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Let C be the graph of the cublcal tessellatlon of R3 Denote by VC the Vertex . :

iy 'set of C Our Work 1n thls sectlon wrll focus on the proof of theorem statlng that there - |

isa total order on VC In O we are glven a pomt, p, and we have four bas1c reﬂectlon : .

o ’l{planes of O (see Flgure 7 a plane through a, b c and d a plane through a,, c, e andv'
“ g, a plane through a d f : and g, nd a perpendlcular blsector plane of edge f g) The."f | .

i 5_';‘_small tetrahedra bounded by the four basm reﬂectlons 1s the fundamental reglon of C ;

g [3] We can bulld the stablllty order of Vo, SOC’ Wlth respect to the four reﬂectlonsff:

- and the pomt p The procedure Wthh we used to ﬁnd and prove the solutlon for S"?l_f} S

:';’:-l?‘;also sufﬁces for the cublcal tessellatlon By observatlon of the stablllty order of VC, " B

e {_ “'lvwe Just hst solutlons for k < 27(see Table 3)

For T E Z + let B be the set of vertlces Wlthm the cube Wlth radlus r centered :

|B | = (2r —I— 1)3 Notlce that there are three famlhesff P
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Table3 ma:vlsl kII(S)l

'_f‘Of parallel planes in wh1ch all edges and vertlces of C’ he Denote by P these three 2
' | _»'famllles of parallel planes The symmetry group of C’ 1s Coxeter [3] We denote‘k .

| the group of symmetrles of C’ as R4( See Table 4 of [3]) As we dld in’ Chapter 3,
u 7_‘4we construct the stablhty order of planes If R € R4, then we let SOP(P R; p)

| {(P R(P)) 1P =pll < ||R(P) p||} Then the stablllty order of P w1th respect to | ‘_

. R4 and p is the tran51t1ve closure of URGMSOP(P R; p) ' i

We denote the stab1hty order of planes as PO The symmetrles of B act.. ; L

- j_tran51t1vely on \ the s s1x planes boundmg B [5 ] The relative order in PO of the six -

' planes boundmg B, is total Thus we may denote them as PN,O < z < 5 Wlth -

.VP'r'L‘.<POP.71fZ<]

i ” L in multlple PM s but 1f we let

v‘ ‘ Lernrna 2.’ The ‘Stdbz’lity"ordér,of pldnes,;PO, "istot‘al.)
Proof P” < PO Pr+1o is true for 0 < z < 5 smce there is. R € R4 such that .

| Hfl5 pH<in1+1o-PH——Hfﬂf%5) o B |
We have Ve = {'vo}U [U 1_0 (Vc ﬂPr ,)] Each vertex, except vo, is contained -

P =VenP- [us_m(vcna,])u{us_m (.Vc_flPs,i)}] then {uo} and the P},



\' form a partltlon of VC Also, = {vo} U [ 2_0 (Vc l"l PN)] a,nd
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Note that VC N Pr’ ; 1s totally ordered by TO on S the vertex p belng its least; : i

‘gelement and thls hes at the center of B NP The others follow accordmg to thelrj o

" '. _order glven by TO P’ is an 1n1t1al segment in this order For k 0 1 2 let Po & be
.‘ -the pla,ne through vo and parallel to P’r " For ve Pr'z,' v L |

( O 1fv—vo . |
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' 3 lf otherw1se

: ‘.Theorern 4 There isa total order TOC’ on Vc such that for all ke ZJr the zmtzal S :
k- set of TOC’ mzmmzzes l@(S)| over all S < Vc wzth |S| =k | |

Proof We deﬁne a total order TOC’ on VC by v <TOC w 1f v E P,f,, w‘»féiP' S

Wlthr<s orr—sandz<],orr—sandz‘-—j andv<Tow Weneedtoshow

L vthat if S C VC 1s a stable set 1n SOC Wlth |S | = k: and Sk is the 1n1t1al segment of e
j.‘TOC of the same cardmahty, then |I (Sk)| > |1 (S)I If S 7é Sk, then there exists a”’

mlnlmal element a, w1th respect to TOC’ 1n Sk - S aﬂd a maxlmal element b, Wlth

" respect to TOC 1n S Sk Note that a <TOC' b but they must be 1ncomparable w1th v
“ 'respect to SOC’ For k> 1, ] (a)| | (b)| = 1 2 or 3 If| (a)| < | (b)| then we have“‘:'
g | (a)l = 1 and e ( )| = 2 or 3 or | ( ) 2 and | (b)l = 3 In ﬁrst case, a 1s minimal in-

P’ and b is not mlnlmal in P;t Where T <s and i < t In second case, a is in Pé k' and o



b is not minimal or in Fy;. Either of the two cases leads to a <goc b, that is a € S,
which contradicts to the fact a € S — S. Therefore, the only case we can have is
(@)l 2 [u(b)]. T e(a)] = |¢(b)], then lS+{a} {b}l k and |1(S+{a} - {b}l > II(S)l

and a finite series of such switches would give us |I (Sk)l > |I (S)| O

Corollary 2 If k = (2r + 1)® then the only stable solution is B;.
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ethods of Combinatorial O mization : ‘Discrete

Isoperimetric Problems I, in preparation.



