
2� 

Figure 5: Hasse diagram of SOof S with |<-| labeled� 

3.2 Solutions for all k� 

Our work in this section wiU focus on the proof of solutions for any positive integer.� 

For r G we define 5/to be the set of vertices within the square with radius r,� 

that is a 2r x2r square ball centered at i;o (Figure d). This is true that \Br\ =(2r+l)^.� 



h/ ■We- . ' ^ 

/ G: ■ G:\ff 

a d 

Figure I: A cube 

Let Cbe the graph of the cubicai tessellation of A^ BenbtAby Vc the vert^^^^^^ 
set of C. Our work in this section will focus on the proof of theoreni stating that there 

is a total order on tec. In (7 we are given a point j p, a.nd we have four basic reflection 
planes of G (see Figure 7; aplane through;a, 6, e, andd, aplane through o, c, e and 
p, a plane through a, d, /,and and a perpendicular biteetor plane of edge 
small tetrahedra bounded by the four basic reflections is the fundamental region of C 
[3]. We can build the stabflity order of % 

and the point, p. The procedure which we 

also suffices for the cubical tessellatidn. By obsetyation of the stability order of tec, 
we just list solutions for k </^(^ee 'Tahh^. 

For r let be the set of tertices within the cube with radiusr centered 

at ao. It is easy to see that |Br| = (2r +1)®:; >Nbtice that: there are three iamilies 
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0 1 '3:\' 4;: .5: 6 8; 9 10 11 12 13 

maa:|s]^fc|P(P)l 0 0 W ■;2 • ;4:'■ , 5 . 7; 9 12 13 15 17 20 :2i: 

U 15 lb 17 18 19 20 21 22 23 24 25 26 27 

23 25 :28 30 33 34 36 38 M 43 46; 48 51 : 54; 

Table 3: mda;|si-;b 

of parallel planes in which all edg^ and vertices of C lie. Denote by P these three 
families of parallel planes. The symmetry group of C is Coxeter [3|. We denote 
the group of symmetries of C as R4( Sec Table 4 of [3]). As wc did in Chapter 3, 
we construct the stability or&er of planes. If P 6 R4v then we let 5GP(P;P;p) = 
{(P,P(P));IjP - pH < ]1P(P) P||} Then the stability order of P:with respect to 
R4 and p is the transitive closure of UhssuPOP • 

We denote tbe Stability order^^^ as PO: Tlie syinrnetri^ of act 
transitively on the six planes bounding Pr [5]- The relative order in PO of the six 
planes bounding Pr is total. Thus we may denote them as Pr,i, 0 :< i< 5 with 

Lemma 2 T/ie stability order ofplan^, PO, is total. 

Proof; Pr,i <po is true for 0 <i< 5 since there is P € R4 such that 
5:tp|l< 11^+1.0:

: ; W^ Vg= {no}U|U^iU|=a(I^OPr,i)]. % except vo, iS contained 
in rhultiple p./sbut if we let 
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form a partition of Vg. Also, Bj, — {vqI fJ 1Us=i ^f=o i^cH
 

if i 0
 

(2r — 1)^ I 2r — 1 if i - 1
 

(2r — 1)^ f2r — 1 +2r ; if i -- 2 or 3 (3):
 

(2r 1:)^ rj^ 2r -'l+2r^%' if i=4
 

+2r 4-1 if i —:5 ;
 

Note tliat - is totally ordered by I'O on S,the vertex p being its least
 

element and this lies at the center ofXnPr,i- The others follow according to their
 

order given by TO. i is an initial segment in this order. For k === 0,1,2, let Fo,fe be
 

the plane through vo and parallel to Pr,k- For v e Pli,
 

0 if V= Vo
 

1 if V/t'o, V is minimal inP/,;
 
= < (4):
 

2 if 1'€ Po,A: k =^- 1,2,3
 

3 if otherwise
 

Theorem 4 There is a total order,TOO,on Vc such thatfor all k E the initial
 

k-setbfTOOrnmm
 

Proof. We define a total order,TOC,onT^c'by <TO<7'y^ E Pfi,wE Pfj
 

L r < s, or r=s and i < j, ox r=s and i=jand v <to We need to show
 

thit if5 is a stable set in SOC with \S\ = k and Sk is the initial segment of
 

fpC of the saihe cardinality, then I ^^¥^0then there exists a
 

minimalelement, a, with respect to rpC,m Sk —$mid a maximal element,6, with
 

respect to TQPiin Note that
 

respect toSOC.W > 4,|t(a)|,11(6)|==:1,2, or 34 If |t(a)[< ]«'(&)k then we ha.ve
 

|t(aj|== land or 3,or \i{a)\ =2and |<-(6)|=3. In first case,a is minirnal in
 
Pk and 6is not minimal in P'^^ where r <sand i <t. In second case, a. is in P^k mid
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b is not minimal or in Pq Either of the two cases leads to a, <isoc that is a & S,
 

which contradicts to the fact a e Sk-S. Therefore, the only case we can have is
 

|t(a)|> If \i{a)\ > \i{b)\, then|S'+{a}—{6}|=k and|/(S'+{a}—{6}|> \I{S)\
 

and a finite series ofsuch switches would give us ^
 

Corollary 2 Ifk={2r+lY then the only stable solution is Bn
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