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ABSTRACT

We will explore progenitors extensively throughout this project. The progen-
itor, developed by Robert T Curtis, is a special type of infinite group formed by a
semidirect product of a free group m*"* and a transitive permutation group of degree n.
Since progenitors are infinite, we add necessary relations to produce finite homomorphic
images. Curtis proved that any non-abelian simple group is a homomorphic image of
a progenitor of the form 2*" : N. In particular, we will investigate progenitors that
generate two of the Mathieu sporadic groups, Mi; and Mso, as well as some classical
groups. We will prove their existences a variety of different ways, including the process
of double coset enumeration, Iwasawa’s Lemma, and linear fractional mappings. We will
also investigate the various techniques of finding finite images and their corresponding

isomorphism types.



iv

ACKNOWLEDGEMENTS

I would first like to thank my friends and family who have supported me
throughout this project. They gave me plenty of freedom which helped my studies
immensely. I especially want to thank my father whose drive and determination has
helped shape my own. I would also like to acknowledge one other special person,
Angelica, that has been with me throughout my Master’s degree. Her support, com-
mitment, helpfulness, and cheerful spirit was key to my success.

Some notable professors who helped make my experience at CSUSB unique
include: Dr. Corey Dunn, Dr. Rollie Trapp, Dr. Shawnee McMurran, Dr. Dan Rinne,
Dr. Chetan Prakash, Dr. J. Paul, Vicknair, Dr. Charles Stanton, and Dr. Joseph
Chavez. Some were great mentors and guided me over the past six years. Others were
here for my academic and personal well-being. I would also like to thank some of these
professors for taking the time to have everyday conversations with me. The professors
above have great attitudes and have given me someone to aspire to be. These professors
have helped shape who I am as a person and as a mathematician.

Most importantly, I thank Dr. Hasan. I have never met anyone as hard-
working, dedicated, and sincere as him. He does everything possible to help his students

succeed. Words cannot express my appreciation for him.



Table of Contents

Abstract
Acknowledgements
List of Tables

List of Figures
Introduction

1 Group Theory Preliminaries
1.1 Some Definitions . . . . . . . . .. ...
1.2 Some Theorems . . . . . . . . . . . ..
1.3 Some Lemmas. . . . . . . . . . .. ...

2 Double Coset Enumeration
2.1 Spover N =53 . . . . . e e e e
2.1.1 Double Coset Enumeration of G . . . . . ... ... ... ....
2.1.2 Proof of G= Sy . . . . . e
2.1.3 Alternative Proof of G =Sy, . . . . . . .. ... ... ... ...
2.2 PSL(2,11) x 2 over N = D1 by Method of Factoring by Center . . . .
2.2.1 Double Coset Enumeration of L(2,11) x 2 over D1o . . . . . ..
2.2.2  Double Coset Enumeration of L(2,11) over Dia . . . . . . . . ..
223 Proof of G=L(2,11) . .. . . . . ...
2.2.4 Alternative Proof of G = L(2,11) . . . . . . . ... ... ... ..
23 PGL(2,13)over N =D1a . .« v v i i it i
2.3.1 Double Coset Enumeration of G . . . . ... ... ... .....
2.3.2 Proofof G = PGL(2,13) . . . .. ... ... ... ... ...

3 Double Coset Enumeration of Sporadic Groups
3.1 MH over N = 2'54 ..............................
3.1.1 Double Coset Enumeration of G . . . . .. ... ... ......
3.1.2 (G is a Simple Group Using Iwasawa’s Lemma . . . . . . . .. ..

iii

iv

vii

viii

[N=REN I R V)

10
10
10
12
13
13
13
25
33
37
39
39
56



32 Mygover M =23:L(3,2) . . . .o
3.2.1 Partial Proof of Msy by Iwasawa’s Lemma . . . . . .. ... ...

4 Isomorphism Types of Some Groups
4.1 M11 X 54 ...................................
4.2 Zg. : [Dlg : (Z4 X Z4)] ............................

5 Methods of Finding Progenitors

5.1 Common Finite Groups . . . . . . . . . . ... ... ... ...
5.2  Group Extension Progenitors . . . . .. .. ... ... ... ...
5.3 MAGMA Database Progenitors . . . . . . . ... ... ... ... ...

5.3.1 Some MAGMA Databases . . . . . . . ... ... ... ......

5.3.2 A Few Tables of Database Progenitors . . . . . .. ... ... ..
5.4 Progenitors of Sporadic Subgroups . . . . ... ... L.
5.5 Progenitors of Specific Sporadic Subgroups . . . .. ... ... ... ..

6 Other Notable Progenitors Discovered
6.1 Non-Simple Mathieu Group Mis Groups . . . . . . . . . . .. ... ...
6.1.1 M12 L e e
6.1.2 M12 T2 e e e
6.1.3 2°(M12:2) . o o
6.1.4 2'(M12 : 2) ..............................
6.1.5  (2°Mi2) : Ag o o o
6.2 Sporadic Simple Groups . . . . . . . ...
6.2.1 Mo . . .
6.2.2  Jo ..
6.3 Non-Sporadic Findings . . . . . . . . .. ... ... ... ... .. ...,
6.3.1 8°L(3,4) . . . o
6.3.2 4°S(4,3) . . . .
6.3.3  S(4,5) - o o
6.3.4 U(3,4):2 . .. o e
6.3.5  2°(S(4,3) 12) . .
6.3.6 2°Sz(8) . . .

Appendix A MAGMA Code for L(2,11) x 2 DCE
Appendix B MAGMA Code for My over M DCE

Bibliography

vi

68
89

94
94
95

98

98
102
105
105
107
108
110

113
113
113
114
114
115
115
116
116
116
117
117
117
118
118
118
119

120

127

134



vii

List of Tables

2.1

3.1
3.2
3.3
3.4

5.1
5.2
5.3
5.4
5.5
5.6

Single Coset Action of Sy Over S3 . . . . . . . . . . . .. ... ..... 13
Orbits of Mag(a) . . . . . . . . 85
Orbits of Maa(b) . . . . . . . o 86
Orbits of Maa(c) . . . . . . o o 87
Orbits of Mao(d) . . . . . o o o 88
Conjugacy Classes of Do . . . . . . . o o v i i 101
Do Progenitor Table . . . . . . . . . .. ... ... 101
S3 X S3 Progenitor Table . . . .. ... ... ... ... ......... 105
SmallGroup(D,48,29) = 2°S, Progenitor Table . . . .. ... ... ... 107
SmallGroup(16,8) = 2°D, Progenitor Table . . . . ... ... ... ... 108

TransitiveGroup(8,27) = (2 x 8)® : 4) Progenitor Table . . . . . . . . .. 109



viii

List of Figures

2.1
2.2
2.3

3.1
3.2

L(2,11) x 2 Cayley Graph . . . . . . . . . .. 25
L(2,11) Factored by Center Cayley Graph . . . . . .. ... ... .... 33
PGL(2,13) Cayley Graph . . . . . . . . .. . ... 56
Mi; Cayley Graph . . . . . . ... o 65

Moo Cayley Graph . . . . . . . . ... 84



Introduction

Group theory is a study of symmetry of objects and can some times be very
complex. There are many different representations of these structures, or as we refer
to them, groups. We will focus on permutation groups and symmetric groups. We use
progenitors to create new and original presentations of finite groups. We then prove
their existence and observe the various properties these groups have.

Though some of the techniques we cover may seem elementary, we use these
methods in a way that yields very interesting results. This thesis focuses on groups
that have been found using progenitors most of which have been new discoveries. We
use double coset enumeration to verify the order of a group, as well as determining if a
group is faithful and primitive. If we have a group that is faithful, primitive, perfect,
and has a normal abelian subgroup in which the conjugates of itself with G' generate G,
we have proven that group’s simplicity by a 70 year old lemma.

In Chapter 1 we give definitions, lemmas, and theorems that will be used
throughout this project. In Chapter 2 we introduce a few finite progenitors and prove
their existences primarily using double coset enumeration and manipulation of relations.
We will solve a basic example then give two examples of linear groups, as well as the
verification proofs of each group. In Chapter 3 we investigate the Mathieu sporadic
groups Mi1 and Mso. A formal existence proof of My is given utilizing Iwasawa’s
Lemma. A partial existence proof for Mss over a maximal subgroup M. In Chapter
4 we use knowledge of extensions to determine isomorphism types of a few progenitors
found. In Chapter 5 we discuss the various ways to find progenitors. We find pro-
genitors can be formed very easily using MAGMA, a computational algebra system.
However, we can find ways to narrow down which progenitors are worth investigating.

In Chapter 6 we list some interesting groups found throughout this project.



Chapter 1

Group Theory Preliminaries

1.1 Some Definitions

Definition 1.1. [Rot95] A group G (G, *) is a nonempty collection of elements with

an associative operation x, such that:
e there exists an identity element, e € G such that exa =axe for all a € G;
o for every a € G, there exists an element b € G such that axb=e=bxa.

Definition 1.2. [Rot95] For group G, a subgroup S of G is a nonempty subset where
s € G implies s™! € G and s,t € G imply st € G. We denote subgroup S of G as
S <G.

Definition 1.3. [Rot95] Let H be a subgroup of group G. H is a proper subgroup of
G if H+# G. We denote this as H < G.

Definition 1.4. [Rot95] Let G be a group and H < G. H is a maximal subgroup of
G if there is mo normal subgroup N < G such that H < N < G.

Definition 1.5. [Rot95] A symmetric group, Sx, is the group of all permutations of

X, where X € N. Sx is a group under compositions.

Definition 1.6. [Rot95] If X is a nonempty set, a permutation of X is a bijection
b X — X.



Definition 1.7. [Rot95] If x € X and ¢ € Sx, then ¢ fixes x if ¢(x) = = and ¢ moves
z if p(x) # x.

Definition 1.8. [Rot95] For permutations o, 3 € Sx, o and 8 are disjoint if every

element moved by one permutation is fixed by the other. Precisely,

if a(a) # . then B(a) = a and if a(y) = y, then B(y) # y.

Definition 1.9. [Rot95] A permutation which interchanges a pair of elements is a

transposition.
Definition 1.10. [Rot95] In group G, if a,b € G, a and b commute if a xb = bx* a.

Definition 1.11. [Rot95] A group G is abelian if every pair of elements in G commutes

with one another.

Definition 1.12. [Rot95] Let G be a group. The order of G is the number of elements
contained in G. We denote the order of G by |G|.

Definition 1.13. [Rot95] Let G be a group. G is simple if the only normal subgroups
of G are 1 and G.

Definition 1.14. [Rot95] Let p be prime. If G = Z, X Zy X - -+ X Ly, then we say G is

elementary abelian.

Definition 1.15. [Rot95] Let (G, ) and (H,o) be groups. The function ¢ : G — H is
a homomorphism if ¢(a *b) = ¢(a) o ¢p(b), for all a,b € G. An isomorphism is a
bijective homomorphism. We say G is isomorphic to H, G = H, if there is exists an

isomorphism f: G — H.

Definition 1.16. [Rot95] Let f : G — H be a homomorphism. The kernel of a
homomorphism is the set {x € G|f(xz) = 1}, where 1 is the identity in H. We denote
the kernel of f as ker f .

Definition 1.17. [Rot95] Let X be a nonempty subset of a group G. Let w € G where

w =z ... xlr, with x; € X and e; = £1. We say that w is a word on X.

Definition 1.18. [Rot95] Let G be a group such that K < G. K is normal in G if
gKg™' = K, for every g € G. We will use K <G to denote K as being normal in G.



Definition 1.19. [Rot95] Let G be a group. We say G is a direct product of two
subgroups H and K if:

1. HL G, K <4G;
2. G = HK;
3. HNK =1,
Definition 1.20. [Rot95] G is a semi-direct product of two subgroups H and K if:
1. K<G, Q<G;
2. G=KQ;
9. KNQ=1.

Definition 1.21. [Rot95] Let a, b € G. We denote the commutator of a and b by

[a,b], where [a,b] = aba~ b~ 1.

Definition 1.22. [Rot95] Let G be a group. The Derived Group of G, denoted G,
is the subgroup of G formed by all the commutators of G.

Definition 1.23. [Rot95] Let G be a group and S C G. Fort € G, a right coset of S
in G is the subset of G such that St = {st : s € G}. We say t is a representative of
the coset St.

Definition 1.24. [Rot95] Let G be a group. The index of H < G, denoted [G : H|, is
the number of right cosets of H in G.

Definition 1.25. [Rot95] Let G be a group and H and K be subgroups of G. A double
coset of H and K of the form HgK = {HgK|k € K} is determined by g € G.

Definition 1.26. [Rot95] Let N be a group. The point stabiliser of w in N is given
by:

N* ={n € Njw" = w}, where w is a word in the t;’s.

Definition 1.27. [Rot95] Let N be a group. The coset stabiliser of Nw in N is given
by:



NwW) — {n € N|Nw" = Nw}, where w is a word of the t;’s.

Definition 1.28. [Rot95] Let X be a set and G be a group. We say X is a G-set if

there ezists a function ¢ : G x X — X (which we call an action) and the following hold

for ¢:
o lx=ux, forallz e X.
e g(hz) = (gh)x, for g,h € G and x € X.

Definition 1.29. [Rot95] Let G be a group. The center of G, Z(G), is the set of all

elements in G that commute with all elements of G.

Definition 1.30. [Rot95] Let G be a group and H, N < G such that |G| = |N||H|. G
is a central extension by H if N is the center of G. We denote this by G = N*H.

Definition 1.31. [Rot95] Let G be a group and H, N < G such that |G| = |N||H|.
G is o mixed extension by H if it is a combination of both central extensions and

semi-direct products, where N is the normal subgroup of G but not central. We denote

this by G = N*®: H.

Definition 1.32. [Rot95] Let G be a group. If H < G, the normalizer of H in G is
defined by No(H) = {a € GlaHa™! = H}

Definition 1.33. [Rot95] Let G be a group. If H < G, the centralizer of H in G is:
CoH)={x€G:[z,h] =1 forallh € H}.

Definition 1.34. [Rot95] Let a € G, where G is a group. The conjugacy class of a
is given by a = {a%g € G} = {9 'ag|g € G}

Definition 1.35. [Rot95] Let G be a group and X be a G-set. For x € X, the set
2% = {29|g € G} is a G-Orbit.

Definition 1.36. [Rot95] Let X be a G-set. Let o be an action of G on X. If & : G —

Sx is injective, we say X s faithful.

Definition 1.37. [Rot95] Let G be a group and X be a G-set. X is transitive if for
all z,y € X there exists a g € G such that y = gx.



Definition 1.38. [Rot95] Let G be a group. A normal series G is a sequence of

subgroups

G=Gp>2G1>-->G,=1
with Gi+1 < Gi. Furthermore, the factors groups of G are given by G;/Gii1 for
1=0,1,...,n—1.

Definition 1.39. [Rot95] Let G be a group. A composition series of G given by:
G=Gy>G1>-->2G,=1

is a normal series where, for all i, either G;+1 is a mazimal normal subgroup of G; or

Git1 = Gi.

Definition 1.40. [Rot95] If group G has a composition series, the factor groups of its

series are the composition factors of G.

Definition 1.41. [Rot95] Let X be a set and A by a family of words on X. A group
G has generators X and relations A if G = F/R, where F is a free group with
basis X and R is the normal subgroup of F generated by A. We say < X|A > is a

presentation of G.

Definition 1.42. [Rot95] The Dihedral Group D,,, n even and greater than 2, groups
are formed by two elements, one of order 5 and one of order 2. A presentation for a

Dihedral Group is given by < a,bla?,b?, (ab)? >.

Definition 1.43. [Rot95] A general linear group, GL(n,F) is the set of all n x n

matrices with nonzero determinant over field F.

Definition 1.44. [Rot95] A special linear group, SL(n,F) is the set of all n x n

matrices with determinant 1 over field F.

Definition 1.45. [Rot95] A projective special linear group, PSL(n,F) is the set

of all n x n matrices with determinant 1 over field F factored by its center:

PSL(n,F) = Ly (F) = m.



Definition 1.46. [Rot95] A projective general linear group, PGL(n,F) is the set

of all n X n matrices with nonzero determinant over field F factored by its center:

_ GL(n,F)
PGL(F) = Zieri s

Definition 1.47. [Rot95] Let X be a G-set. Then for B C X, B is a block if for every
g € G, either gB =B or gBN B = ().

Definition 1.48. [Rot95] Let X andY be G-sets. The function f : X — 'Y is a G-map
if f(gx) =gf(x), forallz e X and g € G.

Definition 1.49. [Rot95] Let X be a G-set. X is primitive if X has no nontrivial
blocks. If X is primitive, the only blocks of X are B =X and B = ).

1.2 Some Theorems

Many of these theorems can be found in an introductory level group theory
text, but for our research purposes we will use the theorems stated by Joseph Rotman

[Rot95] .

Theorem 1.50. [Rot95] Every permutation o € S, is either a cycle or a product of

disjoint cycles.

Theorem 1.51. [Rot95] Let f : (G,*) — (G',0) be a homomorphism. The following
hold true:

o f(e) =€, where € is the identity in G,
e Ifac G, then f(a™!) = f(a)™!,
e Ifae G andn € Z, then f(a™) = f(a)™.

Theorem 1.52. [Rot95] The intersection of any family of subgroups of a group G is
again a subgroup of G.

Theorem 1.53. [Rot95] If S < G, then any two right (or left) cosets of S in G are

either identical or disjoint.



Theorem 1.54. [Rot95] If G is a finite group and H < G, then |H| divides |G| and
(G H] = |G|/|H].

Theorem 1.55. [Rot95] If S and T are subgroups of a finite group G, then
|ST||SNT|=|S||T|.

Theorem 1.56. [Rot95] If N <G, then the cosets of N in G form a group, denoted by

G/N, of order [G : NJ.

Theorem 1.57. [Rot95] The commutator subgroup G’ is a normal subgroup of G. More-
over, if H <G, then G/H is abelian if and only if G' < H.

Theorem 1.58. [Rot95] Let ¢ : G — H be a homomorphism with kernel K. Then K
is a normal subgroup of G and G/K = ima.

Theorem 1.59. [Rot95] Let N and T be subgroups of G with N normal. Then NNT
is normal in T and T/(NNT) = NT/N.

Theorem 1.60. [Rot95] Let G be a group with normal subgroups H and K. If HK = G
and HNK =1, then G =2 H x K.

Theorem 1.61. [Rot95] If a € G, the number of conjugates of a is equal to the index

of its centeralizer:
|a%| =[G : Ca(a)],
and this number is a divisor of |G| when G is finite.

Theorem 1.62. [Rot95] If H < G, then the number ¢ of conjugates of H in G is equal
to the index of its normalizer: ¢ = [G : Ng(H)|, and ¢ divides |G| when G is finite.
Moreover, aHa™ = bHb™ ' if and only if b"'a € Ng(H).

Theorem 1.63. [Rot95] Fvery group G can be imbedded as a subgroup of Sg. In
particular, if |G| = n, then G can be imbedded in S,,.

Theorem 1.64. [Rot95] If H < G and [G : H| = n, then there is a homomorphism
p: G — S, with kerp < H. The homomorphism p is called the representation of G on
the cosets of H.



Theorem 1.65. [Rot95] If X is a G-set with action «, then there is a homomorphism
a : Sx given by & : x — gxr = a(g,z). Conversely, every homomorphism ¢ : G — Sx

defines an action, namely, gx = ¢(g)x, which makes X into a G-set.

Theorem 1.66. [Rot95] Every two composition series of a group G are equivalent.

We will refer to this Theorem as the Jordan-Ho6lder Theorem.

Theorem 1.67. [Rot95] Let X be a faithful primitive G-set of degree n > 2. If H< G
and if H # 1, then X is a transitive H-set. Also, n divides |H|.

1.3 Some Lemmas

Of these lemmas, the first helps show blocks of imprivitity. The second lemma
is a powerful tool which we will use to prove the simplicity of groups. Most non-abelian

simple groups can be proved using what we will refer to as Iwasawa’s Lemma.
Lemma 1.68. [Rot95] Let X be a G-set, and let zy € X.

e If H<G, then Hxr N Hy # () implies Hx = Hy.

o If H <G, then the subsets Hx are blocks of X.
Lemma 1.69. [Rot95] G is simple if the following hold true:

1. G is faithful,

2. G 1is primitive,

3. G is perfect (G = G'),

4. There exists an x € X and an abelian normal subgroup K <1 G, whose conjugates

{gKg~!:g € G} generate G.

We will refer to this lemma as Iwasawa’s Lemma.
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Chapter 2

Double Coset Enumeration

2.1 54 over N = 53

2.1.1 Double Coset Enumeration of G

We factor the progenitor 2*3 : S3 by the relation [xt]®, where z = (1,2, 3) and
y = (1,2). Letting ¢ be represented by t3, we compute the relation:

(xt)® = e

(wt3)® = e
23[ts]” [t5) s = e
2ttty = e

tg = 1371

Now, we are able to find {ty = t3t;}'V:

{t2 = tst: }190V) {to = st} 1 {to = t3t1}>3)
{ty = t3t;}1°) {to = tat;}(1:23) {ty = t3t;}(132),
So we obtain all of the following relations:

ty = t3t] t = tats ts = tot

to = t1t3 t3 = t1t2 t1 = tots.

We let G be 2*3 : S3/totits, where N =< (1,2,3),(1,2) > and t ~ t3. We
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will find our index of N in G by manual double coset enumeration of G over N. We
take G and express it as a union of double cosets Ng/N, where g is an element of G. So
G=NeNUNgNUNgN U ..., where g;’s are words in the ¢;’s.

We will complete a double coset enumeration of G over N to find the index
of N in G. We must find all distinct double cosets [w], where [w] = {Nw"|neN}, and
the number of single cosets contained in each double coset. Our manual double coset
enumeration is completed when all potentially new double cosets have previously been
accounted for and when the set of right cosets is closed under right-multiplication by ¢;’s.
We symbolize, for each [w], the double coset to which Nwt; belongs for one symmetric
generator t; from each orbit of the coset stabilser N(¥) = {n in N : Nw™ = Nw}, where
w is a word of ¢;’s on {0,1,2,3,4,5} = X.

We begin with the double coset NeN, which we denote [*]. This double coset
consists of the single coset N. Allowing 3 to be 0, the single orbit of N on X is {0, 1,2}.
We will choose t3 = to as our symmetric generator from the orbit {0, 1,2} and find Nty
belongs to NtgN which is a new double coset. We denote NtgN by [0].

To find out how many single cosets [0] contains, we find the set of coset stabi-

N|

lizers of [0], denoted N©). The number of single cosets in [0] is equal to \JLZTH' We have

the following:

INO| > | < 1d(G), (2,3) > |
> 2.

IN| _ 6

NO] = 2 = 3. Our index is the sum

The number of single cosets in NtgN =
of distinct single cosets in each distinct double coset, such as [*] and [0]. As of now, we
have 1 + 3 = 4 single cosets. We note that the orbits of [0] are {0} and {1, 2}.

We will continue to the next level of potential double cosets by investigating
the orbits of N on X. The orbits of N(® on X are {0} and {1,2} and we take t,
and t; from each orbit respectively. From the orbit {0} we get Ntgto, which belongs
to the double coset [*]. From the orbit {1,2} we find a potentially new double coset
Ntot1, which we denote [01]. Since we already have accounted for the double coset [«],

we should examine the potentially new double coset [01] and determine the number of

new, distinct single cosets contained inside of it.
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However, consider the relation to = tpt;. This implies that the coset Nttty
is equal to Nty, which we have already accounted for in [0]. Therefore, if we right
multiplied by a representative from the orbit {1,2}, we would return back at [0]. This
also implies that [01] is not a new double coset.

Since there are no potentially new double cosets that we can investigate, our
Cayley graph is closed under right multiplication and our double coset enumeration of

G over N is complete. The index of N in G is 4.

2.1.2 Proofof G259,

First let us show that G acts faithfully on X = {N, Ntg, Nt;, Nta}. Since X

is a transitive G-set of degree 4, we have:
G| = 4|G"],

where G! is the stabilizer of the single coset N. However, N is only stabilised
by elements from N. Therefore G! = N and |G| = |N| = 6. It is then evident that
|G| = 24. If |G| > 24, X would not be faithful.

Hence we see

Now we determine the action of ¢ on x, y, and {. We have the following
distinct single cosets: N, Ntg, Nt1, and Nto. We label our distinct single cosets and
permute the ¢;’s by x to determine ¢(x), permute the t;’s by y to determine ¢(y), and
right multiply by t¢ to determine where each would advance in terms of our labeling.

We will first determine ¢(z):

(1) N [N]" =N = (1)

(2) Nto [Nto]® = Nt1 = (3)
(3) Nty ING]T = Nty = (4)
(4) Nt (Nta)” = Nto = (2)

Starting with N, which we labeled (1), we see conjugating N by x remains N
since elements of N will fix the coset N. So we see that the permutation ¢(x) should
send (1) to itself. We then obtain that ¢(z) = (1)(2,3,4) = (2,3,4).

Continuing this pattern and expressing the actions of z, y, and ¢y in a chart,

we obtain:
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Table 2.1: Single Coset Action of Sy Over S3

Label Single Cosets =« Y to
1 N 1 N 1 N 2 Nty
2 Nty 3 Nt1 2 Ntpz 1 N
3 Nty 4 Nty 4 Nty 4 Nty
4 Ntgy 2 Nty 3 Nty 3 Nt

Hence ¢(x) = (1)(2,3,4) = (2,3,4), 6(y) = (1)(2)(3,4) = (3,4), and o(t) =
(1,2)(3,4).

Now observe f(G) =< ¢(z), d(y), p(t) >=< (2,3,4),(3,4), (1,2)(3,4) >, where
f:G— G/N and f is bijective.

Observe that ¢(z) and ¢(y) generate S3 on the letters 2, 3, and 4. But S5 is a
maximal subgroup of Sy, therefore any element found outside of our S3 that is contained
in Sy and joined with ¢(x) and ¢(y) would give us S4. This is the case. < (1,2)(3,4) >
is a subgroup of Sy but is not contained in < (2,3,4), (3,4) >. Therefore f(G) = S;.

2.1.3 Alternative Proof of G = S,

Since we have f(G) =< ¢(x), ¢(y), o(t) >=< (2,3,4),(3,4),(1,2)(3,4) >, one
can observe that [¢(y)| = 2, [¢(z)d(y)¢(t)] = 4, and [¢(y)d(2)P(y)$(t)| = 3. So G has

an element of order 2, y, and an element of order 4, zyt, such that the product of the
two elements is of order 3. This is an alternative proof that verifies that our G is indeed

Sy.

2.2 PSL(2,11) x2 over N = D5 by Method of Factoring by
Center

2.2.1 Double Coset Enumeration of L(2,11) x 2 over D,

We factor the progenitor 20 : Dy, by the two relations [ztt%]? and [zt]?, where
x=(1,2,3,4,5,6) and y = (1,5)(2,4). Letting ¢ be represented by ts, we compute the

two relations:
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(ztt*)? = e

(ztet1)® = e

Btet1])” [tet1]“tets = e
3 totstitatet; = e

(17 4)(27 5)(37 6)t2t3t1 = t1teta

and

(zt)° =e

(ztg)® = e
2O T — e
2tytstotits = e

(1,6,5,4,3,2)tststs = tet1.

Let G be 2*° : D1o/(1,4)(2,5)(3, 6)tatst1tatsty, (1,6, 5,4, 3, 2)tststat g, where
N =< (1,2,3,4,5,6), (1,5)(2,4) > and ¢ ~ t.

We will find our index of N in G by manual double coset enumeration of G
over N. We take G and express it as a union of double cosets NgN, where g is an
element of G. So G = NeN UNg N U NgsoN U ..., where g;’s are words in the t;’s.

We will complete a double coset enumeration of G over N to find the index
of N in G. We must find all distinct double cosets [w], where [w] = {Nw™|neN}, and
the number of single cosets contained in each double coset. Our manual double coset
enumeration is completed when all potentially new double cosets have previously been
accounted for and when the set of right cosets is closed under right-multiplication by ¢;’s.
We symbolize, for each [w], the double coset to which Nwt; belongs for one symmetric
generator t; from each orbit of the coset stabilser N(*) = {n in N : Nw™ = Nw}, where
w is a word of ¢;’s on {0,1,2,3,4,5} = X.

We begin with the double coset NeN, which we denote [*]. This double coset
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consists of the single coset N. Allowing 6 to be 0, the single orbit of N on X is
{0,1,2,3,4,5}. We will choose tg = ty as our symmetric generator from the orbit
{0,1,2,3,4,5} and find Nty belongs to NtgN which is a new double coset. We denote
NtoN by [0].
To find out how many single cosets [0] contains, we find the set of coset sta-
|V}

bilizers of [0], denoted N(®. The number of single cosets in [0] is equal to NCIR We

have:

INO| > | < 1d(G), (1,5)(2,4) > |

> 2.

IN|_ _ 12

NO] = 5 = 6. Our index is the sum

The number of single cosets in NtgN =
of distinct single cosets in each distinct double coset, such as [*] and [0]. As of now, we
have 1 + 6 = 7 single cosets. We note that the orbits of [0] are {0}, {1,5}, {2,4} and
{3}.

We will continue to the next level of potential double cosets by investigating
the orbits of N on X. The orbits of N on X are {0}, {1,5}, {2,4} and {3} and
we take to, t1, to, and t3 from each orbit respectively. From the orbit {0} we get Ntoto,
which belongs to the double coset [%]. From the orbit {1,5} we find a potentially new
double coset Ntot, which we denote [01]. From the orbit {2,4} we get Ntgta we find
a potentially new double coset Ntpta, which we denote [02]. From the orbit {3} we get
another potentially new double coset Ntopts, which we will denote [03]. We must now
find the number of distinct single cosets in [01], [02] and [03].

(01)

Computing NV in N, we obtain:

‘N(Ol)‘ > ‘Nl)l’
> | < Id(G) > |

> 1.
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(02)

Computing N in N, we obtain:

‘N(OQ)‘ > ‘N02|
> | <1d(G) > |

> 1.

(03)

Computing NV in NV, we obtain:

|N(03)| > ‘N03|
> | < Id(G), (1,5)(2,4) > |

> 2.
So the number of single cosets in Ntgt; N = % = 1T2 = 12. The number
of single cosets in NtgtoN = W‘(LOL)' = % = 12. And the number of single cosets in

NtotsN = % =12 _g

Hence, our index isnow 1 +6 + 12+ 12+ 6 = 37.

We now explore the potentially new double cosets coming from representatives
from the orbits of N©) on X. We find [01] has the orbits {0}, {1}, {2}, {3}, {4}
and {5}. The representative from the orbit {1} advances back to [0]. The other orbit
representatives bring the potentially new double cosets [012], [013], [014], [015], and
[010]. However, consider the following relation: totits = (0,5,4, 3,2, 1)[tet,](OH(53)

Hence in [01], the representative {2} loops back to [01] and is already being
accounted for by the double coset [01]. So the only new double cosets coming from the
orbit representatives of N(O on X are [013], [014], [015], and [010].

The orbits of N(®® on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from the orbit {2} advances back to [0]. The other representatives bring the
potentially new double cosets [021], [023], [024], [025], and [020]. Consider the following
relations:

totats = (0,4,2)(1,5,3)[tots] ©2)(53)

totato = (0,5,4,3,2,1)[tot t4]O12345),

Hence in [02], the representative {4} will loop back to [02] and the represen-
tative {0} advances to [014]. However, [021], [023], and [025] are new, distinct double
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cosets.

Now, the orbits of N(3) on X are {0}, {1,5}, {2,4}, and {3}. The represen-
tative from the orbit {3} advances back to [0]. We take g, t1, and to from the other
three orbits of N(3) on X. These three orbit representatives advance to the potentially
new double cosets [030], [031], and [032]. Consider the following relations:

totsty = (0,2,4)(1,3,5)[totats](054321)

totsty = (0,4,2)(1,3,4)[tot1t,] (012345

Hence the representatives from {1,5} will actually advance to [025] and the
representatives from {2,4} advance to [014]. The only new, distinct double coset coming
from the orbit representatives of N(®) on X is [030].

The double cosets we must now investigate are [013], [014], [015], [010], [021],
023], [025] and [030].

Consider the relations:

tot1ts = tatsty, which implies [tot1t3](B340) = ¢4t5t) = [(1,3)(4,0)]eNO13.

tot1ts = tstato, which implies [tott5](LDZ3)G0) = ¢4,
= [(1,4)(2,3)(5,0)]eNO.

tot1tg = titoty, which implies [tot1to](BOZDBA) = ¢4ty
= [(1,0)(2,5)(3,4)]eN10,

Computing N©3) in N, we obtain:

‘N(013)| > |N013|
> | < Id(G), (1,3)(4,0) > |

> 2.
Computing N in N, we obtain:

’N(014)| > |N014|
> | < Id(G) > |

> 1.
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Computing N©O15) in N, we obtain:

|N(015)‘ > ’N015|
> | < Id(G), (1,4)(2,3)(5,0) > |

> 2.
Computing N©10) in N, we obtain:

|N(010)‘ > |N010|
> | < Id(G), (1,0)(2,5)(3,4) > |

> 2.
The number of single cosets in Ntgti1tsN = % = % = 6. The number
of single cosets in Nitgt1t4N = % = % = 12. The number of single cosets in
N . . N
Ntotits N = W = % = 6. And the number of single cosets in NtgtitgN = W =
12 6
5 )

Hence our index is increased to 37+ 6+ 12+ 6 + 6 = 67
Consider the relations:
totat: = tatats, which implies [totat;] 30 = tytats = [(1,3)(4, 0)]e N2,
totots = tatito, which implies [totots] (12 E0ED) = tat144
= [(1,2)(3,0)(4,5)]eNV2.
Computing N2 in N, we obtain:

‘N(021)| > ‘NOQl‘
> | < 1d(G), (1,3)(4,0) > |

> 2.
Computing N23) in N, we obtain:

|N(023)‘ > |N023|
> | < Id(G),(1,2)(3,0)(4,5) > |

> 2.



19
Computing N2 in N, we obtain:

’N(025)| > ‘NO%‘

> | < 1d(G) > |
> 1.
The number of single cosets in Ntgtot1 N = % = % = 6. The number
of single cosets in NigtotsN = % = 172 = 6. The number of single cosets in

Ntotots N = % —12_ 1o

Hence our index is increased to 67+ 6 + 6 + 12 = 91.

Finally, consider the relations:

totsto = tstots, which implies [totsto](1DZ3)G0) = ¢otots
= [(1,4)(2,3)(5,0)]eN30,

totsto = tstots, which implies [totsto](LDZDBO) = ¢t
= [(1,4)(2,5)(3,0)]eN030.

totstg = titaty, which implies [totsto](LOZDBA) = ¢¢,4t,
= [(1,0)(2,5)(3,4)]eN30,

Computing N30 in N, we obtain:

|N(030)| > ‘N030’
> | < Id(G), (1,4)(2,3)(5,0), (1,4)(2,5)(3,0), (1,0)(2,5)(3,4) > |
> 12.

|V] 12 _ 1

The number of single cosets in NitgtstgN = N@0] = T2 =

Hence our index is increased to 91 4+ 1 = 92.

We must now find the new level of double cosets coming from each double
coset’s orbits respectively. The orbits of N3 on X are {0}, {1}, {2}, {3}, {4}
and {5}. The representative from the orbit {3} advances back to [01]. The other
representatives bring the potentially new double cosets [0131], [0132], [0134], [0135],
and [0130]. Consider the following relations:

tot1tst; = (0,1,2,3,4,5)[tot,] (O L3)

tottsty = (0,5,4, 3,2, 1)[totat](OH1:3)
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tot1tsts = (0,4,2)(1,5,3)[tot1ts] (D3,

Hence the representative from the {1} advances to [01], the representative from
{2} advances to [021], and the representative from {5} loops back to [013]. So [0134]
and [0130] are our only new, distinct double cosets.

However, consider the relation tot1tsty = (0,1,2, 3,4, 5)[tot1tst4] @13, Hence,
the double coset [0134] is actually [0130]. From the orbits of N(13) on X, the only new
distinct double coset is [0134].

The orbits of N3 on X are {0}, {1}, {2}, {3}, {4} and {5}. The represen-
tative from the orbit {3} advances back to [01]. The other orbit representatives bring
the potentially new double cosets [0141], [0142], [0143], [0145], and [0140]. Consider the
following relations:

tot1tats = (0,2,4)(1,3,5)[tots] (54321

tot1tats = (0,2,4)(1,5,3)[tot1t4](15)(23)

tot1tats = (0,1,2,3, 4, 5)[tots] (©>%321)

tot1tato = (e)[totat;] (02D 1:3:5),

Hence the representative from {1} advances to [03], the representative from {3}
loops back to [014], the representative from {5} advances to [02], and the representative
from {0} advances to [021]. So [0142] is our only potentially new double coset coming
from the orbits of N(01%) on X.

The orbits of N(O1%) on X are {0}, {1}, {2}, {3}, {4} and {5}. The represen-
tative from the orbit {5} advances back to [01]. The other orbit representatives bring
the potentially new double cosets [0151], [0152], [0153], [0154], and [0150]. Consider the
following relations:

tot1tst = (0,1,2,3,4,5)[tot1ts] (2 63)
totitsta = (0,3)(1,4)(5, 2)[totats](®2H(1:3.5)
tot1tsts = (e)[totats) (0 (1:2)(5:4)
tot1tsts = (0,1,2,3,4,5)[tot 5] (2 63)

totitsto = (0,3)(1,4)(5,2)[tet] O LHE3),

Hence the representative from {1} loops back to [015], the representative from
{2} advances to [025], the representative from {3} advances to [025], the representative
from {4} loops back to [015], and the representative from {0} advances to [01]. There

are no potentially new double cosets coming from the orbits of N(01%) on X.
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The orbits of N(©19 on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {0} advances back to [01]. The other orbit representatives bring the
potentially new double cosets [0101], [0102], [0103], [0104], and [0105]. Consider the
following relations:

totitoty = (e)[tot1](OD5:2)

tot1tots = (0,5,4, 3,2, 1)[totats] (1524

tot1tots = (e)[tot1tots) @D (G2)

totitots = (0,1,2,3,4, 5)[totots]012345),

Hence the representative from {1} advances to [01], the representative from {2}
advances to [023], the representative from {4} advances to [013], and the representative
from {5} advances to [023]. So [0103] is our only potentially new double coset coming
from the orbits of N(©10) on X.

The orbits of N(©2Y on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {1} advances back to [02]. The other orbit representatives bring the
potentially new double cosets [0212], [0213], [0214], [0215], and [0210]. Consider the
following relations:
totatits = (0,5,4,3,2,1)[tot 3] OHE3)
totatts = (0,3)(1,4)(5,2)lfota] €009
totatits = (€)[tot1ts] (42 (153)
totatits = (0,5,4,3,2, 1)[totitots) OHD 153
totatito = (0,3)(1,4)(5,2)[tot1t4] HD (4.

Hence the representative from {2} advances to [013], the representative from
{3} advances to [02], the representative from {4} advances to [014], the representative
from {5} advances to [0103], and the representative from {0} advances to [01]. There
are no potentially new double cosets coming from the orbits of N(021) on X.

The orbits of N(©23) on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {3} advances back to [02]. The other orbit representatives bring the
potentially new double cosets [0211], [0212], [0214], [0215], and [0210]. Consider the
following relations:

totatsty = (0,1,2,3,4,5)[tot1tats]©3)1A(5:2)

tototsty = (0,1,2,3,4,5)[tot1tats] (02 (:3)

totatsts = (0,5,4,3,2,1)[tot1te](®5%321)
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totatsts = (0,2,4)(1,3,5)[tot1te](©3) (1264

totatsto = (0,1,2,3,4,5)[toty](®3)1AG:2),

Hence the representative from {1} advances to [0142], the representative from
{2} advances to [0142], the representative from {4} advances to [010], the representative
from {5} advances to [010], and the representative from {0} advances to [02]. There are
no potentially new double cosets coming from the orbits of N(023) on X.

The orbits of N(©2) on X are {0}, {1}, {2}, {3}, {4} and {5}. The rep-
resentative from {5} advances back to [02]. The other representatives will bring the
potentially new double cosets [0251], [0252], [0253], [0254], and [0250]. Consider the
following relations:

totatst; = (0,1,2,3,4,5)[tot1tsts] ©3) 1254

totatsts = (0,4,2)(1, 5, 3)[toto](®1:2:3:45)

totatsts = (0,5, 4,3, 2, 1)[totats] (1224

totatsts = (0,5,4,3,2,1)[tot1tots] (%2135

totatste = (e)[tot1ts) 0 LAG:2),

Hence the representative from {1} advances to [0134], the representative from
{2} advances to [02], the representative from {3} will loop back to [025], the represen-
tative from {4} advances to [0103], and the representative from {0} advances to [015].
There are no potentially new double cosets coming from the orbits of N(©2%) on X.

The orbits of N30 on X are {0}, {1,5}, {2,4}, and {3}. The representative
from {0} advances back to [03]. We will take ¢1, t2, and t3 from the other three orbits
of N(039) on X. These representatives bring the potentially new double cosets [0301],
[0302], and [0303]. Consider the following relations:

totstots = (0,2,4)(1,3, 5)[totz](O12345)

totstots = (0,4,2)(1, 5, 3)[tots] (2 (1:3.5)

totstots = (e)[tot3] (@3 LAG:2),

Hence the representatives from {1,5} advance to [03], the representatives from
{2,4} advance to [03], and the representative from {3} advances to [03]. There are no
potentially new double cosets coming from the orbits of N(039) on X.

We now continue to the next level of double cosets. The only new, distinct
double cosets are [0134], [0142], and [0103].

Consider the relations:
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tot1tsty = tstotots, which implies [totitsty] D GOEE) = tatotots
= [(1,2)(3,0)(4, 5)]eNO134,

tot1tats = titotsts, which implies [totitte] WOEPIGA) = ¢ totats
= [(1,0)(2,5)(3,4)]eNO2,

totitots = totitots, which implies [tot1tsta]20BP) = totitots
= [(2,0)(3,5)]eN0103,

Computing N©13%) in N:

|N(0134)‘ > ‘N0134‘
> | < Id(G), (1,2)(3,0)(4,5) > |

> 2

(0142)

Computing N in N, we obtain:

|N(0142)| > ‘N0142|
> [ <1d(G),(1,0)(2,5)(3,4) > |

> 2.

0103)

Computing N in N, we obtain:

’N(0103)’ > |N0103’

> | < Id(G),(2,0)(3,5) > |

> 2.
The number of single cosets in Ntgttst4N = % = 12—2 = 6. The number
of single cosets in NitgtitatoN = % = 12—2 = 6. The number of single cosets in
N
NtotitotsN = W —L_g

Hence our index is increased to 9246 4+ 6 + 6 = 110

The orbits of N34 on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {4} advances back to [013]. The other orbit representatives bring the
potentially new double cosets [01341], [01342], [01343], [01345] and [01340]. Consider

the following relations:
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tot1tstaty = (0,3)(1,4)(5,2)[totats]©

totrtstaty = (0,1,2,3,4,5)[totots] (031254
tot1tstats = (0, 1,2,3 4,5)[tot1tats] O54321)
totitstats = (0,4,2)(1,5, 3)[tot 3] (03 (1L2)(54)

totitstato = (e)[t0t1t4t2](0’3)(1’4)(5’2).

Hence the representatives from {1} advances to [025], the representative from
{2} will advance to [025], the representative from {3} advances to [0142], the represen-
tative from {5} advances to [013], and the representative from {0} advances to [0142].
There are no new double cosets coming from the orbits of N(©134) on X

The orbits of N(®™2) on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {2} advance back to [014]. The other orbit representatives bring the
potentially new double cosets [01421], [01423], [01424], [01425] and [01420]. Consider
the following relations:

totitataty = (0,2,4)(1,3,5)[totats](®54321)

tot1tatots = (e)[tot1tsty] (O3 HHEG2)

totitatats = (0,5,4,3,2, 1)[tot tzty](O123:45)

tot1tatats = (0,3)(1,4)(5,2)[tot1t4] D52

tot1tataty = (e)[totats](0P4321),

Hence the representatives from {1} advances to [023], the representative from
{3} advances to [0134], the representative from {4} advances to [0134], the representative
from {5} advances to [014], and the representative from {0} advances to [023]. There
are no new double cosets coming from the orbits of N(0142) on X.

The orbits of N©19) on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {3} advances back to [010]. The other orbit representatives bring the
potentially new double cosets [01031], [01032], [01034], [01035] and [01030]. Consider
the following relations:

totitotsty = (0,1,2,3,4, 5)[totat](©2D(1:35)

totitotsts = (0,1,2,3,4,5)[totats] 024 1:5:3)

tot1totsts = (0,2,4)(1,3,5)[tot1tots] D 63)

totitotsts = (0,5,4, 3,2, 1)[tot1to](O12345)

tot1totsto = (0,4,2)(1, 5, 3)[totats] D3,

Hence the representatives from {1} advances to [021], the representative from
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{2} advances to [025], the representative from {4} loops back to [0103], the represen-
tative from {5} advances to [010], and the representative from {0} advances to [025].
There are no new double cosets coming from the orbits of N(©103) on X

Because there are no new words, we have completed our double coset enumer-
ation of G over N. Our group is closed under right multiplication of ¢;’s. The index of

N in G is 110. The Cayley graph of G is given below.

Figure 2.1: L(2,11) x 2 Cayley Graph

[ld]
1

2.2.2 Double Coset Enumeration of L(2,11) over D

We factor the progenitor 2*¢ : Diy by the three relations [xtt%]3, [zt]®, and
(23y) [ttht] where x = (0,1,2,3,4,5) and y = (1,5)(2,4). Letting ¢ be represented by
tp, we have the two relations from before as well as the third relation which we will

calculate:
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:U?’yttx3t =e
#o't = a3y
totsto = (1,2)(3,0)(4, 5)
tetstoto = (1,2)(3,0)(4,5)to
tots = (1,2)(3,0)(4,5)to.

We let G be 2*0 : D15/[(1,4)(2,5)(3,0)tatst1tatots, (0,5, 4, 3,2, 1)tststatito,
(1,2)(3,0)(4, 5)totsto], where N =< (0,1,2,3,4,5),(1,5)(2,4) >.

We will find the index of NV in G by manual double coset enumeration of G over
N. We take G and express it as a union of double cosets Ng/N, where g is an element
of G. So G=NeNUNgNUNgyN U ..., where g;’s are words in the ¢;’s.

We will complete a double coset enumeration of G over N to find the index
of N in G. We must find all distinct double cosets [w], where [w] = {Nw"|neN},
and how many single cosets are contained in each double coset. The manual double
coset enumeration is finished when all potentially new double cosets have already been
accounted for and when the set of right cosets we find is closed under right-multiplication
by ti’s. We symbolize, for each [w], the double coset to which Nwt; belongs for one
symmetric generator t; from each orbit of the coset stabilser N®) = {nin N : Nu"™ =
Nw}, where w is a word of ¢;’s on {0,1,2,3,4,5} = X.

We begin with the double coset NeN, which we denote [*]. This double coset
consists of the single coset N. For convenience, we will let 6 be 0. The single orbit of
N on X is {0,1,2,3,4,5}. We will choose tg = tg as our symmetric generator from the
orbit {0,1,2,3,4,5} and find Nty belongs to Ntg/N which is a new double coset. We
denote NtgN by [0].

To find the number of single cosets contained in [0] we must find the set of

coset stabilizers of 0, denoted N(©). This is relevant to us because the number of single
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cosets in [0] is equal to % We have:

INO| > | < 1d(G), (1,5)(2,4) > |

> 2.

IN| _ 12
INO] 7 2

So the number of single cosets in NtgN = = 6. When we permutate

to by the transversals of [0], we find 6 single cosets are distinct. Our index is the sum
of distinct single cosets in the distinct double cosets, such as [*] and [0]. As of now, we
have 14 6 = 7 single cosets since [0] has 6 distinct single cosets and [*] has 1. We note
that the orbits of [0] are {0}, {1,5}, {2,4} and {3}.

We continue to the next level of potential double cosets by working with the
orbits of N on X. The orbits of N on X are {0}, {1,5}, {2,4} and {3} and we
take to, t1, ta, and t3 from each orbit respectively. From the orbit {0} we get Ntoto,
which belongs to the double coset [*]. From the orbit {1,5} we find a potentially new
double coset Ntgt1, which we will denote [01]. From the orbit {2,4} we get Ntgta which
belongs to [02]. From the orbit {3} we get another potentially new double coset Ntots,
which we will denote [03].

Consider the double coset [03]. We have the relation: tot3 = (1,2)(3,6)(4,5)to.
This implies that any representative from the orbit {3} will actually loop back to [0].

We will now determine how many distinct single cosets are contained in [01]
and [02].

Computing NOY in N, we obtain:

‘N(Ol)‘ > ‘N01|
NOD > | < 1d(G) > |

> 1.
And also N(2) in N, we obtain:

‘N(O2)| > ‘N02|
> | < 1d(G) > |

> 1.
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The number of single cosets in Ntgt; N = 7‘1\%\&‘ = % = 12. The number of
single cosets in Ntgto N = % = le —192.

Hence, our index is increased to 1 + 6 + 12 4+ 12 = 31.

We now explore the potentially new double cosets coming from representatives
from the orbits of N(OD on X. We find [01] has the orbits {0}, {1}, {2}, {3}, {4}
and {5}. The representative from the orbit {1} will advance to [0]. The other orbit
representatives will bring the potentially new double cosets [012], [013], [014], [015], and
[010]. However, consider the following relations:

tot1ts = (0,5,4,3,2,1)[tot]OH13)

tot1ts = (0,4,2)(1,5,2)[tots] ©2(:3),

Hence in [01], the single representative {2} goes to [01] and the single repre-
sentative {4} goes to [02]. So the only new, distinct double cosets are [013], [015], and
[010].

The orbits of N(°® on X are {0}, {1}, {2}, {3}, {4} and {5}. The represen-
tative from the orbit {2} will advance to [0]. The other representatives will bring the
potentially new double cosets [021], [023], [024], [025], and [020]. Consider the following
relations:

totats = (0,4,2)(1, 5, 3)[tots] ©2)(53)

totats = (0,1)(5,2)[tet,]*>432 1)

totaty = (0,5, 4, 3,2, 1) [tot1t4](O12345),

Hence in [02], the representative {4} will go to [02], the representative {5} will
go to [01] and the representative {0} will go to [014]. We find that [021] and [023] are
the only new, distinct double cosets coming from the orbits of N2 on X.

We must now investigate the double cosets: [013], [015], [010], [021] and [023].

Consider the following relations:

tot1ts = tatsty. Hence [tot1t3](b3E0) = tytat1 = [(1,3)(4,0)]eNO13.

tot1ts = tstaty = toti1ts = tatato, which implies the following three statements:

[tot1ts] P0G = totyt3 = [(2,0)(3,5)]e NP

[tot1ts]BDEGO) = totyte = [(1,4)(2,3)(5,0)]eNO>

[tot1ts]BDEAIGO) = tatyty = [(1,4)(2,5)(3,0)]eNO.

tot1tg = titoty, which implies [tot1to](1OZDGA = ¢4t
= [(1,0)(2,5)(3,4)]eN°0.
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totat] = titsty = tatats = tststy, which implies the following three statements:
[totat ] HOEDGA = t1t5t = [(1,0)(2,5)(3,4)]eN0?!
[totat:] OIS = t4t0ts = [(1,4)(2,3)(5,0)]e N
[totot1](LDEDGO) = tat5t, = [(1,4)(2,5)(3,0)]eNO?L.
totats = tatitg, which implies [totots] (12 E0ED) = ¢, tat,
= [(1,2)(3,0)(4, 5)]e N2,
Computing N©13) in N, we obtain:

‘N(013)| > |N013‘
> | < 1d(G), (1,3)(4,0) > |

> 2.
Computing N©15) in N, we obtain:

|N(015)| > |N015|
> | < Id(G), (2,0)(3,5), (1,4)(2,3)(5,0), (1, 4)(2,5)(3,0) > |
> 4.

Computing N©10) in N, we obtain:

|N(010)‘ > ’N010’

> | <1d(G),(1,0)(2,5)(3,4) > |

> 2.
Computing N2 in N, we obtain:

|N(021)| > ‘N021’

> | < Id(G),(1,0)(2,5)(3,4), (1,4)(2,3)(5,0), (1,4)(2,5)(3,0) > |
> 4.
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Computing N©23) in N, we obtain:

|N(023)‘ > ’N023|
> | < Id(G),(1,2)(3,0)(4,5) > |

> 2.

The number of single cosets in Ntgt1tsN = % = % = 6. The number

N . .
W = 1?2 = 3. The number of single cosets in
[N

N . .
Ntot1toN = W = % = 6. The number of single cosets in Nitgtot; N = @] =
INl 12 _ ¢

|N(023)\ - 92
Hence our index is increased to 31 +6 +3+6 +3 4+ 6 = 55.

of single cosets in Nigt1ts N =

% = 3. The number of single cosets in NtgtotgN =

We now explore any potentially new double cosets coming from representatives
from the orbits of N(©13) on X, N(015) on X, N(©O10) on X, N2 on X and N(©23) on
X.

The orbits of N(©13) on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from the orbit {3} advances to [01]. The other representatives will be the
potentially new double cosets [0131], [0132], [0134], [0135], and [0130]. However, con-
sider the following relations:

tot1tst; = (0,1,2,3,4,5)[tet,] O3

tot1tsts = (0,5,4,3,2,1)[totat,]OH13)

totrtsts = (0,4)(1, 3)[tot1to](®12345)

tot1tsts = (0,4,2)(1,5,3)[tot 3] (O3

tot1tsto = (0,3)(1,2)(5,4)[tot1to]@2H(1:3.5),

Hence the representative from the {1} will advance to [01], the representative
from {2} will advance to [021], the representative from {4} will advance to [010], the
representative from {5} will advance to [013], and the representative from {0} will
advance to [010]. So no new double cosets come from the orbits of N3 on X.

The orbits of N9 on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from the orbit {3} will advance to [01]. The other representatives will bring
the potentially new double cosets [0141], [0142], [0143], [0145], and [0140]. Consider the
following relations:

tot1tst = (0,1,2,3,4,5)[tot1t5] (2 63)
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totrtsta = (0,2)(5, 3)[tot] O EAE2)
totitsts = (0,5)(1,4)(2, 3)[tot1] (2
totitsts = (0,1,2,3,4,5)[tot1t5] (2 63)
tot1tsto = (0,3)(1,4)(5, 2)[tot1) OD D@3,

Hence the representative from {1} will advance to [015], the representative
from {2} will advance to [01], the representative from {3} will advance to [01], the
representative from {4} will advance to [015], and the representative from {0} will
advance to [01]. So no new double cosets come from the orbits of N0 on X.

The orbits of N(©10) on X are {0}, {1}, {2}, {3}, {4} and {5}. The represen-
tative from {0} will advance to [01]. The other representatives will bring the potentially
new double cosets [0101], [0102], [0103], [0104], and [0105]. Consider the following
relations:

tot1toty = (e)[tot1]@DG2)

tot1tots = (0,5,4,3,2,1)[totats] (B0 (24

tot1tots = (0,2)(5, 3)[tot1tots](©54321)

tot1tots = (1,5)(2,4)[tot1tots] O 63)

totitots = (0,1,2,3,4,5)[totats] (012345,

Hence the representative from {1} will advance to [01], the representative from
{2} will advance to [023], the representative from {3} will advance to [013], the repre-
sentative from {4} will advance to [013], and the representative from {5} will advance
to [023]. So no new double cosets come from the orbits of N(015) on X.

The orbits of N(©2Y) on X are {0}, {1}, {2}, {3}, {4} and {5}. The represen-
tative from {1} will advance to [02]. The other representatives will bring the potentially
new double cosets [0212], [0213], [0214], [0215], and [0210]. Consider the following

relations:
totatits = (0,5,4,3,2,1)[tet1t3]) O 13)
totatits = (0,3)(1,4)(5,2)[tots] @ 13)
totatity = (0,1)(5,2)[toto] (O3 14)(5:2)
totatits = (1,5)(2,4)[tot1t3] OGS
totatito = (0,4)(1, 3)[toto]) @162,

Hence the representative from {2} will advance to [013], the representative

from {3} will advance to [02], the representative from {4} will advance to [02], the
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representative from {5} will advance to [013], and the representative from {0} will
advance to [02]. So there are no potentially new double cosets coming from the orbits
of N(021) on X.

The orbits of N(%) on X are {0}, {1}, {2}, {3}, {4} and {5}. The represen-
tative from {3} will advance to [02]. The other representatives will bring the potentially
new double cosets [0231], [0232], [0234], [0235], and [0230]. Consider the following
relations:

totatst; = (0,1)(5,2)[totats]®

totatsts = (0,4)(1, 3)[totats]©3)12)(5:4)

totatsts = (0,5,4,3,2,1)[tot1to] (%4321
totatsts = (0,2,4)(1,3,5)[tot1te] (O3 HHE2)
totatsto = (0,1,2,3,4,5)[tots](®3 120G,

Hence the representative from {1} will advance to [023], the representative
from {2} will advance to [023], the representative from {4} will advance to [010], the
representative from {5} will advance to [010], and the representative from {0} will
advance to [02]. So there are no potentially new double cosets coming from the orbits
of N(023) on X.

Because there are no new words, we have completed our double coset enumer-
ation of G over N. Our group is closed under right multiplication of ¢;’s. The index of
N in G is 55. The Cayley graph of G is given below. Since we obtained this L(2,11)
group by factoring by the center, the Cayley graph is very similar in structure to that
of our L(2,11) x 2 Cayley graph we constructed previously.
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Figure 2.2: L(2,11) Factored by Center Cayley Graph

2.2.3 Proof of G = L(2,11)

We let X = {Nw} be the set of single cosets of G over N. We will use
Iwasawa’s Lemma and the transitive action of G on X to prove G is a simple group. If
we can show that G is faithful, G acts primitively on X, G = G’, and that there exists
a normal, abelian subgroup of G such that < K¢ >= G, we will have shown that G is

a non-abelian simple group of order 660.
(i) G acts faithfully on X
Proof. Since X is a transitive G-set of degree 55, we have:
|G| = 55|G|,

where (G1 is the one point stabiliser of the single coset N. However, N is only
stabilised by elements of N. Therefore G; = N and |G| = |N| = 12. It is then
evident that |G| = 660. If |G| > 660, X would not be faithful. O

(ii) The group G acts primitively on X
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Proof. Since G is transitive, we can assume N € B. However, |B| must divide
|X | = 55 =5 x 11. The only possible nontrivial blocks must be of size 5 or 11. By
observation of our Cayley graph, there are no possibilities for a block of either of

these sizes. Thus G acts primitively on X. 0
(iii) The group G is perfect

Proof. Let us first begin by showing that G is generated by involutions. We have

G =< uz,y,tg,t1,...,ts >. However, consider the following relations:

totitsts = (0,1,2,3,4,5)tat 1 ts
totitstatstits = (0,1,2,3,4, 5)tat tstst1 by

tot1tstalstite = (O, 1, 2, 3, 4, 5) =T

totitots = (1,5)(2,4)tat1t5
totitotatstits = (1,5)(2, 4)tat1tststits

totitotatstita = (1,5)(2,4) = y.

Since x and y are product of t;’s and G =< =z,y,tg,t1,...,t5 >, we see G =<
to,t1,...,15 >.

Since G =< N, t >, where N = Dj3, we know (D12)" < G’. Hence we have
(D12) =< 2 >=<(0,2,4)(1,3,5) >=<G".

Consider the following relation:
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totats = (0,4,2

totatato = (0,4,2

(

(

totatato = (0,4,2

totatatots = (0,4,2
(

~—  ~— ~— ~— =

totatatots = (0,4,2

So we see totatstots € N < G'. Now we conjugate totatstoto € G’ by the element
toto € G and find:

[totatatota]ot2 € G
[tota] [totatatota][tots) € G’
to "l to Motatatotatots € G’

totototatatotatots € G’
totatstotatots € G’
tatototote € G’
talto, t2] € G'.

But [to,t2] € G'. Therefore t4 € G'. So we have G' >< (0,2,4)(1,3,5),t4 >. So
we have G’ =< (0,2,4)(1,3,5), to, t2, t4 > after conjugating ¢4 by z? and z*.

Now consider the relation:
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tot1tsts = (0,4,2)(L, 5, 3)tatsts
totitsts = t0(0,4,2)(1,5,3)tsty

tototitsts = toto(0,4,2)(1,5,3)tsty

titsts = (0,4,2)(1, 5, 3)t5t,
titststy = (0,4,2)(1,5,3)tst 1t
titststy = (0,4,2)(1,5,3)ts
titststits = (0,4,2)(1,5,3)tsts
titststits = (0,4,2)(1,5,3).

So we see tytststits € G'. Now we conjugate titststit3 € G’ by the element
t1ts € G and find:

[t1tststits)its € G
[t1t3] " [t1tststats][tits] € G’
ts~ 1t T titatstitstits € G

tstititststitstits € G’
tatststitstits € G
tstitstits € G
ts[t,t3] € G'.

But [t1,t3] € G'. Therefore t; € G'. So we have G’ =< (0,2,4)(1, 3,5), to, t2, ta, t5 >.
After conjugating t5 by 2 and 24, we see G/ =< (0,2,4)(1,3,5), to, to, ta, t5,t1,t3 >.
We have already shown x is generated by t¢;’s and therefore z2

erated by t;’s. So we see G' =< tg,t1,...,t5 >=G. So G' = G.

would also be gen-

O]

(iv) The point stabiliser of N of G contains a normal abelian subgroup K whose con-

jugates generate GG

Proof. Since N = D12, we will take the normal, abelian subgroup K given by
K =< (0,3)(1,2)(4,5) >. Utilizing the following relation, we have:
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tots = (0,3)(1,2)(4, 5)to
totsty = (Oa 3)(1a 2)(4a 5) € KG
totsto € K C KC.

Now conjugating tgtsty by the element g € G we see:

[totgto]to S K¢
tofltotgtoto e K¢
t3 € KG.

Since N € G, we also have (t3)Y € K&. Now we have K¢ >< tg,t1,...,t5 >= G
since G =< to,t1,...,t5 >. But K¢ < G, hence K¢ = G. O

(v) The group G is simple. Furthermore, G = Ly(11).

Proof. We have shown that the group G acts faithfully on X, is primitive, is
perfect, and contains a normal abelian subgroup whose conjugates generate G.
Therefore by Iwasawa’s Lemma G is a simple group. Refering to [WB99], Lo(11)

is the only non-abelian simple group of order 660. O

2.2.4 Alternative Proof of G = L(2,11)

An alternative proof can be used to show G = L(2,11) = Ly(11) utilizing
linear fractional mappings.

Let us first define our mappings given by «, 3, v, and 6.

For the linear fractional mapping La(n), we have the following which are all
in modulo n:

a:x—x+1

B : x — kx, where k is a nonzero, finite square found in the integers 1,2,...,
n — 1 such that the powers of k generate the set of nonzero squares of 1,2,...,n —1
YT —z71

b
(5:xl—>M,WhereM:am+

——, where ad — bc is a nonzero, nonsquare in
cr+d

modulo n.

Furthermore, if n = 3 (mod 4) then the presentation of La(n) is given by:
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PSL(2,n) = La(n) =< a,ﬁ,y\a”,ﬁ(ngl),fﬁ, aBa=F (Bv)?, (ay)? >.
Similarly, if n = 3 (mod 4) a presentation for PGL(2,n) is given by:
PGL(2:n) =< a,8,7]a""1, 875 9%, a%a ™, (87)%, (a7)%, 0% 0 =

B9 =__,~%=__>  where the action of a’, 8%,7% must be determined.

For now, we will only use the formula for L2(11) which is of the form n = 3
(mod 4). We write our 12-letter permutations on the 12 letters given by 0, 1,2, ..., 10, co.
We find the following:

a:x—x+1=1(0,1,2,3,4,5,6,7,8,9,10)(c0) = (0,1,2,3,4,5,6,7,8,9, 10).

In modulo 11, we calculate the nonzero, squares of 1,2,..., 10, co:
{1222 32,42 52 62,7%,82,92,10%, 0%} = {1,4,9,5,3,3,5,9,4,1,00} = {1,3,4,5,9}.

We find the following;:

4! =4 (mod 11),

42 =16 (mod 11) =5 (mod 11),

43 =64 (mod 11) =9 (mod 11)

4* = 256 (mod 11) =3 (mod 11)

4% = 1024 (mod 11) =1 (mod 11).

Therefore the powers of 4 generate the set {1,3,4,5,9} in modulo 11. So k =4
and we obtain:

B:xw— 4dx = (0)(c0)(1,4,5,9,3)(2,8,10,7,6) = (1,4,5,9,3)(2,8,10,7,6).

Finally, to find v : z — —z ™!, we will first find 2!, or the multiplicative in-
verse of each letter, and then multiply that value by —1 and determine its representative
value modulo 11.

For instance, the multiplicative inverse of 1 is itself since 1 x 1 =1 =1
(mod 11), therefore 1 — —(1) = 10 (mod 11). The multiplicative inverse of 2 is 6, since
2x6=12=1 (mod 11). We define the multiplicative inverse of 0 as co and claim that
—o0 corresponds to the letter co. Let us first find solve z = 1. 1+ —(1)"1 = -1 =10
(mod 11). So we find that 1 should advance to 10 in permutation . Continuing this
pattern with the other 11 letters, we obtain the following permutation for ~:

vz —x = (0,00)(1,10)(2,5)(3,7)(4,8)(6,9).

When observing the permutations for «, 3, and -, the order of each permuta-
tion follows the order that our presentation should have. « is of order 11, 3 is of order

% =5, and 7 is of order 2. We denote the group H =< a, 5,7 >.
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We can utilize the presentation formula of PSL(2,11) = Ls(11) from earlier
and obtain the following:
(11-1)

PSL(Qa 11) = L2(11) =< Oé,,B,'}/’Oéll,ﬁ 2 77270(504747 (57)27 (a’.}/)g >.

After a quick computerized check, we find our group G is isomorphic to this

presentation of Lo(11) and to our constructed group H.

2.3 PGL(2,13) over N = Dy

2.3.1 Double Coset Enumeration of GG

We factor the progenitor 2*¢ : D1y by the two relations [ztt*]” and [zyt®t]3,
where z = (1,2,3,4,5,6) and y = (1,5)(2,4). Letting ¢ be represented by ts, we compute

the two relations:

(ztt*)? = e

(ztet1)® = e

23[tet])” [tet1]“tets = e
3totstitatet; = e

(1,4)(2,5)(3,6)tatsts = titeta

(zt)° =e

(xt6)5 =e
2O e = e
2Otatstatite = e

(1,6,5,4,3,2)tststs = tet.

Let G be 2*6 : Dlg/(l, 4)(2, 5)(3, 6)t2t3t1t2t6t1, (1, 6, 5, 4, 3, 2)t4t3t2t1t6, where
N =< (1,2,3,4,5,6), (1,5)(2,4) > and t ~ t4.
We will find the index of N in G by manual double coset enumeration of G

over N. We take G and express it as a union of double cosets NgN, where g is an
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element of G. So G = NeN UNg N U NgoN U ..., where g;’s are words in the ¢;’s.

We will complete a double coset enumeration of G over N to find the index
of N in G. We must find all distinct double cosets [w], where [w] = {Nw"|neN}, and
the number of single cosets contained in each double coset. Our manual double coset
enumeration is completed when all potentially new double cosets have previously been
accounted for and when the set of right cosets is closed under right-multiplication by t;’s.
We symbolize, for each [w], the double coset to which Nwt; belongs for one symmetric
generator t; from each orbit of the coset stabilser N(¥) = {n in N : Nuw™ = Nw}, where
w is a word of ¢;’s on {0,1,2,3,4,5} = X.

We begin with the double coset NeN, which we denote [*]. This double coset
consists of the single coset N. Allowing 6 to be 0, the single orbit of N on X is
{0,1,2,3,4,5}. We will choose tg = tp as our symmetric generator from the orbit
{0,1,2,3,4,5} and find Nty belongs to NtgN which is a new double coset. We denote
NtoN by [0].

To find out how many single cosets [0] contains, we find the set of coset sta-

|V}

bilizers of [0], denoted N, The number of single cosets in [0] is equal to VO We

have:

NO >< 1d(@), (1,5)(2,4) >
> 2.

Nl _
INOT

of distinct single cosets in each distinct double coset, such as [*] and [0]. As of now, we

have 1+ 6 = 7 single cosets. Note that the orbits of [0] are {0}, {1,5}, {2,4} and {3}.

The number of single cosets in NtgN =

% = 6. Our index is the sum

We will continue to the next level of potential double cosets by investigating
the orbits of N on X. The orbits of N on X are {0}, {1,5}, {2,4} and {3} and
we take tg, t1, to, and t3 from each orbit respectively. From the orbit {0} we get Ntoto,
which belongs to the double coset [*]. From the orbit {1,5} we find a potentially new
double coset Ntot;, which we denote [01]. From the orbit {2,4} we get Ntpte we find
a potentially new double coset Ntgta, which we denote [02]. From the orbit {3} we get
another potentially new double coset Ntots, which we will denote [03]. We must now

find the number of distinct single cosets in [01], [02] and [03].
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(01)

Computing N in N, we obtain:

‘N(Ol)‘ > ‘N01|
> | <1d(G) > |

> 1.
Computing N2 in N:

|N(02)| > ‘N02|
> | < 1d(G) > |

> 1.
Computing N©3) in N:

‘N(O?))‘ > ‘NO?)’
> | < 1d(G), (1,5)(2,4) > |

> 2.
So the number of single cosets in Ntgt1 N = % = % = 12. The number
of single cosets in NtgtoaN = | ]\‘I%L” = % = 12. And the number of single cosets in

_ N 12
Nt()th— |N<03>‘ - 9 — 6

Hence, our index is now 1 +6 + 12+ 12 + 6 = 37.

We now explore the potentially new double cosets coming from representatives
from the orbits of N(OD on X. We find [01] has the orbits {0}, {1}, {2}, {3}, {4}
and {5}. The representative from the orbit {1} advances back to [0]. The other orbit
representatives bring the potentially new double cosets [012], [013], [014], [015], and
[010]. However, consider the following relation:

tot1ts = (0,5)(1,4)(2, 3)[tot1t3](OD(>2),

Hence in [01], the representative {5} advances to [013] and is already being
accounted for by the double coset [013]. So the only new double cosets coming from the
orbit representatives of N(O on X are [012], [013], [014], and [010].

The orbits of N(®® on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
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sentative from the orbit {2} advances back to [0]. The other representatives bring the
potentially new double cosets [021], [023], [024], [025], and [020]. Consider the following
relations:

totats = (0,3)(1,2)(5, 4)[totat](©2(:3)

totato = (0,1,2,3,4,5)[tott4] O+ (153),

Hence in [02], the representative {3} will advance to [021] and the represen-
tative {0} advances to [014]. However, [023], [024], and [025] are new, distinct double
cosets.

Finally, the orbits of N(®®) on X are {0}, {1,5}, {2,4}, and {3}. The repre-
sentative from the orbit {3} advances back to [0]. We take %o, t1, and ¢2 from the other
three orbits of N(®3) on X. These three orbit representatives advance to the potentially
new double cosets [030], [031], and [032]. Consider the following relation:

totsta = (0,2,4)(1,3,5)[tot1t4] @3 LAE2),

Hence the representatives from {2, 4} will actually advance to [014]. The other
two orbit representatives of N(03)
and [030].

The double cosets we must now investigate are [012], [013], [014], [010], [023],
024], [025], [031] and [030].

Consider the relation:

on X will bring the new, distinct double cosets [031]

totth = t1t0t5, which implies [totltz](l’o)(2’5)(3’4) = t1t0t5
= [(1,0)(2,5)(3, 4)]eN"12.
Computing N©2) in N, we obtain:

|N(012)‘ > |N012|
> | < 1d(G),(1,0)(2,5)(3,4) > |

> 2.
Computing N©13) in N, we obtain:

’N(013)| > |N013‘
> | < Id(G) > |

> 1.
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Computing N©OM9) in N, we obtain:

’N(014)| > ‘NOM‘
> | < 1d(G) > |

> 1.
Computing N©10) in N, we obtain:

|N(010)| > |N010|

>< Id(G) >
> 1.

The number of single cosets in NtgtitoN = % = % = 6. The number
of single cosets in NitgtitsN = % = % = 12. The number of single cosets in
Ntot1t4N = % = % = 12. And the number of single cosets in NtgtitgN =

|V 12 _ 12.

|N(010)| - 1
Hence our index is increased to 37 +6 +12 4+ 12 + 12 = 79.

Consider the relation:
totats = t3tits, SO [t0t2t5](1’2)(3’0)(4’5) = 1i3t1t4 = [(1, 2)(3, O)(4, 5)]6N025.
Computing N©23) in N, we obtain:

’N(021)| > |N021‘
> | < Id(G) > |

> 1.
Computing N2 in N, we obtain:

’N(023)| > |N023‘
> | < Id(G) > |

> 1.
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Computing N2 in N, we obtain:

|N(025)‘ > ’N025|
> | < Id(G),(1,2)(3,0)(4,5) > |

> 2.
The number of single cosets in Ntgtots N = % = 1—12 = 12. The number
of single cosets in NtgtotyN = % = 1T2 = 12. The number of single cosets in

N
Ntotots N = W —L_g

Hence our index is increased to 79 + 12 + 12 4+ 6 = 109.

Finally, consider the relations:

totst; = tatits, which implies [totst;](O@D13) = t4t1t5 = [(0,4)(1, 3)]eN3L.
totsty = tstots, so [totsts](HDEDBO) = totsts = [(1,4)(2,5)(3,0)]e N0,
totsts = totsts, so [totsts](HDBOED) = totsts = [(1,2)(3,0)(4, 5)]e N0,
Computing N1 in N, we obtain:

INOSD| > N3
> | < 1d(G), (0,4)(1,3) > |

> 2.
Computing N30 in N, we obtain:

|N(O3O)| > |N030|
> | < 1d(G), (1,4)(2,5)(3,0), (1,2)(3,0)(4,5) > |

> 4.
The number of single cosets in Ntgtst; N = N0 N'gy,lm = % = 6. The number of
single cosets in NitgtstgN = % = 143 = 3.

Hence our index is increased to 109 + 6 + 3 = 118.

We must now find the new level of double cosets coming from each double
coset’s orbits respectively. The orbits of N(®12) on X are {0}, {1}, {2}, {3}, {4}
and {5}. The representative from the orbit {2} advances back to [01]. The other
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representatives bring the potentially new double cosets [0121], [0123], [0124], [0125],
and [0120]. Consider the following relations:

tot1tats = (0,4,2)(1, 5, 3)[tot1tats] O 52)

tot1tats = (0,4,2)(1,5,3)[tot,] (@1 (5:2)

totitato = (0,5,4,3,2,1)[tot1tat1]).

Hence the representative from the {4} advances to [0123], the representative
from {5} advances to [01], and the representative from {0} advances to [0121]. From
the orbits of N(©13) on X, the only new distinct double cosets are [0121] and [0123].

The orbits of N(13) on X are {0}, {1}, {2}, {3}, {4} and {5}. The represen-
tative from the orbit {3} advances back to [01]. The other orbit representatives bring
the potentially new double cosets [0131], [0132], [0134], [0135], and [0130]. Consider the
following relations:

tot1tsty = (0,4)(1, 3)[tot1tats] O3 12)(54)

tot1tsta = (0,3)(1,2)(5,4)[tet,] OV 2),

Hence the representative from {1} advances to [0123] and the representative
from {2} advances to [014]. So [0134], [0135], and [0130] are the potentially new double
coset coming from the orbits of N(©13) on X.

The orbits of N4 on X are {0}, {1}, {2}, {3}, {4} and {5}. The represen-
tative from the orbit {4} advances back to [01]. The other orbit representatives bring
the potentially new double cosets [0141], [0142], [0143], [0145], and [0140]. Consider the
following relations:

tot1tats = (0,1)(5,2)[tot1tats]©P)1A(2:3)

tot1tats = (0,5,4,3,2,1)[tote](®2H (13,5

totitats = (0,2)(5, 3)[tot1t3t0)©

totitats = (0,4,2)(1,5,3)[tet3] O3 (LDEG2),

Hence the representative from {1}advances to [0123], the representative from
{2} advances to [02], the representative from {3} advances to [0130], and the represen-
tative from {5} advances to [03]. There are no potentially new double cosets coming
from the orbits of N(O% on X.

The orbits of N0 on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {0} advances back to [01]. The other orbit representatives bring the

potentially new double cosets [0101], [0102], [0103], [0104], and [0105]. Consider the
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following relations:

totitots = (0,3)(1,2)(5, 4)[tot 1 tato] O04321)

totitota = (0,3)(1,4)(5,2)[tot1tsto] 23D

tot1tots = (0,4)(1, 3)[tot1tat,](©543:21)

totitots = (0,1,2,3,4, 5)[totots]012345),

Hence the representative from {1} advances to [0140], the representative from
{2} advances to [0130], the representative from {3} advances to [0121], and the repre-
sentative from {4} advances to [023]. So [0105] is our only potentially new double coset
coming from the orbits of N(©10) on X.

The orbits of N(©2Y) on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {1} advances back to [02]. The other orbit representatives bring the
potentially new double cosets [0212], [0213], [0214], [0215], and [0210]. Consider the
following relations:

totatits = (0,3)(1,4)(5,2)[tot1tste] OH3)

totatits = (0,5,4,3,2,1)[tot1tsty]©3)12(54)

totatits = (0,3)(1,2)(5,4)[tot1tats] (O (1:5:3)

totatits = (0,1)(5,2)[tota](»2(5:3)

totatito = (0,1,2,3,4,5)[tot1tots](O2H1:3.5),

Hence the representative from {2} advances to [0130], the representative from
{3} advances to [0134], the representative from {4} advances to [0123], the representative
from {5} advances to [02], and the representative from {0} advances to [0105]. There
are no potentially new double cosets coming from the orbits of N(021) on X.

The orbits of N(O2%) on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {4} advances back to [02]. The other orbit representatives bring the
potentially new double cosets [0241], [0242], [0243], [0245], and [0240]. Consider the
following relations:

totataty = (e)[totitat;]OH1:3)

totatats = (0,3)(1,4)(5,2)[toty tato] 12345

totatats = (0,5)(1,4)(2, 3)[tot1tsta) @D

totatato = (0,3)(1,4)(5,2)[tot1tsto) 24321,

Hence the representative from {1} advances to [0121], the representative from

{2} advances to [0140], the representative from {4} advances to [0134], and the rep-
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resentative from {0} advances to [0130]. So [0245] is our only potentially new double
coset coming from the orbits of N(02%) on X.

The orbits of N(%) on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {5} advances back to [02]. The other orbit representatives bring the
potentially new double cosets [0251], [0252], [0253], [0254], and [0250]. Consider the
following relations:

totatsts = (0,2,4)(1,3,5)[tot1tats]©

totatsty = (0,5,4, 3,2, 1)[tot tots] (031254

totatsts = (0,5,4,3,2,1)[tot1tato]©54321)

totatsts = (0,1,2,3,4,5)[tots](©3)1:2)(54)

totatsto = (0,2,4)(1,3,5)[tot1tato] D3,

Hence the representative from {1} advances to [0123], the representative from
{2} advances to [0123], the representative from {3} will advances to [0140], the repre-
sentative from {4} advances to [02], and the representative from {0} advances to [0140].
There are no potentially new double cosets coming from the orbits of N(025) on X.

The orbits of N1 on X are {0}, {1} ,{2}, {3}, {4}, and {5}. The rep-
resentative from {1} advances back to [03]. The other orbit representatives bring the
potentially new double cosets [0312], [0313], [0314], [0315], and [0310]. Consider the

following relations:

totstits = (e)[totatyts](O2H(1:3:5)
totstits = (0,5,4,3,2,1)[tots](O42(1:5:3)
totstity = (0,5,4,3,2, 1)[t0t1t3t0](07574737271)
totstits = (e)[tot1tots) 2 3)

totstite = (e)[tot1tsty) D LA(2:3),

Hence the representative from {2} advances to [0245], the representative from
{3} advances to [03], the representative from {4} advances to [0130], the representative
from {5} advances to [0105], and the representative from {0} advances to [0130]. There
are no potentially new double cosets coming from the orbits of N3 on X.

The orbits of N(®30) on X are {0}, {1,5}, {2,4}, and {3}. The representative
from {0} advances back to [03]. The other orbit representatives bring the potentially
new double cosets [0301], [0302], and [0303]. Consider the following relations:

totstots = (0,1)(5,2)[tot1tats](®24H(1:3:5)
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totstota = (0,5,4,3,2,1)[tot1tats] O 52)

totstots = (1,5)(2,4)[tota] OPAE2),

Hence the representatives from {1,5} advance to [0123], the representatives
from {2,4} advance to [0123], and the representative from {3} advances to [03]. There
are no potentially new double cosets coming from the orbits of N30 on X.

We now continue to the next level of double cosets. The only new, distinct
double cosets we must investigate are [0121], [0123], [0134], [0135], [0130], [0140], [0105],
and [0245].

Consider the relations:

tot1taty = titotsto, which implies [totitgt]OEDEA = ¢ tot5ty
= [(1,0)(2,5)(3,4)]eNO'2L,

tot1tsty = tstatoty, which implies [totitsty]BHDE3GO0) = ¢t tot
= [(1,4)(2,3)(5,0)]

e NO134.

tot1tsts = totststy = tstatoles = tstotots, which implies the following three
statements:

[totitsts] IR = totstst; = [(1,5)(2,4)]eNO35

[tot1tsts]LDEPIGO) = tattoty = [(1,4)(2,5)(3,0)]eNOI35

[tot1tsts](LDGOED) = tatototy = [(1,2)(3,0)(4,5)]e N3,

tot1tots = totstot1, which implies [totitots] P24 = totstoty
= [(1,5)(2,4)]eN0105,

tototats = totatoty = tstitsty = tststite, which implies the following three
statements:

[totatsts] DDA = totytat; = [(1,5)(2,4)]eN0245

[totatats) BB — ottty = [(1,2)(3,0)(4,5)]e N4

[totatats)IHEPIEO) = tatatity = [(1,2)(3,0)(4,5)]e N4,

0121)

Computing N in N, which implies

|N(0121)\ > |N012L|
> | < Id(G),(1,0)(2,5)(3,4) > |

> 2.



(0123)

Computing N in N, which implies

’N(0123)| > |N0123|
> | < Id(G) > |

> 1.

(0134)

Computing N in N, which implies

|N(0134)| > ’N0134|

> [ < 1d(G), (1,4)(2,3)(5,0) > |

> 2.

0135)

Computing N in N, which implies

‘N(Ol%)’ > ’N0135’

> | < Id(G), (1,5)(2,4), (1,4)(2,5)(3,0), (1

> 4.
Computing N©139) in N, which implies

|N(0130)| > |N0130|
> | < Id(G) > |

> 1.

(0140)

Computing N in N, which implies

|N(014O)| > |N0140|
> | < Id(G) > |

> 1.

,2)(3,0)(4,5) > |

49
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(0105)

Computing N in N, which implies

W(0105)|22 | 0105
> | < 1d(G),(1,5)(2,4) > |

> 2.

(0245)

Computing N in N, which implies

|N(0245)’ > |N0245’

> | < Id(G), (1,5)(2,4), (1,2)(3,0)(4,5), (1,4)(2,5)(3,0) > |

> 4.

The number of single cosets in Nitgt1tat; N = % = 12—2 = 6. The number
of single cosets in NtgtitatsN = % = 1—12 = 12. The number of single cosets
in NitgtitgtaN = % = % = 6. The number of single cosets in Nitgtitsts N =
% = 14—2 = 3. The number of single cosets in Ntgtit3tglN = % = 1—12 = 12.
The number of single cosets in Ntgt1t4toN = % = % = 12. The number of
single cosets in Ntgtitots N = % = % = 6. The number of single cosets in

N 12
Nitotatsts N = |N(‘024|15)| =71 = 3.

Hence our index is increased to 118 +6 + 12+ 6 +3 + 124+ 124+ 6 + 3 = 178.

We must now find the new level of double cosets coming from each double
coset’s orbits respectively. The orbits of N(©121) on X are {0}, {1}, {2}, {3}, {4} and
{5}. The representative from {1} advances back to [012]. The other orbit representatives
bring the potentially new double cosets [01212], [01213], [01214], [01215] and [01210].
Consider the following relations:

tot1tatita = (0,3)(1,2)(5,4)[tot1te] B2 (D

tot1tatits = (e)[totaty) P13

totitatity = (0,5,4,3,2,1)[totaty]©3)1A(5:2)

tot1tatits = (1,5)(2,4)[tot1to]©12345)

tot1tatito = (0,1,2,3,4,5)[tot1t2] ).

Hence the representatives from {2} advances to [010], the representative from

{3} advances to [024], the representative from {4} advances to [024], the representative
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from {5} advances to [010], and the representative from {0} advances to [012]. There
are no new double cosets coming from the orbits of N(121) on X.

The orbits of N(©123) on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {3} advances back to [012]. The other orbit representatives bring the
potentially new double cosets [01231], [01232], [01234], [01235] and [01230]. Consider
the following relations:

tot1tatsty = (0,5,4,3,2,1)[totats](©3)1:2)(54)

totitatsty = (0,2)(5,3)[tott3] 0312 (G4

totitatsts = (0,3)(1,2)(5,4)[tot1ts]©D)1A(2:3)

tot1tatsts = (0,5,4,3,2,1)[totsto]©12345)

tot1tatsto = (0,1)(5, 2)[totat,]©2H(1:35),

Hence the representatives from {1} advances to [025], the representative from
{2} advances to [013], the representative from {4} advances to [014], the representative
from {5} advances to [030], and the representative from {0} advances to [021]. There
are no new double cosets coming from the orbits of N(©123) on X.

The orbits of N3 on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {4} advances back to [013]. The other orbit representatives bring the
potentially new double cosets [01341], [01342], [01343], [01345] and [01340]. Consider
the following relations:

totitstaty = (0,2,4)(1,3,5)[tot 3]0 1A(2:3)

totatstats = (0,5)(1,4)(2, 3)[totata] @

totitstats = (0,3)(1,2)(5, )[tot2t4](e
totatstats = (0,3)(1,4)(5,2)[totat,] ©3H135)
totitstato = (0,5,4,3,2,1)[totat] DG,

2,3)

Hence the representatives from {1} advances to [013], the representative from
{2} advances to [024], the representative from {3} advances to [024], the representative
from {5} advances to [021], and the representative from {0} advances to [021]. There
are no new double cosets coming from the orbits of N34 on X

The orbits of N©135) on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {5} advances back to [013]. The other orbit representatives bring the
potentially new double cosets [01351], [01352], [01353], [01354] and [01350]. Consider

the following relations:
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totitststy = (0,3)(1,2)(5, 4)[tot1t3] (LD (2D

tot1tststy = (0,4)(1,3)(2, 3)[tot1t3] O3 1AE2)

tot1tststs = (0,5,4,3,2,1)[tot1t3](®3) 2G4,

Hence the representatives from {1} advances to [013], the representative from
{2} advances to [013], and the representative from {3} also advances to [013]. The other
two orbit representatives of N335 on X will bring the potentially new, distinct double
cosets [01353] and [01350].

Now consider the relation: totitststo = (0,1,2,3,4,5)[tot1tststs](®. Hence
[01353] and [01350] are the same double coset. We will denote this new, distinct double
coset as [01353].

The orbits of N30 on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {0} advances back to [013]. The other orbit representatives bring the
potentially new double cosets [01301], [01302], [01303], [01304] and [01305]. Consider

the following relations:

tot1tstoty = (0,3)(1,4)(5, 2)[totats] 12345
tot1tstota = (0,3)(1,4)(5, )[tgtztl](o A)(13)
totitatots = (0,2)(5,3)[tot1t4]®

totitstots = (0,3)(1,4)(5,2)[tot1te] 12D
totitstots = (e)[totst,] (@D AA23)

Hence the representatives from {1} advances to [024], the representative from
{2} advances to [021], the representative from {3} advances to [014], the representative
from {4} advances to [010], and the representative from {5} advances to [031]. There
are no new double cosets coming from the orbits of N(©139) on X

The orbits of N(©40) on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {0} advances back to [014]. The other orbit representatives bring the
potentially new double cosets [01401], [01402], [01403], [01404] and [01405]. Consider
the following relations:

totatatots = (0,3)(1,4)(5,2)[totats] ©5H32D)

totitatots = (0, )( 4)(2,3)[tot1to] ©123:45)

totitatots = (0,4,2)(1,5,3)[tot1te] (L2 (24

tot1tatots = (0, 1,2,3,4,5)[totats]O12345)

tot1tatots = (0,1,2,3,4,5)[tot1tststs] O3 LAG2),
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Hence the representatives from {1} advances to [024], the representative from
{2} advances to [010], the representative from {3} advances to [010], the representative
from {4} advances to [025], and the representative from {5} advances to [01353]. There
are no new double cosets coming from the orbits of N(©140) on X.

The orbits of N(©10%) on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {0} advances back to [010]. The other orbit representatives bring the
potentially new double cosets [01051], [01052], [01053], [01054] and [01050]. Consider
the following relations:

tot1totsty = (0,1,2,3,4,5)[tot1to] P24

tot1totsts = (0,2,4)(1,3,5)[totat,] D 63)

tot1totsts = (e)[totst;] (0253

tot1totsts = (0,5,4,3,2,1)[totot](O42(1:5:3),

Hence the representatives from {1} advances to [010], the representative from
{2} advances to [021], the representative from {3} advances to [021], and the represen-
tative from {4} advances to [021]. The other orbit representative of N(©19) on X will
bring the potentially new, distinct double coset [01050].

The orbits of N(2%) on X are {0}, {1}, {2}, {3}, {4} and {5}. The repre-
sentative from {0} advances back to [024]. The other orbit representatives bring the
potentially new double cosets [02451], [02452], [02453], [02454] and [02450]. Consider
the following relations:

totatatsts = (0,5,4,3,2,1)[totats] )4
0,

totatststy = (0,1)(5,2)[tototy] O3 1AEG2)
totatatsts = (1,5)(2, 4)[totst] @D 1DEY
totatatsty = (1,5)(2 ,4)[t0t2t4] (0,3)(1,2)(5,4)
totatatsto = (e)[totst,] O (153),

Hence the representatives from {1} advances to [024], the representative from
{2} advances to [024], the representative from {3} advances to [031], the representative
from {4} advances to [024], and the representative from {0} advances to [031]. There
are no new double cosets coming from the orbits of N(245) on X.

We now continue to the next level of double cosets. The only new, distinct
double cosets we must investigate are [01353] and [01050].

Consider the relations:
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tot1tststs = tstytotaty = totststits = tslototsty, which implies the following
three statements:

[totitststs] ODMAG2) = tatitataty = [(0,3)(1,4)(5,2)]eN01353

[tot1tststs] DDA = totststits = [(1,5)(2,4)]eN013%

[tot1tststs] O3 L2DGA) = tatotatsty = [(0,3)(1,2)(5,4)]eNO1353,

totitotsty = totitotsty = tytstytsty = totstotito = tstatstots = titotitet; =
tstatstots = tatstatsty = titatitoly = tatatstats = totstotito = tstotstats, which implies

the following eleven statements:

tot1totsio (0,2)(53) = = totl1latzte = [( )(5, 3)]6N01050
tot1totste] OV3) = tytatatsty = [(0,4)(1, 3)]eNO1050
tot1tolsio (0,2,4)(1,3,5) — = tolglat1te = [( 2, 4)(1, 3, 5)]€N01050

[ )¢

[ ]

[ ]

[totitotsto] ODBAG2) = tattstats = [(0,3)(1,4)(5,2)]e N0
[t0t1t0t5t0](0 DG2) = ot tat; = [(0,1)(5,2)]e N0
[totitotsto] O3 = tottstots = [(0,5)(1,4)(2,3)]eNO100
[tot1totsto] O (L53) = tytstytsty = [(0,4,2)(1,5,3)]eNO1050
[totitotsto) L2345 = titatitety = [(0,1,2,3,4,5)]eNO1050
[totitotsto] OO = tatotstyts = [(0,3)(1,2)(5,4)]eNO100
[tot1totsto] = totstotito = [(1,5)(2,4)]eN01050

and [t0t1t0t5t0](07574’37 1) = tstotstats = [(0,5,4,3,2,1)]eNO1050,
We note that every element of Dis creates an equal face of [01050].

(01353)

Computing N in N, we obtain:

]N(01353)\ > ]N01353|
> | < Id(G), (0,3)(L,4)(5,2), (1,5)(2,4), (0,3)(1,2)(5,4) > |

> 4.

01050)

Computing N in N, we obtain:

|N(01050)’ > |N01050|
> | D12

> 12.
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N| 12— 3 The number

The number of single cosets in Ntgtitststs N = ‘N(LW v

N
|N| 12 _ 4

oo = 12 =
Hence our index is increased to 178 + 3 +1 = 182

of single cosets in NtgtitotstoN =

We must now find the new level of double cosets coming from each double
coset’s orbits respectively. The orbits of N(013%3) on X are {0}, {1}, {2}, {3}, {4} and
{5}. The representative from {3} advances back to [0135]. The other orbit representa-
tives bring the potentially new double cosets [013531], [013532], [013534], [013535] and
[013530]. Consider the following relations:

totrtstststy = (0,5,4,3,2,1)[tot1tate] 1224

tot1tstststs = (0,5,4,3,2,1)[tot1tato] O3 1A (5:2)

tot1tstststy = (0,4)(1, 3)[tot1tato] O3 12)(54)

tot1tstststs = (0,4)(1,3)[tot1tato]®

tot1tstststo = (0,5,4,3,2,1)[tot1tsts]) ().

Hence the representatives from {1} advances to [0140], the representative from
{2} advances to [0140], the representative from {4} advances to [0140], the representative
from {5} advances to [0140], and the representative from {0} advances to [0135]. There
are no new double cosets coming from the orbits of N(0353) on X

The orbits of N(©10%0) on X are {0}, {1}, {2}, {3}, {4} and {5}. The rep-
resentative from {0} advances back to [0105]. The other orbit representatives bring
the potentially new double cosets [010501], [010502], [010503], [010504] and [010505].
Consider the following relations:

tot1totstoty = (e)[tottots](O12345)

tot1totstots = (e)[totitots](©2H 135

tot1totstots = (e)[tot1tots] (O3 (HHG2)

tot1totstots = (€)[tot1tots] (42 (1:5:3)

tot1totstots = (e)[totitots)O2%32D),

Hence the representatives from {1}, {2}, {3}, {4}, and {5} all advance back
to [0105]. There are no new double cosets coming from the orbits of N(©01050) on X

Because there are no new words, we have completed our double coset enumer-
ation of G over N. Our group is closed under right multiplication of ¢;’s. The index of

N in G is 182. The Cayley graph for G is given below.
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Figure 2.3: PGL(2,13) Cayley Graph

2.3.2 Proof of G = PGL(2,13)

We will now prove that the group of order 2184 is PGL(2,13) utilizing linear
fractional mappings.

Let us first define our mapping given by «, 3, v, and 6. We are not able to
use the presentation formula as we used earlier since 13 # 3 (mod 4). We will begin by
denoting our permutations on 14 letters by 0,1,2,...,12 0c0. We find the following:
a:x—x+1=(0,1,2,3,4,5,6,7,8,9,10,11,12)(c0) = (0,1,2,3,4,5,6,7,8,9,10,11, 12).

In (mod 13), we calculate the nonzero, finite squares of {0,1,2,...,12,00}:
{1222 32 42 52 62,72,82,92,10%,11%,122,13%} = {1,4,9,3,12,10,10,12,3,9,4, 1}

={1,3,4,9,10,12}.

We find the following;:

41 =4 (mod 13)
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42 =16 (mod 13) =3 (mod 13)

43 =64 (mod 13) = 12 (mod 13)

4* = 256 (mod 13) =9 (mod 13)

4% =1024 (mod 13) =10 (mod 13)

4% = 4096 (mod 13) =1 (mod 13).

Therefore the powers of 4 generate the set {1,3,4,9,10,12} in (mod 13). So
k = 4 and we obtain:
B:x—4dx = (0)(c0)(1,4,3,12,9,10)(2,8,6,11,5,7) = (1,4,3,12,9,10)(2,8,6,11,5,7).

L we will first find ', or the multiplicative in-

As before, to find v : z — —x~
verse of each letter, and then multiply that value by —1 and determine its representative
value modulo 13.

For instance, the multiplicative inverse of 1 is itself since 1 x 1 = 1 = 1
(mod 13), therefore 1 — —(1) = 12 (mod 13). The multiplicative inverse of 2 is 7, since
2x7 =14 =1 (mod 13). We will again define the multiplicative inverse of 0 as oo
and claim that —oo corresponds to the letter oo. Let us first find solve z = 1. 1 —
—(1)"' = —1 =12 (mod 13). So we find that 1 should advance to 12 in permutation ~.
Continuing this pattern with the other 13 letters, we obtain the following permutation
for :

yiwe —ot = (0,00)(1,12)(2,6)(3,4)(5)(7,11)(8)(9, 10).

b
We must also now calculate . We must find a mapping of the form: ar

cr+d

i

where ad — be is a nonzero, nonsquare in (mod 13).

We will let our mapping be m, since ad — bc = =7 = 6 (mod 13), where
x
Oz+7 7

lz+0 =z
same method of finding permutations as we did in v, we will first calculate !, then

7z~!. Following the

6 is not a square in (mod 13). So we find § —

multiply by 7 and determine the value in (mod 13).

Forx =1,1+ 727! =7(1) =7 (mod 13). So we find that 1 should advance
to 7 in permutation §. Continuing this pattern with the other 13 letters, we obtain the
following permutation for §:

§:x— Tzt = (0,00)(1,7)(2,10)(3,11)(4,5)(6,12)(8,9).

We let H =< «, 3,7,6 >= PGL(2,13).

After a quick computerized check, we find that our group G is isomorphic to

our constructed group H.
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Chapter 3

Double Coset Enumeration of

Sporadic Groups

3.1 M;; over N =2°S,

3.1.1 Double Coset Enumeration of GG

We factor the progenitor 2*® : (2°Sy), with ¢ ~ tg, by the two relations [zt]?
and [w™tvt]®> where v = (1,2)(3,6)(4,5), w = (3,6,8)(4,7,5), = = (1,3,2,5)(4,8,6,7),
y=(1,4,2,6)(3,7,5,8), and z = (1,2)(3,5)(4,6)(7,8).

We compute the two relations:

(zt)3 =e

(2tg)> = e

Pts) (ts)ts = e

[(1,2)(3,5)(4,6)(7,8)Ptstrts = e
(1,2)(3,5)(4,6)(7,8)ts = tstr
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(w™tvt)® = e

(w™lvtg)® = e

) S A G ] G P
[(1,2)(3,8)(5, 7)]*tststststs = e

(1,2)(3,8)(5, 7)tststs = tsts.

We let G be 2*8 : (2°54)/(1,2)(3,5)(4,6)(7, 8)tstrts,

(1,2)(3,8)(5, 7)tgtstststs, where N =< (1,2)(3,6)(4,5),(3,6,8)(4,7,5),
(1,3,2,5)(4,8,6,7),(1,4,2,6)(3,7,5,8),(1,2)(3,5)(4,6)(7,8) > and ¢ ~ tsg.

We will find the index of N in G by manual double coset enumeration of G
over N. We take G and express it as a union of double cosets NgN, where g is an
element of G. So G = NeN UNg; N U NgsoN U ..., where g;’s are words in the t;’s.

We will complete a double coset enumeration of G over N to find the index
of N in G. We must find all distinct double cosets [w], where [w] = {Nw"|neN},
and how many single cosets are contained in each double coset. The manual double
coset enumeration is finished when all potentially new double cosets have already been
accounted for and when the set of right cosets we find is closed under right-multiplication
by t;’s. We symbolize, for each [w], the double coset to which Nwt; belongs for one
symmetric generator t; from each orbit of the coset stabilser N®) = {nin N : Nu" =
Nw}, where w is a word of ¢;’s on X ={0,1,2,3,4,5,6,7}.

We begin with the double coset NeN, which we denote [*]. This double coset
consists of the single coset N. For convenience, we will let 8 be 0. The single orbit of
N on X is {0,1,2,3,4,5,6,7}. We choose tg = to as our symmetric generator from the
orbit {0,1,2,3,4,5,6,7} and find Nty belongs to Nty N which is a new double coset.
We denote NtgN by [0].

To find the number of single cosets contained in [0] we must find the set of

coset stabilizers of 0, denoted N (). This is relevant to us because the number of single
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cosets in [0] is equal to % We have:

NO ><(1,2)(3,6)(4,5), (1,4)(2,6)(3,5) >

IN| 48
INO| T 6

So the number of single cosets in NtgN = = 8. When we conjugate
to by the transversals of [0], we find 6 single cosets are distinct. The index of N is the
sum of distinct single cosets in the distinct double cosets, such as [*] and [0]. As of now,
we have 1+ 8 = 9. The orbits of [0] are {0} {1,2,3,4,5,6}, and {7}.

We continue to the next level of potential double cosets by working with the
orbits of N on X. The orbits of N(® on X are {0} {1,2,3,4,5,6}, and {7} and we
take tg, t1, and t7 from each orbit respectively. From the orbit {0} we get Ntoto, which
belongs to the double coset [%]. From the orbit {1,2,3,4,5,6} we find a potentially new
double coset Ntpti, which we will denote [01]. From the orbit {7} we get Ntot7 which
belongs to [07].

Consider the double coset [07]. We have the relation: (1,2)(3,5)(4,6)(7,8)tg =
tgt7. This implies that any representative from the orbit {7} will actually loop back to
[0].

We will now determine how many distinct single cosets are contained in [01].

Computing NV in N, we obtain:

‘N(01)| > ‘N01|
> | < Id(G) > |
> 1.
The number of single cosets in Ntgt; N = % = 4—18 =48.

Hence, our index is increased to 9 4+ 48 = 57.

We now explore the potentially new double cosets coming from representatives
from the orbits of N(®) on X. We find [01] has the orbits {0}, {1}, {2}, {3}, {4}, {5},
{6} and {7}. The representative from the orbit {1} will advance to [0]. The other orbit
representatives will bring the potentially new double cosets [010], [012], [013], [014],
[015], [016] and [017]. However, consider the following relations:
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totito = (1,8)(2,7)(3,5)[tot2]"

totita = (1,2)(3,5)(4, 6)(7, 8)[tot]| (LB (GH)(E.T)

totity = (1,8,4)(2,7,6)[tots] LB ENES5),

Hence in [01], the single representative {0} goes to [01], the single representa-
tive {2} goes to [01], and the single representative {4} goes to [01]. So the only new,
distinct double cosets are [013], [015], [016], and [017].

Since there are no more possible three letter words, we must now investigate
the double cosets: [013], [015], [016], and [017].

Consider the following relations:

tot1ts = tstity, so [tst1t7]BNAOG0) = ¢ot1t5 = [(3,7)(4,6)(5,0)]eNO13
totite = totrty, SO [totrts](BEEEE) — tot te = [(1,7)(2,8)(4,6))]eNOO
tot1t7 = t1tsta, so [tltgtg] (1,8)(27)(3,5) = = totity = [(1, 8)(2, 7)(3, 5)]6N017.
totity = totrty, SO [tatrty|DEEEE) = totitr = [(1,7)(2,8)(4, 6)]e N7
Computing N©13) in N, we obtain:
|N(013)‘ > |N013|
> | < I1d(G), (3,7)(4,6)(5,0) > |
> 2.
Computing N©6) in N, we obtain:
|N(016)‘ > ’N016’
> | < 1d(G), (1,7)(2,8)(4,6) > |
> 2.
Computing N7 in N, we obtain:
|N(017)| > |N017|
> | <Id(G),(1,8)(2,7)(3,5),(1,7)(2,8)(4,6) > |
> 4.
The number of single cosets in Ntgt1tsN = | N'gllg)l 78 = 24. The number
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_INT 48

Nom| = 2 = 24. The number of single cosets in

of single cosets in NtgtitgN =
NigtitrN = oty = % = 12.

Hence our index is increased to 57 + 24 4 24 + 24 + 12 = 141.

We now explore any potentially new double cosets coming from representatives
from the orbits of NO3) on X, N(©16) o X NO17) op X

The orbits of N3 on X are {0}, {1}, {2}, {3}, {4}, {5}, {6} and {7}. The
representative from the orbit {3} advances to [01]. The other representatives will be
the potentially new double cosets [0130], [0131], [0132], [0134], [0135], [0136], [0137].
However, consider the following relations:

tot1tsto = (1,7,3)(2,8,5)[tot1]°

tot1tsty = (1,2)(3,8)(5,7)[tot115]* DO G

tot1tsts = (1,8)(2,7)(3,5)[totaty] 15023

tot1tsts = (1,2)(3,5)(4,6)(7, 8)[tot 1 t5] (LA (E5)(A6)(7:8)

tot1tste = (1,8,3,2,7,5)(4, 6)[tot 1 tsty] 37 0)(5:8)

totitsty = (1,8,3,2,7,5)(4, 6)[tet,| BT EOGS),

Hence the representative from the {0} will advance to [01], the representative
from {1} will advance to [013], the representative from {2} will advance to [017], the
representative from {5} will advance to [015], the representative from {6} will advance
to [0134], and the representative from {7} will advance to [01]. So the only new, distinct
double coset coming from the orbits of N(13) on X is [0134].

The orbits of N on X are {0}, {1}, {2}, {3}, {4}, {5}, {6} and {7}.
The representative from the orbit {5} will advance to [01]. The other representatives
will bring the potentially new double cosets [0150], [0151], [0152], [0153], [0154], [0156],
[0157]. Consider the following relations:

totatsto = (1,3,7)(2,5,8)[tot1t3]¢

totitsts = (3,7)(4,6)(5, 8)[totrts] B2 B456)

totitsta = (1,8)(2,7)(3,5)[tot1t3] 12 BHEOTE)

totrtsts = (1,2)(3,5)(4,6)(7, 8)[t0t1t3](1 AHED)O)TS)

totitsts = (1,5,8,6,2,3,7,4)[tot1t5)1:3472568)

totitsts = (1,4,8)(2, 6, 7)[tot1te] L 7>6:2834)

tot1tsty = e[tot]HESG),

Hence the representative from the {0} will advance to [013], the representative
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from {1} will advance to [016], the representative from {2} will advance to [013], the
representative from {3} will advance to [013], the representative from {4} will advance
to [015], the representative from {6} will advance to [016], and the representative from
{7} will advance to [01]. So no new double cosets come from the orbits of N5 on X.

The orbits of N9 on X are {0}, {1}, {2}, {3}, {4}, {5}, {6} and {7}.
The representative from {6} will advance to [01]. The other representatives will bring
the potentially new double cosets [0160], [0161], [0162], [0163], [0164], [0165], [0167].
Consider the following relations:

tot1teto = (1,4,8)(2,6,7)[tot1ts](L74280)

totitets = (1,6)(2,4)(7, 8)[totyts] LD B765.8:4)

totitets = (1,8,4)(2,7,6)[tot1ts) 16S24T(E5)

tot1tets = (1,6,7,5,2,4,8, 3)[tot1tsts] (3D (48)(67)

tot1tets = (1,7,4,2,8,6)(3,5)[tot] 17 (Z8)(46)

totitets = (1,5,6)(2,3,4)[tot1ts](1H62)(243)

totitety = (1,4)(2,6)(3, 5)[tot1ts](L728)(3.6:5.4)

Hence the representative from the {0} will advance to [016], the representative
from {1} will advance to [015], the representative from {2} will advance to [016], the
representative from {3} will advance to [0134], the representative from {4} will advance

o [01], the representative from {5} will advance to [015], and the representative from
{7} will advance to [015]. So no new double cosets come from the orbits of N6 on
X.

The orbits of N on X are {0}, {1}, {2}, {3}, {4}, {5}, {6} and {7}.
The representative from the orbit {7} will advance to [01]. The other representatives
will bring the potentially new double cosets [0170], [0171], [0172], [0173], [0174], [0175],
[0176]. Consider the following relations:

totitrto = (1,7)(2,8)(4, 6)[tot1] (L2 (35 (46)(7.8)

1,8)(2,7)(3,5)[tota] 1O
8)

tot1trty = (

totitrty = (1,2)(3,5)(4,6)(7,8)[tot] M (ZN(E3:5)
tot1trts = (1,3,7)(2,5,8)[tot 7] (L7 (28)(46)
tot1trts = (1,2)(4,7)(6, 8)[tot1t5] (165 (2:4:3)
totitrts = (1,8,3,2,7,5)(4, 6)[tot 7] 123D A6)(T8)
totitrte = (1,7,4,2,8,6)(3,5)[totts) (14382657),
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Hence the representative from the {0} will advance to [01], the representative
from {1} will advance to [01], the representative from {2} will advance to [01], the
representative from {3} will advance to [017], the representative from {4} will advance
to [013], the representative from {5} will advance to [017], and the representative from
{6} will advance to [013]. So no new double cosets come from the orbits of N(©17) on
X.

Since there are no other possible four letter words, we must now investigate
the double cosets: [0134].

Consider the following relations:

tot1tsty = trtgtsta, so [trtatate] BOCDTE) = ot ts = [(1,6)(2,4)(7,8)]eNO34,

(0134)

Computing N in N, we obtain:

|N(0134)| > ’N0134|
> | < Id(G),(1,6)(2,4)(7,8) > |

> 2.

IN| 48 _
|N(0134)| =3 = 24.

Hence our index is increased to 141 + 24 = 165.

The number of single cosets in Ntgtitst4N =

We now explore any potentially new double cosets coming from representatives
from the orbits of N03) on X, N(©16) on X NO17) op X

The orbits of N34 on X are {0}, {1}, {2}, {3}, {4}, {5}, {6} and {7}. The
representative from the orbit {4} advances to [013]. The other representatives will be
the potentially new double cosets [0137], [01341], [01342], [01343], [01345], [0146], and
[0147]. However, consider the following relations:

totitstaty = (1,4,2,6)(3,7,5, 8)[tot1tsts] 37 (40)(5:8)
tot1tstats = (1,4,5,2,6,3)(7,8)[tot1t3] (1O (T8)
[
[

(1,
totitstats = (1,7,5,6,2,8,3,4)[tot 1 t5](L728)(3,65:4)
tot1tstats = (1,5,4,8,2,3,6,7)[tot1te] (3D (48)6T)
totitstats = (3,6,8)(4, 7, 5)[tot1tzty](L62H (B85
tot1tstaty = (3,8,6)(4,5,7)[tot 1zt 12 (E0)(45),
Because there are no new words of length six, we have completed our double

coset enumeration of G over N. Our group is closed under right multiplication of ¢;’s.
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The index of N in G is 165. The Cayley graph for G is given below.

Figure 3.1: Mj; Cayley Graph

(0]
1

3.1.2 ( is a Simple Group Using Iwasawa’s Lemma

We let X = {Nw} be the set of single cosets of G over N. We will use
Iwasawa’s Lemma and the transitive action of G on X to prove G is a simple group. If
we can show that G is faithful, G acts primitively on X, G = G’, and that there exists
a normal, abelian subgroup of G such that < K¢ >= G, we will have shown that G is

a non-abelian simple group of order 7920.

(i) G acts faithfully on X

Since X is a transitive G-set of degree 165, we have:

|G| = 165|G1],
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where G is the one point stabiliser of the single coset N. However, N is stabilised
by only elements of N. Therefore G; = N and |G| = |N| = 48. It is then evident
that |G| = 7920. If |G| > 7920, X would not be faithful.

The group G acts primitively on X

Every group constructed by a Cayley graph is transitive. Since G is transitive,
we can assume N € B. However, |B| must divide |X| = 165 = 3 x 5 x 11. By
observation of our Cayley graph, there are no possibilities for a nontrivial block.

Thus G acts primitively on X.

The group G is perfect

Let us first begin by showing that G is generated by involutions, or
G =< N, tg, t1,...,t7 >=<tg,t1,...,t7 >.

Since N is generated by a, b, ¢, d, and e, we will show each is generated by ¢;’s.

e Consider our original relation tgt; = (1,2)(3,5)(4,6)(7,0)ts, where
e=1(1,2)(3,5)(4,6)(7,0). So we see:

t8t7 = etg

t8t7t8 = €.

Consider the relation tgtitststs = (3,6,0)(4,7,5)tstetst1, where
b=(3,6,0)(4,7,5). So we see:

tstitstate = btstetst:
tstitstatetitstets = b.

Consider the relation tgtitstqt; = (1,4,2,6)(3,7,5,0)ts5t1t7ts, where
d=1(1,4,2,6)(3,7,5,0). So we see:

t8t1t3t4t1 = dt5t1t7t6
tstitstatitetrtits = d.

Consider the relation tgtsts = (1,2)(3,8)(5, 7)tsts, where
ab = (1,2)(3,8)(5,7). But we know b = tgt1tstststitststs, so we see:
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tststs = abtsts

tatstststs = ab
tatstatsts = a(tstitstatet:tstets)
tatstststststetstitetatstits = a.

e Consider the relation tstitst; = (1,8,3,2,7,5,1)(4,6)ts5t1, where
cb=! =(1,8,3,2,7,5,1)(4,6). But |b| = 3, so b~! = tstetstitetatstits. So we

see:

tetitsty = cb sty

tgtitstrtits = cb™ !
tetitstrtits = c(tstetstitetatstits)
tetitstrtitststitstatet tststs = c.

So we see that G is generated by the t;’'s. Now G =< N,t >, where N = (2°5y),
we know (2°5;)" < G’. Hence we have

(2°54) =< (3,6,8)(4,7,5),(1,8,2,7)(3,4,5,6) >=< G’. More importantly,
(17 8,2, 7)(37 4,5, 6)(1’ 8,2, 7)(37 4,5, 6) = (17 2)(37 5)(47 6)(77 8) €.

Now consider the following relation:

(17 2)(37 5)(47 6)(77 8)t8 = tgty
(17 2)(37 5)(47 6)(77 8) = tgtrts,

So we see tgt7ts € G'. Now we conjugate by the element tg € G' and find:

[tstrts]ls € G
[tg]fl[tgtﬂg] [tg] yed
tr € G'.

Thus G' >< (3,6,8)(4,7,5),(1,8,2,7)(3,4,5,6),t7 >= G. But we have already
shown that G =< tg,t1,...,t7 >. Hence G is perfect.
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The point stabiliser of NV of G contains a subgroup K whose conjugates generate

G

Since N = 2°® x Sy, the center z = (1,2)(3,5)(4,6)(7,8) is a normal abelian sub-

group. Utilizing the same relation as before, we also obtain the following:

[t8t7t8]t8 € KC
[tg]_l[tgtﬂfg] [ts] e K¢
tr € KG,

It is then easy to see that K& >< tg,t1,...,t7 >= G. But K¢ < G, hence we see
that K¢ = G.

The group G is simple. Furthermore, G & Mj;.

We have shown that the group G acts faithfully on X, is primitive, is perfect, and
contains a normal abelian subgroup whose conjugates generate G. Therefore by
Iwasawa’s Lemma, G is a non-abelian simple group. Refering to [WB99], M, is

only simple group of order 7920.

3.2 Mo over M = 23: [(3,2)

We factor the progenitor 2*7 : (7 : 3) by the two relations [z~ 'y~!#]° and

[yxt””Q}ll, where x = (1,2,3,5,4,6,7) and y = (2,3,4)(5,7,6). Letting ¢ be represented

by t7, we compute the two relations:

Letting 7 = 2~ 'y~! = (1,7,3)(2, 5, 4), we obtain:

27y ] =e
[7t7]°> = e
mitymtymtemtymty = e
T T = e
Tttt tsty = e

(17 37 7) (27 47 5)t3t7t1 = trls.

Letting m = yz = (1,3,7)(2,4,5), we obtain:
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[yat™ M =

(5]t

=e€
7Tt57Tt57Tt57Tt57Tt57Tt57Tt57Tt57Tt57Tt57Tt57Tt5 =€
P T T T T T Tt = e

(1,7,3)(2,5,4)totstatats = tstatststaty.

However, consider the subgroup (7 : 3) € Map. (7 :3) < 23 : L(3,2) <paa
Mss. So when M = 23 : L(3,2), N < M < M. If we can find a subgroup of order
|23 : L(3,2)| = 1344 generated by the elements x, y, t1, to, ...t7, we can construct a
double coset enumeration of G over M. We find M =< x,y, t1tat1totrt tot1tat1trte >.

We will find the index of M in G by manual double coset enumeration of G
over M. We take GG and express it as a union of double cosets M gN, where g is an
element of G. So G = MeNUMg N UMgsN U ..., where g;’s are words in the ¢;’s.

We must find all distinct double cosets [w], where [w] = {Mw"|neN}, and
the number of single cosets contained in each double coset. Our manual double coset
enumeration is completed when all potentially new double cosets have previously been
accounted for and when the set of right cosets is closed under right-multiplication by ¢;’s.
We symbolize, for each [w], the double coset to which Mwt; belongs for one symmetric
generator t; from each orbit of the coset stabilser M) = {nin N : Mw" = Muw},
where w is a word of ¢;’s on {0,1,2,3,4,5} = X.

We begin with the double coset MeN, which we denote [*]. This double coset
consists of the single coset M. Allowing 7 to be 0, the single orbit of M on X is
{0,1,2,3,4,5,6}. We will choose t; = ty as our symmetric generator from the orbit
{0,1,2,3,4,5,6} and find Mty belongs to MtoN which is a new double coset. We
denote MtyN by [0].

To find out how many single cosets [0] contains, we find the set of coset sta-

|V}

bilizers of [0], denoted N(?). The number of single cosets in [0] is equal to Vo We
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have:

INO| > | < 1d(G),(1,2,5)(3,6,4) > |

> 3.
lll[%'” = %1 = 7. Our index is the sum
of distinct single cosets in each distinct double coset, such as [*] and [0]. As of now,
we have 1 + 7 = 8 single cosets. We note that the orbits of [0] are {0}, {1,2,5}, and
{3,4,6}.

We will continue to the next level of potential double cosets by investigating

the orbits of N on X. The orbits of N on X are {0}, {1,2,5}, and {3,4,6} and

The number of single cosets in MtgN =

we take g, t1, and ¢3 from each orbit respectively. From the orbit {0} we get Ntoto,
which belongs to the double coset [*]. From the orbit {1,2,5} we find a potentially
new double coset Ntgt1, which we denote [01]. From the orbit {3,4,6} we get Ntots we
find a potentially new double coset Ntyts, which we denote [03]. We must now find the
number of distinct single cosets in [01] and [03].

(01)

Computing N in M, we obtain:

|N(01)| > ‘N01|
> | < 1d(G) > |

> 1.

(03)

Computing N'V?) in M, we obtain:

‘N(O?,)‘ > |N93|
> | < Id(G) > |
> 1.
So the number of single cosets in Mtgt; N = % = % = 21. The number of
single cosets in Mtyts N = % = % = 21. Hence, our index is now 14+7+21+21 = 50.

We explore the potentially new double cosets coming from representatives from

the orbits of N on X. We find [01] has the orbits {0}, {1}, {2}, {3}, {4}, {5}, and
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{6}. The representative from the orbit {1} advances back to [0]. The other orbit
representatives bring the potentially new double cosets [012], [013], [014], [015],[016],
and [010]. However, consider the following relations:

tot1ts = (0,3,1)(5,4,2)[tots]@13624)  But (0,3,1)(5,4,2) € M. So Mtotits € MtotsN.
totito = [(1,4,7)(3, 6, 5)tatstotatatatetatstotatetststststotststatststats] (trt1)e. But
(1,4,7)(3,6, 5)tatstatstatotatattatattststststatststatstatats € M. So Mtotity € MtotsM.

Hence in [01], the representative {2} advances to [01] and is already being
accounted for by the double coset [01]. So the only new double cosets coming from the
orbit representatives of N(°) on X are [012], [014], [015] and [016].

The orbits of N©3) on X are {0}, {1}, {2}, {3}, {4}, {5}, and {6}. The
representative from the orbit {3} advances back to [0]. The other representatives bring
the potentially new double cosets [031], [032], [034], [035], [036] and [030]. Consider the
following relations:

totst; = (0,1, 3)(5,2,4)[tet] 031 642)

totsto = mltots]™, for some m € M and for some n € N.

Hence in [03], the representative {1} advances to [01] and the representative
{0} advances to [03]. However, [032], [034], [035] and [036] are new, distinct double
cosets.

The double cosets we must now investigate are [012], [014], [015], [016],[032],
[034], [035] and [036].

Computing N©2) in M, we obtain:

’N(012)| > ‘N012‘
> | < 1d(G) > |

> 1.
Computing N© in M, we obtain:

’N(014)| > |N014‘
> | < Id(G) > |

> 1.
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Computing N©O15) in M, we obtain:

’N(015)| > ‘NOIE)‘
> | < 1d(G) > |

> 1.
Computing N©6) in M, we obtain:

’N(016)| > |N016‘

> | < Id(G) > |
> 1.

The number of single cosets in MtgtitsN = % = % = 21. The number
of single cosets in Mtyt1t4N = % = 211 = 21. The number of single cosets in
Mtot1ts N = % = % = 21. And the number of single cosets in Mtgtitg N =
|N|(J(\)[1|6)| = 2T1 =2l

Hence our index is increased to 50 + 21 + 21 + 21 + 21 = 134.
Computing N2 in M, we obtain:

’N(032)| > |N032‘
> | < Id(G) > |

> 1.
Computing N34 in M, we obtain:

’N(034)| > ‘N034‘
> | < 1d(G) > |

> 1.
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Computing N©35) in M, we obtain:

’N(035)| > ‘NO?’E)‘
> | < 1d(G) > |

> 1.
Computing N(©36) in M, we obtain:

’N(036)| > |N036‘
> | < 1d(G) > |
> 1.

|V]

The number of single cosets in NitgtstoN = N =

% = % = 21. The number of single cosets in
|N]

Ntotsts N = % = 2T1 = 21. And he number of single cosets in NtgtstgN = @] =
21
£ =21.

1

2—11 = 21. The number

of single cosets in NitgtstyN =

Hence our index is increased to 134 4 21 + 21 + 21 4 21 = 218.

We explore the potentially new double cosets coming from representatives from
the orbits of N(°12) on X. We find [012] has the orbits {0}, {1}, {2}, {3}, {4}, {5}, and
{6}. The representative from the orbit {2} advances back to [01]. The other orbit rep-
resentatives bring the potentially new double cosets [0121], [0123], [0124], [0125],[0126],
and [0120]. However, consider the following relations:

totitats = mltot1te]™ for some m € M and for some n € N

tot1tats = (6,3,4)(1,5,2)[tot1ts] (643 (1:25)

totitaty = mltotitats]™ for some m € M and for some n € N.

Hence in [012], the representative {1} advances back to [012], the representative
{5} advances to [015], and the representative {0} advances to [0123]. However, [0123],
[0124], and [0126] are new, distinct double cosets from the orbits of N(©12) on X.

We explore the potentially new double cosets coming from representatives from
the orbits of N(O1%) on X. We find [014] has the orbits {0}, {1}, {2}, {3}, {4}, {5}, and
{6}. The representative from the orbit {4} advances back to [01]. The other orbit rep-
resentatives bring the potentially new double cosets [0141], [0142], [0143], [0145],]0146],
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and [0140]. However, consider the following relations:

tot1tats = mltotsty)™ for some m € M and for some n € N

totitats = (0,2,5,6, 1,3, 4)[tot1tats]

tot1tate = (0,2,3)(6,4, 1)[totsts](©256:1:3:4)

totitato = (0,1,5,4,6,3,2)[tot1tats](G3H(1,5:2),

Hence in [014], the representative {1} advances to [034], the representative {3}
advances to [0126], the representative {6} advances to [0136], and the representative
{0} advances to [0123]. However, [0142] and [0145] are new, distinct double cosets from
the orbits of N(O1%) on X.

We explore the potentially new double cosets coming from representatives from
the orbits of N(°1%) on X. We find [015] has the orbits {0}, {1}, {2}, {3}, {4}, {5}, and
{6}. The representative from the orbit {5} advances back to [01]. The other orbit rep-
resentatives bring the potentially new double cosets [0151], [0152], [0153], [0154],]0156],
and [0150]. However, consider the following relations:

totitsty = mltotits]™ for some m € M and for some n € N

tot1tsta = (0,4,3)(1,2,5)[tot1ts] (3 (1:5:2)

totitsts = mltotitats]™ for some m € M and for some n € N

totitsts = mltotitats]™ for some m € M and for some n € N

totitsto = mltotitate]™ for some m € M and for some n € N.

Hence in [015], the representative {1} advances to [015], the representative
{2} advances to [012], the representative {3} advances to [0124], the representative {4}
advances to [0145], and the representative {0} advances to [0142]. However, [0156] is
the new, distinct double coset from the orbits of N(©1%) on X.

We explore the potentially new double cosets coming from representatives from
the orbits of N(°16) on X. We find [016] has the orbits {0}, {1}, {2}, {3}, {4}, {5}, and
{6}. The representative from the orbit {6} advances back to [01]. The other orbit rep-
resentatives bring the potentially new double cosets [0161], [0162], [0163], [0164],[0165],
and [0160]. However, consider the following relations:

totitets = mltotite]™ for some m € M and for some n € N

totiteta = mltotitats]™ for some m € M and for some n € N

totitets = mltotitats)™ for some m € M and for some n € N

totitets = (0,3,2)(6, 1,4)[totsts] (362415
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totiteto = mltotitats)™ for some m € M and for some n € N.

Hence in [016], the representative {1} advances to [016], the representative {2}
advances to [0126], the representative {3} advances to [0124], the representative {4}
advances to [034], and the representative {0} advances to [0126]. Hence, [0165] is the
only new, distinct double coset from the orbits of N(©16) on X

We explore the potentially new double cosets coming from representatives from
the orbits of N(932) on X. We find [032] has the orbits {0}, {1}, {2}, {3}, {4}, {5}, and
{6}. The representative from the orbit {2} advances back to [03]. The other orbit rep-
resentatives bring the potentially new double cosets [0321], [0323], [0324], [0325],[0326],
and [0320]. However, consider the following relations:

totstats = mltotitats]™ for some m € M and for some n € N

totstats = mltotste]™ for some m € M and for some n € N

totstats = (0,6,5)(4, 2, 3)[totsts) ©:6:45321)

totstats = (0,5,1,4,2,6,3)[tot1tat](OH1)6:35)

totstats = mltotitats]™ for some m € M and for some n € N

totstaty = mltotitats)™ for some m € M and for some n € N.

Hence in [032], the representative {1} advances to [0123], the representative
{3} advances to [036], the representative {4} advances to [035], the representative {5}
advances to [0124], the representative {6} advances to [0123], and the representative
{0} advances to [0126]. Hence there are no new double cosets coming from the orbits
of N(32) on X.

We explore the potentially new double cosets coming from representatives from
the orbits of N(93%) on X. We find [034] has the orbits {0}, {1}, {2}, {3}, {4}, {5}, and
{6}. The representative from the orbit {4} advances back to [03]. The other orbit rep-
resentatives bring the potentially new double cosets [0341], [0342], [0343], [0345],[0346],
and [0340]. However, consider the following relations:

totstaty = mltotitats]™ for some m € M and for some n € N

totststy = (0,5,6)(4, 3, 2)[tot 1 te] (05 1%26:3)

totstats = mltotits]™ for some m € M and for some n € N

totstate = mltotitets]™ for some m € M and for some n € N

totstato = mltotitats)™ for some m € M and for some n € N.

Hence in [034], the representative {1} advances to [0142], the representative
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{2} advances to [016], the representative {3} advances to [014], the representative {6}
advances to [0165], and the representative {0} advances to [0124]. Hence, [0345] is the
only new, distinct double coset coming from the orbits of N(©34) on X.

We explore the potentially new double cosets coming from representatives from
the orbits of N(93%) on X. We find [035] has the orbits {0}, {1}, {2}, {3}, {4}, {5}, and
{6}. The representative from the orbit {5} advances back to [03]. The other orbit rep-
resentatives bring the potentially new double cosets [0341], [0342], [0343], [0345],[0346],
and [0340]. However, consider the following relations:

totststy = mltotitats]™ for some m € M and for some n € N

totststs =

m[totitata]™ for some m € M and for some n € N
t0t3t5t3 =m

totsts)" for some m € M and for some n € N

totststs = mltotstats]™ for some m € M and for some n € N

[
[
[
totstste = mltotste]™ for some m € M and for some n € N

totststo = mltotitats]™ for some m € M and for some n € N.

Hence in [035], the representative {1} advances to [0126], the representative
{2} advances to [0142], the representative {3} advances to [035], the representative {4}
advances to [0345], the representative {6} advances to [032] and the representative {0}
advances to [0124]. Hence there are no new double cosets coming from the orbits of
N©) on X

We explore the potentially new double cosets coming from representatives from
the orbits of N(36) on X. We find [036] has the orbits {0}, {1}, {2}, {3}, {4}, {5}, and
{6}. The representative from the orbit {6} advances back to [03]. The other orbit rep-
resentatives bring the potentially new double cosets [0361], [0362], [0363], [0364],[0365],
and [0360]. However, consider the following relations:

totstets = mltot1tate]™ for some m € M and for some n € N

totatets =

totstets =

m[totitats])™ for some m € M and for some n € N

mltotste]™ for some m € M and for some n € N

totstets = mltotitsts)™ for some m € M and for some n € N

totstets = mltotits]™ for some m € M and for some n € N

totsteto = mltotste]™ for some m € M and for some n € N.

Hence in [035], the representative {1} advances to [0142], the representative

{2} advances to [0123], the representative {3} advances to [032], the representative {4}
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advances to [0156], the representative {5} advances to [014] and the representative {0}

advances to [036]. Hence there are no new double cosets coming from the orbits of

N(036) on X

The double cosets we must now investigate are [0123], [0124], [0126], [0142],

[0145], [0156], [0165], and [0345].

tot1tats
N (0145)
tot1tste
N (0156)
tot1tets
N (0165)
totstats
N (0345)

Consider the following relations:

= tetstyty, which implies [tottats](©62 135 = tetatst; = [(0,6,2)(1,3,5)] €
= tstytsty, which implies [tottsts](O32 M40 = tatytsty = [(0,3,2)(1,4,6)] €
= titstety, which implies [tottets] (013245 = titataty = [(0,1,3)(2,4,5)] €
= tetstaty, which implies [totststs](©62 135 = titatsty = [(0,6,2)(1,3,5)] €

We find the following:

Computing N©O123) i M| we obtain:

|N(0123)| > |N0123|
> | < 1d(G) > |

> 1.

0124)

Computing N in M, we obtain:

|N(0124)| > |N0124|
> | < Id(G) > |

> 1.

0126

Computing |[N(©12)] in M, we obtain:

’N(0126)| > |N0126|
> | < Id(G) > |

> 1.
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0142

Computing |[N(©42)| in M, we obtain:

’N(0142)| > |N0142|
> | < Id(G) > |

> 1.

0145

Computing |[N(©45)| in M, we obtain:

|N(0145)| > |N0145|
> | < Id(G),(0,6,2)(1,3,5) > |

> 3.

0156

Computing |[N©156)| in M, we obtain:

’N(Ol‘%)’ > ‘N0156’
> | < 1d(G),(0,3,2)(1,4,6) > |

> 3.
Computing |N(©1%%)| in M, we obtain:

|N(0165)| > |N0165|
> | < Id(G),(0,1,3)(2,4,5) > |

> 3.

0345

Computing |N(©345)| in M, we obtain:

|N(0345)| > |N0345|
> | < Id(@), (0,6,2)(1,3,5) > |

> 3.

The number of single cosets in NtgtitotsN = % = 2—11 = 21. The number

M = 2 = 21,

Vo= = 7 The number of single cosets

of single cosets in Ntgtitat4N =
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in NtgtitotgN = % = 2—11 = 21. The number of single cosets in Nitgtitsto N =

Nl _ 21 _ 91 The number of single cosets in Nitgt1t4ts N = N2l 7.

|N(0142)| 1 |N(0145) ‘ 3

The number of single cosets in NtgtitstgN = % = % = 7. The number of

single cosets in Niptitsls N = % = % = 7. The number of single cosets in
N

Ntgtstats N = W =4_7

Hence our index is increased to 218 +21 +21 421421+ 7474747 = 330.

We explore the potentially new double cosets coming from representatives from
the orbits of N(°123) on X. We find [0123] has the orbits {0}, {1}, {2}, {3}, {4}, {5},
and {6}. The representative from the orbit {3} advances back to [012]. The other
orbit representatives bring the potentially new double cosets [01231], [01232], [01234],
[01235],]01236], and [01230]. However, consider the following relations:

totitatsts = mltotsts]™ for some m € M and for some n € N
totitatsta = mltotsts]™ for some m € M and for some n € N
totitatsty = mltotitats]™ for some m € M and for some n € N

[
[
totitatsts = mitotsts]™ for some m € M and for some n € N
totitatsts = mltotita]™ for some m € M and for some n € N
totitatsty = mltotste]™ for some m € M and for some n € N.

Hence in [0123], the representative {1} advances back to [036], the representa-
tive {2} advances to [032], the representative {4} advances to [0126], the representative
{5} advances to [036], the representative {6} advances to [012] and the representative
{0} advances to [032]. Hence there are no new, distinct double cosets from the orbits
of N(0123) on X

We explore the potentially new double cosets coming from representatives from
the orbits of N(°'2%) on X. We find [0124] has the orbits {0}, {1}, {2}, {3}, {4}, {5},
and {6}. The representative from the orbit {4} advances back to [012]. The other
orbit representatives bring the potentially new double cosets [01241], [01242], [01243],
[01245],[01246], and [01240]. However, consider the following relations:

totitatst; = mltotite]™ for some m € M and for some n € N

totitatate = mltotitaty]™ for some m € M and for some n € N

totits)"™ for some m € M and for some n € N

[
totitatats = mltotsts]™ for some m € M and for some n € N
t0t1t2t4t5 = m[

[

totitatste = mltotsts]™ for some m € M and for some n € N
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totitataty = mltotsts)™ for some m € M and for some n € N.

Hence in [0124], the representative {1} advances back to [016], the representa-
tive {2} advances to [0124], the representative {3} advances to [032], the representative
{5} advances to [015], the representative {6} advances to [035] and the representative
{0} advances to [034]. Hence there are no new, distinct double cosets from the orbits
of N(O124) op X

We explore the potentially new double cosets coming from representatives from
the orbits of N(0126) on X. We find [0126] has the orbits {0}, {1}, {2}, {3}, {4}, {5},
and {6}. The representative from the orbit {6} advances back to [012]. The other
orbit representatives bring the potentially new double cosets [01261], [01262], [01263],
[01264],[01265], and [01260]. However, consider the following relations:

totitatets = mltotite]™ for some m € M and for some n € N

tot1tatelo =

m[totitats]™ for some m € M and for some n € N
t0t1t2t6t3 =m

tot1t4|™ for some m € M and for some n € N

n

for some m € M and for some n € N

[
[tot1t4]
totitatets = mltotsts]™ for some m € M and for some n € N
t0t1t2t6t5 = m[totgtg]
[tot1te]

™ for some m € M and for some n € N.

totitateto = mltotite

Hence in [0126], the representative {1} advances back to [016], the representa-
tive {2} advances to [0123], the representative {3} advances to [014], the representative
{4} advances to [035], the representative {5} advances to [032] and the representative
{0} advances to [016]. Hence there are no new, distinct double cosets from the orbits
of N(0126) on X

We explore the potentially new double cosets coming from representatives from
the orbits of N(°142) on X. We find [0142] has the orbits {0}, {1}, {2}, {3}, {4}, {5},
and {6}. The representative from the orbit {2} advances back to [014]. The other
orbit representatives bring the potentially new double cosets [01421], [01423], [01424],
[01425],[01426], and [01420]. However, consider the following relations:

totitatats = mltotsts]™ for some m € M and for some n € N

totitatots =

totitatoty =

m[totsts]™ for some m € M and for some n € N
m

[
[tot1tate]™ for some m € M and for some n € N
totitatots = mltotits)™ for some m € M and for some n € N

[

totitatats = mitotsts]™ for some m € M and for some n € N
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totitataty = mltotits)™ for some m € M and for some n € N.

Hence in [0142], the representative {1} advances back to [036], the representa-
tive {3} advances to [0135], the representative {4} advances to [0142], the representative
{5} advances to [014], the representative {6} advances to [034] and the representative
{0} advances to [015]. Hence there are no new, distinct double cosets from the orbits
of N(O142) op X

We explore the potentially new double cosets coming from representatives from
the orbits of N(014%) on X. We find [0142] has the orbits {0}, {1}, {2}, {3}, {4}, {5},
and {6}. The representative from the orbit {5} advances back to [014]. The other
orbit representatives bring the potentially new double cosets [01451], [01452], [01453],
[01454],[01456], and [01450]. However, consider the following relations:

totitatsty = mltotits]™ for some m € M and for some n € N

tot1tatsty =

m[totits]™ for some m € M and for some n € N
t0t1t4t5t3 =m

[
[tot1ta]™ for some m € M and for some n € N
totitatsts = mltotitats]™ for some m € M and for some n € N

totitatste = mltotits]™ for some m € M and for some n € N

totitatsto = mltotits]™ for some m € M and for some n € N.

Hence in [0145], the representative {1} advances to [014], the representative
{2} advances to [015], the representative {3} advances to [014], the representative {4}
advances to [0145], the representative {6} advances to [015] and the representative {0}
advances to [015]. Hence there are no new, distinct double cosets from the orbits of
NO5) on X

We explore the potentially new double cosets coming from representatives from
the orbits of N(156) on X. We find [0156] has the orbits {0}, {1}, {2}, {3}, {4}, {5},
and {6}. The representative from the orbit {6} advances back to [015]. The other
orbit representatives bring the potentially new double cosets [01561], [01562], [01563)],
[01564],[01565], and [01560]. However, consider the following relations:

tot1tstety = mltotits

totitstets =

tot1tstets =

™ for some m € M and for some n € N

]
m[totsts]™ for some m € M and for some n € N
m ]

[
[totsts)™ for some m € M and for some n € N
totitstety = mltotits)™ for some m € M and for some n € N
[

totitstets = mltotitets]™ for some m € M and for some n € N
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totitsteto = mltotsts)™ for some m € M and for some n € N.

Hence in [0156], the representative {1} advances to [015], the representative
{2} advances to [036], the representative {3} advances to [036], the representative {4}
advances to [015], the representative {5} advances to [0165] and the representative {0}
advances to [036]. Hence there are no new, distinct double cosets from the orbits of
N(0156) on X

We explore the potentially new double cosets coming from representatives from
the orbits of N(016%) on X. We find [0165] has the orbits {0}, {1}, {2}, {3}, {4}, {5},
and {6}. The representative from the orbit {5} advances back to [016]. The other
orbit representatives bring the potentially new double cosets [01651], [01652], [01653)],
[01654],[01656], and [01650]. However, consider the following relations:

totitetsts = mltotsts]™ for some m € M and for some n € N

totitetsts =

]
m[totite]™ for some m € M and for some n € N
t0t1t6t5t3 =m ]

totsts|™ for some m € M and for some n € N

totitetsts = mltotite]™ for some m € M and for some n € N

[
[
[
totitetste = mltotitste]™ for some m € M and for some n € N

totitetsto = mltotsts]™ for some m € M and for some n € N.

Hence in [0165], the representative {1} advances to [034], the representative
{2} advances to [016], the representative {3} advances to [034], the representative {4}
advances to [016], the representative {6} advances to [0156] and the representative {0}
advances to [034]. Hence there are no new, distinct double cosets from the orbits of
NOI65) on X

We explore the potentially new double cosets coming from representatives from
the orbits of N(©345) on X. We find [0345] has the orbits {0}, {1}, {2}, {3}, {4}, {5},
and {6}. The representative from the orbit {5} advances back to [034]. The other
orbit representatives bring the potentially new double cosets [03451], [03452], [03453],
[03454],[03456], and [03450]. However, consider the following relations:

totstatsts = mltotsts]™ for some m € M and for some n € N

totstatsty =

totstalsts =

m[totsts]™ for some m € M and for some n € N
m

[
[totsts]™ for some m € M and for some n € N
totstatsty = mltotstats]™ for some m € M and for some n € N
[

totstatste = mltotsts]™ for some m € M and for some n € N
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totstatsty = mtotsts]™ for some m € M and for some n € N.

Hence in [0345], the representative {1} advances to [034], the representative
{2} advances to [035], the representative {3} advances to [034], the representative {4}
advances to [0345], the representative {6} advances to [035] and the representative {0}
advances to [035]. Hence there are no new, distinct double cosets from the orbits of
N(0345) o X

Because there are no new words of length five, we have completed our double
coset enumeration of G over M. Our group is closed under right multiplication of ¢;’s.
The index of M in G is 330. However, the double cosets of M over N are given by:

M = N U Nttotitatotitatitotitota NU

Nitstatstatitstatstatstitatitatitotot1tatitotitota NU

Ntotototatatotatotatotstatitatitatot1tattatitota NU

Nitotstotsttotstatstatytstitatstatotitattatitota NU

NtotstotstotatstatstatotstitatitatotitatitatitotaN.

Since the double coset enumeration of G over M gave us X = {M, Mty, M1,...},
we can perform a double coset decomposition of M over N to find all single cosets of
G over N. Since there are 64 single cosets in M and there are 330 singles cosets in X,
There are 21120 single cosets in the double coset enumeration of G over N.

The Cayley graph for G over M is given below. Since the orbits on the Cayley
graph are difficult to follow, there is a table which illustrates the orbit destinations of

the double coset enumeration of G over M.



84

Figure 3.2: Msy Cayley Graph




Table 3.1: Orbits of Maa(a)

NwN  Orbits Potentially New DCs Destination
NeN  {0,1,2,3,4,5,6} Mty — MtoN
MtyN {O},{1,2,5}, Mtoty — N
{3,4,6} Mtotl — Mtoth
Mtots — MtsN
Mtot1 N {0},{1},{2},{3}, Mtotitg — Mtot1 N
{4}, {5}, {6} Mtotltl — MtoN
Mtotltg — Mt()tthN
Mtotltg — Mtoth
Mt0t1t4 — Mt0t1t4N
Mtotltg, — Mtotltg)N
Mtotlt(j — MtotltﬁN
Mt0t3N {O}, {1}, {2}, {3}, Mtotgt() — Nt()th
{4}, {5}, {6} Mtotgtl — Mtoth
Mtotgtg — MtotthN
Mtotsts — Mtotsts N
Mt0t3t4 — Mt0t3t4N
Mtotsts — Mtotsts N
Mtotgte, — MtotthN
MtotthN {O}, {1}, {2}, {3}, Mtotltgto — Mtoth
{4}, {5}, {6} Mtotitot;, — Mtotito N
Mtotltgtg — Mtoth
Mtotltztg — Mtotltgth
Mt0t1t2t4 — Mt0t1t2t4N
Mt0t1t2t5 — Mt()tltg,N
Mtotltztﬁ — MtotltgtﬁN
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Table 3.2: Orbits of Maa(b)

NwN  Orbits Potentially New DCs Destination
Mt0t1t4N {0}, {1}, {2}, {3}, Mt0t1t4t0 — Mt0t1t4t2N
{4}, {5}, {6} Mt0t1t4t1 — Mt0t3t4N
Mt0t1t4t2 — Mt0t1t4t2N
Mtotitats — Mtotitote N
Mt0t1t4t4 — Mtoth
Mtotitats — Mtotitats N
Mt0t1t4t6 — MtotthN
Mt0t1t5N {O}, {1}, {2}, {3}, Mt0t1t5t0 — Mt0t1t4t2N
{4}, {5}, {6} Mtotitst, — Mtot1ts N
Mt0t1t5t2 — MtotthN
Mt0t1t5t3 — Mt0t1t2t4N
Mt0t1t5t4 — Mt0t1t4t5N
Mt0t1t5t5 — Mt()th
Mtotltg,tﬁ — Mtotltg,tﬁN
Mtotlt(;N {0}, {1}, {2}, {3}, Mtotltﬁto — MtotthtGN
{4}, {5}, {6} Mtotlthl — Mt()tltﬁN
Mtotltﬁtg — MtotltgtﬁN
Mtotltﬁtg — Mt0t1t2t4N
Mt0t1t6t4 — Mt0t3t4N
Mtotlt(jtg, — Mt0t1t6t5N
Mtotltﬁtg — Mtoth
MtotthN {0}, {1}, {2}, {3}, Mtotgtzto — Nt0t1t2t6N
{4}, {5}, {6} Mtotgtgtl — Mtotltzth
Mtotgtgtg — Mtoth
Mtotgtgtg — MtotgtﬁN
Mtytstoty — Mtotsts N
Mt0t3t2t5 — Mt0t1t2t4N
Mtytstote — Mtotitots N
Mtotsty N {0}, {1}, {2}, {3}, Mtotstaty — Mtotitoty N
{4}, {5}, {6} Mt0t3t4t1 — Mt0t1t4t2N
Mtytststy — Mtotitg N
Mt0t3t4t3 — Mt0t1t4N
Mt0t3t4t4 — Mt()th
Mt0t3t4t5 — Mt0t1t6t5N
Mt0t3t4t6 — Mtotltgth
Mt0t3t5N {0}, {1}, {2}, {3}, Mt0t3t5t0 — Mt0t1t2t4N
{4}, {5}, {6} Mt0t3t5t1 — MtotthtGN
Mt0t3t5t2 — Mt0t1t4t2N
Mtotgtg,tg — Mtotgtg,N
Mt0t3t5t4 — Mt0t3t4t5N
Mt0t3t5t5 — Mtoth
Mt0t3t5t6 — MtotthN




Table 3.3: Orbits of Maa(c)

MwN  Orbits Potentially New DCs Destination
MtotgtﬁN {0}, {1}, {2}, {3}, Mt()tgtﬁt() — Mtotltgth
{4}, {5}, {6} Mtotgt()'tl — Mt0t1t4t2N
Mt0t3t6t2 — Mtotltgth
Mt()tgtﬁtg — Mtotgth
Mt0t3t6t4 — Mt0t1t5t6N
Migtstets — Mtot1t4 N
Mtotstgte — MtotsN
Mtotthth {0}, {1}, {2}, {3}, Mtotltgtgto — Mtotgth
{4}, {5}, {6} Mtotitotst; — Mtotstg N
Mt0t1t2t3t2 — MtotthN
Mt0t1t2t3t3 — MtotthN
Mt0t1t2t3t4 — MtotltztﬁN
Mt0t1t2t3t5 — MtotgtﬁN
Mtotltgtgt() — Mtotlth
Mt0t1t2t4N {0}, {1}, {2}, {3}, Mt0t1t2t4t0 — Mt0t3t4N
{4}, {5}, {6} Mt0t1t2t4t1 — MtotltGN
Mt0t1t2t4t2 — Mt0t1t2t4N
Mt0t1t2t4t3 — Mt()t?,tQN
Mt0t1t2t4t4 — MtotthN
Mt0t1t2t4t5 — Mt0t1t5N
Mt0t1t2t4t6 — Mt0t3t5N
MtotthtGN {0}, {1}, {2}, {3}, Mtotltgtgto — MtotltﬁN
{4}, {5}, {6} Mtotltgtﬁtl — MtotltﬁN
Mtotltgtgtg — Mtotltgth
Mtotltgtﬁtg — Mt0t1t4N
Mt0t1t2t6t4 — Mt0t3t5N
Mt0t1t2t6t5 — Mtotgth
Miogtitotgte — Mtotito N
Mt0t1t4t2N {0}, {1}, {2}, {3}, Mt0t1t4t2to — Mt0t1t5N
{4}, {5}, {6} Mt0t1t4t2t1 — MtotgtﬁN
Mitogtitatoty — Mtot1t4 N
Mt0t1t4t2t3 — Mt0t3t5N
Mt0t1t4t2t4 — Mt0t1t4t2N
Mtotitatots — Mtot1ts N
Mt0t1t4t2t6 — Mt0t3t4N
Mt0t1t4t5N {0}, {1}, {2}, {3}, Mt0t1t4t5t0 — Mt0t1t5N
{4}, {5}, {6} Mt0t1t4t5t1 — Mt0t1t4N
Mt0t1t4t5t2 — Mtotltg,N
Mt0t1t47f5t3 — Mt0t1t4N
Mt0t1t4t5t4 — Mt0t1t4t5N
Mt0t1t4t5t5 — Mt0t1t4N
Mt0t1t4t5t6 — Mt0t1t5N




Table 3.4: Orbits of Mag(d)

NwN  Orbits Potentially New DCs Destination
Mt0t1t5t6N {0}, {1}, {2}, {3}, Mt0t1t5t6t0 — MtotgtﬁN
{4}, {5}, {6} Mtotitstgts — Mtot1ts N
Mt0t1t5t6t2 — MtotthN
Mt0t1t5t6t3 — MtotthN
Mtotitstets — Mtotits N
Mt0t1t5t6t5 — Mt0t1t6t5N
Mt0t1t57f6t6 — Mtotltg)N
Mtotitgts N {0}, {1}, {2}, {3}, Mtotitgtsto — Mtotsty N
{4}, {5}, {6} Mt0t1t6t5t1 — Mt0t3t4N
Mt0t1t6t5t2 — MtotltﬁN
Mt0t1t6t5t3 — Mt0t3t4N
Mt0t1t6t5t4 — MtotltﬁN
Mt0t1t6t5t5 — MtotltﬁN
Mt0t1t6t5t6 — Mt0t1t5t6N
Mt0t3t4t5N {O}, {1}, {2}, {3}, Mt0t1t2t4t0 — Mtotgtg,
{4}, {5}, {6} Mt0t1t2t4t1 — Mt0t3t4N
Mt0t1t2t4t2 — Mt0t3t5N
Mt0t1t2t4t3 — Mt0t3t4N
Mitgtitotsty — Mtotststs N
Mt0t1t2t4t5 — Mt0t3t5N
Mt0t1t2t4t6 — Mt0t3t5N
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3.2.1 Partial Proof of My, by Iwasawa’s Lemma

We let X = {Nw} be the set of single cosets of G over N. We will use

Iwasawa’s Lemma and the transitive action of G on X to prove G is a simple group. If

we can show that G is faithful, G acts primitively on X, G = G’, and that there exists

a normal, abelian subgroup of G such that < K¢ >= G, we will have shown that G is

a non-abelian simple group of order 443520.

(i)

(i)

G acts faithfully on X

Since X is a transitive G-set of degree 21120, we have:

G| = 21120/G1],

where (1 is the one point stabiliser of the single coset N. However, N is stabilised
by only elements of N. Therefore G; = N and |Gi| = |N| = 21. So we have
|G| > 21 x 21120 = 443520. It is then evident that |G| = 443520. If |G| > 443520,
X would not be faithful.

The group G acts primitively on X

Every group constructed by a Cayley graph is transitive. Since G is transitive, we
can assume N € B. However, |B| must divide | X| =330 =2 x 3 x 5 x 11. So the
order of any nontrivial block must be of order 2, 3, 5, 6, 10, 11, 15, 22, 30, 33, 55,
66, or 110.

Let us first exclude a few of these choices. By speculation of our Cayley graph,
there is one double coset with 1 double coset, five double cosets with 7 single
cosets, and the rest of the double cosets have 21 single cosets. This eliminates the
possibilities of obtaining a nontrivial block of size 2, 3, 5, 6, 10, 11, 30, 33, 55, 66,
and 110.

We must then determine if there are any nontrivial blocks of size 15 or 22.

Since a block of size 15 must have the double coset M and two double cosets with
7 single cosets, we will look at the various cases. The double cosets with 7 single

cosets are [0], [0145], [0156], [0165], and [0345].
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First consider a block containing N and Ntg. Then B > {M, Mty, Mty,... Mtg}.
But Bty = {Mto, Mtoty, Mtrtg, ... Mtgto} = {Mto, M, Mtito,... Mtgto}. But
this would imply MtgtiN € B, since Mtyt; € B and double cosets are either
disjoint or contained in B. But Mtyt; N has 21 single cosets, and we already said
there are no potential blocks that contain a double coset with 21 single cosets.

Therefore there MtgN cannot be contained in a nontrivial block.

Next we consider a block with Mtgt1tsts N. Then B > {M, Mtotitsts,...}. But
Bty > {Mty, Mtotitytsty, ... }. But we have 0145 ~ 01454, therefore Mtotitatsty =
Mtotitats. So MtgN € B since Mty € MtyoN. Therefore a block with Mtgt1tats N
is trivial.

Next we consider a block with Mtotststs N. Then B > {M, Ntotststs,...}. But
Bty > {Mty, Mtotstytsty, ... }. But we have 0345 ~ 03454, therefore Mtotstatsty =
Mtgtstats. So MtgN € B since Mty € MtyN. Therefore a block with Mtgtststs N
is trivial.

So a block of size 15 must have [*], [0156], and [0165]. So we have

B = {M, Mtotitstg, ..., Mtotitets, ... }.

Consider Bt5 = {Mtg), Mt0t1t5t6t5, PN ,Mt0t1t6t5t5, PN } But we have 01565 ~
0165. So we see MtgN € B, since Mt; € MtyN and Mty € B. So this block is

trivial.
Therefore there are no nontrivial blocks of size 15.
We will now determine if there are any blocks of size 22.

As we seen before, there are no nontrivial blocks that include any double cosets
with 7 single cosets. So the only nontrivial blocks of size 22 must be formed
utilizing only one double coset with 21 single cosets and N. We will check [01],
[03], [012], [014], [015], [016], [032], [034], [035], [036], [0123], [0124], [0126], and
[0142] individually joined with [*]. If we find that there are any extra cosets in B,
the block will be trivial.

If B={M, Mtoty,...}, consider Bty = {Mty, Mtytitg,...}. But 010 ~ 01. Then
Bty = {Mty, Mtot1,...}. So MtyN € B, since Mty € MtyN and Mty € B. So
this block is trivial.



91

If B= {M, Mt()tg, . }, consider Btg = {Mto, Mtotgt(), e } But 030 ~ 03. Then
Bty = {Mty, Mtgts,...}. So MtyN € B, since Mty € MtyN and Mty € B. So
this block is trivial.

If B= {M, Mtotltg, NN }, consider Btl = {Mtl, Mtotltgtl, e } But 0121 ~ 012.
Then Bt) = {Mty, Mtotita,...}. So MtyN € B, since Mt; € MtoN and Mt; €
B. So this block is trivial.

If B={M, Mtotity,...}, consider Btits = {Mtits, Mtotitstits,...}. But 0141 ~
034. So we have Btits = {Mtyts, Mtotststs,...}. But 0343 ~ 014. So we have
Btits = {Mtits, Mtotity,...}. So MtotyN € B, since Mtits € Mtot; N and
Mtqtz € B. So this block is trivial.

If B= {M, Mt0t1t5, ce }, consider Btl = {Mtl, Mt0t1t5t1, ce } But 0151 ~ 015.
So we have Bty = {Mty, Mtotits,...}. So MtgN € B, since Mt; € MtyN and
Mty € B. So this block is trivial.

If B= {M, Mtotlt(;, e }, consider Btl == {Mtl, Mtotltﬁtl, PN } But 0161 ~ 016.
So we have Bty = {Mt, Mtotits,...}. So MtgN € B, since Mt; € MtoN and
Mty € B. So this block is trivial.

If B={M, Mtgtsta, ...}, consider Byt = {Mtats, Ntotstatste,...}. But 0324 ~
035. So we have Btytg = {Mtyts, Ntotststs,...}. But 0356 ~ 032. So we have
Btytg = {Mtyts, Mtotsta,...}. So Mtot1N € B, since Mtatg € Mtot; N and
Mtytg € B. So this block is trivial.

If B={M, Mtgtsty,...}, consider Btgt; = {Mtst1, Ntotstststy,...}. But 0343 ~
014. So we have Btst; = {Mtst1, Ntotitats,...}. But 0146 ~ 034. So we have
Btst; = {Mtsty, Mtotsts,...}. So MtotsN € B, since Mtst; € MtytsN and
Mtst; € B. So this block is trivial.

If B= {M, Mtot3t5, . }, consider Btg = {Mtg, Mt0t3t5t3, NP } But 0353 ~ 035.
So we have Bts = {Mts, Mtotsts,...}. So MtgN € B, since Ntg € MtyN and
Mts € B. So this block is trivial.

If B= {M, Mtptstg, . . . }, consider Btstg = {Mt5t6, Mtytstgtste, - - - } But 0365 ~
014. So we have Btstg = {Mtstg, Mtotitats,...}. But 0146 ~ 034. So we have
Btstg = {Mt5t6,Mt0t3t4,...}. So Mtot1N € B, since Mtstg € Mtot1 N and
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Mtstg € B. So this block is trivial.

If B = {M, Mtotitots, ...}, consider Btyts = {Mtats, Mtotitatststs, ...} . But
01234 ~ 0126. So we have Btsts = {Mtyto, Mtotitatets,. .. }. But 01262 ~ 0123.
So we have Btyty = {Mtato, Mtotitats,...}. So Mtyt;N € B, since Mtstg €
Mtot1 N and Mtyto € B. So this block is trivial.

If B= {M, Mt0t1t2t4, e }, consider Btz = {Mtg, Mt0t1t2t4t2, ‘e } But 01242 ~
0124. So we have Bty = {Mtz, Mtotitoty,. .. } So MtyN € B, since Mty € MtyN
and Mty € B. So this block is trivial.

If B = {M, Mtotitots, ...}, consider Btoty = {Mtaty, Mtotitatstaty,...}. But
01262 ~ 0123. So we have Btaty = {Mtaty, Mtotitatsty,...}. But 01234 ~ 0126.
So we have Btaoty = {Mtats, Mtotitats,...}. So MtotsN € B, since Mtoty €
Mtots N and Mtoty € B. So this block is trivial.

If B= {M, Mtotqtato, . .. }, consider Bty = {Mtg, Mtotitatoty,. .. } But 01424 ~
0142. So we have Bty = {Mta, Mtotitata,...}. So MtoyN € B, since Mty € MtoN
and Mty € B. So this block is trivial.

Thus G acts primitively on X since there are no nontrivial blocks.
The group G is perfect
We should begin by showing that G =< x,y, to, t1,...,t¢ >=< to,t1,...,t6 >.

Consider the relations:

totstats = (0, 3, 2)(1, 4, G)tgtﬁtl, where a = (0, 3, 2)(1, 4, 6)

t0t3t2t4t1t6t3 =a
tot1ts = (0,3,1)(2,5,4)t1tg, where a= b~ = (0,3,1)(2,5,4) totitstot; = a 1o~ 1.

But as we seen before, a is generated by t;’s, so b is also generated by ¢;’s.
Hence G =< N, tg,t1,...,tg >=<tgo,t1,...,tc >.

We must now show that G = G’. Since N < M < G, the derived group of N € G’.
The derived group of N =< b >.
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As we have done before, we find a relation that has only b and some ¢;’s in it.
We then isolate b by putting all the t;’s on the other side of the equation. This
helps us see that this product of ;’s is in N’. From here, we try to show that this
product of ¢;’s is actually a product of commutators and one single ;. If we can
accomplish this, we have that a single t; € N’ < G’. From here, it is easy to see
that G =< to,t1,...,ts >= G'.

For instance, we have the relation totstats = bltatotats. So b* = totstatstitatots.

But b* € N/, so totstatstitatots € N' < G'.
Due to time constraints, there is no proof to show G = G’.

(iv) The point stabiliser of N of G contains a normal abelian subgroup K whose con-
jugates generate GG

We know a normal abelian subgroup of M is also a normal abelian subgroup of
G. In this case, K = 23 < [23 : L(3,2)] = M, where the elements that generate
K =23 =< K,, K, K, > are given by:

K, = (2, 3, 4)(5, 7, 6)t4t2t4t2t1t4t2t4t2t4t1t3t2t3t1t2t3t2t1t3
Ky = (2, 3, 4)(5, 7, 6)t2t3t2t3t1t2t3t2t3t2t1t3t4t3t4t1t3t4t3t4t3t1t4

K. = (1,7,3)(2,5, 4)tstotstotststotstotstetot tat ttatitat tat tets.

To solve this, we want to show that an element in K can be conjugated by elements

from G to generate a single t;.

Due to time constraints, there is no proof to show K¢ = G.
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Chapter 4

Isomorphism Types of Some

Groups

4.1 MH X 54

We begin with the infinite progenitor 2*8 : (2°S,) and factor by suitable rela-

tions to give us G:

3 .2

G =< v,w,x,y, 2z, tl2, w22 = 2,42 = z, 22
EERad B Bt b g bl ) ) bl

2 w v

s at =y, =yzyt =

Yy = ay, Yt =yz, 20 = 2,2Y = 2,2 = 2,29 = 2,12, (t,v), (t,wyil) >,

,wl = w

To make this group progenitor finite, we factor it by suitable relations. The fi-

nite group we will investigate is G =< v, w,z,y, 2, tv?, w3, 22 = 2,9> = 2,2

2 v woo__ v W T v w o __ T —
w 71. - y,(l? - yZ,y - wvy - x%y - y%z - Z,Z - sz - Z7zy -

2,12 (t,0), (t,wy ™), (xt)8, (zw= )8, (2t)3 >. By the Jordan-Holder Theorem, we know

27wv —

that every finite group can be factored into simple groups. We can then examine the
isomorphism type of our group G.

When determining the isomorphism type, there are different extension types
of the groups which have simple factors. If N is normal in G and H is isomorphic to
G/N, we say that G is an extension of N by H.

When examining the composition factors of G, we find G consists of one M
group, followed by one Cy group, a C'5 group, and two Cy groups. We must now deter-
mine the extension problems associated with these simple groups. We first determine

that our group has no central element. When observing the minimal normal subgroups



95

of G, we find that there is a normal subgroup of order 24 and another of order 7920.
Furthermore, the order of G = 190080 = 7920 x 24. We should then check if our group
is a direct product of both these normal subgroups.

The normal subgroup of order 24 has an abelian subgroup of order 4. After
a quick computerized check, we find that this subgroup of order 24 is Sy. The normal
subgroup of order 7920 is the sporadic Mathieu Group 11 simple group Mi;. After
observing the normal lattice of G, Sy is denoted by NL[4] and Mj; is denoted by
NL[5].

After a computerized check, we find that G is a direct product between N L[4]
and NL[5]. Hence G = Mj; x Sy.

A presentation for Sy is < a, bla*, v?, (ab)3 >.

A presentation for M is < ¢2,d*, d ted 2ed2cd?cd?cd®ed 1,
cdededYed Y eded ™ ed?eded™!, cd~2cdteded ™ 2cd L eded?cd L ed, (cd= 1)1 >.

In a direct product, the generators of Sy and Mi; will commute with one
another, hence the presentation for this group can be given by the following;:

G = My x 84 =< a,b,c,dla*,b?, (ab)?,c?, d*, d ted 2cd 2 cd?cd?cd®ed ™,
cdeded red teded Y ed?cded™!, cd=2cd eded ™ 2cd eded?cdted, (ed— 1),
(a,c), (a,d), (b, c), (b,d) >.

4.2 73* : D1 : (Zy X Zy)]

We begin with the infinite progenitor G = 2*6 : Djy, given by the follow-
ing presentation: G =< z,y|z3, 42, (zy)? >. To make this infinite progenitor finite,
we can factor it by suitable relations. The finite group we will investigate is G =<
z,y, tad, y2, (xy)?, 2, (¢, y), (2t)8, (ztt®)?, (zyt®t)8, (ttzt)® >. By the Jordan-Hélder The-
orem, we know that every finite group can be factored into simple groups. We can then
examine the isomorphism type of our group G.

We will use the normal lattice, denoted N L, to help work with the composition
factors of G. We find G consists of ten simple groups; nine C5 groups and one C3 group.
Furthermore, we have the composition series G D G1 D Go D G3 D G4 D G50 Gg D G7D
GsD GgD 1, where G = (G/G1)(G1/G2) -+ (Gg/1) = CaC3C2CCoCC5C5C2Cy. We
must determine the extension problems associated with G. We first find that |Z(G)| = 2,
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and this centre is equal to Gg/1. So we have a central extension of order 2 and can
factor GG by this centre. After factoring by the centre of GG, we obtain a remainder which
we denote as A. So we have G = 2°7 A, where a question mark represents the unknown
extension. However, there is no normal subgroup of G that is a direct product with Gy
to equal GG. Hence, our central extension is a semi-direct product with the quotient A
and we obtain G = 2° : A.

In a similar fashion to before, we have a composition series of A, which is A
DA D DAgD 1, where A= (A/A1)(A1/As) - (Ag/1) = C3C3C2CCoCoC5C5Cs.
We then find | Z(A)| = 2 and this centre is equal to Ag/1. After factoring A by the centre,
we obtain a remainder which we denote as B. As of now, we have G = 2°72° : B, where
a question mark represents the unknown extension. There is also is no normal subgroup
of A which is a direct product with Ag to equal A. Hence we obtain G = 2°® : 2° : B.

The composition series of B is B D B1D ---D By superset 1, where B =
(B/B1)(B1/Bs) - (B7/1) = CoC5CC3C5C2CCs. We find that |Z(B)| = 2 and this
centre is equal to By/1. After factoring B by the centre, we obtain a remainder which
we denote as Q). As of now, we have G = 2°72° : 2° : (), , where a question mark
represents the unknown extension. There is no normal subgroup of B which is a direct
product with By which gives us B. So we now have G = 2° x 2°: 2°: Q).

However, we should note that (G7/G8)(Gs/Gg)(Gy/1) is abelian. This implies
that our three centres can be written as Zg. So our extension is really G = Zg*Q.

We will first determine the isomorphism type of ) before we investigate the
central element Zg. The composition series of Q is Q@ D Q1 D -+ D Qg DO 1, where
Q= (Q/Q1)(Q1/Q2) - (Qs/1) = CaC3CC2C2C2Cy. We find that |Z(Q)] = 1, so Q
does not have a central extension. Since the minimal normal subgroup of @ is of order
4 and there is a normal subgroup of order 16, we should check if
(Q3/Q4)(Q4/Q5)(Q5/Q6)(RQs/1) = CaC2C2CY4 is a direct product of two groups of order
4. This is indeed the case, so we obtain Q3 = Z4 X Zy.

We continue to the next level of our composition series and find Cy = (Q2/Q3) =
Q2/(Z4 x Zy), which implies Q2 = C37(4 x 4), where a question mark represents the un-
known extension. However, we know that there are no normal subgroups of @) of order
2, so this extension must be a semi-direct product. So we now have Qo = Cs : (Z4 X Z4).

We continue to C3 = Q1/Q2 = Q1/[C2 : (Z4 x Zy)]. So Q1 = C3?[Cs :
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(Z4 x Z4)], where a question mark represents the unknown extension. Since ) does
not have a normal subgroup of order 3, we know this extension must be a semi-direct
product. So Q1 = C3: [Ca: (Zy X Z4)].

Finally, we arrive at Cy = Q/Q1 = Q/[Cs : Cy : Zy x Z4)]. So Q = C37[Cs :
Cy : (Z4 x Zy)], where a question mark represents the unknown extension. But, as
before, ) has no normal subgroup of order 2, so this extension is a semi-direct product.
So we obtain Q = [Cy : C3 : Cy : (Zy X Zy)].

The presentation for Q is given by < i, 7, k,1,mli*, j* k2,13,m?, (i,5),i* =
it =i =gt =i TR = ki = T =g R = kI = >

Now consider Cy : C3 : (5. Our presentation of this semi direct product is

b= a,a¢ = a,b® = b~ >. However,

given by G < a,b,c >:= Group < a,b, c|a’,b?,c%,a
this presentation is that of the Dihedral Group 12, D15. Thus, we can rewrite the presen-
tation of D12 =2 Cy : C3: Cy as G < a,b >:= Group < a,bla®,b?, (ab)? >. So we obtain
Q = Dyg: (Zy x Zy) =< 4, k, 1 >:= Group < j,k, 1|75, k2,12, (5k)2, (G1)®, (k1)?, (jki)3 >.
Now G is a mixed extension of the cyclic group Zg by Q). The usual treatment
of this is as follows. Our group G has a normal subgroup Zg and a quotient group Q.
Regard @ as the group of the cosets of G. Pick a ”factor set”: a representative from
each coset, with the one from the identity of the quotient group being the identity of
G. Then find a map from Q) x @ to Zg such that the factor set is ”compatible”, i.e.
everything fits together correctly. We accomplish this by inserting the MAGMA code

below.

Let T:=Transversal (G1,NL[6]);

T2:=T[2];
T3:=T[3];
T4:=T[4];

D:=T2+«T3*xT4;

We note that |D| = 6 and [ND| = 3. Thus ND3 = N. So D? € N and
we readily found that D? = a3, where a is a generator of Zg. Also, the action of the
generators of () (as automorphisms of Zg) on a needs to be determined. We insert
an element i of order 8 and determine how j,k, and [ act on ¢ . We then determine
that #/ = 47!, i* = 4, and 4! = i~!. The presentation of G = Zg* : [D12 : (Z4 x Z4)]
is G < i,j,k,1 >= Group < 1,7, k,1]i% 55 k2,12, (jk)%, (51)8, (K1), (jki)® = i3,¢ =

ik =il =i >,
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Chapter 5

Methods of Finding Progenitors

5.1 Common Finite Groups

Consider the group N = Djo, or Dihedral Group 12 of the form D, with
n = 12. The permutation representation of Dis on the minimal number of generators
is given by X = (1,2,3,4,5,6) and Y = (1,5)(2,4). The presentation for any dihedral
group is of the form D,, =< =, y|x%,y2, (zy)? >. We then wish to introduce an element
t to N to create our infinite progenitor.

The elements of D15 are given by:

Dyo ={Id(N),(1,5,3)(2,6,4),(1,2)(3,6)(4,5),(1,2,3,4,5,6), (1,5)(2,4), (1,3)(4,6),
(1,6,5,4,3,2),(1,4)(2,3)(5,6), (1,6)(2,5)(3,4), (1,3,5)(2,4,6), (1,4)(2,5)(3,6),
(2,6)(3,5)}.

We let t ~ tg. It is then clear that only Y = (1,5)(2,4) fixes ¢t pointwise. When
constructing a progenitor, you must label which elements of N commute with your ¢.
By saying t and y commute with one another, we are saying that ty = yt. We can use
a shorthand notation in our presentation and insert (¢,y) to imply ¢ commutes with y.
We will allow our progenitor to have t;’s over order 2. Hence our infinite progenitor is

given by the following:
2*6 : D12 =< x,Y, t‘$6) y2) ($y)2, t27 (tu y) >.

Elements of this progenitor are simply a product of a, b, t1, t2, ..., tg. As

of now, we know the order of each ¢; is 2, but we are unable to collapse multiple ¢;’s
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multiplied together. If we can find suitable relations that are able to breakdown the
product of multiple ¢;’s, we can obtain finite homomorphic images of our progenitor
26 . Dys.

One should first start by determining all possible first ordered relations. These
relations appear as relations with an element of N multiplied by a single ¢;. Adjusting
the order of this first ordered relation will yield different groups. Let us first start by
listing some of these first ordered relations:

(2t)!, (@27, (2P, (z*t)!, (5™, (yt)", (zyt)°, (aPyt)P, (aPyt)?, (z*yt)", (zPyt)*.

We will omit multiplying ¢;’s by the identity because there will be a trivial
solution each time. Notice above, we have only calculated first ordered relations that
have t = tg as our t;. Therefore, we should also have 11 x 5 more relations to list
utilizing the other ¢;’s. Most of these relations will actually be repeats of one another
because they are in the same class or have t;’s in the same orbit of one another.

By entering the Classes(NN); command, MAGMA determines the different
conjugacy classes of D1o. For instance, [2] has length 1, which implies there is only one
representative in class [2]. In [3], there are 3 representatives of order two that fall under

the same conjugacy class. In every level, a representative is given.

> Classes (N) ;
Conjugacy Classes of group N

[1] Order 1 Length 1
Rep Id(N)
[2] Order 2 Length 1

Rep (1, 4) (2, 5) (3, 6)

[3] Order 2 Length 3
Rep (1, 5) (2, 4)

[4] Order 2 Length 3
Rep (1, 6) (2, 5) (3, 4)

[5] Order 3 Length 2
Rep (1, 3, 5) (2, 4, 6)

[6] Order © Length 2
Rep (1, 2, 3, 4, 5, 6)
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So this implies that of the 12 elements of D2, half of the elements are repeats.

Because this group is so small in size, it is very easy to determine which element of D19

is terms of our generators x and y. In larger progenitors, we will use the Schreier system

cide in MAGMA to determine what these permutations are in terms of our generators

of N. We then determine the centralizers of each class representative to find which ¢;’s

are in the same orbit. In doing this, we are narrowing down the number of relations

even further. For instance, in [2] we can take the representative (1,4)(2,5)(3,6) and

multiply it to any of our 6 t;’s. We would like to write our relations as (wt;)*, for some

w € N and for some k£ € N. However, we will find that if we take the centralizer of

a class representative, t;’s that are in the same orbits will actually be repeats of one

another.

—

— VvV VvV VvV = — VvV VvV Vv = — VvV VvV Vv =

vV V V —

C2:=Centraliser (N,N! (1,

Orbits (C2);

GSet{@ 1, 2, 5,

3,

4,

C3:=Centraliser (N,N! (1,

Orbits (C3);

GSet{@ 3, 6 @},
Gset{@ 1, 5, 4,

2

@}

C4:=Centraliser (N,N! (1,

Orbits (C4);

GSet{@ 2, 5 @}I
GSet{@ 1, 6, 4,

3

@}

C5:=Centraliser (N,N! (1,

Orbits (C5) ;

GSet{@ 1, 3, 4,

S

6,

C6:=Centraliser (N,N! (1,

Orbits (C6) ;

5) (3,
4));
5) (3,
(2, 4,
4, 5,

6));
4));
6));
6));
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GSet{@ 1, 2, 3, 4, 5, 6 @}

Table 5.1: Conjugacy Classes of Dio
Class Class Representative # of Elements Orbits

Ci e 1 {1,2,3,4,5,6}
Cy 2% =(1,4)(2,5)(3,6) 1 {1,2,3,4,5,6}
Cs y=(1,5)(2,4) 3 {1,2,4,5}, {3,6}
Cy yx=(1,6)(2,5)(3,4) 3 {1,3,4,6}, {2,5}
Cy x?=(1,3,5)(2,4,6) 2 {1,2,3,4,5,6}
Cy z=(1,2,3,4,5,6) 2 {1,2,3,4,5,6}

Since 23 = (1,4)(2,5)(3,6), the first ordered relation (x3ty)* will be the one
distinct relation we should use for Cy. Using (23t9)¥ and (23t1)* will be redundant.

So we continue this pattern by taking a representative from a class and multi-
plying it by each by a ¢; in each orbit, and we obtain all first ordered relations Djs.

(@3t)7, (yt)?, (yt)F, (yat)', (yat™ )™, (@), (wt)°.

So we factor 2*¢ : D1y by the first ordered relations and a few other relations
and obtain:
G < a,y,t[2% % (zy)%, 82, (t, ), (@®t)7, (yat)?, (ywot™ )R, (221)!, ()™, (xtt™)", (2yt™t)° >.

A table is provided below to show some of the homomorphic images found.

Table 5.2: Dq9 Progenitor Table

D12 Progenitor Table
i j k 1 m [n |o Order of G | Shape of G
3 5 0 0 7 0 0 5040 S7
0 0 0 0 5 3 0 1320 L(2,11) x 2
3 0 6 10 | 5 0 0 249600 [2:U(3,4)] x2
3 0 0 0 0 3 0 6552 L(2,13) x S5
3 0 0 4 0 0 0 720 Ss x S3
0 0 0 0 0 7 3 2184 PGL(2,13)
3 6 0 0 7 0 0 241920 L(3,4):(2x Ss3)

This is the conventional way of finding progenitors. Most of the small groups
and simple groups have been investigated thoroughly already. We must then find pro-

genitors that have not been worked on by other means. Fortunately, as long as we
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can create presentation of a group, we are able to use MAGMA to find a permutation

representation of that group on a minimal number of involutions.

5.2 Group Extension Progenitors

Consider the group S3 x S3. With our knowledge of group presentations and
direct products, a presentation for this group should be two images of S3 such that their

generators commute with one another. Our presentation is given by:
G =< a,b,c,dla®,b%, (ab)?, c3,d?, (cd)?, (a,c), (a,d), (b,c), (b,d) >.

Now we must find a permutation representation of this group so we can form
a progenitor. We can use a few MAGMA commands to form this permutation repre-
sentation.
f,G1,k:=CosetAction(G,sub< G|Id(G) >); Creates an image of G.
SL:=Subgroups(G1); Finds all subgroups of G.
T:=X‘subgroup:X in SL; Gathers all subgroups found in SL.
TrivCore:= H:H in T|#Core(G1,H) eq 1; Determines faithful permutation representa-
tions of G.
mdeg:=Min(Index(G1,H):H in TrivCore); Gives permutation representations with the
least number of letters.
Good:=H:H in TrivCore— Index(G1,H) eq mdeg; Determines how many faithful per-
mutation representations have a minimal number of letters.
H := Rep(Good); Picks a representative from Good.
f,G1,K := CosetAction(G1,H); Creates a permutation representation of the chosen rep-

resentative from Good.

>G<a,b,c,d>:=Group<a,b,c,dla"3,b"2, (ab) "2,c¢"3,d"2, (cd) "2, (a,c),
(a,d), (b,c), (b,d)>;

>f,Gl,k:=CosetAction (G, sub<G| Id( G )>));

>SL:=Subgroups (Gl) ;

>T:={X‘'subgroup: X in SL};
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>TrivCore:={ H : H in T | \#Core(Gl,H) eq 1};
>mdeg:=Min ({Index (Gl,H) :H in TrivCore});

>Good:={H: H in TrivCore $|$ Index(Gl,H) eg mdeg};
>H:=Rep (Good) ;

>f,Gl,K:=CosetAction (Gl,H);

>G1l;

Permutation group Gl acting on a set of cardinality 6

Order = 36 = 272 * 372

So we label a = (1,2,4)(3,6,5), b = (1,3)(2,5)(4,6), c = (1,4,2)(3,6,5), and
d=(1,3)(2,6)(4,5).

Since we have a permutation representation of our G, we must now introduce
a new element, ¢, to form our progenitor. Letting our t ~ tg, we can use the MAGMA
command Stabiliser(N,6) to find which elements of N fix t.

We find NO:=Stabiliser(N,6) =< (1,2,4),(2,4)(3,5) >. Since it is not obvi-
ous which elements (1,2,4) and (2,4)(3,5) are, we can utilize the Schreier System in
MAGMA. The Schreier System allows us to insert generators of a group and receieve
what that permutation is terms of the generators you inserted. Since we have a, b, ¢,
and d as our generators, we give the MAGMA output of what each permutation is in
terms of these generators.

>S:=Sym(6) ;
>A:=S! (1, 2, 4)(3, 6, 5);
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>B:=S! (1, 3)(2, 5) (4, 6);

>C:=S! (1, 4, 2)(3, 6, 5);

>D:=S! (1, 3) (2, 6) (4, 5);

>N:=sub<S|A,B,C,D>;

>NN:=G<a, b, c,d>:=Group<a,b,c,d|a"3,b 2, (axb) "2,c"3,d"2, (cxd) "2,
>(a,c), (a,d), (b,c), (b,d)>;

>

>Sch:=SchreierSystem (NN, sub<NN|Id (NN)>);

>ArrayP:=[Id(N): i in [1..3611];

>for i in [2..36] do

>P:=[Id(N): 1 in

[1

>for j in [1..#Sch[i]] do

>1if Eltseq(Sch([i]) [j] eg 1 then P[j]l:=A; end 1if;

>if Eltseqg(Schl[i])[J] eqg -1 then P[]j]l:=A"{-1}; end if;
>if Eltseq(Sch[i])[]J] eg 2 then P[]J]:=B; end if;

>if Eltseqg(Schli])[Jj] eqg 3 then P[]J]:=C; end if;

>if Eltseqg(Sch[i]) [Jj] eqg -3 then P[]j]:=C"{-1}; end if;
>if Eltseq(Schli])[]Jj] eqg 4 then P[]]:=D; end if;

>end for;

>PP:=Id (N);

>for k in [1..#P] do

>PP:=PPxP[k]; end for;

>ArrayP[i] :=PP;

>end for;

>

>for i in [1..36] do if ArrayP[i] eqg N! (1, 2, 4)
> then print Sch[i]; end if; end for;

>cxa” -1

>for i in [1..36] do if ArrayP[i] eqg N! (2, 4) (3, 5)
> then print Sch[i]; end if; end for;

>brxaxd*c

So we obtain that (1,2,4) = ca~! and (2,4)(3,5) = badc. Our infinite progen-
itor is given by the following:
G =< a,b,c,d, tla, b?, (ab)?, c,d?, (cd)?, (a,c), (a,d), (b, c), (b, d), 12, (t,ca™t), (t, badc) >.
We must now factor our group by relations to create homomorphic images of
2*6 (S5 x S3). Utilizing some of the first ordered relations and a few seperate relations,
we will let our group be factored by the following:
G :=<a,b,c d, tla b, (ab)?, 3, d?, (cd)?, (a,c), (a,d), (b,c), (b, d), 12, (t,ca™t), (t, badc)
(a2ct)t, (bet)d, (t1°2)* = bade, (t(t€)?)! = abe=td =1, (bt)™, (cd?t®)", (at)°, (adt)P >.
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A table is provided below to show some of the homomorphic images found.

Table 5.3: S3 x S3 Progenitor Table

S5 x S3 Progenitor Table
i j k 1 m |n 0 p Order of G | Shape of G
3 1 |0 0 0 0 0 0 190080 2: Mo
3 0 4 0 16 |0 0 0 3753792 2:L(3,7)
0 0 0 0 0 0 0 0 241920 L(3,4) : D12
0 0 0 0 0 0 0 0 483840 S : L(3,4) x 22
0 0 2 0 0 0 3 0 5040 S7

5.3 MAGMA Database Progenitors

5.3.1 Some MAGMA Databases

There are databases that are accessible and stored inside MAGMA. Utilizing
these databases, we can work with groups of specific orders and have the option to pick
groups with special properties such as transitivity and primitivity.

The SmallGroupDatabase is a collection of small groups of order less than
or equal to 2000, excluding a few. In order to access groups in this database, we simply
insert D:=SmallGroupDatabase();. We can then choose a group of a specific order
to work with.

There are TransitiveGroup() and PrimitiveGroup() commands which al-
low us to choose groups with each respective property. We can ask MAGMA Num-
berOfTransitiveGroups(n) or NumberOfPrimitiveGroups(n), where n repre-
sents the number of involutions you wish to have.

For example, we ask MAGMA the following:

> NumberOfTransitiveGroups (8);

and learn that there are 50 different transitive groups generated by permuta-
tions on 8 letters. Once we determine which transitive group we wish to work with in
the database, we must label it and determine which group MAGMA has stored it as in
the SmallGroupDatabase.
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We will use N = TransitiveGroup(8,23) as an example. We input the code
below in MAGMA and receieve the following output:

> D:=SmallGroupDatabase () ;
> N:=TransitiveGroup (8,23);
> IdentifyGroup (N);

<48, 29>.

This tells us that MAGMA stores TransitiveGroup(8,23) as SmallGroup(D,48,29)
in the SmallGroupDatabase. 48 represents the number of elements in N and 29 repre-
sents the 29th group of order 48.

As of now, we have neither a permutation representation or even a presentation
of our group which we will label G. However, we can use the command FPGroup(G);
to form a presentation for G.

We use the FPGroup command in MAGMA below to determine a presentation
for G.

> FPGroup (G) ;

Finitely presented group on 5 generators
Relations
172 =

0
>
Il |
H H
Q. O
Uy U A Ay Uy Uy Ay A A Y~ 01 01~ o~
. . . . . . . . o A
- —

>

Il
vy

H
O, -

>

>

Uy

O O O W Wb

>

>
Il

>

N

> >
I
*
Ur
[6)]

>

>
* ot
r
(G2 =N

>

>

0 - »n »r Uy Uy 0 0 0 Uy Uy
OO W WO WD
-(/}-U}-U}-(/)-U}-(/)-U;-(/)-U}N[\)N(A)
WP W RN e

>

$.5°$.4 = $.5
Mapping from: GrpFP to GrpPC: G

Translating this into a presentation, we obtain the following;:

G =< a,b,c,d,ela®, b, = e,d* = e, e, b = b?,c* = d,c® = de,d* = ¢, d’ = cd,d® =

de,e®* =e,e? =e, e =e,e =€ >.
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Now that we have a presentation for GG, we are able to use the TrivCore,
mdeg, and Good commands as we had before to create a permutation representation
of G. We are then able to form a progenitor by choosing a ¢; as t in our progenitor, and
showing what elements generate the stabilising group of .

In this progenitor, we let ¢t ~ tg. Furthermore, the elements that fix ¢t are a
and bd~ L.

Utilizing some of the first ordered relations of G and a few seperate relations,
we let our group be factored by the following:

G =<a,b,c,d,e,tla®, b3 2 =e,d?> =e, e b® =0 c* =d,c® = de,d* = c,
d’ =cd,d® = de,e® = e,e? = e,e¢ = e,e? =¢,t2,(t,a), (t,bd™ 1),
(et)?, (act)?, (b=tat)*, (bet)!, (ac™1t)™, (at®)™, (ct)°, (cb™1t)P >.

A table is provided below to show some of the homomorphic images found.

Table 5.4: SmallGroup(D,48,29) = 2°S, Progenitor Table

SmallGroup(D,48,29) = 2°S, Progenitor Table
i j k 1 m |n o} p Order of G | Shape of G
3 6 0 0 0 0 0 0 33696 L(3,3): 53
3 0 0 0 0 0 6 6 190080 My1 x Sy
0 6 0 0 0 8 0 0 2016 PGL(2,7)x S
0 6 0 0 0 0 7 0 120960 L(3,4) : S3
0 0 0 4 0 0 6 0 240 2S5
3 10 |0 |8 |6 |0 |0 |0 |11232 L(3,3): 2
3 0 5 0 0 0 0 0 7920 My,

5.3.2 A Few Tables of Database Progenitors

We let our N = SmallGroup(16,8) = 2°Dy, A = (1,2,4,7)(3,5,8,6),
B =(2,5)(3,8)(6,7), C =(1,3,4,8)(2,6,7,5) and D = (1,4)(2,7)(3,8)(5,6) where
N =< A,B,C,D >. Letting t ~ tg, we factor N by the following relations:
G =<a,b,c,d,t|a®> = d,v?, ¢ = d,d* b* = be,c® = cd, ® = cd, (d, a), (d,b), (d, c), 2,
(t,bd), (bc™ )7, (ct)?, (at)®, (dt)!, (a=1bt)™, (bact)™ >.



108

Table 5.5: SmallGroup(16,8) = 2°D, Progenitor Table

SmallGroup(16,8) = 2°D, Progenitor Table
i j k 1 m | n Order of G | Shape of G
3 |3 [8 |0 [0 |O 720 Se
3 |3 12 |0 (0 |0 15600 PGL(2,25)
3 |3 13 10 |0 |0 |5616 L(3,3)
0O (4 |7 |3 |0 |6 |40320 L(3,4):2
3 [3 [14]0 [0 |0 |56448 (L(2,7))? : 2
3 |0 |7 |0 |8 |0 |336 PGL(2,7)
3 |0 10 10 |8 |0 1440 Se : 2

We let our N = TransitiveGroup(8,27) = (2x8)® : 4, A = (1,2)(3,7)(4,5,8,6),
B = (1,3)(2,5)(4,8)(6,7), C = (1,4)(2,6)(3,8)(5,7), D = (4,8)(5,6), E = (2,7)(5,6),
and F' = (1,3)(2,7)(4,8)(5,6) where N =< A,B,C,D,E,F >. Letting t ~ tg, we
factor N by the following relations:
G :=<a,b,c, d, e, f,tla® = d,b% % d% €2, f2,b% = bc,c® = ce,c® = ¢,d* = d, d* = de,
d° =df,e" =ef, e =e, e’ =e,el=e fo=[f,f'=f,f=f,["=[f = [t
(t,e), (t,bf), (t,df), (cft)?, (dct)?, (abt)*, (cta)', (bat)™, (tab)", (beet)?, (aca™'t)P >.

A table is provided below to show some of the homomorphic images found.

5.4 Progenitors of Sporadic Subgroups

Progenitors are created by introducing an element to an already existing N to
form a new group. Furthermore, that new group must have a subgroup N inside it. We
should then consider observing subgroups of sporadic groups in hopes of finding new
homomorphic images.

We first will investigate Mii’s subgroups. Mjp; has the following maximal
subgroups: Mjg, L(2,11), My : 2, S5, and 2°S,. Since symmetric and linear group
progenitors are typically studied a lot, we will work examine the maximal subgroup

Mg : 2. We will first analyze the subgroup Mg C My : 2.



Table 5.6: TransitiveGroup(8,27) = (2 x 8)® : 4) Progenitor Table

TransitiveGroup(8,27) = (2 x 8)® : 4)
i j k 1 m |n 0 p Order of G | Shape of G
3 3 9 0 0 0 0 0 4896 PGL(2,17)
3 0 0 9 0 0 0 0 6840 PGL(2,19)
3 0 0 11 |11 |0 0 0 6072 L(2,23)
3 0 0 13 110 |0 0 0 15600 PGL(2,25)
3 0 0 17 |10 | O 0 0 8160 PGL(2,16)
0 0 0 13 |0 6 ) 0 124800 U(3,4):2
3 (0 [0 [12]13]0 |0 [3 |11232 L(3,3):2
3 3 6 0 0 0 0 0 240 2° S5
3 [3 |7 [0 |0 |0 [0 |0 |33 PGL(2,7)
0 0 5) 0 0 0 0 ) 720 S
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My is saved in the MAGMA database as SmallGroup(D,72,41). Following the
methods we used before, we can find a permutation representation and a presentation
using MAGMA commands. Since we are pursuing Mii, it would be very useful to
determine if it is even possible to find it as a homomorphic image of 2*9 : My. A
presentation for My is given by:

N =< a,b,c,d,ela® = c,b> = c,c%,d3,e3,b* = be,c® = c, & = ¢, d* = de?,

d’ =e,d° =d? e = d?e?, e =d? e =%, el = e >.

Now that we have a presentation, we can find a permutation representation of
Mg by asking MAGMA. Afterwards, we can form our progenitor. Letting ¢ ~ tg, we
obtain the following infinite progenitor:

P =<a,b,c,d,e tla® =c,b> =c,c2, d3 e3,b* = be, c* = c, & =e¢,d® = de?,
d*=e,d* = d? e* = d?*e?, e’ = d2,e¢ = €%, e = e, 1, (t,e"ta), (t,abd™ ') >

Although we can begin by adding relations to this progenitor, there exists a
MAGMA program (See [Why06]) that computes all homomorphic images of all almost
simple groups. We run the code below in MAGMA.
> P<a,b,c,d,e,t>:=Group<a,b,c,d,e,t|a"2=c,b"2=c,c”2,d"3,e"3,

b a=b*c,c a=c,c b=c, dTa=d+e”2,d"b=e,d " c=d"2,e"a=d " 2xe" 2,
e’b=d"2,e"c=e"2,e"d=e,t"2, (t,e"-1xa), (t,axb*xd"-1) >;

>

> D:=AlmostSimpleGroupDatabase () ;

> for 1 in [1..#D] do

for> Gl:=GroupData (D, i) ‘permrep;
for> sg:=GroupDbata (D, 1) ‘subgens;
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for> if #sg eq 0 then

for|if> G:=sub<Gl|Gl.1,Gl.2>;

for|if> else

for|if> F:=Parent(sgl[l]);

for|if> t:=Ngens(Gl)-2;

for|if> phi:= hom<F -> Gl |

for|if> [Gl.(i4+2) : 1 in [1..t]] cat [Id(Gl) : 1 in [t+1..\
Ngens (F) 11>;

for|if> G:= sub <Gl | Gl1.1, Gl.2, [phi(s): s in sgl>;
for|if> end if;

for> if #Homomorphisms (P,G: Limit:=1) gt 0 then GroupData (\
D, 1) ‘name; end if;

for> end for;

The AlmostSimpleGroupDatabase contains groups G where S < G < Aut(S)
where S is simple. Groups of this database are those of order less than 16000000, as
well as Moy, HS, J3, McL, Sz(32), and L(6,2). The only almost simple group that we
can obtain on this progenitor is PSL(3,4). The L(3,4) progenitor is given below after
being factored by a few relations.
> G<a,b,c,d,e,t>:=Group<a,b,c,d,e,t|a"2=c,b"2=c,c”2,d"3,e"3,

b a=b*c,c”a=c,c " b=c,d "a=d*e"2,d"b=e,d " c=d"2,e"a=d " 2+xe" 2,
e"b=d"2,e"c=e"2,e"d=e,t"2, (t,e"=1%a), (t,axb*xd"-1),
(cxe”=1%t) "5, (bxt) "7, (bxdxaxt) ~7>;

>

> f,Gl,k:=CosetAction (G, sub<G|Id(G)>);
> CompositionFactors (Gl);

Since we do not see Mj; as a possible homomorphic image of My, we should
suspect Mg : 2 should not have Mj; as a homomorphic image either. This is the case.
So our next aim is to find progenitors of special subgroups of simple groups that have

the capabilities of generating those same sporadic groups.

5.5 Progenitors of Specific Sporadic Subgroups

MAGMA stores many sporadic groups which are accessible to any user. Con-

sider the Mathieu sporadic group, Mss. To load this group in MAGMA, we type:
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load m22;

and MAGMA labels our group as G. By asking MAGMA for G, it gives a
permutation representation of Mos.
We wish to find an element ¢ of order 2 and a subgroup H < G, such that

< ¢, H >= G, which implies < ¢ >= G. We can then find a faithful permutation

representation of H on n letters, where n = |cH |. Equivalently, n is the quotient of the

number elements in H and the number of elements in the centraliser of ¢ in H.

For example, let aa,bb,cc be the permutation representation of G = M. We
then take an element ¢ € G and a subgroup H =< dd, ee, ff,hh > and find ¢/ = G.
The MAGMA code below expresses this.

> S:=Sym(22);

> aa:=Ss!(, 2, 4, 8, 16, 9, 18, 13, 3, 6, 12)

(5, 10, 20, 17, 11,22, 21, 19, 15, 7, 14);

> bb:=s!(, 18, 4, 2, 6) (5, 21, 20, 10, 7) (8, 16, 13, 9, 12)
(11,19, 22, 14, 17);

> cc:=S8!(1, 18, 2, 4) (3, 15) (5, 9)(7, 16, 21, 8)

(10, 12, 20, 13) (11, 17, 22, 14);

> m22:=sub<S|aa, bb, cc>;

> G:=m22;

> c:=G! (1, 16) (3, 8) (5, 10) (6, 11) (7, 17) (9, 21)

(13, 22) (18, 20);

>

> dd:=G! (2, 17, 15, 11) (3, 19, 6, 12) (4, 21) (5, 13, 16, 8)
(7, 9, 22, 20) (14, 18);

> ee:=G! (2, 11, 20, 22) (3, 5, 13, 12) (4, 18) (6, 16, 8, 19)
(7, 15,17, 9) (14, 21);

> ff:=G! (2, 20) (3, 13) (5, 12) (6, 8) (7, 17) (9, 15)

(11, 22) (16, 19);

> hh:=G! (2, 15) (3, 6) (5, 16) (7, 22) (8, 13) (9, 20)

(11, 17) (12, 19);

> HH:=sub<G|dd, ee, £f, hh>;

21

> #Centraliser (HH, c);
3

> # (c"HH);

7

> #Conjugates (HH, c);
7

> G eqg sub<G|c "HH>;
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true

So we find that Mas is a homomorphic image of 2*7 : N, where N is a transitive
subgroup of S7 with order 21. This result lead us to the discovery of the Mss simple
group on the progenitor 2*7 : [7 : 3].
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Chapter 6

Other Notable Progenitors

Discovered

Some of the progenitors investigated yielded very few interesting homomorphic
images. However, many Mathieu Group Mjs automorphism groups and Symplectic
groups were found on these progenitors. Rather than making a table for one group

found on a specific progenitor, we will list the progenitor with relations used.

6.1 Non-Simple Mathieu Group M;; Groups

6.1.1 M12 12

Letting our progenitor be N = TransitiveGroup(8,30) = (23 : 2) :* 4 and t ~ tg,

we obtain the group below.

G<a,b,c,d,e, f,t>:=Group<a,b,c,d,e,f,t|a"2=d,b"2,
c"2=f,d"2,e"2,£f°2,b"a=b*xc,c a=cx*e, c " b=c+f,d a=d,
d"b=dxe*xf,d " c=d*f, e a=exf, e "b=e,e " c=e, e "d=¢e,

fra=f, £ b=f, £ c=f, £°d=£f, f"e=£, t°2, (t,d*f), (t,bxd),
(t*t"c) "3=bxd, (c*t*a) 6, (txax*xb) " 1l=d>;

f,Gl,k:=CosetAction (G, sub<Gla,b,c,d, e, £>);
CompositionFactors (Gl);

G

| Cyclic(2)

*

V V.V V V V V V
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| Ml2

1
> Center (G1l);
Permutation group acting on a set of cardinality 23760
Order =1

6.1.2 M12 12

Letting our progenitor be N = 3°A, and our t ~ t12, we obtain the group

below.
> G<a,b,c,d,e,t>:=Group<a,b,c,d,e,tla"2,b"2,c"2,d"2,e"3,
> (a*b) "2, (axc) "2, (b*c) "2, (bxd) "2, (c*d) "2,d*e"-1xbx*e,
> e"-l+b*xaxexa,e " -1l*xd*cxexc,t”2, (t,c), (t,a*b),
> (b*xcx*t) "0, (ext)”5, (axcxdxt) "3>;
>
> £,Gl,k:=CosetAction (G, sub<Gla,b,c,d, e>);
> CompositionFactors (Gl);
G
| Cyclic(2)
*
| M12
1

> Center (G1l);
Permutation group acting on a set of cardinality 3960
Order = 1

6.1.3 2.(M12 : 2)

Letting our N = TransitiveGroup(8,35); = 2*(2* : 22) and our t ~ tg, we
obtain the group below.

G<a,b,c,d,e, f,t>:=Group<a,b,c,d,e,f,tla"2,b"2,c"2,d°3,
e"2,f°2,b"a=b*c,c"a=c,c"b=c,d"a=d"2,d " b=d,d"c=d, e a=£f,
e"b=e,e"c=e,e"d=f, f"a=e, f"b=f, £ c=f, £ c=f, £ d=exf, £ e=f,
t"2, (t,axd), (t,axbxd*e), (axc*d"—-1*t) "5, (bxaxt) 6>;

vV V.V V V V

CompositionFactors (Gl) ;
G
Cyclic(2)

|
*
| Ml2
*
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| Cyclic(2)

1
> Center (G1l);
Permutation group acting on a set of cardinality 3960
Order = 2

6.1.4 2.(M12 . 2)

Letting our N = TransitiveGroup(12,52) = 2% : S3 and our ¢ ~ t12, we obtain
the group below.

> G<a,b,c,d,e, f,t>:=Group<a,b,c,d,e,f,tla"2,b"2,c"2,d°3,e"2,
> £72, b a=bxc,c a=c,cb=c,d"a=d"2,d"b=d,d " c=d, e a=f, e " b=¢e,
> e"c=e,e"d=f,f a=e, £ b=f, £ c=f, £ c=f, £ "d=exf, f7e=£,t" 2,
> (t,axd), (t,arxbxd*e), (axcxd"—=1xt) "5, (bxaxt) "6>;
>
> £,Gl,k:=CosetAction (G, sub<Gla,b,c,d, e, £>);
> CompositionFactors (Gl);
G
| Cyclic(2)
*
| M12
*
| Cyclic(2)
1

> Center (G1l);
Permutation group acting on a set of cardinality 3960
Order = 2

6.1.5 (2.M12> : A4

Letting our N =TransitiveGroup(8,32) = 2°(42 : 3) and our t ~ tg, we obtain
the group below.

G<a,b,c,d,e, f,t>:=Group<a,b,c,d,e,f,tla"3,b"2,c"2,d°2,
e”2,£f72, bTa=c, c"a=bxc,d"a=e,d " b=d,d " c=d*xf, e a=dxe,
e"b=exf, (a,f), (b,f), (c,f), (d,£), (e, ), t72, (t,a"-1l*xex*b),
(t,exf), (t,dxe), (b*dxcxext)”™5, (c*t*xa) 6, (c*xb*xdxt) 6>;

f,Gl,k:=CosetAction (G, sub<Gla,b,c,d,e>);
CompositionFactors (Gl);

G

| M12

vV V.V V V V V
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*
| Cyclic (3)
*
| Cyclic(2)
*
| Cyclic(2)
*
| Cyclic(2)
1

> Center (G1);
Permutation group acting on a set of cardinality 23760
Order = 2

6.2 Sporadic Simple Groups

6.2.1 M,

Letting our N = (11 and our t ~ t11, we obtain the group below.

G<a,t>:=Group<a,tla”ll,t"2,
(axt) "6, (a"4*t) "3, (a“4*t=*a) " 6>;

f,Gl,k:=CosetAction (G, sub<Gl|a>);
CompositionFactors (Gl);

G

| M12

1
> Center (G1l);
Permutation group acting on a set of cardinality 8640
Order =1

vV V. V V V

6.2.2 J,

Letting our N = A5 x 2 and our t ~ t19, we obtain the group below.

G<a,b,c,t>:=Group<a,b,c,tla”2,b"3, (axb) °5,c"2, (a,c), (b,c),
t°2, (t,a), (t,b " -1lxaxb"-1lxaxbxa), (cxt) "3, (axbxt) "5,
(axbxcxt) "12>;
f,Gl,k:=CosetAction (G, sub<Gl|a,b, c>);
CompositionFactors (Gl);

G

| J2

vV V. V V V
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6.3 Non-Sporadic Findings
6.3.1 8°L(3,4)

Letting our NV = 2 x 4 and t ~ tg, we obtain the group below.

> G<a,b,t>:=Group<a,b,tl|a’4,b"2, (a,b),t"2,
> (a*t) "5, (b*xaxt)”7, (axbxaxt)  3>;
>
> f£,G1l,k:=CosetAction (G, sub<Gla,b>);
> CompositionFactors (Gl);
G
| A(2, 4) = L(3, 4)
*
| Cyclic(2)
*
| Cyclic(2)
*
| Cyclic(2)
1

> Center (G1l);

Permutation group acting on a set of cardinality 20160
Order = 8 = 273

6.3.2 4°5(4,3)

Letting our NV =2 x 3 x 2 and our t ~ t19, we obtain the group below.

> G<a,b,c,t>:=Group<a,b,c,tla"2,b"3,c"2, (a,b), (a,c), (b,c),
> t72, (bxaxt) "4, (c*a=*t) "4, (bxt)"~3, (a*t)” 6, (c*t) " 4>;
>
> f£,Gl,k:=CosetAction (G, sub<Gla,b,c>);
> CompositionFactors (Gl);

G

| C(2, 3) = S(4, 3)

*

| Cyclic(2)

*

| Cyclic(2)

1
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> Center (G1l);
Permutation group acting on a set of cardinality 8640
Order = 4 = 272

6.3.3 S(4,5)
Letting our N = 6°22 and our ¢ ~ t19, we obtain the group below.

> G<a,b,c,d,t>:=Group<a,b,c,d,t|a"2,b"2,c"3,d"2,b a=bxd,
> c"a=c,c"b=c, (d,a), (d,b), (d,c),t"2, (t,bxd),

> (d*t) "5, (d+bxcxaxt)”™5, (cxaxt) 13>;

>

> f,Gl,k:=CosetAction (G, sub<Gla,b,c,d>);

> CompositionFactors (Gl);

> Center (G1l);
Permutation group acting on a set of cardinality 195000
Order =1

6.3.4 U(3,4):2

Letting our N = Dg and our t ~ t4, we obtain the group below.

> G<a,b,c,t>:=Group<a,b,c,t|a"2,b"2,c"2,b a=bxc,
> c"a=c,c"b=c,t”2, (t,a*c), (axt) "5, (bxaxt) "6, (bxc*xt) 13>;
>
> f,Gl,k:=CosetAction (G, sub<G|Id(G)>);
> CompositionFactors (Gl);
G
| Cyclic(2)
*
|  2A(2, 4) = U(3, 4)
1

> Center (Gl);
Permutation group acting on a set of cardinality 124800
Order =1

6.3.5 2°(S(4,3):2)

Letting our N = TransitiveGroup(12,14) = 6°2? and our ¢ ~ t;5, we obtain
the group below.
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> G<a,b,c,d,t>:=Group<a,b,c,d,tla"2,b"2,c"3,d"2,b " a=b*d,
> c"a=c,c"b=c, d"a=d,d"b=d,d"c=d,t"2, (t,bxd),
> (c*t) "4, (b*cxaxbxt) ™5, (drxaxbxt) "4>;
>
> £,Gl,k:=CosetAction (G, sub<Gla,b,c,d>);
> CompositionFactors (Gl);
G
| Cyclic(2)
*
| C(2, 3) = S(4, 3)
*
| Cyclic(2)
1
>

> Center (G1l);
Permutation group acting on a set of cardinality 4320
Order = 2

6.3.6 2°5z(8)

Letting our N = PrimitiveGroup(5,3) = Djg : 2 and our ¢ ~ t5, we obtain the

group below.

> G<a,b,c,t>:=Group<a,b,c,t|a"2=b,b"2,c"5,b"a=b,
> ca=c”2,c"b=c"4,t"2, (t,c*a),
> (axc " —1lxax*t) "7, (cxaxb*t) ~7>;
>
> f,Gl,k:=CosetAction (G, sub<Gla,b,c>);
>
> CompositionFactors (Gl);
G
|  2B(2, 8) = Sz (8)
*
| Cyclic(2)
1

> Center (G1l);
Permutation group acting on a set of cardinality 2912
Order = 2
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Appendix A

MAGMA Code for L(2,11) x 2
DCE

/+ This code guides a double coset enumeration of G over N.

S:=Sym(6);
xx:=35!(1,2,3,4,5,6);
yy:=S!(1,5) (2,4);

G<x,y,t>:=Group<x,y,t|x"6, v 2, (x*y) "2, t72,(t,y),
(x+t*t"x) "3, (t*t*x*xt) ~5>;
f,Gl,k:=CosetAction (G, sub<G|x,y>);
CompositionFactors (Gl);

IN:=sub<Gl|f (x), f(y)>;

sub<N|yy> eq Stabiliser (N, 6);

#DoubleCosets (G, sub<G|x, y>, sub<G|x,y>);

prodim:=function(pt, Q, I)

v 1= pt;
for i in I do
v o= v (Q[i]);
end for;

return v;
end function;
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ts := [Id(Gl): 1 in [1 6] 1;
ts[6]:=f(t); ts[l]:=f(t"x); ts[2]:=f£(t"(x72));
ts[3]:=f(t"(x"3)); ts[4]:=f£(t"(x74)); ts[5]:=f£(t"(x"5));

cst:=[null : i in [1 .. Index(G,sub<G|x,y>)]]
where null is [Integers() | 1;
for i := 1 to 6 do
cst[prodim (1, ts, [1i]1)] := [i]l;
end for;
m:=0;

for i in [1..110] do if c¢st[i] ne [] then m:=m+1;
end i1f; end for; m;

NO:=Stabiliser (N, 06);

NOs:=NO;
TO:=Transversal (N,NOs) ;
TO;

for 1 in [1..#T0] do

ss:=[6]"TO0[1i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (NO) ;

NOl:=Stabiliser (NO,1);

SSS:={[6,1]1}; SSS:=SSS"N;
#(SSS) ;
Seqqg:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do
for n in IN do

if ts[6]*xts[l] eq
nxts[Rep (Seqqli]) [1]1]+ts[Rep(Seqqli]) [2]]
then print Rep(Seqqli]);
end 1f; end for; end for;
NO1ls:=NO1;
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TO0l:=Transversal (N,NOls) ;

T01;

for i in [1..#T01] do

ss:=[6,1]1"T01[i];

cst [prodim(l, ts, ss)] := ss;

end for;

m:=0; for 1 in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (NO1);

NO2:=Stabiliser (NO, 2);

SSS:={[6,2]}; SSS:=SSS"N;
#(SSS) ;
Seqqg:=Setseq(SSS);

Seqq;

for i in [1..#SSS] do
for n in IN do

if ts[6]*xts[2] eq
nxts[Rep(Seqqg[i]) [1]]1*ts[Rep(Seqgqli]) [2]]
then print Rep(Seqqli]);
end i1if; end for; end for;
N02s:=N02;

T02:=Transversal (N,N02s) ;

T02;

for 1 in [1..#T02] do

ss:=[6,2]"T02[i];

cst[prodim(1l, ts, ss)] := ss;

end for;

m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (NO2) ;

NO3:=Stabiliser (NO, 3);

SSS:={[6,3]1}; SSS:=SSS"N;
#(SSS) ;
Seqg:=Setseq(SSS);
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Seqq;

for 1 in [1..#SSS] do

for n in IN do

if ts[6]*xts[3] eq

nxts[Rep(Seqqli]) [1]]*ts[Rep(Seqq[i]) [2]]
then print Rep (Seqqglil]);

end i1f; end for; end for;

N03s:=N03;

TO03:=Transversal (N,NO03s) ;

T03;

for 1 in [1..#T03] do

ss:=[6,3]1"T03[1];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (NO3);

/x After inserting the chunk of code for a double
coset,if m increases by a value, the double coset
is new. Your single coset count, m, is increased by
the number of single cosets in the double coset
checked.

/+ One should follow this pattern until m = 110, since
the index of our group is |G| / |N| = 1320/12 = 110.

/+ Below is an example of what to add for if the loop:

for n in N do

if ts[a]lxts[bl*ts[c] eqg

nxts[Rep(Seqqg[i]) [1]]*ts[Rep(Seqqli]) [2]]
*ts[Rep (Seqqli]) [3]] then print Rep(Seqqli]);
end i1if; end for; end for;

actually gives equal coset names. In this example, the
double coset [713] = [431]. In this case, we want

all elements in N that send [713] to [431]. If there
were more equal names of [713], we would have to make
NO013s include all of those elements in N that send [713]
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to equal names.

NO01l3:=Stabiliser (NO1, 3);

5S8SS:={[6,1,31}; SSS:=SSS"N;

#(SSS) ;
Seqqg:=Setseq(SSS);
Seqq;

for 1 in [1..#SSS] do

for n in IN do

if ts[6]*xts[l]l*ts[3] eqg

nxts[Rep(Seqqg[i]) [1]]*ts[Rep(Seqqli]) [2]]
ts[Rep(Seqg[i]) [3]] then print Rep(Seqqgli
end i1if; end for; end for;

*
]

)i

for g in N do if 6°g eq 4 and 1°g eqg 3 and 3"g egq 1
then N013s:=sub<N|N013s,g>; end if; end for;
#N013s;

T0l3:=Transversal (N,N013s);
T013;

for i in [1..#T013] do
ss:=[6,1,3]"T013[1i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

and so on

/* Once all single cosets have been accounted for,
we must determine which double cosets were equal
to one another.

/* Save equal double cosets up here with
K=ts[7]xts[1]*ts[7].
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for g in IN do for h in IN do
if ts[6]*ts[4] eg gx(ts[6]*ts[2]) "h
then g,h; end if; end for; end for;

for g in IN do for h in IN do
if K eq gx(ts[6]*xts[1]) "h
then g,h; end if; end for; end for;

/+ Change K to a double coset which is a repeat of one
which has already been accounted for.

K:=ts[7]*ts[1l]*ts[7];

for g in IN do for h in IN do
if K eq gx(ts[6]) "h
then g,h; end if; end for; end for;

for g in IN do for h in IN do
if K eq gx(ts[6]*ts[1l]) h
then g,h; end if; end for; end for;

for g in IN do for h in IN do
if K eq gx(ts[6]*ts[2]) h
then g,h; end if; end for; end for;

for g in IN do for h in IN do
if K eqg gx(ts[6]xts[1l]*ts[2]*ts[3]) " "h
then g,h; end if; end for; end for;

/* If a double coset does not increase m, we should check



which double coset that double coset is equal to. It is
simple to run as many loops as you have double cosets to
check which two are equal. We can label our potentially
new double coset as a variable, say K, and check every
possible double coset it could be equal to. Note, it can
only be equal to one of them. All the other loops ran

should give no values. Once all orbits have been accounted

for, our group is closed under right multiplication. One
should then verify that the Cayley graph works correctly.
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Appendix B

MAGMA Code for My over M
DCE

/+ This code guides a double coset enumeration of
G over M. The process is similar, but we must change one
loop to have M instead of N.

s:=Sym(7);

A:=s!(2,3,4)(5,7,06);

B:=s!(1,2,3,5,4,6,7);

N:=sub<s |A, B>;
G<a,b,t>:=Group<a,b,t|a”3,b"7,b"a=b"2,t"2, (t,axb),
(a”=1+«b"-1+t) "5, (b*xa*t”~ (a”2)) "11>;

H:=sub<Gla,b,t " b*xt " (b"2) xt "b*t”™ (b"2) *t+t "bx*
LT (D72)+xt"bxt " (b72) xt "h*xtxt "b " 2>;
f,Gl,k:=CosetAction (G, H);

M:=sub<Gl|f(a), f(b),
f(t b+t (b"2) xt"bxt ™ (b™2) *t+xt"bxt”™ (b"2) *t "bx*
t (b72)*t"bxtxt"b"2)>;

IN:=sub<Gl|f (a), f(b)>;

#DoubleCosets (G, sub<Gla,b,t b*xt" (b"2) xt "b*t " (b"2) *
txt "b*t " (b72) *t"bxt " (b72) *t "hbxt+t ™ (b72) >, sub<Gla, b>);



Index (G, sub<G|a, b,

t"hxt" (b72)*xt "b*xt " (b7 2) xtxt "b*xt " (b"2) xt "bx*

T (bT2)*xtTh*xtxt ThT2>) ;

prodim:=function(pt, Q, I)
v = pt;
for i in I do
v o= v (Q[i]);
end for;
return v;
end function;

ts := [Id(G ) i in [1 .. 71 1;
s[7]1:=f(t); ts[l]:=£(t"b); ts[2]:=£f(
s[3]:=f(t" (b 3)), ts[4]:=£(t" (b"5));
s[5]:=f(t"(b"4)); ts[6]:=f£(t"(b"6));
cst:=[null : i in [1 .. 330]] where null is
for 1 := 1 to 7 do
cst[prodim(1l, ts, [1]1)] := [i];
end for;
m:=0;

for 1 in [1..15] do if cst[i] ne [] then m:=

end i1f; end for; m;

for i in [1..12] do i, cst[i]; end for;

NO:=Stabiliser (N, 7);
Orbits (NO) ;

NOs:=NO;
TO:=Transversal (N,NOs) ;
TO;

for 1 in [1..#T0] do

ss:=[7]1"TO0[i];

cst [prodim(l, ts, ss)] := ss;

end for;

m:=0; for 1 in [1..330] do if cst[i] ne
then m:=m+1; end if; end for; m;
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NOl:=Stabiliser (NO,1);
SSS:={[7,11}; SSS:=SSS"N;
#(SSS) ;
Seqqg:=Setseq(SSS);

for i in [1..#SSS] do
for n in M do

if ts[7]*xts[l] eq
nxts[Rep (Seqql[i]) [1]1]+ts[Rep(Seqqli]) [2]]
then print Rep(Seqqli]);
end i1f; end for; end for;
NO1ls:=NO1;

TO0l:=Transversal (N,NOls) ;

T01;

for i in [1..#T01] do

ss:=[7,1]1"T01[i];

cst [prodim(l, ts, ss)] := ss;

end for;

m:=0; for 1 in [1..330] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (NO1);

NO3:=Stabiliser (NO, 3);
SSS:={[7,3]1}; SSS:=SSS"N;
#(SSS) ;
Seqgq:=Setseq(SSS) ;

for i in [1..#SSS] do

for n in M do

if ts[7]*xts[3] eq
nxts[Rep (Seqq[i]) [1]]*ts[Rep(Seqql[i]) [2]]
then print Rep(Seqqli]);
end i1if; end for; end for;
N03s:=N03;

T03:=Transversal (N,N03s) ;

T03;

for 1 in [1..#T03] do

ss:=[7,3]1"T03[i];

cst[prodim(1l, ts, ss)] := ss;

end for;

m:=0; for 1 in [1..330] do if cst[i] ne []
then m:=m+1; end if; end for; m;



Orbits (NO3) ;

NO1l2:=Stabiliser (NO1, 2);
SSS:={[7,1,2]}; SSS:=SSS"N;
#(SSS) ;

Seqqg:=Setseq(SSS);

for i in [1..#SSS] do

for n in M do

if ts[7]*xts[l]l*ts[2] eqg

nxts[Rep(Seqqg[i]) [1]]1*ts[Rep(Seqqli]) [2]]
ts[Rep(Seqqg[i]) [3]] then print Rep(Seqqli
end if; end for; end for;

N012s:=N012;

*
]

)i

T0l2:=Transversal (N,N012s);

T012;

for 1 in [1..#T012] do
ss:=[7,1,2]"T012[1];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..330] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (NO012);

NO13:=Stabiliser (NO1, 3);
SSS:={[7,1,31}; SSS:=SSS"N;
#(SSS) ;

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in M do

if ts[7]*ts[l]*ts

nxts[Rep(Seqqg[i]) [1]]1*ts[Rep(Seqqli]) [2]]
ts[Rep(Seqg[i]) [3]] then print Rep(Seqqgli
end i1if; end for; end for;

N013s:=N013;

[3] eq
*
]

)i

T01l3:=Transversal (N,N013s);
TO013;

for 1 in [1..#T013] do
ss:=[7,1,3]1"T013[1];
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cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..330] do if cst[i] ne []
then m:=m+1; end if; end for; m;

and so on

/+ After inserting the chunk of code for a double

coset, i1f m increases by a value, the double coset

is new. Your single coset count, m, is increased by

the number of single cosets in the double coset checked.

/+* Below is an example of what to add for if the loop:

for n in M do

if ts[alxts[bl*ts[c] eqg

nxts[Rep (Seqq[i]) [1]]*ts[Rep(Seqql[i]) [2]]
*ts[Rep (Seqqli]) [3]] then print Rep(Seqqli]);
end i1if; end for; end for;

actually gives equal coset names. In this example, the

double coset [7145] = [6341]. In this case, we want

all elements in N that send [7145] to [6341]. If there
were more equal names of [7145], we would have to make

N0145s include all of those elements in N that send [7145]

to equal names.

N0145:=Stabiliser (N0O14,5);
SSS:={[7,1,4,5]}; SSS:=SSS"N;
#(SSS) ;

Seqqg:=Setseq(SSS);

for i in [1..#SSS] do

for n in M do

if ts[7]xts[l]l*ts[4]xts[5] eq
nxts[Rep(Seqqli]) [1]]*ts[Rep(Seqql[i]) [2]]~
ts[Rep(Seqq[i]) [3]]1*ts[Rep(Seqqli]) [4]]
then print Rep(Seqqli]);

end i1f; end for; end for;

131



132

for g in N do if 7°g eq 6 and 1°g eqg 3 and 4°g eq 4 and
57g eqg 1 then N0145s:=sub<N|N0145s,g>; end if; end for;
#N0145s;

N0145s:=N0145;
T0145:=Transversal (N,N0145s) ;
T0145;
for i in [1..#T0145] do
ss:=[7,1,4,5]"T0145[11;
cst[prodim(l, ts, ss)] := ss;
end for;
:=0; for i in [1..330] do if cst[i] ne []
then m:=m+1; end if; end for; m;

\* Once all single cosets have been accounted for, we must
determine which double cosets were equal to one another.
This loop 1is also similar to the loop before, except we
must find our element g in M instead of N.

for g in M do for h in IN do
if ts[7]*xts[1]1*ts[3] eq g*x(ts[7]1*xts[3]) "h then g,h;
end i1f; end for; end for;

K:=ts[7]*ts[1l]*ts[7];

for g in M do for h in IN do
if K eq gx(ts[7]) "h then g,h;
end i1f; end for; end for;

for g in M do for h in IN do
if K eq gx(ts[7]xts[1l]) "h then g, h;
end i1f; end for; end for;

for g in M do for h in IN do
if K eq gx(ts[7]xts[3]) "h then g, h;
end 1f; end for; end for;
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for g in M do for h in IN do
if K eq g*x(ts[7]1*ts[1l]xts[2]) "h then g,h;
end i1if; end for; end for;

for g in M do for h in IN do
if K eq gx(ts[7]xts[1l]*ts[4]) "h then g,h;
end i1f; end for; end for;

for g in M do for h in IN do
if K eq gx(ts[7]xts[3]*ts[4]xts[5]) "h then g,h;
end i1f; end for; end for;

/* If a double coset does not increase m, one should check
which double coset that double coset is equal to. It is
simple to label your potentially new double coset as a
variable, say K, and check every possible double coset

it could be equal to. It can only be equal to one of them.
All the other loops ran should give no values.
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