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il
ABSTRACT

In this thesis, we have presented our discovery of true finite homomorphic
images of various permutation and monomial progenitors, such as 2*7 : Dy4, 2*7 (7:2),
26 . (93 x 2), 2*8 . G, 2°72 . (3% . (2'Sy)), and 11*2 :,, D1g. We have given delightful
symmetric presentations and very nice permutation representations of these images
which include, the Mathieu groups M;1, M3, the 4-fold cover of the Mathieu group Mas,
2 x L9(8), and Ly(13). Moreover, we have given constructions, by using the technique
of double coset enumeration, for some of the images, including M7; and Mi,. We have
given proofs, either by hand or computer-based, of the isomorphism type of each image.
In addition, we use Iwasawa’s Lemma to prove that Lo(13) over Az, La(8) over Diy,
Lo(13) over Dyy, Lo(27) over 2' D14, and My over 2'Sy are simple groups. All of the

work presented in this thesis is original to the best of our knowledge.
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Introduction

Group theory is the study of symmetry of objects. Symmetric presentations
provide a uniform way of constructing finite groups. In this thesis, we are particularly
interested in symmetric presentations of finite simple groups, since these can be used
to obtain all finite groups. The process to obtain finite homomorphic images is through
the use of a progenitor, m*™ : N, where N is transitive on n letters. The objective is
to factor the progenitor by relations, that equate elements of N to the product of #;s,
that give finite homomorphic images. An isomorphism is a homomorphism that is also
a bijection. We say that group G is isomorphic to group H, denoted by G =2 H, if there
exists an isomorphism f : G — H.

In Chapter 1, we describe the process of creating permutation progenitors
and monomial progenitors. In addition, we factor these progenitors by all first order
relations and suitable relations. In Chapter 2, we apply the technique of double coset
enumeration, resulting in the construction of Cayley diagrams, and give by hand or
computer-based proofs for the isomorphism type of each group. We also, explain the
technique of factoring by the center. In Chapter 3, we use Iwasawa’s lemma and the
transitive action of a group on the set of single cosets to prove that a group is simple.
Similarly, in Chapter 4, we apply the technique of double coset enumeration over a
maximal subgroup and apply Iwasawa’s lemma to prove that a group simple. In Chapter
5, we compute an extension problem, by looking at the composition factors to find
the isomorphic type. In Chapter 6, we construct M;p; over the subgroup Sy with an
imprimitivite action. We then construct this group over the maximal subgroup 254 with
a primitive action and thus apply Iwasawa’s lemma to prove that this group is simple.
Similarly, in Chapter 7, we construct M5 by performing the double coset enumeration,

and our goal is to show that the group is simple, however, at the time of writing our



proof, we did not have time to apply Iwasawa’s lemma, it is still in progress. Finally, in

Chapter 8, we give progenitors tables with homomorphic images.



Chapter 1
Writing Progenitors

1.1 Writing Progenitors Preliminaries

Definition 1.1. (Permutation). If X is a nonemty set, a permutation of X is a

bijection o : X — X. We denote the set of all permutations of X by Sx. [Rot12]

Definition 1.2. (Operation). Let G be a set. A (binary) operation on G is a

function that assigns each ordered pair of elements of G an element on G. [Rot12]

Definition 1.3. (Semigroup). A semigroup (G,x) is a nonempty set G equipped

with an associative operation *. [Rot12]

Definition 1.4. (Group). A group is a semigroup G containing an element e such
that
(i)exa=a=axe foralla e G

(ii) for every a € G, there is an element b € G with axb=e =bx*a. [Rot12]

Definition 1.5. (Abelian). A pair of elements a and b in a semigroup commutes if
axb=bxa. A group (or a semigroup) is abelian if every pair of its elements commutes.

[Rot12]

Theorem 1.6. If K < H and [H : K] = n, then there is a homomorphism ¢ : H — Sy,
with ker¢ < K. [Rot12]

Definition 1.7. (Free Group). If X is a nonempty subset of a group F, then F is
a free group with basis X if, for every group G and every function f : X — G, there



exists a unique homomorphism ¢ : F — G extending f. Moreover, X generates F'.

[Rot12]

Definition 1.8. (Presentation). Let X be a nonempty set and let A be a family of
words on X. A group G has generators X and relations A if G = F/R, where F
is the free group with basis X and R is the normal subgroup of F generated by . The
ordered pair (X|A) is called a presentation of G. [Rot12]

Definition 1.9. (Progenitor). Let G be a group and T = {t1,ta, ..., tn} be a symmetric
generating set for G with |t;| = m. Then if N = Ng(T), then we define the progenitor
to be the semi direct product m*™ : N, where m*" is the free product of n copies of the

cyclic group Cp,. [Cur07]

Definition 1.10. (Normalizer). If H < G, then the normalizer of H in G, denoted
by NG(H): is

Ng(H) ={a € G:aHa ' = H}. [Rot12]

Definition 1.11. (Centralizer). If a € G, then the centralizer of a in G, denoted
by Cg(a), is the set of all x € G which commute with a. [Rot12]

Note 1.12. An isomorphism is a homomorphism that is also bijection. We say that
G is isomorphic to H denoted by G = H, if there exist an isomorphism ¢ : G — H.
[Rot12]

Definition 1.13. (Homomorphism). Let G and H be groups. A map ¢ : G — H 1is

a homomorphism if, for all o, 8 € G,

p(af) = ¢(a)p(B). [Rot12]
Theorem 1.14. (First Isomorphism Theorem (F.I.T)). Let ¢ : G — H be a

homomorphism with ker¢. Then
okergp 1 G
oG /ker¢ = img¢o. [Rot12]

Theorem 1.15. (Second Isomorphism Theorem).
Let N and T be subgroups of G with N normal. Then N N'T is normal in T and
T/(NNT)= NT/N. [Rot12]



Theorem 1.16. (Third Isomorphism Theorem).
Let K < H < G, where both K and H are normal subgroups of G. Then H/K is a
normal subgroup of G/K and

(G/K)(H/K)=G/H. [Rot12]

Definition 1.17. (Monomial Character). Let G be a finite group and H < G. The
character X of G is monomial if X = \®, where X is a linear character of H. [Led87]

Definition 1.18. (Character). Let A(z) = (aij(x)) be a matriz representation of G

of degree m. We consider the characteristic polynomial of A(x), namely

A—an(z) —ap(z) - —aim(x)
det(\ — A(x)) = | 7@ o) (@)
A—ami(z) —ama(z) - A= amm(T)

This is a polynomial of degree m in X, and inspection shows that the coefficient of —\™ 1

s equal to

o(x) = a11(x) + age(x) + .. + amm ()

It is customary to call the right-hand side of this equation the trace of A(x), abbreviated
to trA(x), so that

o(x) = trA(x)

We regard ¢(x) as a function on G with values in K, and we call it the character of
A(x). [Led87]

Theorem 1.19. The number of irreducible character of G is equal to the number of

conjugacy classes of G. [Led87]

Definition 1.20. (Degree of a Character). The sum of squares of the degrees of
the distinct irreducible characters of G is equal to |G|. The degree of a character x

is x(1). Note that a character whose degree is 1 is called a linear character. [Led87]



Definition 1.21. (Lifting Process). Let N be a normal subgroup of G and suppose
that Ag(Nx) is a representation of degree m of the group G/N. Then A(zx) = Ap(Nx)
defines a representation of G/N lifted from G/N. If ¢po(Nx) is a character of Ag(Nzx),
then ¢(x) = ¢o(Nx) is the lifted character of A(x). Also, if u € N, then A(u) = I,
o(u) =m = ¢(1). The lifting process preserves irreducibility. [Led87]

Definition 1.22. (Induced Character)
Let H < G and ¢(u) be a character of H and define ¢p(x) =0 if x € H, then

x),r € H
() = ¢(x), x €
0,z ¢ H

is an induced character of G. [Led87]

Definition 1.23. (Formula for Induced Character).

Let G be a finite group and H be a subgroup such that |G : H] = n. Let Cy,
a=1,2,---m be the conjugacy classes of G with |Cy| = ho, « =1,2,---m. Let ¢ be a
character of H and ¢© be the character of G induced from the character ¢ of H up to

G. The values of 3 on the m classes of G are given by:

= hﬁ Z p(w),a=1,2,3,--- ,m. [Led87
« weCqNH

1.2 Permutation Progenitor of A;

We want to write a permutation progenitor of 2*> : As, where our control
group is N = Ajs. First, we write a presentation of A5 which is G < z,y >=< z,y|2? =
y® = (2y)% = 1 >. We check in Magma if the above presentation gives As.
> G<x,y>:=Group< X,y | x72 =y 3 = (xxy)"5 =1 >;
> f,Gl,k:=CosetAction (G, sub<G|Id(G)>);

> s,t:=IslIsomorphic(Gl,Alt(5));s;
true



Moreover, the corresponding permutation representation is N =< x,y >, where x =
(1,2)(3,4) and y = (1,3,5). Now we add the free product 2*> (|t.s| = 2) to this group
to form our progenitor. Hence, a presentation for the progenitor 2*° : N is given by
< z,y,t|x%, 3, (zy)>, 12, (t, N') >, where t ~ t;. N! is the point stabilizer of 1, and
(t, N') = 1 means that 19 = 1V g € N'. Note that 19 = 1V g € N! implies t has
[N : N'] conjugates in N. Using Magma, we can see that the point stabilizer of 1 in N is

equal to < (2,3,4),(3,4,5). Now we use the Schreier System to convert the permutations

into words. Thus, N! =< yry lowy~!, vy~ loy toyzy~ > (see below).

G<x,y>:=Group< X,y | x"2 = y 3 = (x*xy) 5 = 1>;

S:=Alt (5);

xx:=S!(1,2)(3,4);

yy:=S!(1,3,5);

N:=sub<S|xx,yy>;

Nl:=Stabiliser (N, 1);

> N1;

Permutation group N1 acting on a set of cardinality 5

Order = 12 = 272 x 3

(2, 3, 4)
(3, 4, 5)

> Sch:=SchreierSystem (G, sub<G|Id(G)>);

> ArrayP:=[Id(N): 1 in [1..60]];

> for 1 in [2..60] do

for> P:=[Id(N): 1 in [1

for> for 7 in [1..#Sch|
[
[
[

vV V.V V V V

..#Sch[i]]];

] do

) [J] eq 1 then P[]]
) [J] eq 2 then P[]]
) [J] eg -2 then P[]

for|for> if Eltseqg(Sch
for|for> if Eltseqg(Sch
for|for> if Eltseqg(Sch
for|for> end for;

for> PP:=Id(N);

for> for k in [1..#P] do

for|for> PP:=PP«*P[k]; end for;

for> ArrayP[i] :=PP;

for> end for;

> for i in [1..60]do if ArrayP[i] eg N! (2,3,4) then Schl[i];
end 1f;

:=xx; end if;

i]
i]
i] =yy; end 1if;
i]

]:=yy~-1; end if;

for> end for;

y * x x» y' -1 % x x y° -1

> for i in [1..60]do if ArrayP[i] eqg N! (3,4,5) then Schl[i];
end 1if;

for> end for;

vy -1 * x x y'=-1 » x * y * x x y -1



So, a presentation of the progenitor G = 2* : N is given by G < z,y,t >:=
Group < x,y, t|z%, 43, (xy)®, 12, (t,yzytzy™'), (t,y ey tzyzy~') > . This progenitor
is infinite. In order to find find finite images of 2*> : N we must factor it by the first

order relations.

1.2.1 Factoring 2*° : A5 by First Order Relations

The first order relations are written of the form (7t?)” = 1, where 7 € N and
w is word in the t}s. In order to find these relations, we compute the conjugacy classes

of N = As, as show below:

Table 1.1: Conjugacy Classes of As

’Class Number Order Class Representative Length

1] 1 e 1
2] 2 (1,2)(3,4) 15
3] 3 (1,2,3) 20
[4] 5 (1,2,3.4,5) 12
[4] 5 (1,345,2) 12

Next, we need to compute the centralizer of each class representative in N = As
and then find the orbits of the corresponding centralizer. The centralizer and their orbits

on {1,2,3,4,5} are given below.

Table 1.2: Centralizer of As

’ Class Num Class Rep Cent(N,Class Rep) Orbits ‘
2] (1,2)(34) < (1,2)(3,4),(1,3)(2,4) > {1,234}, {4}, {5}
3] (1,2,3) <(1,2,3) > {1,2,3} {4}, {5}
[4] (1,2,3,4,5) <(1,2,3,4,5) > 12345}
[5] (1,3,4,5.,2) <(1,3,4,5,2) > (13452}

Thus, we use the table above to obtain the following relations of N = As:

(1,2)(3,4)t; = at,
(1,2)(3,4)ts = at¥?,
(1,2)(3,4)t5 = 2tV ",

(17 2> 3)t1 = yl’yl’y_ll't,



(1,2,3)ty = yxyxyil:z:tyx,
(1,2,3)ts = y:ny:cy_lzctyil,
(1,2,3,4,5)t1 = zyt,
(1,3,4,5,2)t; = zy ‘ayzy ‘ot

Thus, a presentation of the progenitor of G = 2*° : A5 factored by all relations

of the first order is

G < z,y,t >:= Group < z,y,t|2?, 1, (x x y)°, 2, (t,yzy Loy 1), (t,y oy toyzy ™),

(zt)®, (ztv ), (yayzy at)e, (yryry ot @)e (yeyoey 1t ), (zyt)],
1

(vy tayzylat)d >

Hence, the table below shows some finite images of the progenitor 2*° : As

factored by all relations of the first order.

Table 1.3: Some Finite Images of the Progenitor 2*° : A

’a\b\c\d\e\f\g\OrderofG‘ShapeofG‘
0[0|0]0O|0O]|O|5 1920 2'(As : 2%)
0/0|0]0O]|0O|0O|®6 720 Ag: 2
0/[0[{0]0O|0O]|O|T7 175560 J1

1.3 Monomial Progenitor 11*? :,, Dy

Given that Djig has a monomial irreducible representation in dimension 2,
write a progenitor for 11*? :,, Djq. Lets show that a presentation for Dy is given as

<zyle® =y® = (ay)? =1>.

Proof. Given Dy =< (1,2,3,4,5),(1,5)(2,4) >. Let F be a free group with basis
X = {x,y}. Define a homomorphism
¢ : F — Dy
by ¢(x) = (1,2,3,4,5) and ¢(y) = (1,5)(2,4).
From Theorem 1.6, we have ¢ is an onto homomorphism. Let G = F/R, where R =<
25,92, (vy)? > (in G, 2° = 1,9? = 1, (vy)? = 1). Thus,

homeo.
¢ : F "% Dyo.
onto
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We know F/ker¢ = Dig. Now we want to show that R < ker¢. We compute the
following:

¢($5) = (¢(1‘))5 = ((17273747 5)>5 =1

= 15 € ker¢,

$(y*) = (6(y))* = ((1,5)(2,4))? =1

== y2 € kero,

o((zy)?) = (d(2)(y))* = ((1,2,3,4,5)(1,5)(2,4))* = 1
= (29)? € kerg.
So, 2°,y%, (vy)? € kere. Thus, < 2°,9?%, (zy)? >= R = kero,

|F/R| > |F/ker¢| (since R and ker¢ are normal)

— |G| > 10.

Now we need to show |G| < 10. That is to show
G = F/R < {R, Rz, Rz? Rx3, Rz*, Ry, Rry, Rx*y, Rx3y, Ry},

We need to show that the above set is closed under right multiplication by z
and y.

(i) Show {R, Rz, Rx? Ra®, Rx*, Ry, Rxy, Rx?y, Rx3y, Rx*y} is closed
under right multiplication by .

(1) (Rzy)y = Rxy® = Ry* (since R is normal)
= xR (since y* € R)

= Rz belongs to the set above.

(2) (Rz?y)y = Rz*y* = 2>Ry* (since R is normal)
=2?R (since y* € R)

= Rz? belongs to the set above.
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(3) (Rz*y)y = Rz3y? = 23Ry? (since R is normal)
= 23R (since y* € R)

= Rz® belongs to the set above.

(4) (Rz'y)y = Rxty? = 2*Ry® (since R is normal)
= 2R (since y? € R)
= Rz* belongs to the set above.
So {R, Rz, Rx?, Ra®, Rx*, Ry, Ry, Rx?y, Rx3y, Rx*y} is closed
under right multiplication by y.
(ii) Show {R, Rz, Rx?, Rz, Rx*, Ry, Rxy, Rx?y, Rx3y, Rx*y} is closed
under right multiplication by =x.
(1) Note: R(xy)® = R (since (zy)* € R)
= Raxyzy =R
— zRyr = Ry !
— Ryx =2z 'Ry !
— Ryz = Rz 'y L
Then Ryz = Rz*Ry since Rz® = R = Raz* =Rz ' and Ry’ =R = Ry = Ry ..
Thus, Ryx = Rxy belongs to the set above.
(2) Rzyxr = xRyx (since R is normal)
= zRzty
= R2’y

= Ry belongs to the set above.



(3) (Rz*y)r = Rz’yx (since R is normal)
= 2’ Ryx
= 2?Raty
= RaSy

= Rzy belongs to the set above.

(4) (Raz3y)x = Rxdyx (since R is normal)
= 23 Ryx
= z3Raty
= Ra'y

— Ra?y belongs to the set above.

(5) (Rz'y)z = Rz'yx (since R is normal)
= z*Ryx
= 2*Raty

— RaBy

= Rzy belongs to the set above.

So {R, Rz, Rz?, Ra®, Rx*, Ry, Ry, Rx?y, Rxy, Rxty} is closed
under right multiplication by x.
Hence |G| = 10. So G = Dy,

F/ker¢ = Dy.
By Third Isomorphism Theorem, we have an onto homomorphism
b F/R 2% Flkere
onto
R<kerg <F
|F/R| < |F/ker|

F/R/ker = F/ker¢

with F//R =10 and F/ker¢ = 10. So kery) = 1. Thus, F'/R = F/ker¢ = Dyj.

12
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So Djg has a presentation of {r,y|z® = y? = (2vy)? = 1}. O

Given a presentation for Dyg is G < z,y >=< z,y|z° = 3? = (zy)? =1 > and
a corresponding permutation representation is N =< z,y >, where x = (1,2,3,4,5)

and y = (1,5)(2,4). By using Magma we get the character table of G = Djy.

Table 1.4: Character Table of G = Dy

Conjugacy Classes = C, | 1 (1,5)(2,4) (1,2,3,4,5) (1,3,5,2,4)
Order = h,, 1 5 2 2
A1 1 1 1 1
A9 1 -1 1 1
A3 2 0 w1 W42
Ag P 0 W42 w1

Explanation of Character Value Symbol

# denotes algebraic conjugation, that is,
#F indicates replacing the root of unity w by w*
W1 = zeta(5); + zeta(5)2
W1#2 = zeta(5)5 + zeta(5)3

Now we find a subgroup H of Djp of index n = 2. We use the following
formula, n = % = % = 2, that implies |H| = 5. Let H = <1,(1,2,3,4,5)>. The

character table of H = Zs is given below.

Table 1.5: Character Table of H = Zs

Conjugacy Classes | 1 (1,2,3,4,5) (1,3,5,24) (1,4,2,5,3) (1,5,4,3,2)
Order 1 1 1 1 1
o1 1 1 1 1
s 1 71 Z142 Z143 Z144
3 1 Z142 Z144 71 Z1#3
o 1 Z 143 Z1 Z14#4 Z 142
b5 1 Z144 Z143 Z1#2 Z1

where Z1 = zeta(5)s.
Now we look at the finite smallest field that has fifth roots of unity, which is
Z11\{0} ={1,2,3,4,5,6,7,8,9,10}.
Let Z1 = zeta(5)s = 4.



So Z1#2 = (zeta(5)5)? =5 (mod 11),
Z14#3 = (zeta(5)5)®> =9 (mod 11), and
Z1#4 = (zeta(5)5)* =3 (mod 11).
Next we use the following formula

da =7 X o),
weCaNH
to induce the character ¢9 of H up to D1g. We get

pF) =72 X dw)=32 3 ¢a(w)

weCiNH weINH
=2 > ¢2(w) =2¢2(1) = 2(1)
we{l}
= 2.
¢5((1L,5)(24) =2 > dw) =% > ¢(w)
weCaNH we(1,5)(2,4)NH
=Z )y pa(w) = 2(0)
we(1,5)(2,4)NH=0

=0.

¢2G((17273747 5)) = ]% Z §Z52(’UJ) = % Z ¢2(w)

weC3sNH we(1,2,3,4,5)NH
=1 > P2(w)
we{(1,2,3,4,5),(1,5,4,3,2)}

= 1(¢)2(17 27 37 4’ 5) + d)Q(]w 57 47 37 2))
=714+ Z14#4
= zeta(5)5 + zeta(5)s
= W142.

¢5((1,3,5,2,4)) =& > dw)=3 X ¢a(w)

weCyNH we(1,3,5,2,4)NH

=1 > P2(w)

we{(1,3,5,2,4),(1,4,2,5,3) }
- 1(¢2(17 37 57 27 4) + ¢2(17 47 27 57 3))

— ZH#2 + Z1#3
= zeta(5); + zeta(5)?
=Wl.

Thus, ¢§ = A4

14
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Hence the representation of H (respect to ¢g) yields:

B(1) =1
B(1,2,3,4,5) =4
B(1,3,5,2,4) =
B(1,4,2,5,3) =
B(1,5,4,3,2) =
B(g) =0 ifg¢G.

Since H < G, the right transversals of H in G (or a complete set of right coset repre-
sentatives) are t; = e and to = (1,5)(2,4)
= G =HeUH(1,5)(2,4).

Now we use the formula for monomial representation to find A(z) and A(y),

where x = (1,2,3,4,5) and y = (1,5)(2,4) :

B(tizt]') B(tiaty ")

Ax) = . .
B(tgl’tl ) B(t2$t2 )

B(1,2,3,4,5) B((1,2,3,4,5)(1,5)(2,4))
B((1,5)(2,4)(1,2,3,4,5)) B((1,5)(2,4)(1,2,3,4,5)(1,5)(2,4))

B(1,2,3,4,5) B((1,4)(3,2))
B((5,2)(3,4)) B(1,5,4,3,2)

4 0
0 3

Thus, A(z) =

This matrix has 2 columns: label the columns 1, and 2 as t1, and to, respec-
tively. The entries of the matrix are in Z;;. Hence, t/s are of order 11.
We label t2 and t2 as 3 and 4; #3 and 3 as 5 and 6; t] and t3 as 7 and 8; ¢ and 3 as 9
and 10; t$ and ¢§ as 11 and 12 ; ¢] and t] as 13 and 14; ¢§ and ¢§ as 15 and 16; ] and



t3 as 17 and 18; #1° and 1Y as 19 and 20. As shown below:

Table 1.6: Labeling ;s of Order 11

Lty 2.ty 3.88 4.t 5.8
6.t3 7.t} 8.t3 9.4 10.13
1. 48 12,45 13.¢] 14.¢7 153
16.t5 17.¢) 18.¢) 19.¢% 20.¢1°

16

Now A(z) is a monomial automorphism of < t; > x < to > given by a;; =

a <— t; — t? Thus, a1; = 4 or t; — t‘ll and agg = 3 or ty — t%. We use the chart

above, to write down the permutation representation for A(z).

Table 1.7: Permutations of the ts using A(x)

t to tT t5 B3 t3 tT t3 )t
1 2 3 4 5 6 7 8 9 10
T T N N R ¢
7 6 15 12 1 18 9 2 17 8

9 5 ¢ 8 5 ) 1) 4 )

11 12 13 14 15 16 17 18 19 20

N S S S e S A
3 14 11 20 19 4 5 10 13 16

So, A(z) = (tl,t%,t?,t?,t‘%)(t%,t?,t%o,t’{,t?)(tg,tg,t%,tg,t%)(t%,tg,t;,t%o,tg).
Then A(z) =(1,7,9,17,5)(3,15,19,13,11)(2, 6, 18, 10, 8)(4, 12, 14, 20, 16).

B(tiyty") Bltiyty")

Now A(y) = 5 g )
(t2yt1 ) (t23/t2 )

B((1,5)(2,4)) B(1)
B(1) B((1,5)(2,4))
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01

10
Now A(y) is an automorphism (permutation) of < t; > % < to > given by

Thus, A(y) =

aj; =a < ti—>t?Thus,a12:10rt1—>t2 and ag; =1 or ty — t1.

Table 1.8: Permutations of the ts using A(y)

tt to B3 5t 7 oty Bt
1 2 3 4 5 6 7 8 9 10
R e N
2 1 4 3 6 5 8 7 10 9
9 5 7 1 ) 1) 10 D
11 12 13 14 15 16 17 18 19 20

T S T e
12 11 14 13 16 15 18 17 20 19

Using the chart above, we get the following permutation representation for
Aly) = (tr,12) (11, 83) (17, £3) (41, 12) (11, 3) (11, £5) (41, £3) (43, £3) (11, £3) (£1°, £5°).
Then

A(y) = (1,2)(3,4)(5,6)(7,8)(9,10)(11,12)(13,14)(15,16)(17, 18)(19, 20).

Thus, Dyp =< A(x), A(y) >

=< (1,7,9,17,5)(3, 15,19, 13,11)(2, 6, 18, 10, 8) (4, 12, 14, 20, 16),

(1,2)(3,4)(5,6)(7,8)(9,10)(11,12)(13, 14)(15, 16)(17, 18)(19, 20) >.

We are now in a position to give a monomial presentation of the progen-
itor 11*2 :,, Dig. A presentation of Dig is < z,ylz°> = 3> = (z xy)2 = 1 >.
We fix one of the two t/s, say ¢; and call it . Next, we compute the normalizer
of the subgroup < t; > in Djg. Therefore we compute the set stabilizer in Dig
of the set {ti,t2,3,¢1, 3,49 ¢7,¢§,47,t10} = {1,3,5,7,9,11,13,15,17,19} which is <
(1,9,5,7,17)(2,18,8,6,10)(3,19,11,15,13)(4, 14, 16, 12,20) > and that
2 =(1,9,5,7,17)(2,18,8,6,10)(3,19, 11, 15,13)(4, 14, 16, 12, 20). Hence, a presentation
for the monomial progenitor 11*2 :,,, Dy is given by
G < z,y,t >= Group < z,y,t|z° = y? = (v xy)? = 1,1 2% =45 >

Next we add the relation, ¢t x t¥ = t¥ x t to the progenitor of Dg, to verify if
the monomial progenitor 11*2 :,, Djg is correct. By using MAMGA we verified that
the monomial progenitor, G < z,y,t >:= Group < m,y,t|z° y?, (x * y)z,tll,t””2 =
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t5, (t,tY) > is correct :

> G< x,y,t >:= Group< X,y,t|x"5 =y "2 = (xxy)~2 = 1,t 11,
t7(x72)=t"5, txtTy=tTy*xt>;

> f, Gl,k:=CosetAction (G, sub<G|x,y>);

> #G;

1210

> #k;

1

> IN:=sub<Gl|f(x),f(y)>;

> T:=sub<Gl|f (t)>;

> #T;

11

> Normaliser (IN,T);

Permutation group acting on a set of cardinality 121

Order = 5

> Index (IN,Normaliser (IN,T));

2

Hence, we have a presentation of the progenitor 11*2 :,, D1g

G< x,y,t >:= Group< x,y,t|x"5 =y 2 = (x+y)~"2 = 1,t"11,
LT (x72)=t"5>

Next, we apply the first order relation to the progenitor 11*2 :,, Dig.

1.3.1 11*2:,, D,y Factor by First Order Relations

Given a progenitor of the form m** : N and p*™ : N.
All relations of the first order that m*™ : N and p*" : N can be factored by are obtain
as follows. Compute the conjugacy classes on N. Now we compute the centralizers
of the representatives of each non-identity class. Then, we determine the orbits of the
centralizer. Once we have the orbits we take the representative from each class and we

right multiply by a t;.

Consider the monomial progenitor of 11*2 :,, Dyq that has the following pre-

sentation

G< x,y,t >:= Group< x,y,t|x"5 =y 2 = (x+xy)~"2 = 1,t"11,
tT(x72)=t"5>.
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To compute all first order relations for the monomial progenitor 11*2 :,,, D1,

we run the following code in MAGMA.

C:= Classes (N);

C;
C2:=Centraliser (N,N! (1,5) (2,4));
C2;
C3:=Centraliser (N,N! (1,2,3,4,5));
C3;
C4:=Centraliser (N,N! (1,3,5,2,4));
Cc4;

Set (C2);

Orbits (C2);

Set (C3);

Orbits (C3);

Set (C4);

Orbits (C4);

Then, we summarize the result in the table below.

Table 1.9: Conjugacy Classes of Dyg

’ Classes ‘ Centralizer ‘ Orbits ‘
Cy = (1,5)(2,4) <y>|{1,5},{2,4},{3}
Cs=(1,2,3,4,5) <x> {1,2,3,4,5}
Cy = (1,3,5,2,4) <z’ > {1,3,5,2,4}

Next, we pick a representative from each orbit and we multiply by the
representative from each class. Thus, the all first order relations are
(yt)®, (yt*)°, (yt**)e, (at)?, and (2%t)¢, where t ~ t.
Hence, we factor the monomial progenitor 11*2 :,,, Djo by the relations
(yt)®, (yt™)", ()¢, (wt)?, and (221,
to obtained the following homomorphic images:

Table 1.10: Some Finite Images of the Progenitor 11*2 :,, D1q

’a‘b‘c‘d‘e‘OrderofG‘ShapeofG‘
0/]013[0|0 660 Ly(11)
0[{0]4]0|0 6600 (5 x La(11)) : 2
051600 435600 Lo(11) x Lo(11)
06500 1351680 2:(210: Ly(11))
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1.4 Progenitor of 2*7 : Dy,

We want to write a permutation progenitor of 2*7 : D4 where our control
group is N = D14. A presentation of Dy4 is {z,y|z” = y* = (zy)? = 1}. We are going

to prove the presentation of Dqy4.

Proof. Given D1y =< (1,2,3,4,5,6,7),(1,6)(2,5)(3,4) >. Let F be a free group with
basis X = {z,y}. Define a homomorphism
¢ F — Dy
by ¢(x) = (1,2,3,4,5,6,7) and ¢(y) = (1,6)(2,5)(3,4).
From Theorem 1.6, we have ¢ is an onto homomorphism. Let G = F//R, where R =<
27,92, (zy)? > (in G,2" = 1,942 =1, (zy)? = 1). Thus,
¢ F th D

We know F/ker¢ = Diy. Now we WauntméoO show that R < ker¢. We compute the
following:

¢(z7) = (¢(2))" = ((1,2,3,4,5,6,7))° =1

= 27 € ker¢,

o(y*) = (8(y))* = ((1,6)(2,5)(3,4))* = 1

= y? c kerd,

B(2y)?) = ($(@)6(1))? = ((1,2,3,4,5,6,7)(1,6)(2,5)(3,4))? = 1

= (29)? € kerg.
So 7,92, (zy)? € kerg. Thus, < 27,92, (zy)? >= R = ker,

|F/R| > |F/kerg| (since R and ker¢ are normal)

= |G| > 14.

Now we need to show |G| < 14. That is to show

G = F/R < {R, Rz, Rz?, Rz3 Rz*, Rxz®, Rz®, Ry, Rxy, Rx*y,

Rz3y, Rx'y, Rx’y, Rxy}.

We need to show that the above set is closed under right multiplication by x and y.
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(i) Show
{R, Rz, Rz?, Rx?, Rx*, Rx®, Rx%, Ry, Rxy, Rx?y, Rx3y, Rxty, RxPy, RSy}
is closed under right multiplication by y.
(1) (Rxy)y = Rry® = 2Ry* (since R is normal)
=R (since y* € R)

= Rz belongs to the set above.

(2) (Rz?y)y = Rz*y*> = 2>Ry* (since R is normal)
= 2?R (since y? € R)

= Rz? belongs to the set above.

(3) (Rz*y)y = Rz3y* = 23Ry® (since R is normal)
= 23R (since y* € R)

= Rz® belongs to the set above.

(4) (Rz*y)y = Rz*y? = z*Ry? (since R is normal)
=2'R (since y* € R)

= Rz* belongs to the set above.

(5) (Rz®y)y = Rx®y? = 2°Ry? (since R is normal)
= 2°R (since y? € R)

= Rz® belongs to the set above.

(6) (Rz%y)y = Rz%y* = 25Ry? (since R is normal)
= 2%R (since y* € R)
= Rz% belongs to the set above.
So {R, Rz, Rz?, Rz®, Ra*, Rx®, Ra%, Ry, Rxy, Rx?y, Rx3y, Rxty, Rady, Rx%y}

is closed under right multiplication by .
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(7i) Show
{R, Rz, Rz?, Rz?, Rx*, Rx®, Rx%, Ry, Rxy, Rx?y, Re3y, Rxty, RxPy, Rx%y} is closed un-
der right multiplication by z.
(1) Note: R(zy)? = R (since (zy)* € R)
= Rayzy =R
— zRyr = Ry !
— Ryx =2z 'Ry !
— Ryz = Rz~ 'y~ L
Then Ryxz = RzSRy since Re® = R = R2% =Rz ' and Ry? =R = Ry = Ry
Thus, Ryx = Rx%y belongs to the set above.
(2) Rzxyxr = xRyx (since R is normal)

= 2Rz%
= Rxy

= Ry belongs to the set above.

(3) (Rz*y)x = Rz’yx (since R is normal)
= 2’Ryz
= 2% RaSy
= RaBy

= Rzy belongs to the set above.

(4) (Rax3y)x = Rrdyx (since R is normal)
= 2 Ryx
= 2®RaSy
= Ra%y

= Rz?%y belongs to the set above.



(5) (Rz'y)z = Rx'yx (since R is normal)
= 2 Ryx
= z*Raby
— Rz'%y

= Ray belongs to the set above.

(6) (Rz’y)z = RxSyx (since R is normal)
= 2°Ryx
= 2°RaSy
= Ra'ly

— Ra*y belongs to the set above.

(7) (Rz%y)z = RxSyx (since R is normal)
= 2%Ryx
= 2% RaSy
= Ra'?y
= Rz’y belongs to the set above.
So {R, Rz, Rx?, Ra®, Rx*, Ra®, RxS, Ry, Ray, Rx?y, Rx3y, Raty, Rady, RxSy)}
is closed under right multiplication by .

Hence |G| = 14. So G = Dy,

F/ker¢ = Dyy.
By Third Isomorphism Theorem, we have an onto homomorphism
W F/R ’"‘—T;H F/kere
R< ker¢ < F
|F/R| < |F/ker|
F/R/ker = F/ker¢
with F'/R = 14 and F/ker¢ = 14. So kery = 1. Thus,
F/R = F/ker¢ = Dy4.

23
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So Djy4 has a presentation of {z, y\x7 =% = (acy)2 =1}
O

Moreover, the corresponding permutation representation is N = Dy =<
x,y >, where x = (1,2,3,4,5,6,7) and y = (1,6)(2,5)(3,4). Now we add the free
product 2*7 (|t.s| = 2) to this group to form our progenitor. Hence, a presentation for
the progenitor 2*7 : N is given by < z,y,t|z7, %, (zy)%,t%, (t, N7) >, where t ~ t;. N7
is the point stabilizer of 7, and (¢, N7) = 1 means that 79 = 7V g € N’. Note that
79 =7V g€ N7 implies t has [N : N7] conjugates in N. Using Magma, we can see that
the point stabilizer of 7 in N is equal to N7 =< (1,6)(2,5)(3,4) >=<y > .

Hence, a presentation of the progenitor 2*7 : Dy is given by G < z,y,t >:=
Group < z,y,t|lz",y?, (xy)?, 2, (t,y) > . Now we factor this progenitor by the following
relations: (xt)?, (xtt®)?, (xyt®t)c, (ttot)?

In conclusion we obtained the following progenitor:
< x,y, tlz,y?, (zy), 12, (t,y), (xt)?, (xtt®)?, (zyt®t)°, (ttat)® > . The table below shows

some finite images of the progenitor 2*7 : D14.

Table 1.11: Some Finite Images of the Progenitor 2*7 : Dyy

’a‘b‘c‘d‘OrderofG‘ShapeofG‘
0|71 210 196 (Tx7):2)2
6/0| 3 |6 79464 PGLy(43)
0|7 3|7 9828 L7(27)
0[5 3|0 68880 PGL»(41)
3|86 1|9 336 PGLy(7)
3107 |3 1092 L(13)
3199 |3 504 Ly(8)
3|0|10|0 24360 PGLy(29)
43| 8 |8 672 PGLy(7) x 2
0(2] 9|0 1008 Ly(8) x 2
3|71 019 2184 Ly(13) x 2
3|09 |3 5040 A7 : 2
3/8 0|3 21504 (20 0 Lo(7)) : 2
0/2|10]|0 48720 PGL5(29) x 2
013|410 4368 PGLy(13) x 2

In later chapter, we will construct some of the simple groups, given above,

using the technique of double coset enumeration and prove their simplicity.
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Chapter 2

Double Coset Enumeration and

Factoring by the Center

2.1 Double Coset Enumeration Preliminaries

Definition 2.1. (Normal Subgroup). A subgroup H < G is a normal subgroup,
denoted by H < G, if gHg~' = H for every g € G. [Rot12]

Definition 2.2. (Right Coset). If H < G and if k € G, then a right coset of H in
G is the subset of G
Hk={hk:he HY,

where k is a representative of Hk. [Rot12]

Definition 2.3. (Index). If H < G, then the index of H € G, denoted by [G : H], is
the number of single cosets of H in G. [Rot12]

Definition 2.4. (Order). If G is a group, then the order of G, denoted by |G|, is the
number of elements in G. [Rot12]

Theorem 2.5. (Lagrance). If G is a finite group and H < G, then |H| divides |G|
and |G : H| = |G|/|H|. [Rot12]

Definition 2.6. (Double Coset). Let H and K be subgroups of the group G and

define a relation on G as follows:
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x~y < FheHandk € K such that y = hzk
where ~ is an equivalence relation and the equivalence classes are sets of the following
form
HxK = {hiL‘k‘”L € H ke K} = Ugex Hxk = Upeghz K
Such a subset of G is called a double coset. [Cur07]

Definition 2.7. (Point Stabilizer). Let G be a group of permutations of a set S. For
each g,s € S, let g° = g, then we call the set of s € S the point stabilizer of g € G.
[Cur07]

Definition 2.8. (Coset Stabilizing Group). The coset stabilizing group of a
coset Nw 1is defined as

N® = {7 € N|Nwr = Nw}
where n € N and w is a reduced word in the tis. [Cur07]
Theorem 2.9. (Number of single cosets in NwN). From above we see that,

N® = {7 € N|Nwr = Nw} = {r € N|Nwrw™' = N}
= {r € N|(Nw)" = Nw}

and the number of single cosets in NwN is given by [N : N®W]. [Cur07]

Definition 2.10. (Orbits). Let G be a group of permutations of a set S. For each
s €S, let orbg(s) = {p(s)|¢ € G}. The set orbg(s) is a subset of S called the orbits

of s under G. We use |orbg(s)| to denote the number of elements in orbg(s). [Rot12]

Definition 2.11. (Transversal). If K < G, then a (right) transversal of K in G
(or a complete set of right coset representatives) is a subset T of G consisting of one

element from each right coset of K in G. [Rot12]

Definition 2.12. (Center). The center of a group G, denoted by Z(G), is the set of
all a € G that commute with every element of G. [Rot12]
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2.2 2 x A; as a Homomorphic Image of 2*3 : S5

2.2.1 Construction of 2 x A5 over S3

Consider the group G = 2*3 : S5 factored by the relator [(0,1,2)t3]°. Note:
N = S5 = {e,(1,2),(1,0),(2,0),(1,2,0),(1,0,2)}, where z ~ (0,1,2) and y ~ (1,2).
Let t ~ t3 ~ tg. Let us expand the relator:

[(0,1,2)t0]° = 1 with 7 = (0, 1,2) becomes

1= [mto]® = mot™ to™ to™ to™to

= (0,2, 1)t80’1’2)tot60’2’1)tgo’l’Q)to

= (3,2, Dirtotatito
— 1= (0,2, )titotatito
— toty = (0,2, 1)t1toto
— Ntot; = Ntytots.

Moreover if we conjugate the previous relation by all elements of S3, we otbain the
following relations:

(totl)(l 2) =(0,2,1

(tot1)10) = (0,2,1

(tot1)>0) = (0,2,1

(totl)(l’Q’O) (0,2,1)

(tot1) 102 = (0,2,1)

Y12 (41t0ty) (D) = toty = (0,1, 2)tatoty
)(1’0)(t1t0t2)(1’0) = t1to = (1,2,0)tot1to
)ZO) (t1t0te) 20 = tot; = (2,0, 1)t1tato
(1:20)(t1t0t9) (120 = t1t9 = (1,0, 2)tat1to
D)0 (410t5) 102 — oty = (2,1, 0)tototy.

We want to find the index of N in G. To do this, we perform a manual double coset
enumeration of G over N. We take G and express it as a union of double cosets NgN,
where ¢ is an element of G. So G = NeN UNgi N UNgoN U ... where g;’s words in ¢;’s.

We need to find all double cosets [w] and find out how many single cosets
each of them contains, where [w] = [Nw"|n € N]. The double cosets enumeration is
complete when the set of right cosets obtained is closed under right multiplication by

t;’s. We need to identify, for each [w], the double coset to which Nwt; belongs for one
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symmetric generator ¢; from each orbit of the coset stabilising group N®)
NeN

First, the double coset NeN, is denoted by [*]. This double coset contains only the
single coset, namely N. Since N is transitive on {tg,t1,t2}, the orbit of N on {0, 1,2}

is:

0 ={0,1,2}.

We choose ty as our symmetric generator from O and find to which double
coset Ntog belongs. NtgN will be a new double coset, denoted by [0]. Hence, three

symmetric generators will go the new double coset [0].
NtoN

In order to find how many single cosets [0] contains, we must first find the coset stabilizer
N©_ Then the number of single coset in [0] is equal to Ul/%)l' Now, N(© = NO
g = 3. These three

=< ¢,(1,2) > so the number of the single cosets in NtgN is ]
single cosets in [0] are {Nt#|n € N} = {Nto, Nt;, Nt}. Furthermore, the orbits of N(©)

INOI] =
on {tg,t1,t2} are:
O = {0} and {1, 2}.

We take tg and t; from each orbit, respectively, and to see which double coset
Ntoto and Ntot; belong to. Now Ntgtg = N € [*], so one element will go back to NeN

and two symmetric generators will go to a new double coset Ntgt; N, denoted by [01].
Ntot1 N

Now Ntot1 N is a new double coset. We determine how many single cosets are in the

double coset. However, N0 = N =< ¢ >. Only identity (e) will fix 0 and 1. Hence

Nl _ 6
INOD| = 1

are {Ntoty, Ntito, Ntota, Ntotg, Ntita, Ntot1}. The orbits of N on {tg, 1,15} are:

the number of single cosets in Ntgt1 N is = 6. These six single cosets in [01]

O = {0}, {1}, and {2}.

Take a representative t; from each orbit and see which double cosets Ntgt1t; belongs to.
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We have:

Ntotit; = Nty € [0]
relation: (0,2, 1) (¢1t0t2) O = (tot,)OV
= (1,2,0)tot1t2 = tito
— Nigt1ty = Nitytg € [01]

Nitgtito € [010].

The new double cosets have single coset representatives Ntgtitg, which is denoted by
[010].

NtotitogN
Now NtotitgN in N is a new double coset. However, N©O10) — NOI0 — o >, Only

identity (e) will fix 0, and 1. Hence the number of single cosets contained in NtgtitgN
is % = 8 = 6. These six single cosets in [010] are

{Ntotlt(), Ntltotl, Ntotgto, thtotz, Nt1t2t1, thtltg}. The orbits of N(OIO) on {0, 1, 2}
are:

O = {0}, {1}, and {2}.

Take a representative ¢; from each orbit and see which double cosets Ntyptitot; belongs

to. We have:

Ntotitoto = N € [01]
relation: t; (0, 2, 1)t1t0t2 = t1tot1

- (0, 2, 1)(0, 2, 1)71t1(0, 2, l)tltotQ = t1tot1

0,2,1
— (0,2,1)¢l0%Y

titota = titots
- (0, 2, 1)t0t1t0t2 = t1tgt1
= Niotitota = Ntitot1 € [010]

Ntgtitot, € [0101} .

The new double coset is Ntotitot1 N, denoted by [0101].

Ntotitot1 N
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Now Ntotitot1 N is a new double coset. We determine how many single cosets are
in this double coset. We have N0 — NO01 —— o > But Ntgtitot; is not dis-
tinct. Using the retlation: tot; = (0,2, 1)titota = totitot1 = (0,2, 1)titotatots =
(0,2, 1)t1t0(2,1,0)tots = (1,2, 0)totatots. Now totrtots = (1,2,0)totatots

—  Nitotitot; = Nigtotots. Thus N(tot1tot1)" = Ntotatoto. Then N(totitot;)H?) =
Ntotatota. But Ntototots = Ntotitotr = (1,2) € N gince N(totitot,) 2 =
Ntototots. We conclude:

NOOD >0 (1,2) > .

Hence [N (01| = 2 50 the number of single cosets in N (0101 ig % = g = 3. These
three single cosets in [010] are Ntotitot1 = Ntgtatota, Ntitotito = Ntitetita, and

Ntotytot; = Niototaty. The orbits of N1 on {0,1,2} are:
O = {0} and {1, 2}.

Take a representative ¢; from each orbit and see which double cosets Ntgtitgt1t; belongs

to. We have:

Ntotitotitg € [01010]

Ntgtitotit1 = Nigtito € [010]

NtotltotltoN

Now Nigtitgt1tgN is indeed a new double coset. We determine how many single cosets
are in this double coset. We have N(01010) — 01010 — ¢ - Ntotitotito has six names.
We have the following:
Ntotitot; = Nitotatots = Ntotitotito = Ntotatotato
Ntitotito = Ntitotits = Ntitotitots = Ntqtotitoty
Ntotitat; = Nitototaty = Niotitotits = Niototatots.
Now we want to show that the six names are the same. We have the following:
totitotito = totitotitotats
= tot1to(2,0, tot1ty = titatitotits
= £1(2,0, Dtrtatits = (2,0, 1)tattatsts
= tot1totito = (2,0, Dtatitatits (1)
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= Nigtitotito = thtltgtltg,

totatotato = totatotatotits
= totato(2, 1,0)totats = tatitatotats
= 15(1,0,2)tat1toty = (1,0, 2)t1tot toty
= totatotato = (1,0, 2)t1tat1tat;  (2)
— Ntotatotato = Ntitotitot,.

Now by (1) and (2) we have that the six names are equal. Hence,

tot1totito ~ totatotato ~ titolitols ~ titatitaty ~ tatitatits ~ tatolatols
Therefore, N(01010) — 5 ¢ N|N(01010)" = N(01010). Thus, N(©1019) >< (1,2),(0,2,1) >
then N(©1010) — N Hence |[N(©1010)| = 6, so the number of single cosets in N(©1010) jg
% = 5 = 1. The orbit of NO1010) on £1,2,0} is {1,2,0}. Take a representa-
tive from this orbit, say t9. Hence Ntotitotitoto € [0101]. Therefore, three symmetric
generators will go back to Nitgtitot1 V.

We have completed the double coset enumeration since the set of right cosets

is closed under right multiplication, hence, the index of N in G is 20. We conclude:

G = N UNtgN U Ntot1 N U Ntgt1tgN U Nitgtitot1 N U Ntgtitot1tgN, where

2%3 : Sy

G p—
tot1 = (0,2, 1)t1tots

NO T n0OD T y©10) T N(0101) T (01010
IGI<(1+3+6+6+3+1)x6
|G| <20 x6
|G| < 120.

A Cayley diagram that summarizes the above information is given below:

[*] [ [01] [010] [0101] [01010]

Figure 2.1: Cayley Diagram of 2 x A5 over S3
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2.2.2 Permutation Representation of 2 x A5 over S3

In order to find the permutation representation of G = 2*3 : S, in terms of z,
y, and tg, we create a table in which we conjugate the twenty single cosets by x and y

and we right multiply them by ¢y.

Table 2.1: Permutation Representation of 2 x As over S3

| Cosets | 2 ~(0,1,2) |y~ (1,2) |t~ 1o
1. N 1. N 1. N 2. Nty
2. Nty 3. Nty 2. Nty 1. N
3. Nty 4. Nty 4. Nto 6. Ntitg
4. Nto 2. Nty 3. Nty 8. Nioty
5. Ntotq 9. Ntito 7. Nigto 11. Ntptitg
6. Ntity 10. Ntotq 8. Nioty 3. Nty
7. Nitgto 6. Ntitg 5. Ntoth 13. Ntptatg
8. Nioty 5. Ntgtq 6. Ntity 4. Nto
9. Ntity 8. Ntotg 10. Ntotq 10. Ntitatg
10. Ntoty 7. Nitoto 9. Ntqt 9. Nitotqty
11. Ntgtitg 15. Ntitoty 13. Ntgtatg 5. Ntotq
12. Ntitotq 16. Nitotqits 14. Ntotgts 18. Ntitotitg
13. Ntptatg 12. Ntitoty 11. Ntgtitg 7. Nitoto
14. Ntotgts 11. Ntptitg 12. Ntqtoty 19. Niotptatg
15. Ntqtotq 14. Nitotpts 16. Ntotqto 16. Ntitatitg
16. Ntotqto 13. Ntptatg 15. Ntqtotq 15. Ntotqitatg
17. Ntotitoty 18. Ntitotits 17. Ntgtotots 20. Nigtitotito
18. Ntitgtitg 19. Ntotitaty 19. Ntotgtaty 12. Ntitoty
19. Ntotitoty 17. Ntgtatots 18. Ntitotits 14. Ntotitoty
20. Ntgtitotito 20. Ntitotitoty 20. Ntgtatotaty 17. Ntgtitoty

We have:

o(z) = (2,3,4)(5,9,8)(6,10,7)(11,15,14)(12, 16, 13)(17, 18, 19)
o(y) = (3,4)(5,7)(6,8)(9,10)(11, 13)(12, 14)(15, 16)(18, 19)
o(t) = (1,2)(3,6)(4,8)(5,11)(7,13)(9, 10)(12, 18)(14, 19)(15, 16)(17, 20).

Thus, we have a homomorphism ¢ : 2*3 : S3 — Sa. Then ¢(G) =< ¢(z), d(y), p(t) >.
In order for us to prove that ¢(G) =< ¢(x), ¢(y), ¢(t) > is a homomorphic image of
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G = 2*3 : 83, we must have the the following conditions met:

(1) ¢(N) = 53
(2) ¢(t) has three conjugates under conjugation by ¢(N)

(3) ¢(N) acts as S3 on the three congugates of ¢(t) by conjugates.

Proof. We have ¢(N) =< ¢(z), p(y) >.

(1) (N) =< ¢(2), ¢(y) >
=< (2,3,4)(5,9,8)(6,10,7)(11,15,14)(12,16,13)(17, 18, 19),
(1,2)(3,6)(4,8)(5, 11)(7,13)(9,10)(12, 18)(14, 19)(15, 16) (17, 20) >
=~ S5 since |¢(z)d(y)| = |(2,4)(5,10)(6,9)(7,8)(11,16)(12, 15)(13, 14)(17, 19)]
=2.

Thus, ¢(N) = Ss.
(2) We need to compute ¢(t)?0V)

¢(t)¢(x) = {(1,2)(3,6)...(15,16)(17, 20)(2,3,4)(5,9,8)...(12,16,13)(17,18,19)}
= {(1,3)(4,10)(2,5)(9,15)(6,12)(8,7)(16,19)(11,17)(14, 13)(18,20)}
= 1.

¢(t)¢(:v2) = {(1,2)(3,6)...(15,16)(17, 20)(2,4,3)(5,9,8)...(12,13,16)(17,19,18)}

= {(1,4)(2,7)(3,9)(8, 14)(10, 16)(5, 6) (13, 17) (15, 18)(11, 12)(19, 20)}

ThUS, ¢(t)¢(N) = {th tl)t2}’
(3) We need to show that ¢(IV) acts as S3 on the three conjugates of ¢(t) by conjugates.
First, we have to conjugate by ¢(z):
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0 — ¢
T x 332

T T T z? T T z3
200 = (19@yo(@) = 2007) = (12D)e(e?) = 8 — 4.
ThUS, Qb(x) = (tovtlatQ)'
Next, we have to conjugate by ¢(y):

t‘f(y) = {(1,3)(4,10)...(14,13)(18, 20)(3,4)(5,7)(6,8)(9,10)(11,13)(12,14)(15,16)(18,19)}
= {(1,4)(2,7)(3,9)(8, 14)(10, 16)(5,6)(13,17)(15, 18) (11, 12)(19,20)}

tg(y) — (tf(y))ﬂy) — t¢(112) = 1.

Thus, ¢(y) = (t1,t2).
Hence, ¢(G) =< ¢(z), #(y), ¢(t) > is a homomorphic image of G = 2*3 : S3. O

We have:

2%3 . Sy
(0,2, 1)t1toty = tot1

G =

Now, we want to verify if ¢(0,2,1) = ¢(tot1t2tot1) then < ¢(x), ¢(y), ¢(t) > is a homo-
morphic image of G.

Verify: (l)(l‘*l) = (Z)(totltgtotl) :

d(totitatots) =(1,2)(3,6)(4,8)(5,11)(7,13)(9,10)(12,18)(14, 19)(15, 16)(17, 20)
(1,3)(4,10)(2,5)(9, 15)(6,12)(8,7)(16,19)(11,17)(14, 13)(18, 20)
(1,4)(2,7)(3,9)(8,14)(10, 16)(5, 6)(13,17) (15, 18)(11, 12)(19, 20)
(1,2)(3,6)(4,8)(5,11)(7, 13)(9, 10)(12, 18) (14, 19)(15, 16)(17, 20)
(1,3)(4,10)(2,5)(9, 15)(6, 12)(8,7)(16,19)(11,17)(14, 13)(18, 20)
=(2,4,3)(5,8,9)(6,7,10)(11, 14, 15)(12, 13, 16)(17, 19, 18)

=¢(z")

hom.

Hence, ¢ : G "™ Syo with ¢(G) =< é(z), ¢(y), ¢(t) > . By FIT we have:
G/ker¢ = ¢(G)
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= |G/ker¢| = [¢(G)|
= |G| = |ker¢||p(G)].
By completing the double coset enumeration we know |G| < 120. Moreover, by Magma,

[¢(G)] = | < é(x), 9(y), p(to) > | = 120.
So, |G| = |kero|120

— |G| > 120.

Hence, |G| = 120.

2.2.3 Prove G =2 x Aj

We use two different methods to prove that G = 2 x As.
(1) We will prove by hand that G = 2 x As.

Proof. Given:

¢(x) =
¢y) =

,3,4)(5,9,8)(6,10,7)(11, 15, 14)(12, 16, 13)(17, 18, 19)

,4)(5,7)(6,8)(9,10)(11, 13)(12, 14)(15, 16)(18, 19)

1,2)(3,6)(4,8)(5,11)(7,13)(9, 10)(12, 18)(14, 19)(15, 16)(17, 20)
)

(2
(3
(
= (1,3)(4,10)(2,5)(9,15)(6,12)(8,7)(16,19)(11,17)(14, 13)(18, 20)
Note:

o|p(y)o(z)totitotito] = [(3,4)(5,7)(6,8)(9,10)(11,13)(12,14)(15,16)(18,19)

(2,3,4)(5,9,8)(6,10,7)(11,15,14)(12,16, 13)(17,18,19)

(1,2)(3,6)(4,8)(5,11)(7,13)(9,10)(12,18)(14,19)(15,16)(17, 20)
(1,3)(4,10)(2,5)(9,15)(6,12)(8,7)(16,19)(11,17)(14, 13)(18, 20)
(1,2)(3,6)(4,8)(5,11)(7,13)(9,10)(12,18)(14,19)(15,16)(17, 20)
(1,3)(4,10)(2,5)(9,15)(6,12)(8,7)(16,19)(11,17)(14, 13)(18, 20)
(1,2)(3,6)(4,8)(5,11)(7,13)(9,10)(12,18)(14,19)(15,16)(17, 20)|
=[(1,20)(2,17)(3,18)(4,19)(5,11)(6,12)(7,13)(8,14)(9, 15)(10, 16)]



Thus, |¢(y)o(x)toti1totito| = 2, which is the center of order two.

o[ (x)to] = [(2,3,4)(5,9,8)(6, 10, 7)(11, 15,14)(12, 16, 13)(17, 18, 19)
(1,2)(3,6)(4,8)(5,11)(7,13)(9,10)(12, 18)(14, 19)(15, 16) (17, 20)|
=(2,6,9,4,1),(3,8,11,16,7)(5,10,13,18,14)(12, 15, 19, 20, 17)]
= 5.

olto] = (1,2)(3,6)(4,8)(5,11)(7,13)(9, 10)(12, 18)(14, 19)(15, 16)(17, 20) =

o|o(x)toto| = |o(z)|
— 1(2,3,4)(5,9,8)(6,10,7)(11, 15, 14)(12, 16, 13)(17, 18, 19)|
= 3.

Hence, < ¢(z)to, to >= As.

Now, < ¢(z)to, to, d(y)o(x)totrtotito >< ¢(G) =< ¢(x), d(y), ¢(t) >
— 2 x A5 < (G). But [¢(G)] = 120 and |2 x As| = 120.

Thus, $(G) = 2 x As.
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O]

(2) We use the composition factors of G to construct a computer based proof

to show that G = 2 x As.

Proof. Given:

— 2 2*3. 6.
G =<,y tla?, 42, (xy)* 12, (t,y), tt" = x~ " H" >= 02D ttota=tol *

We use Magma, to obtain the following composition factors:

> CompositionFactors (Gl);
G
Alternating (5)

|
*
| Cyclic(2)
1

Hence, G has the following composition series G D G1 D 1, where G = (G/G1)(G1/1) =

AsC5. The normal lattice of G is:

> NL:=NormalLattice (Gl);
> NL;
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Normal subgroup lattice

[4] Order 120 Length 1 Maximal Subgroups: 2 3
[3] Order 60 Length 1 Maximal Subgroups: 1
[2] Order 2 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:

First, we look at the center of G and we find it is of order 2. In addition, by looking
at the normal lattice, we find that the normal subgroup NL[2] is of order 2. Hence,
we might have a direct product of NL[2] by the Alternating group NL[3]= As. Note:
NL[2] 9G; and A5 <G then As N NL[2] = 1.

> D:=DirectProduct (CyclicGroup(2),NL[3]);

> gs:=IsIsomorphic(D,Gl);s;

true

We use the above loops to confirm that G is a direct product of a cyclic group of order
2 by As. By using ATLAS, the presentation of the Alternating group (As) is:

< a,bla?,b3, (a*b)° > .

Now, the element of NL[2] commutes with the element of NL[3]= As, since G is a direct

product extension. Thus, we have the following presentation for G:

> H<a,b,c>:=Group<a,b,cla”2,b"3, (a*b) "5,c"2, (c,a), (c,b)>; #H;
120

> fl1,Hl1,kl:=CosetAction (H, sub<H|Id(H)>);

> s:=IsIsomorphic(H1,G1l);s;

true

Hence, G = 2 x As. O

2.3 Finding and Factoring by the Center (Z(G)) of 2 x Aj
over S3
Let G actson X = {NUNtoNUNtotlNUNtotltoNUNtotltothUNtotltotltoN}

where |X| = 20. From the Cayley Diagram of 2 x As over S3 we see that G is tran-
sitive. Moreover, from the DCE and the Cayley diagram it is clear that the dou-
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ble coset Ntotitot1toN contains one single coset. We stabilize the coset N then an-
other coset Ntotitot1tg/N at the maximal distance from N also stabilize. This means
{N, Ntgt1tot1toN } is a nontrivial block of size 2. Let B be a nontrivial block and N € B.
If Ntotitotito € B. Then

B = {N, Ntotitot1to} = {1,20}
Bto = {Nto, Ntotitot1} = {2,17}
Bty = {Nt1, Ntotitotitot1} = {Nt1, Ntitotitotita }
= {Nty, Ntytotito} = {3,18}
Bty = {Ntg, Ntotitotitota} = {Nta, Ntatitatitats}
= {Ntg, Ntotitot1} = {4,19}
Btot1 = {Ntot1, Ntotito} = {5, 11}
Btitg = {Nt1to,mt1to} = {Ntyitg, Ntitotitotitito}
= {Ntito, Ntitot1} = {6,12}
Btatg = {Ntato, Ntotitotitotato} = { Ntato, Ntatotatotatato}
= {Ntato, Ntatota} = {8, 14}
Btoty = {Ntota, Ntgtitotata} = { Ntota, Ntotatolata}
= {Ntota, Ntotato} = {7,13}
Btity = {Ntite, Ntotitotitotita} = {Ntita, Ntitotitotitita}
= {Ntita, Ntrtotitota} = {Nit1tz, Ntitatitata}
= {Ntity, Ntytot:1} = {9,15}
Btoty = {Ntat1, Ntotitotitotat1} = {Ntat1, Ntatitotitotats }
= {Ntaot1, Ntotito} = {10, 16}

We can see that {Bto, Btl, Btg, Btotl,Btlto, Btgto, Btotg, Btth,BtQtl} NnB = @ and
{Bto, Bt1, Btz, Btotl, Btlto, Btgto, BtotQ, Btltg, BtQtl} 75 B. Hence, we have blocks of
imprimitive of size two. Therefore, |Z(G)|=2 where

Z(G) =< nw > (central elements permute the elements of each block of imprimitive)

= {(1,20)(2,17)(3,18)(4,19)(5, 11)(6,12)(7, 13)(8, 14)(9, 15)(10, 16) }.
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Now, we are going to find the central element of order 2 in G not in its homo-
morphic image G1. Consider ntgtitgt1tg = 1 € G|
In addition, totitotito = n~'. Let r = n~!. Then totitotitg = r. We now compute r by
its action on the cosets { Ntg, Nt1, Nto}. Recall that our relation is tot; = (0, 2, 1)t1tots.
In addition, if we conjugate this relation by the elements of N = Ss, we obtain the

following relations:

tot1 = (0,2, 1)t1tots
tota = (0,1,2)tatoty
tito = (1,2,0)tot 1 to
tot1 = (2,0, 1)t tato
tita = (1,0, 2)tat1to
tato = (2,1,0)totaty

Compute r by its action on the coset Nty:

Nt = Ntphhohto — N (totytotite) Hototitotito

= Nigtitotitotitotito = Ntitotatotitotitotito

= Ntlto(Q, 1, O)totgtotltotlto

= Nitotototatotitotito = Ntotato(2, 1,0)totatot1to

= Niotqtototatotity = th(l, 0, 2)t2t1t2t0t1t0

= Niytotytatotito = Ntita(1,0,2)tat 1 t1to
= Nitgtitaty = Ntitoto
= Nty.

Now, compute 7 by its action on the coset Nti:

Nt; = Ntfiotltotlto = N(totltotlto)_1t1t0t1t0t1t0
= Ntotitotitotitot1totito = Ntotytotitotitotito(1,2,0)tot1te

= Ntitatitotitatitatitotite = Nitgtotitatitati (2,0, 1)t tat 1ty

= Ntgtotatotatotatitatits = Ntatotatota(0, 1, 2)tatotat: b

= Nitot1totitobatotatits = Ntotito(1,2,0)tot1totat 1ty
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= Ntitotitotitotatits = Nt1(2,0, 1)t tat 1 totat 1 to

= Niotqtotitototits = Nt2t1(2, 0, 1)t1t2t2t1t2

= Ntotots
= Nt,.

Next, compute r by its action on the coset Nts:

th — thotltotlto
= N(tot1tot1tg) ‘tatotitotito

= Ntotitotitotatotitotito

= Ntotito(1,2,0)tot1tot: tot1to

= Ntytatitotitotitotito

= Nt1(2, 0, 1)t1t2t1t0t1t0t1t0

= Niotqtotitotitotito

= Ntat1(2,0, 1)t1tat 1 tot:to

= Ntototr1tatitotrto

= Niatotatitotito

= Ntat(2,0,1)t1tat to
= Nttty tatito

= Ntotatito

= Nto(2,0,1)t1ts

= Ntitito

= Nt,.

Thus, Nt = t1, Nt] = to, and Nty = to. Therefore, r = (0,1), and the
generator of the center is totitotito = (0,1). Hence, the center of G is Z(G) =<
(0, 1)t0t1t0t1t0 > .

Now, we factor

2%3 . S
(0,2, 1)titota = tots

G

12
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by the center Z(G), that is:

2%3 . S
(0,2, Dt1tots = totr, (0, Dtotitotito’

I

G

The Cayley diagram of G over N shown below illustrates that [] consists of
N only. Moreover, [0] consists of three cosets, NtoN = {Nty, Nt1, Nto} and the orbits
of N on {0,1,2} are: @ = {0} and {1,2}. Take a representative t; from each orbit
and see which double coset Ntot; belongs to. We have: Ntoty € [*] and Ntot; € [01].
In addition, [01] consists of six cosets,
Ntot1N = {Ntot1, Ntito, Ntoto, Ntota, Ntito, Ntot:} and the orbits N on {0, 1,2}
are: O = {0}, {1}, and {2}. Now we take a representative ¢; from each orbit and
see which double coset Ntgtit; belongs to. We have: Ntotit; € [0], by using the main
relation (0,2, 1)t1tote = tot1 = Ntitg = Ntotite, thus, Ntgtite € [01]. Moreover, by
using the center (0, 1)tgt; = tot1tg = Nitot1 = Ntotito, hence, Ntgtitg € [01]. This
completes our double coset enumeration of G factor by the center Z(G) and our Cayley

diagram is as follows:

1+1

[*] [0] [01]

Figure 2.2: Cayley Diagram of As over S
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2.4 Converting Symmetric and Permutation

Representation of 2 x A5 over S5

Now we want to convert symmetric representation of G = 2 x As over S3 to
permutation representation. Note: every element of G is of the form nw where n is a
permutation of S3 on three letters and w is a word in {tg,t1,%2} of length at most four
and every element of G is also a permutation of the set of 20 cosets of N in G.

The following examples are converting symmetric representation to its permu-

tation representation of G.

Example 2.13. (0,1, 2)tot1to

= ¢(x)p(t)p(t ) p(t)
=(2,3,4)(5,9,8)(6,10,7)(11,15,14)(12,16,13)(17, 18,19

~—

(1,2)(3,6)(4,8)(5,11)(7,13)(9, 10)(12, 18)(14, 19)(15,16)(17, 20)
(1,3)(4,10)(2,5)(9,15)(6,12)(8, 7)(16,19)(11, 17)(14, 13)(18, 20)
(1,2)(3,6)(4,8)(5,11)(7,13)(9, 10)(12, 18)(14, 19)(15,16)(17, 20)

= (1,11,14)(2,18,7)(3,13,17)(4, 6,16)(5, 8, 20)(10, 19, 12
Thus, (0,1, 2)tot1to = (1,11,14)(2,18,7)(3,13,17)(4, 6, 16)(5, 8, 20

(10,19,12).

Example 2.14. (2,0)tgt1t2
= B(y)* Do)t/ (19

= (3,4)(5,7)...(15,16)(18, 19)(2,3,4)(5,9,8)(6,10,7)(11,15,14)(12,16,13)(17,18,19)
(1,2)(3,6)(4,8)(5,11)(7,13)(9,10)(12,18)(14, 19) (15, 16)(17, 20)
(1,3)(4,10)(2,5)(9, 15)(6,12)(8,7)(16,19)(11, 17)(14, 13)(18, 20)
(1,4)(2,7)(3,9)(8,14)(10,16)(5,6)(13,17)(15,18)(11, 12)(19, 20)
= (1,6)(3,11)(4,9)(5,18)(7,16)(10, 13)(12,20)(15, 19)

Hence, (2,0)tot1t2 = (1,6)(3,11)(4,9)(5,18)(7,16)(10, 13)(12,20)(15, 19).

Next, we want to convert permutation representation of G = 2 x As over S3
to symmetric representation. Let p be a permutation on twenty letters. We write it in
the form nw, where n € S3 and w is a word in at most three ¢;s. Note: Np = 17 = Nuw,
where

p € Np

= p€ Nw
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= p = nw for some n € N
— n= pw_l.
The following examples are converting permutation representation to its sym-

metric representation of G.

Example 2.15. Let p = (1,11,14)(2,18,7)(3,13,17)(4,6,16)(5, 8,20)(10, 19, 12). Note:
p=nw — n:pw_l.

Np =17 =11 = Nigt1tg
= Np = Ntptito

= p = niptito

= n = pilotilg

= (1,11,14)(2,18,7)(3,13,17)(4,6,16)(5, 8, 20)(10, 19, 12)
(1, 2)(3,6)(4,8)(5,11)(7,13)(9, 10)(12, 18)(14, 19)(15, 16)(17, 20)
(1,3)(4,10)(2,5)(9, 15)(6,12)(8, 7)(16,19)(11, 17)(14, 13)(18, 20)
(1,2)(3,6)(4,8)(5,11)(7, 13)(9, 10)(12, 18) (14, 19)(15, 16) (17, 20)

= n=(2,3,4)(5,9,8)(6,10,7)(11,15,14)(12,16, 13)(17, 18, 19)
Next, we compute n in the actions on {Ntg, Nti, Nto}:

Nin = Nt(()2,3,4)(5,9,8)(6710,7)(11,15,14)(12,16,13)(17,18,19)

— 9(2,3,4)(5,9,8)(6,10,7)(11,15,14)(12,16,13)(17,18,19)

=3

= Nty.
(2,3,4)(5,9,8)(6,10,7)(11,15,14)(12,16,13)(17,18,19)
Nt} = Nty

— 3(2,3,4)(5,9,8)(6,10,7)(11,15,14)(12,16,13)(17,18,19)
=4

= Nts.
N — th?,?),él)(5,9,8)(6,10,7)(11,15,14)(12716,13)(17,18719)

— 4(2,3,4)(5,9,8)(6,10,7)(11,15,14)(12,16,13)(17,18,19)

=2

— Nito.
Thus, n = (0,1,2). We know that p = ntotitg = p = (0,1, 2)tpt1to. Hence,
p=(1,11,14)(2,18,7)(3,13,17)(4, 6, 16)(5, 8, 20)(10, 19, 12) = (0, 1, 2)tot1to.
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Example 2.16. Let p = (1,5,14,20,11,8)(2,3,7,17,18,13)(4,12,16,19,6,10)(9, 15).
Note: p=nw = n=pw L

Np=1P =5 = Ntpty

= NP = Nitpgty

= p = nipl

= n = piitg

n = (1,5,14,20,11,8)(2,3,7,17,18,13)(4, 12,16, 19,6,10)(9, 15)
(1,3)(4,10)(2,5)(9,15)(6,12)(8,7)(16,19)(11,17)(14,13)(18, 20)
(1,2)(3,6)(4,8)(5,11)(7,13)(9,10)(12,18)(14,19)(15,16)(17, 20)
= n=(3,4)(5,7)(6,8)(9,10)(11,13)(12,14)(15,16)(18,19)

Next, we compute n in the actions on {Ntg, Nt1, Nto}:
Nin = Nt(3 4)(5,7)(6,8)(9,10)(11,13)(12,14) (15,16)(18,19)

9(3,4)(5,7)(6,8)(9,10)(11,13)(12,14)(15,16)(18,19)
=2
= Nity.
N = Nt§3,4)(5,7)(6,8)(9,10)(11,13)(12,14)(15,16)(18,19)
3(3,4)(5,7)(6,8)(9,10)(11,13)(12,14)(15,16)(18,19)
=4
= Nts.

N2 = Nt§
— 4(3.4)(5,7)(6,8)(9,10)(11,13)(12,14)(15,16)(18,19)

3,4)(5,7)(6,8)(9,10)(11,13)(12,14)(15,16)(18,19)

=3

= Nt;.
Thus, n = (1,2). We know that p = ntgt; = p = (1, 2)tot;. Hence,
p=(1,5,14,20,11,8)(2,3,7,17,18,13)(4, 12, 16, 19, 6, 10)(9, 15) = (1, 2)tot1.

2.5 2x S5 as a Homomorphic Image of 2* : S,

2.5.1 Construction of 2 x S5 over S,
Consider the group G = 2** : S, factored by the relator [(0,1,2) = tot1tato.

Note: N = Sy = {e, (3,0),(1,3,0,2), (1,3,0), (1,0,3), (1,0)(2,3), (1,2), (1,0,2), (1,2, 3,0),
(1’3)7 (17 0)’ (27 3)’ (2’ 07 3)7 (]" 3’ 2’ 0)7 (27 3’ 0)7 (1’ 2) 3)7 (17 2) O) 3)7 (17 07 2) 3)’ (17 27 0)’
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(1,3)(2,0),(1,0,3,2),(2,0),(1,2)(3,0),(1,3,2)}, where = ~ (0,1,2,3) and y ~ (0,1).
Let N =< (0,1,2,3),(0,1) >. and ¢ ~ t4 ~ to.
We will begin the manual double coset enumeration by looking at our first

double coset. Note the definition of a double coset is as follows: NwN = {Nwn|n € N}.

NeN

First, the double coset NeN, is denoted by [*]. This double coset contains only the single
coset, namely N. Since N is transitive on {t¢, t1,t2, t3}, the orbit of N on {0,1,2,3} is:

0 = {0,1,2,3}.

We choose £y as our symmetric generator from O and find to which double coset Ntg
belongs. NtyN will be a new double coset, denoted by [0]. Hence, four symmetric

generators will go the new double coset [0].

NtoN
In order to find how many single cosets [0] contains, we must first find the coset stabilizer
N Then the number of single coset in [0] is equal to % Now,
NO = NO
=< (1,3,2),(1,2) >
IN| _ 24

so the number of the single cosets in Nty is

N = 6 = 4. These four single cosets
in [0] are {Nt§|n € N} = {Ntg, Nt;, Nty, Nt3}. Furthermore, the orbits of N on
{to,tl,tg,tg} are:

O = {0} and {1,2,3}.

We take tg and t; from each orbit, respectively, and to see which double coset Ntgtg
and Ntot; belong to. Now Ntgtg = N € [«], so one element will go back to NeN and
three symmetric generators will go to a new double coset Ntgt; N, denoted by [01].

Ntot1 N

Now Ntgt1 N is a new double coset. We determine how many single cosets are in this

double coset. We have N = N1 =< ¢ > But Ntgt; is not distinct. If we conjugate
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the relation by N we get that:
Ntot1 = Ntotag = Nipts
Ntitg = Ntity = Ntits.

Ntot; = Ntotg = Ntots.
thtl = thtg = thto.

Thus, there exist {n € N|N(tot1)" = Ntot1} such that
N(tot1) >3 = Ntgty = Ntgt; = (1,2,3) € NOV
Ntoty = Ntgto = Nigtatsts = N(O, 2, 3)t0t3 = Ntpts

Ntot§?® = Ntots = Ntots = Ntgt; = (2,3) € N

So, NOD —« (1,2,3),(2,3) >. The number of the single cosets in Ntogt1 N is % =
% = 4. These four single cosets in [01] are { Ntg1"|n € N} = {Ntgt1, Ntitg, Ntaty, Ntsty}.
Furthermore, the orbits of NOU on {tg,t1,ts,t3} are:

O = {0} and {1,2,3}.
Ntotyty € [0] (three symmetric generators will go back to the coset [0])

Ntotito € [010] (one symmetric generator go to the double coset [010])
Ntot1to N
Consider Ntoti1toN denoted by [010]. We determine how many single cosets are in this
double coset. We have N(010) = NOI0 —— ¢ > But Ntyt1tg is not distinct. From the
relation we know that:
Ntotito = Ntotat'™? = Ntgtsty = Ntgtaty = Ntotity => (2,3) € NO10)
Ntotito = Ntotato = Nitotatot1ty = Nto(2,0,1)tat; = Ntytot,

(0,1,2)

Ntott = Ntitot; = Ntotitg = (0,1,2) € N0

So, N(010) =< (0,1,2), (2,3) >. The number of the single cosets in Ntgt toN is % =
22 = 4. The single coset in [01] are {Ntg1"|n € N} = {Ntot1to}. Furthermore, the orbits
of N on {tg,t1,t,t3} are:

0 =1{0,1,2,3}.

Take a representative from this orbit, say tg. Hence Ntotitotg € [01]. Therefore, four

symmetric generators will go back to Ntgt; N.
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We have completed the double coset enumeration since the set of right cosets
is closed under right multiplication, hence, the index of N in G is 10. We conclude:

G = N U NtgN U Ntgt1 N U Ntgt1tgN, where

2*4. 5,
(0,1,2) = tot1tato

G =

|G\§(!N|—|—M+ INL N )><|N\

N N (01) ‘N (©10)
G| < (1+4+4+1)x24
|G\ <10 x 24
|G\ < 240.

A Cayley diagram that summarizes the above information is given below:

Figure 2.3: Cayley Diagram of 2 x S5 over Sy
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2.5.2 Permutation Representation of 2 x S5 over S,

In order to find the permutation representation of G = 2*4 : Sy, in terms of z,
y, and tg, we create a table in which we conjugate the twenty single cosets by x and y

and we right multiply them by ¢g.

Table 2.2: Permutation Representation of 2 x S5 over Sy

| Cosets |2~ (0,1,2,3) |y~ (0,1) |t~ to
1. N 1. N 1. N 2. Ntg
2. Nty 3. Nty 3. Nty 1. N
3. Ntb 4. Nty 2. Nty 7. Ntitg
4. Nty 5. Nt3 4. Nty 8. Nitoty
5. Nt3 2. Nty 5. Nt3 9. Ntstg
6. Ntotq 7. Ntyto 7. Ntytg 10. Ntotito
7. Ntytg 8. Ntotq 6. Ntotq 3. Nty
8. Ntaoty 9. Nitsts 8. Ntato 4. Ntatrto
9. Ntst, 6. Ntoto 9. Ntsty 5. Ntstqtg
10. Ntotito 10. Ntitoty 10. Ntitot; 6. Ntot,

We have:

¢(z) = (2,3,4,5)(6,7,8,9)
¢(y) = (2,3)(6,7)

¢(t) = (1,2)(3,7)(4,8)(5,9)(6, 10).
Thus, we have a homomorphism ¢ : 2*4 : Sy — Sig. Then ¢(G) =< ¢(z), p(y), o(t) >.
In order for us to prove that ¢(G) =< ¢(x), ¢(y), ¢(t) > is a homomorphic image of

G = 2**: 8, we must have the following conditions met:
(1) ¢(N) = 54
(2) ¢(t) has four conjugates under conjugation by ¢(N)

(3) ¢(N) acts as Sy on the three conjugates of ¢(t) by conjugates.

Proof. We have ¢(N) =< ¢(z), d(y) >.
(1) ¢(N) =< ¢(z), ¢(y) >
=<(2,3,4,5)(6,7,8,9),(2,3)(6,7) >
= Sy since [p(z)d(y)| = [(3,4,5)(7,8,9)] = 3.
Thus, ¢(N) = Sy.
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(2) We need to compute ¢(t)?0) :
B = {(1,2)(3,7)(4, 8)(5,9)(6,10) 47O 159y
={(1,3)(4,8)(5,9)(2,6)(7,10)}
=1
B = {(1,2)3,7)(4,8)(5,9)(6, 10)IBIOHT)
= {(1? 4)(5,9)(2,6)(3,7)(8, 10)}
=t
o)) = {(1,2)(3,7)(4, 8)(5,9)(6, 10) 2340951
= {(17 5)(2,6)(3,7)(4,8)(9, 10)}
= {5

$(£)?=) = {(1,2)(3,7)(4,8)(5,9)(6,10)°}
= {(1’ 2)(3’ 7)(4’ 8)(5’ 9)(6’ 10)}

Thus, ¢(t)*N) = {to, t1,t2, 13}
(3) We need to show that ¢(N) acts as Sy on the four conjugates of ¢(t) by conjugates.
First, we have to conjugate by ¢(z):

0 — )

tf(x) (tg(%‘))qS(x) _ t§($2) t

tg(v"?) _ (tf(u’ﬂ))qb(z) _ tﬁlf’(xz) _ (tg(x))¢(12) _ tg(x3)

T T T x? T x x3 x a: xt
tg’( ) — (tf( ))¢( ) = tg’( ) = (tf( ))¢( %) = t‘f( ) = (tg( ))¢( %) — tg( ) — 1.
Thus, (b(x) = (t07t17t27t3)'
Next, we have to conjugate by ¢(y):

159 = {(1,2)(3,7)(4,8)(5,9)(6, 10) 26}
= {(1,3)(2,6)(4,8)(5,9)(7, 10)}
=1

t(f(y)

Thus, ¢(y) = (to, t1).
Hence, ¢(G) =< ¢(x), ¢(y), ¢(t) > is a homomorphic image of G = 2** : S. O

(tgﬁ(y))cﬁ(y) _ tg(yQ) — 1.
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We have:

2. 5,

G = .
(0,1,2) = tot1tato

Now, we want to verify if ¢(0,1,2) = ¢(totitato) then < ¢(z), p(y), #(t) > is a homo-
morphic image of G.

Verify: ¢(z)d(y) = ¢(totitato) :

b(totrtato) =(1,2)(3,7)(4,8)(5,9)(6, 10)
(1,3)(4,8)(5,9)(2,6)(7, 10)
(1,4)(5,9)(2,6)(3,7)(8, 10)
(1,2)(3,7)(4,8)(5,9)(6, 10)
=¢(z)o(y).
Hence, ¢ : G "7 S1o with ¢(G) =< ¢(x), d(y), ¢(t) > . By FIT we have:
G /kerd = ¢(G)

= |G/ker¢| = [¢(G)|

= |G| = [ker¢l|o(G)|.

By completing the double coset enumeration we know |G| < 240. Moreover, by Magma,
(G| = | < d(x), d(y), d(to) > | = 240.

So, |G| = |ker$|240

= |G| > 240.

Hence, |G| = 240.

2.5.3 Prove G 22 x S;

We use the composition factors of G to construct a computer based proof to

show that G = 2 x S;.

Proof. Given:

z3 2 x4,
<z, t’$4, y27 (xy)ga t2a (ta ya:)’ (ta xy), (my)y ="t >= (071,22):%

We use Magma, to obtain the following composition factors:

> CompositionFactors (Gl);
G
| Cyclic(2)

*



|
*
|
1

Hence, G has the following composition series G O G1 D G3 D 1, where
(G/G1)(G1/G2)(Ge/1) = CoA5Co. The normal lattice of G is:

Alternating (5)

> NL:=NormalLattice (G1l);

> NL;

Normal subgroup

lattice

[7] Order
[6] Order
[5] Order
[4] Order
[3] Order
[2] Order
[1] Order

240
120
120
120

60

1

Length
Length
Length
Length
Length

Length

Length

1

Maximal

Maximal

Maximal

Maximal

Maximal

Maximal

Maximal

Subgroups:
Subgroups:
Subgroups:
Subgroups:
Subgroups:

Subgroups:

Subgroups:

5
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First, we look at the center of G and we find it is of order 2. In addition, by

looking at the normal lattice, we find that the normal subgroup NL[2] is of order 2.

Now, we factor G by NL[2] to find H such that G/NL[2] = H.

> g, ff:=quo<Gl|NLI[2]>;
> s:=IsIsomorphic (g, Sym(5));s;

true

We show that H = S5 and a presentation for H is < a, bla?,b%, (a * b)®, (a,b)3 >.

> H<a,b>:=Group< a,b|

a“2,b" 4, (axb) "5, (a,b) "3>;

> f1,Hl1,kl:=CosetAction (H, sub<H|Id(H)>);
> s:=IsIsomorphic (H1,q);

true

Thus, we might have a direct product of a cyclic group of order 2 by Ss.

> D:=DirectProduct (CyclicGroup (2

> s:=IsIsomorphic(D,G1l)

. .
ISI

) 9A)
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true

Now, the element of NL[2] commutes with the element of S5, since G is a direct product

extension. Thus, we have the following presentation for G:

> HH<a,b,c>:=Group< a,b,c| a“2,b"4, (axb) "5, (a,b) "3,c"2, (c,a), (c,b)>;
> f2,H2,k2:=CosetAction (HH, sub<HH|Id (HH) >) ;

> s:=IsIsomorphic (H2,Gl);s;

true

Hence, G =2 2 x S5.

2.6 Finding and Factoring by the Center (Z(G)) of 2 x S

over Sy

Let G acts on X = {N U NtogN U Ntot; N U Ntgt1toN} where |X| = 10. From
the Cayley Diagram of 2 x S5 over 5S4 we see that G is transitive. Moreover, from the
DCE and the Cayley diagram it is clear that the double coset Ntgt1tg/N contains one
single coset. We stabilize the coset N then another coset Nitgtitg/N at the maximal
distance from N also stabilize. This means {N, Ntgt1to/N} is a nontrivial block of size
2. Let B be a nontrivial block and N € B. If Ntgtitg € B. Then

B = {N, Ntgtito} = {1,10}

Bty = {Nto, Ntot1} = {2,6}

Bty = {thl,JV§9§l§Qt1} = {Nty, Ntitotit1} = {Nt1, Ntito} = {3,7}

Bty = {Ntz,Nmtz} = {Ntg, Ntatotata} = {Nta, Ntatg} = {Nta, Ntot1} = {4, 8}

Bts = {th,Nmtg} = {Nts, Ntstitsts} = {Nt3, Ntst1} = {5,9}.
We can see that {Bty, Bt1, Bte, Bt} N B = () and {Btg, Bt1, Bte, Bt3} # B.Hence, we
have blocks of imprimitive of size two. Therefore, |Z(G)|=2 where
Z(G) =< nw > (central elements permute the elements of each block of imprimitive)

= {(1,10)(2,6)(3,7)(4,8)(5,9)}.
Now, we are going to find the central element of order 2 in G, not in its

homomorphic image G1. Consider ntgtitg =1 € G|
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in addition, totitg = n~!. Let r = n~L.

action on the cosets {Ntg, Nti, Nty, Nt3}.

Then tgt1tg = r. We now compute r by its

Compute r by its action on the coset Ntg:
Nt = Nt = N(totito) ‘tototito
= Ntotitotito
= Ntotitotitotats = Ntotito(1,0,2)t1ts
= Ntgtgtatits = Nt2(0,2, 1)tols
— Ntytots
= Ntj.
Now, compute 7 by its action on the coset Nti:
Nt} = Nttt
= N(totito) *titotito
= Ntgtitotitotito
= Nitgtitot1to(0,2, 1)t
= Ntatotatotatits
= Niatot2(0,2, 1)tots
= Ntitotitots
= Nt1(2,1,0)taty = Nity.
Next, compute r by its action on the coset Nta:
Nty = Nttt
= N(totito) tatotito

= Nigtitotatotito

= Ntgt1to(2,0, 1)tato
= Ntytatitaty

= Nt1t2(1,2,0)t;

= Niatoty

= N(2,0,1)ts

= Nt,.
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Finally, compute r by its action on the coset Nts:
Nt = Nelptito
= N(tot1to) tstotito

= Ntotitotstotito

= Ntot1to(3,0, 1)tsto

— Ntytstitsto

— Ntit3(1,3,0)t;

— Ntstol

= Nts.

Thus, Nty = t1, Nt] = to, Nty = to, and Nty = t3 . Therefore, r = (0,1),

and the generator of the center is toti1top = (0,1). Hence, the center of G is Z(G) =<
(0, 1)tot1to > .

Now, we factor

2. S,
(0,1,2) = totatato

1

G

by Z(G) =< (0,1)tot1tg > . Now the question is whether the new relation (0, 1)tot1to
implies the original relation, (0, 1,2) = tot1tatp.

We have totits = totitatits = to(1,2)t1 = (1,2)tetitoto = (1,2)(1,0)t =
(0,1,2)ty. Hence, (0, 1)totitg = tot1to = (0,1, 2)to.

Thus, G factor by the center Z(G) is

~

2*4 . 54 ~ 2*4 : S4
(0,1,2) = totitato, (0,1) = totito  (0,1) = totito

G

12

Now we construct a double coset enumeration of G =2 (012)%%' Our first
yL)=tot1ito
double coset, Ne = {Nen|n € N} = {N} denoted by [] contains one single coset.
Since N is transitive on {tg,t1,t,t4}, the orbit of N on {0,1,2,4} is: O = {0,1,2,4}.
We take a representative from the orbit, say ¢y, and find to which double coset Ntg
belongs. NtyN will be a new double coset, denoted by [0]. Hence, four symmetric
generators will go the new double coset [0].

In order to find how many single cosets [0] contains, we must first find the coset stabilizer
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N©). Then the number of single coset in [0] is equal to %. Now, N© = NO =<
(1,2,3),(1,2) >, so the number of the single cosets in NtgN is % = % = 4. These

four single cosets in [0] are {Ntj|n € N} = {Ntg, Nt1, Nta, Ntg}. Furthermore, the
orbits of N(© on {tg,t1,t2} are: @ = {0} and {1,2,3}. We take t; and t; from each
orbit, respectively, and to see which double coset Ntgtg and Nitgt; belong to. Now
Ntotg = N € [*], so one element will go back to NeN and by our relation we have
(0, Dtot1ito = e = (0,1)tot;1 = t¢ = Nitot1 = Nto. Hence, Ntpt; € [0], so three
elements will loop back to [0]. A Cayley diagram that summarizes the above information

is given below:

|

e
_

[0]

Figure 2.4: Cayley Diagram of S5 over Sy
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Chapter 3

Iwasawa’s Lemma

In this chapter, we will apply Iwasawa’s lemma to prove that a group G is

simple.

3.1 Iwasawa’s Lemma Preliminaries

Definition 3.1. (G-set).

If X is a set and G is a group, then X is a G-set if there is a function o : G x X = X
(called an action), denoted by o : (g,x) — gz, such that:

(1) lx =z for all z € X and

(7i) g(hxz) = (gh)x for all g,h € G and x € X. We also say that G acts on X. If
|X| = n, then n is called the degree of the G-set X. [Rot12]

Definition 3.2. (Transitive G-set).
A G —set X is transitive if it has only one orbit; that is, for every x,y € X, there exists

o € G withy = ox. [Rot12]

Definition 3.3. If X is a transitive G-set of degree n, and if x € X, then |G| = n|G”|.
[Rot12]

Definition 3.4. A G — set X s transitive if it has only one orbit; that is, for every
x,y € X, there exists o € G with y = ox. [Rot12]

Definition 3.5. (Block).
If X is a G — set, then a block is a subset B of X such that, for each g € G, either
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gB = B or gBN B = (. Note gB = {gz : * € B}. Trivial blocks are 0, X, and

one-point subsets; any other other block is called nontrivial. [Rot12]

Definition 3.6. A G — set X with action « is faithful if & : G — S, is injective.
[Rot12]

Definition 3.7. (Primitive).
A transitive G — set X 1is primitive if it contains no nontrivial block; otherwise, it is

imprimitive. [Rot12]

Definition 3.8. Let X be a finite G — set, and let H < G act transitively on X. Then
G = HG?" for each x € X. [Rot12]

Definition 3.9. Let X be a G — set and x,y € X.
(i) If H <G, then H,NH, # 0 = H, = H,
(#9) If H 1is normal in G, then the subsets Hx are blocks of X. [Rot12]

Definition 3.10. If X is a faithful primitive G — set of degree n > 2. If H is normal
in G and if H # 1, then X is a transitive H — set. [Rot12]

Theorem 3.11. Let X be a transitive G — set. Then X is primitive if and only if, for
each x € X, the stabilizer G* is a mazimal subgroup. [Rot12]

Definition 3.12. (Commutator). If a,b € G, the commutator of a and b, denoted
byla, b], is
[a,b] = aba~'b~1.[Rot12]

Definition 3.13. (Derived Group). The commutator subgroup (or derived group)
of G, denoted by G', is the subgroups of G generated by all the commutators. [Rot12]

Definition 3.14. (Simple). A group G # 1 is simple if it has no normal subgroups
other than G and 1. [Rot12]

Theorem 3.15. (Iwasawa’s Lemma). Let G' = G (such a group is called perfect)
and let X be a faithful primitive G — set. If there is x € X and an abelian normal
subgroup K of G, whose conjugates {ghg™1} generate G, then G is simple. [Rot12]
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3.2 Iwasawa’s Lemma to Prove Ly(13) over A, is Simple

We consider
2*4 A4

G >~ [5(13),
0,127, [0, D2, 3)tal7, [0, 12t tats? 20
where Ay is maximal in Ly(13) and the index of A4 in G equals 91.

Note N = Ay =< z,y|23, 43, (z*y)? >, where z = (1,2,3) and y = (1,2,0). Let t4 ~ to.

The manual double coset enumeration and the Cayley diagram was done by

Maria de la Luz Torres [dILT05]. The Cayley diagram is shown below:

a0,

Figure 3.1: Cayley Diagram of Ly(13) over Ay

We use Iwasawa’s lemma to prove G = Ly(13) is simple. [wasawa’s lemma has three

sufficient conditions that we must satisfied:
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(1) G acts on X faithfully and primitively
(2) G is perfect (G =G")
(3) There exist z € X and a normal abelian subgroup K of G* such that the

conjugates of K generate G.

Proof. 3.2.1 G = Ly(13) acts on X Faithfully

Let G acts on X = {N, NtgN, Ntot1 N, Ntoti1toN, Ntot1totsN, Ntgtitota N,
Ntot1toN, Ntot1ts N, NtgtitstaN, Ntot1tats N, Nitgtitotato N}, where | X| = 91. G acts
on X implies there exist homomorphism

[ G — Sq (1X| = 91).
By First Isomorphic Theorem we have:
G/kerf = f(Q).
If kerf = 1 then G = f(G). Only elements of N fix N implies G = N. Since X is a

transitive G — set of degree 91, we have:

|G| =91 x |G|
=91 x |N|
=91 x 12
= 1092
= |G| = 1092.

From Cayley diagram, |G| < 1092. However, from above |G| = 1092 implying ker(f) =
1. Since kerf = 1 then G acts faithfully on X.

3.2.2 G = Ly(13) acts on X Primitively

In order to show that G is primitive, we must show that G = L(13) is transitive
on X = 91 and there exists no nontrivial blocks of X. From the Cayley diagram of
G = Ly(13) over A4, we see that G is transitive. Let B be a nontrivial block, then
|B|||X|. Note if we had a nontrivial block it would have to be of size 7 or 13. Let B be
a nontrivial block and N € B since (G is transitive on the coset of N. Now we look at

different cases:
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Case(1): Assume Nty € B, then
B = {N, Nty}
B = {N,Nt,N} (since N € B, BN = B)
B = {N, Ntg,Nty, Nty, Nt}
Bty = {Nt1, Ntot1, N, Ntot,, Ntst,}
— N € BN Bt;
— B = Bt;.
Now B = {N, NtyN, Ntot1 N}, where |B| = 17 (passed size 7 and 13). Note if Nty € B
then B = X. So B is a trivial block.
Case(2): Assume Ntot; € B, then
B = {N, Ntgt,}
B = {N,Nt;t;N} (since N € B, BN = B)
B = {N, Ntgt1, Ntaty, Ntstq, ..., Ntatg, Nt1tg, Ntsto} where |B| = 13
Btots = {Ntots, Ntotitots, Ntatitoto, ..., N, Ntits, Ntsts}
= N € BN Biyts
= B = Biyts.
So B = {N, Ntot1N, Ntotitota N}, where |B| = 25 (passed size 7 and 13). Hence, B is
a no nontrivial block of X under the action G.
Case(3): Assume Ntotitg € B, then
B = {N, Ntotito}
B = {N, Ntot1toN} (since N € B, BN = B)
B = {N, Ntotito, Ntatits, Ntstits, . .., Ntatots, Ntitot,, Ntstots} where |B| = 13
Bty = {Nt1, Ntotitot1, Ntatitoty, ..., Ntatotaty, Ntit, Ntstotsts }
= {Nt1, Ntotito, Ntotitot, . .., Ntatotaty, Ntito, Ntstotst: }
— Ntotito € BN Bty

— B = Bt;.
SoB = {N, Nth, Ntoth, Ntotlt(]N, NtotthtQN, Ntotltoth}, where |B| = 52. Hence,

B is a no nontrivial block of X under the action G.
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Case(4): Assume Ntptity € B, then
B = {N, Ntgtits}
B = {N, Ntot1toN} (since N € B, BN = B)
B = {N, Ntotits, Ntat1ts, Ntstito, . .., Ntotsty, Nt1tots, Ntstots} where |B| = 13
Btatito = {Ntatito, N, Ntaotitstotito, .. ., Ntotstitatito, Ntitotstatito, Ntstotito}
= {Ntatito, N, Ntaotitstotto, . . ., Ntatstotitite, Ntrtotstatito, Ntstotito}
= {Ntat1to, N, Ntatytstatito, . . ., Ntats, Nt1totstatito, Ntstotito}
— N € BN Blaotyty
— B = Btyt1to.

So B = {N, Ntot1 N, Ntot1to N}, where |B| = 25. Hence, B is a no nontrivial block of
X under the action G.

Case(b): Assume Ntptits € B, then
B = {N, Ntotits}
B = {N, Ntot1t3N} (since N € B, BN = B)
B = {N, Ntgtits, Ntst1to, Ntstito, . .., Ntatots, Ntitots, Ntstot, } where |B| = 13
Btstito = {Ntstito, N, Ntatitotstito, . . ., Ntatotito, Ntrtotatstit, Ntstotitstito}
= {Ntstito, N, Ntotitstotito, . . ., Ntatotito, Ntitotatstito, Ntstotitstito}
= {Ntstito, N, Ntotitatstitito, . . ., Ntatotito, Ntitotatstito, Ntstotitstito
= {Ntstito, N, Ntotitatsto, . . ., Ntatotito, Ntitotatstito, Ntstotitstito}
= {Ntstito, N, Ntotita, . .., Ntototito, Ntitotatstito, Ntstotitstito}
—> N € BN Btstitg
— B = Bistyto.

So B = {N, Ntst1toN, Ntot1ta N}, where |B| = 25. Hence, B is a no nontrivial block of
X under the action G.



62

Case(6): Assume Ntgtitots € B, then
B = {N, Ntotitots}

B = {N, NtotitotsN} (since N € B, BN = B)
B = {N, Ntotitots, Ntgtitato, Ntstitsts, ..., Ntgtotats, Nt1totits, Ntotstat:}

Btitatotito = { Ntitatotite, Ntgtitotstitatotito, . . ., Ntatstotito}

= {Ntot1tots, Ntotitotatititatotito, - . . , Ntitstatoto
= {Ntotitots, N, ..., Ntitsto}
— N € BN Btytatotito
— B = Bttatot1to.
So B = {N, Ntot1tgN, Ntotitots N}, where |B| = 25. Hence, B is a no nontrivial block
of X under the action G.
Case(7): Assume Ntgtitota € B, then
B = {N, Ntottots}
B = {N, NtytitotaN} (since N € B, BN = B)
B = {N, Ntot tots, Ntatitats, . . ., Ntstatst: }

Btitstotito = { Ntitstotito, Ntotitotatitstotito, . . ., Ntstatotito}

= {NtotltotQ, Ntotitotstititstotito,. .., Nt1t2t3t0t0}
= {Ntotltotz, N, ... ,Ntthtg}
= N € BN Btitstotitg

— B = Btltgtotlto.
So B = {N, Ntot1tgN, Ntgtitota N}, where |B| = 25. Hence, B is a no nontrivial block
of X under the action G.
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Case(8): Assume Ntgtitotaty € B, then
B = {N, Ntotltotgto}

B = {N, NtotitotatoN} (since N € B, BN = B)

B = {N, Ntotitotato, Ntatitotsta, . .., Ntstotstits} where |B| =7
Bty = {Nto, Ntotitota, Ntotitotstato, . .., Ntstatstitsto}
Bty = {Nt1, Ntotitotatot, Ntatitotstoty, . .., Ntstotstitsts}

= {Ntl, Ntotitote, Ntotitatstaty, ..., thtgtgtltgtl}

Since BN Bty = (). Then B is a block and Bt is also a block. Moreover, BN Bt; = () so
Bty is a block. But Ntotitoty € BtoN Bt1. So B = {N, NtgN, Ntot1tota N, Ntgt1totato}.
Hence, B is a no nontrivial block of X under the action G.
Case(9): Assume Ntptitsty € B, then
B = {N, Ntottsto}
B = {N, NtytitstoN} (since N € B, BN = B)

B = {N, Nt0t1t3t2, Ntotztltg, Ntotgtgtl, tht(]tth} where |B| =35

Hence B is not a block since size of |B| =5 does not divide | X| = 91.
Case(10): Assume Ntgtitaots € B, then
B = {N, Ntotitots}
B = {N, NtytitatsN} (since N € B,BN = B)

B = {N, Ntotltgtg, Ntotgtgtl, Ntotgtltg, thtgtgtl} where |B| =35

Hence B is not a block since size of |B| = 5 does not divide |X| = 91. In conclusion,
from the cases above we show that we cannot create nontrivial block of size 7 or 13.
Thus G acts primitively on X.

3.2.3 G = Ly(13) is Perfect

Next we want to show that G = G’. Now A4 C G = A,/ C G
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Ay =<a,b]la,b € Ay >. Now the derived group,
Ay =< (1,3)(20),(1,2)(3,0) >
= {e,(1,3)(2,0),(1,2)(3,0),(1,0)(2,3)} C G".
Now z = (1,2,3) and y = (0,1, 2).
Then [z,y] = vy~ tzy = (1,3,2)(0,2,1)(1,2,3)(0,1,2) = (1,2)(3,0) € G’. If we con-
jugate (1,2)(3,0) by (1,2,3) we get (2,3)(1,0) € G'.
Now by expanding the relation [(0,1,2)t]” = 1, we get
(0,1, 2)totat totatsto = 1
— y = tot1tatotitato.
Also by expanding the relation [(0,1)(2,3)to]” = 1, we get
(0,1)(2, 3)totrtotrtot ity = 1
— 1y = tohitotitolrto
Now we use the second relation to solve for x. We replace y = totitatotitatp.
zy = totrtot1totrto
wtotitatotitato = totitotitotito
— 2 = totitotitotitatitotatsto.
So G =< z,y,t >=<tg,t1,t2,t3 > . Our goal is to show that one of the t.s € G', then
we can conjugate. Since (0,1)(2,3) € G’. Then
(0,1)(2,3) = totitotrtotito € G’
(0,1)(2,3)108) = (tot totrtotito) M) € G (since G' < G)
= (tot1) " (tot1totitotito)(tot1)
= (t1to)(tot1tot1tot1to)(tot1)
— tot1to
= tot1tot1t1t1

= [to, t1]t1 € G’ (since [to,t1] € G')

= t, € G’
Sot; € ¢
= t?,tzlfl € G (since y, y ! € G and G' < G)
=" — e

-1
=10~y e
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= {9,190 € G".
So t& € G' (since x € G, ta € G', and G' 4 G)
L 029y
Thus G D G’ D< to, 1, ta, t3 >= G
= G’ = G. Hence G is perfect.

3.2.4 Conjugates of a Normal Abelian K
Generate G = Ly(13) over A,

Now we require x € X and a K < G*, where K is a normal abelian subgroup
such that the conjugates of K in G generate G. Recall, G} = N = A;. Let K =<
(0,1)(2,3),(0,2)(1,3) >. Since K is normal abelian subgroup in G then for any s € K
and for all g € G implies s € K. Since (0,1)(2,3) = totitotitotito € K. Now

tot1to € G and totitotitotity € K

(totltotltotlto)(totlto) c KG

!

(tot1to) " (totitot1totito)(tot1te) € K©
totitototitotitotitototito € K€

t; € K¢

tf e K¢

-1
K¢ 2 {ti,t] ], (t])"}
-1
KC D {t1,t #, ()"} =< t1,to,t2,t3 >=G

RN

Hence, the conjugates of K generate G. Therefore, by Iwasawa’s lemma, G = Ly(13) is
simple.

O]

3.3 2 x Ly(8) as a Homomorphic Image of 2*" : Dy,

3.3.1 Construction of 2 x Ly(8) over Dyy

Consider the group G = 2*7 : Dy4 factored by the relators (ztt®)? and (ttat)?.
Note N = Dy, where x ~ (1,2,3,4,5,6,7) and y ~ (1,6)(2,5)(3,4). Let t ~ t7 ~ .

Let us expand the relators:
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1 = (ztt®)? = (wtgt;)?
= 22(tot1) toty = x> t1tatoty
= 1= $2t1t2t0t1

= t1tp = 33‘2t1t2 — Ntlt() = Ntity

and

e = (ttxt)?
= (totoxto)’
= (xto)”
= g g gty
= 22t totststatstatito
— e = 22 titotststatstatito
= trtitats = 22t trtetsts

= Nirtitots = Nitrtgtsty

We want to find the index of N in G. To do this, we perform a manual double

coset enumeration of G over N.

NeN

First, the double coset NeN, is denoted by [*]. This double coset contains only the
single coset, namely N. Since N is transitive on {0,1,2,3,4,5,6}, the orbit of N on
{0,1,2,3,4,5,6} is: O = {0,1,2,3,4,5,6}. We choose ty as our symmetric generator
from this orbit @ and find to which double coset Nty belongs. NtyN will be a new

double coset, denoted by [0], so seven symmetric generators will go to [0].
NtoN

In order to find how many single cosets [0] contains, we must first find N(©). Then the
number of single coset in [0] is equal to % Now,

N©) — NO
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=< e, (1,6)(2,5)(3,4) >

so the number of the single cosets in NtgN is “l%)‘)' = % = 7. The orbits of N(© on
{0,1,2,3,4,5,6} are: O = {0},{1,6},{2,5}, and {3,4}. We take tg, t1, t2 and t3 from
each orbit respectively and find to which double coset Ntotg, Ntot1, Ntote, and Ntgts
belong to. Now Ntgtg = N € [#], so one element will go back to [*]. Two symmetric
generators will go to new double cosets Ntot1, denoted by [01], Ntote, denoted by [02],

and Ntots, denoted by [03].
Ntot1 N

Now Ntgti N in N is a new double coset. We determine how many single cosets are
in the double coset. Well NOOD = NO' —< [d(N) >. But Ntgt; is not distinct.
Now Ntgtg € [01] since (1,6)(2,5)(3,4) € N and N(tgt;) 9G4 = Nigts. Thus,
(1,6)(2,5)(3,4) € NOD. We conclude:
NOD ><(1,6)(2,5)(3,4) > .
ro N

Hence |[ND| = 2 so the number of single cosets in NV is O] = 1—24 = 7. The orbits

of NOU on {0,1,2,3,4,5,6} are: @ = {0},{1,6},{2,5},{3,4}. Take a representative t;

from each orbit and see which double cosets Ntgtit; belongs to. We have:
Ntotit; € [0]
Ntotity € [012]
Ntotits € [013]
Ntotity € [010].
The new double cosets have single coset representatives Ntgtite, Ntotits, Ntgtity, we

represent them as [012], [013], [010], respectively.
Ntoto N

Now NtgtoN in N is a new double coset. We determine how many single cosets are
in the double coset. Well N2 = N9 —< Jd(N) >. But Ntyty is not distinct.
Now Ntst; € [02] since (1,2)(3,0)(4,6) € N and N(tgty) PG00 — Ntgt). Thus,
(1,2)(3,0)(4,6) € N We conclude:

N©2) > (1,2)(3,0)(4,6) > .

N 14 ;
5 U\L(OL)‘ = 41 = 7. The orbits

of N2 on {0,1,2,3,4,5,6} are: @ = {0,3},{1,2},{4,6}, {5}. Take a representative t;

Hence |[N(?)| = 2 so the number of single cosets in N(?) i
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from each orbit and see which double cosets Ntgtot; belongs to. We have

tolats = x_3t5t4t2 = Nigtats = Ntstats € [013]
Ntotato = Ntg € [0]
totaty = xtgty = Ntglaty = Nitytq € [03]

Ntotots € [025} .

The new double coset have single coset representative Ntgtots, denoted by [025].

Ntots N
Now Ntot3N in N is a new double coset. However, N(®3) = N0 —< [d(N) >. Only
identity e will fix 0 and 3. Hence the number of single cosets living in Ntgts is W‘(LO:L)' =

14 = 14. The orbits of N3 on {0,1,2,3,4,5,6} are: O = {0}, {1}, {2}, {3}, {4}, {5}, {6}.

Take a representative t; from each orbit and see which double cosets Nttst; belongs to.
We have:
totst; = x tots = Nitgtst; = Nitotg € [03]
totsty = x2totsty = Ntotsto = Nitgtsty € [012]
Ntotsts = Nt € [0]
totsty = wtotits = Nigtsty = Nigt1ts € [013]
totsts = etstst; = Nigtsts = Nistst; € [025]
Ntotste € [036]

totsto = xtats = Nigtstyg = Niyto € [02]

The new double coset have single coset representative Ntgtsts, denoted by [036].
Ntot1to N

Consider NtgtitoN in N is a new double coset. We determined how many
single cosets are in the double coset. Well NO12) — N012Z —~ ¢ >~ But Ntgtits is not
distinct. Now Ntstot; € [012] since (1,2)(3,7)(4,6) € N and N (totity) B2 B046) —
tatati. Thus, (1,2)(3,0)(4,6) € N2 we conclude:

NO2) > (1,2)(3,0)(4,6) > .
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Hence |[N(©2)| = 2 5o the number of single cosets in N(012) is % =4 =7 The
orbits of N(©'2) on {0,1,2,3,4,5,6} are: O = {0,3},{1,2},{4,6}, {5} Take a represen-
tative ¢; from each orbit and see which double cosets Ntytitat; belongs to.

tot1taty = .%'_2t5t1 == Ntotltgto = Nt5t1 S [03]
Ntgtitoto = Nitgty € [01]
totitoty = a2 2tytst; = Nigtitaty = Nitytst; € [013]

totitats = etstity = Nigt1tats = Nistits € [036].

Ntot1ts N

Consider Ntgt1t3N in N is a new double coset. However, NO13) — NO13 —

Id(N) >. Only identity e will fix 0,1, and 3. Hence the number of single cosets
living in Ntotits is % = 1 = 14. The orbits of N on {0,1,2,3,4,5,6} are:
O = {0}, {1},{2},{3},{4}, {5}, {6}. Take a representative t; from each orbit and see
which double cosets Ntgt1tst; belongs to.

tot1tsty = & 2tytzty => Nitgtitsto = Nitytsty € [012]

totitsty = o Ytotits => Nigtitsty = Nitatytg € [013)]

totitsty = xtoty = Ntotitsto = Ntoty € [02]

Nitgt1tsts = Ntot; € [01]
totitsty = o ttots = Nigtitsty = Ntgts € [03]

totitsts =~ Mtitaty = Ntotitsts = Ntitaty € [036]

tot1tste = l‘_lt5t3t0 = Nigtitstg = Niststg € [02]

Ntot1toN

Now Ntoti1toN is indeed a new double coset. We determine how many single
cosets are in this double coset. Well N(O10) = NO10 —< T4(N) >. Well N(©10) —
N0 —< Jd(N) >. We have these two relations tgtitqg = (0,5,3,1,6,4,2)tstets and
tot1to = (1,0)(2,6)(3,5)toteto. Since (0,5,3,1,6,4,2) € N and N (totito)®531.642) —
Ntstgts. Thus, (0,5,3,1,6,4,2) € N0 and N0 >< (0,5,3,1,6,4,2) >. Since
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(1,0)(2,6)(3,5) € N and N (totito)H0R0GS) = ¢144t1. Thus, (1,0)(2,6)(3,5) € N0,
We conclude:

NO >< (1,0)(2,6)(3,5), (0, 1,2,3,4,5,6) > .

Then N0 = N. Hence [N = 14, so the number of single cosets in N(©10) s
N . .

o = 1 = 1 The orbit of N0 on {0,1,2,3,4,5,6} is O = {0,1,2,3,4,5,6}.

Take a representative from this orbit, say tyg. Hence Ntotitotg € [01]. Therefore, seven

symmetric generators will go back to Ntgt; N.
Ntotats N

Now consider Ntgtaots/N in N is a new double coset. We determined how many single
cosets are in the double coset. Well N(02%) = NO% —< Jd(N) >. But Ntgtats is not
distinct. Now Ntstits € [025] since (0,3)(1,2)(4,6) € N and N (totots)®3)12)(46) —
tstits. Thus, (3,0)(1,2)(4,6) € N(©%), We conclude:

NO2) ><(0,3)(1,2)(4,6) > .
") is rtas = % = 7. The
orbits of N(2%) on {0,1,2,3,4,5,6} are: O = {0,3},{1,2}, {4,6}, {5}. Take a represen-

tative t; from each orbit and see which double cosets Ntytotst; belongs to.

Hence |N(%)| = 2 so the number of single cosets in N

totatsto = o *tatgta => Ntotatsto = Nigtgty € [025]
totatst; = x’tgty => Ntgtotst; = Ntgtz € [03]
totatsty =~ tstgty = Ntgtotsty = Nitstt; € [013)]
Ntotatsts € [02].
Ntotste N
Now consider NtgtstgN in NV is a new double coset. We determined how many
single cosets are in the double coset. Well N(036) — N036 — Id(N) >. But Ntptste is
not distinct. Now Ntgt4t; € [036] since (1,6)(2,5)(3,4) € N and N (tgtsts)H0B4(25) =
totat1. Thus, (1,6)(3,4)(2,5) € N6, We conclude:
NO30) > (1,6)(3,4)(2,5) > .
Hence |[N(36)| = 2 so the number of single cosets in N(36) ig % =Y — 7 The

2
orbits of N©36) on {0,1,2,3,4,5,6} are: O = {1,6},{3,4},{2,5}, {0}. Take a represen-



71

tative ¢; from each orbit and see which double cosets Ntytstgt; belongs to.

Ntotstete € [03}
totstets = xt1tots = Nitptstets = Ntitots € [013]
totstets = x2t3t6t2 = Nigtstgts = Nitstgts € [036]

totsteto = etotsty = Nigtstgto = Niotsty € [036].

We have completed the double coset enumeration since the right coset is closed
under multiplication, hence, the index of N in G is 72 single cosets. We conclude:
G = N U NtgN U Ntgt1 N U NtgtoN U NtgtsN U Nitgt1taN U Nitgt1tsN U Ntgt1tgN U

Ntotots N U NtgtstgN, where
- 2*T . Dyy
(att®)?, (ttat)? =1
N N N N N N N N
|G| < N| + 55 + 300k + ey + 7y + ooy + ooy + ey + o
N

+ s % [N
G| < (T +T7+T7T+7+14+T7T+14+1+7+7) x 14
|G| <72 x 14

|G| < 1008

The Cayley diagram that summarizes the above information is given below:

3.3.2 Factoring 2 x Ly(8) by the Center

Consider G = M% >~ 2 x Lo(8). We are going to factor G by the

center, to do so, we use the following loops in Magma:

> D:=DihedralGroup(7);
> xx:=D!(1,2,3,4,5,6,7);
> yy:=D! (1, 6) (2, 5) (3, 4);
> N:=sub<D|xx,yy>;
> G<x,y,t>:=Group<x,vy,t|x"7, v 2, (x*y) "2, t72,(t,y),
(x+xt*xt"x) "2, (t+xtxxxt) "9>;
> f,Gl,k:=CosetAction (G, sub<G|x,y>);
> Center (G1l);
Permutation group acting on a set of cardinality 72
Order = 2
(L, 20) (2, 12) (3, 6) (4, 7) (5, 11) (8, 13) (9, 18) (10, 19)
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Figure 3.2: Cayley Diagram of 2 x L(8) over Dy

(14, 21) (15, 22) (16, 29) (17, 30) (23, 31) (24, 32)

(25, 38) (26, 33) (27, 43) (28, 35) (34, 44) (36,45)

(37, 52) (39, 46) (40, 56) (41, 55) (42, 48) (47, 57)

(49, 58) (50, 62) (51,63) (53, 68) (54, 67) (59, 69) (60, 65)
(61, 71) (64, 66) (70, 72)

By Magma, we know that the center of G is of order 2. We let aa equals to the

Center(G1). Now to convert the center in term of word, we use the Schreier System:

(x);

(y);

(t)s

sub<Gl|A,B,C>;
NN<x,y,t>:=Group<x,y,t|x"7, y°2, (xxy) "2, t°2,(t,vy),
(x*t*+t"x) "2, (t*xt*x*t) 9>,
Sch:=SchreierSystem (NN, sub<NN | Id (NN)>) ;
ArrayP:=[Id(N): 1 in [1..#N]];

for 1 in [2..#N] do

for> P:=[Id(N): 1 in [1l..#Sch([1i]]1];

for> for j in [1..#Sch[i]] do

Il
Hh Hh

A
B:
C:
N:

V V.V V V V V V V
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for|for> if Eltseqg(Sch[i])[j] eq 1 then P[j]:=A; end 1if;
for|for> if Eltseqg(Sch[i])[j] eq -1 then P[j]:=A"-1; end if;
for|for> if Eltseqg(Sch[i])[Jj] eq 2 then P[j]:=B; end if;
for|for> if Eltseqg(Sch[i])[]j] eqg 3 then P[j]:=C; end 1if;

for|for> end for;

for> PP:=Id(N);

for> for k in [1..#P] do

for|for> PP:=PP*xP[k]; end for;

for> ArrayP[i] :=PP;

for> end for;

> for i in [1..#N] do if ArrayP[i] eq aa
then print Sch[i]; end if; end for;

X x ¥y *x t o x x %t x x"=-1 %t

Thus, the center of G is Z(G) =< zytrtz—'t > . Now we factor G by the center and we

obtain the following:

> G<x,y,t>:=Group<x,vy,t|x"7, v 2, (x*y) "2, t72,(t,y),
(X+t*xL"x) "2, (LxT*x*xL) "9, xry*rtrx*stxx"—1xt>;

> f,Gl,k:=CosetAction (G, sub<G|x,y>);

> CompositionFactors (Gl);

Now, G = 2*7 : Dy, is factored by the relators (ztt%)?, (ttxt)? and the center Z(G) =<
aytate ™ >.

3.3.3 Construction of Ly(8) over Dy

Consider the group G =< 27,42, (z xy)2, 2, (t,y) > factored by (xtt*)?,(ttxt)®
and the center Z(G) =< zytrtr—'t >. Recall, G = 2*7 : D1y, N = Dyy =< 2,y >=<
(0,1,2,3,4,5,6),(1,6)(2,5)(3,4) >, and t ~ t7 ~ tg. Also, by expanding the two rela-
tions we have:

(ztt®)? = 2’titototy = 1 = z2tity = titg
(ttxt)? = 2’titotetstatstatito = 1 = xtitotats = totitatsty.

Now lets expand the center Z(G) =< aytatz 't >:
xyta:txilt = $yt0$t0x71t0 = zytotgto = 1 = xytots = to.

Now, we begin the construction of Ls(8) over D1y.
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NeN

First, the double coset NeN, is denoted by [*]. This double coset contains only the
single coset, namely N. Since N is transitive on {0,1,2,3,4,5,6}, the orbit of N on
{0,1,2,3,4,5,6} is: O = {0,1,2,3,4,5,6}. We choose ty as our symmetric generator
from this orbit @ and find to which double coset Nty belongs. NtgN will be a new

double coset, denoted by [0], so seven symmetric generators will go to [0].

NtogN
In order to find how many single cosets [0] contains, we must first find N(©). Then the
number of single coset in [0] is equal to % Now,
NO = N =< ¢, (1,6)(2,5)(3,4) >
so the number of the single cosets in NtgN is % = % = 7. The orbits of N(©

on {0,1,2,3,4,5,6} are: O = {0},{1,6},{2,5}, and {3,4}. We take t, tg, t2 and t3
from each orbit respectively and find to which double coset Ntgtg, Ntotg, Ntgte, and
Ntots belong to. Now Ntgtg = N € [*], so one element will go back to [*]. We have
the relation tots = zyty = Ntotg = Nty € [0], since zy € N and Nty € [0]. Thus,
Ntotse = Nto € [0], so two elements will loop back to [0]. On the other hand, two
symmetric generators will go to new double cosets Ntyta, denoted by [02], and Ntots,
denoted by [03].

NtotaN

Now NtgtoN in N is a new double coset. We determine how many single cosets are
in the double coset. Well N(0? = N92 —< Jd(N) >. But Ntyty is not distinct.
Now Ntzt; € [02] since (1,2)(3,0)(4,6) € N and N(toto)LDEOEE) = Ntst). Thus,
(1,2)(3,0)(4,6) € N2, We conclude, N2 >< (1,2)(3,0)(4,6) > . Hence [N(0?)| =2
so the number of single cosets in N(2) ig IJ\‘f](\gL)I = % = 7. The orbits of N2 on
{0,1,2,3,4,5,6} are: O = {1,2},{3,0},{4,6},{5}. Take a representative ¢; from each

orbit and see which double cosets Ntytot; belongs to. We have
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Ntototo = Nty € [0]
totots = x2ytsty = Nitgtotz = Nisty € [03]
tototy = xtat; =— Nigtaty = Ntytq € [03]

Ntgtots € [025] .

The new double coset have single coset representative Ntotats, denoted by [025].

Ntots N
Now Ntot3N in N is a new double coset. However, N(0) = N0 =< Jd(N) >. Only
identity e will fix 0 and 3. Hence the number of single cosets living in Ntpts is WHLOL” =

14 = 14. The orbits of N(®3) on {0,1,2,3,4,5,6} are: O = {0}, {1}, {2}, {3}, {4}, {5}, {6}.
Take a representative t; from each orbit and see which double cosets Ntgtst; belongs to.
We have:

totsty =z ltots = Ntgtst; = Ntotg € [03]

totsty = x2ytsts = Ntgtsty = Nistz € [02]

Ntotsts = Ntg € [0]

totsty = ytots = Ntotsty = Nigts € [03]

totsts = etstst; = Nitotsts = Nitstst; € [025]

totsts = ytststo = Ntotsts = Niststy € [025]

totsto = xtate — Ntotgt() = Niyty € [02]

Ntotats N

Now consider NtgtatsN in N is a new double coset. We determined how many single
cosets are in the double coset. Well N(02%) = N02 —< [4(N) >. But Ntgtats is not
distinct. Now Ntstits € [025] since (0,3)(1,2)(4,6) € N and N (tgtats)®3)1:2)(46) =
tstits. Thus, (3,0)(1,2)(4,6) € N©2) We conclude, N(0?°) >< (0,3)(1,2)(4,6) >
. Hence |[N(2%)| = 2 5o the number of single cosets in N(2%) ig % =4 =7
The orbits of N(O%) on {0,1,2,3,4,5,6} are: O = {0,3},{1,2},{4,6},{5}. Take a
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representative ¢; from each orbit and see which double cosets Ntytotst; belongs to.
tototst; = x’tets = Ntotatst; = Ntgts € [03]
tototsts = xOtgtst; = Ntototsts = Nigts € [025]
tototsty = xOytsty = Ntotatsty = Ntst; € [013]
Ntototsts € [02].
We have completed the double coset enumeration since the right coset is closed

under multiplication, hence, the index of N in G is 36 single cosets. We conclude:

G = N U NtgN U NtgtaN U NtgtsN U Nigtots N, where

_ 2*7 : D14
(xtt®)2, (ttxt)?, xytote=t = 1
V] V] IN| [NV

|G‘ < |N| + NO) + N(02) + N (03) + N (025)
G| < (1+7+7+1447) x 14

|G| <36 x 14

|G| < 504

The Cayley diagram that summarizes the above information is given below:

[025]

Figure 3.3: Cayley Diagram of Ly(8) over Di4
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3.4 Iwasawa’s Lemma to Prove [y(8) over Dy, is Simple

We consider

2*7 D14 ~ L2(8)

G pu—
[(xtotl]Q, [totol‘to]g, $yt0$t0x_1t0

12

Now we use [wasawa’s lemma to prove G = Lo(8) is simple. We use Twasawa’s
lemma to prove G = Ly(8) is simple. [wasawa’s lemma has three sufficient conditions
that we must satisfied:

(1) G acts on X faithfully and primitively

(2) G is perfect (G =G")

(3) There exist z € X and a normal abelian subgroup K of G* such that the

conjugates of K generate G.

Proof. 3.4.1 G = Ly(8) acts on X Faithfully

Let G acts on X = {N, NtyN, NtotaN, Ntots N, Ntotats N, where | X| = 36. G
acts on X implies there exist homomorphism
f G — S (1X] = 36).
By First Isomorphic Theorem we have:
G/kerf = f(G).
If kerf = 1 then G = f(G). Only elements of N fix N implies G' = N. Since X is a

transitive G — set of degree 36, we have:

|G| =36 x |G|
=36 X ||
=36 x 14
= 508
— |G| = 508.

From Cayley diagram, |G| < 508. However, from above |G| = 508 implying ker(f) = 1.
Since kerf =1 then G acts faithfully on X.
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3.4.2 G = Ly(8) acts on X Primitively

In order to show that G is primitive, we must show that G = Ly(8) is transitive
on X = [36] and there exists no nontrivial blocks of X. From the Cayley diagram of
G = Ly(8) over Dyy, we see that G is transitive. Let B be a nontrivial block, then
|B|||X|. Note if we had a nontrivial block it would have to be of size 2, 3, 4, 6, 9, 12, or
18. By inspection, of our Cayley diagram we ca see that we cannot create a nontrivial

block of these sizes.

3.4.3 G = Ly(8) is Perfect
Next we want to show that G = G'. Now Di4 CG = D4/ C G
D14 =< [a,b]|a,b € D14 >. Now the derived group,
D1y =< (0,1,2,3,4,5) >=<z >
— {e,x, 22, 23 2%, 25 25} C @
Now z = (0,1,2,3,4,5,6) and y = (1,6)(2,5)(3,4).
Then [z,y] = v~y tay
= (0,1,2,3,4,5,6)(1,6)(2,5)(3,4)(0,6,5,4,3,2,1)(1,6)(2,5)(3,4)
—(0,2,4,6,1,3,5) € G,
If we conjugate (0,2,4,6,1,3,5) by (0,1,2,3,4,5,6) we get (1,3,5,0,2,4,6) € G'.
Main relation:
2 = titotat; (%)
()3 = (t1totat1)?
28 = titotatotatotaty
71 = tytotatotatotats

xr = tltgtotgtotgtotl

Now, we use the relation that we obtained by factoring by the center:
Ty = tOthO
x_lxy = tlt(]tgtotQtotztltotﬁto

y = titotatolatolatilotslo
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So G =< z,y,t >=< tg,t1,ts,t3,t4,t5,t6 > . Our goal is to show that one of the
t's € G', then we can conjugate. Since x € G'. Then from our double coset relation we
have:
x = totatstity € G’
= totatr1titatrts € G’
= totat1[t1,t4] € G (since [t1,t4] € G')

= totaly1 € G’
Now, we multiply ¢ptet; by the inverse of (*):

tototi1t1tatot1 = 11 € G’ (since x € G’ and (.1‘2)_1 S G/)
So t € G’
x 42?23 gxt gxd gab 27 I (i /
= 1,17, t7 7 7,7 ,t] € G’ (since x € G and G' 4 G)
— < t27t37t47t57t65t07t1 >€ G
Thus G C G’ C< to,ts, ty, ts, tg, tg, t1 > G = G' =G.
Hence G is perfect.

3.4.4 Conjugates of a Normal Abelian K
Generate G = Ly(8) over Dy

Now we require x € X and a K < G*, where K is a normal abelian subgroup
such as the conjugates of K in G generate G. Recall, G! = N = Dyy. Let K =< z >.
Since K is normal abelian subgroup in G’ then for any s € K and for all g € G implies

s9 € K. Since r € K = 2% € K. Now from (*) we have:

22 = titotat; € K
() = (titotat)) € K¢
t1(x)ty =ty (titotat )t € KC
22tsty = tots € K€

= {lolo € KG

So, the inverse tatg € K. Moreover, from the double coset we have the following
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relation:
T = tototytity € K.

Now, we multiply the above relation by #atg:

tototatitatoty € K
(t0t2t4t1t4t2to)t0t2t4 € KG
= tatato(totatatitstato)totats = t1 € K

Thus, t; € K¢
= t{ € K¢
— KOO {1,076, t7 17 4}
— KO D {7,747 7" 7 17"} =< 11, to, ta, s, ta, b5, tg >= G
Hence, the conjugates of K generate G. Therefore, by Iwasawa’s lemma, G = Lo(8) is

simple.
O

3.5 Ly(13) as a Homomorphic Image of 2*" : Dy,

3.5.1 Construction of L5(13) over Dy

Factoring the progenitor 2*7 : D4 by the following relations

[(1,5)(2,4)(6,0)t1to]” and [(1,2,3,4,5,6,0)t]>
yields the finite homomorphic image:

2*7 : D14
[(L 5)(2a 4) (6a O)tlt()]?» [tOtO(lv 27 37 47 57 67 O)tO]3 ’
where Dy is a maximal in Ly(13) and the index of D14 in G equals 78. G = Ly(13),

G =

the projective special linear group.
A symmetric representation for the above image is given by:

<,y tlz" 3 (2 xy)? 2 (Ly), (wry 76 ) (Extxzxt)® >,
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where N = Dy4 =< 27,92, (z*y)? >, and the action of z, y on the symmetric generators
is given by

z~(1,2,3,4,5,6,0),

y~ (1,6)(2,5)(3,4).
The relation

((1,5)(2,4)(6,0)t1t0)” = 1 with (1,5)(2,4)(6,0) = 7 becomes

(7Tt1t0)7 =1

mtitomtitomtitomtitomtitomtitomtity = 1
77 (t1t0)™ (t1to)™ (t1to)™ (trto)™ (trto)™ (trto)™(tite) = 1
T(trto)(t1to)™ (t1t0) (trto)™ (trto) 1to)™ (t1tg) = 1
(1,5)(2,4)(6, 0)t1totstet1totstetrtotstetito = 1
(1,5)(2,4)(6, 0)t1totstet1totste = tot1tatstoty

— Ntitotstatitotste = Ntotitetstots.

ey

5
.5

The relation

((1,2,3,4,5,6,0)t0)% = ((1,2,3,4,5,6,0)ty)> = 1
— Ty =1

= (1,4,0,3,5,2,5)tat1tg = 1

= (1,4,0,3,5,2,5)ty = tot1

—> Nty = Nipt;.

We want to find the index of N in G. To do this, we perform a manual double
coset enumeration of G over N. We take G and express it as a union of double cosets
NgN, where g is an element of G. So G = NeNUNg N UNgoN U... where g;’s words
in ¢;’s.

We need to find all double cosets [w] and find out how many single cosets each
of them contains, where [w] = [Nw"|n € N]. The double cosets enumeration is complete
when the set of right cosets obtained is closed under right multiplication by ¢;’s. We
will identify, for each [w], the double coset to which Nwt; belongs for one symmetric

generator t; from each orbit of the coset stabilising group N ()
NeN

First, the double coset NeN, is denoted by [*]. This double coset contains only the
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single coset, namely N. Since N is transitive on {¢1,to,t3,t4,t5,t6,t0}, the orbit of N
on {t17t27t37t47t57t67t0} is:
0=1{{1,2,3,4,5,6,0}}.

We choose ty as our symmetric generator from @ and find to which double coset Ntg

belongs. NtgN will be a new double coset, denote it [0].

NtoN
In order to find how many single cosets [0] contains, we must first find the coset stabiliser
N, Then the number of single coset in [0] is equal to %. Now,
N©) — nO

=< (1,6)(2,5)(3,4) >

| ]‘ijol” = % = 7. Furthermore, the orbits

so the number of the single cosets in NtgN is

of N(O) on {t1,t2,t3,t4,t5,t6,t0} are:

0= {{0}7 {17 6}7 {27 5}7 {37 4}}

We take tg, t1, t2 and t3 from each orbit, respectively, and to see which double coset
Ntotog, Ntogt1, Ntoto, and Ntgts belong to. We have:
Ntgtg = N € [%]
tot; = 23ty = Ntot; = Nty € [0]
Ntote € [02]
Ntots € [03].
The new double cosets have single coset representatives Ntgto and Nitgts, which we

represent them as [02] and [03] respectively.
Ntota N

Now NtgtoN is a new double coset. We determine how many single cosets are in
the double coset. However, N(02) = N2 —< ¢ >. But Ntyty is not distinct. We
have Ntstz € [02] since (1,4)(3,2)(0,5) € N and N (toto)bVE205) = Ntsts. Thus,
(1,4)(3,2)(0,5) € N2, We conclude:

N2 >< (1,4)(3,2)(0,5) > .
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Nl — 4 — 7 The

Hence [N(?)| = 2. So the number of single cosets in N2 N is oD = 2

orbits of N2 on {ty,to,t3,t4,t5, 6, to} are:

0= {{1,4}, {37 2}7 {0, 5}7 {6}}

Take a representative t; from each orbit and see which double cosets Ntgtot; belongs to.
We have:
totaty = xt1ts = Ntotots = Ntits € [03]

Ntotaty = Nto € [0]

Ntotaty € [020]

Ntotats € [026].
The new double coset are Ntgtoty and Ntgtats, which we represent them as [020] and
[026] respectively.

Ntots N

Consider NtgtsN is a new double coset. We determine how many single cosets are in

the double coset. However, N(3) = N9 —< ¢ > Only identity (e) will fix 0 and 3.

Hence the number of single cosets living in Ntgt3N is ‘N‘(LOL)' = 1T4 = 14. The orbits of
N(03) on {tl, tz, t3, t4, t5, t6, to} are:

O = {{1},{2}, {3}, {4}, {5}, {6},{0}}.
Take a representative ¢; from each orbit and see which double cosets Ntgtst; belongs to.
We have:
Ntotsty € [031]
totsty = xltyt; = Ntotsty = Nty € [03]
Ntotsts = Nty € [0]
totsty = x2t1te => Ntotsty = Ntitg € [02]
totsts = aOtgtits = Ntotsts = Ntgtitg € [020]
Ntotste € [036]
Nttty € [030].

The new double coset are Ntgtst1, Ntgtstg, and Ntgtsty, which we represent them as
[031], [036], and [030] respectively.
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NtotatoN

Now consider NtptatgN is a new double coset. We determine how many single cosets
are in the double coset. However, N(020) = N020 —< ¢ > Only identity (e) will fix 0
and 2. Hence the number of single cosets living in NtgtotgV is IN_ _ 14 _ 14 The

\N(020>\ - 1
orbits of N(20) on {t1,to,t3,t4,15,t¢, to} are:

O = {{1}, {2}, {3}, {4}, {5}, {6}, {0} }.

Take a representative t; from each orbit and see which double cosets Ntytotogt; belongs
to. We have:

totototy = xtitgty = Ntotatot; = Ntitety € [026]

totatots = 2 ytotaty = Nitotatoty = Nitotato € [020]

totatots = ytatats = Ntgtatots = Nigtats € [026]

totatols = wytatsty = Ntotatots = Niatst; € [036]

totatots = (2%) " ltstity => Nigtatots = Ntstity € [036]

totatots = xtits = Ntotatots = Ntity € [03]

Ntotatoto = Ntoto € [02].
Ntotatg N
Now NtgtatgN is a new double coset. We determine how many single cosets are in
the double coset. Now N(026) — N026 —— ¢ > = Byt Ntototg is not distinct. Now
Ntststg € [026] since (1,4)(3,2)(0,5) € N and N (tgtate) 3205 = Ntgtsts. Thus,
(1,4)(3,2)(0,5) € N©26)_ We conclude:
N©26) > (1,4)(3,2)(0,5) > .

Hence |N(2)| = 2. So the number of single cosets in N(©20) N is % =Y =7 The
orbits of N(O26) on {t1,to,t3,t4,5,t¢, to} are:

0= {{17 4}, {37 2}7 {O, 5}7 {6}}

Take a representative ¢; from each orbit and see which double cosets Ntytotgt; belongs
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to. We have:
totatets = aSytataty = Nigtatgt; = Nigtats € [020]
totatets = a’totsts = Nitotatets = Ntotsts € [036]
totateto = a’titgty = Nitotateto = Ntitety € [020]
Ntotatete = Ntoty € [02].
totst1 N

Now Ntotst1 N is a new double coset. We determine how many single cosets are in
the double coset. Now N1 = N0 —— ¢ > But Ntotst1 is not distinct. Now
Ntitstg € [031] since (1,0)(5,3)(2,6) € N and N (tgtst) 0326 = Ntyt5t5. Thus,
(1,0)(5,3)(2,6) € N3, We conclude:
NOD >« (1,0)(5,3)(2,6) > .
Hence |[N(3D| = 2. So the number of single cosets in NN is |N|<0L3|1)| = =7 The
orbits of N3V on {t1,to,t3,t4,t5,t¢, to} are:
0 = {{1,0},{5,3},{2,6}, {4}}-
Take a representative ¢; from each orbit and see which double cosets Ntytstit; belongs
to. We have:
Ntotst1t; = Ntots € [03]
totstits = 2 ytotst; = Nitotstits = Ntotst;, € [031]
totstity = a’tstets = Ntotstita = Nitgtets € [030]
totstits = 2 ytetats = Ntotstits = Nigtate € [030].
Ntotste N

Now consider NtptstgN is a new double coset. We determine how many single cosets
are in the double coset. However, N(036) = N036 —< ¢ > Only identity (e) will fix 0
and 3. Hence the number of single cosets living in NtgtgtgV is Nl 14 _ 14 The

‘N(O36)‘ -1
orbits of N(36) on {t1, s, t3,t4, 5,16, 10} are:

O = {{1}, {2}, {3}, {4}, {5}, {6}, {0} }.

Take a representative ¢; from each orbit and see which double cosets Ntgtstgt; belongs
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to. We have:

totstet, = 2 ytotsts = Nigtstet; = Nigtst € [036]

totstety = a ytstots = Ntotstgta = Ntstgts € [020]

totstets = (2%) ltotats => Niotstets = Ntotats € [026]

totstets = (2%) " 'titsty => Nitotstets = Ntitsty € [036]

totstets = xitatoty = Niotstets = Nitgtots € [030]

Ntotstete = Ntots € [03]
totsteto = x’tatsty = Ntotsteto = Ntatats € [020].
NtotstoN
Now NtgtstgN is a new double coset. We determine how many single cosets are in
the double coset. Now N(©30) = N0 —— ¢ >~ But N totsty is not distinct. Now
Ntstots € [030] since (0,3)(1,2)(6,4) € N and N(totstg)®3I12(64) = Ntatgts. Thus,
(0,3)(1,2)(6,4) € N30 We conclude:
N30 > (0,3)(1,2)(6,4) > .

Hence |[N(©30)| = 2. So the number of single cosets in N30 N is
orbits of N30 on {t1, s, t3,t4, 5,16, 10} are:

0= {{07 3}’ {17 2}7 {6’ 4}7 {5}}
Take a representative t; from each orbit and see which double cosets Ntgtstot; belongs

to. We have:
Ntptstotg = Ntots € [03]

[N _ 14 _

totstots = xitstgta => Nitotstot, = Nistgts € [036]
totstote = ($2)_1t5t2t4 —> Niotstote = Nistoty € [031]

totstots = yt)2tet1 = Ntotstots = Ntotet, € [031].

We have completed the double coset enumeration since the right coset is closed
under multiplication, hence, the index of N in G is 78 single cosets. We conclude:
G = N U NtygN U Ntot; N U NtotaN U Ntots N U NtotitaN U Ntotits N U NtotitoN U
Ntotots N U NtgtstgN, where

B 2*T . Dy
(xtt®)2, (ttat)? =1
|G < IN|+ J‘V]zfol) + ]\‘/](\92) + 1\|;](\07L) + N|(]3[2‘0) + N|(](\)72|6) + N‘(Jf}f?)'l) + N‘(Z(\Qﬁ)
+% X |N|
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G| <(1+7+7+14+14+7T+7+14+7)x 14
|G| <78 x 14
|G| < 1092.

The Cayley diagram that summarizes the above information is given below:

Figure 3.4: Cayley Diagram of Ly(13) over Diy

3.6 Iwasawa’s Lemma to Prove [,(13) over Dy, is Simple

We use [wasawa’s lemma and the transitive action of G on the set of single cosets to
prove G = Lo(13) over Dy4 is a simple group. [wasawa’s lemma has three sufficient
conditions that we must satisfied:

(1) G acts on X faithfully and primitively

(2) G is perfect (G =G")
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3) There exist x € X and a normal abelian subgroup K of G* such that the
(3) group

conjugates of K generate G.

Proof. 3.6.1 G = Ly(13) over Dy, acts on X Faithfully

Let G acts on X = {N, NtoN, Nt[)tQN, Ntoth, NtotgtoN, Ntotgth,
Ntotsti N, Ntotstg N, Ntotsto N}, where X = 78. G acts on X implies there exist homo-
morphism

f G — Sr (IX] = 78).

By First Isomorphic Theorem we have:

G/kerf = f(G).
If kerf = 1 then G = f(G). Only elements of N fix N implies G! = N. Since X is

transitive G — set of degree 78, we have:

|G| =78 x |G|
=78 X |N|
=78 x 12
= 1092
= |G| = 1092.

From Cayley diagram, |G| < 1092. However, from above |G| = 1092 implying ker(f) =
1. Since kerf = 1 then G acts faithfully on X.

3.6.2 G = Ly(13) over D14 acts on X Primitively

Since G = Ly(13) is transitive on |X| = 78, if B is a nontrivial block then
we may assume that N € B. However, |B| must divide |X| = 78. The only nontrivial
blocks must be of size 2,3,6,13,26, or 39. Note if Bty € B then B = X. So B is a
trivial block. By inspection, we can see from the Cayley diagram that we cannot create

a nontrivial block of size 2, 3, 6, 13, 26, or 13. Thus, G acts primitively on X.

3.6.3 G = Ly(13) over Dy, is Perfect



89

Next we want to show that G = G’. Since G =< N,t >, we have that N < G'.
Now D14 < G = D14 < G'. The commutators subgroup of Dy4 is:
D14 =< (1,2,3,4,5,6,0) >=< z >
= {e,z,2% 23, 2%, 2°,2%) < @
Now by expanding the relation [toto(1,2,3,4,5,6,0)t0]® = 1, we get:
(1,4,0,3,5,2,5)ts = tot1
— 23 = totity
— 2% = totitatotits
= 27" = totitatotits
— = totytotatito.
Also by expanding the relation [(1,5)(2,4)(6,0)t1to]” = 1, we get:
(1,5)(2,4)(6,0) = totitetstotitetstot1tetstots
= 2y = totitetstotitatstotitetstots
Now we use the above relation to solve for y. We multiply by 271 = totitatotits.
2y = totitetstotitetstotitatstots
z ay = totitatotitatotitetstotitetstotitetstots
= y = totitatotitatotitetstotitetstotitetstots.
Now D1y < G = D1y <G'. Dy’ =< (1,2,3,4,5,6,0) >=< z >
= {e,x, 22 23, 2%, 25 20} < G'. Note G =< z,y,t >=< t1,to,t3,t4,t5,t6,t0 > . Our
goal is to show that one of the ¢;s € G’, then we can conjugate by < x,y > to obtain
all of the #/s in G’. Consider, the relation:
22 = totatstotritets
= tolatetotetstitets
= totatetots[6, 1]
= totatototstots[6, 1]
= totato[0, 6][6, 1]
= tatatotato[0, 6][6,1]
= t5[2,0][0,6][6,1] € G".
We see that to € G'. So G' >< x,ty >=< t1,to,t3,t4,15,t5,t0 >= G. But G > G'. We
conclude that G = G’ and G is perfect.
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3.6.4 Conjugates of a Normal Abelian K
Generate G = [5(13) over Dy

Now we require x € X and a normal abelian subgroup K of G*, the point
stabilizer of = in G, such that the conjugates of K in G generate G.
Now G' = N = Dy4 possesses a normal abelian subgroup K =< x > . We have the
relation
2® = totits € K
(23)Y = (totita)? € K¢
()7t = totets € K. (3.1)
Now conjugate the relation x3 = tgt;to by tg yields:
(z®)' = (tot1t)* € K@
to(z)tg = tototitaty € K
3tato = titaty € k
23 =titotz € K. (3.2)
Now conjugate the relation x3 = tgtito by t1 yields:
() = (totyto) € K¢
t1(2®)t) = titotrtaty € K
23ttty = titotritats € K
(23taty) 20 = (tytotytaty) 120 € KY
titaty (2Btaty ) titaty = titaty (titotitaty ) titat: € K
2tatstaty = tytaty € k.
We have tqtotg € K so the inverse is in K. Thus
totot; € K. (3.3)
Multiplying (3.3) and (3.2) yields:
totatititats € K
= tots € K. (3.4)

Now we use the relation totstot; = x3tstgts that we obtained from the double coset
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enumeration.
totstots = x tstets
a3 = totstotitatets € K
a3 = tatotstitatets € K (since totsto = tstots). (3.5)
Multiplying (3.5) and (3.4) yields:
3tots = tstotstitatetstots € K
(2Ptots)™s™" = (tstotstitatststots) 0 € K¢
tgtotg(x3t0t3)t3t0t3 = tstots(tstotstitatetstots)tstots € K
23tetstets = titats € K. (3.6)
Multiplying (3.6) and (3.3) yields:
titotetotat; € K
(titatetotat; )12 € K¢
toty (trtatgtotaty )tits € K
toto € k. (3.7)
Multiplying (3.1) and (3.7) yields:
totetsteto € K
(totetsteto) ' € K¢
teto(totetsteto)tots € K
ts € K.
Thus t5 € K
= t¢ e K¢
= KO < {ts, 15,6 13 15,1812}
= KO < {ts, 2,42 12" 12" 42" 12"} =< t5,t5, to, t1, ta, 13, t4 >= G
So G = KC.
Hence, the conjugates of K generate G. Therefore, by Iwasawa’s lemma, G =2 Lo(13) is
simple.

O]
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Chapter 4

Double Coset Enumeration over a

Maximal Subgroup

In this chapter, we will construct a double coset enumeration over a maximal

subgroup and apply Iwasawa’s lemma to prove G = Ly(27) is a simple group.

4.1 Construction of Ly(27) over M = 2Dy,

Definition 4.1. (Maximal Subgroup). A subgroup M # 1 < G is a mazximal
normal subgroup of G if there is no normal subgroup N of G with M < N < G.
[Rot12]

We start by factoring the progenitor 2*7 : D4 by the relations (zyt®t)3, (zt)”

to obtain the homomorphic image:

G

12

2*7 : D14
L Uy WC)
Gyt @y )

where x ~ (0,1,2,3,4,5,6), y ~ (1,6)(2,5)(3,4), and t ~ tg ~ t7 .
Let m = xy = (1,5)(2,4)(6,0), then (zyt®t)> = 1 can be written as
1 = (mt1to)?, which yields the following calculation:
1 = (wt1tg)?
= m3(tto)™ (trto)™tito

== 7Tt1t0t5t6t1t0.
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Thus we have the relation:

7Tt1t0t5 = t0t1t6.

Now (zt)” = 1 can be written as 1 = (ztg)” = m7t§6t§5t§4t§3t§2t§to. Then
totsty = tot1tats.
Let M be the maximal subgroup generated by the control group N = D14 and
totatstats = 12 17 4% 47" 42°  That is,
M = (N, "4 +7) = 2 D14 where |M| = 28.
Then M is the maximal subgroup.
We proceed to do a manual double coset enumeration of G over M and N.

Denote [w] to be the double coset MwN, where w is a word in the #s.
MeN

We begin with the double coset MeN, denote [x]. This double coset contains only one
single coset, namely M. The single coset stabilizer of M is N, which is transitive on
{to, t1,t2,t3,t4,t5,ts} and therefore, has a single orbit,

0 =1{{0,1,2,3,4,5,6}}.
Take an element from O say tg and multiply the single coset representative M by it to

obtain Mty. This is a new double coset MtoN, denote it [0].
MtoN
Continuing with the double coset MtyN, we find the point stabilizer N°. This is
N ={(1,6)(2,5)(3,4)).
The coset stabiliser:

N©O > ((1,6)(2,5)(3,4)).

Since ‘N(O)‘ = 2, the number of single cosets in [0] is ‘JVJ:;‘)‘ = % = 7. The orbits of

NO on {tg, t1,to,t3,ty, ts5, ts} are:
O = {{0},{1,6},{2,5},{3,4}}.

Take an element from each orbit and multiply on the right by the single coset represen-
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tative Mty of the double coset Mty N. We have:
Mtotg = M € [¥],

Mtoty € [01],
Mtoty € [02],
Mtots € [03].
The new double cosets have single coset representatives Mtgty, Mtgte, and
Mtots, we represent them as [01], [02], and [03], respectively.
Mtot1 N

Continuing with the double coset Mtgt1 N, we find the coset stabilizer N (01) —

N = (e). Only e will fix 0 and 1. Hence the number of single cosets in [01] is

N
‘ | = 14 — 14. The orbits of N on {to, t1,ta,t3,t4,t5,ts} are:

o] =
O = {{0}, {1}, {2}, {3}, {4}, {5}, {6}}.
We now take an element from each orbit and multiply on the right by the single coset

representative Mtgt; of the double coset Mtot;N. We have:

Mtot1ty = Mty € [0],
Mtgtitg € [010],
Mttty € [012],
Mtotqts € [013],
Mtot1ty € [014],
Mtot1ts € [015],
tot1te = xytitols
= Miotits = Mtitots € [013] = {N(tot1t3)"|n € N}.

The new double cosets have single coset representatives Mtgtitg, Mitotito,
Mtotits,Mtot1ts, and Mtot1ts, we represent them as [010], [012], [013], [014], and [015],

respectively.
Mtoto N

Continuing with the double coset MtytaN, we find the coset stabilizer N(02) = N02 —
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(e). Only e will fix 0 and 2. Hence the number of single cosets in [02] is

14. The orbits of N2 on {tg,t,t2, 13,4, 5,16} are:
O = {0}, {1}, {2}, {3}, {4}, {5}, {6}}.
We now take an element from each orbit and multiply on the right by the single coset
representative Mtgty of the double coset MitgtoN. We have:
Mtgtaty = Mt € [0],
totaty = atatotitatotaty = Mitgtaty = Migty € [02] = {N(tota)"|n € N},
totats = totatstatotots = Mtotats = Mtgty € [02],
Mtgtaty € [024],
Mtgtats € [025],
Mtgtats € [026],
Mtgtaty € [020].

The new double cosets have single coset representatives Mtgtats, Mitgtots,

Mtotats, and Mtotato, we represent them as [024], [025], [026], and [020], respectively.

Mtots N
Continuing with the double coset Mtyts N, we find the coset stabilizer N 03) = NO3 =
<e>. Only e will fix 0 and 3. Hence the number of single cosets in [03] is }]lj(\:l)| = % —

14. The orbits of N(©03) on {t(), t1,to,13,14, 15, tﬁ} are:

O = {{0}, {1}, {2}, {3}, {4}, {5}, {6}}.
We now take an element from each orbit and multiply on the right by the single coset

representative Mtgts of the double coset MtytsN. We have:

Mtotsts = Mtg € [0],

totsty = totatstatotetote = Mtotst; = Mtgtots € [010] = {N(tot1to)"|n € N},
Mtgtsty € [032],
Mtgtsts € [034],

totsts = tatst; = Mtotsts = Mtstst; € [025] = {N(totats)"|n € N},
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t0t3t6 = y$_2t5t0t6t5t0t6t5t3 — Mtotgtﬁ = Mt6t5t3 S [013]
(since {N (tot1t3)"|n € N} and yz2tstotststo € M),

Mtoptsty € [030]

The new double cosets have single coset representatives Mtytste, Mtotsty, and

Mtotsto, we represent them as [032], [034], and [030], respectively.
Mtot1to N
Continuing with the double coset Mtgt1toINV, we find the coset stabilizer N (010) —
N0 = (e). Only e will fix 0 and 1. Hence the number of single cosets in [010] is
}N‘ = 14 — 14. The orbits of N(010) on {to, t1,ta,t3,t4,t5,ts} are:

|N(010)’ -1
O = {{0}, {1}, {2}, {3}, {4}, {5}, {6}}.

We now take an element from each orbit and multiply on the right by the single coset

representative Mtgtitg of the double coset Mitgtitg/N. We have:

Mtotitoty = Mtoty € [01],

totitots = yatataty = Mtotitoty = Mtstots € [020] = {(Ntotato)"|n € N},

totitots = wtotstatstolits => Mtotitots = Mtyts € [03]
(since {N(tot3)"|n € N} and ztotstatsto € M),

totitots = atgtstatstotsts = Mtotitots = Mitgtstatstotsts € [0321420]
(since { N (totstatitatato)™|In € N}),

totitots = yztotstatstotitot; = Mtotitots = Mtitot, € [010]
(since {N(totito)"|n € N} and yxtotstats € M),

totitots = wtstolstity = Mtotitots = Mtstolstity € [03023]
— {N(totstotats)"|n € N},

totitots = T titatstite => Mtotitote = Mtitststity € [03406]
= {N(totstatots)"|n € N}.

Mtot1to N

Continuing with the double coset Mtyt1to N, we find the coset stabilizer N (012) — pNO12 —
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(e). Only e will fix 0, 1, and 2. Hence the number of single cosets in [012] is
14 = 14. The orbits of N2 on {to,t1,t2,t3,t4,t5, t6} are:
O = {0}, {1}, {2}, {3}, {4}, {5}, {6}}.
We now take an element from each orbit and multiply on the right by the single coset
representative Mtgtito of the double coset MitgtitoN. We have:
Mtgtitats = Mtot, € [01],

totitat: = wtotstatstotetatitotstitets
— Mtotitat; = Mtgtatitotstitets € [03214206]
(since {N (totstatitatatots)™|n € N} and xtotstststy € M),
totitats = tetsts => Mtotitats = Mtgtsty € [012] = {N(tot1t2)"|n € N},
totitats = atotstatstotstetots = Mtotitats = Mtsttots € [0340]
(since {N(totstato)"|n € N} and ztotstatsto € M),
totitats = atitstatstitotsty = Mtotitats = Mtotsto € [020]
(since {N(totato)"|n € N} and ztitstytst; € M),
totitats = atotatstatotatsty => Mtotitats = Mtatsto € [014]
(since {N(totits)"|n € N} and wztotatstaty € M),
totitaty = yatatitatat; = Mtotitato = Mtstitstot, € [03023]
= {N(totstotats)"|n € N}.
Mtot1ts N

Continuing with the double coset Mtgt1t3N, we find the coset stabiliser N (013) —
NOI3 — <e>. Only e will fix 0, 1, and 3. Hence the number of single cosets in [013] is

N
} ‘ = 14 — 14, The orbits of N(013) on {to, t1,t2,t3,t4,t5,ts} are:

|N(013)‘ -1
O = {{0}, {1}, {2}, {3}, {4}, {5}, {6}}.
We now take an element from each orbit and multiply on the right by the single coset

representative Mtgtitg of the double coset Mityti1tsN. We have:
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Mtotitsts = Mtgty € [01],

totitsty = atetatstito = Mtotitsts = Mtghatetito € [03021]

= {N(totstotat1)"In € N},

totrtsts = yatity = Mtotitsty = Mtito € [01] = {N(tot:)"|n € N},
totitsta = wtotatstatolotatsteto = Mtotitste = Miolatststo € [03410]
(since {N(totstatito)"|n € N} and wxtotatstaty € M),

totitats = tatstatotits = Mtotitsts = Mitatgtatotits € [030216]

= {N(totstotatits)"|n € N},

totitsts = a3 tatitat;y = Mtotitste = Mtstitot, € [0323]

= {N(totstats)"|n € N},

totitsto = yx~ *tstrtststety = Mtotitsto = Mgty € 03]

(since {N(totg)n|’rl € N} and y$_2t5t7t6t5 S M)

Mtot1ta N

Continuing with the double coset Mtyt1t4 N, we find the coset stabiliser N (014) — NO14 —

<e>. Only e will fix 0, 1, and 4. Hence the number of single cosets in [014] is ‘N’(](\:lLl =
1714 = 14. The orbits of N(014) on {to, tl, tQ, t3, t4, t5, tﬁ} are:

O = {{0}, {1}, {2}, {3}, {4}, {5}, {6}}.
We now take an element from each orbit and multiply on the right by the single coset

representative Mtgti1t4 of the double coset Migti1t4IN. We have:
Mt0t1t4t4 = Mtotl S [01],

totitats = & 'tstotetstotatetotits => Mtotitsty = Mtatgtotits € [03214],
(since {N(totstatits)"|n € N} and a2~ tstotatsto € M)

tot1tate = yxtotity = Mtgtitste = Mtotity € [014]

totitats = totstatstototetats = Mtotitats = Mtotatats € [0152],

(since {N(t0t1t5t2)"\n S N} and totstatsty € M),



99

totitats = o totatstatotatsts = Mtgtitats = Mtytsts € [012]

(since {N (totit2)"|n € N} and x’tgtotstaty € M),

totitsts = wtitstatstitotatstot; = Mtotitsts = Mtotatstot: € [03406]
(since {N (totstatots)™|n € N} and xtitstatst; € M),

totitato = 22ytstotgts = Mtotitato = Mtstotets € [0341]

= {N(totstst1)"|n € N}.

Mtot1ts N

Continuing with the double coset Mtot1t5N we find the single coset stabilizer is trivial.
However, the relation
totits = yx2tstotetstotstst
— Mtotits = Mtgtst, since yotstotetsto € M
Then M (totts)OOWDCA = Migtsty. But Mtgtst; = Mtotits = (0,6)(1,5)(2,4) €
NO15) since M (totyts) OOLCA) = Mtgtst,
— N > ((0,6)(1,5)(2,4)).

‘N| 14 — 7 The orbits

Since ‘N(Ol‘r’)‘ = 2, the number of single cosets in [015] is =
‘N(015)} 2

of NOW) on {tg,ty,to, ts,ts, 5, tg} are:
O = {{3},{0,6},{1,5},{2,4}}.

Take an element from each orbit and multiply on the right by the single coset represen-
tative Mtgtits of the double coset MtytitsN. We have:

Mtgtitsts = Mtot, € [01],

totitsts = a’tetsty, = Migtitsts = Mtgtst, € [015] = {N(tots)"|n € N},

totitsto = wtitstatstitotsts = Mtotitsto = Migtsts € [024]

(since {N(totats)"|n € N} and xtitstatsty € M),

Mtotitsta € [0152].

The new double coset is Mtotits5ta N, which we represent by [0152],

respectively.
Mtotitsta N

Now with the double coset Mtyt1t5toN, we find the coset stabilizer N(0152) — 0152 —
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<e>. Only e will fix 0, 1, 5, and 2. Hence the number of single cosets in [0152] is

N

14 : .
N‘(0152)‘ =3 = 14. The orbits of N(0152) on {to, t1,ta,t3,14,15, t6} are:

O = {0}, {1},{2}, {3}, {4}, {5}, {6}}.

We now take an element from each orbit and multiply on the right by the single coset
representative Mtgtitsto of the double coset Mitgt1tstoN. We have:

Mtgtitstaty = Mtgtits € [015],

totitstaty = wtotatstatototatsts = Mtotitstats = Mtotatsty € [0323]

(since {N(totstats)"|n € N} and wztotatstaty € M),

totitstats = o tatottatotatat; = Mtotitstats = Migtst; € [026]

(since {N (totate)"|n € N} and z2tototitaty € M),

totitstats = totatstatototets = Mtotitstaty = Mtgtats € [014]

(since {N(totits)"|n € N} and totatstaty € M),

totitstats = x tetstatstotatety = Mtottstats = Mtgtstatstotststo € [03214200]

= {N(totstat1tatatots) |n € N},

totitstate = wtotstatstototitats = Mtotitstats = Mtotitats € [0152]

(since {N (totitsta)"|n € N} and xtotstatsto € M),

totitstato = totatstatolstitatets = Mtotitstaty = Mistitatets € [03410]

(since {N(t0t3t4t1t0)”|n S N} and tototste € M)

Mtgotats N
Continuing with the double coset Mtgtat4 N, we find the coset stabilizer N (024) — NO24 —
N
<e>. Only e will fix 0, 2, and 4. Hence the number of single cosets in [024] is ‘N‘(OJ‘*)| =

1—14 = 14. The orbits of N4 on {to,t1,ts,t3,t4, 15,16} are:
O = ({0}, {1}, {2}, {3}, {4}, {5}, {6}}.
We now take an element from each orbit and multiply on the right by the single coset
representative Mtgtoty of the double coset Mtytot4sN. We have:
Mtgtatats = Mtots € [02],
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totatats = o 2tsttsty = Mtotatst; = Mtstgtsts € [0301]

= {N(totstot1)"|n € N},

totatats = atgtsts => Mtotatsts = Mtgtsts € [020]

= {N(totato)"|n € N},

totatats = yatotstatstotstitatets = Mtotatats = Mtstitatets € [03410]
(since {N(totstatito)"|n € N} and yxtotstatsto € M),

totatsts = atotstatstotitatstito => Mtotatsts = Mtitststito € [03406]
(since {N (totstatots)"|n € N} and xtotstatsto € M),

totatats = wtet1ty —> Mitgtatsts = Mtgtity € [025]

= {N(totats)"|n € N},

totataty = atotstatstototets = Mtotatsty = Mtgtets € [015]

(since {N(t0t1t5)"|n € N} and xtotstatsty € M)

Mtotats N

Continuing with the double coset Mtgtats N, we find the coset stabilizer N (025) — 025 —

<e>. Only e will fix 0, 2, and 5. Hence the number of single cosets in [025] is ‘1\7’(]:2|5)| =

%4 = 14. The orbits of N(025) on {to, tl, tg, t3, t4, t5, t6} are:

O = {{0}, {1}, {2}, {3}, {4}, {5}, {6}}.
We now take an element from each orbit and multiply on the right by the single coset
representative Mtgtats of the double coset Mtgtats N. We have:
Mtotatsts = Mtots € [02],
totatsts = xttatotitatotstotetsts = Mitgtatst, = Mtstotetsts € [03406]
(since {N(totstatots)™|n € N} and xtototyitaty € M),
totatsty = tate = Migtatsty = Migty € [03]
= {N(tot3)"In € N},
totatsts = wtgtatitolstits = Mtotatsts = Mtgtatitotstite € [0321420],
= {N(totstatitatate)"|n € N},
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totatsts = ytotstatstototsts => Mitolatsts = Mtotsts € [032],
(since {N(totst2)"|n € N} and ytotstatsto € M),

totatste = v tstetststats => Mitolotsts = Mtstetststats € [030216]
= {N(totstotatits)"|n| € N},

totatsto = & Mtitsts = Mtgtatsty = Mtitsts € [024]

= {N(t0t2t4)”]n S N}

Mtototg N
Continuing with the double coset Mtgtsts N, we find the coset stabilizer N (026) — 026 —
N
<e>. Only e will fix 0, 2, and 6. Hence the number of single cosets in [026] is ‘J\J(OQL)l =

14 — 14. The orbits of N(©26) on {to,t1,ts,t3,t4, 15,16} are:

1
O = {{0}, {1}, {2}, {3}, {4}, {5}, {6}}.
We now take an element from each orbit and multiply on the right by the single coset

representative Mtgtatg of the double coset MtytotgN. We have:

Mtotatets = Mtots € [02],

totatets = = 2tstotetstotstetsto => Mtotatet; = Mtstgtsty € [0152]
(since {N (totitsta)"|n € N} and x 2tstotetsto € M),

tototety = totstoty == Mtgtateto = Mtotstaty € [0302]

= {N(totstots)"|n € N},

totatets = x2ytetstets =—> Mtotatats = Mtgtststs € [0301]

= {N(totstot,)"|n € N},

tototety = o Stattste = Mtgtotty = Mtstgtsts € [0323]

= {N(totstats)"|n € N},

tototets = totstatstotatity = Mtotatets = Mtytity € [034]

(since {N(tot3t4)"|n S N} and totstatsty € M),
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totatelo = y$_2t5t0t6t5t0t3tot6t3 = Miototgto = Mtstotgts € [0340}

(since {N (totstato)"|n € N} and yz>tstotgtsto € M).

Mtotato N
Continuing with the double coset MtgtatoIV, we find the coset stabilizer N (020) — py020 —
<e>. Only e will fix 0, and 2. Hence the number of single cosets in [020] is |N|(](\)/JO)‘ =

%4 = 14. The orbits of N(020) on {to, tl, tg, t3, t4, t5, tﬁ} are:

O = {{0}, {1}, {2}, {3}, {4}, {5}, {6}}.
We now take an element from each orbit and multiply on the right by the single coset

representative Mtgtaty of the double coset MitgtatoIN. We have:

Mtotatoty = Mtots € [02],

totatols = yr2tstotetstototaty = Mtotatots = Mtotaty € [020]
(since {N (totato)"|n € N} and yz2tstotststy € M),

totatoty = wtotstatstototets = Mtotatoty = Migtats € [012]
(since {N(totit2)"|n € N} and xtotstatsto € M),

totatots = ytatsty = Migtatots = Migtsty € [010]

— {N(tot1to)"|n € N,

totatots = wtgtatys = Mtotatoty = Mtgtsts € [024]

— {N(totats)"|n € N},

totatots = o “tatits = Mtotatots = Mistits € [020]

= {N(tot2to)"|n € N},

totatots = witatatetito = Mitotatots = Mtgtatetito € [03021]

= {N(totstotat1)"|n € N}.

Mtotsto N

Continuing with the double coset MtytstoN we find the single coset stabilizer is trivial.

However, the relation
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totste = x 2tstotststotatsto
= Mitotsty = Mtatsto since x 2tstotetsto € M
Then M (totsts)ODE0A5) = Miotety. But Mtotgty = Mtotsts = (0,2)(3,6)(4,5) €
N©32) gsince M (totsty) 0D EOA5) — Mitytaty
= N2 > ((0,2)(3,6)(4,5)).

‘]\J(]LL)} = % = 7. The orbits

Since ’N(032)’ = 2, the number of single cosets in [032] is
of N32) on {tg,ty,to,t3,ts, 5,6} are:
O = {{1},{0,2},{3,6},{4,5}}.

Take an element from each orbit and multiply on the right by the single coset represen-
tative Mtgtsty of the double coset MtgtstoN. We have:

Mtotstaty = Mtots € [03],

Mtotstat; € [0321],

Mitotstats € [0323],

totstoty = x3tototitatototats = Mtotstaty = Mtgtots € [025]

(since {N(totats)"|n € N} and x3tatgtitaty € M).
The new double cosets have single coset representatives Mtgtstat; N and Mtgtstats N,

we represent them as [0321] and [0323], respectively.
Mtotstat1 N

Continuing with the double coset Mtgtstot1 N we find the single coset stabilizer is trivial.
However, the relation

totstats = x 2tstotetstotatstot

— Mtotstat; = Mtstgtot; since v 2tstotststo € M.
Then M (totstoty) 02D E045) — Mitytatot;.
But Mtotgtot; = Mtotstat; = (0,2)(3,6)(4,5) € N(©321)
since M (totstaty) (02 BOE5) = Mistetot,
— NO32D > ((0,2)(3,6)(4,5)).

Since |[N(®32] = 2, the number of single cosets in [0321] is }N‘(é\gln‘ = L =7 The

orbits of N(321) on {tq, 11, to, t3, s, ts5, ts} are:

0= {{1}7 {0’ 2}7 {37 6}7 {47 5}}

Take an element from each orbit and multiply on the right by the single coset represen-
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tative Mtgtstat of the double coset Mtgtstat;i N. We have:
Mtgtstatity = Mtotsts € [032],
totstatits = aPytitatity = Mtotstatits = Mtitatity € [0301]
= {N(totstot1)"|n € N},
Mitgtstatity € [03214],
totstatito = totatste = Migtstatito = Mtotatste € [0321]

= {N(totstat1)"|n € N},

The new double coset is Mtgtstat1t4N, which we represent by [03214], respectively.
Mtotstats N

Continuing with the double coset Mtytstats N, we find the coset stabilizer N (0323) —
N2 = (¢). Only e will fix 0, 2, and 3. Hence the number of single cosets in [0323] is

N
‘ ’ 14 — 14. The orbits of N(©323) o {to, t1,t2,t3,t4,t5,ts} are:

EZ
O = {{0}, {1}, {2}, {3}, {4}, {5}, {6}}.
We now take an element from each orbit and multiply on the right by the single coset
representative Mtgtstots of the double coset MitgtstotsN. We have:
Mitgtstatsts = Mtotsts € [032],

totstatsty = @>tatets = Migtstatst; = Mistets € [026]

= {N(totats)"|n € N},

totstatsts = wytstotatets = Mtgtstatste = Mtytotatets € [03021]

= {N(totstotat1)"|n € N},

totstatsts = x’tatotitatototatoty = Mtotatatsty = Mtgtstot; € [0301]
(since {N(totstot1)"|n € N} and x’tatotitaty € M),

totstotsts = x3tatst; => Mtotstatsts = Mtatst] € (013]

= {N(tot1t3)"|n € N},

totstatsts = yx *tstotetstototetats = Mtotstatsts = Mtotgtats € [0152]

(SiIlCG {N(tot1t5t2)”|n € N} and yl‘_2t5t0t6t5t0 € M),
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totstatsto = wtotatstotototstatstets = Migtstatsty = Mtotstytstets € [032142]

(since {N(t0t3t2t1t4t2)"|n € N} and xtgtatstaty € M)

Mtotstat tsN
Continuing with the double coset Mtgtstot1t4/N we find the single coset stabilizer is
trivial. However, the relation
totstatity = tatitatsty
— Mtotstotity = Mtytitatsty
Then M (totstotity) ODGDGE) = Myt totsty. But Migtitotsty = Migtstotity —>
(0,4)(3,1)(5,6) € N©3214)
since M (totstot ts)ODEDGO) — Myt totsty
= N2 > ((0,4)(3,1)(5,6)).

Since ‘N(O?’QM ‘ = 2, the number of single cosets in [03214] ]L%‘M)[ 5 =17. The

orbits of NO3214) on {tq. t1,ty, t3,14,t5,t6} are:
O = {{2},{0,4},{3,1}, {5,5}}-

Take an element from each orbit and multiply on the right by the single coset represen-
tative Mtgtstatity of the double coset Mitgtstat1t4N. We have:

Mtotstotitaty = Mtgtstat, € [0321],

Mitgtstatitats € [032142],

totstatitsts = ™ Ystotetstotatsts = Mtotstattats = Migtsts € [014]

(since {N(totit4)"|n € N} and z~  tstotetsto € M),

totstatitsts = atatotytatotitstiteto = Mitgtstatitats = Mtitstiteto € [03021]

(since {N(totgtotztl)n‘n S N} and x4t2t0t1t2t0 S M),

The new double coset is Mtgtstatitsta N, which we represent by [032142], respectively.
Mtotgtat1tsto N
Continuing with the double coset Mtgtstatitsto N we find the single coset stabilizer is

trivial. However, the relation

totstatitato = tatitatstoto
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= Mtotstatitato = Mtytitotstots.
Then M (totstotitats)ONGVGE) = Myt totstots.
But Mtytitotstots = Mtgtstatitsts = (0,4)(3,1)(5,6) € N(032142)
since M (totstotytaty)ODGVGOE) = Myt totstoty

— NO32192) > ((0,4)(3,1)(5,6)).

Since !N(032142)| = 2, the number of single cosets in [032142] is ’L} =4 =7
‘N(032142) ‘

The orbits of N(032142) on {t,t,, o, t3, 4, 15,16} are:
O = {{2},{0,4},{3,1},{5,6}}.

Take an element from each orbit and multiply on the right by the single coset represen-
tative Mtgtstatitsts of the double coset Mitgtstatit4taN. We have:

Mitgtstatitatats = Mtgtstat ity € [03214],

totstatitatats = yaitotatsty = Migtstatitstats = Migtatsty € [0340]

= { N (totstato)"|n € N},

totstatitatats = atotstatstotstitoty = Migtstatitatats = Mtstitot, € [0323]

(since {N(totstats)"|n € N} and ztotstatsto € M),

Mtgtstatitataty € [0321420].

The new double coset is Mtotstatitstato N, which we represent by [0321420],

respectively.
MtotstatitatatoN

Continuing with the double coset Mtytstot1tstatoN we find the single coset stabilizer is
trivial. However, the relation
totstatitatolo = ylotstalstotstatstalitsts

= Mtotstotitstato = Mtstotststitsts since ytotstatsto.
Now M (totstotitataty)™ = Mtstatststitsts.
Then M (totstotitatato) 0D 32 = NMistotstytytsts.
But Mtstotstytitsts = Mtgtstatitstaty = (0,5)(2,3)(1,2) € N(0321420)
since M (totstatytatato) 0P @32 = NMistotstyt tsts

— NO321420) > ((0,5)(2,3)(1,2)).

Since |N(©321420)] = 2 the number of single cosets in [0321420] is v =L=7
‘N(0321420)|
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The orbits of N(0321420) oy {to, t1,t2,t3,t4,t5,16} are:
O = {{6},{0,5},{2,3},{1,4}}.
Take an element from each orbit and multiply on the right by the single coset represen-
tative Mtgtstaotitstaty of the double coset Mitgtstot1tstatoN. We have:
Mitgtstatitatatoto = Mtgtstatitats € [032142],
totstatitatatot; = $_2t5t0t6t5t0t4t2t6 = Migtstattatatots = Mtatots € [025]
(since {N (totats)"|n € N} and z %tstotgtsty € M),
totstatitatatols = attatotitatotetote = Mtotstatitatatoty = Migtots € [010]
(since {N(totito)"|n € N} and z*tototitaty € M),
Mitotstatitstatots € [03214206].
The new double coset is Mtotstatitstatote N, which we represent by [03214206],

respectively.
Mtotstatitatatote N

Continuing with the double coset MitgtstatitatatotsN we find the single coset stabilizer
is trivial. However, the relation
totstalitatatote = ylolstalstotstatatatitststs

= Mitgtstatrtatatots = Mistotststitstste since ytotstatsto € M
Then M (totstotitatatots) 0D @32 = NMistotstytitststs.
But Mtstotststitstste = Miotstatitstatots = (0,5)(2,3)(1,2) € N(0321406)
since M (totstotitatotots) P32 = Mistotstytytstste

— NO3214206) > (0, 5)(2,3)(1,2)).

Since | N(03214206)] — 2 the number of single cosets in [03214206] is % =4=7
The orbits of N(03214206) {to, t1,t2,t3,t4,t5,ts} are:

O = {{6},{0,5},{2,3},{1,4}}.

Take an element from each orbit and multiply on the right by the single coset represen-
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tative Mtgtstaotitstatots of the double coset Mitgtstat tstatoteN. We have:
Mitotstatitatatotste = Mtotstatitstaty € [0321420],
totstatitatatotets = xtetstity = Mtotstatitatatotety = Migtstits € [0152]
= {N(tot1tst2)"|n € N},
totstatitatatotety = ya 2tstotetstotitats = Mtotstatitatatotets = Mtitats € [012]
(since {N(tot1t2)"|n € N} and yz~>tstotetsto € M),
totstatitatatotto = totatstatotitatita = Migtstatitatatoteto = Mtitatity € [0301]

(since {N(totgtotl)n|n € N} and totatstaty € M)

Mtotsty N

Continuing with the double coset Mitgtst4N we find the single coset stabilizer is trivial.
However, the relation
totsts = x2totottatotatets
= Mtotsty = Mtotsts since x’tototitaty € M.
Then M (totsty) 02D E0E5) — Mtotats.
But Mtotets = Mtotsty = (0,2)(3,6)(4,5) € N©34)
since M (totsty) 02 GOE5) = Mitytets
— N > ((0,2)(3,6)(4,5)).

Since ‘N(034)‘ = 2, the number of single cosets in [034] is [ = 1 — 7. The orbits
‘N(034>} 2

of N3 on {tg,ty,to,t3,ts, ts5,t6} are:
O = {{1},{0,2},{3,6},{4,5}}.

Take an element from each orbit and multiply on the right by the single coset represen-
tative Mtgtsty of the double coset Mtytst4N. We have:

Mitgtstaty = Mtots € [03],

Mtotstyty € [0341],

Mttstyty € [0340],

totstate = wtitstatstitatots —> Mitotstate = Mtytots € [026]

(since {N(totztﬁ)n|n S N} and xtitstytst) € M)
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The new double cosets have single coset representatives Mitgtstst1 N and

MtotstatoN, we represent them as [0341] and [0340], respectively.
Mtotstst1 N

Continuing with the double coset Mtytstst1 N we find the single coset stabilizer is trivial.
However, the relation

totstat: = x2tototitatotatetsty

= Mtotststs = Mitotatst; since x2tototitaty € M.
Then M (totstyty ) OGO = NMiotstst,.
But Mtgtetsty = Mtotstst; = (0,2)(3,6)(4,5) € N©34D)
since M (totstyty) 0D EOWD) — Miotatsty
— N > ((0,2)(3,6)(4,5)).

Since ‘N(0341)‘ = 2, the number of single cosets in [0341] is ‘N| = L = 7. The

orbits of N34 on {tq,t1,ta, t3,t4, 5, t6} ave:
O = {{1},{0,2},{3,6},{4,5}}.
Take an element from each orbit and multiply on the right by the single coset represen-
tative Mtgtstst; of the double coset Mtgtstst1N. We have:
Mitgtstatity = Mtotsty € [034],
totstatits = yatstots = Mitotstatits = Mistots € [014]
= {N(tot1ts)"|n € N},
totstatity = o 2tgtatsto = Mitgtstatity = Mtgtatst € [0341]
= {N(totstst1)"|n € N},
Mitgtstatity € [03410].
The new double coset have single coset representative Mitgtstst1toN, we rep-

resent it as [03410], respectively.
Mtotststi1toN
Continuing with the double coset Mtytstst1toN, we find the coset stabiliser N (03410) —
NO310 = (¢} Only e will fix 0, 1, 3, and 4. Hence the number of single cosets in [03410]
L 14 — 14. The orbits of N(03410) op {to, t1,t2,t3,t4,t5,16} are:

is ‘N<o341o)‘ -1
O = {{0}, {1}, {2}, {3}, {4}, {5}, {6}}.

We now take an element from each orbit and multiply on the right by the single coset
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representative Mtgtstatity of the double coset Mtgtstst1toN. We have:

Mtotstatitoto = Mtotstat: € [0341],
totstatitoty = yadtstitatsty = Mitgtstatitots = Mtstitatsts € [03406],
totstatitots = yx~ *tstotetstotatstots
— Migtstatitots = Mtatstots € [0152],
totstatitots = yx tstotetstototets = Mtotstatitots = Mtotets € [013],
totstatitots = yatotstatity = Mtotstatitots = Mitogtstatity € [03410],
totstatitots = a tatotitatotatats = Mtotstatitots = Migtats € [024],
totstatitots = T tatotytatototstotats
— Migtstatitots = Mtotstotats € [03023].
MtotststoN
Continuing with the double coset MtgtststgN, we find the coset stabiliser N (0340) —
N30 = (¢). Only e will fix 0, 3, and 4. Hence the number of single cosets in [0340] is
|N4‘“’J§“’L)\ = 1 — 14. The orbits of N340 on {to, 1, t, t3, ta, t5, 6} ave:
O = {{0}, {1}, {2}, {3}, {4}, {5}, {6}}.

We now take an element from each orbit and multiply on the right by the single coset
representative Mtgtstaty of the double coset Mitgtstato/N. We have:
Mtotstatoto = Mtotsty € [034],

totstatots = totstatstotatste =—> Mtotstatots = Mtatste € [012]
(since {N (tot1t2)"|n € N} and totstatsty € M),

totstatoty = o 2tetstetsts = Mtotstatoty = Mtgtstglsts € (03021]
= {N(totstotat1)"|n € N},

totstatots = x totatstatotstits = Miogtstatots = Mtztity € [026]

(since {N(totQtG)n”n € N} and x2t0t2t3t2t0 S M),
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totstatots = Tytotatstetsto = Mitotstatots = Mtotatstetsty € 032142]
= {N(totstatitatz)"|n € N},

totstatots = ytotstaty = Mtotstatots = Mitgtstaty € [0340]

= {N(totstato)"|n € N},

Mtotstatots € [03406].

The new double coset have single coset representative MtytststotgN, we represent it as

[03406], respectively.
Mtotststote N

Continuing with the double coset MitgtststotsN, we find the coset stabilizer N (03406) —
03406 — <e>. Only e will fix 0, 3, 4, and 6. Hence the number of single cosets in [03406]

N
i & = 14 — 14, The orbits of NO3406) on {to, 1,9, t3,t4, 15,16} are:

* o] = 1
O = {{0}, {1}, {2}, {3}, {4}, {5}, {6}}.
We now take an element from each orbit and multiply on the right by the single coset
representative Mitgtstatots of the double coset MitgtstatotsN. We have:
Mitgtstatotets = Migtstato € [0340],

totstatotets = wtotstatstototets —> Mtotstatotets = Mitotgts € [014]
(since {N(totits)"|n € N} and zxtotstatsto € M),

totstatotete = x4t2t0t1t2t0t3t1t5 = Mtotstatoteta = Mtstits € [025]
(since {N (totats)"|n € N} and zitototitaty € M),

totstatotsts = ytatstetsts = Mtotstatotsts = Mtotstetsts € [03410]
= {N(totststito)"|n € N},

totstatotets = totatstatotetits = Mtotstatotets = Mtgtits € [024]
(since {N(totats)"|n € N} and totatstaty € M),

totstatotsts = =~ 2telots = Miotstatotets = Mtgtots € [010]

= {N(tot1to)"|n € N},

totstatoteto = nytot4t0t6 = Mtotstatoteto = Mtotatots € [0301]
= {N(totstot1)"|n € N}.

Mtotsto N
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Continuing with the double coset MtygtstgN we find the single coset stabilizer is trivial.
However, the relation
totsto = tstats
—s Mtotsto = Mtstots.
Then M (totstg)©2) @34 = Mitstots.
But Mtstots = Miotsty = (0,5)(2,3)(1,4) € N30
since M (totst) 0P @3 WA = Mitstots
= N9 > ((0,5)(2,3)(1,4)).

Since ’N(030)’ = 2, the number of single cosets in [030] is ’N| = 1 — 7 The orbits
‘N(030> } 2

of N39) on {tg,ty,to,t3,t4, 5,6} are:
O = {{6},{0,5},{2,3}, {1, 4}}.

Take an element from each orbit and multiply on the right by the single coset represen-
tative Mtgtstg of the double coset MtgtstgN. We have:

Mtotstoty = Mtots € [03],

Mtotstot, € [0301],

Mtotstota € [0302],

totstots = o~ tstotetstototsto = Mtgtstots = Mtotsty € [030]

(since {N (totsto)"|n € N} and x~ 'tstotgtsty € M).

The new double cosets have single coset representatives Mtotstot1 N and Mtgtstota N,
we represent them as [0301] and [0302], respectively.

Mtotstot1 N

Continuing with the double coset Mtgtstot1 N, we find the coset stabiliser N (0301) —
N30t = (e). Only e will fix 0, 1, and 3. Hence the number of single cosets in [0301] is

N
‘ ’ 14 — 14. The orbits of N(©301) op {to, t1,t2,t3,tq,t5,ts} are:

|N(0301)‘ -1
O = {{0}, {1}, {2}, {3}, {4}, {5}, {6} }.

We now take an element from each orbit and multiply on the right by the single coset

representative Mtgtstot: of the double coset Mitgtstot1N. We have:
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Mtotstotit; = Mtotsty € [030],
totstotity = yx’tetatity => Mtotstotity = Mtgtatity € [0321]
= {N(totstat;)"|n € N},
totstotits = ytetato = Mtotstotits = Mtgtato € [026]
= {N(totats)"|n € N},
totstotits = o 2tstotetstotolstats = Mtotstotity = Mtotstats € [0323]
(since {N (totstats)"|n € N} and z 2tstotetsto € M),
totstotits = x’tytgty =—> Mtotstotits = Mtytt; € [024]
= {N(totats)"|n € N},
totstotite = xtotatstatotetatitotstitets
— Mtotstotite = Mtgtatitolsttets € [03214206]
(since {N (totstatitstatots)™|n € N} and ztotatstoty € M),
totstotito = yx’totststoty => Mtotstotito = Mtgtatstot; € [03406]

= {N(t0t3t4t0t6)”]n S N}

Mtotstota N

Continuing with the double coset Mtytstoto N we find the single coset stabilizer is trivial.
However, the relation
totstota = x %tgtsteta

— Mtotstots = Mtgtststs.
Then M (totstoty) OO = NMiststaty.
But Mtstgtsty = Mtgtstota = (0,6)(2,4)(1,5) € N(0302)
since M (totstot)OO@DWD) = Mistetaty

= N©302) > ((0,6)(2,4)(1,5)).

Since ‘N(O?’OQ)‘ = 2, the number of single cosets in [0302] is ’N| = L =7 The
}N(o:aoz)‘

orbits of N(302) on {tq,t1,to,t3,t4,t5, 6} ave:
0= {{3}7 {07 6}7 {27 4}7 {17 5}}

Take an element from each orbit and multiply on the right by the single coset represen-
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tative Mtgtstots of the double coset MtgtstotoN. We have:
Mitgtstotats = Mtotsto € [030],
Mtgtstotat, € [03021],
Mtotstotats € [03023],
totstotaty = tstots = Mtotstotaty = Mtstots € [026]

= {N(tOtQtﬁ)n|n S N}

The new double cosets have single coset representatives Mtgtstotot1 N and MtgtstotatsV,

we represent them as [03021] and [03023], respectively.
Mtotstotat; N
Continuing with the double coset Mtgtstotat1 N, we find the coset stabiliser N (03021) —
N03021 — <e>. Ounly e will fix 0, 1, 2, and 3. Hence the number of single cosets in [03021]
[v] 14 _ 14, The orbits of N2 on {to, t1, to, t3, 4, t5, t} are:

is W =3
O = {0}, {1}, {2}, {3}, {4}, {5}, {6}}.
We now take an element from each orbit and multiply on the right by the single coset
representative Mtgtstotot, of the double coset Mitgtstotat1N. We have:
Mitgtstotatity = Migtstots € [0302],

totstotatity = ™ itaty = Migltstolatita = Mttty € [013]

= {N(tot1t3)"|n € N},

totstolatits = xttatotitatotatoletsty = Mtotstotatits = Mtgtotstst; € [03214]
(since { N (totstatits)"|n € N} and xtatotytoty € M),

totstototity = x 2tgtstate = Migtstotatity = Mtgtstats € [0340]

= {N(totststo)"|n € N},

totstototits = x2ytstetsts = Mtotstotatits = Mtstgtste € [0323]

= {N(totstats)"|n € N},

Mtotstotatits € [030216],
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totstotatito = x 3titst; = Mitgtstotatito = Mtitst; € [020]

= {N(totato)"|n € N},

The new double coset have single coset representative MitgtstgtatitgN, we represent it

as [030216], respectively.
Mtotstotatite N

Continuing with the double coset Mtgtstotatits/N we find the single coset stabilizer is
trivial. However, the relation

totstolatits = a3tatotitatotattatotsts

— Mtotstotatite = Mtatitatatsts since x3tototitato € M.
Then M (totstototite) ODGDGE) = Myt tytotsts.
But Mtytitstotsts = Mtgtstotatite = (0,4)(3,1)(5,6) e N(030216)
since M (totstotatits) MGG = NMtytitytotsts
= N©30216) > ((0,4)(3,1)(5,6)).

N
Since !N(030216)| = 2, the number of single cosets in [030216] is 7’ | ==
‘N(030216) ‘

The orbits of N(030216) on (¢ t,,ty, t3,t4,t5,t6} are:

O = {{2},{0,4},{3,1},{5,6}}.
Take an element from each orbit and multiply on the right by the single coset represen-
tative Mtgtstotatitg of the double coset MtgtstotatitgN. We have:
Mitotstotatitete = Mtotstotat, € [03021],

totstotatitele = yatotstotatits = Mtotstotatitets = Mtgtstotatits € [030216]
= {N(totstotatits)"|n € N},

totstotatitets = o tatets = Migtstotatitets = Mtytsts € [025]

= {N(totats)"|n € N},

totatotatiteto = 2 tatotitatotatsts = Mtotstotatitety = Mtatsts € [013]

(since {N(tot1t3)"|n € N} and x3tototitaty € M).

Mtotstotats N

Continuing with the double coset MtgtstototsN we find the single coset stabilizer is
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trivial. However, the relation
totstotats = x 2tetstetats
— Mtgtstotats = Mtgtststats.
Then M (totstotots) OO — Migtatetyts.
But Mtgtstetsts = Mtotstotats = (0,6)(2,4)(1,5) € N(03023)
since M (totstotats)OO@DWD) — Mistatatyts
= N3029) > ((0,6)(2,4)(1, 5)>

N
Since ‘N(O?’OQ?’ ‘ = 2, the number of single cosets in [03023] | ‘ 5 = 7. The
03023)‘

orbits of N(3923) on {tq.t1,ty, t3,t4,t5,t6} are:
O = {{3},{0,6},{2,4}, {1,5}}.

Take an element from each orbit and multiply on the right by the single coset represen-
tative Mtgtstotats of the double coset MtgtstotatsN. We have:

Mtotstotatsts = Mtgtstots € [0302],

totstotatsty = x 3tgtats = Miotstotatst, = Miststs € [010]

= {N(tot1tp)"|n € N},

totstotatsty = wytatsty = Mtotstotatsts = Migtsty € [012]

= {N(tot1t2)"|n € N},

totstotatsto = &~ Mstotetstotststatsts = Mitotstotatsto = Mtgtstatsts € [03410]

(since {N (totstatito)"|n € N} and z~ Mtstotststo € M).

We have completed the double coset enumeration since the set of right cosets is closed
under right multiplication, hence, the index of M in G is 351. We conclude:
G=MeNUMtogNUMtoti N U Mtota N U MtotsN U MtotitoN U MtgtitoN U
Mtotits N U Mtot1taN U Mtotits N U Mtotitsta N U Mtotata N U Mtotats N U MtotatgN U
MtotatoN U MtgtstaN U Mtgtstats N U Mtotstats N U MtotstatitaN U MtgtstatitataN U
MtotstatitatatoN U Mtotstotitstatote N U MtotstaN
UMtotstats N U MtotstatitoN U MtotstatoN U Mtotstatote N U MtotstoN U Mtotstot; N U
MtotstotaN U Mtotstotat; N U Mtgtstotatite N U Mtotstotats N, where

2%7 . 2'Dyy
(zyt*t)3, (xt)T
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[N |V] || || |V] || |N] [N |V
‘G’ < ‘N‘ + N©) + N + N(©02) + N (©03) + N (010) + N(012) + N (013) +N(014) + N(015) +

|V [N [N |V |V |V [V |V |V |V
N (0152) + N(027) + N (025) + N (026) +N(020) + N(032) + N (0321) + N (0323) + N (03214) + N (032142)

|V} |V |N] |N] |N] |N] |N] |V} [N
+N(0321420) + N (03214206) + N(037) + N (0341) + N (03410) + N (0340) +N(03406) + N (030) + N (0301) +

|V |V] |V] |V]
N (0302) + N (03021) + N (030216) + N (03023) X |M|

G| <(1+74+14+14+144+14+ 14+ 144+ 14+ T+ 144+ 14+ 14+ 14+ 14+ T7+7
FlA+ T+ THTHT+T+T+144+14+ 1447+ 14+T+144+747) x 28

|G| < 351 x 28

|G| < 9828.

A Cayley diagram that summarizes the above information is given on the next page.

Figure 4.1: Cayley Diagram of Ly(27) over M = 2" D14
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4.2 Iwasawa’s Lemma to Prove L,(27) over M = 2 Dy, is

Simple

Again, we use Iwasawa’s lemma and the transitive action of G on the set of
single cosets to prove G = Lo(27) over M = 2 D14 is a simple group. Iwasawa’s lemma
has three sufficient conditions that we must satisfied:

(1) G acts on X faithfully and primitively

(2) G is perfect (G =G’)

(3) There exist x € X and a normal abelian subgroup K of G* such that the

conjugates of K generate G.

Proof. 4.2.1 G = Ly(27) over M = 2 Dy, acts on X Faithfully

Let G acts on X = {M, MtoN, Mtot1 N, MtotaN, MtotsN, ..., MtotstotatsN},
where X is a transitive G-set of degree 351. GG acts on X implies there exist homomor-
phism

f G — S35 (|X| = 351).

By First Isomorphic Theorem we have:
G/kerf = f(G).
If kerf = 1 then G = f(G). Only elements of N fix N implies G! = N. Since X is

transitive G — set of degree 351, we have:

|G| = 351 x |G|
=351 x | M|
=351 x 28
= 9828
— |G| = 9828.

From Cayley diagram, |G| < 9828. However, from above |G| = 9828 implying ker(f) =
1. Since kerf = 1 then G acts faithfully on X.
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4.2.2 G = Ly(27) over M =2 Dy, acts on X Primitively

Since G = Ly(27) is transitive on |X| = 351, if B is a nontrivial block then
we may assume that M € B. However, |B| must divide |X| = 351. The only nontrivial
blocks must be of size 3, 9, 13, 27, 39, or 117. Note if Bty € B then B= X. So Bis a
trivial block. By inspection, we can see from the Cayley diagram that we cannot create

a nontrivial block of size 3,9,13,27,39, or 117. Thus, G acts primitively on X.

4.2.3 G = Ly(27) over M = 2Dy, is Perfect

Next we want to show that G = G’. Since G =< N, t >, we have that N < G’.
Now D4 < G = Di4 < G’'. The commutators subgroup of D1y is
D1y =< (1,2,3,4,5,6,0) >=< x >
={e,z,2% 23, 2% 2°,2°) < @
Consider the relations obtained through the double coset enumeration, previously given.
totatots = atetats = x = totatotatatats,

t0t2t0t3 = yt4t3t4 - Yy = t0t2t0t3t4t3t4.

Now D1y < G = D1/ < G'. D1y’ =< (1,2,3,4,5,6,0) >=< x >= {e,z, 22,23, 2%, 25, 20} <
G'. Note G =< x,y,t >=< ty,to,t3,t4,1t5,t6,to > . Our goal is to show that one of the
tis € G', then we can conjugate by < z,y > to obtain all the #s in G’. Consider, the

relation:
T = totatotatatsts
= tolototatatslotysts
= [to, t2][t2, ta]ts € G’
We see that tg € G'. So G' >< x,tg >=< t1,ta,13,t4, t5,t6,t0 >= G. But G > G’'. We
conclude that G = G’ and G is perfect.

4.2.4 Conjugates of a Normal Abelian K
Generate G = L5(27) over M =2 Dy

Now we require x € X and a normal abelian subgroup K of G*,-the point

stabilizer of z in G, such that the conjugates of K in G generate G.
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Now G' = M = 2'Dy4 possesses a normal abelian subgroup K =< x > . Since z €

K = 273 27! € K. Now we have the following relations:

3= totstotatitotitst;y € K and
ZL'_l = totgtototitatstots € K =— x = titotyatatitotptsty € K.

Now we multiply =3 by x:

x 737 = 172 = totstotatitotitstititatatatytatotsty € K.
We conjugate both sides by totstotat; :
(z=2)totstotals — (potatototytoty tatatatatytatotsty)iotso2tt ¢ KC
titatotstor 2totstotats = titatotstototstotatitotststatatattatotstototstotaty

1 2tgtotstrtstotstotats = totrtstatats € KC

Thus, tot1tstatato € KG.

Consider the relation:

x = tototytotststs € K
(.%)to = (t0t2t4t2t6t4t6)to S KG
toﬂj‘to = t0t0t2t4t2t6t4t6t0

xt1tg = tatytatetalety € KG

Thus, totstatststeto € K©.

Now we multiply (4.1) and (4.2):
a2 tgtotstitstotstotatiwtity = totitstotatotatstatetstety € K&
™ Motitetatetitatitstatity = totitstetateto € KC
(x~Ytotitetatetitattstat to)t0 = (tot1tstetatsto)to € KC
tox " Utotitstatstitatitstatitoto = tototitstetatetoto € KC
™ Mgtotitetatstitatitstat; = titstetats € KC

(4.1)

(4.2)
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Thus, t1tstetats € KC. (4.3)

Consider the relations:
23 = totstatstitstets € K = 173 = tytgtstitstatsty € K and
2% = totstatststitsty € K.
Now,
e = x3x73 = tytstatststitatatatetstitstatsty € K
— e = totgtatststitatetatitatatsty € K
(e)i0'3t2!s = (totstotststitstetstitstatsty) 032 € K©
tatatstoetotstots = tatotstototstatststitatetstitstatstototstats

e = tst1tatetsly € KG

Thus, tstitstgtsts € KG. (4.4)
Next, we multiply (4.3) & (4.4):
o Vtgtotitetatatitatitstats = titstatatetstitatetst, € K
(z~ Mtetotitetatstitatitstat) 11 = (titstetatotstitatetsts) 1% € K©
tetatiz Uetotitetatetitat1tatat 1t tsts = telstititstatatetsttatatatititsts € KC

a Ustototetotitetatetitatitstat1titsts = tatetstits € K€

Thus, tatgtstits € K. (4.5)

Consider the relations:
x = totatatotgtsts € K and
T = totalytgtatite € K — ! = tet1tatgtataty € K.



Now, we multiply both relation:
l'l'_l =€ = t0t2t4t2t6t4t6t6t1t4t6t4t2t0 e K

e = totatytatetatitatetaty € K

(6)t0t2t4 = (t0t2t4t2t6t4t1t4t6t4t2t0)t0t2t4 c KG

tatatoetotats = tatatototatatatetstitatetstatototats € KC

e = totgtstitats € K€
(e)i2'6 = (totgtatytate)t?te € K¢
tetaetats = tetatatatatitatetats € K
e = tatytatgtats € K€

Thus, tat1tatetats € K©.

Consider the relation:
2 = tototatitatstets € K

($_2)t0t2 = (t0t2t4t1t4t3t6t3)tot2 S KG

totor 2toty = tatototatatitatstetstots € K©
1 2 totstoty = tatitatstetstots € KC
= t4l1t4t3tlelstolo € KG

— (tatitatstgtstots) L € K¢
So,
tototstelatatily € KG.

Now, we multiply (4.6) & (4.7):

6t2t0t5t0.fc2 = t4t1t4t6t2t6t2t0t3t6t3t4t1t4 eK

($2t4t2t0t2)t4t1t4 = (t4t1t4t6t2t6t2t0t3t6t3t4t1t4)t4t1t4 c KG

tatrtaz?tatototatatits = tatitatstitatetatetatotstetstatitatsat:ts € K€

$2t6t3t6t4t2t0t2t4t1t4 = tglotglatotslsls € KG

123

(4.6)

(4.7)
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(xPtgtatatatatototatity) 3568 = (tgtatstatotstets)tstols € K¢
t3t6t31‘2t6t3t6t4t2t0t2t4t1t4t3t6t3 = tatgtstglatetatolstetststets € KG

st tstetstetatatotatstitatstets = tatetstetatstato € KC

Thus, tstgtstetatstoty € KG. (48)

Consider the relation

3 = tototetatetstets € K. (49)

Now, we multiply (4.9) & (4.8):
x 322 5t tstetstetatatotatat1tatstats = tototstatetstetststetstetatstaty € K
= a M5t tstetstetatototatatitatstets = totatstatetststetatetaty € K
(x M5ty tstetstatatototatatitatstats)tot2te = (totatetatetstatetatstaty)0??t € K&
= tgtotox ™~ tstitstetstetatatotatatitatstetstotats
= tgtotototatetatetstststatstatototats € KC
— x 'tstitetstitstetstetatototatsttatstetstotats = tatstststets € KC.
So the inverse

tolgtstslets € KG (4.10)

Now, we multiply (4.5) & (4.10):

tatgtstitstotetststets € K.

Next, we conjugate by t4tgts:
(tatetstitstotetatstets) 110" = tstetatatetstitstotetatstetatatets € K€

= t1t3tatels € KG.

Now, we conjugate titstatgts by 1 :
(titstotets)t = t1titstatetst, € KC
Thus, tstotgtsts € KG (4.11)

Now, we need to multiply (4.11) & (4.3):
tatatststititstetats = tatatats € K.



Then
(t3t2t4t6)t3 = t3tslotstgts € K¢

Thus, totatets € K©.

Now we multiply (4.1) & (4.12) to obtain the following:

totitstatatatotstets = totitstatets € K

By (4.11) we have the following:
tstotgtst; € K

(tstatetsty)™ = titstotetstity
= tytstatets € KC.
So, (titstatets ' € KC
= tslgtatst; € K€

Finally, we multiply (4.13) & (4.14) to obtain the following:
totitstatetststatatst; = to € K
Thus, tg € K
= t§ € K¢

G 2 .3 .4 5 , 6
:Kﬁ{to,g,g,g,g,g,tfﬁ}
3

2 4 5 6
= KO < {0, 18,18 18 18 48 18 } =< to, 1, to, tsta, t5, t6 >= G.
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(4.12)

(4.13)

(4.14)

Hence, the conjugates of K generate G. Therefore, by Iwasawa’s lemma, G 2 L9(27) is

simple.

O]
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Chapter 5

Extension Problem

5.1 Extension Problem Preliminaries

Definition 5.1. (Extension). G is an extension of K by Q if G has a normal
subgroup K1 = K such that

G/K1=Q
where G is a product of KQ, G = KQ. [Rot12]

Definition 5.2. (Normal series). A chain of subgroups of G, Go = G 2 G; 2
Gy DO Gy =1 such that
Gi>GVi, 1<i<n

is called a normal series of G. [Rot12]

Definition 5.3. (Subnormal series). A chain of subgroups of G, Go = G 2 G 2
Gy DGy =1 such that
Gi+1EGiVi,0§i§n—1

is called a subnormal series of G. [Rot12]

Definition 5.4. (Composition series). A composition series is a normals series
Go=G2G12G2---2G, =1
in which, for all i, either Giy1 is a mazimal normals subgroup of G; or Giy1 = G;.

[Rot12]

Definition 5.5. (Composition factors). If G has a composition series, them the

factor groups of this series is called the composition factors of G. [Rot12]
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Note 5.6. Any two composition series of a group are isomorphic.

Note 5.7. The composition factors Go/G, G1/G2, -+ Gp_1/Gy, of the composition
series Go =G 2 G1 2 G-+ 2 Gy—1 O G, are simple (A group G is simple if G and 1
are the only normal subgroups of G).

There are four possible extensions a group can have namely:

Definition 5.8. (Direct Product). A group G is direct product of N by H if N
and H are both normal in G, denoted by G = N x H. [Rot12]

Definition 5.9. (Semi-direct Product). A group G is a semi-direct product of N
by H if there exist a complement H1 = H and N is normal in G, denoted by G = N : H.
[Rot12]

Definition 5.10. (Central Extension). A group G is a central extension of N by
H if G is perfect, normal, and is also the center of G, denoted G = N'H. [Rot12]

Definition 5.11. (Mixed Extension). A group G is a mixed extension if N is an

abelian group which is not the center of G, denoted by G = N' : H. [Rot12]

5.2 Mixed Extension (G = (2% : Ly(7)) : 2)

From an original progenitor we have found the following group
We will now prove that (26' : L2(7)) : 2 is the homomorphic image of the progenitor

mentioned above.

Proof. Using MAGMA we get the following composition factors.

> CompositionFactors (Gl);

G

| Cyclic(2)

*

| A(1, 7) = L(2, 7)
*

| Cyclic(2)

*

| Cyclic(2)

*
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Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

P o— o — % — % —

Therefore we have the following composition series,

GOGI2G22G32G12G52Ge 2 G721,

where G = (G1/G2) - (G2/G3) - (G3/G4) - (G4/G5) - (G5/Ge) - (Ge/G7) - (G7/1)
=Cy-Ly(7)-Cy-Cq - Cy-Cy-Cy - Cy. The normal lattice of G is

> NL:=NormalLattice (Gl);
> NL;
Normal subgroup lattice

[4] Order 21504 Length 1 Maximal Subgroups: 3
[3] Order 10752 Length 1 Maximal Subgroups: 2
[2] Order 64 Length 1 Maximal Subgroups: 1

[1] Order 1 Length 1 Maximal Subgroups:

By inspection we find that the center of this group is order 1 which indicates
that we do not have a central extension. Next we find that the minimal normal subgroup
of GG is of order 64. Since the minimal normal subgroup of G is an abelian p-group, it
must be elementary abelian. Thus, NL[2] is isomorphic to Co x Cy x Cy x Co x Cy X Cy =
(C2)S.

We now have Gs is isomorphic to (Cs)%. Thus, G1 /Gy = La(7) gives G1/(C2)® =
L2(7). So Gy = (C2)8- Ly(7), with (Cq)%= NL[2] normal in Go. Note that |Lo(7)| = 168.
Therefore, we must find a normal subgroup of order 168. By inspection we look at the
normal lattice of NL[3] to see that it does not have a normal subgroup of order 168.
Since N = (C)% is an abelian group and is not the center of G thus G is a mixed

extension. Thus, NL[3] is isomorphic to 26" : Ly(7).
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Next, we will show that Gy = (C2)® : La(7).
Let N = (C2)5. We note that N= < k,I,m,n,0,p >=<k > x <[> x <m > x <
n>x <o0>x <p>where k,l,m,n,o is of order 2. A presentation for N is
< k,l,m,n,o,plk? 12,m? n? 0% p% (k1) (k,m), (kn),(k o), (kp)(,m), (1 n), (o)
(I,p), (m,n), (m, 0), (m,p), (n,0), (n,p), (0,p) > .
Now we have to write elements of G1/N = Ly(7) in terms of the generators of N. Note
a presentation for Ly(7) is

< rs|r2, st (rs)7, (r,s), (rs?)3 > .

We now find the set of right coset of N in Go. Let s and ¢ denoted by NT[i] where i
goes from 1 to 168. There is an isomorphism from G1/N to La(7). In this isomorphism
NT[2] = r and NT[3] > s.

Since the permutations are very large, permutation group acting on a set of cardinality
10750, we use the Schreier System in Magma to find the actions. Note in Magma we
must store T[2] = NT[2],T[3] = NT[3], and T[3]* = N(T[3])* so they do not change

everytime.

> N:=sub<Gl|A,B,C,D,E,F>;

> NN<k,1l,m,n,o,p>:=Group<k,l,m,n,o,plk"2,1°2,m"2,
n"2,0°2,p"2, (k,1), (k,m), (k,n), (k,0), (k,p), (1,m), (1,n),
(1,0), (1,p), (m,n), (m,0), (m,p), (n,0), (n,p), (0,pP)>;

> #NN;

64

> Sch:=SchreierSystem (NN, sub<NN|Id (NN)>);

> ArrayP:=[Id(N): 1 in [1..64]];

> for 1 in [2..64] do

for> P:=[Id(N): 1 in [1..#Sch[i]]];

for> for j in [1..#Sch[i]] do

for|for> if Eltseqg(Sch([i])[j] eq 1 then P[j]:=A; end if;
for|for> if Eltseqg(Sch[i])[]j] eqg 2 then P[]j]:=B; end 1if;
for|for> if Eltseqg(Sch[i])[j] eq 3 then P[j]:=C; end 1if;
for|for> if Eltseqg(Sch[i])[Jj] eqg 4 then P[Jj]:=D; end 1if;
for|for> if Eltseqg(Sch[i])[j] eq 5 then P[j]:=E; end 1if;
for|for> if Eltseqg(Sch[i])[]j] eqg 6 then P[j]:=F; end 1if;

for|for> end for;

for> PP:=Id(N);

for> for k in [1..#P] do
for|for> PP:=PP*P[k]; end for;
for> ArrayP[i] :=PP;

for> end for;
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We let

NT[2] =r and NTI[3|=s.
Note that (NT[3])* = N(T[3])* = NT34 = N. We run the following loops to convert
the elements of Ly(7) in terms of the generators of N.

> for i in [1..64] do if ArrayP[i] eq T34 then Schl[i];

end i1if; end for;

1 »m* p

> for i in [1..64] do if ArrayP[i] eq (T2,T3) "4 then Schl[i];
end 1f; end for;

k1 xm=* o *x p

So (T[3])* € N; that is;
st = Imp.
Also (NT[2], NT[3])* = N(T[2],T[3])* = N. So (T[2],T[3])* € N; that is;
(r,s)* = klmop.
Thus, the elements of Ly(7) in terms of the generators of N are:
s* =1Imp and (r,s)* = klmop.
Now we need to conjugate the generators of N by the generators of La(7) to determine

the resulting elements of V. We use the following loops to find the resulting elements
of N.

> for i in [1..64] do if ArrayP[i] eq A"T2
then Sch[i]; I[2]:=Sch[i]; end if; end for;
k »m * o

> for i in [1..64] do if ArrayP[i] eq B T2
then Sch[i]; I[3]1:=Sch[i]; end if; end for;
n « o % p

> for i in [1..64] do if ArrayP[i] eq C T2
then Sch[i]; I[4]:=Sch[i]; end if; end for;
m

> for i in [1..64] do if ArrayP[i] eq D T2
then Sch[i]; I[5]:=Sch[i]; end if; end for;
m * n % O

> for i in [1..64] do if ArrayP[i] eq E"T2
then Sch[i]; I[6]:=Sch[i]; end if; end for;
o

> for i in [1..64] do if ArrayP[i] eq F T2
then Sch[i]; I[7]:=Sch[i]; end if; end for;
1l »m * n

> for i in [1..64] do if ArrayP[i] eq A"T3
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then Sch[i]; I[8]:=Sch[i]; end if; end for;
k»m*n *x o *x p

> for i in [1..64] do if ArrayP[i] eq B T3
then Sch[i]; I[9]:=Sch[i]; end if; end for;
n * p

> for i in [1..64] do if ArrayP[i] eq C"T3
then Sch[i]; I[10]:=Sch[i]; end if;end for;
k

> for i in [1..64] do if ArrayP[i] eq D"T3
then Sch[i]; I[11]:=Sch[i]; end if;end for;
k1 n*xp

> for i in [1..64] do if ArrayP[i] eq E"T3
then Sch[i]; I[12]:=Sch[i]; end if;end for;

P

> for i in [1..64] do if ArrayP[i] eq F"T3
then Sch[i]; I[13]:=Sch[i]; end if;end for;
k 1 »m* n

Thus, " = kmo,l” = nop,m” = m,n"” = mno,o” = o,p" = Ilmn,k* = kmnop,l® =
np,m® = k,n® = kinp,0® = p, and p°* = klmn. In addition, we check in Magma the
presentation of Gy:

> NN<k,1l,m,n,o,p,r,s>:=Group<k,l,m,n,o,p,r,slk” 2,172, m"2,
n"2,0°2,p"2, (k,1), (k,m), (k,n), (k,0), (k,p), (L,m), (1,n), (1,0),
(L,p), (m,n), (m,0), (m,p), (n,0), (n,p), (0,p),r"2,

s 4=1xmxp, (r*s) 7, (r,s) "4=kxlsxmxo*p, (r+xs”2) "3,

k" r=k+m*o0, 1  r=n*o*p,m”r=m,

n"r=m*nx0, 0 r=o0,p r=lxm*n, k" s=kxmxnxoxp,
17s=n*p,m"s=k,n"s=kx1lxnxp, 0" s=p,p  s=kxlrxm*n>;

> #NN;

10752

> fl1,g,kl:=CosetAction (NN, sub<NN|Id (NN)>);

> sg,t:=IsIsomorphic(NL[3],q);

> s;

true

Thus, we have G is isomorphic to 26" : Ly(7). Hence, G/G1 = Oy gives G /2 : Ly(7) =
Ca. So G =25": Ly(7) - Cy, with 25" : Ly(7) =NL[3] normal in G;.

Note (5 is not a normal subgroup of GG, therefore, G cannot be a direct product. By
further inspection we find that it must be a semi-direct product. So we find an element
of order 2 in G but outside NL[3], say g. So we run the following loop:

> for g in Gl do if Order(g) eq 2 and sub<Gl|NL[3],g> eq Gl
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then Z:=g;break; end if; end for;
> Gl eq sub<Gl|NL[3],Z>;
true

Now we use the following loops in Magma to find the action of g on the generators
k,l,m,n,0,p,r,s of NL[3].

> for i in [1..10752] do if ArrayP[i] eg A"Z
then Sch[i]; I[1]:=Sch[i]; end if; end for;
k

> for i in [1..10752] do if ArrayP[i] eg B %
then Sch[i]; I[1l]:=Sch[i]; end if; end for;
k x s « o x s7-1

> for i in [1..10752] do if ArrayP[i] eqg C"Z
then Sch[i]; I[1l]:=Sch[i]; end if; end for;
n * o

> for i in [1..10752] do if ArrayP[i] eqg D" %
then Sch[i]; I[1]:=Sch[i]; end if; end for;
k xm * o x p

> for i in [1..10752] do if ArrayP[i] eqg E"Z
then Sch[i]; I[1l]:=Sch[i]; end if; end for;
k*o*p

> for i in [1..10752] do if ArrayP[i] eq F %
then Sch[i]; I[1]:=Sch[i]; end if; end for;
p

> for i in [1..10752] do if ArrayP[i] eq T2"7Z
then Sch[i]; I[1l]:=Sch[i]; end if; end for;
k *r*nw=*s*z1r*x s -1 1

> for i in [1..10752] do if ArrayP[i] eq T3"Z
then Sch[i]; I[1l]:=Sch[i]; end if; end for;
r * S T * Kk 8 %Y x s°=1 xr s x T

Thus we have:

1 1

,mI =n®nYd = ksos™ ",

09 = kmnp,p? = p*,r9 = ksrlsrslrs™!, s9 = rksrsrsIr.

g% k9 =1n, 19 = sos~

Hence, we have the following presentation:

Hl <k, l,m,n,o,p,r,s,g>=Group < k,l,m,n,o,p, T,s,g|k2,l2,m2,n2,02,p2,
(k, 1), (k,m), (k,n), (k,0), (k,p), (I, m), (l,n), (,0), (L, p), (m,n), (m, 0), (m, p), (n, 0),
(nvp)a (0,]7), T2a 84 = lmpa (TS)7

m' =m,n” =mno,o” = o,p" =Ilmn,k® = kmnop,l®* = np,m* = k,n® = kinp,

,(r,8)* = klmop, (rs?)?, k" = kmo, " = nop,

o° =p,p° = klmn, g%, k9 =In,l19 = sos"1,m9 =n®,n9 = ksos™ 1,
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09 = kmnp,p? = p®, 19 = ksrlsrs™1rs™1,s9 = rksrsrs™1r > .
Finally, we check if it is isomorphic to G1.

> #HI1;

21504

> f,hl,kl:=CosetAction (H1, sub<H1|Id(H1)>);
> s:=IsIsomorphic(hl,Gl);

> 55

true

Thus we have solved the extension problem for this group and we can conclude that
G=(2°:Ly(7)):2
~< k,l,m,n,o0,p,1 s, glk? 12, m? n? 0% p%, (k1), (k,m), (k,n), (k, o), (kp),(I,m),
(1), (1,0), (1, p), (1, ), (m, ), (m, ), (1, 0), (1, ), (0,), 72, 5 = lmp, (r5)",
(r, 3)4 = klmop, (rs*)%, k" = kmo,l” = nop,m" = m,n" = mno,o" = o,p" = lmn,
k® = kmnop, ¥ = np,m® = k,n® = kinp, 0° = p, p° = klmn, ¢>, k% = In, 19 = sos™ 1,
m? =n®,n9 = ksos™ 1,09 = kmnp,p? = p°,r9 = ksrisrs  1rs™ 1,87 = rksrsrs™ 1r > .

O]
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Chapter 6

Double Coset Enumeration of My

over Sy

6.1 G Factor by a Subgroup of Order 12

Consider the group G =< a,b, ¢, d, t|a?,b®, ¢, d* b~ taba, c tac™t, d tad= be 1o~ 1d 1,
ctdted Y, d e b eb, 12, (¢, b), (ct©)®, (abt®™ " )6 (ab~'t)3 > . Note N = Sy, where
an~ (17 5)(27 8)(37 6)(47 7)7 b~ (17 2, 4)(57 8, 7)7 c (17 4,5, 7)(27 6,8, 3) and
d~(1,3,5,6)(2,4,8,7). Now we look at the composition factors of this group:

M11

Cyclic (3)

Cyclic(2)

Cyclic(2)

B — ok — % — ok — Q)

Note the center of G is of order 1. Now we look at the normal lattice of G :

Normal subgroup lattice

[6] Order 95040 Length 1 Maximal Subgroups: 3 5

[5] Order 31680 Length 1 Maximal Subgroups: 2 4
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[4] Order 7920 Length 1 Maximal Subgroups: 1

[3] Order 12 Length 1 Maximal Subgroups: 2
[2] Order 4 Length 1 Maximal Subgroups: 1
[1] Order 1 Length 1 Maximal Subgroups:

We can see clearly that [3] is of order 12, therefore we are going to factor G

by a subgroup of order 12, to obatin G = M :

>g, ff£f:=quo<Gl |NL[3]>;
>CompositionFactors (q);
G
| M1l
1

Now, we convert the action of the generators of [3] into word, to do so, we use the

Shereier System:

=f(t);

:=sub<Gl|A,B,C,D,E>;

:=0;£:=0;9:=0;h:=0;1:=0;3J:=0;k:=6;1:=0;m:=6;n:=3;0:=0;
NN<a,b,c,d,t> := Group<a,b,c,d,t 1a"2,b"3,c"4,d 4, b " -1lxaxbx*a,
c"—1lxaxc™-1, d"-1xaxd"-1, bxc -1xb"-1xd -

c"=1+d"-1xc*xd"-1, d " -1*c"—-1xb"-1xc*b,t"2, (t,b), (cxt”c) "6,
(a*xb*t” (cxb™=1)) "6, (axb"-1xt) "
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>);
ArrayP:=[Id(N): i in [1..#N]];
for i in [2..#N] do

[Id(N): 1 in

x:=NL[3].1;
y:=NL[3].2;
Z: —NL[3].3;
A:=f(a);

B: —f(b);
C:=f(c);
D:=f(d);

E

N

e

[1
[1..#Sch[i]] do
if Eltseqg(Sch([i])[]j] eq 1 then P[J]: end if;
if Eltseqg(Sch[i]) []J] eq 2 then P[]j]:=B; end if;
if Eltseqg(Sch[i])[]j] eq -2 then P[j] =B"-1; end if;
if Eltseg(Sch[i]) []j] eq 3 then P[]j]:=C; end if;



if Eltseq
if Eltseq
if Eltseq
if Eltseq
end for;

PP:=Id(N);

eq -3 then P[j]:=C"-1;
eqg 4 then P[]J]:=D; end
eq -4 then P[]j]:=D"-1;
eq 5 then P[]J]:=E; end

for k in [1..#P] do

PP:=PPxP[k]; end for;

ArrayP[1] :=PP;

end for;

>for i in [1..#N]

end i1if; end for;
b+ dxt «c’-1 %t c*xd-1 1t +« d =

>for i in [1..#N] do if ArrayP[i] eq y then

end i1if; end for;

bxdxt xdxt*xc*t*d-1x%1t*Db'-1

* t »dx t x c™-1 % t

[1..#N] do if ArrayP[i]

end 1f; end for;

b cxxt cxxt «d-1x+tcx*txd-1

* t x b1 % ¢c"-1 « t » ¢c"-1 « t

1
]

do i1f ArrayP[i] eg x then

>for i in eq z then

end 1if;
if;
end 1f;
if;

print Schli];

t » ¢c™-1 x t
print Schli];

* C * t *« C
print Schli];

* t o+ d7-1
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Thus, by factoring the group of G by a subgroup of order 12, we obtain the following:

G =< a,b,c,d,t|a?, b3, c*, d* b~ laba,c tac™t, d tad=!, be= b 1d 1,

cfldflcdfl,dilcflbflcb,tQ,(t,b),(c#ﬂﬁ,(abtdfﬂ)ﬁ,(ab‘lt)3,bdtciltcd‘ltdtcflm

bdtdtctd= tb~ctetdtc™t, betetd Mtetd td= b~ e e > M.

6.2 Construction of M;; over S,

We start by factoring the progenitor 2*® : Sy by the relations

(ct)°, (abt”™ )", (ab~"1)?,

bdtc'ted 'tdtet, bdtdtctd ' tb~etetdte ¢, betetd ‘tetd td b e et

to obtain the homomorphic image G = Mj;, where

an~ (17 5)(27 8)(37 6)(47 7)7 b~ (17 274)(57 8, 7)7 cr~ (1747 9, 7)(23 6,8, 3)a
d~ (1,3,5,6)(2,4,8,7), and t ~ ty ~ t3. The index of Sy in G equals 330. Now we

expand the relations:
1= (ct)8 = (ctg)® = 5515 1515 15ty = Pgtatststats

- 62t6t2 = tatglstlo,
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1= (abt® )6 = (abty)® = (ab)ota?)" flad)" (a0 (ab)*ylably _ yp vt itoty

= trty = lilglats,
1= (ab~'t)? = (ab=1)3t % 1y (ab—1)to = atoteto

— aty = tots,

1 = bdtcYed tdte™ 1 = bde tgtotatsts
= bdc gty = tatgta,
1 = bdtdtetd= b~ Yetetdte™ 1 = dtstytot-t1tatsto

— distity = totststi,

1 = betetd Yetd 1td= b e Mt = e tatatitotrtststo

= ¢ lytatity = totstety.

We want to find the index of N in G. To do this, we perform a manual double
coset enumeration of G over N. We take G and express it as a union of double cosets
NgN, where g is an element of G. So G = NeNUNg N UNgoN U... where g;’s words
in t;’s.

We need to find all double cosets [w] and find out how many single cosets each
of them contains, where [w] = [Nw"|n € N]. The double cosets enumeration is complete
when the set of right cosets obtained is closed under right multiplication by t;’s. We
will identify, for each [w], the double coset to which Nwt; belongs for one symmetric

generator ¢; from each orbit of the coset stabilising group N®)
NeN

First, the double coset NeN, is denoted by [*]. This double coset contains only the
single coset, namely N. Since N is transitive on {t1, ¢, to, t4, t5, tg, t7tg}, the orbit of N
on {t1,ta, to, ta, ts, tg, trtg} is:

0 ={{1,2,0,4,5,6,7,8}}.
We choose ty as our symmetric generator from O and find to which double coset Nty

belongs. NtgN will be a new double coset, denote it [0].

NtoN
In order to find how many single cosets [0] contains, we must first find the coset stabiliser
N©). Then the number of single coset in [0] is equal to % Now,
NO = N0 =< (1,2,4)(5,8,7) >
so the number of the single cosets in NtgN is % = 2—; = 8. Furthermore, the orbits
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of N on {ty,to, to, ta, 5, ts, trts} are:
0 ={{1,2,4},{5,8,7},{0}, {6} }.
We take t1,t5,%0, and tg from each orbit, respectively and to see which double coset
Ntoty, Ntots, Nigtg, and Ntgtg belong to. We have:
Ntot; € [01]
Ntots € [05]
Ntotg = N € [#]
atote = tg = Ntotg = Nto € [0]
The new double cosets have single coset representatives Ntgt; and Nigts, which we
represent them as [01] and [05] respectively.
Ntot1 N
Consider Ntgt; N is a new double coset. We determine how many single cosets are in
the double coset. However, N0 = N0l =< ¢ >. Only identity (e) will fix 0 and 1.
Hence the number of single cosets living in Ntgt; NV is | A‘/(ﬁ'l)' = % = 24. The orbits of
NOY on {t,t, to, ta, t5, te, t7, tg} are:
O = {{1},{2}, {0}, {4}, {5}, {6}, {7}, {8}}.
Take a representative t; from each orbit and see which double cosets Ntgt1t; belongs to.

We have:

Ntgtit; € [0]
Ntotity € [012]
Ntotitg € [010]
Ntotyty € [014]
tot1ts = atgty = Ntgtits = Nigty € [05)]
Ntotit € [016]
totity = bd 't1tg => Ntotity = Ntito € [05]

Ntotitg € [018].
The new double coset are Nt()tlth, Nt0t1t0N, Nt0t1t4N, NtotltﬁN and Nt()tlth,
which we represent them as [012], [010], [014], [016], and [018] respectively.

NtotsN

Consider NtgtsN is a new double coset. We determine how many single cosets are in
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the double coset. However, N(0) = N9 =< ¢ >. Only identity (e) will fix 0 and 5.
Hence the number of single cosets living in Ntgts N is % = % = 24. The orbits of
N©5) on {ty,t, to, ta, t5, te, t7, tg} are:
O = {{1},{2},{0}, {4}, {5}, {6}, {7}, {8}}.

Take a representative t; from each orbit and see which double cosets Nitytst; belongs to.
We have:

totst, = atgts = Ntotst; = Nigts € [01]

totsta = betsto = Ntgtsty = Nitsto € [01]

Ntotsto € [050]
totsts = d b 'trtsts => Nitgtsty = Ntgtste € [018]
Ntotsts = Nto € [0]

totste = atstoty = Ntotste = Nistot, € [016]

totsty = tatite = Ntotity = Nitgtitg € [012]

totsts = be Mtitgts = Ntgtsts = Nitytgty € [014].
The new double coset is Ntotstp, denoted by [050].

NtotitoN

Consider NtgtitoNV is a new double coset. We determine how many single cosets are in
the double coset. However, N(010) = N010 —< ¢ > Only identity (e) will fix 0 and 1.
Hence the number of single cosets living in Ntgt1tgNV is % = 21—4 = 24. The orbits
of NOW) on {ty,to, to, ta, t5, ts, t7, ts} are:

O = {{1},{2}, {0}, {4}, {5}, {6}, {7}, {8}}.
Take a representative t; from each orbit and see which double cosets Ntyt1tgt; belongs

to. We have:

Nigtitot, € [0101]
Nitotitots € [0102]
Ntotitoty € [01]

Ntgtitots € [0104]
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totitots = tet1ts = Ntotitots = Nigtite € [050]

totitote = atgtsto = Ntotitots = Ntgtsto € [016]

totitoty = bd ‘t1tst; = Nigt1toty = Nitytst; € [050]

Ntotitots € [0108].
The new double coset are Ntgt1tot1 N, Ntgt1totaN, Ntgt1tot4N, and Ntgt1tots N, which
we represent them as [0101], [0102], [0104], and [0108] respectively.
Ntot1ta N

Consider Ntgt1taN is a new double coset. We determine how many single cosets are in

the double coset. However, N(012) = N012 —< ¢ > Only identity (e) will fix 0,1, and 2.

Hence the number of single cosets living in Ntgti1toN is % = % = 24. The orbits

of N©O2) on {t,,to, to, t, ts, ts, t7, ts} are:
O = {{1},{2},{0}, {4}, {5}, {6}, {7}, {8}}.
Take a representative ¢; from each orbit and see which double cosets Ntgtitot; belongs
to. We have:
totitaty = betstotsts = Nigtitats = Nistotsts € [0104]

Ntotitats € [01]
totitaty = b Ldtgtits = Ntotitatg = Ntgtytg € [018]
totitats = b totat; = Ntotitats = Ntotot; € [014]
totitats = be Matstats = Ntotitots = Niotstats € [0104]
totitate = tsts = Nigtitats = Nigts € [05]

Ntotitaty € [0127]
totitats = atotsts = Ntotitats = Ntotsts € [018].

The new double coset is Ntot1taty N, denoted by [0127].
Ntot1t4 N

Consider Ntgt1t4N is a new double coset. We determine how many single cosets are in
the double coset. However, N(01%) = N04 —< ¢ > Only identity (e) will fix 0,1, and 4.
Hence the number of single cosets living in Ntgt1t4N is % = % = 24. The orbits
of NOW on {t,,to,to, ta, ts5, ts, t7, ts} are:

O = {{1},{2},{0}, {4}, {5}, {6}, {7}, {8}}.
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Take a representative t; from each orbit and see which double cosets Ntgtit4t; belongs
to. We have:
totitaty = trtstrty = Niotitaty = Nigtstrty € [0102]

totitats = btotsty = Ntgtitsts = Ntotyt; € [012]
tot1tatg = bd tatety = Ntotitsto = Ntgtgt, € [014]
Ntotitaty € [01]

totitats = db ltstyts = Ntotitsts = Nistats € [014]

tot1tate = bdtitgtit; = Ntotitste = Ntytetity € [0102]

totitat; = d b ltste => Ntgtitst; = Ntstg € [05]

tot1tats = batgtrtsty = Ntotitgts = Niglrtsts € [0127].
Ntot1te N

Consider Ntgt1tgN is a new double coset. We determine how many single cosets are in

the double coset. However, N(016) = N016 —< ¢ > Only identity (e) will fix 0,1, and 6.
Hence the number of single cosets living in NtgtitgV is % = % = 24. The orbits
of N(OIG) on {tl, tg, to, t4, t5, tﬁ, t7, tg} are:

O = {{1},{2}, {0}, {4}, {5}, {6}, {7}, {8}}.

Take a representative t; from each orbit and see which double cosets Ntgtitgt; belongs
to. We have:

totitets = tstets = Ntotitgts = Ntstets € [050]

tot1tety = be ltgtsty = Ntotiteta = Nigtsto € [016]

totiteto = atetste = Ntgtiteto = Nitgtste € [010]

totitets = bd ‘tetrt; = Nitotitets = Nigtrt, € [018]

totitels = atity = Nigtitgts = Ntitg € [05]

Ntotitets € [01]
totitets = totatots => Nigtitgty = Ntotatots € [0108]
totitels = cb~ tgtsty = Ntotitets = Nigtsto € [016].
Ntot1tg N

Consider NtgtitsN is a new double coset. We determine how many single cosets are in

the double coset. However, N(018) = NO18 —< ¢ > Only identity (e) will fix 0,1, and 8.
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Hence the number of single cosets living in Ntgti1tgN is % = % = 24. The orbits
of N(018) on {t1,ta,t0, t4, t5, tg, t7, tg} are:
O = {{1},{2}, {0}, {4}, {5}, {6}, {7}, {8}}.
Take a representative ¢; from each orbit and see which double cosets Ntgtitst; belongs
to. We have:
tot1tsts = cb ‘totitots = Niotitst, = Ntgt1tots € [0108]
totitsty = atgtsts = Ntotitsts = Nitgtsts € [012]
totitsto = betotita = Ntotitsto = Ntotits € [012]
totitaty = b~ 'ctgtrtets = Niotitsts = Nigtrtgts € [0187]
totitsts = b~ dtgtsto = Nigt1tsts = Nigtsto € [016]
tot1tste = be oty = Nigtytste = Nioty € [05]
Ntotitstr € [0187]
Ntotitsts € [01].
The new double coset is Ntgtitgt7 N, denoted by [0187].
NtotstoN
Consider NtgtstoN is a new double coset. We determine how many single cosets are in
the double coset. However, N9 = N050 —< ¢ > Only identity (e) will fix 0, and 5.
Hence the number of single cosets living in NtgtstolV is % = % = 24. The orbits
of N0 on {tq,ts,tg, L4, t5, L6, t7, 15} are:
O = {{1},{2}, {0}, {4}, {5}, {6}, {7}, {8}}.
Take a representative t; from each orbit and see which double cosets Ntgtstot; belongs
to. We have:
totstot, = ttsts = Ntotstoty = Nitgtsts € [010]

totstoty = b~ Ldtstots = Ntotstota = Ntststs € [010]
Ntotstoto € [05]

totstots = atrtststs => Ntgtstoty = Ntrtstqts € [0108]

totstots = atotitoty => Ntotstots = Ntotitot; € [0101]

totstots = titgts = Ntotstots = Ntitgts € [016]
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totstoty = dbYtgtitsts = Ntotstoty = Ntstitats € [0102]
totstots = Cb_ltltﬁtltg — Ntotg,totg = Nt1t6t1t2 € [0104]
Ntot1tot1 N

Consider Ntgtitgt1 N is a new double coset. We determine how many single cosets are
in the double coset. However, NO10L) — NO0L — ¢ > But Ntgtitoty is not distinct.
We have Nitgt1tot1 = Nitgtatota = Ntgtatots. Thus, there exist {n € N|N(totitot1)" =
Ntotatota = Nitgtatots} such that

Nt tott 2 YOSD = Npototot, = (1,2,4)(5,8,7) € N(O10D

Nitotatots V8D = Npotatot, = (1,2,4)(5,8,7) € N(©101)

= Ntotitot; = Ntotatota = Nitotatots.
Thus, (1,2,4)(5,8,7) € N©10D We conclude:

NOWOD > (1,2 4)(5,8,7) >

N| 24

W!‘)w = % = 8. Furthermore, the

so the number of the single cosets in Nitgt1tgt1 N is
orbits of N(0101) o {t1,ta,t0,ta, t5,te, t7tg} are:
0= {{1,2,4},{5,8,7},{0}, {6} }.
Take a representative t; from each orbit and see which double cosets Ntgtitot1t;
belongs to. We have:

Ntotitotity € [010]
totitotits = atotsty => Ntgtitotits = Ntotsto € [050]
Ntotitotito € [01010]
totitotits = atotitot;, = Ntotitotits = Nitgtitot: € [0101]
The new double coset is Ntgtitot1toN, denoted by [01010].
Ntot1toto N

Consider NtgtitotoN is a new double coset. We determine how many single cosets are

in the double coset. However, N(0102) — N0102 —— ¢ > QOnly identity (e) will fix 0,1,
and 2. Hence the number of single cosets living in NtgtitotoN is % = % = 24.
The orbits of N2 on {t,,to, to, ta, 5, ts, t7, g} are:

O = {{1},{2},{0}, {4}, {5}, {6}, {7}, {8}}

Take a representative t; from each orbit and see which double cosets Ntgtitotot; belongs
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to. We have:
totitotats = cb Vtstots = Niotitotat, = Nistots € [014]
Ntotitotats € [010]
totitotaty = betotitots = Ntotitotato = Ntotitots € [0108]
totitotats = cd Vtotatot; = Nitgtitotats = Niotatot; € [0104]
totitotats = tatsts = Nitotitotats = Niotste € [014]
totitotats = betststs = Nigtitotats = Nitgtsts € [050]
totitotaty = blststrta = Ntotitotaty = Niststyte € [0187]
totitotats = atetstets = Ntotitotats = Nigtstats € [0108].
Ntotitots N

Consider Ntgtitot4N is a new double coset. We determine how many single cosets are

in the double coset. However, N(0109) — N0104 —— ¢ > Only identity (e) will fix 0,1,

IV = 2% =24,

and 4. Hence the number of single cosets living in Ntgt1tgt4N is TN T

The orbits of N4 on {ty,to, to, ta, t5, t6, t7, s} are:
O = {1}, {23 {0}, {4}, {5}, {6}, {7} {8}).

Take a representative t; from each orbit and see which double cosets Ntgtitgt4t; belongs
to. We have:

totitotats = d b trtsty => Nigtitotat; = Ntqtsty € [012]

totitotats = ctotstots = Ntotitotats = Nitgtatot: € [0102]

totitotato = tatgtsty = Ntotitotato = Ntatetst, € [0104]

Ntotytotaty € [010]

totitotats = tstatsts = Ntotitotats = Nitstatsts € [0104]

totitotate = db‘titgt; = Niotitotats = Ntitety € [012]

totitotaty = bdtstets = Nigt1totaty = Nistgts € [050]

totitotats = db Virtatsts = Niotitotats = Nigtatste € [0187].

Ntotitots N

Consider NtgtitotsN is a new double coset. We determine how many single cosets are

in the double coset. However, N(0108) — NO0108 — ¢ > QOnly identity (e) will fix 0,1,

and 8. Hence the number of single cosets living in NtgtitgtgN is % = % = 24.
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The orbits of N©O108) on {t,,to, to, ta, ts5, ts, t7, s} are:
O = {{1},{2},{0}, {4}, {5}, {6}, {7}, {8}}.
Take a representative t; from each orbit and see which double cosets Ntgtitotst; belongs
to. We have:
tot1totsts = be Ytotits = Nigtitotst, = Nigtits € [018]
totitotsts = atetstets = Ntotitotsts = Nigtstats € [0102]
totitotsto = b~ 'dtgtitots = Nitgtitotsto = Ntotitots € [0102]
totitotsts = db Virtatsts = Nigtitotsts = Nirtatsts € [0127]
totitotsts = totats = Nitotitotsts = Ntotats € [016]
tot1totsts = atatita = Nigtitotste = Ntot1ts € [050]
totitotsty = abtitgtrts = Nigtitotsty = Niitgtrts € [0127]
Ntotitotsts € [010].
Ntotitotr N

Consider Ntgtitoty N is a new double coset. We determine how many single cosets are

in the double coset. However, N(0127) — N0127 —— ¢ > Only identity (e) will fix 0,1,7,

and 2. Hence the number of single cosets living in Ntgtitot7 N is _INL 24 gy

[NO2D] T 1
The orbits of N©O'27) on {ty,to, to, ta, t5, t6, t7, s} are:
O = {{1},{2}, {0}, {4}, {5}, {6}, {7}, {8}}.

Take a representative ¢; from each orbit and see which double cosets Ntgtitat7t; belongs
to. We have:

totitatrty = atgtstots = Ntotitatrty = Nitgtstots € [0127]

totitatrty = b etstotst; => Nigtitatsta = Nistotsts € [0108]

totitatrto = d b Ytatstgty = Nigtitatrto = Niotatet; € [0127]

totitotrty = b latgtsts = Ntotitotrty = Nigtsts € [014]

totitatrts = atatststs = Ntotytotrts = Nitgtstats € [0127]

totitotrte = cbtatgtats =—> Ntotitatrte = Niygtgtsts € [0108]

Nitgt1tatrty € [012]
totitatrts = batstrtots = Nigtitatsts = Nigtrtots € [0127].

Ntot1tst7r N



146

Consider Ntgtitst7N is a new double coset. We determine how many single cosets are
in the double coset. However, N(O187) = NOI8T —< ¢ > Only identity (e) will fix 0, 1,
7, and 8. Hence the number of single cosets living in Ntgtitgt7 N is % = 2—14 = 24.
The orbits of NO87) on {t,,to, to, ta, t5, ts, t7, g} are:
O = {{1}, {2}, {0}, {4}, {5}, {6}, {7}, {8}}.
Take a representative t; from each orbit and see which double cosets Ntgtitgt7t; belongs
to. We have:
totitstrty = betstrtgts = Nigtitstrt; = Nitgtrtgts € [0187]
totitgtrty = b Ld ltstytsts = Ntotitgtrto = Ntstatsts € [0104]
totitstrto = bd “tgtrtity = Nitotitstrto = Ntgtrtits € [0187]
totitgtrty = bl Motytsty = Ntotitstrty = Niotytst; € [0187]
totitstrts = be Vtataty = Ntotitststs = Nitotyto € [018]
totitstrte = b 'digtstats = Niotitstrts = Ntgtstat; € [0187]
Ntotytstrtr € [018]
Ntotitgtrts = b te Mytgtity = totitststs = Nitytetity € [0102).
NtotitotitoN

Now Ntgtitot1tgN is indeed a new double coset. We determine how many single cosets
are in this double coset. We have N(01010) — N01010 — ¢ Ntotitoti1to has twenty
four names. We have the following:
Ntotrtot"2VEED = Ntotototaty = (1,2,4)(5,8,7) € N(01010)
Nitgtotots DV EEE0) - Npopetotsty = (1,4,5,7)(2,6,8,0) € N(©1010)

Therefore, N(01010) = p ¢ N|N(01010)" = N(01010).
Thus, N(©1010) >< (1,2, 4)(5,8,7),(1,4,5,7)(2,6,8,0) > then N(01010) = N
Hence |N(©1010)| = 94 50 the number of single cosets in N(©1010) jg % =2 =1
The orbit of N(©1010) on {1,2,0,4,5,6,7,8} is {1,2,0,4,5,6,7,8}. Take a representa-
tive from this orbit, say to. Hence Ntgtitotitoty € [0101]. Therefore, eight symmetric
generators will go back to Nitgtitot1 V.

We have completed the double coset enumeration since the set of right cosets

is closed under right multiplication, hence, the index of N in G is 330. We conclude:

G = N U NtgN U Ntgt1N U Ntgts N U Ntgt1tgIN U Ntgt1to N U Ntgt1t4N U
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Ntot1tg NUNtot1ts N UNtotstoNUNtot1tot1 NUNtot1tota NUNtot1tota NUN gt 1tots NU
Ntotytat7 N U Ntgttgt7 N U Ntgtitot1tgN, where

G228 : 8, /(ct)8, (abt™® )8, (ab~1t)3, bdtc™‘ted tdtc ',

bdtdtctd'tb~Letetdte™ ¢, betetd ‘tetd td b e et

[N [V |V [N [N |V [N [N
|G| S (|N| + N(0) + N(01) =+ N(05) + N (010) + N (012) + N (014) + N (016) + N(018)+

V] |V |V [V [N [N |V |V
N (050) + N (0101) + N (0102) + N (0104) + N (0108) + N (0127) + N (0187) + N(01010)) X ’N’

G| < (148+24+24424+24 424424+ 24+ 24+ 8424+ 24+ 24424 +24+1) x 24
|G| < 330 x 24
G| < 7920.

A Cayley diagram that summarizes the above information is given below:

Figure 6.1: Cayley Diagram of Mj; over Sy
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Our goal is to apply Iwasawa’s lemma to prove that G = M;p; over Sy is
a simple group. However, by inspection, we can see from the Cayley diagram that
Twasawa’s lemma fails since we have imprimitive blocks of size 2. Thus, G = Mj; over
Sy is not a simple group.

In the next section, we will look at the maximal subgroup of G = M;j; and

construct a Cayley diagram of Mj; over M.

6.3 Construction of M;; over M = 2'Sy

We start by factoring the progenitor 2*® : Sy by the relations
(ct)S, (abt® )5, (ab~1t)3,
bdtc 'ted tdtet, bdtdtctd—1tb~ Letetdte ¢, betetd ‘tetd td— b e et
to obtain the homomorphic image G = Mj;, where
a~(1,5)(2,8)(3,6)(4,7), b~ (1,2,4)(5,8,7), c ~ (1,4,5,7)(2,6,8, 3),
d~(1,3,5,6)(2,4,8,7), and t ~ ty ~ t3. In the previous section, we expanded the above
relations.

Let M be the group generated by the control group N = Sy and dtgtstotsty =
dxtxd 1xtxdxtxd 1xtxdxt. That is,

M = (N, dtotstotsto), = 2'Ss where |M| = 48.

Then M is the maximal subgroup.

We decompose G into the double cosets MwN, where w is a word in t/s, via
double coset enumeration.

We proceed to do a manual double coset enumeration of G over M and N.

Denote [w] to be the double coset MwN, where w is a word in the #s.
MeN

We begin with the double coset MeN, denote [x]. This double coset contains only one
single coset, namely M. The single coset stabilizer of M is N, which is transitive on
{t1,ta,t0, 14,15, t6,t7,1tg} and therefore has a single orbit,

0 =1{{1,2,0,4,5,6,7,8}}.
Take an element from O say tg and multiply the single coset representative M by it to

obtain Mty. This is a new double coset MtoN, denote it [0].
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MtoN
In order to find how many single cosets [0] contains, we must first find the coset stabiliser
N©). Then the number of single coset in [0] is equal to %. Now,
NO = N0 =< (1,2,4)(5,8,7) >
so the number of the single cosets in MtgN is | ]‘V]?;')‘ = 2—34 = 8. Furthermore, the orbits

of NO) on {t1,ta,t0,ta,t5,ts, L7ts} are:
0 = {{1,2,4},{5,8,7},{0}, {6} }.
We take tq,ts5,t9, and tg from each orbit, respectively and to see which double coset
Mtoty, Mtots, Mtoty, and Mtyts belong to. We have:
Mtoty € [01],
Mtots € [05],
Mtotg = M € [+],
atote = tg = Mtgtg = Mtg € [0).
The new double cosets have single coset representatives Mtgt; and Mtyts, which we
represent them as [01] and [05] respectively.
Mtot; N
Consider Mtgt1 N is a new double coset. We determine how many single cosets are in
the double coset. However, N0 = N0l =< ¢ >. Only identity (e) will fix 0 and 1.
Hence the number of single cosets living in Mtgt; N is % = % = 24. The orbits of
NOY on {ty,t, to, ta, t5, te, tr, tg} are:
O = {{1},{2},{0}, {4}, {5}, {6}, {7}, {8}}.
Take a representative ¢; from each orbit and see which double cosets Mtyt1t; belongs
to. We have:
Mttty € [0],
Mtotqto € [012],
totito = totrtotitotots = Migtito = Migtito € [01],
Mtotity € [014]
totits = atgty = Mtotits = Mitgt; € [05] = {N(tot5)"|n € N},

Mtotyts € [016],
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totity = db~ ity => Ntotity = Ntitg € [05] = {N(tots)"|n € N},
Mttt tg € [018].
The new double coset are Mtot1tolN, Mtot1t4 N, Mtotite N and Mtgt1tgN, which we
represent them as [012], [014], [016], and [018] respectively.
Mtots N
Consider MtgtsN is a new double coset. We determine how many single cosets are in

the double coset. However, N(0) = N0 —< ¢ >. Only identity (e) will fix 0 and 5.

Hence the number of single cosets living in MtgtsN is % = % = 24. The orbits of

N©%) on {ty,t, to, ta, t5, te, t7, ts} are:
O = {{1}, {2}, {0}, {4}, {5}, {6}, {7}, {8}}.

Take a representative t; from each orbit and see which double cosets Mtytst; belongs
to. We have:

totst, = atgty = Mtotsty = Mtgts € [01] = {N(tot5)"|n € N},

totsty = betsty => Mtotsts = Mtsto € [01] = {N(tot5)"|n € N},

totsto = totstotstotots = Mtotsto = Migts € [05]

(since {N(tots5)"|n € N} and totstotsto € M),
totsty = d b M rtsts = Mtotsty = Mtqtsts € [018] = {N(tot1tg)"|n € N},
Mtotsts = Mty € [0]

totste = atstoty = Mtotste = Mtstoty € [016] = {N(tot1te)"|n € N},

totsty = tatite = Migtity = Migtite € [012] = {N(tot1ts)"|n € N1,

totsts = be Mttty = Mitotsts = Mtitgty € [014] = {N(tot1ts)"|n € N'}.

Mtot1ta N

Consider Mtgti1taN is a new double coset. We determine how many single cosets are in
the double coset. However, N(012) = N012 —< ¢ > Only identity (e) will fix 0,1, and 2.
Hence the number of single cosets living in Mtgt1taN is % = % = 24. The orbits
of NOW2) on {t;,ta,to, ta, ts, L6, t7,ts} are:

0= {{1},{2},{0}, {4}, {5}, {6}, {7}, {8}}.

Take a representative t; from each orbit and see which double cosets Myt tat; belongs
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to. We have:
totitat: = totatotatotstots = Mitotitat; = Mtgtsts € [014]

(since {N(totits)"|n € N} and totatoty € M),
Mtotitats € [01]
totitato = b~ dtotits = Mtotitaty = Mtgtits € [018] = {N(tot1ts)"|n € N},
totitats = b Motaty => Mtotitaty = Mtotaty € [014] = {N(tot1ts)"|n € N},
totitats = totitotitotatste = Mtotitats = Miotsts € [014]
(since {N(tot1t4)"|n € N} and tot1totitg € M),
totitats = tsts = Mtotitats = Mtsts € [05] == {N(tots)"|n € N},
Mtgtytats € [0127]
totitats = atotsty = Mtotitats = Mtotsts € [018] = {N(tot1ts)"|n € N}.
The new double coset is Mtytitat7 N, denoted by [0127].
Mtot1t4 N

Consider Mtgti1t4N is a new double coset. We determine how many single cosets are in
the double coset. However, N(014) = NO14 —~ ¢ > Ouly identity (e) will fix 0,1, and 4.
Hence the number of single cosets living in Mtgti1t4N is % = % = 24. The orbits
of NOW on {ty,to, to, ta, 5, te, t7, ts} are:
O = {{1}. {2}, {0}, {4}, {5}, {6}, {7}, {8}}.
Take a representative t; from each orbit and see which double cosets Mtytit4t; belongs
to. We have:
totitaty = ctotstotstotrtsty = Mtotitst, = Mirtsty € [012]

(since {N(totit2)"|n € N} and ctotgtotsto € M),
totitats = btotaty = Mtotitsts = Mtgtsty € [012] = {N(tot1t2)"|n € N},
totitaty = bd ttytet; = Mtotitato = Mtytet; € [014]
Mtotitaty € [01]
totitats = db ‘tstaty = Mitotitats = Mtstyts € [014] = {N(tot1t4)"|n € N},
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totitate = ctotatotatotitety => Mtotitate = Mtitgty € [012]
(since {N(tot1t2)"|n € N} and ctotatotato € M),
totitaty = d b tsts = Mtotitat; = Mtsts € [05] = {N(tot5)"|n € N},
totitats = batgtrtsty = Mtotitsts = Migtrtsts € [0127] = {N(tot1tat7)"|n € N}
Mtotitg N
Consider MtgtitgN is a new double coset. We determine how many single cosets are in
the double coset. However,
Mtotits = Mtgtsto
Then N (tot1tg) 22806 = Ntstst;. But Ntgtst; = Ntgtite = (1,5)(2,8)(0,6) €
NO) since N(totits) OO = Ntgtsty
— N5 > ((1,5)(2,8)(0,6)).
Hence the number of single cosets living in MtgtitgN is % = 22—4 = 24. The orbits
of NOW) on {t,ta,t0,ta, t5, L6, t7,ts} are:
O = {{1,5},{2,8},{0,6},{4,7}}.
Take a representative t; from each orbit and see which double cosets Myt tgt; belongs
to. We have:
totitets = totitotitotste — Migtitet; = Mtstg € [05]
(since {N(tots)"|n € N} and totitotito € M),
totiteta = totstotstototetits = Mtotiteta = Mtgtitg € [016]
(since {N(totite)"|n € N} and totgtotsto € M),
tot1tets = bd Vtgtrty = Mtotitets = tetrt, € [018] = {N(totits)"|n € N},

Mtotitets € [01] .

Mtot ts N
Consider MtgtitgN is a new double coset. We determine how many single cosets are in
the double coset. However, N(018) = NOI8 —— ¢ >~ Only identity (e) will fix 0,1, and 8.
Hence the number of single cosets living in Mtgt1tgN is % = % = 24. The orbits
of NO8) on {ty,to, to, ta, 5, t6, t7, ts} are:

O = {{1}, {2}, {0}, {4}, {5}, {6}, {7}, {8}}-

Take a representative t; from each orbit and see which double cosets Mtgyt,tst; belongs
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to. We have:
totitsts = betotatotatototits = Mtotitsty = Mtotitots € [018]

(since {N(tot1ts)"|n € N} and betotatotaty € M),
totitsts = atgtsts = Mtotitsts = Mtgtsts € [012] = {N(tot1t2)"|n € N},
totitsty = betotits = Mtotitsty = Mtotits € [012] = {N(tot1t2)"|n € N},
totitsts = ctotatotatotrtatsts = Mtotitsts = Mtztatsts € [0127]
(since {N(totitat7)"|n € N} and ctotatotety € M),
totitsts = totitotitototats = Mtottsts = Mtotats € [016]
(since {N (totits)"|n € N} and totitotito € M),
totitsts = be~Vtaty = Mtotitste = Mtat; € [05] = {N(tots)"|n € N},
totitstr = btotstotstotitetrts = Mtotitst; = Mtitgtsts € [0127]
(since {N(totitatr)"|n € N} and btotstotsto € M),
Mtgtitsts € [01].
Mtotitats N

Consider Mtgtitot7 N is a new double coset. We determine how many single cosets are

in the double coset. However, N(0127) — NO0127 —— ¢~ Only identity (e) will fix 0,1,7,

and 2. Hence the number of single cosets living in Mtgtita2t7 N is % = 2—14 = 24.

The orbits of N©O27) on {ty,to, to, ta, t5, te, t7, g} are:
O = {{1},{2},{0}, {4}, {5}, {6}, {7}, {8}}.
Take a representative t; from each orbit and see which double cosets Mtyt tot7t; belongs
to. We have:
totitotrty = atrtstots = Mitgtitatrty = Mirtstots € [0127] = {N (tot1tat7)"|n € N},
totitatrte = btgtatotatotstoty = Mtotitatrta = Mtstots € [018]
(since {N(totitg)"|n € N} and btotatotaty € M),
totitatrto = d b tatytgty = Mtotitatsty = Mtatytety € [0127]
totitotrts = b atgtsts = Mtotitatrty = Mtgtsts € [014] = {N(tot1ts)"|n € N},

totitatrts = atotstats = Mitgtitatrts = Miotststs € [0127] = {N(t0t1t2t7)”\n S N},
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totitatrte = totstotstotatsts = Mtotitatyte = Mtgtgts € [018]

(since {N(totits)"|n € N} and totgtotsto € M),

Mtotitatrty € [012]

totitatrts = batstrtots = Mtotitatrts = Mitgtrtots € [0127) = {N (tot1tat7)"|n € N}.
We have completed the double coset enumeration since the set of right cosets

is closed under right multiplication, hence, the index of M in G is 165. We conclude:
G = MeNUMtogNUMtot1 NUMtots N U Mtotita N U Mitgt1t4N U Mtogtitg N U

Mtot1ts N U Mtotitot; N, where
G =28 5, /(ct)S, (abt® )6, (ab~1t)3, bdtc L ted Htdtet,

bdtdtctd—'tb~Letetdte™'¢t, betetd Vtetd 'td b e et

Gl < N[+ % + z\‘/](glm + ngg + Nl(](\)fl‘Q) + N|(](¥1‘4) + NI(]:JG) + ]\7‘(0]\71|8) + N!(])\lflw) x | M|

G| < (1+8+24+24+24+12+24+24) x 28

|G| <165 x 48

|G| < 7920.

A Cayley diagram that summarizes the above information is given below:

Figure 6.2: Cayley Diagram of M1 over 25y
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6.4 Iwasawa’s Lemma to Prove M, over M = 2'S, is Simple

Again, we use Iwasawa’s lemma and the transitive action of G on the set of
single cosets to prove G = M1 over M = 2°S, is a simple group. Iwasawa’s lemma has
three sufficient conditions that we must satisfied:

(1) G acts on X faithfully and primitively

(2) G is perfect (G =G")

(3) There exist z € X and a normal abelian subgroup K of G* such that the

conjugates of K generate G.

Proof. 6.4.1 G = M;; over M = 2'S; acts on X Faithfully

Let G acts on X = M, MtoN, Mtoth, Mtotg,N, MtotthN, Mt0t1t4, Mtotltﬁ, Mtotltg,
Mtotitat7 N, where X is a transitive G-set of degree 165. G acts on X implies there

exist homomorphism

[ G — Sies (| X] = 165).
By First Isomorphic Theorem we have:
G/kerf = f(G).

If kerf = 1 then G = f(G). Only elements of N fix N implies G! = N. Since X is

transitive G — set of degree 165, we have:

|G| = 165 x |G|
=165 x | M|
=165 x 48
= 7920
— |G| = 7920.

From Cayley diagram, |G| < 7920. However, from above |G| = 7920 implying ker(f) =
1. Since kerf = 1 then G acts faithfully on X.
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6.4.2 G = M;; over M =25, acts on X Primitively

Since G = Mj; is transitive on |X| = 165, if B is a nontrivial block then we
may assume that M € B. However, |B| must divide |X| = 165. The only nontrivial
blocks must be of size 3, 5, 11, 15, 33, or 55, since |B| must divide | X]|.

Case (1): If Mty € B then B = {M, Mty} = {M,MtoN} (since N € B, BM = B)

— B = {M, Mtg, Mt1, Mts, Mts, Mts, Mts, Mtg, Mts, Mts}

Bty = {M, Mtot,, M, Mtsty, Mtsty, Mtat,, Mtst,, Mtgty, Mtqt;, Mtst,}

= M € BN Bty.

Now B = {M, MtyN, Mtoti N, Mtots N}, where | B| = 57 (passed all possible nontrivial
blocks).

Note if Bty € B then B = X.

Case (2): Consider B = {M, MtoN, Mtot1 N}, where | B| = 33 but if we have { M, Mt,N }

we are going to have the entire group B = X. Thus, G acts primitively on X.

6.4.3 G = My, over M = 2'S, is Perfect

Next we want to show that G = G’. Since G =< N, t >, we have that N < G’.
Now Sy <G = S, < G’'. The commutators subgroup of Sy is
Sy =< la,b]|la,b € Sy >=< a,b,c,d >< G'.
Now by expanding the main relations we get the following;:
a = toteto
d = totstatitrtotyls
¢ = tatatitotrtststo
bdc Mtgtotatsto = 1
Now we use the above relation and we solve for b by replacing d = tgtgtsti1t7tot1ts and
¢! = totstetrtotitaty :
bdc Ytgtotatsto = 1
— b = totstatotstatatitotrtetstotstitot-t1tatsto
So, G =< a,b,c,d,t >=< tgy,t1,t,t3,t5,t6,t7,tg > . Our goal is to show that one of
the t/s € G’, then we can conjugate by < a,b, ¢,d > to obtain all of the t/s in G'. Since
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a € G'. Then
a = totety € G’

= totstotets € G’ (since |tis|=2)

= [to, tete € G

— tginG’
Sotg € G = 15,15 ,15 € G' (since ¢,c2,¢3 € G and G/ < Q) also
tgd,tgd,t%lCS,t§3d € G’ (since ad,bd,dc?,c*d € G and G' < G)
= G’ =< tg, tg, to, to, ts, t1,t7,tg > .
Thus, G > G’ >< tg, t1, taty, tstet7ts >= G. We conclude that G’ = G and G is perfect.

6.4.4 Conjugates of a Normal Abelian K
Generate G = M;; over M =25,

Now we require x € X and a normal abelian subgroup K of G*-the point
stabilizer of z in G, such that the conjugates of K in G generate G.
Now G! = M = 2'S, possesses a normal abelian subgroup K =< a > . We use the same
relation, as we did in the previous part:
a = totgtyg € K
— a'0 = (totgto)® € K¢
= toaty = tototstoto € K

= atgtg =tg € K

So t§ € K¢

= K> {to 15,15 . 15, 1" 18, 4 16}

= K% > {tg,ts,to, t2, t5,t1,t7,t4} = G

Hence, the conjugates of K generate G. Therefore, by Iwasawa’s lemma, G = My is a
simple group.

O
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Chapter 7

Double Coset Enumeration of M-
over (3%:2°5))

7.1 Factoring by the Center (Z(G)) of 27 : (3% : 2'Sy)

Consider the group G' = 2*™ : (3% : 2'S,) factored by the relator [ac~ b~ 1cb?t)3.
Note: N = (3%2:2'Sy) =< a,b,c > and |N| = 432, where
a~ (2,8)(3,15)(4,20)...(59,65)(60,64)(68,72),
b~ (1,2,9,13,6,8)(3,16,25,10,40,23) ...(33,70, 65,54, 63,51)(43, 72, 68, 62, 60, 64),
and ¢~ (1,3,5,15)(2,10,12,42) ... (48, 58, 65, 72)(49, 63, 68, 59).
Let t ~ t1 ~ to.
Now we look at the composition factors of G given below:
G
| Ml2
*
| Cyclic(2)
1

Thus, G = 2 x M12. Now, we use Magma to factor the group by the center Z(G) and
we get that Z(G) =< ab®ctbtb~1tbte > .

Hence,

_ 2%72:(32:2°S4) ~
G= [ac—1b—1cb?t2]3,ab3ctbtb—1tbtc — Miz.
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7.2 Construction of M, over (32 :25))

Now consider the group

G — 2%72:(32:2°Sy)
T [ac—1b—1cb2t2]3 ab3ctbtb—tbtc.

Note: N = (3%:2'Sy) =< a,b,c > and |N| = 432, where
a~ (2,8)(3,15)(4,20) . .. (59,65)(60,64)(68, 72),
b~ (1,2,9,13,6,8)(3,16,25,10,40,23) ... (33,70, 65, 54, 63, 51)(43, 72, 68, 62, 60, 64),
and ¢ ~ (1,3,5,15)(2, 10,12, 42) .. . (48, 58, 65, 72)(49, 63, 68, 59).
Let t ~t1 ~ tp.

Let us expand the relations:
[ac b~ Leb?ty)® = 1 with 7 = ac™ b~ 1ch? becomes
1 = [rty]3 = w317ty = acbtostsats
—> 1 = acbtogtsyls
= acbtostsy = t9,
1 = ab?ctbtb—ltbte = ab3cbetiotstiots
= ab3cbtigts = tstio.
We want to find the index of N in G. To do this, we perform a manual double coset
enumeration of G over N. We take G and express it as a union of double cosets NgV,
where ¢ is an element of G. So G = NeN UNgiN UNgoN U... where g;’s words in t;’s.
We need to find all double cosets [w] and find out how many single cosets
each of them contains, where [w] = [Nw"|n € N]. The double cosets enumeration is
complete when the set of right cosets obtained is closed under right multiplication by
ti’s. We need to identify, for each [w], the double coset to which Nwt; belongs for one

symmetric generator ¢; from each orbit of the coset stabilising group N )

NeN

First, the double coset NeN, is denoted by [*]. This double coset contains only the
single coset, namely N. Since N is transitive on {tg, to,ts,...,t70, t71, t72}, the orbit of
N on {tg,to,t3,...,t70,t71,t72} is:
O = {to,ta, t3, ..., b7, tr1, tra}
We choose ty as our symmetric generator from O and find to which double coset

Nty belongs. NtyN will be a new double coset, denoted by [0]. Hence, 72 symmetric
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generators will go the new double coset [0].
NtoN

In order to find how many single cosets [0] contains, we must first find the coset stabilizer

N©. Then the number of single coset in [0] is equal to N Now, N© = NO

|IN)]|
=< a,ach~tc¢ b~ 1c > so the number of the single cosets in NtgN is |J|\7]X")| = % =72
Furthermore, the orbits of N©) on {tg,t2,t3,...,t70,t71,t72} are:

O = {0}, {7}, {35}, {2,8, 34}, {5,28,14}, {13, 39, 31}, {3, 15, 70, 66, 46, 27},
{4,20,11,71,44,52},{6,9,32,12,26, 37}, {10, 19, 72, 57, 68, 24}, {16, 30, 67, 51, 50, 41},
{17,38,29, 36, 61,40}, {18, 54,60, 53, 64,47}, {21,23, 55,49, 33, 58}, {25, 45,48, 62, 63, 43},
and {22,23,55,49, 33,58}
Take a representative t; from each orbit and see which double cosets Ntyt; belongs to.
We have:
Ntotg = N € [#]
tot; = tzs = Ntoty = Ntzs € [0] = {Ntl|n € N}
totss = t; = Ntotss = Nty € [0] = {Ntg|n € N}
Ntota € [02]
Ntots € [05]
Nitot13 € [013]
tots = ¢ b ltats = Nitgts = Ntotg € [013] = {N(tot13)"|n € N}
tots = bebtigtty = Ntgty = Ntyat1g € [05] = {N(tots)"|n € N}
tote = abtigtss = Ntotg = Ntistss € [05] = {N(tot5)"|n € N}
totro = b3tistea = Ntot1o = Ntystez € [05] = {N(tots)"|n € N}
totis = ac b Leb?ctogtsy = Ntgtig = Ntogtsr € [05] = {N(tot5)"|n € N}
tot17 = abebtistag = Ntot17 = Ntystag € [013] = {N(tot13)"|n € N}
tot1s = ab e b tebtsgtyy = Ntotis = Nisgtay € [05] = {N(tots)"|n € N}
totar = ab~te b7 tebt;; = Ntgtoy = Nty € [0] = {N(tg)"|n € N}
totos = ac” lbebtsstss = Ntgtos = Nisstss € [05] = {N(tots)"|n € N}

totoo = abilcilbcbt36 = Ntgtao = Ntgg € [O] = {N(to)nm S N}
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The new double cosets have single coset representatives Ntgta, Ntgts, and

Mtgti3, we represent them as [02], [05], and [013], respectively.
Ntoto N

—

Continuing with the double coset NtgtaN, we find the point stabilizer N°2. This is

N2 —< aeb~ e b7 1e > . Also, with the relation tote = abeb™2cbtigtsg = Ntota =

Ntistso. Then N(t0t2)(0,16,6,17,32,57)(2,40,13,44,39,66)---:abcb‘2 — Nt1gNtyo. But Ntigts =

Ntoty = abeb™2 € N2 gince N(tgtg)“bd’_2 = Ntigtsg. Thus the coset stabiliser is
NO2) > qeb e b e, abeb2 > .

N
Vl”lﬁ =32 12

0 ={0,16,67,52,6,44,39,19,32,57,17,13,66, 61,29, 15,2,40},
{3,70,26,10,37,60,45,72,28,18,43,7,62,55, 5, 22,63, 31},

{4,11, 36, 30, 38, 65,47, 51,27, 24,69, 68, 25, 64, 49, 46, 23, 48},

{8,34,53,41,54, 71,50, 33, 14, 20, 35, 21, 58, 12, 56,42, 9, 59. }

Take a representative ¢; from each orbit and see which double cosets Ntgtot; belongs to.
We have:

Ntotata = Nty € [0]

Since |N (02)‘ = 36, the number of single cosets in [02] is

totots = Cbilcflbilcilbfltﬁltgg = Nitgtots = Nigitsz € [05] = {N(t0t5)"\n € N}
totaty = Cb_20b0t28t37 —> Nigtoty = Nitogtsy € [05] = {N(t0t5)"\n S N}

tolats = c_lbcbt71t43 = Nigtots = Nt71ts3 € [013] = {N(totlg)n|n € N}

Ntots N

Continuing with the double coset NtgtsN, we find the point stabilizer N%. This is
N9 =< g > . Also, with the relation tots = atsty => Ntots = Ntsto.

Then N (tots) 03 @12B15)~=c* — N Nt,. But Ntstg = Nitgts = ¢ € N2 gince
N (t0t5)62 = Nitstg. Thus the coset stabiliser is

N ><q ¢ > .
[v]
B

Since }N(O‘r’)‘ = 4, the number of single cosets in [05] is = 432 — 108. The orbits

of N(05) on {to, t2, t3, e ,t70, t71, t72} are:
0 ={0,5},{3,15},{7,34}, {13,35}, {33, 55}, {50, 67}, {2, 8,12, 37}, {4, 20, 23, 22},
{6,9,31,39},{10,19,42,21}, {11, 44, 46, 70}, {14, 28,26, 32}, {16, 30, 53,47}, {17, 38, 56, 69},
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{18,54,61,29}, {24,57,51,41}, {25, 45, 36,40}, {27, 66, 64, 60}, {43, 62, 71, 52},

{48,63, 65,59}, {49, 58, 68, 72}.

Take a representative t; from each orbit and see which double cosets Ntgtst; belongs to.

We have:

Ntotsts = Ntg € [0]

totsts = cb >tgsteo

totsty = abc®b Yrotyr
totstis = ac b3 Mtgstas
totstss = ac’b te Ygtar
totstso = b2cb e tsrty
totsts = ach 2tyatsg

totsts = beb’trotsy

totste = ab~lebcPtagtes
totstip = b3cb taotss
totstin = ac ' beb %tgs
totst1s = ac ' b3cte

totstis = ach®c Mo

totst1y = b te ety
totstis = ab®eb ™ e My
totstas = ach™*tats
totstos = ab tcb Ygatos
totstar = ach’ctys

totstss = b2 o e Ysot
totstsgs = bt14

totstsg = ac ot b2t54t42

Ntot13IN

—> Nitgtsts = Ntgsteo € [02] = {N(tot2)"|n € N}
= Ntotsty = Ntrot17 € [013] = {N(tot13)"|n € N}
= Ntotsti3 = Ntgstag € [02] = {N(tot2)"|n € N}
= Niotstsz = Ntatsy € [05] = {N(tot5)"|n € N}
= Nitotstso = Nigrta € [05] = {N(tots5)"|n € N}
— Ntotsto = Ntyatsg € [05] = {N(tot5)"|n € N}

(

)
)

—— Nt0t5t4 = Nt72t57 c [05] = {N tot5)"|n c N}
)

= Ntotstio = Ntaotss € [05] = {N(tots)"|n € N}
= Niotsti1 = Niez € [0] = {N(to)"|n € N}

= Nitotstia = Nt € [0] = {N(tp)"|n € N}

= Nitotsti6 = Ntag € [0] = {N(to)"|n € N}

= Ntotsti7 = Ntqitar € [05] = {N(tot5)"|n € N}
= Ntotstig = Ntgg € [0] = {N(to)"|n € N}

= Ntotstas = Niaatso € [05] = {N(tot5)"|n € N}
— Ntotstos = Ntgatag € [05] = {N(tots5)"|n € N}
= Nitotstar = Ntag € [0] = {N(to)"|n € N}

= Ntgtstas = Nteatos € [05] = {N(tot5)"|n € N}
= Nitotstag = Nt14 € [0] = {N(to)"|n € N}

— Nigtstag = Ntsatss € [013] = {N(tot13)"|n € N.}

Continuing with the double coset Ntgt13N, we find the point stabilizer N°'3. This is
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NO3 —< ¢ > . Also, with the relation tgt;3 = b3tgotsg = Ntot13 = Nigotsg. Then
N (toty3)(1:69:13,49)(2,38,6.27)--=b""cbe — N'to0 Ntyg. But Nitgotsg = Ntots => b cbe €
NO13) gince N (totlg)b_ld’c = Ntgotsg. Thus the coset stabiliser is

NO3) > g b~ tebe > .

Since ‘N(OB)‘ = 16, the number of single cosets in [013] is ﬂ =42 — 97,
|N(013)‘ 6

The orbits of N(©013) on {to, ta,ts, ..., tro,t71,t72} are:

0 ={1,69,56,13,61,49, 29,58}, {5, 30,16, 7,62, 36,43,40}, {21, 42, 70, 63, 46, 35, 48, 34},
{2,8,38,24,17,6,67,57,9,71,27,11, 50, 66, 52, 44},
{3,15,22,60, 23,10, 31, 64, 19, 32,45, 72, 39, 25, 26, 68},
{4,20,37,18,12,47,51, 54, 53,59, 28, 55,41, 14, 65, 33}.
Take a representative t; from each orbit and see which double cosets Ntgtist; belongs
to. We have:
Ntotistis = Nty € [0]

totisty = cbctgetsy => Ntotisty = Ntestso € [02] = {N(tot2)"|n € N}

totista] = togtys = Ntotista) = Nitogtss € [05] = {N(tot5)"|n € N}

tot1gta = ab 'cbeb 'ty = Nitgtiszta = Ntyy € [0] = {N(to)"|n € N}

tot1sts = ¢ 'bPtyy = Ntotists = Ntoy € [0] = {N(to)"|n € N}

tot13ts = be_lc_lb_lc_1t62t15 —> Nitgtizts = Nigatis € [05] = {N(t0t5)"|n € N}

We have completed the double coset enumeration since the set of right cosets
is closed under right multiplication, hence, the index of N in G is 220. We conclude:
G = N U NtgN U NigtoN U Ntgts N U Ntgt13N, where

G — 2%72:(3%:2° Sy)
T Jac—1b—1cb2t2]3 ab3ctbtb—tbtc.

G| < (IN] + 2% + ~aos + ~ey + wonsy) X [N

N(0) N(01) N (05) N (013)
|G| < (1+ 72+ 12 + 108 + 27) x 432
|G| < 220 x 432
|G| < 95040.

A Cayley diagram that summarizes the above information is given on the next page.
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+4+4+4+4
+4+4

Figure 7.1: Cayley Diagram of Mjs over (32 : 2'Sy)



165

Chapter 8

Tabulated Images

8.1 2¢7:(7:2)

It can be proved that the progenitor given above has Mz as a homomorphic
image. While looking to find the Mathieu Mos group, we ran the following progenitor

and what we found is listed below:

G<a,b,t> := Group<a,b,t |a”3, b " (-2)xa"-1+b*xa,t”2, (t,a),
((a*xb"2)*t " (b"=2)) "¢, ((axb"2)+xt~ (b"-1)) ~d,

((a*b"2)*t " (bxaxb)) e, ((a*xb”"2) "1+t~ (b"-2)) " £,

((axb™2) =1+t " (b"=-1)) "g, ((a*b"2) "=1xt "~ (bxaxb)) "h,

(bxt” (b"-1)) "1, (b"3xt" (b"-1)) " 3>;

Table 8.1: Some Finite Images of the Progenitor 2*7 : (7 : 2)
’c‘d‘e‘f‘g‘ h ‘i‘j‘OrderofG‘ShapeofG‘

0/0[0[0][0]5 [0]8] 1774080 4 My,
0/0[0[0[6[10[0]6 15120 3: (A7 :2)
0/0[0[0[7[7[0]6 20160 Ag

8.2 2%0: (55 x 2)

It can be proved that the progenitor given above has M4 as a homomorphic
image. While looking to find the Mathieu Ms4 group, we ran the following progenitors

and what we found is listed below:
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G<a,b,c,t> := Group<a,b,c,t 1a”2,b"2,c"3, (axb) 2, (axc™-1)"2,
bxc™=1xbxc,t”2, (t,axb), (b*t) "d, (bxt"c) "e, (b*xt” (a*xc™-1)) " f,
(axt) "g, (axt"c) "h, (axt” (axc)) "1, (axbxt) " j, (axbxt"a) "k,
(axbxt"c) "1, (a*xb*xt” (a*c)) "m, (c*t) "n, (cxt"a) "o
(b*xc*t) "p>;

Table 8.2: Some Finite Images of the Progenitor 2* : (S5 x 2)

’d‘e‘...‘m‘n‘ ‘ ‘OrderofG‘ Shape of G ‘
0(0|... 00|34 240 (2 x45):
010 00|34 2184 PGLy(13)
010 31007 24360 PGL2(29)
010 51505 1267200 2((21) 1 Ly(11)) : A

for d,e,£f,9,h,1i,3,%,1,m,n,0,p,q,r,s,u in [0..10] do
G<a,b,c,t> := Group<a,b,c,t 1a”2,b"2,c"3, (axb) 2, (axc™-1)"2,
bxc”=1xbxc,t”2, (t,axb), (b*xt) "d (b*tAc)Ae,
(bxt”™ (axc”™=1)) " f, (a*xt) "g, (axt” c)
(axt” (axc)) "1, (axbxt) 7j, (a*bxt"a) k,(a*b*t“c)Al,
(axbxt” (a*xc)) "m, (cxt) "n, (cxt”a) "o, (bxcx*t) "p,

)~ u

)
(axt) "qg, (bxt) "r, (t*xt"a) "s, (txt"a) "u=a*b>;

Table 8.3: Some Finite Images of the Progenitor 26 : (S3 x 2)

’d‘e‘ .‘o‘p‘q‘r‘ ‘ ‘OrderofG‘ Shape of GG ‘
00 0| 7 ]14|8(8|7 336 PGLy(7)
00 090423 4896 PGLy(17)
010 416 |0]0|6|3 1140480 6 X (Myg:2):2
00 4110]0]0 |42 6635520 (27 : 54(3)) : 2
0]0 510080149 120 2 X As
8.3 2.5,

It can be proved that the progenitor given above has M;j; as a homomorphic
image. While looking to find the Mathieu M;; group, we ran the following progenitor

and what we found is listed below:

G<a,b,c,d,t> := Group<a,b,c,d,t |a”2,b"3,c"4,d"4,
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b "-1lxa*xb*a, c -l axc™-1, d -1l axd"-1,

bxc =1xb"-1%d" -1, ¢ —1*+d " -1*xc*xd"-1,d " -1xc"-1+xb"-1*cxb,
t~2, (t,b), (a*xt” (cxb"=1)) "e, (c*xb*t ™ (c*b"-1)) " £,

(cxb*t”c) "g, (b"=1xc"=1*t" (cxb”=1)) "h, (b"-1xc"-1*t"c) "1,
(cxt™ (cxb™=1)) " j, (cxt”c) "k, (axb*t) "1, (axbxt” (cxb"-1)) "m,
(axb"=1+t) "n, (a*b"=1xt” (cxb"=1)) "0o>;

Table 8.4: Some Finite Images of the Progenitor 2*® : Sy

’e‘f‘... ‘j‘k‘1‘m‘n‘o‘OrderofG‘ShapeofG‘
0O(...|0[{0|0|0]O0]4 120 2 x As
0/0]...]0]6[016]|3]0 95040 (22 x 3) My

8.4 2%:(23:2)

It can be proved that the progenitor given above has Mjs as a homomorphic
image. While looking to find the Mathieu M group, we ran the following progenitor

and what we found is listed below:
G<a,b,c,d,t> := Group<a,b,c,d,t |a”2,b"4,c"2,d"2,
b -2xd, (b"—1xa) 2, (b"-1xc) "2,a*xcxb”"—1lxaxc,t”2,

(t,a), (dxt) e, (cxt) £, (cxt"b) "g, (a*xt) "h,
(a*xt"b) "i, (a*t”c) " j, (bxt) "k, (axcxt) "1, (axcxbxt) "m>;

Table 8.5: Some Finite Images of the Progenitor 2*8 : (23 : 2)

’e‘f‘g‘h‘i‘j ‘k‘l‘m‘OrderofG‘ShapeofG‘
0[0[{0|O|O0[3|3]0|9 2448 Lo(17)
0/0|{0[O|O0]3|3]0]10 2160 3: (4 x2)
0[0[{0|O0O|0|4|0]|5| 6 80640 2:(Ag x2)

8.5 272:(32:(285)))

It can be proved that the progenitor given above has Mjs as a homomorphic
image. While looking to find the Mathieu Mio group, we ran the following progenitor

and what we found is listed below:
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G<a,b,c,t>:=Group<a,b,c,t| a"2,b"6,c™4, (b"-1 % a)~2,
(axc™=1) "2, b -1xc"-2+xb"2xc"2+%b" -1, (c"—-1+%b) "3,
cT=1+xb"-1xc"-2+xb"-1*xc"2xb"-1xc" -1,

t°2,(t,a),(t,a ¢ * b™=1 * ¢"=1 * b™=1 * ¢), (b"3*t) "~
(b"3%xt" (b"3%xc”2)) "e, (b"3xt"c) " £, (a*xt) g, (axt"c) "h,

(a*xt” (b"2)) "1, (a*t”™ (axc"=1xb"—1*xcxb)) ", (axt” (b"2*c)) "k,
(axt™ (b =1*xc*b"-1)) "1, (b"3*c"2*t) "m, (b"3xc" 2%t b) "
(b"3%xc”2+t"c) "o, (b"2*t) "p, (b"2%xt"c) "q,

(b™2xt” (axc™—1*xb " -1*c*b)) "r, (bxc ™ -1*t) "

bxc™=1+t" (b)) "u, (bxc™=1xt"( c)) "v, (bxc™=1xt" (c"2)) "w
bxc™=1xt” (b "-1xcxb™-1)) "%, (c*xt) "y,

cxt” b) z, (cxt” (b"=1xcxb”=1)) "hh,

bx* ) ii, (b*xt"c) "JJ; (bxt” (b"2)) "kk,

b*xt”™ (b"2*c)) "11, (b*xt~ (b"=1xcxb"=1)) "mm,

axbxc”2+t) "nn, (axbxc”"2+t” (b)) “oo,

(axbxc™ 2+t~ (b"2%c)) "pp, (axb*xcxt) "qq,

(axbxcxt"b) "rr, (axb*c*t" (b"2)) "ss, (a*xc " —1+xb " —1l*c*b"2+t) "uu,
(axc”"—1xb"—1l*xcxb"2xt " (b)) “vv,

(axc " =1xb =1 xcxb " 2+«t" (b"2*c)) "ww>;

(
(
(
(
(
(

Table 8.6: Some Finite Images of the Progenitor 2*7 : (3% : (2'S))
’d‘e‘... ‘qq‘rr‘ss‘uu‘vv‘ww‘OrderofG‘ShapeofG‘
(o[o]...]oJoJoJo[3] 0] 190080 [ 2My |
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Appendix A: MAGMA Code for

Permutation Progenitor of As

G<x,y>:=Group< x,y | x"2 = y~3 = (xxy) 5 1>;
S:=Alt (5);

xx:=5!(1,2) (3,4);

yy:=S!(1,3,5);

N:=sub<S|xx,yy>;
Sch:=SchreierSystem (G, sub<G|Id(G)>);
ArrayP:=[Id(N): i in [1..60]11;

for i in [2..60] do

P:=[Id(N): 1 in [1..#Sch[i]l11;

for 7 in [1..#Sch[i]] do

if Eltseqg(Sch[i])[]j] eqg 1 then P[j]:=xx; end if;

if Eltseq(Sch[i])[j] eqg 2 then P[]j]:=yy; end 1if;

if Eltseqg(Sch[i])[]J] eq -2 then P[]j]l:=yy " -1; end if;
end for;

PP:=Id (N)

for k in [1..#P] do

PP:=PPxP[k]; end for;

ArrayP[i] :=PP;

end for;

for i in [1..60] do Sch[i]l, ArrayP[i]; end for;
N1l:=Stabiliser (N, 1) ;N1;

C:= Classes (N);C;

C2:=Centraliser (N,N! (1,2) (3,4));C2;
C3:=Centraliser (N,N! (1,2,3));C3;

C4:=Centraliser (N,N! (1,2,3,4,5));C4;
C5:=Centraliser (N,N! (1,3,4,5,2)),;C5;

Set (C2);0rbits (C2);
Set (C3) ;0rbits (C3);
Set (C4) ;Orbits (C4);
Set (C5) ;Orbits (CH)

14
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Appendix B: MAGMA Code for
Monomial Progenitor of

11*2:,,, D1g

D:=DihedralGroup (5);D;
xx:=D! (1,2,3,4,5);
yy:=D!(1,5) (2,4);
G:=sub<D|xx,vyy>;
H:=sub<G| (1,2,3,4,5)>;
Set (H) ;

C:=Classes (G);C;
Cprime:=Classes (H) ;
Cprime;
CT:=CharacterTable (D) ;
ch:=CharacterTable (H);
CT;

ch;
I:=Induction(ch[2],D);
Norm (I);

for 1 in [1..#CT] do if I egq CT[i] then i; end if; end for;
I eq CTI[4];
T:=Transversal (G,H);T;

C:=CyclotomicField(5: Sparse := true);
A:=[0: i in [1..411;
for 1 in [1..2] do 1f xx*T[i] -1 in H

then if ch[2] (xxxT[i]"-1) eg C.1

then A[i]:=2; else if ch[2] (xx*xT[i]"-1) egq C.172
then A[i]:=4; else

Ali]:= ch[2] (xx+xT[1]"-1); end if; end if; end if;
end for;

for i in [1..2] do if T[2]*xx*T[i] -1 in H



then if ch[2] (T[2]*xxxT[1]"-1) eqg C.1

then A[2+i]:=2; else if ch[2] (T[2]*xx*T[1]"-1) eq C.1"2
then A[2+1]:=4; else

Af[2+41i]:= ch[2] (T[2]*xx+*T[1]"-1); end 1if; end if; end 1if;

end for;

B:=[0: i in [1..4]1;

for 1 in [1..2] do if yyxT[i] -1 in H

then if ch[2] (yy*T[i]"-1) egq C.1

then B[1]:=2; else if ch[2] (yy*T[1i]"-1) eg C.1"2
then B[1]:=4; else

Bli]l:= ch[2] (yy*T[i]"-1); end if; end if; end if;
end for;

for 1 in [1..2] do if T[2]*yy*T[i]"-1 in H

then if ch[2](T[2]xyy*T[1i]"-1) eqg C.1

then B[2+i]:=2; else if ch[2] (T[2]xyy*T[i]"-1) eq C.172
then B[2+1]:=4; else

Bl[2+i]:= ch[2] (T[2]*yy*T[i]"-1); end if; end if; end if;

end for;
G:=GL(2,11);
A:=G!A;A;
B:=G!B;B;
M:=sub<G|A, B>;
#M;
Order (A) ;
Order (B) ;

=IsIsomorphic (M,DihedralGroup(5)); s;
/+*Monomial Progenitor on 20 letters */
G < x,y >:= Group< X,y|x"5 = y"2 = (xxy) 2 =1 >;
S:=Sym(20) ;
xx:=3!'(1,7,9,17,5) (3,15,19,13,11)
(2,6,18,10,8) (4,12,14,20,16);
yy:=S!(1,2) (3,4) (5,6) (7,8) (9,10) (11,12) (13,14)
(15,16) (17,18) (19,20);
N:=sub<S|xx,yy>;
Sch:=SchreierSystem (G, sub<G|Id(G)>);
ArrayP:=[Id(N): i in [1..10171;
for i in [2..10] do

=[Id(N) : l in [1..#Sch[i]1]71;
for 7 in [1 Sch[i]] do
if Eltseq(Sch[ 1)[J] eg 1 then P[]j]:=xx; end if;
if Eltseqg(Sch([i]) [j] eq -1 then P[J]:=xx"-1; end if;
if Eltseg(Sch[i])[]J] eq 2 then P[j]:=yy; end if;

end for;
PP:=Id(N);
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for k in [1..#P] do

PP:=PPxP[k]; end for;

ArrayP[i] :=PP;

end for;

for i in [1..10] do Sch[i]l, ArrayP[i]; end for;
Normaliser:=Stabiliser (N, {1,3,5,7,9,11,13,15,17,19});
Normaliser;

Normaliser eq sub<N| (1, 9, 5, 7, 17) (2, 18, 8, 6, 10)
(3, 19, 11, 15, 13) (4, 14, 16, 12, 20)>

G < x,y,t >:= Group< x,y,t|x"5 =y 2 = (xxy) 2 =1,
t"11l, t7(x72)=t"5>;
/*Verifyx*/

G< x,y,t>:= Group< x,y,t|x"5 =y 2 = (xxy)"2 =1,
t711, (t,y*x), t*xt " x=t " x*xt>;

f, Gl,k:=CosetAction (G, sub<G|x,y>);

#G; #k;

IN:=sub<Gl|f (x), f(y)>;

T:=sub<Gl|f (t)>;#T;

#Normaliser (IN, T) ;

Index (IN,Normaliser (IN, T));

/+ here is the progenitor adding relations with first
order relation =/

G< x,y>:= Group< X,y|x"5 = y72 = (xxy) "2 = 1>;

=DihedralGroup(5);D;

xx:=D! (1,2,3,4,5);

yy:=D!(1,5) (2,4);

N:=sub<D|xx,yy>;
Sch:=SchreierSystem (G, sub<G|Id(G) >) ;

ArrayP:=[Id(N): i in [1..10]17;

for i in [2..10] do

P:=[Id(N): 1 in [1..#Sch[i]]];

for 7 in [1..#Sch[i]] do

if Eltseq(Sch[ 1)[J] eg 1 then P[]j]:=xx; end if;
if Eltseqg(Sch([i])[j] eq -1 then P[]J]l:=xx"-1; end if;
if Eltseg(Sch[i])[]J] eq 2 then P[j]:=yy; end if;
end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PP«xP[k]; end for;

ArrayP[1i] :=PP;

end for;

for i in [1..10] do Sch[i], ArrayP[i]; end for;
C:= Classes(N); C;
C2:=Centraliser (N,N! (1,5) (2,4));C2;
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C3:=Centraliser (N,N! (1,2,3,4,5)),;C3;
C4:=Centraliser (N,N!(1,3,5,2,4));C4;
Set (C2) ;0rbits (C2);
Set (C3) ;0rbits (C3);
Set (C4) ;Orbits (C4);



Appendix C: MAGMA Code for

Progenitor of 2*7 : Dy,

G<x,y>:=Group<x,y|x~7, vy 2, (xxy) "2>;
D:=DihedralGroup(7);
xx:=D!(1,2,3,4,5,6,7);

yy:=D! (1, 6) (2, 5) (3, 4);
N:=sub<D|xx,yy>;
Sch:=SchreierSystem (G, sub<G|Id(G)>);
ArrayP:=[Id(N): i in [1..1411;

for 1 in [2..14] do

P:=[Id(N): 1 in [1..#Sch[i]l11;

for 7 in [1..#Sch[i]] do

if Eltseqg(Sch[i])[]j] eqg 1 then P[j]:=xx; end if;

if Eltseqg(Sch([i]) [j] eq -1 then P[J]:=xx"-1; end if;
if Eltseg(Sch[i])[]J] eq 2 then P[j]:=yy; end if;

end for;

PP:=Id (N)

;

for k in [1..#P] do

PP:=PPxP[k]; end for;

ArrayP[i] :=PP;

end for;

for i in [1..14] do Sch[il]l, ArrayP[i]; end for;
N7:=Stabiliser (N, 7);

N7;

G<x,y,t>:=Group<x,y,t|Ix"7, v 2, (xxy) "2, t°2,(t,y)>;
/+ Give all first order relations that this progenitor
can be factored by */

C:= Classes(N);C;

C2:=Centraliser (N,N! (1,6) (2,5) (3,4));C2;
C3:=Centraliser (N,N! (1,2,3,4,5,6,7));C3;
C4:=Centraliser (N,N! (1,3,5,7,2,4,6));C4;
C5:=Centraliser (N,N! (1,4,7,3,6,2,5));C5;
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Set (C2) ;0rbits (C2);
Set (C3) ;0rbits (C3);
Set (C4) ;Orbits (C4);
Set (C5) ;Orbits (C5);



Appendix D: MAGMA Code for

DCE of 2*3: S5

G<x,y,t>:=Group<x,vy,t|x"3,v 2, (x+xy) "2,

T2, (t,y),t*xt " x=x"-1xt " xxtxt " (x"2)>;

#G;

S:=Sym(3);

xx:=S!(1,2,3);

yy:=S!(1,2);

N:=sub<S|xx,yy>;
f,Gl,k:=CosetAction (G, sub<G|x,y>);
CompositionFactors (Gl);

IN:=sub<Gl|f (x), f(y)>;

ts := [Id(Gl): i in [1 .. 3] 1;

ts[3]:=f(t); ts[l]:=f(t"x); ts[2]:=f(t"(x72));

DoubleCosets (G, sub<G|x,y>, sub<G|x,y>);
#DoubleCosets (G, sub<G|x, y>, sub<G|x, y>) ;

prodim := function(pt, Q, I)

/ *

Return the image of pt under permutations
Q[I] applied sequentially.

*/
v = pt;
for i in I do
v o= v (Q[i]);
end for;

return v;
end function;

cst := [null : 1 in [1 .. Index(G,sub<G|x,y>)]]
where null is [Integers() | 1;
for 1 := 1 to 3 do
cst[prodim (1, ts, [1i]1)] := [i]l;

end for;
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m:=0;
for i in [1..20] do if cst[i] ne [] then m:=m+1;
end i1if; end for; m;

N31l:=Stabiliser (N, [3,1]);
SSS:={[3,1]1}; SSS:=SSS"N;

SSS;

#(SSS) ;

Seqg:=Setseq(SSS);

Seqq;

for 1 in [1..#SSS] do

for n in IN do

if ts[3]*xts[l] eq
nxts[Rep(Seqqg[i]) [1]]1*ts[Rep(Seqqli]) [2]]
then print Rep(Seqqli]);

end i1if; end for; end for;

N31; #N31;

T31l:=Transversal (N,N31);

for 1 in [1..#T31] do
ss:=[3,1]1"T31[i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..20] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N31);

for g in IN do for h in IN do
if ts[3]1*ts[1l]*ts[2] eq g*x(ts[3]+ts[1l]) "h then g, h;
end if; end for; end for;
for i in [1..10] do 1, cst[i]; end for;
ts[3]*ts[1l]l*ts[2] eqg f(x"-1)*ts[1l]xts[3];

N313:=Stabiliser (N, [3,1,3]);
SSS:={[3,1,31}; SSS:=SSS"N;
SSS;

#(SSS) ;

Seqg:=Setseq(SSS);

Seqq;

for 1 in [1..#SSS] do

for n in IN do

if ts[3]*xts[1]1*ts[3] eq
nxts[Rep (Seqq[i]) [1]
then print Rep(Seqqli]);
end i1f; end for; end for;

]*xts[Rep(Seqqli]) [2]]1*+ts[Rep(Seqqli]) [3]1]
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N313s:=N313;

T313:=Transversal (N,N313);

for 1 in [1..#T313] do
ss:=[3,1,3]"T313[i];

cst [prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..20] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N313);

N3131:=Stabiliser (N, [3,1,3,11);
SSS:={[3,1,3,11}; SSS:=SSS"N;
SSS;

#(SSS) ;

Seqgqg:=Setseq(SSS) ;

Seqq;

for i in [1..#SSS] do

for n in IN do

if ts[3]*xts[l]l*ts[3]xts[l] eq
nxts[Rep(Seqqli]) [1]]+ts[Rep(Seqqli]) [
xts[Rep (Seqq[il) [3]]*ts[Rep (Seqqlil) [4
then print Rep(Seqqli]);

end i1f; end for; end for;

2]]
1]

N3131s:=N3131;

for n in N do if 3"n eq 3 and 1°n eqg 2

then N3131s:=sub<N|N3131ls,n>; end if; end for;
#N3131s;

N3131s;

[3,1,3,1]1"°N3131s;

N3131:=Stabiliser (N, [3,1,3,11);
N3131;

N3131l:=sub<N| (1,2)>;

#N3131;

[3,1,3,1]1°N3131;

T:=Transversal (N,N3131) ;
for i in [1..#T] do
{[3,1,3,1]°N3131}"TI[1i];
end for;
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for n in IN do if ts[3]xts[2]*ts[3]*xts[2] eq
nxts[3]*ts[1l]*ts[3]+ts[1l] then n; end if; end for;

for i in [1..10] do i, cst[i]; end for;
ts[3]1*ts[2]xts[3]*xts[2] eq £(x"-1)*ts[3]xts[1l]+ts[3]xts[1l];

T3131:=Transversal (N,N3131);

for i in [1..#T3131] do
ss:=[3,1,3,1]1"T3131[i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..20] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N3131);

N31313:=Stabiliser (N, [3,1,3,1,31);
SSS:={[3,1,3,1,3]}; SSS:=SSS"N;
SSS;

#(SSS) ;

Seqqg:=Setseq(SSS);

Seqq;

for 1 in [1..#SSS] do

for n in IN do

if ts[3]*ts[l]*ts
nxts[Rep (Seqq[i])

[3]xts[1l]*xts[3] eq

[1]]xts[Rep(Seqqli]) [2]]x*
ts[Rep(Seqqli]) [3]]*ts[Rep(Seqqli]) [4]]
*ts[Rep (Seqqlil]) [5]] then print Rep(Seqqli]);
end if; end for; end for;

N31313s:=N31313;

for n in N do if 3"n eq 3 and 1°n eqg 2

then N31313s:=sub<N|N31313s,n>; end if; end for;
#N31313s;

N31313s;

[3,1,3,1,3]1°N31313s;

N31313:=Stabiliser (N, [3,1,3,1,3]1);
N31313;

N31313:=sub<N| (1,2,3), (1,2)>;
#N31313;

[(3,1,3,1,3]1°N31313;

=Transversal (N,N31313);
for 1 in [1..#T] do
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{13,1,3,1,3]1°N31313}"°TI[i];
end for;

T31313:=Transversal (N,N31313);

for i in [1..#T31313] do
ss:=[3,1,3,1,3]1°T31313[1i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..20] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N31313);
/*Relations«*/

for n in IN do if ts[l]=*ts]|
nxts[3]+xts[1l]xts[3]*ts[1l]=*
for i in [1..10] do i, cst]

2]1*xts[l]xts[2]*ts[l] eqg

ts[3]

i
ts[l]l*ts[2]xts[1l]*xts[2]*ts[1l

[

3

ts

2

3] then n; end if; end for;
; end for;

eq £((x"-1)"y)
*ts[3]*ts[l]+ts[3]*ts[1l]*ts
for n in IN do if ts[2]=*ts]
nxts[3]*ts[1]*ts[3]*ts[1]~*
ts[2]*ts[3]*ts[2]xts[3]*ts]|
*ts[1l]+ts[3]*ts[1l]*ts[3];
for n in N do if 3"n eq 3 and 1°n eg 2 then
N31313s:=sub<N|N31313s,n>; end if; end for;
#N31313s;

[3,1,3,1,3]°N31313s;

14
*ts[2]xts[3]*ts[2] eq
3] then n; end if; end for;

]
[
1;
]
317
]
[
] eqg £(x"-1)*ts[3]

for n in IN do if ts[3]*ts[2]*ts[3]xts[2]*ts[3] eqg
nxts[3]*ts[1]*ts[3]+ts[l]l*ts[3] then n; end if; end for;
for i in [1..10] do i, cst[i]; end for;
ts[3]*ts[2]*ts[3]*xts[2]*ts[3] eq £(x"-1)*ts[3]

*ts[1l]*ts[3]+ts[l]lxts[3];
for n in IN do if ts[2]*ts][1
nxts[3]xts[1l]xts[3]*ts[l]*ts
ts[2]*ts[1l]+ts[2]*ts[l]*ts[2
ts[3]*ts[1l]xts[3]*ts[1l]*ts[3

]xts[2]*ts[1l]l*xts[2] eqg

[3] then n; end if; end for;
] eqg £((x"-1)"y)*

1

4



Appendix E: MAGMA Code for

DCE of 2 x Ly(8) over Dyy

S:=Sym(7);

xx:=S5!(1,2,3,4,5,6,7);

yy:=S! (1, 6) (2, 5) (3, 4);
N:=sub<S|xx,yy>;

#N;

N7:=Stabiliser (N, 7);

N7;

G<x,y,t>:=Group<x,y,t|x"7, yv°2, (x*y) "2, t°2,(t,y),
(X*L+L"x) "2, (Lxtxx*t) "9>;
f,Gl,k:=CosetAction (G, sub<G|x,y>);
CompositionFactors (G1l);

#G;

IN:=sub<Gl|f(x), f(y)>;

ts := [Id(G1) idin [1 .. 711;

ts[7] = f(t); ts[1l] = f(t"x);

ts[2] := £(t7(x72)); ts[3] := £(£t°(x"3));

ts[4] := £(t"(x74)); ts[5] := £(t7(x75));

ts[6] := £(t7(x76));

f(x"2)xts[1]*ts[2]*ts[7]+ts[1]

f(x"2)xts[1l]*ts[2] eq ts[l]l*ts[7]
f(x"2)xts[1l]*ts[7]*ts[6]xts[5]*xts[4]

*ts[3]*xts[2]1+ts[1l]*ts[7];

f(x"2)xts[1l]*ts[7]*ts[6]xts[5]*xts[4]

*ts[3]xts[2] eq ts[7]xts[1l];
DoubleCosets (G, sub<G|x,y>, sub<G|x,vy>);
#DoubleCosets (G, sub<G|x, y>, sub<G|x,y>);
Index (G, sub<G|x,y>);

prodim := function(pt, Q, I)

/ *

Return the image of pt under permutations
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Q[I] applied sequentially.

*/
v = pt;
for i in I do
v o= v (Q[i]);
end for;

return v;
end function;

cst := [null : 1 in [1 .. Index(G,sub<G|x,y>)]]
where null is [Integers() | 1;
for i := 1 to 7 do
cst[prodim (1, ts, [1i]1)] := [i]l;
end for;
m:=0;

for i in [1..72] do if cst[i] ne [] then m:=m+1;
end for; m;

N7 := Stabiliser (N, [7]);

N7; #N7;

Orbits (N7);

N71:=Stabiliser (N, [7,1]);

SSS:={[7,1]}; SSS:=SSS"N;

SSS;

#(SSS) ;

Seqg:=Setseq(SSS);

Seqq;

for 1 in [1..#SSS] do

for n in IN do

if ts[7]xts[1l] eq

nxts[Rep (Seqqli]) [1]]*ts[Rep(Seqq[i]) [2]]
then print Rep(Seqqli]);

end i1f; end for; end for;

N71ls := N71;

for n in N do if 7"n eq 7 and 1°n eg 6
then N71s:=sub<N|N71ls,n>;

end if;end for;

#N71s;

[7,1]1 "N71ls;

for n in IN do if ts[7]*ts[l] eqg n*xts[7]xts[6]
then n; end if; end for;

for i in [1..15] do 1, cst[i]; end for;
ts[7]1*ts[l]leq £(((x72)"-1) "x)+ts[7]*ts[6];
N71:=Stabiliser (N, [7,1]);

N71;

N71:=sub<N| (1,6) (2,5) (3,4)>;

end 1if;
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#N71;
[7,1]1°N71;
T:=Transversal (N,N71);
for 1 in [1..#T] do
{17,11"N71}"T[i];
end for;
T71:=Transversal (N,N71);
for 1 in [1..#T71] do
ss:=[7,1]1"T71[i];
cst[prodim(l, ts, ss)] := ss;
end for;
m:=0; for i in [1..72] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N71);
N72:=Stabiliser (N, [7,2]);
SSS:={[7,2]}; SSS:=SSS"N;
SSS;
#(SSS) ;
Seqqg:=Setseq(SSS) ;
Seqq;
for 1 in [1..#SSS] do
for n in IN do
if ts[7]*xts[2] eq
nxts[Rep(Seqqli]) [1]]+ts[Rep (Seqqlil) [2]]
then print Rep(Seqqli]);
end i1f; end for; end for;
N72s := N72;
for n in N do if 7°"n eq 3 and 2°n eqgq 1
then N72s:=sub<N|N72s,n>; end if;\
end for;
#N72s;
[7,2] "N72s;
for n in IN do if ts[7]*ts[2] eqg nxts[3]*xts[1l] then
n; end if; end for;
for i in [1..15] do i, cst[i]; end for;
ts[7]xts[2]eq £((x72) " ((x)"-1))*ts[3]*xts[1l];

N72:=Stabiliser (N, [7,2]);
N72;
N72:=sub<N| (1,2) (4,06) (3,7)>;
#N72;

[7,2]°N72;

:=Transversal (N,N72);

for 1 in [1..#T] do
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{[7,2]"N72}"T[i];

end for;

T72:=Transversal (N,N72);

for i in [1..#T72] do

ss:=[7,2]1"T72[1i];

cst [prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..72] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N72);

N73:=Stabiliser (N, [7,3]);
SSS:={[7,3]1}; SSS:=SSS"N;
SSS;

#(SSS) ;

Seqqg:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IN do

if ts[7]*xts[3] eq

nxts[Rep (Seqq[i]) [1]]*ts[Rep(Seqql[i]) [2]]
then print Rep(Seqqli]);

end i1if; end for; end for;
N73; #N73;

T73:=Transversal (N,N73);

for i in [1..#T73] do
ss:=[7,3]1"T73[1i];

cst [prodim(l, ts, ss)] := ss;
end for;

m:=0; for i in [1..72] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N73);

/ %

[71]

*/

N712:=Stabiliser (N, [7,1,2]);
SSS:={[7,1,2]}; SSS:=SSS"N;
SSS;

#(SSS);

Seqg:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IN do

if ts[7]*xts[l] *ts[2]eq
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n*xts[Rep (Seqqglil]) [1
xts[Rep (Seqqli]) [3]
then print Rep(Seqqli]);
end i1f; end for; end for;
N712s := N712;

]1xts[Rep(Seqqgl[i]) [2]]
]

for n in N do if 7°"n eq 3 and 1°n eqg 2 and 2°n
eq 1 then N712s:=sub<N|N712s,n>; end if;
end for;
#N712s;
[7,1,2] "N712s;
for n in IN do if ts[7]*ts[1l]*ts[2] eq
nxts[3]xts[2]*ts[1l] then
n; end if; end for;
for i in [1..15] do i, cst[i]; end for;
ts[7]*ts[1l]xts[2]eqg £((x72) " (x"-1))*ts[3]*ts[2]xts[1l];
N712:=Stabiliser (N, [7,1,2]);
N712;
N712:=sub<N| (1,2) (4,6) (3,7)>;
#N712;
[7,1,2]°N72;
T:=Transversal (N,N712);
for 1 in [1..#T] do
{[7,1,2]°N712}"T[1i];
end for;
T712:=Transversal (N,N712) ;
for i in [1..#T712] do
ss:=[7,1,21"T712[i];
cst[prodim(l, ts, ss)] := ss;
end for;
m:=0; for i in [1..72] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N712);
N713:=Stabiliser (N, [7,1,3]);
SSS:={[7,1,3]}; SSS:=SSS"N;
SSS;
#(SSS) ;
Seqqg:=Setseq(SSS);
Seqq;
for i in [1..#SSS] do
for n in IN do
if ts[7]1*ts[1l] =+t
nxts[Rep (Seqq[i])
xts[Rep (Seqq[i]) [

s[3leq
[1]]1xts[Rep(Seqqg[i]) [2]]
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then print Rep(Seqqli]);
end 1f; end for; end for;
N713s := N713;

#N713s;
[7,1,3]1°N713s;

T713:=Transversal (N,N713);
for i in [1..#T713] do
ss:=[7,1,31"T713[i];
cst[prodim(l, ts, ss)] := ss;
end for;

=0; for i in [1..72] do if cst[i] ne
then m:=m+1; end if; end for; m;
Orbits (N713);
N717:=Stabiliser (N, [7,1,7]1);
SSS:={[7,1,7]}; SSS:=SSS"N;
SSS;
#(SSS) ;
Seqqg:=Setseq(SSS);
Seqq;
for 1 in [1..#SSS] do
for n in IN do

if ts[7]*ts[1l] =*ts[7]e
n*ts[Rep<Seqq[l]>[1]]*ts[Rep(Seqq[ 1) [2]]
*ts[Rep (Seqqli]) [3]]

then print Rep(Seqqlil]);

end if; end for; end for;

N717s := N717;

for n in N do if 7°"n eq 1 and 1°n eq 7

then N717s:=sub<N|N717s,n>; end if;
end for;

for n in N do if 7°"n eq 6 and 1°n eqg 7

then N717s:=sub<N|N717s,n>; end if; end for;

#N717s;

[7,1,7]1°N717s;

N717s;

for n in IN do if ts[7]*ts[l]lxts[7] eqg
nxts[l]*ts[7]+ts[1l]then

n; end if; end for;

for n in IN do if ts[7]1*ts[l]*ts[7] eqg

nxts[6]xts[7]*ts[6]then

n; end if; end for;

for i in [1..15] do i, cst[i]; end for;
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N717:=Stabiliser (N, [7,1,7]);
N717;
N717:=sub<N| (1, 7) (2, 6) (3, 5),
(1, 7, 6, 5, 4, 3, 2)>;

#N717;

[(7,1,7]°N717;
T:=Transversal (N,N717);

for 1 in [1..#T] do
{[7,1,7]1°N717}"TI[i];
end for;
T717:=Transversal (N,N717);
for 1 in [1..#T717] do
ss:=[7,1,71"T717[i];
cst[prodim(l, ts, ss)] := ss;
end for;

m:=0; for i in [1..72] do if cst[i]

then m:=m+1; end if; end for; m;

Orbits (N717);

/ *

[72]

*/

N725:=Stabiliser (N, [7,2,5]);
SSS:={[7,2,51}; SSS:=SSS"N;

SSS;

#(SSS) ;

Seqg:=Setseq(SSS);

Seqq;

for 1 in [1..#SSS] do

for n in IN do

if ts[7]1*ts[2] *+ts[5

nxts[Rep (Seqg[i]) [1]
*ts[Rep (Seqq[i]) [3]

then print Rep(Seqqli]);

end i1if; end for; end for;

N725s := N725;

eq
t

]
]
]
i

for n in N do if 7°n egq 3 and 2°n eqg 1 and

ne

5°n eq 5 then N725s:=sub<N|N725s,n>;

end for;
#N725s;
[7,2,5] "N725s;

for n in IN do 1f ts[7]*ts[2]*ts[5]
nxts[3]1*ts[1l]*ts[5] then n; end if;
for i in [1..15] do 1, cst[i]; end for;

/*Add relationx/

eq
end for;

*ts[Rep (Seqqli]) [2]]

end 1f;
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N725:=Stabiliser (N, [7,2,5]);
N725;
N725:=sub<N| (1,2) (3,7) (4,6)>;
#N725;

[7,2,5]"N725;
T:=Transversal (N,N72);

for 1 in [1..#T] do
{[7,2]"N72}°T[1i];
end for;
T725:=Transversal (N,N725) ;

for 1 in [1..#T725] do
ss:=[7,2,51"T725[1i];
cst[prodim(l, ts, ss)] := ss;
end for;
m:=0; for i in [1..72] do if cst[i] ne []
then m:=m+1; end if; end for; m;

/ *

[73]

*/

N736:=Stabiliser (N, [7,3,6]);
SSS:={[7,3,61}; SSS:=SSS"N;

SSS;

#(SSS) ;

Seqg:=Setseq(SSS);

Seqq;

for 1 in [1..#SSS] do

for n in IN do

if ts[7]*xts[3] *ts[6leq

nxts[Rep(Seqqg[i]) [1]]1*ts[Rep(Seqqli]) [2]]
*ts[Rep(Seqqli]) [3]]

then print Rep(Seqqli]);

end i1if; end for; end for;

N736s := N736;

for n in N do if 7'n eq 7 and 4°n eqg 3 and 1°n
eq 6 then N736s:=sub<N|N736s,n>; end if;
end for;

#N736s;

N736s;

[7,3,6] N736s;

for n in IN do if ts[7]*ts[3]*xts[6] eqg

nxts[7]*ts[4]*ts[1] then n; end i1if; end for;
for i in [1..15] do i, cst[i]; end for;



N736:=Stabiliser (N, [7,3,6]);
N736;
N736:=sub<N| (1,6) (2,5) (3,4)>;
#N736;
[7,3,6] "N736;
:=Transversal (N,N736) ;
for 1 in [1..#T] do
{[7,3,6]"N736}"T[1i];
end for;
T736:=Transversal (N,N736) ;
for 1 in [1..#T736] do
ss:=[7,3,6]1"T736[i];
cst[prodim(l, ts, ss)] := ss;
end for;
m:=0; for i in [1..72] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N736);
/*Relations=*/
for g in IN do for h in IN do
if ts[7]1*ts[2]1+*ts[3] eq g*(ts[7]1*ts[1]xts[3] ) h
then g,h;end if; end for; end for;
ts[7]*ts[2]*ts[3] eqg £(x"-3)*ts[5]xts[4]*ts[2];
for g in IN do for h in IN do

if ts[7]1+xts[2]xts[4] eq gx(ts[7]xts[3] ) "h then g,h;

end i1if; end for; end for;
ts[7]*ts[2]xts[4] eq f(x)*ts[4]*ts[l];

for g in IN do for h in IN do

if ts[7]1*ts[3]*ts[1l] eq g*x(ts[7]*ts[3] ) "h then
g,h; end if; end for; end for;
ts[7]1*ts[3]xts[1l] eqg f(x"—-1)*ts[2]*ts[6];

for g in IN do for h in IN do

if ts[7]1*ts[3]1*xts[2] eq gx(ts[7]*xts[1l]*xts[2] ) h
then g,h; end if; end for; end for;
ts[7]1*ts[3]xts[2] eq f(x"2)*ts[2]xts[3]*ts[4];
for g in IN do for h in IN do

1if ts[7]xts[3]1*ts[4] eq g*x(ts[7]1*ts[1l]xts[3] ) "h
then g,h; end if; end for; end for;
ts[7]1*ts[3]xts[4] eq f(x)xts[7]*ts[1l]*xts[3];

for g in IN do for h in IN do

if ts[7]*ts[3]1*ts[5] eq g*(ts[7]1*ts[2]xts[5] ) h
then g,h; end if; end for; end for;
ts[7]1*ts[3]xts[5] eq ts[3]xts[5]*xts[1l];

for g in IN do for h in IN do

if ts[7]*ts[3]1*ts[7] eq g*x(ts[7]1*ts[2]) "h
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then g,h; end if; end for; end for;
ts[7]*ts[3]xts[7] eq f(x)*ts[4]*ts[2];

for g in IN do for h in IN do

if ts[7]1xts[1l]xts[3]*ts[l] eq gx(ts[7]*xts[l]*ts[3]) "h
then g,h; end if; end for; end for;
ts[7]1*ts[1]*ts[3]*ts[1l] eq f(x"-4)*ts[2]+xts[1l]*ts[6];
for g in IN do for h in IN do

if ts[7]1*ts[1]*xts[3]*ts[2] eq gx(ts[7]*ts[2])"h

then g,h; end if; end for; end for;
ts[7]1*ts[1]*xts[3]*ts[2] eq f(x"2)xts[2]*ts[4];

for g in IN do for h in IN do

if ts[7]xts[1]1*ts[3]xts[4] eq gx(ts[7]xts[3]) " "h
then g,h; end if; end for; end for;
ts[7]1*ts[1]xts[3]*xts[4] eq f(x"-1)*ts[7]xts[3];

for g in IN do for h in IN do

if ts[7]xts[1l]l*ts[3]xts[4] eq gx(ts[7]xts[3]*ts[6]) h
then g,h; end if; end for; end for;
ts[7]1*ts[1]xts[3]*xts[5] eq f£(x"-1)*ts[1l]xts[4]*ts[7];
for g in IN do for h in IN do

if ts[7]1*ts[1l]*ts[3]*xts[6] eq gx(ts[7]xts[2]*ts[5]) h
then g,h; end if; end for; end for;
ts[7]*ts[1l]*ts[3]xts[6] eq £(x"-1)xts[5]+ts[3]1*ts[7];
for g in IN do for h in IN do

if ts[7]1xts[1l]xts[3]*ts[7] eq gx(ts[7]*xts[l]l*ts[2]) "h
then g,h; end if; end for; end for;
ts[7]*ts[1l]l*ts[3]xts[7] eq £(x"-2)xts[4]*ts[3]*ts[2];
for g in IN do for h in IN do

if ts[7]1*ts[1l]*ts[2]xts[4] eqg gx(ts[7]xts[1l]l*ts[3]) h
then g,h; end if; end for; end for;
ts[7]1*ts[1]*xts[2]*ts[4] eq f(x"-2)*ts[4]+xts[3]*ts[1l];
for g in IN do for h in IN do

if ts[7]1*ts[1l]*xts[2]xts[5] eqg gx(ts[7]*xts[3]1*ts[6]) h
then g,h; end if; end for; end for;
ts[7]*ts[l]xts[2]*ts[5] eq ts[5]*xts[l]*xts[4];

for g in IN do for h in IN do

if ts[7]xts[1l]l*ts[2]xts[7] eq gx(ts[7]xts[3]) " "h
then g,h; end if; end for; end for;
ts[7]*ts[1]xts[2]*xts[7] eq £(x"-2)*ts[5]xts[1l];

for g in IN do for h in IN do

if ts[7]xts[2]*ts[5]xts[1l] eq gx(ts[7]xts[3]) " "h
then g,h; end if; end for; end for;
ts[7]*ts[2]*ts[5]+xts[l] eq £(x"2)*ts[6]*ts[3];

if ts[7]1*ts[2]*ts[5]xts[4] eqg gx(ts[7]xts[1l]l*ts[3]) h
then g,h; end if; end for; end for;
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ts[7]1*ts[2]xts[5]*xts[4] eq f(x"-4)*ts[5]xts[6]*ts[1l];
for g in IN do for h in IN do

if ts[7]xts[2]*ts[5]xts[7] eq gx(ts[7]xts[2]*ts[5])"h
then g,h; end if; end for; end for;
ts[7]1*ts[2]xts[5]*xts[7] eq f(x"-4)*ts[4]xts[6]*ts[2];
for g in IN do for h in IN do

if ts[7]xts[3]1*ts[6]xts[5] eq gx(ts[7]xts[3]*ts[6]) h
then g,h; end if; end for; end for;
ts[7]*xts[3]*ts[6]xts[5] eq £(x"2)xts[3]*ts[6]*xts[2];
for g in IN do for h in IN do

if ts[7]1*ts[3]1*ts[6]*xts[3] eq gx(ts[7]*xts[1l]l*ts[3]) "h
then g,h; end if; end for; end for;
ts[7]*ts[3]xts[6]*xts[3] eq f£(x)*ts[l]xts[7]*xts[5];

for g in IN do for h in IN do

if ts[7]1xts[3]xts[6]*ts[7] eq gx(ts[7]*xts[l]l*ts[2]) "h
then g,h; end if; end for; end for;
ts[7]*ts[3]xts[6]*xts[7] eq ts[2]*ts[3]xts[4];
/***********Factor by the center*****************/
D:=DihedralGroup(7);
xx:=D!(1,2,3,4,5,6,7);
yy:=D! (1, ©6) (2, 5) (3, 4);
N:=sub<D|xx,yy>;

#N;

Set (N);
G<x,y,t>:=Group<x,y,tIx"7, y 2, (xxy) 2, t°2,

(t,y), (x*xt*t"x) "2, (txtxxxt)  9>;

#G;

f,Gl,k:=CosetAction (G, sub<G|x,vy>);
CompositionFactors (G1l);
Center (Gl);
aa:= G1! (1, 20) (2, 12) (3, 6) (4, 7) (5, 11) (8, 13)

9, 18) (10, 19) (14, 21) (15, 22) (16, 29) (17, 30)

(

(23, 31) (24, 32) (25, 38) (26, 33) (27, 43) (28, 35)
(34, 44) (36,45) (37, 52) (39, 46) (40, 56) (41, 55)
(42, 48) (47, 57) (49, 58) (50, 62) (51, 63) (53, 68)
(54, 67) (59, 69) (60, 65) (61, 71) (64, 66) (70, 72);
A:=f(x);
B:=f(y);

:=f(t);

N:=sub<Gl|A,B,C>;
NN<x,y,t>:=Group<x,y,t|x"7, yv°2, (xxy) "2, t°2, (t,v),
(x+xt*xt"x) "2, (Lxt*x*t) ~9>;
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Sch:=SchreierSystem (NN, sub<NN| Id (NN)>) ;
ArrayP:=[Id(N): i in [1..#N]];
for i in [2..#N] do

=[Id(N): 1 in [1..#Sch[i]]];
for 7 in [1..#Sch[i]] do
if Eltseq(Sch[ 1)[J] eg 1 then P[7]: end if;
if Eltseqg(Sch[i])[]J] eq -1 then P[j] "-1; end if;
if Eltseqg(Sch([i])[j] eq 2 then P[J]: end 1if;
if Eltseqg(Sch[i])[]J] eq 3 then P[]j]:=C; end if;
end for;
PP:=Id(N);
for k in [1..#P] do
PP:=PPxP[k]; end for;
ArrayP[i] :=PP;
end for;

for i in [1..#N] do if ArrayP[i] eq aa

then print Sch[i]; end if; end for;

/+* Gives me the center in terms of x, y, and t =*/

G<x,y,t>:=Group<x,vy,t|x"7, v 2, (xxy) "2, t°2,

(t,y), (x*xt*xt"x) "2, (Lxt*x*t) "9, x*y*L*x*t*xx"—1*t>;

f,Gl,k:=CosetAction (G, sub<G|x,y>);

CompositionFactors (Gl);

/**************************************************/

/+* Now we need to construct the double

coset enumeration using the above presentation */

D:=DihedralGroup(7);

xx:=D!(1,2,3,4,5,6,7);

yy:=D! (1, 6) (2, 5) (3, 4);

N:=sub<D|xx, yy>;

#N;

Set (N) ;

G<x,y,t>:=Group<x,vy,t|x"7, v 2, (xxy) "2, t°2,

(t,y), (x+t) "0, (xxt*t"x)"2, (xxy*t"xxt) "0,
(Crt*x*xt) 79, x+yrtaxst+x"—1xt>;

f,Gl,k:=CosetAction (G, sub<G|x,y>);

CompositionFactors (Gl);

DoubleCosets (G, sub<G|x,y>, sub<G|x,y>);

#DoubleCosets (G, sub<G|x, y>, sub<G|x, y>) ;

Index (G, sub<G|x,y>);

IN:=sub<Gl|f (x),f(y)>;

ts := [Id(Gl) : i in [1 .. 711;
s[7] := f£(t); ts[l] := £(t"x); ts[2] = f(t"(x"2))
s[3] = £(£t7(x73)); ts[4] := £(t"(x74));
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ts[5] := £(t7(x75)); tsl[6] := £(t"(x76))

f(x"2)xts[1]*ts[2]*ts[7]+ts[1];
f(x"2)*ts[1l]*xts[7]+ts[6]*ts[5]*ts[4]*xts[3]rts[2]rts[1]*ts[7]
f(xxy)*xts[T7]*ts[6]xts[7];

prodim := function(pt, Q, I)

/ *

Return the image of pt under permutations
Q[I] applied sequentially.
*/
v 1= pt;
for i in I do
v o= v (Q[i]);

end for;
return v;
end function;

cst := [null : 1 in [1 .. Index(G,sub<G|x,y>)]]
where null is [Integers() | 1;
for i := 1 to 7 do
cst[prodim (1, ts, [1]1)] := [i]l;
end for;
m:=0;

for i in [1..36] do if cst[i] ne [] then m:=m+1;
end i1if; end for; m;
N7 := Stabiliser (N, [7]);
N7; #N7;
T7:=Transversal (N,N7);
for i in [1..#T7] do
ss:=[7]1"T7[1i];
cst[prodim(l, ts, ss)] := ss;
end for;
m:=0; for i in [1..36] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N7);
T71:=Transversal (N,N71);
for i in [1..#T71] do
ss:=[7,1]1"T71[i];
cst[prodim(l, ts, ss)] := ss;
end for;
m:=0; for i1 in [1..36] do if cst[i] ne []
then m:=m+1; end if; end for; m;
for g in IN do for h in IN do
if ts[7]1*ts[6] eq gx(ts[7]) "h then g,h;
end 1f; end for; end for;
for i in [1..15] do i, cst[i]; end for;



/*Relationx/

ts[7]*ts[6] eq f(xxy)*ts[7];

for g in IN do for h in IN do
if ts[7]1xts[l] eq g*x(ts[7])"h

then g,h; end if; end for; end for;
/*Relationx/

ts[7]*ts[1] eq £((x76)*y)*ts[7];
N72:=Stabiliser (N, [7,2]);
S5SS:={[7,2]1}; SSS:=SSS"N;

SSS;

#(SSS) ;

Seqqg:=Setseq(SSS) ;

Seqq;

for 1 in [1..#SSS] do

for n in IN do
if ts[7]*xts[2] eq
n*xts[Rep(Seqqli]) [1]]+ts[Rep(Seqq[i]) [2]]

then print Rep (Seqqlil);

end 1f; end for; end for;

N72s := N72;

for n in N do if 7°’n eq 3 and 2°n eqgq 1

then N72s:=sub<N|N72s,n>; end if; end for;
#N72s;

[7,2] "N72s;

for n in IN do if ts[7]*ts[2] eqg nxts[3]*ts[1]
n; end if; end for;

for n in IN do if ts[7]*ts[2] eqg nxts[3]*ts[1l]
n; end if; end for;

/*RELATION =/

ts[7]1*ts[2] eq f(x"2)xts[3]*ts[1];

N72:=Stabiliser (N, [7,2]);

N72;

N72:=sub<N| (1,2)(3,7) (4,6)>

#N72;

[7,2]1°N72;

T:=Transversal (N,N72);

for 1 in [1..#T] do

{[7,2]"N72}"T[i];

end for;

T72:=Transversal (N,N72);

for 1 in [1..#T72] do

ss:=[7,2]1"T72[i];

cst[prodim(1l, ts, ss)] := ss;

end for;

then

then
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m:=0; for i in [1..36] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N72);
N73:=Stabiliser (N, [7,31);
S5SS:={[7,3]1}; SSS:=SSS"N;
SSS;
#(SSS) ;
Seqqg:=Setseq(SSS);
Seqq;
for 1 in [1..#SSS] do
for n in IN do
if ts[7]*xts[3] eq
nxts[Rep (Seqq[i]) [1]]+ts[Rep(Seqqlil) [2]]
then print Rep(Seqqli]);
end i1f; end for; end for;
N73s := N73;
#N73s;
[7,3]1"°N73s;
T:=Transversal (N,N73);
for i in [1..#T] do
{[7,3]1"N73}"T[i];
end for;
T73:=Transversal (N,N73);
for i in [1..#T73] do
ss:=[7,3]1"T73[1i];
cst[prodim(l, ts, ss)] := ss;
end for;
=0; for i in [1..36] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N73);
for g in IN do for h in IN do
if ts[7]1*ts[3]*xts[1l] eq gx(ts[7]*xts[3]) " "h
then g,h; end if; end for; end for;
ts[7]1*ts[3]xts[1l] eqg f(x"-1)*ts[2]*ts[6];
for g in IN do for h in IN do
if ts[7]*xts[3]1*ts[2] eq g*x(ts[7]1*ts[2]) "h
then g,h; end if; end for; end for;
ts[7]1*ts[3]xts[2] eq £((x"2)y)*ts[5]xts[3];
for g in IN do for h in IN do
if ts[7]*ts[3]1*ts[4] eg g*(ts[7]1*ts[3]) "h
then g,h; end if; end for; end for;
ts[7]*ts[3]xts[4] eq f(y)*ts[7]*ts[3];
for g in IN do for h in IN do
if ts[7]1*ts[3]1*ts[5] eq g*(ts[7]1*ts[2]xts[5]) "h



196

then g,h; end if; end for; end for;
ts[7]1*ts[3]1*ts[5] eq ts[3]xts[5]*ts[1];
for g in IN do for h in IN do

if ts[7]1xts[3]xts[6] eq gx(ts[7]xts[2]*ts[5]) h
then g,h; end if; end for; end for;
ts[7]xts[3]1xts[6] eqg f(y)x*ts[5]*xts[3]xts[7];
for g in IN do for h in IN do

if ts[7]1*ts[3]*xts[7] eq gx(ts[7]+*ts[2]) " "h
then g,h; end if; end for; end for;
ts[7]*ts[3]xts[7] eq f(x)=*xts[4]xts[2];
N723:=Stabiliser (N, [7,2,31);
T723:=Transversal (N,N723);
for 1 in [1..#T723] do
ss:=[7,2,31"T723[1i];
cst[prodim(l, ts, ss)] := ss;

end for;

:=0; for i in [1..36] do if cst[i] ne []
then m:=m+1; end if; end for; m;
for g in IN do for h in IN do

if ts[7]*ts[2]1*ts[3] eqg g*x(ts[7]1*ts[3]) "h
then g,h; end if; end for; end for;
ts[7]*ts[2]xts[3] eq f(x)*ts[5]*ts[2];
N724:=Stabiliser (N, [7,2,4]);
T724:=Transversal (N,N724) ;
for i1 in [1..#T724] do
ss:=[7,2,41"T724[i];
cst[prodim(l, ts, ss)] := ss;

end for;
m:=0; for i in [1..36] do if cst[i] ne []
then m:=m+1; end if; end for; m;
for g in IN do for h in IN do

if ts[7]1*ts[2]*ts[4] eq gx(ts[7]*xts[3]) " "h
then g,h; end if; end for; end for;
ts[7]*ts[2]xts[4] eq f(x)=*ts[4]+xts[1l];

N725:=Stabiliser (N, [7,2,5]);
SSS:={[7,2,5]}; SSS:=SSS"N;
SSS;

#(SSS);

Seqg:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IN do

if ts[7]*xts[2]*ts[5] eqg
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nxts[Rep (Seqq[i]) [1]]*ts[Rep(Seqq[i]) [2]]
xts[Rep (Seqqlil) [3]]
then print Rep(Seqqli]);
end i1f; end for; end for;
N725s := N725;

for n in N do if 7°"n eq 3 and 2°n eg 1 and

5°"n eq 5 then N725s:=sub<N|N725s,n>;
end 1f; end for;

#N725s;

[7,2,5]"N725s;

for n in IN do if ts[7]*ts[2]xts[5] eqg
n+xts[3]*ts[1l]*ts[5] then

n; end if; end for;
ts[7]1*ts[2]xts[5] eq f(x"2)*ts[3]xts[1l]*ts[5];
N725:=Stabiliser (N, [7,2,5]);
N725;
N725:=sub<N| (1,2) (3,7) (4,6)>;

#N725;

[7,2,5]°N725;
T:=Transversal (N,N725);

for 1 in [1..#T] do

{[7,2,5]1"°N725}"T[1i];
end for;
T725:=Transversal (N,N725) ;

for i in [1..#T725] do

ss:=[7,2,5]1"T725[1i];

cst[prodim(l, ts, ss)] := ss;

end for;
m:=0; for i in [1..36] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N725);

for g in IN do for h in IN do

if ts[7]*ts[2]1*ts[5]xts[1l] eq gx(ts[7]xts[3]) " "h
then g,h; end if; end for; end for;
ts[7]*ts[2]*ts[5]xts[l] eq £(x"2)*ts[6]*ts[3];
for g in IN do for h in IN do

if ts[7]1*ts[2]xts[5]*ts[3] eq gx(ts[7]*ts[2]*ts[5]) "h
then g,h; end if; end for; end for;
ts[7]1*ts[2]*ts[5]*ts[3] eq f(x"6)+ts[6]*ts[4]*ts[1];
for g in IN do for h in IN do

if ts[7]1*ts[2]*ts[5]*ts[4] eq gx(ts[7]*ts[3])"h
then g,h; end if; end for; end for;
ts[7]1*ts[2]xts[5]*ts[4] eq f((x76)*y)*xts[5]*xts[1l];
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Appendix F: MAGMA Code for
DCE of [9(27) over a Maximal
Subgroup

G<x,y,t>:=Group<x,y,t|x"7, y 2, (xxy) "2,

t72, (t,y), (x+t) "0, (x+t*t"x) "0, (x*xy*xt " x%t) "3,
(bxtxxxt) "7>;

f,Gl,k:=CosetAction (G, sub<G|x,y>);
CompositionFactors (Gl);
M:=MaximalSubgroups (G1l) ;
M;

#G1;

#G1/351;
M3:=M[3] ‘subgroup;

f(x) in M3 and f(y) in M3;

C:=Conjugates (G1l,M3) ;

CC:=SetToSequence (C) ;

for 1 in [1..#C] do if f(x) in CC[i] and f(y) in
CC[1i] then

i; end if; end for;

H:=sub<Gl|CC[124]>; #H;

f(x) in H and f(y) in H;

for g in Gl do if sub<Gl|f(x),f(y)> eqg

H then gg=g; end if; end for;

for i in [0..6] do for j in [0..1] do for k,1l,m,n,o
in [0..6] do if gg eq

F(xTixy " J*xt 7 (xTk) 7 (x71)*xt 7 (X" m) xt " (x"n)*t" (x"0))
then i, 3j,k,1,m,n,0; end 1if; end for; end for; end for;
Sub<Gl | f(t™ (X72)*t " (x74) Lt~ (x"5)+t" (x74)
*t"(x72)),f(x),f(y)> eq H;
G<x,y,t>:=Group<x,vy,t|x"7, yv°2, (x*y) "2, t72,(t,y),



(x*xt) "0, (x+xt*t"x) "0, (x*xy*t "xxt) "3, (Ltrxtxxxt) 7>

H:=sub<G|x,y,t  (x72)+t " (x74)+«t" (x"5)*t" (x"4)
*t " (x72)>; #H;

f,Gl,k:=CosetAction (G, H);
IN:=sub<Gl|f(x), f(y)>;

IM:= sub<Gl|IN, f(t " (xX"2)*t" (x74)*t” (x"5H)
*£T(x74)*t T (x72)) >;

#IN; #IM;
/****************************************/
D:=DihedralGroup(7);

xx:=D!(1,2,3,4,5,6,7);

yy:=D! (1, ©) (2, 5) (3, 4);

N:=sub<D|xx,yy>;

#N;

Set (N) ;

G<x,y,t>:=Group<x,y,tIx"7, y 2, (xxy) "2, t°2,

4

(t,y), (x+t) "0, (x*t*xt"x) "0, (xxy*t"x*t) "3, (txt*xxt) ~7>;

H:=sub<G| x,y,t  (X72)*+t " (x74)+t" (x"5)+t" (x74)
*L T (X7T2)>;

#H;

f,Gl,k:=CosetAction (G, H);
IN:=sub<Gl|f(x), f(y)>;

IM:=sub<Gl|IN, f(t " (x72)*t" (x"4)*xt " (x"5)»t" (x"4)*t"

#IN; #IM;
ts := [Id(Gl) : i in [1 .. 711;
ts[7] := f£(t); ts[l] := £(t"x); ts[2] :
ts[3] := £(t7(x73)); tsl[4d4] := £(t°(x74));
ts[5] = £(t"(x"5)); ts[6] := £(t7(x76));
f(xxy)*xts[l]l+ts[7]*xts[5] eq ts[7]*ts[l]xts[6];
ts[6]*ts[5]xts[4] eq ts[7]*ts[l]xts[2]xts[3];
DoubleCosets (G, H, sub<G|x,y>);
#DoubleCosets (G, H, sub<G|x,y>);
Index (G, H);
prodim := function(pt, Q, I)
v = pt;
for i in I do
v o= v (Q[i]);
end for;
return v;
end function;
cst := [null : i in [1 .. Index(G,H)]]
where null is [Integers() | 1;
for 1 := 1 to 7 do

cst[prodim(1l, ts, [1i]1)] := [i];

(x72))>;
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end for;
m:=0;
for i in [1..351] do if cst[i] ne [] then m:=m+1;
end i1f; end for; m;
N7 := Stabiliser (N, [7]);
N7; #N7;

T7:=Transversal (N,N7);
for 1 in [1..#T7] do
Ss:=[7]1"T7[1];
cst[prodim(l, ts, ss)] := ss;
end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N7);

N71:=Stabiliser (N, [7,1]);
SSS:={[7,11}; SSS:=SSS"N;
SSS;

#(SSS) ;

Seqqg:=Setseq(SSS);

Seqq;

for 1 in [1..#SSS] do

for n in IM do
if ts[7]*ts[l] eqg
n*xts[Rep(Seqqli]) [1]]1+ts[Rep (Seqq[i]) [2]]

then print Rep (Seqqlil);

end i1if; end for; end for;

N71ls := N71;

#N71s;

[7,1]1 "N71s;

T:=Transversal (N,N71);
for 1 in [1..#T] do
{[7,1]1"N71}"T[i];

end for;

T71:=Transversal (N,N71);

for 1 in [1..#T71] do

ss:=[7,11"T71[41];

cst[prodim(l, ts, ss)] := ss;
end for;

m:=0; for i in [1..351] do if cst[i] ne []

then m:=m+1; end if; end for; m;

Orbits (N71);

N72:=Stabiliser (N, [7,2]);
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SSS:={[7,2]}; SSS:=SSS"N;
SSS; #(SSS) ;
Seqqg:=Setseq(SSS); Seqq;
for 1 in [1..#SSS] do
for n in IM do
if ts[7]xts[2] eqg
nxts[Rep (Seqq[i]) [1]]*ts[Rep(Seqq[i]) [2]]
then print Rep(Seqqli]);
end i1f; end for; end for;

N72s := N72;
#N72s;
[7,2] "N72s;

=Transversal (N,N72);

for 1 in [1..#T] do
{[7,2]"N72}"T[1];
end for;
T72:=Transversal (N,N72);
for i in [1..#T72] do
ss:=[7,2]1"T72[1i];
cst[prodim(l, ts, ss)] := ss;

end for;

=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N72);

N73:=Stabiliser (N, [7,3]);
S5SS:={[7,3]1}; SSS:=SSS"N;
SSS; #(SSS) ;
Seqqg:=Setseq(SSS);
Seqq;
for i in [1..#SSS] do
for n in IM do
if ts[7]*xts[3] eq
nxts[Rep (Seqq[i]) [1]]*ts[Rep(Seqq[i]) [2]]
then print Rep(Seqqlil]);
end if; end for; end for;
N73s := N73;
#N73s;
[7,3] "N73s;
T:=Transversal (N,N73);
for 1 in [1..#T] do
{[7,3]1"N73}°T[i];
end for;
T73:=Transversal (N,N73) ;
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for 1 in [1..#T73] do
ss:=[7,31"T73[1];
cst[prodim(l, ts, ss)] := ss;
end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N73);

N717:=Stabiliser (N, [7,1,71);
S8s:={[7,1,7]}; SSS:=SSS"N;
SSS;#(SSS) ;
Seqqg:=Setseq(SSS);
Seqq;
for i in [1..#SSS] do
for n in IM do
if ts[7]*ts[l]*xts]
nxts[Rep (Seqqli]) [
*ts[Rep (Seqq[i]) [3]
then print Rep(Seqql[i]);
end i1if; end for; end for;
N717s := N717;
#N717s;
[7,1,7]°N717s;
:=Transversal (N,N717) ;
for 1 in [1..#T] do
{[7,1,7]1°N717}"TI[i];
end for;
T717:=Transversal (N,N717);
for i in [1..#T717] do
ss:=[7,1,71"T717[i];
cst[prodim(l, ts, ss)] := ss;
end for;
:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N717);

71 eqg
1]]1xts[Rep(Seqq[i]) [2]]
]

N712:=Stabiliser (N, [7,1,2]);
5SS:={[7,1,21}; SSS:=SSS"N;
SSS; #(SSS) ;
Seqg:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IM do

if ts[7]xts[l]l*ts[2] eq



nxts[Rep (Seqqglil]) [
xts[Rep (Seqqli]) [3]
then print Rep (Seqq
end 1if;
end for; end for;
N712s := N712;
#N712s;
[7,1,2]°N712s;
T:=Transversal (N,N712);
for 1 in [1..#T] do
{[7,1,2]°N712}"T[1i];
end for;
T712:=Transversal (N,N712) ;
for 1 in [1..#T712] do
ss:=[7,1,21"T712[i];
cst[prodim(l, ts, ss)] := ss;
end for;

1) [1
(31]
(

il);

m:=0; for i in [1..351] do if cst[i]

then m:=m+1; end if; end for;
Orbits (N712);

N713:=Stabiliser (N, [7,1,3]);
SSS:={[7,1,31}; SSS:=SSS"N;
SSS;
#(SSS) ;
Seqg:=Setseq(SSS);
Seqq;
for 1 in [1..#SSS] do
for n in IM do

if ts[7]1*ts[1l]*ts[3] eqg
nxts[Rep (Seqgqlil]) [
*ts[Rep (Seqq[i]) [3]
then print Rep(Seqqli]);
end i1if; end for; end for;
N713s := N713;

#N713s;

[7,1,3]°N712s;
T:=Transversal (N,N713);
for 1 in [1..#T] do
{[7,1,31°N713}"TI[i];

end for;

T713:=Transversal (N,N713);
for 1 in [1..#T713] do
ss:=[7,1,3]1"T713[1];

s
)
3

my

ne

]1xts[Rep(Seqq[i]) [2]]

[]

3
1]11+ts[Rep(Seqqli]) [2]]
]
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cst[prodim(l, ts, ss)] := ss;
end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N713);

N714:=Stabiliser (N, [7,1,41);
SSS:={[7,1,41}; SSS:=SSS"N;
SSS;
#(SSS) ;
Seqqg:=Setseq(SSS);
Seqq;
for 1 in [1..#SSS] do
for n in IM do

if ts[7]*ts[l]*xts[4] eg

n*xts[Rep(Seqqli]) [1]]1+ts[Rep(Seqq[i]) [2]]
*ts[Rep (Seqqli]) [3]]
then print Rep(Seqqli]);

end 1f; end for; end for;
N714s := N714;

#N714s;

[7,1,4] "N714s;

T:=Transversal (N,N714);

for 1 in [1..#T] do

{[7,1,4]1°N714}"°TI[i];

end for;

T714:=Transversal (N,N714);

for 1 in [1..#T714] do
ss:=[7,1,41"T714[i];

cst[prodim(l, ts, ss)] := ss;

end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N714);

s
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for g in IM do for h in IN do

if ts[7]1xts[l]xts[6] eq gx(ts[7]xts[l]*ts[3]) h
then g,h; end if; end for; end for;

/+*Relation x/
ts[7]1*ts[1l]xts[6] eq f(x*xy)*ts[l]lxts[7]*xts[5];
N715:=Stabiliser (N, [7,1,5]);

5SSS:={[7,1,5]1}; SSS:=SSS"N;

SSS; #(SSS);

Seqg:=Setseq(SSS);

204



Seqq;

for 1 in [1..#SSS] do
for n in IM do

if ts[7]*ts[l]*ts[5] eqg

nxts[Rep (Seqq[i]) [1]]*ts[Rep(Seqq[i]) [2]]
*ts[Rep (Seqqli]) [3]]

then print Rep(Seqqli]);

end 1f; end for; end for;
N715s := N715;

for n in N do if 7°n eq 6 and 1°n egqg 5 and

s
)
3

5"'n eq 1 then N715s:=sub<N|N715s,n>; end if;

end for;
#N715s;

[7,1,5]"N715s;
N715:=Stabiliser (N, [7,1,5]);
N715;
N715:=sub<N| (6,7) (1,5) (2,4)>;
#N715;

[7,1,5]°N715;
T:=Transversal (N,N715);

for 1 in [1..#T] do
{[7,1,5]1°N715}"T[i];
end for;
T715:=Transversal (N,N715) ;

for i in [1..#T715] do
ss:=[7,1,5]1"T715[i];
cst[prodim(l, ts, ss)] := ss;

end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N715);

N726:=Stabiliser (N, [7,2,6]);
SSS:={[7,2,6]1}; SSS:=SSS"N;
SSS;
#(SSS) ;
Seqg:=Setseq(SSS);
Seqq;

for 1 in [1..#SSS] do

for n in IM do

if ts[7]1*ts[2]*ts[6] eqg

nxts[Rep (Seqq[i]) [1]]*ts[Rep(Seqq[i]) [2]]
*ts[Rep (Seqqli]) [3]]
then print Rep (Seqql

s
) [
3]
alil);
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end i1if; end for; end for;
N726s := N726;

#N726s;

[7,2,6] "N715s;
T:=Transversal (N,N726) ;

for 1 in [1..#T] do
{[7,2,6]"N726}"TI[i];
end for;
T726:=Transversal (N,N726) ;

for 1 in [1..#T726] do
ss:=[7,2,6]"T726[1];
cst[prodim(l, ts, ss)] := ss;

end for;
m:=0; for i in [1..351] do if cst[i] ne
then m:=m+1; end if; end for; m;
Orbits (N726);

N727:=Stabiliser (N, [7,2,71);
SSS:={[7,2,7]1}; SSS:=SSS"N;
SSS; #(SSS) ;
Seqqg:=Setseq(SSS);
Seqq;
for 1 in [1..#SSS] do
for n in IM do

if ts[7]*xts[2]*ts[7] eq
nxts[Rep (Seqq[i]) [
*ts[Rep (Seqq[i]) [3]
then print Rep (Seqqglil]);
end i1f; end for; end for;
N727s := N727;
#N727s;

[7,2,7]°N727s;
T:=Transversal (N,N727);

for 1 in [1..#T] do
{17,2,7]1°N727}"TI[1i];
end for;
T727:=Transversal (N,N727) ;

for i in [1..#T727] do
ss:=[7,2,71"T727[1i];

cst[prodim(l, ts, ss)] := ss;

end for;
m:=0; for i in [1..351] do if cst[i] ne
then m:=m+1; end if; end for; m;
Orbits (N727);

s
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.
1]]*ts[Rep(Seqqli]) [2]]
]

206



N724:=Stabiliser (N, [7,2,4]);

S5SS:={[7,2,41}; SSS:=SSS"N;
SSS;#(SSS) ;
Seqqg:=Setseq(SSS);
Seqq;
for i in [1..#SSS] do
for n in IM do

if ts[7]xts[2]*ts[4] eq
nxts[Rep (Seqq[i]) [
xts[Rep (Seqq[i]) [3]
then print Rep(Seqqli]);
end i1f; end for; end for;
N724s := N724;
#N724s;

[(7,2,4]1"N724s;
T:=Transversal (N,N724);

for i in [1..#T] do
{[7,2,4]1°N724}"T[1i];
end for;
T724:=Transversal (N,N724) ;
for 1 in [1..#T724] do
ss:=[7,2,41"T724[1i];
cst[prodim(l, ts, ss)] := ss;
end for;

s
)
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m:=0; for i in [1..351] do if cst][1i

then m:=m+1; end if; end for;
Orbits (N724);

N725:=Stabiliser (N, [7,2,51);

5S8S:={[7,2,5]1}; SSS:=SSS"N;
SSS; #(SSS);
Seqg:=Setseq(SSS);
Seqq;

for i in [1..#SSS] do

for n in IM do

if ts[7]*ts[2]*xts[5] eg
nxts[Rep (Seqgqglil]) [
*xts[Rep (Seqgqg[i]) [3]
then print Rep(Seqqli]);
end 1f; end for; end for;
N725s := N725;

#N725s;

[7,2,5]"N725s;

s
)
3

my

4
1]]+ts[Rep(Seqqli
]

]

5
1]1xts[Rep(Seqqli
]

ne

1) [2]]

[]

1) [2]]
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:=Transversal (N,N725);
for 1 in [1..#T] do
{[7,2,5]1"N725}"T[i];
end for;
T725:=Transversal (N,N725);
for 1 in [1..#T725] do
ss:=[7,2,5]"T725[11;
cst[prodim(1l, ts, ss)] := ss;
end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N725);
N737:=Stabiliser (N, [7,3,7]);
S5SS:={[7,3,71}; SSS:=SSS"N;
SSS; #(SSS) ;
Seqqg:=Setseq(SSS);
Seqq;
for i in [1..#SSS] do
for n in IM do
if ts[7]xts[3]*ts[7] eq
nxts[Rep (Seqq[i]) [1]]xts[Rep(Seqqgli]) [2]]
*ts[Rep (Seqqli]) [3]]
then print Rep(Seqqli]);
end i1f; end for; end for;
N737s := N737;
for n in N do if 7"n eq 5 and 3"n eqg 2
and 7°n eq 5 then N737s:=sub<N|N737s,n>;
end i1if; end for;
#N737s;
[7,3,7]°N737s;
N737:=Stabiliser (N, [7,3,71);
N737;
N737:=sub<N| (1,4) (2,3) (5,7)>;
#N737;
[7,3,7] °N737;
T:=Transversal (N,N737);
for i in [1..#T] do
{[7,3,71°N737}"T[i];
end for;
T737:=Transversal (N,N737) ;
for i in [1..#T737] do
ss:=[7,3,71"T737[11;
cst[prodim(1l, ts, ss)] := ss;
end for;

s
)
3



m:=0; for i in [1..351] do if cst[i]

then m:=m+1; end if; end for;
Orbits (N737);

N732:=Stabiliser (N, [7,3,2]);

SSS:={[7,3,2]1}; SSS:=SSS"N;
SSS; #(SSS) ;
Seqqg:=Setseq(SSS);

Seqq;

for 1 in [1..#SSS] do

for n in IM do

if ts[7]xts[3]1*ts[2] eq
nxts[Rep (Seqq[i]) [
*ts[Rep (Seqq[i]) [3]
then print Rep(Seqgqli]);
end i1if; end for; end for;
N732s := N732;

s
)
3

mjy

ne

for n in N do if 7°n eq 2 and 3"n eqg 6

and 2°n eq 7 then N732s:=sub<N|N732s,n>;

end if; end for;

#N732s;

[7,3,2] "N732s;
N732:=Stabiliser (N, [7,3,2]);
N732;

N732:=sub<N| (2,7) (3,6) (4,5)>;

#N732;

[7,3,2]"N732;
:=Transversal (N,N732) ;
for 1 in [1..#T] do

{[7,3,2]1°N732}"TI[i];

end for;

T732:=Transversal (N,N732);

for i in [1..#T732] do

ss:=[7,3,21"T732[i];
cst[prodim(l, ts, ss)] := ss;
end for;

m:=0; for i in [1..351] do if cst[i]

then m:=m+1; end if; end for;
Orbits (N732);

N734:=Stabiliser (N, [7,3,41);

SSS:={[7,3,4]1}; SSS:=SSS"N;
SSS;
#(SSS) ;

my

ne

2
1]1]1*ts[Rep(Seqgqli]) [2]]
]
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Seqqg:=Setseq(SSS);
Seqq;
for i in [1..#SSS] do
for n in IM do
if ts[7]xts[3]*ts[4] eq
nxts[Rep(Seqqli]) [1]]+ts[Rep(Seqqli]) [2]]
*ts[Rep (Seqqli]) [3]]
then print Rep(Seqqli]);
end i1f; end for; end for;
N734s := N734;
for n in N do if 7°"n eq 2 and 3"n eg 6
and 4°n eq 5 then N734s:=sub<N|N734s,n>;
end 1f; end for;
#N734s;
[7,3,4] N734s;
N734:=Stabiliser (N, [7,3,4]1);
N734;
N732:=sub<N| (2,7) (3,6) (4,5)>;
#N732;
[7,3,2] "N732;

=Transversal (N,N734) ;

for 1 in [1..#T] do
{[7,3,4]1°N734}"°TI[i];
end for;
T734:=Transversal (N,N734);
for i in [1..#T734] do
ss:=[7,3,4]1"T734[i];
cst [prodim(l, ts, ss)] := ss;

end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N734);

s
)
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N7323:=Stabiliser (N, [7,3,2,31);
SSS:={[7,3,2,3]1}; SSS:=SSS"N;
SSS; #(SSS) ;

Seqgg:=Setseq(SSS);

Seqq;

for 1 in [1..#SSS] do

for n in IM do

if ts[7]1*ts[3]*xts[2]*ts[3] eq

nxts[Rep (Seqq[i]) [1]]*ts[Rep(Seqq[i]) [2]]
xts[Rep(Seqqli]) [3]1]1+ts[Rep(Seqqli]) [4]]
then print Rep(Seqqli]);



end i1if; end for; end for;
N7323s := N7323;

#N7323s;

[7,3,2,3] N7323s;
T:=Transversal (N,N7323);

for 1 in [1..#T] do
{17,3,2,3]"N7323}"TI[1i];
end for;

T7323:=Transversal (N,N7323) ;

for 1 in [1..#T7323] do
ss:=[7,3,2,3]1"T7323[1i];
cst[prodim(l, ts, ss)] := ss;

end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N7323);

N7321:=Stabiliser (N, [7,3,2,11);
SSS:={[7,3,2,11}; SSS:=SSS"N;

SSS; #(SSS) ;
Seqqg:=Setseq(SSS);
Seqq;

for 1 in [1..#SSS] do

for n in IM do

if ts[7]xts[3]1*ts[2]xts[1l] eq

nxts[Rep (Seqq[i]) [1]]+ts[Rep(Seqqlil) [2]]
xts [Rep (Seqq[i]) [3]]*ts[Rep (Seqq[i]) [4]]
then print Rep (Seqqglil]);
end i1f; end for; end for;
N7321s := N7321;

for n in N do if 7°n eq 2 and 3"n eq 6
and 2°n eqg 7 and 1°n eq 1 then
N7321s:=sub<N|N7321s,n>; end if; end for;
#N7321s;

[7,3,2,1] "N7321s;

for n in IM do 1f ts[7]*ts[3]*ts[2]*ts[1]
eq nxts[2]*ts[6]*ts[7]xts[1l] then

n; end if; end for;
N7321:=Stabiliser (N, [7,3,2,11);
N7321;
N7321:=sub<N| (2,7)(3,6) (4,5)>;

#N7321;

[(7,3,2,1]1°N7321;

T:=Transversal (N,N7321);

s
)
3

211



212

for 1 in [1..#T] do
{17,3,2,1]°N7321}"TI[1i];
end for;
T7321:=Transversal (N,N7321) ;

for i in [1..#T7321] do
ss:=[7,3,2,1]1"T7321[11];
cst[prodim(l, ts, ss)] := ss;

end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N7321);

N7347:=Stabiliser (N, [7,3,4,7]);
SSS:={[7,3,4,71}; SSS:=SSS"N;
SSS;
#(SSS) ;
Seqgq:=Setseq(SSS) ;
Seqq;
for 1 in [1..#SSS] do
for n in IM do
if ts[7]1*ts[3]xts[4]*xts[7] eq
nxts[Rep (Seqq[i]) [1]]*ts[Rep(Seqq[i]) [2]]
xts[Rep (Seqqg[i]) [3]]*ts[Rep (Seqq[i]) [4]]
then print Rep(Seqqli]);
end i1if; end for; end for;
N7347s := N7347;
#N7347s;
[7,3,4,7] N7347s;
T:=Transversal (N,N7347) ;
for 1 in [1..#T] do
{17,3,4,7]"N7347}"TI[1i];
end for;
T7347:=Transversal (N,N7347) ;
for 1 in [1..#T7347] do
ss:=[7,3,4,7]"T7347[11];
cst[prodim(l, ts, ss)] := ss;
end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N7347);
N7341:=Stabiliser (N, [7,3,4,11);
SSS:={[7,3,4,1]1}; SSS:=SSS"N;
SSS; #(SSS) ;
Seqg:=Setseq(SSS);

s
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Seqq;
for 1 in [1..#SSS] do
for n in IM do
if ts[7]*ts[3]*xts[4]*ts[l] eqg
nxts[Rep (Seqq[i]) [1]]*ts[Rep(Seqq[i]) [2]]
*ts[Rep(Seqqli]) [3]1]1+ts[Rep(Seqqli]) [4]]
then print Rep(Seqqli]);
end 1f; end for; end for;
N7341s N7341;
N7341s := N7341;
for n in N do if 7°"n eq 2 and 3"n eg 6
and 4°n eq 5 and 1°n eq 1 then
N7341s:=sub<N|N7341s,n>; end if;
end for;
#N7341s;
[7,3,4,1]"°N7341s;
N7341:=Stabiliser (N, [7,3,4,1]);
N7341;
N7341:=sub<N| (2,7)(3,6) (4,5)>;
#N7341;
[7,3,4,1]1°N7341;
T:=Transversal (N,N7341);
for 1 in [1..#T] do
{17,3,4,1]°N7341}"TI[1i];
end for;
T7341:=Transversal (N,N7341) ;
for i in [1..#T7341] do
ss:=[7,3,4,1]1"T7341[1i];
cst[prodim(l, ts, ss)] := ss;
end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N7341);

s
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N7371:=Stabiliser (N, [7,3,7,1]1);
SSS:={[7,3,7,11}; SSS:=SSS"N;
SSS; #(SSS) ;

Seqqg:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IM do

if ts[7]*ts[3]*t
nxts[Rep (Seqgqgli]
*ts[Rep (Seqq[i]) [

s[7]*ts[1l] eqg
) [1]1]1*ts[Rep(Seqqli]) [2]]
3]1*ts[Rep(Seqqli]) [4]]



then print Rep(Seqqli]);
end 1f; end for; end for;
N7371s := N7371;
#N7371s;

[7,3,7,1]1"N7371s;

:=Transversal (N,N7371);

for 1 in [1..#T] do
{17,3,7,1]1°N7371}"TI[1i];
end for;
T7371:=Transversal (N,N7371);
for i in [1..#T7371] do
ss:=[7,3,7,1]1°T7371[11];
cst[prodim(l, ts, ss)] := ss;

end for;
m:=0; for i1 in [1..351] do if cst[i] ne
then m:=m+1; end if; end for; m;
Orbits (N7371);

N7372:=Stabiliser (N, [7,3,7,21);
5S8S:={[7,3,7,21}; SSS:=5SS"N;
SSS; #(SSS) ;
Seqg:=Setseq(SSS);
Seqq;
for 1 in [1..#SSS] do
for n in IM do
if ts[7]*ts[3]*xts[7]*xts[2] eq
nxts[Rep (Seqqg[i]) [1]]*ts[Rep (Seqqli]) [
xts[Rep (Seqqli]) [3]]+ts[Rep(Seqqli]) [4]
then print Rep(Seqqli]);
end 1f; end for; end for;
N7372s := N7372;
for n in N do if 7°’n eq 6 and 3"n eqgq 3
and 7°n eq 6 and 2°n eqg 4 then

s
)
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N7372s:=sub<N|N7372s,n>; end if; end for;

#N7372s;

[7,3,7,2]1 °N7372s;
N7372:=Stabiliser (N, [7,3,7,21);
N7372;
N7372:=sub<N| (6,7) (2,4) (1,5)>;
#N7372;

(7,3,7,2]1"°N7372;
T:=Transversal (N,N7372) ;

for 1 in [1..#T] do
{17,3,7,2]°N7372}"TI[1i];

1]
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end for;
T7372:=Transversal (N,N7372) ;
for i in [1..#T7372] do
ss:=1[7,3,7,2]1"T7372[11];
cst[prodim(l, ts, ss)] := ss;
end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N7372);

N7152:=Stabiliser (N, [7,1,5,21);
SSS:={[7,1,5,21}; SSS:=SSS"N;
SSS; #(SSS) ;

Seqqg:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IM do

1if ts[7]xts[l]l*ts[5]xts[2] eq

nxts[Rep (Seqgq[i]) [1]]*ts[Rep(Seqq[il]) [2]]
*ts[Rep(Seqqli]) [3]1]*ts[Rep(Seqq[i]) [4]]
then print Rep(Seqqli]);

end 1f; end for; end for;
N7152s := N7152;

#N7152s;

[7,1,5,2] "N7152s;
T:=Transversal (N,N7152) ;

for i in [1..#T] do
{[7,1,5,2]°N7152}"TI[1i];
end for;
T7152:=Transversal (N,N7152);
for i in [1..#T7152] do
ss:=[7,1,5,2]"T7152[1];
cst[prodim(l, ts, ss)] := ss;

end for;

=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N7152);

N73417:=Stabiliser (N, [7,3,4,1,71);
5SSS:={[7,3,4,1,7]1}; SSS:=SSS"N;
SSS; #(SSS) ;

Seqqg:=Setseq(SSS);

Seqq;
for 1 in [1..#SSS] do



for n in IM do
1f ts[7]*ts[3]
nxts[Rep (Seqgqli
xts[Rep (Seqq[il)
*ts[Rep (Seqq[i]) [5]
then print Rep (Seqqglil]);
end i1f; end for; end for;
N73417s := N73417;
#N73417s;
[(7,3,4,1,7]"N73417s;
T:=Transversal (N,N73417) ;
for 1 in [1..#T] do
{17,3,4,1,7]1°N73417}"T[1i];
end for;

*ts[4]xts[1l]*ts[7] eq

1) [1]1]1+ts[Rep(Seqqli]) [2]]
[3]]1*ts[Rep(Seqqli]) [4]]
[5]1]

T73417:=Transversal (N,N73417);
for 1 in [1..#T73417] do
ss:=1[7,3,4,1,71°T73417[1];
cst[prodim(1l, ts, ss)] := ss;
end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N73417);

N73214:=Stabiliser (N, [7,3,2,1,41);
SSS:={[7,3,2,1,4]1}; SSS:=SSS"N;
SSS; #(8SS) ;

Seqgq:=Setseq(SSS) ;

Seqq;

for 1 in [1..#SSS] do

for n in IM do
if ts[7]1*ts[3]
nxts[Rep (Seqgqli

xts[Rep (Seqq[i])

*ts[Rep(Seqq[i]) [3]

then print Rep(Seqqli]);

end i1f; end for; end for;

N73214s := N73214;

for n in N do if 7°"n eq 4 and 3"n eqgq 1

and 2°n eq 2 and 1°n eqg 3 and 4°n eg 7 then

N73214s:=sub<N|N73214s,n>; end if; end for;

#N73214s;

(7,3,2,1,4]"N73214s;
for n in IM do if ts[7]1*ts[3]*ts[2]+ts[l]*ts[4]

*

ts[2]*ts[l]xts[4] eq

1) [11]1+ts[Rep(Seqqli]) [2]]
i]) [3]]1+ts[Rep(Seqqlil]) [4]]
i]) [5]]

eq
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nxts[4]*«ts[1l]*ts[2]+ts[3]*ts[7] then n; end if;

end for;
N73214:=Stabiliser (N, [7,3,2,1,41);
N73214;
N73214:=sub<N| (4,7) (1,3) (5,6)>
#N73214;

[(7,3,2,1,4]1°N73214;
T:=Transversal (N,N73214);

for 1 in [1..#T] do
{17,3,2,1,4]1"°N73214}"T[1i];
end for;
T73214:=Transversal (N,N73214) ;

for 1 in [1..#T773214] do
ss:=[7,3,2,1,41"T732141[1i];
cst[prodim(l, ts, ss)] := ss;

end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N73214);

N73723:=Stabiliser (N, [7,3,7,2,31);
SSS:={1[17,3,7,2,3]1}; SSS:=SSS"N;
SSS; #(SSS) ;

Seqg:=Setseq(SSS);

Seqq;

for 1 in [1..#SSS] do

for n in IM do

if ts[7]*ts[3]*t *ts[2]*ts[3] eqg

i] Ixts[Rep (Seqqli])
) [

nxts[Rep (Seqqli [
xts [Rep (Seqq[i]) [4

*ts[Rep (Seqg[i]
*ts[Rep (Seqq[i]) [5]

then print Rep(Seqql[i]);

end i1f; end for; end for;

N73723s := N73723;

for n in N do if 7°"n eq 6 and 3"n eg 3 and
7"n eq 6 and 2°n eq 4 and 3"n eq 3

then N73723s:=sub<N|N73723s,n>;

end i1f; end for;

#N73723s;

[(7,3,7,2,31°N73723s;

s[7]
) [1] 211
[31] 1]
[5]]

for n in IM do 1f ts[7]1*ts[3]*ts[7]+ts[2]*ts[3]

nxts[6]*ts[3]+ts[6]*+ts[4]*ts[3] then n;
end 1f; end for;
N73723:=Stabiliser (N, [7,3,7,2,31);

217



218

N73723;
N73723:=sub<N| (6,7) (2,4) (1,5)>;
#N73723;

(7,3,7,2,31°N73723;
T:=Transversal (N,N73723);

for 1 in [1..#T] do
{17,3,7,2,31°N73723}"T[1i];
end for;
T73723:=Transversal (N,N73723);
for i in [1..#T73723] do
ss:=[7,3,7,2,31"T73723[11];
cst[prodim(l, ts, ss)] := ss;

end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N73723);

N732142:=Stabiliser (N,[7,3,2,1,4,2]);
SSS:={1[7,3,2,1,4,2]}; SSS:=SSS"N;

SSS; #(SSS) ;

Seqqg:=Setseq(SSS);

Seqq;

for 1 in [1..#SSS] do

for n in IM do

1if ts[7]xts[3]*ts[2]xts[1l]xts[4]*ts[2] eq
nxts[Rep (Seqq[i]) [1]]+ts[Rep(Seqq[i]) [2]]
xts [Rep (Seqq[i]) [3]]*ts[Rep (Seqq[i]) [4]]
xts[Rep (Seqq[i]) [5]]*ts[Rep (Seqq[i]) [6]]
then print Rep(Seqqli]);
end 1f; end for; end for;
N732142s := N732142;

for n in N do if 7°"n eq 4 and 3"n eqgq 1
and 2°n eq 2 and 1°n eq 3 and 4°n eq 7
and 2°n eq 2 then N732142s:=
sub<N|N732142s,n>; end if; end for;
#N732142s;
(7,3,2,1,4,2]1°N732142s;
for n in IM do 1f ts[7]1xts[3]*ts[2]*ts[1l]l*xts[4]+ts[2]
eq nxts[4]*ts[1l]rts[2]*ts[3]*xts[7]*xts[2] then n;
end if; end for;
N732142:=Stabiliser (N,[7,3,2,1,4,2]);
N732142;
N732142:=sub<N| (4,7) (1,3) (5,6)>
#N732142;



[(7,3,2,1,4,2]1°N732142;

=Transversal (N,N732142) ;

for 1 in [1..#T] do
{17,3,2,1,4,2]"°N732142}"T[1i];
end for;
T732142:=Transversal (N,N732142) ;
for 1 in [1..#T7732142] do
ss:=[7,3,2,1,4,2]°T732142[1i];
cst[prodim(l, ts, ss)] := ss;

end for;

=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end 1if; end for; m;
Orbits (N732142);

N7321427:=Stabiliser (N,[7,3,2,1,4,2,7]);
58S:={1[7,3,2,1,4,2,71}; SSS:=SSS"N;
SSS; #(SSS) ;

Seqqg:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do

for n in IM do

1if ts[7]xts[3]1*ts[2]xts[l]xts[4]*ts[2]xts[7] eq
nxts[Rep(Seqq[i]) [1]]*ts[Rep(Seqq[i]) [2]]
*ts[Rep(Seqq[i]) [3]1]*ts[Rep (Seqqgli]) [4]]1%*
ts[Rep(Seqqli]) [5]]*ts[Rep(Seqqli]) [6]]x*
) [7]

ts[Rep(Seqq[i]) [7]]
then print Rep(Seqqlil]);

end if; end for; end for;
N7321427s := N7321427;

for n in N do if 7°n eg 5 and 3"n eq 2 and
2°’n eq 3 and 1°n eq 4 and 4°n eq 1

and 2°n eg 3 then
N7321427s:=sub<N|N7321427s,n>;

end i1f; end for;

#N7321427s;

(7,3,2,1,4,2,7]"N7321427s;

for n in IM do if ts[7]*ts[3]*ts[2]*ts[1]
*ts[4]xts[2]*ts[7] eq nxts[5]l*ts[2]xts[3]*ts[4]
*ts[1l]*ts[3]+ts[5] then n; end if; end for;
N7321427:=Stabiliser (N, [7,3,2,1,4,2,71);
N7321427;
N7321427:=sub<N| (5,7) (2,3) (1,4)>;
#N7321427;

(7,3,2,1,4,2,7]1°N7321427;
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T:=Transversal (N,N7321427) ;

for 1 in [1..#T] do
{17,3,2,1,4,2,7]1°N7321427}"TI[1i];
end for;

T7321427:=Transversal (N,N7321427) ;
for 1 in [1..#T77321427] do
ss:=[7,3,2,1,4,2,71"°T7321427[1i];
cst[prodim(1l, ts, ss)] := ss;

end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N7321427);

N73214276:=Stabiliser (N, [7,3,2,1,4,2,7,61);
SSS:={1[17,3,2,1,4,2,7,6]}; SSS:=SSS"N;
SSS; #(SSS) ;

Seqgq:=Setseq(SSS) ;

Seqq;

for 1 in [1..#SSS] do

for n in IM do

if ts[7]+ts[3]1*ts[2]*ts[1]+rts[4]*ts[2]*ts[7]*+ts[6]
nxts[Rep (Seqq[i]) [1]]*ts[Rep(Seqq[i]) [2]]~
ts[Rep(Seqq[i]) [3]]1*ts[Rep(Seqqli]) [4]]x*
ts[Rep (Seqqli]) [5]]+ts[Rep(Seqqli]) [6]]x*
ts[Rep(Seqq[i]) [7]]1*ts[Rep(Seqqli]) [8]]

then print Rep(Seqqli]);
end i1if; end for; end for;
N73214276s := N73214276;
for n in N do if 7°n eq 5 and 3"n eq 2
and 2°n eq 3 and 1°n eq 4 and 4°n eqg 1
and 2°n eq 3 and 7°n eq 5 and 6°n eq 6
then N73214276s:=sub<N|N73214276s,n>;
end if; end for;
#N73214276s;
(7,3,2,1,4,2,7,6] "N73214276s;
for n in IM do 1f ts[7]*ts[3]*ts[2]*ts[1]
*ts[4]xts[2]*xts[7]*xts[6] eq nxts[5]*xts[2]
*ts[3]*ts[4]+ts[1l]+ts[3]*ts[5]*ts[6]
then n; end if; end for;
N73214276:=Stabiliser (N, [7,3,2,1,4,2,7,6]);
N73214276;
N73214276:=sub<N| (5,7) (2,3) (1,4)>;
#N73214276;
(7,3,2,1,4,2,7,6] "N73214276;

eq
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T:=Transversal (N,N73214276) ;

for 1 in [1..#T] do
{17,3,2,1,4,2,7,6]1"°N73214276}"T[1i];
end for;
T73214276:=Transversal (N,N73214276) ;
for 1 in [1..#T773214276] do
ss:=[7,3,2,1,4,2,7,6]"T73214276[1i];
cst[prodim(1l, ts, ss)] := ss;

end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N73214276) ;

N73476:=Stabiliser (N, [7,3,4,7,61);
SSS:={[7,3,4,7,6]}; SSS:=SSS"N;
SSS; #(SSS) ;
Seqgq:=Setseq(SSS) ;
Seqq;
for 1 in [1..#SSS] do
for n in IM do
if ts[7]1*ts[3]
nxts[Rep (Seqgqli
ts[Rep (Seqqli]) [
xts[Rep (Seqqli]) [5]
then print Rep(Seqqli]);
end i1f; end for; end for;
N73476s := N73476;
#N73476s;
[7,3,4,7,6] "N73476s;
T:=Transversal (N,N73476) ;
for 1 in [1..#T] do
{17,3,4,7,6]1"N73476}"TI[1i];
end for;
T73476:=Transversal (N,N73476) ;
for 1 in [1..#T73476] do
ss:=[7,3,4,7,6]1"T73476[1];
cst[prodim(l, ts, ss)] := ss;
end for;
:=0; for 1 in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N73476);

* xts[7]xts[6] eg
]*xts[Rep(Seqgqli]) [2]]~*

ts[4]
1) [1]
3]1+ts[Rep (Seqqglil) [41]1]
[5]]

s
)
]
5

N73721:=Stabiliser (N, [7,3,7,2,11);
SSS:={[7,3,7,2,1]1}; SSS:=SSS"N;
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SSS; #(SSS) ;
Seqg:=Setseq(SSS);
Seqq;

for 1 in [1..#SSS] do
for n in IM do

if ts[7]xts[3]1*ts[7]*xts[2]*xts[1l] eqg
nxts[Rep (Seqqlil) [1]1]1+*ts[Rep(Seqqli]) [2]]%*
ts[Rep(Seqqli]) [3]]*ts[Rep(Seqq[i]) [4]]
*ts[Rep (Seqqli]) [5]]

then print Rep(Seqqli]);
end i1f; end for; end for;
N73721s := N73721;

#N73721s;

(7,3,7,2,11"N73721s;
T:=Transversal (N,N73721);

for i in [1..#T] do
{17,3,7,2,11°N73721}"T[1i];
end for;

T73721:=Transversal (N,N73721) ;
for i in [1..#T73721] do
ss:=1[7,3,7,2,11"T73721[11];
cst[prodim(l, ts, ss)] := ss;

end for;
m:=0; for i1 in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N73721);

N737216:=Stabiliser (N, [7,3,7,2,1,61);
5SS8S:={[7,3,7,2,1,6]}; SSS:=SSS"N;
SSS; #(SSS) ;
Seqqg:=Setseq(SSS) ; Seqq;
for i in [1..#SSS] do
for n in IM do
if ts[7]1*ts[3]
nxts[Rep (Seqgqli
1)
1]

*

[7T]*ts[2]*ts[1l]+ts eq
[1]]+ts[Rep (Seqqli]) [2]]
*ts[Rep (Seqqli ]1+ts[Rep (Seqqglil) ]
xts[Rep (Seqgg[i]) [5]]+ts[Rep (Seqq[i]) ]
then print Rep(Seqqli]);

end i1f; end for; end for;
N737216s := N737216;

for n in N do if 7"n eq 4 and 3"n eqg 1 and 7°n

eq 4 and 2°n eq 2 and 1"n egq 3 and 6°n eq 5

then N737216s:=sub<N|N737216s,n>; end 1if; end for;

#N737216s;

ts [6]
1) DA
(3 [4]
[5 (6]
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(7,3,7,2,1,6]"N737216s;
for n in IM do 1f ts[7]xts[3]*ts[7]*ts[2]*ts[l]xts[6]
eq nxts[4]*ts[1l]xts[4]xts[2]*ts[3]xts[5] then
n; end if; end for;
N737216:=Stabiliser (N, [7,3,7,2,1,61);
N737216;
N737216:=sub<N| (4,7) (1,3) (5,6)>;
#N737216;
(7,3,7,2,1,6] "N737216;
T:=Transversal (N,N737216) ;
for 1 in [1..#T] do
{17,3,7,2,1,6]°N737216}"T[i];
end for;
T737216:=Transversal (N,N737216) ;
for 1 in [1..#T737216] do
ss:=[7,3,7,2,1,6]1"T737216[1];
cst [prodim(l, ts, ss)] := ss;
end for;
m:=0; for i in [1..351] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N737216);
/********************************************/
/+We use the Schreier System to convert
permutation into wordx/
D:=DihedralGroup(7);
xx:=D!(1,2,3,4,5,6,7);
yy:=D! (1, 6) (2, 5) (3, 4);
N:=sub<D|xx, yy>; #N; Set (N) ;
G<x,y,t>:=Group<x,vy,t|x"7, yv°2, (xxy) "2, t°2,
(t,y), (x+%t) "0, (x*t*xt"x) "0, (xxy*t"x*t) "3, (txt*xxt) " 7>;
H:=sub<G| x,y,t  (X"2)+t " (x74)+t " (x"5)*t" (x74)+xt" (x"2)>;
#H;
f,Gl,k:=CosetAction (G, H);
IN:=sub<Gl|f (x), f(y)>;
IM:=sub<GLl|IN, f(t" (x"2)*t"(x74) Lt~ (x"5) *
LT (XxT4)*t T (X72)) >;

#IN; #IM;

ts := [Id(Gl) : i in [1 .. 711;

ts[7] := £(t); ts[l] := £(t"x); ts[2] := £(t"(x72));
ts[3] := £(t7(x73)); tsl[4d4] := £(t°(x74));

ts[5] = £(t"(x"5)); ts[6] := £(£t°(x76));

A:=f (x);

B:=f(y);

C:=f(t);
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N:=sub<Gl|A,B,C>;
NN<x,y,t>:=Group<x,vy,t|x"7, v 2, (xxy) "2,

t72, (t,y), (x+t) "0, (xxt*xt"x) "0, (xxy*t " x*t) "3,

(trxtxx*t) ~7>;

G1:=NN;
Sch:=SchreierSystem (NN, sub<NN | Id (NN)>) ;
ArrayP:=[Id(N): i in [1..#N]];

for i in [2..#N] do

P:=[Id(N): 1 in

[1..#S

if Eltseq(Sch[
if Eltseqg(Schli
if Eltseqg(Schli
if Eltseqg(Schli
end for;
PP:=Id(N);

for k in [1..#P] do
PP:=PPxP[k]; end for;
ArrayP[i] :=PP;

end for;

for j in i]
31 eg 1 then P[]] end 1if;
3] eqg -1 then P[j]l:=A"-1; end if;
j] eq 2 then P[]j]:=B; end 1if;
3] eqg 3 then P[]J]:=C; end if;
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Appendix G: MAGMA Code for
Mixed Extension (20 : Ly(7)) : 2

a:=0; b:=8;c:=0; d:=3;

G<x,y,t>:=Group<x,vy,t|x"7, v°2, (x*xy) "2, t°2,

(t,y), (x*xt) "a, (x+xt*t"x) "b, (x*xy*t"xxt) "¢,
(txt*x*xt) “d>; #G;

f,Gl,k:=CosetAction (G, sub<G|x,y>);
CompositionFactors (Gl);

Center (Gl);

NL:=NormallLattice (Gl);

NL;

MinimalNormalSubgroups (Gl) ;
X:=AbelianGroup (GrpPerm, [2,2,2,2,2,2]);
s:=IsIsomorphic(X,NL[2]);s;

q, ff:=quo<NL[3] INL[2]>;

CompositionFactors (q);

NumberOfGenerators (NL[3]);

T:=Transversal (NL[3],NL[2]);

/+*Note we store the generators of NL[2] and the
transversals of NL[3]x*/

NumberOfGenerators (NL[2]) ;

/* now write schreier system, you want the

action of 276 so write it with that, you need N and NN,
check their number so you know they equal

64=2"6 */

N:=sub<Gl|A,B,C,D,E,F>; #N;

/+*presentation for 2°6=64 abelian they commutex/
NN<k,1l,m,n, o, p>:=Group<k,l,m,n,o,plk" 2,172, m" 2,
n“2,0°2,p°2, (k,1), (k,m), (k,n), (k,0), (k,p), (1L,m), (1,n),
(1,0), (1,p), (m,n), (m,0), (m,p), (n,0), (n,p), (0,pP)>;
#NN;

/* now you can run the system, [1..64] because 276.



then there are 6 generators so there will be six things,
in this case they’re all order 2 (276) so you don not
include their inverses x/
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>) ;

ArrayP:=[Id(N): i in [1..6411];

for i in [2..64] do

=[Id(N): 1 in [1..#Sch[i]11];
for j in [1 Sch[i]] do
if Eltseq(Sch[ 1)[J] eg 1 then P[]J]:=A; end if;
if Eltseq(Sch([i]) []j] eq 2 then P[j]:=B; end if;
if Eltseqg(Sch[i])[]J] eq 3 then P[]j]:=C; end if;
if Eltseq(Sch([i]) []j] eq 4 then P[j]:=D; end if;
if Eltseg(Sch[i])[]J] eq 5 then P[]j]:=E; end if;
if Eltseq(Sch[i]) []j] eq 6 then P[j]:=F; end if;
end for;
PP:=Id(N);
for k in

[1..#P] do
PP:=PPxP[k]; end for;
ArrayP[i] :=PP;
end for;
/* that’s the system, so now you can write T[3]"4 as
elements of 276, earlier we called T[3] 4= T34 «*/
for i in [1..64] do if ArrayP[i] eq T34 then Schlil];
end i1if; end for;

T34 eqg D;
Order (£f£(T2));
ar

#sub<qg| ff(T2),ff(T3)>;
Order (f£(T2) x££ (T3));
H<r,s>:= Group<r,s|r”2,s74, (rxs) "7, (r,s) "4, (r«s”~2) "3>
/*PSL(2,7) Presentation=*/
/* H<r,s>:= Group<r,s, |r"2,s"4=n, (rxs) "7, (r,s) "4,
(r*sA2)A3>' *x/
—[ ( N): i in [1..13]1;
[1..64] do if ArrayP[i] eqg T34 then
[1] :=Sch[i]; end if; end for;
[1..64] do if ArrayP[i] eq A"T2 then
[2] :=Sch[i]; end if; end for;
for i in [1..64] do if ArrayP[i] eq B"T2 then
[3]:=Sch[i]; end if; end for;
[1..64] do if ArrayP[i] eg C T2
i]l; I[4]:=Sch[i]; end if; end for;
[1..64] do if ArrayP[i] eq D T2
il; I[5]:=Sch[i]; end if; end for;
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for i in [1..64] do if ArrayP[i] eq E T2
then Sch[i]; I[6]:=Sch[i]; end if; end for;
for i in [1..64] do if ArrayP[i] eq F T2
then Sch[i]; I[7]:=Sch[i]; end if; end for;
for i in [1..64] do if ArrayP[i] eq A"T3
then Sch[i]; I[8]:=Sch[i]; end if; end for;
for i in [1..64] do if ArrayP[i] eq B T3
then Sch[i]; I[9]:=Sch[i]; end if; end for;
for 1 in [1..64] do if ArrayP[i] eq C"T3
then Sch[i]; I[10]:=Sch([i]; end if; end for;
for 1 in [1..64] do if ArrayP[i] eq D"T3
then Sch[i]; I[11]:=Sch([i]; end if; end for;
for 1 in [1..64] do if ArrayP[i] eq E T3
then Sch[i]; I[12]:=Sch([i]; end if; end for;
for 1 in [1..64] do if ArrayP[i] eq F T3
then Sch[i]; I[13]:=Sch([i]; end if; end for;

I;
Order ((T2,T3));
Order ((T2+xT372));

I:=[Id(NN): i in [1..14]71;

Order (ff ((T2,T3)));

(T2, T3) "4 in N;

for i in [1..64] do if ArrayP[i] eq (T2,T3) "4
then Sch[i]; end if; end for;
NN<k,1l,m,n,o,p,r,s>:=Group<k,1l,m,n,o,p,r,slk"2,172,
m°2,n"2,0°2,p°2, (k,1), (k,m), (k,n), (k,0), (k,p), (L, m), (1,
n), (L,0), (L,p), (m;n), (m,0), (m,p), (n,0), (n,p), (0,p), "2,
s™4=1xmxp, (r*s) "7, (r,s) "4=kx1l+xmxo*xp, (r*s”2) "3,k " r=kxmx*o,
1 r=n+*o+*p,m r=m,n"r=mx+n+*0, 0 r=0,p r=1lxmxn,
k" s=ksmxn*oxp, 1" s=nx*p,m”s=k,n"s=kxl*nxp, 0" s=p,
P s=kxlxm*n>;

#NN;

fl,g9,kl:=CosetAction (NN, sub<NN|Id (NN)>);
s,t:=IsIsomorphic(NL[3],q9);

Sy
/*Now find an element of order 2 in Gl but outside NL[3]x/
for g in Gl do if Order(g) eq 2 and sub<Gl|NL[3],g> eq Gl
then Z:=g;break; end if; end for;
Gl eqg sub<G1l|NL[3],Z>;

/+*We find the action of Z on the generators
A,B,C,D,E,F, T2, T3 of NL[3]x*/
N:=sub<Gl|A,B,C,D,E,F, T2, T3>; #N;
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NN<k,1l,m,n,o,p,r,s>:=Group<k,l,m,n,o,p,r,slk"2,172,
m°2,n"2,0°2,p"2, (k,1), (k,m), (k,n), (k,0), (k,p), (L, m), (1,n),
(L,0), (1,p), (m,n), (m,0), (mp), (n,0), (n,p), (o,p),r"2,s 4=
lxmxp, (r*s) "7, (r,s) "4=kxl+m*xo*xp,

(rxs”2) "3,k r=k*mx0, 1 "r=nxo*p,m r=m,n" r=m*nxo, 0" r=o,

p r=lxmxn, k" s=kxmxn*oxp, 1l s=n*p,m”s=k,n"s=kxl*n*p,

0" s=p,p s=kxlxmxn>;
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>) ;
ArrayP:=[Id(N): i in [1..10752]17;

for i in [2..10752] do

P:=[Id(N): 1 in [1..#Sch[i]]];

for j in [1 #Sch[l]] do

if Eltseq(Sch[ 1)[J] eg 1 then P[]J]:=A; end 1if;

if Eltseq(Sch[i])[]j] eq 2 then P[]j]:=B; end if;

if Eltseqg(Sch([i])[]j] eq 3 then P[]j]:=C; end if;

if Eltseq(Sch[i])[]j] eq 4 then P[]j]:=D; end if;

if Eltseqg(Sch[i]) []j] eg 5 then P[]j]:=E; end if;

if Eltseqg(Sch[i])[]J] eq 6 then P[]j]:=F; end if;

if Eltseqg(Sch([i])[j] eq 7 then P[j]:=T2; end if;

if Eltseg(Sch[i])[]J] eq 8 then P[]j]:=T3; end if;

if Eltseqg(Sch[i])[j] eq -8 then P[]J]:=T3"-1; end if;

end for;
PP:=Id(N);for k in [1..#P] do

PP:=PPxP[k]; end for;ArrayP[i]:=PP;end for;
I:=[Id(NN): i in [1..811];

for 1 in [1..10752] do if ArrayP[i] eq A"Z then
Sch[i]; I[1]:=Sch[i]l; end if; end for;

for i in [1..10752] do if ArrayP[i] eq B"Z then
Sch[i]; I[1]:=Sch[i]; end if; end for;

for i in [1..10752] do if ArrayP[i] eq C"Z then
Sch[i]; I[1]:=Sch[i]; end if; end for;

for i in [1..10752] do if ArrayP[i] eq D"Z then
Sch[i]; I[1]:=Sch[i]; end if; end for;

for i in [1..10752] do if ArrayP[i] eq E"Z then
Sch[i]; I[1]:=Sch[i]; end if; end for;

for i in [1..10752] do if ArrayP[i] eq F"Z then
Sch[i]; I[1]:=Sch[[i]; end if; end for;

for i in [1..10752] do if ArrayP[i] eq T2"Z then
Sch[i]; I[1l]:=Sch([i]; end if; end for;

for i in [1..10752] do if ArrayP[i] eq T3"Z then

Sch([i]; I[1]:=Sch[i]; end if; end for;

/+*The presentation of the mixed estension */
H1<k,1l,m,n,o0,p,r,s,g>:=Group<k,l,m,n,o,p,r,s, gl
k*2,1"2,m"2,n"2,0°2,p"2, (k,1), (k,m), (k,n), (k,0), (k,p),
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(l,m), (1,n),(1,0), (1,p), (mn), (m,0), (mp), (n,0), (n,p),
(o,p),r" 2,8 4=1xmxp, (r*s) "7, (r,s) "4=k+1lxmxoxp,
(r+*s”2)"3,k"r=k*mx0, 1 " r=nxo*p,m r=m,n"r=
m*+n+x0,0 r=0,p r=l+m*n, k" s=k+mrxnrxoxp, 1" s=
n*p,m" s=k,n"s=kxlxn*p, o0  s=p,p s=kxlxmxn,
g~2,k"g=1 » n,1"g=sx0oxs”"-1,m"g=n"s,n"g=
kxsxo*xs”-1,0 g=kxmxnxp,p g=p s, r g=
kxs «r 1% s xr x s’ -1 x1r % s"-1,s"g=
r * k * s *+r s % ¥ * s =1 % r>;
#H1;
f,hl,kl:=CosetAction (H1, sub<H1l|Id(H1)>);
s:=IsIsomorphic(hl,Gl);s;
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Appendix H: MAGMA Code for
DCE of M12

S1:=Sym(72);
aa:=S1! (2, 8)(3 15) (4, 20)(6, 9
(14, (16 17,38) (18, ) (

, (1 19) (11, 44) (12, 37)
) 0) (

(25, 45) (26, 32) (2 66)(29,
) 2) (4
) 9) (5

)
21 42)(22, 23) (24, 57)
)(31 39) (33, 55) (36, 40)
(41, (43 70) (47, 53) (4 63) (49, 58) (50, 67)
(52, (56 65) (60, 64) (6 72);
bb:=s1!' (1, 2, 9, 13, 6, 8) (3, 16, 25, 10, 40, 23)
(4, 21, 53, 47, 42, 20) (5, 26, 39, 7, 31, 32)
(11, 29, 57, 24, 61, 44) (12, 28, 35, 14, 37, 34)
(15, 22, 36,19, 45, 30) (17, 49, 50, 66, 69, 71)
(18, 59, 46, 55, 41, 48) (27, 67, 58,38, 52, 56)
(33, 70, 65, 54, 63, 51) (43, 72, 68, 62, 60, 64);
cc:=S1! (1, 3, 5, 15) (2, 10, 12, 42) (4, 22, 23, 20)
(6, 29, 31, )(7 33, 34, 55)«(8, 21, 37, 19)
(9, 18, 39, 61) (1 45, 46, 40) (13, 50, 35, 67)
(14, 52, 26,62)(16, 38, 53, 69) (17, 30, 56, 47)
(24, 41, 51, 57) (25, 44, 36, 70) (27,60, 64, 66)
(28, 43, 32, 71) (48, 58, 65, 72) (49, 63, 68, 59
N:=sub<S1|aa,bb, cc>;
G<a, b, c>:=Group<a,b,c| a“2,b"6,c"4,
(b"-1 x a)~2,
(axc”™-1) "2,
b =1xc™-2+b"2xc"2+b" -
(c"=1%b) "3,
cT=1+b " =1xc"-2xb " =1xc " 2xb " =1xc"=-1>;
Sch:=SchreierSystem (G, sub<G|Id(G)>);
ArrayP:=[Id(N): i in [1..432]];
for 1 in [2..432] do
=[Id(N): 1 in [1..#Sch[i]]];
for 7 in [1..#Sch([i]] do
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if Eltseqg(Sch([i])[j] eq 1 then P[j]:=aa; end if;

if Eltseg(Sch[i])[]J] eq 2 then P[j]:=bb; end if;

if Eltseqg(Sch[i])[j] eq -2 then P[]J]l:=bb"-1; end if;
if Eltseg(Sch[i])[]J] eq 3 then P[j]:=cc; end if;

if Eltseqg(Sch[i])[]j] eq -3 then P[]Jj]l:=cc”-1; end if;
end for;

PP:=Id(N);

for k in [

PP:=PPxP[k]; end for;

ArrayP[1] :=PP;

end for;

for i in [50..100] do Sch[i], ArrayP[i]; end for;
G<a,b,c,t>:=Group<a,b,c,t| a"2,b"6,c"4,

(b™-1 + a) "2,

(axc™-1) "2,

b =1xc™"-2+xb"2*xc"2xb" -1,

(c”=1%b) "3,

cT=1xb " =1xc"-2+«b " -1xc"2+xb"-1xc" -1,

t"2,(t,a), (t,a ¢ » b"-1 x ¢c"-1 « b™"-1 * c),
(axc ™ =1*xb " —1*xc*xb " 2+xt” (b)) "3>;

#G;

f,Gl,k:=CosetAction (G, sub<Gla,b, c>);
CompositionFactors (G1l);

Center (G1) ;

/*store center as ccc x/

A:=f(a);
B:=f (b);
C:=f(c );
D:=f (t);

N:=sub<Gl|A,B,C,D>;

NN<a, b, c,t>:=Group<a,b,c,t| a“2,b"6,c"4,
(b™-1 + a) "2,

(axc™-1) "2,

b =1lxc™=2+xb"2xc"2+xb" -1,

(c”=1%b) "3,
cT=1xb"-1xc"-2+xb"-1*xc"2xb"-1xc" -1,
t"2,(t,a),(t,a r ¢ + b"=1 * ¢"-1  b™-1 x c),
(a*c”=1+b " =1*xcxb"2+t”" (b)) "3>;
Sch:=SchreierSystem (NN, sub<NN | Id (NN)>) ;
ArrayP:=[Id(N): i in [1..#N]];

for i in [2..#N] do

P:=[Id(N): 1 in [1..#Sch[i]]1]1;

for 7 in [1..#Sch[i]] do

if Eltseqg(Sch[i])[J] eq 1 then P[]j]:=A; end if;



if Eltseq(Sch([i]) [j] eq -1 then P[]J]:=A"-1;
if Eltseqg(Sch[i])[]J] eq 2 then P[Jj]:=B; end
if Eltseq(Sch([i]) []j] eq -2 then P[]J]:=B"-1;
if Eltseg(Sch[i])[]j] eq 3 then P[j]:=C; end
if Eltseq(Sch[i])[]j] eq -3 then P[]J]:=C"-1;
if Eltseqg(Sch[i]) []j] eq 4 then P[]j]:=D; end
end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PPxP[k]; end for;

ArrayP[1i] :=PP;

end for;

for 1 in [1..#N] do if ArrayP[i] eqg ccc then
print Sch[i]; end if; end for; /x Gives me t

in terms of a, b, ¢, and t */

/*‘k***‘k******‘k***‘k******‘k***‘k******‘k**********‘k***‘k******‘k/

/* Now we need to construct the double coset
enumeration G=M12=9540x+/
S1:=Sym(72);

end 1if;
if;
end 1f;
if;
end if;
if;

he center

aa:=s1! (2, 8)(3, 15) (4, 20) (6, 9) (10, 19) (11, 44) (12, 37)
(14, ) (16 )(17 38) (18, 54)(2 42)(22, 23) (24, 57)
(25, 45) (26, 32) (27, 66) (29, )(31 39) (33, 55) (36, 40)
(41, 51) (43, 62) (46, 70) (47, 53) (48, 63) (49, 58) (50, 67)
(52, ) (56 9) (5 65) (60, 64) (6 72);

bb:=S1! (1, 2, 9, 13, 6, 8) (3, 16, 25, 10, 40, 23)

(4, 21, 53, 47, 42, 20)(5, 26, 39, 7, 31, 32)

(11, 29, 57, 24, 61, 44) (12, 28, 35, 14, 37, 34)

(15, 22, 36,19, 45, 30) (17, 49, 50, 66, 69, 71)

(18, 59, 46, 55, 41, 48) (27, 67, 58,38, 52, 56)

(33, 70, 65, 54, 63, 51) (43, 72, 68, 62, 60, 64);
cc:=s1!(1, 3, 5, 15)(2, 10, 12, 42) (4, 22, 23, 20)

(6, 29, 31, 54) (7, 33, 34, 55)(8, 21, 37, 19)

(9, 18, 39, 61) ( 45, 46, 40) (13, 50, 35, 67)

(14, 52, 26,62) ( 38, 53, 69) (17, 30, 56, 47)

( 41, 51, 57) (25, 44, 36, 70) (27,60, 64, 66)

(28, 43, 32, 71) (48, 58, 65, 72) (49, 63, 68, 59);

N:=sub<S1|aa, bb, cc>;
G<a,b,c,t>:=Group<a, b, c, t|
(b"-1 x a) "2,

(axc”™-1) "2,

b =1*xc ™ =2+xb " 2xc"2+xb" -
(c”=1xb) "
cT=1xb " =1xc"-2+b"

a~2,b”6,c"4,

—-1%xc"2+b"-1xc" -1,
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t"2,(t,a), (t,a ¢ » b"-1 » ¢c"-1 « b™"=-1 * c),
(axc™=1*xb " —1*c*xb"2+xt" (b)) "3,

a * b3 xc*t xb*xt D=1+t Db+t *x c>;
f,Gl,k:=CosetAction (G, sub<Gl|a,b,c>);
CompositionFactors (Gl);

#G1;

DoubleCosets (G, sub<G|a, b, c>, sub<Gla,b,c>);
#DoubleCosets (G, sub<Gla, b, ¢c>, sub<Gla, b, c>);
Index (G, sub<Gla, b, c>);

IN:=sub<Gl|f(a),f(b), £( c)>;

ts := [Id(G1) idin [1 .. 7211;

ts[l] := f(t); ts[2]:=f£(t"b); ts[3]:=f(t"c);
ts[4]:=f(t" (b "—-1*c*b"-1)); ts[5]:=£(t"(c"2));
ts[6]:=f(t" (a*b"-2)); ts[7]:=£(t" (b "2xc"2xb));
ts[8]:=f(t" (a*b"-1)); ts[9]:=f(t" (axb"2));

ts[10]:=f(t" (axbxc)); ts[ll] =f (t ((b*c)AZ));
ts[l2]:=f£(£t" (b*c"2));ts[13]:=£(£t" (b"3));

ts[1l4] :=f(t" (c*b*c*b*c -1)); ts[l5]:=f(t” (axc™-1));
ts[l6]:=f(t” (a*xcxb)); ts[l7]:=f(t" (axc " -1xb"—-1xc"-1));
ts[1l8]:=f(t" (b"2xc)); ts[l9]:=f(t" (axb"-1xc"-1));
ts[20]:=f(t”" (b*xc™=1%b)); ts[21]:=£(t~ (b -1%c));
ts[22]:=f(t" (c"-1xb)); ts[23]: =f(tA(c*b -1));
ts[24]:=f(t" (b "2xc"-1xb"-1)); ts[25]:=f(t" (bxcxb"-1));
ts[26]:=f(t" (c"2xb)); ts[27]:=f(t" (b "3*c"-1xb"-1));
ts[28]:=f(t” (bxc"2xb)); ts[29]: =f(t (axb™=2xc));
ts[30]:=f(t” (a*xc™-1xb"~ 1)), ts[31]:=f(t" (c"2+xb"=-2));
ts[32]:=f(t" (c"2%b"-1)); s[33]:=f(t” (b*xcxb " =1xc"=1%b"-1));
ts[34]:=£f(t” ((b*xcxb™-1) "~ 2)); ts[35] f(t” (b"3xc"2));
ts[36]:=f(t" (a*xc"=1%xb"2)); ts[37]:=£(t" (b"-1%xc"2));
ts[38]:=f(t” (c*xbx*xc)); ts[39 ] =f(t”" (b "2xc”"2));

ts[40] :=f(t” (bxcxb)); ts[4l]:=f(t” (b"2xc"-1xb"=1%c));
ts[42]:=f(t" (b -1*xc*b"3)); ts[43]:=f(t” (c"2+xb"-1xc"-1));
ts[44]:=f(t" (b"2xc"—1%b)); ts[45]:=f(t" (a*xc”—1+«b"-2));
ts[46]:=f(t” (bxcxbxc™=1)); ts[47]:=£(t" (bxc"-1xb"-1));
ts[48] :=f(t" (b"2xc*b"=1)); ts[49]:=f(t" (c"-1+xb"-1*xc"-1+Db));
ts[50]:=£(t" (b"3xc)); ts[51]:=f(t" (b "-2%xc"-1xb"2));
ts[52]:=f(t” (c"2+xb*c”"-1)); ts[53]:=f(t” (a*b"—-1*c*b));
ts[54]:=f(t”~ (a*b™"-2+c”=1)); ts[55]:=f(t” (b*c*b*xc™-1%b));
ts[56]:=f(t" (c"-1+b"-1%c)); ts[57] =f(t" (b"-2%c+*b));
ts[58]:=f(t” (cxbxcxb™ - )), s[59]:=f(t” (b"2xcxb));
ts[60]:=f£(t” (c” 2*b*c*b)); [61] =f(t”" (b"2xc"-1));
ts[62]:=f(t" (c"2xbxc)); [63] =f(t" (b"-2xc"=-1xb));
ts[64]:=f(t" (c"2xb" —l*cA—l*bA 1));
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ts[65]:=f(t” (axb™"-2xc"=-1xb"-1));

ts[66]:=f(t” (axcxbxc™=1xb"-1)); ts[67]:=f(t" (b"3%c"-1));
ts[68]:=f(t” (b"2*xc*b*c”=1)); ts[69]:=f(t” (cxbxc™-1));
ts[70]:=f(t" (b "=1xc " =1xb"—1%c)); ts[71l]:=f(t" ((c"-1xb"-1)
ts[72]:=f(t" (c"2xb " =1xc"=1%Db));

prodim := function(pt, Q, I)

/ *

Return the image of pt under
permutations Q[I] applied sequentially.
*/
v = pt;
for i in I do
v o= v (Q[i]);

end for;
return v;
end function;

cst := [null : i in [1 .. Index(G,sub<Gla,b,c>)]]
where null is [Integers() | 1;
for i := 1 to 72 do
cst[prodim (1, ts, [i])] := [i];
end for;
m:=0;

for 1 in [1..220] do if cst[i] ne [] then
m:=m+1; end if; end for; m;
N1 := Stabiliser (N, [1]);
N1; #N1;
Tl:=Transversal (N,N1);
for 1 in [1..#T1] do
ss:=[1]1"T1[i];
cst[prodim(l, ts, ss)] := ss;
end for;
=0; for i in [1..220] do if cst[i] ne []
then m:=m+1; end 1if; end for; m;
Orbits (N1);

N12:=Stabiliser (N, [1,2]);
N12;

SSS:={[1,2]}; SSS:=SSS"N;
SSS; #(SSS) ;
Seqqg:=Setseq(SSS) ;

Seqq;

for 1 in [1..#SSS] do

for n in IN do
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if ts[l]l*xts[2] eqg

nxts[Rep(Seqqli]) [1]]+ts[Rep (Seqqlil) [2]]

then print Rep(Seqqli]);

end i1f; end for; end for;

N1l2s := N12;

for n in N do if 1°n eq 16 and 2°n eqg 40

then N12s:=sub<N|N1l2s,n>; end if; end for;

#N12s;

N12s;

[1,2] N12s;

for n in IN do if ts[l]xts[2] eqg nxts[l6]*xts[40] then
n; end if; end for;

ts[l]l*ts[2] eq f(axb*cxb”™ (-2)*cxb)*xts[16]xts[40];

N1l2:=Stabiliser (N, [1,2]);

N12;

N12:=sub<N]| (3, 70) (4, 11)(5, 28) (6, 32)(8, 4) (9, 12)
(10, 72) (13, 39) (15, ) (1 67) (17, )(18 60) (1 57)
(20, ) (21, 56) (22, )( 49) (24, 68) (2 48)
(26, 37) (27, 46) (30, 51) (3 58) (36, 38) (4 61)
(41 0) (42, 59) (43, 63) (4 52) (45, 62) (4 64)

) (65, 69), (1, 16, 52, 39, 44, 19)

2
4, 36, 65, 68, 46, 23) 57, 61, 13, 66, 67)
7, 70, 10, 28, 72, 18) 53, 71,35, 58, 54)
9 59, 50, 14, 56, 42) 30, 27, 64, 69, 25)
20, 21, 34, 41, 33)( 4, 48, 38, 47, 49, 51)
63, 62, 37, 45, 55) (1, 16, 6, 17, 32, 57)
2, 40, 13, 44, 39, 66) (3, 10, 18, 43, 62, 55)
4, 30, 24, 46, 64, 5, 72, 28, 22, 31, 63)
8 41, 14,56, 34, 53)
36, 47, 69, 68, 48)
42, 50, 33, 54, 71)

, 40, 29, 32, 17, 15)(3, 26, 60, 43, 5, 22)
(6
(8
(1

(5
(
(
(
(
(1
(3
(
(

9)
(7, 70, 26, 45, 37, 60)
(9, 20, 35, 58, 12, 59)
(15, 67, 52,19, 61, 29)
(23, 51, 27) (25, 38, 65
#N12;
[1,2]°N12;
T:=Transversal (N,N12);
for 1 in [1..#T] do
{[1,2]"N12}"T[i];
end for;
Tl2:=Transversal (N,N12);
for 1 in [1..#T12] do
ss:=[1,2]"T12[i];
cst[prodim(1l, ts, ss)] := ss;
end for;

(
(
(
(1
(2

) >
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m:=0; for i in [1..220] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N12);

N15:=Stabiliser (N, [1,5]);
N15;
SSS:={[1,5]1}; SSS:=SSS"N;
SSS; #(SSS) ;
Seqqg:=Setseq(SSS);
Seqq;
for 1 in [1..#SSS] do
for n in IN do
if ts[l]*xts[5] eq
nxts[Rep(Seqqg[i]) [1]]1*ts[Rep(Seqqli]) [2]]
then print Rep(Seqqli]);
end i1if; end for; end for;
N15s := N15;
for n in N do if 1°n egq 5 and 5™n eqg 1
then N15s:=sub<N|N15s,n>; end if; end for;
#N15s;
N1lb5s;
[1,5] "N1l5s;
for n in IN do if ts[l]*ts[5] eqg nxts[5]l*ts[1l] then
n; end if; end for;
ts[l]l*ts[5] eqg f(a)*ts[5]*ts[1l];
N15:=Stabiliser (N, [1,5]1);
N15;

N15: —sub<N|(2 8)(3 15) (4, 20) (6, 9) (10, 19)

(11, 44) (12, 37) (1 28) (16, 30) (17, 38)(18 54)
(21, ) ( 3) (2 57) (25, 45) (26, 32) (2 66)
(29, 61) ( 9) (3 55) (36, 40) (41, 51) (4 62)
(46, 70) ( 3) (4 63) (49, 58) (50, 67) (5 71)
(56, ) ( 5) (6 64) (68, 72), (1, )(2, 12)

(3, 15) (4 23)(6, 31)(7, 34) (8, 37) (9, 39)( 42)
(11, ) ( 5) (1 26) (16, 53) (17, 56) (1 61)
(19, ) ( 2) (2 51) (25, 36) (27, 64) (2 32)
(29, 54) ( 7) (3 55) (38, 69) (40, 45) (4 57)
(43, 71) (44 0) (4 65) (49, 68) (50, 67) (5 62)
(58, ) ( 3) (6 66), (1, 5) (2, 37) (4, 22)(6, 39)
(7, 34) (8 12)(9 31)(10, 21) (11, 70) (13, 35) (14
32) (1e, 47) (17, 69) (18, 29) (19, 42) (20, 23) (24, 41)
(25, 40) (26, 28) (27, 60) (30, 53) (36, 45) (38, 56)
(43, 52) (44, 46) (48, 59) (49, 72) (51, 57) (54,

61) (58, 68) (62, 71) (63, 65) (64, 66)>



#N15;

[1,5]°N15;
T:=Transversal (N,N15);

for 1 in [1..#T] do
{[1,5]"NI15}"T[i];
end for;
Tl5:=Transversal (N,N15);

for 1 in [1..#T15] do
ss:=[1,5]"T15[i];

cst[prodim(l, ts, ss)] := ss;

end for;
m:=0; for i in [1..220] do if cst[i] ne
then m:=m+1; end if; end for; m;
Orbits (N15);

N113:=Stabiliser (N, [1,13]);
N113;

S5SS:={[1,13]}; SSS:=SSS"N;
SSS; #(SSS) ;
Seqqg:=Setseq(SSS);

Seqq;

for 1 in [1..#SSS] do

for n in IN do

if ts[l]xts[1l3] eq

n*xts[Rep (Seqq[i]) [1]]xts[Rep(Seqq[i]) [2]]

then print Rep(Seqqli]);
end i1if; end for; end for;
N113s := N113;

for n in N do if 1°n eq 69 and 13"n eq 49
then N113s:=sub<N|N1l13s,n>; end if; end for;

#N113s;
N113s;
[1,13]°N113s;

for n in IN do if ts[1l]*xts[13] eg nxts[69]xts[49]

n; end if; end for;
ts[1l]l*ts[13] eq £f(b"3)*xts[69]xts[49];
N113:=Stabiliser (N, [1,13]);
N113;

N113:=sub<N]| (2, 8) (3, 15) (4, 20) (6, 9) (10, 19)

(11, 44) (12, 37) (14, 28) (16, 30) (17, 38) (18, 54)
(21, 42) (22, 23) (24, 57) (25, 45) (26, 32) (27, 66)
(29, 61) (31,39) (33, 55) (36, 40) (41, 51) (43, 62)
(46, 70) (47, 53) (48, 63) (49, 58) (50, 67) (52, T71)
(56, 69) (59, 65) (60, 64) (68, 72), (1, 69, 13, 49)
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(2, 38, 6, 27)(3, 22, 10, 45) (4, 37, 47, 28) (5, 30,
(8, 24, 9, 11) (12, 51, 14, 65) (15, 60, 19, 72)

(16, 62, 40, 43) (17, 67, 66, 52) (18, 53, 55, 20)
(21, 70, 42, 63) (23, 31, 25, 26) (29, 56, 61, 58)
(32,68, 39, 64) (33, 41, 54, 59) (34, 46, 35, 48)
(44, 50, 57, 71), (1, 69, 61, 56, 13, 49, 29, 58)
(2, 24, 71, 17, 6, 11, 50, 66) (3, 60, 32, 23,

10, 72, 39, 25)(4, 18, 59, 12, 47, 55, 41, 14)

(5, 30, 62, 16, 7, 36, 43,40) (8, 38, 67, 57, 9, 27,

52, 44) (15, 22, 31, ¢4, 19, 45, 26, 68) (20, 37,
51, 54, 53, 28, 65, 33) (21, 63, 34, 46, 42, 70, 35,
#N113;

[1,13]°N113;

T:=Transversal (N,N113);
for 1 in [1..#T] do
{[1,13]1°N113}°TI[4i];

end for;

Tl13:=Transversal (N,N113);
for 1 in [1..#T113] do
ss:=[1,13]1"T113[1i];

cst[prodim(l, ts, ss)] := ss;

end for;
m:=0; for i in [1..220] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N113);
/+*Relationsx*/
for g in IN do for h in IN do
if ts[1l]l*ts[7] eq g*x(ts[1l]) "h then g,h;
end for; end for;
ts[1l]l*ts[7] eq ts[35];
for g in IN do for h in IN do
if ts[1]1*ts[35] eq gx(ts[1l]) "h then g, h;
end i1f; end for; end for;
ts[1l]*ts[35] eq ts[7];
for g in IN do for h in IN do
if ts[1l]*xts[21] eq gx(ts[1l]) "h then g,h;

end 1if;

end i1f; end for; end for;
ts[l]l*ts[21] eq f(a » b"™-1 * ¢c™=1 * b"-1 x c * Db)
*ts[17];

for g in IN do for h in IN do

if ts[1l]1*ts[3] eq g*x(ts[1l]l*ts[13])"h
then g,h; end if; end for; end for;
ts[1l]1*ts[3] eq f(c —-1xb"-1)*ts[2]*xts[6];
for g in IN do for h in IN do

48)>;
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if ts[1l]xts[4] eqg gx(ts[l]xts[5]) "h then
g,h; end if; end for; end for;
ts[l]l*ts[4] eq f(bxcxb)*ts[14]xts[9];
for g in IN do for h in IN do
if ts[l]*xts[6] eq gx(ts[l]l*ts[5]) "h then
g,h; end if; end for; end for;
ts[l]l*ts[6] eq f(axb)*ts[18]xts[55];
for g in IN do for h in IN do
if ts[1l]1*ts[10] eq gx(ts[l]*ts[5]) "h then g,h;
end i1f; end for; end for;
ts[1l]*ts[10] eq £(b"3)*ts[15]*ts[62];
for g in IN do for h in IN do
if ts[1l]xts[1l6] eg g*x(ts[1l]l*ts[5]) h
then g,h; end if; end for; end for;
ts[l]*ts[1l6] eq f(a * ¢c"-1 x b"-1 » ¢ * b"2 % ¢)
*ts[28]1xts[37];
for g in IN do for h in IN do
if ts[1l]l*ts[17] eq gx(ts[l]*ts[13]) "h then g,h;
end 1f; end for; end for;
ts[1l]*ts[17] eq f(a » b » ¢ » b)*xts[15]*xts[29];
for g in IN do for h in IN do
if ts[1l]*ts[18] eq gx(ts[l]*ts[5]) "h then
g,h; end if; end for; end for;
ts[1l]*ts[18] eq f(a * b"-1 x ¢"-1 » b"-1 x c * b)
*ts[59]+ts[41];
for g in IN do for h in IN do
if ts[1l]*xts[25] eq gx(ts[l]xts[5]) "h
then g,h; end if; end for; end for;
ts[l]l*ts[25] eqg f(a » ¢c™-1 b * c * b)*ts[53]
*ts[58];
for g in IN do for h in IN do
if ts[1l]l*ts[22] eq gx(ts[1l]) "h then g,h; end
if; end for; end for;
for g in IN do for h in IN do
if ts[l]l*ts[2]*ts[3] eq g*(ts[l]lxts[5]) "h then
g,h; end if; end for; end for;
ts[l]*ts[2]*ts[3] eq f(c » b"-1 » ¢c"-1 % b"-1
* c"=1 » b -1)*ts[61]*ts[33];
for g in IN do for h in IN do
if ts[l]lxts[2]*ts[4] eq g*x(ts[l]l*ts[5]) "h
then g,h; end if; end for; end for;
ts[l]*ts[2]+*ts[4] eg f(c » b™-2 x ¢ * b * C)
*ts[28]+ts[37];
for g in IN do for h in IN do
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if ts[l]*ts[2]+ts[8] eq gx (ts[1l]xts[13]) " "h

then g,h; end if; end for; end for;

ts[1l]*ts[2]*ts[8] eq f(c™-1 » b » ¢ » b)~x

ts[71]*ts[43];

for g in IN do for h in IN do

if ts[1l]*ts[5]1*ts[3] eq gx(ts[1l]*ts[2]) h

then g,h; end if; end for; end for;

ts[1l]*ts[5]*ts[3] eq f(c » b"-2)*ts[63]*ts[60];
for g in IN do for h in IN do

if ts[1l]l*xts[5]*ts[7] eq gx (ts[1l]xts[13]) " "h

then g,h; end if; end for; end for;

ts[1l]*ts[5]*ts[7] eq f(a » b x ¢c™2  b™=1) %

ts[72]xts[17];

for g in IN do for h in IN do

if ts[1l]l*ts[5]1*ts[13] eqg gx(ts[l]l*ts[2]) "h

then g,h; end if; end for; end for;

ts[1]*ts[5]*ts[13] eqg f(a » ¢c™-1 * b"3

* c¢"-1)*ts[68]*ts[46];

for g in IN do for h in IN do

if ts[1l]1*ts[5]1#*ts[33] eqg g*(ts[1l]l*ts[5]) "h

then g,h; end if; end for; end for;

ts[1]*ts[5]%ts[33] eg f(a * ¢™2 x b™-1 =«
c"=1)xts[2]*ts[37];

for g in IN do for h in IN do

if ts[1]*xts[5]1*ts[50] eq gx(ts[1l]*ts[5]) h

then g,h; end if; end for; end for;

ts[1l]*ts[5]*xts[50] eq £(b"2 » ¢ » b"=-1 » c"-1)
*ts[37]*ts[2];

for g in IN do for h in IN do

if ts[l]l*xts[5]1*ts[2] eq g*x(ts[l]l*ts[5]) "h

then g,h; end if; end for; end for;

ts[1l]*ts[5]*xts[2] eq f(a » ¢ x b -2)xts[44]xts[59];
for g in IN do for h in IN do

if ts[1l]lxts[5]1*ts[4] eq g*x(ts[l]l*ts[5]) "h

then g,h; end if; end for; end for;

ts[1l]1*ts[5]xts[4] eq f(b » ¢ » b"2)*ts[72]*ts[57];
for g in IN do for h in IN do

if ts[1l]*xts[5]1*ts[6] eq g*x(ts[l]l*xts[5]) "h

then g,h; end if; end for; end for;

ts[l]l*ts[5]xts[6] eqg f(a » b"-1 » ¢ » b » ¢c"2)*ts[24]*ts[68];
for g in IN do for h in IN do

if ts[1]1*ts[5]1#*ts[10] eg g*x(ts[1l]l*ts[5]) "h

then g,h; end if; end for; end for;

ts[1]*ts[5]1%ts[10] eqg £(b"3 * ¢ » b "-1)*ts[20]*ts[53];
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for g in IN do for h in IN do
if ts[l]*ts[5]*ts[1l1] eq g+ (ts[1l]) "h then g, h;
end i1if; end for; end for;
ts[1l]*ts[5]*ts[1ll] eg f(a * ¢™-1 » b * ¢ » b™"=-2)*ts[63];
for g in IN do for h in IN do

if ts[1l]*ts[5]*ts[1l4] eq g*(ts[l1l]) "h then g,h;
end i1f; end for; end for;
ts[1]*ts[5]+*xts[14] eq f(a » c™=1 * b3 x c)xts[60];
for g in IN do for h in IN do

if ts[1l]1*ts[5]*ts[16] eq g*(ts[1l])"h
then g,h; end if; end for; end for;
ts[1l]*ts[5]xts[1l6] eq f(a » ¢ * ™3 x c"-1)*xts[28];
for g in IN do for h in IN do

if ts[1l]*xts[5]1*ts[17] eq gx(ts[1l]l*xts[5]) h
then g,h; end if; end for; end for;
ts[1l]*ts[5]xts[1l7] eq f(c * b"-1 x c"-1 x b"-1

x c"-1)*ts[71]1*ts[21];

for g in IN do for h in IN do

if ts[1]*ts[5]*ts[18] eq g*(ts[l]) "h then
g,h; end if; end for; end for;
ts[1]*ts[5]*xts[18] eq f(a » b2 » ¢ » b™-1

* c"=1)*ts[49];

for g in IN do for h in IN do

if ts[1l]l*ts[5]1*ts[24] eg g*x(ts[l]l*ts[5]) "h
then g,h; end if; end for; end for;
ts[1l]*ts[5]*ts[24] eqg f(a » ¢ * b "-2)*ts[42]*ts[50];
for g in IN do for h in IN do

if ts[1l]*xts[5]1*ts[25] eq gx(ts[l]l*ts[5]) h
then g,h; end if; end for; end for;
ts[1]1*ts[5]*ts[25] eq f(a * b"-1 x ¢ * b"-1)
*ts[64]+ts[23];

for g in IN do for h in IN do

if ts[1l]l*ts[5]1*ts[27] eqg gx(ts[1l]) "h then

g,h; end if; end for; end for;
ts[1l]*ts[5]1*ts[27] eq f(a * ¢ * b"2 % c)*ts[48];
for g in IN do for h in IN do

if ts[1l]l*ts[5]1*ts[43] eq g*x(ts[l]l*ts[5]) "h

then g,h; end if; end for; end for;
ts[1]l*ts[5]+*ts[43] eq £(b"2 » ¢c"-1 « b"-1

* ¢ =1)xts[50]*ts[42];

for g in IN do for h in IN do

if ts[1l]*ts[5]1+*ts[48] eg g*(ts[1l])"h
then g,h; end if; end for; end for;
ts[1l]*ts[5]1%ts[48] eqg f(b"c)+*ts[14];
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for g in IN do for h in IN do
if ts[1l]*ts[5]*ts[49] eq g+ (ts[1l]l*ts[13])"h
then g,h; end if; end for; end for;
ts[1l]*ts[5]*ts[49] eq f(a * ¢"-1 x b"-1

* c"=1 » b"2)*ts[54]1*xts[42];

for g in IN do for h in IN do

if ts[1l]*xts[13]*ts[l] eq gx(ts[l]) h
then g,h; end if; end for; end for;
ts[1l]*ts[13]1*ts[1l] eq ts[1l3];

for g in IN do for h in IN do
if ts[1l]*ts[1l3]*ts[5] eq g+ (ts[1l]l*ts[2]) h
then g,h; end if; end for; end for;
ts[1l]*ts[13]xts[5] eq ts[l]xts[34];

for g in IN do for h in IN do

if ts[1l]xts[13]xts[2] eqg gx(ts[1l]) h
then g,h; end if; end for; end for;
ts[1]*ts[13]1*ts[2] eq f(a * b -1 % c *

b * ¢ x b "-1)*ts[44];

for g in IN do for h in IN do

if ts[1]*ts[13]1*ts[3] eg g*(ts[1l])"h
then g,h; end if; end for; end for;
ts[1]*ts[13]*ts[3] eqg f(c™-1 % b "2)xts[27];
for g in IN do for h in IN do

if ts[1l]*ts[13]1*ts[4] eqg g*x(ts[l]l*ts[5]) "h
then g,h; end if; end for; end for;
ts[1l]*ts[13]*ts[4] eqg £(b x ¢ * b™-1 «

c’=-1 » b"=1 * ¢"—-1)+*ts[62]*ts[15];

for g in IN do for h in IN do

if ts[1l]*xts[13]*ts[21] eq gx(ts[l]xts[5]) h
then g,h; end if; end for; end for;
ts[1l]*ts[13]1*ts[21] eqg ts[29]xts[43];

for g in IN do for h in IN do

if ts[1l]1*ts[13]1*ts[7] eqg gx(ts[l]l*ts[2]) "h
then g,h; end if; end for; end for;
ts[1l]*ts[13]*ts[7] eg f(c * b"3 *x ¢)
*ts[66]+xts[59];
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