for;

for g in N do if [1,5]"g eg [4,14] then N15s:=sub<N|N1l5s,g>;
end if; end for;

for g in N do if [1,5]"g eqg [14,4] then N15s:=sub<N|N15s,g>;
end i1if; end for;

for g in N do if [1,5]"g eq [5,1] then N15s:=sub<N|N1l5s,g>;
end if; end for;

for g in N do if [1,5]"g eq [8,6] then N15s:=sub<N|N1l5s,g>;
end if; end for;

for g in N do if [1,5]"g egq [9,11] then N15s:=sub<N|N1l5s,g>;
end i1if; end for;



for g in N do if [1,5]"g egq [11,9]
end i1if; end for;
for g in N do if [1,5]"g eqgq [10,2]
end i1if; end for;
for g in N do if [1,5]"g eq [16,13]
end i1if; end for;
for g in N do if [1,5]"g egq [15,12]
end 1f; end for;
#N15s;
N1lb5s;
#N/#N15;
#N/#N15s;

=Transversal (N,N15s) ;
for 1 := 1 to #T do
ss := [1,5]°T[i];
cst[prodim(l, ts, ss)] = Ss;
end for;
m:=0; for i in [1..24] do if cst[i]
end i1if; end for;m;
Orbits (N15s);
ts[1l]*ts[5] eq ts[3]*ts[7];
ts[l]*ts[5] eqg ts[4]xts[14];
ts[1l]*ts[5] eqg ts[l4]+*ts[4];
ts[1l]lxts[5] eq ts[5]+ts[1l];
ts[1l]*ts[5] eq ts[15]xts[12];
N112:=Stabiliser( ,[1,12]);
N112s:=N112;

={[1,12]};
SS:=S"N;
SSS:=Setseqg(SS);
for i in [1..#SS] do

for g in IN do
if ts[l]xts[1l2] eqg gxts[Rep(SSS|[
then print SSS[i];

il)

end 1f; end for; end for;

for g in N do if [1,12] g eq [3,4]
end if; end for;

for g in N do if [1,12]"°g eq [5,15]
end i1if; end for;

for g in N do if [1,12]°g eq [7,14]
end 1f; end for;

#N112s;

N112s;

#N/#N112;
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then N15s:=sub<N|N1l5s,g>;

then N15s:=sub<N|N1l5s, g>;

then N15s:=sub<N|N1l5s,g>;
then N15s:=sub<N|N1l5s,g>;
ne [] then m:=m+1;

[1]]+ts[Rep(SSS[i]) [2]]

then N112s:=sub<N|N1l1l2s,g>;

then N112s:=sub<N|N1ll2s,g>;

then N112s:=sub<N|N1ll2s,g>;
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#N/#N112s;
:=Transversal (N,N112s) ;
for i := 1 to #T do
ss := [1,12]1°TI[i];
cst[prodim(l, ts, ss)] := ss;
end for;
m:=0; for i in [1..24] do if cst[i] ne [] then m:=m+1;
end i1if; end for;m;
for n in IN do if ts[l]lxts[l2] eq nxts[3]*ts[4] then n;
end i1if; end for;
for n in IN do if ts[l]*ts[l2] eq nxts[5]*ts[15] then n;
end i1if; end for;
Orbits (N112s) ;
for n in IN do if ts[l]*ts[1l2] eq nxts[7]*ts[14] then n;
end if; end for;
m:=N! (1, 5) (2, 10) (3, 7) (4, 14) (8, 6) (9, 11) (12, 15) (16, 13);
for i in [1 .. 32] do if ArrayP[i] egq m then Schl[i];
end if; end for;
ts[1l]*ts[1l2] eq f(h)xts[3]1*ts[4];
ts[l]*ts[12] eq f(h)*ts[7]1*ts[14];
ts[1l]*ts[1l2] eq ts[5]*ts[1l5];
N14:=Stabiliser (N, [1,4]);

N1l4s:=N14;
S:={I[1,41};
SS:=S"N;

SSS:=Setseq(SS);

for i in [1..#SS] do

for g in IN do

if ts[l]lxts[4]leq g*xts[Rep(SSS[i])[1]1]1*ts[Rep(SSS[i]) [2]1]
then print SSS[i];

end i1f; end for; end for;

for i in [1..24] do 1f cst[i] ne [] then m:=m+1;

end 1f; end for; m;

for g in N do if [1,4]1"g eq [2,8] then Nl4s:=sub<N|Nl4s,g>;
end i1if; end for;

for g in N do if [1,4]1"°g eq [3,12] then Nl4s:=sub<N|Nl4s,g>;
end if; end for;

for g in N do if [1,4]1 g eq [4,5] then Nl4s:=sub<N|Nl4s,g>;
end i1if; end for;

for g in N do if [1,4]"g eq [5,14] then Nl4s:=sub<N|Nl4s,g>;
end 1f; end for;

for g in N do if [1,4]"g eg [9,16] then Nl4s:=sub<N|Nlds,g>;
end i1f; end for;

for g in N do if [1,4]"g eg [6,2] then Nl4s:=sub<N|Nl4ds,g>;



end i1if; end for;
for g in N do if [1,4]"g eg [10,6] then Nl4s:=sub<N|Nl4ds,g>;
end i1if; end for;
for g in N do if [1,4]"g eqgq [12,7] then Nl4s:=sub<N|Nl4ds,g>;
end i1if; end for;
for g in N do if [1,4]1"g eq [7,15] then Nl4s:=sub<N|Nl4s,g>;
end if; end for;
for g in N do if [1,4]"g eq [8,10] then Nl4s:=sub<N|Nl4s,g>;
end if; end for;
for g in N do if [1,4]"g egq [14,1] then Nl4s:=sub<N|Nl4ds,g>;
end i1if; end for;
for g in N do if [1,4]1"g eq [13,9] then Nl4s:=sub<N|Nl4s,g>;
end i1f; end for;
for g in N do if [1,4]1"g eq [11,13] then Nl4s:=sub<N|Nl4ds,g>;
end i1if; end for;
for g in N do if [1,4]1"g eq [16,11] then Nl4s:=sub<N|Nl4ds,g>;
end i1if; end for;
for g in N do if [1,4]"g eg [5,3] then Nl4s:=sub<N|Nl4ds, g>;
end 1f; end for;
#N14s;
#N/#N14;
#N/#N14ds;
Tl4:=Transversal (N,N1l4s);
#T14;
for i := 1 to #T14 do
ss := [1,4]1°T141[4i];
cst[prodim(l, ts, ss)] = Ss;
end for;
m:=0;
Orbits (Nl1l4ds) ;
ts[l]*ts[4] eqg ts[4]*xts[5];
ts[1l]*ts[4] eqg ts[5]+xts[14];
ts[l]*ts[4] eqg ts[l4]*ts[1l];
for n in IN do if ts[l]*ts[4] eq n*xts[2]xts[8] then n;
end i1if; end for;
m:=N!(1, 4, 5, 14) (2, 6, 10, 8) (3, 12, 7, 15)(9, 13, 11, 106);
for i in [1 32] do if ArrayP[i] eg m then Schli];
end if; end for;
ts[llxts[4] eq f£(w)*ts[2]+ts[8];
[1]*xts[4] eq f(w)*xts[6]lxts[2];
s[1l]xts[4] eq f(w)*ts[1l0]*ts[6];
[1]1+ts[4] eq f(w)*ts[8]xts[10];
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B.3 2" : A: over 22

=Sym(4) ;
xx:=S!(1,2) (3,4);
yy:=S!1(1,3)(2,4);
N:=sub<S|xx,yy>;
#N;
G<x,y,t>:=Group<x,y,t|x"2,y" 2, x+y " —1l*xxy,t"2, (y*xt) "3,
(x*xt) "5, (xxy*t) "5>;
#G;
f,Gl,k:=CosetAction (G, sub<G|x,y>);
#k;
#DoubleCosets (G, sub<G|x, y>, sub<G|x,y>);
IN:=sub<Gl|f (x),f(y)>;
CompositionFactors (Gl);
Set (N) ;
G<x,y,t>:=Group<x,y,t|x"2,y" 2, x+y " —1l*xxy,t 2, (y*xt) "3,
(x*xt) "5, (xxy*t) "5>;
#G;
NN<x, y>:=Group<x,y|x" 2,y 2, xxy —1lxx*xy>;
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>) ;
ArrayP:=[Id(N): i in [1..4]1];
for i in [2..4] do
=[Id(N): 1 in [1..#Sch[i]1]1;
for j in [1..#Sch 1]] do
if Eltseq(Sch[ i]1)[J] eg 1 then P[]j]:=xx; end if;
if Eltseqg(Sch([i]) [j] eq -1 then P[]J]:=xx"-1; end if;
if Eltseq(Sch[i])[]J] eq 2 then P[]j]l:=yy; end 1if;
( [11) [3]

if Eltseqg(Sch eq -2 then P[j]l:=yy"-1; end if;

end for;

PP:=Id(N);

for k in [1..#P] do
PP:=PPxP[k]; end for;
ArrayP[1i] :=PP;

end for;

G<x,y,t>:=Group<x,vy,t|x"2,y"2,xxy " =1lxxxy,t"2, (y*xt)"~
(x*xt) "5, (xxy*t) "5>;
f,Gl,k:=CosetAction (G, sub<G|x,y>);
#DoubleCosets (G, sub<G|x, y>, sub<G|x,y>);

prodim := function(pt, Q, I)

/ %

Return the image of pt under permutations QI[I]
applied sequentially.

*/



v:=pt;

for i in I do

vi=v" (Q[i]);

end for;

return v;

end function;

W, phi:=WordGroup (G1l) ;
rho:=InverseWordMap (G1l) ;
IN:=sub<Gl|f(x), f(y)>;

ts := [ Id(Gl): 1 in [1 .. 4]
ts[1l]:=f(t);

ts[2]:=f(t"x);

ts[3]:=£(t"y);

ts[4] :=£(t" (x*y));

ts;

cst:= [null i in [1 15711
where null is[Integers () |];
for i := 1 to 4 do
cst[prodim(1l, ts, [i])]:=[i];
end for;

m:=0; for 1 in [1..15]

end 1f; end for; m;

for i in [1..15] do 1, cst[i];

Nl:=Stabiliser (N, 1);

Nls:=N1;
SSS:={[1]1}; SSS:=SSS"N;
#(SSS) ;

Seqgq:=Setseq(SSS) ;
for i in [1..#SSS] do
for n in IN do

1;

do if cst[i] ne []

then m:=m+1;

end for;

do 1f cst[i] ne

if ts[1]

end 1f; end for; end for;
Tl:=Transversal (N,Nls);

for i in [1..#T1] do
ss:=[1]1"T1[i];

cst[prodim(l, ts, ss)] := ss;
end for;

m:=0; for i in [1..15]

end i1f; end for; m;

Orbits (N1ls);

for m,n in IN do if ts[l]*ts[2]
end if;end for;

for m,n in IN do if ts[1l]*ts[3]
end if;end for;

eq nxts[Rep(Seqgqg[i]) [1]]1then print Rep (Seqqlil);

[Tthen m:=m+1;

eqg mx (ts[1]) "n then m,n;

eq mx (ts[1]) "n then m,n;
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for m,n in IN do if ts[1l]xts[4] eq mx(ts[1l]) "n then m,n;

end if;end for;
#N/#N1;

#N/#N1ls;

#N1s;

Nls;
N12:=Stabiliser (N, [1,2]);
N12s:=N12;
S:={[1,21};

SS:=S"N;
SSS:=Setseq(SS);

for i in [1..#SS] do
for g in IN do

if ts[l]l*xts[2]leq g*ts[Rep(SSS[i])[1]1]1*ts[Rep(SSS[i]) [2]1]

then print SSS[i];

end i1if; end for; end for;
#N12s;

N12s;

#N/#N12;

#N/#N12s;

T:=Transversal (N,N12s);

for 1 := 1 to #T do

ss := [1,2]1°TI[i];
cst[prodim(l, ts, ss)] := ss;
end for;

m:=0; for i in [1..15] do if cst[i]
end i1if; end for;m;

Orbits (N12s);
N1l4:=Stabiliser (N, [1,4]);

N14s:=N14;
S:={[1,4]};
SS:=S"Nj;

SSS:=Setseq(SS);
for i in [1..#SS] do
for g in IN do

ne [] then m:=m+1;

if ts[l]lxts[4]leq g*ts[Rep(SSS[i])[1]1]1*ts[Rep(SSS[i]) [2]1]

then print SSS[i];
end i1if; end for; end for;
#N14s;
Nl4ds;
#N/#N14;
#N/#N14ds;
:=Transversal (N,N14s);
for 1 := 1 to #T do
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ss := [1,4]°TI[i];
cst[prodim(l, ts, ss)] := ss;
end for;

m:=0; for i1 in [1..15] do if cst[i] ne [] then m:=m+1;

end if; end for;m;

Orbits (N14ds);

N123:=Stabiliser (N, [1,2,3]);

N123s:=N123;

S:={[1,2,31};

SS:=S"N;

SSS:=Setseq(SS);

for i in [1..#SS] do

for g in IN do if ts[l]lxts[2]x*ts[3]eq

gxts[Rep(SSS[i]) [1]]*ts[Rep(SSS[i]) [2]]*ts[Rep(SSS[i]) [3]]
then print SSS[i];

end i1if; end for; end for;

for g in N do if [1,2,3]"g eq [2,1,4] then N123s:
sub<N|N123s, g>;

end 1f; end for;

for g in N do if [1,2,3]1"g eq [3,4,1] then N123s:
sub<N|N123s,g>;

end i1if; end for;

for g in N do if [1,2,3]"g eq [4,3,2] then N123s:
sub<N|N123s, g>;

end if; end for;

#N123s;

N123s;

#N/#N123s;

T:=Transversal (N,N123s) ;

for i := 1 to #T do

ss := [1,2,3]1°TI[1i];
cst[prodim(1l, ts, ss)] := ss;
end for;

m:=0; for i in [1..15] do if cst[i] ne [] then m:=m+1;
end i1f; end for;m;

Orbits (N123s);

N143:=Stabiliser (N, [1,4,3]);

N143s:=N143;

S:={[1,4,3]1};

SS:=S"N;

SSS:=Setseqg(SS);

for i in [1..#SS] do

for> for g in IN do if ts[l]xts[4]*ts[3]leq
grxts[Rep(SSS[i]) [1]1]*ts[Rep(SSS[i]) [2]]1*ts[Rep(SSS[i]) [3]]



then print SSS[i];

end 1f; end for; end for;

for g in N do if [1,4,3]"g eq [2,3,4] then
N143s:=sub<N|N143s,g>; end if; end for;
for g in N do if [1,4,3]"g eq [3,2,1] then
N143s:=sub<N|N143s,g>;end if; end for;
for g in N do if [1,4,3]"g eq [4,1,2] then
N143s:=sub<N|N143s,g>; end if; end for;

#N143s;

N143s;

#N/#N143s;

T:=Transversal (N,N143s);

for 1 := 1 to #T do

ss := [1,4,3]1°TI[i];
cst[prodim(l, ts, ss)] := ss;
end for;

m:=0; for i in [1..15] do if cst[i] ne [] then m:=m+1;
end i1if; end for;m;

Orbits (N143s);

for m,n in IN do if ts[1l]xts[2]*ts[4] eq

m*x (ts[l]*ts[4]) "n then m,n;end if;end for;
for m,n in IN do if ts[1l]xts[2]*ts[3] eqg
m*(ts[l]*ts[4]) "n then m,n;end if;end for;

for m,n in IN do if ts[l]xts[2]*ts[l] eqg
m*(ts[1l]) "n then m,n;end if;end for;
for m,n in IN do if ts[1l]xts[4]*ts[2] eqg

m*(ts[1l]l+ts[2]) "n then m,n;

end if;end for;

for m,n in IN do if ts[1l]xts[4]*ts[3] eq
mx (ts[1l]+xts[2]) "n then m,n;

end if;end for;

for m,n in IN do if ts[1l]xts[4]*ts[l] eq
m* (ts[1l]) "n then m,n;end if;end for;

B.4 Sgover (2x4):2

[o)

% from here we will factor S6 by NL[4]=32 to decrease
the number of DCE %
S:=Sym(16);

xx:=S1(2, 8) (3, 7)(4, 14)(6, 10) (9, 13) (11, 16);

yy:=S!(1, 2)(3, 9)(4, 8) (5, 10) (6, 14) (7, 11) (12, 16) (13,
zz:=S! (1, 3) (2, 9) (4, 12)(5, 7)(6, 13)(8, 16) (10, 11) (14,
ww:= S! (1, 4, 5, 14) (2, 6, 10, 8)(3, 12, 7, 15)(9, 13, 11,
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15);
15);
16);



hh:=S! (1, 5) (2, 10) (3, 7) (4, 14) (6, 8) (9, 11) (12, 15) (13,
N:=sub<S|xx,vy, zz,ww, hh>;

#N;
G<x,y,z,w,h,t>:=Group<x,vy,z,w,h,t|x"2,y"2,z2"2,w 4,
h™2, (y*xz) "2, (xxw™=1) "2, (yxw" =1) "2, zxw™ =1xz~*w,

W =2+h, x*y*xx*xy*w —1,x*xzxx*xz*xh,t 2, (t,x), (y*xt) "4,
(z*xw*t) "3, (z*x*xt) "0, (y*x*xL) "6, (yxx*xz+t) "5>;

#G;

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,h>);
f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,h>);
CompositionFactors (Gl);

N:=G1;

Sch:=SchreierSystem (G, sub<G|Id(G)>);
ArrayP:=[Id(N): i in [1..#G]];

for i1 in [2..#G] do

=[Id(N) : l in [1..#Sch[i1]11;
for 7 in [1 Schl[i]] do
if Eltseq(Sch[ 1)[J] eg 1 then P[j]:=f(x); end if;
if Eltseqg(Sch([i]) []j] eq 2 then P[j]l:=f(y); end if;
if Eltseqg(Sch[i])[]J] eq 3 then P[j]l:=f(z); end if;
if Eltseq(Sch[i])[]j] eq 4 then P[j]l:=f(w); end if;
if Eltseg(Sch[i])[]J] eq -4 then P[j] =f(w) "-1; end if;
if Eltseq(Sch([i])[]j] eq 5 then P[j]l:=f(h); end if;
if Eltseg(Sch[i])[]J] eq 6 then P[j]:=f(t); end if;
end for;
PP:=Id(N);
for k in [1..#P] do
PP:=PPxP[k]; end for;
ArrayP[1] :=PP;
end for;
NL:=NormalLattice (Gl);
NL;

for i in [1..#NL]do if IsAbelian(NL[i]) then 1i;

end if;end for;

#Generators (NL[4]);

for 3 in [1..6] do

for 1 in [1..#Sch] do if ArrayP[i] eq NL[4].j then Schli];
xdsssssssssend if; end for; end for;
G<x,V,z,wW,h,t>:=Group<x,vy,z,w,h,t|x"2,y"2,2"2,

w 4,h"2, (yxz) "2, (xxw"=1) "2, (y*w =1) "2, zxw" —1*zxw,

W =2+h, x*xy*x*xy*w —1,x*xzxxX*xzxh,t 2, (t,x), (y*xt) "4, (zxwxt) "3,
(z+x*t) "0, (y*x*t) "6, (y*xxz*t) "5,h,t « h » ¢,

X « t x w=1 x t x w'=1 xt « w'=1,(z « t)" 4,

Yy # X L xhxt xy*txwH+txw -1 % t>;
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#G;

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,h>);

#G1;

#k;

#sub<G|x,y,z,w,h>;

CompositionFactors (Gl);

#DoubleCosets (G, sub<G|w, x,Vy, z,h>, sub<G|w, x,y,z,h>);
N:=sub<S|xx,vyy, zz,ww, hh>;

#N;

N<x,Vy,z,w>:=Group<x,vy,z,w|x 2,y 2,2"°2,w 2, (y*xz) "2,
(x+w™=1) "2, (y*W =1) "2, z2xW —14Z+W, W —2, XAY*X*y*W —1, X*Z*X*Z2>;
#N;

16

H:=sub<N|x>;

f,Gl,k:=CosetAction (N, H);

Gl;

$Start from here DCE of G over the group N of order 16 %
G<x,Vy,z,w,t>:=Group<x,vy,z,w,t|x"2,y"2,z"2,w 4, (yxz) "2,
(xxw™=1) "2, (y*w"=1) "2, z+xw —1lxzxw, xxy*xx*xy*w —-1,t" 2,
(t,x), (y*t) "4,

(z+wxt) "3, (zxx*xt) "0, (y*x*xt) "6, (yxx*xz+t) "5,

X * t x w-=1 xt «x w'=1 x t « w'=1,(z » t) 4>;

#G;

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w>);

#G1;

#sub<G|x,y,z,w>;

CompositionFactors (Gl);
#DoubleCosets (G, sub<G|w, x, vy, z>, sub<G|w, X,y, z>) ;

S:=Sym(8) ;

xx:=5!(2, 5) (6, 8);

yy:=S! (1, 2) (3, 6) (4, 5) (7, 8);

zz:=S!'(1, 3) (2, 6) (4, 7)(5, 8);
4) 5)

ww:=3S! (1, (2 (3, 7) (6, 8);
N:=sub<S|xx,yy,zz,ww>,
#N;
NN<x,y, z,w>:=Group<x,vy,z,w|x"2,y"2,z"2,w" 2,
(yxz) "2, (xxw™=1) "2, (y»w"=1) "2,
ZAW —1lxzxw, W =2, XAy X*ky*W —1, XxzZxxX*2>;
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>);
ArrayP:=[Id(N): 1 in [1..16]1];
for 1 in [2..16] do

=[Id(N): 1 in [1..#Sch[i]]];
for 7 in [1..#Sch[i]] do
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if Eltseqg(Sch([i])[j] eq 1 then P[j]:=xx; end if;

if Eltseq(Sch[i])[j] eqg -1 then P[j]l:=xx"-1; end if;
if Eltseqg(Sch([i])[]j] eq 2 then P[j]:=yy; end if;

if Eltseq(Sch[i]) [j] eqg -2 then P[j]l:=yy~-1; end if;
if Eltseqg(Sch[i])[]j] eq 3 then P[j]l:=zz; end if;

if Eltseqg(Sch([i]) [j] eq -3 then P[J]l:=zz"-1; end if;
if Eltseqg(Sch[i])[]J] eq 4 then P[j]:=ww; end if;

if Eltseqg(Sch([i]) [j] eq -4 then P[J]l:=ww -1; end if;
end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PPxP[k]; end for;

ArrayP[1i] :=PP;

end for;

for 1 in [1..#N] do 1"ArrayP[i],Sch[i];end for;

G<xX,VY,z,wW,t>:=Group<x,vy,z,w,t|x"2,y"2,z"2,w 4, (yxz) "2
(x+w™=1) "2, (y*W =1) "2,z W —1xz*w, x*y*xx*xy*w —-1,t"2, (t, x)
(y*t) "4, (z+w*t) "3, (z*+x*t) "0, (y*x*t) "6, (y*x*xz*t) "5,x % t
*+ wi=1 * t * w'-1 « t x w' -1,

(z = t) " 4>;

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w>);

prodim := function(pt, Q, I)

/ *

Return the image of pt under permutations Q[I]

applied sequentially.

*/

v:=pt;

for i in I do

vi=v_ (Q[i]);

end for;

return v;

end function;

W, phi:=WordGroup (G1l) ;

rho:=InverseWordMap (G1l) ;
IN:=sub<Gl|f(x),f(y),f(z),f(w)>;

14
X ’

ts := [ Id(Gl): i in [1 .. 8] 1;
ts[l]:=f(t);

ts[2]:=f(t"y);
ts[3]:=f(t"z);ts[4]:=£(t"w);
ts[5]:=f(t" (y*x));ts[6]:=£(t" (y*z));
ts[7]:=£(t" (z*w));ts[8]:=£(t" (y*xx*z));
ts;

cst:= [null : i in [1 .. 45]]

where null is[Integers () |];
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for i := 1 to 8 do
cst[prodim (1, ts, [i])]1:=[i];
end for;

m:=0; for i1 in [1..45] do if cst[i] ne [] then m:=m+1;
end i1if; end for; m;

for i in [1..45] do i, cst[i]; end for;
N1l:=Stabiliser (N, 1);

Nl:=Stabiliser (N, [1]);

S:={[11};

SS:=S"N;

SSS:=Setseq(SS);

for i in [1..#SS] do

for g in IN do

if ts[l] eq g*ts[Rep(SSS[i])[1l]]lthen print SSS[i];
end i1f; end for; end for;

Nls:=N1;

#N1s;

Tl:=Transversal (N,Nls);

#T1;

Tl:=Transversal (N,Nls);

for 1 := 1 to #T1 do

ss := [1]17T1[i];
cst[prodim(l, ts, ss)] := ss;
end for;

m:=0;for i in [1..45] do if cst[i] ne []

then m:=m+1; end if; end for; m;

Tl:=Transversal (N,N1ls);

#T1;

Tl:=Transversal (N,Nls);

for i := 1 to #T1 do

ss := [1]1°T1[i];

cst[prodim(1l, ts, ss)] := ss;

end for;

m:=0;for 1 in [1..45] do if cst[i] ne []

then m:=m+1; end if; end for; m;

Orbits (N1ls);

for m,n in IN do if ts[l]xts[4] eq m*(ts[1l]) "n then m,n;
end if;end for;

for m,n in IN do if ts[1l]*ts[2] eq mx(ts[1l]) "n then m,n;
end if;end for;

for m,n in IN do if ts[1l]*ts[3] eq mx(ts[1l]) "n then m,n;
end if;end for;

for m,n in IN do if ts[1l]xts[6] eq mx(ts[1l]) " n then m,n;
end if;end for;
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#N/#N1ls;

Nls;

N12:=Stabiliser (N, [1,2]);

N12s:=N12;

S:={[1,2]};

SS:=S"N;

SSS:=Setseq(SS);

for 1 in [1..#SS] do

for g in IN do

if ts[l]l*xts[2]leq g*ts[Rep(SSS[i]) [1]1]1*ts[Rep(SSS[i]) [2]1]
then print SSS[i];

end if; end for; end for;

#N12s;

N12s;

for g in N do if [1,2]"g eq [2,1] then Nl2s:=sub<N|Nl2s,g>;
end if; end for;

#N/#N12s;

T:=Transversal (N,N12s);

for i := 1 to #T do

ss := [1,2]°T[i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..45] do if cst[i] ne [] then m:=m+1;

end i1if; end for;m;

Orbits (N12s);

for m,n in IN do if ts[1l]x*ts[2]*ts[2] eq m*x(ts[1l]) n

then m, n;

end if;end for;

for m,n in IN do if ts[l]xts[2]*xts[4] eq mx(ts[l]*xts[2]) n
then m, n;

end if;end for;

for m,n in IN do if ts[l]xts[2]*xts[7] eq mx(ts[l]*xts[6]) n
then m,n;

end if;end for;

ts[l]l*ts[2]xts[2] eq ts[l];

for m,n in IN do if ts[l]xts[2]*xts[3] eq mx(ts[l]*xts[2]) n
then m,n;

end if; end for;

N13:=Stabiliser (N, [1,3]1);
N13s:=N13;
:={[1,3]};
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SS:=S"N;

SSS:=Setseq(SS);

for i in [1..#SS] do

for g in IN do

if ts[l]lxts[3]leq g*xts[Rep(SSS[i])[1]1]1*ts[Rep(SSS[i]) [2]1]
then print SSS[i];

end i1f; end for; end for;

for g in N do if [1,3]1"g eq [3,1] then N13s:=sub<N|N13s,g>;
end if; end for;

for g in N do if [1,3]1"°g eq [4,7] then N13s:=sub<N|N13s,g>;
end i1if; end for;

for g in N do if [1,3]1"g eq [7,4] then N13s:=sub<N|N13s,g>;
end i1f; end for;

N13s;
# N13s;
#N/#N13s;
:=Transversal (N,N13s);
for 1 := 1 to #T do
ss := [1,3]"°T[1i];
cst[prodim(l, ts, ss)] := ss;
end for;

:=0; for i in [1..45] do if cst[i] ne [] then m:=m+1;
end if; end for;m;

Orbits (N13s);

for m,n in IN do if ts[1l]xts[3]*ts[l] eqg
m*(ts[1l]) "n then m,n;end if; end for;m;
for m,n in IN do if ts[l]x*ts[3]*xts[2] eqg

m* (ts[1l]l*ts[2]) "n then m,n;
end 1f; end for;
#N13s;

N16:=Stabiliser (N, [1,6]);
N16s:=N16;
:={[1,6]};
SS:=S"N;
SSS:=Setseq(SS);
for i in [1..#SS] do
for g in IN do
if ts[l]lxts[6leq g*xts[Rep(SSS[i])[1]1]1*ts[Rep(SSS[i]) [2]1]
then print SSS[i];
end i1if; end for; end for;
#N16s;
#N/#N16s;



T:=Transversal (N,N16s);

for 1 := 1 to #T do

ss := [1,6] TI[i];

cst[prodim(l, ts, ss)] := ss;

end for;

:=0; for i in [1..45] do if cst[i] ne []

end if; end for;m;

Orbits (N16s) ;

for m,n in IN do if ts[l]xts[6]*xts[6] eq
m*(ts[1l]) "n then m,n;end if;end for;

for m,n in IN do if ts[l]xts[6]*xts[l] eqg
m* (ts[l]*ts[3]*ts[2]) "n then m,n;

end if;end for;

for m,n in IN do if ts[l]xts[6]*ts[2] eq
mx (ts[1l]+xts[2]*ts[3]) "n then m,n;

end if;end for;

for m,n in IN do if ts[l]x*ts[6]xts[3] eqg
mx (ts[1l]xts[3]*ts[2]) "n then m,n;

end if;end for;

for m,n in IN do if ts[l]xts[6]*xts[4] eq

mx (ts[1l]+ts[6]) "n then m,n;

end if;end for;

for m,n in IN do if ts[l]xts[6]*xts[5] eq
mx (ts[1l]*xts[2]) "n then m,n;

end if;end for;

for m,n in IN do if ts[l]xts[6]*xts[7] eqg
m* (ts[l]l*ts[6]) "n then m,n;

end if;end for;

for m,n in IN do if ts[l]xts[6]*xts[8] eq
m*(ts[l]*ts[6]) "n then m,n;

end if;end for;

for i in [1 .. 16] do if ArrayP[i] eqg

N!(2,5) (6,8) then Schl[i]; end if;end for;

ts[1l]*ts[6]*xts[8] eq f(x)=*xts[l]xts[6];

N123:=Stabiliser (N, [1,2,3]);

N123s:=N123;

S:={[1,2,31};

SS:=S"N;

SSS:=Setseq(SS);

for i in [1..#SS] do

for g in IN do if ts[l]l*ts[2]*ts[3]eqg

gxts[Rep (SSS[i]) [1]]1*ts[Rep(SSS[i])[2

ts[Rep(SSS[i]) [3]]then print SSS[i];

end i1f; end for; end for;

1]~

then m:=m+1;
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for g in N do if [1,2,3]"g eq [2,1,6] then
N123s:=sub<N|N123s,g>;end if; end for;
for g in N do if [1,2,3]"g eq [7,8,4] then
N123s:=sub<N|N123s,g>;end if; end for;
for g in N do if [1,2,3]"g eq [8,7,5] then
N123s:=sub<N|N123s,g>;end if; end for;

#N123s;

N123s;

#N/#N123s;

T:=Transversal (N,N123s) ;

for 1 := 1 to #T do

ss := [1,2,3]1°TI[i];
cst[prodim(l, ts, ss)] := ss;
end for;

m:=0; for i in [1..45] do if cst[i] ne [] then m:=m+1;
end i1if; end for;m;

Orbits (N123s);

for m,n in IN do if ts[l]xts[2]*xts[3]*ts[l] eq

m* (ts[l]*ts[6]) "n then m,n;

end if;end for;

for m,n in IN do if ts[1l]xts[2]xts[3]*ts[3] eq

m* (ts[l]l*ts[2]) "n then m,n;

end if;end for;

ts[l]l*ts[2]xts[3]*xts[3] eq ts[l]lxts[2];

N132:=Stabiliser (N, [1,3,2]);

N132s:=N132;
:={[1,3,21};

SS:=S"N;

SSS:=Setseqg(SS);

for i in [1..#SS] do

for g in IN do if ts[l]l*ts[3]x*ts[2]eqg

gxts[Rep(SSS[i]) [1]1]1*ts[Rep(SSS[i]) [2]]1*ts[Rep(SSS[i]) [3]]

then print SSS[i];

end i1f; end for; end for;

for g in N do if [1,3,2]"g eq [3,1,6] then

N132s:=sub<N|N132s,g>;end if; end for;

for g in N do if [1,3,2]"g eq [4,7,2] then
N132s:=sub<N|N132s,g>;end if; end for;
for g in N do if [1,3,2]"g eq [7,4,6] then
N132s:=sub<N|N132s,g>;end if; end for;

#N132s;

#N/$#N132s;

T:=Transversal (N,N132s) ;
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for i := 1 to #T do

ss := [1,3,2]°T[i];
cst[prodim(l, ts, ss)] := ss;
end for;

m:=0; for i in [1..45] do if cst[i] ne [] then m:=m+1;

end i1if; end for;m;

Orbits (N132s);

for m,n in IN do if ts[1l]xts[3]xts[2]*ts[2] eq
m* (ts[1l]*ts[3]) "n then m,n;end if;end for;
ts[1l]*ts[3]xts[2]*ts[2] eq ts[l]*ts[3];

for m,n in IN do if ts[l]xts[3]*xts[2]*ts[5] eqg

m*(ts[1l]l+ts[3]*ts[2]) "n then m,n;

end if;end for;

for m,n in IN do if ts[l]xts[3]xts[2]*ts[1l] eq
mx (ts[1l]xts[6]) "n then m,n;

end if;end for;

N161:=Stabiliser (N, [1,6,1]);

N161ls:=N161;

S:={[1,6,1]1};

SS:=S"N;

SSS:=Setseq(SS);

for 1 in [1..#SS] do

for g in IN do if ts[l]lxts[6]x*ts[l]eq

gxts[Rep (SSS[i]) [1]]+ts[Rep(SSS[i]) [2]]+ts[Rep(SSS[1i]) [3]]

then print SSS[i];

end i1f; end for; end for;

for g in N do if [1,6,1] g eq [2,3,2] then
N161s:=sub<N|N1l6ls,g>;end if; end for;
for g in N do if [1,6,1] g eq [3,2,3] then
N161ls:=sub<N|N1l6ls,g>;end if; end for;
for g in N do if [1,6,1] g eq [4,8,4] then

N161ls:=sub<N|N1l6ls,g>;end if; end for;

for g in N do if [1,6,1] g eq [6,1,6] then

N161ls:=sub<N|N1l6ls,g>;end if; end for;

for g in N do if [1,6,1] g eq [5,7,5] then
N161ls:=sub<N|N1l6ls,g>;end if; end for;
for g in N do if [1,6,1]1"g eq [7,5,7] then
N161ls:=sub<N|Nl6ls,g>;end if; end for;

for g in N do if [1,6,1] g eq [8,4,8] then
N161ls:=sub<N|Nl6ls,g>;end if; end for;
#N161s;

N161ls;

#N/#N161ls;

T:=Transversal (N,N161s) ;
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for i := 1 to #T do

ss := [1,6,1]°T[i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..45] do if cst[i] ne [] then m:=m+1;

end i1if; end for;m;

Orbits (N161ls);

for m,n in IN do if ts[l]x*ts[6]xts[1l]l*ts[1l] eq m*(ts[l]l*ts[6])
“n then m,n;

end if;end for;

B.5 AR 53 X 53 over Sg X 53

G<xX,y,z,W,t>:=Group<x,y,z,w,t|x"3,v"2,z272,w 3,x"-1xy*xx*y,
(x"=1%z) "2, (y*z) "2, (x,w), (y*w =1) "2, z+xw —1xzxw,t "2,
(t,y), (E,x x z), (X * w)xt) "4, ((z » w)*t) 6, ((x * y)+t) 4,
((x » vy » w=1)*t) "6>;
Index (G, sub<G|x,y,z,wW>);
f, Gl, k:=CosetAction (G, sub<G|x,y,z,wW>);
#k;
CompositionFactors (Gl);
S:=Sym(9);
xx:=3! (1, 2, 9)(3, 4, 5)(6, 7, 8);
yy:=S!(3, 6) (4, 7)(5, 8);
zz:=S! (1, 2) (4, 5) (7, 8);
ww:=3S! (1, 4, 7)(2, 5, 8) (3, 6, 9);
N:=sub<S|xx,vy,zz,ww>;
#N;
NN<x,Vy, z,W>:=Group<x,vy,z,w|x" 3,y 2,2 2, w 3,x"-1xy*x*y,
(x"=1%2) "2, (y*2) "2, (X, W), (y*w " =1) "2, z+w —1xz*xw>;
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>) ;
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>);
ArrayP:=[Id(N): i in [1..36]11;
for 1 in [2..36] do

=[Id(N): 1 in
for j in
if Eltseq Sch[

[1

( eq 1 then P[]J]:=xx; end if;
if Eltseg(Sch

(

(

(

7]
eq -1 then P[]j]l:=xx"-1; end 1if;
eq 2 then P[]]l:=yy; end if;
eq 3 then P[]j]l:=zz; end if;
eq 4 then P[]]:=ww; end if;

if Eltseqg(Sch
if Eltseqg(Sch
if Eltseqg(Sch
end for;
PP:=Id(N);

]
i]
i]
i]
i]

[
[
[
[
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for k in [1..#P] do

PP:=PPxP[k]; end for;

ArrayP[i] :=PP;

end for;

for 1 in [1..#N] do 1"ArrayP[i],Sch[i];end for;

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w>);

prodim := function(pt, Q, I)

/%

Return the image of pt under permutations Q[I]
applied sequentially.

*/

v:i=pt;

for i in I do
:=v"(Q[1]);

end for;

return v;
end function;
W, phi:=WordGroup (G1) ;
rho:=InverseWordMap (G1l) ;
IN:=sub<Gl|f(x),f(y),f(z),f(w)>;

ts := [ Id(Gl): i in [1 .. 9] 1;
ts[l]:=f(t);
ts[2]:=f(t"z);
ts[3]:=f(t"(w » x"=1));
ts[d4]:=f(t"(y » w));
ts[S]:=f(t"( y * z x w));
ts[6]:=£(t" ( (wxx*xy) =1 ));
ts[7]:=£(t"( w™5));
ts[8]:=f(t"( x*xw"2));
ts[9]:=f(t " (y » x"-1));
#G/#N;
cst:= [null : i in [1 .. 32]]
where null is[Integers () |1;
for 1 := 1 to 9 do
cst[prodim(1l, ts, [i]1)]:=[1i];
end for;

m:=0; for i in [1..32] do if cst[i] ne [] then
m:=m+1; end if; end for; m;
for i in [1..32] do i, cst[i]; end for;
Nl:=Stabiliser (N, 1);
Nl:=Stabiliser (N, [1]);
:={[1]1};
SS:=S"N;
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SSS:=Setseq(SS);

for 1 in [1..#SS] do

for g in IN do

if ts[l] eq gxts[Rep(SSS[i])[l]]lthen print SSS[i];
end i1if; end for; end for;

Nls:=N1;
#N1ls;
Tl:=Transversal (N,Nls);
#T1;
Tl:=Transversal (N,Nls);
for i := 1 to #T1 do
ss := [1]°T1[i];
cst[prodim(l, ts, ss)] := ss;
end for;

m:=0;for i in [1..32] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Tl:=Transversal (N,Nls);

#T1;

Orbits (Nls);
for m,n in IN do if ts[1l]x*ts[2] eq mx(ts[1l]) n
then m,n; end if;end for;
for m,n in IN do if ts[l]x*ts[4] eq mx(ts[1l]) n
then m,n; end if;end for;
for m,n in IN do if ts[1l]xts[3] eq mx(ts[1l]) n
then m,n; end if;end for;
#N/#Nls;
N13:=Stabiliser (N, [1,3]1);
N13s:=N13;
S:={[1,31};
SS:=S"N;
SSS:=Setseq(SS);
for 1 in [1..#SS] do
for g in IN do
if ts[l]l*ts[3leq g*xts[Rep(SSS[i])[1]]1*ts[Rep(SSS[i]) [2]]
then print SSS[i];
end if; end for; end for;
for g in N do if [1,3]1"°g eq [5,7] then
N13s:=sub<N|N13s,g>; end if; end for;
for g in N do if [1,3]"g egq [1,8] then
N13s:=sub<N|N13s,g>; end if; end for;
for g in N do if [1,3]"g egq [5,7] then
N13s:=sub<N|N13s,g>; end if; end for;
for g in N do if [1,3]"g eg [5,9] then



N13s:=sub<N|N13s,g>; end if; end for;

for g in N do if [1,3]"g eg [6,2] then

N13s:=sub<N|N13s,g>; end if; end for;
for g in N do if [1,3]"g egq [6,4] then
N13s:=sub<N|N13s,g>; end if; end for;
N13s;

# N13s;

#N/#N13s;

T:=Transversal (N,N13s);

for i := 1 to #T do

ss := [1,3]1°T[i];

cst[prodim(l, ts, ss)] := ss;
end for;

m:=0; for i in [1..32] do if cst[i] ne
end i1f; end for;m;
Orbits (N13s) ;

for m,n in IN do if ts[l]x*ts[3]*xts[1l] eqg
m* (ts[1l]) "n then m,n;end if; end for;m;
for m,n in IN do if ts[1l]xts[3]*ts[2] eq
m* (ts[1]) "n then m,n;end if; end for;m;

for m,n in IN do if ts[l]*ts[2] eqg

[]

then m:=m+1;

m* (ts[1l]*ts[4]) "n then m,n;end if; end for;m;

for m,n in IN do if ts[l]x*ts[2] eqg

mx (ts[1l]*ts[4]) "n then m,n;end if; end for;m;

N1l4:=Stabiliser (N, [1,4]);
N14s:=N14;
S:={[1,41};
SS:=S"N;
SSS:=Setseq(SS);
for 1 in [1l..#SS] do
for g in IN do

if ts[l]lxts[4]eq g*xts[Rep(SSS[i]) [1l]]*ts[Rep(SSS[i]) [2]]

then print SSS[i];

end 1f; end for; end for;

for g in N do if [1,4]"g egq [1,7] then
Nl4s:=sub<N|N1l4s,g>; end if; end for;
# N14s;Nl4ds;

#N/#N14ds;

T:=Transversal (N,N1l4s);

for 1 := 1 to #T do

ss := [1,4]1°T[i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..32] do if cst[i] ne

[]

then m:=m+1;

207



end i1if; end for;m;
Orbits (N1l4s);
for m,n in IN do if ts[l]l*ts[4]+*ts[2]

eq

*(ts[1l]) "n then m,n; end if; end for;m;

for m,n in IN do if ts[l]l*ts[4]+*ts[4]

eq

mx (ts[1]) "n then m,n; end if; end for;m;

for m,n in IN do if ts[l]l*ts[4]+*ts[3]

eq

*(ts[1l]*ts[3]*ts[1l]) " n then m,n;end if; end for;m;

N141:=Stabiliser (N, [1,4,1]);

N141s:=N141;
S:={[1,4,11};
SS:=S"N;
SSS:=Setseqg(SS);

for 1 in [1..#SS] do

for g in IN do if ts[l]xts[4]x*ts]

lleq
gxts[Rep (SSS[i]) [1]]1xts[Rep(SSS[i]) [2]]
[i];

*ts[Rep (SSS[i]) [3]]1then print
end if; end for; end for;
for g in N do if [1,4,1] g eq

N141ls:=sub<N|N1l4ls,g>;end if;

for g in N do if [1,4,1] g eq

N14ls:=sub<N|N1l4ls,g>;end if;

for g in N do if [1,4,1] g eq
N141ls:=sub<N|Nl4dls,g>;end 1if;
for g in N do if [1,4,1] g eq
N14ls:=sub<N|Nl4ls,g>;end 1if;
for g in N do if [1,4,1] g eq

N141ls:=sub<N|N1l4d4ls,g>;end 1if;

for g in N do if [1,4,1]1"g eqg

N141ls:=sub<N|N141ls,g>;end if;

for g in N do if [1,4,1]17g eqg

N141ls:=sub<N|N141ls,g>; end if;

for g in N do if [1,4,1]1"g eqg

N141ls:=sub<N|N1l4ls,g>;end if;

for g in N do if [1,4,1]1"g eqg

N141ls:=sub<N|N1l4ls,g>;end if;

for g in N do if [1,4,1]1"g eqg

N141ls:=sub<N|N1l4ls,g>;end if;

for g in N do if [1,4,1] g eq

N141ls:=sub<N|N1l4ls,g>;end if;

for g in N do if [1,4,1] g eq
N141ls:=sub<N|N1l4ls,g>;end 1if;
for g in N do if [1,4,1]7g eqg
N141ls:=sub<N|N1l4ls,g>;end 1if;

SSS ;
[2,5,2] then
end for;
[1,7,1] then
end for;
[4,7,4] then
end for;
[9,3,9] then
end for;
[2,8,2] then
end for;
[5,8,5] then
end for;
[4,1,4] then
end for;
[7,4,7] then
end for;
[7,1,7] then
end for;
[9,6,9] then
end for;
[3,6,3] then
end for;
[5,2,5] then
end for;
[8,5,8] then
end for;
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for g in N do if [1,4,1]"g eq [8,2,8] then
N14ls:=sub<N|N1l4ls,g>;end if; end for;
for g in N do if [1,4,1]"g eq [3,9,3] then

N141ls:=sub<N|Nl4ls,g>;end if; end for;

for g in N do if [1,4,1]"g eq [6,3,6] then
N141s:=sub<N|N1l4ls,g>;end if; end for;
for g in N do if [1,4,1]1"g eq [6,9,6] then
N141s:=sub<N|N141ls,g>;end if; end for;

#N141s;

#N/#N141ls;

T:=Transversal (N,N141s);

for i := 1 to #T do

ss := [1,4,1]1°T[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

m:=0; for i in [1..32] do if cst[i] ne [] then m:=m+1;

end if; end for;m;

Orbits (N141ls);

for m,n in IN do if ts[l]*ts[4]xts[l]l*ts[l] eq

m* (ts[1l]*ts[4]) "n then m,n;end if;end for;

N131l:=Stabiliser (N, [1,3,1]);

N131s:=N131;

S:={[1,3,11};

SS:=S"N;

SSS:=Setseq(SS);

for 1 in [1..#SS] do

for g in IN do if ts[l]lxts[3]x*ts][1l

g*ts[Rep (SSS[i]) [1]]*ts[Rep(SSS[i]

then print SSS[i];

end if; end for; end for;
for g in N do if [1,3,1]1"°g eq [3,8,3] then
N131s:=sub<N|N131ls,g>;end if; end for;

for g in N do if [1,3,1]1"g eq [1,8,1] then
N131s:=sub<N|N131ls,g>; end if; end for;
for g in N do if [1,3,1]1"g eq [8,1,8] then

N131ls:=sub<N|N131ls,g>;end if; end for;

for g in N do if [1,3,1]1"g eq [8,3,8] then

N131s:=sub<N|N131ls,g>;end if; end for;

for g in N do if [1,3,1]"g eq [3,1,3] then
N131ls:=sub<N|N131ls,g>; end if; end for;
#N131s;

N131ls;

#N/#N131s;

T:=Transversal (N,N131s);

leq
) [2]1+ts[Rep(SSS[i]) [3]]



for i := 1 to #T do

ss := [1,3,1]1°T[i];
cst[prodim(l, ts, ss)] := ss;
end for;

m:=0; for i in [1..32] do if cst[i] ne [] then m:=m+1;

end if; end for;m;

Orbits (N131s);

for m,n in IN do if ts[1l]*ts[3]xts[l]l*ts[l] eq
*(ts[1l]1*ts[3]) " n then m,n;end if;end for;

for m,n in IN do if ts[1l]*ts[3]xts[l]l*ts[2] eq
*(ts[1l]l*ts[4]) " n then m,n; end if;end for;

B.6 3%:S5,x2over S;xS;

S:=Sym(9) ;
xx:=3! (1, 2, 9)(3, 4, 5)(6, 7, 8);
yy:=S!(3, 6) (4, 7)(5, 8);
zz:=S! (1, 2) (4, 5) (7, 8);
ww:=S!(1, 4, 7)(2, 5, 8)(3, 6, 9);
N:=sub<S|xx,Vyy, Z2z, WWw>;
#N;
G<x,Vy,z,wW,t>:=Group<x,y,z,w,t|x"3,y"2,z2"°2,w" 3,
XT=1*xy*xxy, (x"=1xz) "2, (yxz) "2, (x,w), (y*w"=1) "2,
zxw —1xz*w,t"2, (t,y), (t,x * z), (wt) "3, ((x * w)=*t)" 0,
((z = w)*t) "0, ((x » y)*xt) "6, ((x » y » w —1)*t) "4>;
#G;
#G/#N;
f,Gl,k:=CosetAction (G, sub<G|x,y,z,w>);
CompositionFactors (Gl);
NN<x,Vy,z,w>:=Group<x,Vy,z,w|x"3,y"2,z272,w 3,x"-1xyxx*y,
(x"=1%z) "2, (y*z) "2, (x, W), (y*w =1) "2, z+w —1*zxw>;
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>);
ArrayP:=[Id(N): i in [1..36]11;
for 1 in [2..36] do

=[Id(N): 1 in
for j in
if Eltseq Sch[

[1

( eq 1 then P[]J]:=xx; end if;
if Eltseg(Sch

(

(

(

7]
eq -1 then P[]j]l:=xx"-1; end 1if;
eq 2 then P[]j]l:=yy; end if;
eq 3 then P[]j]l:=zz; end if;
eq 4 then P[]]:=ww; end if;

if Eltseqg(Sch
if Eltseqg(Sch
if Eltseqg(Sch
end for;
PP:=Id(N);

]
i]
i]
i]
i]

[
[
[
[
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for k in [1..#P] do

PP:=PPxP[k]; end for;

ArrayP[i] :=PP;

end for;

for 1 in [1..#N] do 1"ArrayP[i],Sch[i];end for;

G<xX,y,2z,W,t>:=Group<x,y,z,w,t|x"3,vy"2,272,w 3,x"-1xy*xxX*y,

(x"=1%z) "2, (y*z) "2, (x, W), (y*w =1) "2, z+«w —1*z*w,
t72,(t,y), (t,x * z), (wxt) "3,

((x » w)*t) "0, ((z = w)xt) "0, ((x » y)*t) 6,

((x » v » w =1)*t) "4>;
f,Gl,k:=CosetAction (G, sub<G|x,y,z,w>);

prodim := function(pt, Q, I)

/ *

Return the image of pt under permutations Q[I]
applied sequentially.

x/

v:i=pt;

for i in I do

vi=v_"(Q[i]);

end for;

return v;

end function;

W, phi:=WordGroup (Gl) ;

rho:=InverseWordMap (G1l) ;
IN:=sub<Gl|f(x),f(y),f(z),f(w)>;

ts := [ Id(Gl): i in [1 .. 91 1;
ts[l]l:=£(t);

ts[2]:=f(t"z);

ts[3]:=f(t"( w * x"=1));
ts[d4]l:=f(t" (y » w));
ts[5]:=f(t"( y * z * wW));
ts[6]:=f(t" ( (w*xx*xy) =1 ));
ts[7]:=f(t”( w°5));
ts[8]l:=f(t"( x*xw"2));
ts[9]:=£(t" (y » x"=1));
#G/#N;

cst:= [null : i in [1 .. 367]
where null is[Integers () |];
for i := 1 to 9 do
cst[prodim (1, ts, [i]1)]:=[1];
end for;

m:=0; for 1 in [1..36] do if cst[i] ne [] then m:=m+1;

end 1f; end for; m;
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for i in [1..36] do 1, cst[i];

N1l:=Stabiliser (N, 1);

Nl:=Stabiliser (N, [1]);
:={[1]1};

SS:=S"N;

SSS:=Setseqg(SS);

for i in [1..#SS] do

for g in IN do

end for;

if ts[l] eq gxts[Rep(SSS[i])[1l]]lthen print SSS[i];

end i1f; end for; end for;

Nls:=N1;

#N1s;

Tl:=Transversal (N,Nls) ;
#T1;

for 1 := 1 to #T1 do

ss := [1]1°T1[i];

cst [prodim(l, ts, ss)]
end for;

= ss5;

m:=0;for i in [1..36] do if cst[i]
then m:=m+1; end if; end for;

Orbits (N1ls) ;

my

for m,n in IN do if ts[l]l*ts[2]

then m,n; end if;end for;

for m,n in IN do if ts[1l]=*ts[4]

then m,n; end if;end for;

for m,n in IN do if ts[1l]*ts[3]

then m,n; end if;end for;

for m,n in IN do if ts[1l]*ts[3]

then m,n; end if;end for;
#N/#Nls;
N13:=Stabiliser (N, [1,31);
N13s:=N13;

:={[1,31};
SS:=S"N;
SSS:=Setseq(SS);
for i in [1..#SS] do
for g in IN do

if ts[l]l*xts[3]leq g*ts[Rep(SSS[i])[1]1]1*ts[Rep(SSS[i]) [2]1]

then print SSS[i];
end i1f; end for; end for;

for g in N do if [1,3]7g eq

N13s:=sub<N|N13s,g>; end if;

N13s;
# N13s;

eq

€q

eq

eq

[(4,2]
end for;

ne []

m*(ts[1l]) "n

m*(ts[1l]) "n

m*(ts[1l]) "n

m*(ts[1l]*ts[2]) "n

then
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#N/#N13s;
:=Transversal (N,N13s);
for i := 1 to #T do
ss := [1,3]°T[i];
cst[prodim(l, ts, ss)] := ss;
end for;
m:=0; for i in [1..36] do if cst[i] ne [] then m:=m+1;
end i1if; end for;m;

Orbits (N13s);

for m,n in IN do if ts[1l]xts[3]*ts[2] eqg
m*(ts[1l]) "n then m,n;end if; end for;

for m,n in IN do if ts[1l]xts[3]*ts[l] eqg
m* (ts[1l]+ts[3]) " n then m,n;end if; end for;
for m,n in IN do if ts[1l]xts[3]*ts[7] eqg
m* (ts[1l]l+ts[2]) "n then m,n;end if; end for;
for m,n in IN do if ts[l]x*ts[3]*xts[5] eqg
m* (ts[1l]l+ts[3]) " n then m,n;end if; end for;
for m,n in IN do if ts[1l]xts[3]*ts[6] eq
mx (ts[l]*ts[2]) "n then m,n;end if; end for;

N12:=Stabiliser (N, [1,2]);

N12s:=N12;
S:={I[1,2]1};
SS:=S"N;

SSS:=Setseq(SS);

for i in [1..#SS] do

for g in IN do

if ts[l]lxts[2]eq g*xts[Rep(SSS[i])[1]1]1*ts[Rep(SSS[i]) [2]1]
then print SSS[i];end if; end for; end for;

for g in N do if [1,2]"g egq [2,9] then
N12s:=sub<N|N12s,g>; end if; end for;

for g in N do if [1,2]"g egq [9,1] then
N12s:=sub<N|N1l2s,g>; end if; end for;

#N12s;

N12s;

#N/#N12s;

T:=Transversal (N,N12s);

for 1 := 1 to #T do

ss := [1,2]°TI[i];
cst[prodim(l, ts, ss)] := ss;
end for;

m:=0; for 1 in [1..36] do if cst[i] ne [] then m:=m+1;
end i1if; end for;m;



Orbits (N12s);

for m,n in IN do if ts[l]xts[2]*ts[2] eqg
m*(ts[1l]) "n then m,n;end if;end for;
for m,n in IN do if ts[l]xts[2]*ts[3] eqg

m* (ts[1l]l*ts[3]) " n then m,n;end if;end for;

N137:=Stabiliser (N, [1,3,7]);

N137s:=N137;
S:={[1,3,71};
SS:=S"Nj;
SSS:=Setseq(SS);

for 1 in [1..#SS] do

for g in IN do if ts[l]lxts[3]xts[7]eq

gxts[Rep (SSS[i]) [1]]+ts[Rep(SSS[i]) [2]]+ts[Rep(SSS[1i]) [3]]

then print SSS[i];
end i1f; end for; end for;

for g in N do if [1,3,7] g eq

then N137s:=sub<N|N137s,g>;
end if; end for;

for g in N do if [1,3,7] g eq

then N137s:=sub<N|N137s,g>;
end i1f; end for;

for g in N do if [1,3,7]17g eq

then N137s:=sub<N|N137s,g>;
end i1f; end for;

for g in N do if [1,3,7] g eq

then N137s:=sub<N|N137s,g>;
end if; end for;

for g in N do if [1,3,7] g eq

then N137s:=sub<N|N137s,g>;
end 1f; end for;

for g in N do if [1,3,7]17g eq

then N137s:=sub<N|N137s,g>;
end i1if; end for;

for g in N do if [1,3,7] g eq

then N137s:=sub<N|N137s,g>;
end i1if; end for;

for g in N do if [1,3,7]1"g eqg

then N137s:=sub<N|N137s,g>;
end i1if; end for;

for g in N do if [1,3,7]1 g eq

then N137s:=sub<N|N137s,g>;
end if; end for;

for g in N do if [1,3,7] g eq

then N137s:=sub<N|N137s,g>;
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end i1if; end for;

for g in N do if [1,3,7]1"g egq [ 5, 9, 8 1
then N137s:=sub<N|N137s,g>;

end i1if; end for;

for g in N do if [1,3,7]1"g eq [ 8, 3, 2 ]
then N137s:=sub<N|N137s,g>;

end if; end for;

for g in N do if [1,3,7] g eq [ 6, 2, 31
then N137s:=sub<N|N137s,g>;

end i1f; end for;

for g in N do if [1,3,7]17g eg [ 4, 2, 71
then N137s:=sub<N|N137s,g>;

end i1f; end for;

for g in N do if [1,3,7] g eq [ 7, 5, 1]
then N137s:=sub<N|N137s,g>;

end i1if; end for;

for g in N do if [1,3,7]"geq [ 3, 1, 6 ]
then N137s:=sub<N|N137s,g>;

end 1f; end for;

for g in N do if [1,3,7]1"g egq [ 6, 4, 9 1
then N137s:=sub<N|N137s,g>;

end i1if; end for;

#N137s;

N137s;

#N/#N137s;

T:=Transversal (N,N137s) ;

for i := 1 to #T do

ss := [1,3,7]°TI[i];
cst[prodim(l, ts, ss)] := ss;

end for; m:=0; for i in [1..36] do if cst[i]
ne [] then m:=m+l;end if; end for;m;

Orbits (N137s) ;

for m,n in IN do if ts[l]xts[3]xts[7]*ts[7] eq
m*(ts[1l]+ts[3]) " n then m,n;end if; end for;
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Appendix C

MAGMA Code for Maximal DCE

C.1  M;; over Maximal Subgroup Sj;

S:=Sym (40) ;

xx:=3!'(1, 9, 17, 25, 33) (2, 26, 10, 34, 18)

(3, 35, 27, 19, 11) (4, 20, 36, 12, 28) (5,13, 21, 29, 37)
(6, 30, 14, 38, 22)

(7, 39, 31, 23, 15) (8, 24, 40, 16, 32);
yy:=3!'(1, 4, 3, 2)(5, 8, 7, 6)(9, 12, 11, 10)
(13, 16, 15, 14) (17, 20, 19, 18) (21, 24,23, 22)
(25, 28, 27, 26) (29, 32, 31, 30) (33, 36, 35, 34)
(37, 40, 39, 38);

N:=sub<S|xx,yy>;
G<x,y,t>:=Group<x,y,t|x"5,y74,y " 3xx"3xy*x,t"11,t " x=t"5,
(y*(t79)) "3, (yx(£710)) "6>;

#G;

f,Gl,k:=CosetAction (G, sub<G|x,y>);

#k;

CompositionFactors (Gl);
#DoubleCosets (G, sub<G|x,y>, sub<G|x,y>);

HH2 : =sub<G|x, y>;

M:=sub<G|x,y,t » X * y 2 % t°-1>;
DoubleCosets (G, M, HH2) ;

#DoubleCosets (G, M, HH2) ;

IM:=sub<Gl|f(x),f(y),f(t » x * y 2 x t°=-1)>;
IN:=sub<Gl|f (x),f(y)>;
NN<a,b>:=Group<a,bla’5,b"4,b"3xa"3xb*a>;
Sch:=SchreierSystem (NN, sub<NN | Id (NN)>) ;
ArrayP:=[Id(N): i in [1..20]17;
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end for;

PP:=Id(N);
for k in

.#P] do

[1.

end for;

PP:=PPxP[k];
ArrayP[i]:
end for;

=PP;

[1 40]

i in

Id(G1) :
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1)76;
function(pt, Q, I)
v = pt;

for i in I do

v o= v (Q[i]);

end for;

return v;

end function;

cst := [null : i in

[1 .. Index(G,sub<G|x,y,t * x * y™2 % t"=1>)1]
where null is

[Integers() | 1;

Orbits (N);

Nl:=Stabiliser (N, [1]);

SSS:={[1]};

SSS:=SSS"N;

#(SSS) ;

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in IM do

if ts[l]leqg nxts[Rep(Seqqg[i]) [1]] then print Rep(Seqqlil]);
end i1f; end for; end for;

Nls:=N1;

for n in N do if 1°n eq 19 then Nls:=sub<N|Nls,n>;
end if; end for;

N1,; #N1;

Tl:=Transversal (N,Nls);

for 1 in [1..#T1] do

ss:=[11"T1[i];

cst [prodim(l, ts, ss)]:=ss;

end for;

m:=0; for i in [1..66] do if cst[i] ne []
then m:=m+1; end if; end for; m;

for i in [1..40] do for n in IM do if ts[1]
eq nxts[i] then i; end if; end for; end for;



Orbits (N1ls);

for g in IM do for h in IN do if ts[l]xts[5] eqg

gx(ts[1l]) " h then "true";

end for; end for;

14

break; end if;

for g in IM do for h in IN do if ts[l]*ts[9] eq

g*x(ts[1l]) " h then "true";

end for; end for;

14

break; end if;

for g in IM do for h in IN do if ts[l]xts[1l1l] eqg

gx(ts[1l]) "h then "true";

end for; end for;

r

break; end if;

for g in IM do for h in IN do if ts[l]*xts[1l3] eq

gx(ts[1l]) " h then "true";

end for; end for;
Nls;
#N1ls;

14

break; end if;

for g in IM do for h in IN do if ts[l]xts[3] eq

g*x (ts[5]) "h then "true";

end for; end for;
for g in IM do for h in

gx (ts[5]) "h then "true";

end for; end for;

14

14

break; end if;

IN do if ts[1l]xts[4] eqg
break; end if;

for g in IM do for h in IN do if ts[l]lxts[7] eqg

gx (ts[5]) "h then "true";

end for; end for;

14

break; end if;

for g in IM do for h in IN do if ts[l]xts[1l5] eq

gx(ts[5]) "h then "true";

end for; end for;
for g in IM do for h in

gx (ts[5]) "h then "true";

end for; end for;
for g in IM do for h in
gx (ts[1]xts[10]) "h then
end for; end for;
for g in IM do for h in
gx(ts[l]*ts[14]) "h then
end for; end for;
for g in IM do for h in
gx (ts[1l]*xts[26]) "h then
end for; end for;
for g in IM do for h in
gx (ts[1]xts[30]) "h then
end for; end for;
for g in IM do for h in
gx (ts[1l]xts[22]) "h then

4

14

break; end if;

IN do if ts[1l]#*ts[1l7] eqg
break; end if;

IN do if ts[l]xts[6] eq
"true"; break; end if;

IN do if ts[1l]xts[8] eq
"true"; break; end if;

IN do 1if ts[l]*ts[8] eq
"true"; break; end if;

IN do if ts[l]xts[8] eq
"true"; break; end 1if;

IN do if ts[l]*ts[1l2] eq
"true"; break; end if;
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end for; end for;
N5:=Stabiliser (N, [5]);
SSS:={I[5]};

SSS5:=SSS”N;

SSS;

#(SSS);
Seqqg:=Setseq(SSS);
Seqq;

for i in [1..#SSS] do
for n in IM do

if ts[5]eq nxts[Rep(Seqg[i]) [1l]]lthen print Rep(Seqqlil);

end i1if; end for; end for;
N5s:=N5;

for n in N do if 5°n eq 31 then N5s:=sub<N|N5s,n>;

end if; end for;

N5; #N5;

T5:=Transversal (N,N5s) ;

for 1 in [1..#T5] do

ss:=[5]"T5[1i];

cst[prodim(l, ts, ss)]:=ss;

end for;
:=0; for i in [1..66] do if cst[i] ne []

then m:=m+1; end 1if; end for; m;

for i in [1..40] do for n in IM do if ts[5]
nxts[i] then i;

end i1f; end for; end for;

{5,31}°N;

Orbits (N5s) ;

#N5s;

N5s;

#N/#N5s;

for g in IM do for h in IN do if ts[5]*ts[3]

eq g+ (ts[5]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[5]*ts[9]

eq gx (ts[5]) "h then "true"; break; end if;
end for; end for;

€q

for g in IM do for h in IN do if ts[5]*ts[13]

eqg gx (ts[5]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[5]*ts[23]

eq gx(ts[5]) "h then "true"; break; end if;
end for; end for;
for g in IM do for h in IN do if ts[5]*ts[1l]
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eq gx(ts[1l]) "h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[5]*ts[7]
eq gx(ts[l]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[5]xts[8]
eq gx(ts[1l]) " h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[5]*ts[15]
eq gx(ts[1l]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[5]*ts[19]
eq gx(ts[1l]) "h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[5]*ts[2]
eq gx (ts[5]*ts[16]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[5]*ts[4]
eq gx (ts[5]*ts[12]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[5]*ts[4]
eq g* (ts[5]*ts[28]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[5]xts[4]

eq gx (ts[5]*ts[32]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[5]*ts[20]

eq gx (ts[5]*ts[24]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]*ts[6]

eq g* (ts[5]+*ts[2]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[8]

eq gx (ts[5]*ts[32]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[1l]xts[8]

eq gx (ts[5]+*ts[4]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[8]

eq gx (ts[5]*ts[12]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[8]

eq gx (ts[5]*ts[28]) "h then "true"; break; end if;
end for; end for;
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for g in IM do for h in IN do if ts[l]x*ts[12]

eq g* (ts[5]1*ts[20]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]x*ts[21]

eq gx (ts[5]*ts[11]) "h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[l]*ts[18]

eq gx (ts[5]*ts[6]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[1l]*ts[18]

eq g* (ts[5]+*ts[6]) "h then "true"; break; end if;
end for; end for;

N1l6:=Stabiliser (N, [1,61]);

SSS:={[1,61};

SSS:=SSS"N;

SSS;

#(SSS) ;

Seqqg:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IM do

if ts[1l] »ts[6]leq nxts[Rep(Seqqli]) [1]]+ts[Rep(Seqq[i]) [2]]

then print Rep(Seqqli]);

end 1f; end for; end for;

N16s:=N16;

for n in N do if 1°n eq 19 and 6°n eg 16 then
N16s:=sub<N|N1l6s,n>;

end if; end for;

N16; #N1l6;

Tl6:=Transversal (N,N16s) ;

for i in [1..#T16] do

ss:=[1,6]"Tl6[i];

cst[prodim(l, ts, ss)]:=ss;

end for;

:=0; for i in [1..66] do if cst[i] ne []

then m:=m+1; end if; end for; m;

[1,6] "Nlé6s;

for n in IM do if ts[l]*ts[6] eq n*xts[19]*ts[16] then n;

end i1if; end for;

for i in [1..#T16] do ([1l,6] Nl6s) "Tl6[i]; end for;

Orbits (N16s) ;

#N/#N16s;

for g in IM do for h in IN do if ts[l]*ts[6]xts[5]

eq g+ (ts[1l]) "h then "true"; break; end if;
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end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]*ts[26]
eq gx(ts[1l]) " h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]xts[2]
eqg gx (ts[5]) "h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[l]*xts[6]*ts[15]
eq gx(ts[5]) "h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]=xts[1l]
eq gx (ts[5]*ts[2]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]xts[1]
eq gx (ts[5]*ts[16]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]*xts[1]
eq gx (ts[1l]xts[10]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]xts[3]
eq gx (ts[1l]*xts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]lxts[6]xts[3]
eq gx (ts[1l]l+*ts[1l4]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]xts[4]
eq gx(ts[1l]*ts[18]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]xts[6]
eq gx (ts[1l]*xts[6]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]*ts[6]*ts[7]
eq gx (ts[1l]l+*ts[12]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]x*ts[8]
eq gx (ts[1l]*ts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]xts[9]
eq gx (ts[1l]*ts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]*xts[6]*ts[10]
eq g* (ts[1l]+*ts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]*ts[1l1]



224

eq gx (ts[1l]xts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]*ts[13]

eq gx (ts[l]l*ts[12]) "h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]xts[14]

eq gx(ts[1l]xts[12]) "h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]*ts[17]

eq gx (ts[1]xts[18]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]*ts[18]

eq gx (ts[1l]+*ts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]*ts[21]

eq gx(ts[1l]*ts[8]) "h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[l]xts[6]*ts[22]

eq gx (ts[1l]xts[12]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]*xts[6]*ts[26]

eq g* (ts[1l]l+*ts[5]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]*xts[6]*ts[26]
eq gx(ts[1l]) " h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[l]*xts[6]*ts[30]
eq gx (ts[1l]*ts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]*ts[6]=*ts[1]
eq g* (ts[1l]l+*ts[6]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[l2]*ts[1l]
eq gx (ts[1l]xts[6]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[1l2]*ts[2]
eq gx (ts[1l]+*ts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[12]xts[3]
eq g+ (ts[1l]+*ts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[l2]*ts[4]
eq gx (ts[1l]xts[6]) "h then "true"; break; end if;
end for; end for;
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for g in IM do for h in IN do if ts[l]xts[12]*ts[5]
eq g*x(ts[1l]+*ts[18]) "h then "true"; break; end if;
end for; end for;

N18:=Stabiliser (N, [1,8]);

SSS:={[1,81};

SSS:=SSS"N;

SSS;

#(SSS) ;

Seqg:=Setseq(SSS);

Seqq;

for 1 in [1..#SSS] do

for n in IM do

if ts[1l] »ts[8]leq nxts[Rep(Seqqli]) [1]]+ts[Rep(Seqq[i]) [2]]
then print Rep(Seqqli]);

end i1f; end for; end for;

N18s:=N18;

N18; #N138;

T1l8:=Transversal (N,N18s) ;

for 1 in [1..#T18] do

ss:=[1,8]"T18[i];

cst[prodim(l, ts, ss)]:=ss;

end for;

m:=0; for i in [1..66] do if cst[i] ne []

then m:=m+1; end if; end for; m;

Orbits (N18s);

[1,8] "N18s;

for i in [1..#T18] do ([1,8]°N18s)"T18[1i]; end for;
Orbits (N18s) ;

#N/#N18s;

#N/#N18;

#N18s;

for g in IM do for h in IN do if ts[1l]*ts[8]xts[1]
eq gx (ts[1l]lxts[12]) "h then "true"; break;

end i1if; end for; end for;

for g in IM do for h in IN do if ts[l]xts[8]xts[2]
eq gx (ts[1l]xts[6]) "h then "true"; break;

end i1f; end for; end for;

for g in IM do for h in IN do if ts[1l]xts[8]xts[3]
eqg gx(ts[1l]) "h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[1l]*ts[8]x*ts[4]
eq g* (ts[1l]+*ts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[8]xts[5]



eq gx (ts[1l]xts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[1l]xts[8]xts[6]
eq gx (ts[1l]+*ts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[8]*ts[7]
eq gx (ts[5]) "h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[l]xts[8]xts[8]
eq gx (ts[1l]xts[12]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[1l]xts[8]xts[9]
eq g*x(ts[1l]+*ts[18]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]*xts[8]*ts[10]
eq gx(ts[5]) "h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[l]xts[8]=*ts[1l1]

eq gx (ts[1l]*xts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[8]*ts[12]

eq gx (ts[1l]+*ts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]*xts[8]*ts[13]

eq gx (ts[5]) "h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[l]xts[8]=*ts[14]

eq gx (ts[1l]*ts[8]) "h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[l]*xts[8]*ts[15]

eq gx (ts[1l]l+*ts[12]) "h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[l]*xts[8]*ts[1l6]

eq gx (ts[1l]*xts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]*xts[8]*ts[17]

eq gx (ts[l]l*ts[12]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[1l]xts[8]*ts[18]

eq g+ (ts[1l]+*ts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]*xts[8]*ts[19]

eq gx (ts[1l]xts[12]) "h then "true"; break; end if;
end for; end for;
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for g in IM do for h in IN do if ts[1l]*xts[8]*ts[20]
eq gx(ts[1l]l+*ts[12]) "h then "true"; break; end if;
end for; end for;
for g in IM do for h in IN do if ts[l]xts[8]=*ts[21]
eq gx(ts[1l]xts[6]) "h then "true"; break; end if;
end for; end for;
for g in IM do for h in IN do if ts[l]xts[8]x*ts[22]
eq gx (ts[1l]xts[18]) "h then "true"; break; end if;
end for; end for;
for g in IM do for h in IN do if ts[l]*xts[8]*ts[23]
eq g*x (ts[1l]+*ts[18]) "h then "true"; break; end if;
end for; end for;
for g in IM do for h in IN do if ts[l]xts[8]=*ts[24]
eq gx(ts[5]) "h then "true"; break; end if;
end for; end for;
for g in IM do for h in IN do if ts[l]*xts[8]*ts[25]
eq gx(ts[1l]*xts[8]) "h then "true"; break; end if;
end for; end for;
for g in IM do for h in IN do if ts[l]*ts[8]*ts[26]
eq gx (ts[1l]l+*ts[12]) "h then "true"; break; end if;
end for; end for;
for g in IM do for h in IN do if ts[l]xts[8]*ts[27]
eq gx (ts[1l]xts[6]) "h then "true"; break; end if;
end for; end for;
for g in IM do for h in IN do if ts[l]*xts[8]=*ts[28]
eq gx(ts[l]) "h then "true"; break; end if;
end for; end for;
for g in IM do for h in IN do if ts[l]xts[8]*ts[29]
eq g+ (ts[1l]+*ts[8]) "h then "true"; break; end if;
end for; end for;
for g in IM do for h in IN do if ts[1l]*xts[8]*ts[30]
eq gx (ts[1l]xts[6]) "h then "true"; break; end if;
end for; end for;
for g in IM do for h in IN do if ts[l]xts[8]=*ts[31]
eq g*x (ts[1l]*ts[8]) "h then "true"; break; end if;
end for; end for;
for g in IM do for h in IN do if ts[l]*xts[8]*ts[32]
eq gx(ts[1l]xts[18]) "h then "true"; break; end if;
end for; end for;
for g in IM do for h in IN do if ts[l]*xts[8]*ts[33]
eqg gx(ts[1l]) "h then "true"; break; end if;
end for; end for;
for g in IM do for h in IN do if ts[l]*xts[8]*ts[34]
eq g*x (ts[1l]l+*ts[12]) "h then "true"; break; end if;
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end for; end for;

for g in IM do for h in IN do if ts[l]*xts[8]*ts[35]
eq gx(ts[1l]*ts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]*xts[8]*ts[36]
eq gx (ts[1l]*xts[6]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]*xts[8]*ts[37]
eq g* (ts[1l]l+*ts[6]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]*xts[8]*ts[38]
eq gx(ts[1l]) " h then "true"; break; end if; end for;
end for;

for g in IM do for h in IN do if ts[l]*xts[8]*ts[39]
eq gx (ts[l]l+*ts[6]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[8]*ts[40]
eq g+ (ts[1l]l+*ts[6]) "h then "true"; break; end if;
end for; end for;

N118:=Stabiliser (N, [1,18]);

SSS:={[1,18]1};

SS85:=SSS”N;

SSS;

#(SSS) ;
Seqqg:=Setseq(SSS);
Seqq;

for i in [1..#SSS] do

for n in IM do

if ts[l] xts[l8]eqg nxts[Rep(Seqqli]) [1]]xts[Rep(Seqqli]) [2]]
then print Rep(Seqql[i]);

end i1f; end for; end for;

N118s:=N118;

for n in IM do if 1°n eg 20 and 18°n eg 25 then
N118s:=sub<N|N118s,n>;end if; end for;

for n in IM do if 1°n eg 20 and 18°n eg 25 then
N118s:=sub<N|N118s,n>; end if; end for;

for n in IM do if 1°n eg 11 and 18°n eq 4 then
N118s:=sub<N|N118s,n>; end if; end for;

for n in IM do if 1°n eqg 34 and 18°n eq 35 then
N118s:=sub<N|N11l8s,n>;end if; end for;

for n in N do if 1°n eq 34 and 18°n eq 35 then
N118s:=sub<N|N118s,n>;

end 1f; end for;

#N118;



#N118s;

N118s;

Tl1l8:=Transversal (N,N118s);

for 1 in [1..#T118] do

ss:=[1,18]1"T118[i];

cst [prodim(l, ts, ss)]:=ss;

end for;

m:=0; for i in [1..66] do if cst[i] ne []

then m:=m+1; end if; end for; m;

#N118s;

#N/#N118s;

Orbits (N118s) ;

for g in IM do for h in IN do if ts[l]*xts[1l8]xts[1l]
eq gx(ts[1l]xts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]*xts[1l8]*ts[2]
eq gx(ts[1l]*xts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[1l]*xts[18]*ts[3]
eq gx(ts[5]) "h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[l]xts[1l8]xts[4]
eq gx (ts[1l]xts[12]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[1l]*xts[18]*ts[5]
eq gx(ts[l]) "h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[l]xts[18]xts[6]
eq g+ (ts[1l]+*ts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[1l]xts[1l8]*ts[7]
eq gx (ts[1l]xts[12]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[1l]*ts[18]*ts[10]
eq g*x (ts[1l]*ts[8]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]xts[1l8]x*ts[14]
eq gx(ts[1l]xts[6]) "h then "true"; break; end if;
end for; end for;
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C.2 U(3,5) over Maximal Subgroup A

G<x,y,t>:=Group<x,y,t|x"5,v 2, (x"-1xy) "4,
(xxy*x"=2%xy*x) "2,t75, (t,y*xx"-1xy),t " (xxyxx"-2)=t"4,
(Y*x"2xt 7 (y*x"2)) "4, (y*x"2xt72) " 7>;
#G;
#sub<G|x, y>;
f,Gl,k:=CosetAction (G, sub<G|x,y>);
M:=MaximalSubgroups (G1l) ;
#M;
#PrimitiveGroup (5, 5);
for i in [1..8] do #M[i] ‘subgroup/120; end for;
for i in [1..8] do if f(x) in M[i] ‘subgroup and
f(y) in M[i] ‘subgroup then i; end 1if; end for;
C:=Conjugates (G1,M[3] ‘subgroup) ;
CC:=Setseqg(C);
#CC;
for i in [1..#CC] do if f(x) in CC[i] and f(y) in CCI[i]
then i; end if; end for;
C:=Conjugates (G1,M[4] ‘subgroup) ;
CC:=Setseqg(C);
#CC;
for 1 in [1..#CC] do f(x) in CC[i] and f(y) in
CC[i] then i; end if; end for;
for 1 in [1..#CC] do if f(x) in CC[i] and f(y) in
CC[i] then 1i; end if; end for;
:=Conjugates (G1,M[5] ‘subgroup) ;
CC:=Setseq(C);
for i in [1..#CC] do if f(x) in CC[i] and f(y) in
CC[i] then i; end if; end for;
C:=Conjugates (G1,M[6] ‘subgroup) ;
CC:=Setseqg(C);
for 1 in [1..#CC] do if f(x) in CC[i] and f(y) in
CC[i] then i;end if; end for;
C:=Conjugates (G1,M[7] ‘subgroup) ;
CC:=Setseqg(C);
for 1 in [1..#CC] do if f(x) in CC[i] and f(y) in
CC[i] then 1i;
end if; end for;
:=Conjugates (G1,M[8] ‘subgroup) ;
CC:=Setseqg(C);
for i in [1..#CC] do if f(x) in CC[i] and f(y) in
CC[i] then 1i;
end 1f; end for;
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M8:=CC[28];

Generators (M8) ;
G<x,y,t>:=Group<x,y,t|x"5,v"2, (x"-1xy) "4, (X*xy*xX"—2xy*Xx)
t75, (t,y*x"=1xy),t7 (xxy*x"=2)=t"4, (yxx"2xt" (y*x"2)) "4,
(V*xX"2*xt72) "7>;

f,Gl,k:=CosetAction (G, sub<G|x,y>);

for g in Gl do if sub<Gl|f(x),f(y),g> eq M8 then

A:=g; break;

end i1f; end for;

Order (A) ;

W:=WordGroup (G1) ;

rho:=InverseWordMap (Gl) ;

A@Qrho;
function (W)
wd = W.3 » W.1l; w3 := W.3"-1; wh := wd » w3;

return w5;
end function
AA:=function (W)
wd = W.3 * W.1l; w3 := W.3"-1; wh := wd x w3;
return wb;
end function;
AA (G) ;
t * x * t°-1
M:=sub<G|x,y,t *» x x t -1>;

#M;

#DoubleCosets (G, M, sub<G|x,y>) ;
IM:=sub<Gl|f(x),f(y),f(t = x  t°=1)>;
CompositionFactors (IM);
............... start DCE......... .. ...

xx:=8!'(1, o6, 11, 4, 2) (5, 22, 20, 19, 24)
(7, 12, 17, 10, 8) (13, 18, 23, 16, 14);
yy:=S!'(1, 3) (2, 22) (4, 8) (5, 6) (7, 9) (10, 14) (11, 12)
(13, 15) (16, 20) (17, 18) (19,21) (23,24);
G<x,y,t>:=Group<x,y,t|x"5,y"2, (x"-1*y) "4,
(x*y*x"=2%xy*x) "2,t"5, (t,y*xx"=-1*y),

LT (xxy*x"=2)=t"4, (y*xx"2+t" (y*x"2)) "4,
(y*xX"2xt72) "7>;
f,Gl,k:=CosetAction (G, sub<G|x,y>);

#k;

N:=sub<S|xx,yy>;

CompositionFactors (Gl);
#DoubleCosets (G, sub<G|x,y>, sub<G|x,y>);

~2,
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HH2 :=sub<G|x, y>;

M:=sub<G|x,y,t * x * t -1>;
DoubleCosets (G, M, HH2) ;
#DoubleCosets (G, M, HH2) ;
IM:=sub<Gl|f(x),f(y),f(t » x x t°=1)>;
IN:=sub<Gl|f(x),f(y)>;

ts := [ Id(Gl): i in [1 .. 241 1;
ts[l]:=f(t);

ts[2]:=f(t"(x"-1));

ts[3]:=£(t"y);

ts[4]:=f(t"(x"=-2));

ts[5]:=f(t"( x » y));

tse]l:=f(t" ((y » x)72));
ts[7]:=f(L7(x"2 » y * x"=1));
ts[8]:=f(t"(x"2 » y * x"=2));
ts[9]:=f (" (X2 » v * x"=1 x y));
ts[10]:=f (£t (x"-2 » y * x"=1));
ts[ll]:=f(t" (x72));
ts[l2]:=£(E7(x"2 * y));
ts[13]:=f(t"((x"2 » y » x"=1)"2));
ts[14]:=£(Lt" ((X"2 x y)"2));
ts[15]:=f(t " (x -1 » y * X x y * X 2 * y));
ts[le]:=f(t " (x"=1 x y * X * V));
ts[17]:=f£(t"(x"2 * y * X));
ts[18]:=f(t"(x"2 * y * X * V));
ts[19]:=f(t"(x * vy * x"=2));
ts[20]:=£(t" (y"x));

ts[21l]:=f (£t (x"-1 » vy * X2 x y *x X));
ts[22]:=f£ (" (x"-1 % vy));
ts[23]:=f(t"(x » v » x"=1 % y));
ts[24]:=f(t"(x » yv * x"=1));
prodim := function(pt, Q, I)

v = pt;

for i in I do

v o= v (Q[i]);

end for;

return v;
end function;

cst := [null : 1 in [1 .. Index(G,sub<G|x,y,t * x *x t =1>)1]
where null is [Integers() | 1;
Orbits (N);

Nl:=Stabiliser (N, [11]);
SSS:={[1]};
SSS:=SSS"N;



#(SSS) ;
Seqg:=Setseq(SSS);
for i in [1..#SSS] do
for n in IM do

if ts[l]leq nxts[Rep(Seqqgl[i]) [1]] then print Rep(Seqqlil]);

end if; end for; end for;

Nl:=Stabiliser (N, [11]1);

SSS:={[1]};

SS8S5:=SSS”N;

#(SSS) ;

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in IM do

if ts[l]leq nxts[Rep(Seqqg[i]) [1]] then print
Rep (Segqli]);end if; end for; end for;

Nls:=N1;

for n in N do if 1°n eg 6 then
Nls:=sub<N|Nls,n>; end if; end for;
for n in N do if 1°n eq 11 then
Nls:=sub<N|Nls,n>;end if; end for;
for n in N do if 1°n eg 4 then
Nls:=sub<N|Nls,n>;end if; end for;
for n in N do if 1°n eg 2 then
Nls:=sub<N|Nls,n>; end if; end for;
for n in N do if 1°n eq 18 then
Nls:=sub<N|Nls,n>; end if; end for;
for n in N do if 1°n eq 16 then
Nls:=sub<N|Nls,n>;end if; end for;
for n in N do if 1°n eq 9 then
Nls:=sub<N|Nls,n>;end if; end for;
for n in N do if 1°n eq 14 then
Nls:=sub<N|Nls,n>;end if; end for;
for n in N do if 1°n eq 23 then

Nls:=sub<N|Nls,n>;end if; end for;
for n in N do if 1°n eqg 21 then
Nls:=sub<N|Nls, n>;

end if; end for;

for n in N do if 1°n eq 13 then
Nls:=sub<N|Nls, n>;

end if; end for;

N1; #Nls;

Nls;

Tl:=Transversal (N,Nls);

for 1 in [1..#T1] do
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ss:=[1]1"T1[i];
cst[prodim(l, ts,
end for;

m:=0; for i1 in [1..50] do if cst[i] ne
end i1if; end for; m;

N1; #Nls;

N1; #Nls;

Orbits (N1ls) ;

#N/#Nls;

N1ll:=Stabiliser (N, [1,1]);
SSS:={[1,1]11};

SSS:=SSS"N;

#(SSS) ;

Seqqg:=Setseq(SSS);

.#SSS] do

for n in IM do

if ts[l] *ts[l]leqg nxts[Rep(Seqqglil]l) [
[Rep (Seqqgli]) [2]]then print Rep (Seqq
end 1f; end for; end for;
Nlls:=N11;

N11; #N11;

for n in N do if 1°n eqg 13 and
Nlls:=sub<N|Nlls,n>;

end i1f; end for;
Tll:=Transversal (N,N1lls);

for 1 in [1..#T11l] do
ss:=[1,1]1"T11[i];

ss) ] :=ss;

for i in [1
1]
[1

cst [prodim(l, ts, ss)]:=ss;
end for;
m:=0; for 1 in [1..50] do 1f cst[i] ne

then m:=m+1;
Orbits (N1lls);

end if; end for; m;

(]

]
])

[]

then m:=m+1;

1°n eq 13 then

for g in IM do for h in IN do if ts[l]xts[l]*ts[13]

eq gx (ts[1l]xts[1l]) "h then "true";
break; end if; end for; end for;
#N/#N11ls;

Nlls;

for g in IM do for h in IN do if ts[l]lxts[l]xts[7]

eq gx(ts[1l]) "h then "true";
end 1if;
N112:=Stabiliser (N
SSS:={[1,1,21};
SSS:=SSS"N;

#SSS;

break;
end for; end for;
P [1,1,21)5
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Seqqg:=Setseq(SSS);

for i in [1..#SSS] do for n in IM do

if ts[1l]lxts[l]l*ts[2] eq nxts

[Rep (Seqq[i]) [1]]+ts[Rep(Seqq[i]) [2]]

*ts[Rep (Seqqli]) [3]]then print Rep(Seqqgli]);

end if; end for; end for;

for g in N do if [1,1,2]"g eq [20,20,7] then
N112:=sub<N|N112,g>;

end if; end for;

for g in N do if [1,1,2]"g eq [8,8,19]

then N112:=sub<N|N112,g>; end if; end for;

for g in N do if [1,1,2]"g eq [13,13,19] then
N112:=sub<N|N112,g>;

end if; end for;

N112s:=N112;

N112; #N112;

#N112s;

#N/$#N112s;

Tl1l2:=Transversal (N,N112s);

for i in [1..#T112] do

ss:=[1,1,2]1"T112[i];

cst[prodim(l, ts, ss)]:=ss;

end for;

:=0; for i in [1..50] do if cst[i] ne []

then m:=m+1; end if; end for; m;

Orbits (N112s) ;

N112s;

#N/#N112s;

for g in IM do for h in IN do if

ts[1l]*ts[l]+ts[2]*ts[1]

eq gx(ts[1l]) " h then "true"; break; end if;

end for; end for;

for g in IM do for h in IN do if ts[l]xts[l]xts[2]xts[1l]

eq gx (ts[1l]xts[1l]) "h then "true"; break; end if;
end for; end for;

for g in IM do for h in IN do if ts[l]*ts[l]xts[2]*xts[2]

eq gx (ts[1l]lxts[1l]) "h then "true"; break;

end i1if; end for; end for;

for g in IM do for h in IN do if ts[l]xts[l]l*xts[2]x*ts[2]

eq gx(ts[1l]) " h then "true"; Dbreak;

end 1f; end for; end for;

for g in IM do for h in IN do if ts[l]xts[l]xts[2]xts[2]

eq gx (ts[1l]xts[1l]*ts[2]) "h then "true";

break; end if; end for; end for;



for g in IM do for h in IN do if ts[l]l*ts[l]xts[2]*xts[3]
eq gx (ts[l]lxts[1l]*ts[2]) "h then "true";

break; end if; end for; end for;

for g in IM do for h in IN do if ts[l]xts[l]xts[2]*xts[5]
eq gx(ts[l]xts[l]*ts[2]) "h then "true";

break; end if; end for; end for;

for g in IM do for h in IN do if ts[l]*ts[l]xts[2]*xts[9]
eq gx (ts[l]xts[1l]*ts[2]) "h then "true";

break; end if; end for; end for;

for g in IM do for h in IN do if ts[l]*ts[l]lxts[2]xts[1l1]

eq gx (ts[1l]lxts[1l]*ts[2]) "h then "true";

break; end if; end for; end for;

N113:=Stabiliser (N, [1,1,3]);
SSS:={[1,1,31};
SSS:=SSS"N;
Seqqg:=Setseq(SSS);
for 1 in [1..#SSS]
if ts[l]*ts[ ]*ts[3
xts[Rep (Seqq[i]) [2]
*ts[Rep (Seqq[i]
[3]1then print Rep(Seqqglil);

end i1f; end for; end for;

for g in N do if [1,1,3]"g eq [3,3,1]

then N113:=sub<N|N113,g>; end if; end for;
for g in N do if [1,1,3]"g eq [10,10,11] then

N113:=sub<N|N113,g>;

end i1if; end for;

for g in N do if [1,1,3]"g eq [20,20,6] then
N113:=sub<N|N113,g>;

end 1f; end for;

for g in N do if [1,1,3]1"g eq [14,14,12] then
N113:=sub<N|N113,g>;

end i1if; end for;

for g in N do if [1,1,3]°g eq [23,23,22] then
N113:=sub<N|N113,g>;

end i1if; end for;

for g in N do if [1,1,3]1"g egq [24,24,2] then
N113:=sub<N|N113,g>;

end i1f; end for;

for g in N do if [1,1,3]"g eqg [6,6,20] then
N113:=sub<N|N113,g>;

end if; end for;

for g in N do if [1,1,3]"g eq [11,11,10] then
N113:=sub<N|N113,g>;

do for n in IM do
] eq n*xts[Rep(Seqqlil]l) [1]1]
]
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end i1if; end for;

for g in N do if [1,1,3]1"g eq
N113:=sub<N|N113,g>;

end i1if; end for;

for g in N do if [1,1,3] g eq
N113:=sub<N|N113,g>;

end if; end for;

for g in N do if [1,1,3] g eq
N113:=sub<N|N113,g>;

end i1f; end for;

for g in N do if [1,1,3]17g eq
then N113:=sub<N|N113,g>; end
for g in N do if [1,1,3]17g eq
N113:=sub<N|N113,qg>;

end i1if; end for;

for g in N do if [1,1,3] g eq
N113:=sub<N|N113,g>;

end if; end for;

for g in N do if [1,1,3] g eq
then N113:=sub<N|N113,g>; end
for g in N do if [1,1,3]17g eq
N113:=sub<N|N113,g>;

end i1if; end for;

for g in N do if [1,1,3]1"g eq
then N113:=sub<N|N113,g>; end
for g in N do if [1,1,3]1"g eq
N113:=sub<N|N113,g>;

end if; end for;

for g in N do if [1,1,3]"7g eq
then N113:=sub<N|N113,g>; end
for g in N do if [1,1,3]17g eq
then N113:=sub<N|N113,g>; end
for g in N do if [1,1,3]17g eq
then N113:=sub<N|N113,g>; end
for g in N do if [1,1,3]17g eq
N113:=sub<N|N113,g>;

end if; end for;

for g in N do if [1,1,3] g eq
N113:=sub<N|N113,g>;

end if; end for;

N113s:=N113;

N113s;

#N/#N113s;

Tl13:=Transversal (N,N113s);

[16,16,5] then

[17,17,4] then

[21,21,7] then

[5,5,16]
if; end for;
[12,12,14] then

[22,22,23] then

[2,2,24]
if; end for;
[18,18,8] then

[4,4,17]
if; end for;
[19,19,9] then

[(7,7,21]

if; end for;
[8,8,18]

if; end for;
[9,9,19]

if; end for;
[15,15,13] then

[13,13,15] then
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for 1 in [1..#T113] do

ss:=[1,1,3]1"T113[i];

cst[prodim(l, ts, ss)]:=ss;

end for;

m:=0; for i in [1..50] do if cst[i] ne []

then m:=m+1; end if; end for; m;

Orbits (N113s);

for g in IM do for h in IN do if ts[1l]*ts[1l]*ts[3]xts[1]
eq g+ (ts[1l]l+*ts[1l]) "h then "true";break; end if;

end for; end for;
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Appendix D

MAGMA Code for Monomial

Progenitors

D.1  PrimitiveGroup(37,2)

G:=PrimitiveGroup (37,2);
IsAbelian (G) ;
CG:=CharacterTable (G) ;

CG;
xx:=G.1;
yy:=G.2;

S:=Subgroups (G) ;

for 1 in [1..#S] do if Index(G,S[i] ‘subgroup) eq
2 then 1i; end if; end for;

H:=S[3] ‘subgroup;

CH:=CharacterTable (H);

CH;

#H;

#G;

for i in [2..37] do for j in [3..20] do if
Induction(CH[i],G) eqg CG[]j] then i, j;

end 1f; end for;

end for;

I:=Induction(CH[2],G);

I eq CG[11];

CHI[Z2];

C:=CyclotomicField(37);

A:=[[C.1,0] : i in [1..211;



240

for i ,j in [1..2] do A[i,j]:=0; end for;

GG:=GL (2,C);

T:=Transversal (G, H) ;

#T;

for i,J in [1..2] do if T[i]xxx*xT[j] -1 in H then
A[1,3J]:=CH[2] (T[1]»xx*T[J]"-1);

end if; end for;

GG!A;

Order (GG!A) ;

Order (xX) ;

B:=[[C.1,0] : i in [1..2]1;

for i ,3j in [1..2] do B[i,j]:=0; end for;

for 1,3 in [1..2] do if T[i]l*yy*T[Jj] -1 in H then
Bli,J]:=CH[2] (T[1i]*xyy*T[3j] "-1);

end if; end for;

GG!B;
Order (GG!B) ;
mat := function(n,p,D,k)

for i,3 in [1..k] do if T[i]»xp*T[j] -1 in H then

if CH[n] (T[i]*p*T[Jj]"-1) eq C.1" 18 then D[i,J]:=37; end if;
if CH[n] (T[1i]*p*T[j]"-1) eq C.1°19 then D[i, j]:=145; end if;
if CH[n] (T[i]l*p*T[3j]"-1) eq 1 then D[i,]jl:=1; end if;

end i1if; end for;

return D;

end function;

GG:=GL (2,149);

A:=[[0,0] : i in [1..211;

AA:=GG!mat (2,xx,A,2);

BB:=GG!mat (2,vyy,A,2);

Order (ARA) ;

Order (xx) ;

Order (BB) ;

Order (vy) ;

HH:=sub<GG|AA, BB>;

#HH;

#G;

IsIsomorphic (HH,G);

AA;

BB;

C:=CyclotomicField(148);

A:=[[C.1,0] : i in [1..2]1; for i ,j in [1..2] do A[i,j]:=0;
end for;

for 1,3 in [1..2] do if T[i]#xx*T[Jj] -1 in H then
Ali1,J]:=CH[2](T[1i]*»xx*T[j]"-1);
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end i1if; end for;

B:=[[C.1,0] : 1 in [1..2]]; for i ,3j in [1..2]

do B[i, 3]1:=0;

end for; for i,j in [1..2] do if T[i]lxyy*T[j] -1 in H
then B[i,J]:=CH[2] (T[i]*yy*T[]J]"-1);

end i1if; end for;

perm:= function(n, p, mat)

/+* Return the matrix converted to permutation of S_{n=*p}.
*/ C<u>:=CyclotomicField (p);

Z:=Integers ();

s:=[1;

for i in [1..n] do s[i]:=1;

end for;

z:=Matrix(C,1,n,s) *mat;

wi=[];

for i in [1..n] do j:=0;

done:=0;

repeat if z[1,i]/u”j in Z then if Z!(z[1l,1i]/u”j) ge

0 then wl[il:=nx3+2Z!(z[1,1i]/u"J);

done:=1;

end if;

end 1if;

j:=3+1;

until done eq 1 or j eq p;

end for;
for i in

p-1)] do for a in [1l..n] do

[1..¢( ]
=(Z!'wlal+ixn-1) mod (px*n) + 1;

wla+i*n]:
end for;
end for;
S:=Sym (n*p) ;

w:=S!w;

return w;

end function;

GG:=GL(2,C);

HH:=sub<Sym(2%x148) |perm(2,148,GG!A) ,perm(2,148,GG!B)>;
#HH;

IsIsomorphic (G, HH);

perm(2,148,GG!A);

perm(2,148,GG!B);
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D.2 PrimitiveGroup(37,3)

G:=PrimitiveGroup (37,3);
IsAbelian (G);
CG:=CharacterTable (G);

CG;
xx:=G.1;
yy:=G.2;

S:=Subgroups (G) ;
for 1 in [1..#S] do if Index(G,S[i] ‘subgroup) eq 3
then i; end if; end for;
H:=S[3] ‘subgroup;
CH:=CharacterTable (H) ;
CH;
#H; #G;
for i in [2..37] do for j in [4..15] do if
Induction(CH[i],G) eqg CG[j] then i, Jj;
end i1if; end for;
end for;
I:=Induction(CH[2],G);
I eq CG[10];
CHI[2];
C:=CyclotomicField(37);
A:=[[C.1,0,0] : i in [1..3]11;
for 1 ,jJ in [1..3] do A[i,j]:=0; end for;
GG:=GL(3,C);
:=Transversal (G, H) ;
#T;
for i,J in [1..3] do if T[i]*xxxT[j] -1 in H then
Ali, 3]1:=CH[2] (T[1i]#*xx*T[j]"-1);
end 1f; end for;
GG!A;
Order (GG!'A) ;
Order (xx) ;
B:=[[C.1,0,0] : i in [1..311];
for 1 ,j in [1..3] do B[i,j]:=0; end for;
for i,J in [1..3] do if T[i]lxyy*T[j] -1 in H then
B[i,J]1:=CH[2] (T[i]»yy*T[3j]1"-1);
end if; end for;

GG!B;
Order (GG!B) ;
mat := function (n,p,D,k)

for 1,3 in [1..k] do if T[i]l#*p*T[Jj] -1 in H then
if CH[n] (T[1i]l*p*T[j]"-1) eq C.1°3 then D[i,]j]:=73; end if;
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if CH[n] (T[1i]l*p*T[3j]"-1) eq C.1°30 then D[i, j]1:=29; end if;
if CH[n] (T[i]l*p*T[j]"-1) eq C.174 then D[i,j]:=125; end if;
if CH[n] (T[i]l*p*T[3j]"-1) eq 1 then DI[i,j]l:=1;end if;
end i1if; end for;
return D;
end function;
GG:=GL (3,149);
A:=[[0,0,0] : i in [1..311;
AA:=GG!mat (2, xx,A,3);
BB:=GG!'mat (2,yy,A, 3);
Order (AA) ;
Order (xX) ;
Order (BB) ;
Order (yy) ;
HH:=sub<GG|AA, BB>;
#HH;
#G;
IsIsomorphic (HH, G);
AA;
BB;
C:=CyclotomicField(148);
A:=[[C.1,0,0] : i in [1..3]1; for i ,3J in [1..3] do
Ali, 3]1:=0;
end for;
for i,J in [1..3] do if T[i]xxx*xT[j] -1 in H then
Ali, J]:=CH[2] (T[1]*xx*T[]j]"—-1);
end i1if; end for;
B:=[[C.1,0,0] : i in [1..311; for i ,j in [1..3] do
Bli,j]:=0; end for; for i,j in [1..3] do if T[i]xyy*T
[J]7-1 in H then B[i,J]:=CH[2] (T[i]*yy*T[]j]"-1);
end if; end for;
perm:= function(n, p, mat)
/+ Return the matrix converted to permutation of S_{nxp}.
*/ C<u>:=CyclotomicField(p);
:=Integers ();
s:=[1;
for i in [1..n] do s[i]:=1i;
end for;
z:=Matrix(C,1,n,s) *mat;
wi=[];
for i in [1..n] do j:=0;
done:=0;
repeat if z[1l,i]/u”j in Z then if Z!(z[1l,i]/u”J) ge 0 then
wli]:=nx3j+2Z! (z[1,1i]/u"3);
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done:=1;

end 1if;

end 1if;

j:=J+1;

until done eq 1 or Jj eq p;

end for;

for i in [1..(p-1)] do for a in [l..n] do
wlatixn]:=(Z!wl[a]+i*n-1) mod (p*n) + 1;
end for;

end for;

S:=Sym(n*p) ;

w:=S!w;

return w;

end function;

GG:=GL(3,C);

HH:=sub<Sym (3%x148) |perm(3,148,GG!A) ,perm(3,148,GG!B)>;
#HH;

IsIsomorphic (G, HH) ;

perm(3,148,GG!A);

perm(3,148,GG!B);

D.3 PrimitiveGroup(37,4)

G:=PrimitiveGroup (37,4);
IsAbelian (G);
CG:=CharacterTable (G) ;

CG;
xx:=G.1;
yy:=G.2;

S:=Subgroups (G) ;

for 1 in [1..#S] do if Index(G,S[i] ‘subgroup) eq 4

then i; end if; end for;

H:=S[3] ‘subgroup;

CH:=CharacterTable (H) ;

CH;

#H;

#G;

for i in [2..37] do for j in [5..13] do if
Induction(CH[i],G) eqg CG[]j] then i, J;

end if; end for;

end for;

I:=Induction(CH[2],G);



I eqg CGI[9];

CH[2];
C:=CyclotomicField(37);

=[[C.1,0,0,0] i in [1..4]1];
for i ,3J in [1..4] do A[i,]]:=0;
GG:=GL (4,C);
T:=Transversal (G, H) ;
#T;
for i,J in [1..4] do if T[i]xxx*xT[7]
Ali,31:=CH[2] (T[1i]*xx*T[J]"-1);
end i1if; end for;
GG!A;
Order (GG!A) ;
Order (xx) ;

=[[C.1,0,0,0] i in [1. 4]]
for i ,3J in [1..4] do BI[i,j]:
for i,3 in [1..4] do if T[ ]*yy*T[
Bli, j]:=CH[2] (T[1i]*yy*T[3]1°-1);
end 1f; end for;
GG!B;
Order (GG!B) ;
mat := function(n,p,D, k)
for i,J in [1..k] do if T[i]lxp*T[]
if CH[n] (T[i]lxp*T[j]"-1) eq C.1721
if CH[n] (T[i]l*p*T[j]"-1) eq C.1715
if CH[n] (T[1i]xpx*T[j]"-1) egq C.1716
if CH[n] (T[1i]l*p*T[]j]"-1) eq C.1722
if CH[n] (T[1i]*p*T[j] "-1) eq 1 then
end if; end for;
return D;
end function;
GG:=GL (4,149);

=[[0,0,0,0] iin [1..417];

AA:=GG!mat (2,xx,A,4);
BB:=GG!mat (2,yy,A,4);
Order (AA) ;

Order (xx) ;

Order (BB) ;

Order (yy) ;
HH:=sub<GG|AA, BB>;
#HH;

#G;
IsIsomorphic (HH, G) ;
AA;
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"—1 in H then

end for;

1°

-1 in H then

“—1 in H then

then D[i,j]:=19; end 1if;
then D[i, j]:=25;end if;
then D[i, j]:=102;end 1if;
then D[i, j]:=6;end if;
D[i,7]: —l,end if;



BB;
:=CyclotomicField (148);
A:=[[C.1,0,0,0] : i in [1..41]; for i ,j in [1..4] do
Ali, j]:=0;
end for;

for i,J in [1..4] do if T[i]*xxxT[j] -1 in H then
Ali1,J]:=CH[2](T[1i]*»xx*T[j]"-1);
end 1f; end for;
B:=[[C.1,0,0,0] : i in [1..4]]; for i ,3 in [1..4] do
Bli,Jj]:=0;
end for; for i,j in [1..4] do if T[il*yy*T[J]"-1 in H then
B[i,3]:=CH[2] (T[1i]*yy*T[3]1°-1);
end i1if; end for;
perm:= function(n, p, mat)
/* Return the matrix converted to permutation of S_{nxp}.
*/ C<u>:=CyclotomicField (p);
:=Integers ();
s:=[1;
for i in [1..n] do s[i]:=1i;
end for;
z:=Matrix(C,1,n,s) *mat;
wi=[];
for i in [1..n] do j:=0;
done:=0;
repeat if z[1l,i]/u”j in Z then if Z!(z[1,i]/u”3j) ge 0 then
wli]:=n*j+2!(z[1,1]/u”J);
done:=1;
end 1if;
end 1if;
Ji=3+1;
until done eq 1 or j eq p;
end for;
for i in [1..(p-1)] do for a in [l..n] do
wla+ixn]:=(Z2'wla]+i*n-1)
mod (pxn) + 1;
end for;
end for;
S:=Sym(n*p) ;
w:=S!w;
return w;
end function;
GG:=GL (4,C);
HH:=sub<Sym(4%x148) |perm(4,148,GG!A) ,perm(4,148,GG!B)>;
#HH;
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IsIsomorphic (G, HH) ;
perm(4,148,GG!A);
perm(4,148,GG!B);

D.4 PrimitiveGroup(37,5)

G:=PrimitiveGroup (37,5);
IsAbelian (G) ;
CG:=CharacterTable (G) ;

CG;
xx:=G.1;
yy:=G.2;

:=Subgroups (G) ;
for 1 in [1..#S] do if Index(G,S[i] ‘subgroup) eq 6
then i; end if; end for;
:=S[4] ‘subgroup;
CH:=CharacterTable (H) ;
CH;
#H;
#G;
for i in [2..37] do for j in [7..12] do if
Induction(CH[i],G) eq CG[j] then i, Jj;
end i1if; end for;
end for;
I:=Induction(CH[7],G);
I eq CG[12];
CH[7];
C:=CyclotomicField(37);
A:=[[C.1,0,0,0,0,0] : i in [1..6]1];
for 1 ,jJ in [1..6] do A[i,j]:=0; end for;
GG:=GL(6,C);
T:=Transversal (G, H) ;
#T;
for 1,3 in [1..6] do if T[i]l#*xx*T[Jj] -1 in H then
Ali, 3] :=CH[7](T[1]*xx*T[J]"-1);
end i1if; end for;
GG!A;
Order (GG!A) ;
Order (xx) ;
B:=[[C.1,0,0,0,0,0] : 1 in [1..6]1];
for i ,jJ in [1..6] do B[i,j]:=0; end for;
for i,J in [1..6] do if T[i]xyy*T[j] -1 in H then
B[i,3]:=CH[7] (T[i]*yy*T[3j]"-1);
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end i1if; end for;

GG!B;
Order (GG!B) ;
mat := function(n,p,D,k)

for i,J in [1..k] do if T[i]xp*T[j] -1 in H then

if CH[n] (T[1i]*p*T[j] "-1) eq C.1~ 23 then D[i, Jj]:=96; end if;
if CH[n] (T[1i]l*p*T[Jj]"-1) eq C.1°31 then D[i,]j]l:=17;end if;
if CH[n] (T[1i]*p*T[j]"-1) eq C.1°8 then D[i,j]:=129;end if;
if CH[n](T[1i]l*p*T[Jj]"-1) eq C.1" 14 then D[i,J]:=104;end if;
if CH[n] (T[1i]*p*T[3j]"-1) eq C.1" 6 then D[i, j]l:=114;end if;
if CH[n] (T[i]l*p*T[j]"-1) eq C.1" 29then D[i, j]:=67;end if;
if CH[n] (T[1i]l*p*T[3j]"-1) eq 1 then D[i,j]l:=1;end if;

end i1f; end for;

return D;

end function;

GG:=GL(6,149);

A:=[[0,0,0,0,0,0] ¢ 1 in [1..6]];

AA:=GG!mat (7,xx,A,6);

BB:=GG!mat (7,yy,A, 6);

Order (AA) ;

Order (xX) ;

Order (BB) ;

Order (yy) ;

HH:=sub<GG|AA, BB>;

#HH;

#G;

IsIsomorphic (HH, G) ;

AA;

BB;

C:=CyclotomicField(148);

A:=[[C.1,0,0,0,0,0] : 1 in [1..6]]; for i ,3J in
[1..6] do A[i,]J]:=0;

end for;

for i,J in [1..6] do if T[i]xxxxT[j] -1 in H then
Ali, ] :=CH[7] (T[i]*xx+T[J]"-1);

end i1if; end for;

B:=[[C.1,0,0,0,0,0] : i in [1..6]]; for i ,3j in
[1..6] do BI[i,]J]:=0;

end for; for i,3J in [1..6] do if T[i]xyy*T[j] -1 in H then
Bli, J]:=CH[7](T[1i]l*yy*T[J]1"-1);

end 1f; end for;

perm:= function(n, p, mat)

/+* Return the matrix converted to permutation of S_{nxp}.

*/ C<u>:=CyclotomicField (p);
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:=Integers ();

s:=[];

for i in [1..n] do s[i]:=1;

end for;

z:=Matrix(C,1,n,s) *mat;

w:=[];

for i in [1..n] do j:=0;

done:=0;

repeat if z[1l,i]/u”j in Z then if Z!(z[1,i]/u”]j) ge 0 then
w[i]:=n*j+2Z2!(z[1,1i]/u”3);

done:=1;

end 1if;

end 1if;

j:=3+1;

until done eq 1 or j eq p;

end for;

for i in [1..(p-1)] do for a in [1l..n] do
wlatixn]:=(Z!w[a]+i*n-1) mod (p*n) + 1;

end for;

end for;

S:=Sym(n*p) ;
:=S!lw;

return w;

end function;

GG:=GL(6,C);

HH:=sub<Sym(6%x148) |perm(6,148,GG!A),perm(6,148,GG!B)>;

#HH;

IsIsomorphic (G, HH) ;

perm(6,148,GG!A);

perm(6,148,GG!B) ;

D.5 PrimitiveGroup(37,6)

G:=PrimitiveGroup (37,6);
IsAbelian (G);
CG:=CharacterTable (G);

CG;
xx:=G.1;
yy:=G.2;

S:=Subgroups (G) ;

for 1 in [1..#S] do if Index(G,S[i] ‘subgroup) eq 9
then i; end if; end for;

H:=S[3] ‘subgroup;
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CH:=CharacterTable (H) ;

CH;

#H;

#G;

for i in [2..37] do for j in [10..13] do if
Induction(CH[i],G) eq CG[]j] then i, Jj;

end if; end for;

end for;

I:=Induction(CH[12],G);

I eqg CGI[10];

CH[12];

C:=CyclotomicField(37);

A:=[[C.1,0,0,0,0,0,0,0,0] idin [1..9]];
for i ,j in [1..9] do A[i,j]:=0; end for;

GG:=GL(9,C);

T:=Transversal (G, H) ;

#T;

for 1,3 in [1..9] do if T[i]l#*xx*T[Jj] -1 in H then
Ali,J]:=CH[12] (T[i]*xxxT[3j] -1);

end if; end for;

GG!A;

Order (GG!A) ;

Order (xX) ;

B:=[[C.1,0,0,0,0,0,0,0,0] : i in [1..911;
for i ,3 in [1..9] do B[i, j]:=0; end for;
for 1,3 in [1..9] do if T[i]l*yy*T[Jj] -1 in H then
B[i,3]:=CH[12] (T[1i]*yy*T[3]1"-1);

end if; end for;

GG!B;
Order (GG!B) ;
mat := function(n,p,D,k)

for i,J in [1..k] do if T[i]»xp*T[j] -1 in H then

if CH[n] (T[i]l*p*T[j]"-1) eq C.1" 18 then D[i,j]:=37; end if;
if CH[n] (T[i]*p*T[j]"-1) eq C.1715 then D[i, j]:=25;end if;
if CH[n] (T[i]l*p*T[j]"-1) eq C.17°31 then D[i,j]:=17;end if;
if CH[n](T[1i]*p*T[j]"-1) eq C.1" 32 then D[i, Jj]:=123;end if;
if CH[n] (T[i]l*p*T[j]"-1) eq C.172 then D[i,j]:=107;end if;
if CH[n] (T[1i]l*p*T[j]"-1) eq C.1" 14 then D[i,J]:=104;end if;
if CH[n] (T[i]l*p*T[j]"-1) eq C.1" 24 then D[i,j]:=46;end if;
if CH[n] (T[1i]l*p*T[Jj]"-1) eq C.1" 20 then D[i, j]:=85;end if;
if CH[n](T[1i]l*p*T[3j]"-1) eq C.1" 29 then D[i, j]l:=67;end if;
if CH[n] (T[i]l*p*T[Jj]"-1) eq 1 then D[i,]j]l:=1;end if;

end 1f; end for;



end function;
GG:=GL(9,149);

A:=[[0,0,0,0,0,0,0,0,0] = i in [1..

AA:=GG!mat (12, xx,A,9);

BB:=GG!mat (12, vy, A, 9);

Order (ARA) ;

Order (xx) ;

Order (BB) ;

Order (yy) ;

HH:=sub<GG|AA, BB>;

#HH;

#G;

IsIsomorphic (HH,G);

AA;

BB;

C:=CyclotomicField(148);

A:=[[C.1,0,0,0,0,0,0,0,0] : i in
in [1..9] do A[i,]]:=0;

end for;

for 1,3 in [1..9] do if T[i]l#*xx*T[Jj] -1 in H then

Ali, 31:=CH[12] (T[i]#*xx*T[j]"~-1);
end i1if; end for;
B:=[[C.1,0,0,0,0,0,0,0,0] : i in

in [1..9] do BI[i, J]:=0;

.911; for i ,3

end for; for i,J in [1..9] do if T[i]lxyy*T[j] -1 in H then

B[i,J]:=CH[12] (T[1i]l*yy*T[]J]"-1);
end i1if; end for;
perm:= function(n, p, mat)

/* Return the matrix converted to permutation of S_{nxp}

*/ C<u>:=CyclotomicField(p);

Z:=Integers ();

s:=[1;

for i in [1..n] do s[i]:=1;

end for;
:=Matrix(C,1,n,s)*mat;

wi=[];

for i in [1..n] do 3:=0;

done:=0;

repeat if z[1l,i]/u”j in Z then if
wli]l:=n*j+2Z2!(z[1,1i]/u”Jj);

done:=1;

end 1if;

end 1f;

j:=3+1;

Z!(z[1l,1i]1/u”3j) ge 0 then
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until done eq 1 or J eq p;
end for;
for i in [1..(p-1)] do for a in [1l..n] do
wlatixn]:=(Z!w[a]+i*n-1) mod (p*n) + 1;
end for;

end for;

S:=Sym(n*p) ;

w:=S!w;

return w;

end function;

GG:=GL(9,C);

HH:=sub<Sym(9+148) |perm(9,148,GG!A),perm(9,148,GG!B) >;

#HH;
IsIsomorphic (G, HH) ;
perm(9,148,GG!A);
perm(9,148,GG!B);

D.6 PrimitiveGroup(37,7)

G:=PrimitiveGroup (37,7);
IsAbelian (G);
CG:=CharacterTable (G);

CG;
xx:=G.1;
yy:=G.2;

S:=Subgroups (G) ;

for 1 in [1..#S] do if Index(G,S[i] ‘subgroup) eq 12
then i; end if; end for;

H:=S[4] ‘subgroup;

CH:=CharacterTable (H) ;

CH;

#H;

#G;

for 1 in [2..37] do for J in [13..15] do if
Induction(CH[i],G) eqg CG[Jj] then i, Jj;

end if; end for;

end for;

I:=Induction(CH[14],G);

I eqg CGI[15];

CH[14];

C:=CyclotomicField(37);
A:=[[C.1,0,0,0,0,0,0,0,0,0,0,0] : i in [1..12]11;
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for i ,j in [1..12] do A[i, j]1:=0; end for;
GG:=GL(12,C);

T:=Transversal (G, H) ;

#T;

for i,J in [1..12] do if T[i]l*xxxT[Jj] -1 in H then
A[i, ] :=CH[14] (T[i]l*xx*T[]j] "—-1);

end if; end for;

GG!A;

Order (GG!A) ;

Order (xX) ;

B:=[[C.1,0,0,0,0,0,0,0,0,0,0,0] : i in [1..12]11];
for i ,j in [1..12] do B[i, j]1:=0; end for;

for 1,3 in [1..12] do if T[i]l*yy*T[j] -1 in H then
B[i,]J]:=CH[14] (T[i]»yy*T[Jj]"-1);

end if; end for;

GG!B;
Order (GG!B) ;
mat := function(n,p,D,k)

for i,3 in [1..k] do if T[i]xp*T[j] -1 in H then

if CH[n] (T[1i]*p*T[Jj]"-1) eq C.1" 23 then D[i, J]:=96; end if;
if CH[n](T[1i]l*p*T[3j]"-1) eq C.1726 then D[i, j]l:=5;end if;

if CH[n] (T[i]l*p*T[j]"-1) eq C.17°31 then D[i,j]:=17;end if;
if CH[n] (T[1i]*p*T[3j]"-1) eq C.1" 27 then D[i, j]:=80;end if;
if CH[n] (T[i]l*p*T[j]"-1) eq C.1°8 then D[i,j]:=129;end if;
if CH[n](T[i]l*p*T[j]"-1) eq C.1 then D[i, j]:=16;end if;

if CH[n] (T[i]l*p*T[j]"-1) eq C.1" 14 then D[i,3j]:=104;end if;
if CH[n] (T[1i]l*p*T[j]"-1) eq C.1" 11 then D[i, j]:=30;end if;
if CH[n] (T[1i]*p*T[3j]"-1) eq C.1" 6 then D[i, j]l:=114;end if;
if CH[n] (T[1i]l*p*T[]j]"-1) eq C.1" 10 then D[i, j]:=95;end if;
if CH[n](T[1i]*p*T[3j] "-1) eq C.1" 29 then D[i, jl:=67;end if;
if CH[n] (T[1i]*p*T[]j]"-1) eq C.17°36 then D[i, j]l:= 28;end if;
if CH[n] (T[1i]l*p*T[3j]"-1) eq 1 then D[i,j]l:=1;end if;

end i1if; end for;

return D;

end function;
GG:=GL(12,149);
A:=[[0,0,0,0,0,0,0,0,0,0,0,0] ¢« i in [1..12]17;
AA:=GG!mat (14, xx,A,12);
BB:=GG!mat (14,vyy,A,12);
Order (AA) ;

Order (xX) ;

Order (BB) ;

Order (yy) ;
HH:=sub<GG|AA, BB>;



#HH;
#G;
IsIsomorphic (HH, G) ;
AA;
BB;
:=CyclotomicField (148);
A:=[[C.1,0,0,0,0,0,0,0,0,0,0,0] : i in [1..12]11;
for i ,3j in [1..12] do A[i, J]:=0;
end for;
for i,J in [1..12] do if T[i]l#*xxxT[Jj] -1 in H then
Ali, §]:=CH[14] (T[i]*xx*T[j]"-1);
end if; end for;
B:=[[C.1,0,0,0,0,0,0,0,0,0,0,0] : i in [1..12]117];
for i ,j in [1..12] do B[i, J]:=0;
end for; for i,j in [1..12] do if T[ilxyy*T[J] -1 in H then
Bli,J]:=CH[14] (T[i]*xyy*T[Jj] "-1);
end i1if; end for;
perm:= function(n, p, mat)
/+ Return the matrix converted to permutation of S_{n=*p}.
*/ C<u>:=CyclotomicField (p);
Z:=Integers ();
s:=[1;
for i in [1..n] do s[i]:=1;
end for;
z:=Matrix(C,1,n,s) *mat;
wi=[];
for i in [1..n] do j:=0;
done:=0;
repeat if z[1l,i]/u”j in Z then if Z!(z[1,i]/u”]j) ge 0 then
wli] :=n*j+2!(z[1,1i]1/u”3);
done:=1;
end 1if;
end 1if;
j:=3+1;
until done eq 1 or j eq p;
end for;
for i in [

p-1)] do for a in [1l..n] do

1..¢ ]
wlatixn]:=(Z!'wl[a]+i*n-1) mod (p*n) + 1;
end for;
end for;
S:=Sym(n*p) ;
w:=S!w;
return w;
end function;
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GG:=GL(12,C);

HH:=sub<Sym(12x148) |perm(12,148,GG!A),perm(12,148,GG!B)>;
#HH;

IsIsomorphic (G, HH);

perm(12,148,GG!A);

perm(12,148,GG!B);

D.7 PrimitiveGroup(37,8)

G:=PrimitiveGroup (37, 8);
IsAbelian (G) ;
CG:=CharacterTable (G);

CG;
xx:=G.1;
yy:=G.2;

S:=Subgroups (G) ;

for i in [1..#S] do if Index (G, S[i] ‘subgroup) eg 18
then i; end if; end for;

H:=S[4] ‘subgroup;

CH:=CharacterTable (H);

CH;

#H;

#G;

for i in [2..37] do for j in [19..20] do if
Induction(CH[i],G) eq CG[j] then i, Jj;

end i1f; end for;

end for;

I:=Induction(CH[14],G);

I eq CG[20];

CH[14];

C:=CyclotomicField(37);

A:=[[C.1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0] ¢ i in [1..1811;
for i ,j in [1..18] do A[i, j]1:=0; end for;
GG:=GL(18,C);

T:=Transversal (G, H) ;

#T;

for 1,3 in [1..18] do if T[i]l#*xx*xT[j] -1 in H then
Ali,J]1:=CH[14] (T[i]»xx*xT[J]"-1);

end i1f; end for;

GG!A;

Order (GG!'A) ;

Order (xx) ;



B:=[[C.1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0] i din [1..181];
for i ,j in [1..18] do B[i, j]:=0; end for;
for i,J in [1..18] do if T[i]l*xyy*T[Jj] -1 in H then
B[i,3]:=CH[14] (T[1]*yy*T[3]1"-1);
end i1if; end for;
GG!B;
mat := function(n,p,D,k)
for i,3 in [1..k] do if T[i]»xp*T[j] -1 in H then
if CH[n] (T[1i]l*p*T[]j]"-1) eq C.1" 29 then D[i, j]l:=67;end if;
if CH[n] (T[1i]*p*T[3j]"-1) eq C.1°35 then D[i, j]1:=39; end if;
if CH[n] (T[i]l*p*T[j]"-1) eq C.1718 then D[i,j]:=37; end if;
if CH[n] (T[1i]l*p*T[3j]"-1) eq C.17°23 then D[i, j]1:=96; end if;
if CH[n] (T[i]l*p*T[j]"-1) eq C.1715 then D[i, j]:=25; end if;
if CH[n] (T[1i]l*p*T[Jj]"-1) eq C.1713 then D[i, j]:=81; end if;
if CH[n] (T[i]l*p*T[j]"-1) eq C.17°31 then D[i,3j]:=17; end if;
if CH[n] (T[1i]*p*T[j]"-1) eq C.1717 then DI[i, j]:=142; end if;
if CH[n] (T[i]l*p*T[j]"-1) eq C.17°32 then D[i,j]:=123; end if;
if CH[n] (T[1i]l*p*T[Jj]"-1) eq C.1°8 then D[i,]j]:=129; end if;
if CH[n] (T[1i]l*p*T[3j]"-1) eq C.1"2 then D[i,j]:=107; end if;
if CH[n](T[1i]*p*T[Jj]"-1) eq C.1719 then DJ[i, j]:=145; end if;
if CH[n] (T[1i]*p*T[j]"-1) eq C.1"14 then D[i, j]:=104; end if;
if CH[n] (T[i]l*p*T[j]"-1) eq C.17°22 then D[i,j]:=6; end if;
if CH[n] (T[i]l*p*T[3j]"-1) eq C.1724 then DI[i, j]:=46; end if;
if CH[n] (T[i]l*p*T[j]"-1) eq C.17°6 then D[i,j]:=114; end if;
if CH[n](T[1i]l*p*T[3j]"-1) eq C.1720 then DI[i, j]:=85; end if;
if CH[n] (T[i]l*p*T[j]"-1) eq C.1°5 then D[i, j]:=63; end if;
if CH[n] (T[i]l*p*T[Jj]"-1) eq 1 then D[i,j]l:=1;end if;
end i1if; end for;

return D;
end function;
GG:=GL(18,149);

A:=((0,09,9,9,09,0,0,0,0,0,9,0,0,0,0,0,0,0]

AA:=GG!mat (14, xx,A,18);
BB:=GG'!'mat (14,yy,A,18);
Order (AA) ;

Order (xXx) ;

Order (BB) ;
HH:=sub<GG|AA, BB>;

#HH;

#G;

IsIsomorphic (HH, G) ;

AA;

BB;
C:=CyclotomicField(148);

i in

[1.

.1811;
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A:=[[C.1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]
i in [1..18]]; for i ,3 in [1..18] do A[i,]j]l:=
end for;
for 1,3 in [1..18] do if T[i]l#*xx*xT[j] -1 in H then
Ali, 3] :=CH[20] (T[i]*xx*xT[J]"-1);
end i1if; end for;
B:=[[C.1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]1
i in [1..18]]; for i ,j in [1..18] do B[i, J]:=0;
end for; for i,j in [1..18] do if T[il*yy*T[J] -1 in H then
B[1i,J]1:=CH[20] (T[1i]xyy*T[J]1"-1);
end i1if; end for;
perm:= function(n, p, mat)
/* Return the matrix converted to permutation of S_{nxp}.
*/ C<u>:=CyclotomicField (p);
:=Integers ();
s:=[1;
for i in [1..n] do s[i]:=1;
end for;
z:=Matrix (C,1,n, s) *mat;
wi=[];
for 1 in [1..n] do j:=0;
done:=0;
repeat if z[1l,i]/u”j in Z then if Z!(z[1,i]/u”3j) ge 0 then
wli]:=n*3j+2Z2! (z[1,1i]/u”J);
done:=1;
end 1if;
end 1if;
Jji=3+1;

|
o
~

until done eq 1 or Jj eq p;

end for;

for i in [1..(p-1)] do for a in [l..n] do
wlati*n]:=(Z!w[a]+i*n-1) mod (p*n) + 1;

end for;

end for;
:=Sym(n*p) ;

w:=S!w;

return w;

end function;

GG:=GL(18,C);

HH:=sub<Sym (18x148) |perm(18,148,GG!A),perm(18,148,GG!B)>;

#HH;

IsIsomorphic (G, HH);

perm(18,148,GG!A);

perm(18,148,GG!B);
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D.8 PrimitiveGroup(37,9)

G:=PrimitiveGroup (37,9);
IsAbelian (G) ;
CG:=CharacterTable (G) ;

CG;
xx:=G.1;
yy:=G.2;

S:=Subgroups (G) ;

for 1 in [1..#S] do if Index(G,S[i] ‘subgroup) eq 36
then i; end if; end for;

H:=S[4] ‘subgroup;

CH:=CharacterTable (H) ;

CH;

#H;

#G;

I:=Induction(CH[2],G);

I eqg CGI[37];

C:=CyclotomicField(37);
A:=[[C.1,0,0,0,0,0,0,0,
0,0

0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
,0,0,0,0,0,0,0,0,0,0,0,0,0] « i in [1..36171;
for i ,j in [1..36] do A[i, j]1:=0; end for;

GG:=GL(36,C) ;
:=Transversal (G, H) ;
#T;
for i,J in [1..36] do if T[i]*xxxT[Jj] -1 in H then
Ali, J]:=CH[2] (T[1i]*xx*T[j]"-1);
end if; end for;

GG!A;
B:=[[C.1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,0,0,0] : 1 in [1..3617];

for i ,j in [1..36] do B[i, j]1:=0; end for;

for i,J in [1..36] do if T[i]l*xyy*T[Jj] -1 in H then
B[i,3]:=CH[2] (T[i]*yy*T[3]"~1);

end if; end for;

GG!B;

mat := function(n,p,D,k)

for i,3 in [1..k] do if T[i]»xp*T[j] -1 in H then

if CH[n](T[1i]l*p*T[]j]"-1) eq C.1 then D[i, Jj]:=16; end if;

if CH[n] (T[1i]*p*T[j]"-1) eq C.1719 then D[i, j]:=145; end if;
if CH[n](T[1i]l*p*T[]j]"-1) eq C.17°28 then D[i, j]:=88; end if;
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.1714 then DI[i,]j]:=104; end if;

.1°7 then DI[1i, ']'=36' end if;
.1722 then D[i,]]l:=6; end if;
.1711 then D[1i,3]:=30; end if;
.17°24 then D[1i,]]:=46; end if;
.1712 then D[1i,]J]:=33; end if;

.16 then DI[i ,j].—114, end 1if;
.13 then D[i, Jj]1:=73; end if;

.1720 then D[1i, j]:=85; end if;
.1710 then D[1i,J]1:=95; end if;
.1”5 then D[i, j]:=63; end if;

.1721 then DI[i, j]:=19; end if;
.1729 then D[i,3j]:=67; end if;
.1°33 then D[i,]J]:=31; end if;
.1°35 then D[1i,3]:=39; end if;
.1°36then D[i, j]1:=28; end if;

.1718 then D[1i,]J]:=37; end if;
.179 then D[i, Jj]1:=127; end if;

.1°23 then D[1i,]J]:=96; end if;
.17°30 then D[1i,]]:=29; end if;
.1715 then D[1i, J]:=25; end if;
.1726 then D[i,3j]:=5; end if;
.1713 then D[i,]J]:=81; end if;
.17°25 then D[i, j]:=140; end if;
.17°31 then D[i,]J]l:=17; end if;
.1°34 then D[1i,3]:=49; end if;
.1717 then D[i,]j]:=142; end 1if;
.1°27 then D[1i,]J]:=80; end if;
.17°32 then D[1i,]]:=123; end 1if;
.1716 then D[i,]J]:=102; end 1if;
.1°8 then D[i, j]1:=129; end if;
.174 then D[i, J]1:=125; end if;
.172 then D[i, j]:=107; end if;
then D[i, j]:=1; end if;

then D[i, j]:=1; end 1if;

then D[i, j]:=1; end if;

then D[i,j]:=1; end 1if;

then D[i, j]:=1; end 1if;

.1°2 then D[i, J]1:=107; end if;
then D[i, j]:=1; end 1if;

then D[i, j]:=1; end if;

then D[i, j]:=1; end 1if;

.1°36 then D[1i,]J]:=28; end if;
.1718 then D[i,3]:=37; end if;



if CH[n] (T[1i]*px*T
if CH[n] (T[1i]*p*T
if CH[n] (T[1i]*px*T
if CH[n] (T[1i]*px*T
if CH[n] (T[1i]*p~*T
if CH[n] (T[1]#*p*T
if CH[n] (T[1i]*p*T
if CH[n] (T[1i]*px*T
if CH[n] (T[1i]*p*T
if CH[n] (T[1i]*px*T
if CH[n] (T[1i]*p*T
if CH[n] (T[1i]*px*T
if CH[n] (T[1i]*px*T
if CH[n] (T[1i]*px*T
if CH[n] (T[1i]*px*T
if CH[n] (T[1i]*p~*T
if CH[n] (T[1]#*p*T
if CH[n] (T[1i]*p*T
if CH[n] (T[1]*px*T
if CH[n] (T[1i]*p*T
if CH[n] (T[1i]*px*T
if CH[n] (T[1i]*p*T
if CH[n] (T[1i]*px*T
if CH[n](T[1i]*p~*T
end i1if; end for;

return D;
end function;
GG:=GL (36,149);

€q
€q
eq
eq
eq
€q
eq
€q
eq
€q
eq
eq
€q
eq
eq
eq
€q
eq
€q
eq
€q
eq
eq
€q

C.179 then D[i,]J]l:=127; end if;
C.1723 then DI[i,3]:=96; end if;
C.1730 then D[i, j]:=29; end if;
C.1"7 then D[i,3]:=36; end if;
1 then D[i,]jl:=1; end if;

1 then DI[i,j]:=1; end if;

1 then D[i,]jl:=1; end if;
C.1730 then D[i, j]:=29; end 1if;
C.1715 then DJ[i, j]:=25; end 1if;
C.1726 then D[i, j]:=5; end if;
C.1713 then DI[i,3j]:=81; end if;
C.1720 then D[i, j]:=85; end if;
C.1715 then DI[i, 3]:=25; end if;
C.1713 then D[i,j]:=81; end if;
C.17°25 then DJ[1i,J]:=140; end if;
C.17°31 then D[i,j]:=17; end 1if;
C.1734 then D[i,j]:=49; end 1if;
C.1717 then DJ[i, j]:=142; end if;
C.1727 then D[i, j]:=80; end 1if;
C.1727 then DJ[i,]j]:=80; end 1if;
1 then D[i,]jl:=1; end if;

1 then D[i,]j]l:=1; end if;

1 then D[i,3jl:=1; end if;

1 then D[1i,]j]l:=1; end if;

A:=[[0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

0,0,0,0,0,0,0,0,0,0,0,0]
AA:=GG!mat (2, xx,A, 36);
BB:=GG!mat (2,yy,A, 36);
HH:=sub<GG|AA, BB>;

#HH;

IsIsomorphic (HH,G);

AA;
BB;
Order (ARA) ;
Order (xXX) ;
Order (BB) ;

C:=CyclotomicField(148);

i in [1.

.36]17

A:=[[C.1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

0,0,0,0,0,0,0,0,0,0,0,0,0,07
do A[i, 3]1:=0;

in [1..36]

i in

[1..3611;

for i ,j
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end for;

for 1,3 in [1..36] do if T[i]l#*xx*xT[j] -1 in H then
Ali,J]:=CH[2] (T[i]#*xx«T[j]"~1);

end i1if; end for;

B:=[[C.1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0] : i in [1..36]]; for i ,7

in [1..36] do BI[i, j]:=0;

end for; for i,3J in [1..36] do if T[il*yy*T[Jj] -1 in H then
B[i,3]:=CH[2] (T[i]+yy*T[3]1"-1);

end i1if; end for;

perm:= function(n, p, mat)

/* Return the matrix converted to permutation of S_{nxp}.
*/ C<u>:=CyclotomicField (p);

Z:=Integers ();

s:=[];

for i in [1..n] do s[i]:=i;

end for;

z:=Matrix (C,1,n, s) *mat;

w:=[];

for i in [1..n] do 3j:=0;

done:=0;

repeat if z[1l,i]/u”J in Z then if Z!(z[1,i]1/u”]j) ge 0 then
wli]:=nx3+2!(z[1,1]/u"3j);

done:=1;

end if;

end 1if;

j:=3+1;

until done eq 1 or j eq p;

end for;

for i in [1..(p-1)] do for a in [1l..n] do
wlatixn]:=(Z!w[a]l]+i*n-1) mod (p*n) + 1;

end for;

end for;
:=Sym(n*p) ;
:=S!lw;

return w;

end function;

GG:=GL (36,C) ;

HH:=sub<Sym(36x148) |perm(36,148,GG!A),perm(36,148,GG!B)>;

#HH;

IsIsomorphic (G, HH) ;

perm(36,148,GG!A);

perm(36,148,GG!B) ;
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D.9 PrimitiveGroup(5,2)

G:=PrimitiveGroup (5,2);
IsAbelian (G) ;
CG:=CharacterTable (G) ;

CG;

G;
xx:=G.1;
yy:=G.2;

:=Subgroups (G) ;
for 1 in [1..#S] do if Index(G,S[i] ‘subgroup) eq
2 then i; end if; end for;
H:=S[3] ‘subgroup;
H;
CH:=CharacterTable (H);
CH;
#H;
#G;
for i in [2..5] do for j in [3..4] do if
Induction(CH[i],G) eqg CG[]j] then i, j;
end 1f; end for;
end for;
:=Induction(CH[2],G);
I eq CGI[3];
CH[2];
:=CyclotomicField (5);
T:=Transversal (G, H) ;
#T;
A:=[[C.1,0] : i in [1..2171;
for i ,3 in [1..2] do A[i,j]:=0; end for;
GG:=GL(2,C);
T:=Transversal (G, H) ;
#T;
for i,J in [1..2] do if T[i]xxxxT[j] -1 in H then
A[i,3]:=CH[2] (T[i]*xx+T[J]"-1);
end if; end for;
GG!A;
Order (GG!A) ;
Order (xXx) ;
B:=[[C.1,0] : i in [1..2]1;
for i ,3 in [1..2] do B[i,j]:=0; end for;
for 1,3 in [1..2] do if T[il*yy*T[Jj]l -1 in H then
Bli,J]:=CH[2](T[1]xyy*T[3]1"-1);
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end i1if; end for;

GG!B;
Order (GG!B) ;
mat := function(n,p,D,k)

for i,J in [1..k] do if T[i]xp*T[j] -1 in H then
if CH[n] (T[i]l*p*T[j]"-1) eq C.1"2 then D[i,Jj]:=5; end if;
if CH[n](T[1i]l*p*T[Jj]"-1) eq C.1°3 then D[i,j]:=9; end if;
if CH[n] (T[1i]*p*T[j]"-1) eq 1 then D[i,]jl:=1; end if;
end if; end for;
return D;
end function;
GG:=GL(2,11);
A:=[[0,0] : i in [1..2]1;
AA:=GG!mat (2, xx,A,2);
BB:=GG!mat (2,vy,A,2);
Order (ARA) ;
Order (Xx) ;
Order (BB) ;
Order (yy) ;
HH:=sub<GG|AA, BB>;
#HH;
#G;
IsIsomorphic (HH, G) ;
AA;
BB;
C:=CyclotomicField(10);
A:=[[C.1,0] : i in [1..2]1]; for i ,J in [1..2] do A[i,]]l:=0;
end for;
for 1,3 in [1..2] do if T[i]l#*xx*T[Jj] -1 in H then
A[1,3J]:=CH[2] (T[1]»xx*T[Jj]"-1);
end if; end for;
B:=[[C.1,0] : i in [1..2]]1; for i ,3 in [1..2] do B[i, J]:=0;
for> end for;
for i,J in [1..2] do if T[i]xyy*T[j] -1 in H then
B[i,3]:=CH[2] (T[i]*yy*T[3]"~1);
end i1if; end for;
perm:= function(n, p, mat)
/* Return the matrix converted to permutation of S_{nxp}.
*/ C<u>:=CyclotomicField(p);
Z:=Integers ();
s:=[];
for i in [1..n] do s[i]:=1;
end for;
:=Matrix(C,1,n,s) *mat;
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w:=[];
for i in [1..n] do 3:=0;
done:=0;

repeat if z[1l,i]/u”j in Z then if Z!(z[1l,i]/u”73)
ge 0 then wlil]:

=nxJ+72! (z[1,1]/u”3J);

done:=1;

end 1f;

end 1if;

j:=3+1;

until done eq 1 or j eq p;

end for;

for i in [l1..(p-1)] do for a in [l..n] do
wlatixn]:=(Z!'w[a]+i*n-1) mod (p*n) + 1;
end for;
end for;

:=Sym (n*p) ;
w:=S!w;

return w;

end function;

GG:=GL (2,C);

HH:=sub<Sym(2+«10) |perm(2,10,GG!A),perm(2,10,GG!B) >;
#HH;

IsIsomorphic (G, HH);

perm(2,10,GG!A);

perm(2,10,GG!B);

D.10 PrimitiveGroup(5,3)

G:=PrimitiveGroup (5, 3);
IsAbelian (G);
CG:=CharacterTable (G);
CG; xx:=G.1;
yy:=G.2;
S:=Subgroups (G) ;
for 1 in [1..#S] do if Index(G,S[i] ‘subgroup) eq 4
then i; end if; end for;
:=S[3] ‘subgroup;
CH:=CharacterTable (H) ;
CH;
#H;
#G;
for i in [2..5] do for j in [5] do if Induction
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(CH[i],G) eg CG[3j] then i, 3j;
end i1if; end for;
end for;
:=Induction(CH[2],G);
I eqg CGI[5];
CH[2];
C:=CyclotomicField(5);
T:=Transversal (G, H) ;
#T;
A:=[[C.1,0,0,0] : 1 in [1..41];
for 1 ,j in [1..4] do A[i,j]:=0; end for;
GG:=GL(4,C);
for 1,3 in [1..4] do if T[i]l#*xx*xT[Jj] -1 in H then
Ali, J]1:=CH[2] (T[1]*xx*T[J]"-1);
end if; end for;

GG!A;

GG!B;

Order (GG!B) ;

mat := function(n,p,D,k)

for 1,3 in [1..k] do if T[i]l#*p*T[Jj] -1 in H then
if CH[n] (T[1i]*p*T[j]1"-1) eq C.1 then DI[i,]]:=4;
end 1if;

if CH[n](T[i]l*p*T[j]"-1) eq C.1°3 then DI[i,]]:=9;
end 1if;

if CH[n] (T[1i]#*p*T[3]°-1) eq C.1°2 then D[i,3]:=5;
end 1if;

if CH[n](T[i]l*p*T[J]"-1) eq C.174 then D[i, J]:=3;
end 1if;

if CH[n] (T[i]*p*T[J]1"-1) eq 1 then D[i,]]:=1;
end 1f;

end if; end for;

return Dj;

end function;

GG:=GL(4,11);

A:=[[0,0,0,0] « i in [1..4]1;

AA:=GG!mat (2,xx,A,4);

BB:=GG!mat (2,vy,A,4);

Order (AA) ;

Order (Xx) ;

Order (BB) ;

Order (yy);

HH:=sub<GG|AA, BB>;

#HH;

#G;



266

IsIsomorphic (HH, G) ;

AA;
BB;
:=CyclotomicField(10);
A:=[[C.1,0,0,0] : i in [1..41]; for i ,3J in [1..4]
do A[i, 3]:=0;
end for;

for i,J in [1..4] do if T[i]xxxxT[j] -1 in H then
Afli, J]1:=CH[2] (T[i]*xxxT[J]"-1);
end i1if; end for;

B:=[[C.1,0,0,0] : i in [1..4]]1; for i ,3j in
[1..4] do B[i,]J]:=0;
end for;

for i,J in [1..4] do if T[i]xyy*T[j] -1 in H then
B[i,J]:=CH[2] (T[i]*yy*T[3]1"-1);
end i1if; end for;

perm:= function(n, p, mat)
/+ Return the matrix converted to permutation
of S_{nxp}.

*/ C<u>:=CyclotomicField (p);

Z:=Integers ();

s:=[1;

for i in [1..n] do s[i]:=1;

end for;

z:=Matrix(C,1,n,s) *mat;

w:=[];

for i in [1..n] do j:=0;

done:=0;

repeat if z[1l,i]/u”j in Z then if Z!(z[1l,i]/u"3)
ge 0 then w[i]:=nxJj+Z2!(z[1,1]/u"7J);

done:=1;

end 1f;

end 1if;

j:=3+1;

until done eq 1 or j eq p;

end for;
for i in [1..(p-1)] do for a in [l..n] do
wlatixn]:=(Z!'wl[a]+i*n-1) mod (p*n) + 1;
end for;

end for;

S:=Sym(n*p) ;

w:=S!w;

return w;

end function;



GG:=GL(4,C);

HH:=sub<Sym(4%10) |perm(4,10,GG!A),perm(4,10,GG!B) >;

#HH;
IsIsomorphic (G, HH);
perm(4,10,GG!A);
perm(4,10,GG!B);

D.11  PrimitiveGroup(5,4)

G:=PrimitiveGroup (5,4);

IsAbelian (G);

false

CG:=CharacterTable (G);

CG;

xx:=G.1;

yy:=G.2;

S:=Subgroups (G) ;

for i in [1..#S] do if Index (G, S[i] ‘subgroup) eqg
5 then i; end if; end for;

H:=S[8] ‘subgroup;

CH:=CharacterTable (H);

CH;

#H;

#G;

I:=Induction(CH[2],G);

I eqg CGI[5];

true

CH[2];

T:=Transversal (G, H) ;

T;

C:=CyclotomicField(3);

A:=[[C.1,0,0,0,0] : i in [1..51];

for i ,3 in [1..5] do A[i,j]:=0; end for;
for 1,3 in [1..5] do if T[i]l#*xx*T[Jj] -1 in H then
Afli,3]:=CH[2] (T[i]#*xx«T[j]"-1);

end i1if; end for;

GG:=GL(5,C);

GG!A;

Order (GG!A) ;

Order (xX) ;

B:=[[C.1,0,0,0,0] : i in [1..5]71;

for i ,3 in [1..5] do B[i,j]:=0; end for;
for 1,3 in [1..5] do if T[i]l#*yy*T[Jj] -1 in H then
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B[i,3]:=CH[2] (T[1i]*yy*T[3]1°-1);

end i1if; end for;

GG!B;

Order (GG!B) ;

GG:=GL(5,7);

mat := function(n,p,D, k)

for i,J in [1..k] do if T[i]xp*T[Jj] -1 in H then

if CH[n] [1]*p*T[j]"-1) egq C.1 then D[i,]J]:=4; end if;
if CH[n](T[1i]l*p*T[]j]"-1) eq C.17°2 then D[i,j]:=2; end if;
if CH[n](T[il*p*T[j]1"-1) eq 1 then D[i,Jl:=1; end if;

if CH[n] (T[i]l*p*T[Jj]"-1) eq -1 then D[i,jl:=-1; end if;

end i1if; end for;
return D;
end function;
=[[0,0,0,0,0]: 1 in [1..5]1];
mat (2, xx,A,5);
mat (2,yy,A,5);
AA:=GG!mat (2,xx,A,5);
BB:=GG!mat (2,yy,A,5);
HH:=sub<GG|AA, BB>;
IsIsomorphic (HH, G) ;
C:=CyclotomicField(6);
=[[C.1,0,0,0,0]: 4 in [1..5]1];
for i,j in [1..5] do A[i,]]:=0; end for;
for i,J in [1..5] do if T[i]xxx*xT[j] -1 in H then
Ali, J]:=CH[2] (T[1]*xx*T[]j]"—-1);
end i1if; end for;
GG:=GL (5,C);

GG!'A;
=[[C.1,0,0,0,0]: 1 in [1..5]11;
for i,J in [1..5] do BI[i,j]:=0; end for;
for 1,3 in [1..5] do if T[i]l*yy*T[j] -1 in H then
B[i,j]:=CH[Z ]( [1]*yy*T[J]1"-1);

end if; end for;

GG!B;

perm := function(n, p, mat)
/* Return the matrix converted to permutation of S_{nxp}.
*/
C<u>:=CyclotomicField(p) ;
Z:=Integers ();

s:=[];

for 1 in [1..n] do

s[i]:=1;

end for;



z:=Matrix(C,1,n,s) *mat;
wi=[];

for 1 in [1..n] do

j:=0; done:=0;

repeat

if z[1,1i]/u”J in Z then

if Z2!(z[1,i]1/u”3j) ge 0 then
wli]:=nxj+2Z! (z[1,1i]/u”7);
done:=1;

end i1if; end if;

j:=3+1;

until done eq 1 or j eq p;
end for;
for i in [1..(p-1)] do

for a in [1l..n] do
wla+i*n]:=(Z'w[a]l]+ixn—-1) mod
end for; end for;
S:=Sym(n*p) ;

w:=S!w;

return w;

end function;
perm(5,6,GG!A);
perm(5,6,GG!B);

HH:=sub<Sym(30) |perm (5, 6,GG!A),perm(5,6,GG!B)>;

#HH;
IsIsomorphic (HH,G);

(pxn)

D.12 PrimitiveGroup(5,5)

G:=PrimitiveGroup (5,5);
IsAbelian (G) ;
CG:=CharacterTable (G);

CG;
xx:=G.1;
yy:=G.2;

S:=Subgroups (G) ;

for 1 in [1..#S] do if Index(G,S[i] ‘subgroup)

then i; end if; end for;

H:=S[16] ‘subgroup;
CH:=CharacterTable (H) ;
CH;

+

1;
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#H;
#G;

for i in [2..5] do for j in [3..7] do if Induction(CH[i],G)

eq CG[J] then 1i,3;

end i1if; end for;

end for;

I:=Induction(CH[3],G);

I eq CGI[7];

T:=Transversal (G, H);

#T;

C:=CyclotomicField(4);
A:=[[C.1,0,0,0,0,0] : i in [1..6]1];

for 1 ,j in [1..6] do A[i,j]:=0; end for;
for i,J in [1..6] do if T[i]xxxxT[j] -1 in H then
Ali,3]:=CH[3](T[i]l*xx*xT[]J]1"-1);

end i1if; end for;

GG:=GL(6,C);

GG!A;

Order (GG!A) ;

Order (xx) ;

B:=[[C.1,0,0,0,0,0] : i in [1..6]1;

for 1 ,j in [1..6] do B[i,j]:=0; end for;
for i,J in [1..6] do if T[i]lxyy*T[j] -1 in H then
B[i,3]:=CH[3] (T[i]*yy*T[3]"-1);

end i1if; end for;

GG!

mat := function(n,p,D, k)

for i,J in [1..k] do if T[i]xp*T[j] -1 in H then

if CH[n] (T[1i]*p*T[Jj]"-1) eq 1 then D[i,]jl:=1; end if;
if CH[n] (T[1i]l*p*T[Jj]"-1) eq C.1 then DI[i,j]:=2; end 1if;
if CH[n](T[1i]*p*T[j]"-1) eq —-C.1 then D[i,]J]:=3; end if;
end i1if; end for;

return D;

end function;

GG:=GL(6,5);

A:=[[0,0,0,0,0,0] ¢ i in [1..6]1;

AA:=GG!mat (3, xx,A,6);

BB:=GG!mat (3, yy,A, 6);

HH:=sub<GG|AA, BB>;

#HH;

#G;

sIsomorphic (HH, G) ;

AA;
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BB;

C:=CyclotomicField(4);
A:=[[C.1,0,0,0,0,0] : i in [1..6]]1; for
in [1..6] do A[i,jl:=0;end for;

for i,J in [1..6] do if T[i]xxxxT[j] -1
then A[i, J]:=CH[3] (T[i]l*xx*xT[]j] " -1);
end 1f; end for;

B:=[[C.1,0,0,0,0,0] : 1 in [1..6]]; for
in [1..6] do B[i,]]:=0;

end for;

for i,J in [1..6] do if T[i]xyy*T[j] -1
B[i,3]:=CH[3] (T[i]*yy*T[3]"~1);

end i1if; end for;

perm:= function(n, p, mat)

/* Return the matrix converted to permutation of S_{nxp}.

*/ C<u>:=CyclotomicField(p);
Z:=Integers ();
s:=[];
for i in [1..n] do s[i]:=1;
end for;

:=Matrix(C,1,n, s) *mat;
w:=[];
for i in [1..n] do 3:=0;
done:=0;
repeat if z[1l,i]/u”J in Z then if Z! (z|[
ge 0 then w[i]l:=nx]Jj+Z!(z[1,1]/u"3J);
done:=1;
end 1if;
end 1f;
Ji=j+1; until done egq 1 or j eq p;
end for;
for i in [1..(p-1)] do for a in [1l..n]
wlatixn]:=(Z!'wl[a]+i*n-1) mod (p*n) + 1;
end for;
end for;

:=Sym(n*p) ;
w:=S!w;
return w;
end function;
GG:=GL(6,C);
IsIsomorphic (G, HH);
perm(6,4,GG!A);
perm(6,4,GG!B);

in H then

1,11/u"3)

do
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